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Introduction 

Let R be a finite root system with Weyl group W. For any prime p 
and any algebraically closed field k of characteristic p consider the connected, 
simply connected semisimple algebraic group Gk over k with root system R. 
Dénote the Lie algebra of Gk by gk. This is a p-Lie algebra, i.e., it has 
an additional structure, the p-th power map X \—• X^. In this case it is 
the ordinary p-th. power, if we think of éléments of g*, as dérivations. We 
shall consider représentations of gk as a p-Lie algebra. This means that the 
action of any on the module is the p-th. power of the action of X. The 
corresponding module is then called a restricted g^-module. It is a module 
for the restricted enveloping algebra 17^(0*), which is the quotient of the 
universal enveloping algebra of 0̂ . by the idéal generated by ail Xp — X^ 
with X E 0£- The algebra U^(gk) has finite dimension equal to pm where 
m = dim0j.. 

The représentation theory of the U^(gk) turns out to have many fea-
tures that are (conjecturally) independent of p. Let us mention first the one 
most easily described. Since U^(gk) has finite dimension, it is the direct 
product of indécomposable algebras, the blocks of U^(gk). Each indécom
posable restricted 0fc-module M belongs to exactly one of thèse blocks; it is 
the unique block not annihilating M. Dénote by Bk the block of the trivial 
one dimensional 0^-module. Work ([Hu2]) by Humphreys from 1971 showed: 
If p is greater than the Coxeter number h of R, then the simple modules be-
longing to Bk are indexed by the Weyl group W. The Cartan matrix of Bk 
is therefore a (W x PF)-matrix. In the cases known at that time (and in the 
cases known today) this matrix is independent of p (as long as p > h). So 
one might conjecture that this independence should hold in gênerai. (This 
conjecture is implicitly contained in Verma's last conjecture in [Ver] to be 
discussed below.) We shall prove: 

Theorem 1: There is a Zi-algebra B (finitely generated as a Zi-m,odule) such 
that for ail k with char(fc) > h the block Bk is Morita équivalent to B ®z k. 

(More precisely, we construct a B such that B ®z Z[((ft — 1S free 
of finite rank over Z[((h — l)!)-1].) The theorem implies that for p ^> 0 the 
Cartan matrix above is indeed independent of p. Our methods do not yield 

3 



H.H. ANDERSENJ.GJANTZEN, W. SOERGEL 

reasonable bounds. Thèse bounds arise from conditions that certain algebraic 
numbers should not have p in their denominators. 

The algebra B has also an interprétation in characteristic 0. Take an odd 
integer p > 1 (prime to 3 if R has a G2 component) and consider the quantized 
enveloping algebra Up at a p-th. root of unity. Here we take Lusztig's version 
constructed via divided powers. It contains a finite dimensional analogue up 
of the restricted enveloping algebra. (This was discovered by Lusztig, cf. [Lu6] 
and [Lu7].) Then: 

Theorem 2: If p > h, then B®z Q(^T) w Morita équivalent to the block of 
Up containing the trivial one dimensional module. 

Let us return to the characteristic p > 0 situation. One of the main tools 
of Humphreys in [Hu2] was the use of the analogues of the Verma modules: 
Consider the Lie algebra bk of a Borel subgroup of G*, take a one dimensional 
U^(bfc)-module and induce to U^(Qk). Suppose that p > h. Then there are 
\W\ induced modules (Zw)wew of this type belonging to Bk- Each Zw has a 
unique simple homomorphic image Lw; the Lw with w € W are exactly the 
simple modules belonging to Bk mentioned above. One of the main results 
in [Hu2] is the following: The projective cover Qw of Lw has a filtration with 
factors of the form Zw> with w' G W] any Zw> occurs exactly dk{w\ w) times 
where dk(w'', w) is the multiplicity of the simple module Lw as a composition 
factor of Zwi. This implies especially that the Cartan matrix of Bk is de-
termined by the décomposition matrix, i.e., the matrix of ail dk(w',iv), and 
we can now replace the previous conjecture on the Cartan matrix by one on 
the décomposition matrix (for p > h). And that is indeed part of Verma's 
Conjecture V in [Ver]. We can show: 

Theorem 3: Let w,w' G W. There is an integer d(wf,w) > 0 such that 
dk{w\w) = d(wf,w) for ail k with char(k) ^> 0. 

Again, there is an interprétation in characteristic 0. The û , have anal-
ogous modules Zw and Lw, and then d(w',w) is equal to the multiplicity of 
Lw in Zwt whenever p > h. 

The remaining part of Verma's Conjecture V is concerned with multiplic-
ities for the algebraic group Gk- (Both parts are in fact closely related, since 
Verma's (proven) Conjecture IV tells us how to express the d(wf, w) in terms 
of multiplicities for Gk) At this point we need more notations. Let X be the 
group of weights of the root system R. Let Wa be the affine Weyl group of i?, 
i.e., the semidirect product of W and the group of translations by éléments 
in ZR. Set p equal to the sum of the fundamental weights. 

Let Tk be a maximal torus in Gk and set i)k equal to the Lie algebra of 
Tk. We assume that Tk is contained in the Borel subgroup with Lie algebra 
bk so that t)k C 6^. We identify the group of characters of Tk with À". To 
each dominant weight À G X there correspond a simple module and a Weyl 
module with highest weight À. Dénote by À) the multiplicity of the 
simple module with highest weight À as a composition factor of the Weyl 
module with highest weight //. The linkage principle (first conjectured by 
Verma) states that 6fc(//, A) ^ 0 implies À G Wa*fi where any w G W acts via 
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w.p, = w(fi + p) — p and any translation by some v G ZR as translation by pu. 
(Perhaps we should write w.pX for w G Wa and À G X to dénote this action. 
But it should always be clear what we mean.) The linkage principle together 
with the translation principle implies that we know (for p > h) ail bk(p,\) 
if we know ail bk(w',w) = bk(wf.O,w.O) with w, wf G Wa such that w.O and 
wf.O are dominant. 

The second part of Verma's Conjecture V says that the bk(wf, w) should 
be independent of k for ail w,w' G Wa with w.O and wf.O dominant. (This 
condition is independent of k if p > h.) Steinberg's tensor product theorem 
shows easily that this conjecture will not work if w'.O is "large" with respect 
to p2. So one should modify the conjecture and impose an upper bound on 
w''. In [Lui] Lusztig has made a conjecture on the bk(w',w) (or rather for 
the inverse matrix) that would imply Verma's (modified) Conjecture V. Set 

equal to the set of ail w G Wa with w.O dominant whenever p > h. Our 
results imply: 

Theorem 4: For ail w,wf G there is an integer b(w',w) such that 
b(w(,w) = bk(w',w) for ail k with char(k) ^> 0. 

In characteristic 0 consider an odd integer p and the algebra Up as above. 
We have simple modules and Weyl modules for Up indexed by the dominant 
weights, and we have analogous multiplicities bp(ji, À). There is again a linkage 
principle involving the action of Wa where again the translation by a weight 
v G ZR acts as translation by pv. We get now: 

Theorem 5: If p> h, then b(w',w) = bp(wl.O, w.O) for ail w,w' G . 

Thèse two results imply that one gets for char(ft) = p 0 each irre-
ducible G k -module with "restricted" highest weight by réduction modulo p 
from a simple Up-modnle as conjectured by Lusztig. It also implies that his 
conjecture in [Lui] follows for char(fc) ^> 0 from its quantum analogue in 
[Lu4], 8.2. 

Kazhdan and Lusztig have recently shown that there is an équivalence of 
catégories between certain t/p-modules and certain représentations of affine 
Kac-Moody Lie algebras. This resuit was announced in [KLll, proved in the 
simply laced case in [KL2] - [KL5], and in gênerai in [Lull]. (Recall that 
our p is always prime to the entries in the Cartan matrix.) This équivalence 
implies that Lusztig's conjecture in the quantum case is équivalent to a simi-
lar conjecture in the Kac-Moody case. In the latter case Kashiwara and 
Tanisaki have recently announced ([KT]) a proof of the conjecture; an earlier 
manuscript by Casian ([Cas]) has not convinced ail of its readers. 

In order to get our results we work mainly not in the catégories of re
stricted 0j.-modules or of G^-modules (or their analogues in characteristic 
0), but in the category of fl^-î^-modules and a characteristic 0 analogue. A 
Qk'Tk -module is a restricted flj.-module M that is also a Tk -module such that 
(obvious) compatibility conditions hold. Giving a représentation of Tk on M 
is the same as giving a grading M = 0t/GX Mv of M by X. The compatibility 
conditions say that every root vector Ea in gk maps each Mv to MvjrOL and 
that every H £ ï)k ac^s 011 each Mv as multiplication by v(H). (We write 
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v{H) by abuse of notation. We really mean the differential of v : Tk —• k on 
the Lie algebra fjk of Tk.) Note that gk-Tk-modules were called Ui-T-modules 
in [Ja3] and that they are usually called (Gk)\Tk-modules nowadays. 

One can define bk~Tk -modules similarly. One associâtes to each À 6 l 
a one dimensional bk~Tk-module, then an induced gk-Tk-module Zk(X). It 
has a simple head Lk(X). Dénote the multiplicity of Lk(X) as a composition 
factor of Zk(n) by d'k(n,X). If char(fc) > /i, then ail thèse multiplicities are 
known as soon as we know ail d'k(wf,w) — d(k(w'.0,w.O) with w, w' G Wa. 

Theorem 6: For ail w,w' G Wa there is an integer d'(w',w) such that 
df(wf,w) = dfk(wf,w) for ail k with char(A:) >> 0. 

The df(wf, w) have again an interprétation in characteristic 0. One defines 
a suitable category of u^-modules with an X-grading satisfying similar com
patibility conditions. Then the d'(wf,w) are the corresponding multiplicities 
in this category whenever p > h. 

* * * 

We want to give an idea of how thèse results are reached. For the sake 
of simplicity let us concentrate on the prime characteristic case and just say 
that there are analogous results or constructions in the quantum case. Let us 
also assume that char(&) = p > h. 

In the category of gk-Tk-modules each simple module Lk(X) has a pro-
jective cover Qk(X). It has a fîltration with factors of the form Zk(n) and 
each Zk(fi) occurs exactly d^p^X) times. One can therefore translate Theo
rem 6 into a statement about the characters of the Qk(w.O). In one case this 
character is well understood: Take the unique élément w0 G W that maps 
ail positive roots into négative roots. One knows that Qk = Qk(wo*0) has a 
filtration with factors Zk(w.O), w G W each w occurring once. We have now 
for our category the so-called wall crossing functors. If we apply a séquence / 
of thèse wall crossing functors to Qk, we get a projective module Qk,i- If one 
knows for ail I and w G Wa the multiplicity of Qh(w*0) as a direct summand 
of Qk,ii then one knows ail dfk(wf, w"). In fact, one can find a finite family 3 
of thèse séquences such that the décomposition of the Qk,i with / G 3 alone 
détermines ail multiplicities. 

Theorem 7: There is an algebra £ over Z (finitely generated as a ï-module) 
such that £®zk is isomorphic to the endomorphism ring of the gk-Tk-module 
@l€3 Qk,l for M k. Moreover, we have a décomposition £ = @j J^£I,J 

such that the isomorphism takes each £^j ®z k to H o m ^ ^ (Qk,i, Qk, J ) -

This theorem (together with some alcove geometry and elementary facts 
on idempotents) yields Theorem 6. From that Theorems 3 and 4 follow by 
known results. Considered as a {/^(g^-module ®Ie^Qk,i is a projective 
generator for the block Bk. A small modification of the construction of £ from 
Theorem 7 yields an algebra B over Z such that B ®z k is (for char(fc) ^> 0) 
isomorphic to the algebra of ail endomorphisms of 0jGa Qk,i as a gk-module. 
Then B satisfies the claim of Theorem 1. 
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Thèse indications should convince you that Theorem 7 and its quantum 
analogue are really the crucial results. So we sliould now answer the question: 
How does one get a characteristic free approach to thèse endomorphism alge-
bras? Well, one essential step is not to work just with thèse g^-Tît-modules, 
but also to lift them to suitable local rings. This approach was inspired by 
the success of a similar method in [So2] and [So3]. 

For each commutâtive algebra A over the symmetric algebra S(t)k) we 
define a category CA generalizing the gk-Tk-modules. An object in CA is 
an A-module M with a structure as a gk-module and with a grading M = 
©i/GX Mv by X. Furthermore every root vector Ea G gk maps each Mv to 
Mu+a and E? annihilâtes M. Finally, every H G i)k acts on each Mv as 
multiplication by H + z/(iï"), or rather by its image under the structural map 
S(t)k) —» A . If we take A = k with the augmentation map S(i)k) —» k where 
H i-+ 0 for ail H G ï)k, then Ck is just the category of ail gk-Tk-modules. 
(In our "real" définition in 2.3 we add a finiteness condition and assume 
additionally that A is Noetherian.) 

The first seven sections of this paper contain the basic theory of the 
category CA and its quantum analogue. We discuss topics such as induction, 
projective modules, Ext groups, base change, filtrations, the linkage principle, 
blocks, translation functors. Ail of this is quite parallel to the corresponding 
théories for algebraic groups (cf. [Ja6]) and quantum groups (cf. [APW1]). It 
should be noted that many of the spécial aspects of this type of theory over 
a ring were first dealt with in [GJ]. In the case where A is a field, we reprove 
some results from [VK], [FP1], [DCK1] and [DCK2]. 

The algebra S(l)k) is a polynomial ring over k with generators i ïa , a 
a simple root. Take for A especially the local ring at the maximal idéal 
generated by ail Ha. (We should dénote this algebra by A*, but write A to 
avoid double indices.) It turns out that we can lift the Qkj to projective 
objects QA,I in CA and that the homomorphisms behave well under base 
change: 

HomcA (QA,I, QA,J) ®A k ~ HomCfc (Q*,/, 

There is a Lie algebra gz over Z with gz ®z k ~ gk for ail k. We can 
find a Cartan subalgebra f)z of gz with f)z ®z k ~ t)k for ail k. Set S = S(fjz) 
equal to the symmetric algebra of f)z over Z. Then S ®z k ~ S(ï)k) for ail k, 
and we can regard A as an 5-algebra. Now Theorem 7 is an easy conséquence 
of: 

Theorem 7f: There is an algebra £ over S that is finitely generated as 
an S-module such that £ ®s A is isomorphic to the endomorphism ring of 
Ç&ieiQAj for ail k. (Here A = AK.) Moreovcr, we have a décomposi
tion £ = @j jç.y£i,J such that the isomorphism takes each £J^J ®s A to 
RomcA(QA,i,QA,j)-

Well, this just replaces the previous question by a modified one: How 
does one get a characteristic free approach to the homomorphisms of the 
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