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ON BASIC PIECES OF AXIOM A DIFFEOMORPHISMS 
ISOTOPIC TO PSEUDOANOSOV MAPS 

by 

Jorge Lewowicz & Raul Ures 

Abstract. — We consider Axiom A diffeomorphisms g in the isotopy class of a pseu-
doanosov map /. It is shown that they have a unique "large" basic pièce A, and 
necessary and sufficient conditions for g to be semiconjugated to /, that only involve 
conditions on A, are obtained. As a conséquence, it is proved that if A is exteri-
orly situated, stable and unstable half-leaves of points of A boundedly deviate from 
geodesics. 

1. Introduction 

In tins paper we consider Axiom A diffeomorphisms in the isotopy class of psen-
doanosov maps. It is known (see [Hl, Ll]) that any pseudoanosov map / is persistent 
in its isotopy class i.e. for any homeomorphism g isotopic to / there exists a closed 
invariant set Jg siich that g restricted to Jg is semiconjugated to / . When g vérifies 
Axiom A, the first author (in [L2]) introduced the définition of "small" and "large" 
basic pièces of g. Roughly speaking, a basic pièce B is small if an adéquate lift to the 
universal cover of a ^-stable (unstable) manifold is bounded. Otherwise, B is large. 
In [L2] it is proved that it is necessary and sufficient for a large basic pièce A to be 
contained in Jg that the above mentioned lift lies at a bounded distance of an /-stable 
set of a point. In tins work we prove that an Axiom A diffeomorphism g has a unique 
large basic pièce A and, using that if g is not semiconjugated to / the Nielsen classes 
of g" grow exponentially faster than the Nielsen classes of fn (see [H2]), we prove 
that it is necessary and sufficient for g being semiconjugated to / that A C Jg. Thèse 
results are proved in sections 3 and 4. 
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In section 5 we lead with the case when the large basic set A is exteriorly situated 
i.e. there are no nul-homotopic loops that consist in the union of a stable and an 
unstable arc of a point of A. We show that, in this case, g is semiconjugated to / . 
As a conséquence we obtain that half-leaves of stable and unstable manifolds of A 
boundedly déviâtes from geodesics that have the same asymptotic direction. Let us 
say that V. Grines (see [Gl] and the survey [G2]) obtained this bounded déviation 
property for unstable (stable) manifolds of exteriorly situated nontrivial attractors 
(resp. repellers) of any diffeomorphism of a closed surface of genus larger than one 
and also for both, unstable and stable manifolds, provided the attractor (repeller) is 
a basic pièce of a diffeomorphism that vérifies Axiom A and that satisfies the strong 
transversality condition. In [RW] R. C. Robinson and R. Williams constructed an 
example of an Axiom A diffeomorphism on a surface of genus > 1 such that its 
nonwandering set consists exactly of an exteriorly situated attractor and an exteriorly 
situated repeller and that does not verify the strong transversality condition. V. 
Grines ([G3]) also showed that the stable manifold of the attractor (unstable for 
the repeller) of this example does not have the bounded déviation from geodesics 
property. Our results show that this kind of behaviour is impossible in the isotopy 
class of pseudoanosov maps (the fact that the Robinson-Williams example is not 
isotopic to a pseudoanosov map can be checked directly) 

Finally, let us say that to understand the proofs, some familiarity with the theory 
of pseudoanosov maps is needed. We do not include this background material that 
the reader may find in [FLP, CB, M, HT, T]. 

2. Preliminaries 

Let / be a pseudoanosov map of a compact connected oriented boundaryless surface 
M, let F be a lift of / to the uni versai cover M of M and TT : A4 —• M the covering 
projection. Then, there exist (see [T, FLP]) equivariant pseudometrics Ds, Du, and 
A > 1 such that, for £, r] G M, 

Ds(F-1(Ç),F-1(r,)) = \Ds&ri) 
Du(F(t),F(ri)) = \Du&ri) 

and D = Ds + Du is an equivariant metric on M. 
For the remainder of this paper g will be a homeomorphism isotopic to / . 

Définition 2.1. — We say that x,y G M are équivalent iff for some (and then 
for any) lift G of g there exist £ G ix~~l{x), r\ G Ti'1(y) and K > 0 such that 
D(Gn(Ç), Gn(rj)) ^ K for ail neZ. 

Obviously, this is an équivalence relation. In the following proposition we state 
some properties of this relation. For completeness we include the proofs that are 
essentially contained in [Hl, Ll, CS]. 
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Proposition 2.2. — The following statements hold: 
(1) The constant K of the définition above only dépends on g i.e. ^Kg such that 

if x is équivalent to y then D((7n(£), Gn(r])) < Kg for ail n G Z. Moreover, Kg tends 
to 0 as g tends to f (see [Ll, Hljj. 

(2) Let [x]g be the équivalence class of x G M. Then, [x]g is a compact set and 

9([x]g) = \g(x)]g. __ 
(3) The quotient space under the équivalence relation, Mg, is a compact metrizable 

space and, by part 2, g induces a homeomorphism g : Mg —» Mg. When g = f, 
M f = M and f — f, due to the infinité expansivity of any lift of f. 

Proof — In order to prove the first part of the proposition take F, G to be adéquate 
lifts of f,g and let R > 0 be such that D(F, G) < R and D(F~l,G~l) < R. 

Suppose that D(£,rj) > 2K, then £>[/(£, 77) > K or Ds(^rj) > K. With no loose 
of generality we can assume that the first inequality holds. If K > 2R(X — 
there exists 1 < a < X such that K > 2R(X — a)-1 > 2R(X — l)-1 which implies 
Du{G(Ç), G(rj)) > XK -2R> aK. 

Thus, Du{Gn(Ç),Gn(r))) > anK. Since anK tends to infinité with n, this implies 
that if x and y are équivalent there exist £, r] so that 

D(Gn(0,Gn(77)) < AR(X-l)-1 Vn G Z. 

Choose Kg = 4R(A - l)-1. 
To prove the second part, take Xk équivalent to x for ail A: G N and Xk -+k-++oc 

Then, given £ G 7r_1(x), there are Çk G K~l(xk) such that D{Gn{£tk),Gn{£t)) < Kg 
Vn G Z. 

By taking, if necessary, a convergent subsequence, we may assume that —»fc_>+00 
£* G TT"1^*). Then, ^(G71^*), Gn(0) < ^ Vn G Z. 

Now we prove the third part of the proposition. The proof is similar to the one 
included in [CS] where the same resuit for g C°-close enough to an expansive home-
omorphisms is shown. 

It is not difficult to see that if {xn} C M is a séquence such that xn —> x, 
limsup[xn]9 C [x]g. Then, given an open set U C M, the set {y G M;[y]g C 17} 
is open. This easily implies that Mg is Haussdorf and metrizable. • 

We want to study the connection between the dynamics of g and / ; to this end we 
find conditions on g to be semiconjugated to / . 

Define 

Définition 2.3. — The g-orbit of x is shadowed by the f-orbit of y iff there exist 
£ G 7ï'l{x),r] G K~l{y) such that {D(Gn{£), Fn{g)) : n G Z} is bounded, for G, 
F equivariantly homotopic lifts of g, f. 

Observe that if the g-orbit of x is shadowed by the /-orbit of y, then y is unique 
and every g-orbit of a point of [x]g is shadowed by the /-orbit of y. Moreover, there is 
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a uniform bound (independent of x and y) for {Z}(Gn(£), Fn(r])) : n G Z} that tends 
to 0 as g approaches / (see [Hl, Ll]). 

It is known that for any y G M there exists x G M such that the g-orbit of x is 
shadowed by the /-orbit of ?/(see [Hl, Ll]). 

Définition 2.4. — Ca/Z Jg the set of x G M sitc/i t/iat £/&e g-orbit of x is shadowed by 
the f-orbit of some y. 

We remark that Jg consists of ail points that are /-shadowed. 
It is not difficult to see that Jg = Jgn, if we consider fn instead of / . Jg is a compact 

^-invariant set that not necessarily equals M. Moreover, there exists a continuous 
surjection homotopic to the inclusion, h : Jg M, such that / o h — h o g\Jq (see 
[Ll, Hl]). This implies that, as the équivalence classes on Jg coincide with h~1(y), 
y G M, the quotient of Jg under the équivalence relation we are interested in, is 
homeomorphic to M and g restricted to this set is conjugated to / . 

Assume now that g is Axiom A; we look for conditions in order to have semicon-
jugacy to / (Jg = M). 

Given £ G M, let 

W£(0 = {r/ e M; D(Fn(Ç), Fn(r])) -> 0 as n -> +00} 

Wu(0 = {r]eM; D(Fn(Ç)' Fn(v)) ^ 0 as n -> -00} 

dénote the F-stable and unstable sets of £. 
Analogously, dénote by Wg(£) and Wy (£) the G-stable and unstable manifolds 

ofÇ. 
When g is an Axiom A diffeomorphism, for £ G M, B a basic pièce of g and 

7r(£) G 5 , we shall dénote 

Bw^(0 = {»?ew^(0;7r(»7)GS} 

B^'(0 = h e ^ ( 0 ; 7 r ( 7 7 ) e B } . 

Définition 2.5. — W7e s/ia// sa?/ t/?,â  5 zs usrnall" iff BW$(£) is bounded for some 
(and then for every) £ G TT~1(B). In case that DWg(£) is unbounded we say that B 
is ularge'\ 

Observe that B being small implies that the quotient of B under the équivalence 
relation is a periodic orbit for g (ail the points in a topologically mixing component 
of B are équivalent). 

In [L2] was proved that large basic pièces for g always exist in the case that g is 
C°-near enough to / . The same proof works for g isotopic to / because it is sufficient 
to take x G Jg such that its ^-orbit is shadowed by an /-orbit dense in the future. 
Then, the basic pièce containing the cj-limit set of x (UJ9(X)) is large. 

We will say that a closed curve is essential if it is not nul-homotopic. 
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