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MOTIVIC COHOMOLOGY OF QUATERNIONIC
SHIMURA VARIETIES AND LEVEL RAISING

by Rong ZHOU

Abstract. – We study the motivic cohomology of the special fiber of quaternionic Shimura
varieties at a prime of good reduction. We exhibit classes in these motivic cohomology groups and use
this to give an explicit geometric realization of level raising between Hilbert modular forms. The main
ingredient for our construction is a form of Ihara’s Lemma for compact quaternionic Shimura surfaces
which we prove by generalizing a method of Diamond-Taylor. Along the way we also verify the Hecke
orbit conjecture for these quaternionic Shimura varieties which is a key input for our proof of Ihara’s
Lemma.

Résumé. – Nous étudions la cohomologie motivique de la fibre spéciale des variétés de Shimura
quaternioniques à un nombre premier de bonne réduction. Nous explicitons des classes dans ces
groupes de cohomologie motivique et utilisons cela pour donner une réalisation géométrique explicite
de l’augmentation de niveau entre les formes modulaires de Hilbert. L’ingrédient principal de notre
construction est une forme du lemme d’Ihara pour les surfaces de Shimura compactes quaternioniques,
que nous prouvons en généralisant une méthode de Diamond-Taylor. En cours de route, nous vérifions
également la conjecture de l’orbite de Hecke pour ces variétés de Shimura quaternioniques, qui est un
point-clé de notre preuve du lemme d’Ihara.

1. Introduction

1.1. Main Theorem

The aim of this paper is to study the motivic cohomology of the special fiber of certain
quaternionic Shimura varieties. For a scheme of finite type over a field, its motivic coho-
mology groups are a generalization of the usual Chow groups, and the main new observation
of this paper is that for certain Shimura varieties, these groups can encode very rich arith-
metic information. More precisely, we will show that the cycle class map from motivic
cohomology to étale cohomology gives a geometric realization of level raising between
Hilbert modular forms. The construction is also related to a geometric realization of the
mod ` Jacquet-Langlands correspondence.
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We now state our main result. Let F be a totally real field of even degree ŒF W Q� D g and
p > 2 a prime which is inert in F . Let B be a totally indefinite quaternion algebra over F
which is unramified at the unique prime p above p and G the associated reductive group
over Q. LetK be a sufficiently small compact open subgroup ofG.Af / such thatK D KpKp

where Kp � G.Qp/ D GL2.Fp/ is the standard hyperspecial maximal compact GL2.OFp/
and Kp � G.Ap

f
/. Then there is a Shimura variety ShK.G/ defined over Q; it extends to a

smooth integral model ShK.G/ over Z.p/. We let SK.G/ denote its special fiber over Fp and
SK.G/Fpg its base change to Fpg .

Fix an irreducible cuspidal automorphic representation… of GL2.F / of parallel weight 2
defined over a number field E. Let R be a finite set of places of F not containing p
and away from which … is unramified and K is hyperspecial. We also choose a prime �
of OE whose residue characteristic is coprime to p and write k� D OE=�. We write
Hi
M.SK.G/Fpg ; k�.j // for the motivic cohomology group with k� coefficients defined

in [40]. By [44], we may identify this with the higher Chow group Chj .SK.G/Fpg ; 2j � i; k�/

defined in [2]. When 2j D i , this group is just the usual Chow group of codimension j cycles
modulo rational equivalence (with coefficients in k�).

The group Chj .SK.G/Fpg ; 2j � i; k�/ is equipped with the following cycle class map to
the absolute étale cohomology:

(1.1.1) Chj .SK.G/Fpg ; 2j � i; k�/! Hi
ét.SK.G/Fpg ; k�.j //:

We let TR denote the abstract Hecke algebra of GL2.F / away from R; it is the Z-algebra
generated by elements Tq; Sq where q runs over primes of F away from R. Then the Hecke
eigenvalues of … induce a map

�…� W TR ! OE ! k�:

We write mR WD ker.�…
�
/ a maximal ideal of TR and we let m � TR[fpg be the preimage

of mR in TR[fpg under the natural inclusion TR[fpg ! TR.

The Hecke algebraTR[fpg acts on the étale cohomology H�
Ket.SK.G/Fp ; k�.�// and higher

Chow groups Chj .SK.G/Fpg ; 2j�i; k�/ of SK.G/. Upon making a large image assumption
on the mod � Galois representation associated to … (see Assumption 4.1.1) and localizing
at the maximal ideal m, there is an isomorphism

HgC1

Ket .SK.G/Fpg ; k�.g=2C 1//m Š H1.Fpg ;Hg

Ket.SK.G/Fp ; k�.g=2C 1//m/:

The cycle class map then induces the Abel-Jacobi map:

(1.1.2) Chg=2C1.SK.G/Fpg ; 1; k�/m ! H1.Fpg ;Hg

Ket.SK.G/Fp ; k�.g=2C 1//m/:

In §5.3, we will define a subgroup Chg=2C1lr .SK.G/Fpg ; 1; k�/m of

Chg=2C1.SK.G/Fpg ; 1; k�/m using the geometry of Goren-Oort cycles (in fact the cycles we
consider arise from the supersingular locus). on SK.G/Fpg as studied in [41], [42] and [27].
As the notation suggests, this subgroup is related to level raising. The main theorem of the
paper is the following; we refer to §5.3 for the precise statement.
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Theorem 1.1.1. – Suppose that p is a �-level raising prime in the sense of Definition 5.3.2
and that Assumptions 4.1.1 and 5.3.5 are satisfied; in particular Tp � pg C 1 mod mR and
Sp � 1 mod mR. Then the map

Chg=2C1lr .SK.G/Fpg ; 1; k�/=m! H1.Fpg ;Hg.SK.G/Fp ; k�.g=2C 1//=m/

induced by (1.1.2) is surjective.

We note that as in [27, Remark 4.2, 4.6], if there exist rational primes inert in F , and… is
not dihedral and not isomorphic to a twist by a character of any of its internal conjugates,
then for all but finitely many �, the set of primes p which are �-level raising primes has
positive density. In general it is a difficult problem to produce non-zero classes in motivic
cohomology. The key input to proving the surjectivity in Theorem 1.1.1 is a form of Ihara’s
Lemma which we prove by generalizing a method of Diamond-Taylor [8]; see the next
subsection for more details.

We now give an example of the construction of Chg=2C1lr .SK.G/Fpg ; 1; k�/ which makes
clear the relationship with level raising. We assume g D 2 so that dim SK.G/ D 2.

We write B 0 for the totally definite quaternion algebra which agrees with B at all finite
places. We fix an isomorphism

B 0 ˝Q Af Š B ˝Q Af
which allows us to considerK as a compact open subgroup ofB 0˝QAf . We letX 0 andX 00.p/
denote the discrete Shimura sets where the compact open subgroupK0.p/ � B 0˝QAf agrees
with K away from p and is the standard Iwahori subgroup of GL2.Fp/ at p. We let

�1; �2 W X 00.p/! X 0

denote the natural degeneracy maps so that the diagram

X 0
�1
 � X 00.p/

�2
�! X 0

is the usual Hecke correspondence for X 0. For any finite set S , we write �.S; k�/ for the
abelian group of k�-valued functions on S .

We may think of SK.G/ as a moduli space of abelian varieties with multiplication by some
maximal order OB in B. We let SK.G/

ss be the locus where the underlying abelian variety
is supersingular. Using the geometry of SK.G/

ss one can show that under the assumptions
of Theorem 1.1.1, Ch2.SK.G/F

p2
; 1; k�/m admits a map from

Km WD ker
�
.�1�; �2�/ W �.X 00.p/; k�/! �.X 0; k�/

�
m
:

The construction uses an interpretation of classes in Ch2.SK.G/F
p2
; 1; k�/m as codimen-

sion 1 cycles together with a rational function on the cycle; see §5.3 for the details. Then
Ch2lr.SK.G/F

p2
; 1; k�/m is defined to be the image of Km. Theorem 1.1.1 in this case follows

from the following stronger result:

Theorem 1.1.2. – Let g D 2. Suppose that p is a �-level raising prime and that Assump-
tion 4.1.1 is satisfied. Then the map

(1.1.3) Km ! H1.Fp2 ;H2
Ket.SK.G/Fp ; k�.2//m/

is surjective.

ANNALES SCIENTIFIQUES DE L’ÉCOLE NORMALE SUPÉRIEURE


