
aNNALES
SCIENnIFIQUES

      SUPÉRIEUkE

de
L ÉCOLE
hORMALE

ISSN 0012-9593

ASENAH

SOCIÉTÉ MATHÉMATIQUE DE FRANCE

quatrième série - tome 56 fascicule 3 mai-juin 2023

Pavel GALASHIN & Thomas LAM

Positroid varieties and cluster algebras



Annales Scientifiques de l’École Normale Supérieure
Publiées avec le concours du Centre National de la Recherche Scientifique

Responsable du comité de rédaction / Editor-in-chief

Yves de Cornulier

Publication fondée en 1864 par Louis Pasteur

Continuée de 1872 à 1882 par H. Sainte-Claire Deville

de 1883 à 1888 par H. Debray

de 1889 à 1900 par C. Hermite

de 1901 à 1917 par G. Darboux

de 1918 à 1941 par É. Picard

de 1942 à 1967 par P. Montel

Comité de rédaction au 1 er mai 2023

S. Cantat G. Giacomin

G. Carron D. Häfner

Y. Cornulier D. Harari

F. Déglise C. Imbert

A. Ducros S. Morel

B. Fayad P. Shan

J. Fresán

Rédaction / Editor

Annales Scientifiques de l’École Normale Supérieure,
45, rue d’Ulm, 75230 Paris Cedex 05, France.

Tél. : (33) 1 44 32 20 88. Fax : (33) 1 44 32 20 80.
Email : annales@ens.fr

Édition et abonnements / Publication and subscriptions

Société Mathématique de France
Case 916 - Luminy

13288 Marseille Cedex 09
Tél. : (33) 04 91 26 74 64. Fax : (33) 04 91 41 17 51

Email : abonnements@smf.emath.fr

Tarifs

Abonnement électronique : 459 euros.
Abonnement avec supplément papier :

Europe : 646 e. Hors Europe : 730 e ($ 985). Vente au numéro : 77 e.

© 2023 Société Mathématique de France, Paris

En application de la loi du 1er juillet 1992, il est interdit de reproduire, même partiellement, la présente publication sans l’autorisation
de l’éditeur ou du Centre français d’exploitation du droit de copie (20, rue des Grands-Augustins, 75006 Paris).
All rights reserved. No part of this publication may be translated, reproduced, stored in a retrieval system or transmitted in any form or
by any other means, electronic, mechanical, photocopying, recording or otherwise, without prior permission of the publisher.

ISSN 0012-9593 (print) 1873-2151 (electronic) Directeur de la publication : Fabien Durand
Périodicité : 6 nos / an



Ann. Scient. Éc. Norm. Sup.

4 e série, t. 56, 2023, p. 859 à 884

POSITROID VARIETIES AND CLUSTER ALGEBRAS

by Pavel GALASHIN and Thomas LAM

Abstract. – We show that the coordinate ring of an open positroid variety coincides with the
cluster algebra associated to a Postnikov diagram. This confirms conjectures of Postnikov, Muller-
Speyer, and Leclerc, and generalizes results of Scott and Serhiyenko-Sherman-Bennett-Williams.

Résumé. – On montre que l’anneau des fonctions régulières sur une variété positroïde coïncide
avec l’algèbre amassée associée à un diagramme de Postnikov. Cela confirme des conjectures de Postni-
kov, Muller-Speyer, et Leclerc, et généralize des résultats de Scott et de Serhiyenko-Sherman-Bennett-
Williams.

Positroid varieties are subvarieties of the Grassmannian that first appeared in the study of
total positivity and Poisson geometry [16, 22, 3, 13]. In this paper we establish the following
result; see Theorem 3.5.

Theorem. – The coordinate ring CŒ
ı

…v;w � of an open positroid variety
ı

…v;w is a cluster
algebra.

For the top-dimensional open positroid variety, this is due to Scott [24], a result that moti-
vated much of the subsequent work. Combinatorially, positroid varieties are parametrized
by Postnikov diagrams, and each such diagram gives rise to a quiver whose vertices are
labeled by Plücker coordinates on the Grassmannian; see [22, 24]. This data gives rise to
a cluster algebra of [5] whose cluster variables are rational functions on the Grassman-
nian, and since the work of Scott, it has been expected that this cluster algebra coincides
with the coordinate ring of

ı

…v;w . This conjecture was made explicit by Muller and Speyer
[21, Remark 4.6], and was established recently in the special case of Schubert varieties by
Serhiyenko-Sherman-Bennett-Williams [25]. Another closely related conjecture was given
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by Leclerc [15], who constructed a cluster subalgebra of CŒ
ı

…v;w � using representations of
preprojective algebras. We show (Corollary 3.8(i)) that these two cluster structures coincide.
These cluster structures have also been compared in [25]; our work differs from theirs by
switching from a left-sided to a right-sided quotient for the flag variety, i.e., from B�nG

to G=B�; see Remark 3.2.

Leclerc’s conjectures and results apply in the more general setting of open Richardson
varieties. We hope to return to cluster structures of open Richardson varieties in the future.
Some other closely related cluster structures include double Bruhat cells [2, 10], partial flag
varieties [8], and unipotent groups [9].

Combining our main result with the well-developed machinery of cluster algebras has
many consequences for the structure of open positroid varieties; see e.g., the introduction
of [25]. For instance, the existence of a green-to-red sequence [6], together with the construc-
tions of [11] endow CŒ

ı

…v;w � with a basis of theta functions with positive structure constants.

Additionally, the results of [14] imply thatH�.
ı

…v;w ;C/ satisfies the curious Lefschetz prop-
erty, which has implications for extension groups of certain Verma modules that we aim to
explore in future work.

Finally, we show that the totally nonnegative part …>0
v;w of

ı

…v;w (as defined by [16,

22]) is precisely the subset of
ı

…v;w where all cluster variables take positive real values;
see Corollary 4.4.
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Outline

We discuss the combinatorics of Le-diagrams in Section 1. The cluster algebra A.QD/
coming from a Le-diagram D consists of some rational functions on the Grassmannian. As
we discuss in Section 3.4, in order to prove our main result, one needs to show two inclusions:
A.QD/ � CŒ

ı

…v;w � and A.QD/ � CŒ
ı

…v;w �. For the first inclusion, we rely on the results of
Leclerc [15]. In particular, following ideas of [25], we show in Section 2 that the cluster algebra
of [15] is isomorphic to A.QD/ (i.e., they have isomorphic quivers). We then prove the first
inclusionA.QD/ � CŒ

ı

…v;w � in Section 3; see Corollary 3.8(ii). We show the second inclusion

A.QD/ � CŒ
ı

…v;w � in Section 4, using the results of Muller-Speyer [21, 20], of Muller [19],
and of Berenstein-Fomin-Zelevinsky [2].

Throughout the paper, we fix a positive integer n, and an integer k 2 Œn� WD f1; 2; : : : ; ng.
For a; b 2 Z, we let Œa; b� WD fa; aC 1; : : : ; bg if a � b, and Œa; b� WD ; otherwise.
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Figure 1. The Young diagram �, Le-diagramD, and graphG.D/ corresponding
to .v; w/ D .s2; s2s1s4s3s2/

1. Le-diagram cluster algebra

Let W D Sn be the symmetric group on n letters. For i 2 Œn � 1�, let si 2 W denote the
simple transposition of i and i C 1. Every permutation w 2 W can be written as a reduced
word w D si1 � � � sim (where m D `.w/ is the length of w). In this case, w WD .i1; : : : ; im/ is
called a reduced expression for w. We multiply permutations right-to-left; in particular,
for j 2 Œn� and w D si1 � � � sim , we let w.j / WD si1.: : : .sim.j // : : : /. For A � Œn�, we denote
wA WD fw.a/ j a 2 Ag.

Let J D Œn� n fkg, and denote by W J � W the set of k-Grassmannian permutations, i.e.,
permutations w 2 W satisfying w.1/ < � � � < w.k/ and w.k C 1/ < � � � < w.n/. In other
words, we have w 2 W J if and only if w D 1 or each reduced word for w ends with sk .

Let QJ denote the set of pairs .v; w/ where w 2 W J and v � w in the Bruhat order
on W . The elements of QJ label positroid varieties; see Section 3.1. By [17, Lemma 3.5],
every reduced expression w D .i1; : : : ; im/ for w contains a unique “rightmost” reduced
subexpression v for v, called the positive distinguished subexpression. We let J ıv � Œm� denote
the set of indices not used in v.

1.1. Le-diagrams and subexpressions

We use English notation for Young diagrams and label their boxes in matrix notation. A
Le-diagram D is a Young diagram �, contained in a k � .n � k/ rectangle, together with a
filling of some of its boxes with dots, satisfying the following condition: if a box b is both
below a dot and to the right of a dot, then b must contain a dot.

We describe a well-known bijection [22, Section 20] between elements of QJ and Le-
diagrams. First, Grassmannian permutationsw 2 W J are in bijection with Young diagrams
� � k � .n � k/: placing skCj�i into the box .i; j / of �, a reduced word for w is obtained
by reading the boxes from right to left along each row, starting from the lowest row. The
southeastern boundary edges of � are labeled 1; 2; : : : ; n from bottom-left to top-right. Thus
the southern boundary edges are labeled by the elements of wŒk C 1; n�.

Given v � w, we mark the letters not used by the positive distinguished subexpres-
sion for v with a dot, and this gives a Le-diagram denoted D.v;w/. For example, if
.v; w/ D .s2; s2s1s4s3s2/, we have the Young diagram � D .3; 2/ and the Le-diagram
D.v;w/ in Figure 1(left and middle). Note that wŒk C 1; n� D wf3; 4; 5g D f1; 2; 4g are the
labels of the southern boundary edges.

Throughout the paper, we assume .v; w/ 2 QJ and denote D WD D.v;w/. We also fix a
choice of w D .i1; : : : ; im/, v, and J ıv as above.
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