
Astérisque

JOSEPH LIPMAN
Dualizing sheaves, differentials and residues
on algebraic varieties

Astérisque, tome 117 (1984)
<http://www.numdam.org/item?id=AST_1984__117__1_0>

© Société mathématique de France, 1984, tous droits réservés.

L’accès aux archives de la collection « Astérisque » (http://smf4.emath.fr/
Publications/Asterisque/) implique l’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=AST_1984__117__1_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


117 ASTÉRISQU E 

1984 

DUALIZING SHEAVES , 
DIFFERENTIALS AN D RESIDUE S 
ON ALGEBRAI C VARIETIE S 

par Joseph LIPMAN * 

(*) Supported by NSF grant MCS-8200624 at Purdue University . 

SOCIÉTÉ MATHÉMATIQUE D E FRANC E 
Publié avec le co 
+ncours du CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE 



AMS Subjects Classification :  14 В 15, 14 F 9 9 



CONTENTS 

Page 

INTRODUCTION 2 
§0 Discussio n of result s 10 

I - CANONICAL MODULE S 
§1 Zariski sheave s (^-modules ) 28 
§2 Canonical ̂ -module s 32 
§3 The fundamenta l clas s 36 

II - DUALIZING MODULE S 
§4 Existence an d uniquenes s o f dualizin g ̂ -module s . .  4 0 
§5 Relative dualit y 48 
§6 The canonica l structur e o n a  dualizin g modul e . . . 5 5 

III - RESIDUES AND DUALIT Y 
§7 Residues an d loca l dualit y fo r powe r serie s ring s . 5 9 
§8 The residu e theore m fo r projectiv e spac e 70 
§9 Compatibility o f loca l an d globa l dualit y 81 

§10 A relative residu e theore m 86 
IV - VARIATIONS 

§11 Reformulation vi a holomorphi c differential s . . . . 9 7 
§12 Sums o f residues ; Koszu l complexe s o f vecto r 

bundles 105 
§13 Adjunction H O 

APPENDIX A: Projectiv e Noethe r normalizatio n 130 
REFERENCES 134 
ACKNOWLEDGEMENTS 137 
RESUME 138 

Leitfaden 
§0 

§1 >  § 4 § 7 >  §1 1 >  §1 2 

§5 § 8 §1 3 

§2 >  § 6 § 9 

i i 
§3 §1 0 

1 



J. LIPMAN 

INTRODUCTION 

This i s a  semi-expositor y accoun t abou t th e rol e o f differentia l 
forms an d residue s i n th e dualit y theor y o f algebrai c varietie s ove r 
a perfec t field . Th e main result s ar e summarize d i n the  Residue  
Theorem (0.6 ) state d nea r th e en d o f §0 , an d generalize d i n §10 . 

In som e sens e ther e i s l i t t l e her e whic h canno t b e du g ou t fro m 
other sources : th e basi c idea s involve d wer e announce d b y 
Grothendieck i n [G2] ; the  foundation s o f dualit y theor y wer e the n 
worked ou t fro m a  ver y genera l poin t o f vie w (derive d categorie s 
dualizing complexes , etc. ) b y Hartshorn e [RD] , Delign e [RD , Appendix ] 
and Verdie r [V] ; an d th e "fundamenta l class" , a  canonica l ma p from 
differential form s t o dualizin g complexes , wa s studie d b y E l Zei n 
and Angdnio l [E] . But , fundamental , powerful , an d beautifu l a s 
the resultin g theor y i s , th e formalis m i n whic h i t i s ensconce d an d 
some lac k o f detai l i n the  literatur e *1 * hav e prevente d i t fro m 
becoming a s well-know n an d understoo d a s i t shoul d be . Fo r m e at 
any rate , reaching eve n the  leve l o f understandin g represente d b y 
these note s ha s bee n a  lon g an d arduou s process . An d the  reaction s 
of audience s t o lecture s whic h I  hav e give n ove r th e pas t twelv e 
years o n thi s subjec t hav e suggeste d tha t a n expositio n i n the  spiri t 
of [S , pp . 76-81 ] (cas e o f curves , afte r Rosenlicht ) an d [K2 ] (cas e 
of projectiv e Cohen-Macaula y varieties) - i . e . accessibl e i n principl e 
to someon e familia r with , say . Chapte r II I o f [H] - may not b e 
superfluous. 

* *  * 

Various form s o f th e mai n result s t o b e presente d hav e appeare d 
in th e literature . I n thi s Introduction , an d i n §0 , w e gathe r 
some variant s togethe r an d poin t ou t thei r interconnections . I n th e 
process indication s abou t th e content s o f th e pape r wil l emerge . 

Of course i n th e writing o f an y exposition (thi s on e included) th e choices 
about which details t o includ e an d which to leav e t o th e reader are a  matter 
of taste , judgement , mood,.. . 
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