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STRONG CONVERGENCE OF THE SPECTRUM OF RANDOM PERMUTATIONS
AND ALMOST-RAMANUJAN GRAPHS

[after Charles Bordenave and Benoît Collins]

byMylène Maïda

1. Introduction

Consider the two following statements:

Independent random permutations, chosen uniformly among all permutations or all
matchings of n points, are strongly asymptotically free (viewed as operators on the

orthogonal of the constant vector 1).

versus

Random n-lifts of a fixed weighted base graph are close to being Ramanujan graphs.

They seem to belong to different mathematical landscapes, random matrix the-
ory and free probability for the first one, theory of expander graphs for the second
one. They are nevertheless two instances of the same result, due to BORDENAVE and
COLLINS (2019) and that wewill present hereafter. In particular, wewill try to explain
the meaning of the statement in each context and why it represents an important im-
provement with respect to the previous results, starting with the motivation from
graph theory and then moving to free probability. This is not the only example of
a result dealing with strong asymptotic freeness that can be applied to a completely
different context and we will describe in detail, in the last part of these notes, some
other applications of this notion.

Je remercie Charles Bordenave pour son aide lors de la préparation de ces notes.
Elles ont été rédigées pendantmon séjour au Centre de recherchesmathématiques de
Montréal (IRL CNRS 3457) que je remercie pour son hospitalité. Je remercie Thierry
Lévy et GuillaumeDubach pour leur relecture attentive dumanuscrit, Gilles Pisier et
Mikael de la Salle pour une intéressante discussion autour du lemme de linéarisation
ainsi qu’un relecteur anonyme pour son acuité orthotypographique.
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2. From Ramanujan graphs to the symmetric random
permutation model

The notion of Ramanujan graph was initially introduced by LUBOTZKY, PHILLIPS, and
SARNAK (1988) for d-regular graphs. The terminology Ramanujan comes from the
fact that the construction of the regular graphs considered by LUBOTZKY, PHILLIPS, and
SARNAK (1988)was based on arithmetic properties of pairs of well-chosen prime num-
bers.

Let G = (V, E) be an undirected graph, with countable vertex set V and edge set
E. An edge is a subset of V with two elements (we do not allow loops nor multiple
edges). The degree of a vertex v ∈ V is defined as

deg(v) := ∑
u∈V

1{u,v}∈E.

If, for every v ∈ V,deg(v) < ∞, the graph is said to be locally finite and its adjacency
operator A is defined as follows: for any ψ ∈ ℓc(V), which is the subspace of ℓ2(V) of
vectors with finite support,

Aψ(v) := ∑
u∈V;{u,v}∈E

ψ(u).

In the case when V is a finite set, A can be seen as the usual adjacency matrix
of G. As we are dealing with undirected graphs, the adjacency operator and ma-
trix are self-adjoint. For any integer d ⩾ 2, we say that G is d-regular if all the ver-
tices of G have degree d. For finite d-regular graphs with n vertices, if we denote by
λ0 ⩾ λ1 ⩾ · · · ⩾ λn−1 the eigenvalues of A in non-increasing order, one can check
that λ0 = d and for all j ⩽ n − 1, |λj| ⩽ d. If G is connected, the eigenvalue λ0 is
always simple and if G is moreover bipartite, then λn−1 is equal to −d and is simple.
They are often called the Perron–Frobenius eigenvalues and λ0 is associated to the
constant eigenvector 1. On the other hand, if we denote by

λ(G) := max{|λj| such that |λj| < d}

the largest eigenvalue in absolute value which is not equal to ±d, we have the follow-
ing result, known as the Alon–Boppana bound:

Theorem 2.1 (Alon, 1986). Let (Gn,d)n⩾1 be any sequence of connected d-regular graphs
such that, for any n ∈ N∗, Gn,d has n vertices(1). Then

lim inf
n→∞

λ(Gn,d) ⩾ 2
√

d − 1.

(1)It requires that n ⩾ d + 1 and nd is even.
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This leads to the following definition:

Definition 2.2 (Ramanujan graph, d-regular case). A d-regular, connected, finite graph
G is called Ramanujan if and only if every eigenvalue λ of its adjacency operator is
such that λ ∈ {−d, d} or |λ| ⩽ 2

√
d − 1.

Among connected d-regular graphs, Ramanujan graphs are the graphswithmaxi-
mal spectral gap. For this reason, sequences of such graphs have very goodproperties
as expander graphs (we refer to KOWALSKI (2019) for details on the link between spec-
tral gap and expander properties of graphs). The question is then how to construct
such sequences of graphs. In this direction, one has to mention the remarkable result
of FRIEDMAN (2008):

Theorem 2.3. Let d ⩾ 3 be an integer. For each n ⩾ d + 1 such that nd is even, let Gn be a
random graph chosen uniformly among d-regular graphs with n vertices. Then the sequence
(Gn)n⩾1 is almost-Ramanujan(2) in the sense that, for any ε > 0,

lim
n→∞

P(λ(Gn) ⩾ 2
√

d − 1 + ε) = 0.

The notion of random lift is also very useful to construct almost-Ramanujan graphs.
On the way of defining them, we also give a more general definition of Ramanujan
graphs. Let G and H be undirected connected(3) graphs, with no loops and no mul-
tiple edges. A covering map π from H to G is a map from the set of vertices of H to
the set of vertices of G such that, for every vertex h of H, π gives a bijection between
the edges incident to h in H and those incident to π(h) in G. When π is a covering
map from H to G, the graph G is called the base graph and H is called a covering graph
of G. Since the base graph G is connected, the cardinal of π−1(g) is the same for any
vertex g of G. If this cardinal is equal to n, then H is called an n-lift of G. If H is a tree,
it is the universal cover of G. In particular, the universal cover of any non-empty, con-
nected, d-regular graph is the infinite d-regular tree Td. It is known that the spectrum
of Td is the interval [−2

√
d − 1, 2

√
d − 1](4). Therefore, for a d-regular graph, being

a Ramanujan graph means that all eigenvalues, except ±d, are contained inside the
spectrum of its universal cover.

This led GREENBERG (1995), in his thesis, to give a more general definition of a
Ramanujan graph, not necessarily restricted to d-regular graphs.

Definition 2.4 (Ramanujan graph, general case). A finite connected graph X is
Ramanujan if the spectrumof its adjacency operator is contained in [−ρ, ρ]∪{−λ0, λ0},
where λ0 is the largest eigenvalue of the graph and ρ is the spectral radius of its univer-
sal cover.

(2)or weakly Ramanujan
(3)Covering maps can be defined in a more general framework but we only need the case of connected

graphs.
(4)Its spectral measure is known as the Kesten–McKay distribution.
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Let us describe a standard model, due to AMIT and LINIAL (2002) for construct-
ing random lifts. Given a base graph G = (VG, EG) and an integer n ⩾ 2, to each
vertex v of G we associate a set of n vertices (v, 1), . . . , (v, n). For each edge {u, v}
of G, we choose an orientation, say e := (u, v), and a uniform permutation σe of
[n] := {1, . . . , n}, independent of all other edges. Then, if the vertex set of H is
{(u, i); u ∈ VG, i ∈ [n]} and the edge set is {{(u, i), (v, σ(u,v)(i))}; {u, v} ∈ EG, i ∈ [n]},
H is a random n-lift of G and its law is uniform over all possible n-lifts of G. Note that
the choice of the orientations of the edges made for the construction does not change
the distribution of the random lift H. Improving on Theorem 2.3, BORDENAVE (2020)
showed that, under very general conditions on the base graph, the sequence of ran-
dom n-lifts form a sequence of almost-Ramanujan graphs.

The model that we describe now is the main object studied by BORDENAVE and
COLLINS (2019) and can be seen as a generalization of the notion of random lift; wewill
call it the symmetric random permutation model. Let X be a countable set. Let σ1, . . . , σd
be d permutations of the set X. We consider ℓ2(X) the Hilbert space spanned by
the orthonormal basis (δx)x∈X . The identity operator on ℓ2(X) is denoted by 1. A
permutation σi acts naturally as a unitary operator Si on ℓ2(X) by Si(g)(x) = g(σi(x)),
for any g ∈ ℓ2(X). Let a0, a1, . . . , ad bematrices of size r× r. Themain object of interest

in BORDENAVE and COLLINS (2019) is the operator A := a0 ⊗ 1 +
d

∑
i=1

ai ⊗ Si acting

on Cr ⊗ ℓ2(X). When X = [n], we denote by σ1,n, . . . , σd,n the permutations of X, by
S1,n, . . . , Sd,n the corresponding operators, 1(n) the identity operator and

An := a0 ⊗ 1(n) +
d

∑
i=1

ai ⊗ Si,n. (1)

Two symmetry conditions are added, one on the matrices a1, . . . , ad and one on
the permutations σ1,n, . . . , σd,n.

Assumption 2.5 (Symmetric random permutation model). We equip [d] with the
following involution: let q ⩽ d

2 be an integer; for any i ∈ [q], set i∗ = i + q, for
q + 1 ⩽ i ⩽ 2q, set i∗ = i − q, and for 2q + 1 ⩽ i ⩽ d, set i∗ = i. We assume that:

(Ha) a0 = a∗0 and ∀i ∈ {1, . . . , d}, ai∗ = (ai)
∗.

(Hσ) The permutations {σ1,n, . . . , σq,n} ∪ {σ2q+1,n, . . . , σd,n} on [n] are independent,
{σ1,n, . . . , σq,n} are uniformly distributed among the permutations of [n] and
{σ2q+1,n, . . . , σd,n} are uniformly distributed among the matchings(5) of [n] and
for any i ∈ [d], σi∗ ,n = (σi,n)

−1.
(5)A matching (or pair matching) is a permutation for which all the cycles are of length 2, that is an

involution without fixed point.
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Let us explain how it can be seen as a generalization of the model of random
lift. Assume that d is even, q = d/2, a0 = 0 and the matrices a1, . . . , ad are of the
form ai = Euivi , with ui, vi ∈ [r]. The base graph will be the graph G with vertex
set [r] and adjacency matrix A1 = ∑d

i=1 ai. Under Assumption (Ha), it will be undi-
rected, with d/2 edges. The graph H with vertex set [n]× [r] and edges of the form
{(x, ui), (σi(x), vi)} is a n-lift of G. If the permutations σ1,n, . . . , σd,n fulfill Assumption
(Hσ), then the random lift we obtain has the same distribution as in the construction
of AMIT and LINIAL (2002).

BORDENAVE and COLLINS (2019) show that the An, n ⩾ 1, are the adjacency oper-
ators of an almost-Ramanujan sequence of weighted graphs, in a sense related to
Definition 2.4 (we refer to Theorem 3.13 for a precise statement). But in parallel
to this graph-theoretical motivation, the symmetric random permutation model is
linked with asymptotic freeness properties of random permutations and we develop
this point of view in the next section.

3. Freeness, asymptotic freeness and strong asymptotic
freeness

In the eighties, DanVoiculescu introduced the concept of freeness (or free independence)
in the context of operator algebras and created the field of free probability theory. In the
early nineties, he discovered that many models of random matrices were asymptoti-
cally free, leading to model elements in operator algebras through random matrices.
Since then, there has been a constant interplay between free probability theory and
random matrix theory (RMT). We will try to give the main lines of these fruitful inter-
actions. Among many nice references on free probability theory, we have chosen to
follow the recent book ofMINGO and SPEICHER (2017) and the lecture notes of SPEICHER
(2019).

3.1. The notion of freeness

Let us start with the definition of freeness.

Definition 3.1 (Freeness). Consider a unital algebra A over C, equipped with a lin-
ear functional τ : A → C such that τ(1) = 1. The pair (A , τ) is called a non-
commutative probability space. Unital subalgebras (Ai)i∈I are called free (or freely in-
dependent) in (A , τ) if, for any a1, . . . , ak such that ∀j ∈ [k], τ(aj) = 0, aj ∈ Ai(j) and
i(1) 6= i(2) 6= · · · 6= i(k),

τ(a1 · · · ak) = 0.

An important example, which is particularly relevant in our context, is the following:
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