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A SHARPENED STRICHARTZ INEQUALITY
FOR THE WAVE EQUATION

by Giuseppe NEGRO

Abstract. – We disprove a conjecture of Foschi, regarding extremizers for the Strichartz inequal-
ity with data in the Sobolev space PH1=2 � PH�1=2.Rd /, for even d � 2. On the other hand, we provide
evidence to support the conjecture in odd dimensions and refine his sharp inequality in R1C3, adding
a term proportional to the distance of the initial data from the set of extremizers. The proofs use the
conformal compactification of the Minkowski space-time given by the Penrose transform.

Résumé. – Nous infirmons une conjecture de Foschi concernant les points extrémaux de l’inégalité
de Strichartz à données dans l’espace de Sobolev PH1=2 � PH�1=2.Rd /, où d � 2 est pair. En revanche,
nous donnons des indications en faveur de sa conjecture en dimension impaire, ainsi qu’une version
raffinée de son inégalité optimale sur R1C3, en ajoutant un terme proportionnel à la distance des
données initiales de l’ensemble des points extrémaux. Les démonstrations utilisent la compactification
conforme de l’espace-temps de Minkowski donnée par la transformation de Penrose.

1. Introduction

We consider solutions u to the wave equation ut t D �u, on R1Cd with d � 2, and initial
data u.0/ D .u.0/; ut .0//. We take such initial data in the Sobolev space of pairs f D .f0; f1/
with norm defined by

(1) kfk PH1=2� PH�1=2.Rd / D

�
k.��/1=4 f0k

2
L2.Rd /

C k.��/�1=4 f1kL2.Rd /

�1=2
:

In 1977, Strichartz [22] proved that there is a positive constant C such that

(2) kuk
L

2
dC1
d�1 .R1Cd /

� Cku.0/k PH1=2� PH�1=2.Rd /:

Foschi [10] proved that, for d D 3, the optimal constant is attained when

(3) u.0/ D .u.0/; ut .0// D
�
.1C j�j2/�

d�1
2 ; 0

�
;
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meaning that Ad D kuk
L

2
dC1
d�1 .R1Cd /

=ku.0/k PH1=2� PH�1=2 , where u.0/ is given by (3), is

the smallest possible value for the multiplicative constant C in (2) for d D 3; precisely,
A3 D

�
3
16�

�1=4
. Foschi conjectured that (3) should extremize in any dimension d � 2. We

will provide evidence to support his conjecture in odd dimensions, however we will disprove
it in even dimensions; see the forthcoming Theorem 1.2.

Foschi also characterized the initial data that extremize the Strichartz inequality (2) with
d D 3. The full set M is obtained by acting a group of symmetries of the inequality on the
data (3). Writing

(4) d.f;M/ D inf
�2M
kf � �k PH1=2� PH�1=2 ;

we will mainly be concerned with the following refinement of Foschi’s inequality.

Theorem 1.1. – There is a positive constant C such that, for all uWR1C3 ! R satisfying
ut t D �u,

C d.u.0/;M/2 � A23ku.0/k
2
PH1=2� PH�1=2 � kuk

2
L4.R1C3/

� A23 d.u.0/;M/2:

The upper bound is proved in a more general setting in the following section. The lower
bound, on the other hand, requires a much more careful treatment and it will follow from a
local version, in which we also obtain the optimal constant.

Brezis and Lieb asked if the sharp Sobolev inequality due to Aubin [1] and Talenti [23]
could be sharpened in this way; see [6, question (c)]. This was solved by Bianchi and Egnell
[5]. Most relevantly, a sharpening of the Strichartz inequality for the Schrödinger equation
with d D 1 or 2 is implicit in the work of Duyckaerts, Merle and Roudenko [9], who applied
their result to the mass-critical nonlinear Schrödinger equation in the small data regime (see
also [11]). Theorem 1.1 has a similar application to the cubic nonlinear wave equation in [19].

In the fourth section we consider the deficit functional  , defined as

 .u.0// WD Ap
d
ku.0/kp

PH1=2� PH�1=2
� kuk

p

Lp.R1Cd /
; p WD 2dC1

d�1
;

so that  is zero at the supposed extremizers (3). Now for (3) to be extremizing for the
Strichartz inequality (2), it must be critical for  in the sense that the first derivative of  
must also vanish there. We will prove the following result disproving Foschi’s conjecture in
even dimensions.

Theorem 1.2. – The data (3) are critical for  if and only if d � 2 is odd.

The case of spatial dimension d D 2 is especially surprising. Indeed, in the afore-
mentioned [10, eq. (46)], Foschi proved that u˙.0/ D .1 C j�j2/�1=2, which is the same
function that appears in (3), is an extremizer of the closely related half-wave estimate
ku˙kL6.R1C2/ � .2�/

�1=6ku˙.0/k PH1=2 , in which @tu˙ D ˙i
p
��u˙; see also [3].

In the fifth section, we prove the lower bound of Theorem 1.1. For this we must show that a
spectral gap, associated with the second derivative of , is positive. This is achieved using the
Penrose transform, introduced in the third section. Under this transformation, the extrem-
izing pair (3) is mapped to the constant initial data pair .1=2; 0/, enabling explicit computa-
tions. Compactness arguments will also be required to extend a local version of Theorem 1.1
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to the whole space PH 1=2 � PH�1=2. For this we will require a profile decomposition due to
Ramos [21], also presented in the third section.

We end the introduction with a mention of the recent paper [12], in which sharp Strichartz
estimates for the wave, the half-wave and the Schrödinger equations are studied by means of
spacetime transformations such as the Penrose and the Lens transform.

2. Abstract upper bounds

In this section,X will denote a measure space andH will denote a real or complex Hilbert
space, with scalar product h ; i and norm k�k.

Proposition 2.1. – For 1 < p < 1, let S W H ! Lp.X/ be a linear bounded operator,
with operator norm kSk. Then

(5) kSk2kf k2 � kSf k2p � kSk
2d.f;MS /

2;

where MS D fv 2 H W kSvkp D kSkkvkg and d.f;MS / D inf
v2MS

kf � vk.

We remark that MS is never empty, as 0 2 MS . Also, if v 2 MS then �v 2 MS for all
scalars �; in particular, either MS D f0g or MS contains nonzero elements of arbitrarily
small norm.

Proof of Proposition 2.1 . – If S D 0 or MS D f0g, then (5) is trivially true. Otherwise,
we let D D d.f;MS /, and for " > 0 we consider a v 2 MS such that kf � vk2 � D2 C ".
By the previous remark, we can assume that v ¤ 0, which implies that Sv ¤ 0, because
kSvkp D kSkkvk ¤ 0.

Now we write g D f � v and we define, for t 2 R,

(6) h1.t/ D kS.v C tg/k
2
p � kSvk

2
p; h2.t/ D kS.v C tg/k

2
p � kSk

2kv C tgk2:

As a function of t , each of h1; h2 is a difference of two convex functions and hence is left and
right differentiable at every point. In addition, both are differentiable at t D 0, since Sv ¤ 0;
see, for example, [14, Theorem 2.6]

Now, h2 has a maximum at zero, so h02.0/ D 0. Since h1 is convex and h1.0/ D 0, we have
h1.1/ � h

0
1.0/. Therefore

h1.1/ D kSf k
2
p � kSvk

2
p � h

0
1.0/ D .h1 � h2/

0.0/ D 2kSk2<.hv; gi/

D kSk2.kv C gk2 � kgk2 � kvk2/:
(7)

Recalling that v C g D f and kSvkp D kSkkvk, this yields

(8) kSf k2p � kSk
2.kv C gk2 � kgk2/ � kSk2kf k2 � .D2

C "/kSk2;

and since this holds for arbitrary " > 0, the desired conclusion (5) follows.

The upper bound in Theorem 1.1 is an immediate consequence of the latter proposition,
obtained by specializing the operator S to the wave propagator St W PH1=2.R3/! L4.R1C3/;
see the next section.
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