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GLOBAL INFINITE ENERGY SOLUTIONS
FOR THE CUBIC WAVE EQUATION

by Nicolas Burq, Laurent Thomann & Nikolay Tzvetkov

Abstract. — We prove the existence of infinite energy global solutions of the cubic
wave equation in dimension greater than 3. The data is a typical element on the support
of suitable probability measures.

Résumé (Solutions globales d’énergie infinie pour l’équation des ondes cubique)
On considère l’équation des ondes cubique sur un tore de dimension supérieure à

3, et on montre l’existence de solutions globales d’énergie infinie. La condition initiale
de l’équation est un élément typique du support d’une mesure de probabilité.
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1. Introduction

This paper is a higher dimensional sequel of the recent article [10] by the
first and the third authors (and also of [8, 9, 5]). As such it aims to construct
global in time solutions of the cubic wave equation with low regularity (infinite
energy) random initial data. To the best of our knowledge such a regularity
is out of reach of the present deterministic methods. The major difference
between the present paper and [10] is that here we only establish existence
results and in particular no uniqueness statement is proven. Let us recall that
in [10] a suitable uniqueness and a probabilistic continuity of the flow were
proven. This result was followed by more recent results by Nahmod-Pavlovic-
Staffilani [15] on the 2 and 3-dimensional homogeneous Navier-Stokes equation,
where the authors obtain strong (in 2-d) and weak (in 3-d) results, and in turn,
here we are inspired by this latter 3-d weak-existence result. Related weak-
existence results had been already used in the context of the randomly forced
Navier-Stokes equation by Da Prato-Debussche [12] and the Euler equation by
Albeverio-Cruzeiro [1], using more sophisticated probabilistic tools (Prokhorov
and Skorohod Theorems). This approach may be seen as the analogue in the
random setting of the Leray compactness method for constructing solutions of
nonlinear evolution equations. It has the advantage to require less regularity
on the initial data, one allows infinite energy while the Leray method requires
finite energy of the data. It should however be emphasised that as in the Leray
method our approach still makes a crucial use of the energy functional. In
this paper we will only need an invariance property for the linear evolution
combined with large deviation estimates on the nonlinear part which are much
easier to achieve than the invariance properties as in [12, 1]. Let us now describe
our model. Let d ≥ 4 and consider the cubic wave equation on the torus Td =

(R/2πZ)d

(1.1)

{
∂2
t u−∆u+ u3 = 0, (t, x) ∈ R× Td,

(u, ∂tu)(0, ·) = (u0, u1) ∈ H s,

where ∆ := ∆Td is the Laplace operator and

H s = H s(Td) := Hs(Td)×Hs−1(Td).

Denote by sc = (d − 2)/2 the critical (scaling) Sobolev index for (1.1). Then
one can show that (1.1) is well-posed in H s for s > sc ([13]) and ill-posed when
s < sc ([13, 11, 14]). See the introduction of [10] for more details. The energy
of (1.1) reads

E(u) =
1

2

∫
Td

(
|∇u|2 + (∂tu)2

)
+

1

4

∫
Td
u4,

thus with deterministic compactness methods due to Leray (see e.g. Lebeau
[14, Section 6] for the application of the method in the context of (1.1)), we
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can construct global weak solutions to (1.1) so that(
u, ∂tu

)
∈ Cw

(
R;H1(Td) ∩ L4(Td)

)
× Cw

(
R;L2(Td)

)
,

(here Cw means weak continuity in time) and E(u)(t) ≤ E(u)(0) for all t ∈ R.
Observe that for d > 4 one has 1 < sc and thus the construction of weak
solutions works for data of supercritical regularity with respect to the scaling
of the equation. However it requires finite energy of the initial data. The main
goal of this paper is to show that weak solutions still exist for infinite energy,
almost surely with respect to a large class of probability measures.

Let us now describe precisely the initial data sets (statistical ensembles)
that we shall consider in this article. Here we follow [10]. Let 0 < s < 1 and let
(v0, v1) ∈ H s with Fourier series

vj(x) = aj +
∑
n∈Zd?

(
bn,j cos(n · x) + cn,j sin(n · x)

)
, j = 0, 1,

where Zd? = Zd\{0}. Then let
(
αj(ω), βn,j(ω), γn,j(ω)

)
, n ∈ Zd?, j = 0, 1 be

a sequence of independent real random variables given on a probability space
(Ω, F ,p) with a joint distribution θ satisfying

∃ c > 0, ∀ γ ∈ R,
∫ ∞
−∞

eγxdθ(x) ≤ ecγ
2

.

We then define the random variables vωj by

vωj (x) = αj(ω)aj +
∑
n∈Zd?

(
βn,j(ω)bn,j cos(n · x) + γn,j(ω)cn,j sin(n · x)

)
,

and we define the measure µ(v0,v1) on H s as the image of p under the map

ω 7−→ (vω0 , v
ω
1 ) ∈ H s.

We then define Ms by

Ms =
⋃

(v0,v1)∈ H s

{
µ(v0,v1)

}
.

For (u0, u1) ∈ H s, denote by

(1.2) S(t)(u0, u1) = cos
(
t
√
−∆

)
(u0) +

sin
(
t
√
−∆

)
√
−∆

(u1),

the free wave evolution. Then our result reads

Theorem 1.1. — Let d ≥ 4, 0 < s < 1 and µ = µ(v0,v1) ∈ Ms. Then there
exists a set Σ of full µ measure so that for every (u0, u1) ∈ Σ ⊂ H s the equation
(1.1) with initial condition (u(0), ∂tu(0)) = (u0, u1) has a solution

u(t) = S(t)(u0, u1) + w(t),
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