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GEOMETRIC AND DIFFERENTIAL GALOIS THEORIES

D. Bertrand, Ph. Boalch, J.-M. Couveignes, P. Dèbes, eds.

Abstract. — On March 29-April 2, 2010, a meeting was organized at the Luminy CIRM
(France) on geometric and differential Galois theories, witnessing the close ties these
theories have woven in recent years. The present volume collects the Proceedings of
this meeting. Although it may be viewed as a continuation of the one held 6 years
earlier on arithmetic and differential Galois groups (see Séminaires & Congrès, vol.
13), several new and promising themes have appeared. The articles gathered here
cover the following topics: moduli spaces of connexions, differential equations and
coverings in finite characteristic, liftings, monodromy groups in their various guises
(tempered fundamental group, motivic groups, generalized difference Galois groups),
and arithmetic applications.

Résumé. (Théories de Galois géométrique et différentielle). — Ce volume constitue les
actes du colloque sur les théories de Galois géométrique et différentielle qui s’est dé-
roulé au CIRM de Luminy (France) du 29 Mars au 2 Avril 2010. À la suite d’un
premier colloque tenu en 2004 sur ces questions (voir Séminaires & Congrès, vol. 13),
les liens entre les deux théories se sont consolidés, tout en donnant naissance à de nou-
veaux thèmes de recherche. Les articles rassemblés dans le présent volume abordent
les sujets suivants : espaces de modules de connexions, équations différentielles et
revêtements en caractéristique finie, relèvements, groupes de monodromie sous des
aspects variés (groupe fondamental tempéré, groupes motiviques, groupes de Galois
aux différences généralisés), et applications arithmétiques.
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ABSTRACTS

Open Problems in the Theory of Ample Fields
Lior Bary-Soroker and Fehm Arno . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Fifteen years after their discovery, ample fields now stand at the center of
research in contemporary Galois theory and attract more and more attention
also from other areas of mathematics. This survey gives an introduction to the
theory of ample fields and discusses open problems.

Galois groups arising from arithmetic étale equations
Alexandru Buium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

In this note we show (by interpreting results both old and new) that various
Galois theoretic statements about algebraic equations in characteristic p, that
are “non-liftable" to statements about algebraic equations in characteristic zero,
can nevertheless be lifted to statements about “arithmetic étale equations" in
characteristic zero.

Motivated cycles under specialization
Anna Cadoret . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

This paper is essentially a survey of André’s theory of pure motivated motives
with an emphasis on specialization theory in characteristic zero. We review first
the classical construction of pure motives and then turn to pure motivated mo-
tives whose construction is modeled upon the one of pure homological motives,
replacing homological cycles by motivated cycles. Basically, motivated cycles are
obtained from homological cycles by adjoining formally the Lefschetz involution
so that the so-called standard conjectures become true in the category of pure
motivated motives; in particular, this category is a semisimple Tannakian cate-
gory naturally equipped with fibre functors coming from Weil cohomologies. The
last section is devoted to the `-adic version of André’s specialization theorem for
motivated cycles, which asserts that, given a family of motivated motivesM over
a scheme S of finite type over a finitely generated field k of characteristic 0,
the locus of all s ∈ S(k) where the motivated motivic Galois group associated
with Ms degenerates is thin in S(k). When S is a curve, we improve André’s



x ABSTRACTS

statement by resorting to a uniform open image theorem for `-adic cohomology
proved by A. Tamagawa and the author. We conclude by some applications of
this specialization theorem.

Note on torsion conjecture

Anna Cadoret et Akio Tamagawa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

In this note, we give an elementary and effective proof of the fact that the
torsion conjecture for jacobian varieties implies the torsion conjecture for abelian
varieties.

Introduction to the Galois theory of Artinian simple module algebras

Florian Heiderich . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

We give an introduction to a Galois theory of Artinian simple module algebras.
To this end, we first recall the Picard-Vessiot theories of étale and difference equa-
tions, Umemura’s étale Galois theory and Morikawa-Umemura’s difference Galois
theory. Then we sketch the main ideas of Amano and Masuoka’s unification of
the Picard-Vessiot theories of étale and difference extensions. We show how the
étale Galois theory of Umemura and the difference Galois theory of Morikawa-
Umemura can be unified using Artinian simple module algebras in lieu of étale or
difference fields, respectively, and remove the restriction to fields of characteristic
0. Finally, we compare this unified theory to the Picard-Vessiot theory of Amano
and Masuoka in the case of Picard-Vessiot extensions of Artinian simple module
algebras.

Tempered fundamental group

Emmanuel Lepage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

This paper is a survey of anabelian aspects of the tempered fundamental group
of nonarchimedean analytic spaces. This tempered fundamental group classifies
analytic Ètale coverings that become topological coverings for Berkovich topology
after pullback by some finite étale covering. This article will focus on two aspects:
a nonarchimedean analog of Grothendieck-Teichmüller theory and a geometric
interpretation of compact subgroups of the tempered fundamental group and of
a prime-to-p version of the tempered fundamental group.
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Foliations on the moduli space of connections

Frank Loray, Masa-Hiko Saito et Carlos Simpson . . . . . . . . . . . . . . . . . 117
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