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H$$ FUNCTIONAL CALCULUS AND SQUARE 
FUNCTIONS ON NONCOMMUTATIVE Lp-SPACES 

Marius Junge, Christian Le Merdy, Quanhua Xu 

Abstract. — We investigate sectorial operators and semigroups acting on noncommu-
tative Lp-spaces. We introduce new square functions in this context and study their 
connection with H°° functional calculus, extending some famous work by Cowling, 
Doust, Mclntoch and Yagi concernîng commutative Lp-spaces. This requires natural 
variants of Rademacher sectoriality and the use of the matricial structure of noncom-
mutative Lp-spaces. We mainly focus on noncommutative diffusion semigroups, that 
is, semigroups (Tt)t>o of normal selfadjoint operators on a semifinite von Neumann 
algebra (M,r) such that Tt : LP(M) —» LP(M) is a contraction for any p > 1 and 
any t > 0. We discuss several examples of such semigroups for which we establish 
bounded H°° functional calculus and square function estimâtes. This includes semi­
groups generated by certain Hamiltonians or Schur multipliers, g-Ornstein-Uhlenbeck 
semigroups acting on the ç-deformed von Neumann algebras of Bozejko-Speicher, and 
the noncommutative Poisson semigroup acting on the group von Neumann algebra of 
a free group. 
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Résumé (Calcul fonctionnel H°° et fonctions carrées dans les espaces Lp non commuta-
tifs) 

Nous étudions les opérateurs sectoriels et les semigroupes opérant sur un espace 
Lp non commutatif. Nous introduisons de nouvelles fonctions carrées adaptées à ce 
contexte et étudions leurs interactions avec le calcul fonctionnel H°°. Nous obtenons 
des extensions de travaux fameux de Cowling, Doust, Mclntoch et Yagi qui concer­
naient le cas commutatif. Cette étude nécessite l'introduction de variantes de la Rade-
macher sectorialité et l'usage des structures matricielles sur les espaces Lp non com-
mutatifs. Nous traitons de façon approfondie les semigroupes de diffusion non commu-
tatifs. Il s'agit des semigroupes (Tt)t>o d'opérateurs normaux et auto-adjoints opérant 
sur une algèbre de von Neumann semifinie (M, r ) , tels que Tt : LP(M) —• LP{M) est 
une contraction pour tout p > 1 et pour tout t > 0. Nous présentons et étudions 
plusieurs exemples de tels semigroupes, pour lesquels nous sommes en mesure d'éta­
blir une propriété de calcul H°° borné, ainsi que des estimations quadratiques. Cette 
étude inclut certains semigroupes engendrés par des opérateurs Hamiltoniens ou des 
multiplicateurs de Schur, des semigroupes d'Ornstein-Uhlenbeck opérant sur les al-
gèbres de von Neumann de (/-déformation de Bozejko-Speicher, et le semigroupe de 
Poisson non commutatif défini sur l'algèbre de von Neumann d'un groupe libre. 
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CHAPTER 1 

INTRODUCTION 

In the récent past, noncommutative analysis (in a wide sensé) has developed rapidly 

because of its interesting and fruitful interactions with classical théories such as C*-

algebras, Banach spaces, probability, or harmonie analysis. The theory of operator 

spaces has played a prominent rôle in thèse developments, leading to new fields of 

research in either operator theory, operator algebras or quantum probability. The ré­

cent theory of martingale inequalities in noncommutative Lp-spaces is a good example 

for this development. Indeed, square functions associated to martingales and most of 

the classical martingale inequalities have been successfully transferred to the noncom­

mutative setting. See in particular [64, 33, 68, 38], and also the récent survey [80] 
and the références therein. The noncommutative maximal ergodic theorem in [36] is 

our starting point for the study of noncommutative diffusion semigroups. On this line 

we investigate noncommutative analogs of classical square function inequalities. 

It is remarkable that operator space techniques have led to new results on classical 

analysis. We mention in particular completely bounded Fourier multipliers and Schur 

multipliers on Schatten classes [31]. In our treatment of semigroups no prior knowl-

edge on operator space theory is required. However, operator space concepts underlie 

our understanding of the subject. 

Our objectives are to introduce natural square functions associated with a secto-

rial operator or a semigroup on some noncommutative Lp-space, to investigate their 

connections with H°° functional calculus, and to give various concrète examples and 

applications. H00 functional calculus was introduced by Mclntosh [53], and then 

developed by him and his coauthors in a séries of remarkable papers [54, 21, 3]. 
Nowadays this is a classical and powerful subject which plays an important rôle in 

spectral theory for unbounded operators, abstract maximal Lp-regularity, or multi­

plier theory. See e.g. [43] for more information and références. 



2 CHAPTER 1. INTRODUCTION 

Square functions for generators of semigroups appeared earlier in Stein's classical 

book [70] on the Littlewood-Paley theory for semigroups acting on usual (=commuta-

tive) Lp-spaces. Stein gave several remarkable applications of thèse square functions 

to functional calculus and multiplier theorems for diffusion semigroups. Later on, 

Cowling [20] obtained several extensions of thèse results and used them to prove 

maximal theorems. 

The fundamental paper [21] established tight connections between Mclntosh's H°° 

functional calculus and Stein's approach. Assume that A is a sectorial operator on 

Lp(£), with 1 < p < oo, and let F be a non zéro bounded analytic function on a 

sector {|Arg(z)| < 0} containing the spectrum of A, and such that F tends to 0 with 

an appropriate estimate as \z\ —» oo and as \z\ ^ 0 (see Chapter 3 for détails). The 

associated square function is defined by 

\\x\\F = 
'OO 

0 
F(tA)x 

2 dt 

t 

i 
2 

P 

x G Lp 

For example if — A is the generator of a bounded analytic semigroup (Tt)t>o on LP(E), 

then we can apply the above with the function F(z) = ze~z and in this case, we obtain 

the familiar square function 

I W I F = 
R0 

1 oo 
t 

d 
dt 

(Tt(x)) 
2 

dt 2 

P 

from [70, Chapters III-IV]. One of the most remarkable connections between H00 

functional calculus and square functions on Lp-spaces is as follows. If A admits a 

bounded H00 functional calculus, then we have an équivalence i^i||x|| < < 
i^ll^H for any F as above. Indeed this follows from [21] (see also [49]). 

In this paper we consider a sectorial operator A acting on a noncommutative Lp-

space LP(A4) associated with a semifinite von Neumann algebra (J\A,T). For an 

appropriate bounded analytic function F as before, we introduce two square functions 

which are approximately defined as 

X F.c = 
'OO 

0 

[F(tA)x) *{F(tA)x) 
dt 

t 

i 
2 

and 

| ̂  11 F, r — 
»oo 

1 
(F(tA)x) (F{tA)x) 

dt 

t 

1 2 

P 

(see Chapter 6 for détails). The functions || \\F:C and || are called column and 

row square functions respectively. Using them we deflne a symmetric square func­

tion ||x|| F- As with the noncommutative Khintchine inequalities (see [51, 52]), 

this définition dépends upon whether p > 2 or p < 2. If p > 2, we set \\X\\F = 

max{ || x || i?,c ; || x || F,r}- See Chapter 6 for the more complicated case p < 2. Then one 
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CHAPTER 1. INTRODUCTION 3 

of our main results is that if A admits a bounded H°° functional calculus on LP(M), 

with 1 < p < oc, we have an équivalence 

(î.i) tfiH < \\X\\F < K2\\x\\ 

for thèse square functions. 

After a short introduction to noncommutative Lp-spaces, Chapter 2 is devoted 

to preliminary results on noncommutative Hilbert space valued Lp-spaces, which are 

central for the définition of square functions. Thèse spaces and related ideas first 

appeared in [51] (see also [52, 62]). In fact operator valued matrices and operator 

space techniques (see e.g. [58, 62, 63]) play a natural rôle in our context. However 

we tried to make the paper accessible to readers not familiar with operator space 

theory and completely bounded maps. 

In Chapter 3 we give the necessary background on sectorial operators, semigroups, 

and H00 functional calculus. Then we introduce a completely bounded H°° functional 

calculus for an operator A acting on a noncommutative LP{M). Again this is quite 

natural in our context and indeed it turns out to be important in our study of square 

functions (see in particular Corollary 7.9). 

Rademacher boundedness and Rademacher sectoriality now play a prominent rôle 

in H°° functional calculus. We refer the reader e.g. to [41], [79], [78], [47], [49] or 

[43] for developments and applications. On noncommutative Lp-spaces, it is natu­

ral to introduce two related concepts, namely the column boundedness and the row 

boundedness. If T is a set of bounded operators on LP(A4), we will say that T is 

Col-bounded if we have an estimate 

k 

Tk(xk)*Tk(xk) 
i 
2 

\LP(M) 
c 

k 

* 
xkxk 

1 2 
L'P{M) 

for any finite families X i , . . . , Tn in JF, and x±,..., xn in LP(M). Row boundedness 
is defined similarly. We develop thèse concepts in Chapter 4, along with the related 
notions of column and row sectoriality. 

Chapters 6 and 7 are devoted to square functions and their interplay with H°° 

functional calculus. As a conséquence of the main resuit of Chapter 4, we prove that 
if A is Col-sectorial (resp. Rad-sectorial), then we have an équivalence 

# I | | Z | | G , c < I M k c < K2\\x\\G:C (resp. Ki\\x\\G < \\x\\F < K2\\x\\G 

for any pair of non zéro functions F, G defining square functions. This is a noncom 

mutative generalization of the main resuit of [49]. Then we prove the aforementione< 

resuit that (1.1) holds true if A has a bounded H°° functional calculus. We also sho\ 

that conversely, appropriate square function estimâtes for an operator A on LP(M. 

imply that A has a bounded H°° functional calculus. 

Chapter 5 (which is independent of Chapters 6 and 7) is devoted to a noncommu­

tative generalization of Stein's diffusion semigroups considered in [701. We define a 
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