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SUMMARY. — To the natural morphism M2(QP) - Xo(N) ofmodular 
curves corresponds, by Ficard mnctoriahty, a morphism, h(N) - Ji(N) 
between their Jacobian varieties. Its kernel S(iV), called the Shimura sub-
group of UN), is inite. We determine the arouv structure ofZ(N) together 
with the action of Galois and the action of the Hecke algebra. This extends 
previous results obtained by B. Mazur and K. Ribet. 

Let N >  1 be a n intege r an d le t r 0 ( A 0 be th e subgrou p of SL2(Z) 

consisting o f the matrice s 
MF h 

DFG 71 
G SL2IZ) such tha t N divides c. It act s 

on th e Poincaré halt-plane H = {T G  C I I m r > 0 } and o n 7i = W U P ^ Q ) 
by 

a b 
c d 

T ar + b 
er + d 

The quotien t Xo(N) = TO0(N)\n has a  natura l structur e o f compac t con -
nected Riemann surface. 

One define s i n a  simila r wa y a  Rieman n surfac e X1(N) =F1(N)\nH. 
where r , ( i v i is th e subgrou p o f r o ( A 0 consisting o f th e matrice s a b 

c d 
such tha t a = d = 1 mod N. Let u : M2(QP) - Xo(N) be th e holomorphi c 
map deduce d fro m th e identit y o n T~L b y passin g t o th e quotients . 
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Let UN) and JAN) be th e Jacobia n varietie s o f X0(N) and XAN), 
viewed a s the connecte d component s o f 0 in th e correspondin g Picard vari-
eties. Le t 

u* : Jo(iV) —-> MN) 

be the morphism o f abehan varietie s deduced from u by Picard functoriality . 
Its kernel, called the Shimura subgroup of J0(N), i s a finite group ; we denote 
it b y E(N . 

In thi s paper , w e give a  complet e descriptio n 0 1 2-»(iv) : grou p structure , 
exponent, order , actio n o f Galois , of Atkin-Lehner involution s an d o f Heck e 
operators (includin g thos e associate d t o th e prime s dividin g N), behaviou r 
under degenerac y maps , etc . Thi s extend s previou s result s obtaine d b y 
B. Mazu r ([3] , II , 11 ) an d K . Ribe t ([5]) . Ou r proof s ar e o f comple x an -
alytic natur e an d woul d appl y i n situation s wher e T0(N) an d T^(N) ar e 
replaced b y discrete subgroups o f S Z ^ R) o f finite covolume , even when th e 
corresponding Rieman n surface s hav e n o modula r interpretation . 

Let U  b e th e grou p o f complex number s o f modulu s 1 . W e defin e i n § 1 
a canonica l injectiv e grou p homomorphis m 

M2(QP) MN) Hom(r0(/V),U). (1) 

Throughout th e paper , w e identify th e grou p r 0 (yv)/r ,(AO with (Z/iVZ)x 

by 
a b 

C d VAN) ^d + NZ. 

We show that a n element x of 7o(AO belongs to the Shimura subgrou p S(A0 
if and onl y i f the kerne l of ib(x) contains TAN). Therefore, w e deduce fro m 
ib a canonica l iniectiv e homomornhism 

t// : E(7V) —• Hom((Z/A^Z)x,U). (2) 

We determin e it s imag e i n §2 and obtain : 

T H E O R E M 1 .— The Shimura subgroup E(JV) of UN) is canonically iso-
morphic to the group of homomorphisms g : (Z/NZ)X -> U such that 
aid) = 1 ifd = -l, d2 + \ = 0 , d2 +  d + 1  = 0 or (d-1)2 =  0 . 

By using thm. 1 , we compute in § 3 the order an d th e exponent o f the grou p 
S(iV): 
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OROLLARY 1— Let <t>(N) denote the number of elements of {Z/NZ)X 

and: 
fi) let m be the largest integer such that m2 divides N; 
fit let k be the number of prime divisors of N distinct from 2  and 3 ; 
(Hi) let 77i2 be equal to 2 if -l is a square mod N (i.e., if A ¡{N and each 

prime factor p#2 of N is congruent to 1  mod 4) , and let m 2 be equal to 1 
herwiwise 

(iv) let mz be equal to 3 ifX2+X + \ has a root mo d N (i.e., if9 XN 
and each prime factor M2(QP) of N is congruent to 1  mod 3), and let ra 3 be 
equal to 1  otherwise. 

Then we have 

Card(E(AT)) = 0(iV)/(2raraSra§) 
1 

if N > 5 
if N < 4. 

E X A M P L E . — I f N i s o f the for m pn, wit h p a  prim e numbe r an d n > 1 , 
then S(AO is a  cycli c grou p (thm . 1) . I f p # 2 , its orde r i s th e produc t o f 

Pn-l-[n/2] and th e numerato r o f p-i 
12 if J> =  2 , its orde r i s 2max(0,n — 2 — [n/2]) 

COROLLARY 2  . — Let N = Uprp be the prime power decomposition of N 
and: 

(i) let r be equal to rp - 1  - K/2] ifP #  2 ; 
(it) let r2 be equal to maxfO,r 2 —  2  — [r2/2]) ; 
(Hi) let e 0 be equal to lcm {(p - l)prp); 

(iv) let mi be equal to 2 if N is the product of 1 , 2 or 4 by a power of an 
odd prime, and let rn\ be equal to 1  otherwise; 

(v) let m2 and ra 3 be as in cor . 1 . 
Then the exponent of the group T,(N) (i.e., the smallest integer e such 

that eE(iV ) =  0) is given by 

e = e 0 / m im 2 m 3 ) 
1 

if N >5 
if N < 4. 

COROLLARY 3  . — The only integers N for which the order of E(iV ) is 1 
are 1, 2 , 3 , 4 , 5 , 6 , 7, 8 , 9 , 10 , 12 , 13 , 16 , 18 , 25 , 36 , 49 , 5 0 and 169 . 

In fact , fo r al l these value s o f T V excep t 36 , 49 , 5 0 and 169 , the genu s of 
the Rieman n surfac e X0(N) i s 0  and w e therefore hav e J0(N) = 0 . 
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C O R O L L A R Y 4  . — When N approaches infinity, the exponent and a fortiori 
the order of E(iV) go to infinity. 

The Rieman n surfac e X«(N) is the grou p o f complex point s o f a  modula r 
curve Xo(N)Q 

defined ove r Q Therefore, M2(QP) is naturall y define d ove r 
Q an d th e Galoi s grou p Ga l ( Q / Q ) , where Q  i s th e algebrai c closur e o f Q 
in C , act s o n th e grou p o f torsio n point s o f Jo(N). It acts , i n particular , o n 
the Shimur a subgrou p E(N ). We determin e thi s actio n i n §4, and obtain : 
T H E O R E M 2  . — Let e be the exponent of the group S(AO (see cor . 2  of 
t hm. 1  ) . The smallest common field of definition of the points of S(A0 is 
the cyclotomic field Q (Me) . The Galois group G a l ( Q ( M e ) / Q ) acts on E(iV ) 
via the cyclotomic character G a l ( Q ( M e ) / Q ) M2(QP) 
C O R O L L A R Y 1 .— A point x of N) is rational over Q if and only if we 
have 2x = 0 . The number of those points is 2Card(P)+e where P is the set of 
odd primes dividing N and e is given by 

e = 

- 1 if 4 xN and there exists peP, QP) mod 8 : 
- 1 ifW, 8J(N and there exists P e p , P £ l mod 4 ; 
1  fS2\N; 
0 otherwise. 

C O R O L L A R Y 2 .— The only integers N for which all points of UN) are 
rational over Q  are: 

fi) those for which £(iV ) is of order 1, listed in cor . 3 o / t h m . 1; 
(ii) the integers 20 ,21,24,32,48,64,72,100,144 and 147, for which E(iV ) 

is of order 2: 
(Hi) the integers 96,192,28 8 and 576, for which T,(N) is isomorphic to 

( Z / 2 Z ) 2 . 

To eac h diviso r Ni of iV , suc h tha t N\ i s prim e t o N/N\, i s associate d 
an Atkin-Lehner involution M2 of XolN): for th e definition , se e § 5 . The 
involutions wNl 

and M2(QP) of MN) deduced b y Picard and Albanese func-
toriahties respectivel y coincide . Th e behaviou r o f th e Shimur a subgrou p o f 
Jo (AT ) under thes e map s i s studie d i n § 5 . We obtain : 

T H E O R E M 3 .— The Shimura subgroup E(A0 of MN) is stable under 
wNl*. Moreover, we have the commutative diagram 

E(iV) ti>' Hom((Z /ATZ) x ,U) 

df 
E AO 

df 
DF 

H o m ( ( Z / i V Z ) x , U ) , 
(3) 
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where a is the map induced by M2(QP)GF is the canonical injection (2), and1 a' 
is the transpose of the involution a : (Z NZ)X -» (Z NZV which coincides 
with t v-* t modulo N\ and with the identity modulo N/N\. 
The following; particular cas e of thm. 3  was previously obtaine d by K. Ribe t 
([5], lemma 1) : 

COROLLARY .— The involution w^* acts on the Shimura subgroup E(N) 
by multiplication by —1. 

Let M b e a  diviso r o f N. Fo r eac h diviso r D o f N/M. w e hav e a  holo -
morphic degenerac y ma p vn : XolN) — Xo(M). It i s th e ma p deduce d 
from th e transformatio n T i— • DT o f T~C by passin g t o th e quotients ; a  mod -
ular definitio n o f VD is give n i n §6 . B y Picar d an d Albanes e functorialitie s 
respectively, w e ge t morphism s o f abelian varietie s 

vD* :  J0IM) —* MN), 

(vD). : MN) — MM), 
(4) 

the latte r bein g th e dua l o f th e former . Th e behaviou r o f th e Shimur a 
subgroups unde r thes e map s i s studied i n §6 . W e obtain : 

THEOREM 4 .— We have vD*CS(M)) C  S(iV) . Moreover, we have the 
commutative diagram 

E(M) Hom((Z/MZ) x ,U) 
0 
S(iV) 

ß 
Hom((Z/JVZ)x,U , 

(5) 

where ¡3 is the map induced by vp*, the horizontal arrows represent the 
canonical injections (2) , andt ß' is the transpose of the canonical surjection 
P' : (Z/NZ)X - > ( Z / M Z ) X . 

THEOREM 5  . — We have (vn)JE(N)) C  S(M) . Moreover, we have the 
commutative diagram 

S(AO Wnm((7JN7,)x.J1l) 
6 

E(M) 
DF 

Hom((Z/MZ) x ,U) , 
(6) 

where 6 is the map induced by (v£>)*, the horizontal arrows represent the 
canonical injections (2) , and t8' is the transpose of the hornomorphism 
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