
We define the specialization and microlocalization functors for subanalytic
sheaves. Applying these tools to the sheaves of tempered and Whitney holo-
morphic functions, we generalize some classical constructions. We also prove
that the microlocalizations of tempered and Whitney holomorphic functions
have a natural structure of module over the ring of microdifferential operators,
and are locally invariant under contact transformations.

On définit la spécialisation et la microlocalisation pour les faisceaux sous-
analytiques. En appliquant ces outils aux faisceaux des fonctions holomorphes
tempérées et de Whitney, on généralise des constructions classiques. On dé-
montre aussi que les microlocalisations des fonctions holomorphes tempérées
et de Whitney ont une structure naturelle de module sur l’anneau des opéra-
teurs microdifférentiels, et sont localement invariants par transformations de
contact.
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Société Mathématique de France 2013

Mém
oires

S
M
F

Imprimerie Sepec - 01960 Péronnas - France
ISSN 0249-633-X

ISBN 978-2-85629- -

� ������ ������

Mémoires
de la SOCIÉTÉ MATHÉMATIQUE DE FRANCE

SOCIÉTÉ MATHÉMATIQUE DE FRANCE

2 0 1

Publié avec le concours du Centre National de la Recherche Scientifique

2
0

1
M

IC
R

O
L

O
C

A
L

IZ
A

T
IO

N
 O

F
 S

U
B

A
N

A
L

Y
T

IC
 S

H
E

A
V

E
S

 - L
. P

R
E

L
L

I

Numéro 135
Nouvelle série

In this work, we give a thorough study of Hurwitz stacks and associated

CHAMPS DE HURWITZ

J. BERTIN & M. ROMAGNY

3

3

768 1

Dépôt légal : novembre 2013 - N ° 04615131002

N
°1

3
5

Mém
oires

S
M
F

Imprimerie Sepec - 01960 Péronnas - France
ISSN 0249-633-X

ISBN 978-2-85629- -

� ������ ������

Mémoires
de la SOCIÉTÉ MATHÉMATIQUE DE FRANCE

SOCIÉTÉ MATHÉMATIQUE DE FRANCE

2 0 1

Publié avec le concours du Centre National de la Recherche Scientifique

2
0

1
M

IC
R

O
L

O
C

A
L

IZ
A

T
IO

N
 O

F
 S

U
B

A
N

A
L

Y
T

IC
 S

H
E

A
V

E
S

 - L
. P

R
E

L
L

I

Numéro 135
Nouvelle série

In this work, we give a thorough study of Hurwitz stacks and associated

CHAMPS DE HURWITZ

J. BERTIN & M. ROMAGNY

3

3

768 1

Dépôt légal : novembre 2013 - N ° 04615131002

N
°1

3
5

� ������ ������



Comité de rédaction

Jean BARGE
Emmanuel BREUILLARD

Gérard BESSON
Antoine CHAMBERT-LOIR

Jean-François DAT
Jean-Marc DELORT

Charles FAVRE
Daniel HUYBRECHTS

Yves LE JAN
Laure SAINT-RAYMOND

Wilhem SCHLAG

Raphaël KRIKORIAN (dir.)

Diffusion

Maison de la SMF Hindustan Book Agency AMS
Case 916 - Luminy O-131, The Shopping Mall P.O. Box 6248

13288 Marseille Cedex 9 Arjun Marg, DLF Phase 1 Providence RI 02940
France Gurgaon 122002, Haryana USA

smf@smf.univ-mrs.fr Inde www.ams.org

Tarifs
Vente au numéro : 30 ($ 45)

Abonnement Europe : 262 hors Europe : 296 ($ 444)
Des conditions spéciales sont accordées aux membres de la SMF.

Secrétariat : Nathalie Christiaën
Mémoires de la SMF

Société Mathématique de France
Institut Henri Poincaré, 11, rue Pierre et Marie Curie

75231 Paris Cedex 05, France
Tél : (33) 01 44 27 67 99 • Fax : (33) 01 40 46 90 96
revues@smf.ens.fr • http://smf.emath.fr/

c⃝ Société Mathématique de France 2013

Tous droits réservés (article L 122–4 du Code de la propriété intellectuelle). Toute représentation ou
reproduction intégrale ou partielle faite sans le consentement de l’éditeur est illicite. Cette représentation
ou reproduction par quelque procédé que ce soit constituerait une contrefaçon sanctionnée par les articles
L 335–2 et suivants du CPI.

ISSN 0249-633-X

ISBN 978-2-85629-768-1

Directeur de la publication : Marc PEIGNÉ

Instructions aux auteurs

Les Mémoires de la SMF publient, en français ou
en anglais, de longs articles de recherche, des mo-
nographies originales ou des séries d’articles centrés
sur un même sujet. Les volumes ont entre 100 et
150 pages environ.

Le manuscrit doit être envoyé en double exem-
plaire au secrétariat des publications en précisant le
nom de la revue.

Le fichier source TEX (un seul fichier par ar-
ticle ou monographie) peut aussi être envoyé par
courrier électronique ou ftp, sous réserve que sa
compilation par le secrétariat SMF soit possible.
Contacter le secrétariat à l’adresse électronique
revues@smf.ens.fr pour obtenir des précisions.

La SMF recommande vivement l’utilisation
d’AMS-LATEX avec les classes smfart ou smfbook,
disponibles ainsi que leur documentation sur le ser-
veur http://smf.emath.fr/ ou sur demande au
secrétariat des publications SMF.

Les fichiers AMS-LATEX au format amsart ou
amsbook, ainsi que les fichiers LATEX au format
article ou book sont aussi les bienvenus. Ils se-
ront saisis suivant les normes suivantes:

– taille des caractères égale à 10 points (option
10pt);

– largeur du texte (textwidth) de 13 cm;

– hauteur du texte (textheight) égale à
21.5 cm;

– le texte étant en outre centré sur une feuille
A4 (option a4paper).

Les autres formats TEX et les autres types de
traitement de texte ne sont pas utilisables par le
secrétariat et sont fortement déconseillés.

Avant de saisir leur texte, les auteurs sont in-
vités à prendre connaissance du document Recom-
mandations aux auteurs disponible au secrétariat
des publications de la SMF ou sur le serveur de la
SMF.

Instructions to Authors

In the Mémoires of the SMF are published, in
French or in English, long research articles, origi-
nal research monographs or series of articles on the
same topic of current research. Each volume should
be approximately 100-150 pages long.

Two copies of the original manuscript should be
sent to the editorial board of the SMF, indicating
to which publication the paper is being submitted.

The TEX source file (a single file for each ar-
ticle or monograph) may also be sent by elec-
tronic mail or ftp, in a format suitable for typseset-
ting by the secretary. Please, send an email to
revues@smf.ens.fr for precise information.

The SMF has a strong preference for AMS-
LATEX together with the documentclasses smfart
or smfbook, available with their user’s guide at
http://smf.emath.fr/ (Internet) or on request
from the editorial board of the SMF.

The AMS-LATEX files using the document-
classes amsart or amsbook, or the LATEX files using
the documentclasses article or book are also en-
couraged. They will be prepared following the rules
below:

◃ font size equal to 10 points (10pt option);

◃ text width (textwidth): 13 cm;

◃ text height (textheight): 21.5 cm;

◃ the text being centered on a A4 page
(a4paper option).

Files prepared with other TEX dialects or other
word processors cannot be used by the editorial
board and are not encouraged.

Before preparing their electronic manuscript, the
authors should read the Advice to authors, available
on request from the editorial board of the SMF or
from the web site of the SMF.
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MICROLOCALIZATION OF SUBANALYTIC SHEAVES

Luca Prelli

Abstract. — We define the specialization and microlocalization functors for suban-
alytic sheaves. Applying these tools to the sheaves of tempered and Whitney holo-
morphic functions, we generalize some classical constructions. We also prove that
the microlocalizations of tempered and Whitney holomorphic functions have a nat-
ural structure of module over the ring of microdifferential operators, and are locally
invariant under contact transformations.

Résumé (Microlocalisation des faisceaux sous-analytiques). — On définit la spéciali-
sation et la microlocalisation pour les faisceaux sous-analytiques. En appliquant ces
outils aux faisceaux des fonctions holomorphes tempérées et de Whitney, on géné-
ralise des constructions classiques. On démontre aussi que les microlocalisations des
fonctions holomorphes tempérées et de Whitney ont une structure naturelle de mo-
dule sur l’anneau des opérateurs microdifférentiels, et sont localement invariants par
transformations de contact.
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INTRODUCTION

After the fundamental works of Sato on hyperfunctions and microfunctions and
the development of algebraic analysis, the methods of cohomological theory of sheaves
became very useful for studying systems of PDE on real or complex analytic man-
ifolds. Motivated by the study of solutions with growth conditions of a system
of PDE (Riemann-Hilbert correspondence, Laplace transform, etc.), Kashiwara and
Schapira in [16] introduced the notion of ind-sheaf, and defined the formalism of six
Grothendieck operations in this framework. They defined the subanalytic site (a site
whose open sets are subanalytic and the coverings are locally finite) and obtained the
ind-sheaves of tempered and Whitney holomorphic functions (which are objects of
the derived category of sheaves on this site) by including subanalytic sheaves into the
category of ind-sheaves. Then, in [28], a direct, self-contained and elementary con-
struction of the six Grothendieck operations for subanalytic sheaves was established.
Important examples of applications of subanalytic sheaves to D-modules can be found
in [24] and [25].

The microlocalization functor for sheaves on a real analytic manifold was originally
introduced by Sato to perform a microlocal analysis of the singularities of hyperfunc-
tion solutions of systems of linear PDE on complex manifolds. It was generalized to
the framework of ind-sheaves in [19]. It is natural to ask if it is possible to develop mi-
crolocalization on the subanalytic site avoiding the heavy theory of ind-sheaves. The
aim of this work is to extend some classical constructions for sheaves, as the functors
of specialization and microlocalization, to the framework of subanalytic sheaves.

We introduce first the category of conic subanalytic sheaves on an analytic manifold
endowed with an action of R+. In order to do that we have to choose a suitable defini-
tion: indeed there are several definitions, which are equivalent in the classical case but
not in the framework of subanalytic sheaves. We choose the one which satisfies some
desirable properties, as the equivalence with sheaves on the conic topology associated
to the action. Thanks to this equivalence we can also represent conic sheaves as limits
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of conic R-constructible sheaves. Then we extend the Fourier-Sato transform to the
category of conic subanalytic sheaves on a vector bundle. This construction was also
motivated by the sheaf theoretical interpretation given in [31] of the Laplace isomor-
phisms of Kashiwara and Schapira. At this point we can start studying subanalytic
sheaves from a microlocal point of view by introducing the functors of specialization
and microlocalization along a submanifold of a real analytic manifold. As an inter-
esting application, the specialization is the key tool used in order to give a functorial
construction of asymptotically developable functions (see also the recent developments
in [11]). We give an estimate of the support of microlocalization using the subanalytic
analogue of the notion of ind-microsupport of [17] and its functorial properties devel-
oped in [23]. We also show that the functor of microlocalization is related with the
functor of ind-microlocalization defined in [19]. Then, applying specialization (resp.
microlocalization) to the subanalytic sheaves of tempered and Whitney holomorphic
functions, we generalize tempered and formal specialization (resp. microlocalization).
In this way we get a unifying description of Andronikof’s [1] and Colin’s [6] “ad hoc”
constructions.

As an application, we prove that the microlocalizations of Ot and Ow have (in co-
homology) a natural structure of E-module and that locally they are invariant under
contact transformations. Only in the case of Ot these results were proven in [1]. Fur-
thermore, using DG-methods and ind-microlocalization, in [10] the author proved that
the microlocalization of tempered holomorphic functions is an object of the derived
category of E-modules. The E-module structure, combined with the estimate for the
support of microlocalization, was essential for the proof of a Cauchy-Kowalevskaya-
Kashiwara theorem with growth conditions given in [29].

In more details the contents of this work are as follows.
In Chapter 1 we recall the results on subanalytic sheaves of [16] and [28].
In Chapter 2 we construct the category of conic sheaves on a subanalytic site

endowed with an action of R+.
In Chapter 3 we consider a vector bundle E over a real analytic manifold and

its dual E⇤ endowed with the natural action of R+. We define the Fourier-Sato
transform which gives an equivalence between conic subanalytic sheaves on E and
conic subanalytic sheaves on E⇤.

Then we define the functor ⌫saM of specialization along a submanifold M of a real
analytic manifold X (Chapter 4) and its Fourier-Sato transform, the functor µsa

M

of microlocalization (Chapter 5). We introduce the functor µhomsa for subanalytic
sheaves and we give an estimate of its support using the notion of microsupport of
[17]. Then we study its relation with the functor of ind-microlocalization of [19].

We apply these results in Chapter 6. We study the connection between special-
ization and microlocalization for subanalytic sheaves and the classical ones. Special-
ization of subanalytic sheaves generalizes tempered and formal specialization of [1]
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