ISSN 0012-9593

quatriéme série - tome 51 Jascicule 4 juillet-aodit 2018

ANNALES

SCIENTIFIQUES
de

I/ ECOLE
NORMALE
SUPERIEURE

Hung Yean LOKE & Jia-Jun MA

Local theta correspondences between supercuspidal vepresentations

SOCIETE MATHEMATIQUE DE FRANCE



Annales Scientifiques de I'Ecole Normale Supérieure

Publiées avec le concours du Centre National de la Recherche Scientifique

Responsable du comité de rédaction / Editor-in-chief

Patrick BERNARD

Publication fondée en 1864 par Louis Pasteur Comité de rédaction au 1¢ mars 2018
Continuée de 1872 a 1882 par H. SAINTE-CLAIRE DEVILLE P. BERNARD A. NEVES
de 1883 4 1888 par H. DEBRAY S. Boucksom J. SZEFTEL
de 1889 a 1900 par C. HERMITE R. CERF S. VU NGoc
de 1901 a 1917 par G. DARBOUX G. CHENEVIER A. WIENHARD
de 1918 4 1941 par E. PICARD Y. DE CORNULIER G. WILLIAMSON
de 1942 4 1967 par P. MONTEL E. KOWALSKI
Rédaction / Editor

Annales Scientifiques de I’Ecole Normale Supérieure,
45, rue d’Ulm, 75230 Paris Cedex 05, France.
Tél. : (33) 144 32 20 88. Fax : (33) 1 44 32 20 &0.

annales@ens.fr

Edition et abonnements / Publication and subscriptions

Société Mathématique de France
Case 916 - Luminy
13288 Marseille Cedex 09
Tél : (33) 04 91 26 74 64
Fax :(33) 0491411751
email : abonnements@smf . emath.fr

Tarifs

Abonnement électronique : 420 euros.
Abonnement avec supplément papier :
Europe : 540 €. Hors Europe : 595 € ($863). Vente au numéro : 77 €.

© 2018 Société Mathématique de France, Paris

En application de la loi du 1° juillet 1992, il est interdit de reproduire, méme partiellement, la présente publication sans ’autorisation
de I’éditeur ou du Centre frangais d’exploitation du droit de copie (20, rue des Grands-Augustins, 75006 Paris).

All rights reserved. No part of this publication may be translated, reproduced, stored in a retrieval system or transmitted in any form or
by any other means, electronic, mechanical, photocopying, recording or otherwise, without prior permission of the publisher.

ISSN 0012-9593 (print) 1873-2151 (electronic) Directeur de la publication : Stéphane Seuret
Périodicité : 6 n° / an



Ann. Scient. Ec. Norm. Sup.
4 série, t. 51, 2018, p. 927 a 991

LOCAL THETA CORRESPONDENCES
BETWEEN SUPERCUSPIDAL REPRESENTATIONS

BY HUNG YEAN LOKE AND Jia-Jun MA

ABSTRACT. — By the works of Yu, Kim and Hakim-Murnaghan, we have a parameterization and
construction of all supercuspidal representations of a reductive p-adic group in terms of supercuspidal
data, when p is sufficiently large. In this paper, we will define a correspondence of supercuspidal data
via moment maps and theta correspondences over finite fields. Then we will show that local theta
correspondences between supercuspidal representations are completely described by this notion. In
Appendix B, we give a short proof of a result of Pan on “depth preservation”.

RESUME. — Par les travaux de Yu, Kim et Hakim-Murnaghan, on a une paramétrisation et une
construction de toutes les représentations supercuspidales d’un groupe réductif p-adique en termes
de données supercuspidales, quand p est suffisamment grand. Dans cet article, nous définirons une
correspondance entre les données supercuspidales par I'intermédiaire d’applications moments et de
correspondances théta sur des corps finis. Ensuite, nous montrerons que les correspondances théta
locales entre les représentations supercuspidales sont complétement décrites par cette notion. Dans
I’Appendice B, nous fournissons une courte démonstration d’un résultat de Pan sur la « préservation
de la profondeur ».

1. Introduction

In this paper, we give an explicit description of the local theta correspondences between
tamely ramified supercuspidal representations in terms of the supercuspidal data developed
in[15,37,17, 11].

1.1. Notation

Throughout this paper, we fix a non-Archimedean local field F of characteristic zero with
ring of integers o, and finite residual field {. Let “val” denote the normalized valuation map
such that val(F) = Z. Suppose E is a finite extension of F or the central simple quaternion
division algebra over F, let og denote its ring of integers, let pg denote the maximal ideal
in og and let fg := og/pEg denote the residue field. We continue to let “val” denote the
natural extension of valuations to E. When £ = F, we sometimes omit the subscript. We
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928 H. Y. LOKE AND JIA-JUN MA

fix a non-trivial additive character y: F — C* with conductor p (i.e., w|p is trivial but ¢ lo is

non-trivial). Let ¥ denote the additive character on f induced by v. For a vector space U0
with an endomorphism +, we let ¢ denote the s-eigenspace of ¥ in Y.

1.2. The set of data

Let (D, ) denote one of the division algebras over F given in Section 2.1 with an F-linear
involution t. Let e € {1} and ¢ = —e. Let (V,(, )y/) (respectively (V', (, }y~)) denote
a right D-module equipped with an e-Hermitian form (, );, (respectively ¢’-Hermitian
form (, )y»). Then W := V ®p V' is naturally a symplectic space. Let (G, G') = (U(V), U(V"))
be an irreducible type I reductive dual pair in the symplectic group Sp := Sp(W). For any
subset E of Sp let E be its inverse image in the metaplectic C*-cover %(W) of Sp(W). See
Section 2 for more details of the notation.

We assume that p is large enough compared to the sizes of G and G’ since we need the
hypotheses in [17, §3.5] to hold. We will give a lower bound for p in Corollary 3.2. We will
review the construction of supercuspidal representations for G following [37, 17] in Section 3.
Let ¥ := (x,T.,¢,p) be a supercuspidal datum as in [17]. We briefly explain the entries
in X: (i) T is a semisimple element in g and G° := Zg (T'); (ii) x is a point in the building
B(GY) of G (iii) ¢ and p are certain representations of G2. See Definition 3.4 for details.
Then X will determine an open compact subgroup K € G and an irreducible K-module 7y
and, 7y = c—IndI(é nx is a supercuspidal representation of G. By [17], under the assump-
tion that p is large enough, this construction gives all supercuspidal representations of G.
Let 2y be the set of all supercuspidal data and let Gy be the equivalence classes of irre-
ducible supercuspidal G-modules. In [11] an equivalence relation ~ on 2y is defined so that
Dy = Dy| ~— Gye given by [Z] — [rx] is a bijection. In other words, Zy parametrizes
Gi.. In fact, the equivalence relation is just G-conjugacy in our situation (cf. Definition 3.6).

Now we consider the covering group G. It is well known that the cover K — K splits.
Given a certain splitting £: K — K, we identify K with K x C*. We call & := (Z,8) =
(x,T. ¢, p.£) a supercuspidal datum of G. Define N5 = nz ® idcx which is an irreducible
K-module. Then Ty = c-Ind%ng is an irreducible supercuspidal representation of G. We
will see in Section 3.5.4 that under the assumption that p is large enough, the construc-
tion of 75 exhausts all the irreducible supercuspidal genuine ) representations of G. The
equivalence relation on the set of data of G could also be deduced from that of G easily (cf.
Section 3.5).

1.3. Statement of the main theorem

We retain the notation in Section 1.2. Fix a Witt tower & of ¢/-Hermitian spaces. The
covering group G in the dual pair (G, G’) = (U(V),U(V")) forall V/ € & are canonically
isomorphic to one another. Let w be the Weil representation of Svp(W) with respect to the
character ¥ and let

(1.1) Z(G,w) = {7 € Iitgen(G) | Homg(w, ) # 0}
() Here genuine means C* C G acts by multiplication.
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CORRESPONDENCES BETWEEN SUPERCUSPIDAL REPRESENTATIONS 929

be the equivalence classes of irreducible smooth genuine G-modules which could be realized
as a quotient of w. Let 6y, y: %’(5 ,w) —> %’(5’ ,w) denote the theta correspondence map.

Let 7 be an irreducible supercuspidal genuine G-module. Note that the 7T-isotypic compo-
nent w[7] of w is naturally a G x G’ module, say o[7] = 7 B Oy y/ () where Oy /() is a
genuine G'-module. Let

m g(7) = min { dimp (V") | Oy,p»(7t) # 0 where V"' € "}
which is called the first occurrence index of = with respect to the Witt tower &
It is well known that (cf. [23, Section 3.1V.4, théoréme principal]):
(1) O,y (7) is either zero or irreducible.
(i) mg () < 2dimV + ags where a g = min {dimp V" | V" € "} is the dimension
of the anisotropic kernel in & (cf. [20]).
(iii) ®y,y(77) # 0if and only if dimp (V') > m g (7) in which case Oy,y/(7) = Oy, v (7).
(iv) Oy,p () is supercuspidal if and only if dim(V') = m g (7). In this case, we say that
the first occurrence of 7 is at V',
The aim of this paper is to describe the first occurrences of theta lifts of supercuspidal
representations in terms of the supercuspidal data.
Let

(1.2) Dgr= || 2v.

veg’
Using the moment maps and theta correspondences over finite fields, we will define theta lifts
of equivalence classes of supercuspidal data in Section 5, i.e., we will define a map

(1.3) By g Dv —— D g
Fix a pair of data (X, X') € 9y x Dy-. There is a canonical splitting
Exx: K x K —— K x K’

constructed from the generalized lattice model (cf. (2.4)). We always set & = (%, x| )
and ' = (X', £ v | )-

MAIN THEOREM. — (i) Suppose & € Py and [E'] = Yy, o ([X]) € Dy for certain
V'e T’ Then by y (i5) = g, (ii) Conversely, suppose Oy,y/(7t) = 7', such that 7t and 7’
are supercuspidal representations. Then there exists ¥ € Dy such that &# = 75 and 7' = 7%,
where [£'] = &y, o ([Z]) and T is the Witt class of V',

REMARKS. — 1. If 7 is a depth zero supercuspidal representation, then @, ¢ () is essen-
tially constructed in [28].

2. After the completion of the first draft of this paper, we received a preprint [30] from Pan
which describes the theta lifts of certain positive depth supercuspidal representations.

3. The main theorem generalizes our earlier results with Savin for epipelagic representa-
tions [22].

4. The construction of ¥, o+ provides a criterion on the occurrence of supercuspidal
representations by conditions on the isomorphism classes of the Hermitian spaces modulo
the theta correspondences over finite fields. On the other hand, for some supercuspidal
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