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PULLING BACK COHOMOLOGY CLASSES AND
DYNAMICAL DEGREES OF MONOMIAL MAPS

by Jan-Li Lin

Abstract. — We study the pullback maps on cohomology groups for equivariant
rational maps (i.e., monomial maps) on toric varieties. Our method is based on the
intersection theory on toric varieties. We use the method to determine the dynamical
degrees of monomial maps and compute the degrees of the Cremona involution.

1. Introduction

For a meromorphic map f : X 99K X on a compact Kähler manifold X

of dimension n, and for 1 ≤ k ≤ n, there is a well-defined pullback map
f∗ : Hk,k(X; R)→ Hk,k(X; R). The k-th dynamical degree of f is then defined
as

λk(f) = lim
`→∞

∥∥(f `)∗
∥∥1/`

.

The dynamical degrees λ1(f), . . . , λn(f) form an important family of bira-
tional invariants. The computation and properties of the first dynamical degree
of various maps is an active research topic. For example, see [1, 2, 3, 5, 9, 19]
and the references therein. On the other hand, much less is known about the
higher dynamical degrees, see [6, 20]. In this paper, we focus on monomial
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maps, and we compute the higher dynamical degrees of dominant monomial
maps.

Given an n × n integer matrix ψ = (ai,j), the associated monomial map
f : (C∗)n → (C∗)n is defined by

f(x1, . . . , xn) = (
∏n
j=1 x

a1,j

j , . . . ,
∏n
j=1 x

an,j
j ).

The map f gives rise to an equivariant rational map on toric varieties which
contain (C∗)n as a dense open subset, and f is dominant if and only if det(ψ) 6=
0. The main theorem of this paper is the following.

Theorem 1. — Let f be the monomial map induced by ψ, and let f be dom-
inant. Let |µ1| ≥ |µ2| ≥ · · · ≥ |µn| be the eigenvalues (counting multiplicities)
of ψ. Then the k-th dynamical degree is

λk(f) = |µ1 · · ·µk|.

This answers Question 9.9 in [16]. As a corollary, we also obtain the following
formula for the topological entropy of monomial maps, which answers Question
9.1 in [16].

Corollary. — The topological entropy of a dominant monomial map f is

htop(f) =
∑
|µi|>1

log |µi|.

The theory of toric varieties is a useful tool for understanding the dynamics
of monomial maps, as was shown in the papers ([8, 17, 18]). Using the inter-
section theory on toric varieties, we are able to translate the computation of
cohomology classes into much simpler computation involving cones and lattice
points.

We note that C. Favre and E. Wulcan [10] have obtained the same results
on dynamical degrees using related but different methods from ours.

In Section 2, we will review results from the intersection theory of toric
varieties. Then a method to pull back cohomology classes by monomial maps
on toric varieties is developed in Section 3. The method is applied in Section 4
to give a concrete formula for pulling back cohomology classes by monomial
maps on (P1)n. We use the formula to prove our main result about dynamical
degrees. In the last section, we apply our method to compute the degrees of
the Cremona involution J on Pn.

I heartily thank my advisor Eric Bedford for his frequent conversation, en-
couragement and guidance. I would also like to thank Julie Déserti and Tuyen
Trung Truong for helpful discussions. Finally, I want to thank Charles Favre
for bringing the reference [14] to the my attention and the referee for various
comments.
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2. Intersection theory on toric varieties

In this section, we briefly review the intersection theory on toric varieties.
Results are stated without proof. For more details, see [13].

2.1. Chow homology groups of toric varieties. — Following the notations of [11,
13], we let X = X(∆) be a toric variety corresponding to a fan ∆ in a lattice N
of rank n. Each cone τ ∈ ∆ corresponds to an orbit Oτ of the torus action, and
the closure of Oτ in X(∆) is denoted by V (τ). Each V (τ) is invariant under
the torus action. Conversely, every torus-invariant closed subvariety of X is of
the form V (τ). The dimension of V (τ) is given by

dim(V (τ)) = n− dim(τ) = codim(τ).

For each cone τ , define Nτ to be the sublattice of N generated by τ ∩N , and
M(τ) := τ⊥ ∩M . Every nonzero u ∈ M(τ) determines a rational function χu

on V (τ). The divisor of χu is given by

(2.1) div(χu) =
∑
σ

〈u, nσ,τ 〉 · V (σ),

where the sum is over all cones σ ∈ ∆ which contain τ with dim(σ) = dim(τ)+1,
and nσ,τ is a lattice point in σ whose image generates the 1-dimensional lattice
Nσ/Nτ .

For an arbitrary variety X, we define the Chow group Ak(X) as the group
generated by the k-dimensional irreducible closed subvarieties of X, with re-
lations generated by divisors of nonzero rational functions on some (k + 1)-
dimensional subvariety of X. In the case of toric varieties, there is a nice
presentation of the Chow groups in terms of torus-invariant subvarieties and
torus-invariant relations.

Proposition 2.1. — (a) The Chow group Ak(X) of a toric variety X is
generated by the classes [V (σ)] where σ runs over all cones of codimension
k in the fan ∆.

(b) The group of relations on these generators is generated by all relations
(2.1), where τ runs over cones of codimension k + 1 in ∆, and u runs
over a generating set of M(τ).

For the proof, see [13, Proposition 1.1].
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2.2. Chow cohomology of toric varieties; Minkowski weights. — For a complete
toric variety X, it is known ([13, Proposition 1.4]) that the Chow cohomol-
ogy group Ak(X) is canonically isomorphic to Hom(Ak(X),Z). Thus we can
describe Ak(X) as follows.

Let ∆ be a complete fan in a lattice N , and let ∆(k) denote the subset of all
cones of codimension k.

Definition. — An integer-valued function c on ∆(k) is called a Minkowski
weight of codimension k if it satisfies the relations

(2.2)
∑

σ∈∆(k), σ⊃τ

〈u, nσ,τ 〉 · c(σ) = 0

for all cones τ ∈ ∆(k+1) and all u ∈M(τ).

Proposition 2.2. — The Chow cohomology group Ak(X) of a complete toric
variety X = X(∆) is canonically isomorphic to the group of Minkowski weights
of codimension k on ∆.

This proposition is an immediate consequence of the description of Ak(X)

in Proposition 2.1 and the isomorphism Ak(X) ∼= Hom(Ak(X),Z).

2.3. Relations with the usual (co)homology groups. — For a nonsingular complete
toric variety X = X(∆), we have Hk(X; Z) = 0 and Hk(X; Z) = 0 for k odd
(see [11, p.92]). Furthermore, Ak(X) ∼= H2k(X; Z) and Ak(X) ∼= H2k(X; Z)

(see [11, p.102 and p.106]). This means

A∗(X) ∼= H∗(X; Z) and A∗(X) ∼= H∗(X; Z),

and both isomorphisms double the degree.

Moreover, suppose X is also projective, thus Kähler. We have the Hodge
decomposition Hk(X; C) ∼= ⊕p+q=kHp,q(X). The following result is known for
toric varieties ([4, Proposition 12.11]):

Hp,q(X) ∼= Hq(X,ΩpX) = 0 for p 6= q.

As a consequence, we have Ak(X)⊗Z R ∼= H2k(X; R) ∼= Hk,k(X; R).
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