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θ-TYPE FRACTIONAL MARCINKIEWICZ INTEGRALS
AND THEIR COMMUTATORS ON NON-HOMOGENEOUS

GRAND SPACES

by Guanghui Lu, Miaomiao Wang & Shuangping Tao

Abstract. — Let (X, d, µ) be a non-homogeneous space satisfying growth conditions.
Under the assumption that the measure µ(X) is finite, the authors prove that a θ-
fractional Marcinkiewicz integral Mρ,β,m,θ is bounded on the grand Lebesgue space
L
p),τ
µ (X) and on the grand Morrey space Mp),r,τ

µ (X). Furthermore, the boundedness
of the commutator Mρ,β,m,θ,b generated by b ∈ Lipβ(µ) (or b ∈ RBMO(µ)) and
Mρ,β,m,θ on spaces Lp),τ

µ (X) and on spaces Mp),r,τ
µ (X) is proved.

Résumé (Opérateurs intégraux fractionnaires de θ-type Marcinkiewicz et leurs échan-
geurs sur espaces non-homogène grand). — Soit (X, d, µ) un espace hétérogènes
répondant aux conditions de croissance. Dans l’hypothèse d’une mesure µ(X) limi-
tée, les auteurs ont montré que l’opérateur intégré Mρ,β,m,θ de Marcinkiewicz de
type θ est finitude sur un espace Lebesgue maximal principal Lp),τ

µ (X) et un espace
Morrey maximal principal Mp),r,τ

µ (X). Va plus loin et la limitation dans l’espace de
L
p),τ
µ (X) et Mp),r,τ

µ (X) pour les échangeursMρ,β,m,θ,b générés par b ∈ Lipβ(µ) (ou
b ∈ RBMO(µ)) etMρ,β,m,θ est démontrée.
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1. Introduction

In 1992, Iwaniec and Sbordone [11] introduced a new class of function spaces
Lp)(Ω), when they studied the integrability of the Jacobian in a bounded open
set Ω ⊂ Rn. Compared with the classical Lebesgue spaces on Euclidean spaces,
these spaces are much larger, and they are called grand Lebesgue spaces. In
1997, Greco et al. [6] obtained a generalized version of grand Lebesgue spaces
and denoted them by Lp),θ(Ω), where 1 < p <∞ and θ > 0. Since then, many
papers have focused on the bounded properties of various integral operators on
grand Lebesgue spaces and other grand spaces. For example, Fiorenza et al. [3]
gave the definition of a weighted grand Lebesgue space Lp)ω (0, 1) for p ∈ (1,∞)
and got the necessary and sufficient conditions for Hardy–Littlewood maximal
operators on spaces Lp)ω (0, 1). In 2011, Meskhi [28] introduced a grand Morrey
space Lp),θ,λ(X,µ), where p ∈ (1,∞), θ > 0 and λ ∈ [0, 1), and then proved
that Hardy–Littlewood maximal operators, potentials and singular integrals are
bounded on spaces Lp),θ,λ(X,µ). In 2015, Meskhi [29] showed that the frac-
tional integral operators Iα and fractional Maximal functions Mα are bounded
on weighted grand Lebesgue spaces Lp),θω (Ω). Recently, Lu [22] gave the defini-
tion of a grand generalized weighted Morrey space Lp),ϕ,Φω (X) over RD-spaces
and also established the boundedness of Hardy–Littlewood maximal operators
M on spaces Lp),ϕ,Φω (X). For more research on the various grand spaces and
their applications, we refer readers to [1, 2, 4, 8, 15, 14, 26, 30] and the refer-
ences therein.

In 2014, Sawano and Yabuta [32] gave the definition of fractional type
Marcinkiewicz integral operators MΩ,ρ,α,q associated to surfaces and also
proved that MΩ,ρ,α,q is bounded from the Triebel–Lizorkin spaces Ḟαpq(Rn)
into Lebesgue spaces Lp(Rn). Since these operators extend the properties of
the classical Marcinkiewicz integral operators and parameter Marcinkiewicz
integral operators, the bounded properties of fractional type Marcinkiewicz
integral operators on various function spaces are widely focused on; for ex-
ample, see [7, 16, 21, 24, 33, 35]. Moreover, Yabuta [36] first introduced an
θ-type Calderón–Zygmund operator and obtained its boundedness on Lebesgue
spaces. Since then, many authors focus the properties of the θ-type integral
operators on various function spaces. For example, in 2020, Lu [20] proved
that the parameter θ-type Marcinkiewicz integralMρ

θ is bounded from gener-
alized weighted Morrey spaces Lp,Φ,τ (ω) into generalized weighted weak Morrey
spacesWLp,Φ,τ (ω). In 2021, Lu and Rui [23] showed that the θ-type generalized
fractional integral Tα,θ and its commutator Tα,θ,b formed by b ∈ RBMO(µ) and
the Tα,θ are bounded on non-homogeneous variable exponent spaces Mp(·)

q(·) (X).
In 2023, Lu et al. [25] proved that the θ-type Calderón–Zygmund operator
T̃θ and its commutator T̃θ,b associated with BMO functions are bounded on
(grand) generalized weighted variable exponent Morrey space over RD-spaces.
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But, in this paper, we mainly consider the boundedness of θ-type fractional
type Marcinkiewicz integrals Mρ,β,m,θ and their commutators Mρ,β,m,θ,b on
grand Lebesgue spaces and grand Morrey spaces over non-homogeneous spaces
satisfying a growth condition.

Before stating the organization of this paper, we need to recall some neces-
sary notions. The following definition of a quasi-metric measure space is from
[13].

Definition 1.1. — Let (X, d, µ) be a quasi-metric measure space (non-homo-
geneous space); that is, X is an abstract set, d : X ×X → [0,∞) is a function
satisfying the following conditions:

(i) d(x, y) = 0 if and only if x = y;
(ii) d(x, y) = d(y, x) for all x, y ∈ X;
(iii) there exists some constant κ ≥ 1 such that, for all x, y, z ∈ X, the

following inequality

d(x, y) ≤ κ[d(x, z) + d(y, z)]

holds; µ is a measure defined on X such that all balls B(x, r) = {y ∈
X : d(x, y) < r} are measurable with meeting the growth condition,
i.e., there exists a positive constant C such that, for all x ∈ X and ball
B(x, r), the following inequality

µ(B(x, r)) ≤ Cr(1)

holds. Moreover, in this paper, we always assume that µ({x}) = 0 for
all x ∈ X.

For any ball B, we respectively denote its center and radius by cB and
rB (or r(B)). Let α, β ∈ (1,∞); a ball B is said to be an (α, β)-doubling ball
if µ(αB) ≤ βµ(B), where αB denotes the ball with the same center as B and
r(αB) = αr(B). Moreover, for any given ball B, we denote by B̃ the smallest
doubling ball that contains B and has the same center with B. For any two
balls B ⊂ S ⊂ X, define

KB,S = 1 +
NB,S∑
k=1

µ(2kB)
r(2kB) ,(2)

where NB,S denotes the smallest integer k such that r(2kB) ≥ r(S).
We now recall the following definition of the RBMO space introduced in

[34].

Definition 1.2. — Let τ > 1. A function f ∈ L1
loc(µ) is said to be in the

space RBMO(µ) if there exists a constant C > 0 such that, for any ball B
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centered at some point of supp(µ),
1

µ(τB)

∫
B

|f(x)−m
B̃

(f)|dµ(x) ≤ C,(3)

and, for any two balls B and S such that B ⊂ S,
|mB(f)−mS(f)| ≤ CKB,S ,(4)

where mB(f) represents the mean value of the function f over the ball B, i.e.,

mB(f) = 1
µ(B)

∫
B

f(y)dµ(y).

Moreover, the minimal constant C satisfying (3) and (4) is defined to be the
norm of f in the space RBMO(µ) and denoted by ‖f‖RBMO(µ).

The notion of a θ-type fractional type Marcinkiewicz integral is as follows.

Definition 1.3. — Let θ be a non-negative and non-decreasing function on
(0,∞) and satisfy ∫ 1

0

θ(t)
t

log
(

1
t

)
dt <∞.(5)

A function Kθ(·, ·) ∈ L1
loc(X2 \ {(x, x) : x ∈ X}) is called an θ-type kernel if

there exists some positive constant C such that

|Kθ(x, y)| ≤ C

[d(x, y)]1−β ,(6)

and, for all x, x′, y ∈ X with d(x, y) ≥ 2d(x, x′),

|Kθ(x, y)−Kθ(x′, y)|+ |Kθ(y, x)−Kθ(y, x′)| ≤ Cθ
(
d(x, x′)
d(x, y)

)
[d(x, x′)]β

d(x, y) ,

(7)

where β ≥ 0.

Remark 1.4. — If we take (X, d, µ) = (Rn, d, µ), β = 0 and θ(t) = tδ with
δ ∈ (0, 1) in Definition 1.4, then the θ-type kernel Kθ is just the Calderón–
Zygmund kernel K introduced in [10, 37].

Let L∞b (µ) be the space of all L∞(µ) functions with bounded support. A
sublinear operator Mρ,β,m,θ is called an θ-type fractional Marcinkiewicz
integral operator with the kernel Kθ satisfying (6) and (7) if, for all f ∈
L∞b (µ) and x ∈

(
X \ supp(f)

)
,

Mρ,β,m,θ(f)(x) =
(∫ ∞

0

∣∣∣∣ 1
tβ+ρ

∫
d(x,y)<t

Kθ(x, y)
[d(x, y)]−ρ f(y)dµ(y)

∣∣∣∣m dt
t

) 1
m

,(8)

where ρ ≥ 0, β ≥ 0 and m > 1.
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Remark 1.5. — (i) If we take (X, d, µ) = (Rn, d, µ), β = 1, ρ = 0, m = 2
and θ(t) = tδ with δ ∈ (0, 1), then the θ-type fractional Marcinkiewicz integral
Mρ,β,m,θ defined as in (8) is just the Marcinkiewicz integralM introduced by
Hu et al. in [9].

(ii) If we take (X, d, µ) = (Rn, d, µ), β = 0, m = 2 and θ(t) = tδ with
δ ∈ (0, 1), then the θ-type fractional Marcinkiewicz integral Mρ,β,m,θ defined
as in (8) is just the parameter Marcinkiewicz integralMρ being sightly modified
from [17, 27].

(iii) If we take β = 0, m = 2 and ρ = 0 in (8), then the θ-type fractional
Marcinkiewicz integralMρ,β,m,θ is just the θ-type Marcinkiewicz integralMθ

introduced in [18].

Given b ∈ RBMO(µ), the commutator Mβ,ρ,m,θ,b formed by b and the
Mβ,ρ,m,θ is defined by

Mρ,β,m,θ,b(f)(x)

=
(∫ ∞

0

∣∣∣∣ 1
tβ+ρ

∫
d(x,y)<t

Kθ(x, y)
[d(x, y)]−ρ (b(x)− b(y))f(y)dµ(y)

∣∣∣∣m dt
t

) 1
m

.

(9)

Let p ∈ (1,∞), and ϕ(·) be a positive bounded function defined on (0, p − 1]
and satisfying lim

x→0
ϕ(x) = 0. For convenience, the class of such functions is

denoted by Φp. On the basis of this, we now recall the following definitions of
a grand Lebesgue space and a grand Morrey space introduced in [13].

Definition 1.6. — Let p ∈ (1,∞), ϕ ∈ Φp and µ(X) < ∞. Then the grand
Lebesgue space Lp),ϕµ (X) is defined by

Lp),ϕµ (X) =
{
f ∈ Lploc(µ) : ‖f‖

L
p),ϕ
µ (X) <∞

}
,

where

‖f‖
L
p),ϕ
µ (X) = sup

0<ε<p−1
[ϕ(ε)]

1
p−ε

(∫
X

|f(x)|p−εdµ(x)
) 1
p−ε

.(10)

In particular, if we take ϕ(ε) = ετ with τ ∈ (0,∞) in (10), then the grand
Lebesgue space Lp),ϕµ (X) is simply denoted by

Lp),ϕµ (X) = Lp),τµ (X).

Definition 1.7. — Let 1 < p ≤ r <∞, ` > 0, ϕ ∈ Φp and µ(X) <∞. Then
the grand Morrey space Mp),r,ϕ

µ,` (X) is defined by

M
p),r,ϕ
µ,` (X) =

{
f ∈ Lploc(µ) : ‖f‖

M
p),r,ϕ(·)
µ,`

(X) <∞
}
,
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