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RANDOM TREES, LÉVY PROCESSES 
AND SPATIAL BRANCHING PROCESSES 

Thomas Duquesne, Jean-François Le Gall 

Abstract. —  We investigate the genealogical structure of generai critical or subcritical 
continuous-state branchin g processes. Analogously to the coding of a discrète tree by 
its contour function, this genealogical structure is coded by a real-valued stochastic 
process called the height process, which is itself constructed as a local time functional 
of a Lévy process with no négative jumps. W e présent a  detailed study of the height 
process and of an associated measure-valued process called the exploration process, 
which plays a key rôle in most applications. Unde r suitable assumptions, w e prove 
that whenever a séquence of rescaled Galton-Watson processes converges in distribu-
tion, their généalogies also converge to the continuous branching structure coded by 
the appropriate height process. We apply this invariance principle to various asymp-
totics for Galton-Watson trees. We then use the duality properties of the exploration 
process to compute explicitly the distributio n o f the reduce d tree associate d with 
Poissonnian marks in the height process, and the finite-dimensional marginals of the 
so-called stable continuous tree. This last calculation generalizes to the stable case a 
resuit o f Aldous for the Brownian continuum random tree. Finally , we combine the 
genealogical structure with an independent spatial motion to develop a new approach 
to superprocesses wit h a gênerai branching mechanism . I n this setting, w e dériv e 
certain explicit distributions, such as the law of the spatial reduced tree in a domain, 
consisting of the collection of ail historical paths that hit the boundary. 
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Résumé (Arbres aléatoires, processus de Lévy et processus de branchement spatiaux) 
Nous étudions la structure généalogique de processus de branchement critique s ou 

sous-critiques à espace d'états continu. De manière analogue au codage d'un arbre dis-
cret par son contour, cette structure généalogique est codée par un processus aléatoire 
appelé le processus des hauteurs, qui est lui-même construit comm e une fonctionnelle 
de type temps local d'un processu s de Lévy sans saut négatif. Nous présentons une 
étude détaillée du processus des hauteurs et d'un processus à valeurs mesures associé 
appelé le processus d'exploration . Sous des hypothèses convenables, nous montrons 
que si une suit e d e processus d e Galton-Watson convenablement changés d'échelle 
converge en loi, leurs généalogies convergent aussi vers la structure de branchement 
codée par le processus des hauteurs. Nous appliquons ce principe d'invariance à di-
vers théorèmes limites pour les arbres de Galton-Watson. A l'aide des propriétés de 
dualité du processus d'exploration , nous calculons la loi de l'arbre rédui t associ é à 
des marques poissonniennes dans le processus des hauteurs, et les lois marginales de 
dimension finie de l'arbre contin u stable . Ce dernier calcu l généralise au cas stable 
un résulta t d'Aldou s pour l'arbr e brownie n continu. Finalement , en combinant l a 
structure généalogique avec un déplacement spatial, nous développons une nouvelle 
approche des superprocessus ave c un mécanisme de branchement général . Dans ce 
cadre, nous obtenons certaines distribution s explicites , dont cell e de l'arbre spatia l 
réduit dans un domaine, qui décrit toutes les trajectoires historiques ayant atteint la 
frontière. 
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INTRODUCTION 

The main goal of this work is to investigate the genealogical structure of continuous-
state branchin g processe s i n connectio n with limi t theorems fo r discrèt e Galton-
Watson trees. Application s are also given to the construction and various properties 
of spatial branching processes including a gênerai class of super processes. 

Our starting point is the récent work of Le Gall and Le Jan [32] who proposed a cod-
ing o f the genealogy of gênerai continuous-state branching processes via a real-valued 
random process called the height process. Recall that continuous-state branching pro-
cesses are the continuous analogues of discrète Galton-Watson branching processes, 
and that the law of any such process is characterized by a real function ip  called the 
branching mechanism. Roughly speaking, the height process is a continuous analogue 
of the contou r proces s of a discrète branching tree , which is easy to visualize (se e 
Section 0.1, and note that the previous informai interprétation o f the height process 
is made mathematically précise by the results of Chapter 2) . I n the important spé-
cial case of the Feller branching diffusion (ip(u)  = u2), th e height process is reflected 
linear Brownian motion: Thi s unexpected connection between branching processes 
and Brownian motion, or random walk in a discrète setting has been known for long 
and exploited by a number o f authors (see e.g. [3], [11], [18], [39], [42]). Th e key 
contribution o f [32] was to observe that fo r a  gênerai subcritical continuous-state 
branching process , there i s an explici t formula expressing the heigh t process as a 
functional of a spectrally positive Lévy process whose Laplace exponent tp is precisely 
the branching mechanism. This suggests that many problems concerning the geneal-
ogy of continuous-state branching processes can be restated an d solved in terms of 
spectrally positive Lévy processes, for which a lot of information is available (see e.g. 
Bertoin's récent monograph [5]). It is the principal aim of the présent work to develop 
such applications. 

In the first two sections below, we briefly describe the objects of interest in a discrète 
setting. In the next sections, we outline the main contributions of the présent work. 



2 INTRODUCTION 

0.1. Discrète trees 

Let 
oo 

U= |J Nn 
71=0 

where N = {1,2 , . . . } an d by convention N° =  { 0 } . I f u —  (ui,... ,un)  G Nn, w e 
set \u\  =  n, so that \u\  represent s the "génération" of u. If u = (ui,.. .um)  and v = 
(vi,..., vn)  belong to U, w e write uv = (u\,... um,  vi,..., vn)  for the concaténation 
of u and v. In particular u0  =  0u = u. 

A (finite ) roote d ordered tree T is a finite subset of U such that: 

(i) 0  e  T. 
(ii) I f v G T and v = uj fo r some u eU an d j G N, then u € T. 
(iii) Fo r every u e T,  ther e exists a number fcn(T)  ^  0  such that uj  €  T i f and 

only i f U j ^ f c u ^ -
We dénote by T the se t o f ail rooted ordered trees. I n what follows , w e see each 
vertex of the tree T as an individual of a population whose T i s the family tree. The 
cardinality # ( T ) o f T is the total progeny. 

If T is a tree and u G T, we define the shift of T at u by 0UT = {v G U : uv G T } . 
Note that 6^r G T. 

We now introduce the (discrète ) height function associated with a tree T. Le t us 
dénote by u(0) = 0, it(l), w(2),... , ^ ( # ( T) —  1) the éléments of T liste d in lexico-
graphical order. Th e height functio n H{T)  =  (Hn(T);0  ^  n  <  # ( T ) ) i s defined 
by 

tfn(T) =  Mn)| , 0 < n < # ( T ) . 

The heigh t functio n i s thus the séquenc e o f the génération s o f the individual s of 
T, whe n thèse individuals are visited in the lexicographica l order (se e Fig. 1 for an 
example). I t is easy to check that H(T) characterize s the tree T. 

The contour function gives another way of characterizing the tree, which is easier 
to visualize on a picture (see Fig. 1). Suppos e that the tree is embedded in the half-
plane in such a way that edges have length one. Informally, we imagine the motion of 
a particle that starts at time t = 0 from the root of the tree and then explores the tree 
from the left to the right, moving continuously along the edges at unit speed, until it 
cornes back to its starting point. Sinc e it is clear that each edge will be crossed twice 
in this évolution, the total time needed to explore the tree is C(^) : ~ 2(#(T) —  1) . 
The value Ct of the contour function a t time t is the distance (o n the tree) between 
the position of the particle at time t and the root. By convention Ct = 0 if t > Ç(T). 
Fig. 1 explains the définition of the contour function better than a formai définition. 

ASTÉRISQUE 281 
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FIGURE 1 

0.2. Galton-Watson trees 

Let ji be a critical or subcritical offspring distribution. Thi s means that n is a 
probability measure on Z+ such that 

oo 

k=0 
kfi(k) ^ 1 . 

We exclude the trivial case where /i(l) = 1. 
There is a unique probability distribution QM on T such that 
(i) Qv(k0  = j) =  j  G  Z+ . 
(ii) Fo r every j >  1 with >  0, the shifted trees 0\T,..., ôjT are independent 

under the conditional probability Q/x(- | k0 = j) an d their conditional distribution 
is Q^. 

A random tree with distribution QM is called a Galton-Watson tree with offspring 
distribution fi,  or in short a //-Galton-Watson tree. 

Let 71 , 7*2,... be a séquence of independent /i-Galton-Watson trees. W e can asso-
ciate with this séquence a height process obtained by concatenating the height func-
tions of each of the trees 71,72, Mor e precisely, for every k ^ 1 , we set 

Hn =  ff„-(#(rl)+...+#(T»_1))Cr*)  if #(Ti) + --- + #(Tfc_1) < n < #(T1) + - • - + #(Tfe). 

The proces s (Hn,n  ̂0 ) codes the séquence of trees. 
Similarly, we define a contour process (Çt , £ ^  0 ) coding the séquence of trees by 

concatenatine; the contour functions 

(Ct(7i),« € [0,C(T0 + 2]), (Ct(T2),t 6 [0,C(T2) + 2]), etc. 
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