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17TH CENTURY ARGUMENTS FOR THE IMPOSSIBILITY OF THE
INDEFINITE AND THE DEFINITE CIRCLE QUADRATURE

JESPER LUTZEN

ABSTRACT. — The classical problem of the quadrature (or equivalently the rec-
tification) of the circle enjoyed a renaissance in the second half of the 17th cen-
tury. The new analytic methods provided the means for the discovery of infinite
expressions of w and for the first attempts to prove impossibility statements re-
lated to the quadrature of the circle. In this paper the impossibility arguments
put forward by Wallis, Gregory, Leibniz and Newton are analyzed and the con-
troversies they gave rise to are discussed. They all deal with the impossibility of
finding an algebraic expression of the area of a sector of a circle in terms of its
radius and cord, or of the area of the entire circle. It is argued that the contro-
versies were partly due to a lack of precision in the formulation of the results.
The impossibility results were all part of a constructive problem solving math-
ematical enterprise. They were intended to show that certain solutions of the
quadrature problem were the best possible because simpler (analytic) solutions
were impossible.

REsuME (Arguments du xvii®sieécle en faveur de I'impossibilité des quadratures
du cercle indéfinie et définie)

Le probléme classique de la quadrature (ou de la rectification) du cercle
a connu un regain d’intérét pendant la deuxiéme moitié du xvir® siecle. Les
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nouvelles méthodes analytiques ont permis la découverte d’expressions infi-
nies du nombre 7 et ont ouvert la voie vers les premiéres tentatives de démons-
tration d’assertions d’impossibilité concernant la quadrature du cercle. Dans
cet article les arguments d’impossibilité de Wallis, Gregory, Leibniz et Newton
sont analysés et les controverses qu’ils ont causées sont discutées. Tous les ar-
guments concernent I'impossibilité de trouver une expression algébrique de
I’aire d’un secteur d’un cercle en termes de son rayon et de sa corde ou de I’aire
du cercle entier. Les controverses sont en partie dues a I'imprécision de la for-
mulation des résultats. Les résultats d’impossibilité sont tous issus d’une entre-
prise mathématique constructive. Leur but était de démontrer qu’une certaine
solution de la quadrature du cercle est la meilleure possible parce que des so-
lutions plus simples (analytiques) sont impossibles.

1. INTRODUCTION

The quadrature of the circle is one of the most long lived and widely
known mathematical problems. Its history is discussed in all general histo-
ries of mathematics and it has been the subject of many specialized papers
and books. The problem has two aspects: A positive constructive aspect,
concerning the various solutions that have been put forward for over two
millennia, and a negative aspect concerning the impossibility of finding a
solution using prescribed tools. The historical literature usually deals with
the positive aspect in a rather continuous way, presenting and discussing
the almost uninterrupted series of solutions that have been discovered
since the time of Archimedes. The impossibility question on the other
hand is usually dealt with in a more discontinuous fashion, often jumping
from the Greeks to Lindemann’s 1882 proof of the fact that the problem
cannot be solved algebraically, and hence cannot be solved by ruler and
compass (see e.g Berggren et al. 2004, and Hobson 1913). This difference
in the treatment of the constructive aspect and the impossibility aspect of
the problem reflects to some extent the importance that mathematicians
of the past have attributed to these aspects and the success with which they
have dealt with them. Yet, long before 1882, arguments of impossibility
concerning the quadrature of the circle had been put forward by various
mathematicians. The aim of the present paper is to shed light on the 17th
century contributions to the impossibility question.

I'shall analyze four 17th century impossibility arguments concerning the
quadrature of the circle which were put forward, respectively, by John Wal-
lis (1616-1703), James Gregory (1638-1675), Gottfried Wilhelm Leibniz
(1646-1716) and Sir Isaac Newton (1642-1727).
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The 17th century contributions, in particular those of Gregory and
Newton, have been discussed in earlier papers such as: ([Heinrich 19017),
([Dehn & Hellinger 1939]), ([Scriba 1983]), ([Arnol’d 1990]), ([Pour-
ciau 2001]) and ([Pesic 2001]). I shall build on and add to these works. In
particular, I shall compare the early modern arguments with each other
and consider them in the context of impossibility theorems in general. I
shall investigate why the impossibility questions concerning the quadra-
ture of the circle was studied at this time at all. In this connection, I shall
argue that impossibility results were primarily aimed at casting light on
constructive solutions of the quadrature problem.

Considering the lack of earlier treatments of the impossibility question,
I shall address questions such as: What allowed the 17th century mathe-
maticians to contribute to the impossibility question? Which methods did
they use? What did they (try to) prove to be impossible? Here it is remark-
able that construction by ruler and compass did not occupy a central po-
sition. Did they distinguish different impossibility statements concerning
the quadrature of the circle? Did they agree about the distinctions? Did
they accept each other’s proofs, and were the proofs generally accepted by
their contemporaries? Did later mathematicians (including modern math-
ematicians and historians of mathematics) accept the proofs (or slightly
rigorized versions of them) as valid? What were the strengths and weak-
nesses of the impossibility proofs put forward by thel7th century mathe-
maticians? An answer to the latter question will not only explain why we
do not attribute the impossibility theorems to the mathematicians of this
period, but also clarify what the successors could build on and what they
had to repair or add.

2. HISTORICAL BACKGROUND

The early modern contributions to the impossibility of the quadrature
of the circle must be studied against the background of the earlier Greek
contributions to the constructive aspects of the problem and the few earlier
remarks concerning the impossibility question.

The problem of constructing a square equal in area to a given circle
was formulated explicitly in ancient Greece ([Knorr 1986, 25-39]). The
Greeks came up with various solutions of the problem, using mechanical
(transcendental) curves such as the quadratrix and the spiral, and so did
their successors. Moreover, impressively good approximations were found



