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DOUBLE EPW-SEXTICS WITH ACTIONS OF A; AND
IRRATIONAL GM THREEFOLDS

BY SIMONE BiILLI & ToMASZ WAWAK

ABSTRACT. — We construct two examples of projective hyper-Kéahler fourfolds of
K3[2-type with an action of the alternating group A7. They are realized as double
EPW-sextics, and this allows us to construct two explicit families of irrational Gushel—-
Mukai threefolds.

RESUME (Double EPW-sextiques avec des actions de Az et variétés GM irrationnelles
de dimension troi). — Nous construisons deux exemples de variétés hyper-Ké&hlé-
riennes de type K3[2 projectifs avec une action du groupe alterné Az. Ils sont réalisés
comme des doubles EPW-sextiques, ce qui nous permet de construire deux familles
explicites de variétés de Gushel-Mukai tridimensionnelles qui sont irrationnels.
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Introduction

We construct two explicit examples of hyper-Kahler fourfolds of K3[2-type
with symplectic actions of the alternating group A7. According to the classifi-
cation in [14], this is one of the maximal finite groups that can act on a manifold
of this type via symplectic automorphisms. We describe the manifolds as dou-
ble EPW-sextics. For each of them, the group of symplectic automorphisms
A7 fixes their canonical ample divisor.

Consider a 6-dimensional complex vector space Vs. There is a linear repre-
sentation of A7 on /\3 Vs that decomposes into the direct sum of two Lagrangian
subrepresentations Aj, As; we set A = Ay or As. There is a canonical way to
associate a double EPW-sextic to a general Lagrangian subspace of /\3 Vs, as
explained in Section 1.2. Our main result can be formulated as follows.

THEOREM 0.1. — The double EPW-sextic associated to the Lagrangian sub-
space A is a smooth polarized hyper-Kahler fourfold (Ya, Hy). Moreover,

Auty, (Ya) = Z/2Z x As,

where A7 corresponds to the subgroup of symplectic automorphisms. Further-
more, (Ya,,Ha,) and (Ya,, Ha,) are non-isomorphic as polarized manifolds.

We can associate a family of GM varieties to such Lagrangian spaces as
explained in Section 1.3. As an application, we show that for A as above, we
have the following result.

COROLLARY 0.2. — Any smooth GM threefold associated to A is irrational.

The only other known explicit family of irrational GM threefold was con-
structed in [8], and our result provides other two such families.

This article was primarily inspired by [8], from where many ideas have been
taken and adjusted to our case. In fact, the search for symmetric hyper-Kéhler
manifolds has been of interest in recent years. One can find attempts at clas-
sification and explicit constructions in [2, 1] for K3 surfaces, in [14, 20, 21, 9]
for hyper-Kéhler fourfolds of K32-type. Our results should be seen as a con-
tinuation of these efforts.

The structure of the paper is the following. In the first section, we recall
known facts about hyper-Kéhler manifolds and the lattice structure on their
second integral cohomology group, EPW-sextics, and GM varieties. In the
second section, we outline the construction of our examples and in the third,
we prove the irrationality of the associated GM threefolds. In the Appendix,
we discuss the computation that we performed with Macaulay2 [13].
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1. Preliminaries

This section is merely a collection of known facts about hyper-Kéahler man-
ifolds and associated lattices, double EPW-sextics, and GM varieties.

1.1. Hyper-Kihler manifolds and their lattices. — A hyper-Kéahler manifold is

~

a compact, simply connected complex Kéhler manifold such that H2’O(X ) &
HO(X, /\2 Qx) = Cox, where ox is a nowhere degenerate holomorphic 2-form.
For a hyper-Kihler manifold, the group H?(X,Z) has a canonical lattice struc-
ture; more precisely it is a free Z-module with an integral bilinear form of
signature (3,b2(X) — 3). The Néron—Severi group (or lattice) of X is defined
as

NS(X) = H*(X,Z) nH"'(X) c H*(X,C).

The transcendental lattice T(X) is its orthogonal complement with respect
to the bilinear form. The following is an easy way to prove corollary of [5,
Proposition 4.1].

PROPOSITION 1.1. — Let X be a projective hyper-Kdahler manifold. A group
of automorphisms G C Aut(X) is finite if and only if it fizes an ample class
on X.

For the general theory of hyper-Kéhler manifolds, we refer to [5], for example.

1.2. EPW-sextics, their double covers and automorphisms. — EPW-sextics are
singular sextic hypersurfaces in P?, first constructed by Eisenbud, Popescu and
Walter ([10]). O’Grady showed in [19] that they have a natural double cover,
which is, in general, a smooth hyper-Kéhler fourfold of type K3[2l. We briefly
recall the construction.

Fix a 6-dimensional C-vector space Vi and choose an isomorphism /\6 Ve =
C. It induces a symplectic form (o, ) := o A S on /\3 Vg = C?°. Denote by
LG(A® Vi) the Grassmannian of Lagrangian subspaces. Consider the vector
subbundle F ¢ A* V5 ® Op(vy), whose fiber over [v] € P(Vg) is given by:

3
Fv:{ae/\ Vo | anv=0}.

To an element A € LG(A\® Vi) one associates the loci
Yalk] = {[v] € P(V6) | dim(ANF,) >k},
and Y4 = Y4[1] is called an EPW-sextic. We define two divisors:

S = {A e LG\ Vo) | P(4)NGr(3,Ve) = 0}
A={AcLG(\ Vo) | Yal3) = 0}.
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For A € LG(A® V)~ (SUA) there is a canonical double cover 74 : Y4 — Y
branched along the surface Y4[2], where Y4 is a smooth hyper-Kihler fourfold
of type K32 called double EPW-seatic, originally defined in [19]. Moreover, Ya
carries a canonical polarization H = 7% Oy, (1), and the image of the morphism

Ya — P(H®(Y4, H)V) is isomorphic to Y.
Recall that if A ¢ ¥ the automorphisms of the sextics are all linear:

3
(1) Aut(Ya) = {g € PGL(Vs) | (A 9)(4) = 4},

and this is a finite group by [4, Proposition B.9].

Consider the embedding Aut(Y4) < PGL(Vs) and let G be the inverse
image of Aut(Y4) via the canonical map SL(Vs) — PGL(Vgs). Then, G is an
extension of Aut(Y,) by the cyclic group (v) of order 6, so we have an induced
representation of G on /\3 Vs, and this factors through a representation of
M(YA) := G/(7?). Since A is preserved by this action, we have a morphism
of central extensions

1 (v3) Aut(Yy) —— Aut(Yy) —— 1
@ l | |
1 c* GL(A) —— PGL(A) —— 1

and by [8, Lemma A.1] the vertical maps are injective.
Denote by Auty(Y4) the group of automorphisms fixing the polarization H.

PRrROPOSITION 1.2 (Kuznetsov, [8, Proposition A.2]). — Let A ¢ ¥ be a La-
grangian space. There is an isomorphism

Auty (Yy) = Aut(Ya) x (1)

where ¢ is the anti-symplectic involution associated to the double covering ma
and the factor Aut(Ya) corresponds to the subgroup of symplectic automor-
phisms.

When A ¢ X, there is a canonical connected double covering [6, Theorem
5.2(2)]

Ya2] = Ya[2]
and by [8, Proposition A.6 (Kuznetsov)] we have an injection m(YA) —
Aut(Ya[2]).

Recall that the analytic representation of a finite group G acting on an
Abelian variety X is the composition

(3) G — EDd@(X) — End(c(TX)o).

TOME 152 — 2024 — N°© 4



DOUBLE EPW-SEXTICS WITH ACTIONS OF A-; 861

We recall the following useful result, where Alb(Y4[2]) denotes the Albanese
variety of Y4[2].

ProposITION 1.3 ([8, Proposition A.7]). — Suppose that Ya[3] = 0. The
restriction to the subgroup Aut(Y4) of the analytic representation of Aut(Y4[2])
on Alb(Y4[2]) is the injective middle vertical map in the diagram (2).

1.3. GM varieties and their automorphisms. — Let V; be a 5-dimensional com-
plex vector space. A GM variety (shorthand for ordinary Gushel-Mukai) of di-
mension n € {3,4,5} is the smooth complete intersection of the Grassmannian
Gr(2,V;) C IED(/\2 V5) with a linear space P"** and a quadric. These varieties
are Fano varieties with Picard number 1, index n — 2 and degree 10.

There is a bijection between the set of isomorphism classes of GM va-
rieties of dimension n and isomorphism classes of triples (Vg, Vs, A), where
A eLG(\’ V)~ % and Vs C Vg is a hyperplane that satisfies

dim(Aﬂ/\gvg,) =5—n.

The correspondence is outlined in [4, Theorem 3.10 and Proposition 3.13(c)].
In particular, for A € LG(A® Vi) ~ (2 U A) there is an associated double
EPW-sextic and associated families of GM varieties of dimensions 3,4 and 5.

2. EPW-sextics with an action of A~

The general idea is to find a Lagrangian A C /\3 Ve that is invariant un-
der the action of the group A7 to get an invariant EPW-sextic. According
to [3], there exists a group denoted by 3.A7; with 1 an element of order 3
such that 3.47/(n) & A7. This group has a unique irreducible representation
p: 3.A7 — C5 = Vi and n acts by multiplication for a third root of unity. Gen-
erators for this representation can be found in [22]. Notice that this induces
a representation on /\3 Vs, which descends to a representation of the quotient
Az on A\’ V. Denote this (faithful) representation of A; by W.

The irreducible complex representations of A; of dimension smaller than
or equal to 20 have dimensions 1,6, 10,10, 14, 14 and 15 and are described in
Table 2.1.

LEMMA 2.1. — The representation W decomposes as the direct sum W = A1 &
As of the only two irreducible 10-dimensional representations Ry = (Ay, p1) =
Wio and Ry = (Aa,p2) = Wi, of the group A;. Moreover, the underlying
vector spaces A1, As C /\3 Vs of those representations are Lagrangian.

Proof. — The fact that W has the mentioned decomposition is just a com-
putation of characters (see Table 2.1). The fact that the subrepresentations
are Lagrangian is easily checked with computer algebra after determining the
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