
Two-dimensional representations in the 
arithmetic of modular curves 

B . M A Z U R K . A . RIBET 

In th e theory o f automorphi c representation s o f a  reductiv e algebrai c 
group G over a  number fiel d K, i t is broadly — but not always —  true tha t 
irreducible representation s occurrin g in L2(GJ^/GK) occu r wit h multiplicit y 
one. I n a classical special case (G = GL(2 ) , K =  Q , and where w e restric t 
a t tent ion t o automorphic representation s whic h ar e holomorphic, cuspidal , 
and o f weight 2) , the Galois-theoretic counterpar t o f the above "multiplicit y 
one phenomenon " i s the assertion tha t give n a  newfor m o f the above type , 
of level N, the (two-dimensional p-adic) Gal(Q/Q)-representa t io n associate d 
to i t occurs with multiplicity one in the p-adic Tat e modul e o f Ji(N). 

For som e impor tan t ari thmeti c applications , however , on e is led to search 
for criteri a guaranteeing certai n analogue s o f the abov e "multiplicit y on e phe -
nomenon" vali d for the mod p Galois representation s associate d t o newforms . 
The "mo d p multiplicity " question s ar e somewhat mor e delicat e tha n thei r 
p-adic counterparts . Indeed , t o our knowledge, th e main case s wher e the 
mod p Galoi s representatio n question s hav e bee n t reate d seriousl y s o far ar e 
for cuspida l newform s o f weight tw o which ar e either unramifie d a t p [20 , 30] 
or ordinar y an d nonspecial a t p [25 , 43] . 

The presen t articl e concern s itsel f wit h a  "missin g ^-ordinar y case, " one 
for whic h th e newform i s "special " a t p} W e assume, mor e precisely , tha t 
the leve l o f the newform i s divisible b y p but not by p2, an d also tha t the 
Nebentypus characte r o f the form i s trivial. (Ou r method migh t als o t rea t 
the mor e genera l cas e in which th e character i s unramified a t p, but possibl y 
non-trivial.) Fo r the case wher e th e character i s ramified a t p, see [12] . 

1We als o requir e tha t th e associate d mo d p Galoi s representatio n b e absolutel y ir -
reducible, avoidin g th e important , bu t muc h more difficult , cas e o f Eisenstein primes 
f2(L 2 4 1 . 

S.M.F. 
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This cas e arise s in the secon d author' s articl e [30 ] on Serre's conjectures . 
Assume tha t p is an odd prime , an d suppos e tha t p is an irreducible mo d p 
representation of Gal (Q/Q) whic h arise s from th e spac e o f weight-2 modula r 
forms o n T0(M). (W e the n sa y tha t p is modular of level M.) Assum e tha t 
l T¿ p is a prime facto r o f M for which p is unramified a t I. The n Serre' s 
conjectures [37 ] predict tha t p is modular o f level M0, where MQ i s the prime -
to-i par t o f M. Thi s statemen t wa s prove d b y the first  autho r [22 ] in case 
i "exactly divide s M " (i.e. , M0 = M/l) an d th e congruenc e Í = 1  mod p is 
not satisfied . (Se e [30] , Theorem 6.1. ) I t was prove d by the secon d autho r 
if £  exactly divide s M and th e newfor m givin g p is unramified a t p, i.e., p is 
prime to M ([30] , Theore m 8.2) . Th e method s of [30] show, mor e generally , 
that p is modular o f level MQ whenever Í exactly divide s M and p occur s 
with multiplicit y on e in the Jacobia n J0(M). Thi s motivate d ou r interes t in 
the mo d p multiplicity on e questio n fo r Galoi s representations . 

The mo d p multiplicity-on e questio n fo r Galois representation s ha s a n 
intriguing, an d relatively complicated , answe r fo r twisted form s o f GL(2 ) 
[32]. I t would b e quit e interestin g to have eve n a  conjectural pictur e tellin g 
us what t o expect fo r multiplicities of mod p Galoi s representations i n a more 
general context . 

We would like to thank Bas Edixhove n for enlightening conversations on sub-
jects related to this article and fo r detailed comments on our preliminary versions. 
We also thank the IHES for providing the congenial setting in which much of this 
work was done. 

216 



TWO-DIMENSIONAL MODULAR REPRESENTATIONS 

C o n t e n t s 
1 Introduction an d statemen t o f th e mai n theore m 21 7 

1.1 The representations V  217 
1.2 Questions of multiplicity 219 
1.3 mod p Galois representations p and homomorphisms . 220 

2 Admissible model s an d admissibl e morphism s 224 
3 The grap h S 228 
4 Pic°(X/a) 230 
5 Semi-stable filtration s 231 
6 Rosenlicht differential s 234 
7 Regular differential s o n X/0 237 
8 Admissible correspondence s 238 
9 Local admissibl e dat a 239 
10 Global admissibl e dat a 241 
11 Modular curve s an d Hecke operator s 243 
12 Admissible dat a comin g fro m modula r curve s 246 
13 Higher multiplicitie s 249 

1 Introduction and  statement  of the  main  theorem 

1.1 The representations V 
Let M b e a positiv e integer . Le t T0(M) b e (as usual) th e subgroup of 
SL(2, Z) whic h consist s o f matrices     

  d 
e SL(2 , Z) with   = 0  (mod 

M). Le t XQ(M) b e the associated modula r curv e ove r Q . Finally , le t Tn 
for n  > 1  denote th e standar d Heck e correspondence s o n X0(M). (See , for 
example, [24] , Chapter 2 , § 5 for a description o f the Heck e operator s Tq for q 
prime. Whe n q divides M , ou r operato r Tq is the "Atki n operator " denote d 
Uq in [24].) 

These operators induce endomorphisms on the space S2(T 0(M)) o f weight-
2 cusp form s o n th e grou p T0(M) an d o n th e Jacobia n 

J = J0(M) = Pic°(X0(M)) 

of X0(M). W e write simply Tn for eac h o f these endomorphisms . (Th e endo -
morphism Tn of JQ(M) is denoted T* in [18].) Th e subring s of End( JQ(M)) 
and of End(52(ro(M))) which these operators generate are the "same. " Mor e 
precisely, th e faithfu l operatio n o f End( J0(M)) o n 52(ro(M)) (comin g fro m 
the fac t tha t thi s latte r spac e i s the cotangen t spac e o f the abelia n variet y 
dual to JQ(M)) maps the endomorphism labeled Tn of J0(M) t o the endomor -
phism o f S2(T0(M)) labele d Tn . W e let TM b e the subrin g o f End( J0(M)) 
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generated b y the Tn, viewing thi s ring , whe n convenient , a s operat in g o n 
S2(ro(M)). 

Let y > : T j i f - > P p b e a ring homomorphism . Th e kerne l of (p is a maxima l 
ideal m  = o f .  A s usual, w e denote b y J[m] the "kerne l o f m on J ," 
i.e., th e intersection o f the kernel s o f all element s o f m acting o n «/(Q). Thi s 
subgroup of the finit e grou p J\p] has na tura l commutin g action s of G a l ( Q / Q) 
and o f the residu e fiel d km = T^/ t r i . Further , th e field km is embedded i n FP 
by (p. Let 

V v : = J[m]®fcwPp . 
Then V<p is a finite-dimensional (continuous ) representatio n of Gal ( Q / Q) ove r 
FP. Th e vector spac e i s easily see n t o be non-zero . 

The representation s J[xn] and V<p ma y be compare d wit h th e canonica l 
two-dimensional representatio n pm of G a l ( Q / Q ) whic h i s associate d t o m 
([11], Th. 6.7 or [30] , Prop. 5.1) . Recal l t ha t thi s i s the semisimple represen -
ta t ion o f G a l ( Q / Q) ove r fcm, unique up to isomorphism, whic h i s unramifie d 
outside th e set of primes dividin g pM an d which satisfie s 

trace(pm(crr)) =  Tr mod m , det(pm(crr) ) =  r mo d m 

for al l primes r no t dividin g pM. (Her e ar i s a  Probeniu s elemen t fo r r 
in G a l ( Q / Q ) . ) W e define pv t o be the representation pm (S>km Fp , i.e., th e 
representation o f G a l ( Q / Q) deduce d fro m pm by the base chang e km —> FP 
induced b y cp. 

These two-dimensiona l representation s ar e sai d to be modular of level M. 
More generally , suppos e t ha t F  i s an algebraic extensio n o f FP. W e say that 
a semisimpl e representatio n p :  G a l ( Q / Q) — • G L ( 2 , F) i s modular o f leve l 
M i f there i s an embedding i :  F «— • Fp so that  p , when viewe d ove r F p vi a 
¿5 i s isomorphic t o som e p^. I t i s equivalent t o ask that  th e representatio n 
p ®F F p be of the for m p^ for each embeddin g i : F <— • FP. 

Assume that the two-dimensional representation pm is irreducible. The n 
by th e Eichler-Shimura relations , th e Cebotarev Densit y Theorem , an d the 
Brauer-Nesbit t Theorem , on e sees tha t th e semisimplification o f «7[m ] a s a 
fcm[Gal(Q/Q)]-module i s a  direc t su m of some numbe r o f copies o f pm ([20] , 
Chapter II,§1 4 o r [30] , Th. 5.2). Also , the representation p<p is automatical l y 
an irreducibl e representatio n o f G a l ( Q / Q) ove r Fp , provide d t h a t p ^ 2.2 

2According to a  recent theore m of Boston, Lenstra and the secon d author [6] , J[tXl] i s 
semisimple whenever i s irreducible over Fp. 
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1.2 Questions of multiplicity 
Definition 1  Th e multiplicity o f pm in the representation J[m J i s the multi -
plicity o f pm i n th e semisimplificatio n o f J[m] . W e denote thi s intege r b y fim 
or /J,^. W e hav e ¡1^ = dimV^/2 . 

The multiplicity /xm is "typically " equa l to 1 . T o cite the simplest possibl e 
example, tak e M =  11 . The n J0(H ) i s a n ellipti c curve , T  =  Z , an d th e 
ideals m  ar e th e prim e ideal s (p) o f Z . Th e kerne l Jc(ll)[p ] i s the n a n FP-
vector space of dimension two. I n [20] , the first autho r showed more generall y 
that fim = 1  when M i s a prime, excep t perhap s in a  smal l number o f specia l 
situations whe n p = 2 . (I n thes e specia l situations , n o exampl e ha s bee n 
found wher e /x m ^  1. ) I n [30 ] (Th . 5.2b) , th e secon d autho r employe d th e 
techniques o f [20 ] to prov e a  theorem vali d when M i s not necessaril y prime , 
but p doe s no t divid e 2M. 

MAIN THEOREM Let M = pN, where N is prime to p. Let m  be a maximal 
ideal of the Hecke ring TM with T /m o f characteristic p. Suppose that pm is 
an absolutely irreducible representation of Gal (Q/Q). Assume further that 
pm is not modular of level N. Then /J,M = 1 . 

The absolut e irreducibilit y o f pm , is equivalent t o th e irreducibilit y o f pm 
as a  representatio n o f Gal(Q/Q ) ove r T /m wheneve r p i s odd. Thi s follow s 
from th e fac t tha t pm(c) , wher e c i s a  comple x conjugatio n i n Gal(Q/Q) , 
then ha s th e distinc t eigenvalue s + 1 , — 1 in T /m. 

The conditio n tha t p m is no t modula r o f leve l N ma y b e examine d fro m 
varied perspectives . Serr e conjecture d i n 198 5 tha t pm is finite a t p ([37] , 
p. 189 ) i f and onl y i f pm is modular o f level N ([36] , Conjectur e C2 , cf. [37]) . 
This conjectur e wa s prove d b y th e firs t autho r soo n afterwards : se e [22] , or 
[30], Theorem 6.1 . 

The conditio n ma y als o b e expresse d i n term s o f newform s o f weigh t 2 . 
To sa y tha t pm is modula r o f leve l pN means , concretely , tha t i t i s a  mo d p 
representation attache d t o a  weight- 2 newfor m / , havin g trivia l character , 
whose leve l divides pN. T o say tha t i t i s not modula r o f level N the n mean s 
that ever y /  givin g rise to pm has level divisible by p. I n th e language o f rep-
resentation theory , /  i s "special " a t p i n th e sens e tha t th e componen t a t p 
of the adeli c representation o f GL(2 ) associate d t o /  i s a  specia l representa -
tion o f GL(2 , Qp). (Se e [25 ] for result s i n th e cas e o f weight-two ^-ordinar y 
modular form s whic h ar e no t specia l a t p.) 

Suppose, mor e generally , tha t m  C  TM i s a  maxima l ideal , an d assum e 
that i s absolutely irreducible. Wha t i s the multiplicity of pm in J0(M)[m] ? 

219 


