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THUE-MORSE-STURMIAN WORDS AND CRITICAL BASES
FOR TERNARY ALPHABETS

BY WOLFGANG STEINER

ABSTRACT. — The set of unique S-expansions over the alphabet {0, 1} is trivial for 8
below the golden ratio and uncountable above the Komornik-Loreti constant. Gener-
alisations of these thresholds for three-letter alphabets were studied by Komornik, Lai
and Pedicini (2011, 2017). We use a class of S-adic words, including the Thue-Morse
sequence (which defines the Komornik—Loreti constant) and Sturmian words (which
characterise generalised golden ratios) to determine the value of a certain generalisation
of the Komornik—Loreti constant to three-letter alphabets.

RESUME (Mots de Thue—Morse—Sturm et bases critiques pour les alphabets ternaires).
— L’ensemble des 8-développements uniques avec I’alphabet {0, 1} est trivial pour 3
au-dessous du nombre d’or et non dénombrable au-dessus de la constante de Komornik—
Loreti. Des généralisations de ces seuils pour les alphabets de trois lettres furent étu-
diées par Komornik, Lai et Pedicini (2011, 2017). Nous utilisons une classe de mots
S-adiques comprenant la suite de Thue—Morse (qui définit la constante de Komornik—
Loreti) et les mots sturmiens (qui caractérisent les nombres d’or généralisés) pour
déterminer la valeur d’une certaine généralisation de la constante de Komornik—Loreti
aux alphabets de trois lettres.
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1. Introduction and main results

For a base § > 1 and a sequence of digits ujus--- € A, with A C R, let

(oo}
U
Moz ) = 3 o
k=1
we say that ujus--- is a S-expansion of this number. This paper deals with

unique [-expansions over A, that is, with

Ug(A) ={u e A®: mg(u) # ng(v) for all v.e A>\ {u}}.

We know from [5] that Ug({0, 1}) is trivial if and only if 5 < 1+2\/g’ where trivial
means that Ug({0,1}) = {0, 1}, @ being the infinite repetition of a. Therefore,

G(A) =inf{B > 1: |Us(A)| > 2}

is called the generalised golden ratio of A. By [6] the set Ug({0,1}) is uncount-
able if and only if § is larger than or equal to the Komornik—Loreti constant
Pkr, ~ 1.787; we call

K(A) =inf{8 > 1: Ug(A) is uncountable}

the generalised Komornik—Loreti constant of A. (We can replace uncount-
able throughout the paper by has the cardinality of the continuum.) The
precise structure of U({0,1}) was described in [8]. For integers M > 2,
G({0,1,...,M}) was determined by [2], and Ug({0,1,...,M}) was described
in [12, 1].

For z,y € R, z # 0, we have (zu1 + y1)(zus + y2)--- € Ug(zA + y) if
and only if wjug--- € Ug(A), thus G(zA + y) = G(A) and K(zA +y) =
K(A). Hence, the only two-letter alphabet to consider is {0,1}. A three-letter

alphabet {a1,as,a3} with a1 < a2 < ag can be replaced by {0, 1, ZZ:Zi} or
{0,1,92=211 Since 22=%L and %2=5L are on opposite sides of 2 (or both equal
3—a2 as—ay as—az

to 2), we can restrict ourselves to alphabets {0,1,m}, m € (1,2]. Of course, it
is also possible to restrict ourselves to m > 2, as in [9] (note that the alphabet
{0,1,m} can be replaced by {0, 1, -5 }), but we find it easier to work with
m < 2. We write

Us(m) = Us({0,1,m}), G(m) =G({0,1,m}), K(m)=K({0,1,m}).

It was established in [9, 14, 3] that the generalised golden ratio G(m) is given
by mechanical words, i.e., Sturmian words and their periodic counterparts;
in particular, we can restrict ourselves to sequences u € {0,1}>°. Calculating
K (m) seems to be much harder, since this restriction is not possible. Therefore,
we study

L(m) =inf{B > 1: Ug(m)N{0,1}* is uncountable},
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following [11], where this quantity was determined for certain intervals. We
give a complete characterisation in Theorem 1.1 below.
To this end, we use the substitutions (or morphisms)

L:0—0, M:0~01, R:0~ 01,
1~ 01, 1 10, 11,

which act on finite and infinite words by o(ujus---) = o(u1)o(ug)---. The
monoid generated by a set of substitutions S (with the usual product of sub-
stitutions) is denoted by S*. An infinite word u is a limit word of a sequence
of substitutions (o,)n>1 (or an S-adic word if o, € S for all n > 1), if there is
a sequence of words (u(™),,>; with u” = u, u™ = g, (u"*), for all n > 1.
The sequence (o,)n>1 is called primitive, if for each k > 1, there is an n > k,
such that both words oxogyy1---0,(0) and oxogy1 - on(1l) contain both let-
ters 0 and 1. For S = {L, M, R}, this means that there is no k > 1, such that
o, = Lforalln > koro, =R, foralln > k. Let Sg be the set of limit words of
primitive sequences of substitutions in S°°. Then Sy, gy consists of Sturmian
words, and Sypyy consists of the Thue—Morse word Ou = 0110100110010110 - - -,
which defines the Komornik—Loreti constant by mg,, (u) = 1, and its reflection
by 0 <» 1. We call the elements of Syz, gy, Which to our knowledge have
not been studied yet, Thue—Morse—Sturmian words. For details on S-adic and
other words, we refer to [15, 4].

For u € {0,1}* and m € (1, 2], define f,(m) (if u contains at least two 1s)
and gy (m) as the unique positive solutions of

fu(m) ﬂ'fu(m)(sup O(u))=m and (gu(m)—1)(1+ Wgu(m)(inf O(u))) =m,

respectively, where O(ujug - -+ ) = {ugurs1 -+ : k > 1} denotes the shift orbit,
and infinite words are ordered by the lexicographic order. For the existence and
monotonicity properties of fu(m) and gu(m), see [3, Lemmas 3.11 and 3.12]
and Lemma 2.1 below. We define u, by

fu(l/“u) = gu(,ufu)v
ie. fu(pu) = gu(pn) = B with Brg(supO(u)) = (8 — 1)(1 + mg(inf O(u))).

The main result of [9] on generalised golden ratios of three-letter alphabets
can be written as

fo@(m) it m € [ug 5, 1@l o € {L, R} M,
9o (m) Eme [u, g, 1,0n) o €{L, R} M,
fr(m) if m € [pg7, 2],

14+ m  if m = py, ue Sy py;

cf. [3, Proposition 3.18], where substitutions 7, = L"R are used, and f, g, u, S
are defined slightly differently. Our main theorem looks similar, but we need
{L, M, R} instead of {L, R}, and the roles of f and g are exchanged.

g(m) =
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