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SELF-PORTRAITS WITH EVARISTE GALOIS
(AND THE SHADOW OF CAMILLE JORDAN)

FREDERIC BRECHENMACHER

ABsSTRACT. — This paper investigates the collections of 19th century texts in
which Evariste Galois’s works were referred to in connection to those of Camille
Jordan. Before the 1890s, when object-oriented disciplines developed, most
of the papers referring to Galois have underlying them three main networks
of texts. These groups of texts were revolving around the works of individuals:
Kronecker, Klein, and Dickson. Even though they were mainly active for short
periods of no more than a decade, the three networks were based in turn on
specific references to the works of Galois that occurred in the course of the
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19th century. By questioning how mathematicians were portraying themselves
and their mathematics through their references to Galois, this paper therefore
sheds new light on some collective interpretations of Galois’s works. It espe-
cially highlights the important role played in the long term legacy of Galois
by some practices of reduction modeled on the analytic representation of the
decomposition of linear substitutions into two forms of actions of cycles.

Complementary to the local study of these networks, the article proposes
a more global analysis. Galois’s works were often related to the problem of the
“classification and transformation” of the “irrationals.” Contrary to what has be-
come, in the 20th century, a commonplace of the historiography of algebra,
and distinct from the teaching of courses in Algebre supérieure, Galois’s works
were fitted into classifications of mathematical knowledge neither under the
heading of the theory of equations nor as part of the theory of substitutions.
For most of the 19th century, the problem of the irrationals involved elliptic
(or abelian) functions (and therefore complex analysis). The impossibility of
solving general algebraic equations of degree greater than four by radicals high-
lighted the necessity of characterizing the special nature of the irrational quan-
tities and functions defined by both algebraic and differential equations.

RESUME (Auto-portraits avec Evariste Galois (et ’ombre de Camille Jordan))

Cet article questionne les dimensions collectives des relations entre les tra-
vaux de Galois et Jordan au x1xe siécle. Avant les années 1890 et le dévelop-
pement de disciplines centrées sur des objets, les références a Galois se répar-
tissaient majoritairement au sein de trois réseaux de textes centrés sur des tra-
vaux d’individus : Klein, Kronecker et Dickson. Bien que ces réseaux n’aient
été chacun essentiellement actif que sur le temps court d’'une décennie, tous
s’appuyaient sur des références spécifiques a Galois qui impliquaient le temps
long du x1x¢ siecle. En envisageant de telles références comme des autopor-
traits de mathématiciens et de leurs mathématiques, cet article porte un nouvel
éclairage sur les travaux de Galois et leurs circulations. Il montre notamment
I’importance du role joué sur le temps long par des pratiques de réductions
prenant modele sur la représentation analytique de la décomposition des substi-
tutions linéaires en deux formes d’actions des cycles.

En complément de I’étude locale de ces trois réseaux, cet article propose
également une analyse a un niveau plus global. Contrairement a ce qui était de-
venu au XX¢ siécle un lieu commun de I’historiographie de I’algébre, et a I'ex-
ception du domaine de ’enseignement de I’Algébre supérieure, les travaux de
Galois ont pendant longtemps été envisagés collectivement dans des cadres dif-
férents de ceux de la théorie des équations ou de la théorie des substitutions.
A Téchelle d’'un demi-siecle en Europe, ces travaux ont été effectivement lar-
gement commentés dans le cadre du probléme de la « classification et la trans-
formation » des «irrationnelles ». Pendant une large partie du x1x°¢ siecle, ce
probléme impliquait notamment les fonctions elliptiques et abéliennes—et par
conséquent I’analyse complexe. L’impossibilité de résoudre par radicaux des
équations algébriques générales de degré supérieur ou égal a cinq démontrait
en effetla nécessité de caractériser la nature spéciale des grandeurs ou fonctions
irrationnelles définies par des équations aussi bien algébriques que différen-
tielles.
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INTRODUCTION!

Opening Camille Jordan’s 1870 Traité des substitutions et des équations al-
gébrigues—which will simply be called the Traité¢ in the sequel—one reads
in the preface that Galois was first to have grounded the theory of equa-
tions on a “definitive base by showing that to each equation corresponds
a group of substitutions in which its essential characteristics are reflected”
[Jordan 1870, p. v]. But the Traité aimed at going beyond Galois: “... the so-
lution of equations by radicals ... now appears just as the first link in a long
chain of questions concerning the transformations of irrational numbers
and their classification.” To achieve this, Jordan presented an “essential”
“method of reduction” of a group into chains of (normal) subgroups [Jor-
dan 1870, p. 392],2 which transformed Galois’s ideas into a fully fledged
theory, a “corps de doctrine.”

The present paper, in a way, follows a similar method; it aims at inves-
tigating how the decomposition of a corpus of mathematical papers into
networks of texts can unveil certain collective dimensions in the historical
process of mathematics. More precisely, this paper aims at investigating the
collective dimensions of the relations between the works of Evariste Galois
and Camille Jordan.

Jordan’s Traité, the starting point of this paper, has often been taken
to be a midpoint in the historiography of Galois Theory. In a retrospec-
tive perspective, Jordan’s Galois would mark a turning point in the unfold-
ing of the abstract group concept [Wussing 1984], of Artin’s Galois theory
[Kiernan 1971], or more generally of the rise of a structural image of alge-
bra [Corry 1996]. Recently, in the opposite historical direction, the Traité’s

1 This paper will appeal to quotation marks quite often for the purpose of mention-
ing expressions or terminologies as they were used by the actors (and solely for this
purpose).

In this paper, the term “substitution group” designates a permutation group on a fi-
nite number of letters, and “linear” substitutions/groups designate both linear and
affine substitutions/groups. Moreover, p is a prime number,  is an integer, £ is a prim-
itive nth root of unity, and g is a primitive root mod p.

2 An irreducible equation f(x) = 0 is solvable by radicals if and only if its Galois
group can be “reduced” by a series G = Hy D Hy D Hy D --- D Hy, = I in which every
H}, is a normal subgroup of G and all Hy/Hy are abelian. This theorem is closely
related to the Jordan-Hoélder theorem, but the chain of subgroups here is not nec-
essarily a composition series, with simple abelian quotients (and therefore cyclic of
prime order). This criterion of solvability was first stated in [Jordan 1864], while the
theorem on the invariance of the orders of the successive quotients in a composition
series was stated in [Jordan 1869a] and proved in [Jordan 1870, p. 42-48].



