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NAKANO POSITIVITY OF DIRECT IMAGE SHEAVES OF
ADJOINT LINE BUNDLES WITH MILD SINGULARITIES

by Yongpan Zou

Abstract. — In this paper, we explore the Nakano positivity of direct image sheaves
of twisted relative canonical bundles when the metric of the twisted line bundle has
mild singularities. We address this problem using two methods: L2 estimates and
curvature computations within the framework of L2 Hodge theory.

Résumé (Positivité de Nakano des faisceaux images directes des fibrés en droites ad-
joints avec des singularités modérées). — Dans cet article, nous explorons la positivité
de Nakano des faisceaux images directs de faisceaux canoniques relatifs tordus lorsque
la métrique du fibré en droites tordu présente des singularités modérées. Nous abor-
dons ce problème en utilisant deux méthodes : des estimations L2 et des calculs de
courbure dans le cadre de la théorie de Hodge L2.

1. Introduction

This note aims to study the Nakano positivity properties of direct image
sheaves of relative canonical bundle twisted by holomorphic line bundle with
a possible singular metric. More specifically, let p : X → D be a holomorphic
proper morphism from a Kähler manifold X onto the polydisk D and let L be a
holomorphic line bundle endowed with a possibly singular hermitian metric hL.
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214 Y. ZOU

In general, we assume that the metric hL is positively curved, i.e., its curvature
current iΘhL

(L) ≥ 0. An important object of study is the direct image sheaf

G := p∗((KX/D + L)⊗ I(hL))

endowed with the metric which induced by hL, here I(hL) be the multiplier
ideal sheaf associated with the metric hL. Given the numerous important appli-
cations in algebraic and complex geometry, this topic has attracted significant
attention from researchers.

Griffiths positivity and Nakano positivity of holomorphic vector bundles are
two major positive concepts in complex geometry. Between the two, Nakano
positivity is stronger than Griffiths positivity. In [1], Berndtsson proved the
induced metric on G has non-negative curvature in the sense of Nakano when
the metric hL on L is smooth. Since then, researchers have begun to investi-
gate positivity properties in the singular case. Regarding Griffiths positivity,
when the metric h is smooth, it is well known that a holomorphic vector bun-
dle (E, h) is Griffiths semi-positive if and only if its dual (E∗, h∗) is Griffiths
semi-negative. This equivalence allows for the generalization of Griffiths posi-
tivity to the singular case. Consequently, the theory of Griffiths positivity for
direct image sheaves of adjoint line bundles with singular metrics has been es-
tablished (see [12], [11], [10], [9] for various results and generalizations). Since
Griffiths positivity in a singular setting has been thoroughly studied, it is natu-
ral to explore Nakano positivity in this context. However, the duality property
is no longer valid, which complicates the analysis of Nakano positivity (for
one definition of Nakano positivity of singular Hermitian metrics on holomor-
phic vector bundles, consult [13]). Recently, Cao–Guenancia–Păun generalized
Berndtsson’s curvature formulas to cases where the metric hL has analytic sin-
gularities, and the base space is one-dimensional ([4]). By using the horizontal
lift, they successfully obtained a representative of the holomorphic section and
established the general curvature formula through this representative.

Meanwhile, in [8], the authors provided a characterization of the Nakano
positivity of holomorphic vector bundle with smooth metric via the optimal
L2-estimate condition. Due to the fact that in our main case Z below, the
metric hL of the line bundle is singular, but it is smooth concerning the t
variables. It is possible to use the optimal L2-estimate condition to study the
Nakano positivity in these types of singular cases, as I introduce the settings
of my study below.

1.1. Set-up of case Z. — Let p : X → D be a holomorphic proper fibration
(i.e., submersion) from an (n + m)-dimensional Kähler manifold X onto the
bounded pseudoconvex domain D ⊂ Cm, and let (L, hL) be a holomorphic line
bundle endowed with a possibly singular hermitian metric hL. Let Ω ⊂ X be a
coordinate subset on X . We take (z1, . . . zn, t1, . . . , tm) as a coordinate system
on Ω such that the last m variables t1, . . . , tm corresponds to the map p itself.
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NAKANO POSITIVITY OF DIRECT IMAGE SHEAVES 215

(Z.1) The metric hL = e−ψL and the local weights ψL have Poincaré type
singularities, or logarithmic type singularities, or klt type sin-
gularities along E, as illustrated in Example 1.3 below.

(Z.2) The Chern curvature of (L, hL) satisfies iΘhL
(L) := i∂∂̄ψL ≥ 0 in the

sense of currents on X .
(Z.3) The multiplier ideal sheaf I(hLt

) = OXt
for each t ∈ D.

(Z.4) The Kähler manifold X contains a Stein Zariski open subset.
With these assumptions we set

F := p∗((KX/D + L)⊗ I(hL)) = p∗(KX/D + L).(1)
By assumption (Z.2) and the Kähler version of Ohsawa–Takegoshi theorem
(cf. [3]),F is, indeed, a vector bundle, andFt = H0(Xt,KXt +Lt) for every t ∈ D.
There is a Hermitian metric ‖ · ‖ onF induced by hL, i.e., for any ut ∈ Ft,

‖ut‖2 =
∫
Xt

cnu ∧ ūe−ψL with cn = (
√
−1)n

2
.

By assumption (Z.1), the metric ‖ · ‖ on the direct image sheaf F is well de-
fined and smooth. Indeed, we can use partitions of unity to reduce to checking
that integrals of the form

∫
Ω∩Xt

|ut|2e−ψL vary smoothly with t, where ψL is
given by the expression in (Z.1). The reader can consult Lemma 2.2 in [4] for
more details. We now introduce the main theorem of this paper.

Theorem 1.1. — Under the set-up of case Z, the Hermitian holomorphic vec-
tor bundle (F , ‖ · ‖) over D defined in (1) is semi-positive in the sense of
Nakano.

Remark 1.2. — To solve the ∂̄-equation with a singular weight on X , we must
assume that the Kähler manifold X contains a Stein Zariski open subset, which
is why assumption (Z.4) is required. An important example is when p : X → D
is a projective morphism, in which case assumption (Z.4) is naturally satisfied.

Example 1.3. — We provide some important examples. We assume that
there exists a divisor E = E1 + · · · + EN whose support is contained in the
total space X of p such that the following requirements are fulfilled. The divisor
E intersects each fiber transversally, i.e., for every t ∈ D the restriction divisor
Et := E|Xt

of E on each fiber Xt has simple normal crossings. Let Ω ⊂ X be
a coordinate subset on X . We take (z1, . . . zn, t1, . . . , tm) a coordinate system
on Ω such that the last m variables t1, . . . , tm corresponds to the map p itself
and such that z1 . . . zr = 0 is the local equation of E ∩ Ω.

1. The metric hL has Poincaré type singularities along E, i.e., its local
weights ψL on Ω can be written as

ψL ≡ −
∑
I

bI log
((∏

i∈I
|zi|2mi

)(
φI(z)− log

(∏
i∈I
|zi|2ki

)))
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216 Y. ZOU

modulo C∞ functions, where bI are positive real numbers for all I, and
mi, ki are positive integers. All (φI)I are smooth functions on Ω. The set
of indexes in the sum coincides with the non-empty subsets of {1, . . . , r}.

2. The metric hL has logarithmic type singularities along E, i.e., its
local weights ψL on Ω can be written as

ψL ≡ −
∑
I

bI log
(
φI(z)− log(

∏
i∈I
|zi|2ki)

)
modulo C∞ functions, where bI are positive real numbers satisfying that
bI < 1 for all I, all ki are positive integers, and (φI)I are smooth func-
tions on Ω. The set of indexes in the sum coincides with the non-empty
subsets of {1, . . . , r}.

3. The metric hL has Kawamata (klt)-type singularities along E, i.e.,
its local weights ψL on Ω can be written as

ψL ≡
∑
i∈I

ai log |zi|2

modulo C∞ functions, where ai are real numbers satisfying that ai < 1
for all i. The set of indexes in the sum coincides with the non-empty
subsets of {1, . . . , r}.

In Section 3, we aim to remove assumption (Z.4) by investigating the case
where the metric hL has Kawamata-type singularities. We utilize the strong
decomposition in L2 Hodge theory. In other words, we attempt to generalize
Berndtsson’s seminal result in [1] to this singular setting.

2. Nakano positivity via the optimal L2-estimate

In this section, we will prove Theorem 1.1. In [8], the authors investigate
the positivity properties of Hermitian holomorphic vector bundles using Lp-
estimates of the ∂̄ operator. They introduce several Lp-estimate (extension)
conditions, among which one is referred to as the optimal L2-estimate condition.

Definition 2.1. — Let (X,ω) be a Kähler manifold of dimension n, which
admits a positive Hermitian holomorphic line bundle and (E, h) be a (singular)
Hermitian vector bundle over X. The vector bundle (E, h) satisfies the optimal
L2-estimate condition if for any positive Hermitian holomorphic line bundle
(A, hA) on X, for any f ∈ C∞c (X,∧n,1T ∗X ⊗ E ⊗ A) with ∂̄f = 0, there is
u ∈ Lp(X,∧n,0T ∗X ⊗ E ⊗A), satisfying ∂̄u = f and∫

X

|u|2h⊗hA
dVω ≤

∫
X

〈B−1
A,hA

f, f〉dVω,

provided that the right-hand side is finite, where BA,hA
= [iΘA,hA

⊗ IdE ,Λω].

tome 153 – 2025 – no 1



NAKANO POSITIVITY OF DIRECT IMAGE SHEAVES 217

One of the main results in [8] was the following characterization of Nakano
positivity in terms of optimal L2-estimate condition.

Theorem 2.2 ([8, Theorem 1.1]). — Let (X,ω) be a Kähler manifold of di-
mension n with a Kähler metric ω, which admits a positive Hermitian holo-
morphic line bundle, (E, h) be a smooth Hermitian vector bundle over X, and
θ ∈ C0(X,∧1,1T ∗X ⊗End(E)) such that θ∗ = θ. If for any f ∈ C∞c (X,∧n,1T ∗X ⊗
E⊗A) with ∂̄f = 0, and any positive Hermitian line bundle (A, hA) on X with
iΘA,hA

⊗ IdE +θ > 0 on suppf , there is u ∈ L2(X,∧n,0T ∗X ⊗E⊗A), satisfying
∂̄u = f and ∫

X

|u|2h⊗hA
dVω ≤

∫
X

〈B−1
hA,θ

f, f〉h⊗hA
dVω,

provided that the right-hand side is finite, where BhA,θ = [iΘA,hA
⊗IdE+θ,Λω],

then iΘE,h ≥ θ in the sense of Nakano. On the other hand, if in addition X is
assumed to have a complete Kähler metric, the above condition is also necessary
for that iΘE,h ≥ θ in the sense of Nakano. In particular, if (E, h) satisfies the
optimal L2-estimate condition, then (E, h) is Nakano semi-positive.

Remark 2.3. — As remark 1.2 in [8] said, if X admits a strictly plurisub-
harmonic function, we can take A to be the trivial bundle (with nontrivial
metrics).

We aim to use this theorem to study Nakano positivity in the singular set-
ting. In general, the direct image sheaf was not the smooth vector bundle, and,
therefore, we can not use Theorem 2.2, but if the singular metric hL of the
line bundle L satisfies the Assumption (Z.1), then the direct image sheaf has
a smooth L2 canonical metric. The following lemmas are crucial for solving
the ∂̄-equation with L2 estimate, which is essential for establishing the desired
positivity results in this setting.

Lemma 2.4 ([6, Lemma 3.2], [8, Appendix]). — Let X be a complex manifold
with dimension n, assume that θ ∈ ∧1,1T ∗X be a positive (1, 1)-form, and fix an
integer q ≥ 1.

1. For each form u ∈ ∧n,qT ∗X , 〈[θ,Λω]−1u, u〉dVω is non-increasing with
respect to θ and ω.

2. For each form u ∈ ∧n,1T ∗X , 〈[θ,Λω]−1u, u〉dVω is independent with re-
spect to ω.

We need the Richberg-type global regularization result for unbounded quasi-
plurisubharmonic functions. Recall that an upper semi-continuous function
φ : X → [−∞,+∞) on a complex manifold X is quasi-psh if it is locally of the
form φ = u+ f , where u is plurisubharmonic(psh) function, and f is a smooth
function.
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