Bulletin

de la SOCIETE MATHEMATIQUE DE FRANCE

LUBIN-TATE GENERALIZATIONS OF
THE pADIC FOURIER TRANSFORM

Laurent Berger

Tome 153
Fascicule 2

2025

SOCIETE MATHEMATIQUE DE FRANCE

pages 559-573



Le Bulletin de la Société Mathématique de France est un périodique trimestriel
de la Société Mathématique de France.

Fascicule 2, tome 153, juin 2025

Comité de rédaction

Boris ADAMCZEWSKI Youness LAMZOURI
Valeria BANICA Wendy LOWEN
Julie DESERTI Ludovic RIFFORD
Gabriel DOSPINESCU Erwan ROUSSEAU
Dorothee FREY Béatrice de TILIERE
Frangois DAHMANI (Dir.)
Diffusion
Maison de la SMF AMS
Case 916 - Luminy P.O. Box 6248
13288 Marseille Cedex 9 Providence RI 02940
France USA
commandes@smf .emath.fr WWW.ams.org
Tarifs

Vente au numéro : 50 € ($75)
Abonnement électronique : 165 € ($247),
avec supplément papier : Europe 251 €, hors Europe 289 € ($433)

Des conditions spéciales sont accordées aux membres de la SMF.

Secrétariat : Bulletin de la SMF

Bulletin de la Société Mathématique de France
Société Mathématique de France
Institut Henri Poincaré, 11, rue Pierre et Marie Curie
75231 Paris Cedex 05, France
Tél : (33) 14427 67 99 e Fax: (33)140469096
bulletin@smf.emath.fr e smf .emath.fr

© Société Mathématique de France 2025

Tous droits réservés (article L 122—4 du Code de la propriété intellectuelle). Toute représentation ou
reproduction intégrale ou partielle faite sans le consentement de ’éditeur est illicite. Cette représentation
ou reproduction par quelque procédé que ce soit constituerait une contrefacon sanctionnée par les articles
L 335-2 et suivants du CPI.

ISSN 0037-9484 (print) 2102-622X (electronic)

Directrice de la publication : Isabelle GALLAGHER



smf.emath.fr

Bull. Soc. Math. France
153 (2), 2025, p. 559-573

LUBIN-TATE GENERALIZATIONS OF THE p-ADIC FOURIER
TRANSFORM

BY LAURENT BERGER

ABSTRACT. — Fresnel and de Mathan proved that the p-adic Fourier transform is
surjective. We reinterpret their result in terms of analytic boundaries, and extend it
beyond the cyclotomic case. We also give some applications of their result to Schneider
and Teitelbaum’s p-adic Fourier theory, in particular to generalized Mahler expansions
and to the geometry of the character variety.

RESUME (Généralisations Lubin-Tate de la transformation de Fourier p-adique). —
Fresnel et de Mathan ont montré que la transformation de Fourier p-adique est surjec-
tive. Nous réinterprétons leur résultat en termes de frontiéres analytiques, puis nous
I’étendons au deld du cas cyclotomique. Nous donnons aussi des applications de leur
résultat a la théorie de Fourier p-adique de Schneider et Teitelbaum, en particulier aux
développements de Mahler généralisés et a la géométrie de la variété des caracteres.

Introduction

The p-adic Fourier transform. — Let C, be the completion of an algebraic
closure of Q,, and let ' = {y € C, such that 4*" = 1 for some n > 0}
be the set of roots of unity of p-power order. Let (I, C,) be the set of
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560 L. BERGER

sequences {zy}yer with z, € C, and such that z, — 0 (namely for every
e > 0, the set of v such that |z,| > ¢ is finite), and let C°(Z,,C,) be the
space of continuous functions Z, — C,. For every v € I, the function a — ¢
belongs to C°(Z,, C,).

DEFINITION. — The Fourier transform of z € ¢°(I', C,) is the function F(z) :
Z, — C, given by a— 3 cp 2y Y%

Fresnel and de Mathan proved (see [7, 8, 9] as well as [12] for a different
proof) the following result:

THEOREM. — The Fourier transform F : ¢*(T',C,) — C°(Z,, C,) is surjec-
tive, and moreover, F : (T, C,)/ ker F — C°(Z,,C,) is an isometry.

Because of the appearance of roots of unity, the p-adic Fourier transform can
be seen as a cyclotomic construction. In this paper, we generalize the definition
of the Fourier transform as well as Fresnel and de Mathan’s theorem beyond
the cyclotomic case. We then give a mostly independent application of their
theorem to Schneider and Teitelbaum’s p-adic Fourier theory [14].

Analytic boundaries. — For the first generalization, consider the dual of the p-
adic Fourier transform. The dual of (°(T, C,) is £>°(T', C,), the set of bounded
sequences. The dual of C°(Z,, C,) is isomorphic to 5&) = G, ®og, Oc,[X]
(via the Amice transform that sends a measure p to A, (X) = >, -, p(a —
() - X™).

The dual of the Fourier transform is hence a map F' : f%p =T, C,). It
is easy to see that this map is given by f(X) — {f(y —1)},er. Fresnel and de
Mathan’s theorem is then equivalent to the claim that 7’ is an isometry on its
image, namely that ||f||p = sup.,er |[f(y — 1), where D = mc, is the p-adic
open unit disk.

DEFINITION. — A subset A = {an}n>1 C D is an analytic boundary if
lan] = 1 as n — +oo and if for every f € Eép we have ||fllp = ||flla =

sup,,>1 |f(an)l-

Fresnel and de Mathan’s theorem is then equivalent to the claim that {y—1,
~ € T'} is an analytic boundary. We prove that the same holds if A is the set of
torsion points of a Lubin-Tate formal group attached to a finite extension of
Q, and, even more generally, if A is the set of iterated roots of a certain class
of power series, which we call Lubin—Tate-like (LT-like) power series. Let ¢ be
a power of p.

DEFINITION. — An LT-like power series (of Weierstrass deg q) is a power
series P(X) = 32,5, pn X" € Oc, [X] with 0 < val,(p1) < 1, pg € Oép, and
P(X) = pyX?mod p;.
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GENERALIZATIONS OF THE p-ADIC FOURIER TRANSFORM 561

If P(X) is as above, let A(P) = {z € D such that P°"(z) = 0 for some
n > 0}. The following result is theorem 1.2.2:

THEOREM A. — If P is LT like, then A(P) is an analytic boundary.

If P(X)=(1+X)?—1, then A(P) = {y—1,v € '}, and theorem A implies
the result of Fresnel and de Mathan. The proof of theorem A is very similar
to Fresnel and de Mathan’s proof of their result.

p-adic Fourier theory. — For the second generalization, let F' be a finite ex-
tension of Q,, of degree d, with ring of integers Op. Let X;,, denote the set of
finite order characters (Op,+) = (C), x). Given z € ¢°(Xor, Cp), its Fourier
transform is the function F(z) : O — C, defined by a — >_ . 'z, g(a).
It is easy to see (theorem 2.1.1) that Fresnel and de Mathan’s theorem implies
that F : ¢®(Xtor, Cp) — C°(OF,C,) is surjective. We give an application of
this observation to p-adic Fourier theory.

Let e be the ramification index of F, let m be a uniformizer of O, and let
q = card Op /7. Let LT be the Lubin-Tate formal Op-module attached to m,
let X be a coordinate on LT, and let log;(X) be the logarithm of LT. For
n > 0, let P,(Y) € F[Y] be the polynomial defined by exp(Y - log; (X)) =
2 nzo P (Y) XM

When F = Q, and LT = Gy, we have P,(Y) = (¥). The family {(¥)}.z0
forms a Mahler basis of Z,. In addition, by a theorem of Amice [1], every
locally analytic function Z, — C, can be written as = Zn20 cn,(Z), where
{¢n}n>0 is a sequence of C,, such that there exists r > 1 satisfying |c,|-r"™ — 0.

In their work [14] on p-adic Fourier theory, Schneider and Teitelbaum gen-
eralized this last result to ' # Q,. They proved the existence of an element
Q€ Oc,, with val,(2) =1/(p — 1) — 1/e(q — 1), such that P,(af2) € Oc, for
all a € Op. The power series G(X) = exp(Q - log; (X)) — 1 therefore belongs
to Homocp (LT, Gy). One of the main results of p-adic Fourier theory is the

following (prop 4.5 and theo 4.7 of [14]):

THEOREM. — If {cm}m>0 s a sequence of C, such that there exists r > 1
satisfying |cp| - 7™ — 0, then a v 37 <o ¢ Pm(al)) is a locally F-analytic
function Op — C,,.

Conversely, every locally F-analytic function Op — C, has a unique such
expansion.

If we only ask that c,, — 0, then a — ngo ¢m P (af?) is a continuous func-
tion O — C,,. We therefore get a map (N, C,,) — C°(OF, C,), whose image
contains all locally F-analytic functions. If F' = Q,, this map is an isomor-
phism. In general, Fresnel and de Mathan’s theorem and some computations
in p-adic Fourier theory imply that the map is surjective and is noninjective if
F # Q,. Using the fact that every element of C°(Z,, C,) can be written in one
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562 L. BERGER

and only one way as z — an An (fl), where A € (N, C,), we reformulate

this result using the following definition:

DEFINITION. — The Peano map T : C°(Z,,C,) — C°(OF,C,) is the map

given by
7o Yo (D)) oo D)

n=0 n=0

THEOREM B. — The Peano map T : C°(Z,,C,) — C°(Op,C,) is surjective
and is noninjective if F' # Q.

This is corollary 2.2.1. By Schneider and Teitelbaum’s theorem recalled
above, T : C'*(Z,,C,) — CF1%(Or,C,) is an isomorphism. So one can think
of T" as some Peano-like map: a surjective noninjective limit of isomorphisms,
from a 1-dimensional object to a d-dimensional object.

The character variety. — The rigid analytic p-adic open unit disk 8 is a pa-
rameter space for characters (Z,,+) — (C,, x): if K is a closed subfield of
C,, a point z € B(K) corresponds to the character 7, : a — (1 + 2)* and all
K-valued continuous characters are of this form. In particular, all continuous
characters are locally analytic.

If F is a finite extension of Q, of degree d, then Op =~ Zg and B¢ is
then a parameter space for characters (Op,+) — (CJ, x). Schneider and
Teitelbaum constructed in [14] a 1-dimensional rigid analytic group variety
X C B% over F called the character variety, whose closed points in an extension
K/ F parameterize locally F-analytic characters O — K*. They showed that
over C,, the variety X becomes isomorphic to B.

Let (’)I(’jp(%d) denote the ring of bounded functions on B¢ defined over C,,
and likewise for O’ép (X). We have O%p (X) ~ Eép, and O%p (B?) is likewise
isomorphic to the ring of bounded functions in d variables. The restriction-to-X
map resy : O%p (B — O%p (%) is injective by [4]. By p-adic Fourier theory,
O%P(%) is the dual of C°(Z,, C,), O%P(‘Bd) is the dual of C°(Op,C,), and
resx is the dual of the Peano map T

Theorem B now implies the following result (theorem 2.3.1):

THEOREM C. — The map resx : O%p(%d) — (’)bcp (%) is an isometry on its
1mage.

In the isomorphism between X and 8B, we have O%p (%X) ~ Egp, and the set
Xior of torsion characters (Op, +) — (C5, x) corresponds to LT[7*°]. Theorem
A applied to P(X) = [r](X) implies the following result (theorem 2.3.3):

THEOREM D. — If f € O%p (X), then || fllx = sup.ex,., |f(K)].
Theorem A is proved in §1, and theorems B, C, and D are proved in §2.
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1. Construction of analytic boundaries

The goal of this section is to state and prove theorem A.

1.1. p-adic holomorphic functions and analytic boundaries. — We recall some
standard facts about holomorphic functions on the p-adic open unit disk (see
[11] or [13]) and define analytic boundaries. Let D = m¢, be the p-adic open
unit disk. Let Eé“p = Cp ®oc, Oc,[X] be the ring of bounded holomorphic
functions on D, and let ’Rép be the ring of holomorphic functions on D. If
F(X) =350 fnZ" € Ra) and g > 0, we let V(f, u) = inf,, >0 val,(fn)+pn. If
p € Qso, then V(f, 1) = inf.cp va, (z)=p valp(f(2)). The function p— V(f, u)
is continuous, increasing, and piecewise affine. We have V' (fg,u) = V(f, u) +
Vig,p). It f € Sép, then V(f,0) is also defined, and V(f,0) = —log, || f||p-
We say that g > 0 is a critical valuation if there exists ¢ # j such that V(f, u) =
val, (fi) + pi = val,(f;) + pj. Recall that f has a zero of valuation p if and
only if p is a critical valuation, and that the critical valuations of f, as well as
the number of zeroes of f having that valuation, can be read on the Newton
polygon of f.

Divisors are defined in §4 of [11]. In this paper, we only consider divisors
that are an infinite formal product [], 5, Dy(X), where for each k, Dy(X) is
a polynomial such that Dy (0) = 1 and all the roots of Dy, are of valuation py,
where {ug }r>1 s a strictly decreasing sequence converging to 0. We then have
V(Dg,pt) = 0if pp > py, and V/(Dy, p) = deg Dy - (pp — puge) if po < puge.

ProposITION 1.1.1. — Let [[;~, Dx(X) be a divisor and take n > 0.
There exists f(X) € Rép such that f(0)=1; f is divisible by Dy, for allk > 1;
and for all i >0, we have Yy~ V(Dy,p) = V(f,p) = 3451 V(Dks ) — 1.

Proof. — This is theorem 1 of [7]. See theorem 25.5 of [6] for a full proof,
noting that A,(d(0,r7)) should be A(d(0,77)) in the statement of ibid. O

We now define analytic boundaries. Since D is a separable topological space,
there are plenty of countable sets A = {a, }n>1 C D such that || f||lp = || f]la :=
sup,,>1 |f(an)| for all f € Egp. We are interested in those sets A such that
lan| — 1 as n — +oo.

DEFINITION 1.1.2. — We say that A = {a,}n>1 C D is an analytic boundary
if |a,| — 1 as n — +oo and if for every f € Egp we have || fllp = || f]la-

LEMMA 1.1.3. — If A is an analytic boundary and h # 0 € Eép, then A’ =
A\ {a € A such that h(a) = 0} is also an analytic boundary.
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