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HARDY SPACES AND ANALYTIC CONTINUATION

OF BERGMAN SPACES

BY WOLFGANG BERTRAM AND JOACHIM HILGERT (*)

ABSTRACT. — We introduce a family of weighted Bergman spaces associated to a
compactly causal symmetric space and investigate the relation of the corresponding
Hardy space with the analytic continuation of this family. For an important class
of compactly causal symmetric spaces denned by involutions of Euclidian Jordan
algebras we obtain precise results which are analogous to the corresponding situation
for bounded symmetric domains.

RESUME. — ESPACES DE HARDY ET PROLONGEMENT ANALYTIQUE DES ESPACES
DE BERGMAN. — Nous introduisons une famille d'espaces de Bergman ponderes
associee a un espace symetrique compactement causal, et nous examinons la relation
entre Pespace de Hardy correspondant et Ie prolongement analytique de cette famille.
Pour une classe importante d'espaces symetriques compactement causaux, definie par
des involutions d'algebres de Jordan euclidiennes, nous obtenons des resultats precis qui
sont en analogic avec la situation correspondante pour les domaines bornes symetriques.

0. Introduction

0.1. A family of weighted Bergman spaces.
Let D be a bounded symmetric domain of tube type, realized as

a generalized disc in the complexification Vc of a Euclidian Jordan
algebra V. There is a well known family of Hilbert spaces of holomorphic
functions on D, called weighted Bergman spaces and defined by

(0.1) B^D): ={feO(D)-^
\\f\\l: = c, / ̂ ^(DetB^z^-'dz < 00}

J D )
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(cf. [FK94, Ch. XIII]). Here the density appearing in the integral is denned
by the Bergman polynomial

(0.2) B(z, w): = idvc -2^ D w + P{z)P{w),

where x D y and P(x) are related to the triple product

T(x, y , z) = x(yz) - y(xz) + (xy)z

associated to the Jordan algebra Vc ^a

T(x, y , z) = (x D y)z and T(x, y , x) = P(x)y,

and the constant c^ is chosen such that, if the norm |[1||^ of the constant
function 1 is finite, then it is equal to one. If V is simple, then the
space B^{D) is not reduced to zero if and only if

^> 1-^
(with n = dimY and r the rank of V; cf. [FK94]; there the parameter
is y = fji • 2n/r). The space B^(D) is the ordinary Bergman space of -D.
The harmonic analysis of the weighted Bergman spaces with respect to
the group G(D) of holomorphic automorphisms of D (or, more generally,
its universal covering G(D)) is well developed. These spaces contribute to
the holomorphic discrete series ofG(D).

In this work we will introduce an additional structure, define a more
general class of weighted Bergman spaces and study some natural pro-
blems in their harmonic analysis. The additional structure is given by
distinguishing an open dense domain

(0.3) 5: = { z e D ' , Uz)^0}

in D^ where a is an involutive automorphism of V and fa the holomorphic
polynomial on V given by

(0.4) Uz): =Det(P(z+a(z))).

For example, if V = V\ x V\ is the direct product of a simple Jordan
algebra with itself and

a{{x,y)} = (y,x),

then 2 is the domain considered by Chadii [Cha98]. Other data lead to
the cases considered by Koufany-0rsted [K097], Molchanov [Mo97], and
Betten-Olafsson [B098].
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We now define a family of weighted Bergman spaces depending on two
real parameters /ji and A:

(0.5) B^(S): ={/e0(5);

ll/ll^—^^l/^l'l/a^l'^DetB^^^-^^oc},

where dz is Lebesgue measure, restricted to the open domain 2 C D.
For A = 0, any function from B^^ can be extended to a holomorphic
function on D (Prop. 2.1.1), and thus B^ ̂ (5) ^ B^{D). In the second
parameter, the behavior is "periodic" since clearly for k e N multiplication
^ /<S yields an isomorphism ofJ5^ onto 5^_^. The argument remains
valid for any rational parameter k = p / q such that there exists a
holomorphic function / with f = f^ (i.e. /g = (/a)73); we call such
parameters admissible.

The weighted Bergman spaces are Hilbert spaces such that for all z e 5
the point evalutions / i-̂  f(z) are continuous. Thus there exists a vector
K^ such that f(z) = (f \ K^). The function

K^^ : 5 x 2 —. C, (w, z) ^-> K^ (w)

is called the reproducing kernel of B2 ^(5). We prove (c/. Cor. 2.1.4):
r X

THEOREM 1. — If I J L > 1— — and — is an admissible parameter, then2n 2 ^ ?
^/ie 5pace B^(5) ^5 non-trivial, and its reproducing kernel is given by

K^(z^w) = UZ)^\^B(Z^}Y^UW)^\

where B is given by (0.2) and fa by (0.4). []

Next we explain how harmonic analysis enters into this picture.

0.2. Group actions and spectrum of weighted Bergman spaces.
As is well known, the group G(D) acts transitively on D. The domain

S C D is stable under the action of the subgroup of G(D)

(0.6) G: =G(P)(-^
: ={geG(D)-^ (-a^g: = (-a) og o (-a) = g}^

but this action is not transitive. However, the action of G on the open
dense subset

(0.7) x: = {ues ; faW^o}
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of the Shilov boundary

E: ={zeVc^ {zy^z}

of D is transitive. We write X = G / H ^ where H is the stabilizer of the
base point o = ie G X. Then X is a compactly causal symmetric space,
and 5 is the domain in its complexification Xc considered in [H0091]
(cf. [Be98, Th. 3.3.5]). The Go-invariant measure di^(z) on Xc, restricted
to S, is related to the Lebesgue measure dz of Vc v1^

(0.8) d^z) = \Uz)\~1 dz

(cf. [Be98, Prop. 2.4.3]). Thus the Bergman space ofE

^(5): = [f e 0(5); ^ l/^I'd^) < 00}

is equal to the space B^CE). The other spaces corresponding to the
"diagonal" A == IJL have the following interpretation:

THEOREM 2. — If ̂  is an admissible parameter, then the reproducing
kernel of B2^) is given by the function K^^ defined in Theorem 1.
If i/^ is an admissible parameter and p, > 1 — r/(2n), then the space

^(5): ={f€ 0(5); ̂  l.^)!2^1-1)^))1-^) < 00}

is non-trivial and equal to B2 »(5). Its reproducing kernel is

^(/^,AO ^ (I^151^.

The group G acts unitarily on the spaces B^CE) via ordinary translation
of functions. We are interested in describing the decomposition of B^CE)
into irreducible representations. There are two approaches to this problem:
the first describes the representations appearing in the decomposition
as highest weight representations and then determines the corresponding
highest weights; this has been worked out for the group cases and ^ = 1
by Krotz (c/. [Kr97]). The second approach, which we use in this work,
is geometric. We apply an idea that appears in the work of Jakobsen
and Vergne [JV79] to the specific geometric situation given by a bounded
symmetric domain with an involution a: The space

D~ : = [z e D; a{z) = -z} C D
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