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MICROLOCAL PROPERTIES OF SHEAVES
AND COMPLEX WKB

Alexander GETMANENKO & Dmitry TAMARKIN

Abstract. — Kashiwara-Schapira style sheaf theory is used to justify analytic con-
tinuability of solutions of the Laplace transformed Schrédinger equation with a small
parameter. This partially proves the description of the Stokes phenomenon for WKB
asymptotics predicted by Voros in 1983.

Résumé (Propriétés microlocales des faisceaux et méthode BKW complexe). — La théorie
microlocale des faisceaux de Kashiwara-Schapira est utilisée pour obtenir le prolon-
gement analytique des solutions de la transformée de Laplace de ’équation de Schro-
dinger dépendant d’un petit paramétre. Ceci démontre partiellement le phénomeéne
de Stokes pour les développements asymptotiques BKW, prédit par Voros en 1983.

© Astérisque 356, SMF 2013






CONTENTS

1. Introduction ............... ... ... oL
1.1. Cauchy problem .........................

1.1.1. Initial data ...

1.2. Multi-valued solution to a multi-valued Cauchy problem ............

1.3. Formulation of the result ................

1.4. Introducing sheaves ......................

1.4.1. A covering space X .................

1.4.2. Solution sheaf and its singular support .........................
1.4.3. Initial value problem in sheaf-theoretical terms .................
1.4.4. Semi-orthogonal decomposition of Rg1Zg_ [—2] ... ..cocvenn..
1.4.5. Etalé space of ®; and solving the initial data problem .........

2. Conventions and Notations ..............

2.1. Various subsets of C .....................
2.2, SeCtor Sg vt

2.3. Potential V(z). Stokes curves. Assumptions ........................
2.3.1. Stokes curves and further assumptions .........................

2.3.2. Further assumptions ................
2.4. Universal cover X .......................
2.5. Initial point Ty ...

2.6. Action functionon X ....................
2.7. Subdivision of X into a-strips ...........

2.7.1. Weakest Possible Assumptions on V() ...............coo.

2.7.2. Boundary rays ..............c.oo....

2.7.3. Strips form a tree ...................
2.8. (—@)-SripS «evviiiiii
2.9. Interaction of o and -a-strips ...........
2.10. Categories ........c..cevuuiviiineannenn..

2.10.1. Sub-categories €Y, LY
2.11. Sheaves ........oviriiiiiiiiiinnnn..

3. Statement of the problem and Main results .....................
3.1. Transfer of the equation —¥,, + V(z)¥,s =0to X xC ............

3.2. Singular support of the solution sheaf Sol

GU R B W W W NN - ==

© © © © 00 0w oo~

— e e
= o O O

13
13
13



vi

CONTENTS

3.3. Initial conditions ...........co.eiiiiiiiiiii e
3.3.1. Definition of a solution ........... ...,
3.3.2. Equivalent formulation ............ ... ... ool
3.3.3. Formulation of the analytic continuation problem .........

3.4. Semi-orthogonal decomposition of RgiZg [—2] ................

3.4.1. Factorization of the initial condition ......................
3.4.2. Truncation .........oouuiiie i
3.5. Etalé space of @ .....ooiiiii

3.5.1. Choice of a covering space 3 ....... ...
3.5.2. Solving the initial value problem .........................

3.5.3. Solving the analytic continuation problem ................
3.6. Structure of the object ®. ....... .. ... .. i

3.6.1. Decomposition of 75 1Zs, € D(C) ............coiiii.t.
3.6.2. Semi-orthogonal decomposition for Zy,xc, Zxyx i s Zixg x4 o

3.6.3. B

3.7. Notation: convolution functor D(X x C) x D(C) - D(X x C)

3.8. Construction of ®F ... .

3.8.1. Subdivision into q-Strips ............c.ooiiiiiiiiiii

3.8.2. WOrdS ..ot
3.8.3. Sheaves Sy, S, on C ...
3.8.4. Definition of @fg ..........................................

3.8.5. Construction of the identification Fg}(P 2

3.8.6. Description of the map igx : Zy,xx[—2] — @K ...........

3.9. Alternative construction of ®¥ via -a-strips ..................

3.9.1. Notation for -a-strips ......... ..ot
3.9.2. Sheaves WE ... .
3.9.3. GlUIng MAaPS .ottt e
3.10. The MAP T@a v vvveeeeeeee e et
3.10.1. Decomposing irpp into components ......................

3.10.2. Identification W% — W&, ... . i

3.10.3. Formulation of the result .............. .. ... .. .. .. ...
3.11. Description of ® = ... ...
3.12. Description of @~ ... ..
3.13. Constructing the map (30) ...,

3.13.1. The MaP GCr, v vvevrrmemii e

3.13.2. Map qg,_, UK @

3.13.3. Map gxr, : WK @

3.13.4. Restriction of ¢ to a parallelogram ......................

3.13.5. The map qcr, revisited. ...l

3.13.6. The MAD GRr_ o, «vvvevereniiii i

3.13.7. TRe MAP GRry v ovvneneii i
3.14. ¥ and J are Hausdorff .......... ... ..o i

ASTERISQUE 356

15
16
16
17
17
17
18
19
19
19
19
19
20
21
22
22
22
22
23
23
24
24
26
27
27
28
28
29
30
30
31
31
31
32
32
33
33
33
34
34
34
34



CONTENTS vii

3.14.1. Generalities on étalé spaces ............c.ooiiiiiiiiiiiiii.. 35
3.14.2. Reduction to rigidity on IINP ...t 35
3.14.3. Filtration on @o|[Iap @ « -« cvevevenenenenanmnnenenneenenenns 36
3.14.4. Sheaf F! D Fp oottt et 36
3.14.5. Further filtrations on §", L, Fl oot 36
3.14.6. Finishing the proof .......... ... 36
3.15. Surjectivity of the projection py:¢J — X. ... 37
3.15.1. Constructing U ... 37
3.15.2. Verifying 1) ..ot 38
3.15.3. Verifying 2) ...ooninieit 38
3.15.4. Reformulation of 3) ...... ... 38
3.15.5. Subset W € So v 39
3.15.6. Finishing the proof ....... .. ... i i 40
3.16. Infinite continuation in the direction of K ......................... 41
3.16.1. Parallelogram U ...... ... ... i 41
3.16.2. SMaAll SEES ..ottt e 41
3.16.3. Theorem ...ttt 42
3.16.4. Reformulation in terms of sheaves ............................. 42
3.16.5. Writing f, in terms of its components ......................... 43
3.16.6. Restriction to a sub-parallelogram V ........... ... .. ... ... 44
3.16.7. Proof of a weaker version of the Theorem ..................... 44
3.16.8. Proof of the theorem for U ......... ... ... iiiat. 46

4. Orthogonality criterion — a simplified version ..................... 47
4.1. Formulation of the Theorem ............... ... .ccoiiiiiiiiiin... 47
4.2. Fourier-Sato Kernel .......... .o 48
4.2.1. Properties of the modified Fourier-Sato transform .............. 48
4.2.2. Singular support estimation ............ ... ... i 49
0 P 51
4.2.4. Representation of G ....... ... 51

5. Orthogonality criterion for a generalized strip .................... 53
5.1. Conventions and notations ...............ccoiiiiiiiiiiiiiiennnnnn.. 53
5.1.1. Convolution ......o.uutiiit it e 53
5.1.2. The category 5. «.vvenine e 54
5.1.3. Rayslyand - ... 54
5.1.4. Projectors Po ... e 54
5.2. Formulation of the criterion .............. .. .. .. il 54
5.3. Fourier-Sato decomposition ............ ... .. i 54
5.4. Transfer of the conditions RP11/FF=0toFF ...t 55
5.5. Fourier-Sato decomposition for sheaves satisfying (103) ............. 56
5.5.1. Computing Zz * Zy, ....oovrniiinaiii i 57
5.5.2. Further reformulation ............. ... .. ... 59

SOCIETE MATHEMATIQUE DE FRANCE 2013



viii CONTENTS

5.5.3. Rewriting the map (123) .....................
5.5.4. Transferring Claim 4 to ®p ..................
5.6. Rewriting the condition of orthogonality to & ...
5.7. Subdivision into three cases .......................
5.7.1. Subdivision of RXSX R ..........ccvvinn...
5.7.2. Subdivision of ®p ......... ... ...
5.7.3. Subdivision of # ....... ... . .
5.7.4. Subdivision of Claim 5 .......................
5.7.5. Further reduction .....................ooiuut.
DT 0.
5.8. The case Uy = I X (—00,00) X R ...ooiiii..
5.9. Proof of Claim 9 for Uy = Iy x (0,00) xR .......
5.9.1. Representation of G ............. ... .. .....
5.10. Proof of Claim 10 ............coiiiiiiiiiieann,

5.10.1. Functors r; and ry and their properties ......

5.10.2. Construction of the object H and proof of the Claim 10 1) ....

5.10.3. Reduction of part 2) of the Claim 10 ........
5.10.4. Subdivision into three cases .................
5.10.5. Proof of the 1-st and the 2-nd vanishing .....
5.11. Finishing proof of Claim 9 .......................

6. Proof of Theorem 3.4 ..............................
6.1. Proof of ®K € G. ...
6.2. Proof of orthogonality ......................c.. ...

6.2.1. Regular sequences .............c.ooiiiiiia..
6.2.2. Admissible rays ...l
6.2.3. Subset Py ovoviiiiiii
6.2.4. Subsheaves Ag’iw ............................

6.2.5. Subsheaves <I>II§’>‘ cCoOE

6.2.6. Sheaves @g’)‘ match on the intersections ......

6.2.7. Definition of a filtration on ®¥ ...............
6.2.8. Computing F1®K ... ... ....................
6.2.9. The map iy factorizes through F1®¥ .. ... ...

6.2.10. Computing successive quotients of the filtration ...............

6.2.11. Description of &7, ................iiiii
6.2.12. Reduction of the orthogonality property .....
6.2.13. Conventions ............coeveiiiiiinineinon..
6.2.14. Orthogonality of Ay, oot
6.2.15. Orthogonality of By, «vovvvvvvninninnin...
6.2.16. Orthogonality of Cone(Z{x,}xx[—2] — FloK

7. Identification of ®¥ and X .......................
7.1. Endomorphisms of AX+ xS, & A%~ « S_| prmxc

ASTERISQUE 356

59
60
61
62
63
63
63
64
64
65
65
66
66
67
67
68
69
69
69
72

75
75
76
76
76
7
T

7
T
78
79
79
80
83
85
85
85
87
89

91
91



