
aNNALES

SCIENnIFIQUES

      SUPÉRIEUkE

de

L ÉCOLE

hORMALE

ISSN 0012-9593

ASENAH

SOCIÉTÉ MATHÉMATIQUE DE FRANCE

quatrième série - tome 51 fascicule 3 mai-juin 2018



Annales Scientifiques de l’École Normale Supérieure
Publiées avec le concours du Centre National de la Recherche Scientifique

Responsable du comité de rédaction / Editor-in-chief

Patrick B

Publication fondée en 1864 par Louis Pasteur

Continuée de 1872 à 1882 par H. S-C D

de 1883 à 1888 par H. D

de 1889 à 1900 par C. H

de 1901 à 1917 par G. D

de 1918 à 1941 par É. P

de 1942 à 1967 par P. M

Comité de rédaction au 1 er mars 2018

P. B A. N

S. B J. S

R. C S. V̃ N. 

G. C A. W

Y.  C G. W

E. K

Rédaction / Editor

Annales Scientifiques de l’École Normale Supérieure,
45, rue d’Ulm, 75230 Paris Cedex 05, France.

Tél. : (33) 1 44 32 20 88. Fax : (33) 1 44 32 20 80.
annales@ens.fr

Édition et abonnements / Publication and subscriptions

Société Mathématique de France
Case 916 - Luminy

13288 Marseille Cedex 09
Tél. : (33) 04 91 26 74 64
Fax : (33) 04 91 41 17 51

email : smf@smf.univ-mrs.fr

Tarifs

Abonnement électronique : 420 euros.
Abonnement avec supplément papier :

Europe : 540 e. Hors Europe : 595 e ($ 863). Vente au numéro : 77 e.

© 2018 Société Mathématique de France, Paris

En application de la loi du 1er juillet 1992, il est interdit de reproduire, même partiellement, la présente publication sans l’autorisation
de l’éditeur ou du Centre français d’exploitation du droit de copie (20, rue des Grands-Augustins, 75006 Paris).
All rights reserved. No part of this publication may be translated, reproduced, stored in a retrieval system or transmitted in any form or

by any other means, electronic, mechanical, photocopying, recording or otherwise, without prior permission of the publisher.

ISSN 0012-9593 (print) 1873-2151 (electronic) Directeur de la publication : Stéphane Seuret
Périodicité : 6 nos / an

koussemon
Note
la nouvelle adresse est: abonnements@smf.emath.fr



Ann. Scient. Éc. Norm. Sup.

4 e série, t. 51, 2018, p. 549 à 556

A FUNCTIONAL ANALYSIS PROOF OF GROMOV’S

POLYNOMIAL GROWTH THEOREM

 N OZAWA

A. – The celebrated theorem of Gromov asserts that any finitely generated group with
polynomial growth contains a nilpotent subgroup of finite index. Alternative proofs have been given
by Kleiner and others. In this note, we give yet another proof of Gromov’s theorem, along the lines
of Shalom and Chifan-Sinclair, which is based on the analysis of reduced cohomology and Shalom’s
property HFD.

R. – Un résultat célèbre de Gromov affirme que tout groupe finiment engendré de croissance
polynomiale contient un sous-groupe nilpotent d’indice fini. Des preuves alternatives de ce résultat
ont été données par Kleiner, entre autres. Dans cette note, nous donnons une nouvelle preuve du
théorème de Gromov, dans l’esprit de résultats de Shalom et Chifan-Sinclair, reposant sur l’analyse
de la cohomologie réduite et la propriété HFD de Shalom.

1. Introduction

The celebrated theorem of Gromov ([10, 7]) asserts that any finitely generated group with
weakly polynomial growth contains a nilpotent subgroup of finite index. Here a group G is
said to have weakly polynomial growth if lim inf log jSnj= log n < 1 for any finite generating
subset S such that 1 2 S D S�1. Alternative proofs have been given by Kleiner and others
([13, 18, 12, 3]). In this note, we give yet another proof of Gromov’s theorem, along the
lines of Shalom ([17]) and Chifan-Sinclair ([5]), which is based on the analysis of reduced
cohomology and Shalom’s property HFD.

Let � W G y H be a unitary representation. Recall that a 1-cocycle of G with coefficients
in � is a map bW G ! H which satisfies

8g; x 2 G b.gx/ D b.g/ C �gb.x/:

A 1-coboundary is a 1-cocycle of the form b.g/ D � � �g� for some � 2 H , and an
approximate 1-coboundary is a 1-cocycle that is a pointwise limit of 1-coboundaries. The
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550 N. OZAWA

spaces of 1-cocycles, 1-coboundaries, approximate 1-coboundaries are written respectively
by Z1.G; �/, B1.G; �/, and B1.G; �/, and so the reduced cohomology space H 1.G; �/ is
Z1.G; �/=B1.G; �/. It is proved by Mok and Korevaar-Schoen ([15, 14], see also [16] and
Theorem A in Appendix) that any finitely generated group G without Kazhdan’s property
(T) admits a unitary representation � with H 1.G; �/ ¤ 0. A group G is said to have
Shalom’s property HFD if H 1.G; �/ ¤ 0 implies that � is not weakly mixing. Here �

is said to be weakly mixing if H admits no nonzero finite-dimensional �.G/-invariant
subspaces. We recall that infinite amenable groups, and in particular groups with weakly
polynomial growth, do not have property (T) (see e.g., [4, Chapter 12]). Thus, if such a
group has property HFD, then it has a finite-dimensional unitary representation � with
H 1.G; �/ ¤ 0. Shalom has observed that a proof of property HFD for a group with weakly
polynomial growth implies Gromov’s theorem (see [17, Section 6.7] and [19]). In this paper,
we prove that a group with slow entropy growth has property HFD, thus giving a new proof
of Gromov’s theorem. Here we say G has slow entropy growth if there is a non-degenerate
finitely-supported symmetric probability measure � on G with �.e/ > 0 such that

lim inf
n

n.H.��nC1/ � H.��n// < 1;

where H is the entropy functional. This property is formerly weaker than but probably
equivalent to weakly polynomial growth (see Section 3).

T. – A finitely generated group with slow entropy growth has property HFD.
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2. Reduced cohomology and harmonic 1-cocycles

Let G be a finitely generated group and fix a non-degenerate finitely-supported symmetric
probability measure � with �.e/ > 0. Let � W G y H be a unitary representation. We first
recall the fact that every element in the reduced cohomology space H 1.G; �/ is uniquely
represented by a �-harmonic 1-cocycle (see [11, 1]). The space Z1.G; �/ of 1-cocycles is a
Hilbert space under the norm

kbkZ1.G;�/ WD
�

X

x

�.x/kb.x/k2
�1=2

;

and the space B1.G; �/ agrees with the closure of B1.G; �/ in the Hilbert space Z1.G; �/.
We observe that b 2 Z1.G; �/ is orthogonal to B1.G; �/ if and only if it is �-harmonic:
P

x �.x/b.x/ D 0 or equivalently
P

x �.x/b.gx/ D b.g/ for all g 2 G. Indeed, this follows
from the identities b.x�1/ C ��1

x b.x/ D b.e/ D 0 and
X

x

�.x/hb.x/; � � �x�i D 2h
X

x

�.x/b.x/; �i:
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Since Z1.G; �/ D B1.G; �/˚B1.G; �/? as a Hilbert space, H 1.G; �/ can be identified with
the space B1.G; �/? of �-harmonic 1-cocycles.

By the above discussion, we may concentrate on �-harmonic 1-cocycles. For any
�-harmonic 1-cocycle b, one has

P

x ��n.x/kb.x/k2 D n
P

x �.x/kb.x/k2 (by induction
on n). In this section, we give a better inequality, which is inspired by the work of Chifan
and Sinclair ([5]). Let H ˝ NH denote the Hilbert space tensor product of the Hilbert space
H and its complex conjugate NH . We recall that � is weakly mixing if and only if the unitary
representation � ˝ N� on H ˝ NH has no nonzero invariant vectors. Indeed, H ˝ NH can
be identified with the space S2. H / of Hilbert-Schmidt operators on H , and under this
identification �g ˝ N�g becomes the conjugation action Ad �g of �g on S2. H / (see e.g.,
Section 13.5 in [4]). Since any nonzero Hilbert-Schmidt operator (which is Ad �g -invariant)
is compact and has a nonzero finite-dimensional eigenspace (which is �g -invariant), our
claim follows.

L. – Let bW G ! H be a �-harmonic 1-cocycle with coefficients in a weakly mixing
unitary representation � . Then one has

1

n










X

x

��n.x/.b.x/ ˝ Nb.x//









H˝ NH
! 0:

In particular,

sup
�2 H ; k�k�1

1

n

X

x

��n.x/jhb.x/; �ij2 ! 0:

Proof. – Since b is ��n-harmonic for every n, one has for every n and g 2 G

X

x

��n.x/.b.gx/ ˝ Nb.gx// D b.g/ ˝ Nb.g/ C .�g ˝ N�g/
X

x

��n.x/.b.x/ ˝ Nb.x//:

Thus, putting � WD
P

x �.x/.b.x/ ˝ Nb.x// and T WD
P

g �.g/.�g ˝ N�g/, one has
X

x

��n.x/.b.x/ ˝ Nb.x// D
X

g;x

�.g/��n�1.x/.b.gx/ ˝ Nb.gx//

D � C T
X

x

��n�1.x/.b.x/ ˝ Nb.x//

D � � � D .1 C T C � � � C T n�1/�:

Since � is weakly mixing, � ˝ N� admits no nonzero invariant vectors, and hence by strict
convexity of a Hilbert space, 1 is not an eigenvalue of the self-adjoint contraction T . Hence,
the measure m. � / WD hET . � /�; �i, associated with the spectral resolution ET of T , is
supported on Œ�1; 1� and satisfies m.f1g/ D 0. Thus, one has

1

n










X

x

��n.x/.b.x/ ˝ Nb.x//









H˝ NH
D

�

Z 1

�1

ˇ

ˇ

ˇ

1 C t C � � � C tn�1

n

ˇ

ˇ

ˇ

2

dm.t/
�1=2

! 0

by Bounded Convergence Theorem. The second statement follows from the first, because
jhb.x/; �ij2 D hb.x/ ˝ Nb.x/; � ˝ N�i.
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