
Congruence pr ime s fo r cusp form s o f weight k > 2 

F R E D D I A M O N D 

81. In troduct io n 
This paper generalizes to higher weights a  result o f Ribet [Rl ] on congruences 

between weight two newforms of different levels . I f / =  ^2 anqn an d g = ]T ] bnqn 
are newform s with the an,6n £ K, an d p is a prime of K ove r the rational prime 
p, w e say f = g mo d p if an = bn for all n prime to the levels of / an d g. If / ha s 
weight k, character x an d level N, the n for a prime £ not dividing Np, denote by 
Rl th e set of newforms of weight k, character %, DU* °f level d£ with d dividing N 
(thus "new at £") . 

T H E O R E M ( R I B E T ) . Fo r /  a s above, with k = 2, trivial %i sufficiently large K and 
p \ \(j>(N)Ni, there exist g 6 Ri with g = f mo d p if and only if 

a\ = (£ + l)2 mo d p . 

In [D] , it i s observe d that Ribet' s proof requires neither trivia l characte r nor 
p prime to N. Consequentl y an analogue [D , Th. 6] is prove n for A-adic forms 
([112], [W] ) whic h p-adically interpolate classical forms. Thi s provides a result for 
p-stabilized newforms of any weight k > 2  [D, Cor. 6.9]. However, inherent in the 
definition o f a  p-stabilized newfor m is tha t i t i s ordinar y at p. I n §2 below, we 
dispense with this hypothesis and prove: 

T H E O R E M 1 . For f a s above, with k > 2, arbitrary XJ sufficiently large K and 
p \ \^>{N)N£(k - 2)! , there exist g € R£ with g = f mo d p if and only if 

a\ = x ( ^ " 2 ( ^ +  l)2 mo d p 

lhis is proved by applying Ribet s method directly to the parabolic cohomology 
groups associated to forms of higher weight. Decomposin g the space of cusp forms 
into subspaces which are old and new at £ yields a cohomology congruence module 
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which can be computed using the ingredients of a result of Ihara [I, Lemma 3.2]. 
For k = 2 , Ihara's result may be viewed (via the exact sequence of Lyndon) as the 
vanishing of the parabolic cohomology group, with coefficients in FP , o f a principal 
congruence subgroup of level N in PSL^i^t"*]). We generalize this to cohomology 
with weigh t k coefficient s i n th e proo f of Lemm a 3.2 below b y noting tha t th e 
restriction of a parabolic cocycle to the principal congruence subgroup of level Np 
vanishes, a s doe s th e kerne l o f this restrictio n homomorphis m if p f  N(k — 2)1 
(Lemma 3.1). 

Theorem 1 may be regarded in terms of raising the level of the modular repre -
sentation Gal(Q/Q ) —• GL2{OK/p) associate d t o / . It has already been proved 
in some cases of higher weight in work of Jordan and Livné [J-L]. Thei r method 
requires that a  prime q divide N exactly, an d the resul t i s neede d to lower the 
level of the representation i f it i s unramified at q (from N to N/q). Thi s also is 
a generalization of a weight two result o f Ribet [R2] relating the Artin conductor 
of the representation to the level of some form from which it arises , as conjectured 
by Serre [S]. Theorem 1 is shown to be similarly useful in lowering the level of a 
modular representation (when qr divides N, but not the Artin conductor) in recent 
work of Carayol [C] . 

This research was completed while visiting Ohio State University. I would like to 
thank Avner Ash for many suggestions, especially regarding the proof of Lemma 3.1, 
whose ingredients can be found in [A-S] . I would also like to thank Richard Taylor 
for helpfu l correspondence. 

§2. C o n g r u e n c e s 
We fix a rational prime p and a finite extension K o f Qp. Le t OK be the integral 

closure of ZP in K an d denote by p its maximal ideal. W e also fix embeddings of 
K int o the algebraic closure Qp of Qp, and of Q into Qp and C . 

Now conside r a  level N, a  weight k > 2  and a prime I no t dividin g Np. Le t 
Z = Sh{ RI(jY) H  r0(L);K), th e cusp forms on T^N) O  R 0 ( / ) o f weight k with q-
expansions having coefficients i n K. Le t 7iz h e the C^-algebra of endomorphisms 
of Z generate d b y the Heck e operators Tn for n > 1  (e.g. [H2 , §1]). W e note 
that thi s algebr a includes th e endomorphism s Sm for m prim e to N define d by 
/ | Sm =  mk-2f |  <rm where <rm e r0(Nl) i s congruent to ̂ mo_ 1 ^) mo d TV . 

We have a decomposition of Z int o its subspace s which are old and new at £, 
Z = X ®Y [Rl , §2]. Here X i s the direct sum of two copies of Sh(Ti(N)\K), an d 
Y ma y be characterized as the kernel of Tj — Si- Th e newforms in X ar e those 
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in Z of level dividin g iv , an d those in Y have level divisible b y I. W e wil l always 
assume X ^  0  (in particular, if N < 2  then k is even and sufficiently large) . Thi s 
decomposition is stable under the action of Tiz- W e le t l~ix b e the image of Hz i n 
the endomorphism ring of X an d similarly define Tiy • Then to prove the existence 
of non-trivia l congruences between forms in X an d forms in Y, w e must show that 
7ix,Y = 7~Lx ®'Hy/T~Cz i s non-trivial . W e do so (unde r suitable conditions ) by 
using the cohomology to construct a n Tix^Y-module. 

We no w apply Ribet's analysis [Rl , §3] o f such a cohomology congruence module 
to the parabolic cohomology corresponding to cusp forms of weight k. For n = k~ 2 , 
we define LN(Z) - J.n+1 wit h the action of 6X2(Z) determine d by 

/ a b\ f x\n ( ax - h by\n 
\c d) \y ) ~ \cx + dy ) ' 

where (I)" = t(xn,x»-1y,...,y»). 
For an y abelia n grou p R, SL2(Z) the n act s o n LN(R) = jLn(Z ) ® R. The n 

let W{OK) b e th e imag e o f H1P(F1(N), Ln(0K)) i n B.P(Ti(N), LN(K)) an d le t 
W(R) = W{OK) ®oK R for any CV-module R. Similarl y define V(R) usin g the 
parabolic cohomolog y o f Y±(N) O r0(^) -  (Fo r a subgroup G o f 5X2 (2 ) , G will 
denote its image in JP.S'Z^Z).) Followin g Hida, we can define a  pairing on W(OK) 
which is perfect if p \ N(k — 2)1 [HI , Th. 3.2], a s is the pairing defined analogously 
on V(OK). (Not e that th e constraint o n p, together with the assumption X ^  0, 
ensures that there are no elliptic elements of order v.) 

The inclusion s of T^N) H r0(^) i n I\(iV) and in ( lQ\ ) T\(N) * ° ) naturally 
induce a  homomorphism W(R)2 —» V(R). Le t A(K) b e the image of W{K)2 i n 
V(if), an d B(K) it s orthogona l complement under the pairing (on V(K)). The n 
V{K) = A(K)tB B(K), an d under the natural action of the Hecke operators of level 
Ni, A(K), B(K) an d V(OK) ar e respectively faithfu l Hx, and Tî -modules 
(see [D, Prop. 3.1]). Therefore 

п = [A{K) + V{OK)) n  [B(K) + V(OK)\ f 
V(OK) 

is an 'Hx,Y-module. 
As a  generalizatio n o f Ihara' s resul t [I , Lemma 3.2] , we wil l prov e i n § 3 the 

injectivity (i f p \ N(k —  2)!) of the induced map 

с* : W(K/0K? -  V{K/OK). 

207 



F. DIAMOND 

As a n immediate consequence O = ker(/?oa) , where ¡3 : V(K/OK) —*• W(K/OK)2 i s 
the adjoint of a with respect to the above pairings. Thi s isomorphism is Tî -linear 

where for m prime to £, Tm act s as the matrix | T' 0 
k 0 T'm 

I on W{K/OK)2 (usin g 

primes to denote Hecke operators of level N), an d Ti as 
T' £k~x 

K-£2-kS'£ 0 
A straightforwar d computation then yields 

POOL = 
^ + 1  r r 

(where 7 '̂* is adjoint to T[ and satisfies £k~2T[ = 5jr£'*). Since 5/ = 5' 0 
o 5; 

on W(K/OK)2, w e have 

2? -Si = -Si T i 
^ 0 -£2~kS£ O /3 O OL. 

Since S't is a n automorphism, we have ker(/? o a) — ker(T/ — 5/) . Using Ribet's 
argument ([Rl, p. 510] or [D, Prop. 3.4]), we deduce that Ann^x H Ç (T2 - Si)Tx 
where Xx i s the integral closure of 7ix i n 7~Cx ®oK K. No w since ft is a n 7ixYY-
module, this implies 

(*) ( I ? - Si)Hx Q trx(kerTry) Ç (Ti - St)Ix, 

where wx and TTY denot e the appropriate projection maps of Tïz> 
We ca n replace Z by — Sk(To(N£), % » where x *s a Dirichlet character 

denned mod iV with values in K and consider the decomposition Z^x^ = X^x^(BY^XK 
If p \ ^</>(N), then 7ïZ{X) is a direct summand of Tïz, and we can replace X an d Y 
by JT<x ) and i n (*). Now suppose / =  X) anÇn is a newform of level N, weight 

character x and coefficients i n if. Suppos e further that x2 - atx 4- ^fc_1x(^) has 
roots a,/? G iif. The n fa = f— j3f(£z) i s an eigenform of 7/, and applying T^Kf,x t o 

we eet 
-KKf.(kerTivc*)) = (ct2 - x f ^ - 2 ) ^ . 

Using th e dualit y betwee n th e Heck e algebra and the lattice i n Z o f forms with 
integral coefficients t o compute the congruence module [D, 521, we find 

C r , w- i  £ fa2 - v fW1-2) -1©^/©^. 

Noting that 

( ? - - (  -2)( 2 - -*  1 ~2\  , = ( 2. - v(Mk~2(£ + I Ì 2 Ì O ^ . 
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we see that i f p \ \${N)N{k -  2)! , and a\ = x(£)t*~'£(£ +  1) * mo d p, then there 
exists g £  Ri congruent to /  modul o the maximal ideal of the ring of integers of 
Qp. Conversely , if suc h a  g exists , w e deduce fro m properties o f th e associate d 
Galois representations that a\ =  x{£)£k~2(£ +  I)2 mo d p [Rl, p. 506] . This proves 
Theorem 1. 

We ca n sharpen this resul t b y decomposing y(x ) =  ©  Y~^ computin g the 
appropriate congruenc e module s an d applyin g a  metho d o f Wile s usin g Fittin g 
ideals. W e thus obtain Theorem 2; for further details, see [D, §4] . 

T H E O R E M 2 . For f as above, K sufficiently large and p \ N£(k — 2)! , there exist 
integers d{ and distinct newforms gi £ y(x) with 

9i = f modpdi and Yldi ^ vv(AÏ -X(t)tk~2(£+l)2)-2vp(2<T>(N)). 

§3. Parabol i c c o h o m o l o g y 
In thi s section w e prove the injectivity o f ct (Lemma 3.2). Firs t recal l that for 

a grou p G, a  subset Q o f G, and a (7-modul e A, Hq(G,A) i s th e subgrou p of 
H1(C,^4) obtaine d from the cocycles u satisfying u(j) £  ( 7 — 1)A for all 7  £  Q. 
For a  congruence subgroup of .P5X2(Z), we write IlP(G,A) fo r E}Q(G,A) wher e Q 
is the set of parabolic elements of G. W e begin by proving the vanishing of a finite 
cohomology group necessary t o the proof of Lemm a 3.2. I n many cases this is a 
consequence of [K-P -S , Th . 1.5.3]. 

L E M M A 3.1 . Let Q be a p-sylow subgroup of G — SL2(FP), and FQ a finite Held oi 
characteristic p. Then Hq(G, LN(FQ)) = 0  for 0 < n < p — 1. 

PROOF: W e let Q act trivially on FQ and consider the induced module IndQ(Fg), 
the se t o f functions fro m G/Q t o FQ. Identifyin g G/Q wit h the punctured plane 
Fp2 \  {(0,0)} , an d LN(FQ) with th e space of homogeneous polynomials of degree 
n in Fq[x,y], we have an injection of G?-modules <f> : LN(FQ) — • IndQ(Fg) [A-S , p . 
855], which induces 

4>, : Hq(G,LN(FQ)) - > H^(G,Indg(F,)). 

Since Shapiro's isomorphism, 

H^G.IndgíF,)) S H ' f Q . F , ) , 

sends Rq(G,lndQ(FQ)) t o H^(Q,F,) = 0, we conclude that rl^G,Indg(Fq)) = 0. 
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