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DIAGONALS AND ALGEBRAICITY MODULO p:
A SHARPER DEGREE BOUND

BY Boris ADAMCZEWSKI, ALIN BOSTAN aND XAviER CARUSO

ABSTRACT. — In 1984, Deligne proved that for any prime number p, the reduction modulo p of
the diagonal of a multivariate algebraic power series with integer coefficients is algebraic over the field
of rational functions with coefficients in IF,. Moreover, he conjectured that the algebraic degrees dj, of
these functions should grow at most polynomially in p. In this article, we provide a new and elementary
proof of Deligne’s theorem, which yields the first general polynomial bound on d,, with an explicit and
reasonable degree.

RESUME. — En 1984, Deligne a montré que pour tout nombre premier p, la réduction modulo p de
la diagonale d’une série formelle algébrique de plusieurs variables a coefficients entiers est algébrique
sur le corps des fractions rationnelles a coefficients dans Fp. De plus, il a suggéré que les degrés
d’algébricité dp de ces fonctions ne devraient croitre qu’au plus polynomialement en fonction de p.
Dans cet article, nous présentons une nouvelle preuve du théoréme de Deligne qui est élémentaire et
permet d’établir la premiere borne générale polynomiale avec un degré explicite et raisonnable.

1. Introduction

Given a ring R and a multivariate power series

f&y=""a()t’ e R[t].

ienn
where we write i = (i1,....in),a(i) = a(i1,....in),t = (t1,....t,),and t! = til oot the
diagonal of f is the univariate power series
+o0
A(f)(0) = ali.....i)" € R[]
i=0
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When p is an ideal of R, the reduction modulo p of f is given by
fip®) =" (a(i) mod p)t* € (R/p)[t].

ieN”

A particularly interesting case arises when R is Z, or more generally the ring of integers of
a number field, and the power series f is algebraic over Q(¢). In this setting, A( f) satisfies a
linear differential equation of Picard-Fuchs type and belongs to the class of Siegel’s G-func-
tions. We refer the reader to [2, 13] and the references therein for further discussion of these
connections. Moreover, such power series frequently appear in enumerative combinatorics
(see [26, Chap. 6], [8] and [22, Chap. 4]). Additionally, diagonalization is closely related to
integration (see [15] and [13, Sec. 3]), and in general, A( f) is transcendental over Q(¢) (see,
for instance, [2]).

By contrast, when R = k is a field of characteristic p > 0, and f is a multivariate rational
power series, Furstenberg [17] proved the following remarkable result: the diagonal A(f) is
always algebraic over k(). Later, Deligne [15] provided a geometric proof of Furstenberg’s
theorem and extended it to the case where f is algebraic. He also noted an intriguing
connection between these two seemingly opposite situations through reductions modulo p.
Indeed, the relation A(f), = A(fjy) holds in general. It follows from Deligne’s theorem
thatif f e Z[t] is algebraic, then A(f)|, remains algebraic over I, (¢) for all primes p. This
naturally raises the question of how the algebraic degree d,, of A(f)|, evolves as p varies.
Deligne’s proof relies on heavy arithmetic geometry machinery and proceeds inductively on
the number n of variables. In [15], he suggested that a direct proof would be more satisfactory
and could yield a polynomial bound of the form d, = O(p"). Deligne’s work has been
highly influential, inspiring several authors [16, 25, 18, 24, 23], who independently provided
a direct and elementary proof of his theorem. However, this proof resulted in a very weak
nonpolynomial bound on d,. More recently, Bell and the first author [2] established the first
general polynomial bound, but their proof relies on an inductive argument, leading to an
excessively large value of N in the worst case. A brief discussion of these results is provided
in Section 1.1.

Our main contribution is a new, direct, and elementary proof of Deligne’s theorem, which
yields the first polynomial bound d,, < p with a reasonable value for N, expressed in terms
of the complexity of the underlying algebraic function.

Given a field k, the complexity of an algebraic power series f € k[t] is traditionally
measured in terms of its degree and height. Since the ring k[t, y] is a unique factorization
domain, there exists a polynomial E(t, y) € k[t, y] satisfying E(¢, ) = 0, which is minimal
for divisibility. Moreover such a polynomial is unique up to multiplication by a nonzero
constant in k. The degree of f is defined as the degree in y of E(¢, y); equivalently, it is
the degree of the field extension k(¢)(f) of k(¢). For the height, we consider two natural
definitions: the total height of f is the total degree in ¢ of E (¢, y) (where the total degree of
the monomial #? is iy + --- + i,), while its partial height is the tuple h = (h1, ..., h,) where,
for each i, h; is the degree in #; of E(¢, y).

We recall that, when k has characteristic p > 0, every element f in the algebraic closure
of k(t) is annihilated by a linearized polynomial, i.e., a polynomial P(X) € k(¢)[X] of the
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form
coX—i—c]Xp—l—---—}—cNXpN, ¢y #£ 0.
The integer N is called the p-degree of P. It easily follows that the Galois conjugates of f
are all contained in a k-vector space of dimension N. Consequently, the Galois group of f
(i.e., the Galois group of the extension of k(¢) generated by f and all its Galois conjugates)
canonically embeds, up to conjugacy, into GLy (k).
Our main result is stated as follows.

THEOREM 1.1. — Let f € Z[t] C Q[t] be an algebraic power series with degree d, total
height h, and partial height (hy, ..., hy). Set

. o " 4 _" _ n—+h B h
(1.1) N :=(d+1)-min{[ [t + 1) Hh,,( . ) (n)§

i=1 i=1
Then, for every prime number p, A(f )|p is annihilated by a linearized polynomial of p-degree
at most N. In particular, A(f)|p is algebraic over F,(t), of degree at most p™V — 1.

Let us make a few comments about this result.

REMARK 1.2. — It follows from Theorem 1.1 and the preceding remark, that, for every
prime p, the Galois group of A(f )|p embeds, up to conjugacy, into GLy (F,). The key
point here is that N does not depend on p. This observation naturally leads to more refined
questions concerning uniformity with respect to p. In particular, one may ask whether the
Galois groups of A(f )|p arise by reduction modulo p from a unique group, or a finite
number of groups, defined in characteristic zero. This problem is investigated in a recent
preprint by Caruso, Fiirnsinn, and Vargas-Montoya ([11]).

REMARK 1.3. — We will deduce Theorem 1.1 from a slightly more precise statement (see
Theorem 3.3) in which the bound N is expressed in terms of the number of integer points
in the Newton polytope of E(¢, y). Beyond the significant improvements this refined version
may induce in some cases, it also suggests a potential link between the optimal bound N
and geometric invariants attached to the algebraic hypersurface of equation E(¢, y) = 0.
Indeed, after the work of Baker [6], Hodge [20] and Khovanskii [21], it is known that the
geometric genus of the aforementioned hypersurface is bounded from above by the number
of integer points in the Newton polytope of E(f, y) and that equality holds generically.
A natural question is then whether the degree of the minimal polynomial of A( f) l is always

atmost p8 O where g is the geometric genus of the underlying hypersurface. Whenn = 1,
Bridy’s approach [9] provides a positive answer to this expectation; in full generality, however,
the question remains open.

Let k be a field of characteristic zero, and let f(¢) € k[¢] be algebraic over k(z). Then there
exists a finitely generated Z-algebra Z such that f(¢) € Z[t], and, for any maximal ideal p
of Z, the quotient Z /p is a finite field (see, e.g., [2, p. 967]). In this framework, we obtain,
as a direct consequence of Theorem 3.1, the following generalization of Theorem 1.1, in the
spirit of [2, Thm. 1.4]. A particularly interesting case occurs when k is a number field and
Z = Ok, the localization of the ring of integers Oy of k at p.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



