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NONLOCAL QUASILINEAR SINGULAR SPDES

by Ismael Bailleul & Hugo Eulry

Abstract. — In this short note we study a counterpart to the quasilinear generalized
parabolic Anderson model (gPAM) on the 2-dimensional torus, where the coefficients
are nonlocal functionals of the solution. Under a positivity assumption on the dif-
fusion coefficient, we develop a local-in-time solution theory within the framework of
paracontrolled calculus.

Résumé (Équations quasi-linéaires singulières non locales). — Nous étudions dans
cette note une équation parabolique de type Anderson quasi-linéaire dont les coef-
ficients sont des fonctionnelles non locales de la solution, en dimension 2. Nous dé-
montrons que l’équation est localement bien posée en temps sous une hypothèse de
positivité sur le coefficient de diffusion.

1. Introduction

In this work, we are interested in developing a solution theory for some
quasilinear singular stochastic partial differential equations

∂tu−A
(
f(u)

)
∆u = B

(
g(u)

)
ξ(1.1)
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whose coefficients A
(
f(u)

)
, B
(
g(u)

)
are nonlocal functionals of some functions

of the solution u. We do so here in the mildly singular setting of the 2-
dimensional torus T2 for a spatial white noise ξ. We need some notations
to set the stage for our main result, Theorem 1.1, below.

Denote by (e1, e2) the canonical basis of Z2 ⊂ R2, and for i ∈ {1, 2} and a
function σ : T2 × Z2 → C set

(Diσ)(x, k) := σ(x, k + ei)− σ(x, k),

and D := (D1, D2). Write F for the Fourier transform on T2 and denote
by σ̂(n, k) = (Fσ)(n, k) the Fourier transform of the function σ(·, k) for each
k ∈ Z2. Write 〈k〉 for 1 + |k|. Given s ∈ R and α > 0, we define the class Σsα
of functions σ : T2 × Z2 → C such that∥∥∂ixDjσ(·, k)

∥∥
Cα . 〈k〉

s−|j|(1.2)

for all multi-indices i, j in N2, and for which there exists a constant 0 < µ < 1
such that

(Fσ)(n, k) = 0 whenever |n| > µ〈k〉.(1.3)

For such a symbol, we can easily bound σ̂ uniformly in (n, k) by∣∣σ̂(n, k)
∣∣ . 〈n〉−4 〈k〉s 1|n|≤µ〈k〉.(1.4)

The convolution operator with a function F−1(σ) on T2 whose Fourier trans-
form σ(k) satisfies (1.2) provides an elementary example of a function σ ∈ Σ0

α

– here it is independent of x and σ is supported on the diagonal {n = k}.
Similarly, ad hoc conditions on a kernel K ensure that the integral operator
v 7→

∫
K(·, y)v(y)dy is associated with a symbol σ ∈ Σsα for some s. A negative

s means an operator that regularizes. For a and b in Σsα, we denote by A and
B the pseudodifferential operators with symbols a and b, respectively.

We say that A preserves positivity if A(v) > 0 whenever v is bounded below
by a positive constant. Positivity-preserving pseudodifferential operators with
a symbol in Σ0

α for some α > 0 are given by some kernels µ(x, ·) that are finite
non-negative measures for all x ∈ T2 such that testing A(v) against a smooth
test function ` on T2 one has

A(v)(`) =
∫∫

v(y)µ(x, dy)`(x)dx.(1.5)

This is the case of the integral operator with kernel K when K is bounded
below by a positive constant. In the renormalized Equation (1.6) below, we
regularize the spatial white noise ξ into a smooth function

ξε := F−1(χ(ε| · |)F(ξ)(·)
)

using a ‘smooth Fourier cut-off’ χ : [0,∞) → [0, 1] of class C∞, equal to 1 on
[0, 1] and 0 on [2,∞).

tome 154 – 2026 – no 3



NONLOCAL QUASILINEAR SINGULAR SPDES 691

Theorem 1.1. — Pick two regularity exponents 2/3 < β < α < 1 and s ≤ 0.
Take two symbols a, b ∈ Σsα and assume that the operator A preserves positivity.
Take further f, g ∈ C3

b (R,R) and assume infR f > 0.
(a) There exist two deterministic diverging functions ca, cb : (0, 1]→ C∞(T2)

and a positive random time T such that the solution uε to the equation

∂tu
ε −A

(
f(uε)

)
∆uε = B

(
g(uε)

)
ξε + ca(ε)

(
B
(
g(uε)

)
A
(
f(uε)

))2
f ′(uε)

− cb(ε)
B
(
g(uε)

)
A
(
f(uε)

) g′(uε)
(1.6)

with initial condition u0 ∈ Cα(T2) converges in probability in the para-
bolic α-Hölder space on [0, T ]× T2, as ε ∈ (0, 1] goes to 0.

(b) The singular PDE

∂tu−A
(
f(u)

)
∆u = B

(
g(u)

)
ξ

has a well-defined formulation in a space of paracontrolled functions,
where it has a unique solution (u, u′). The limit of the uε is given by u.

This statement gives back the result first proved in [14, 8, 5] by Otto &
Weber, Furlan & Gubinelli and Bailleul, Debussche & Hofmanová when A and
B are the identity operators. The approach of Otto & Weber was later fully
developed in [15, 11, 12] to provide a variant of regularity structures well-
adapted to a certain class of quasilinear singular stochastic PDEs. It would be
interesting to see whether their approach can be tweaked to handle nonlocal
equations of the type considered here. The approach of [5] was developed in a
paracontrolled setting in Bailleul & Mouzard’s work [7] and fully developed in
a regularity structure setting in Bailleul, Hoshino & Kusuoka’s work [6].

In the proof of Theorem 1.1, we obtain point (a) as a corollary of point (b).
The proof of point (b) involves two different tasks:
• Build an analytical setting wherein to formulate the equation as a well-
defined fixed-point problem.
• Construct a random variable that plays the role of an ill-defined polyno-
mial functional of the noise. It is required as an independent ingredient
in the analytical setting.

We formulate the equation as a fixed point in a space of paracontrolled
functions in Section 2 . We prove therein that it is well-posed locally in time.
The construction of the polynomial functional of the noise is done in Section 3.
A quick reminder on paraproducts as well as a collection of useful estimates in
provided in Appendix A.

Notation. — Throughout, we denote by Cγ(T2) the Besov space Bγ∞,∞(T2),
for any γ ∈ R. We will, however, keep the notation Cγ(R) for functions
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