Bulletin

de la SOCIETE MATHEMATIQUE DE FRANCE

THE JACARANDA TREE
IS STRONGLY APERIODIC
AND HAS ZERO ENTROPY

Alexandre Baraviera & Renaud Leplaideur

Tome 154
Fascicule 3

2020

SOCIETE MATHEMATIQUE DE FRANCE

pages 669-687



Le Bulletin de la Société Mathématique de France est un périodique trimestriel
de la Société Mathématique de France.

Fascicule 3, tome 154, septembre 2026

Comité de rédaction

Boris ADAMCZEWSKI Youness LAMZOURI
Valeria BANICA Wendy LOWEN
Julie DESERTI Ludovic RIFFORD
Gabriel DOSPINESCU Erwan ROUSSEAU
Dorothee FREY Béatrice de TILIERE
Frangois DAHMANI (Dir.)
Diffusion
Maison de la SMF AMS
Case 916 - Luminy P.O. Box 6248
13288 Marseille Cedex 9 Providence RI 02940
France USA
commandes@smf .emath.fr WWW.ams.org
Tarifs

Vente au numéro : 50 € ($75)
Abonnement électronique : 175 € ($262),
avec supplément papier : Europe 266 €, hors Europe 307 € ($460)

Des conditions spéciales sont accordées aux membres de la SMF.

Secrétariat : Bulletin de la SMF

Bulletin de la Société Mathématique de France
Société Mathématique de France
Institut Henri Poincaré, 11, rue Pierre et Marie Curie
75231 Paris Cedex 05, France
Tél : (33) 14427 67 99 e Fax: (33)140469096
bulletin@smf.emath.fr e smf .emath.fr

© Société Mathématique de France 2026

Tous droits réservés (article L 122—4 du Code de la propriété intellectuelle). Toute représentation ou
reproduction intégrale ou partielle faite sans le consentement de ’éditeur est illicite. Cette représentation
ou reproduction par quelque procédé que ce soit constituerait une contrefacon sanctionnée par les articles
L 335-2 et suivants du CPI.

ISSN 0037-9484 (print) 2102-622X (electronic)

Directrice de la publication : Isabelle GALLAGHER



smf.emath.fr

Bull. Soc. Math. France
154 (3), 2026, p. 669-687

THE JACARANDA TREE IS STRONGLY APERIODIC
AND HAS ZERO ENTROPY

BY ALEXANDRE BARAVIERA & RENAUD LEPLAIDEUR

ABSTRACT. — We prove that the Jacaranda tree obtained as a fixed point for a
substreetution in previous work by the authors is strongly aperiodic and that the
number of patches increases “slower than” n}?xfg with respect to the size n of the
patch. As a consequence, the tree has zero entropy. This is also generalized to other
Jacaranda-like trees.

RESUME (Le Jacaranda est fortement apériodique et d’entropie nulle). — Nous prou-
vons que ’arbre binaire colorié « Jacaranda », obtenu comme point fixe d’une sub-
streetution dans un travail précédent, est fortement apériodique et que le nombre de
motifs de profondeur n augmente moins vite que n% Une des conséquences est que
I’entropie est nulle. Le résultat s’applique également a tous les cousins du Jacaranda,
qui sont obtenus par une substreetution similaire.

Texte regu le 13 février 2023, modifié le 5 juin 2025, accepté le 26 aodt 2025.
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1. Introduction

1.1. Motivation for studying substreetutions. — In the present paper, we make
a step forward in the ergodic study of the Jacaranda tree, which is obtained
from a special example of substreetution as defined by authors in [2].

Substreetutions are substitutions acting on the set of colored binary trees
{0, 1}[F2+7 where FJ is the free semi-group with two generators a and b and
an identity element e. They extend to {0, l}IF’:‘r classical objects such as the
Thue-Morse and the Fibonacci substitutions on {0, 1}.

Our aim is in line with a long work in progress to better understand similar-
ities and differences between the ergodic and statistical mechanics viewpoints
for thermodynamic formalism. The statistical mechanics viewpoint usually
deals with Z%-action or even Fj -actions (see [8, 12]). The principal motivation
for studying substreetutions is thus the need to find dynamical systems driven
by a (semi-)group action for which one can naturally define a transfer operator.
We recall that the transfer operator is the key tool for most of the results in
thermodynamical formalism for 1-dimensional actions. In particular, in the
relatively new topic of phase transition', we find that in several examples (for
1-dimensional actions, see [3, 4, 5]), the Zeta function and its critical exponent
1 play an important role. We aim to investigate how the value “1” relates to
the dimension (also = 1) of the action.

The lack of natural direction in Z¢, d > 2, seems to be an irremediable
obstacle to defining the transfer operator for these actions. Hence, IF; appears
as the first and easiest example to be studied.

Along the way, several other motivations arose, as by-products of the initial
goal. For instance, a notion of Sturmian trees has been introduced and studied
(see, e.g., [9]). We recall that for the Fibonacci substitution the attractor is
a Sturmian shift. It was thus quite natural to seek examples of such trees
generated by substreetutions.

Substitutions are important objects, both from dynamical systems and com-
binatorics points of view. They are an important source of examples of quasi-
periodic but chaotic systems. It is thus a natural question to inquire how they
can be extended/generalized. Our work is also in that line. We point out the
importance of the choice of the grammar for the substreetution (see below),
and we show that different choices yield very different behaviors.

1.2. Presentation of the results. — In the present paper we continue the work
in progress, advancing in the study of topological properties of the free semi-
group action on the Jacaranda tree. Furthermore, we prove that the results
hold for some Jacaranda-like substreetutions, and show that they do not hold
for others (see Remarks A.2 and A.3, page 687).

1. for the ergodic viewpoint and 1-dimensional actions.
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Any element in F can be seen either as the empty word e (with length 0)
or as a finite word with letters a or b (with length the number of letters). A
colored binary (rooted) tree 2 € {0, 1}[F2+ will be seen as the collection of sites
whose addresses are the w’s in FJ, say 2., and where 2, has a color in {0,1}.

There is a natural action of FJ on {0, 1}]172+ (see below). In [2] it was proved
that the closure of IF;’ -orbit of the fixed point for some special substreetution

H, X := {T,(3), w € FJ}, is minimal and non-periodic, in the sense that it is
not reduced to a periodic orbit. In other words, and following the terminology,
it was proved that X is weakly aperiodic. Here we prove that X is actually
strongly aperiodic.

The question of entropy is also of prime importance. Entropy measures the
complexity of the system. For trees, the first natural question is to define the
right normalization, since the increase is expected to be super exponential.
Several notions of entropies with different normalizations have been defined
in the literature (see [6, 11, 1]). We also point out that for usual N-actions,
entropy is also related to the number of preimages, and this turns out to be
crucial for studying the transfer operator.

We prove here that the number of patches increases slower than nins , where
n is the number of lines. This upper bound is not sharp, and this remains an
open question to know whether the increase is actually linear, and whether one
can obtain a Sturmian tree with a substreetution. As a by-product, we find
that X has zero entropy, whatever definition we use.

1.3. The Jacaranda-like trees. — More details on substreetutions are provided
in Section 2. In the following, we study Jacaranda-like trees. They are the fixed
points of substreetutions defined by

X
® /\
H| /\ |= 1 0 ,
A B / N\ /N

HOY)  HQ2) HOP) HEY

with ® = 0,1 and 3 of the 2"’s are equal to B and one is equal to 2.

Exchanging the roles of 1 and 0, and using a symmetry (left<sright), the
result will also hold for substreetutions where three of the 2*’s are equal to 2
and one is equal to 8.

We recall that the choice of which 2° equals 2 or B is called the grammar
in [2]. The Jacaranda tree is the one obtained with 21! = A2 = 20* = B and
A3 =2, ie. , for the grammar BBAB.

It is clear that there is a one-to-one correspondence between the Jacaranda-
like trees and the associated substreetution, since the fixed points (with root 0)
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