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FAISCEAUX PERVERS

Alexander Beilinson, Joseph Bernstein, Pierre Deligne,
Ofer Gabber

Résumé. — Ce volume présente la théorie des faisceaux pervers. Les définitions
et les propriétés de base des t-structures sur les catégories triangulées sont don-
nées dans le premier chapitre. Le second chapitre introduit les faisceaux pervers
et le foncteur de prolongement intermédiaire (pour toute perversité), tant dans
le cadre des espaces stratifiés que dans celui des schémas. Le troisième chapitre
traite de divers sujets complémentaires (catégories dérivées filtrées et foncteur
de réalisation, localisation dans la catégorie dérivée des faisceaux). Le quatrième
chapitre rassemble des propriétés de base des faisceaux pervers pour la perversité
autoduale. Le cinquième chapitre est le cœur de ce livre. Il est consacré à l’étude
des faisceaux ℓ-adiques pervers mixtes sur les variétés sur un corps fini ; il contient
notamment le théorème de pureté du prolongement intermédiaire, le théorème de
décomposition, et le théorème de Lefschetz difficile relatif. Le sixième chapitre
explique comment utiliser les résultats du chapitre précédent en géométrie algé-
brique complexe. La présente édition comprend une liste d’errata et d’addenda,
une bibliographie additionnelle et un appendice sur la t-exactitude de certains
foncteurs utiles.

Abstract. — This volume presents the theory of perverse sheaves. Definitions
and basic properties of t-structures on triangulated categories are given in the
first chapter. Perverse sheaves and the intermediate extension functor (for any
perversity) are introduced, in the settings of stratified spaces and of schemes,
in the second chapter. The third chapter treats some complementary material
on filtered derived categories and the realization functor, and on localization in
the derived category of sheaves. The fourth chapter collects basic facts about
perverse sheaves for the middle perversity. The fifth chapter, which is the core of
the book, considers mixed perverse ℓ-adic sheaves on varieties over a finite field;
it contains, in particular, the theorem about purity of the intermediate extension,
the decomposition theorem, and the relative hard Lefschetz theorem. The sixth
chapter explains how results of chapter five can be used in complex algebraic
geometry. The present edition includes a list of errata and addenda, an additional
bibliography, and an appendix on t-exactness of some useful functors.
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PRÉFACE À LA DEUXIÈME ÉDITION

Ce volume est une réédition de l’ouvrage Faisceaux pervers, publié dans Asté-
risque 100 comme premier volume des actes de la conférence « Analyse et topologie
sur les espaces singuliers », qui s’était tenue à Luminy du 6 au 10 juillet 1981.
Le texte original, inchangé, est complété par un bref appendice, une liste d’errata et
d’addenda ¹, et une bibliographie additionnelle.

Comme expliqué au début de l’introduction, Ofer Gabber n’avait pas voulu figurer
comme coauteur d’Astérisque 100. Les auteurs sont très heureux qu’il les ait rejoints
pour la présente édition.

1. Chaque numéro dans la marge renvoie à un erratum ou un addendum dans la liste de la page 173.
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APPENDIX

We present short proofs of t -exactness of the nearby/vanishing cycles and of
the Fourier transform functors due, respectively, to V. Drinfeld and to D. Gaitsgory.
The original proofs are due, respectively, to Gabber (see [Ill94], §§ 4.5–4.6) and to
Katz-Laumon (see [KL85], § 2.1.3, [Lau87], § 1.3.2.3).

Below ℓ is a prime, Λ ⊃ Z/ℓn is a finite commutative coefficient ring, and all
schemes we consider are over Z[1/ℓ].

A. — Let S be a strictly henselian trait, f : X → S be an S-scheme of finite type.
Let s, η the closed and the generic point of S , i : Xs ↪→ X , j : Xη ↪→ X be
the embeddings of the closed and the generic fibers. Pick a geometric point η̄/η
separable and algebraic over η ; let G := Gal (η̄/η) be the Galois group, ρ be the
map Xη̄ → Xη . For F ∈ Db

c (Xη ,Λ) one has the nearby cycles complex

ψ (F ) := i∗j∗ρ∗ρ∗(F )
and for G ∈ Db

c (X ,Λ) the vanishing cycles complex φ(G) (see SGA 7 XIII). There is
a canonical distinguished triangle

i∗G → ψ (j∗G) → φ(G) →
and one has ψ (F ),φ(G) ∈ Db

c (Xs ,Λ) by Théorème 3.2 in SGA 4 1/2, Théorèmes de
finitude.

The complexes ψ (F ),φ(G) are naturally G-equivariant, i.e., they come from the
objects of D(Xs × BG,Λ) (denoted again byψ (F ),φ(G) by abuse of notation) by the
forgetting of equivariant structure functor which is the pullback by Xs → Xs × BG ;
here Xs × BG is the topos of étale sheaves on Xs equipped with a continuous action
of G. ² The topos Xs × BG equals the 2-projective limit of Xs × BGα where Gα are
the finite discrete quotients of G. The full subcategory of bounded constructible
equivariant complexes Db

c (Xs × BG,Λ), where ψ (F ) and φ(G) lie, is the 2-colimit of
the categories Db

c (Xs × BGα ,Λ) (so for an object in Db
c (Xs × BG,Λ) the G-action on

the corresponding object of Db
c (Xs ,Λ) is trivial on an open subgroup).

2. Indeed, the nearby cycles functor of SGA 7 XIII, § 2.1 is RΨη : D+(Xη ,Λ) → D+(Xs ×s η,Λ), and
in our strictly henselian case Xs ×s η equals Xs × BG.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2018
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Assume that S is essentially of finite type over a field k, i.e., it is the strict lo-
calization of a k-scheme of finite type. We consider the t -structure on Db

c (X ,Λ),
etc., obtained by passage to the the limit from the case of k-schemes of finite type
and [p1/2], i.e., this is the restriction to Db

c of the t -structure of [Gab04] for the
perversity function x 7→ −tr deg(k(x)/k). It yields a t -structure on the categories
Db
c (Xs × BG,Λ) whose heart is the 2-colimit of the hearts of the corresponding t -

structures on Db
c (Xs × BGα ,Λ) (which can be determined by localization, see § 3.2),

so it is the category of perverse sheaves on Xs equipped with an action of G which
is trivial on an open subgroup.

Below RΓ(G,−) stands for the total direct image for

X × BG → X , Xs × BG → Xs .

Our G is an extension of Zℓ(1) by a pro-group Q of order prime to ℓ, and if γ
generates G/Q then

RΓ(G,−) : D+(Xs × BG,Λ) → D+(Xs ,Λ)
is represented by

K 7→ Cone(KQ 1−γ
−−→ KQ )[−1]

on equivariant complexes, and sends Db
c to Db

c . For K ∈ Perv(Xs × BG,Λ) we set

H i (G,K) := pH iRΓ(G,K) ∈ Perv(Xs ,Λ);
then H0(G,K) = KG , H1(G,K) = KG (−1), and H i (G,K) = 0 for i , 0, 1.

Proposition

(i) If F is a perverse sheaf then ψ (F )[−1] is a perverse sheaf.

(ii) If G is a perverse sheaf then φ(G)[−1] is a perverse sheaf.

Proof. — (i) We assume ψ (F ) , 0 ; let [a,b] be its perverse amplitude, so
pH i ψ (F ) = 0 for i < [a,b] and pHaψ (F ), pHb ψ (F ) , 0.

We want to show that a = b = −1.
One has F ∼→ RΓ(G, ρ∗ρ∗(F )) by a limit argument from the corresponding fact

for finite discrete quotients of G, and so

i∗j∗F = RΓ
(
G,ψ (F )

)
.

The perverse canonical filtration onψ (F ) yields then a spectral sequence converging
to pHa+bi∗j∗F with the first term

Ea,b1 = H2a+b (G, pH−aψ (F )) .
Since H i (G,−) = 0 for i , 0, 1 (see above), it degenerates at E1, i∗j∗F has perverse
amplitude in [a,b + 1], and
(*) pHa i∗j∗F = (pHaψ (F ))G , pHb+1 i∗j∗F = (pHb ψ

(
F )

)
G (−1).

Therefore the perverse amplitude of i∗j∗F is equal to [a,b + 1] if the G-action
on pHaψ (F ) and pHb ψ (F ) is trivial.
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The complexes j!F , j∗F are perverse sheaves since j is affine, so

i∗j∗F = i∗Cone( j!F → j∗F )

has perverse amplitude in [−1, 0]. By the above, this implies the claim if the action
of G on ψ (F ) is trivial.

The general situation is reduced to that one by a base change : Suppose the
G-action on ψ (F ) is trivial on an open subgroup G ′ ⊂ G. Let S ′/S be the integral
closure of S in η′ := η̄/G ′ (so the residue field of S ′ is a purely inseparable, possibly
non-trivial, extension of that of S). ReplaceX/S byX ′/S ′ := X ×S S ′/S ′ and F by the
pull-back F ′ of F to Xη′. By inspection, the pullback of ψ (F ) maps isomorphically
to ψ (F ′), the Galois action on ψ (F ′) is trivial, and we are done.

(ii) By dévissage, it is enough to consider the case when G is irreducible. The
claim is evident when G is supported on Y , so we can assume that

G = j!∗F where F := j∗G,

i.e., G is the image of the map of perverse sheaves j!F → j∗F . Therefore

i∗i
∗G[−1] = Cone( j!F → G)[−1]

is perverse, and also

Cone(G → j∗F ) = Cone(i∗i∗G → i∗i
∗j∗F )

is perverse, so the map i∗G → i∗j∗F can be identified with the perverse truncation

(pH−1i∗j∗F )[1] −→ i∗j∗F .

So, by (i) and (*), one has

φ(G)[−1] = Cone
(pH−1 i∗j∗F → pH−1ψ (F )

)
= Cone

(
(pH−1ψ (F ))G → pH−1ψ (F )

)
.

The latter arrow is the evident embedding of perverse sheaves, hence one has

φ(G)[−1] = pH−1ψ
(
F )/(pH−1ψ (F )

)G
which is a perverse sheaf, q.e.d. □

Remarks

(i) The argument works, in fact, for an arbitrary strictly henselian trait S . One
has to use the perverse t -structure [p1/2] on Db

c (X ,Λ) associated with the dimension
function

δX (x) = tr deg
(
k(x)/k(f (x))

)
+ δS

(
f (x)

)
where δS (s) = 0, δS (η) = 1 ; ³ then j!, j∗ are t -exact. More generally, one can define
a perverse t -structure [p1/2] on Db

c (X ,Λ) for X a noetherian scheme equipped with
an étale dimension function which is either quasi-excellent or of finite type over a
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noetherian scheme of dimension ≤ 1 ; then j!, j∗ for affine open embeddings are
t -exact (a theorem of Gabber, see [Ill03], § 2.4, [PS14], § 1.1.2).

(ii) From the case of torsion coefficients one can deduce the t -exactness ofψ [−1],
φ[−1] (and also j!, j∗) for coefficients Zℓ, and hence Qℓ, for both [p1/2] and [p+1/2],
using certain general facts. In case of [p1/2] these are :

(a) the category of perverse Zℓ-sheaves on a nice X is noetherian, and so every
perverse sheaf is an extension of a torsion free perverse sheaf by the one killed
by some ℓn ,

(b) an object K of Db
c (X ,Zℓ) is a torsion free perverse sheaf if and only if

K ⊗ Z/ℓ ∈ Db
c (X ,Z/ℓ) is perverse,

(c) the functor Db
c (X ,Z/ℓn) → Db

c (X ,Zℓ) (viewing a Z/ℓn-sheaf as a Zℓ-sheaf,
can be defined using either of formalisms [BS15], [Eke90], or [GL17]) yields
an equivalence of categories

Perv(X ,Z/ℓn) ∼→ Perv(X ,Zℓ)killed by ℓn .

(iii) For every finite discrete quotient Gα of G consider the Gα -covering

ρα : Xηα −→ Xη

(here ηα := η̄/Ker(G → Gα )). The Gα -equivarant complexes ψα (F ) = i∗j∗ρα∗ρ∗αF
define an ind-object of Db

c (Xs × BG,Λ). This ind-object is essentially constant with
valueψ (F ) (in the sense of SGA 4 I, § 8.4.4). In particular,ψ (F ) is naturally a direct
summand of ψα (F ) when α is large enough.

B. — Assume that the base field k contains a finite field Fq . Let S be a k-scheme
of finite type, E/S be a vector bundle of rank n, E∨ its dual, p∨,p : E∨ ×S E → E∨,E
be the projections, ⟨. , .⟩ : E∨ ×S E → A1

k be the pairing map, ψ : Fq → Λ× be an
additive character non-trivial on every connected component (or residual field) of Λ,
Lψ be the Artin-Schreier sheaf on A1

k . The Fourier transform

Fψ : Db
c (E,Λ) −→ Db

c (E∨,Λ)

is the functor

Fψ (F ) := p∨!
(
⟨.⟩∗Lψ ⊗ p∗F

)
[n].

Proposition. — Fψ is a t -exact equivalence of categories.

3. This t -structure is the restriction to Db
c of the t -structure of [Gab04] associated to the perversity

function −δX . If S is the strict localization of a normal k-scheme of finite type at the generic point of
an irreducible divisor Y then this t -structure differs from the one we have considered previously by
dimY shift.
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Proof. — We will show that Fψ is an equivalence of categories such that both Fψ
and its inverse are left t -exact (the right t -exactness of Fψ follows since Fψ is left
adjoint to its inverse).

Fψ is left t -exact since it is the composition of t -exact functors p∗[n], ⟨.⟩∗Lψ ⊗,
and the functor p! which is left t -exact by Artin’s theorem. The rest follows from the
next well-known lemma (see [Lau87], § 1.2.2.1).

Consider the Fourier transform Fψ −1 : Db
c (E∨,Λ) → Db

c (E,Λ).

Lemma. — There is a natural isomorphism Fψ −1Fψ (F ) = F (−n).

Proof of Lemma. — Our Fourier transforms are the functors defined by kernels

⟨.⟩∗Lψ [n] ∈ Db
c (E∨ ×S E,Λ) and ⟨.⟩∗Lψ −1[n] ∈ Db

c (E ×S E∨,Λ),
so the composition Fψ −1Fψ : Db

c (E,Λ) → Db
c (E,Λ) is defined by the composition of

kernels K ∈ Db
c (E ×S E,Λ). ⁴ We need to define a natural identification

K
∼→ ∆∗(ΛE )(−n)

where ∆ : E ↪→ E ×S E is the diagonal embedding. Our K vanishes outside the
diagonal : indeed, for k̄-points s ∈ S and (e, e ′) ∈ Es × Es the fiber K(e,e ′) equals

RΓc (E∨s , ⟨e − e ′, .⟩∗Lψ )[2n]
by base change ; for e , e ′ this is

RΓc (E∨s , ⟨e − e ′, .⟩!Lψ )(1)[2] = RΓc (A1
s ,Lψ ⊗ ⟨e − e ′, .⟩!ΛE∨)(1 − n)[2]

which is 0 since ⟨e − e ′, .⟩!(ΛE∨) is a constant sheaf. Now, by base change,

∆∗K = p!(ΛE×SE∨)[2n] = p! p!(ΛE )(−n) = ΛE (−n);
we are done. □

Remark. — The result remains true in ℓ-adic settings, i.e., for coefficients OE and E

where E is a finite extension ofQℓ that contains µp , p = chark (repeat the argument
or use Remark (ii) above). In the mixed Qℓ-setting Fψ shifts weights by n : indeed,
for a pure perverse sheaf F of weightw the weights of Fψ (F ) are ≤ n+w by Weil II,
and so equal to n +w by the lemma.

4. If X , Y are separated S-schemes of finite type then any object K ∈ Db
c (Y ×S X ,Λ) of fi-

nite tor dimension yields a functor Db
c (X ,Λ) → Db

c (Y ,Λ), F 7→ K(F ) := prY !(K ⊗ pr∗XF ), called
the functor defined by the kernel K . If L ∈ Db

c (Z ×S Y ,Λ) is another kernel then the composition
F 7→ L(K(F )) is defined by the composition of kernels L ∗ K := pZX !(p∗ZY L ⊗ p

∗
YXK) ∈ D

b
c (Z ×S X )

where pYX : Z ×S Y ×S X → Y ×S X , etc., are the projections (the sheaf analog of the composition of
kernels in analysis).
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ERRATA AND ADDENDA ⁵

1. p. 7, l. −15 : normal (= à links connexes) should be links at the simplices of
codimension ≥ 2

2. p. 8, l. 6 : en terme should be en termes.

3. p. 10, l. 18 : one of the origins of perverse sheaves comes from the theory ofD-
modules where it follows from [Kas75] that the shifted solution complex and
the shifted de Rham complex of a holonomic module on a complex manifold
are perverse (in the sense of [KS90] Definition 10.3.1) and dual to each other

4. pp. 19–20, 1.1.4 :

l. −5, −4 : replace foncteurs contravariants exacts à gauche by foncteurs
additifs contravariants exacts à gauche.

There are several possible comments about the discussion of exact catego-
ries, in particular the condition (b) on p. 20, l. 4–5 is not properly formulated
and Gabber gave a counterexample.

In his counterexample let A be the category of finitely generated abelian
groups whose torsion is killed by 2 (i.e. groups of the form Zn ⊕ (Z/2)m),
where a sequence

(*) 0→ M
i−−→ N

j−−→ P → 0

is in E iff it is exact in the category of abelian groups. Then the admissible
epimorphisms are the surjective homomorphisms, they define a Grothendieck
pretopology, (b) holds but A is not exact as the composition of admissible

monomorphismsZ
2−→ Z

2−→ Z is not an admissible monomorphism. So Gabber
suggested to assume instead that (A, E)∼ is an abelian category, A 7→ hA is
defined (i.e. for an exact sequence (*), j is a cokernel for i), and add the
condition that the essential image of A 7→ hA is stable under extensions. Note
that in (a), F should be additive and in line 2 in FA stable par extensions one
should consider the essential image and that in (b) the fact thatA 7→ hA is fully
faithfull is just the Yoneda lemma, but one has to require that hA is in (A, E)∼.
[To have that (A, E)∼ is an abelian category, it suffices to assume that for

5. The page numbers refer to the numbers printed at the bottom of the pages.
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every sequence (∗) in E, i is a kernel for j (so the condition that F is in (A, E)∼
becomes that F (P) ∼−→ ker (F (N )⇒ F (N ×P N )) for every sequence (*) in E),
and that for every admissible epimorphism N → P and morphism Q → P ,
N ×P Q is representable and N ×P Q → Q is isomorphic to an admissible
epimorphism.]

Note that the embedding of A in (A, E)∼ asserted by Quillen is proved
in [Lau83]. In addition one has the usual size issues [in the foundations of
categories in terms of sets and classes one can not construct the category of
functors Aop → (Ab) when A is not small].

5. p. 23, l. −1 : TR 2 should be TR 3

6. p. 27, l. −2 : for the assertion Réciproquement . . . one needs that 0 ∈ C (more
precisely, some zero object is in C). Counterexample : D = Db (k) (k a field),
C the category of non-zero vector spaces.

7. p. 31, 3 lines below top diagram : τ≤a should be τ≥a

8. p. 31, l. −11 : 1.3.2 should be 1.3.2 (i)

9. p. 32, l. −7 : in (U ,Z . . . ) insert a comma after Z

10. p. 33, l. 14 : a should be à.

11. p. 34, l. 13–16 : for I the empty interval (admitted by Bourbaki) the definition
gives that Db, I is the empty subcategory, but it is more natural to define it as
the category of zero objects, so that one has for every I

Db, I =
{
A ∈ Db | H jA = 0 for j < I

}
12. p. 35, l. −5 and −4 : replace coreprésente by représente.

13. p. 37, at the end of l. 8 : replace T1 by pT1

14. p. 37, l. −13 : τ≤0T∗B should be τ≥0T∗B.

15. p. 40, l. −3 : delete i before “i.e.”.

16. p. 42, l. 1, 2 : replace Walbroeck by Waelbroeck [Wae72].

17. p. 44, l. 3 of 1.4.3 : replace j∗ by j∗

18. p. 44, l. 2 of (1.4.3.2) : replace j∗ by j∗

19. p. 45, l. 7 : j∗ should be j∗

20. p. 46, l. 9 : replace an by en.

21. p. 53, 2 lines above (1.4.21.3) : omit T

22. p. 54, l. −4 : i∗H0i∗B should be i∗H0i∗j∗B

23. p. 57, l −1 : Hi pτ≤0K should be Hi pτ≥0K

24. p. 60, l. 20 & 21 : faisceau localement constant deR-espaces vectoriels de dimension
finie is a small abuse of language : it is a locally constant sheaf with finite
dimensional stalks.
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25. p. 67, Proposition 2.2.2 (i) : D≥pc (p instead of P)

26. p. 68, l. 7 : on should be on a.

27. p. 68, l. 10 : A in the middle should be i∗j∗A

28. p. 69, 2.2.9 : Sur X , nous considérons exclusivement la topologie étale : abuse
of language : we consider sheaves for the étale topology, but locally closed
subsets refer to the Zariski topology. Also, replace premier à by différent de.

29. p. 70, l. −3 : in particular, as in the case of stratified spaces (page 63), we have
the auto-dual perversity function p1/2 : S → Z, S 7→ − dim S .

30. p. 71, l. 2 : this formulation leads to an extension of the construction of t -
structures associated to perversity functions, avoiding constructibility and the
use of stratifications, see [Gab04].

31. p. 71, l. 4 : < should be >

32. p. 71, l. 5 : > should be <

33. p. 73, l. 3 : D̂b
c (missing superscript b)

34. p. 73, l. 7 : lim←−−
1 Hom−1(Kn,Ln) (missing superscript −1)

35. p. 79, 3.1.5 : it is better to assume thatD is a strictly full subcategory, otherwise
in 3.1.5 line 6 the condition should be that GriFK is in the saturation of D

36. p. 80, l. −2 : (−i)i should be (−1)i

37. p. 86, l. −9 : note that Théorème 3.2.4 implies that dualizing objects (in various
contexts : coherent, ...) have local nature.

38. p. 86, −5 : unique should be unique à isomorphisme unique près.

39. p. 88, l. 10 : Bm should be Bm

40. p. 97, Proposition 3.2.20, lines 2, 11 of proof : note that the notation pD+≤0

should probably be with a comma pD+,≤0 as in §2.1. (Similarly in lemme 3.2.21
and in its proof.)

41. p. 98, l. 10 : pD+,≤0(X ,O), pD>0(X ,O) (add a left superscipt p)

42. p. 99, l. 6 : RHom should be RHom

43. p. 99, l. −13 : the definition of “de torsion” is not accurate. It should be that
locally ∃n , 0 s.t. the multiplication by n endomorphism is zero. If one adds
the assumption that there are finitely many connected components in every
stratum one does not need to say “locally”.

44. p. 100, l. 12 : for an exposition of the ℓ-adic formalism, see [Eke90] and [BS15],
and for a recent exposition using ∞-categories, see [GL17, chap. II].

45. p. 101, l. 5 : (2.2.12) should be (2.2.18)

46. p. 101, l. 8 : 2.2.12 should be 2.2.14

47. p. 101, l. 15 : it is said that we limit ourselves to coefficients Qℓ, but in many
places (4.1.13, 4.3.1, 4.3.2, 4.3.3, line above (4.2.5.1)) one has coefficients Qℓ
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48. p. 101, l. −8 : [p1/2+] should be [p+1/2]
49. p. 101, l. −6 : [p1/2+] should be [p+1/2]-
50. p. 102, l. 1 : cf. 2.2.11 should be cf. 2.2.11 et 2.2.12

51. p. 103, l. −13 : replace (4.1.7) by (4.1.1)

52. p. 114, l. −15 : pD≤0c instead of pD<0
c

53. p. 119, l. 4 : p̃r should be p̃r∗
54. p. 120, proof of Corollaire 4.5.2 : missing period at the end of the sentence.

55. p. 120, Corollaire 4.5.4, l. 2 : it should be Qℓ instead of Qℓ

56. p. 120, Corollaire 4.5.5 : one should suppose that x is a closed point, otherwise
f as in p. 121 first two lines cannot be found.

57. p. 122, l. 3 : Nous ne considérons que des schémas séparés de type fini . . . – but
in 5.4.8 we consider strict henselizations.

58. p. 123, formula (5.1.2.2) : RΓ.Ra∗ should be RΓ Ra∗

59. p. 123, l. −6 : the notation Z̃ is more usually Ẑ (the profinite completion of Z)

60. p. 125, Lemme 5.1.3 (c) : the condition that F is in P(Y0) is missing.

61. p. 125, Lemme 5.1.3 and Remarque 5.1.4 : it is better to suppose that P(Y0) is a
strictly full subcategory.

62. p. 128, 5.1.13, l. 4 : replace Db
≤w , D

b
≤w ′, by D

b
≤w × Db

≤w ′

63. p. 128, l −5 : should be d’après (i) et (ii)

64. p. 131, l. −5 :W w−1 should beWw−1

65. p. 131, l. −4 : U (X ) should be U → X

66. p. 132, l. 5 : pϕ∗|F0 should be pϕ∗F0

67. p. 133, first diagram : pr should be pr

68. p. 133, 3 lines below the first diagram : H0 ∼ An−1
0 should be H0 = An−1

0

69. p. 134, l. 3 : (1.3.17 (iii) should be (1.3.17 (iii))

70. p. 136, l. 4 below diagram : V0 should be v0

71. p. 136, l. −10 : (5.1.8) should be (5.1.8))

72. p. 141, l. 12 : Pτ>n should be pτ>n

73. p. 142 l. −12 : 5.3.7 should be 5.3.8

74. p. 143, l. 11 : insert comma after )

75. p. 143, l. 16 : K = j!∗ L[d][n] should be K = (j!∗ L[d])[n]
76. p. 146, l. −11 : τ≤d−1 should be τ≥d−1
77. p. 148, l. 5 : instead of going from F to C in the consideration of 6.1, one can

go to any algebraically closed field k of characteristic , ℓ and obtain analogs
of 6.2.5, 6.2.8 and 6.2.10 for semi-simple Qℓ-perverse sheaves of geometric
origin on varieties over k.
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78. p. 149, l. 11 : Brian Conrad observed in 2003 that in the limit argument to
deduce (A′′) from (A′), one needs to use that the strata are locally contractible.
But Gabber observed that one also needs that i∗j∗F = lim←−− i

∗j∗(F/ℓnF ) in the
situation Z (C) i−→ X (C) j←− U (C), F a constructible Zℓ-sheaf onU (C), whereU
is an open union of strata and Z is its complement. OK for stratified spaces
with nice conditions, e.g. coming from a locally finite triangulation.

79. p. 153, l. 14 : nombre should be nombres.

80. p. 156 l. −14 : it is also meant that for each T ∈ TS , LS (T ) is a finite family
of isomorphism classes of lisse Z/ℓZ-sheaves on T which are irreducible on
geometric fibers.

81. p. 157, l. 7 :
i∗←− should be

i∗−→
82. p. 157, l. 8 : the use of discrete valuation rings is not essential and one has

such equivalences for any strictly henselian local ring V between A and C.

83. p. 157, l. 11 : by the assumptions, we have comparison isomorphisms for the
Hp(−, Extq(F ,G)) with Ext sheaves over the coefficient ring Z/ℓZ. We cannot
deduce such comparison isomorphisms with Ext sheaves over Z/ℓnZ, but we
can do this after shrinking S , or use standard spectral sequences to deduce
comparison isomorphisms for the global Extp(F ,G) over Z/ℓnZ.

84. p. 159, l. 8 : sur H1(−,Z/ℓ) should be sur H1(−,Z/ℓ) et H2(−,Z/ℓ)
85. p. 160, l. −14 : see [Ham95].

86. p. 160, l. −4 : peut être descendu à S should be peut être descendu à un S

convenable.

87. p. 161, l. 1 : persiste donc sur S should be persiste donc sur S privé du lieu où ℓ
est nul.

88. p. 161, l. 7 : the spectral sequence in question is associated with the truncated
simplicial object as explained in [MO15] Section 4.1.2.

89. p. 161, l. 15 : Y should be Y (C)
90. p. 162, l. −4 : schéma de type fini should be schéma séparé de type fini.

91. p. 162, l. −3 : s’il appartient au plus petit ensemble qui should be replaced by
si (X ,F ) appartient à la plus petite classe stable par isomorphisme de couples
comme ci-dessus qui.

92. p. 163, l. 7 : Pour des stabilités qui en résultent voir should be En particulier, on
a la stabilité par prolongement intermédiaire et dualité.

93. p. 163, l. 18 : π∗C should be π∗C

94. p. 163, l. −13 : note that the decomposition theorem has a more precise version

over finite fields : X0
f
→ Y0 proper, K ∈ Db

c (X0,Qℓ) pure perverse⇒ Rf∗K is
a finite direct sum of shifts of pure perverse objects, while the decomposition
of 5.4.5 does not hold in general over Y0. This was known for some time, using
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reduction to the projective case, Hard Lefschetz (5.4.10) and related decom-
positions in the derived category, but appeared only recently (also in more
general forms) in Proposition 2.1.1 of [dC15] and Corollary 3.2.5 of [SZ16].

95. p. 164, l. 10 : RHom should be RHom

96. p. 164, l. −11 : y ∈ Y should be y ∈ V (C)
97. p. 164, l. −7 : y ∈ Y should be y ∈ Y (C)
98. p. 165, Remarque 6.2.11 : for progress on this question see for example the

work of M. Saito [Sai88], [Sai90], T. Mochizuki [Moc15] and the Bourbaki
lecture of C. Sabbah [Sab13].

99. p. 167, l. 14 [6] : p. 77–79 should be p. 77–130.

100. p. 167, l. −4 [10] : Catégories abéliennes should be Catégories dérivées.

ASTÉRISQUE 100



BIBLIOGRAPHIE ADDITIONNELLE

[BS15] B. Bhatt, P. Scholze, The pro-étale topology for schemes, De la Géométrie
algébrique aux formes automorphes (I) (Une collection d’articles en l’hon-
neur du soixantième anniversaire de Gérard Laumon), Astérisque 369
(2015), pp. 99–201.

[dC15] M. de Cataldo, Proper toric maps over finite fields. Int. Math. Res. Not.
IMRN 2015, no. 24, pp. 13106–13121.

[Eke90] T. Ekedahl, On the adic formalism, The Grothendieck Festschrift, Vol. II,
Progr. Math., 87 (1990), Birkhäuser, pp. 197–218.

[Gab04] O. Gabber, Notes on some t -structures, Geometric aspects of Dwork theory.
Vol. II (2004), Walter de Gruyter, pp. 711–734.

[GL17] D. Gaitsgory, J. Lurie, Weil’s Conjecture for Function Fields I, preprint 2017.

[Ham95] H. Hamm, Affine varieties and Lefschetz theorems. Singularity theory
(Trieste, 1991), pp. 248–262, World Sci. Publ., River Edge, NJ, 1995.

[Ill94] L. Illusie, Autour du théorème de monodromie locale, Périodes p-adiques
(Bures-sur-Yvette, 1988), Astérisque 223 (1994), pp. 9–57.

[Ill03] L. Illusie, Perversité et variation, ManuscriptaMath. 112 (2003), pp. 271–295.

[Kas75] M. Kashiwara,On the maximally overdetermined system of linear differential
equations. I. Publ. Res. Inst. Math. Sci. 10 (1974/75), pp. 563–579.

[KS90] M. Kashiwara, P. Schapira, Sheaves on manifolds, Grundlehren der Ma-
thematischen Wissenschaften 292 (1990) Springer-Verlag.

[KL85] N. Katz, G. Laumon, Transformation de Fourier et majoration de sommes
exponentielles, Publ. Math. IHÉS 62 (1985), pp. 361–418.



180 BIBLIOGRAPHIE ADDITIONNELLE

[Lau83] G. Laumon, Sur la catégorie dérivée des D-modules filtrés, Algebraic geome-
try (Tokyo/Kyoto, 1982), Lecture Notes in Math. 1016 (1983), pp. 151–237.

[Lau87] G. Laumon, Transformation de Fourier, constantes d’équations fonctionnelles
et conjecture de Weil, Publ. Math. IHÉS 65 (1987), pp. 131–210.

[MO15] D. Madore, F. Orgogozo, Calculabilité de la cohomologie étale modulo ℓ,
Algebra Number Theory 9 (2015), no. 7, pp. 1647–1739.

[Moc15] T. Mochizuki, Mixed twistor D-modules, Lecture Notes in Mathematics
2125 (2015) Springer.

[PS14] V. Pilloni, B. Stroh, Théorème de Lefschetz affine, Travaux de Gabber
sur l’uniformisation locale et la cohomologie étale des schémas quasi-
excellents, L. Illusie, Y. Laszlo, F. Orgogozo, éditeurs, Astérisque 363-364
(2014), pp. 293–300.

[Sab13] C. Sabbah, Théorie de Hodge et correspondance de Hitchin-Kobayashi sau-
vages (d’après T. Mochizuki), Séminaire Bourbaki 1050, Astérisque 352
(2013), pp. 205–241.

[Sai88] M. Saito, Modules de Hodge polarisables. Publ. Res. Inst. Math. Sci. 24
(1988), pp. 849–995.

[Sai90] M. Saito, Mixed Hodge modules. Publ. Res. Inst. Math. Sci. 26 (1990),
pp. 221–333.

[SZ16] S. Sun, W. Zheng, Parity and symmetry in intersection and ordinary coho-
mology. Algebra Number Theory 10 (2016), No. 2, pp. 235–307.

[Wae72] L. Waelbroeck, Les quotients de b-espaces. Actes du Colloque d’Analyse
Fonctionnelle (Univ. Bordeaux, Bordeaux, 1971). Mém. Soc. Math. France,
No. 31–32 (1972), pp. 389–394.

ASTÉRISQUE 100



Ce volume présente la théorie des faisceaux pervers. Les définitions et les pro-
priétés de base des t-structures sur les catégories triangulées sont données dans
le premier chapitre. Le second chapitre introduit les faisceaux pervers et le fonc-
teur de prolongement intermédiaire (pour toute perversité), tant dans le cadre
des espaces stratifiés que dans celui des schémas. Le troisième chapitre traite de
divers sujets complémentaires (catégories dérivées filtrées et foncteur de réalisa-
tion, localisation dans la catégorie dérivée des faisceaux). Le quatrième chapitre
rassemble des propriétés de base des faisceaux pervers pour la perversité auto-
duale. Le cinquième chapitre est le cœur de ce livre. Il est consacré à l’étude des
faisceaux ℓ-adiques pervers mixtes sur les variétés sur un corps fini ; il contient
notamment le théorème de pureté du prolongement intermédiaire, le théorème de
décomposition, et le théorème de Lefschetz difficile relatif. Le sixième chapitre
explique comment utiliser les résultats du chapitre précédent en géométrie algé-
brique complexe. La présente édition comprend une liste d’errata et d’addenda,
une bibliographie additionnelle et un appendice sur la t-exactitude de certains
foncteurs utiles.

This volume presents the theory of perverse sheaves. Definitions and basic prop-
erties of t-structures on triangulated categories are given in the first chapter.
Perverse sheaves and the intermediate extension functor (for any perversity) are
introduced, in the settings of stratified spaces and of schemes, in the second chap-
ter. The third chapter treats some complementary material on filtered derived
categories and the realization functor, and on localization in the derived category
of sheaves. The fourth chapter collects basic facts about perverse sheaves for the
middle perversity. The fifth chapter, which is the core of the book, considers
mixed perverse ℓ-adic sheaves on varieties over a finite field; it contains, in partic-
ular, the theorem about purity of the intermediate extension, the decomposition
theorem, and the relative hard Lefschetz theorem. The sixth chapter explains how
results of chapter five can be used in complex algebraic geometry. The present
edition includes a list of errata and addenda, an additional bibliography, and an
appendix on t-exactness of some useful functors.


