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THE PRO-ETALE TOPOLOGY FOR SCHEMES

by

Bhargav Bhatt & Peter Scholze

To Gérard Laumon, with respect and admiration

Abstract — We give a new definition of the derived category of constructible
Q-sheaves on a scheme, which is as simple as the geometric intuition behind them.
Moreover, we define a refined fundamental group of schemes, which is large enough
to see all lisse Q,-sheaves, even on non-normal schemes. To accomplish these tasks,
we define and study the pro-étale topology, which is a Grothendieck topology on
schemes that is closely related to the étale topology, and yet better suited for infinite
constructions typically encountered in ¢-adic cohomology. An essential foundational
result is that this site is locally contractible in a well-defined sense.

Résumé(La topologie pro-étale sur les schémas). —On donne une nouvelle définition
de la catégorie dérivée des Q,-faisceaux constructibles sur un schéma, qui est aussi
simple que l'intuition géométrique sous-jacente. De plus, on définit sur les schémas
un groupe fondamental raffiné qui est assez grand pour voir tous les Q,-faisceaux
lisses, méme sur les schémas qui ne sont pas normaux. Pour obtenir cela, on définit et
étudie la topologie pro-étale, qui est une topologie de Grothendieck sur les schémas
étroitement liée a la topologie étale mais mieux adaptée aux constructions infinies
typiques de la cohomologie ¢-adique. Un résultat de base essentiel est que ce site est
localement contractile en un sens bien défini.

1. Introduction

Let X be a variety over an algebraically closed field k. The étale cohomology
groups H*(X¢t, Q,), where £ is a prime different from the characteristic of k, are of
fundamental importance in algebraic geometry. Unfortunately, the standard definition
of these groups is somewhat indirect. Indeed, contrary to what the notation suggests,
these groups are not obtained as the cohomology of a sheaf Q, on the étale site Xe;.

2010Mathematics Subject Classification— 19F27, 18F10, 14H30.
Key words and phrases— Etale cohomology, site, pro-étale, constructible sheaf, fundamental
group.
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100 B. BHATT & P. SCHOLZE

The étale site gives the correct answer only with torsion coefficients, so the correct
definition is

Hi(XétaQZ) = (@Hl(XCt’Z/EnZ)) Xz, QZ .

In this simple situation, this technical point is often unproblematic (). However, even
here, it takes effort to construct a natural commutative differential graded Q,-algebra
giving rise to these cohomology groups. This so-called Q,-homotopy type was con-
structed by Deligne in [Del80], using certain subtle integral aspects of homotopy
theory due independently to Miller [Mil78] and Grothendieck.

For more sophisticated applications, however, it is important to work in a relative
setup (i.e., study constructible sheaves), and keep track of the objects in the de-
rived category, instead of merely the cohomology groups. In other words, one wants
a well-behaved derived category D%(X,Q,) of constructible Q,-sheaves. Deligne,
[Del80], and in greater generality Ekedahl, [Eke90], showed that it is possible to
define such a category along the lines of the definition of H!(X4, Q,). Essentially,
one replaces H'(Xg, Z/¢"Z) with the derived category D2(X, Z/¢"Z) of constructible
Z/0"Z-sheaves, and then performs all operations on the level of categories 2).

DE(X, Q) = (lim DX(X, 2/0'Z)) @z, Q, .

Needless to say, this presentation is oversimplified, and veils substantial technical
difficulties.

Nonetheless, in daily life, one pretends (without getting into much trouble) that
D% X,Q,) is simply the full subcategory of some hypothetical derived category
D(X,Q,) of all Q,-sheaves spanned by those bounded complexes whose cohomology
sheaves are locally constant along a stratification. Our goal in this paper to justify
this intuition, by showing that the following definitions recover the classical notions.
To state them, we need the pro-étale site Xpro6¢, which is introduced below. For
any topological space T, one has a ‘constant’ sheaf on X,..t associated with T’
in particular, there is a sheaf of (abstract) rings 6@ on Xprost associated with the
topological ring Q,.

Definition 1.1 — Let X be a scheme whose underlying topological space is noetherian.

1. A sheaf L of Qz—modules on Xprost 15 lisse if it is locally free of finite rank.

2. A sheaf C of Qu-modules on Xproet is constructible if there is a finite stratifi-
cation {X; — X} into locally closed subsets X; C X such that C

x; 1s lisse.

1. It becomes a problem as soon as one relaxes the assumptions on k, though. For example, even
for k = Q, this definition is not correct: there is no Hochschild-Serre spectral sequence linking these
naively defined cohomology groups of X with those of Xz. One must account for the higher derived
functors of inverse limits to get a theory linked to the geometry of X1, see [Jan88].

2. In fact, Ekedahl only defines the derived category of constructible Z,-sheaves, not performing
the final ®zlaé—stcp.
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THE PRO-ETALE TOPOLOGY FOR SCHEMES 101

3. An object K € D(Xproct, Q) is constructible if it is bounded, and all cohomology
sheaves are constructible. Let D%(X, Q) C D(Xproet, Qp) be the corresponding
Sfull triangulated subcategory.

The formalism of the six functors is easily described in this setup. In particular,
in the setup above, with the naive interpretation of the right-hand side, one has

Hi(Xéer) = Hi(XproétaGE) ;

for general X, one recovers Jannsen’s continuous étale cohomology, [Jan88]. Simi-
larly, the complex RI'( X pro6t, Q) is obtained by literally applying the derived functor
RT'(Xprost, —) to a sheaf of Q-algebras, and hence naturally has the structure of a com-
mutative differential graded algebra by general nonsense (see [Ols11, §2] for example);
this gives a direct construction of the Q,~homotopy type in complete generality.

A version of the pro-étale site was defined in [Sch13] in the context of adic spaces.
The definition given there was somewhat artificial, mostly because non-noetherian
adic spaces are not in general well-behaved. This is not a concern in the world of
schemes, so one can give a very simple and natural definition of Xp,o¢. Until further
notice, X is allowed to be an arbitrary scheme.

Definition 1.2

1. Amap f:Y — X of schemes is weakly étale if f is flat and Ay : Y =Y xx Y
1s flat.

2. The pro-étale site Xprost is the site of weakly étale X -schemes, with covers given
by fpqc covers.

Any map between weakly étale X-schemes is itself weakly étale, and the resulting
topos has good categorical properties, like coherence (if X is qcgs) and (hence) exis-
tence of enough points. For this definition to be useful, however, we need to control
the class of weakly étale morphisms. In this regard, we prove the following theorem.

Theorem 1.3 — Let f: A — B be a map of rings.
1. f is étale if and only if f is weakly étale and finitely presented.

2. If f is ind-étale, i.e., B is a filtered colimit of étale A-algebras, then f is weakly
étale.

3. If f is weakly étale, then there exists a faithfully flat ind-étale g : B — C such
that g o f is ind-étale.

In other words, for a ring A, the sites defined by weakly étale A-algebras and by
ind-étale A-algebras are equivalent, which justifies the name pro-étale site for the site
Xprost defined above. We prefer using weakly étale morphisms to define X4 as the
property of being weakly étale is clearly étale local on the source and target, while
that of being ind-étale is not even Zariski local on the target.

SOCIETE MATHEMATIQUE DE FRANCE 2015



102 B. BHATT & P. SCHOLZE

One might worry that the pro-étale site is huge in an uncontrolled way (e.g., cov-
ers might be too large, introducing set-theoretic problems). However, this does not
happen. To see this, we need a definition:

Definition 1.4 — An affine scheme U is w-contractible if any faithfully flat weakly
étale map V — U admits a section.

A w-contractible object U € X104 is somewhat analogous to a point in the topos
theoretic sense: the functor I'(U, —) is exact and commutes with all limits, rather than
colimits. In fact, a geometric point of X defines a w-contractible object in Xp,04t via
the strict henselisation. However, there are many more w-contractible objects, which
is the key to the control alluded to above:

Theorem 1.5 — Any scheme X admits a cover in Xproet by w-contractible affine
schemes.

Despite the analogy between w-contractible objects and points, Theorem 1.5 has
stronger consequences than the mere existence of points. For example, the inverse
limit functor on systems

..—F,>F, 1 —...—F — F,

of sheaves on X o4t is well-behaved, the derived category of abelian sheaves on Xprost
is left-complete and compactly generated, unbounded cohomological descent holds in
the derived category, and Postnikov towers converge in the hypercomplete co-topos
associated with Xpro6. This shows that the pro-étale site is useful even when work-
ing with torsion coefficients, as the derived category of Xg is left-complete (and
unbounded cohomological descent holds) only under finiteness assumptions on the
cohomological dimension of X, cf. [LOOS].

We note that one can ‘cut off’ X;ro¢c by only allowing weakly étale X-schemes Y’
of cardinality < x for some uncountable strong limit cardinal x > | X|, and all results
above, especially the existence of w-contractible covers, remain true. In particular,
the resulting truncated site X6, forms a set, rather than a proper class, so we can
avoid universes in this paper.

Let us explain the local structure of a scheme in the pro-étale site.

Definition 1.6
1. A ring A is w-local if the subset (SpecA)® C SpecA of closed points is closed,

and any connected component of SpecA has a unique closed point.
2. Amap f: A— B of w-local rings is w-local if Specf : SpecB — SpecA maps
closed points to closed points.

The next result shows that every scheme is covered by w-local affines in the pro-
Zariski topology, and hence in the pro-étale topology. In particular, as noetherian
schemes have finitely many connected components, this shows that non-noetherian
schemes are unavoidable when studying Xprost, even for X noetherian.
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THE PRO-ETALE TOPOLOGY FOR SCHEMES 103

Theorem 1.7 — The inclusion of the category of w-local rings with w-local maps in
the category of all rings admits a left adjoint A — A%. The unit A — A? of the
adjunction is faithfully flat and an ind-(Zariski localisation), so SpecA? — SpecA is
a cover in Spec(A)proet. Moreover, the subset (SpecA?)¢ C SpecAZ of closed points
maps homeomorphically to SpecA, equipped with its constructible topology.

In other words, SpecA? is roughly the disjoint union of the local rings of A.
However, the union is not exactly disjoint; rather, the set of connected components
7o(SpecA?) is naturally a profinite set, which is SpecA with its constructible topology.
Thus, the study of w-local rings splits into the study of its local rings at closed points,
and the study of profinite sets. It turns out in practice that these two aspects inter-
act little. In particular, this leads to the following characterization of w-contractible
schemes.

Theorem 1.8 — An affine scheme X = SpecA is w-contractible if and only if A is
w-local, all local rings at closed points are strictly henselian, and wo(X) is extremally
disconnected.

Recall that a profinite set S is extremally disconnected if the closure of any open
subset U C S is still open. By a theorem of Gleason, S is extremally disconnected if
and only if S is projective in the category of compact Hausdorff spaces, i.e., any sur-
jective map T' — S from a compact Hausdorff space T admits a section. In particular,
the Stone-Cech compactification of any discrete set is extremally disconnected, which
proves the existence of enough such spaces. Using this construction, if A is w-local, it
is relatively easy to construct a faithfully flat ind-étale A-algebra B satisfying the con-
ditions of the theorem, which proves the existence of enough w-contractible schemes.

As a final topic, we study the fundamental group. In SGAI1, a profinite group
7¢%(X, z) is defined for any connected scheme X with a geometric point z. It has
the property that the category of lisse Zy-sheaves on X is equivalent to the category
of continuous representations of 7¢*(X,z) on finite free Z,-modules. However, the
analogue for lisse Q-sheaves fails (unless X is geometrically unibranch) as Qg-local
systems admit Z,-lattices only étale locally. For example, if X is P! with 0 and oo
identified (over an algebraically closed field), then X admits a cover f : Y — X where
Y is an infinite chain of P'’s. One can descend the trivial Q-local system on Y to
X by identifying the fibres at 0 and co using any unit in Qy, e.g., £ € Q. However,
representations of 7$t(X, z) = Z with values in GL;(Q) will have image in GL(Z/)
by compactness. This suggests that the ’true’ 7 of X should be Z C Z = (X, z).
In fact, in SGA3 X6, a prodiscrete group m$%43(X, x) is defined, which gives the
desired answer in this example. Its defining property is that Hom(7$%43(X, x),T)
is in bijection with I'-torsors trivialized at x, for any discrete group I". However, in
general, 7$G43( X, x) is still too small to detect all Qg-local systems through its finite
dimensional continuous Qg-representations: the failure is visible already for X a high-
genus curve with two points identified (this example is due to Deligne, and recalled
in Example 7.4.9).

SOCIETE MATHEMATIQUE DE FRANCE 2015



104 B. BHATT & P. SCHOLZE

We circumvent the issues raised above by working with a larger category of “cover-
ings” than the ones used in constructing 7¢*(X, z) and 743(X, ). To recover groups
from such categories, we study some general infinite Galois theory. The formalism
leads to the following kind of groups.

Definition 1.9. — A topological group G is called a Noohi group if G is complete, and
admits a basis of open neighborhoods of 1 given by open subgroups.

The word “complete” above refers to the two-sided uniform structure on G deter-
mined by its open subgroups. For example, locally profinite groups, such as GL, (Qg),
are Noohi groups. Somewhat more surprisingly, GL,(Q,) is also a Noohi group. The
main result is:

Theorem 1.10 — Let X be a connected scheme whose underlying topological space is
locally noetherian. The following categories are equivalent.

1. The category Locx of sheaves on Xprost which are locally constant.

2. The category Covy of étale X-schemes Y which satisfy the valuative criterion
of properness.

For any geometric point © of X, the infinite Galois theory formalism applies to Locx
equipped with the fibre functor at x, giving rise to a Noohi group 771pmét(X7 x). The
pro-finite completion of TP (X, x) is 7$"(X, x), and the pro-discrete completion of
ﬂ'lpmét (X, z) is myCSA3(X, x). Moreover, Qq-local systems on X are equivalent to con-
tinuous representations of meét(X ,x) on finite-dimensional Qg-vector spaces, and
similarly for Qg replaced by Q,.

Informally, the difference between Wlpmét (X, z) and the classical fundamental groups

stems from the existence of pro-étale locally constant sheaves that are not étale lo-
cally constant. This difference manifests itself mathematically in the lack of enough
Galois objects, i.e., Wlpmét (X, x) does not have enough open normal subgroups (and
thus is not prodiscrete). It is important to note that the construction of 7% (X, x)
is not completely formal. Indeed, as with 7543(X, 2), it is not clear a priori that
Wlpmét (X, x) contains even a single non-identity element: a cofiltered limit of discrete
groups along surjective transition maps can be the trivial group. Thus, one must di-
rectly construct elements to show 72"°“(X, z) is big enough. This is done by choosing
actual paths on X, thus reuniting the classical point of view from topology with the
abstract approach of SGAL.

Finally, let us give a short summary of the different sections. In Section 2, we study
w-local rings and the like. In Section 3, we study a general topos-theoretic notion
(namely, repleteness) which implies left-completeness of the derived category etc. We
also include some discussions on complete sheaves, which are again well-behaved under
the assumption of repleteness. In Section 4, we introduce the pro-étale site, and study

its basic properties. The relation with the étale site is studied in detail in Section 5.

ASTERISQUE 369



THE PRO-ETALE TOPOLOGY FOR SCHEMES 105

In Section 6, we introduce constructible sheaves (recalling first the theory for torsion
coefficients on the étale site), showing that for schemes whose underlying topological
space is noetherian, one gets the very simple definition stated above. Finally, in
Section 7, we define the pro-étale fundamental group.

Acknowledgments. — The vague idea that such a formalism should exist was
in the air since the paper [Sch13], and the second-named author received constant
encouragement from Michael Rapoport, Luc Illusie and many others to work this out.
Martin Olsson’s question on the direct construction of the Qg-homotopy type led
to the birth of this collaboration, which soon led to much finer results than initially
expected. Ofer Gabber suggested that weakly étale morphisms could be related to ind-
étale morphisms. Johan de Jong lectured on some parts of this paper in Stockholm,
and provided numerous useful and enlightening comments. Conversations with Brian
Conrad also clarified some arguments.

Héléne Esnault urged us to think about fundamental groups of non-normal schemes
from the perspective of the pro-étale topology, which led to §7. Moreover, Pierre
Deligne generously shared his notes on fundamental groups, which had an important
influence on the material in §7, especially in relation to Noohi groups and abstract
infinite Galois theory. Deligne’s results were slightly weaker: in the language intro-
duced in §7.2, he first proves that any countably generated (in a suitable sense) infinite
Galois category is automatically tame, and then specializes this result to schemes to
obtain, using purely abstract arguments, a pro-(Noohi group) from a certain cate-
gory of “coverings” that turns out to be equivalent to Covx; here the pro-structure is
dual to the ind-structure describing this category of coverings as a filtered colimit of
countably generated infinite Galois categories. After we realized that this pro-group
is realized by its limit by using geometric paths, Gabber explained to us his different
perspective on fundamental groups, which we explain in Remark 7.4.12 below.

This work was done while Bhargav Bhatt was supported by NSF grants
DMS 1340424 and DMS 1128155, and Peter Scholze was a Clay Research Fellow.

2. Local structure

The goal of this section is to study some algebra relevant to the pro-étale topol-
ogy. Specifically, we show: (a) weakly étale and pro-étale maps define the same
Grothendieck topology on rings in §2.3, and (b) this Grothendieck topology has
enough “weakly contractible” objects in §2.4.

2.1. Spectral spaces. — Let 8 be the category of spectral spaces with spectral
maps, and let 8 C § be the full subcategory of finite spectral spaces (= finite Tp
spaces), so 8 = Pro(8y), cf. [Hoc69]. Our main goal is to show that each X € §
admits a pro-(open cover) XZ — X such that X admits no further non-split open
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106 B. BHATT & P. SCHOLZE

covers. This goal is eventually realized in Lemma 2.1.10. Before constructing X#,
however, we introduce and study the subcategory of 8§ where spaces of the form X%
live:

Definition 2.1.1 — A spectral space X is w-local if it satisfies:

1. All open covers split, i.e., for every open cover {U; — X}, the map U;U; — X
has a section.

2. The subspace X¢ C X of closed points is closed.
Amap f: X =Y of w-local spaces is w-local if f is spectral and f(X€¢) C Y¢. Let

i: 8% < 8§ be the subcategory of w-local spaces with w-local maps.

The first condition in Definition 2.1.1 is obviously necessary for the promised appli-
cation. The second condition turns out to be particularly convenient for applications.

Example 2.1.2 — Any profinite set is a w-local space. Any local scheme has a w-
local topological space. The collection of w-local spaces is closed under finite disjoint
unions.

The property of w-locality passes to closed subspaces:

Lemma2.1.3 — If X € 8¥, and Z C X is closed, then Z € 8.

Proof. — Open covers of Z split as any open cover of Z extends to one of X (by
extending opens and adding X — Z). Moreover, it is clear that Z¢ = XN Z, so the
claim follows. o

Recall that the inclusion Pro(Set;) C Pro(8;) = 8 has a left-adjoint X +— mo(X),
i.e., the counit X — mp(X) is the universal spectral map from X to a profinite
set. Given a cofiltered presentation X = lim; X; with X, € 8;, we have my(X) =
lim; mo(X;). We use this to give an intrinsic description of w-local spaces:

Lemma 2.1.4 — A spectral space X is w-local if and only if X¢ C X is closed, and ev-
ery connected component of X has a unique closed point. For such X, the composition
X¢ = X — m(X) is a homeomorphism.

Proof. — The second part follows immediately from the first as X¢ is profinite when
X is w-local. For the first, assume that X is w-local; it suffices to show that each
connected component has a unique closed point. Then Lemma 2.1.3 shows that any
connected component is also w-local, so we may assume X is connected. If X has two
distinct closed points x1,z2 € X, then the open cover (X — {z1})U(X —{x2}) = X
has no section, which contradicts w-locality.

Conversely, assume X¢ C X is closed, and that each connected component has
a unique closed point. Then X¢ is profinite, and hence X¢ — m(X) is a homeo-
morphism. Now fix a finite open cover {U; — X} with U; quasicompact. We must
show that 7 : Y := U;U; — X has a section. As X€ is profinite, there is a map
s : X¢ — Y lifting the inclusion X¢ — X. Let Z C m(Y) be the image of the
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THE PRO-ETALE TOPOLOGY FOR SCHEMES 107

composite X¢ Y — mo(Y). Then Z is a closed subset of mo(Y'), and the canonical
maps X¢ — Z — m(X) are all homeomorphisms. In particular Z < m(Y) is a
pro-(open immersion). Let Y :=Y X, (yy Z < Y be the inverse image. Then Y” is
a spectral space with mo(Y’) = Z. The map Y’ — Y is pro-(open immersion), so the
map ¢ : Y’ — X is pro-open. One checks from the construction ¢ induces a home-
omorphism my(Y’) — mo(X). Moreover, the fibres of Y/ — mo(Y”) identify with the
fibres of Y — mo(Y"). As the image of mo(Y') — mo(Y") only contains connected com-
ponents of Y that contain a point lifting a closed point of X, it follows that the fibres
of Y — mp(Y’) map homeomorphically onto the fibres of X — 7o(X). Thus ¢ is a
continuous pro-open bijection of spectral spaces. Any such map is a homeomorphism
by a compactness argument. Indeed, if U C Y’ is a quasicompact open, then ¢(U)
is pro-(quasi-compact open), so ¢(U) = N;V;, where the intersection is indexed by all
quasi-compact opens containing ¢(U). Pulling back to Y’ shows U = N;¢~1(V;). As
Y’ — U is compact in the constructible topology and each ¢~1(V;) is constructible, it
follows that U = ¢~1(V;) for some 4, and hence ¢(U) = V;. O

Remark 2.1.5 — Lemma 2.1.4 shows that each w-local space X comes equipped with
a canonical “specialization” map s : X — X¢ defined as the composition X —
mo(X) =~ X¢. Concretely, any x € X admits a unique closed specialization s(z) €
X¢ C X; in fact, the connected component spanned by z has s(z) as its unique
closed point. Any map in 8! preserves specializations and closed points, and is thus
compatible with the specialization maps.

Definition 2.1.6 — Given a closed subspace Z C X of a spectral space X, we say X
is local along Z if X¢ C Z, or equivalently, if every x € X specializes to a point of Z.
The (pro-open) subspace of X comprising all points that specialize to a point of Z is
called the localization of X along Z.

Lemma 2.1.7 — A spectral space X that is local along a w-local closed subspace Z C X
with mo(Z) =2 mo(X) is also w-local.

Proof. — Tt suffices to show that X°¢ C X is closed, and that the composition X¢ —
X — mp(X) is a homeomorphism. Since X ¢ = Z¢, the first claim is clear. The second
follows from the w-locality of Z: one has X°¢ = Z¢ as before, and mo(X) = m(Z) by
assumption. O

We recall the structure of limits in 8:

Lemma 2.1.8 — 8 admits all small limits, and the forgetful functor 8 — Set preserves
these limits.

Proof. — Since § = Pro(8y), it suffices to show that 8 admits fibre products. Given
maps X — Z < Y in 8¢, one simply checks that a fibre product X xz Y in 8¢ is
computed by the usual fibre product X xz Y in Set; with the topology induced from
the product topology on X xY under the inclusion X x zY C X xY. The second claim

is then clear. Alternatively, observe that there is a factorization § % Pro(Set ) LN Set,
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108 B. BHATT & P. SCHOLZE

where a(X) is X with the constructible topology, and b(Y) = Y. Both functors a
and b admit left adjoints o and 3 respectively: (§ is the Stone-Cech compactification
functor, while « is the natural inclusion Pro(Sety) C Pro(8;) = 8. In particular, the
forgetful functor 8§ — Set preserves limits. O

The category of w-local spaces also admits small limits:

Lemma2.1.9 — 8% admits all small limits, and the inclusion i : 8¥' — § preserves
these limits.

Proof. — We first check 8*! admits fibre products. Given maps X — Z < Y in 8!,
the fibre product X xzY in 8 is local along the (profinite) closed subset X ¢ x z. Y¢ C
X Xz Y: apoint (z,y) € X xzY specializes to the point (s(z),s(y)) € X Xz
Y¢, where s is the specialization map from Remark 2.1.5. Then X xz Y € 8“! by
Lemma 2.1.7. Moreover, this also shows (X xz V)¢ = X xz. Y, and that the
projection maps X < X xzY — Y preserve closed points, which proves that X xzY
is a fibre product on 8!, For cofiltered limits, fix a cofiltered diagram {X;} in §*'.
Let X := lim; X; be the limit (computed in §). We claim that X € 8*!, and the
maps X — X; are w-local. As any open cover of X can be refined by one pulled back
from some X;, one checks that all open covers of X split. For the rest, it suffices to
show X° = lim; X¢; note that {X{} is a well-defined diagram as all transition maps
X; — X; are w-local. It is clear that lim; X{ C X°. Conversely, choose 2 € X¢ C X
with image z; € X;. Let Y; = {x;} C X;. Then {Y;} forms a cofiltered diagram in §*!
with lim; ¥; € X by Lemma 2.1.3. Moreover, one has lim; Y; = m = {z} C X by the
compatibility of closures and cofiltered limits. Now consider the cofiltered diagram
{Y£}. As each Y C Y] is a subset, we get lim; Y;* C lim; ¥; = {x}. Then either
x € lim; Y or lim; Y;° = &; the latter possibility does not occur as a cofiltered limit
of non-empty compact Hausdorff spaces is non-empty, so z € lim; Y,* C lim; X¢. O

The adjoint functor theorem and Lemma 2.1.9 show that i : §*! — 8§ admits a left
adjoint; this adjoint is characterized as the unique functor that preserves cofiltered
limits and finite disjoint unions, and carries a connected finite Ty space X to X U {x},
where * is declared to be a specialization of all points of X. This adjoint is not used
in the sequel since it does not lift to the world of schemes. However, it turns out that
i: 8! < § also has a right adjoint which can be described via open covers, passes to
the world of schemes, and will be quite useful:

Lemma2.1.10 — The inclusion i : 8¥* — 8 admits a right adjoint X — XZ. The
counit X? — X is a pro-(open cover) for all X, and the composite (X?)¢ — X is a
homeomorphism for the constructible topology on X.

Proof. — We first construct the functor X — XZ and the counit map X% — X.
As the notions of w-local spaces and w-local maps are well-behaved under cofiltered
limits by Lemma 2.1.9, it suffices to construct, for each X € 8, a functorial open
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cover XZ — X with XZ w-local such that: (a) the functor X + XZ carries maps to
w-local maps, (b) (XZ)¢ — X is a bijection, and (c) (X#)¢ C X7 is discrete.
Let X be a finite T space. We define

X7 =||x.,
rzeX
where X, C X is the subset of generalizations of x, which is an open subset of X.
Then XZ € 8. Moreover, each X, is w-local as the only open of X, containing z is
X, itself. Stability of w-locality under finite disjoint unions shows that X ? is w-local.
If f: X — Y is a map of finite Ty spaces, one gets an induced map

fox7=]x. =Y =|]v,,
reX yey
by mapping X, into Y} (). In particular, this sends the closed point x € X, to the
closed point f(x) € Yj(y), so that this map is w-local. Moreover, there is a natural
map X? — X for any X, by embedding each X, into X. Clearly, this is an open
cover of X. The definition also shows (X#)¢ = X with the discrete topology (which
is the also the constructible topology for finite Tj spaces).

To show this defines an adjoint, we must check: given X € 8, Y € 8¥! and a
spectral map h : Y — X, there exists a unique w-local map b’ : Y — X? factoring h.
We may assume X € 8¢ as before. As Y¢ =Y is closed, the composite g : Y¢ =Y —
X is a spectral map from a profinite set to a finite Ty space. One then checks that
g~ (z) is clopen in Y¢ for all z € X (the preimage of any open of X is a quasicompact
open, and thus clopen, in the Hausdorff space Y ¢; one deduces the claim by induction
on #X by excising one closed point at a time). Picking an x € X with g7 (z) # @
and replacing Y with the clopen subset s~*(g~!(x)) where s : Y — mo(Y) ~ Y ¢ is
the specialization map from Remark 2.1.5, we may assume that h(Y°) = {z} C X;
here we use Lemma 2.1.3 to ensure Y remains w-local. As each point of Y specialises
to a point of Y¢, the map h factors through X, C X, which gives the desired w-local
lift b’ : Y — X, C XZ; the w-locality requirement forces uniqueness of h'. O

Remark 2.1.11— The space X# can be alternatively described as:

XZ = lim U;X;,
where the limit is indexed by the cofiltered category of constructible stratifications
{X; — X}, and X; denotes the set of all points of X specializing to a point of X;.
One then has a corresponding description of closed subspaces

(X% = lim 1;X; C X7,

so it is clear that (X%)¢ — X is a homeomorphism for the constructible topology
on the target. This description and the cofinality of affine stratifications inside
all constructible stratifications show that if X is an affine scheme, then the maps
(X%)e < X7 Y X it to maps of affine schemes, with a a closed immersion, and b
a pro-(open cover).
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Definition 2.1.12 — A map f: W — V of spectral spaces is a Zariski localization if
W = 1;U; with U; =V a quasicompact open immersion. A pro-(Zariski localization)
s a cofiltered limit of such maps.

Both these notions are stable under base change. A key example is:

Lemma 2.1.13— Any map [ : S — T of profinite sets is a pro-(Zariski localization).
In fact, we can write S = lim; S; as a cofiltered limit of maps S; — T, each of which
is the base change to T of a map from a profinite set to a finite set.

Proof. — Choose a profinite presentation T = lim, T}, and set S; = .S x7, T". Then
S; — T is the base change of S — T}, and S ~ lim; S;, which proves the claim. O

We use this notion to split a w-local map into a pro-(Zariski localization), and one
that is entirely “local:”

Lemma2.1.14 — Any map f: X = Y in 8 admits a canonical factorization X —
Z — Y in 8¥ with Z — Y a pro-(Zariski localization) and X — Z inducing a
homeomorphism X¢ ~ Z°€.

Proof. — We have a diagram
X— X ——m(X)=:5

lfc lf l‘fm(f)

Y¢——=Y ——=mn(Y)=T.
Set Z =Y xpS. Then by Lemma 2.1.9, Z is w-local and Z¢ = Y¢ xp § ~ X°¢.
Moreover, the map S — T is a pro-(Zariski localization), and hence so is Z — Y.

The induced map X — Z sends X€ to Y xS = Z¢, and is thus w-local; as X¢ — Z°
is a homeomorphism, this proves the claim. O

2.2. Rings. — We now adapt the notions of §2.1 to the world of rings wvia the
Zariski topology, and also discuss variants for the étale topology:
Definition 2.2.1 — Fiz a ring A.
1. A is w-local if Spec(A) is w-local.
2. A is w-strictly local if A is w-local, and every faithfully flat étale map A — B
has a section.

3. Amap f: A— B of w-local rings is w-local if Spec(f) is w-local.

4. A map f: A — B is called a Zariski localization if B = [, A[%] for some
fi,-- s fn € A, An ind-(Zariski localization) is a filtered colimit of Zariski
localizations.

5. A map f: A— B is called ind-étale if it is a filtered colimit of étale A-algebras.
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Example 2.2.2 — For any ring A, there is an ind-(Zariski localization) A — A% such
that Spec(A?) = Spec(A4)?, see Lemma 2.2.4. In particular, AZ is w-local. Any
strictly henselian local ring A is w-strictly local. Moreover, any cofiltered limit of
w-strictly local rings along w-local maps is w-strictly local.

Our goal in this section is to explain why every ring admits an ind-étale faithfully
flat w-strictly local algebra. The construction of this extension, very roughly, mirrors
the classical construction of the strict henselisations at a geometric point: first one
Zariski localizes at the point, and then one passes up along all étale neighbourhoods
of the point. The first step is accomplished using the functor A — AZ; the next
lemma describes the structure of the resulting ring.

Lemma 2.2.3 — If A is w-local, then the Jacobson radical 14 cuts out Spec(A)° C
Spec(A) with its reduced structure. The quotient A/I4 is an absolutely flat ring.

Recall that a ring B is called absolutely flat if B is reduced with Krull dimension 0
(or, equivalently, that B is reduced with Spec(B) Hausdorff).

Proof. — Let J C A be the (radical) ideal cutting out Spec(A)¢ C Spec(A) with
the reduced structure. Then J C m for each m € Spec(A)¢, so J C I4. Hence,
Spec(A/I4) C Spec(A)© is a closed subspace; we want the two spaces to coincide. If
they are not equal, then there exists a maximal ideal m such that I4 ¢ m, which is
impossible. O

The study of w-local spectral spaces has a direct bearing on w-local rings:

Lemma 2.2.4 — The inclusion of the category w-local rings and maps inside all rings
admits a left adjoint A — A?. The unit A — A% is a faithfully flat ind-(Zariski
localization), and Spec(A)? = Spec(A%) over Spec(A).

Proof. — This follows from Remark 2.1.11. In more details, let X = SpecA, and
define a ringed space X? — X by equipping (SpecA)? with the pullback of the
structure sheaf from X. Then Remark 2.1.11 presents XZ as an inverse limit of affine
schemes, so that XZ = Spec(A?) is itself affine. O

Example 2.2.5 — For a ring A, the map A — A% /I ,z is the universal map from A
to an absolutely flat ring. Indeed, this follows by the universal property of A%, the
w-locality of absolutely flat rings, and the observation that any w-local map A% — B
with B absolutely flat factors through a map A% /I, z — B.

Lemma 2.2.6 — Any w-local map f : A — B of w-local rings admits a canonical

factorization A % C Y B with C w-local, a a w-local ind-(Zariski localization), and
b a w-local map inducing mo(Spec(B)) =~ mo(Spec(C)).

Proof. — This follows from Lemma 2.1.14 and the observation that any map S —
mo(Spec(A)) of profinite sets is induced by an ind-(Zariski localization) A — C by
applying mo(Spec(—)) thanks to Lemma 2.1.13. O
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Due to the w-locality of A% and Lemma 2.2.3, absolutely flat rings play an impor-
tant role in this section. The next lemma explains the construction of w-strictly local
ind-étale covers of absolutely flat rings.

Lemma 2.2.7 — For any absolutely flat ring A, there is an ind-€étale faithfully flat map
A — A with A w-strictly local and absolutely flat. For a map A — B of absolutely
flat rings, we can choose such maps A — A and B — B together with a map A — B
of A-algebras.

Proof. — The following fact is used without further comment below: any ind-étale al-
gebra over an absolutely flat ring is also absolutely flat. Choose a set I of isomorphism
classes of faithfully flat étale A-algebras B;, and set A; to be their tensor product, i.e.,
Ay := colimjcr ®jesB;, where the (filtered) colimit is indexed by the poset of finite
subsets of I. There is an obvious ind-étale faithfully flat map A — A;, and it is clear
from the construction that any étale faithfully flat A-algebra B admits a map to Ay,
i.e., the map A — B splits after base change to A;. Iterating the construction with A;
replacing A and proceeding inductively defines a tower A — A; — As — ... A, — ...
of A-algebras with faithfully flat ind-étale transition maps. Set A = colim A4,. As
étale morphisms of rings are finitely presented, one checks that A is absolutely flat,
and that any faithfully flat étale A-algebra has a section, so A is w-strictly local
as Spec(A) is profinite. For the second part, simply set B to be a w-strictly local
faithfully flat ind-étale algebra over A @4 B. O

To decouple topological problems from algebraic ones, we consistently use:

Lemma 2.2.8 — For any ring A and a map T — mo(Spec(A)) of profinite sets, there
is an ind-(Zariski localization) A — B such that Spec(B) — Spec(A) gives rise to the
given map T — 7y(Spec(A)) on applying mo. Moreover, the association T — Spec(B)
18 a limit-preserving functor.

One may make the following more precise statement: for any affine scheme X, the
functor Y — mo(Y") from affine X-schemes to profinite mo(X )-sets has a fully faithful
right adjoint S +— S X (x) X, the fibre product in the category of topological spaces
ringed using the pullback of the structure sheaf on X. Moreover, the natural map
S Xro(x) X — X is a pro-(Zariski localisation) and pro-finite.

Proof. — Given T as in the lemma, one may write T = limT; as a cofiltered limit
of profinite my(Spec(A))-sets T; with T; — m(Spec(A)) being the base change of
a map of finite sets, see Lemma 2.1.13. For each T}, there is an obvious ring B;
that satisfies the required properties. We then set B := colim B;, and observe that
mo(Spec(B)) = lim 7o (Spec(B;)) =1limT; = T as a mo(Spec(A))-set. O

One can characterize w-strictly local rings in terms of their topology and local
algebra:

Lemma 2.2.9 — A w-local ring A is w-strictly local if and only if all local rings of A
at closed points are strictly henselian.
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Proof. — For the forward direction, fix a w-strictly local ring A and choose a closed
point x € Spec(A)°. Any faithfully flat étale map A, — B’ is the localization at x
of a faithfully flat étale map A[%] — B for some f invertible at . As x is a closed
point, we may find f1, ..., f, € A vanishing at = such that C = B x [[I_, A[f; '] is a
faithfully flat étale A-algebra. This implies that there is a section C' — A, and hence
C®a Ay — Az. As f; vanishes at z, one has C ®4 A, = B, x A’, where A’ has no
point above z. The (algebra) section B, x A’ — A, then necessarily factors through
the projection on the first factor, which gives us the desired section. For the converse
direction, assume A is a w-strictly local ring whose local rings at closed points are
strictly henselian. Fix a faithfully flat étale A-algebra B. Then A — B has a section
over each closed point of Spec(A) by the assumption on the local rings. Spreading
out, which is possible by finite presentation constraints, there is a Zariski cover of
Spec(A) over which Spec(B) — Spec(A) has a section; by w-locality of Spec(A), one
finds the desired section B — A. O

To pass from w-strictly local covers of absolutely flat rings to arbitrary rings, we
use henselizations:

Definition 2.2.10 — Given a map of rings A — B, let Hensa(—) : Ind(Be) —
Ind(Aet) be the functor right adjoint to the base change functor Ind(Ag) — Ind(Bgt).
Ezxplicitly, for By € Ind(Bg;), we have Hensa(By) = colim A’, where the colimit is
indexed by diagrams A — A’ — Bqy of A-algebras with A — A’ étale.

Remark 2.2.11 — The notation of Definition 2.2.10 is not ambiguous, i.e., for any
map A — B and C € Ind(Bst), the ring Hens4(C') depends only on the A-algebra C,
and not on B. It follows that if A — A’ — C is a factorization with A — A’ ind-étale,
then Hens 4 (C) ~ Hens 4/ (C).

Henselization is particularly well-behaved for quotient maps:

Lemma 2.2.12— For surjective maps A — A/I, the functor Hens z(—) s fully faith-
ful, so Hensa(—) ®4 A/I ~id as functors on Ind((A/1)st)-

Proof. — Fix some By € Ind((A4/I)s,) and set B = Hens4(By). By adjointness, it suf-
fices to check B/IB ~ By. As any étale A/I-algebra Cy lifts to some étale A-algebra
C, one immediately checks that B — By is surjective. Choose f € ker(B — By).
Then f lifts to some étale A-algebra C along some map C — B. If f € IC, we
are done. If not, f gives an element of the kernel of C/IC — By. Hence, there is
some diagram C/IC — Dy — By in Ind((A/1)e) with C'/IC — Dy étale such that
f maps to 0 in Dy. Choose an étale C-algebra D lifting Dy, so f € ID. The map
D — D/ID = Dy — By of A-algebras then gives a factorization C' — D — B, which
shows that f € IB. O

The étale analogue of Lemmas 2.1.3 and 2.1.7 is:

Lemma 2.2.13— Let A be a ring henselian along an ideal I. Then A is w-strictly
local if and only if A/I is so.
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Proof. — First assume A/T is w-strictly local. As A is henselian along I, the space
Spec(A) is local along Spec(A/I), so A is w-local by Lemma 2.1.7. Pick a faith-
fully flat étale A-algebra B. Then A/I — B/IB has a section. By the adjunction
Hom (B, Hensa(A/I)) ~ Homa(B/IB, A/I) and the identification Hens4 (A/I) = A,
one finds the desired section B — A. Conversely, assume A is w-strictly local. Then
Spec(A/I)¢ = Spec(A)¢ by the henselian property, so Spec(A4/I)¢ C Spec(A/I) is
closed. Moreover, any faithfully flat étale A/I-algebra By is the reduction modulo
of I of a faithfully flat étale A-algebra B, so the w-strict locality of A immediately
implies that for A/I. O

Henselizing along w-strictly local covers of absolutely flat rings gives w-strictly local
covers in general:

Corollary 2.2.14 — Any ring A admits an ind-étale faithfully flat map A — A’ with
A" w-strictly local.

Proof. — Set A’ := Hensyz(A%/I,4z), where AZ/I,z is a w-strictly local
ind-étale faithfully flat A% /I,z-algebra; then A’ satisfies the required property
by Lemma 2.2.13. O

We end by noting that the property of w-strictly locality passes to quotients:
Lemma 2.2.15— Let A be a ring with an ideal I. If A is w-strictly local, so is A/I.

Proof. — The space Spec(A/I) is w-local by Lemma 2.1.3. The local rings of A/T at
maximal ideals are quotients of those of A, and hence strictly henselian. The claim

follows from Lemma 2.2.9. o
2.3. Weakly étale versus pro-étale. — In this section, we study the following
notion:

Definition 2.3.1 — A morphism A — B of commutative rings is called weakly étale
if both A — B and the multiplication morphism B @ 4 B — B are flat.

Remark 2.3.2 — Weakly étale morphisms have been studied previously in the liter-
ature under the name of absolutely flat morphisms, see [O1i72]. Here, we follow the
terminology introduced in [GR03, Definition 3.1.1].

Our goal in this section is to show that weakly étale maps and ind-étale maps
generate the same Grothendieck topology, see Theorem 2.3.4 below. We begin by
recording basic properties of weakly étale maps.

Proposition 2.3.3— Fiz maps f: A— B, g: B— C, and h: A — D of rings.

1. If f is ind-étale, then f is weakly étale.

2. If [ is weakly étale, then the cotangent complexr Lp,a vanishes. In particular,
f is formally étale.

8. If f is weakly étale and finitely presented, then f is étale.
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4. If f and g are weakly étale (resp. ind-étale), then g o f is weakly étale (resp.
ind-étale). If go f and f are weakly étale (resp. ind-étale), then g is weakly étale
(resp. ind-étale).

5. If h is faithfully flat, then f is weakly étale if and only if f@aD : D — B®a D
18 weakly étale.

Proof. — These are well-known, so we mostly give references.

1. As flatness and tensor products are preserved under filtered colimits, one re-
duces to the case of étale morphisms. Clearly, f is flat in that case; moreover,
B ®4 B — B is an open immersion on spectra, and in particular flat.

2. See [GRO3, Theorem 2.5.36] and [GRO03, Proposition 3.2.16].

3. Since f is weakly étale and finitely presented, it is formally étale and finitely
presented by (2), hence étale.

4. The first part is clear. For the second part in the weakly étale case, see [GRO03,
Lemma 3.1.2 (iv)]. For the ind-étale case, observe that the category of ind-étale
algebras is equivalent to the ind-category of étale algebras by finite presentation
constraints.

5. This is clear, as flatness can be checked after a faithfully flat base change. O

The analogue of (5) fails for ind-étale morphisms. Our main result in this section
is:

Theorem 2.3.4— Let f : A — B be weakly étale. Then there exists a faithfully flat
ind-étale morphism g : B — C such that go f : A — C is ind-étale.

The local version of Theorem 2.3.4 follows from the following result of Olivier,
[O1i72]:

Theorem 2.3.80livier). — Let A be a strictly henselian local ring, and let B be a
weakly étale local A-algebra. Then f: A — B is an isomorphism.

Remark 2.3.6 — One might hope to use Theorem 2.3.5 for a direct proof of Theo-
rem 2.3.4: Assume that f: A — B is weakly étale. Let C' = [[ Ay+z, where T runs
over a set of representatives for the geometric points of Spec(B), and A;+z denotes
the strict henselization of A at f*Z. Then Theorem 2.3.5 gives maps B — Bz ~ Az
for each Z, which combine to give a map B — C inducing a section of C' -+ B ®4 C.
However, although each Az is ind-étale over A, C is not even weakly étale over A, as
infinite products do not preserve flatness. In order to make the argument work, one
would have to replace the infinite product by a finite product; however, such a C' will
not be faithfully flat. If one could make the sections B — Az factor over a finitely
presented A-subalgebra of Az, one could also make the argument work. However, in
the absence of any finiteness conditions, this is not possible.
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Our proof of Theorem 2.3.4 circumvents the problem raised in Remark 2.3.6 using
the construction of w-strictly local extensions given in §2.2 to eventually reduce to
Olivier’s result. We begin by recording the following relative version of the construc-
tion of such extensions:

Lemma 2.3.7 — Let f : A — B be a map of rings. Then there exists a diagram
A——s A

yoob
B——= DB

with A — A" and B — B’ faithfully flat and ind-étale, A’ and B’ w-strictly local, and
A" — B’ w-local.

Proof. — Choose compatible w-strictly local covers to get a diagram

AZ/IAZ %AZ/IAZ = Ao

l |

BZ/IBZ %BZ/IBZ = BO

of absolutely flat rings with horizontal maps being faithfully flat and ind-étale, and
Ap and By being w-strictly local. Henselizing then gives a diagram

A——s A? — > Hens 42(Ag) =: A’

lf lfz lf’
B —— B? —— Hensgz(By) =: B’

Then all horizontal maps are ind-étale faithfully flat. Moreover, both A’ and B’ are
w-strictly local by Lemma 2.2.13. The map f’ is w-local since Spec(A’)¢ = Spec(Ay),
and Spec(B’)¢ = Spec(By), so the claim follows. O

We now explain how to prove an analogue of Olivier’s theorem for w-strictly local
rings:

Lemma2.3.8 — Let f: A — B be a w-local weakly étale map of w-local rings with A
w-strictly local. Then f is a ind-(Zariski localization).

Proof. — First consider the canonical factorization A — A’ — B provided by
Lemma 2.2.6. As A — A’ is w-local with A’ w-local, Lemma 2.2.9 shows that A’ is
w-strictly local. Replacing A with A’, we may assume f induces a homeomorphism
Spec(B)¢ ~ Spec(A)¢. Then for each maximal ideal m C A, the ring B/mB has a
unique maximal ideal and is absolutely flat (as it is weakly étale over the field A/m).
Then B/mB must be a field, so mB is a maximal ideal. The map A, — Bnp is an
isomorphism by Theorem 2.3.5 as Ay, is strictly henselian, so A ~ B. O
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The promised proof is:

Proof of Theorem 2.3.4. — Lemma 2.3.7 gives a diagram
A——s A

lf lf/
B—— DB

with f’ a w-local map of w-strictly local rings, and both horizontal maps being ind-
étale and faithfully flat. The map f’ is also weakly étale since all other maps in the
square are so. Lemma 2.3.8 shows that f’ is a ind-(Zariski localization). Setting
C = B’ then proves the claim. O

2.4. Local contractibility. — In this section, we study the following notion:

Definition 2.4.1 — A ring A is w-contractible if every faithfully flat ind-étale map
A — B has a section.

The name “w-contractible” is inspired by the connection with the pro-étale topol-
ogy: if A is w-contractible, then Spec(A4) admits no non-split pro-étale covers, and is
hence a “weakly contractible” object of the corresponding topos. Our goal is to prove
that every ring admits a w-contractible ind-étale faithfully flat cover. We begin by
observing that w-contractible rings are already w-local:

Lemma 2.4.2 — A w-contractible ring A is w-local (and thus w-strictly local).

Proof. — The map 7 : Spec(A%) — Spec(A) has a section s by the assumption on A.
The section s is a closed immersion since 7 is separated, and Spec(A?) = Spec(A4)?
is w-local, so we are done by Lemma 2.1.3. O

The notion of w-contractibility is local along a henselian ideal:

Lemma 2.4.3 — Let A be a ring henselian along an ideal I. Then A is w-contractible
if and only if A/I is so.

Proof. — This is proven exactly like Lemma 2.2.13 using that Ind(Ae&) —
Ind((A/I)e;) is essentially surjective, and preserves and reflects faithfully flat
maps. O

The main difference between w-contractible and w-strictly local rings lies in the
topology. To give meaning to this phrase, recall the following definition:

Definition 2.4.4 — A compact Hausdorff space is extremally disconnected if the clo-
sure of every open is open.
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One has the following result characterizing such spaces, see [Gle58]:

Theorem 2.4.5Gleason) — FEuxtremally disconnected spaces are exactly the projective
objects in the category of all compact Hausdorff spaces, i.e., those X for which every
continuous surjection Y — X splits.

It is fairly easy to prove the existence of “enough” extremally disconnected spaces:

Example 2.4.6 — For any set X, given the discrete topology, the Stone-Cech com-
pactification 5(X) is extremally disconnected: the universal property shows that 8(X)
is a projective object in the category of compact Hausdorff spaces. If X itself comes
from a compact Hausdorff space, then the counit map 8(X) — X is a continuous
surjection, which shows that all compact Hausdorff spaces can be covered by ex-
tremally disconnected spaces. In fact, the same argument shows that any extremally
disconnected space is a retract of 5(X) for some set X.

Extremally disconnected spaces tend to be quite large, as the next example shows:

Example 2.4.7 — An elementary argument due to Gleason shows that any convergent
sequence in an extremally disconnected space is eventually constant. It follows that
standard profinite sets, such as Z,, (or the Cantor set) are not extremally disconnected.

The relevance of extremally disconnected spaces for us is:

Lemma 2.4.8 — A w-strictly local ring A is w-contractible if and only if mo(Spec(A))
18 extremally disconnected.

Proof. — As Spec(A)¢ — Spec(A) gives a section of Spec(A) — mo(Spec(4)), if A
is w-contractible, then every continuous surjection T' — 7o (Spec(A)) of profinite sets
has a section, so my(Spec(A)) is extremally disconnected. Conversely, assume A is
w-strictly local and mo(Spec(A)) is extremally disconnected. By Lemma 2.4.3, we
may assume A = A/I4. Thus, we must show: if A is an absolutely flat ring whose
local rings are separably closed fields, and Spec(A) is extremally disconnected, then A
is w-contractible. Pick an ind-étale faithfully flat A-algebra B. Then A — B induces
an isomorphism on local rings. Lemma 2.2.6 gives a factorization A — C' — B with
A — C a ind-(Zariski localization) induced by a map of profinite sets T' — Spec(A),
and B — C a w-local map inducing an isomorphism on spectra. Then C ~ B
as the local rings of C' and B coincide with those of A. As Spec(A) is extremally
disconnected, the map T' — Spec(A) of profinite sets has a section s. The closed
subscheme Spec(C”) C Spec(C) realizing s(Spec(A)) C T maps isomorphically to
Spec(A), which gives the desired section. O

We now show the promised covers exist:

Lemma 2.4.9 — For any ring A, there is an ind-étale faithfully flat A-algebra A’ with
A’ w-contractible.
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Proof. — Choose an ind-étale faithfully flat A% /I,z-algebra Ay with Ay w-strictly
local and Spec(Ap) an extremally disconnected profinite set; this is possible by Ex-
ample 2.4.6, Lemma 2.2.7, and Lemma 2.2.8. Let A’ = Hens,z(Ap). Then A’ is
w-contractible by Lemma 2.4.3 and Lemma 2.4.8, and the map A — A’ is faithfully
flat and ind-étale since both A — A% and A% — A’ are so individually. O

Lemma 2.4.10 — Let A be a w-contractible ring, and let f : A — B be a finite ring
map of finite presentation. Then B is w-contractible.

Proof. — We can write A = colim; 4, as a filtered colimit of finite type Z-algebras
such that A — B is the base change of a finite ring map Ag — By of some index 0,
assumed to be initial; set B; = By ®4, A;, so B = colim; B;. Then Spec(4) =
lim; Spec(4;) and Spec(B) = lim; Spec(B;) as affine schemes and as spectral spaces,
so mo(Spec(B)) = mo(Spec(Bo)) Xr(Spec(Ao)) To(Spec(A)). As mo(Spec(Ap)) and
mo(Spec(By)) are both finite sets, it follows that m(Spec(B)) is extremally discon-
nected as mo(Spec(A)) is such. Moreover, the local rings of B are strictly henselian as
they are finite over those of A. It remains to check Spec(B) is w-local. By finiteness,
the subspace Spec(B)¢ C Spec(B) is exactly the inverse image of Spec(A4)¢ C Spec(4),
and hence closed. Now pick a connected component Z C Spec(B). The image of Z in
Spec(A) lies in some connected component W C Spec(A4). The structure of A shows
that W = Spec(A,) for some closed point x € Spec(A4)¢, so W is a strictly henselian
local scheme. Then Z — W is a finite map of schemes with Z connected, so Z is also
a strictly henselian local scheme, and hence must have a unique closed point, which
proves w-locality of Spec(B). O

Remark 2.4.11— The finite presentation assumption is necessary. Indeed, there are
extremally disconnected spaces X with a closed subset Z C X such that Z is not
extremally disconnected. As an example, let X be the Stone-Cech compactification
of N, and let Z = X \ N. As any element of N is an open and closed point of X,
Z C X is closed. Consider the following open subset U of X:
U= U{x€X|x§éO mod 2"} .
n>=1

Here, we use that the map N — Z/nZ extends to a unique continuous map X —
Z/nZ. Let U = U N Z, which is an open subset of Z. We claim that the closure U
of U in Z is not open. If not, then Z admits a disconnection with one of the terms
being U. It is not hard to see that any disconnection of Z extends to a disconnection
of X, and all of these are given by M LI (X \ M) for some subset M C N. It follows
that U = M N Z for some subset M C N. Thus, U C M, which implies that for all
n > 0, almost all integers not divisible by 2™ are in M. In particular, there is a subset
A C M such that A = {ao, a1, ...} with 2¢|a;. Take any point x € A\ N C Z. Thus,
x € M NZ=U. On the other hand, z lies in the open subset V = AN Z C Z, and
VNU = @: Indeed, for any n > 0,

AN{re X |z#0 mod 2"} C {ag,...,an_1} CN .
This contradicts z € U, finally showing that U is not open.
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3. On replete topoi

A topos is the category of sheaves on a site, up to equivalence, as in [SGA72a]. We
will study in §3.1 a general property of topoi that implies good behaviour for the lim
and Rlim functors, as well as unbounded cohomological descent, as discussed in §3.3.
A special subclass of such topoi with even better completeness properties is isolated
in §3.2; this class is large enough for all applications later in the paper. In §3.4 and
83.5, with a view towards studying complexes of ¢-adic sheaves on the pro-étale site,
we study derived completions of rings and modules in a replete topos; the repleteness
ensures no interference from higher derived limits while performing completions, so
the resulting theory is as good as in the punctual case.

3.1. Definition and first consequences. — The key definition is:

Definition 3.1.1 — A topos X is replete if surjections in X are closed under sequential
limits, i.e., if F : N°° — X is a diagram with F,11 — F,, surjective for all n, then
lim F' — F,, is surjective for each n.

Before giving examples, we mention two recognition mechanisms for replete topoi:
Lemma3.1.2 — If X is a replete topos and X € X, then X,x is replete.

Proof. — This follows from the fact that the forgetful functor X,x — X commutes
with connected limits and preserves surjections. O

Lemma 3.1.3 — A topos X is replete if and only if there exists a surjection X — 1
and X, x 1is replete.

Proof. — This follows from two facts: (a) limits commute with limits, and (b) a map
F — G in X is a surjection if and only if it is so after base changing to X. O

Example 3.1.4 — The topos of sets is replete, and hence so is the topos of presheaves
on a small category. As a special case, the classifying topos of a finite group G (which
is simply the category of presheaves on B(G)) is replete.

Example 3.1.5 — Let k£ be a field with a fixed separable closure k. Then X =
Shv(Spec(k)g;) is replete if and only if & is a finite extension of k(3. One direction is
clear: if k/Fk is finite, then Spec(k) covers the final object of X and X /spec(r) = Set, so
X is replete by Lemma 3.1.3. Conversely, assume that X is replete with k/k infinite.
Then there is a tower k = kg < k1 < ko < ... of strictly increasing finite separable
extensions of k. The associated diagram --- — Spec(ke) — Spec(k1) — Spec(kg) of
surjections has an empty limit in X, contradicting repleteness.

3. Recall that this happens only if k is algebraically closed or real closed; in the latter case,
k(v/—1) is an algebraic closure of k.
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Remark 3.1.6 — Replacing N°P with an arbitrary small cofiltered category in the
definition of replete topoi leads to an empty theory: there are cofiltered diagrams of
sets with surjective transition maps and empty limits. For example, consider the poset
I of finite subsets of an uncountable set T' ordered by inclusion, and F' : I°? — Set
defined by

F(S)={f € Hom(S,Z) | f injective}.

Then F is a cofiltered diagram of sets with surjective transition maps, and lim F' = &.

Example 3.1.5 shows more generally that the Zariski (or étale, Nisnevich, smooth,
fppf) topoi of most schemes fail repleteness due to “finite presentation” constraints.
Nevertheless, there is an interesting geometric source of examples:

Example 3.1.7 — The topos X of fpqc sheaves on the category of schemes ) is re-
plete. Given a diagram --- — F,11 — F, — -+ — F}; — Fj of fpqc sheaves with
F, — F,_; surjective, we want lim F,, — Fp to be surjective. For any affine Spec(A)
and a section sg € Fy(Spec(A)), there is a faithfully flat map A — By such that sg
lifts to an s; € Fy(Spec(By)). Inductively, for each n > 0, there exist faithfully flat
maps A — B, compatible in n and sections s,, € F,(Spec(B,)) such that s, lifts
Sn—1. Then B = colim,, B, is a faithfully flat A-algebra with sy € Fy(Spec(A)) lifting
to an s € lim F,,(Spec(B)), which proves repleteness as Spec(B) — Spec(A4) is an fpqc
cover.

The next lemma records a closure property enjoyed by surjections in a replete
topos.

Lemma 3.1.8 — Let X be a replete topos, and let F — G be a map in Fun(IN°P X).
Assume that the induced maps F;, — G; and Fix1 — F; xq, Git1 are surjective for
each i. Then lim F' — lim G s surjective.

Proof. — Fix an X € X and a map s : X — limG determined by a compatible
sequence {s, : X — G,} of maps. By induction, one can show that there exists a
tower of surjections --- — X,, - X;,_1 — -+ - X7 — Xg - X and maps ¢, : X, —
F,, compatible in n such that ¢, lifts s,. In fact, one may take Xo = X x¢, Fo, and

Xn+1 = Xn XFnXGnGn,Jrl Fn+1~

The map X’ := lim; X; — X is surjective by repleteness of X. Moreover, the com-
patibility of the ¢,,’s gives a map ¢t : X’ — lim F lifting s, which proves the claim. [

We now see some of the benefits of working in a replete topos. First, products
behave well:

Proposition 3.1.9 — Countable products are exact in a replete topos.

4. To avoid set-theoretic problems, one may work with countably generated affine schemes over
a fixed affine base scheme.
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Proof. — Given surjective maps f, : F,, = G, in X for each n € N, we want f :
I1,, Fn — I1,, G to be surjective. This follows from Lemma 3.1.8 as f = lim[],_,, fi;
the condition from the lemma is trivial to check in this case. o

In a similar vein, inverse limits behave like in sets:

Proposition 3.1.10 — If X is a replete topos and F : N°P — Ab(X) is a diagram with
Fo1 — F, surjective for all n, then lim F,, ~ Rlim F,,.

Proof. — By Proposition 3.1.9, the product [],, F;, € X computes the derived product
in D(X). This gives an exact triangle

Rlim £, — [[ £ % [[ £,

where t : F,41 — F), is the transition map. It thus suffices to show that s := ¢t — id
is surjective. Set G, = Hign F,, H, = Gp41, and let s, : H, — G, be the map
induced by ¢ — id. The surjectivity of ¢ shows that s, is surjective. Moreover, the
surjectivity of ¢ also shows that H, 11 — Gn11 X, Hy is surjective, where the fibre
product is computed using s,, : H, — G, and the projection G,,+1 — G,. In fact,
the fibre product is H,, x F,11 and Hy,41 — H, X F,41 is (pr,t —id). By Lemma
3.1.8, it follows that s = lim s,, is also surjective. O

Proposition 3.1.11 — If X is a replete topos, then the functor of N°P-indexed limits
has cohomological dimension 1.

Proof. — For a diagram F : N°° — Ab(X), we want Rlim F,, € D(X). By
definition, there is an exact triangle

Rlim F, —» HFn — HFn

with the last map being the difference of the identity and transition maps, and the
products being derived. By Proposition 3.1.9, we can work with naive products in-
stead, whence the claim is clear by long exact sequences. O

Question 3.1.12— Do Postnikov towers converge in the hypercomplete co-topos of
sheaves of spaces (as in [Lur09, §6.5]) on a replete topos?

3.2. Locally weakly contractible topoi. — We briefly study an exceptionally
well-behaved subclass of replete topoi:

Definition 3.2.1 — An object F' of a topos X is called weakly contractible if every
surjection G — F has a section. We say that X s locally weakly contractible if it
has enough weakly contractible coherent objects, i.e., each X € X admits a surjection
U;Y; — X with Y; a coherent weakly contractible object.
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The pro-étale topology will give rise to such topoi. A more elementary example is:

Example 3.2.2 — The topos X = Set is locally weakly contractible: the singleton set
S is weakly contractible coherent, and every set is covered by a disjoint union of copies
of S.

The main completeness and finiteness properties of such topoi are:

Proposition 3.2.3 — Let X be a locally weakly contractible topos. Then
1. X is replete.
2. The derived category D(X) = D(X,Z) is compactly generated.

3. Postnikov towers converge in the associated hypercomplete co-topos.
(Cf. [Lur09].)

Proof. — For (1), note that a map F' — G in X is surjective if and only if F(Y) —
G(Y) is so for each weakly contractible Y'; the repleteness condition is then immedi-
ately deduced. For (2), given j : Y — 1x in X with Y weakly contractible coherent,
one checks that Hom(j1Z,—) = H°(Y,—) commutes with arbitrary direct sums in
D(X), so jiZ is compact; as Y varies, this gives a generating set of D(X) by assump-
tion on X, proving the claim. For (3), first note that the functor F — F(Y) is exact
on sheaves of spaces whenever Y is weakly contractible. Hence, given such an F'
and point x € F(Y) with Y weakly contractible, one has m;(F(Y), x) = m;(F, *)(Y).
This shows that F' ~ lim,, 7<,, F' on X, which proves hypercompleteness. (Cf. [Lur09,
Proposition 7.2.1.10].) O

3.3. Derived categories, Postnikov towers, and cohomological descent

We first recall the following definition:

Definition 3.3.1 — Given a topos X, we define the left-completion ﬁ(f)C) of D(X) as
the full subcategory of D(XN) spanned by projective systems {K,} satisfying:
1. K, € D>7"(X).
2. The map 72" nt+1 — Ky induced by the transition map Kn11 — K, and (1)
s an equivalence.
We say that D(X) is left-complete if the map 7 : D(X) — D(X) defined by K —

{r27"K} is an equivalence.

Left-completeness is extremely useful in accessing an unbounded derived category
as Postnikov towers converge:

Lemma3.3.2— The functor Rlim : D(X) < D(XN) — D(X) provides a right ad-
joint to 7. In particular, if D(X) is left-complete, then K ~ Rlim 72K for any
K e D(X).
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Proof. — Fix K € D(X) and {L,,} € D(X). Then we claim that
RHom p(x)(K,Rlim L,,) ~ Rlim RHompx) (K, L,,) ~ Rlim RHomD(x)(T2_”K, L,)
~ RHom o (7(K), {Ln}).

This clearly suffices to prove the lemma. Moreover, the first two equalities are formal.
For the last one, recall that if F,G € Ab(XN), then there is an exact sequence

1 — Hom(F,G) — l_IHom(Fn7 Gn) — HHOHl(Fn+17 Gn),

where the first map is the obvious one, while the second map is the difference of
the two maps F,,+1 — F, — G, and F,,41 — Gn4+1 — G,. One can check that if
F,G € Ch(XN), and G is chosen to be K-injective, then the above sequence gives an
exact triangle

RHom(F,G) — [ [ RHom(F,,G,) — | [ RHom(F, 11, Gn).

In the special case where F,G € D(X), one has RHom(Fy41,Gy) = RHom(F,, G,,)
by adjointness of truncations, which gives the desired equality. O

Classically studied topoi have left-complete derived categories only under (local)
finite cohomological dimension constraints; see Proposition 3.3.7 for a criterion, and
Example 3.3.5 for a typical example of the failure of left-completeness for the simplest
infinite-dimensional objects. The situation for replete topoi is much better:

Proposition 3.3.3 — If X is a replete topos, then D(X) is left-complete.

Proof. — We repeatedly use the following fact: limits and colimits in the abelian
category Ch(Ab(X)) are computed termwise. First, we show that 7 : D(X) — D(X)
is fully faithful. By the adjunction from Lemma 3.3.2, it suffices to show that K ~
Rlim 727 "K for any K € D(X). Choose a complex I € Ch(Ab(X)) lifting K € D(X).
Then [, 72~ "I € Ch(Ab(X)) lifts the derived product [[, 72 "K € D(X) by Propo-
sition 3.1.9. Since I ~ lim 72 ~"I € Ch(Ab(X)), it suffices as in Proposition 3.1.10 to

show that .
HT>7TLI _tzid, HT>7"I
n n

is surjective in Ch(Ab(X)), where we write ¢ for the transition maps. Since surjectivity
in Ch(Ab(X)) can be checked termwise, this follows from the proof of Proposition
3.1.10 as 7>~ "M 72=(=D [ ig termwise surjective.

For essential surjectivity of 7, it suffices to show: given {K,} € D(X), one has
K, ~ 777 "Rlim K,,. Choose a K-injective complex {I,,} € Ch(Ab(XN)) representing
{K,}. Then [], I, € Ch(Ab(X)) lifts [],, K, (the derived product). Moreover, by
K-injectivity, the transition maps I,+1 — I, are (termwise) surjective. Hence, the

map
1=
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in Ch(Ab(X)) is surjective by the argument in the proof of Proposition 3.1.10, and its
kernel complex K computes Rlim K,,. We must show that H!(K) ~ H*(K;) for each
i € N. Calculating cohomology and using the assumption {K,} € D(X) c D(XN)

shows that
Hi ( I1 In) =T = [ #i) = [[ B (%)
n n n=i nz=i
for each i € N; here we crucially use Proposition 3.1.9 to distribute H® over []. The
map H(t —id) is then easily seen to be split surjective with kernel lim H*(K,) ~
lim H*(K;) ~ H*(K;), which proves the claim. O

If repleteness is dropped, it is easy to give examples where D(X) is not left-complete.

Example 3.3.4 — Let G = Hn>1 Z,, and let X be the topos associated to the category
B(G) of finite G-sets (topologized in the usual way). We will show that D(X) is not
left-complete. More precisely, we will show that K — K := Rlim 7> "K does not
have a section for K = ®,>1Z/p"[n] € D(X); here Z/p™ is given the trivial G-action.

For each open subgroup H C G, we write Xy € B(G) for the G-set G/H
given the left G-action, and let I°® C B(G) be the (cofiltered) full subcategory
spanned by the Xpg’s. The functor p*(F) = colim; F(Xg) commutes with finite
limits and all small colimits, and hence comes from a point p : * — X. Deriving gives
p*L = colim; RI'(X g, L) for any L € D(X), and so H(p*L) = colim; H*(Xg, L). In
particular, if L; — Lo has a section, so does

colim H(Xpy,L) — colim HY(Xy, Ly).

If 7 : X — Set denotes the constant map, then K = 7*K’ where K’ = ®,>1Z/p"[n] €
D(Ab), so

colim H°(X, K) = H(pK) = H'(p"n"K') = H'(K') = 0.

Since 777"K =~ ®i<nZ/p'li] =~ [l;c,Z/p'li], commuting limits shows that

K ~ [[,>1Z/p"[n] (where the product is derived), and so RI'(Xpy,K) =~
[I,>1 RI'(Xw, Z/p"[n]). In particular, it suffices to show that

H(p*K) = colim || H"(Xu,Z/p"
(p"K) = col; };[1 ( /p")
is not 0. Let a, € H"(X¢g,Z/p") = H"(X,Z/p™) be the pullback of a gen-
erator of H"(B([[\, Z,),Z/p") ~ & ,H'(B(Z,),Z/p") under the projection
fn: G — Tli_;Z,. Then «, has exact order p" as f, has a section, so
a = (an) € [[,5; H"(X,Z/p") has infinite order. Its image o’ in HO(p*K) is
0 if and only if there exists an open normal subgroup H C G such that « restricts
to 0 in [[, H"(Xu,Z/p"). Since Xig — X¢ is a finite cover of degree [G : H], a
transfer argument then implies that « is annihilated by [G : H], which is impossible,
whence o # 0.
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Remark 3.3.5 — The argument of Example 3.3.4 is fairly robust: it also applies to the
étale topos of X = Spec(k) with k a field provided there exist M,, € Ab(Xg) for in-
finitely many n > 1 such that H™(X, M,,) admits a class a,, with limord(a,) = co. In
particular, this shows that D(Spec(k)¢t) is not left-complete for k = C(x1, x2, 23, ... ).

Thanks to left-completeness, cohomological descent in a replete topos is particularly
straightforward:

Proposition 3.3.6 — Let f: Xo — X be a hypercover in a replete topos X. Then
1. The adjunction id — f.f* is an equivalence on D(X).
2. The adjunction fif* — id is an equivalence on D(X).
3. f* induces an equivalence D(X) =~ Deart(Xae).

Here we write D(Y') = D(Ab(X,y)) for any Y € X. Then D(X,) is the derived
category of the simplicial topos defined by X,, and Dc,.¢(X,) is the full subcategory
spanned by complexes K which are Cartesian, i.e., for any map s : [n] — [m] in A,
the transition maps s*(K|x,) — K|x,, are equivalences. The usual pushforward then
gives f, : D(X,) — D(X) right adjoint to the pullback f* : D(X) — D(X,) given
informally via (f*K)|x, = Klx,. By the adjoint functor theorem, there is a left
adjoint fi : D(Xe) — D(X) as well. When restricted to Dcart(Xe), one may describe
fi informally as follows. For each Cartesian K and any map s : [n] — [m] in A,
the equivalence s*(K|x,) ~ K|x,, has an adjoint map K|x,, — $1(K|x, ). Applying
I-pushforward along each X,, — X then defines a simplicial object in D(X) whose
homotopy-colimit computes fi K.

Proof. — We freely use that homotopy-limits and homotopy-colimits in D(X,) are
computed “termwise.” Moreover, for any map ¢g : ¥ — X in X, the pullback g* is
exact and commutes with such limits and colimits (as it has a left adjoint g and a
right adjoint g.). Hence f* : D(X) — D(X,) also commutes with such limits and
colimits.

1. For any K € Ab(X), one has K ~ f, f*K by the hypercover condition. Passing
to filtered colimits shows the same for K € DT (X). For general K € D(X),
we have K ~ Rlim 72 "K by repleteness. By exactness of f* and repleteness
of each X,,, one has f*K ~ Rlim f*r> K. Pushing forward then proves the
claim.

2. This follows formally from (1) by adjunction.

3. The functor f* : D(X) — Dcart(Xe) is fully faithful by (1) and adjunction.
Hence, it suffices to show that any K € Dcai(Xe) comes from D(X). The
claim is well-known for K € D, ,(X,) (without assuming repleteness). For
general K, by repleteness, we have K ~ Rlim72 ™K. Since the condition
of being Cartesian on a complex is a condition on cohomology sheaves, the
truncations 72 "K are Cartesian, and hence come from D(X). The claim

follows as D(X) C D(X,) is closed under homotopy-limits. O
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We end by recording a finite dimensionality criterion for left-completeness:

Proposition 3.3.7 — Let X be a topos, and fix K € D(X).
1. Given U € X with T'(U, —) ezact, one has RU(U, K) ~ RlimRT(U, 7> "K).

2. If there exists d € N such that H*(K) has cohomological dimension < d locally
on X for all i, then D(X) is left-complete.

Proof. — For (1), by exactness, RI'(U, K) is computed by I(U) where I € Ch(X)
is any chain complex representing K. Now D(Ab) is left-complete, so I(U) ~
Rlim 72 "I(U). As I'(U,—) is exact, it commutes with truncations, so the claim
follows. (2) follows from [Sta, Tag 0719]. O

3.4. Derived completions of f-adic rings in a replete topos. — In this section,
we fix a replete topos X, and a ring R € X with an ideal I C R that is locally finitely
generated, i.e., there exists a cover {U; — 1y} such that I|y, is generated by finitely
many sections of I(U;). Given U € X, x € R(U) and K € D(X,y, R), we write

T(K,z):=Rlm(... 5 K % K 5 K) € D(X,u, R).

Definition 3.4.1 — We say that M € Modg is classically I-complete if M =~
lim M/I™" M ; write Modg,comp C Modg for the full subcategory of such M. We say
that K € D(X, R) is derived I-complete if for each U € X and x € I(U), we have
T(K|u,x) = 0; write Deomp(X, R) C D(X, R) for the full subcategory of such K.

It is easy to see that Deomp(X, R) is a triangulated subcategory of D(X, R). More-
over, for any U € X, the restriction D(X, R) — D(X,y, R) commutes with homotopy-
limits, and likewise for R-modules. Hence, both the above notions of completeness
localise on X. Our goal is to compare these completeness conditions for modules, and
relate completeness of a complex to that of its cohomology groups. The main result
for modules is:

Proposition 3.4.2 — An R-module M € Modg is classically I-complete if and only if
it 1s I-adically separated and derived I-complete.

Remark 3.4.3 — The conditions of Proposition 3.4.2 are not redundant: there exist
derived I-complete R-modules M which are not I-adically separated, and hence not
classically complete. In fact, there exists a ring R with principal ideals I and J such
that R is classically I-complete while the quotient R/J is not I-adically separated;
note that R/J = cok(R — R) is derived I-complete by Lemma 3.4.14.

The result for complexes is:

Proposition 3.4.4 — An R-complez K € D(X, R) is derived I-complete if and only if
each H'(K) is so.

Remark 3.4.5 — For X = Set, one can find Proposition 3.4.4 in [Lurl1].
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Lemma 3.4.6 — Given x,y € R(X), the sequence

1 1 1
0—Rl——] —R[————]oRr[———
z+y z-(z+y) y (z+y)

s exact.

Proof. — Using the Mayer-Vietoris sequence for Spec(R(U)[%ﬂ]) for each U € X,
one finds that the corresponding sequence of presheaves is exact, as (z,y) = (1) €
R(U) == _H/] the claim follows by exactness of sheafification. O

The main relevant consequence is that R[ ] € D(X, R) is represented by a finite

complex whose terms are direct sums of ﬁltered colimits of free R[I] modules and
R[%]—modules.

Lemma3.4.7 — Fizx K € D(X,R) and x € R(X). Then T(K,z) = 0 if and only if
RHom (M, K) = 0 for M € D(X, R[2]).

Proof. — The backwards direction follows by setting M = R[] and using R[1] =
colim(R5R5R — ...). For the forward direction, let € C D(X, R[1]) be the triangu-
lated subcategory of all M for which RHom (M, K) = 0. Then € is closed under ar-
bitrary direct sums, and R[1] € € by assumption. Since T'(K|y,z) = T(K, z)|v =0,
one also has ji(R[2]|y) € € for any j : U — 1x. The claim now follows: for any ringed
topos (X, A), the smallest triangulated subcategory of D(X, A) closed under arbitrary
direct sums and containing ji(A|y) for j : U — 1y variable is D(X, A) itself. O

Lemma3.4.8 — Fiz K € D(X,R) and x € I(X). Then T(K,z) lies in the essential
image of D(X, R[]) — D(X, R).

Proof. — We may represent K by a K-injective complex of R-modules. Then
T(K,z) ~ RHomp(R[1], K) ~ Homy(R[1], K) is a complex of R[1]-modules, which
proves the claim. O

Lemma3.4.9 — The inclusion Deomp(X, R) = D(X, R) admits a left adjoint K K.
The natural map K=K is an equivalence.

Proof. — The second part is a formal consequence of the first part as the inclusion
Deomp(X,R) C D(X,R) is fully faithful. For the first part, we first assume I is
generated by global sections z1,...,2, € I(X). For 0 < i < r, define functors
F;: D(X,R) — D(X, R) with maps F; — F;1; as follows: set Fy = id, and
Fi1(K) := cok(T(Fi(K), zi41) = Fi(K)) ~ Rlim (F;(K) 2 F(K))

~ Rlim (Fy(K) @7, ) Zlrin]/(2741)),
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P z"
where the transition maps (F;(K) hr, Fi(K)) = (F;(K) i;rlFi(K)) are given by
Zi+1 on the source, and the identity on the target. One then checks using induction
and lemmas 3.4.7 and 3.4.8 that F;(K) is derived (z1,...,z;)-complete, and that

RHom(F; 1 (K), L) = RHom(F;(K), L)

if Lis (x1,...,2;41)-complete. It follows that K — F.(K) provides the desired left ad-
joint; we rewrite K= F,.(K) and call it the completion of K. The construction shows
that completion commutes with restriction. In general, this argument shows that there
is a hypercover f : X® — 1x such that the inclusion Deomp(X™, R) — D(X™, R)
admits a left adjoint, also called completion. As completion commutes with restric-
tion, the inclusion Deart comp(X®, R) C Doart(X*®, R) of derived I-complete carte-
sian complexes inside all cartesian complexes admits a left-adjoint Decayt(X®, R) —
Deart,comp(X*®, R). The cohomological descent equivalence f* : D(X, R) — D(X*, R)
restricts to an equivalence Doomp (X, R) = Deart,comp(X ®, R), so the claim follows. O

Lemma 3.4.9 leads to a tensor structure on Deomp(X, R):

Definition 3.4.10 — For K,L € D(X,R), we define the completed tensor product

o —

via K&rL = K @% L € Deomp(X, R).
The completed tensor product satisfies the expected adjointness:

Lemma3.4.11— For K € D(X,R) and L € Deomp(X, R), we have RHomp (K, L) €
Deomp(X, R). Moreover, there is an adjunction

Hom(K',RHomp(K, L)) ~ Hom(K'®rK, L)
for any K' € Deomp(X, R).

Proof. — For any x € I(X), we have T(RHom (K, L), z) ~ RHom g (K, T(L,x)) ~ 0.
Repeating this argument for a slice topos X,y then proves the first part. The second
part is a formal consequence of the adjunction between ® and RHom in D(X, R),
together with the completeness of L. O

Lemma 3.4.12— Fiz K € D(X, R). The following are equivalent

n

1. For each U € X and x € I(U), the natural map K — Rlim (K = K) is an
isomorphism.

2. K is derived I-complete.

3. There exists a cover {U; — 1x} and generators x1,...,x, € I(U;) such that
T(K|U“ l‘l) =0.
4. There exists a cover {U; — 1y} and generators x1,...,x, € I(U;) such that

K|y, ~ Rlim (K|y, ®é[w1,...«,wr] Zlzy,...,z]/(a}, ..., 2)))

via the natural map.
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Proof. — The equivalence of (1) and (2) follows from the observation that the tran-
sition map . ;
(K *—> K) — (K =5 K)

is given by x on the first factor, and the identity on the second factor. Also, (2) clearly
implies (3). For the converse, fix a U € X and z € I(U). To show T(K|y,z) = 0,
we are free to replace U with a cover. Hence, we may assume x = ), a;x; with
T(K|v,z;) = 0. Lemma 3.4.7 shows T'(K|v, a;x;) = 0, and Lemma 3.4.6 does the rest.
Finally, since each z; acts nilpotently on K|Uri®é[zl7___7zr]z[x17 R N A € N U
it is clear that (4) implies (3). Conversely, assume (3) holds. Replacing X with a
suitable U;, we may assume I is generated by global sections x1,...,z, € I(X).
Consider the sequence of functors Fy,...,F. : D(X,R) — D(X, R) defined in the
proof of Lemma 3.4.9. As each Z[z;]/(x}) is a perfect Z[z;]-module, the functor

K2
- ®é[wi] Z[z;]/(x}) commutes with homotopy-limits. Hence, we can write

K ~ F(K) ~ Rlim (K ®g,,, Z[x1]/(27) @7, Zl2)/(25) © - - @, 1 Zla,] /(7))
which implies (4). O

Lemma3.4.13— If M € Modg is classically I-complete, then M is derived
I-complete.

Proof. — Commuting limits shows that the collection of all derived I-complete
objects K € D(X,R) is closed under homotopy-limits. Hence, writing M =
lm M/I"M ~ Rlim M/I™"M (where the second isomorphism uses repleteness), it
suffices to show that M is derived I-complete if /"M = 0. For such M, any local
section z € I(U) for some U € X acts nilpotently on M|y, so T(M|y,x) = 0. O

The cokernel of a map of classically I-complete R-modules need not be I-complete,
and one can even show that Modg comp is not an abelian category in general. In
contrast, derived I-complete modules behave much better:

Lemma 3.4.14 — The collection of all derived I-complete M € Modpg is an abelian
Serre subcategory of Modg.

Proof. — Fix amap f: M — N of derived I-complete R-modules. Then there is an
exact triangle
ker(f)[1] — (M — N) — cok(f)

For any = € I(X), there is an exact triangle
T(ker(f)[1],z) — 0 — T'(cok(f), z)

where we use the assumption on M and N to get the middle term to be 0. The right
hand side lies in DZ°(X, R), while the left hand side lies in DS(X, R) as Rlim has
cohomological dimension < 1 (as X is replete). Chasing sequences shows that the
left and right terms are also 0. Repeating the argument for a slice topos X, (and
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varying « € I(U)) proves that ker(f) and cok(f) are derived I-complete. It is then
immediate that im(f) = M /ker(f) is also derived I-complete. Since closure of derived
I-completeness under extensions is clear, the claim follows. O

Proof of Proposition 3.4.4. — Assume first that each H*(K) is derived I-complete.
Then each finite truncation 7S"72™K is derived I-complete. Hence, 7STK ~
Rlim 72~ "7S™K is also derived I-complete for each m; here we use that D(X) is
left-complete since X is replete. For any = € 1(X), applying T(—, z) to

TSMK — K — 77" (K.

shows that T'(K,x) ~ T(r?™*1K,z) € D>™+1(X, R). Since this is true for all m,
one has T'(K,z) = 0. Repeating the argument for x € I(U) for U € X then proves
the claim.

Conversely, assume that K is derived I-complete. By shifting, it suffices to show
that H°(K) is derived I-complete. Assume first that K € DS%(X, R). Then there is
an exact triangle

STIK — K — HY(K).
Fixing an z € I(X) and applying T'(—, z) gives
T(rS7'K,z2) — T(K,z) — T(H°(K), z).

The left term lives in DS%(X, R), the middle term vanishes by assumption on K, and
the right term lives in DZ°(X, R), so the claim follows by chasing sequences (and
replacing X with X /7). Now applying the same argument to the triangle

K — K — 17K

shows that each 7SCK and 721 K are derived I-complete. Replacing K by 7SCK then
proves the claim. O

Proof of Proposition 3.4.2. — The forward direction follows from Lemma 3.4.13.
Conversely, assume M is derived I-complete and [-adically separated. To show M is
classically I-complete, we may pass to slice topoi and assume that I is generated by
global sections x1, ..., x, € I(X). Then derived I-completeness of M gives

M ~Rlim (M @z, . Zz1,... 2]/ (2})).

7

Calculating H°(M) ~ M via the Milnor exact sequence (which exists by repleteness)
gives

1 — R'im H (M @7, . Zz ... 2]/ («}))
— M — lm M/(z}, ..., 2} )M — 1.

By I-adic separatedness, the last map is injective, and hence an isomorphism. O
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3.5. Derived completions of noetherian rings in a replete topos. — In this
section, we specialize the discussion of §3.4 to the noetherian constant case. More
precisely, we fix a replete topos X, a noetherian ring R, and an ideal m C R. We also
write m C R for the corresponding constant sheaves on X. Our goal is to understand
m-adic completeness for R-complexes on X.

Proposition 3.5.1 — Fiz K € D(X, R). Then
1. K is derived m-complete if and only if K ~ Rlim(K ®% R/m™) via the natural
map.
2. Rlim(K ®% R/m™) is derived m-complete.

3. The functor K — Rlim(K ®k R/m") defines a left adjoint D(X,R) —
Decomp(X, R) to the inclusion.

Proof. — (2) is clear as each K ®% R/m" is derived m-complete. For the rest, fix
generators f1,.., f C m. Set P = Z[z1,...,z,], and J = (z1,...,2,) C P. Consider
the map P — R defined via z; — f; (both in Set and X). By Lemma 3.4.12, K
is derived m-complete precisely when K ~ Rlim(K ®% P/J") via the natural map.
For (1), it thus suffices to check that

a:{P/J"®% R} — {R/m"}
is a strict pro-isomorphism. There is an evident identification
{P/J"®F R} = {P/J" ®% (P @z R) ®%g, i R},

where P ®z R is viewed as a P-algebra via the first factor. As P/J" and P ®z R are
Tor-independent over P, we reduce to checking that

{R[l‘l, te mr]/(xla tey mr)n ®§[zl,...,xr] R} - {R/mn}

is a strict pro-isomorphism. This follows from the Artin-Rees lemma. Finally, (3)
follows from a being a pro-isomorphism as the construction of Lemma 3.4.9 realises
the m-adic completion of K as Rlim(K ®k P/Jm). O

Proposition 3.5.1 gives a good description of the category Decomp(X, R) of derived
m-complete complexes. Using this description, one can check that R itself is not
derived m-complete in X in general. To rectify this, we study the m-adic completion
R of R on X, and some related categories.

Definition 3.5.2 — Define R = hmR/m € X. In particular, R is an R- algebra
equipped with R-algebra maps R — R/m™.  An object K € D(X, R) s called
m-adically complete if the natural map K — RUm(K ®L R/m™) is an equivalence.
Let i : Deomp(X, R) < D(X, R) be the full subcategory of such complezes.

Our immediate goal is to describe m-adically complete complexes in terms of their
truncations. To this end, we introduce the following category of compatible systems:
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Definition 3.5.3 — Let € = Fun(N°P, X) be the topos of N°P-indexed projective sys-
tems {F,} in X. Let Re = {R/m"} € C be the displayed sheaf of rings, and let
Deomp(C, Re) C D(C, R,) be the full subcategory spanned by complexes {K,} such
that the induced maps K, ®é/m" R/m" ! — K, 1 are equivalences for all n.

Lemma3.5.4— For {K,} € D (C,R,), one has an identification of pro-objects
{K, ®% R/m} ~ {K, ®LR/mn, R/m}, and hence a limiting isomorphism R lim(K,, ®@%
R/m) ~ Rlim(K, ®é/m" R/m). If m is reqular, this extends to unbounded complezes.

Proof. — Change of rings gives {K, ®% R/m} ~ {K, ®1L%/mn R/m™ % R/m}. The
Artin-Rees lemma shows that {R/m" ®@% R/m} — {R/m} is a pro-isomorphism.
Since {K,} is bounded above, the spectral sequence for Tor has only finitely many
contributing terms to a given F.-term, and hence

(K @ R/m} = (K, @0 B @k R/m} — (K, @00 Bjm)
is also a pro-isomorphism. Applying Rlim and using repleteness then gives the
claim. Finally, if m is generated by a regular sequence (f1,..., f;), then {R/m"}
is pro-isomorphic to {R/(fT,..., f)}. Each quotient R/(f7,..., f*) is R-perfect,
and hence the Tor-spectral sequence calculating H'(K ®% R/(f7,..., f)) has only

finitely many non-zero terms even when K is unbounded, so the preceding argument
applies. O

Lemma3.55 — For {K,} € Dgup(C, Rs), the natural map gives (Rlim K,,) ®%
R/m* ~ K}, for k > 0. If m is reqular, this extends to unbounded complezes.

Proof. — By devissage and the completeness of {K,}, we may assume k = 1. By
shifting, we can also assume {K,} € DS(C), i.e., K, € DS°(X) for all n. Fix an
integer ¢ > 0, and an R-perfect complex P; with a map P, — R/m whose cone lies in
DS~YR). Then there is a commutative diagram

a

(Rlim K,,) @k P; Rlim(K, ®r P))
lb ld
(Rlim K,,) ®% R/m —— Rlim(K,, ®g R/m) ~ K.

The isomorphism on the bottom right is due to Lemma 3.5.4. As P; is perfect, a is an
isomorphism. Moreover, cok(b) € DS™1(X) as Rlim K,, € DS!(X) by repleteness.
A similar argument also shows cok(d) € DS~#F1(X). Hence, cok(c) € DS~HL(X).
Then ¢ must be an isomorphism as this is true for all 4. O

We can now show that the two notions of completeness coincide:

Lemma 3.5.6 — For each m, the natural map induces R ®L R/m™ ~ R/m™. In
particular, Deomp(X, R) & Deomp(X, R).

Proof. — The first part follows from Lemma 3.5.5. The second part follows formally
from this and Proposition 3.5.1. o
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We now show that an m-adically complete complex is determined by its reductions
modulo powers of m; this will be used later to compare complexes on the pro-étale
site to Ekedahl’s category of adic complexes.

Lemma 3.5.7 — With notation as above, we have:

1. There is a map 7 : (€, Ry) — (X, R) of ringed topoi given by m,({F,}) = lim F,
with 7™ 'R — R, the natural map.

~

2. Pullback under m induces a fully faithful functor ™ : Deomp(X,R) —
Decomp(C, Re).

3. Pushforward under w induces a fully faithful functor m. : Dc_omp(G,R.) —
Digmp(X, R).

4.  induces an equivalence D, (X, }A%) ~ D (CR,).

comp comp

5. If m is regular, then (8) and (4) extend to the unbounded case.

Proof. — (1) is clear. The functor 7 : D(X,R) — D(C,R,) is given by K
{K ®p R/m"}, while m, : D(C, R,) — D(X, R) is given by m,({K,}) ~ Rlim K,,. It
is then clear that 7* carries complete complexes to complete ones. Given {K,} €
Deomp(C, R, ), each K, € D(X, R/m") is derived m-complete, and hence 7, preserves
completeness as well (since m.{K,} := Rlim K, is m-adically complete). For (2), it
then suffices to check that K ~ R1lim(K ®L§ R/m™) for any K € Dcomp(X, R), which
is true by Proposition 3.5.1. Lemma 3.5.5 and (2) immediately give (3), and hence
(4). Finally, (5) follows by the same argument as (3) as all the ingredients in the
proof of the latter extend to the unbounded setting if m is regular. O

4. The pro-étale topology

We define the pro-étale site of a scheme in §4.1, and study the associated topos
in §4.2. In §4.3, we use these ideas to construct a variant of Tate’s continuous coho-
mology of profinite groups that behaves better in some functorial respects.

4.1. The site

Definition 4.1.1 — A map f: Y — X of schemes is called weakly étale if f is flat and
Ar:Y =Y xx Y is flat. Write Xprost for the category of weakly étale X -schemes,
which we give the structure of a site by declaring a cover to be one that is a cover in
the fpge topology, ie., a family {Y; — Y} of maps in Xprost is a covering family if
any open affine in Y is mapped onto by an open affine in U;Y;.

Remark 4.1.2 — To avoid set-theoretic issues, it suffices for our purposes to define
the site Xpro6r using weakly étale maps ¥ — X with |Y] < &, where £ is a fixed
uncountable strong limit cardinal larger than |X|®). The choice of & is dictated by

5. Recall that a cardinal k is a strong limit cardinal if for any v < &, 27 < k.
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the desire to have Shv(Xy0¢r) be locally weakly contractible. Increasing x results
in a different topos, but cohomology remains the same, as it can be calculated by a
simplicial covering with w-contractible schemes.

Remark 4.1.3 — We do not directly work with pro-étale morphisms of schemes to
define X,,0¢; as the property of being pro-étale is not geometric: Example 4.1.12
shows its failure to localise on the target. Nonetheless, we call X;¢¢ the pro-étale
site, as by Theorem 2.3.4 any weakly étale map f : Y — X is Zariski locally on X
and locally in Y04t of the form SpecB — SpecA with A — B ind-étale.

Some elementary examples of weakly étale maps:

Example 4.1.4 — For a field k, a map Spec(R) — Spec(k) is weakly étale if and only
if k — R is ind-étale. Indeed, R embeds into some ind-étale k-algebra S; but one
checks easily that as k is a field, any subalgebra of an ind-étale k-algebra is again
ind-étale.

Example 4.1.5 — For a scheme X and a geometric point x, the map Spec((‘)%‘)w) - X
from the strict henselization is weakly étale; similarly, the henselization and Zariski
localizations are also weakly étale.

We begin by recording some basic generalities on pro-étale maps.

Lemma 4.1.6 — Compositions and base changes of weakly €étale maps are weakly
étale.

Proof. — Clear. O

Lemma4.1.7 — Any map in Xproer is weakly étale.

Proof. — This follows from Proposition 2.3.3 (iv). O
The previous observations give good categorical properties for Xprost:

Lemma4.1.8 — The category Xprost has finite limits, while the full subcategory
spanned by affine weakly étale maps Y — X has all small limits. All limits in
question agree with those in Schy.

Proof. — For the first part, it suffices to show that X..¢; has a final object and
arbitrary fibre products. Clearly X is a final object. Moreover, if Y7 — Y2 < Y3 is
a diagram in Xpros, then both maps in the composition Y7 xy, Y3 — Y; — X are
weakly étale for any ¢ € {1,2,3} by the previous lemmas, proving the claim. For the
second part, the same argument as above shows finite limits exist. Hence, it suffices
to check that small cofiltered limits exist, but this is clear: the limit of a cofiltered
diagram of affine weakly étale X-schemes is an affine X-scheme that is weakly étale
over X as flatness is preserved under filtered colimits of rings. O
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We record an example of a typical “new” object in Xprost:

Example 4.1.9 — The category Xproet is “tensored over” profinite sets, i.e., given a
profinite set S and Y € X061, one can define ¥ ® S € X104 as follows. Given
S = lim; S; as a cofiltered limit of finite sets, we obtain constant X-schemes S; €
Xeét C Xprogt with value S;. Set S =1im; S;, and Y ® §:=Y xx S. If X is qcgs, then
for any finitely presented X-scheme U, one has Homx (Y ® S, U) = colim; Homx (Y ®
Si,U) = colim; [[g, Homx (Y, U). The association S + S defines a limit preserving
functor from profinite sets to Xprost-

Using these objects, we can describe the pro-étale site of a field explicitly:

Example 4.1.10 — Fix a field k. If k is a separable closure, then the qcqs objects
in Spec(k)prost identify with the category of profinite sets via the functor Y +~ Y (k)
with inverse S — S (in the notation of Example 4.1.9). The map Spec(k) — Spec(k)
is a weakly étale G-torsor, so the qcgs objects in Spec(k)proet identify with pro-objects
in the category of finite discrete G-sets, i.e., with the category of profinite continuous
G-sets. Under this identification, a family {S; — S} of continuous G-equivariant map
of such sets is a covering family if there exists a finite subset J of the indices such
that LjcsS; — S is surjective. To see this, we may assume k = k. Given such a
family {S; — S}, the corresponding map U;csS; — S is a surjective weakly étale
map of affines, so {S; — S} is a covering family in Spec(k)proct; the converse is clear.
Evaluation on S is exact precisely when S is extremally disconnected; note that this
functor is not a topos-theoretic point as it does not commute with finite coproducts
(though it does commute with filtered colimits and all limits).

Remark 4.1.11 — The site X;;06¢ introduced in this paper differs from the one in
[Sch13], temporarily denoted X[ .. More precisely, there is a natural map uy :
Shv(Xproet) — Shv(Xl'amét) of topoi, but px is not an equivalence: px . is fully
faithful, but there are more objects in Shv (X[ ). This is evident from the definition,
and can be seen directly in Example 4.1.10 when X = Spec(k) with k an algebraically
closed field. Indeed, both the categories Xj;0st and X[/)roét are identified with the
category of profinite sets, but Xyt has more covers than Xéroét: all objects of XI’Dlroét
are weakly contractible, while the weakly contractible ones in Xy, are exactly the
ones corresponding to extremally disconnected profinite sets.

The following example (due to de Jong) shows that the property of being pro-étale
is not Zariski local on the target, and hence explains why weakly étale maps give a
more geometric notion:

Example 4.1.12— Let S’ be an infinite set with an automorphism 77 : S — S’
which does not stabilize any finite subset; for example, S" = Z, and T'(n) = n + 1.
Write (S,0) for the one point compactification of S* and T : S — S for the induced
automorphism (which has a unique fixed point at 0); note that S is profinite, and the
unique non-empty clopen subset of S stable under 7' is S itself. Let X C A% be the
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union of two irreducible smooth curves X; and Xy meeting transversely at points p
and ¢; note that X is connected. Glueing S® X1 € X1 prost to S® Xo € Xa progs using
the identity at p and T" at ¢ gives Y € X06¢. We claim that Y is not pro-étale over
X. Assume otherwise that Y = lim; Y; — X with f; : Y; — X étale. Let 0: X - Y
be the zero section, defined using 0 € S. Then the assumption on Y shows that
0(X) =NU; with U; C Y a clopen subset (pulled back from a clopen of Y;). Now any
clopen subset U C Y defines a clopen subset U, C S that is stable under T', so U, = S
is the only possibility by choice of S and T'; this gives {0} = 0(X), = N;S = S, which
is absurd.

We end by giving examples of covers in Xproet-

Example 4.1.13— Given a scheme X and closed geometric points z1,...,x,, the
map
(U Spec((‘)}h@i)) U(X —{z1,...,zn}) — X
is a weakly étale cover. However, one cannot add infinitely points. For example, the
map
I_IpSpec(Zf;L)) — Spec(Z)

is not a weakly étale cover as the target is not covered by a quasicompact open in the
source.

4.2. The topos. — To effectively study Shv(Xp.0st), we single out a special class
of weakly étale morphisms to serve as generators:

Definition 4.2.1 — Fiz a scheme X. An object U € Xpro¢t 45 called a pro-étale affine
if we can write U = lim; U; for a small cofiltered diagram i — U; of affine schemes in
Xgt; the expression U = lim; U; is called a presentation for U, and we often implicitly
assume that the indexing category has a final object 0. The full subcategory of Xprost
spanned by pro-étale affines is denoted X%

proét *

We remark that each U € ngiét is, in particular, an affine scheme pro-étale
over X.

T

Lemma4.2.2 — Any map in X}, 4 is pro-(affine étale).

Proof. — Fix amap h:U — V in Xgﬁiét, and presentations U = lim; U; and V =
lim; V; as pro-étale affines. Then, after changing the presentation for U, we may
assume that X = 1} is an affine scheme Spec(A). The claim now follows from the

observation that a map between ind-étale A-algebras is also ind-étale. O

Remark 4.2.3 — By Lemma 4.2.2, the category ngf)ét admits limits indexed by a
connected diagram, and these agree with those in Sch,x. However, this category
does not have a final object (unless X is affine) or non-empty finite products (unless

X has an affine diagonal).
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The reason to introduce pro-étale affines is:

Lemma4.2.4 — The site Xproet s subcanonical, and the topos Shv(Xprost) is gener-

ated by nggét.

Proof. — The first part comes from fpqc descent. The second assertion means that
any Y € X6 admits a surjection U;U; — Y in Xpr0¢0 with U; € szﬁ)éw which
follows from Theorem 2.3.4. o

We record some consequences of the above observations on pro-étale maps for the
pro-étale site:

Remark 4.2.5 — Assume X is an affine scheme. Then nggét is simply the category
of all affine schemes pro-étale over X; this category admits all small limits, and
becomes a site with covers defined to be fpqc covers. Lemma 4.2.4 then shows that
Shv(Xproet) =~ Shv(X2f ).

proét
Lemma 4.2.6 — A presheaf F' on Xprost 95 a sheaf if and only if:
1. For any surjection V — U in X . the sequence F(U) — F(V) == F(V xy V)

proét’
is exact.

2. The presheaf F is a Zariski sheaf.

Proof. — The forward direction is clear. Conversely, assume F' is a presheaf satisfying
(1) and (2), and fix a cover Z — Y in X},06¢. Using (1) and (2), one readily checks the
sheaf axiom in the special case where Y € ngiét, and Z = L;W; with W; € nggét.
In the case of a general cover, Lemma 4.2.4 shows that we can find a diagram

L’jEJUj .7z

where d is a Zariski cover, a and b are covers in X,.04t, and U;, Vi € ngf)ét with
b determined by a map h : J — I of index sets together with maps U; — Vj;) in
X;f{)ét. The previous reduction and (2) give the sheaf axiom for b and d, and hence
dob as well. It formally follows that F(Y) — F(Z) is injective, and hence that
F(Z) =[], F(U;) is also injective by (2) as a is a cover. A diagram chase then shows

that the sheaf axiom for ¢ follows from that for co a. O

Lemma4.2.7 — For anyY € Xprost, pullback induces an identification ShV(Xproét)/y
~ Shv(Yproct)-

Proof. — A composition of weakly étale maps is weakly étale, and any map between
weakly étale maps is weakly étale. O

The pro-étale topos is locally weakly contractible in the sense of Definition 3.2.1.
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Proposition 4.2.8 — For any scheme X, the topos Shv(Xproet) s locally weakly con-
tractible.

Proof. — This follows immediately from Lemma 2.4.9 since any affine U € X046t is
coherent. O

Remark 4.2.9 — Proposition 4.2.8 gives a recipe for calculating the pro-étale homo-
topy type | X| of a qcgs scheme X. Namely, if f: X* — X is a hypercover in Xprost
with each X™ being w-contractible, then |X| = |mo(X*®)|; any two such choices of f
are homotopic, and hence |X| is well-defined in the category of simplicial profinite
sets up to continuous homotopy.

We give an example illustrating the behaviour of constant sheaves on the pro-étale
site:

Example 4.2.10— Fix a connected affine scheme X, and a profinite set .S = lim; .S;
with S; finite. By the formula in Example 4.1.9, the constant sheaf A € Shv(Xprocet)
associated to a set A satisfies

A(X ® S) = colim (Asi).
In particular, the functor A — A is not compatible with inverse limits.

The following example shows classical points do not detect non-triviality in
ShV(Xproét).

Example 4.2.11 — Fix an algebraically closed field k, and set X = Spec(k). Then
Shv(Xpro¢t) identifies with the topos of sheaves on the category of profinite sets S
as explained in Example 4.1.10. Cousider the presheaf G (resp. F') which associates
to such an S the group of all locally constant (resp. all) functions S — A for some
abelian group A. Then both F' and G are sheaves: this is obvious for G, and follows
from the compatibility of limits in profinite sets and sets for F'. Moreover, G C F,
and Q := F/G € Ab(Xproet) satisfies Q(X) = 0, but Q(S) # 0 for S not discrete.

In fact, more generally, one can define ’constant sheaves’ associated with topological
spaces. Indeed, let X be any scheme, and let T' be some topological space.

Lemma4.2.12 — The association mapping any U € Xproer to Map.,, (U, T) is a
sheaf Fp on Xproer- If T is totally disconnected and U is qegs, then Fp(U) =
Map,,..(mo(U),T). In particular, if T is discrete, then Fp is the constant sheaf
associated with T .

Proof. — To show that Fr is a sheaf, one reduces to proving that if f : A — B
is a faithfully flat ind-étale morphism of rings, then M C SpecA is open if and
only if (Specf)™1(M) C SpecB is open. Only the converse is nontrivial, so assume
(Specf)~1(M) C SpecB is open. First, we claim that M is open in the constructible
topology. Indeed, the map Specf : SpecB — SpecA is a continuous map of compact
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Hausdorff spaces when considering the constructible topologies. In particular, it is
closed, so
SpecA\ M = (Specf)(SpecB \ (Specs) (M)

is closed, and thus M is open (in the constructible topology). To check that M is
actually open, it is enough to verify that M is closed under generalizations. This
is clear, as Specf is generalizing, and (Specf)~!(M) is open (and thus closed under
generalizations).

If T is totally disconnected and U is qcgs, then any continuous map U — T
will necessarily factor through the projection U — mo(U), so that Fp(U) =
Ma‘pcont (7r0 (U)7 T) O

We relate sheaves on X with sheaves on its space my(X) of connected compo-
nents. Recall that if X is a qcgs scheme, then mo(X) is a profinite set. If 7o (X)prost
denotes the site of profinite 7o (X )-sets as in Example 4.1.10, then the construction of
Lemma 2.2.8 defines a limit-preserving functor 7= : mg (X)prost = Xproey which re-
spects coverings. Hence, one has an induced map 7 : Shv(Xpr06t) = Shv(mo(X) prost)
of topoi. This map satisfies:

Lemma 4.2.13— Assume X is qcgs, and let m : Shv(Xprosr) = Shv(mo(X)prost) be
as above. Then

1. m*F(U) = F(mo(U)) for any gegs U € Xprost and F' € Shv(mo (X )proct) -

2. ™ commutes with limits.

8. w* is fully faithful, so m.m* ~id.

4. m identifies Shv(mo (X )prost) with the full subcategory of those G € Shv(Xprost)

such that G(U) = G(V') for any map U — V' of qegs objects in Xproer inducing
an isomorphism on .

Proof. — All schemes appearing in this proof are assumed qcgs. (2) is automatic
from (1). For (1), fix some F € Shv(mo(X)proet). As any continuous mo(X )-map
U — S with U € Xprosr and S € mo(X)prost factors canonically through mo(U), the
sheaf 7*F is the sheafification of the presheaf U — F(mo(U)) on U € Xprost- As F'is
itself a sheaf on 7o (X )prost, it is enough to check: for a surjection U — V in Xprost,
the map mo(U) — m(V) is the coequalizer of the two maps mo(U xy U) — mo(U)
in the category of profinite sets (induced by the two projection maps U xy U — U).
For any profinite set .S, one has (S ® X)(U) = Map,,,.(m0(U), S) with notation as in
Example 4.1.9, so the claim follows from the representability of S® X and fpqc descent.
For (3), it suffices to check that m,7n*F ~ F for any F € Shv(mo(X)proet), which is
immediate from Lemma 2.2.8 and (2). For (4), by (2), it remains to check that any G
with the property of (4) satisfies G ~ n*m.G. Given U € X046, we have a canonical
factorization U — 7~ 1(mo(U)) — X, where 7~ (mo(U)) — X is a pro-(finite étale)
map inducing m(U) — mo(X) on connected components, while U — 7~ (mo(U)) is
an isomorphism on mg. Then G(U) = G(7(m(U))) by assumption on G, which
proves G = 7*m,G by (2). O
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Remark 4.2.14 — The conclusion of Lemma 4.2.13 fails for # : Shv(Xg) —
Shv(mo(X)et). Indeed, if X is connected, then Shv(m (X )st) = Set, and 7* coincides
with the “constant sheaf” functor, which is not always limit-preserving.

4.3. The case of a point. — Fix a profinite group G. We indicate how the
definition of the pro-étale site can be adapted to give a site BGprost Of profinite
G-sets. In particular, each topological G-module M defines a sheaf ;s on BGproét,
and the resulting functor from topological G-modules to abelian sheaves on BGprogt
is an embedding with dense image (in the sense of colimits). We use this construction
to study the cohomology theory M — RI(BGproet, Far) on G-modules: this theory
is equal to continuous cohomology in many cases of interest, and yet better behaved
in some functorial respects. The definition is:

Definition 4.3.1 — Let BGpro¢t be the pro-étale site of G, defined as the site of profi-
nite continuous G-sets with covers given by continuous surjections.

For S € BGpross, we use hg € Shv(BGprost) to denote the associated sheaf. Let
G-Spc be the category of topological spaces with a continuous G-action; recall that
G-Spc admits limits and colimits, and the formation of these commutes with passage
to the underlying spaces (and thus the underlying sets). Let G-Spc., C G-Spc be
the full subcategory of X € G-Spc whose underlying space may be written as a quo-
tient of a disjoint union of compact Hausdorff spaces; we call these spaces compactly
generated. There is a tight connection between these categories and Shv(BG prost):

Lemma4.3.2 — Let notation be as above.

1. The association X +— Map.o (=, X) gives a functor F_y : G-Spc —
ShV(BGproét) .

The functor F(_y is limit-preserving and faithful.
F -y admits left adjoint L.
F(-y is fully faithful on G-Spc,,.

The essential image of G-Spc,., generates Shv(BGproet) under colimits.

AN

Proof. — The argument of Lemma 4.2.12 shows that any continuous surjection of
profinite sets is a quotient map, which gives the sheaf property required in (1). It
is clear that the resulting functor F(_) is limit-preserving. For any X € G-Spc,
one has Fx(G) = X where G € BGprogt is the group itself, viewed as a left G-set
via translation; this immediately gives (2). The adjoint functor theorem gives the
existence of L as in (3), but one can also construct it explicitly: the functor hg
S extends to a unique colimit preserving functor Shv(BGpres,) — G-Spc by the
universal property of the presheaf category (as a free cocompletion of BGpos) and
the fact that covers in BGprost give quotient maps. In particular, if F' € Shv(BGproct),
then F' = colimy, hg, where Ir is the category of pairs (S,s) with S € BGprost
and s € F(S), which gives L(F) = colimy, S. For (4), it is enough to show that
L(Fx) ~ X for any compactly generated X. By the previous construction, one has
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L(Fx) = colim Iry S, so we must check that there exists a set I of spaces S; € BGprost
and G-maps s; : S; — X such that U;S; — X is a quotient map. Choose a set I
of compact Hausdorff spaces T; and a quotient map L;7; — X. Then the map
U;T; X G — X induced by the G-action is also a quotient, so we reduce to the case
where X is a compact Hausdorff G-space. Now consider Y := G x B(X) € BGproct,
where the G-action is defined via g - (h,n) = (gh,n). There is an induced continuous
map f:Y = X via G x 8(X) = G x X — X, where the last map is the action.
One checks that f is G-equivariant and surjective. As Y is profinite, this proves (4).
Lastly, (5) is formal as Fg = hg for S € BGprost- O

Let G-Mod denote the category of continuous G-modules, i.e., topological abelian
groups equipped with a continuous G-action, and let G-Mod., C G-Mod be the full
subcategory of topological G-modules whose underlying space is compactly gener-
ated. The functor F_y restricts to a functor F_y : G-Mod — Ab(BGproet), and
Lemma 4.3.2 (1)—(4) apply formally to this functor as well. The main non-formal
statement is:

Proposition 4.3.3 — With notation as above, one has:

1. The essential image of F(_y : G-Mod., — Ab(BGproet) generates the target
under colimits.

2. Every N € Ab(BGproet) has a resolution whose terms come from G-Mod.g.

To prove Proposition 4.3.3, we review some topological group theory. For a topo-
logical space X, write AX for the free topological abelian group on X, defined by
the obvious universal property. One may show that AX is abstractly isomorphic to
the free abelian group on the set X, see [ATO08, Theorem 7.1.7]. In particular, one
has a reduced length associated to each f € AX, defined as the sum of the absolute
values of the coefficients. Let A¢nyX C AX be the subset of words of length < NV;
one checks that this is a closed subspace, see [AT08, Theorem 7.1.13]. Moreover:

Theorem 4.3.4Graev). — If X is a compact topological space, then AX =
colim A¢n X as spaces.

Proof. — See Theorem [ATO08, Theorem 7.4.1]. O
We use this to prove.

Lemma 4.3.5 — Fix a compact Hausdorff space S, an extremally disconnected profi-
nite set T', and a continuous map f : T — AS. Then there exists a clopen decompo-
sition T' = U;T; such that f|r, is a Z-linear combination of continuous maps T; — S.

Proof. — Lemma 4.3.7 and Theorem 4.3.4 imply that f factors through some A¢yS.
Now consider the profinite set 5 = S L {0} U S and the induced map ¢ : SN Acn
defined by viewing S as the subspace (1-5) U {0} U (—=1-S5) C AS and using the
group law. This map is continuous and surjective, and all spaces in sight are compact
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Hausdorff. By extremal disconnectedness, there is a lift T — SN ; one checks that
this implies the desired claim. O

We can now identify the free abelian sheaf Z; ¢ for any S € BGprost:
Lemma4.3.6 — If S € BGprost, then Zpy, ~ T ug.

Proof. — One clearly has Fg = hg, so there is a natural map ¢ : Zy, — Fag of
abelian sheaves induced by Fg — Fas. We will check ¢(T) is an isomorphism for T'
covering BGprost. Let F' @ *prosr — BGprost be a left adjoint to the forgetful functor
BGproét — *prost- Then it is enough to check ¢(F(T)) is an isomorphism for T
extremally disconnected. Unwinding definitions, this is exactly Lemma 4.3.5. O

Proposition 4.3.3 falls out quickly:

Proof of Proposition 4.3.3. — Theorem 4.3.4 shows that AS is compactly generated
for any S € BGproet. Now Lemma 4.3.6 gives (1) as the collection {Z,} generates
Ab(BGprost) under colimits. Finally, (2) is formal from (1). O

The next lemma was used above, and will be useful later.

Lemma 4.3.7 — Fix a countable tower X1 C Xo C -+ C X,, C ... of closed immer-
sions of Hausdorff topological spaces, and let X = colim; X;. Then Map,, (5, X) =
colim Mapg . (S, Xi).

Proof. — We must show each f : § — X factors through some X;. Towards con-
tradiction, assume there exists a map f : S — X with f(S) ¢ X, for all i. After
reindexing, we may assume that there exist z; € S such that f(z;) € X; — X;_1.
These points give a map 7 : SN — S wia i — xz;. After replacing f with f o,
we may assume S = ON; set T = {f(i)[i € N}. Now pick any © € X —T. Then
x € X; for some j. For ¢ > j, we may inductively construct open neighourhoods
x € U; C X; such that U;NT = @, and U;41 N X; = U;; here we use that X; N'T
is finite. The union U = U;U; C X is an open neighbourhood of x € X that misses
T. Hence, f~*(U)NN = &, so f~1(U) = @ by density of N C S. Varying over all
x € X — T then shows that f(S) = T. Now one checks that T'C X is discrete: any
open neighbourhood 1 € U; C X; can be inductively extended to open neighbour-
hoods z1 € U; C X; such that U; 11 N X; = U; and z; ¢ U;. Then T must be finite as
S is compact, which is a contradiction. O

We now study the cohomology theory M — RI'(BGprost, Far) on G-Mod. There

is a natural transformation connecting it to continuous cohomology:

Lemma 4.3.8 — For any M € G-Mod, there is a natural map ®ps : Rl eont (G, M) —
RI(BGproct, Fr)-

Proof. — By [Sch13, Proposition 3.7], one has Rl cont (G, M) = RI'(BG}, o615 HsF 1),

where BG, ¢, is defined as in Remark 4.1.11, and i : Shv(BGprost) — Shv(BG,o4)
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the natural map; one then defines ¢as via pullback as p*p, =~ id on D(BGproet)
(simply because BGpost is finer topology than BG;)TOét on the same category). [

The map @, is an isomorphism for a fairly large collection of modules:

Lemma 4.3.9 — Let C C G-Mod be the full subcategory of all M € G-Mod for which
R'pFar = 0 for all i > 0, where p : Shv(BGprost) — Shv(BG,,04;) is the natural
map.
1. For all M € C, the map ®s : Rlcont (G, M) — RI'(BGprost, Far) s an isomor-
phism.
2. If M € G-Mod is discrete, then M € C.
3. If M = colim M; is a sequential colimit of Hausdorff M; € C along closed
immersions, then M € C.
4. If M = lim M; is a sequential limit of M; € C along profinitely split M; 1 — M;,
then M € C.
5. If M = lim M; is a sequential limit of M; € C along B-epimorphisms M; 11 — M;
with kernel K; = ker(M; 11 — M;) € C, then M € C.

Here a quotient map M — N of topological spaces is said to be profinitely split
if it admits sections over any map K — N with K profinite. It is said to be a
B-epimorphism if for every map g : K — N with K compact Hausdorff, there is a
surjection K’ — K with K’ compact Hausdorff, and a lift K’ — M; equivalently, for
any map $(X) — N where X is discrete, there is a lift §(X) — M. This property is
automatic if M — N is a quotient map, and the kernel is compact Hausdorff.

Proof. — Parts (1) and (2) are clear. For (3), note that Fp; = colim Fps, by Lemma
4.3.7, so the result follows as Ry, commutes with filtered colimits. For parts (4) and
(5), note that if M; 1 — M; is a S-epimorphism, then Fps, , — Fay, is surjective on
BGprost- By repleteness, we get Iy = lim )y, = Rlim Fyy,. Applying Ry, and using
repleteness of BG;mét, we have to show that R lim(u.F ) = 0. If all M,y — M;
are profinitely split, then all . Jps,,, — pF s, are surjective, so the result follows
from repleteness of BG;)rOét. If K; = ker(M;1+1 — M;) € €, then on applying Ru. to
the sequence

0— ngi — §A4i+1

— 9']\41. — 0,
we find that p,Far,,, — Ty, is surjective, so again the result follows from replete-

ness of BG! O

proét*
Remark 4.3.10 — The category € of Lemma 4.3.9 includes many standard Galois
modules occurring in arithmetic geometry obtained by iterations of completions and

localisations applied to discrete modules. For example, when G = Gal(Q,/Qp), the
G-module Bgr is such an object.

We now indicate one respect in which RI'(BGproét, 3"(,)) behaves better than con-
tinuous cohomology: one gets long exact sequences in cohomology with fewer con-
straints.
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Lemma4.3.11— Fiz an algebraically short exact sequence 0 — M' = M LNy VN
in G-Mod. Assumeb is a 3-epimorphism, and a realises M’ as a subspace of M. Then
there is an induced long exact sequence on applying H*(BGproet, F(—))-

Proof. — 1t is enough to show that
O—>fTrM/ —>?M—>?M// — 0

is exact. Exactness on the right results from the assumption on b, exactness on the
left is obvious from the injectivity of M’ — M, and exactness in the middle comes
from the assumption on a. O

Remark 4.3.12 — Considerations of the discrete topology show that some hypothesis
must be imposed in Lemma 4.3.11. The assumption used above is fairly weak: it is
automatic if M’ is compact Hausdorff. In contrast, in continuous cohomology, one
demands existence of sections after base change to all profinite sets over M" .

5. Relations with the étale topology

Fix a scheme X. Since an étale map is also a weakly étale map, we obtain a

morphism of topoi
v : Shv(Xprost) — Shv(Xey).

The main goal of this section is to describe its behaviour at the level of derived cate-
gories. The pullback and pushforward along v, together with the resulting semiorthog-
onal decompositions of complexes on Xp;04¢, are discussed in §5.1 and §5.2. This is
used to describe the left-completion of D(X¢) in terms of D(Xppoe) in §5.3. Some
elementary remarks on the functoriality of v in X are recorded in §5.4. Finally, we
describe Ekedahl’s category of “adic” complexes [Eke90] in terms of D(Xpreet) in §5.5.
We rigorously adhere to the derived convention: the functors v* and v,, when applied
to complexes, are understood to be derived.

5.1. The pullback. — We begin with the pullback at the level of sheaves of sets:

Lemma5.1.1 — For F € Shv(Xg) and U € X;f{)ét with a presentation U = lim; U;,
one has v*F(U) = colim; F(U;).

Proof. — The problem is local on X, so we may assume that X = Spec(A) is affine.
In that case, by Remark 4.2.5, the site X,o¢¢ is equivalent to the site .S given by ind-
étale A-algebras B = colim B;, with covers given by faithfully flat maps. The pullback
F' of F to S as a presheaf is given by F'(B) = colim F(B;). It thus suffices to check
that F’ is a sheaf; we will do this using Lemma 4.2.6. First, note that F”’ is a Zariski
sheaf since any finite collection of quasicompact open subschemes of SpecB come via
pullback from some SpecB;. It remains to show that F’ satisfies the sheaf axiom for
every faithfully flat ind-étale map B — C of ind-étale A-algebras. If B — C'is actually
étale, then it arises via base change from some faithfully flat étale map B; — C;, so
the claim follows as F' is a sheaf. In general, write C' = colim C} as a filtered colimit
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of étale B-algebras C;, necessarily faithfully flat. Then F’(C') = colim; F'(C;). The
sheaf axiom for B — C now follows by taking filtered colimits. O

A first consequence of the above formula is that v* is fully faithful. In fact, we
have:

Lemma5.1.2 — The pullback v* : Shv(Xe;) — Shv(Xprost) s fully faithful. Its es-
sential image consists exactly of those sheaves F with F(U) = colim; F(U;) for any
U e X with presentation U = lim; U;.

proét

Proof. — Lemma 5.1.1 shows that F' ~ v,v*F for any F' € Shv(X¢), which formally
implies that v* is fully faithful. For the second part, fix some G € Shv(Xprost)
satisfying the condition of the lemma. Then Lemma 5.1.1 (together with Lemma 4.2.4)
shows that v*v,G — G is an isomorphism, which proves the claim. O

Definition 5.1.3 — A sheaf F' € Shv(Xproet) @s called classical if it lies in the essential
image of v* : Shv(Xet) — Shv(Xprost)-

In particular, F' is classical if and only if v*v, F' — F' is an isomorphism. We need
a simple lemma on recognizing classical sheaves.

Lemma5.1.4 — Let F be a sheaf on Xprosr. Assume that for some pro-étale cover
{Y; = X}, Fly, is classical. Then F is classical.

Proof. — We may assume that X = SpecA is affine, that there is only one ¥ =
Y; = SpecB, with A — B ind-étale, B = colim; B;, with A — B; étale. We need to
check that for any ind-étale A-algebra C' = colim; C;, we have F(C) = colim; F(C}).
Now consider the following diagram, expressing the sheaf property for C — B ® C,
resp. C; = B ® C}.

F(C) F(C® B)———= F(C® B® B)

l | !

colim F(C;) —— colim; F(C; ® B) ——% colim; F(C; ® B® B)

The second and third vertical arrows are isomorphisms as F|gpecp is classical. Thus,
the first vertical arrow is an isomorphism as well, as desired. o

As an example, let us show how this implies that the category of local systems does
not change under passage from X¢; to Xproet-

Corollary 5.1.5 — Let R be a discrete ring. Let Locx,, (R) be the category of
R-modules Lgy on Xg; which are locally free of finite rank. Similarly, let Locx, ., (R)
be the category of R-modules Lprost on Xprost which are locally free of finite rank.

Then v* defines an equivalence of categories Locx,, (R) = Locx,, .., ().

In the following, we denote either category by Locx (R).
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Proof. — If L& € Locx, (R), then clearly Lyt = v*Les € Locx,,,. (R);
as v* is fully faithful, it remains to verify essential surjectivity. —Thus, take
Liprost € Locx,, . (R). As Lprest is locally free of finite rank, it is in particu-
lar locally classical, thus classical by Lemma 5.1.4. Thus, Lpest = v*L¢ for
some sheaf Lg; of R-modules on Xg. Assume that U € Xgﬁ)ét with presentation
U =lim U; is such that Lproet|r = R™|y. The isomorphism is given by n elements of
(Lprost)(U) = colim; Ley(U;). This shows that the isomorphism Lpyoet|v = R |y is
already defined over some U, thus Lg; € Locy,, (R), as desired. O

Next, we pass to derived categories.

Corollary 5.1.6 — For any K € D" (Xg), the adjunction map K — v.v*K s
an equivalence. Moreover, if U € ngf)ét with presentation U = lim; U;, then
RI'(U,v*K) = colim; RI'(U;, K).

Proof. — The first part follows from the second part by checking it on sections using
Lemma 4.2.4, i.e., by applying RT'(V,—) to the map K — v.v*K for each affine
V € X¢. For the second part, the collection of all K € DT (Xg) for which the claim
is true forms a triangulated category stable under filtered colimits. Hence, it suffices
to prove the claim for K € Ab(X¢) C D1 (Xg). For such K, since we already know
the result on H° by Lemma 5.1.1, it suffices to prove: HP(U,v*I) = 0 for I € Ab(Xg)
injective, p > 0, and U € nggét. By [SGA72b, Proposition V.4.3], it suffices to prove
that H?(U,v*I) = 0 for the same data. Choose a presentation U = lim; U; for some
cofiltered category I. By Theorem 2.3.4, a cofinal collection of covers of U in Xproet
is obtained by taking cofiltered limits of affine étale covers obtained via base change
from some U;. Using Lemma 5.1.1 again, we can write

HP(U, F) = colim B? (1(V) =5 I(V xv, V) =£ IV xu, V xu, V) =E )

where the colimit is computed over (the opposite of) the category of pairs (i, V) where
1 € I, and V — U, is an affine étale cover. For a fixed ¢, the corresponding colimit
has vanishing higher cohomology since I|y, is injective in Ab(Uj ¢t), and hence has
trivial higher Cech cohomology. The claim follows as filtered colimits are exact. O

Again, we will refer to objects in the essential image of v* as classical, and
Lemma 5.1.4 extends to bounded-below derived categories with the same proof.

Remark 5.1.7 — The argument used to prove Corollary 5.1.6 also shows: if U €
ng;ét is w-strictly local, then HP(U,v*F) = 0 for all F' € Ab(Xg) and p > 0.
Indeed, for such U, any affine étale cover V' — U has a section, so the corresponding

Cech nerve is homotopy-equivalent to U as a simplicial scheme.

Remark5.1.8 — If K € D(Xg;) is an unbounded complex, then the formula in
Corollary 5.1.6 is not true. Instead, to describe v*K, first observe that v*K ~
Rlimv*r2 "K as Shv(Xproet) is replete and v* commutes with Postnikov trunca-
tions. Hence, R['(Y,v*K) ~ Rlim colim; R['(Y;, 72 "K) for any Y € X;ﬁ' with a

roét
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presentation Y = lim Y;. Moreover, since v, commutes with arbitrary limits, we also
see that v,v*K ~ Rlim72 ™K. For an explicit example, we remark that Exam-
ple 3.3.4 can be adapted to exhibit the failure of id — v,v* being an equivalence.

An abelian consequence is:

Corolla_ry 5.1.9 — The pullback v* : Ab(Xe) — Ab(Xproet) induces an equivalence
on Ext* for all i. In particular, v*(Ab(X¢)) C Ab(Xprost) s a Serre subcategory.

Proof. — Let € C Ab(Xg) be the full subcategory of sheaves F for which
Ext!(F, —) ~ Ext’(v*(F),v*(—)) for all i. Then € contains all direct sums of sheaves
of the form Zy for U € X4 by Corollary 5.1.6. Since any F € Ab(Xg) admits a
surjection from such a direct sum, the claim follows by dimension shifting. O

5.2. The pushforward. — Our goal is to describe the pushforward v,
D(Xprost) — D(Xs,) and the resulting decomposition of D(Xpreet). To do so,
it is convenient to isolate the kernel of v,:

Definition 5.2.1 — A complex L € D(Xproet) 48 parasitic if R[(v"1U,L) = 0 for
any U € Xg. Write Dp(Xprost) C D(Xprost) for the full subcategory of parasitic
complezes, D;(Xproét) for bounded below parasitics, etc.

The key example is:

Example 5.2.2 — Let {F,} € Fun(IN°?,Ab(Xs)) be a projective system of
sheaves with surjective transition maps. Set K = RlimF, € D(Xg), and
K' = Rlimv*(F,) € D(Xproet). Then K' ~ limv*(F,) as Xpross IS replete.
The natural map v*K — K’ has a parasitic cone since v,v*K ~ K = Rlim F,, ~
Rlimv,*F,, ~ v,K'. For example, when X = Spec(Q), the cone of the map
v*(Rlim pp,) — lim p, is non-zero and parasitic.

The basic structural properties of D,(Xprost) are:

Lemma5.2.3 — The following are true:
1. Dp(Xproet) is the kernel of vy : D(Xprost) — D(Xat)-
2. Dp(Xprost) s a thick triangulated subcategory of D(Xprost)-
3. The inclusion i : Dp(Xprost) — D(Xproct) has a left adjoint L.

4. The adjunction L oi — id s an equivalence.

Sketches of proof

1. This follows from the adjunction between v* and v, together with the fact
that D(X¢) is generated under homotopy-colimits by sheaves of the form Zy
for U € Xg;.

2. Clear.
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3. Consider the functor M : D(Xprost) — D(Xprost) defined wvia M(K) =
cok(v*v, K — K). There is a map id — M, and hence a tower id - M —
M? — M3 — ..., where M" is the n-fold composition of M with itself. We
set L : D(Xproet) = D(Xpross) to be the (filtered) colimit of this tower, i.e.,
L(K) = M*(K) := colim, M™(K). We will show that L(K) is parasitic for
any K, and that the induced functor L : D(Xproet) — Dp(Xprost) is a left
adjoint to i. Choose any U € Xg. As U is qcgs, we have
RI(v'U, L(K)) ~ RT'(v'U, colim M™(K)) = colim RT' (v~ U, M™(K)).
Hence, to show that L takes on parasitic values, it suffices to show that

RI(v'U,K) — RI(v'U, M(K))
is the 0 map for any K € D(Xpr06t). Since v is a map of a topoi, we have a
factorisation
RI'(v~'U,K) ~ RI'(U, v, K) v RT(v U, v*v.K) — RIO(v'U, K)
of the identity map on RI'(¢v~'U,K). The composition RI'(v~1U,K) —
RI(v~'U, M(K)) is then 0 by definition of M (K), which proves that L(K) is
parasitic. To show that the induced functor L : D(Xproet) = Dp(Xprost) is a
left adjoint to the inclusion, note first that for any K, P € D(Xproet) with P
parasitic, one has Hom(v*v, K, P) = Hom(v.K,v.P) = 0 by (1). The exact
triangle defining M (K) shows
Hom(K, P) ~ Hom(M (K), P) ~ Hom(M?(K), P) ~ - -- ~ Hom(M"(K), P)
for any n > 0. Taking limits then shows
Hom(K, P) = lim Hom(M"(K), P) = Hom(colim M"(K), P) = Hom(L(K), P),
which is the desired adjointness.

4. This follows from (1) and the construction of L given in (3): for any parasitic

P € D(Xproet), one has P ~ M(P) ~ M"(P) ~ colim,, M"(P) ~ L(P) since

v, P =0. O

Remark 5.2.4 — In Lemma 5.2.3, it is important to work at the derived level: the full

subcategory Aby,(Xprost) of all ' € Ab(Xproet) with F(v~1U) = 0 for any U € Xg

is not a Serre subcategory of Ab(Xpre¢t). For example, let X = Spec(Q) and set
24(1) = lim pgn € Ab(Xprost). Then there is an exact sequence

1— Zo(1) -5 Zp(1) — g — 1
in Ab(Xpr0st). One easily checks that 2@(1) € Ab,(Xprost), while p1p & Abp(Xprost)-

Remark 5.2.5 — The localisation functor L : D(Xpwost) — Dp(Xprost) from
Lemma 5.2.3 admits a particularly simple description when restricted to bounded
below complexes: L(K) ~ cok(v*v.K — K) for any K € D (Xp06t). Indeed, by
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the proof of Lemma 5.2.3 (3), it suffices to show that M(K) ~ M?(K) for such a
complex K; this follows from the formula v*v,v*v, K ~ v*v, K, which comes from
Corollary 5.1.6.

We can now show that DT (Xg) and D;‘ (Xprost) give a semiorthogonal decompo-
sition for DF(Xprost)-

Proposition 5.2.6
Consider the adjoints DT (Xprost) = D+ (Xet) and D; (Xproct) <_L—> D (Xprost) -

1.
2.
3.

Vx

v* is fully faithful.

The adjunction id — v,v

*

18 an equivalence.

The essential image of v* is exactly those K € DT (Xproet) whose cohomology
sheaves are in v*(Ab(Xet)).

The pushforward v, realises D (Xet) as the Verdier quotient of DT (Xproet) by
D (Xprogt)-

The map L realises D} (Xpross) as the Verdier quotient of D¥(Xproet) by
v (DT (Xet)).

Sketches of proof

1.
2.
3.

This follows formally from Corollary 5.1.6.
This follows from (1) by Yoneda.

Let € C D' (Xproet) be the full subcategory of complexes whose cohomology
sheaves lie in v*(Ab(X¢:)); by Corollary 5.1.9, this is a triangulated subcat-
egory of D+(Xpr0ét) closed under filtered colimits. Moreover, chasing trian-
gles and truncations characterises C as the smallest triangulated subcategory
of DT (Xproet) closed under filtered colimits that contains v*(Ab(Xe)). Now
v*(DT(Xe)) C € as v* is exact. Moreover, by (1) and left-adjointness of v*, we
see that v*(D" (X¢)) is a triangulated subcategory of D (Xproet) closed under
filtered colimits. Since v*(D*(Xg;)) clearly contains v*(Ab(Xe)), the claim
follows.

By Lemma 5.2.7, we want v, to admit a fully faithful left adjoint; this is what (1)
says.
This follows from Lemma 5.2.3 and Lemma 5.2.7 provided v* (DT (Xg;)) is the

kernel of L. By Remark 5.2.5, the kernel of L is exactly those K with v*v, K ~
K, so the claim follows using Corollary 5.1.6. O

The following observation was used above:

Lemma5.2.7 — Let L : C; — Cqy be a triangulated functor between triangulated cate-
gories. If L admits a fully faithful left or right adjoint i, then L is a Verdier quotient
of €1 by ker(L).
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Proof. — By symmetry, we may assume L is a left adjoint. Given a triangulated
functor F' : ¢; — D which carries ker(L) to 0, we will show that the natural map
F — FoiolL is an equivalence. First, adjunction shows Lo ~ id via the natural map
as i is fully faithful. Hence, for each K € €y, we get a triangle K/ — K — (io L)(K)
such that L(K”’) = 0. This shows that F(K) ~ (Foio L)(K) for all such F, proving
the claim. O

Remark 5.2.8 — If we assume that X is locally of finite cohomological dimension,
then D(Xe) is left-complete. Since D(Xpro6t) is also left-complete, one can show that
v* : D(Xe) = D(Xprogt) is fully faithful by reduction to the bounded below case. In
fact, every statement in Proposition 5.2.6 extends to the unbounded setting in this
case.

At the unbounded level, the pullback v* : D(X¢;) — D(Xprost) is not fully faith-
ful in general, as explained in Remark 5.1.8, so none of the arguments in Proposi-
tion 5.2.6 apply. Nevertheless, we can still prove a semiorthogonal decomposition as in
Proposition 5.2.6 at the expense of replacing D(X¢;) with the smallest triangulated
subcategory D’ C D(Xproet) that contains v*(D(Xe)) and is closed under filtered
colimits:

Proposition 5.2.9 — Let D' C D(Xpr06t) be as above. Then
1. If v* is fully faithful, then v* induces an equivalence D(Xg) =~ D’.
2. Given K € D(Xpro6t), one has K € D' if and only if Hom(K, K') = 0 for any
K' € Dp(Xprost)-
3. The inclusion i : D' — D admits a right adjoint N : D(Xprost) — D’ such that
N o ~id.
4. The localisation L realises Dp(Xprost) as the Verdier quotient of D(Xprost)
by D'.
5. The map N realises D" as the Verdier quotient of D(Xprost) by Dp(Xprost)-
Sketches of proof

1. If v* is fully faithful, then K ~ v, v*K ~ Rlim72 "K (where the last iso-
morphism is from Remark 5.1.8). The claim now follows by reduction to the
bounded case, as in Remark 5.2.8.

2. Since v*(D(Xg)) is left-orthogonal to Dp(Xproet), so is D’. For the converse
direction, consider the functors N; : D(Xproet) — D(Xproet) defined via
Ni(K) = ker(K — M*(K)) where M(K) = cok(v*v.K — K) (as in the proof
of Lemma 5.2.3). The tower id — M — M? — M3 — ... gives rise to a tower
N; — Ny — N3 — --- — id with N;y; being an extension of v*u, M by Ny;
set N = colim; N;. The description in terms of extensions shows N;(K) € D’
for all 7, and hence N € D’ as D’ is closed under filtered colimits. Moreover,
setting I = colim; M* gives an exact triangle N — id — L of functors. As
in Lemma 5.2.3, L realises the parasitic localisation D(Xproet) = Dp(Xprost)-
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Hence, if Hom(K, K’) = 0 for every parasitic K’, then K ~ N(K) € D’ by the
previous triangle.

3. One checks that the functor N : D(Xpr0et) — D’ constructed in (2) does the
job (using the exact triangle N — id — L and the fact that Hom (D', L(K)) =0
for all K by (2)).

4. This follows from Lemma 5.2.7 if we could show that D’ is the kernel of L. For
this, one simply uses the exact triangle N — id — L as in (2).

5. This is proven exactly like (4). O

5.3. Realising the left-completion of D(X¢;) via the pro-étale site. — Our
goal is to identify the left-completion ﬁ(XC't) with a certain subcategory of D(Xproct)
using the analysis of the previous sections. The starting point is the following obser-
vation: by Proposition 3.3.3, the pullback v* : D(X¢) — D(Xprost) factors through
7 : D(Xe) — D(Xg). To go further, we isolate a subcategory of D(Xprost) that
contains the image of v*:

Definition 5.3.1 — Let D.c(Xprost) be the full subcategory of D(Xproet) spanned by
complezes whose cohomology sheaves lie in v*(Ab(Xe)); we write D} (Xprost) for the
bounded below objects, etc.

Since v* : D(Xs) — D(Xproet) is exact, it factors through De.(Xproet), and hence
we get a functor D(Xet) — Dee(Xprogt). Our main observation is that this functor is
an equivalence. More precisely:

Vee
Proposition 5.3.2 — There is an adjunction DcC(Xproét)DS D(Xet) induced by v,
ce,x L g ~ T
and v*. This adjunction is isomorphic to the left-completion adjunction D(Xét)r:——?

D(Xe). In particular, Dec(Xprost) =~ I/j(Xe ). fim

Proof. — The existence of the adjunction is formal from the following: (a) v*
carries D(Xst) t0 Dee(Xproet), and (b) Dec(Xproet) > D(Xprogt) is fully faithful.
Proposition 5.2.6 immediately implies that v*, induces an equivalence DV (Xeg;) =~
Df (Xproet). To extend to the unbounded setting, observe that K € Dec(Xproet)
if and only if 72 "K € D.c(Xproet) by the left-completeness of D(Xpro6r) and
the exactness of v*. This lets us define functors u : ﬁ(Xe ) = Dee(Xprost) and
vt Dee(Xprogt) — D(Xe) via p({Kn}) = Rlimv*(K,) and v(K) = {v, 7> "K};
one can check that p and v realise the desired mutually inverse equivalences. O

Since D’ is the smallest subcategory of D(Xproet) that contains v*D(Xg,) and is
closed under filtered colimits, one has D’ C Dec(Xprost). It is natural to ask how close
this functor is to being an equivalence. One can show that if D(Xe) is left-complete,
then D(X¢) ~ D’ =~ Dco(Xprost); we expect that D' ~ De.(Xproet) fails without
left-completeness, but do not have an example.
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5.4. Functoriality. — We study the variation of v : Shv(Xpr0st) — Shv(Xe;) with
X. For notational clarity, we often write vy instead of v.

Lemma5.4.1— A morphism f : X — Y of schemes induces a map fproét
Shv (Xproet) — Shv(Yprost) of topoi with f* given by pullback on representable objects.
The induced diagram

Shv(X prost) —— Shv (X

lfpméc lﬁ
(

Shv(Yprost) —— Shv(Ya;)

commutes. In particular, for F either in Shv(Ye,) or D(Yet), there is an isomorphism
f;roe’t ovy (F) ~vx o f&(F).

Proof. — Since all maps in sight are induced by morphisms of sites, this follows simply
by the definition of pullback. O

Lemmab5.4.2— Let f : X — Y be a universal homeomorphism of schemes, i.e.,
[ is universally bijective and integral. Then fi : Shv(Xproet) — Shv(Yproet) s an
equivalence.

Proof. — The claim is local on Y, so we may Y and X are affine. By Theorem 2.3.4,
we can identify Shv(Yprost) with the topos of sheaves on the site opposite to the cat-
egory of ind-étale O(Y")-algebras with covers generated by faithfully flat maps and
Zariski covers, and likewise for X. Since f~! identifies Xg; with Yz while preserv-
ing affine objects (by integrality) and covers, the claim follows from the topological
invariance of the usual étale site. O

Lemma5.4.3— Fiz a gegs map f:Y — X of schemes and F either in Shv(Ye) or
Dt (Yg). Then the natural map

V;‘/ o fét,*(F) — fproc't,* o V;((F)
18 an equivalence.

Proof. — We first handle F' € Shv(Y;). The claim is local on X, so we may assume
X is affine. First, consider the case where Y is also affine. Choose some U € Yparﬂ:)ét
with presentation U = lim; U;. Then Lemma 5.1.1 shows

Vs o feu(F)(U) = coliimF(fflUi).

As f7U € Yparfgét with presentation f~'U = lim; f ~1U;, one concludes by reapplying
Lemma 5.1.1. For not necessarily affine but separated and quasicompact Y, the same
argument shows that the claim is true for all F' € Shv(Ys;) obtained as pushforwards
from an affine open of Y. Since the collection of all F' satisfying the above conclusion
is stable under finite limits, a Mayer-Vietoris argument shows that the claim is true
for all F € Shv(Y) with Y quasicompact and separated. Repeating the argument

(and using the separated case) then gives the claim for all qegs Y. For F € Dt (Xg),
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the same argument applies using Corollary 5.1.6 instead of Lemma 5.1.1 (with finite
limits replaced by finite homotopy-limits). O

Remark 5.4.4 — Lemma 5.4.3 does not apply to unbounded complexes. Any scheme
X' with D(X/,) not left-complete (see Remark 3.3.5) gives a counterexample as fol-
lows. Choose K € D(X/},) for which K % Rlim72> ™K. Then there is an X € X/,
for which RT(X, K) % RI(X,Rlim72 " "K) ~ RI(Xprocet, v*K) (here we use Re-
mark 5.1.8). The map X — Spec(Z) with F' = K|x gives the desired counterexample.

Remark 5.4.5 — One reason to prefer the pro-étale topology to the fpqc topology
is that the analogue of Lemma 5.4.3 fails for the latter: étale pushforwards do not
commute with arbitrary base change.

Lemma 5.4.3 and the repleteness of the pro-étale topology let us access pushfor-
wards of unbounded complexes quite easily; as pointed out by Brian Conrad, a similar
statement can also be shown for D(X¢;) using Hartshorne’s formalism of “way-out”
functors.

Lemma5.4.6 — Let f : X — Y be a map of qgcgs schemes. Assume fi
Mod(Xet, F) — Mod(Yet, F') has cohomological dimension < d for a ring F. Then
fe: D(Xproets F) = D(Yproer, F) carries DSF(Xprost, F) to DSFFH(Yosr, F).

Proof. — Fix K € chk(Xproét). Then K ~ Rlim72 "K by repleteness, so
f«K ~ Rlim f,72 " K. Lemma 5.4.3 and the assumption on f show f.72 "K €
D§Ck+d(Yproét). As Rlim has cohomological dimension < 1 by repleteness, half of the
claim follows. It remains to check that H?(f.K) € v*Ab(Yg). For this, observe that,
for fixed i, the projective system {H(f.7> " K)} is essentially constant: for n > 0,
the map f,72~("*DK — f,72 K induces an isomorphism on H’ by assumption
on f. By repleteness, this proves H'(f.K) ~ H'(f.7>""K) for n > 0, which is
enough by Lemma 5.4.3. O

5.5. Relation with Ekedahl’s theory. — In this section, we fix a noetherian ring
R complete for the topology defined by an ideal m C R. For this data, we follow the
notation of §3.4 with X = Shv(Xproet). We use here the following (slight variations
on) assumptions introduced by Ekedahl, [Eke90].

Definition 5.5.1

(A) There is an integer N and a set of generators Y;, Y; € Xe, of Xat, such that
for all R/m-modules M on X¢, H*(Y;, M) =0 for n > N.

(B) The ideal m is regular, and the R/m-module m™/m"! has finite flat dimension
bounded independently of n.

Here, condition (A) agrees with Ekedahl’s condition (A), but condition (B) may be
slightly stronger than Ekedahl’s condition (B). By Proposition 3.3.7 (2), condition (A)
ensures that D(Xgt, R/m) is left-complete, as are all D(Xe, R/m™). Ekedahl considers
the following category.
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Definition 5.5.2 — If condition (A) is fulfilled, let x = —, if condition (B) is fulfilled,
let x = +, and if condition (A) and (B) are fulfilled, let + be empty. Define D}, (X, R)
as the full subcategory of D*(XY™", Rs) spanned by projective systems {M,} whose
transition maps My, @R /mn R/m"~! — M, 1 are isomorphisms for all n.

In the pro-étale world, limits behave better, so we can define the following analogue:

~

Definition 5.5.3 — Define Dgi(Xprosts R) C Deomp(Xproct, ﬁ) as the full subcategory
of complezes K satisfying K@z R/m € Dee(Xprogt), i-e., H(K®@pR/m) € v*Ab(Xe;)

for alli. If x € {+,—,b}, let D (Xprosss R) C Dk(Xprost, R) be the full subcategory
with corresponding boundedness assumptions.

The main comparison is:

Proposition 5.5.4 — If condition (A) is fulfilled, let x = —, if condition (B) is fulfilled,
let x = +, and if condition (A) and (B) are fulfilled, let * be empty. There is a natural
equivalence Dy (Xprost, R) =~ D (Xet, R).

Proof. — Assume first that condition (A) is satisfied. By Lemma 3.5.7 (iv), we

~

have D_,,, (Xproet, R) ~ D, (XNDp R,). The full subcategory Dy, (Xprost, R)

comp comp proét’
consists of those {K,} € Dgomp(ngzt,R.) for which K,, € D_ (Xproes, R/m™)

for all n, as follows easily by induction on n. Under condition (A), D(Xg, R/m™)
is left-complete, so D~ (X4, R/m™) = D_ (Xpro¢t, R/m™). This gives the result.

Now assume condition (B). Thus, there exists N € N such that if K €
DiZ(Xproét7 ﬁ) for some k, then K @z R/m™ € Qik*N(Xpmét) for all n. Hence, by
Lemma 3.5.7, we may view ng(XprOét, R) as the full subcategory of
D;t)mp(Xé\iZZt,R.) spanned by those {K,} with K, € DI (Xproet). Moreover, by
Proposition 5.2.6, v* induces an equivalence D*(Xg) ~ D}.(Xproet). The desired
equivalence is then induced by {M,} — {v*M,} and {K,,} — {v. K, }.

If condition (A) and (B) are satisfied, simply combine the two arguments. O

5.6. Relation with Jannsen’s theory. — Fix a scheme X. In [Jan88, §3], one
finds the following definition:

Definition 5.6.1 — The continuous étale cohomology H?,..(X¢t, {Fn}) of X with co-
efficients in a pro-system { F,,} of abelian sheaves on X is the value of the i-th derived

functor of the functor Ab(Xe )N — Ab given by {F,} — H%(Xg, lim F),).

In general, the groups H! . (Xs, {F,}) and H'(Xg,lim F,) are distinct, even for
the projective system {Z/¢"}; the difference is explained by the derivatives of the
inverse limit functor. As inverse limits are well-behaved in the pro-étale world, this
problem disappears, and we obtain:

Proposition 5.6.2 — Let {F,,} is a pro-system of abelian sheaves on X with surjec-
tive transition maps. Then there is a canonical identification

HE L (Xeo, {Fn}) =~ HY (X proct, lim v* F,).

cont
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Proof. — Write R cont (Xet, {Fn}) := RI'(X¢t, Rlim F,), 80 HY (R cont (Xst, {Fn})) =
Hi .. (Xs,{F,}) as defined above by the Grothendieck spectral sequence for compo-
sition of derived functors. We then have

cont
Rl cont (Xet, {Fn}) =~ Rlim R['( X, F)
~ Rlim RT(Xprogt, V™ Fpn) = RT(Xproet, Rlim v* F, );
here the first and last equality use the commutation of RI' and Rlim, while the
second equality comes from the boundedness of F,, € D(X¢). The assumption on

{F.} ensures that Rlim F,, ~ lim F,, by the repleteness of Xpo¢t, which proves the
claim. O

6. Constructible sheaves

This long section studies constructible sheaves, with the ultimate goal of giving
a different perspective on the notion of a Q,-sheaf. We begin by studying in §6.1
and §6.2 the basic functoriality of pushforward and pullback along locally closed im-
mersions; the main novelty here is that pullback along a closed immersion is limit-
and colimit-preserving, contrary to the classical story. Next, we recall the theory of
constructible complexes in the étale topology in §6.3. We alert the reader that our
definition of constructibility is more natural from the derived perspective, but not the
usual one: a constructible complex on a geometric point is the same thing as a perfect
complex, see Remark 6.3.2. In particular, the truncation operators 7, 7<, do not
in general preserve constructibility. As a globalisation of this remark, we detour in
§6.4 to prove that constructible complexes are the same as compact objects under a
suitable finiteness constraint; this material is surely standard, but not easy to find in
the literature. We then introduce constructible complexes in the pro-étale world in
§6.5 with coefficients in a complete noetherian local ring (R, m) as those R-complexes
on Xprost which are complete (in the sense of §3.4), and classically constructible mod-
ulo m. This definition is well-suited for comparison with the classical picture, but, as
we explain in §6.6, also coincides with the more intuitive definition on a noetherian
scheme: a constructible complex is simply an R-complex that is locally constant and
perfect along a stratification. This perspective leads in §6.8 to a direct construction of
the category of constructible complexes over coefficient rings that do not satisfy the
above constraints, like Z, and Q,. Along the way, we establish that the formalism of
the 6 functors “works” in this setting in §6.7.

6.1. Functoriality for closed immersions. — Fix a qcqs scheme X, and a qcgs
open j : U — X with closed complement ¢ : Z — X. We use the subscript “0”
to indicate passage from X to Z. First, we show “henselizations” can be realised as
pro-étale maps.

Lemma6.1.1 — Assume X is affine. Then i~' : X2 5 zoff . admits a fully

proét proé

faithful left adjoint V — V. In particular, we have i_1(17) ~V.
Proof. — See Definition 2.2.10 and Lemma 2.2.12. O
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Henselization defines a limit-preserving functor between sites:

Lemma6.1.2 — Assume X is affine. Then the functor V — 1% from Lemma 6.1.1
preserves surjections.

Proof. — Fix V = Spec(4y) with V= Spec(A) for a ring A that is henselian along
I = ker(A — Ap). It suffices to show that any étale map W — V whose image
contains V C V is surjective. The complement of the image gives a closed subset of
V that misses V', but such sets are empty as I lies in the Jacobson radical of A by
assumption. O

Contrary to the étale topology, we can realise ¢* simply by evaluation in the pro-
étale world:

Lemma6.1.3 — If X is affine, then i*F(V) = F(V) for any w-contractible V e

738 o and F € Shv(Xproet)-

Proof. — Clearly, i* F is the sheafification of V +— F(V) on Z*T . On w-contractible

proét*
objects, sheafification is trivial, giving the result. O

Remark 6.1.4 — Tt follows from the affine analogue of proper base change, [Gab94],
[Hub93], that for classical torsion sheaves F', i*F (V) = F(V) for all V € nggét; in
fact, the affine analogue of proper base change says precisely that

RI(V,i*F) = RV, F) .

As i* is realised by evaluation, it commutes with limits (which fails for Xg;, see
Example 6.1.6):

Corollary 6.1.5 — The pullback i* : Shv(Xproet) — Shv(Zproer) commutes with all

small limits and colimits.

Proof. — The claim about colimits is clear by adjunction. For limits, we must show
that the natural map ¢* lim; F; — lim; ¢* F; is an isomorphism for any small diagram
F : I — Shv(Xprost). As this is a local statement, we may assume X is affine.
The claim now follows from Lemma 6.1.3 by evaluating either side on w-contractible
objects in ZME O

proét*
The next example illustrates how i* fails to be limit-preserving on the étale site:

Example 6.1.6 — Consider X = Spec(k[z]) with & an algebraically closed field, and
set ¢ : Z — X to be the closed immersion defined by I = (x). Let R = k[x], and
set S to be the strict henselisation of R at I, so S = colim; S; where the colimit runs
over all étale neighbourhoods R — S; — k of Z — X. Now consider the projective
system {Ox/I"} in Shv(Xeg). Then i*(Ox/I™) = S/IS™, so limi*(Ox/I™) is the
I-adic completion of S. On the other hand, i*(lim Ox /I™) = colim; lim S; /I™ is the
colimit of the I-adic completions of each S;; one can check that this colimit is not
I-adically complete.
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Remark 6.1.7 — Corollary 6.1.5 shows that ¢* has a right adjoint i, as well as a left-
adjoint ix. The latter is described as the unique colimit-preserving functor sending
Ve Zgﬁ)et toV e X dff)et Note that iy is not left-exact in general, so there is no

easy formula computing RI(V,i*F) in terms of RI'(V, F) for V e Zprost (except in
the torsion case, as in Remark 6.1.4).

Lemma6.1.8 — The pushforward i : Shv(Zproer) — Shv(Xpross) s ezact.

Proof. — Fix a surjection F' — G in Shv(Zprost). We must show i, F — .G is
surjective. As the claim is local, we may work with affines. Fix Y € X aroct and
g9 € 1xG(Y) = G(Yp). Then there is a cover W — g in Zyrosr and a section f € F(W)
lifting g. The map WU Y|y — Y is then a cover by Lemma 6.1.1; here we use that
U C X is quasicompact, so Y|y is also quasicompact. One has i, F'(Y|y) = F(9) = *,
and 7 F(W) (WO) F(W), so f gives a section in & F(W UYlp) lifting g. O

We can now show that 7, and j behave in the expected way.

Lemma6.1.9 — For any pointed sheaf F' € Shv(Xproet), the adjunction map F —
11" F 1s surjective.

Proof. — Since the statement is local, we may assume X is affine. Fix V € Xgﬁ)ct

Then . i*F(V) = i*F(Vp) = F(V). Now observe that Vo U V]|y — V is a pro-
étale cover. Since F'(V|y) # @ (as F' is pointed), one easily checks that any section
in 4,4* F (V) lifts to a section of F' over V U V|y, which proves surjectivity. O

Remark 6.1.10 — Lemma 6.1.9 needs F' to be pointed. For a counterexample without
this hypothesis, take: X = ULIZ a disjoint union of two non-empty schemes U and Z,
and F' = 11Z, where i : Z — X is the clopen immersion with complement j: U — X.

Lemma6.1.11— For any pointed sheaf F € Shv(Xprost), we have jij*F o~
ker(F — i,3*F).

Proof. — We may assume X is affine. For any V € Xpmet, we first observe that the

sheaf axiom for the cover V{) UV|y — V gives a fibre square of pointed sets

F(V) ——=F(V|v)

L

F(Vp) —= F(Vlv)-

In particular, ker(F(V) — F(Vy)) ~ ker(F(V|y) — F(Volv)). Now i i*F(V) =
F(Vp), so we must show that jij*F(U) = ker(F(V) — F(Vp)) ~ ker(F(V|y) —
F(%|U)) By definition, jij*F is the sheaf associated to the presheaf F’ defined wia:
F'(V) = F(V) if V — X factors through U, and F'(V)) = 0 otherwise. The sheaf
axiom for the cover 175 U V]y — V then shows that jij*F is also the sheaf associated
to the presheaf F” given by F”(V) = ker(F(V|y) — F(Volu)), which proves the
claim. O
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Lemma6.1.12— One has the following identification of functors at the level of un-
bounded derived categories:

1. %y ~id and j¥ 5 ~ 7% 5. ~id.
2. j%ie >0, and i*j ~ 0.

Proof. — By deriving Lemma 6.1.11, there is an exact triangle jj* — id — 4.¢* of
endofunctors on D(Xproer). Then (2) follows from (1) by applying ¢* and j* to this
triangle. The second part of (1) is a general fact about monomorphisms U < X in
a topos. For i*i, ~ id, we use that both functors are exact to reduce to the claim at

the level of abelian categories, where it follows from % ~V forany V € Z'Srﬂoét. O

Lemma6.1.13 — The pushforward ji : D(Uprost) — D(Xprost) commutes with
homotopy-limits.

Proof. — By Lemma 6.1.11, for any K € D(Uprost), we have the following exact
triangle:
IK — K — 0,7 j K.

*

Since j,, ¢* and 7, all commute with homotopy-limits, the same is true for j. O

Remark 6.1.14— One can show a more precise result than Lemma 6.1.13. Namely,
the pushforward j, : D(Uprost) — D(Xproct) admits a left-adjoint % : D(Xproet) —
D(Uprost) which is defined at the level of free abelian sheaves as follows: given V' €
Xproct, we have j#(Zy) = COk(Z\“/gh, — Zy,) = cok(Zy; — Zv).

We record some special cases of the proper base change theorem:

Lemma 6.1.15— Consider the diagram

f~iz Y~ f~u

TR

Z—' s X<~ U
J

For any K € D(Uprost) and L € D(Zprost), we have
i f"L~ f*i, L and jf*K ~ f*jK.

Proof. — Note that i* f*i, L ~ f*i*i,L ~ f*L. Hence, using the sequence jj* —
id — i49* of functors, to prove the claim for L, it suffices to show j* f*i,L ~ 0; this
is clear as j*f*i, ~ f*j*i, ~ 0, since j*i, ~ 0. The second claim follows by an
analogous argument using ¢*j; ~ 0. O

We end by noting that i, also admits a right adjoint:

Lemma6.1.16 — The functor ix : D(Zproet) — D(Xprost) admits a right adjoint
it D(Xprost) = D(Zprost). For any K € D(Xproet), there is an exact triangle

i K — K — j,j* K.
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Proof. — The functor i, : D(Zproet) — D(Xpross) commutes with arbitrary direct
sums. As all triangulated categories in sight are compactly generated, one formally
deduces the existence of i*. For the exact triangle, write L for the homotopy-kernel of
K — j.j*K. One has a natural map 7 : i,i'K — L since RHom(i,i'K, j.j*K) = 0.
We first show 7 is an isomorphism through its functor of points. For this, note that
for any M € D(Zpy0¢t), one has

RHom (i, M,i,i' K) = RHom(M, i'K') = RHom(i, M, K ) = RHom(i, M, L),

where the first equality uses the full faithfulness of 7., the second comes from the
definition of 7', and the last one uses RHom(i, M, j,j*K) = 0. This proves that 7
is an isomorphism. One also has L = i,i*L as j*L = 0, so the claim follows by full
faithfulness of . O

Finite morphisms are acyclic under finite presentation constraints:

Lemma6.1.17— If f : X — Y is finitely presented and finite, then f,
Ab(Xproet) = Ab(Yprost) is ezact.

Proof. — This follows from Lemma 2.4.10. O

6.2. Functoriality for locally closed immersions. — We fix a qcgs scheme X,
a locally closed constructible subset k& : W — X. We write Dy (Xprogt) for the full
subcategory spanned by K € D(Xpro6t) with K|x_w =~ 0; we refer to such objects as
“complexes supported on W.”

Lemma6.2.1 — Fix i : Z — X a constructible closed immersion with complement
j:U = X. Then one has:

1. The functor ji establishes an equivalence D(Uprost) =~ Duy(Xprost) with
inverse j*.

2. The functor i, establishes an equivalence D(Zpost) =~ Dz(Xprost) with
inverse i*.

3. The functor k* establishes an equivalence Dy (Xproet) = D(Wprost )-

Proof. — For (1), we know that j*j, ~ id, so ji is fully faithful. Also, an object K €
D(Xprost) is supported on U if and only if i*K ~ 0 if and only if j1j*K ~ K, which
proves (1). The proof of (2) is analogous. For (3), fix a factorization whw S x
with f an open immersion, and g a constructible closed immersion. Then g, induces

an equivalence D(Wprost) =~ Dyr(Xprogt) with inverse g* by (2), and hence restricts

to an equivalence Dy (W proet) = Dw (Xproet). Similarly, fi induces an equivalence

D(Wprost) = Dw (W prost) with inverse f* by (1). Hence, the composition ki := g, o fi
induces an equivalence D(Wpyost) ~ Dy (Xprost) With inverse k*. O

Definition 6.2.2 — The functor ki : D(Wpreet) — D(Xprogt) is defined as the
composition D(Whprost) N Dy (Xproet) LA D(Xprost), where a is the equivalence of
Lemma 6.2.1 (inverse to k*), and b is the defining inclusion.
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Lemma 6.2.3 — One has:

1. The functor ky is fully faithful, preserves homotopy-limits, and has a left inverse
given by k*.

2. For any map f:Y — X of qcqs schemes, one has kyo f* ~ f* o ky as functors
D(Wprost) = D (Yprost)-

3. For any K € D(Wproet) and L € D(Xprost), we have ki K @ L ~ k(K ® i*L).

4. One has kyov* ~v*oky as functors D(Wg,) = D(Xproet)-

5. The functor ki admits a right adjoint k' : D(Xprost) = D(Whproet)-

Proof. — (1) follows from the proof of Lemma 6.2.1 as both fi and g, have the same
properties. (2) follows by two applications of Lemma 6.1.15. For (3), it suffices to
separately handle the cases where k is an open immersion and % is a closed immersion.
The case of an open immersion (or, more generally, any weakly étale map k : W — X)
follows by general topos theory and adjunction. Hence, we may assume k is a closed
immersion with open complement j : U < X, so ky =~ k.. For any K’ € D(Xproet)s
we have the triangle
Gj* K — K' — kK K.

Tensoring this triangle with L and using the projection formula for 7 shows k.k* K’ ®
L ~ k., (k*K' ® k*L). Setting K’ = k,K then proves the claim as k*k, ~ id. For
(4), assume first that &k is an open immersion. Then v, o k* ~ k* o v, as functors
D(Xprost) = D(Ust) (which is true for any U — X in Xg). Passing to adjoints then
proves kyov* ~ v* o k. Now assume k is a constructible closed immersion with open
complement j : U < X. Then for any K € D(Xg), there is a triangle

Ji*K — K — 40" K
in D(Xg). Applying v* and using the commutativity of v* with j, j* and ¢* then
proves the claim. (5) follows by considering the case of open and constructible closed
immersions separately, and using Lemma 6.1.16. O

All the results in this section, except the continuity of ky, are also valid in the étale
topology.

6.3. Constructible complexes in the étale topology. — The material of this
section is standard, but we include it for completeness. We fix a qcgs scheme X, and
a ring F. Given an F-complex L € D(F), we write L for the associated constant
complex, i.e., its image under the pullback D(F) — D(Xg, F).

Definition 6.3.1 — A complex K € D(Xg, F') is called constructible if there exists a
finite stratification {X; — X} by constructible locally closed X; C X such that K|x,
18 locally constant with perfect values on Xgt.

Remark 6.3.2 — One classically replaces the perfectness hypothesis in Defini-
tion 6.3.1 with a weaker finiteness constraint. However, imposing perfectness is more
natural from the derived point of view: under mild conditions on X, our definition
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picks out the compact objects of D(Xe, F') (see Proposition 6.4.8), and is stable
under the six operations. Moreover, the two approaches coincide when F' is a field.

Lemma 6.3.3 — Any K € Deons(Xst, F') admits a finite filtration with graded pieces of
the form L with i : Y — X ranging through a stratification of X, and L € D(Yg, F)
locally constant with perfect values.

Proof. — Same as in the classical case, see [SGAT3, Proposition 1X.2.5]. O
Lemma 6.3.4 — Fach K € Deons(Xst, F') has finite flat dimension.

Proof. — By Lemma 6.3.3, we may assume K = /L for ¢ : Y — X locally closed
constructible, and L € D(Yg, F') locally constant with perfect values. By the projec-
tion formula, it suffices to show L has finite flat dimension. As we are free to localize,
we may assume L = K’ with K’ € Dpers(F), whence the claim is clear. O

Lemma 6.3.5 — Dcons(Xet, F') C D(Xat, F) is closed under tensor products.
Proof. — Clear. O

Lemma6.3.6 — Given K € D(R) and s € H°(X4, K), there exists an étale cover
{U; — X} such that s|y, comes from s; € H*(K).

Proof. — Fix a geometric point = : Spec(k) — X, and consider the cofiltered cat-
egory I of factorizations Spec(k) — U — X of x with U — X étale. Then K ~
colimRI'(Ugt, K) where the colimit is indexed by I°P: the exact functor z*(F) =
colim; F(U) gives a point = : Set — X¢;, and the composition (Set, F) 5 (X4, F) &
(Set, F) is the identity. This gives a section s; € H°(K) by passage to the limit. As
filtered colimits are exact, one checks that s agrees with the pullback of s; over some
neighbourhood U — X in I. Performing this construction for each geometric point

then gives the desired étale cover. O

Lemma6.3.7 — If K € D% Xy, F) has locally constant cohomology sheaves, then
there is an étale cover {U; — X} such that K|y, is constant.

Proof. — We may assume all cohomology sheaves of K are constant. If K has only one
non-zero cohomology sheaf, there is nothing to prove. Otherwise, choose the maximal
i such that H*(K) # 0. Then K ~ ker(H*(K)[—i] > 7<K[l1]). By induction,
both H(K) and 7<!K can be assumed to be constant. The claim now follows by
Lemma 6.3.6 applied to RHom(H!(K)[—i], 7<*K[1]) with global section s; here we
use that the pullback G : D(F) — D(Xg, F') preserves RHom between A, B € D°(F)
since G(R1lim C;) = Rlim G(C;) if {C; < C} is the stupid filtration on C' € DT (R)
(with C = RHom(A, B) calculated by a projective resolution of A). O

Lemma 6.3.8— A compler K € D(Xe, F) is constructible if and only if for any
finite stratification {Y; — X}, the restriction K|y, is constructible.
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Proof. — The forward direction is clear as constructible sheaves are closed under
pullback. For the reverse, it suffices to observe k; preserves constructibility for & :
W — X locally closed constructible as k identifies constructible subsets of W with
those of X contained in W. o

Lemma 6.3.9 — Dcons(Xet, F') is a triangulated idempotent complete subcategory of
D (X, F). It can be characterized as the minimal such subcategory that contains all
objects of the form k\L with k : Y — X locally closed constructible, and L € D(Yg, F)
locally constant with perfect values.

Proof. — To show Deons(Xet, F)) is closed under triangles, by refining stratifications,
it suffices to check: if K, L € D(Xg, F) are locally constant with perfect values, then
the cone of any map K — L has the same property. Replacing X by a cover, we
may assume K = K’ and L = L' with K', L’ € Dpe¢(R). The claim now follows
from Lemma 6.3.6 applied to RHom(K’, L'). The idempotent completeness is proven
similarly. The last part follows from Lemma 6.3.3 and the observation that each kL
(as in the statement) is indeed constructible. O

Lemma 6.3.10 — Constructibility is local on Xgt, i.e., given K € D(Xg, F), if there
exists a cover {f; : X; — X} in Xey with f3K constructible, then K is constructible.

Proof. — We may assume f : Y — X is a surjective étale map, and f*K is con-
structible. First assume that f is a finite étale cover. Passing to Galois closures (and
a clopen cover of X if necessary), we may assume f is finite Galois with group G.
By refining strata, we can assume f*K is locally constant along a G-invariant strat-
ification of Y. Such a stratification is pulled back from X, so the claim is clear. In
general, there is a stratification of X over which f is finite étale, so one simply applies
the previous argument to the strata. O

Lemma6.3.11— If j : U — X 1is qcgs étale, then j : D(Ug, F) — D(Xg, F)

preserves constructibility.

Proof. — If j is finite étale, then the claim follows by Lemma 6.3.10 as any finite
étale cover of X is, locally on X, of the form U ; X — X. In general, there is a
stratification of X over which this argument applies. O

Lemma6.3.12— If K € D(X, F), and I C F is a nilpotent ideal such that K ®p
F/I € Deons(Xet, F/I), then K € Deons(Xet, F).

Proof. — We may assume 12 = 0. By devissage, we may assume K; = K @p F/I is
locally constant with perfect value Ly € Dyer(F/I). By passage to an étale cover, we
may assume K ~ L;. After further coverings, Lemma 6.3.7 shows K ~ L for some
L € D(F). Since L®p F/I ~ L4 is perfect, so is L (by the characterization of perfect
complexes as compact objects of D(F') and the 5 lemma). O
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Lemma 6.3.13 — Constructibility is local in the pro-étale topology on X, i.e., given
K € D(Xe, F), if there exists a cover {f; : X; = X} in Xprosr with fFK constructible,

then K is constructible.

Proof. — We may assume X is affine, and that there exists a pro-étale affine f: Y =
lim; Y; — X covering X with f*K constructible. The stratification on Y witnessing
the constructibility of f*K is defined over some Y;. Hence, after replacing X by an
étale cover, we may assume that there exists a stratification {X; < X} such that f*K
is constant with perfect values over f~'(X;). Replacing X by X;, we may assume
[*K ~ f*L with L € Dpeye(F). Then the isomorphism f*L — f*K is defined over
some Y; (since L is perfect), so K|y, is constant. O

Lemma 6.3.14— If K € Deons(Xet, F), then RHom(K, —) commutes with all direct
sums with terms in DZ%( X, F).

Proof. — Let Cx C D®(Xe, F) denote the full (triangulated) subcategory spanned
by those M for which RHom(M, —) commutes with all direct sums in DZ%(Xg, F).
Then one checks:

1. For any M € Dper(F), one has M € Cx.

2. For any qcgs étale map j : U — X, the functor j, carries Cy to Cx.

3. The property of lying in Cx can be detected locally on Xg;.

4. M € D(Xe, F) lies in Cx if and only if RHom (M |y, —) commutes with direct
sums in DZ0(Uy, F) for each qcqs U € Xg.

By (4), it suffices to show that a constructible complex K lies in Cx. By Lemma 6.3.3,
we may assume K = kL with k£ : Y < X locally closed constructible, and L €
D(Yg, F) locally constant with perfect values. Choose a qcgs open j : U — X with
i:Y < U a constructible closed subset. Then K = kL ~ (ji04.)L. By (2), it suffices
to show that ¢, K € Cy, i.e., we reduce to the case where k is a constructible closed
immersion with open complement h : V < X. The assumption on K gives a qcgs
étale cover g : Y/ — Y with ¢*L ~ M for M € Dye(F). By passing to a cover of X
refining g over Y, using (3), we may assume that L = M. Then the exact triangle

WM — M — K
and (1) and (2) above show that K € Cy, as wanted. O

Remark 6.3.15— It is crucial to impose the boundedness condition in Lemma 6.3.14:
if the cohomological dimension of X is unbounded, then RHom(F, —) ~ RI'(X¢, —)
does not commute with arbitrary direct sums in D(Xgt, F').

Lemma 6.3.16 — For K € Deons(X¢t, F) and L € DT (X, F), one has
v*RHom (K, L) ~ RHom(v*K,v*L) .
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Proof. — Fix U = lim; U; € Xaff and write j : U — X and j; : U; — X

proét’
for the structure maps. By evaluating on pro-étale affines, it suffices to check

RHom(j*K,j*L) ~ colim; RHom(j K, jfL). By adjunction, this is equivalent to
requiring RHom(K, j.j*L) ~ colim; RHom(K, j; .jiL). If L € D>*(Xg), then
Jixdi L € DZ¥(Xg) for all 4, so the claim follows from Lemma 6.3.14. O

6.4. Constructible complexes as compact objects. — The material of this
section is not used in the sequel. However, these results do not seem to be recorded
in the literature, so we include them here. We fix a qcgs scheme X, and a ring F. We
assume that all affine U € X¢ have F-cohomological dimension < d for some fixed
d € N. The main source of examples is:

Example 6.4.1 — If X is a variety over a separably closed field k& and F' is torsion,
then it satisfies the above assumption. Indeed, Artin proved that H*(Ug, F') = 0 for
i > dim(U) if U is an affine k-variety.

Recall that K € D(Xg, F') is compact if RHom (K, —) commutes with arbitrary
direct sums. Let D.(Xg, F) C D(Xet, F') be the full subcategory of compact objects.
Our goal is to identify D.(Xgt, F') with the category of constructible complexes. We
start by recording a completeness property of D(Xgt, F):

Lemma6.4.2 — For any qegs U € Xg, the functor RI'(Ue, —) has finite F-
cohomological dimension.

Proof. — Assume first that U = V; UV, with V; C U open affines, and W := VN Vs,
affine. Then one has an exact triangle

RI'(Uet, —) — RI' (Vi g, —) @ R (Vas1, —) — R (W, —)

which gives the desired finiteness. The general case is handled by induction using a
similar argument, by passing through the separated case first. O

Lemma 6.4.3 — The category D(Xg, F) is left-complete.
Proof. — This follows from Proposition 3.3.7. O

Lemma6.4.4— For any j : U — X in Xg, the pushforward ji : D(Ug, F) —
D(Xg, F) preserves compact objects.

Proof. — Formal by adjunction since j* preserves all direct sums. O

Lemma 6.4.5 — For each qcqs j : U — X in Xg, we have:
1. The object 1 F' € D(Xe, F') is compact.
2. The functor j. : D(Ue, F) = D(Xgt, F) commutes with all direct sums.
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Proof. — For (1), by Lemma 6.4.4, we may assume j = id, so we want R['(X, —) to
preserve all direct sums. We first observe that the finiteness assumption on X and
the corresponding left-completeness of D(Xgt, F') give: for any K € D(Xg, F), one
has HY(X,K) ~ HY(X,727"K) for n > Nx — i, where Ny is the F-cohomological
dimension of X. One then immediately reduces to the bounded below case, which is
true for any qeqs scheme. For (2), fix some qeqs V € X4, and let W = U xx V.
Then (1) shows that RI'(Vi, —) commutes with direct sums. Hence, given any set
{K,} of objects in D(Ug, F), we have

RF(‘/ét7 EBS,]*KS) = ®SRF(%t7]*KS) = @SRF(W6t7Ks|W)
~ RO (W, (@, K,)lw) ~ RT (Va, j. @ Ko).
As this is true for all V, the claim follows. O

Lemma 6.4.6 — Fiz a closed constructible subset i : Z — X and K € D(Zg, F)
that is locally constant with perfect value L € Dperi(F). Then i, K € D(Xg, F) is
compact.

Proof. — By Lemma 6.4.5 (2), it suffices to show the following statement: the functor
RHom(i. K, —) : D(Xet, F) = D(Xe, F') commutes with direct sums. To check this,
we may freely replace X with an étale cover. By passing to a suitable cover (see the
proof of Lemma 6.3.14), we may assume K = L for L € Dpe(F). If j : U — X
denotes the qcgs open complement of 7, then the exact triangle

L — L —i.L
finishes the proof by Lemma 6.4.5 (1) O

Remark 6.4.7 — The constructibility of Z in Lemma 6.4.6 is necessary. For a coun-
terexample without this hypothesis, choose an infinite profinite set S and a closed
point ¢ : {s} < S. Then S — {s} is not quasi-compact, so Z is not constructible.
Using stalks, one checks that i, F ~ colim j, F', where the colimit is indexed by clopen
neighbourhoods j : U <+ S of s € S. For such j, one has H°(S, j,F) = H(U,F) =
Map, (U, F). As any continuous map f : U — F is locally constant, each non-zero
section of H?(S, j,F) is supported on some clopen V. C U. As 1 € H°(S,i.F) is
supported only at s, all maps i.F — j.F are constant, so i.F is not compact in
D(S, F). To get an example with schemes, one simply tensors this example with a
geometric point, in the sense of Example 4.1.9.

Proposition 6.4.8 — D(Xg, F') is compactly generated and Do(X¢t, F) = Deons(Xet, F).

Proof. — We temporarily use the word “coherent” to refer to objects of the form
A F for qcqs maps j : U — X in Xg. Lemma 6.4.5 shows that coherent ob-
jects are compact. General topos theory shows that all objects in D(Xe, F') can
be represented by complexes whose terms are direct sums of coherent objects, so it
follows that D(Xg, F') is compactly generated. Furthermore, one formally checks
that the subcategory D.(Xet, F) C D(Xgt, F') of compact objects is the smallest
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idempotent complete triangulated subcategory that contains the coherent objects.
Then Lemma 6.3.11 shows D (X, F) C Deons(Xe¢t, F'). For the reverse inclusion
Deons(Xet, F) C Do(Xet, F), it suffices to show: for any k : W < X locally closed
constructible and L € D(Wgy, F') locally constant with perfect values, the pushforward
K := kL is compact. Choose w U 4X with f a constructible closed immersion,
and ¢ a gcgs open immersion. Then f,K is compact in D(Ug, F') by Lemma 6.4.6,
so ki K ~ g f«K is compact by Lemma 6.4.4. O

6.5. Constructible complexes in the pro-étale topology. — Fix a qcgs scheme
X, and a noetherian ring R complete for the topology deﬁned by an ideal m C R.
Set RX := lim R/m" € Shv( pmct)' we often simply write R for RX In fact, in
the notation of Lemma 4.2.12, R = RX is the sheaf Fr on Xpro¢c associated with
the topological ring R. We write L for the image of L € D(R) under the pullback
D(R) — D(Xproet, R), and z € D(Xprogts }A%) for the m-adic completion of L. When
L =R or R/m", we drop the underline. The key definition is:

Definition 6.5.1 — We say that K € D(Xproet, }AB) 1s constructible if K is m-adically
complete, and K ®’LR R/m is obtained via pullback of a constructible R/m-complex
under v Xprost — Xeéo. Write

Dcons(Xproc'ta j%) C D(Xproét7 I/%)

for the full subcategory spanned by constructible complexes.
It is immediate that Deons(Xprosts }AE) is a triangulated subcategory of D(Xprost }/i)
Applying the same definition to (R/m"™,m), we get Deons(Xprost, R/m™) =~
)

Deons(Xet, R/m™) via v; note that the two evident definitions of Dcons(Xet, R/m"™
coincide by Lemma 6.3.12.

Example 6.5.2 — When {( is a geometric point, pullback induces an equivalence
Dperf(R) = Dcons(Xproét7 R)

Lemma6.5.3 — Each K € Deons(Xproct, R) is bounded.

Proof. — Completeness gives K ~ Rlim(K ®% R/m™). As Rlim has cohomological
dimension < 1 by repleteness, it suffices to show K,, := K ®1% R/m™ has amplitude
bounded independent of n. This follows from standard sequences as K; has finite flat
dimension. O

Lemma 6.5.4 — If K € Deons(Xprott, R), then K @5 R/m™ € Deons(Xproct, R/m™)

for each n.
Proof. — This is immediate from K @z R/m" @p/mr R/m ~ K @5 R/m. O

Lemma6.5.5 — DCOHS(Xproét,ﬁ) C Dcomp(Xproét7§) is closed under tensor prod-
ucts. In fact, if K, L € Deons(Xproet, R), then K ® g L is already complete.
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Proof. — The assertion is local on Xp;0¢¢. By filtering K and L, and replacing X by a
cover, we may assume: X is w-contractible and henselian along a constructible closed
subset i : Z — X, and K = i,M and L =i, N for M, N € Dyerf(R). By realising M
and N as direct summands of finite free R-complexes, we reduce to M = N = R. Let
j : U — X be the open complement of 7. We claim the more precise statement that
i+ @p 1. R ~ i, R. For this, using the sequence
jlfz S R— i*f%,

we are reduced to checking that jgﬁ ®p iR = 0, which is automatic by adjunction:
for any K € D(Uprost, }/i) and L € D(Zprost, ﬁ), one has

RHom(ji K ®p i« L, —) = RHom(ji K, RHom(i. L, —))
= RHom(K,RHom (5%, L, j*(—))) =0,

where the last equality uses j*i,. = 0. O

Lemma6.5.6 — Fiz K € DCOHS(XprOét,}A%) with K @ R/m constant locally on X;.
Then K ®p R/m™ is also constant locally on Xey.

Proof. — Since the question concerns only complexes pulled back from Xg, we can
étale localize to assume that (X, ) is a local strictly henselian scheme. Then the as-
sumption implies K ® 5 R/m is constant. Moreover, one easily checks that D(R/m™) —
D(X¢, R/m™) is fully faithful (as RT'(Xe, —) ~ 2*). Chasing triangles shows that
each K ®p R/m" is in the essential image of D(R/m") — D(Xe;, R/m™), as wanted.

O

Corollary 6.5.7 — Assume X is a strictly henselian local scheme. Then pullback
Dyext (R) — Deons(Xproct, R)
is fully faithful with essential image those K with K @ 5 R/m locally constant.
Proof. — The full faithfulness is automatic since R['(X, R) ~ Rlim R['(X, R/m") ~
Rlim R/m™ ~ R. The rest follows by Lemma 6.5.6. O
Lemma 6.5.8 — Fix a locally closed constructible subset k : W — X.
1. One has k*(Rx) = Ry .
2. The functor k* : D(Xprost, }A%X) — D(Wprost, ﬁw) preserves constructible com-
plezes.
8. The functor ky : D(Wproét,f%w) — D(Xproét,ﬁzX) preserves constructible com-
plexes.

Proof. — (1) follows from the fact that k* : Shv(Xpro6t) — Shv(Wprost) commutes
with limits (as this is true for constructible open and closed immersions). This also
implies k*(K®z R/m) ~k*K®pz R/mforany K € D(Xproet, Rx), which gives (2).
The projection formula for ki shows ki K®pz R/m ~ k(K ®p R/m), which gives (3).

O
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Lemma6.5.9— Let f : X — Y be a map of qcgs schemes, and let f.

~ -~

D(Xprost; R) = D(Yprost, R) be the pushforward. Then we have:

1. For K € D(Xproét,ﬁi), we have an identification {f.K ®z R/m"} ~
{f+(K @5 R/m™)} of pro-objects.

2. For K € D(Xproét7§), we have f*[A( ~ f:?( In particular, f. preserves
m-adically complete complezes, and hence induces fi : Deomp(Xprost, R) —
Dcomp(Yproét7 R) .

3. For any perfect complex L € D(R), we have f. K ®§i ~ fo (K ®z i)

4. Pullback folloAﬂ)ed by completion gives fion, Dcomp(Xpmét,}A%) —
Decomp(Yprosss R) left adjoint to fi.

" .
5. [eomp Preserves constructible complexes, and hence defines

~

f:omp : Dcons(Yproét7 R) — Dcons(Xproéta R) .

Proof. — (1) would be clear if each R/m" is R-perfect. To get around this, choose
P and J as in the proof of Proposition 3.5.1. Then {R ®p P/J"} ~ {R/m"} is a
strict pro-isomorphism, so {K ®r R/m"} ~ {K ®p P/J"} as pro-objects as well,
and similarly for f,K. The claim now follows as P/J" is P-perfect. (2) immediately
follows from (1) (or simply because T'(f. K, z) ~ f.T(K,z) ~ 0 for z € m and K is
complete as f. commutes with Rlim). (3) immediately follows from the case L = R
by devissage, while (4) follows from (2) by adjointness of completion. For (5), as f*
commutes with tensor products, we have fZ,.,.(K) ®z R/m=~ f*(K ®z R/m), so
the claim follows from preservation of constructibility under pullbacks in the classical
sense. O

Remark 6.5.10— When f: X — Y is a finite composition of qcqs weakly étale maps
and constructible closed immersion, we have f,, = f*, i.e., that f*K is complete
if K is so; this follows from Lemma 6.5.8.

Lemma 6.5.9 shows that pushforwards in the pro-étale topology commute with
taking m-adic truncations in the sense of pro-objects. To get strict commutation, we
need a further assumption:

Lemma6.5.11— Let f : X — Y be a map of qcgs schemes. Assume that f. :
Mod(Xet, R/m) — Mod(Ye, R/m) has cohomological dimension < d for some inte-
ger d. Then:
1.If P e D*(R) and K € D (Xpwoers R), then fu(K &5
D<k+m+d+2 (Yproéta E) .

2. If K € Deons(Xprocs, R) and M € D=(R), then f.(K &z M) ~ f, K&z M.

P) €

8. If K € Deons(Xproet; R), then fuK ®5 R/m™ ~ f (K ®z R/m™) for all n.

SOCIETE MATHEMATIQUE DE FRANCE 2015



170 B. BHATT & P. SCHOLZE

Proof. — For (1), observe that
fo(K®&P) ~ f.REm(Ky, @p/mr Po)
~ Rlim f,(Kn @p/mn Po) € DSFTMHR2(Y, 0 R),

where the last inclusion follows from Lemma 5.4.6 and repleteness. For (2), we may
assume by shifting that K € Dcons(Xproét,E). First observe that if M is a free
R-module, then the claim is clear. For general M, fix an integer ¢ and choose an
i-close approximation P; — M in D(R) with P; a finite complex of free R-modules,
i.e., the homotopy—kernel L; lies in DS~ z(R) Then P - M is an i- close approxima-
tion in D(Xprosts R) Moreover, f*(K®R ) ﬁ,l(@RP2 as R is a finite complex of
free R-modules. We then get a commutative diagram

fK®5P, L EK®sM

] 3

F(K®3P) —L f. (KB M).

Then b is an equivalence as explained above. The homotopy-kernel f,(K® 5 ali ) of d is
(—i+d+2)-connected by (1), and the homotopy-kernel f*K®RL of ais (—i+d+2)-

connected since f,K ~ Rlim f.K,, € DS%1(Y,,0¢t). Thus, the homotopy-kernel of ¢
is also (—¢ 4+ d + 2)-connected. Letting ¢ — oo shows ¢ is an isomorphism. (3) follows
from (2) by setting M = R/m"™, observing that R/m" is already derived m-complete,
and using —@)ER/m ~ — ®p R/m as any R/m-complex is automatically derived
m-complete. O

Remark 6.5.12— Unlike pullbacks, the pushforward along a map of qcgs schemes

does not preserve constructibility: if it did, then H°(X,Z/2) would be finite dimen-

sional for any qcgs scheme X over an algebraically closed field k, which is false for
= Spec([];2, k). We will see later that there is no finite type counterexample.

6.6. Constructible complexes on noetherian schemes. — Fix X and R as in
§6.5. Our goal in this section is to prove that the notion of a constructible complexes on
X coincides with the classical one from topology if X is noetherian: K € D(Xpro6t, ﬁ)
is constructible if and only if it is locally constant along a stratification, see Proposi-
tion 6.6.11. In fact, it will be enough to assume that the topological space underlying
X is noetherian. The proof uses the notion of w-strictly local spaces, though a direct
proof can be given for varieties, see Remark 6.6.13.

For any affine scheme Y, there is a natural morphism 7 : Y — mo(Y") of sites. Our
first observation is that 7 is relatively contractible when Y is w-strictly local.

Lemma6.6.1 — If Y is a w-strictly local affine scheme, then pullback D(mo(Y)) —
D(Yz) is fully faithful.
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Proof. — Fix K € D(mo(Y),F). Choose a point y € m(Y), and let § € Y be
its unique preimage that is closed. Then the projective system {m~'U} of open
neighbourhoods of 7 obtained wvia pullback of open neighbourhoods y € U in 7o(Y) is
cofinal in the projective system {V'} of all open neighbourhoods 7 € V' in Y. Hence,
colim RINU, m,m* K) ~ cohmRF( U, 7" K) ~ coim RI(V, 7 K) ~ (7" K )3 ~ K.
yeU yev )
Here the penultimate isomorphism uses that the Zariski and étale localizations of Y
at 7y coincide. This shows that K — m,n*K induces an isomorphism on stalks, so
must be an isomorphism. The rest follows by adjunction. O

For a profinite set S, we define Sprost := Spr0et, With * some fixed geometric point,
and S € Shv(#prost) the corresponding scheme. Alternatively, it is the site defined
by profinite sets over S with covers determined by finite families of continuous and
jointly surjective maps, see Example 4.1.10. Using repleteness of Shv(Sprost), we show
that a compatible system of constant perfect R/m"-complexes L,, on S has a constant
perfect limit L in Spro¢t; the non-trivial point is that we do not a priori require the
transition maps be compatible with trivializations.

Lemma 6.6.2 — Let S be a profinite set. Fix L € Dcomp(Sprosts ﬁ) with L ® g R/m™
constant with perfect value C,, € D(R/m™) for all n. Then L is constant with perfect
values.

Proof. — Fix a point s € S. Passing to the stalks at s shows that there exists C' €
Dpert(R) with C @ R/m™ =~ C,. Write C € D(Sproet, R) and Cp, € D(Sprocr, R/m™)
for the corresponding constant complexes. We will show IsomR(L Q) # . First
observe that ExtR/mn (Cn, Cn) ~ Map,gus(S, ExtR/mn (Cn,Cp)). By Lemma 6.6.3
and Lemma 6.6.6, the system {ExtR/mn(C’n7 C,)} satisfies ML. Asamap f : C, = Cp,
is an automorphism if and only if it is so modulo m, it follows that { Autg /,n (C’_ )} also
satisfies ML. Lemma 6.6.4 and the assumption on L, shows that {Isompg,mn (Ln,Cn)}
satisfies ML. As the evident map Isomp/mn(Ln,Cn) X Extp un(Cn,Cn) —
Ext jmn (Ln, Cn) is surjective, Lemma 6.6.5 shows that {ExtR/mn (Ln,Cy)} satisfies
ML. On the other hand, completeness gives

RHom (L, C) =~ Rlim RHom g /mn (Ln, Cn),
SO

Homg (L, Q) _hmHomR/mn(Ln,C’ ).

By completeness, a map f: L — Q is an isomorphism if and only f ®5z R/m is one,
so Isomg(L, C) ~ lim, Isompg /qmn (Ly, Cn). As {Isomp/mn (Ln, Cy)} satisfies ML with
non-empty terms, the limit is non-empty. o

The next few lemmas record elementary facts about projective systems {X,} of
sets; for such a system, we write X° := NMpim(X,1x — X,) C X, for the stable
image.
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Lemma 6.6.3 — Fiz a topological space S and a projective system {X,} of sets sat-
isfying the ML condition. Then {Map, (S, Xn)} also satisfies the ML condition.

Proof. — Fix n and N such that X = im(Xy — X,). Fix a continuous map
f S — X, that lifts to X. Then f factors through a continuous map S — X;.. As
{X;} has surjective transition maps, the claim follows. O

Lemma 6.6.4 — Let {G,} be a projective system of groups, and let {X,} be a com-
patible projective system of transitive G-sets. Assume {Gy,} satisfies ML and X,, # @
for all n. Then {X,} satisfies ML, and lim X,, # &.

Proof. — Note that any N°P-indexed system of non-empty sets satisfying the ML
condition has a non-empty inverse limit: the associated stable system has non-empty
terms and surjective transition maps. Hence, it suffices to show {X,} satisfies ML.
Write h;; : G; — G; and f;; + X; — X; for the transition maps. Fix n and N
such that GS, = im(Gny — G,). Fix some z,, € X,, that lifts to an znx € Xy. For
m > N, choose some z,, € X,,,, and gy € Gy with gy « frun(2m) = zy; this is
possible by transitivity. Then there exists a g, € Gy, With hyn(gm) = hnn(gn), so
e g;nl - T € X lifts x,, € X,,, which proves the ML property. O

Lemma 6.6.5— Let f: {W,} — {Y.} be a map of projective systems. Assume that
{W,} satisfies ML, and that f,, : W, — Y, is surjective. Then {Y,} satisfies ML.

Proof. — Fix n, and choose N such that W? = im(Wy — W,,). Then any y, € Y,
that lifts to some yy € Yy further lifts to some wy € Wy with image w,, € W), lifting
Yn. By choice of N, there is a wy 1 € Wy for all k lifting w,, € W,,. The images
Yntk = fntk(Wntk) € Yoy then lift y, € Y, for all k, which proves the claim. O

A version of the Artin-Rees lemma shows:

Lemma6.6.6 — For K € Dpat(R), the natural map gives pro-isomorphisms
{H'(K)/m"} ~{H'(K ®g R/m")}.

Proof. — Let € be the category of pro-(R-modules), and consider the functor F :
Modé — @ given by M — {M/m™M}. Then F is exact by the Artin-Rees lemma,
so for any finite complex K of finitely generated R-modules, one has F(H"(K)) ~
HY(F(K)). Applying this to a perfect K then proves the claim. O

Lemma6.6.7 — Let Y be a w-strictly local affine scheme. Then any M € D(Yg)
that is locally constant on Yz is constant over a finite clopen cover, and hence comes
from D(mo(Y)) via pullback.

Proof. — For the first part, we may assume that there exist finitely many qcqs étale
maps f; : U; — Y with f : U;U; — Y surjective such that fM ~ A; for some
A; € D(Ab). By w-strict locality, there is a section s : Y — U;U; of f. Then
{V; := 571U} is a finite clopen cover of Y with M|y, ~ A; € D(V; &). Now any finite
clopen cover of Y is the pullback of a finite clopen cover of mo(Y), so the second part
follows. O
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Lemma6.6.8 — Let X = Spec(A) be connected. Fix K € Dcons(XprOét7§) with
K ®@p R/m locally constant on Xg with perfect values. Then there exists a pro-étale
cover f:Y — X with f*K ~ C with C € Dperi(R).

Proof. — First observe that, by connectedness and examination of stalks in X, each
K, :=K®g R/m" is locally constant on X¢ with the same perfect value C,,. Now
choose a pro-étale cover f: Y — X with Y w-strictly local, and let 7 : Y — 7 (Y") be
the natural map. Then Lemma 6.6.7 and Lemma 6.6.1 show f*K, ~ "L, ~ 7*C,,
where L, := 7w, f*K, € D(m(Y),R/m"), and the isomorphism L, ~ C, is non-
canonical. Lemma 6.6.1 shows that

Lt ®R/mn+l R/m” ~ .t (Ln+1 ®R/mn+l R/mn)
Ty (f*Kn+1 QR /mn+1 R/m") ~ 7 f* K, = Ly,

via the natural map L,+1 — L,. Applying Lemma 3.5.5 to {L,} shows that L :=
K ~ Rlim L,, € D(mo(Y )pross, R) satisfies L ® 5 R/m"™ ~ L,,. Lemma 6.6.2 then
shows L ~ Q € D(mo(Y)proct, ﬁ), where C := Rlim (), € Dpere(R) isastalk of K. [

To state our result, we need the following definition.

Definition 6.6.9 — A scheme X is said to be topologically noetherian if its underly-
ing topological space is noetherian, i.e., any descending sequence of closed subsets is
eventually constant.

Lemma 6.6.10 — Let T be a topological space.

1. If T is noetherian, then T is qcqs and has only finitely many connected compo-
nents. Moreover, any locally closed subset of T is constructible, and noetherian
itself.

2. If T admits a finite stratification with noetherian strata, then T is noetherian.

3. Assume that X is a topologically noetherian scheme, and Y — X étale. Then
Y s topologically noetherian.

Proof

1. Quasicompacity of T' is clear. Also, the property of being noetherian passes to
closed subsets, as well as to open subsets. Thus, all open subsets are quasicom-
pact; this implies that all locally closed subsets are constructible, and that T
is quasiseparated. Every connected component is an intersection of open and
closed subsets; this intersection has to be eventually constant, so that every
connected component is open and closed. By quasicompacity, there are only
finitely many.

2. Under this assumption, any descending sequence of closed subsets becomes even-
tually constant on any stratum, and thus constant itself.
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3. There is a stratification of X over which ¥ — X is finite étale. By (2), we
may assume that ¥ — X is finite étale. Any closed Z C Y gives rise to a
function fz : X — N, mapping any z € X to the cardinality of the fibre of Z
above a geometric point above x. As Z — X is finite, the function fz is upper
semicontinuous, i.e., for all n, {z | fz(z) > n} C X is closed. Moreover, all fz
are bounded independently of Z (by the degree of Y — X). Given a descending
sequence of Z’s, one gets a descending sequence of fz’s. Thus, for any n,
{z | fz(x) = n} forms a descending sequence of closed subsets of X, which
becomes eventually constant. As there are only finitely many n of interest,
all these subsets are eventually constant. This implies that fz is eventually
constant, which shows that Z is eventually constant, as desired. o

Here is the promised result.
Proposition 6.6.11 — Let X be a topologically noetherian scheme. A complex K €

D(Xprosts }A%) is constructible if and only if there exists a finite stratification {X; — X}
with K|x, locally constant with perfect values on X; prost-

The phrase “locally constant with perfect values” means locally isomorphic to L ~
L ®pr R for some L € Dpers(R).

Proof. — For the forward direction, fix K € DCOHS(XprOC't7§). By noetherian in-
duction, it suffices to find a dense open U C X such that K|y is locally constant
with perfect values in D(Uproét7_§). By assumption, there exists a U C X such
that K|y ®p R/m € D(Us, R/m) is locally constant with perfect values. Any
topologically noetherian scheme has only finitely many (clopen) connected compo-
nents. Thus, by passing to connected components, we may assume U is connected.
Lemma 6.6.8 then proves the claim. For the reverse, fix K € D(Xproct, ﬁ), and assume
there exists a finite stratification {X; < X} such that K|x, is, locally on X; proct,
the constant ﬁ—complex associated to a perfect R-complex. Then K is complete by
Lemmas 6.5.8 and standard sequences (as completeness is a pro-étale local property).
For the rest, by similar reasoning, we may assume that X is affine and there exists a
pro-étale cover f : Y — X such that K|y ~ z for a perfect R-complex L. Then K is
locally constant with perfect value L; on Xp0¢. Lemma 6.3.13 then shows that K,
is étale locally constant with perfect value L, as wanted. O

The next example shows the necessity of the noetherian hypothesis in Proposi-
tion 6.6.11:

Example 6.6.12 — Fix an algebraically closed field k, a prime number £. Set X,, =

Z/0", and X = lim X,, = Z; € Spec(k)pro¢t following the notation of Example 4.1.9,
so X is qcgs. Consider the sheaf of rings R = limZ/¢" € Shv(Spec(k)proet);
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X represents ﬁ, but we ignore this. We will construct a complex K € D(Xproet, ﬁ)
satisfying:
1. K ®% Z/¢ is constant with perfect values over a finite clopen cover of X, so
K e Dcons(Xproét7 R)
2. K is constant on the connected components of X with perfect values.

3. There does not exist a finite stratification {X; — X} with K|x, locally constant
on Xiyproc't.

For each n, let K|, € D(Xy proct, Z/€™) be the locally constant complex whose value
over the connected component of X,, determined by o € Z/¢" is (Z/("SZ/07).
Set K,, € D(Xproet, Z/0™) to be its pullback to X. Then there is a coherent sys-
tem of quasi-isomorphisms K, 1 ®é/en+1 Z/0™ ~ K, . Patching along these isomor-
phisms gives a complex K := Rlim K,, € D(Xpmét,f%) satisfying: for each map
fo : Spec(k) — X determined by an a € Zg, we have fiK ~ (Zy>Z;). As X is to-
tally disconnected, (2) is clear. Since K ®5 Z/¢ ~ K, one easily checks (1). Finally,
as the stalks fXK over a € X (k) take on infinitely many disinct values, (3) follows.

Remark 6.6.13— When X is a variety over an algebraically closed field k, it is easy
to give a direct proof that any K € DCOHS(XprOét7§) is locally constant along a
stratification, together with an explicit description of the trivializing cover over each
stratum. Indeed, as in Proposition 6.6.11, it suffices to find a dense open U C X such

that K|y is locally constant in D(Uprost, R). Replacing X by a suitable open, we may
assume (by Artin’s theorem [SGAT3, §X1.3]) that:

1. X is smooth, affine, connected, and a K (m, 1), i.e., pullback along the canonical
map Shv(Xe;) — Shv(Xfe;) induces a fully faithful functor D (X pe, R/m™) —
DF(Xgg, R/mm™) 6),

2. v, K, is locally constant on X, i.e., pulled back from X fgt.

The normalization of X in the maximal unramified extension of its fraction field within
a fixed separable closure gives a pro-(finite étale) cover f : Y — X. We will show
f*K is constant. Note that Y is affine, connected, normal, and all finitely presented
locally constant sheaves of R/m™-modules on Yg; are constant by construction. In par-
ticular, each H'(K,,) is constant over Y. Moreover, since X was a K(m,1), we have
RI'(Yee, M) ~ M for any M € Modg/m». Then the left-completeness of D(Yro6t)
formally shows D(R/m™) — D(Yproet, B/m™) is fully faithful. Induction on the am-
plitude of K, then shows f*K,, ~ C, for C), := RI'(Yprost, Kn) € D(R/m™). As K is

6. By the Leray spectral sequence for ® : (Shv(Xg;), R/m™) — (Shv(Xy4), R/m™) and devissage
to reduce n, it suffices to check that H!(Ys;, R/m) ~ H? (Yyer, R/m) for all i and all Y € X g, By
passage to suitable filtered colimits, we may assume R/m = Fy or R/m = Q. If R/m = F, with
¢ € k*, then the equality is due to Artin. If R/m = F), with p zero in k, then the Artin-Schreier
sequence and the affineness of Y show that R®.F, ~ F,, which clearly suffices. If R/m = Q, then
Hi(Yfét, Q) = 0 by a trace argument; the normality of Y combined with examination at stalks shows
that Q ~ Rn«Q, where 1 : Spec(K) — Y is the finite disjoint union of generic points of Y, which
proves the claim by reduction to Galois cohomology.
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constructible, each C,, is perfect (since C,, = x* f* K, for any geometric point z of Y),
and Cy41 @g/mn+1 R/m"™ = C,, via the natural map. Then C := RlimC,, € D(R)
is perfect, and f*K ~ Rlim f*K,, ~ RlimC, =: Q € D(Yproét, ﬁ), which proves the
claim.

6.7. The 6 functors. — We fix a complete noetherian local ring (R, m) with finite
residue field of characteristic £. We say that a scheme X is ¢-coprime if £ is invertible
on X.

Theorem 6.7.XGrothendieck, Gabber). — Let f : X — Y be a finitely presented map
of qcqs schemes. Assume either that f is proper, or that Y is quasi-excellent and £-
coprime. Then fi : D(Xe, R/m) — D(Ye, R/m) has finite cohomological dimension
and preserves constructibility.

Lemma 6.7.APushforward). — Let f : X — Y be a finitely presented map of qgcgs
schemes. Assume either that f is proper, or that'Y is quasi-excellent and £-coprime.
Then f, : Dcomp(Xpmét,}A%) — Dcomp(YprOét7§) preserves constructibility. The in-
duced functor fi : Deons(Xproct, }/i) — Deons(Yprost }AE) is right adjoint to [

comp”

Proof. — Fix K € Dcons(Xproét,ﬁ). Then f.K is complete by Lemma 6.5.9.
Lemma 6.5.11 shows f.K ®pz R/m ~ f.(K ®z R/m), so constructibility follows
Lemma 5.4.3 and Theorem 6.7.1; the adjunction is automatic. O

Remark 6.7.3 — The /{-coprimality assumption in Lemma 6.7.2 is mnecessary:
H 1(AlF ,F}) is infinite dimensional.
P

Lemma 6.7.4Smooth base change)— Fiz a cartesian square of (-coprime qcgs
schemes

X 2. x

Pl

vi_ % . vy
with f qcgs and g smooth. Then for any K € Dcons(Xproét7§), the natural map
induces an isomorphism

g:()mp © f*K = f* © g:ompK € DCOIHP( I::roéw R)

If Y is quasi-excellent and f finitely presented, the preceding equality takes place in
Deons(Y,oes R).

proét»

Proof. — Lemma 6.5.9 shows that {f,K ®z R/m"} ~ {f.(K ®5 R/m")} as pro-
objects. By the constructibility assumption on K, each K @z R/m™ is the pullback
under v of a constructible complex in D?(X¢;, R/m™), so f.(K ®5R/m™) is a pullback
from D% (X4, R/m™) by Lemma 5.4.3. The claim now follows by definition of g%,
and classical smooth base change (which applies to DV (X, R/m™)). O
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Lemma 6.7.5Proper base change I) — Fix a cartesian square of qeqs schemes
x' 2sx
vl
v 2y

with f proper. Then for any K € DCOHS(XprOét,fE), the natural map induces an
isomorphism
g:()mp o f*K = f* © g:ompK € DCOHS( p:roéw R)

Proof. — This reduces to the corresponding assertion in étale cohomology as all
functors in sight commute with application of — ®z R/m by Lemma 6.5.9 and
Lemma 6.5.11. O

Definition 6.7.6 — Let f : X — Y be a separated finitely presented map of
qcqs schemes. _Then we define fi : DCOHS(XprOét,ﬁ) — Dcons(Yproét,ﬁ) as f, o j
where X 5X LY be a factorization with j an open immersion, and f proper.
If Y is a geometric point, we write RT'c(Xproet, K) := R (Yproes, HIK).

Lemma 6.7.7 — Definition 6.7.6 is well-defined, i.e., fi is independent of choice of j
and preserves constructibility.

Proof. — This follows by the same argument used in the classical case thanks to
Lemma 6.1.12. (]

Remark 6.7.8 — Both j; and f, are right adjoints at the level of abelian categories.
However, the functor fi from Definition 6.7.6 is not the derived functor of the com-
position fi 0 ji : Ab(Xprost) = Ab(Yprost), i-e., of HO(f1). To see this, take X — Y
to be A! — Spec(k) with k algebraically closed. Then we choose j : X — X to
be Al C PL. Tt suffices to check that the derived functors of F +— T'(X, jiF) fail
to compute RI(Y, fiF). Lemma 6.1.9 shows I'(X, /1 F) = ker(F(X) — F(7})) where
n — X is the generic point, and 7 — 1 — X is the restriction of the henseliza-
tion at oo on P' to A'. The map 7 — 7 is a pro-étale cover, so we can write
(X, 5 F) =ker(F(X) — F(n)) for any F' € Ab(Xproet). As 7 — X is a subobject in
Xprogt, the map F'(X) — F(n) is surjective for F' injective. The derived functors of
F + T(X, 4 F) are thus computed by the homotopy-kernel of the map

RI(X, F) — RI(n, F).

Taking F = Z/n for n € k* shows H®(Yprost, RPH(f)F) ~ H'(n,Z/n) #
H2(AY,Z/n).

Remark 6.7.9 — The phenomenon of Remark 6.7.8 also occurs in classical étale co-
homology, i.e., fi does not compute the derived functors of H°(f,). However, the
reason is different. In the example considered in Remark 6.7.8, if X° C X is the set
of closed points, then

F(ij'F) = @weXorfb(X’ F)’
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for F' € Ab(X¢) torsion; one checks this directly for constructible sheaves, and then
observes that the constructible ones generate all torsion sheaves on X¢ under filtered
colimits. The derived functors of F' + I'(X, jiF') are thus calculated by the homotopy-
kernel of

@mGXORF(Xa F) — 69mGXOI%F()( - {l’},F)

Taking F' = Z/n for n € k* shows H?(Ys, RPH(fI)F) ~ ®pexo HY (X —{x},Z/n) #
H2(AY,Z/n).

Lemma 6.7.1qProper base change Il) — The conclusion of Lemma 6.7.5 is valid for
any separated finitely presented map f provided f. is replaced by fi.

Proof. — This follows from Lemma 6.7.5 and Lemma 6.2.3. o

Lemma6.7.11— Leti: Z — X be a constructible locally closed immersion with X
quasi-excellent and (-coprime. Then i* : D(Xprosts R) = D(Zpross, R) preserves con-
structible complexes, and the resulting functor i* Decons(Xprosts R) = Deons(Zpross; R)

~ ~

is a right adjoint to 4 : Deons(Zproct, B) = Deons(Xprost, R)-

Proof — If i is an open immersion, then 7' = i*, so Lemma 6.5.8 settles the claim.
Thus, we may assume ¢ is a closed immersion with open comelement j : U — X. Fix

~

K € Dcons(Xprost, R). There is an exact triangle
WK - K — j,j° K.

Lemma 6.5.8 and Lemma 6.7.2 imply that j,j* K is constructible, and hence i,i'K is
also constructible. Another application of Lemma 6.5.8 shows that ' K = i*i,i' K is
also constructible. O

~

Lemma 6.7.13®-products). — Let X be a qcgs scheme. Then Deons(Xprogt; R) C
D(Xprost, R) is closed under ®-products.

Proof. — This is Lemma 6.5.5. O

Lemma 6.7.13Internal Hom). — Let X be a quasi-excellent £-coprime scheme. If

K7L S Dcons(XproétaR)y then —RHOI’HR(K7L) € Dcons(Xproétaj%)- MOT@OU@T; fOT any
n >0, one has RHomp (K, L) ®z R/m" ~ RHomp . (K @5 R/m", L @5 R/m").

Proof. — The assertion is local on X. By filtering K, we may assume K = iR for
i: Z — X a constructible closed immersions. By adjointness, we have RHom(K, L) =
i*RHom(ﬁ, i'L) ~ i,i'L, which is constructible by Lemma 6.7.11 and Lemma 6.7.2.
The second assertion is proved similarly. O

Lemma 6.7.14Projection Formula). — Let f : X — Y be a separated finitely pre-
sented map of qeqs schemes. For any L € Deons(Yprost; R) and K € Deons(Xprosts R),
we have ng@ﬁL o~ f!(K®§f:ompL) via the natural map.
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Proof — The assertion is local on Y. By filtering L, we may assume L = i, R for
:Z—=Ya constructlble closed immersion. Let 7 : U — X be the open complement
on For any R- complex L, we have L®RJI]*R ~ j515*L, and hence L®Rz R~ i,i*L.

Using this formula, the assertion now follows from Lemma 6.7.10 as i* = i%,,,. O

Remark 6.7.15— The analogue of Lemma 6.7.14 for f, is false, even for quasiexcel-
lent /-coprime schemes. Indeed, the projection formula for the special case L = i, R

for ¢ : Z < X is equivalent to the base change theorem as in Lemma 6.7.10, which
fails for f.

Lemma6.7.16 — Let f : X — Y be a separated finitely presented map of qcqs
schemes. For any K € Deons(Xer, R/m™) and M € DY(R), we have fiK @R /mn M =~
K @pjmn M) € D*(Yer, R/m™).

Proof. — Lemma 6.5.11 (applied with R = R/m™) proves the corresponding state-
ment in the pro-étale world, i.e., after applying v*. It remains to observe that both
sides of the desired equality lie in D®(Yz;, R/m"~') by Lemma 6.7.2 and the finite flat
dimensionality of constructible complexes, so we can apply v, to get the claim. [

Lemma6.7.17— Let f : X — Y be a finitely presented map of quasi-excellent
(-coprime schemes. For any K € Deons(Xst, R/m™) and M € D°(R/m™), we have
f*K ®R/m" M ~ f*(K ®R/m" M) € Db(Yét’R/mn)'

Proof. — This is proven exactly like Lemma 6.7.16. o

Lemma6.7.18 — Let f : X = Y be a separated finitely presented map of quasiex-
cellent £-coprime schemes. Then fi : DV (Xg, R/m™) — D* (Y, R/m™) has a right
adjoint f'. This adjoint preserves constructibility, and the following two diagrams
commute for n < m:

D*(Yer, R/m™) —= D (Yey, R/m™) Deons(Yer, R/m™) — Deons(Yer, /m™)

E B . K

D+(Xéta R/mn) — D+(Xét7 R/mm) Dcons(Xéta R/mm) — Dcons(Xé‘w R/mn)

Here the horizontal maps are induced by restriction and extension of scalars along
R/m™ — R/m™ respectively.

Proof. — The existence of f' and preservation of constructibility is classical. For
the rest, we write R, = R/m". The commutativity of the square on the left is
equivalent to the commutativity of the corresponding square of left adjoints, which
follows from the projection formula in étale cohomology. For the square on the right,
fix Ky, € Decons(Yot, Rm), and write K,, = K,;, ®g,, Rn € Deons(Yet, Rr). We must
show that f K,,®g,, Ry ~ f. K, via the natural map f} K,, — fh K, ~ f' K,. This
assertion is local on X, so we can factor f as X s P% S with i a constructible closed
immersion, and g smooth of relative dimension d. Since f} =i! og! , it suffices to
prove the analogous claim for 4 and g separately. Since g}, = g, (d)[2d], the assertion
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is immediate. For ¢, let j : U < P be the open complement of i. Using the triangle
iyit, — id — j.j*, it suffices to show that j.j*K,, ®r, Rnp =~ j.«j*K,, which follows
from Lemma 6.7.17. O

Lemma 6.7.19!-pullback). — Let f : X — Y be a separated finitely presented map of
quasiexcellent £-coprime schemes. Then fy : DCOHS(XprOét,ﬁ) — Dcons(Yproét,ﬁ) has
a right adjoint f' with 'K @5 R/m"™ ~ f) (K ®p R/m™).

Proof. — Fix K € Deons(Yproet, R), and let K,, = K @ R/m™ € Deons(Yer, R/m™) be
its truncation. Lemma 6.7.18 gives a projective system {f} K, } in Deomp(Xproct, }/i),
and we write f'K := Rlim f, K, € Dcomp(Xproét,E). By completeness and Lem-
ma 6.7.18, one immediately checks that f'K has the right adjointness properties. It
remains to show f'K ®p R/m ~ fl!Kl, which also implies f'K is constructible. This
follows from the second half of Lemma 6.7.18 and Lemma 3.5.5. O

Lemma 6.7.2qDuality). — Let X be an excellent £-coprime scheme equipped with a
dimension function §. Then there exists a dualizing complex Qx € Deons(Xprost, R),

ie., if Dx := RHomy (—,Qx), then id ~ D% on Deons(Xproct; R)-

Proof. — First consider the case R = Zy, and set R, = Z/¢". Then for each n,
there exists a unique (up to unique isomorphism) potential dualising complex w,, €
Deons(Xprost; Z/L™), see ILO14, XVIL.2.1.2, XVIL5.1.1, XVII 6.1.1]. By [ILO14,
XVIIL.7.1.3] and uniqueness, one may choose isomorphisms wy 41 @z ent1 LT for
each n. Set wxy = limQ, € D(XpméhZ). Then wy is f-adically complete, and
wx ®z, Z/l" ~ w, (by a slight modification of Lemma 3.5.5). Lemma 6.7.13 then
gives the duality isomorphism id ~ D% in this case by reduction modulo £. For general
rings R, set R, := R/m", so each R, is a Z/{"-algebra. Then [ILO14, XVII.7.1.3]
shows that Q, := w, @z Ry € Deons(Xprost, in) is dualizing. A repeat of the
argument for the previous case then shows that Qx := limQ,, € Deons(Xprost. }A%) has
the required properties. o

Remark 6.7.21 — The dualizing complex constructed in Lemma 6.7.20 is not the
traditional dualizing complexes (as in [ILO14, §XVIIL.7]) unless R is Gorenstein. For
example, when X is a geometric point, the dualizing complex above is simply the ring
R itself, rather than the dualizing complex w¥ coming from local duality theory. This
is a reflection Bf our choice of working with a more restrictive class of complexes in
Deons(Xprost; R): when X is a point, Deons(X, R) =~ Dpert(R).

6.8. Zs-,Q-,Z,- and Q-sheaves. — Let us start by defining the relevant cate-
gories. For the moment, let X be any scheme.

Definition 6.8.1 — Let E be an algebraic extension of Qg with ring of integers Og.
Let Ex = Jg and O, x = Fo, be the sheaves associated with the topological rings I
and O on Xprost as in Lemma 4.2.12.
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We first identify these sheaves in terms of the familiar algebraic definitions directly
on Xprost:

Lemma6.8.2

1. If E is a finite extension of Q, with uniformizer w, then Op x = 6}5 =
lim, O /w"Og, with notation as in Subsection 6.5.

2. In general, O x = colimpcg OF x, where F' runs through finite extensions of
Q¢ contained in E. Moreover, Ex = OE,X[ffl].

Proof
1. This follows from Lemma 4.2.12 and the identity
Mapcont(sa OE) = lim Mapcont(sﬂ OE/wnOE)
for any profinite set S.
2. This follows from Lemma 4.2.12 and the identities
Mapeon (S, O) = colim Mapeop (S, OF) ,
Mapoont(sﬂ E) = Mapeont(s7 OE)[E_I]

for any profinite set .S, which result from the compactness of S and Lemma 4.3.7.
O

In this section, we abbreviate £ = Ex and O = Og x if no confusion is likely to
arise. First, we define lisse F-sheaves.

Definition 6.8.3 — A lisse E-sheaf (or E-local system) is a sheaf L of E-modules on
Xprost such that L is locally free of finite rank. Similarly, a lisse O g-sheaf, or Og-local
system, is a sheaf M of Op-modules on Xproet such that M is locally free of finite
rank over Og. Let Locx (E), resp. Locx (Og), be the corresponding categories.

For any discrete ring R, we also have the category Locx (R) consisting of sheaves of
R-modules on X4t which are locally free of finite rank over R. In fact, this category
is just the classical one defined using Xg¢, cf. Corollary 5.1.5. Our first aim is to show
that our definitions coincide with the usual definitions of lisse sheaves. This amounts
to the following proposition.

Proposition 6.8.4
1. If E is a finite extension of Qg, with uniformizer w, then the functor

M +— (M/w"M)n : LOCX(OE) — thocX(OE/w"OE)

s an equivalence of categories.

2. For general E, lisse Og-sheaves satisfy descent for pro-étale covers.
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If X is qcgs, the functor
colim Locx (Op) — Locx (Og)
FCE

18 an equivalence of categories, where F runs through finite extensions of Qg
contained in E.

If X is qcgs, the functor
M+ L=M[""]:Locx(0)[¢™] — Locx (E)
is fully faithful.

5. Lisse E-sheaves satisfy descent for pro-étale covers.

6. Let L be a lisse E-sheaf on X. Then there is an étale cover Y — X such that

Ly lies in the essential image of the functor from (4).

Proof

. Easy and left to the reader.
. This is clear.

. For fully faithfulness, observe that one has obvious internal Hom’s, which are

compatible with extension of scalars. Thus, fully faithfulness follows from the
observation that for an Op-local system Mg with base extensions Mg, Mp/ for
F’ C E finite over F, Mg = colim Mps and Mg(X) = colim Mp/(X) as X is
qcgs.

Now fix a qcgs w-contractible cover Y € Xp,064, and describe Locx (Og) in
terms of descent data for Y — X. Any lisse Op-sheaf over Y is necessarily
trivial (and hence already defined over Z;), so that the categories of descent
data are equivalent by fully faithfulness, using that Y is still qcgs.

Both categories admit obvious internal Hom’s, which are compatible with the
functor M +— M[¢~1]. Thus the result follows from M[¢(~](X) = M(X)[(~}],
which is true as X is qcgs.

5. This is clear.

Consider the sheaf F' on Xprosr taking any U € Xprost to the set of M €
Locy (Og) with M ®o, E = L. We claim that F is locally constant on Xpross.
To prove this, we can assume that L = E" is trivial. We show more precisely
that in this case, F' is represented by (the constant sheaf associated with) the
discrete set S = GL,(E)/GL,(Og), via mapping g € S to My = gO%. Clearly,
the map S — F is injective. Let € X be any point. For any M € Locx (Og)
with M ®o, E = L, the fibre M, is a Og-lattice in L, = E™. Thus, by applying
an element of GL,(F), we may assume that M, = O%. This gives n sections
M1z, ..., Mpz € My, which are defined over an open neighborhood of z; upon
replacing X by a neighborhood of x, we may assume that they are (the images
of) global sections my,...,m, € M. Similarly, one can assume that there are
n sections mj,...,m: € M* = Homep,(M,Og) whose images in M} are the
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dual basis to m1,z,...,mp . This extends to an open neighborhood, so that
M = O in a neighborhood of z, proving surjectivity of S — F.

Thus, F' is locally constant on X,,o¢. In particular, it is locally classical, and
therefore classical itself by Lemma 5.1.4. As there is a pro-étale cover Y — X
with F(Y) # @, it follows that there is also an étale such cover, finishing the
proof. O

Corollary 6.8.5 — If X is topologically noetherian, then for any morphism f : L —
L’ in Locx(E), the kernel and cokernel of f are again in Locx (E). In particular,
Locx (E) is abelian.

Proof. — After passage to an étale cover, we may assume that there are lisse
Op-sheaves M, M’ and a map g : M — M’ giving rise to f : L — L’ by inverting
{. Moreover, we may assume that X is connected; fix a geometric base point = € X.
Then Locx(Of) is equivalent to the category of representations of m1(X,Z) on
finite free Og-modules. It follows that f : L — L’ is classified by a morphism of
representations of 71 (X, Z) on finite-dimensional E-vector spaces. The latter category
obviously admits kernels and cokernels, from which one easily deduces the claim. O

Next, we consider constructible sheaves. For this, we restrict to the case of topo-
logically noetherian X. Note that the construction of Ex is compatible with pullback
under locally closed immersions, i.e., By = Exl|y for Y C X locally closed. In the
topologically noetherian case, any locally closed immersion is constructible.

Definition 6.8.6 — A sheaf F' of E-modules on Xprost 45 called constructible if there
exists a finite stratification {X; — X} such that F

x, s lisse.

Lemma 6.8.7 — For any morphism f : F — F’ of constructible E-sheaves, the kernel
and cokernel of f are again constructible. In particular, the category of constructible
E-sheaves is abelian.

Proof. — After passing to a suitable stratification, this follows from Corollary 6.8.5.
O

In particular, the following definition is sensible.

Definition 6.8.8 — A complex K € D(Xprost, E) is called constructible if it is bounded
and all cohomology sheaves are constructible. Let Decons(Xprost, E) denote the corre-
sponding full subcategory of D(Xprogt, E).

Corollary 6.8.9 — The category Decons(Xprost, E) is triangulated.

Proof. — This follows from Lemma 6.8.7, also observing stability of constructibility
under extensions. O
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Also recall the full triangulated subcategories Deons(Xprost; Or) C D(Xproct, Or)
for E/Qy finite defined in Subsection 6.5. Under our assumption that X is topo-
logically noetherian, these can be defined similarly to Deons(Xprost, E), cf. Proposi-
tion 6.6.11. More precisely, we have the following proposition.

Definition 6.8.10 — For general E, a constructible Og-sheaf on the topologically
noetherian scheme X is a sheaf C' of Og-modules such that there exists a finite
stratification {X; — X} such that C|x, is locally isomorphic to A @0, Op x for a
finitely presented Og-module A. Let Consx (Og) be the corresponding category.

Proposition 6.8.11

1. The category of constructible O g-sheaves is closed under kernels, cokernels, and
extensions.

2. The functor

colim Consx (Op) — Consx (Og)
FCE

is an equivalence of categories, where F' runs through finite extensions of Q.

3. If E is a finite extension of Qg, then an object K € D(Xproc't,OE) 8
constructible if and only if it is bounded and all cohomology sheaves are
constructible.

Proof

1. The proof is similar to the proof of Lemma 6.8.7.
2. The proof is similar to the proof of Proposition 6.8.4 (3).
3. By (1), the set D/ ,«(Xprost; Or) of K € D(Xproet, O) which are bounded with

cons
all cohomology sheaves constructible forms a full triangulated subcategory. To
show D(’jgns(XpI‘OC'tjoE) C Dcons(XproétaoE)a USng that Dcons(Xproét7OE) C
D(Xprost, O) is a full triangulated subcategory, it suffices to prove that a con-
structible Og-sheaf C' concentrated in degree 0 belongs to Dcons(Xproet, OF)-
Passing to a stratification, we can assume that C is locally isomorphic to
A ®o, O x for a finitely presented Og-module A. In this case, A has a finite

projective resolution, giving the result.

For the converse, we argue by induction on ¢ — p that D£%ﬁ_l,(XprOét7 Og) C
D! ns(Xprost; Og). Thus, if K € Dg’)ﬂ(Xpmét,OE), it is enough to show
that H?(X) is a constructible Og-sheaf. This follows easily from Proposi-
tion 6.6.11. O

In particular, for general E, we can define Deons(Xprost; Or) C D(Xprost; Op) as

the full triangulated subcategory of bounded objects whose cohomology sheaves are
constructible O g-sheaves.
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Lemma6.8.12— For any K € Deons(Xprost, Or), the functor RHom(K, —) com-
mutes with arbitrary direct sums in DZ%( X ro6t, O).

Proof. — The proof is the same as for Lemma 6.3.14. O

Although a lisse E-sheaf does not always admit an integral structure as a lisse
Og-sheaf, it does always admit an integral structure as a constructible O g-sheaf.

Lemma 6.8.13— Let L be a lisse E-sheaf on the topologically noetherian scheme X.
Then there exists a constructible Og-sheaf C such that C ®o, F = L.

Proof. — First, we prove that there exists a finite stratification {X; — X} such that
L|x, admits an O g-lattice. By Proposition 6.8.4 (6), there exists some étale cover Y —
X such that L]y admits an Og-lattice. After passing to a stratification on X, we may
assume that Y — X is finite étale, and that X is connected; fix a geometric base point
Z € X with a lift to Y. In that case, L]y corresponds to a continuous representation
of the profinite fundamental group 71 (Y, Z) on a finite-dimensional E-vector space.
AsY — X is finite étale, this extends to a continuous representation of the profinite
fundamental group 71(X,Z) on the same finite-dimensional E-vector space. Any
such representation admits an invariant O g-lattice (as 71 (X, Z) is compact), giving
the claim.

In particular, L can be filtered as a constructible E-sheaf by constructible E-sheaves
which admit O g-structures. By Lemma 6.8.12, for two constructible E-sheaves C, C’,
one has

Ext'(C[¢™'),C'[¢71]) = Ext*(C,C)[¢™1] .
This implies that L itself admits a Opg-structure, as desired. O

The following proposition shows that the triangulated category Deons(Xprost, E) is
equivalent to the triangulated category traditionally called D%(X, E).

Proposition 6.8.14
1. For general E,
CFOICIgl Dcons(Xproét7 OF) — Dcons(Xproéta OE)

is an equivalence of triangulated categories, where F runs through finite exten-
sions of Qg contained in E.

2. The functor Deons(Xprost, Or) [0 = Deons(Xprost, E) is an equivalence of tri-
angulated categories.

Note that in part (2), one has an equivalence of categories without having to pass
to étale covers of X.

Proof

1. Lemma 6.8.12 gives full faithfulness. For essential surjectivity, one can thus
reduce to the case of a constructible Og-sheaf. In that case, the result follows
from Proposition 6.8.11 (2).
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2. Again, full faithfulness follows from Lemma 6.8.12. For essential surjectivity,
one can reduce to the case of an E-local system L. In that case, the result is
given by Lemma 6.8.13. O

Remark 6.8.15— Let A € {Og, E}. Under the same assumptions as in §6.7, the 6
functors are defined on Deons(Xprost, A). Note that one can also define most of the 6
functors on D(Xprost; A). All schemes are assumed to be noetherian in the following.
There are obvious ®, RHom and f, functors for a morphism f : ¥ — X. The
functor f. admits a left adjoint f* : D(Xproet, A) = D(Yprost, A) given explicitly by
J*K = fraive K ®fx Ay Ay, where [ . denotes the naive pullback. If f is étale or a
closed immersion (or a composition of such), then f’,. Ax = Ay, so f*K = fr. .. K
is the naive pullback. Moreover, one has the functor ji : D(Uproet, A) = D(Xprost, A)
for an open immersion j : U — X; by composition, one gets a functor f, for a
separated morphism f : Y — X. If f is a closed immersion, f; = f, admits a right
adjoint f' : D(Xprost; A) = D(Yproet, A), given as the derived functor of sections with
support in Y.

It follows from the results of §6.7 and the previous discussion that under the corre-
sponding finiteness assumptions, these functors preserve constructible complexes, and
restrict to the 6 functors on Deons(Xprost, A). In particular, one can compute these
functors by choosing injective replacements in D(Xproet, A).

7. The pro-étale fundamental group

We study the fundamental group resulting from the category of locally constant
sheaves on the pro-étale topology, and explain how it overcomes some shortcomings of
the classical étale fundamental group for non-normal schemes. The relevant category
of sheaves, together with some other geometric incarnations, is studied in §7.3, while
the fundamental group is constructed in §7.4. However, we first isolate a class of
topological groups §7.1; this class is large enough to contain the fundamental group
we construct, yet tame enough to be amenable to a formalism of “infinite” Galois
theory introduced in §7.2.

7.1. Noohi groups. — All topological groups in this section are assumed Haus-
dorff, unless otherwise specified. We study the following class of groups, with a view
towards constructing the pro-étale fundamental group:

Definition 7.1.1 — Fix a topological group G. Let G-Set be the category of dis-
crete sets with a continuous G-action, and let Fg : G-Set — Set be the for-
getful functor. We say that G is a Noohi group (") if the natural map induces an

7. These groups are called prodiscrete groups in [NooO8]. However, they are not pro-(discrete
groups), which seems to be the common interpretation of this term, so we adapt a different termi-
nology.
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isomorphism G ~ Aut(Fg) of topological groups, where Aut(Fg) is topologized using
the compact-open topology on Aut(S) for each S € Set.

The basic examples of Noohi groups are:

Example 7.1.2 — If S is a set, then G := Aut(S) is a Noohi group under the compact-
open topology; recall that a basis of open neighbourhoods of 1 € Aut(S) in the
compact-open topology is given by the stabilizers Ur C G of finite subsets F' C S. The
natural map G — Aut(Fg) is trivially injective. For surjectivity, any ¢ € Aut(Fg)
induces a ¢g € G as S is naturally a G-set. It is therefore enough to show that any
transitive G-set is a G-equivariant subset of S™ for some n. Any transitive G-set is
of the form G/Ur for some finite subset F' C S finite. For such F', the G-action on
the given embedding F' < S defines a G-equivariant inclusion G/Up — Map(F, S),
so the claim follows.

It is often non-trivial to check that a topological group with some “intrinsic” prop-
erty, such as the property of being profinite or locally compact, is a Noohi group. To
systematically deal with such issues, we relate Noohi groups to more classical objects
in topological group theory: complete groups.

Definition 7.1.3 — For a topological group G, we define the completion G* of G as
the completion of G for its two-sided uniformity, and write i : G — G* for the natural
embedding. We say G is complete if i is an isomorphism.

We refer the reader to [ATO08] for more on topological groups, especially [ATO08,
§3.6] for the existence and uniqueness of completions. We will show that a topological
group is Noohi if and only if it admits enough open subgroups and is complete. In
preparation, we have:

Lemma 7.1.4 — For any set S, the group Aut(S) is complete for the compact-open
topology.

Proof. — Let G := Aut(S), and 7 be a Cauchy filter on G for its two-sided uniformity.
For each F' C S finite, the stabilizer Ur C G is open, so, by the Cauchy property, we
may (and do) fix some Hp € n such that

Hp x Hr C {(z,y) €G* |2y ' € Up and z 'y Ur}.

Fix also some hp € Hp for each such F'. Then the above containment means: h(f) =
hp(f) and h=1(f) = hp'(f) for all h € Hp and f € F. If F C F’, then the filter
property Hr N Hpr # @ implies that hp (f) = hp(f), and hyp' (f) = hp'(f) for
all f € F. Hence, there exist unique maps ¢ : S — S and ¥ : S — S such that
olp = hplp and Y|p = hl_;llp for all finite subsets F© C S. It is then immediate
that ¢ and ¢ are mutually inverse automorphisms, and that the filter B, of open
neighbourhoods of ¢ is equivalent to 7, so 7 converges to ¢, as wanted. O
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The promised characterisation is:

Proposition 7.1.5 — Let G be a topological group with a basis of open neighbourhoods
of 1 € G given by open subgroups. Then there is a natural isomorphism Aut(Fg) ~
G*. In particular, G is Noohi if and only if it is complete.

Proof. — Let U be the collection of open subgroups U C G. For U € U and g € G, we
write Ty, : G/(gUg™ ') — G/U for the G-equivariant isomorphism a- gUg™! = ag- U,
i.e., right multiplication by g.

We first construct a natural injective map ¢ : Aut(Fg) — G*. Given ¢ € Aut(Fg),
one obtains induced automorphisms ¢y : G/U — G/U for U € U. Let gy - U :=
¢u(1-U) and hy -U == ¢ (1-U) denote the images of the identity coset 1-U C G/U
under ¢y and gb{,l; here we view a coset of U as a subset of G. We claim that {gy-U}
(indexed by U € U) is a filter base that defines a Cauchy and shrinking filter. The
finite intersection property follows immediately from ¢ commuting with the projection
maps G/W — G/U for W C U a smaller open subgroup. For the Cauchy property,
we must check: given U € U, there exists W € U and b € G such that gy - W C U -b.
Fix an element h € G defining the coset hyy - U, and let W = hUh~! be the displayed
conjugate of U. Then one has a G-equivariant isomorphism T}, : G/W — G/U defined
in symbols by a- W +— « - Wh = «h - U, where the last equality is an equality of
subsets of G. The compatibility of ¢ with T}, then shows gw -W-h =¢y(h-U) =U,
where the last equality uses ¢y o qﬁal = id; setting b = h~! then gives the Cauchy
property. For the shrinking property, we must show: for each U € U, there exist
VW, Y € U such that V- gy - W - Y C gy - U; we may simply take W =Y = U,
and V = gUg~! for some g € G lifting the coset gy - U. Let 1(¢) be the Cauchy
and shrinking filter associated to {gy - U}, i.e., (@) is the collection of open subsets
Y C G such that gy - U C Y for some U € U. Then 9(¢) € G*, which defines a map
¥ Aut(Fg) — G*.

Next, we show that 1 is injective. If ¢ € ker(¢), then gy - U = U in the notation
above. Now pick some U € U and fix some g € G. The naturality of ¢ with respect to
T,:G/(gUg™') — G/U shows that ¢y (g-U) = g- U, which proves that ¢y = id for
allU € U. Any S € G-Set may be written as S = L;G/U; for suitable U;, so ¢g = id
for all such S, and hence ¢ = id.

It now suffices to show that Aut(Fg) is complete. Recall that the class of complete
groups is closed inside that of all topological groups under products and passage to
closed subgroups. We may realize Aut(F¢) as the equalizer of

[yey Aut(U) == HU,Veu HMapG(G/U,G/V) Map(G/U,G/V),

with the maps given by precomposition and postcomposition by automorphisms.
Hence, Aut(Fg) is a closed subgroup of [[;;cq Aut(S); as the latter is complete by
Lemma 7.1.4, the claim follows. O
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Proposition 7.1.5 leads to an abundance of Noohi groups:

Example 7.1.6 — Any locally compact group with a fundamental system of neigh-
bourhoods of 1 given by open subgroups is a Noohi group. Indeed, any locally compact
group is complete. Some important classes of examples are: (a) profinite groups, and
(b) the groups G(F) where F is a local field, and G is a finite type E-group scheme,
and (c) discrete groups.

Perhaps surprisingly, the algebraic closure Q, of Qg is also a Noohi group for the
colimit topology, in contrast with the situation for the ¢-adic topology. In fact, one
has:

Example 7.1.7 — Fix a prime number £. For any algebraic extension E of a Fy = Qy,
the group GL,,(F) is a Noohi group under the colimit topology (induced by expressing
E as a union of finite extensions) for all n. To see this, we first show that E is itself
Noohi. Choose a tower £y C F4 C Fy C --- C E such that F = colim F;. Let U
be the collection of all open subgroups of Og in the colimit topology. By Lemma
7.1.8, we must check that O ~ 0%, := limy Og/U; here we use that O is abelian
to identify the completion O%. A cofinal collection of open subgroups is of the form
U¢, where f : N — N is a function, and Uy = (DO g,) is the group generated in
Og by the displayed collection of open subgroups of each Og,. Choose Og,-linear
sections Op,,, — Og,; in the limit, this gives Og,-linear retractions v¢; : O — Og;,
for each i. An element x € 0} = limy Og/U determines ¢;(x) € O, = Op,. If
the sequence {t;(x)} is eventually constant (in Og), then there is nothing to show.
Otherwise, at the expense of passing to a cofinal set of the E;’s, we may assume
¥i(z) € Op, — Op, ,. Then one can choose a strictly increasing sequence {k;} of
integers such that 1;(z) € O, but ¥;(z) ¢ Og,_, + ¥ Op,. The association i — k;
gives a function f : N — N. Choose some zy € Op, for some j representing the
image of z in Og/U;. Now ¢;(x) — ¢¥i(xy) € ¢¥;(Uy) for each i. As 1); is Op,-linear
and f is strictly increasing, it follows that ¢;(z) € Op, + (kO g, for each i > j; this
directly contradicts the assumption on ;(x), proving that O is Noohi. To pass from
Of to GL,(Og), we use that the exponential exp : £°- M,,(Og) — GL,(Og) (for some
¢ > 0 to avoid convergence issues) is an isomorphism of uniform spaces onto an open
subgroup of the target, where both sides are equipped with the two-sided uniformity
associated to open subgroups of the colimit topology; see, for example, [Sch11, §18]
for more on the p-adic exponential for Lie groups.

The following lemma was used above:

Lemma 7.1.8 — If a topological group G admits an open Noohi subgroup U, then G
1s itself Noohi.

Proof. — We must show that the natural map G — Aut(F) is an isomorphism. By
considering the action of both groups on the G-set G/U, it is enough to check that
U =~ Stabpuy(pg)(®) =: H, where x € G/U is the identity coset. For any U-set S,
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one has an associated G-set Ind% (S) = (S x @)/ ~, where the equivalence relation is
(us, g) ~ (s,gu) forany u € U, s € S, g € G, and the G-action is defined by h-(s,g) =
(s, hg) for h € G. This construction gives a functor Ind§} : U-Set — G-Set, left adjoint
to the forgetful functor. For any U-set S, there is an obvious map Ind$(S) — G/U
of G-sets defined by the projection S x G — G. The fibre of this map over x € G/U
is the U-set S. In particular, there is an induced H-action on S. One checks that this
gives a continuous map H — Aut(Fy) extending the obvious map U — Aut(Fy).
Now the essential image of Indg generates G-Set under filtered colimits: for any open
subgroup V C U, one has Ind$(U/V) = G/V. Thus, H — Aut(Fy) is injective. On
the other hand, as U is Noohi, the composite U — H — Aut(Fy ) is an isomorphism,
and hence sois U — H. O

7.2. Infinite Galois theory. — Infinite Galois theory gives conditions on a pair
(C,F : € — Set), consisting of a category € and a functor F, to be equivalent to a
pair (G-Set, Fz : G-Set — Set) for G a topological group. Here, an object X € C is
called connected if it is not empty (i.e., initial), and for every subobject Y C X (i.e.,
Y 3 Y xxY), either Y is empty or Y = X.

Definition 7.2.1 — An infinite Galois category (®) is a pair (C, F : € — Set) satisfying:
1. C is a category admitting colimits and finite limits.
2. Fach X € C is a disjoint union of connected objects.
3. C is generated under colimits by a set of connected objects.
4. F is faithful, conservative, and commutes with colimits and finite limits.
The fundamental group of (C, F') is the topological group i (C, F) := Aut(F'), topol-
ogized by the compact-open topology on Aut(S) for any S € Set.

Example 7.2.2 — If G is a Noohi group, then (G-Set, F¢z) is a Noohi category, and
771(67 F) =G.

However, not all infinite Galois categories arise in this way:

Example 7.2.3 — There are cofiltered inverse systems G, ¢ € I, of free abelian groups
with surjective transition maps such that the inverse limit G = lim G; has only one ele-
ment, cf. [HS54]. One can define an infinite Galois category (C, F') as the 2-categorical
direct limit of G;-Set. It is not hard to see that 71 (C, F') = lim G;, which has only
one element, yet F': € — Set is not an equivalence.

This suggests the following definition.
Definition 7.2.4 — An infinite Galois category (C, F) is tame if for any connected
X € C, m(C, F) acts transitively on F(X).

8. A similar definition is made in [Noo08]. However, the conditions imposed there are too weak:
The category of locally profinite sets with open continuous maps as morphisms satisfies all axioms
imposed in [NooO08], but does not arise as G-Set for any Noohi group G. There are even more serious
issues, see Example 7.2.3.
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The main result is:

Theorem 7.2.5— Fiz an infinite Galois category (C, F) and a Noohi group G. Then
1. m(C, F) is a Noohi group.

2. There is a natural identification of Homeont (G, 71(C, F)) with the groupoid of
functors © — G-Set that commute with the fibre functors.

3. If (C, F) is tame, then F induces an equivalence € ~ 71(C, F')-Set.

Proof. — Fix a set X; € €, i € I, of connected generators. As in the proof of
Proposition 7.1.5, one gets that 7 (C, F') is the closed subgroup of [[, Aut(F(X;)) of
those elements compatible with all maps between all X;. It follows that m(C, F') is
closed in a Noohi group, and thus a Noohi group itself, proving (1). Also, part (2) is
completely formal.

It remains to prove part (3). As (C, F') is tame, we know that for any connected X €
C, m (€, F') acts transitively on F'(X). It follows that the functor € — 71 (C, F))-Set
preserves connected components. By interpreting maps f : ¥ — X in terms of
their graph I'y C Y x X, one sees that the functor is fully faithful. For essential
surjectivity, let €' C 71(C, F)-Set denote the essential image of €. Now take any
open subgroup U C 7 (C, F)-Set. As m1(C, F) is closed in [], Aut(F(X;)), there are
finitely many X, with points 2; € F(X;), j € J, such that U contains the subgroup
U’ of m1(C, F) fixing all z;. The element 71 (C, F)/U’ € m1(C, F)-Set is the image of
some Xy € C, as it can be realized as the connected component of || ; Xi,; containing
(x;);. Applying this argument to the connected components shows that every object
in m (€, F')-Set admits an epimorphism from an object of €. As epimorphisms in
the larger category are effective, repeating this argument shows that each object in
m1(C, F)-Set is the coequalizer of a map between objects in €’. Since € is closed
under colimits in 71 (€, F')-Set, the claim follows. O

Proposition 7.1.5 is useful to study Noohi groups under limits. Similarly, Theo-
rem 7.2.5 is useful for studying the behaviour under colimits. For example, one has
coproducts:

Example 7.2.6 — The category of Noohi groups admits coproducts. Indeed, if G
and H are Noohi groups, then we can define an infinite Galois category (C, F) as
follows: € is the category of triples (S, pg, prr) where S € Set, while pg : G — Aut(S)
and pg : H — Aut(S) are continuous actions on S of G and H respectively, and
F : C — Set is given by (S, pg, pr) — S. One has an obvious map from the coproduct
of abstract groups G x H to m1(C, F'), from which one can see that (C, F') is tame.
Then G*V H := 71(C, F) is a coproduct of G and H in the category of Noohi groups.

Remark 7.2.7 — It may be true that general infinite Galois categories are classified
by certain group objects G in the pro-category of sets. One has to assume that
the underlying pro-set of this group can be chosen to be strict, i.e., with surjective
transition maps. In that case, one can define G-Set as the category of sets S equipped

SOCIETE MATHEMATIQUE DE FRANCE 2015



192 B. BHATT & P. SCHOLZE

with an action of G (i.e., equipped with a map G x S — S in the pro-category of sets
that satisfies the usual axioms). It is easy to verify that G-Set forms an infinite Galois
category under the strictness hypothesis. To achieve uniqueness of GG, one will again
have to impose the condition that there are enough open subgroups. Fortunately,
the infinite Galois categories coming from schemes will be tame, so we do not worry
about such esoteric objects!

7.3. Locally constant sheaves. — Fix a scheme X which is locally topologically
noetherian. We will consider the following classes of sheaves on Xprost:

Definition 7.3.1 — Fiz F' € Shv(Xprost). We say that F is
1. locally constant if there exists a cover {X; — X} in Xproer, with F|x, constant.
2. locally weakly constant if there exists a cover {Y; — X} in Xro6 with Y; gegs
such that Fly, is the pullback of a classical sheaf on the profinite set mwy(Y;).
3. a geometric covering if F' is an étale X -scheme satisfying the valuative criterion

of properness.

We write Locx, wLocyxy and Covx for the corresponding full subcategories of
ShV(XprOét).

Remark 7.3.2 — The objects of Locx,wlLocx and Covx are classical. This is evident
for Covx, and follows from Lemma 5.1.4 for Locx and wLocx.

Remark 7.3.3 — Any Y € Covy is quasiseparated: Y is locally topologically noethe-
rian by Lemma 6.6.10. Hence, we can write Y as a filtered colimit of its qcgs open
subschemes. This remark will be used without comment in the sequel.

Remark 7.3.4 — Fix an F' € Shv(Xproet). One checks that F' € wLocx if and only
if for any qcgs w-contractible Y € Xp0¢t, the restriction F|y is classical, and the
pullback of its pushforward to mo(Y"). For such Y, pushforward and pullback along
Shv(Ye,) — Shv(mo(Y)st), as well as the inclusion Shv(Ye,) C Shv(Yproet), commute
with all colimits and finite limits; thus, the subcategory wLocx C Shv(Xproet) is
closed under all colimits and finite limits.

Example 7.3.5 — If X = Spec(k) is the spectrum of a field, then Locx = wLocx =
Covx = Shv(X¢t). Indeed, this is immediate from the observation that any separable
closure of k provides a connected w-contractible cover of X. More generally, the same
argument applies to any finite scheme of Krull dimension 0: the underlying reduced
scheme is a finite product of fields.

Lemma7.3.6 — If Y is a gegs scheme, and F € Shv(Yproet) is the pullback of a
classical sheaf on my(Y'), then

1. F is representable by an algebraic space étale over Y.

2. F satisfies the valuative criterion for properness.

3. The diagonal A : F — F xy F is a filtered colimit of clopen immersions.
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Proof. — As any classical sheaf on a profinite set is a filtered colimit of finite locally
constant sheaves, so F' = colim; U; is a filtered colimit of finite étale Y-schemes U;
indexed by a filtered poset I. In particular, (2) and (3) are clear. (1) follows by
expressing I’ as the quotient of the étale equivalence relation on L;U; given by the
two evident maps U;<;U; — U;U;: the identity U; — U; and the transition map

Remark 7.3.7 — The algebraic space F' in Lemma 7.3.6 need not be quasiseparated
over Y. For example, we could take F' to be the pullback of two copies of my(Y)
glued along a non-quasicompact open subset. This phenomenon does not occur for
the geometric coverings we consider as X is topologically noetherian.

Lemma7.3.8 — IfY is a henselian local scheme, then any F € Covx is a disjoint
union of finite étale Y -schemes.

Proof. — It Z C Y is the closed point, then F|z = U;Z; with Z; — Z connected finite
étale schemes by Example 7.3.5. Let Z; — Y be the (unique) connected finite étale Y-
scheme lifting Z; — Z. Then the henselian property ensures that F(Z;) = F|z(Z;),
so one finds a canonical étale map ¢ : UiZ; — F inducing an isomorphism after
restriction to Z. As the image of ¢ is closed under generalization, and because each
point of F specializes to a point of the special fibre (by half of the valuative criterion),
one checks that ¢ is surjective. To check ¢ is an isomorphism, one may assume Y is
strictly henselian, so Z; =Y for each i. Then each Z; — F is an étale monomorphism,
and hence an open immersion. Moreover, these open immersions are pairwise disjoint
(by the other half of the valuative criterion), i.e., that Z; N Z; = & as subschemes of
F for i # j. Then L; Z; gives a clopen decomposition for F, as wanted. O

Lemma 7.3.9 — One has Locx = wLocx = Covx as subcategories of Shv(Xproet)-

Proof. — The property that a sheaf F' € Shv(Xp06t) lies in Locx, wLocx, or Covx
is Zariski local on X. Hence, we may assume X is topologically noetherian. It is
clear that Locx C wLocx. For wLocx C Covy, fix some F' € wLocx. Lemma 7.3.6
and descent show that F satisfies the conclusion of Lemma 7.3.6. To get F' to be
a scheme, note that F' is quasiseparated as X is topologically noetherian, and thus
the diagonal of F' is a clopen immersion by quasicompactness. In particular, F' is
separated, and thus a scheme: any locally quasifinite and separated algebraic space
over X is a scheme, see [Sta, Tag 0417].

We next show Covy C wLocx, i.e., any geometric covering F' — X is locally
weakly constant. In fact, it suffices to show the following: for any qcqs U € X and
map ¢ : U — F, one may, locally on X, factor ¢ as U — L — F with L finite locally
constant. Indeed, this property implies that F|y is a filtered colimit of finite locally
constant sheaves for any w-contractible ¥ € Xp06t, which is enough for local weak
constancy. As F' is a filtered colimit of qcgs open subschemes, this property follows
from Lemma 7.3.8 and spreading out.
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It remains to check wLocx = Locx. Choose F' € wLocx and a qcgs w-contractible
cover Y — X such that F|y = 7*G for some G € Shv(m(Y )et), where 7 : Y — mo(Y)
is the natural map. We must show that G is locally constant. Let X;, C X be the union
of the finite collection of generic points of X, and write Y;, C Y for the corresponding
fibre. Let ??7 be a qcgs w-contractible cover of ;. Then we obtain a diagram

N 1[; R
Y, ——mo (Yn)

Each connected component of Y is a strict henselisation of X, and thus contains a
point lying over a point of X, i.e., a point of Y,,. This shows that my(b) is surjective.
The map mo(a) is clearly surjective. Write f : mo(Y;) — mo(Y) for the composite
surjection. As Y is w-contractible, the space m(Y") is extremally disconnected. Thus,
it is enough to show that f*G is locally constant. As ¥,¢* ~ id as endofunctors of
Shv(mo(Yy)), it is enough to show ¥* f*G is locally constant. By the commutativity
of the diagram, the latter sheaf coincides with the restriction of F to Y;. But Y, is a
w-contractible cover of X, so the claim follows from the equality wLocx, = Locx,
of Example 7.3.5. o

Remark 7.3.10 — If X is Nagata, one may prove a more precise form of Lemma 7.3.9:
there exists a pro-étale cover {U; — X} with U; connected such that F'|y, is constant
for any F € wLocx. To see this, choose a stratification {X; — X} with X; affine,
normal and connected; this is possible as X is Nagata. Let V; be the henselisation of
X along X;, and U; — V; be a connected pro-(finite étale) cover that splits all finite
étale Vi-schemes. Then one checks that {U; — X} satisfies the required properties
using the Gabber-Elkik theorem (which identifies V; sy ~ X rét), and the observation
that each F' € wLocy, is a disjoint union of finite étale X;-schemes by normality.

Remark 7.3.11— For an arbitrary scheme Y, define Locy, wLocy and Covy as
above, except that objects of wLocy and Covy are required to be quasiseparated.
Then the proof of Lemma 7.3.9 shows that one always has Locy C wLocy = Covy,
and the inclusion is an equivalence if Y has locally a finite number of irreducible
components.

Example 7.3.12— Some topological condition on the scheme X (besides being con-
nected) is necessary to make coverings well-behaved. Indeed, consider the following
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example. Let T be topological space underlying the adic space corresponding to the
closed unit disc over Q,. This is a spectral space, so there is some ring A for which
X = SpecA is homeomorphic to T'. All arguments in the following are purely topo-
logical, so we will argue on the side of T'. The origin 0 € T is a closed point which
admits no generalizations, yet T" is connected. One has open subsets T1, T2, -+ C T,
where T} /; is the annulus with outer radius 1/i and inner radius 1/(i + 1).

The open subset U = T \ {0} C T defines an object of Covyx. Indeed, it is
clearly étale, and it satisfies the valuative criterion of properness, as 0 does not admit
nontrivial generalizations. One can show that U also defines an object of wLocx,
however it is not hard to see that U does not define an object of Locx. We claim
that the disjoint union of U with an infinite disjoint union of copies of X belongs to
Locx. This will prove that Locx is not closed under taking connected components,
so that it cannot define an infinite Galois category.

Consider the pro-étale cover Y — X which has connected components m(Y) =
{0,1,1/2,1/3,...}, with connected components Yy = {0}, Y1,; = Uy ;; it is easy to
see how to build Y as an inverse limit. The pullback of U to Y is the pullback of the
sheaf Fyy on mo(Y') concentrated on {1,1/2,1/3,...}. To show that the disjoint union
of U with an infinite disjoint union of copies of X belongs to Locx, it is enough to
show that the disjoint union of Fy; with an infinite constant sheaf on m(Y') is again an
infinite constant sheaf. This boils down to some easy combinatorics on the profinite
set mo(Y"), which we leave to the reader.

7.4. Fundamental groups. — In this section, we assume that X is locally topo-
logically noetherian and connected, and we fix a geometric point z of X with ev, :
Locx — Set being the associated functor F' +— F.

Lemma 7.4.1 — The pair (Locx,evy) is an infinite Galois category. Moreover, it is
tame.

Proof. — For the first axiom, Remark 7.3.4 shows that wLocx C Shv(Xproet) is
closed under colimits and finite limits. For the second axiom, we use Covx. Indeed,
any Y € Covy is locally topologically noetherian, so that its connected components
are clopen. Any clopen subset of Y defines another object of Covx. It is a connected
object. Indeed, assume Y € Covy is connected as a scheme, and Z — Y is some map
in Covy. The image of Z is open and closed under specializations (by the valuative
criterion of properness). As Y is locally topologically noetherian, open implies locally
constructible, and in general, locally constructible and closed under specializations
implies closed. Thus, the image of Z is open and closed, and thus either empty or all
of Y. The third axiom regarding things being a set (as opposed to a proper class) is
left to the reader. For the last axiom, we use Locy. As any pair of points of X is
linked by a chain of specializations, one checks that ev, is conservative and faithful
on Locx. As ev, is given by evaluation on a connected w-contractible object, it
commutes with all colimits and all limits in Shv(Xpr0¢t), and hence with all colimits
and finite limits in Locx.
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Finally, we have to prove tameness. This comes down to showing that m; is large
enough, i.e., we have to construct enough paths in X. Thus, choose some connected
cover Y — X, and any two geometric points y1,y2 above x. They give rise to topo-
logical points 41,72 € Y. As Y is locally topologically noetherian, we can find a paths
U1 = Z0,Z1,.--,2n = Yo of points in Y such that for each i = 0,...,n — 1, Z;4; is
either a specialization or a generalization of Z;. Fix geometric points z; above Z;. By
projection, we get geometric points x; of X, lying above topological points z; € X.

For each 4, choose a valuation ring R; with algebraically closed fraction field, to-
gether with a map SpecR; — Y such that the special and generic point are (isomorphic
to) z; and z;11 (or the other way around); we fix the isomorphisms. The valuation
rings R; induce maps SpecR; — X, which induce isomorphisms of fibre functors
evy, ~ evy, . By composition, we get an isomorphism of fibre functors

EVy = €Vyy N €Vy, - eV, =eVy ,

i.e., an automorphism v € m (Locy,ev,) of the fibre functor ev,. By construction,
we have y(y1) = y2, showing that (Locx,ev,) is tame. O

Tameness implies that the following definition is robust:

Definition 7.4.2 — The pro-étale fundamental group is defined as 7" (X, x) :=
Aut(ev,); this group is topologized using the compact-open topology on Aut(S) for
any S € Set.

We now relate 72" (X .x) to other fundamental groups. First, the profinite com-
proét

pletion of m}"*(X,x) recovers the étale fundamental group 7¢*(X,x), as defined
in [SGAT1]:
Lemma 7.4.3 — Let G be a profinite group. There is an equivalence
I—Io—mcont (Trll)rOét (X7 93)7 G) = (BH:G)(XPTO&) .
Here, Hom(H, G) for groups G and H denotes the groupoid of maps H — G, where
maps between fi, fo : H — G are given by elements g € GG conjugating f; into fs.

Proof. — Both sides are compatible with cofiltered limits in G, so we reduce to G
finite. In this case, one easily checks that both sides classify G-torsors on Xprost. [

To understand representations of Wlpmét (X, x), we first construct “enough” objects
in Locx.

Construction 7.4.4 — The equivalence Covy ~ Locx =~ 71'11[”“)é’t(X7 x)-Set implies that
for each open subgroup U C 7P (X, z), there exists a canonically defined Xy €

COVX with a lift of the base point € Xy progt corresponding to ﬁfmét(X, x)/U €
7P (X, x)-Set in a base point preserving manner. Moreover, as Xy is itself a
locally topologically noetherian scheme, one has wfroet(XUw) = U as subgroups

of T (X, z).
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Write Locy,, for the category of locally constant sheaves on X, viewed as a full
subcategory of Locx. The difference between Locx,, and Locx can be explained
group theoretically:

Lemma7.4.5 — Under Locx ~ 7" (X, z)-Set, the full subcategory Locx,, C Locx

corresponds to the full subcategory of those S € W{’rOét(X, x)-Set where an open sub-
group acts trivially.

Proof. — Fix S € nP™*"(X,z)-Set, and assume an open subgroup U C 7P™¢"(X, z)
acts trivially on S. Then the corresponding locally constant sheaf is trivialized by
passage to Xy, which is an étale cover of X. Conversely, fix some F' € Locx,,
with fibre S, and consider the sheaf G = Isom(F,S) on Xp0st. The étale local
trivializability of F' shows that G is an Aut(S)-torsor on Xg; here we use that
Aut(S) = Aut(S) = vuTFaur(s) on X¢ as each U € Xg has a discrete mp. Then
G € Covy, so there exists an open subgroup U C (X, z) and a factorization
Xy — G — X. By construction, F|g is constant, so U = 7P (Xy, z) acts trivially
on the fibre F. O

The pro-(discrete group) completion of Wlpmét (X, x) covers the fundamental pro-
group defined in [Gro64, §6]:

Lemma 7.4.6 — Let G be a discrete group. There is an equivalence
I—Io—mcont(ﬁi)r()ét(X7 .%‘)7 G) =~ (BG)(Xet) .

Proof. — Any continuous map p W{’rOét(X ,x) — G gives a G-torsor in
7P (X, x)-Set, and hence an object of (BG)(Xproct); one then simply observes that
(BG)(Xproet) = (BG)(Xe) as G is discrete. Conversely, any G-torsor F' on Xg
defines a fibre preserving functor G-Set — Locx simply by pushout, and hence comes
from a continuous map 7" (X, z) — G. O

Lemma 7.4.6 shows that the inverse limit of the pro-group defined in [Gro64,
§6] is large enough, i.e., the limit topological group has the same discrete group
representations as the defining pro-group.

We now explain why the group 7P (X, z) is richer than its pro-(discrete group)
completion: the latter does not know the entirety of Locx (Q¢) (see Example 7.4.9),
while the former does. The main issue is that Locx(Qg) is not Locx (Z¢)[%], but
rather the global sections of the stack associated to the prestack U — Locy (Zg)[5]
on Xproét~

Lemma7.4.7 — For a local field E, there is an equivalence of categories
RepE,cont (Trll)rOCt (X7 I)) = LOCX (E)

Proof. — The claim is clear if F is replaced by Og as GL,, (O g) is profinite. Now given
a continuous representation p : 77" (X, 2) — GL,(E), the group U = p~'GL,(0g)

is open in 7°%(X,z), and hence defines a pointed covering Xy — X with
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7P Xy, 2) = U. The induced representation m°(Xy,z) — GL,(Og) de-
fines some M € Locx, (Og), and hence an M’ € Locx, (E); one checks that M’
comes equipped with descent data for Xy — X, and hence comes from a unique
N(p) € Locx(E). Conversely, fix some N € Locx (FE), viewed as an Fgr,, (g)-torsor
for suitable n. For each S € GL,(E)-Set, one has an induced representation
ps : Far,(g) = Faus)- The pushout of N along ps defines an Ng € Locx with
stalk S. This construction gives a functor GL,(E)-Set — Locx which is visibly
compatible with the fibre functor. As GL,,(E) is Noohi, one obtains by Galois theory
the desired continuous homomorphism py : 77"°(X, z) — GL,(E). O

Remark 7.4.8 — By Example 7.1.7, the conclusion of Lemma 7.4.7 also applies to
any algebraic extension E/Q with the same proof.

The following example is due to Deligne:

Example 7.4.9 — Let Y be a smooth projective curve of genus > 1 over an alge-
braically closed field. Fix three distinct points a, b,z € Y, and paths ev, ~ ev, ~ evy
between the corresponding fibre functors on Locy. Let X = Y/{a, b} be the nodal
curve obtained by identifying a and b on Y; set 7 : Y — X for the natural map, and
¢ = 7m(a) = w(b). Then one has two resulting paths ev, ~ ev. as fibre functors on
Locx, and hence an element A € WfrOét(X, x) corresponding to the loop. Fix a local
field F, a rank n local system M € Locy (E) with monodromy group GL,(Og) with
n > 2, and a generic non-integral matrix 7' € GL,,(F). Then identifying the fibres
M, and M, using T (using the chosen paths) gives a local system M € Locx(F)
where A acts by T'; a similar glueing construction applies to local systems of sets,
and shows 7% (X, z) ~ 7P (Y,y) +N A% in the notation of Example 7.2.6. In
particular, the monodromy group of L is GL,(E). Assume that the correspond-
ing continuous surjective representation p : 7" (X, z) — GL,(E) factors through
the pro-(discrete group) completion of meét(X ,x), i.e., the preimage of each open
subgroup W C GL,(E) contains an open normal subgroup of 72"°“(X,z). Then
U = p~}(GL,(OF)) is open, so it contains an open normal V' C U. By surjectivity,
the image p(V) is a closed normal subgroup of GL,(E) lying in GL,,(Og). One then
checks that p(V) C G,,(Og), where G,, C GL, is the center. In particular, the
induced representation (X, z) — PGL, (E) factors through a discrete quotient
of the source. It follows that L has abelian monodromy over an étale cover of X,
which is clearly false: the corresponding statement fails for M over Y by assumption.

Example 7.4.9 is non-normal. This is necessary:
Lemma 7.4.10 — If X is geometrically unibranch, then 77" (X, z) ~ n(X, z).
Proof. — One first checks that irreducible components are clopen in any locally topo-

logically noetherian geometrically unibranch scheme: closedness is clear, while the
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openness is local, and may be deduced by a specialization argument using the finite-
ness of generic points on a topologically noetherian scheme. It follows by connected-
ness that X is irreducible. Moreover, by the same reasoning, any connected Y € Covx
is also irreducible. Let n € X be the generic point, and let ¥;, — 7 be the generic fibre.
Then Y;, is connected by irreducibility of Y, and hence a finite scheme as Loc, is the
category of disjoint unions of finite étale covers of 7. In particular, 7 : ¥ — X has
finite fibres. We claim that 7 is finite étale; this is enough for the lemma as 7$*(X, z)
classifies finite étale covers of X. For the proof, we may assume X quasicompact.
Now any quasicompact open U C Y containing Y;, is finite étale over a quasicompact
open V C X, and hence includes all points over V. Expanding U to include the fibre
over some point in the complement of V' and proceeding inductively (using that X is
topologically noetherian) then shows that Y is itself quasicompact. Then 7 is proper
and étale, whence finite étale. o

Remark 7.4.11 — The fundamental group 7{” (X, z) for rigid-analytic spaces over a
non-archimedean valued field constructed by de Jong [dJ95] has some similarities with
the group WfrOét(X ,x) introduced above. In fact, in the language of our paper, the
category Covy’ of disjoint unions of “coverings” in the sense of [dJ95, Definition 2.1]
is a tame infinite Galois category by [dJ95, Theorem 2.10]. Thus, the corresponding
group 7’/ (X,z) is a Noohi group; by [dJ95, Theorem 4.2], the category of continu-
ous finite dimensional Q,-representations of 7¢/ (X, x) recovers the category of lisse
Qq-sheaves (and the same argument also applies to Q,-sheaves by Example 7.1.7).
However, it is not true that a naive analogue of Covglg] for schemes reproduces the cat-
egory Covy used above: the latter is larger. Note, moreover, that [dJ95, Lemma 2.7]
is incorrect: the right hand side is a monoid, but need not be a group. As far as we
can tell, this does not affect the rest of [dJ95].

The following definition is due to Gabber:

Remark 7.4.12— Assume Y is a connected scheme with locally a finite number of
irreducible components. Then one may define the weak fundamental groupoid wrn(Y)
as the groupoid-completion of the category of points of Yy (which is equivalent to
the category of connected w-contractible objects in Ypro6t). For each such point y €
wm(Y), one has a corresponding automorphism group wn (Y, y); as Y is connected, the
resulting functor B(wn(Y,y)) — wn(Y') is an equivalence. One can think of elements
of wrr(Y,y) as paths (of geometric points) in Y, modulo homotopy.

Note that the definition of 71'11[”“)é’t(Y7 y) works in this generality, cf. Remark 7.3.11.
Moreover, each F' € Locy restricts to functor wm(Y) — Set, so the fibre ev,(F') has
a canonical w (Y, y)-action. This construction gives a map wr(Y,y) — 7P (Y, y);
by the proof of Lemma 7.4.1, this map has dense image. If we equip wn(Y,y) with
the induced topology, then continuous maps from Wlpmét(K y) to Noohi groups G are
the same as continuous maps from wn(Y,y) to G. In particular, one can describe
lisse Q- (resp. Q,-) sheaves in terms of continuous representations of wr(Y,y) on
finite-dimensional Q- (resp. Q,-) vector spaces.

SOCIETE MATHEMATIQUE DE FRANCE 2015



200

[ATO8]
[Del80]

[dJ95)

[Eke90]
[Gab94]
[Gle58]
[GRO3]

[Gro64]

[Hoc69]
[HS54]
[Hub93]

[ILO14]

[Jan88§]

[LOOS]

[Lur09]
[Lurll]
[Mil7g]

[Noo08]

B. BHATT & P. SCHOLZE

References

A. ARHANGELSKII & M. TKACHENKO — Topological groups and related structures,
Atlantis Stud. Math., vol. 1, Atlantis Press, Paris, 2008.

P. DELIGNE — “La conjecture de Weil II”, Publ. Math. Inst. Hautes Etudes Sci.
(1980), no. 52, p. 137-252.

A. J. DE JONG - “Etale fundamental groups of non-Archimedean analytic spaces”,
Compositio Math. 97 (1995), no. 1-2, p. 89-118, special issue in honour of Frans
QOort.

T. EKEDAHL — “On the adic formalism”, in The Grothendieck Festschrift 11, Progr.
Math., vol. 87, Birkh&duser, Boston, MA, 1990, p. 197-218.

O. GABBER — “Affine analog of the proper base change theorem”, Israel J. Math.
87 (1994), no. 1-3, p. 325-335.

A. M. GLEASON — “Projective topological spaces”, Illinois J. Math. 2 (1958),
p. 482-489.

O. GABBER & L. RAMERO — Almost ring theory, Lecture Notes in Math., vol.
1800, Springer-Verlag, Berlin, 2003.

A. GROTHENDIECK — “Caractérisation et classification des groupes de type multi-
plicatif”’, in Schémas en Groupes (Sém. Géométrie Algébrique, Inst. Hautes Etudes
Sci., 1963/64), Inst. Hautes Etudes Sci., Bures-Sur-Yvette, 1964, fasc. 3, exp.
no. 10, 50 p.

M. HOCHSTER — “Prime ideal structure in commutative rings”, Trans. Amer.
Math. Soc. 142 (1969), p. 43-60.

G. HicMAN & A. H. STONE — “On inverse systems with trivial limits”, J. London
Math. Soc. 29 (1954), p. 233-236.

R. HUBER - “Etale cohomology of Henselian rings and cohomology of abstract
Riemann surfaces of fields”, Math. Ann. 295 (1993), no. 4, p. 703-708.

L. IrLusie, Y. LaszLo & F. Orcocozo (eds.) — Travauz de Gabber sur
luniformisation locale et la cohomologie étale des schemas quasi-excellents,
Astérisque, vol. 363-364, Soc. Math. France, Paris, 2014.

U. JANNSEN — “Continuous étale cohomology”, Math. Ann. 280 (1988), no. 2,
p. 207-245.

Y. Laszro & M. OLSSON — “The six operations for sheaves on Artin stacks I.
Finite coefficients”, Publ. Math. Inst. Hautes Etudes Sci. (2008), no. 107, p. 109—
168.

J. LURIE — Higher topos theory, Ann. of Math. Stud., vol. 170, Princeton Univ.
Press, Princeton, NJ, 2009.

, “Proper morphisms, completions, and the Grothendieck existence theo-
rem”, available at http://math.harvard.edu/"lurie/, 2011.

E. Y. MILLER — “de Rham cohomology with arbitrary coefficients”, Topology 17
(1978), no. 2, p. 193-203.

B. NooHI — “Fundamental groups of topological stacks with the slice property”,
Algebr. Geom. Topol. 8 (2008), no. 3, p. 1333-1370.

ASTERISQUE 369



[O1i72]

[Ols11]
[Sch11]
[Sch13]

[SGATI)

[SGAT2a]

[SGAT72b]

[SGAT3)

[Sta]

THE PRO-ETALE TOPOLOGY FOR SCHEMES 201

J. P. OLIVIER — “Fermeture intégrale et changements de base absolument plats”, in
Colloque d’Algébre Commutative (Rennes, 1972), Publ. Sém. Math. Univ. Rennes,
Rennes, 1972, exp. no. 9, 13 p.

M. C. OLSSON — “Towards non-abelian p-adic Hodge theory in the good reduction
case”, Mem. Amer. Math. Soc. 210 (2011), no. 990.

P. SCHNEIDER — p-adic Lie groups, Grundlehren Math. Wiss., vol. 344, Springer,
Heidelberg, 2011.

P. ScHOLZE — “p-adic Hodge theory for rigid-analytic varieties”, Forum Math. Pi
1 (2013).

Revétements étales et groupe fondamental — Lecture Notes in Math., vol. 224,
Springer-Verlag, Berlin, 1971, Séminaire de géométrie algébrique du Bois Marie
1960-1961 (SGA 1), dirigé par Alexandre Grothendieck; augmenté de deux ex-
posés de M. Raynaud.

Théorie des topos et cohomologie étale des schémas I. Théorie des topos — Lecture
Notes in Math., vol. 269, Springer-Verlag, Berlin, 1972, Séminaire de géométrie al-
gébrique du Bois-Marie 1963-1964 (SGA 4), dirigé par M. Artin, A. Grothendieck,
et J. L. Verdier; avec la collaboration de N. Bourbaki, P. Deligne et B. Saint-
Donat.

Théorie des topos et cohomologie étale des schémas Il — Lecture Notes in Math.,
vol. 270, Springer-Verlag, Berlin, 1972, Séminaire de géométrie algébrique du Bois-
Marie 1963-1964 (SGA 4), dirigé par M. Artin, A. Grothendieck et J. L. Verdier;
avec la collaboration de N. Bourbaki, P. Deligne et B. Saint-Donat.

Théorie des topos et cohomologie étale des schémas III — Lecture Notes in Math.,
vol. 305, Springer-Verlag, Berlin, 1973, Séminaire de géométrie algébrique du Bois-
Marie 1963-1964 (SGA 4), dirigé par M. Artin, A. Grothendieck et J. L. Verdier;
avec la collaboration de P. Deligne et B. Saint-Donat.

“The Stacks Project” — available at http://stacks.math.columbia.edu.

B. BHATT, Department of Mathematics, University of Michigan, 530 Church Street, Ann Arbor,
MI 48109-1043, USA e E-mail : bhattb@umich.edu

P. ScHOLZE, Mathematisches Institut, Universitdt Bonn, Endenicher Allee 60, 53115 Bonn, Germany
E-mail : scholze@math.uni-bonn.de

SOCIETE MATHEMATIQUE DE FRANCE 2015






