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NAHM TRANSFORM FOR INTEGRABLE
CONNECTIONS ON THE RIEMANN SPHERE

Szilard Szabo

Abstract. — In this text, we define Nahm transform for parabolic integrable connec-
tions with regular singularities and one Poincaré rank 1 irregular singularity on the
Riemann sphere. After a first definition using L?-cohomology, we give an algebraic de-
scription in terms of hypercohomology. Exploiting these different interpretations, we
give the transformed object by explicit analytic formulas as well as geometrically, by
its spectral curve. Finally, we show that this transform is (up to a sign) an involution.

Résumé (Transformée de Nahm pour les connexions intégrables sur la sphére de Riemann)

Dans ce texte, nous définissons la transformée de Nahm pour les connexions inté-
grables paraboliques ayant des singularités réguliéres et une singularité irréguliére de
rang de Poincaré 1 sur la sphére de Riemann. Aprés une définition en terme de coho-
mologie L2, nous donnons une description algébrique en terme d’hypercohomologie.
En nous servant de cette double interprétation, nous décrivons I’objet transformé a la
fois par des formules analytiques explicites et géométriquement en utilisant la courbe
spectrale du probléme. Finalement, nous démontrons que la correspondance définie
est (& un signe prés) une involution.

(© Mémoires de la Société Mathématique de France 110, SMF 2007
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INTRODUCTION

Nahm transform is a non-linear analog for instantons of the usual Fourier transform
on functions. It has been extensively studied starting from the beginning of the 1980’s,
inspired by the seminal work of M. F. Atiyah, V. Drinfeld, N. J. Hitchin and Yu. I.
Manin on a correspondence (the ADHM-transform) between finite-energy solutions
of the Yang-Mills equations and some algebraic data (see [1] and Chapter 3 of [12]).
The Yang-Mills equations are the anti-self-duality equations for a unitary connection
on a Hermitian vector bundle defined over R*; their finite-energy solutions are called
instantons.

Since then, it turned out that the general picture concerning this correspondence
is as follows: let X be any manifold obtained as a quotient of R* by a closed additive
subgroup A. The solutions of the Yang-Mills equations invariant by A (that are clearly
not of finite energy in the case A # {0}) can be identified in an obvious manner to
solutions of a system of differential equations on X, called the reduction of the Yang-
Mills equations. On the other hand, denoting by (R*)* the dual of the vector space
R*, A determines a closed additive subgroup A* called the dual subgroup by saying
that an element ¢ € (R*)* is in A* if and only if £(\) € Z for all A € A. Hence, we
can form the dual manifold X* = (R*)*/A* of X, that also admits a reduction of the
Yang-Mills equations. Nahm transform is then a procedure that maps solutions of the
reduced equations on X to solutions of the reduced equations on X* bijectively up
to overall gauge transformations on both sides. One remarks that there is a canonical
isomorphism between ((R*)*)* and R*, as well as between (A*)* and A. Therefore, if
we start from a solution of the reduced equations on X and iterate Nahm transform
twice, we again get a solution of the reduced equations on X. One important property
analogous to usual Fourier transform is that in some cases the solution we get this
way is, up to a coordinate change x — —z, known to be the solution we started with;
that is, Nahm transform is (up to a sign) involutive. Moreover, in some cases one
knows that the moduli spaces of solutions of the reduced equations modulo gauge
transformations on X and on X* are smooth hyper-Kahler manifolds with respect
to the metric induced by L?-norm and the complex structures induced by R*; Nahm
transform is then a hyper-K&ahler isometry between these moduli spaces. This is to be
compared with Parseval’s theorem which states that usual Fourier transform defines
an isometry between L?-spaces of functions.
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8 INTRODUCTION

Putting A = {0}, one gets X = R* and A* = R*, so X* = {0}. In this case, Nahm
transform reduces to the ADHM-transform. The other examples of Nahm transform
in the literature for different subgroups of R* are as follows. For A = Z*, staring
from an ASD-connection on the four-dimensional torus X = T, its transform is an
ASD-connection on the dual torus X* = (T*)*, see P. Braam and P. van Baal [7],
S. Donaldson and P. Kronheimer [12] and H. Schenck [25]. Notice that [12] also
describes a holomorphic interpretation of this transform, which reproduces Mukai’s
Fourier transform for holomorphic bundles on tori. For X = R3, X* = R one gets a
correspondence between monopoles (solutions of Bogomolny’s equation on R?) and
solutions of an ordinary differential equation, called Nahm’s equation, on the open
interval (—1,1), with fixed singularity behaviour at the end-points. This was first
described by W. Nahm [21], then complemented by others. The case X = R? x
Sl X* = R x S* was treated by S. Cherkis and A. Kapustin [10]: here, one gets a
correspondence between periodic monopoles on R? x S! with logarithmic growth at
infinity and solutions of Hitchin’s equations on R x S! with exponential growth at
infinity. When X = R?® x S, X* = S, the correspondence relates calorons (periodic
instantons) on R?x S! and solutions of Nahm’s equations on the circle with singularity
in a discrete set of points. This was studied by T. Nye [22] and T. Nye and M. Singer
[23]. In these works invertibility is not yet completely proved; however, J. Hurtubise
and B. Charbonneau recently announced [9] that they completed its proof. In the
case X = R? x T? the works of M. Jardim [16], [17] and O. Biquard and M. Jardim
[6] establish the transform between doubly-periodic instantons (ASD-connections on
R? x T?) with fixed behaviour at infinity, and solutions of Hitchin’s equations on
X* = T? with (at most) two simple poles and fixed singularity data. Finally, for
X = RxT?3, B. Charbonneau described a transform from spatially periodic instantons
to singular monopoles on X* = T3 [8]. For more details on the history of these
examples, see the survey paper [18] of M. Jardim.

In this work, we are concerned with one of the last cases not treated before, namely
A = RZ2. In this case, the base manifold is X = R?, and its dual X* is another copy
of the real plane that we shall denote by R2. These are non-compact manifolds, with

compactifications the Riemann spheres CP! and 6?’1 respectively. The reduction of
the original (Yang-Mills) equations can be viewed in two different ways depending on
the complex structure that we choose: they are the equations defining an integrable
connection with harmonic metric, or equivalently, those defining a Higgs bundle with
Hermitian-Einstein metric. Now, it turns out that there are no smooth solutions on the
Riemann sphere of either one of these equations except for the trivial ones (cf. [14]).
However, there are solutions with prescribed singularities in some points, and the
solutions of one equation are still in correspondence with those of the other: this is
proved by O. Biquard and Ph. Boalch in [5]. For this correspondence to work, one
needs to have a parabolic structure in the singular locus on both types of objects.
We establish, under some hypotheses on the singularity behaviour, Nahm transform
for parabolic integrable connections (or equivalently, parabolic Higgs bundles) on the
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INTRODUCTION 9

Riemann sphere. On the other hand, using different techniques, B. Malgrange has
defined in [20] a so-called Fourier-Laplace transform for integrable connections with
singularities on the Riemann sphere, behaving in the same manner on the level of
singularity data as the transform we define here. One difference between these works is,
however, the transformation of a parabolic structure and an adapted harmonic metric
at the singularities in our case; for details, see Section 1.3. The author has proved that
Nahm transform for parabolic integrable connections is the natural generalisation of
Fourier-Laplace transform to the parabolic case, see [27].

The construction follows the main ideas of other Nahm transforms found in liter-
ature. Namely, in Section 2.1 we define positive and negative spinor bundles S* over
CP!, as well as a Dirac operator

P:STRQFE—S QE.

We then let £ € C~Pbea parameter, where Pis the singular locus of the transformed
objects, and for all £ twist the operator @ by some flat connection to obtain a family of
operators é?g. In Section 2.2 we prove that the kernel of these twisted operators vanish
and that the cokernels form a finite-dimensional space. Furthermore, this dimension is
independent of £; we then define the transformed vector bundle E on C as the vector
bundle with fiber over £ given by coKer(d¢). In Section 2.3 we carry out an analog of
L2-Hodge theory of a compact Kahlerian manifold in this case; namely we establish an
isomorphism between this cokernel and the first L?-cohomology of an elliptic complex,
as well as harmonic 1-forms with respect to the Laplacian of the Dirac operator. We
then go on to define the transformed flat bundle and the transformed Hermitian metric
in Section 3.1, and we extend the flat bundle over the singularities — so defining the
transformed parabolic integrable connection — in Section 3.2. The transformed metric
is then shown to be Hermitian-Einstein in Section 4.2. Next, in Section 4.3 we give a
completely explicit description of the fibers of the transformed bundle, first in terms
of hypercohomology of a sheaf map, then in terms of the corresponding spectral set.
Then come the constructions of the extensions of the transformed Higgs bundle to
the singular points (Section 4.4). This allows us to deduce the singularity data of the
transformed Higgs bundle in Sections 4.5 and 4.6, and we complete the transform
by computing the topology of the transformed Higgs bundle in Section 4.7. Finally,
Chapter 5 deals with the involutivity property of the transform.
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CHAPTER 1

NOTATIONS AND STATEMENT OF THE RESULTS

1.1. Integrable connection point of view

Let C be the complex line, with its natural holomorphic coordinate z = x + iy and
Euclidean metric |dz|?; and let CP! be the complex projective line. Let E — CP! be
a rank r holomorphic vector bundle on the Riemann sphere, and D be a meromorphic
integrable connection on it, with first order or logarithmic singularities at the points
of a finite set {p1,...,pn} = P C C and a second order singularity at infinity. In other
words, on a small disk A(p;, ) centered at p; € P in a holomorphic basis {Tg}k=17___77-
of E, D is of the form D7 4+ b’ where b’ is a holomorphic 1-form on the disk and

) AJ

(1.1) D’ =d+ dz A
z — pj

We suppose furthermore that A7 is diagonal:

0

Mfﬂjﬂ
1l

it is called the residue of D at p;, and 1 < r—r; < ris the rank of AJ. For convenience,
we put puj = --- = uij =0, so that A7 = diag(u)k=1,...,. We will often make use of
the holomorphic local decomposition
(12) E’ = Egeg & Eging’

into the regular and singular components of E near pj;; here by definition Eﬁeg is
the holomorphic subbundle of EJ = E|A(p,,¢) spanned by {7 }x=1,...r;, and Eging is

the one spanned by {Tg Yh=r,+1,....r- Intrinsically, Eging is the sum of the generalised

eigenspaces corresponding to all eigenvalues converging to infinity of the integrable
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12 CHAPTER 1. NOTATIONS AND STATEMENT OF THE RESULTS

connection, whereas Eﬁeg is the sum of the generalised eigenspaces corresponding to
the eigenvalues that remain bounded.

In a similar manner, at infinity D is supposed to be equal (up to a holomor-
phic term) to a meromorphic local model having a second order pole, so that in a
holomorphic basis {77°}x=1,...,» on a disk C \ A(0, R) corresponding to a standard
neighbourhood of infinity in CP?, it is of the form D = D™ + b where b is now a
holomorphic 1-form in the given neighborhood of infinity, and

(1.3) D*® =d+ (A + C) dzA
z
is the second order model with diagonal leading term
&
&1
A =
fn’
gn’
and residue
ny°
C =
[T

Here {fl}lel are the distinct eigenvalues of A. Each & appears in neighbouring posi-
tions k = 1+ ay,...,a;41, in particular its multiplicity is m; = a;41 — a;. Of course,
we must then have a; = 0 and a,/41 = r. In line with the above notation, we set
Teo = 0 and C = diag(p°)k=1,....r. Furthermore, we will write

A = diag({&, mu})i=1,...n

for the diagonal matrix A as given above, meaning that A is diagonal with m; neigh-
bouring eigenvalues equal to &;.

DEFINITION 1.1. — The integrable connections having singularities near the points
of P U {0} as described above will be called meromorphic integrable connections
with logarithmic singularities in P and a second-order singularity at infinity, or for
simplicity meromorphic integrable connections although they are by far not all the
meromorphic integrable connections.
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1.2. THE TRANSFORM OF THE INTEGRABLE CONNECTION 13

1.2. The transform of the meromorphic integrable connection

Let (E, D) be a stable vector bundle with a meromorphic integrable connection
on the sphere. Our aim in this paper is to define another complex bundle E with a
meromorphic connection D on the sphere out of (E, D), which we call the transformed
meromorphic integrable connection. Just as the initial connection, the transformed one
will also admit a finite number of simple poles in points of the line and a second-order
pole at infinity.

In order to define the transformed vector bundle E, first we need to set some
notation. Let C be another copy of C. (The importance of distinguishing the two

copies of C is to help us avoid confusions.) For a parameter £ € C, consider the
following deformation of D:

(1.4) D = D — £dzA,

where £ : E — FE stands for multiplication by £. Since we only change the (1,0)-
part of D, and by an endomorphism that is independent of z, this is then another
meromorphic integrable connection, with the same underlying holomorphic bundle as
for D. Furthermore, its unitary and self-adjoint parts are given by

+ _ p+ 3 € .-
(1.5) Df = D" —2dz+ 2dz
(1.6) PP = — gdz - gdz.

Consider the following family in & of elliptic complexes i?ignt over C \ P:

0 D& 1 DE 2
(1.7) VRQXEFE — QO QF — Q°QF.

Fix a Hermitian metric A on E for which the holomorphic sections of the extension at
the singularities are bounded (above and below) by a positive constant, and denote
by Eé“t the first L2-cohomology of the complex (1.7) for this metric. In Theorems 2.6

and 2.21 we show that there exists a finite set P C C such that for ¢ e C P the first
L?-cohomologies of this complex are finite-dimensional of the same dimension for all

I3

DEFINITION 1.2. — The transformed vector bundle F is then the vector bundl¢ over
C \ P whose fiber over £ € C \ P is the first L*-cohomology L* H' (D) of ﬁlgm.

Let & € C ~ P, and let f(2) € E, be a class in the first cohomology of giﬁr;t.
DEFINITION 1.3. — The transformed flat connection D is by definition the flat con-

nection whose parallel section f(&; z) extending f in some neighbourhood of & is given
by the first L?-cohomology classes in E?gm of

el6=80)z £ (3).

SOCIETE MATHEMATIQUE DE FRANCE 2007



14 CHAPTER 1. NOTATIONS AND STATEMENT OF THE RESULTS

Finally, h induces a natural Hermitian metric h on E as follows: in Theorem 2.21
we show that any class in L2H* (D¢) can be represented by a unique harmonic 1-form
with respect to the Laplacian of the Dirac operator.

DEFINITION 1.4. — The transformed Hermitian metric h on E is defined by the L2-
norm of harmonic representatives.

All this will be explained in more detail in Section 3.1 and in Definition 3.1.

When one considers an integrable connection, there exists sometimes a privileged
fiber metric on the bundle, namely a harmonic one. In order to be able to define
harmonicity, decompose as usual D into its unitary and self-adjoint part

(1.8) D =Dt +®,
put Vp+ or simply V* for the covariant derivative associated to the connection DT

(so that V+t makes sense for a tensor ¢ of arbitrary type (TCP")? ® (T*CP')? ®
E"™ ® (E*)®) and denote by (V1); the adjoint operator of V' with respect to h.

DEFINITION 1.5. — The Hermitian metric h is called harmonic, if it satisfies the equa-
tion

(1.9) (VH);® =0.

This is a second-order non-linear partial differential equation in h.
Here is the main result of this thesis in a special case (the one without parabolic
structures, see Definition 1.8).

THEOREM 1.6. — Let (E, D, h) be any meromorphic integrable connection with loga-
rithmic singularities in P as in (1.1), and a double pole (1.8) at infinity, endowed
with a harmonic metric h. Suppose that the eigenvalues of the polar part of D in the
punctures satisfy the following assumptions:

(1) for fixzed j € {1,...,n}, the complex numbers ,ui fork=r;+1,...,r are all
different, and %Ni ¢ Z

(2) for fixzed | € {1,...,n'}, the complex numbers p° for k=14 ay,...,ai41 are
all different, and Rug° ¢ Z
Then the set of punctures PecC of the transformed bundle is the set {&1,...,&w} of
distinct eigenvalues of the leading order term A of D at infinity. For £ ¢ ]3, the first
L?-cohomologies of (1.7) are finite dimensional vector spaces of the same dimension.
They match up to define a smooth vector bundle E of rank

n

= (r—ry)

j=1

(1.10)

=3

over C~ P. D is a flat connection on E. It underlies a meromorphic integrable
connection (that we continue to denote (E,D)) of degree deg(E) = deg(E), called
the transformed meromorphic connection. It has logarithmic singularities in P and
a double pole at infinity. The non-vanishing eigenvalues of the residue in & € P are

MEMOIRES DE LA SMF 110



1.3. PARABOLIC STRUCTURE AND ADAPTED HARMONIC METRIC 15

{—uﬁ_al,...,—ug‘l)+l}. The eigenvalues of the second-order term of the transformed
meromorphic connection are {—p1,...,—pn}, the multiplicity of —p; being (r —r;);
the eigenvalues of its residue at infinity on the eigenspace of the second-order term
corresponding to —p; are {—,u,f;j_H, cooy,—pi}. Finally, h is harmonic for D.

REMARK 1.7. — The assumptions (1) and (2) of the theorem are clearly generic in
the parameter space of all possible eigenvalues.

This theorem actually follows from the more general statement 1.17. In order to
understand the more general setup, one needs to consider meromorphic connections
endowed with a parabolic structure.

1.3. Parabolic structure and adapted harmonic metric

We can suppose more structure on the integrable connection: namely, that it comes
with a parabolic structure on P and at infinity.

DEFINITION 1.8. — A parabolic structure on (E, D) is the data of a strictly decreasing
filtration by vector subspaces

Ep = FOEp D) FlEp BRI Fbp—lEp D) Fprp = {()}

(where 1 < b, <) of the fiber E,, of E in each singular point p € PU{oo}, called the
parabolic flag, such that each F,, is spanned by some of the restrictions {T]Z P}y
of the holomorphic basis to the singularity p = p; or oo, together with a sequence of
corresponding real numbers

0<Bl < <f] <1
called the parabolic weights.

REMARK 1.9. — All parabolic weights can be assigned a natural multiplicity, namely
the dimension of the corresponding graded of the filtration: more precisely, the multi-
plicity of B, for any p € PU{co} and any k € {1,...,b,} is by definition

dim(Fk_lEp/FkEp).

We will write

0<py<---<pP<1
for the parabolic weights repeated according to their multiplicities, and use this num-
bering of the weights throughout the whole paper instead of the one in their definition.
Moreover, we write 31, instead of (3" .

REMARK 1.10. — The order of the T° spanning Fr, E in the above definition is not
necessarily the same as the one in which the eigenvalues of the second-order term A
at infinity appear in one group, as supposed in (1.3). However, this will not cause any
confusion in the sequel, because the basis vectors at infinity in this latter order still
have well-defined parabolic weights (which are then not necessarily increasing).

SOCIETE MATHEMATIQUE DE FRANCE 2007



16 CHAPTER 1. NOTATIONS AND STATEMENT OF THE RESULTS

DEFINITION 1.11. — A meromorphic integrable connection (E, D) with described local
models and parabolic structures at the punctures will be called parabolic integrable
connection. The parabolic degree of E with respect to the given parabolic structure is
the real number

(1.11) degyo (E) =deg(E) + D> D A,

j€{1,...,n,00} k=1
where deg(E) is the standard (algebraic geometric) degree of E, and the sum is taken
over all parabolic weights for all punctures p. The slope of the parabolic integrable
connection is the real number

degpar(E)
(1.12) Ppar(E) = Tk(B)

and (E, D) is said to be parabolically stable (resp. semi-stable) if for any subbundle
F invariant with respect to D and endowed with the induced parabolic structure over
the singularities, the inequality

(1.13) pipar (F) < pipar (E)

(respectively ppar(F) < ppar(E)) holds. Finally, (E,D) is said to be parabolically
polystable if it is a direct sum of parabolically stable bundles that are all invariant by
D and of the same slope as E.

REMARK 1.12. — The notions of stability, semi-stability and polystability make sense
for meromorphic connections without a parabolic structure as well: in the correspond-
ing definitions, one only needs to set all parabolic weights equal to 0. Notice however
that by the residue theorem we have

deg(F) = —Rtr(Res(D, 00)) — Z Rtr(Res(D,p;))
je{1,....,n}
=D R = > ) R
k=1 je€{l,...,n} k=1
(the change of sign coming from the fact that the eigenvalues of the residue at infinity
are —pui° because in the local coordinate w = 1/z we have dz/z = —dw/w.) Therefore
(1.11) is in fact equal to

DB HRE) A+ DY, D BL-Ru) = Y, DA

k=1 je{1,...,n} k=1 je{l,...,n,00} k=1

where ’y,i are the parabolic weights of the local system at p; (Proposition 11.1, [4]).
On the other hand, the parabolic degree of an integrable connection is always equal
to 0: this follows from the Gauss-Chern formula 2.9 of [3]. Therefore, the case where
the parabolic weights ﬁi of the integrable connection vanish is not the one where
the parabolic weights vi of the representation of the fundamental group vanish, and
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1.3. PARABOLIC STRUCTURE AND ADAPTED HARMONIC METRIC 17

where by Remark 8.2 of [5] stability reduces to irreducibility of the corresponding
representation.

DEFINITION 1.13. — A Hermitian fiber metric h on E is said to be adapted to the
parabolic structure if near the logarithmic punctures in the holomorphic bases T3 it is
mutually bounded with the diagonal model

(1.14) diag(|z — py "),
and at infinity in the holomorphic basis T° it is mutually bounded with

(1.15) diag(|2| =) _;.

REMARK 1.14. — In general, without the hypothesis of semi-simplicity of the residue
in the punctures made in Section 1.1, the local models of the metric near the punctures
are more complicated than in the above definition: e.g. for the reqular singularities one
has to take into account an extra filtration induced by the nilpotent part of the residue,
and add a factor |In(r)|* on the corresponding k-th graded, see the Synopsis of [26].

Here is the important existence result of the theory:

THEOREM 1.15 (Thm 1.1, [24]; Section 9, [5]). — Let (E, D) be a parabolically stable
parabolic integrable connection. Then there exists a unique harmonic Hermitian metric
h adapted to the parabolic structure.

REMARK 1.16. — Actually, in the above articles this theorem is proved to hold for
parabolic integrable connections having poles of arbitrary order in the punctures. On
the other hand, for integrable connections with only regular singularities, it had already
been shown by C. Simpson, see [26].

We are now ready to describe the more general version of Nahm transform: that
for parabolic integrable connections.

THEOREM 1.17. — Let (E, D) be any parabolic integrable connection on the sphere
with logarithmic singularities in P as in (1.1), and a double pole (1.8) at infinity.
Suppose that the eigenvalues of its polar parts p and the parabolic weights B in the
punctures satisfy the following assumptions:

(1) for fized j € {1,...,n}, the complex numbers ,ui: — ,Bi fork=r;+1,...,r
are distinct and different from 0, the parabolic weights 8] for k =1,...,7; are 0 and
finally Rp), ¢ Z fork=r;+1,...,r

(2) for fizedl € {1,...,n'}, the complex numbers p3° — Be° fork =14ai,...,a141
are distinct and different from 0, and Ru® ¢ Z
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Then, in addition to the conclusions of Theorem 1.6, the transformed bundle (E,f))
carries a natural parabolic structure in the punctures (that we will call transformed
parabolic structure), such that the transformed metric of the harmonic metric is
adapted to it. Moreover, the set of its mon-vanishing parabolic weights in & € P
is equal to the set of parabolic weights {B7%,,, . - - ,ﬁgfﬂ of E at infinity, restricted to
the eigenspace of A corresponding to the eigenvalue &;; whereas the parabolic weights
ofE at infinity restricted to the eigenspace of the second-order term ofﬁ correspond-
ing to the eigenvalue —p; are equal to the parabolic weights {ﬁﬁﬁ_l, ..., 3} of E at
pj. All these statements are to be understood with multiplicities.

REMARK 1.18. — Again, the conditions (1) and (2) of the theorem are generic in the
parameter space of all possible eigenvalues and parabolic weights. They will regularly
appear along this paper, both in analytical and geometric arguments.

This theorem is a consequence of Theorem 1.32.

DEFINITION 1.19. — The map
(1.16) N: (E, D) — (E, D)
described in Theorems 1.6 and 1.17 will be called Nahm transform.

Finally, as we have already mentioned, Nahm transform has an involutibility prop-
erty:

THEOREM 1.20. — Let (E, D) be a parabolic integrable connection on the sphere sat-
isfying the assumptions of Theorem 1.17. Then
N*(E,D) = (-1)*(E, D),

where —1 : C — C is the map z — —z, and (—1)* the induced map on fiber bundles
with connection. In particular, Nahm transform is invertible.

This will be proved in Theorem 5.1, using arguments of the same type as Theorem
3.2.17 of S. Donaldson and P. Kronheimer in [12], namely the study of the spectral
sequence of a suitable double complex.

1.4. Local model for parabolic integrable connections

We suppose in this section that near each singularity, h coincides with the diag-
onal models A/ and h™ given in Definition 1.13 (that is, without the extra O(|z —
pﬂzmi_ﬁi/)) and O(|z| =2 =A7)) factors in (1.14) and (1.15); in particular, this
metric is then not harmonic). For computations, it will be useful to express the local
models of the integrable connection near the singularities in some orthonormal bases.
As in Section 1 of [5], we consider the orthonormal basis defined by

(1.17) ei = |z|_ﬁi_ig“i7',z k=1,...,r
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around p;. The h-unitary part (D1)? of DJ becomes
(1.18) (D*) =d +iR(A7)do

Where _§R(Aj) = w = diag(?}kui)kzl’wr stands for the real part (and (A7) =
AT — (A7)

2i ;
polar coordinates around p; such that we have z —p; = re'?. For the self-adjoint part

®J of DJ in this basis we get:

= diag(%ui)kzlwﬂ, for the imaginary part) of A7, and r and  are local

oA de ) dE

22— Dj 2 zZ-—pj T
(1.19) = [R(4%) - )5 — (470,

where 37 = diag(ﬂi) k=1,...,r- These together imply that with respect to this basis, the
model for the operator D in polar coordinates is

; ; - . d
(1.20) DI = d+iAdo + [R(A7) — BT
r
In an analogous way, in the orthonormal basis {ef°},_, . given by
(1.21) e = | 2| T exp [(€pz — €2)/2)TR°

near infinity the unitary part of the model connection D is given by
(D)™ =d +iR(C)d0,

where we have put again R(C) = % = diag(Rug®)k=1,...,r and z = re® . Moreover,
putting R(zA) = diagR({2&, mi})i=1,.n and F(zA) = diagS({2&, mi})i=1,..n/, the
self-adjoint part of D*° has the form

P 1<A+C>dz+1<A*+(’i)dz+,6’°°dr
2 2 z T

z

(1.22)

R(zA+ C) + ﬂ‘”]g +S$(zA + C)do

(the inversion of the sign of B comes from the fact that if we make a coordinate
change w = 1/z, |w| = p = 1/r = 1/|z|, then dp/p = —dr/r). Remark that in
these expressions the terms in d6, dr/r,dz/z,dz/z are of lower order then the ones in
dz,dz, zdr/r, 2d0; hence the leading order term of the singular part of D in this basis
is just

(1.23) d+ gdz + %dz.
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1.5. Higgs bundle point of view

The idea of the proofs of Theorems 1.6 and 1.17 will be to exploit the correspon-
dence known as nonabelian Hodge theory between parabolic integrable connections
on one side and parabolic Higgs bundles on the other side. Let us recall the definition
of the latter notion:

DEFINITION 1.21. — A parabolic Higgs bundle is given by:

(1) a holomorphic bundle & with holomorphic structure 3¢ over CP' called the
holomorphic bundle underlying the Higgs bundle, and with underlying smooth vector
bundle V;

(2) in each point p € P U {0} a strictly decreasing parabolic flag

Vp = F()Vp D F1Vp DD Fcpflvp D FCPVP = {0}
for some 1 < ¢, < r, with parabolic weights
0<ay<--<af <l

(3) a d%-meromorphic section § € QLO(CPY, End(V)) (called the Higgs field),
having a simple pole at the points of P with semi-simple residue respecting the parabolic
flag (that is, such that Res(0,p;) leaves FyV,, invariant for each p; € P and all
0 <k <c¢p), and a second-order pole at infinity, such that there exists a holomorphic
basis of & near infinity compatible with the parabolic structure in which the residue
and second-order term are both diagonal.

Again, we write
0<al<--.<af <1
for the parabolic weights repeated according to their multiplicities
dim(Fy—1Vp/FiVp),
and we shorten aij to ai. Finally, we set
(1.24) D" =8°%+,
that we call the D"-operator associated to the Higgs bundle.

The notions of parabolic degree, slope and (poly/semi-)stability of parabolic Higgs
bundles are defined analogously to the case of integrable connections, see Defini-
tion 1.11. O. Biquard and Ph. Boalch in 2004 showed the following.

THEOREM 1.22 (Theorem 6.1, [5]). — There exists an isomorphism between the mod-
uli space of parabolically stable rank r s with fixed diagonal polar part and parabolic
structures up to complex holomorphic gauge transformations respecting the parabolic
flags, and the moduli space of parabolically stable rank r Higgs bundles with fized
diagonal polar part and parabolic structures up to complex holomorphic gauge trans-
formations respecting the parabolic flags.
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REMARK 1.23. — Actually, this is a consequence of the existence of a harmonic metric
(Theorem 1.15), and hence also proved for parabolic integrable connections with poles
of arbitrary fixed order and diagonal polar part in the punctures and parabolic Higgs
bundles with poles of the same order with diagonal polar part.

The transition from integrable connections to Higgs bundles is given as follows:
first, the underlying smooth vector bundle of the integrable connection and the Higgs
bundle are the same. Furthermore, suppose h is the harmonic metric, consider the
decomposition (1.8) of the integrable connection into its unitary and self-adjoint part,
and decompose the terms further according to bidegree

(1.25) D+ — (D+)1,0 4 (D+)0,1
o =0M0 + 0%

The partial connection (D7)%! defines then the holomorphic structure of &, and &9
will be the Higgs field §. The D”-operator is of course (D7)%! + 1.9, Harmonicity
of the metric implies that 6 is holomorphic.

The transition in the other direction is also established using a privileged metric.

DEFINITION 1.24. — Let (&,6) be a Higgs bundle. We say that h is a Hermitian-
Einstein metric for (&,0) if, denoting by D;f the Chern connection (the unique h-
unitary connection compatible with 8¢), by F '+ its curvature, and by 0} the adjoint
of 0 with respect to h, then these objects satisf; the real Hitchin equation

FD; + [979’1] = 0,
where [.,.] stands for graded commutator of forms.

Let (&,6) be a parabolically stable parabolic Higgs bundle. By Section 9 of [5],
there exists a unique Hermitian-Einstein metric h adapted to the parabolic structure.
The connection

(1.26) D =D/ + (0 +6;)

on V is then integrable, and h is the corresponding harmonic metric adapted to the
parabolic structure. In what follows, in order to simplify notations, we are often going
to omit the subscript A in the notation of the Chern connection and adjoints.

Let now (E, D) be a parabolically stable parabolic integrable connection and (&, )
the associated parabolic Higgs bundle. One important application of the Weitzenbdck
formula for connections we will be constantly using is the following

THEOREM 1.25 (Thm. 5.4, [4]). — Suppose the metric h is harmonic. Then, with the
previous notations, the Laplace operators Ap = DD* + D*D and Ap» = D" (D")* +
(D")*D" satisfy

Ap =2Apn.

In particular, their domain and kernel coincide.
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1.6. Local model for Higgs bundles

In this section, we give the eigenvalues of the residue of the Higgs field and the
parabolic weights of the Higgs bundle in the punctures that correspond to those
of the integrable connection via the Theorem 1.22. To obtain local models for the
operators in this setup, suppose again that near p; the metric h coincides with the
diagonal model h’ given by (1.14) (without the correcting O(|z — pj|2('3i_5i’)) term;
in particular, it does not satisfy Hitchin’s equation). Then, according to formulae
(1.7)-(1.11) of [5], in the local d%-holomorphic trivialisation

, j
1.27 R P | S T k=1,...,
(1.27) ol = |z — pj (2 p;) D) ( T)

around p;, the Higgs field is equal up to a perturbation term to the model Higgs field
given by

0i — AT -7 dz
2 jz _ij d
= diag My — B _dz
2 7 Pi k=1,...,r
. dz
1.28 = diag ()\J ) ,
( ) kz —Ppj k=1,...,r

where we have put A} = ( ui — ﬂi) /2. Moreover, in the same trivialisation, the parabolic
weights are

(1.29) af, = R(uf,) — [R(u)],

where [.] denotes integer part.

REMARK 1.26. — In fact, this formula is not completely correct, because the ozi defined
by it are not necessarily in increasing order, although they should be by definition. One
should instead write the same formula for ai(k), where s is a permutation of {1,...,1}.
However, in the sequel we discard this minor technical detail for the sake of simplicity
of the notation.

REMARK 1.27. — Since the gauge transformations between the bases {T,z}k=17,__,r and
{07 }r=1,..r are just multiplications by some functions (in particular djagonal matri-
ces), it follows that the smooth subbundle spanned by the sections {oi}k:rﬁl’,_,,r 18
the same as the one spanned by {Tg}k:TﬁLwr, which is by definition the underlying
smooth vector bundle of Eging; and similarly, the subbundle spanned by {ai}kzlwyrj
is equal to the underlying smooth bundle of E},,. The same remark also holds for the

bases {ei} instead of {O'i}. In particular, the residue of the model Higgs field 69 in
the point p; € P belongs to End(E},.Ip;)-
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Near infinity, the situation is slightly different: for h = h* the diagonal model, in
the local d%-holomorphic frame

(1.30) o0 = | 7| TRHE SR T g0 (k=1,...,r)
the Higgs field is equal up to a perturbation term to the model Higgs field given by
p° — g dz

1
ooziA
0 2 dz + 5 .

1. 1. o
(131) (Gner, Dt o+ 0B D )
where we have put again AY° = (ug° — 65°)/2, with parabolic weights being, as in the
case of simple poles,

(1.32) ap” = R(pg”) — [R(pz)]-
From these data, as above, one can form the model D”-operator
(1.33) (D" =d°+67  (je{l,...n,00}).

Notice that since we considered holomorphic trivialisations of & , the partial connec-
tion part of the model coincides with the usual d-operator.

We are now ready to write out the assumptions made in Theorem 1.17 on the
parameters of the integrable connection, translated to those of the Higgs bundle:

HyPOTHESIS 1.28. — We suppose that (&,60) is a parabolically stable Higgs bundle
with diagonal polar part of the Higgs field in some local holomorphic frame near each
puncture, satisfying the properties

(1) for ﬁa:edj € {1,...,n} the residues )\fC fork e {1"] +1,...,7} are non—panishing
and distinct, X], vanish for k=1,...,r; and finally o, # 0 if and only if X], # 0;

(2) for fized 1 € {1,...,n'} the complex numbers A\;° for k € {1+ ai,...ai41} are
non-vanishing and distinct, and o5° # 0.

Diagonality of the polar parts has already been assumed when writing the local
models (1.28) and (1.31). The first condition says that no parabolic weight and no
eigenvalue of the residue of 6 vanishes on the singular component at any singularity,
and that on the singular component near a puncture all eigenvalues are different;
whereas the eigenvalues of the residue and parabolic weights vanish on the regular
component. One more way to say the same thing is: for all j € {1,...n}, the residue
of # defines an automorphism of Eging|pj’ and the parabolic weights corresponding
to the holomorphic trivialisation (1.27) are non-vanishing exactly on this subspace.
The second one imposes that on the eigenspace corresponding to a fixed eigenvalue of
the second-order term at infinity, all the eigenvalues of the residue be non-vanishing
and distinct, furthermore that no parabolic weight vanish at infinity. Note that these
conditions are generic among all possible choices of singularity parameters.
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1.7. The transformation of the Higgs bundle

Let (&,0) be a parabolic Higgs bundle and £ € C . P a parameter. The natural
deformation of the Higgs field is

(1.34) 0 =0 — gdz

with fixed underlying holomorphic bundle &. It is clear that 6, is then also holomorphic
with respect to 8% with the same local models at the logarithmic punctures as 6, but
its local model near infinity is different. If moreover a Hermitian metric is fixed, then
we also have

£
2
Therefore, the integrable connection corresponding to the deformed Higgs bundle is
given by

of = 0" — 2dz.

(1.35) Df =D - gdz — gdz,
and the crucial observation is that via the unitary gauge transformation
(1.36) exp[(€Z — €2)/2]

on C this is equivalent to the deformation (1.4). The self-dual part of this deformation
is

(1.37) o = - gdz — gdz,

the same deformation as in (1.6). Therefore it will not make any confusion to re-
fer to ®; without mentioning the adopted point of view; consequently, we drop the
corresponding upper indices. The connection defined by (1.35) is still flat, but the
underlying holomorphic structure is different from the one of D (because of the term
in dz). Notice also that the gauge transformation (1.36) between these deformations

has an exponential singularity at infinity. Denote by i?? the elliptic complex

0 D¢ ) D o
(1.38) QCRIEFE— Q' QF — Q°QF.

DEFINITION 1.29. — The smooth vector bundle V underlying the transformed Higgs
bundle is the vector bundle whose fiber over £ € C ~ P is the first L?-cohomology
L2HY(6{") of ¢

In Proposition 4.2 we prove that these vector spaces indeed define a finite rank
smooth bundle. Furthermore, by Theorem 2.21, any class in L2H 1(8?) admits a
unique D§H -harmonic representative.

DEFINITION 1.30. — The transformed holomorphic structure on V is the one induced
by the orthogonal projection O° of the trivial partial connection with respect to the

—1
variable € on the trivial L?-bundle over CP  to Df-harmom’c 1-forms. The trans-
formed Higgs field is multiplication by —zd&/2 followed by projection onto harmonic
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1-forms. Finally, the transformed Hermitian metric is the L?-metric of the harmonic
representative.

By virtue of Theorems 2.21 and 1.25, the transformed smooth bundle V can also
be computed in this case as the first cohomology of the elliptic complex i?g given by:

D/I DII
PoFE SO QFE S 0QE,
where the maps are the corresponding deformations of (1.24) in the Higgs-bundle
point of view. Explicitly, Dy reads

(DEY" = 8° + 6.

We use this description of the transformed bundle in Section 4.2 to show the statement
of Theorem 1.6 on the transformed metric:

THEOREM 1.31. — If the original metric is harmonic then the same thing holds for
the transformed metric.

For this purpose, we prove in fact that the candidate Higgs field 6 corresponding
to D and h is meromorphic with respect to the transformed holomorphic structure.

Furthermore, in this interpretation, the remaining part of Theorems 1.6 and 1.17
can be written:

THEOREM 1.32. — Suppose (&,0) is a parabolic Higgs bundle with logarithmic singu-
larities in the points of P and a double pole at infinity, as described in Section 1.5,
such that its singularity parameters satisfy Hypothesis 1.28. Then the transformed
Higgs bundle (9%, é) is of the same type (that is, it has a finite number of logarithmic
singularities in points of C and a double pole at infinity, with a parabolic structure in
these points). Furthermore, its topological and singularity parameters are as follows:

(1) the rank of & is the sum (1.10) of the ranks of the residues of 6 in P

(2) its degree is the same as that of &

(3) the logarithmic singularities are located in the set P, and for alll € {1,...,n'}
the rank of the transformed Higgs field in the point & is equal to the multiplicity m,
of the eigenvalue & of A

(4) the set of mon-vanishing eigenvalues of the residue ofé in the point & is
(=A% = AL by where {A ... A, | } are the eigenvalues of the residue of
the original Higgs field 0 at infinity, restricted to the eigenspace of A corresponding
to the eigenvalue &

(5) the non-vanishing parabolic weights of & in & is the set of parabolic weights
{a8%4,- - ,agf+1} of & at infinity, restricted to the same subspace

(6) the eigenvalues of the second-order term of 0 at infinity are {-p1/2,...,—pn/2},
and the multiplicity of —p;/2 is equal to the rank r —r; of the residue of 6 in p;

(7) on the eigenspace corresponding to —p;/2 of the second-order term at infinity,
the eigenvalues of the residue ofé are

{=X_ 150, — N}
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(8) the parabolic weights on the same eigenspace at infinity are the parabolic weights
{ag 41, al} of & at p;
The proof of this theorem is the object of Chapter 4.
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CHAPTER 2

ANALYSIS OF THE DIRAC OPERATOR

In this chapter, we study the analytical theory needed for our construction along the
lines of Jardim [17] (Section 3) and others. First, in Section 2.1 we define spinor spaces
and Dirac operators that permit us to study the problem. We also define a suitable
functional space H' and state a Fredholm theorem valid for all deformations of the
initial connection. Then it is natural to define the fibers of the transformed bundle as
the cokernel of the deformed Dirac operator. The Fredholm theorem is then proved
in Section 2.2. In Section 2.3, we carry out an identification of this cokernel with the
first L2-cohomology L?>H 1(Dé’“‘“) of the complex i?znt given in (1.7), similar in vein to
the Hodge isomorphism between the cokernel of the operator d + d* on a compact
manifold and the L2-cohomology of the operator d. However, since the manifold we
are working on is non-compact, in proving these results we need a careful study of
the singularities.

In all what follows, we fix a parabolic integrable connection with adapted metric
(E,D,h) and choose to study the analytic properties of the deformation from the
point of view of integrable connections, hence we set for simplicity D¢ = Dém until
further notification.

2.1. Statement of the Fredholm theorem

DEFINITION 2.1. — The positive and negative spinor bundles are the vector bundles
over C . P given by

St = AT*(C ~ P)® A*’T*(C < P) S~ =A'T*(C\ P)

Recall that we have defined P as the set {&1,...,& } of all eigenvalues of the second
order term of D at infinity.

DEFINITION 2.2. — For & € C \ P the twisted Dirac operator is the first-order
differential operator

Jc = D¢ — D :T(ST® E) — TI'(S” ® E)
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where I' is used to denote smooth sections with compact support in C ~ P. Its formal
adjoint
9; =D; —D¢:T(S”®E) —T(ST ® E),

is called the adjoint twisted Dirac operator.

For any ¢ € C let us introduce the following norm on sections f of St ® E:
(21) 1 = [P +IVEAP + 12e o 7,

where Vg and ®; are defined in (1.5) and (1.6). Here and in all what follows, we
integrate with respect to the Euclidean volume form |dz|?, and |z|? denotes h(z,z),
unless the contrary is explicitly stated. Our convention is furthermore to write (z,y)
for h(z,y), and for sections z and y, we write (x,y) instead of fc (z,y).

Define the space of sections

(2.2) Hg (ST ® B) = {f € Lipo(ST® E) « [|fllp < oo},

loc

where in L? we refer to the metric & on the fibers. We will often write H 51 instead of
H €1(S+ ® E). As we will see by the end of this chapter, this is the appropriate space
to regard the Dirac operators. First we establish the simple

LEMMA 2.3. — The norm ||||H§1 depends (up to equivalence of norms) neither on § €
C, nor on the particular connection D having behaviour as in (1.1) and (1.3).
Proof. — We begin by showing that the norm is independent of £. In order to simplify
notations, we let H! stand for Hj from now on. It is obviously sufficient to prove
that for an arbitrary ¢ € C, the H, g—norm is equivalent to the H'-norm. From the
point-wise identity
@ ® f| = 2|0 ® f| = 2|0; © fl,

and the point-wise estimation
(2.3) IVEFI S IVEFI+ 208 £
one sees that for any section f = (fo, f2) € ['(ST ® E) the estimates

117 < (14 8l £11Z
and

171 < (1 + 8l

hold; the first statement of the Lemma follows at once.
Now we show independence of the particular connection D with right singularity
behaviour. Introduce the model norm

(2.4) 1B saen = [ 152+ 1D A2 410742

(pj’s)
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around points of P and the model norm

@5) Wy omaom = [ E+IDD® S+ 8= 1P
o C~A(0,R)

near infinity. Then it is sufficient to prove the following:

CLAIM 2.4. — Ife > 0 is chosen sufficiently small and R > 0 sufficiently large, then
for any smooth section f € H' we have

(2.6) el o agp 0 < ||fj||§1,;0d(A(pj,e)) < CIF N3 aws .0
and similarly
27 el cono.nr) < ||fj||§1r1nod(c\A(o,R)) < C|l F 13 cwac.r)

with some constants 0 < ¢ < C' independent of f.

Proof. — Consider first the case of p; € P. Decompose fI = rjeg + fsjing corresponding
to the splitting (1.2). Write also

Tj

(2.8) Le = dhen
k=1

(29) s]ing = Z d)?ce?c
k=r;+1

with respect to the orthonormal basis {ei} introduced in (1.17), where the qﬂ; are
functions. Formulas (1.18) and (1.19) and Hypothesis 1.28 imply that (2.4) is equiv-
alent to the weighted Sobolev space of sections satisfying

T
(2.10) S [ 6P +las
k=1 A(pj,E)
s ] 2
i iz
+ Z/ k4 dgl]? < oo,
hori D) | T

where d stands for the trivial connection on functions. Notice that we only add weights
on the singular component. By [26], Theorem 1 it follows that in A(p;, €) the difference
between (DT)J and D7 is

(2.11) o/ =O(r~*?)

for some § > 0, and the same estimation holds for the difference between ®7 and ®.
It is then immediate that for any ¢ > 0, the estimation

/ ol
A(pj >5)

2

> c/ |aj¢{c|2
A(pj’a)

r
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holds for k = r; +1,...,r and for € > 0 sufficiently small. We therefore have (2.6) for
fsing. On the other hand, for a function g defined in A(0,1) and for § > 0 fixed, from
the claim in the proof of Theorem 5.4 in [5] we have

/ g < < / dgl? + / |g|2) .
A(pj,1) A(pj,1) A(pj,1)NA(pj,1/2)

Rescaling this inequality to the disk A(p;,e) one easily checks that it implies

6—26/ |7_—1+Jg|2
A(pj,e)

(2.12) <c (/ |dg|* + 572/ |g|2> .
A(pjﬂg) A(pj,s)\A(pj,e/Z)

Choosing ¢ sufficiently small, applying this to qﬂ; for k=1,...,r;, and recalling that
on the regular component (D*)7 is the trivial connection d and ®/ = 0, we obtain
(2.6) for freg as well. This establishes the equivalence of the norms ””%’rln 9y and ||.||2
around a finite singularity.

Around infinity, by [5] Lemma 4.6 the difference between (D1)* and D7 is
bounded above by a term

(2.13) a® =0(r=179

for some § > 0, and again the same holds for ®>° — ®. The equivalence (2.7) follows
immediately from the estimation

r 0 f| < el f|
for any ¢ > 0, whenever r > R with R sufficiently large. O
This then finishes the proof of Lemma 2.3 as well. O

From the previous discussion, we bring out as consequence:

COROLLARY 2.5. — The Hilbert space H'(E) is the set of sections f € Li,}(E) such
that near a logarithmic singularity p;, in the decompositions (2.8) and (2.9) we have
#7. € L* for k = 1,...,r; and ¢} /r,d¢), € L? for k = r; + 1,...,r; whereas at

infinity, the coordinates ¢3° of f in the basis (1.21) are L*'; equipped with the norm

/ 12+ 1V P
C~U;A(pj,e)

Y Z/ L1 + |l + Z/
k=17 Apj.€)

j=1 k=r;+17 A@52)

|
7k

dj2
| Jag)

The same result holds for sections of 0% ® E, coordinates being expressed in the basis
dz N\ dz.
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Proof. — For sections of Q°, this follows from Claim 2.4, (2.10) and
|2 ® f| < KIf].
We then obtain the case of Q2 by duality. O

We now come back to the analysis of the Dirac operator. From the definitions of
H'(S* ® E) and @, we see that this latter admits a bounded extension

(2.14) Pe : H' (ST ®E) — L*(S™ ® E).
We are now able to announce the first main result of this chapter:

THEOREM 2.6. — The operator (2.14) is Fredholm; if h is harmonic, its kernel van-
ishes.

COROLLARY 2.7. — The bundle over C'~. P whose fiber over & is the cokernel of (2.14)
is a smooth vector bundle.

Proof. — We recall the well-known fact that the index of a continuous family of Fred-
holm operators is constant. On the other hand, if the kernel of a Fredholm operator
vanishes, then its index is equal to the opposite of the dimension of its cokernel. It
then follows immediately from the Fredholm theorem that if the metric is harmonic,
then the dimension of the cokernel of the operator @; is a finite constant independent
of £. Moreover, by standard implicit function theorem arguments in Hilbert space
it follows that the cokernels of these Dirac operators in L?(S~ ® E) vary smoothly
with &. O

Therefore, we may set the following.

DEFINITION 2.8. — The E of (E,D,h) of a singular with harmonic metric is the

smooth vector bundle over C ~. P whose fiber over £ is the finite-dimensional vector
space B¢ = coKer(ds) C L*(S™ ® E).

In the remaining of this section, we prove vanishing of the kernel. The proof of the
first statement of Theorem 2.6 is left for the next section. For the rest of the discussion
in this section, we drop the index &.

LEMMA 2.9. — The subspaces Im(@| g1 (o)) and Im(a|H1(Q2)) of L%(Q') are orthogo-
nal.

Proof. — Let fo € HY(Q°) and f, = gdz A dz € H'(Q?). Suppose first that fy is
smooth and supported on a compact subset of C, and such that near any singularity
p; € P its singular part is supported away from p;. Then in a neighbourhood of any
p; in a holomorphic basis D fy = (d+a)f for some bounded section a € Q!(End(&)),
and so we have by partial integration

(2.15) /C (DfoDfa) = /C (Do) =0,
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since D is flat. Therefore, in order to finish the proof it is sufficient to show the
following:

CLAIM 2.10. — The set of compactly supported smooth sections of ST ® E on C with
singular part compactly supported away from any singularity is dense in H?'.

Proof. — Tt is sufficient to show the statement for 2°, the case of Q2 being analogous.
First we concentrate on infinity. Let f € H!(FE), and define cut-off functions pr(r)
supported in [0,2R] and equal to 1 on [0, R], such that p’, is supported in [R,2R]
with

max|py| < 2/R.
Then we need to check that

pr(r)f — f

in H'(E) as R — oo. In view of Corollary 2.5, this boils down to the classical calcu-
lations

11— pr(m)f] < / 112

R<Zr
and

IV oIS [P K [ et

<r<

SK’/ |f|2+K/ |VT£%,
R<r<2R R<r

where K, K’ are constants independent of R and f.
Next, let us consider a logarithmic singularity p;, and define cut-off functions p,
supported in [0, €], equal to 1 on [0,&/2], and such that

max |p| <

g.
We need to show that

(1 _ pa)fsing N fsing
in H1(E) as ¢ — 0. One sees that

[ [ i o
C r<e

since f5"& ¢ L2. In the same way,

|Pafsmg|2 < |fsing|2 o
C 72 - r<e 2 ’

since f5in8/r € L2. Finally, we also see that

sin 16 sin, sin
[ermaps g [ gpmeps [ wepe
C €% Jej2<r<e r<e

16|fsing|2 .
S / T 4 |v+fs1ng|2
e/2<r<e r<e
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and all of these expressions converge to zero as well. O

Applying the claim to approximate fy and fo in H! by sections with compactly
supported singular component combined with (2.15), we immediately get the lemma.
O

Now we can come to vanishing of the kernel of (2.14): by Lemma 2.9, we have
Ker((ﬁg) = Ker(Dngl(Qo)) (&) KeI‘(DE|H1(Q2)),

it is therefore sufficient to prove vanishing of the kernels of D and of D*. By duality, we
only need to treat the case of D. Harmonicity of the metric implies the Weitzenbdck
formula:

(2.16) Pide = (VI (VE) + (2:0) Pe®
(see [4], Thm 5.4.), which then gives by partial integration and Claim 2.10 the identity
(2.17) 19 flI72 = IDE FlIZ2 + 1@ef 172

for any f € H'(02°). Suppose now that f is in the kernel of @. Then (2.17) implies
®.f = 0, and since ®; is an isomorphism near infinity because of the choice £ ¢ P, we
also have there f = 0. Again by (2.17), f is covariant constant. This gives the result,
since a covariant constant section vanishing on an open set vanishes everywhere.

2.2. Proof of the Fredholm Theorem

A modification of the usual gluing argument of Fredholm-type theorems works in
this case as well. One lets ¢; be a cut-off function supported in a compact region
R outside a neighbourhood of the singularities, and puts ¢ = 1 — ¢;. Since @ is a
non-singular first-order elliptic operator in R, elliptic theory of a compact manifold
implies that a parametrix P; exists for @ in this region. Next, one considers the
problem in neighbourhoods of the singularities. First, one studies the model operators
@ = DI + (D?)* instead of the Dirac operator itself. There are two different ways of
treating these:

(1) either one extends the functional spaces and the model Dirac operator onto a
natural completion of the neighbourhood, which can be either a conformal cylinder
or a complex line (depending on the form of the metric and the functional spaces),
and defines a two-sided inverse of @’ on this completion

(2) or one finds directly a two-sided inverse of @ on a small disk around the
singularity, with a boundary condition verified by any section supported outside a
neighbourhood of the boundary.
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Let us see how these allow to deduce the Fredholm theorem: if we take R sufficiently
large, then on the support of ¢, all of these inverses (#7)~! are defined. One then
sets

P:L*(S" ®E)— H'(ST®E)

P(u) = ¢1 P (d1u) + Z $2(97) " (pau),

and shows that this operator is a two-sided parametrix of @ on all C. This can be
done along classical lines, the only difference being that near the singularities we have
inverses of the local models of the operator and not inverses of the operator itself.
Therefore, we proceed as follows: first, we study the local models of the Dirac operator
around the singularities, and establish the isomorphisms as in (1) or in (2). Then we
prove that the effect of passing to the model operators from the global ones at the
singularities only amounts to adding a compact operator H!(S*® E) — L*(S~ ® E),
which then gives the theorem.

2.2.1. Logarithmic singularities. — Let A(p,¢) be a small neighbourhood of p €
P. Up to a change of coordinates, we may suppose ¢ = 1. Identify A(p,1) \ {p} =
S1x]0,1] via polar coordinates (r,). Since the local model (1.20) is diagonal in the
basis {ei}, we see that the model Dirac operator on this disk

§ =D — (D))" : (2@ Q) ® Elagp) — ' @ Elag

splits into the direct sum of its restrictions to the rank-one components generated
by one of the {efc}. Again, we have two cases: first, k € {1,...7;} (regular case) and
secondly k € {r; +1,...r} (singular case).

In the regular case, by definition the model Dirac operator on a rank-one component
is just the operator

d=d—d":57T=0"90? - Q=5
which identifies to a projection of the real part of the usual Dirac operator on a
product of two disks in C? given by
0—0": 0" 0% — Q0L
Since this is known to have an inverse for the Atiyah-Patodi-Singer boundary condi-
tion, the case of the regular part at a finite singularity follows.

On the singular component near a finite singularity, consider again the coordinate
change t = —Inr € RT. The local model of D with respect to t is given by
. . , - dr
D’ =d+ipd0 + Ry, — B1]—
r

(see (1.20)). Notice that the rank of S* and that of S~ are both equal to 2: we trivialise
them using the unit-norm sections (1,7 dr A df) and (dr,rdf) respectively, so that
both ST ® Eging and S~ ® Eging become isomorphic to Eging @ Esing as Hermitian
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bundles. As we have seen in Lemma 2.3, the space H'(A(p, 1), Esing) is equal to the
model space of all sections ¢ having

/ <|V¢|2 T ‘ ¢
A(p,1) r

By conformal invariance of the norm of 1-forms and d¢ = dr/r, this is

2
) rdrdf < oco.

/ (V6P + [9?) dtdd < o,
SIxR*

with the norm of the 1-form V¢ measured with respect to the volume form d¢dé. This
latter is just the definition of the weighted Sobolev space L(z)’l(S I'x R, Eging) with
one derivative in L2and weight 0. In a similar way, the usual L2-space of sections of
Esing on the disk is identified with the space L2_1(S I'xRT, Egng) of L2-sections with
weight —1 on the half cylinder, for

/ |p|? rdrdf = / |pe |2 dtd.
A(p,1) SIxR+

Hence in the trivialisation (dr,rdf) of S, the usual L%-space of 1-forms on the disk
is identified with the weighted space

L2 (S* x R", Eging ® Esing)-

CrLAIM 2.11. — Let (r,0) be polar coordinates around p = p’ as above. Let k € {r; +
1,...,7} and

(f,9(rdr A df)) ® e, € C®°(A N {0}, 57 ® Euing)-

Then the value of the model Dirac operator @ on this section is
R J _ Al 9 c 0 J
(an+ te =Py % +wkg> dr
r r

9 =] R Y
+ (“;Z“’“H&g - Mkrﬂkg> rdf.

In particular, in the unitary trivialisations (1,r dr A df) and (dr,rdf) of ST and S—,
the operator

rd = et

is translation-invariant with respect to the cylindrical coordinate t.

Proof. — This is a direct computation: for f ® ei it follows immediately from (1.20).
For the image of g(rdr A df) ® e}, consider first the smooth form ¢dr ® e, supported
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in a compact region of A \ {0}; then by the same formula we have
(pdr ® ], (D?)*g(rdr A df) @ el) = (D7 (pdr), g(rdr A d6))
—((8 + i, )pdr A d6, g(rdr A d6))

1 L
=—((% + i) 9)
1 L
= ;(% (Op + iz,)g)

and thus the projection of (Dj)*g(rdr/\de)(X)e{c on the dr-component is (9g —i—iui)gdr@
e;. The other component is obtained taking a compactly supported smooth form
Yrdf @ ey

(Yrdf @ e, (D7)*g(rdr A df) ® e) = (D?(yrdf), g(rdr A d6))

(o)
= </¢)a <_8'r %Mk ﬂj) > I

and the formula of the claim follows. It implies that r@/ is translation-invariant be-
cause 0, = —0;/r. O

By definition, the weight 0 is critical for @’ if and only if there exists a non-trivial
solution of

et (Ae_”t"’mg, Be_”t'”"g(r drAdf))=0

with some constants A, B € C and a constant v € C such that Rv = 0. Turning back
to the coordinate r again, this is equivalent to having

(2.18) rd? (Ar’e™® Brve™ (r dr A d6)) = 0.

By formula (2.3) of [19], if 0 is not a critical weight, then the translation-invariant
elliptic differential operator

etP LY (ST x RT,8%) — L2(S* x R, 57)
is invertible, and thus so is
P L2 (ST x RY,§T) — L2 (S' xR*,87)

since
el LF — L%,

is an isomorphism. Therefore, in order to establish the desired isomorphism in the
singular case, we only need to check the weight 0 is not critical for 7@’ .
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Applying the claim to the equation (2.18), we see that 0 is a critical weight if and
only if the system of linear equations

v+Ru—-pB)A—i(n+pu)B=0
in+p)A+@w+8—-Ru)B=0

has a non-trivial solution (A, B) € C? for some v € C with R = 0 (here we have
omitted indices j and k of p and @ for simplicity). This system has a non-trivial
solution if and only if the determinant formed by the coefficients is equal to 0:

V2 — (R — B) = In+ pl® = 0.

Since Rr must be 0, this can only be the case if v = Ry — f = n+ pu = 0. By
assumption 0 < # < 1, and n is an integer, therefore the only case this can hold is
when § = p = 0, which is impossible, since we are looking at the singular component
of the bundle. Therefore, there are no non-trivial solutions to (2.18), and 0 is not a
critical weight.

2.2.2. Singularity at infinity. — In this section the importance of the condition £ ¢
P will come out; therefore we write out the index & of our operators. A neighbourhood
of infinity in C\ P is given by the complementary C~ A(R) of a large disk around 0.
A natural choice of completion of this manifold is of course C, with its standard metric
|dz|2. We choose to study the local model in the orthonormal basis {e3°} defined in
(1.21). This allows us to think of E as the trivial bundle C” over C \ A(R), with
standard hermitian metric on the fibers. By (1.30) this basis (up to a polynomial
scaling factor) is a natural one for the Higgs-bundle point of view, so the deformation
is that considered in (1.35), and the operator D¢ near infinity is given (up to terms
of order r—1) by

A—¢d (A —¢£Id)

2

(see (1.23)), and a natural extension of it to all of C can be given by the same formula.
This implies immediately that

dz + dz

D& =d+

UPNES A ;Iddz +
and (D)™ = V (the trivial connection) on all of C. For a section ¢ € L?*(Q0)
supported in C \ A(R), the condition ®¢¢ € L?(2°) then automatically holds, and
(Dg°)+¢ € L? is equivalent to V¢ € L2. Therefore, on sections of 2° supported on the
complementary of A(R), the H'-norm is equivalent to the usual Sobolev L?!-norm.
A similar argument shows that for sections of 92, the H'-norm is also equivalent to
the usual L?'-norm. Therefore, on all of C, we must consider a natural extension of
these functional spaces, namely L?!(C, Q%@ Q?). In an analogous manner, on S~ we
consider the extension L?(C, Q') of L2(C \ A(R),Q'). Therefore, we need to prove
the

AT —&d
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LEMMA 2.12. — On C, the Dirac operator
(2.19) ag" = D¢ — (D))" - L*'(Q% e 0%) — L*(QY)

is an isomorphism.

Proof. — Since A is supposed to be diagonal in this basis with eigenvalues & (I =
1,...,n'), we may restrict ourselves to the study of the operator D* = d + (§ —
€)/2dz + (& — €)/2dz. We need the following:

CLAIM 2.13. — Denote by A the plain Laplace operator V*V on forms. Then we have

(2.20) o) = —a - S0

Proof. — This is an easy computation. O

Now recall that by the classical theory of the Laplace operator, A 4+ A2 with A > 0
is an isomorphism

(2.21) L*%(C, Q%) — L*(C, Q7).

This statement can be for example obtained passing to the Fourier transform |#|% + \2
of this operator.

Coming back to our situation, the condition £ ¢ P means exactly that & —& # 0 for
any [ = 1,...,n’. This immediately implies that (2.19) is surjective: indeed, clearly
Im((#g°)*) € L*>1(Q° @ Q2), and @¢°(P¢°)* is surjective by the isomorphism (2.21).
For injectivity, note that a formula similar to (2.20) holds for the Laplace operator
(@g")*@g" as well. This in turn implies that the L?2-kernel of $§°° vanishes. Elliptic
regularity then shows that the L%!-kernel vanishes as well. O

2.2.3. Compact perturbation. — We wish to prove that near each one of the
singularities the effect of passing from the global operator to its local model, i.e.,
subtracting the perturbation term only amounts to a compact operator H*(ST®F) —
L?*(S~ ® E). This then finishes the proof of the Fredholm theorem, because the sum
of a Fredholm operator and a finite number of compact operators is Fredholm.

Consider first the case of a singularity at a finite point. Recall from Lemma 2.3
that near p; the space H' (St ® E) is equal to the sum

Lg\lllcl(s—i_ ® Ereg) @ ngl(s—i_ ® Esing),

where Li{llcl is the usual Sobolev space on the disk of L2-functions with one derivative

in L? with respect to Euclidean metric, whereas Lg’l is the weighted Sobolev space

deﬁned by
A(pj,e) T

2
+ |V¢|2> |dz|? < oo
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Also, the order of growth of the 1-form perturbation term a’ with respect to Euclidean
metric is by (2.11) at most O(r~1+9), with § > 0. We need to prove that we have
compact Sobolev multiplications for functions on the disk

(222) Li(xlcl i Leucl
and
(223) Lg ! i) Leucl

Consider first (2.22): since the disk is a compact manifold, for any 2 < p < oo the
1nclu51on L2Y s LP | is compact. On the other hand, O(r~1*%)dr + O(r~'+%)rd is

n L2 for some & > 0. Choose p such that 1/2 = 1/(2+¢) + 1/p; (2.22) then follows

eucl
1mmed1ately from the continuous multiplication Lg;rf xLP = L2 .- Now, we come

0 (2.23): this is an immediate consequence of the previous, for the weighted norm
Lg’l is stronger then Leucl

Next, let us treat the case of the singularity at infinity. In the coordinate w = 1/z
we have a second-order singularity on the disk A(0,1/R). Let w = pe®; by (2.13) the
perturbation is O(p~'17?%), and the H'-norm of a function ¢ supported near infinity

is given by

[ ek +Iver)lasp = [ ( %
C~A(0,R) A(0,1/R)

In particular, in the coordinate w this norm is also stronger then L*
from (2.22).

2
+ |V¢|2> |dwl?.

o Cl, so we conclude

2.3. L?-cohomology and Hodge theory

In this section we keep on supposing that we have on one side an integrable con-
nection D with singularities in P U {co}, with prescribed behaviours at these points,
given in regular singularities by (2.11) and at infinity by (2.13). In Theorem 2.6 we
proved that the deformed operators @, are Fredholm between the spaces H' and L?;
in particular their indices agree. We also showed that if the metric is harmonic then
the kernel of the Dirac operator vanishes, hence the index of §; is equal to the opposite
of the dimension of the cokernel Coker(d), this operator being considered between
functional spaces as in (2.14). This dimension is therefore a constant independent of
¢, and it follows from the implicit function theorem that the spaces Ez = Coker(d)
define a finite-rank smooth vector bundle E over C ]5, the rank being equal to the
opposite of the index of (2.14). Here we wish to interpret this cokernel as the first
cohomology of the elliptic complex

(2.24) 2@ E) 25 120 @ B) 25 12(0% @ B),

(see Theorem 2.16), and also as the space of harmonic sections with respect to the
Laplace operator of the adjoint Dirac operator (ﬁg (Theorem 2.21).
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Since the operators in (2.24) are unbounded, we need to define their domains. In
this chapter C§° stands for smooth sections supported in a compact subset of C \ P.

DEFINITION 2.14. — The maximal domain of D|q: is
Dompyax(D]gi) = {u € L*(QY) : Du € L*(Q7)},

where Du € L? is understood in the sense of currents, i.e., the functional v €
CS° (1) = (u, D*v) is continuous in the L?-topology.

By local elliptic regularity, this amounts to the same thing as Du being an L2-
section. When it does not cause any confusion, we will simply write Dom .y (2°) for
Dompax(D]qi). It is easy to see that if we consider D on its maximal domain, then
the kernel is a closed subspace of L?, and the image of D on Q°~! is contained in the
kernel of D on . The image of a general differential operator is however not always
a closed subspace of the kernel.

DEFINITION 2.15. — For i € {0,1,2}, the it" L?-cohomology of D is Ker(D|qigr)/
Im(D|qi-1gg), where both of these operators are considered with mazimal domain,
and the operators not shown in (2.24) are trivial. It is denoted by L>H* (D).

Our aim is to obtain the following:

THEOREM 2.16. — The cokernel of @ defined on H' (ST ® E) is equal to the first
L2-cohomology of D.

Proof. — Recall that by definition
Coker(d| i (s+om) = (IM@|a (s+om)) "
(2.25) = (Im(D| g (@0er))) " N (Im(D*| i1 (02em))) ",

where Al stands for the L2-orthogonal of the subspace A C L2. Therefore, it is
sufficient to prove the following lemmas:

LEMMA 2.17. — The mazimal domain of

D:L*(®E) — L*(Q'®E)
is HY(Q° ® E). Similarly, the mazimal domain of

D*: I’V QFE) — L*(A' ®E)
is HY(Q? ® E). In particular, the mazimal domain of

g:L*(ST®FE) — L*(S” ®E)

is H' (ST ® E). Moreover, if this latter space is equipped with the norm ||.| g defined
in (2.1), then @ is a bounded operator from H'(ST ® E) to L*(S~ ® E).

LEMMA 2.18. — We have
(Im(D* | g2 (@20m))) " = Ker(D|pom ., (21 e8))-

LEMMA 2.19. — The image of D : H*(2° ® E) — L?*(Q! ® E) is closed.
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Indeed, Lemmas 2.17 and 2.18 together with (2.25) imply that the cokernel is equal
to
(Im(D|Dommax(QO®E)))J— N Ker(D|Dommax(Ql®E))7
which in turn is identified to the first reduced L?-cohomology of (2.24), i.e., to

Ker(D|pomay (@ @) /I (D] Domymar (200 E))s

where the bar over the image stands for the L2-closure of that space. Lemma 2.19
now concludes the proof of Theorem 2.16.

Proof (Lemma 2.18). — We first show the

CLAIM 2.20. — The adjoint of the unbounded operator

(2.26) D*: [*(’QE) — L*(Q' ® E)
with domain H'(Q? ® E) is the unbounded operator
(2.27) D: L’ ®FE) — L) (P QE)

with domain Dom .y (2! @ E).

Proof (Claim). — It is clear that the formal adjoint of (2.26) is (2.27), we only need
to prove its domain is Domy,.x. By definition, a section u € LQ(QI) is in the do-
main of the adjoint operator Dom((D*)*) if and only if for all v € H(Q2? ® E) we
have
[, D*0)| < K[lo]
with a constant K only depending on w. Now, since v € H' and u € L2, by
Claim 2.10 we can perform partial integration to the left-hand side of this for-
mula. Therefore, u is in the domain of the adjoint operator if and only if the func-
tional
v — (Du,v)

is bounded in L?(? ® E). But this condition is equivalent to Du € L?(? ® E), and
the claim follows. O

Lemma 2.18 now directly follows from the claim and the general fact that the
cokernel of an unbounded operator is equal to the kernel of its adjoint. O

Proof (Lemma 2.17). — First we need to prove that for a section u of L?(Q° ® E) we
have Du € L? if and only if both D*u € L? and ®u € L?. The “if ” direction being
obvious, we concentrate ourselves on the opposite statement, and suppose in what
follows that u is an L2-function with Du € L.

We first study the singularity at infinity. For |u| sufficiently large, we have the
point-wise estimate

Bl < 2]ul,

where K is the maximal modulus of the eigenvalues of the matrix A. Therefore, v € L?
at infinity implies ®u € L? at infinity, and consequently Dty = Du — ®u € L? at
infinity, and we are done.
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Next, consider the case of a singularity at a finite point. In the orthonormal basis
(1.17), the operators we study are equal, up to a perturbation term, to the local
models (see (1.18), (1.19), (1.20))

(DVY ¢ = (d + iRupdo)d
@76 = [(Ruf, — ) + Sl ol
. . . - dr
D¢ = [d+ip,do + (Ruj, — ﬁi)7]¢
To simplify notation, from now on we drop the indices j and k. Note that because
of Lemma 2.3, it is sufficient to prove that ®/¢ and (D*)?¢ are in L2. Notice also
that since the perturbation o/ may mix the regular and singular components, a pri-
ori it is not sufficient to prove for example that ¢, € L? and D¢reg € L? im-
ply (D7) reg € L?, because D¢ € L? does not imply directly Do € L? in the

presence of a mixing perturbation term. However, remark that denoting by a . the
part of the endomorphism a’ that takes the regular component into the regular one,

and af;’s, ag’r, ag’s the other parts, we have
[ e = [ 107+ o + el b
A(pje) A(pje)
(2.29) [ U+ 6l )b + ol
A(pjre)

> / D7 reg? + | D7 sing?
A(pj’s)

- |aj¢reg|2 - |aj¢sing|27
and this estimate shows that we can treat the two components separately: the left-
hand side is finite by hypothesis, whereas the integrals of |a’¢yeq|?> and |a? Psing|? by
Kato’s inequality and (2.12); hence the same thing holds for the integrals of | D7 ¢yeq|?
and | D7 ¢reg|?.

On the regular component, the above expressions simplify to D/ = (D) =
(the trivial connection), and ®/ = 0. What we need to show is that ¢reg, Dreg € L?
implies Vree € L2, if D = V + @/ with @/ = O(r~1%9). Recall that by Kato’s
inequality and (2.12) with € > 0 chosen sufficiently small we have

A(pj,E) A(pj!‘s) A(pj,E)\A(pj,E/Z)
It follows that

/ Vregl? < / | Dregl? + / 107 Greg?
A(pj’a) A(pj,E) A(pjye)

< 2/ |D¢reg|2 + 2/ |¢reg|2-
A(pj,e) A(pj,e)
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Now by the hypothesis ¢, D¢ € L2, the right-hand side is finite. Therefore V¢ € L?
as we wished to show.

Consider now the singular case: again, we need to show that if we have a section
¢ € L? such that D¢ € L?, then D% ¢ging, Psing € L?. Here, usual elliptic regularity
does not give the claim, because we need to deduce that ¢ging/7 € L?. From now on,
we write ¢ = @sing to lighten notation. Decompose ¢ into its Fourier-series near p:

Z ¢n (r)ema

Choosing ¢ sufficiently small, we can make the perturbation term a’ be smaller on
A(pj,€) then v/r for any v > 0. Write first the df-term of D7 ¢:

Di¢ = (8 +if)pd0 =id0 3 (n+ B)gn(r)e™.

n=—oo

By this and the estimate on the perturbation, we infer that

II(Dé + aj)¢||2L2(A(pj,s)) 2 ||D§¢||2L2(A(pj &) ||V¢/7"||2L2(A(pj €))

(2.29) /A Z (In+ Al — )|¢n( r)f?

(P,€) n=—oo

_ 2 12 |¢n(7")|2
-[. S -+ Rt o2 + o e,

&) n=—oo

By Hypothesis 1.28 we have Ry ¢ Z, and so if v is sufficiently small, then the last
expression can be bounded from below by

(2.30) [ el o P

(P+8) p=—oo
1

== D)o + |2}
5 |, IDiyer + @il

As in the regular case, by (2.12) the left-hand side of (2.29) is finite, so we see that
(D‘;")jqﬁ € L? and ®)¢ € L?. The dr-part ®I¢ of ®’¢ is in L? if and only if

/ | ,3|2 |¢(T)|2
A(pe)

Again by our main hypothesis u ¢ Z there exists a constant K > 0 such that

o0

n=—oo n=—oo

As we have already seen, this last expression is integrable, therefore ®/¢ € L2. Since
the perturbation is negligible compared to the behaviour O(r~1) of (2.30), we then
also have ®¢ € L2. We conclude using Dt ¢ = D¢ — ®¢.
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By duality, the case of a 2-form vdz A dZ is settled the same way. The general case
(that of ST ® E) then follows from Lemma 2.9. The fact that

@:H (ST ®FE) — L*(S~ ®E)
is bounded, is then immediate (and has already been pointed out, see (2.14)). O

Proof (Lemma 2.19). — This is immediate from Theorem 1 and Claim 2.9. O

We have established lemmata 2.18, 2.19 and 2.17, hence we finished the proof of
Theorem 2.16. O

THEOREM 2.21. — The first L?-cohomology of the complex (2.24) is canonically iso-
morphic to the kernel of the adjoint Dirac operator

(2.31) 7t L*(S” ®E) — L*(ST ® E)
on its domain, or alternatively to the kernel of the Laplace operator
(2.32) A¢ = §efff = —DeDf — D{D¢ : L*(S” @ E) — L*(S” ® E)

on its domain.

Proof. — By duality, we get from Lemma 2.18 that
(Im(D| 11 (00 )" = ket (D* [pompan (@19 5))s
and this implies
coKer(@|H' (S* @ E)) = ker(D*|Dom (210 2)) N keT(D|Dom,, (@1 0 5))
= ker(a*bommax(m@m)-
It remains to show that this latter is equal to ker(d@*|pom,,..(21@r))- It is clear that
ker (P9 | Domymar (21 @5)) 2 ket (@ [Dompr (10 E))-
Suppose now u € L2(Q! ® E) satisfies @9*u = 0. This means that
P*u € Ker(d) C Dompyax(@) = H' (ST ® E)

by Lemma 2.17. Vanishing of the L?-kernel of @ on H'(ST ® E) (cf. Theorem 2.6)
gives @*u = 0, that is u € Ker(9*), whence

ker (P9 |Domuax (210 E)) S kel (@[ Dompue (210 E))- O

Finally, let us introduce the norm

1flm2(s+0m) = /C [fE+IVE) VT +|(@e) @ f°
and the corresponding function space

H*(ST®@E)={f: I fllz2(s+em) < 00}

Then we have the following.
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THEOREM 2.22. — The domain of the Laplace operator A = @i @ is H*(ST ® E). It
defines a Hilbert-space isomorphism

H2(S* ® E) — L2(8* ® E).

Proof. — The fact that A is a well-defined bounded operator on H?(ST ® E) follows
from the Weitzenbock formula (2.16). Its is the set of u € L2(ST ® E) such that Jeu €
Domyyax (82) This latter is, by computations similar to Lemma 2.17, the Sobolev space
H'(S~®F) is with 1 derivative in L2, and weight —1 on the irregular component near

logarithmic singularities like in Corollary 2.5. We deduce that the maximal domain
of A¢ is H%(ST ® E), and that it splits as

H*(ST®E) ‘5—% H'(S™®E) é—% L*(ST ® E).

Exactly as in Theorem 2.6, the first map is Fredholm with vanishing kernel from the
Sobolev space H2(ST ® E) into H'(S~ ® E), both space being endowed with the L2-
inner product. This with the identity Im (@) = Ker(#;) implies that Ker(Ag) = {0}
and that Im(A¢) = Im(@;) = Ker(de)* = L*(ST ® E). Therefore, A¢ is a bounded
bijective operator from H2(S* ® E) to L?(S* ® E). By the closed graph theorem, we
conclude that its inverse is also bounded. 0

2.4. Properties of the Green’s operator

DEFINITION 2.23. — Let us call the bounded linear inverse of ﬁé‘@(g provided by Theo-
rem 2.22 the Green’s operator of the Dirac-Laplace operator, and denote it by

Ge: L*(ST®E) — H*(ST®E).

In this section we list the properties of this operator that we will need in later
chapters.

LEMMA 2.24. — G¢ 1is diagonal with respect to the decomposition ST ® E = Q' ®
E)® (2’ ®E).

Proof. — Since G is the inverse of Ag, it is sufficient to prove the statement for this
latter operator. This comes from the identity

A¢ = 00 = (D¢ — De)(D¢ — Dg) = —D¢ D¢ — D¢ D,
which is satisfied since Dy is flat. U

LEMMA 2.25. — There exist K, K' > 0 such that for |£| sufficiently large and for any
positive spinor ¢ € H' (St ® E), the following estimates hold:

(2.33) 1G] ooy < K111l 22(c)
(2.34) 1Ge o) < KlEI 1622
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Proof. — Since by definition, for any ¢ the positive spinor G¢% is the solution ¢ of

Acp =1,
the estimates (2.33) and (2.34) can be rewritten respectively as
(2.35) lellzaicy < KIE2 1Al L2
(2.36) el oy < K€l I Aepll L2 (c)-

Call &-energy of ¢ over all C the quantity
(237 B6ie) = [ V2l +10¢ 0 ol ldsf?

By partial integration, the Weitzenbock formula (2.16) and Cauchy’s inequality we
have

(2.38) B(g¢) = /C (0r Acg)|daf?

< llollz2l|Agell L2

Now, as we will see from (4.46), on the complementary of a finite union of disks
A(gr(€),e0l€]71) we have the point-wise lower bound

(2.39) B @ > > clé]?|pl?

for some ¢ > 0. Furthermore, we can choose ¢y sufficiently small so that the balls
A(q(€),2e0|€|71) are disjoint and do not meet P for |£| large. Setting

Be:= |J A),20l€l™)

q(§)EXe

we then deduce the estimation

(2.40) / B¢ ® o [dz]? > clé? / of? |dz .
C\Bg

C\ B¢

Of course, extending this inequality over the disks A(q(€),&0]|¢|71) is not possible,
since ®¢ has a zero in ¢(£). However, the integral of |®¢ ® | + |V2'<p|2 does control
|€]2 times that of |¢|? on the whole plane; that is, we have:

CLAIM 2.26. — There exists ¢ > 0 such that for |€| sufficiently large and for any
spinor ¢ we have

(2.41) Bei) 2 el [ lof asf
Proof. — By Kato’s inequality E(;¢) can be bounded from below by

2 2
/c B¢ ® o + [dle][? [dz]2.
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By (2.40), it only remains to show that for any ¢(¢) € 3¢ this integral bounds from
above c|¢|? fA(q(g) colél-1) ||?|d2|?, for some ¢ > 0 (not necessarily the same as before).
But since on the annulus

A(g(€), 20l€] 1) N A(g(€), 20lél )
we already have the estimation (2.39), this is just a consequence of (2.12) applied at
the point ¢(¢) instead of p; to the function g = |¢|, with e = go|¢|" P and 6 =1. O
By the claim and (2.38), we have

cléPllelizie) < lellezolldeplL o),
and after dividing both sides by [|¢||z2(c), We get (2.35).
Plugging (2.35) into (2.38), we obtain
(2.42) E(& ) < KIEI? [ AeplZ2(0)-
On the other hand, by the definitions

3 3

+ _yut 5
Ve =V —§dz—|—§dz
3 £

P =P — 2dz— =
¢ 2dz 2dz

we obtain the point-wise bounds

1 2 3 2 2
512@ 0 = SIePlol? <|@c ® ol <212 © ¢l + ¢ lel?

1 2 3 2 2
5 VPl = SIellel < [ VE@w| <2 | Vo] + el

and therefore
(2.43) %ll@llip(m—(3|§|2+1)||<P||%z(0) < E& ) < 2]l o)+ Q@IEP+Dllliec)-
Putting together this with (2.42) and (2.35), we get
el <2E(& @) + (611> + 2)ll9ll72(c)
<2E(&¢) + TIE1P lol 22 (0
<K + TE*)[E] 72 Acel 20y
whence (2.36). O

We now investigate what happens to the Green’s operator when £ is close to one
of the points of P.

LEMMA 2.27. — There exist K, K’ > 0 such that for |£ — &| sufficiently small and for
any positive spinor ¢ € H* (ST ® E), the following estimates hold:

(2.44) 1Gebl ) < KIE = &1 Wll22c)
(2.45) 196 Gevl 2y < K71€ = &l ¥l 20

SOCIETE MATHEMATIQUE DE FRANCE 2007



48 CHAPTER 2. ANALYSIS OF THE DIRAC OPERATOR

Proof. — Analogous to Lemma 2.25. Notice that by partial integration and the
Weitzenb6ck formula (2.16) one has

1Pl (o) = BE )

for any positive spinor ¢. Using this and setting G¢9 = ¢ the inequalities to prove
can be rewritten as

(2.46) lellz2c) < K€ = &2 Agell L2 (o)

(2.47) E(&¢) < K"j€ — &l Aeplliz(c)-

The behaviour (4.62) of the Higgs field shows that outside of a finite union of disks
A(gr(€),e0l€ — &|71) there exists ¢ > 0 for which we have the point-wise lower bound
(2.48) [@e ® ¢l* > cle - &f*|el*.

It follows that denoting by B, the union of all the above mentioned disks where this
estimate may fail, we have the inequality

(249) [ leeoelaspzde-aP [ jol P
C\Bg C\BE
It is not possible to extend this inequality to the whole plane; however, we have again

CLAIM 2.28. — There exists ¢ > 0 such that for |€ — &| sufficiently small and for any
spinor ¢ we have

(2.50) B&¢) > d¢ — & /C of? |dz[?

Proof. — Similar to Claim 2.26, using Kato’s inequality and (2.12) rescaled conve-
niently by the homothety w = (£ — &)z. O

This together with (2.38) then shows

cl¢ = &l lelliz(c) < lellzollAcelra o),
which gives us (2.46). Plugging this back into (2.38), we obtain (2.47). O

2.5. Exponential decay results for harmonic spinors

In this section we give some analytic properties of A¢-harmonic spinors. They
will be needed in Section 3.1, where we study the transformed flat connection. More
precisely, they will allow us to multiply any L? harmonic section by exponential factor
so that the result remains in L2. They will also be of use in the computation of the
parabolic weights of the transform in Section 4.6.

First we set some further notation. Fix £ € C P, and let © be a harmonic negative
spinor with respect to é?gag and p € C ~\ P any point of the plane. Finally, for any
spinor ¢ (not necessarily harmonic), call £-energy of ¥ in the disk A(p, ) the quantity

(2.51) E(p,e, &) =/ VLI + (@ @ 9™

A(pe)
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LEMMA 2.29. — Suppose that there exists g > 0, R > 0 and ¢ > 0 such that the disk
A(p, (R + 1)) is disjoint from P, and all of the eigenvalues of 0 in any point of
this disk are bounded below in absolute value by ¢ > 0. Under these assumptions, we
have the inequality

(252)  Bmeo,&9) < e (2l + QP + Vel

Proof. — Denote by C(p,r) the boundary of A(p,r), and by % an outward-pointing
unit normal vector to it. Stokes’ formula gives

Bpr&e) = [ (VO Vier @@y acssy)
p,r

+/C(p,r) <(V2‘) 2 cp,go) rdé.

Since ¢ is Ag-harmonic, the Weitzenbock formula (2.16) implies that the first term
on the right-hand side vanishes. Therefore, by the tic-tac-toe inequality, we have

1 1 2
E(pa 7"6780) S 5/ E |V+50| +C|(p|2’l"d0

C(p,r)
On the other hand, we have

dFE ; ?
M:/ | VEp| +1®e @ olPras.
dr C(p,r)

By assumption, for r < (R + 1)eo we have the estimate

/ |®e ® p|*rdd > 02/ || ?rdf.
C(pr) Clp.r)

Putting together these estimates, we see that

dE(p,r,&¢)

dr Z QCE(pv 7'75;@),

whence

dlog E ;
g E(p.1.6¢)
dr
Integrating this inequality from r = g to r = (R + 1)&g, we obtain

IOg E(pa €0, 6; 90) < 20[50 - (R + 1)50] + IOgE(p, (R + 1)803 57 90)
Taking exponential of both sides, we get

E(p,€0,&9) < e > E(p, (R+ 1)e0,&; )
S 6_2CREOE(§; ()0)’

and we conclude using (2.43). O
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Next, we use the above lemma to obtain exponential decay results in terms of &
for the energy of harmonic spinors when £ is large, first in a fixed disk of C away
from the singularities P, then near infinity in C. In the first case, the statement is as
follows.

LEMMA 2.30. — Let p € C . P be arbitrary, and let €9 > 0 be such that the distance
between p and P is at least 3eg. Then for |£| sufficiently large we have the estimate

—eol€l/3

||90||§11(A(p,50)) <e ”90”%[1(0)

for any A¢-harmonic spinor ¢.
Proof. — Since p is away from P, in the Higgs field §; = 0 — {dz/2 the term 6 is
bounded on A(p, 2eq). Therefore, if |¢| is sufficiently large, then the eigenvalues of 6
on this disk are bounded below in absolute value by |£|/4. Apply Lemma 2.29 with
R =1 and c=|£]/4 to get

B(p,c0,:¢) < e (2 gl 0 + U612 + Dlelec))

< 5e~ kI 21¢ 2| o]|3

1
_— p—c0lél/3 2
< 53¢ B (][ SPe)

for ¢ sufficiently large. On the other hand, we have

2 2
el agen = [ ToP+[V¥o]+ 1200l
A(p,eo)

2
(2.53) S/ 2€%|el* + ‘V?p‘ + 10 ® of
A(p.eo)

§33 E(pa 50367@)7

where the last line is a consequence of |®¢ ® ¢|> > |€|%|¢]?/16 in A(p,eo). Putting
together these two estimates, we get the lemma. O

In the second case, we have the following statement.

LEMMA 2.31. — For any £ ¢ P there exists Ry = Ro(€) > 0, K = K(¢) > 0 and
c = ¢(§) > 0 such that for any A¢-harmonic spinor ¢ and all R > Ry the following
estimate holds:

el (cwamary < Ke llelin (o)
Furthermore, if |£] is sufficiently large, we can choose ¢ = |£|/3 and Rg, K constants
independent of &.

Proof. — The proof is an amalgam of that of Lemmata 2.29 and 2.30. Define the
&-energy at infinity of a spinor by the integral

(2.54) E(oo, R, &) = / VLl + e @ .
C~A(0,R)
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Choose Ry > 0 and ¢g such that for |z| > R, the eigenvalues of 0¢(z) are all bigger
in absolute value then ¢y. Clearly, such a choice is possible because £ ¢ P. Moreover,
for |¢] sufficiently large one can put ¢y = |£|/4 and Ry a constant only depending on
the initial data 6. For r > Ry, we have the estimate

1 1 2

—E(00,1,&50) > —*/ — VZ@) + colp[*rde.
2 Jeo,r co

On the other hand, we have

dF : 2
M:_/ Vio| + [oe o plras
c(0,r)

dr

By assumption, we have also

/ [P ® ©|?rdd > c%/ lo|?rd6.
C(0,r) Cc(0,r)

Putting together these estimates, we see that for r > Ry
dE ;
M S _2COE(007 T, 6; 90)7
dr
whence
dlog E(o0,7,§; )
dr
Integrating this inequality from R to 2R and using (2.43), we obtain

E(00,2R, & ¢) <E(&¢)e i
<(I€P? + 3)e™ | o]l 71 (-

< —200.

On the other hand,

E(00,2R, &) > / @ 2 o
C~A(0,2R)

> / |0
C~A(0,2R)

KoE(0,2R, & 90) > |lollincua.2r))
for some K > 0. This gives the lemma for £ in a finite region. The case of |£| large
also follows noting that K depends at most polynomially on &. O

implies

Since a Ag-harmonic spinor is subharmonic in the usual sense, the above results
also imply point-wise exponential decay on harmonic spinors:

LEMMA 2.32. — Suppose R > Ry. Then there exists K,c > 0 such that for any |z| >
2R + 1 and any A¢-harmonic spinor ¢ we have

lo(2)] < Ke™ " |lollin c)-
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Proof. — Because of the condition |z| > 2R + 1, the disk A(z,1) centered at z of
radius 1 is contained in C \ A(0,2R). On the other hand, by subharmonicity of ¢
with respect to the usual Laplace operator, we have

PN <Ko [ low)|dup

A(z,1

1/2
<K ( / |¢(w)l2ldw|2>
A(z,1)

1/2
<K (/ |90(w)|2|dw|2>
C~A(0,2R)

We conclude using Lemma 2.31. O
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CHAPTER 3

THE TRANSFORM OF THE
INTEGRABLE CONNECTION

In this chapter, we define the transformed parabolic integrable connection induced
by the deformation D;. First, in Section 3.1, we define the underlying flat bundle; then
in Section 3.2 we show that its behaviour at infinity verifies appropriate asymptotic
conditions. This then allows us to apply the results of [5] in order to define an extension
into a parabolic integrable connection over the singularity at infinity; the same thing
for other singularities follows from [26].

Before starting these points, we need however to introduce some notation. Recall
first that P was defined as the set {&1,...,&w} of eigenvalues of the second-order
term of D at infinity. Let H — C ~ P denote the trivial Hilbert bundle with fibers
L?(C,S~®E). By Theorem 2.21, the transformed bundle E can be given as the vector
bundle whose fiber over ¢ € C ~. P is the kernel of the adjoint Dirac operator (De)*.
By the same theorem, such an element is also Ag-harmonic. Now remark that on the
bundle H there exists a hermitian metric (.,.) which is canonical once a hermitian
metric h(.,.) is fixed on E: for any two elements fi,fa € fIg =L*C,S" ®E), it is
defined by the L? inner product

(oo fo) = [ (G, FlaP
Cc
Moreover, the trivial connection d on the bundle H is unitary with respect to this

metric. Let ¢ denote orthogonal projection of Hg onto the subspace Eg, and 7 the
inclusion F — H.

DEFINITION 3.1. — We call transformed Hermitian metric the fiber metric h on E
which is equal on the fiber E¢ to the restriction of the above defined L* scalar product
(.,.) to the subspace E‘g C L*(C,S" ®E).
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3.1. Construction of the transformed flat connection

In this section we show that the transformed bundle admits an integrable connec-
tion, which is determined only by the deformation D. First, we describe its intrinsic
construction, then we give it in terms of an explicit formula.

3.1.1. Intrinsic definition. — Defining a flat connection is equlvalent to giving a
basis of parallel sections on a disk By around each point &y € C ~ P. Given this, in
order to see that it defines indeed a flat connection, one only needs to prove that the
transition matrices on By N B; between two such bases (corresponding to points &
and &) are constant.

So suppose & € C < P, and let fl (2),..-, fT(z) be a basis of the vector space Ego.
On the basis of Lemma 2.32, for £g = €¢(&p) > 0 sufficiently small, the expressions

(3.1) fi(&2) = 7e (€= f,(2)) € e
make sense for £ on the ball By = B(&p,eq) of radius eg centered at &. Therefore,
(restricting €0 if necessary), they define an extension of the basis fi,..., f; of the

vector space E§0 to a trivialisation of the bundle E over By.

PROPOSITION 3.2. — The family of sections (3.1) for all & € C P, forj €
{1 .7}, and for all € € By define a local system for a flat connection D on
E— C < P.

DEFINITION 3.3. — We will call D the transformed flat connection on C ~ P.

proof (Proposition). — Let o # & be another point of C < P, and 91(2),...,0#(2) be
a basis for the vector space Eéo' According to (3.1), the local trivialisation of E near

£o we need to consider is then §;(€),. .., §:(¢), with
(3:2) (€)= #e(“(2))

for £ in a small disk By around &. In order to show that the local bases (3.1) and
(3.2) define indeed a local system, we need to show that the transition matrices m(§)
between them are independent of the point & € By N By. We will make use of the
following:

LEMMA 3.4. — For any &,£ € By, and any ko € ker(D¢,|S~™ ® E) we have
e (6(5/_5)z’ﬁ'£(G(E_go)zko(Z))) = frg/(e(e—&)zko(z)).
Proof (Lemma). — Set k¢ (2) = e(670)?k(2); we need to prove that

oo (ke ()] = e (17 he (2)),
or equivalently that
e [e€ ~O%(1d — tg) (k)] = 0
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which is still equivalent to
(3.3) e€=9%(1d — #¢) (ke) LEe.
Since 7¢ is orthogonal projection to Eg, we have

(3.4) (Id — 7¢) (ke) € B

Moreover, observe that for £, and £ fixed, the relation

(3.5) els78)%. Dg, = Dg, — (€ = &)d2A = D,

holds, and so

(3.6) ke = e %)%ky € e674)%ker(Dy, ) C ker(Dg) = Im(Df)* = Im(D¢) & E.

From (3.4) and (3.6) it follows that (Id — 7¢)ke € Im(D¢). Now using (3.5) for (&' — &)
instead of (£ — &), we deduce that e ~97(Id — 7e)ke € Im(Dg/), whence (3.3). This
finishes the proof of the lemma. O

Let us now come back to the study of the transition matrix: let £,& € By N By,
and suppose we have

(3.7) £6) =Y _mua(©),
=1

where (mj;) is the transition matrix between the two bases at the point . Lemma 3.4
means that for |£ — &'| sufficiently small, we have

(3.8) Fi(€) = 7 (€792 f5(6))
(3.9) Q€)= 7ter (e =97 ,(€)).

Now plugging (3.7) into (3.8), then using (3.9) we obtain
fi(€) = #e (e(g/_é)z > mjlél(ﬁ))
I=1

=3 myide (€95 (8))

=1
7
= Z mjlgl (gl)v
=1
so the transition matrix at the point £’ is the same as the one at £, whence we obtain
the Proposition. O
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3.1.2. Explicit description. — We now give an explicit formula for the flat con-
nection constructed above, following page 13 of [16]. First define a unitary connection
on F with respect to the transformed Hermitian metric by

(3.10) V=t¢odoi.

The fact that this connection is indeed h-unitary can be seen as follows: let f, g € I'(E)
be local sections around &g, then from orthogonality of 7 to £ with respect to the
norm (.,.) we have in &y

d(a(f,9) = d(f,9) = @f,9) + (f,dg)
= (V£.9) +(f,V9) = MV F,9) + h(f, V),
where d stands for exterior differentiation of functions along the coordinate £ as well
as for the trivial connection with respect to £ on the trivial Hilbert bundle H. Finally,

we define an endomorphism-valued (1, 0)-form (a candidate to be a transformed Higgs
field) by mapping a A¢-harmonic section f(¢;2) to

(311) 0e( (6 ) = — e(=(6:2))d

where d¢ stands for the standard generator of the holomorphic (1, 0)-forms on C. This
field will indeed be holomorphic provided that the original metric h is harmonic (see
Section 4.2).

PROPOSITION 3.5. — The connection V+20 is equal to the transformed flat connection
D defined above.

Proof. — We need to show that for all { and all f(z) € Ego, the local f)—parallel
section in & € By given by

(3.12) F(& 2) = e(el€8)% f(2))
is parallel in By with respect to V+20.F irst, let us check it in &g:
((V +20)f)(60) = e, [(AF)(€0) — 2f (60)d].
We observe that by (3.12) we have
(Af) (o) = (dfe)e, £ (€0) + Frey (2 (€0) ),
hence
((V +20)f) (%) = #e, [(dfe)e, f(€0)]-
Now ¢ o ¢ = 7¢ implies
dfte o g + 7 0 dfte = dite,

therefore

eo [(dfte)e, f (€0)] = (dfte), © (Id — 7g, ) f(€0) = 0,
since g, is the projection to E¢, and f(§o) € Eg,.
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Next, fix an arbitrary £ € By. Then, as we have just shown, the local section defined
for |¢' — £]| sufficiently small by

f'(€) = #e (€797 f(&;2))
is parallel in £ (compare with (3.12), setting &, = £,& = ¢’). But Lemma 3.4 tells us

that the local sections f’ and f coincide in a neighbourhood of &; in particular f is
parallel in &. O

The following is now immediate:

PROPOSITION 3.6. — The unitary part of the transformed flat connection D is

, . R 1 1
D+=V+9—0*:fr§o<d—2zd§/\+2§d§/\>.

DEFINITION 3.7. — We will call the above unitary connection Dt the transformed
unitary connection. The covariant derivative associated to it will be denoted V7.

REMARK 3.8. — The fact that the formula for the transformed unitary connection
involves extra multiplication terms by z and Z compared to the usual formulae of
other Nahm transforms is an artifact: as we will see in the next chapter, the transform
admits an interpretation from the point of view of Higgs bundles, in which the formula
for the transformed unitary connection agrees with the usual one.

3.2. Extension over the singularities

At this point, it should be pointed out that a priori we have no guarantee that
the constructed flat connection is indeed of the form required by Section 2 of [5]
(and therefore extends nicely over the singularities); that is, in an orthonormal basis
with respect to its harmonic metric it is not necessarily the model (1.20) up to a
perturbation described in (2.11) and (2.13). However, there is a theorem of O. Biquard
and M. Jardim which allows us to show that this is the case. Namely, Theorem 0.1 of
[6] states the following:

THEOREM 3.9. — Let A be an SU(2)-instanton on R*, invariant with respect to the
additive subgroup Za%3 @Zaim, and suppose that its curvature F'; has quadratic decay
at infinity (that is, |Fz| = O(r=2), where r> = z3 + 23). Then there exists a gauge
near infinity in which A is asymptotic to the following model:

- d
Ay =d+ i()\l drs+Aadry + (11 cos — posin 0)%

dz
+ (p18in 6 + pg cos ) —= + adﬁ),
r

0

where z = re'® are coordinates for the (z1,x2)-plane. Moreover, the difference a be-

tween A and this model satisfies

la| = O(r~17°), ’ VA0a| =0 %9,
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In order to be able to apply this result to our case, consider the Euclidean space
(R*)* spanned by orthonormal vectors ag*
i

spanned by 62* and 8‘2* with the line C with complex coordinate ¢ underlying D. By
1 2

Section 1 of [14], D then induces an instanton A on (R*)* with singularities, invariant
with respect to the subspace R aa* ®R 6* . In particular, A is invariant with respect

to Z-2 Bat @ Z o7 SO Theorem 3.9 can be applied to it, provided that its curvature

has quadratlc decay. In order to have an explicit description of A and its curvature,
remember that D decomposes as

D=Vt +60+6,
where V't is the transformed unitary connection, 0 the field defined in (3.11) and 6* its
adjoint with respect to the harmonic metric of D. Now as we will see in Section 4.2, this

harmonic metric is in fact the transformed Hermitian metric h given in Definition 3.1.
The unitary part of D decomposes further into its (1,0)- and (0, 1)-part:

V= (VHLO 4 (VoL
Finally, we write 9 for the endomorphism-part of 6:
6 = dde.
The instanton over (R*)* corresponding to D is then given by the formula

A=Vt 4+ Rdda} + Sdda?,

2 _1(2_2)
o6 2 \0x% Oz}
is the natural complex coordinate of C, and the connection V+ on (R*)* acts as vt

along C and as the trivial connection along R 8* &R ‘9*. Furthermore, as it can be
T3

where we recall that

seen from the results in Section 1 of [14], we then have the formula
F; = —[9,0*

(3.13) + (V) RI(dz} A dah — dah A dz))

+ (V) S9(daf A daf + dzj A da),

J(dat A dzj + daj A da)

where we have written (V+)w* to denote the action of the unitary connection in the
%—direction. Hence, before we can apply Theorem 3.9 we need to check the following:

~

THEOREM 3.10. — There exists a constant K > 0 such that the commutator [19719*] 18
bounded by K|¢|72 as € — co. The same estimation holds for V.

Proof. — We start with the case of the commutator. Let f(&;2) € Ee = Ker(d¢)* be
arbitrary; we wish to show the estimate

,971£(€)

~

1

o < KIETF Ol
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with K independent of f and of £. Recall the well-known formula from Hodge theory:
(3.14) e =1d — @gGgé?E.

Using this, we obtain

(3.15) = Sie(BCed: (2 (6) — G (H(€).

Since Dg¢ is a connection, the following commutation relations hold:

[Dg, z] = dzA [Dg,i] =dzA
i 9 .0
[ngz] = £L [Dg,z] = EL’

where L stands for contraction of a differential form by a vector field. It follows
immediately

(3.16) [@e, 2] = —[0F,2] = dz A —%L: dz-

(3.17) [0e, 2] = —[0F,2] = dZ A —%Lz dz-

where the Clifford multiplication - is defined by these formulae. Plugging these in the
expression (3.15), using 7 f(¢;2) = 0 and Tre|mgy = 0 together with the definition of

ﬁ, we get

3,917 | = 5 e (a2 - Gedz - f(©) - 4z G- f(9))|

h

L*(C)

(3.18)

VAN

Hewts 0], + Sl s

L2( r2c)’

since the norm of the orthogonal projection of a vector to a subspace is at most the
norm of the vector and the action of Clifford multiplication by dz and dZ is point-wise
bounded. We conclude by the first statement of Lemma 2.25.
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Next, let us come to V. Similarly to the above, using (3.14) and the commutation
formulae (3.16)-(3.17) we obtain

(@ﬂg) ) = (D+ od—do [)+) £(©)
= (- Zde + 2d€) #c (-2) f(©)
e (2) e (4 Zae + Zag) feo)
=fre { (& - gdf + §d5> PeG:P; <§f(f))

— 20¢Ged; (A - 2+ 2a) f(¢)]

. 1 1 - _ dz .
:7r£{ <2d§/\dz — 2d§/\dz> -G57 - f(&)
dz 1 1. .\
-5 Ge (2d§ Adz = S dz> : f(g)]
= dz & dz PN
+ e |06 E O - T 6aiaf©)
(here dz and dZz act on the spinors by Cljfford multiplication, whereas d¢ and d¢ by
wedge product). Noticing that |[d¢| = |d€| = 2, the first term in the last expression

can be treated exactly as in (3.18). For the second term, one only needs to remark
that the commutation relations

g _ A £ €.
|4, De| = [d,D —3dz 4 2dz
_dEAdzA N dé A dzA
- 2 2
and
dén 8 déA D
d,D}|=— > —L+—— —
[4.2¢] 2 9z 2 02"
show that
J I A* 1 1. - _
holds. Therefore we can proceed again as in (3.18). O

On the basis of Theorem 3.9, the behaviour of the transformed flat connection
at infinity satisfies the hypothesis considered in [5]. Namely, in a suitable gauge its
difference from a model with second-order pole is in the weighted Sobolev space
Ll_g i 5(91 ® FE) considered in Section 2 of that article. Indeed, passing to a coordinate
w = 271, |w| = p in which the double pole is in 0, the norm of the perturbation
is O(p'*?), whereas that of its derivative is also O(p'*®) (because the norm of 1-
forms near infinity is |dz| = |dw|/|w| = 1), and we conclude since p**%/p% € L2 ..
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It follows from the results of its Sections 7 and 8 that the analytic flat connection D
defined outside infinity extends to an algebraic integrable connection with a parabolic
structure on the singular fiber at infinity. On the other hand, such an extension
over logarithmic singularities (that is, singularities in which the eigenvalues of D or
equivalently those of ¥ have at most first-order poles) is ensured by Theorem 2 of
[26]. Therefore, by Theorem 4.30 the flat connection D on €~ P can be extended

1
into a meromorphic integrable connection on CP with parabolic structures at the
singularities.

DEFINITION 3.11. — The transformed meromorphic integrable connection is the
meromorphic integrable connection with parabolic structure in the singularities in-
duced by the above extension procedures, subject to local changes of holomorphic
trivialisations near the singularities to take all weights between 0 and 1. We will
continue to denote it by (E,f)) The underlying extension will be called transformed
extension of the transformed bundle.

REMARK 3.12. — We will see in Section 4.6 that the parabolic structures are adapted
to the harmonic metric; namely, the weight 0 < &, < 1 of a subspace FkE|p of a
singular fiber corresponds in local coordinate z vanishing at the puncture to a decay
bounded above by |z|>** of the norm of a parallel section extending an element of
FkE|p, as measured by the harmonic metric. However, in Sections 4.4.1 and 4.4.2
we will construct a different extension over the punctures — more suited to analytical
study —, where the behaviour of the norm of parallel sections near the singular points
will no longer be bounded. We then pass back to the transformed extension in Corol-
lary 4.89, where we remark that it is the one that establishes a "good" correspondence.
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CHAPTER 4

INTERPRETATION FROM THE POINT OF VIEW
OF HIGGS BUNDLES

Let (E,D,h) be a Hermitian bundle with integrable connection. Throughout this
chapter, we suppose that the original metric h is harmonic. This metric then defines
a Higgs bundle (&, 0) starting from the integrable connection, via the procedure de-
scribed in Section 1.5. We first prove that the transformed metric h is then harmonic
for D. Next, we give an interpretation of the transformed Higgs bundle of (6,0) in
terms of the hypercohomology of a sheaf map over CP'. These results will then be
used to define the induced extension '& of the transformed bundle over the punctures
Pu {o0}, and to compute the topology and the singularity parameters of this ex-
tension of the transformed Higgs bundle. This will enable us to eventually compute
the topology and the singularity parameters of the transformed Higgs bundle with
respect to its transformed extension given in Definition 3.11.

4.1. The link with the transformed integrable connection

Recall that we have defined the deformation of the Higgs bundle by the formula
(1.35), and we write Dg for the D”-operator of this deformation. Explicitly, we have

D/ = 8% + 0,

where 0, = 6 — £/2dz. Moreover, as we have noticed in Section 1.7, nonabelian Hodge
theory identifies the deformation of the Higgs bundle structure (1.35) and that of the
integrable connection via the unitary gauge transformation

9(z,6) = el6=eI/2

In other words, writing ge = g(., §) for the gauge transformation restricted to the fiber
H¢, we have

£

(4.1) ge.De =D =D — §dzA—gdzA.
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64 CHAPTER 4. HIGGS BUNDLE INTERPRETATION

Since the gauge transformation g is unitary, in addition to (4.1) we have as well
(4.2) ge.D; = (DEY".

DEFINITION 4.1. — The operator 37 = D? - (Df)* will be referred to as the Higgs
Dirac operator. In the same way, we let éfé’ stand for the Dirac operator Dg’ - (Dg’)*.

The transformed smooth bundle underlying the Higgs bundle is the bundle V over C~
P whose fiber over £ is the first L?-cohomology space L2H1(€f) of the operator Df.

PROPOSITION 4.2. — This way we define a smooth vector bundle V. Furthermore,
there exists a canonical bundle isomorphism between the smooth bundle E underly-
ing the transformed integrable connection and the smooth bundle 1% underlying the
transformed Higgs bundle.

Proof. — Theorem 2.16 tells us that the transformed bundle underlying the integrable
connection is the bundle of first L2-cohomologies of D}S“t. For any &, the gauge trans-
formation g¢ of E induces a natural isomorphism between the L?-cohomology spaces
of the complexes (1.7) and

¢. D D
(4.3) (R oAt N oY ®E X7, L @2 ®E.
which is just E?f. In Theorem 2.6 we have shown that the 0-th and 2-nd cohomology
of ©¢ vanishes for all £ € C . P, whereas Corollary 2.7 implies that the cohomology
spaces L2H'(G¢) define a smooth vector bundle over C P. This then implies the

same thing for i??, whence the bundle isomorphism between the bundles over C\ P
in question. O

Theorem 2.21 has the following interpretation:

THEOREM 4.3. — The first L?-cohomology Vg = L2H1(€?) of the operator D? is
canonically isomorphic to the kernel of the adjoint Dirac operator

(4.4) (ag)* : L2(S_ ®FE) — L2(SJr ® E)
on its domain, or alternatively to the kernel of the Laplace operator
(4.5) Ag =g @) L*(S"®@E) — L*(S” ®E)

on its domain.

Proof. — Apply the gauge transformation g to Theorem 2.21 and notice that (4.1) and
(4.2) imply

(4.6) 9e. 9% = ()"

and

(47) ge- Ag Ag 3

and in particular that

(4.8) g¢(Ker(9;)) = Ker((@¢")") O
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4.1. INTEGRABLE CONNECTION AND HIGGS BUNDLE 65

and
(4.9) ge(Ker(Ag)) = Ker(A?).

This result enables us to put similar definitions as in the integrable deformation
case.

DEFINITION 4.4. — The hermitian bundle metric on V given by L? scalar product of
the (ﬂg )*-harmonic representative will be called the transformed Hermitian metric,
and will be denoted by h. Also, ﬁ'g will stand for h-orthogonal projection of L2(S™®F)
onto V.

REMARK 4.5. — Starting from a Higgs bundle with any Hermitian metric (not nec-
essary harmonic), we can define in the same way its transform on the transformed

bundle V.
Next, we recollect the above considerations in terms of the transformed bundles.

PROPOSITION 4.6. — The famzly of gauge transformations 9 induce a Hermitian bun-
dle isomorphism between EandV. Furthermore, the fiber Vg can be identified with the
first L?-cohomology of the single complex associated to the following double complex,
denoted by Dy :

WlgE " 02eFE

0
WeE -0l E.

REMARK 4.7. — Notice that commutativity of this diagram follows from the hypothesis
%0 = 0, which is just the definition of the harmonicity of h.

Proof. — By (4.9),the D¢-harmonic representative of a class is mapped by g into a
D? -harmonic class. Since the transformed metric from both points of view is induced
by L?-norm of the harmonic representatives, and g is unitary, this gives the first
statement. For the second, remark that by Theorem 1.25, the Laplace operator A?
is equal (up to a factor of 2) to the Laplace operator A = @¢(3{)*, therefore their

kernels coincide. This then identifies V with the first L?-cohomology of the complex

(4.10) Peroer X er
Finally, recall that the formula
D} = 9% + 0,
gives the decomposition of Dy into its (0, 1)- and (1,0)-part respectively. This means

that the complex (4.10) is the single complex associated to the double complex 9.
However, it is not necessarily true that the domain of Dg is the sum of the domain of

9% and that of 0, it could in principle be larger. Still, the two L?-cohomologies are
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the same. Indeed, suppose f = f0dz 4 f*'dz € L*(Q' ® E) is in the kernel of D,
that is

(4.11) °f10dz + 6, A fO1dz = 0.

We wish to represent the Df-cohomology class of f by a class f10dz + 214z such
that 810 € L? and O¢ f9 e L2, Away from logarithmic singularities, one can simply
choose f itself, for there locally f*! € L? implies ¢ f*' € L? and by (4.11) then
d¢f10 e L? as well. Thus we only need to modify f in a neighbourhood of the
logarithmic punctures. By Claim 4.11 near any such puncture we can find g € L?(E)
such that f¢g € L?(Q"° ® E) and

foldz + %9 = 0.
Using 5565 = 0, the last two identities then also imply
A°(f10dz + beg) = 0.

Put fl’odz = fl’odz—{—Ggg; as both 9 and 0¢g are supposed to be in L2 so0is fl’odz.
This then shows that f is cohomologous in the L? complex of (4.10) to a class locally
represented by a section fl’odz, where fl’o € L? and 5ﬁf1,0 € L2. In different terms
f10dz € Dompay (8¢), and this shows that the first L2-cohomology of (4.10) is indeed
equal to that of Dg. O

Next, let us investigate what the transformed integrable connection D and its
unitary part D+ become under this gauge transformation. Notice that since the gauge
transformation g is unltary, the orthogonal projection 7 onto FE is transformed into the
orthogonal projection 7% onto V, with respect to the same L2-metric on the fibers;
in different terms g¢. 71 = 7TE The image of the transformed integrable connection D
under the gauge transformation g in the point £ is given by

DY = g. D
(4.12) = g.(f¢ o (d — zd¢N))
e (d - f(zdf A —|—zd§/\)>

(see (3.10), (3.11) and Proposition 3.5), and that of the candidate Higgs field is the
endomorphism

éH

é
(4.13) (ftg o (—z/2dEN))
1

~H
Therefore, if we decompose the transformed flat connection in the point of view of

Higgs bundles into its unitary and self-adjoint part, we obtain

(4.14) (D)t =#f(d) (Dfysa = g 4 (§7)*

MEMOIRES DE LA SMF 110



4.2. HARMONICITY OF THE TRANSFORMED METRIC 67

(these formulae can also be deduced directly from Proposition 3.6). This then gives
the desired interpretation of the transformed unitary connection DT in this point of
view.

DEFINITION 4.8. — We let 8% stand for the (0, 1)—pa7jt of (ﬁH)+. Moreover, we call
the holomorphic bundle V' with partial connection 8% the transformed holomorphic
bundle and we denote it by &.

4.2. Harmonicity of the transformed metric
In this section we prove the following result:

THEOREM 4.9. — If the original metric h is harmonic, then the same thing is true for
h.

Proof. — First remark that by (4.14), the formula for 8% is ﬁ'? (Elo’l). Also, the (1,0)-

part of (ﬁH )% is just 6H . By definition, harmonicity of the transformed metric h
resumes then in the equation

(4.15) 826" = 0.
By Proposition 4.6 we have V; = L?*H' (DY), with D} = D" — £/2dz. From this

formula it is clear that Dg depends holomorphically on &, so we are in the situation
described in part 3.1.3 of [12] of chain complexes
VeE L 0or L 0’k

varying holomorphically with £. There it is shown that if the first cohomology spaces
175 of these complexes are all finite dimensional, of the same dimension, then the
bundle V constructed out of them over the parameter space of £ carries a natural
holomorphic structure. Explicitly, this is given by by saying that a section f € 1"(‘7) in
a neighbourhood of &, is holomorphic if and only if it admits a lift f € I'(Ker(D¢|q1))
which is itself holomorphic with respect to the holomorphic structure induced by the
(0,1)-part &0’1 of the trivial connection d on the Hilbert bundle H. This holomorphic
structure is the same as the one defined by the operator 8¢, since both are induced by
d"" and #¥. The section §¥ € End(V)@ng is then holomorphic for this holomorphic
structure if and only if it maps each holomorphic section f into a holomorphic section.
In particular, this is the case if it admits a lift

Ker(DY|g1) ——= Ker(D{|a:) ® Q%

I

2 > 1,0
Ve Ve® Qg

such that
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(1) © passes to the quotient Ker(D{|q:) — Ker(D¢|q1)/Im(D{|qo) = Ve, the
quotient being 6H , and

(2) © is holomorphic with respect to the holomorphic structure induced by (Aio’l.
Recall from Section 2.3 that Ker(D{[q:) is a closed Hilbert subspace of Hp; call
TKer (DY) orthogonal projection of H¢ to it. We now claim that the map

O : Ker(D{|q1) — Ker(D{|q1) ® ng

_ 1 _
fe — =g mer(ny) (2/e(2))dé

verifies the hypotheses needed.
For (1), we need to show ©(Im(D¢[qo)) € Im(D¢|qo). Let g¢ be a local section of

the trivial Hilbert bundle L2(E) — C. Then we have

1
O(D{g) = — - mker(ny) (2D¢ g¢)dE

2
1
= _§7TKer(Dg)(Dg(zgf(z)))dg
1
= —§D’£’(zgg(z))d§,
because the operator Dg = 9% + fs commutes with multiplication by z, and

Im(D¢[qo) € Ker(Dg|q1). This shows that Im(Dy|qo) is invariant by ©; the quotient
is clearly 6.

Next come to (2): we remark that the formula defining © only depends on ¢ via
the projection myey( DY) But since the operator D’é’ depends holomorphically in &, so
do the subspaces Ker(Dé’ ), and since the metric is independent of £, the same thing

is true for the projections mger( DY) This shows that ©, and so 6H is holomorphic
in &. O

4.3. Identification with hypercohomology

In this section we will often use basic properties of hypercohomology; for an intro-
duction to this topic, we refer to Section 3.5 of [13]| and Section IV.12 of [11].
Before we start, we need to define the functional spaces

LZ(E) = Domuax(D{|a0er)
={ue L*(E) : 6 ANu,0% € L?}
LE(Q%! ® E) = Domuax (D 0019 5)
={vdz € L*(Q"' ® E) : 6 Avdz € L?}
L*(Q"° ® E) = Domuax(D{ o100 k)
= {udz € L*(Q*° Q@ E) : 8%(udz) € L?},
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for the Euclidean metric |[dz|? on C and the hermitian metric h on the fibers, adapted
to the parabolic structure with weights {a{, ...,al}. Notice that we may drop the
index £ of these spaces, since they all coincide: indeed, in a logarithmic singularity
the deformation £dz is bounded, and at infinity the condition ¢ ¢ P implies that
no eigenvalues of 6 vanish, and this gives equivalence of the corresponding norms
exactly as in Lemma 2.3. We identify these functional spaces to the sheaves of their
local sections. In what follows, we are going to define sheaves & and & of sections of
Q2°® E and Q1% ® E respectively on CP' with the property that the L2-cohomology

L?H* (DY) of (4.10) identifies to the hypercohomology H*(& Jen, ) of the sheaf map

0
é SLIAN . This latter is then explicitly given in terms of a sky-scraper sheaf over the

zero set 3¢ of det(f¢) by a simple use of the spectral sequence of the double complex.

4.3.1. Definition and resolution of the sheaves. — Recall that the parabolic
structure on & with adapted Hermitian fiber metric means that the holomorphic
bundle & on C ~ P has a natural extension to all CP': the holomorphic sections at a
singular point are the holomorphic sections outside the singularity which are bounded
with respect to the metric. By an abuse of language, for U ¢ CP* an open set let & lv
be the set of holomorphic sections of the bundle & in U. In other words, we denote
by & the sheaf of local holomorphic sections of & (extended over the punctures as
above).

Next, let us define 7: for an open set U € CP! containing no singular point, let
I |u be the set of d%holomorphic sections of Q0 @ E. If U contains exactly one
singular point p; € P (and does not contain the infinity), then let ¥ |y be the set of
d%-meromorphic sections odz of Q0 ® E such that o be d°-meromorphic in U with
only one simple pole at p;, and such that its residue in this point be contained in
the subspace Im(Res(f, p;)). Finally, if U contains the infinity (but no other singular
points), then let |y be the set of all d%-meromorphic sections odz of Q0 @ F with
a double pole at infinity, and no other poles in U. Notice that since in the coordinate
w=1/zof CP! the section dz has a double pole at infinity, this amounts to say that
o is a 0%holomorphic section of E in U. Writing o = Yk fe2ore in the holomorphic
basis (1.30) at infinity, it is still the same thing to say that fo° be a holomorphic
function in U for all k£ (in particular bounded at infinity). It is easy to check that this
way we defined a sheaf.

We introduce some further notation: set # = /1 + |z|2 on C; then for a € {0,1}
we denote by 7L?(Q%° ® E) the space of sections u of 2%° ® E such that 7~ 'u € L2.
This way we only loosen the condition on the behaviour of u at infinity with respect
to L2, namely that r~'u be in L? in a neighbourhood of infinity. It is immediate that
there exist an inclusion of vector spaces

(4.16) L*(Q°QE) — L2 (Q*° @ E).
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LEMMA 4.10. — The sequence

- 56 .
(4.17) & iL2(B) 25 2% @ B)
s a resolution of &.

Proof. — Tt is known that away from the singularities, the sequence of usual L2-sections
with respect to Euclidean metric gives a resolution of the sheaf of holomorphic sec-
tions. Therefore, we only need to show that (4.17) is a resolution at the singularities.
Consider first p; € P. We first prove that (4.17) is locally exact in #L?(E). Let
E be trivialised in A(p;,e) by the local sections {O’i} given in (1.27). As we have
seen in (1.28), in this trivialisation up to a perturbation term 6 = diag(\])dz/z, with
)\i = (,ufC - ﬂi)/2, and the parabolic weights are given by ai = %(Ni) - [iﬁ‘,(,ufc)] By
definition, any holomorphic section o of E? can be given as a sum Y, ¢7.07, where ¢
are holomorphic functions defined in A(p;,€), in particular bounded by a constant K.
This implies that o € L?(E), so that o € L?(E) if and only if § A o € L?. Recall that
L? is defined with respect to the parabolic structure {ai}, and that the perturbation
term in @ behaves as O(r~1*9) with § > 0, where r = |z — p;|. This implies that

[ wersw [Spepar [N P
A(pj.e) =1

k=r;+1
Tj [d .
S K///Z|T—1+6|2+K/// Z |,,,—1+ocfc|2.
k=1 k=r;+1

By Hypothesis 1.28, ai > 0 for all j € {r; +1,...,r}. It then follows that this last
expression is finite, which proves that any holomorphic section of E is in I2. On
the other hand, if a section o = ), qﬂéai of E is meromorphic in p;, then there is
at least one k € {1,...,r} such that qbf; has a pole in p;. Suppose k € {1,...,7;}:
then |¢iai| ~ 1/r, and o is clearly not in L?. Suppose now k E'{fj +1,...,7}: then
again by Hypothesis 1.28 we have A] # 0, and therefore |0 A ¢7.07| ~ =29, and so
0 Ao ¢ L?. Hence, the sections of L?(A(p;,¢), E) in the kernel of 3% are exactly the
local holomorphic sections of F, in other words the local sections of &. This shows
local exactness in L2(E).

The next thing we show is that in A(p;,¢) the complex (4.17) is exact at L2(Q2%!'®
E): let vdz € L*(A(pj,e), Q%! ® E) be an arbitrary section; for ¢ > 0 sufficiently
small we wish to find u € L*(A(pj,¢), E) such that

(4.18) d%u = vdz

We can suppose without restricting generality that v = fai, with f a function defined
in A(pj,¢). Since o7, is a holomorphic section of E, solving (4.18) boils down to solving
the usual Cauchy-Riemann equation on the disk

(4.19) % =
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with u = gai € L2 (A(pj,€), E). Exactness near a singularity at a finite point is given
by the following claim:

CLAIM 4.11. — For f € L? the equation (4.19) has a solution g such that gr—'+° € L?
for any § > 0. For f such that fr® € L? with 0 < a < 1, (4.19) has a solution g such
that gr—1te € L2,

Proof. — The first statement is established combining the usual resolution of the
Cauchy-Riemann equation for f € L? by an L?!-function g and the estimation (2.12).

The second one is a direct consequence of Proposition 1.3 of [3]. One might also
prove it by direct estimations on the solution given by the Cauchy kernel, as in
Proposition 2.5 of [2]. O

Now let us come back to exactness at a singularity in a finite point: for the regular
case k € {1,...,7;} we have f € L? and |[§ Ago]| < |g|r~'T%, so we can apply directly
the first statement of the claim; for the singular case k € {r; +1,...,r} by definition
|0/\faid2| ~ |flr~1* is in L? with a > 0 by Hypothesis 1.28, therefore we can apply
the second statement of the claim. Remark that in this case even a stronger condition
then the assumption fr® € L? of the claim holds. However, we will need the claim in
its full generality to show exactness at infinity.

We now come to exactness at infinity. Recall that £ ¢ P implies 6 is an isomor-
phism L2(Q%%) — L2(QY?) for b € {0,1}. Therefore, the sections at infinity of the
sheaves L?(Q0?) and L?(Q%%) coincide. First, we consider exactness in 7L*(E) =
FL?(E): by the definition of &, its local sections are the holomorphic linear com-
binations 0 = Y., ¢7°0¢°. First we check that these sections verify r~'c € L
since |¢°| < K and |0f°| ~ r~% with af° > 0 by Hypothesis 1.28, we see that
1o € L?. On the other hand, if we have a section o = >, #7°0¢° in the kernel
of 8%, then for all k the function ¢ is either holomorphic or meromorphic; but if
r~lo € L?, then it implies that ¢7° is holomorphic for all k. This proves exactness in
the first term.

Next we come to the term L?(Q%! ® E): for a section vdz € L2(C\A(R), Q"1 ®E)
we search u € rL?(C \ A(R), E) such that 8%y = v. Suppose v = fo° and u = go°
again. In the coordinate w = 1/z = pe~% on A(0,1/R) we find (for simplicity we took
R =1 and wrote A = A(0,1/R) ):

/A FPo dw]? = /C P laa < o0
N

/A 19202 dw]? = /C ool < oo
N

On the other hand, the Cauchy-Riemann equation

dg
=
transforms into
99 _ [
ow  w?
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and we conclude applying Claim 4.11 to —f /w?. O
We can also show the counterpart of Lemma 4.10 for &:
LEMMA 4.12. — The complex

(4.20) T2 e E) 2 120V © B)

s a resolution of .

Proof. — Away from the singularities this is also given by classical elliptic theory,
therefore we focus our attention on a neighbourhood of a singular point.

Let us first treat the case of a singularity at a finite point p; € P. A local section
of & is then by definition a section o = ), qbiaidz such that qﬁfc is holomorphic for
k € {1,...r;} and has a pole of order at most one in p; for k € {r;+1,...7}. From the
form of the parabolic structure, it follows that |plal|l ~ O1) for k € {1,...r;} and
|¢iai| ~ O(r='*%%) for k € {r; +1,...r}. By Hypothesis 1.28 we have ozi > 0, thus
o € L*(Q°® E). On the other hand, if a section o = ), ¢iaidz of Q10 ® E satisfies
9% =0, but o ¢ L?(Q"° ® E) then either (;5{; has a pole for some k € {1,...r;} or
d)i has an at least double pole for some k € {r; + 1,...r}, and therefore o is not a
local section of &. This shows exactness in the first term.

Consider now exactness at the second term in A(p;,e): here we need to solve
(4.19), for f € L? with the solution g in L? in the regular case; and for f such that
fr® € L? with the solution g such that gr® € L? in the singular case. Both follow
from Claim 4.11.

There now remains to show exactness at infinity: this is done similarly to the case
of &. O

4.3.2. Hypercohomology and L?-cohomology. — We can use the results of the
last section in order to deduce the following:

PROPOSITION 4.13. — The first L?-cohomology Ve = L*H (DY) of (4-10) is isomor-
phic to the hypercohomology H' (& AN F).

Proof. — By Lemmas 4.10 and 4.12, 6, defines a morphism of resolutions

~ 6
(4.21) P20 o B) 0 20 @ B)

| |

~ 0 ~
FI2(E) " Fi2(QY0 @ E)

b )
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Therefore, by general theory, the hypercohomology of the sheaf map & e, & iden-
tifies to the cohomology of the single complex formed by the double complex @2:

b¢

(4.22) 200 @ B) —"- [2(0M! @ E)

| |

~ 0 ~
FL2(E) — _FI2(Q0 @ E).

We show that the first cohomology of the single complex of this double complex is
isomorphic to the first cohomology of the single complex associated to the double
complex De:

~ 6
(4.23) 2ot e E) 20 b @ E)
“T 165
~ 0 ~
2B —2 [0 @ E).

We define a map
v HY(De) — Hl(@g)
as follows: represent a cohomology class of H 1(@5) by a couple
(kdz,vdz) € L2(Q%' @ E) & L*(Q*° @ E),

and use the inclusion (4.16) to map it into the cohomology class represented by the
same couple (k,v) in H'(9;). This is well defined, since if (kdz + %X\ vdz + 0¢)) is
a couple in H'(9;) representing the same class as (kdz,vdz), for A € L?(E), then in
particular \ € 7L2 (E), and so the two couples are cohomologous in H 1(@2) as well.
This also shows that ¢ is injective.

We only need to prove surjectivity: suppose we have a couple (kdz,vdz) € i2(90’1®
E)®7L?(Q2'°® E) representing a class in H'(2}). It is clearly sufficient to prove that
this class can be represented by a couple vanishing in a neighbourhood of infinity. Since
0¢ is an isomorphism at infinity, we can put (restricting to a smaller neighbourhood of
infinity if necessary) A = Hgl(udz). This is then a section in #L?(E), and the couple
(kdZ — 8%\, vdz — ¢ )) is cohomologous to (kdZz,vdz) in H'(9;). By definition, the
(1,0)-term of this couple vanishes at infinity. The same thing is true for the (0, 1)-part,
because 0 (kdz — 0°)\) = —9%(vdz — ¢ \) = 0 near infinity and 6; is an isomorphism
there. This finishes the proof of the proposition, for the L2-cohomology of (4.10) is
by Proposition 4.6 the cohomology of the single complex associated to Pg. O

4.3.3. The spectral curve. — In the explicit identification of the hypercohomology,
the following notions will be of much importance. Recall that (up to wedge product
by dz) ¢ is a meromorphic section of End(E) over CP".
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DEFINITION 4.14. — For £ € C~ P, the set of zeros of det(f¢) is called the spectral
set corresponding to {. We denote it by Y.

LEMMA 4.15. — For each & € C~ P, the spectral set is an effective divisor of CP?,
in other words a finite set of points with multiplicities in N.

Proof. — The section det(6¢) of End(V) is holomorphic with respect to 9°. We only
need to check it does not vanish identically for any £. Suppose there exists £ such that

det(fe(q)) =0

for all ¢ € C ~ P. In different terms, # has a constant eigenvalue over C \ P; in
particular, the residue of this eigenvalue at infinity is 0. This contradicts AZ° # 0 for
all k € {1,...,n} (see (2) of Hypothesis 1.28). O

A basic property is the following.

CLAIM 4.16. — The points of 3¢ define a multi-valued meromorphic function of £ €
C.

Proof. — By assumption, det(f¢(z)) depends holomorphically on ¢ € C and mero-
morphically on z. We conclude using the implicit function theorem, namely that the
solutions of a meromorphic equation depending holomorphically on a variable are
meromorphic in this variable. U

DEFINITION 4.17. — The graph of the multi-valued meromorphic function
C.P—cCpP!
& — ZE
is called the spectral curve of the Higgs bundle. It is denoted by X.
This object was first studied by N. Hitchin in Section 5 of [15]. By Claim 4.16 the
spectral curve is an analytic subvariety
> L (C~ P)x CP!,

of (complex) dimension one. (Here j stands for inclusion.) Moreover, by construction
it is naturally a branched cover of C via projection to the first factor.

Here is an important property.

PROPOSITION 4.18. — The spectral curve ¥ is reduced; in other words, det(0¢) van-
ishes only up to the first order except for a finite set of points of X.
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Proof. — Suppose ¥ has infinitely many points (g,£) where det(f;) vanishes up to
order higher than one. Since ¥ has a natural extension into a compact curve in
CP! x 61\31 (see Section 4.4), this means that for any £ some zero ¢(§) € X¢ of 0, has
multiplicity higher than one; in different terms, some irreducible component of ¥ has
multiplicity higher than one. In particular, as £ — oo, at least two of the gx(£) must
have the same Laurent expansions. This is impossible by (4.37) and the assumption
)\i # M, for k # k’ made in (1) of Hypothesis 1.28. O

4.3.4. Explicit computation of the hypercohomology. — Let us now compute
the hypercohomology of

0cA

(4.24) &,

Consider arbitrary algebraic resolutions of the sheaves & and & such that 6¢A induce
a morphism of resolutions

g

(4.25) Ko N g
| Js
Oc N

K0,0 R KI,O

I

é g.

For example, one might take resolutions by Cech cochains. By definition, the first
filtration K, of the single complex associated to (4.25) is given by

KO — (KO,I o KO,O) o (Kl,l o KI,O)
Kl — Kl,l @KI,O.

The first page of the spectral sequence corresponding to this filtration is given by

(4.26) CALKS SIS D
/| ls
CALIS SIS D

where %7 is the j-th cohomology sheaf of the map (4.24), and the vertical sequences
come from resolutions

HO s (A % ()
A s (A 2 (A

by taking global sections. Let us now describe explicitly the cohomology sheaves. Re-
call from definition 4.14 that ¢ € X, are exactly the points where the map 0¢(q) :
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E(q) — E(q) is not surjective. After all this preparation, we have the following char-
acterisation:

LEMMA 4.19. — The cohomology sheaf H° of order 0 of the sheaf map (4.24) is 0. If
det(0¢) has a zero of order 1 in all points of ¢ € ¢, then the first cohomology sheaf '
is the sky-scraper sheaf Re¢ whose stalk over a point q € X¢ is the finite-dimensional
subspace coKer(6¢:(q)) C E(q), and all other stalks are 0.

REMARK 4.20. — The cokernel of 6¢(q) is naturally identified with the orthogonal of
the image with respect to the fiber metric, or, which is the same thing, with the kernel
of 07(q). This allows us to think of coKer(0¢(q)) as a subspace of E(q).

Proof. — Let us start with HO: suppose we have a section ¢ € &|y on an open set
U c CP! such that 09 = 0. Since on the open subset U \ X, the map 0 : E(q) —
E(q) is an isomorphism, we deduce that ¢ = 0 on this set. But a holomorphic section
vanishing on an open set vanishes everywhere, thus ¢ = 0 on all of U. This gives the
first statement of the lemma.

We now come to #': let U ¢ CP! be an open subset. If U N ¥ = & then 6¢ is an
invertible holomorphic endomorphism of & on U, therefore %" | = 0. Suppose now U
contains exactly one point ¢ € ¥¢. Then, for any section ¢ € |y the vector (6:¢)(q)
lies by definition in the image of 6¢(g), which is just the orthogonal of coKer(6¢(g)).
Therefore, this latter is contained in # " |;;. On the other hand, the condition that 0¢
has a zero of order 1 in ¢ means that any section ¢ € &|y such that ¢(g) LcoKer(6¢(q))
is in Im(@,). This proves the second statement. O

REMARK 4.21. — By Proposition 4.18, the condition of det(6¢) having a first-order
zero in all points of X¢ is generic in &: it is verified for all & except for twice the
eigenvalues of 0(q) for the finite number of points g of ¥ of multiplicity higher than
one. For the discrete set of £ where there exists a ¢ € ¢ with a multiple zero, one
introduces the flag

E(q) = FoE(q) 2 coKer(0:(q)) = F1E(q) 2 -+ D Fy E(q) = {0},

the subscript of F' being the order of zero of 0 (q) along the given subspace, and proves

that the cohomology sheaf ﬂ1|U over an open set containing q as the only element of
Y¢ 1s in this case equal to the jet space

rqe—1

P FrnE®W.

The assumptions that for fized j € {1,...,n} all the )\i be different for k € {r; +
1,...,7} and for fized 1 € {1,...,n'} all the A\3° be different for k € {1+ a,...a;+1}

1
(see (1) and (2), Hypothesis 1.28), mean that in the punctures of CP  the limit states
have first-order zeros.
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Now since a resolution of the sky-scraper sheaf ®¢ is given by

%5 — %5 - 0,
the first page of the hypercohomology spectral sequence (4.26) becomes
0 0
] !
0 @,en, coKer(t(q)).

All this implies the following:

PROPOSITION 4.22. — The hypercohomology spectral sequence corresponding to the
first filtration collapses in its first page, and we have a natural isomorphism

HY (& Jen, F) ~ @ coKer(6¢(q)).

L[S

Proof. — This is a consequence of the standard fact that a spectral sequence collapses
as soon as non-zero elements only appear in one of its rows. Furthermore, an explicit
isomorphism can be given as follows: fix a radially invariant bump-function x on the
unit disk A C C, equal to 0 on the boundary of A and to 1 in 0, and such that
dyx is supported on the annulus 1/3 < r < 2/3. For any complex number a # 0
set xq(2) = x(z/a). Now choose g9 > 0 so that the distance in C between any two
distinct points of the finite set PUX; is at least 3. For any (vy)qex, € ©coKer(0¢(q))
consider the section v., = quzg vgXe(2 — q). Because dx., is supported on the

annulus /3 < r < 2¢0/3, the section 9%(v.,dz) € Q! ® E is supported outside a
neighbourhood of ¥¢. Since this latter is the zero set of det(6), it then follows that
there exists a section t.,dz € Q%! ® E such that ¢ A (t.,dz) + 0%(ve,d2) = 0, and
t., is supported on the support of 551160, that is outside a neighbourhood of 3¢ and
of infinity. The couple (v.,dz,t-,dZ) therefore defines a cocycle in the single complex
associated to 9, and using Proposition 4.13 we can define a map

7)

95/\

Ve EB coKer(0:(q)) — H' (D) = H' (§ =
qEX,
(4.27) (Uq)q€25 — [(USOdzatsodZ)L

where [(ve,dz,t.,dZ)] stands for the cohomology class in H'(%¢) of this couple.

We need to show that this map does not depend on 3 > 0 chosen, provided
that it is sufficiently small as explained above. Consider therefore the section v., for
€1 < €. Since in the union of the disks of radius &1/3 around the elements of ¥, we
have ve, = v,,, and 6 is invertible outside this set, there exists a section u € I'(E)
such that 0:u + v, dz = v.,dz. Then, as in the proof of Proposition 4.13, the couple
(veodz, te,dZ) is equal to (ve,dz + Oeu,t.,dZ + 0%u), and the two couples define the
same cohomology class in H'(9). This then allows us to fix g9 > 0 sufficiently small
once and for all.

SOCIETE MATHEMATIQUE DE FRANCE 2007



78 CHAPTER 4. HIGGS BUNDLE INTERPRETATION

In a similar way, one can prove that ¥, is independent of the actual cut-off function
x as well.

Finally, the inverse of W, can be obtained as follows: let the cohomology class
n € H'(D¢) be represented by a 1-form n'%dz + n%'dz, where n*° and n%! are
sections of E. Then we have

(4.28) \Ifgln = (evalqnl’o)qegg,

where eval,n'? stands for evaluation of the section 7':* in the point g. O

REMARK 4.23. — Notice that the formula (4.28) is independent of the 1-form rep-
resentative of n; in particular, the (1,0)-part of the harmonic representative of a
cohomology class W¢(vg)qex, vanishes in the ¢ € X¢ where vy = 0.

4.4. Extension of the Higgs bundle over the singularities

The interpretation of the holomorphic bundle underlying the transformed Higgs
bundle in terms of hypercohomology established in the previous section allows us to

extend it over the singular points Pu {00} in the parameter space (/3?’1. At each
puncture, we need to do two things: first, define the fiber of the over it. This then
extends the holomorphic structure induced by 0% over the puncture in a natural way:
a holomorphic section through the singular point will be a continuous section in a
neighbourhood of it, that is holomorphic in the punctured neighbourhood. (Continuity
is defined at the same time as the exceptional fiber.) The second thing to do then
is to give an explicit basis of holomorphic sections with respect to this extended
holomorphic structure. It is important to note that the extensions i we define here
are not the transformed extensions given in Definition 3.11, but rather ones induced
by the original Higgs bundle, and for which computations are more comfortable. This
is why we will call i& the induced extension. We study the link between these two
extensions in Section 4.7.

4.4.1. Extension to logarithmic singularities. — First, we consider the case of
points of the set P. We shall now describe the extension *& over such a point. Notice
first that as the deformation 6, has a well-defined extension over these points, its
hypercohomology spaces are also well-defined there. In particular, in view of Propo-
sition 4.13, we may extend the 1% by putting

N Oc, A
Ve =H'(& == )
This is the definition of the fiber over such a point.

In order to give explicit representatives of holomorphic sections, let us examine
what happens to the fiber V¢ when £ approaches one of the points of P = {&1,..., &},
say &;. First, let us find the spectral points.

MEMOIRES DE LA SMF 110



4.4. EXTENSION OVER THE SINGULARITIES 79

CLAIM 4.24. — As & — &, exactly my = a;11 — a; branches of the meromorphic func-
tions qr € X¢ converge to infinity, while all others remain in a bounded region of C.
Moreover, labelling the spectral points converging to infinity by qi1a,(§),- -+, 4ar 1 (§),
they admit the asymptotic behaviour

A
€-&)

where § > 0 can be chosen arbitrarily small. In particular, the branches converging to
o0 € CP?' of the spectral curve are not ramified over the point &.

(4.29) a(§) = +0(l¢-&1™),

Proof. — As it can be seen from (1.31), exactly m; of the eigenvalues of the leading
order term near infinity of the Higgs field 6 converges to 0. Recall from Definition 4.14
that 3¢ is the vanishing set of det(d¢). This implies that (counted with multiplicities)
exactly m; of the points g(§) € L, converge to infinity; label these by 1+ay, ..., a;4+1.
All the other spectral points remain therefore bounded. By assumption (see (1.31))
in a holomorphic trivialisation of the bundle & in a neighbourhood of co € CP?!,
ignoring the factor dz the field 8¢ is of the form

%m—a®+%+0@4%

where O(z~2) stands for holomorphic terms independent of £. Suppose first that the
field is exactly equal to the polar part in this formula, in other words the O(z~2) term
is equal to 0. Then the solutions G (£), ..., ¢-(£) are clearly given by

2A%°
€-&)
In general, since det(f¢) is holomorphic in z, we can apply Rouché’s theorem to
compare the position of the zeros of det(f¢) with those of the polar part studied
above. This yields that the solutions g;(§) € C of det(0¢)(¢(§)) = 0 near infinity are

close to §x(£); more precisely for any § > 0, there exists K > 0 such that for all | —&|
sufficiently small we have

4k (§) =

|4 (€) — @ (&) < KI¢ —&|°.

Remark here that as ¢ — & the behaviour of [¢€ — &|~° is small compared to |G (£)| =
cl¢ — &|~t. In other words, we have the expansion (4.29) so that g(£) converges
indeed to infinity asymptotically proportionally to (¢ — &)~ ! for a; < k < a;y1, while
all other holomorphic families of zeros of det(f¢) remain bounded.

The condition that the Aiy4,,...,Aq, ., are all distinct (see (2), Hypothesis 1.28)
now implies that there is no splitting of the solutions at infinity, that is to say locally
near £ = £ any qx(§) with a; < k < ay41 itself forms a meromorphic function without
branching. Indeed, the occurrence of a branching at infinity implies that the Puiseux
series of the corresponding solutions agree, which is not the case here because of the

asymptotic behaviours (4.29) with different leading coefficients. O
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Now, recall that for fixed £ € C P, in the explicit description of Vg given in the
proof of Proposition 4.22, we considered the zeros ¢ (§) for k =1,...,7 of det(6¢)(q),
and for each g (&) an element vy (&) of the subspace coKer(0¢)q, (¢) C Eqy, (¢)- Then we
extended each vg(£) holomorphically into a neighbourhood of ¢x(¢), and multiplied
the section we obtained by a bump-function equal to 1 in a small disk around g (&)
and to 0 on the boundary of a slightly larger disk. This section of & constituted the

(1,0)-part of the element in H'(& L, J) =~ Vg, and we chose the (0, 1)-part in such
a way that the couple be in Ker(Dg ). In what follows, we wish to do the same thing,
but for all £ in a neighbourhood of &; at the same time.

Let us consider one meromorphic family of zeros g (§) with a; < k < aj41. We
have just seen that gi(£) converges to co as & — &;; therefore, we need to take a
holomorphic section of & at infinity, extending an element of the cokernel of f¢,. One
can check from formula (1.31) that this cokernel is equal to the vector subspace of
the fiber 7o = Fo ® dz generated by {059 (c0)dz}t .., where {o5°}! _; is the
holomorphic trivialisation of & at infinity considered in (1.30). Furthermore, since the
metric h is mutually bounded with the diagonal model

diag(|2|72*F),
the orthogonal of the image of 0 in E(qx(€)) converges to o5°(c0) as & — &. Let ¢ (2)
be a holomorphic extension of 63°(00) to a neighbourhood of infinity such that for any
¢ e C sufficiently close to &, the vector ¢ (gx(€))dz be in the cokernel of 6 (qx(€)).
Such an extension exists because 0; varies holomorphically with ¢ and by Claim 4.24
qr(€) is a genuine (single-valued) meromorphic function of £. A holomorphic section

61, of & around &) is then given by the section constructed as follows: for ¢ sufficiently
close to & such that ¢ is defined in g (), set

(4.30) V(2,8) = Xeo(e—e1)-1 (2 — @ (€))sk(2),

where we recall from the proof of Proposition 4.22 that x.,_¢,)-1 is a bump-function
on a disk centered at 0 and of diameter eq|¢ — &|~1 with gy sufficiently small only
depending on the parameters of the initial connection, fixed once and for all. (The
importance of this choice will become clear in Theorem 4.35.) Also, let t;(z,£)dz €
I'(C,E ® Q%!) be the unique solution of the equation

(4.31) v (2, €)dz = —O¢ty (2, €)dz.

0 N
Then consider the cohomology class 6% (¢) in H'(& IR F) =~ V¢ of the couple

(vk(2,€)dz, tk(2,£)d2) defined as above. Since the choice of ¢ is independent of £
and moreover 0 and g;(¢) depend holomorphically on ¢, it follows that &% is 9°-
holomorphic in £ outside of &;.

DEFINITION 4.25. — Let the estension & of & to & be defined by the holomorphic
trivialisation given by the sections &fﬂ for all choice of k € {1+ ay,...,a141} and for
some holomorphic extension g, of o3°(00) such that for any & € C sufficiently close

to &, we have s (gx(€))dz € coKer(0(¢x(£))).
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4.4.2. Extension to infinity. — In order to define the fiber over mﬁmty, we first
rephrase what we have done until now to obtain the holomorphic bundle &= (V 85)
underlying the transformed Higgs bundle: we considered the sheaves & and & over
CP!, we pulled them back to CP* x C by the projection map 71 on the first factor,
and formed the sheaf map

16 e, T
equal to ¢ on the fiber CP' x {¢}. We then defined the vector bundle

Vo = H'(r} 6 2 m1 ),

over C~ P and we let 8¢ be the partial connection induced by ao’l. In what follows,
we keep on writing & and & for their pull-back to the product, whenever this does not
cause confusion. Notice that 6, is holomorphic in both coordinates. We wish to extend
the hypercohomology of this sheaf map over infinity; we will be done if we can extend
the map 6, over infinity in a holomorphic manner. Indeed, the hypercohomology of a
holomorphic family of sheaf morphisms is a holomorphic vector bundle over the base

space of the deformations, in our case (/Zf’l. Notice that by definition 0 = 0 —&/2dzA,
so it becomes singular as we let £ converge to infinity. However, we can slightly change
the sheaf & in such a way that there exist a natural extension of 6. Again, we follow
[16] (Section 4).

Consider the projections m; to the j-th coordinate in the product manifold CP! x
—1 ~
CP , and set & = m50g51(1) ® 7. Recall that Oz51(1) admits two global holomor-
phic sections sg and s, characterised by the fact that if U and U, are the standard

_—1 1
neighbourhoods of 0 € CP and co € CP  with coordinates ¢ and ¢ = ¢! vanishing
in 0 and oo respectively, then we have

(4.32) s0(§) =¢ 50(§) =1 in Uy
(4.33) s0(¢) =1 500(C) =¢ in U...

Notice that here £ is the standard coordinate of C we used to define 0¢. Therefore for
1

n € CP we put

(4.34) 0,:6— F

- 1
(4.35) O = S00(1) ® 0 — 780(77) ® dzA,

We remark that by (4.32), on Uy = C we have 6 = 6 — £/2dzA = ¢, so 0, is indeed
an extension of the deformation 6 to infinity. Therefore, in what follows we keep on
writing 6 for # whenever this does not cause any confusion. In the same manner, we
see that

1
O = —550()mo0 ®d2N 1 6 — T ® Ogpr (1)g=oo-

From the definition of the sheaves & and & one can see that the cohomology sheaves
of this map are #°(dzA) = 0 and # ' (dzA) = Reo, the sky-scraper sheaf supported in
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points of P and having stalk equal to s¢(§)e=0c ® coKer(Res(6, p)) in p € P. Therefore,
as in Proposition 4.22, we obtain that the first hypercohomology space of this map
equals 50(§)¢=co @ (BpepcoKer(Res(f,p))), and all its other hypercohomology spaces
vanish. The extension of the vector bundle V to infinity is then given by setting
Vn =HY(& i ) for all n € a’l < P. In particular, any local section at ¢ = 0 of E
is a family of sections of the sheaf g , and therefore can be written

where 1(z, {) are sections of & depending on the parameter (.

DEFINITION 4.26. — The extension '& of the holomorphic structure of & to infinity is
the extension whose holomorphic sections at infinity can be written as in (4.36), with
¥(z,¢) holomorphic in C.

We come to the explicit description of a holomorphic section of i at & = oo with
respect to this extension. We make a similar construction as in the case of logarithmic
singularities: first, we make a basic remark.

CLAIM 4.27. — As § — oo, all zeros of det(f;) converge to one of the points of P.
Moreover, supposing q(§) — p;, we have the asymptotic behaviour

N _
(4.37) q(é) =p; + 2?’c +O(£72),
where )\i is a non-vanishing eigenvalue of the residue of 0 at p; and 6 > 0 can be
chosen arbitrarily small. In particular, the spectral curve is not branched over the
point & = oo.

Proof. — Let us consider the deformation of the Higgs field in terms of the coordinate
¢ =¢71in Uy. As we see from (4.33) and (4.35), it is given by

1
b =0~ Sdz A

Notice that as ¢ — 0, the first term on the right-hand side in a fixed point z € CP*~ P
becomes insignificant, and 6. (z) converges to —1/2dzA. Therefore, for || sufficiently
small, all zeros of det(d;) are in a neighbourhood of P. In order to determine the
asymptotic of this convergence, remember that in a holomorphic trivialisation of F
in some neighbourhood of p; the Higgs field is equal to the model (1.28) up to terms
in O(z — p;j). As in the case £ — &, the solutions are close to those of the diagonal
model det(diag(0¢(§))) = 0 (see Claim 4.24). This equation is

1
= -2 ) =0
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The solutions (ji(() are clearly given by

y A Y
G.(C) = p; + 20X, = pj + 2.

3
Here the upper index of the solution stands for the point p; € P it converges to, and
the lower index k € {r; +1,...,r} is determined by the extension of the cokernel of

¢ at the point. An application of Rouché’s theorem gives again the claim.

Finally, ¥ is not ramified at £ = oo because this would imply that at least two of
the gx(¢) admit the same Puiseux expansion, which is impossible because of (4.37)
and (1) of Hypothesis 1.28. O

Furthermore, by Claim 4.16 the points of ¥¢ define a multi-valued meromorphic
function in the variable £ near infinity. Let qi(ﬁ) € ¢ be such a holomorphically
varying zero of det(f¢), and suppose it converges to p; € P as { — co. We can let the
index k to vary from r; 4+ 1 to r. Consider the diagram

>
£
CP! x 6?31
1 1
CP CP

where 7 is inclusion and the two other arrows are canonical projections. In order
to define a local holomorphic section of the transformed bundle, we need to choose
elements of coKer(6; (qi (£))) for all £, such that they depend holomorphically with &.
It is clear that this is equivalent to choose a local holomorphic section ¢ of y*n{ & over
the branch (qi (€), &) near the point (p;, 00) such that for all £, we have z[z(qi 6,8 e
coKer (6, (qi)) Since any local section of & near p; multiplied by (z — p;) is a local
section of the sheaf & ® dz, the section (gl (£) — p;)¢ of 7*nt T near (p;,00) is in fact
a local holomorphic section of 7*77(& ® dz) on the branch (qi (£),€) of the spectral
curve ¥ ¢ CP! x 61\31. Furthermore, because of Claim 4.27, (qi(g),f) — qi(g) is a
simple cover near p; without branching. In particular, for all ¢ sufficiently close to p;
there exists a unique £(g) such that ¢ = qi (&€(q))- Therefore, (qi €3} —pj)qﬂ(qi({),g) is
the lift from CP! of a section g,];(z)dz of £® ! in a neighbourhood of p;, such that
for all ¢ we have

(4.38) g,]; (q)dz € coKer(0¢(q)(q))-

In particular, gi (pj)dz € coKer(0oo(p;)) = Esing @ dz, as it can easily be checked
using formula (4.35). Conversely, we may consider any section ¢} (z) satisfying (4.38),
lift ¢} (z)dz to a section of y*m} (& ® dz), and divide the result by ¢ — p; to obtain .
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Fix now for all k = {r; +1,...,7} a section c,g satisfying (4.38). All that we have said
above motivates the definition:

i(2)

(4:39) 0(2,€) = Xepe 1 (2 = (€))7 @ 0(6),

j

where we recall again from the proof of Proposition 4.22 that x. ¢-1 is a bump-function
over the disk of radius €o/|¢|. Remark that evaluation of v} (z,€)dz in z = g () is by
definition in the cokernel of f¢. Also, as in the case of logarithmic singularities, for
all ¢ close to infinity, let ti(z,f) be the unique section of E satisfying the equation
(4.31) for all 2, in other words such that Dé’(vi(z, €)dz, t](z,€)dz) = 0. A holomorphic
trivialisation of 14 at infinity is then given by the Df-harmonic representatives 63° ()

of the couples (v} (z,€)dz, t)(2,€)dZ) for all k = {r; +1,...,7} and all j = {1,...,n}.

4.5. Singularities of the transformed Higgs field

In this part, we describe the eigenvalues of the singular parts of the transformed
Higgs field #7 at the singularities. This establishes points (4), (6) and (7) of Theo-
rem 1.32.

4.5.1. The case of a logarithmic singularity. — Recall from (4.13) that the trans-
formed Higgs field is defined as multiplication by the coordinate —z/2 of a harmonic
spinor, followed by projection onto harmonic forms.

LEMMA 4.28. — The set of eigenvalues of the transformed Higgs field 6 on the fiber
Eg (with multiplicities) is equal to —X¢/2 (with multiplicities), where L¢ is the set
of zeros of det(fy).

Proof. — Let a cohomology class in the space EX = H 1(De¢) (see 4.23) be represented
by 1-forms (v(£)dz,t(£)dz) € (2 @ Q1'0) ® E. Since this spinor is not necessarily
harmonic, first of all we need a technical result:

Cram 4.29. — Let (v(€)dz, t(€)dz) € (° © Q") ® E be annihilated by D{. Then
we have

#g (27g (v(€)dz, 1(€)dz)) = 7f (2(v(€) dz, 1(€) d2)).
In words, the action of the Higgs field can be computed on any representative section
in Ker(Dy).

Proof. — This is straightforward: we need to show
g (2(1d — #g") (v(€)dz, t(€)dz)) = 0,
which is equivalent to

B! Ge(@)" (v(€)dz, 1(€)d2) LEY.
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Now the only thing to remark is that if (v(§)dz,t(§)dz) € Ker(Dy), then this implies
that

(@) (v(€)d2, 1(€)dz) = (D{)"(v(€)dz, t(€)dz) € Q° @ E,
and by diagonality of G¢ with respect to the decomposition St ® F = (Q° ® E) &
(22 ® E) (see Lemma 2.24), also

Ge (@) (v(£)dz, t(€)dz) € Q° @ E.

Therefore we have
D¢ Ge(9¢)" (v(§)dz, (€)d2) = D¢ Ge(Dy)" (v(§)dz, 1(£)dz),
and we conclude using the commutation relation
[z, D{] =0
combined with Im(Dé’)J.Ef. O

The proof of the lemma is now immediate: via the map (4.28),

Ve (2(v(€)d2, 1(€)d2)) = (¢ - evalqv(€))gex,

multiplication by z goes over to multiplication by ¢ in the point ¢ € X¢, and via (4.27)
this is then re-transformed into multiplication by the constant ¢ on the component of
v(€) localised near g. O

THEOREM 4.30. — The eigenvalues of the transformed Higgs field 6" have first-order
poles in the points of P. Furthermore, the non- vanishing eigenvalues of its residue in
the puncture & are equal to {=A%,,,..., =A%, }, where {A\{%,,,..., ASy,, } are the
eigenvalues of the residue of the original Higgs field 0 at infinity, restmcted to the
eigenspace of A corresponding to the eigenvalue &.

Proof. — As we have seen in (4.29), the point ¢x(§) € X¢ converges to infinity at the
first order with 2A°(£— &)t as € — &, where k € {1+ay,...,a;41} is an index such
that the eigenvalue A7° of the residue term of 6 at infinity appears in the eigenspace
of the second order term A corresponding to the eigenvalue ;. By Lemma 4.28, the
transformed Higgs field has a logarithmic singularity at &;, and the corresponding
residue is —Ap°. O

4.5.2. The case of infinity. — We wish to show the following.

THEOREM 4.31. — The transformed Higgs field has a second order singularity at in-
finity. The set of eigenvalues of its leading order term is {—p1/2,...,—pn/2}, where
{p1,...,0n} = P is the set of punctures of the original Higgs bundle. The multiplicity
of the eigenvalue —p; /2 is equal to r—r; = rk(Res(0,p;)). The set of eigenvalues of the
residue of the transformed Higgs field restricted to the eigenspace of the second-order
term corresponding to the eigenvalue —p;/2 is {_Ai}ke{rj—&—l,...,r}'
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Proof. — In Claim 4.27 we have proved that as ¢ — 0, all zeros of det(f;) must
converge to one of the points of P. Furthermore, the expansion of a spectral point
i converging to p; is (4.37). By Lemma 4.28, on the corresponding components 6H
is just multiplication by —X¢d¢/2. Hence, we see that the eigenvalues of the leading-
order term of the transformed Higgs field are equal to {—p;/2};=1, .. »n, while those of
its first-order term are {—)\i}jzl,m,mk:rﬁl,wr. O

4.6. Parabolic weights

Here we compute the parabolic weights of the transformed Higgs bundle with
respect to the induced extension.

4.6.1. The case of infinity

THEOREM 4.32. — The parabolic weight of the extension ig of the transformed Higgs
bundle at infinity described in Subsection 4.4.2, restricted to the eigenspace ofé corre-
sponding to the eigenvalue —p;/2 of its second order term and the eigenvalue —)\i of
its residue is equal to —1 + ai, where ai is the parabolic weight on the )\i-eigenspace
of the residue of the original Higgs bundle at p;.

Proof. — We prove the statement in two steps. In the first one, we show that it is true
supposing the original Higgs bundle only has one logarithmic point of a precise form.
In the second one, we show how the case with only one logarithmic point and the
exponential decay results of Section 2.5 imply the general case.

Step 1.— Let us first suppose that the set of logarithmic singularities is reduced to a
single point p;, that we may take to be 0 without restricting generality. Furthermore,
we suppose that E is a holomorphically trivial bundle over C and that in a global
holomorphic trivialisation {o}} the Higgs field is equal to

A
0 = diag <k> dz
z k=1,...,r
and the metric is just

(4.40) h(oy,on) = |22,

This defines a parabolic Higgs bundle with weights ay at 0 and —ay, at infinity, the
field having deformation

A
(4.41) 0 = diag (k - 5) dz
z 2 k=1,...,r
and the D’-operator
= d
(4.42) DY = 8 + diag (Akz - §c1z> .
z 2 k=1 r

=1,...,
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Recall from Subsection 4.4.2 that a representative (vedz,tsdZ) of any spinor v is
supported in the finite collection of disks Ug(¢)ex, A(q(€),€0/¢| ™). By Claim 4.27, the
points ¢(§) are given by

2\
(4.43) a(€) = =
3
Define a family of homotheties indexed by ¢ € C . P
he : C— C
w
(4.44) W z = E;
in such a way that
he'(0) =0
(4.45) hgl(qk(g)) =2X\; for k=mry,...,r

Therefore, this corresponds to a family of coordinate changes z «» w in the plane, such
that the position of the zeros of the Higgs field 0 after applying hgl is constant (the
2\, for k =71,...,7), as well as that of the poles (0 and co). Moreover, dz = £~ 1dw
implies

dw 1
4.4 0. = di - _Z
(4.46) hg0e = diag [)\k " 2dw] R
and so
= d 1
(4.47) hiD¢ = 0 + diag [Akw - dw] ,
w 2 k=1,...,r

where O stands this time for the Dolbeault operator with respect to the w-coordinate.
The crucial observation is that this operator is independent of £. On the other hand,
remark that the Euclidean metric on the base space and the fiber metric (4.40) behave
under these coordinate changes as

(4.48) (he)«|dw]* = [¢[*|dz/*
(4.49) low(2)? = €72 [w|**x.
In other words, if we denote by h(*) the model hermitian metric on hg¢E equal in the
basis hzcrk to
R = diag(|w|?**),

then the homotheties h¢ induce a family of tautological isomorphisms of Hermitian
fiber bundles

(4.50) (hiE,h")) — (E, h)
(hgok)(w) — [€]** o (2).
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We deduce from (4.48) that in the basis hfoy the pull-back hiA¢ of the Laplacian of
the Dirac operator 62’ has the form

2

k-l,...,r] ’

where A stands for the usual Laplace operator on functions with respect to the metric
|dw|?. The operator A(*) between brackets in this formula is a bounded operator from
the weighted Sobolev space H2(S* ® E, |dw|?) to L?(S* ® E,|dw|?). The weight at
0 is determined by the condition that for a section u € H? we have u/|w|?> € L?,
and this gives therefore exactly the of A(*) (see Theorem 2.22). We infer that the
pull-back hiG¢ of the Green’s operator of Ag is

1
(4.51) I€]? | A + diag -5

E

(4.52) |72 ™),

where G(*) is the inverse of A("). It also follows from Theorem 2.22 that G(*) is
a bounded linear operator from L?(S* ® E,|dw|?) to H?(ST ® E,|dw|?). Because
A™) is diagonal in the basis o}, the same is true for G(*). Remark that the pull-
backs hzﬁ'g of the orthogonal projections onto Ag-harmonic spinors are all equal to
the orthogonal projection #(*) onto A(*)-harmonic spinors: indeed, the conformal
factor |£]? in (4.51) changes neither the space of harmonic spinors nor the orthogonal
projection operator onto them. In particular, since A(*), G(*) and h are diagonal in
the basis o, the same thing is true for all 7.

Now notice that by the definition of the 5g—holomorphic extension to infinity of
the transformed bundle given in (4.39) and via the identification (4.50), the sections
€% b (vi(z,£)d2) (modulo the value of the section so of ©g51(1)) coincide: indeed,

€1 xeu (2 — @k ()ok(2) L = Xy (0~ 204) (o) () .

It then follows from formula (4.47) together with the definition (4.36) that the co-
efficient of so in [§|**h{ts(z,£)dZ is also independent of {. From the fact that the
projections 7¢ are also constant, we deduce that the coefficient of sy in the pull-back

(4.53) (heor)(w, &) = [€]**67°(2,€)

of the spinors |£|**6°(2,§) representing |&|** (vi(z,&)dz, ti(2,£)dZ) does not de-
pend on . Therefore, denoting by fi(2,£) the coefficient of s¢ in 63°(z,¢) and by
(hg i) (w, &) the coefficient of so in (hf573°)(w,§), we see by invariance of the L?-norm
of 1-forms by conformal coordinate change that

[ 1l OF el = 1722 [ 10250, ol
C C

for all £, with the integral on the right-hand side a constant independent of £. On the
other hand, recall from (4.32) that on the affine chart Uy of CP' we have so(£) = £.
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Observe also that the transformed Hermitian metric A is defined in the chart UO, and
that for any harmonic spinor f we have

h(Ef, €F) = |E2R(f, ) = [¢I72h(f, f)

with ¢ = ¢! the local coordinate centered at 0 of the singularity at infinity. This
means that the effect on the parabolic weights of multiplying by s is adding —1. On
the other hand, the —\;-eigenspace of the residue of the transformed Higgs bundle
at infinity is spanned by &7°. From all that has been said above, we deduce

(4.54) h(65°,65°) = M|¢|~2 2,

where M is independent of &; in different terms, that the parabolic weight of the
transformed Higgs bundle at infinity on the —\-eigenspace of the residue is equal to
-1+ ay.

Step 2.— Starting from now, we drop the assumption that the set of logarithmic
singularities is reduced to a point. In this part, we patch together solutions to local
problems provided by Step 1, and use the results of Section 2.5 to estimate the defect
of these patched sections to be solutions of the global problem. We find that the
interaction between solutions to local problems near different punctures is small as
|€] gets large.

Let (0%,0) be a Higgs bundle with some logarithmic singularities P = {p1,...,pn}.
In a holomorphic trivialisation {O’i}zzl near each one of these points, up to terms in
O(1)dz, the Higgs field has the form

A
zZ— Py
where the A7 are some diagonal matrices as in (1.1). The deformation of these local

models is A
) J
92 = [ AT é] dz,
z—p; 2

(4.55) 67 = dz,

and similarly the deformation of the local D”-operators (D")7 is
(DY) = 8% + 0

. J
=8é+[ A —E]dz,
z2—p; 2

Finally, that of the Dirac operator @ = (D) — ((D")?)* is
#¢ = (Dg) — (D)),
adjoint being taken relative to the harmonic metric corresponding to (D")?. Now for

all j we can consider the extension of 7 to a trivial bundle E7 over the whole plane
by keeping the same formula (4.55) for it, endowed with the model metric

W = diag(|z — p; "™ )y
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It is clear that this extension only has one regular singularity (in p;) and an irregular
one at infinity, so all the results of Step 1 hold for them. In particular, for represen-
tatives

(vh(z,€)dz, 1], (2,€)dz)
as described in Subsection 4.4.2 we have a harmonic representative

67°(2,€) € Ker(@])* ¢ H'(C, S~ @ EY)
with
108 O a2 = 2

This growth is measured with respect to the diagonal model metric h’; however, since
the spinor 6;° is exponentially concentrated near p; and here h7 is mutually bounded
with the harmonic metric h of (&,8), this implies

(4.56) g2k < /C 67 (2, )2 s [d2[2 < Cle 2224

for some 0 < ¢ < C. Let x? be a cut-off function supported in a disk A(p;,3eo), equal
to 1 on A(pj,2¢), such that |[Vx?| < K. Then for £y > 0 fixed sufficiently small, the
global section of S~ @ E defined by

has a meaning, for the holomorphic trivialisation {ai} is defined in A(p;, 3¢¢) provided
€o is sufficiently small. Now notice that if ¢(§) — p; as £ — oo and more precisely

2\
a(€) =p; + ?’“ +0(l¢17%),

in other words on the component of the transformed bundle with eigenvalue of the
second-order part of 6 at infinity equal to —p;/2 and eigenvalue of the residue of 0 at
infinity equal to —Af;, the holomorphic extension g,z of the cokernel has as parabolic
weight the ai corresponding to the eigenspace of the eigenvalue )\i of the residue
of 6. Recall that the harmonic metric on the transformed side is just L2-metric of
the Ag-harmonic representative with respect to the harmonic metric h of the original
Higgs bundle. The statement of the theorem will therefore follow once we prove that
the harmonic representative of 6(z, £) satisfies the inequality

—2a7 ~ A 2 —2a7
(4.57) g2 < [ [red(au € e la2P < Ol
for some 0 < ¢ < C. Our first aim is to prove the following.

LEMMA 4.33. — There exists § > 0 and K > 0 such that for || sufficiently large the
inequality

. 2 96 11
36Oy < KIEP 16() 22 c
holds.
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Proof. — Covering the annulus centered at p; of radii 2¢¢9 and 2R, by a finite number
of disks of radius g, we deduce from Lemmas 2.30 and 2.31 that the @g—harmonic
spinor 65°(z,£) is concentrated in H'-norm, up to a factor decreasing exponentially
with |£], in the disk A(p;,2e0). In particular, it is concentrated up to an exponen-
tially decreasing factor in the same disk in L?-norm as well. Denoting by - Clifford
multiplication (3.16)-(3.17), we have the estimation

L 10000 o) *1as < [ 130100 (.| lasP
C
*/Ql(vaca-&?cao|2m42

< / |67 (,€) | * de?
A(pj,3e0)

+K 167° (2,6)I dz]*.
A(pj,3e0)~A(pj,2e0)

Again, by Lemma 2.30 the second integral on the right-hand side is bounded by an
exponentially decreasing multiple of ||63°(z, §)||2L2(c) as || — oo. Therefore, we only
need to treat

||$§5’130(Z75)”;@@,,350))'
Remark that by hypothesis,
(0767 (2,6) =0,
so we have
D:67°(2,6) = [0 — @) ] 67 (=, €).
This is then bounded by
7 (,6)0(]z — pi| 1),

where O(|z —p;|~1*?) stands for a term bounded from above by a constant (indepen-
dent of £) times |z — p;| 717, because @ and (82)* are Dirac operators having the
same local model at the puncture and their difference is clearly independent of £. In
order to study this quantity, we make use of the coordinate w = £(z —p;) analogously
to that introduced in (4.44). Under this coordinate change, the disk A(p;,3¢eo) goes
into the (varying) disk A(0,3¢¢¢|). Hence, we need to prove

2 _
R Sl (ST AN e
0

2 _
< KIS [ 407w, [, Il
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Recall from (4.53) that in the coordinate w the spinors |€ |_a£ hg67° are independent
of £. Therefore this boils down to

* A oo 2
[ el o)) | lawl?
A(0,3¢0(€])
2
(4.58) < K/ | (h632)(w) | ]2 |dw|?
for a suitable constant K > 0. Because
(hgak )(w) € H'(C),
in particular we have
(he67°)(w) € L*(C),
and also
(h ;o)(w) € Lloc
near the origin. This implies |w|™ 1+5(hz6,3°)(w) € L?(C). Therefore,

w3 hzoge) )|

2

L?(C)

K=2
| thzo)w)]

has the desired property. O

L*(C)

The lemma has the following consequence.
LEMMA 4.34. — As || — oo, we have the estimate

56172 -
with K > 0 independent of €.

76 (

< K€% 16632

2
Ol

Proof. — Tt is sufficient to bound

5(6) - 760,

as in the lemma. The (?5 -harmonic representative 71'E G(€) of 6(€) is given by the
formula

(Id - 9eGed;)5 (),
so the difference with §(¢) itself is
PG5 (8).
Since for any positive spinor ¢ the estimation
2 2 2
I19eelzzcy < K Nl ) + KIEP Nz o)
holds, we deduce that

||$§G£$E‘}(5)Hiz(0) <K ||G§$g&(§)”H1(C) + K|§| ||GE$ )||L2(C)
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Lemma 2.25 implies that both terms on the right-hand side are bounded from above
by

_ A 2
K|£| 2 ‘ago'(g)HLz(c) .
We conclude by Lemma 4.33. O

We can now finish the proof of Theorem 4.32: as |£| goes to infinity, by Lemma 4.34,
we have

2
LZ
EGIE

In words, the norm of the harmonic representative of the spinor §(z, ) is asymptot-
ically equal to the norm of §(z,§) itself. On the other hand, as it has already been
remarked in the proof of Lemma 4.33, we have

#E5(0)|

||5’(Zaf)||%2(c,h)

168 O acom

exponentially as £ — oo. Finally, by (4.56) the L?-norm of the spinors 6°(z,€) as
measured by the harmonic metric h satisfy

(4.59) clé)P 2% < (1650 (2, €)]|2. < CJE)P 2%

for some 0 < ¢ < C, where ai is a parabolic weight of the original Higgs bundle at
the point p;. All this then implies (4.57), so it follows that the parabolic weight of
the transformed Higgs bundle on the given component is equal to ozi — 1, as it was
stated in the theorem. O

4.6.2. The case of logarithmic singularities. — Next we compute the parabolic
weights at a puncture & corresponding to the extension of the holomorphic structure
of & given in Subsection 4.4.1.

Explicitly, here is the result we wish to show.

THEOREM 4.35. — The parabolic weight of the extension i& of the transformed Higgs
bundle at the puncture &, restricted to the —\7°-eigenspace of the residue of the trans-
formed Higgs field (here k € {1+ai,...,a141}) s equal to —1+ af°, where of° is the
parabolic weight of the original Higgs field at infinity, restricted to the & -eigenspace
of the second-order term and the \{°-eigenspace of the first-order term of the polar
part of the Higgs field.

Proof. — We follow the proof of Theorem 4.32. Again, we divide the proof into two
steps according to the number of distinct eigenvalues &; of the second order term of
D at infinity. Recall that some of the spectral points g5 € ¥¢ converge to infinity as
& — &, whereas others remain bounded.
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Step 1.— First we suppose that n’ = 1, that is to say A is a simple diagonal matrix,
and that in a global holomorphic basis {o;°} the Higgs field has is of the form

&
-2
with one regular singularity in 0 and an irregular one at infinity, and finally the
harmonic metric is

(4.60) he = diag(|z| 2% )h_,.

d
0 = >Ldz + diag(\2) <>
z

This induces a parabolic structure on & with weights —2a¢° at 0 and 2a5° at infinity.
The deformed field is
_ fl - 5 dz

0 5 dz + diag()\?)j,
and the spectral points are
2k
E-&
Making the coordinate change
he :C—C
w
4.61 wh— z =
(461) £—&
the field writes
1 d
(4.62) B = —=dw + diag(\®) —.
2 w
The Euclidean metric |dz|? on the base and the fiber metric h* are transformed into
(4.63) € — &|7%|dw]?
(4.64) diag(|¢ — &1[**F fw| 2% )5,

and the position of the spectral points become simply
2k,
independent of £. As in the case of the singularity at infinity, writing h(*) for the
diagonal model metric
diag(|w| > )5
the coordinate changes induce tautological isomorphisms of Hermitian fiber bundles
(4.65) (hiE,h")) — (E,h™)
(hegor)(w) — [€ — &1] " on(2).
Via this isomorphism the representatives vi(z, ) given in (4.30) behave as follows:
€ — &l vk(2,£) = vi(w),

which is independent of £, or equivalently

€ = &l™ " ok (2, ) (§ — &1)dz = vi(w)dw,
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independent of £. By the equation (4.31), this implies

€ — &7tk (2,6) (€ — &1)dz = ty(w)daw,

independently of £. Exactly as in the case of the singularity at infinity, the Laplacian
and the Green’s operator of @g in the coordinate w only depend on ¢ through a
conformal factor |¢ — &;|72 and |€ — &;|? respectively, so the pull-back hifre of the
projection onto @g—harmonic spinors is independent of £. We deduce using invariance
of the L*-norm of 1-forms by conformal coordinate change that for the @¢-harmonic
spinor 6(z, &) representing the cohomology class of (vk(z,£)dz, tx(z,£)dz) we have

~ 2 — ~ 2
104G Ol e e =l = 0P [ 1010 0,

where 6 (w) is the harmonic spinor representing (vi(w)dw, tx(w)dw). We see also
that the integral on the right-hand side is independent of &, hence we have the desired
behaviour giving parabolic weight —1 + o, on this component.

Step 2.— We drop the assumption that the second-order term A of the original Higgs
field is a simple matrix. Let x be a fixed cut-off function supported on the complemen-
tary C ~\ A(0,1/eg) of a large disk, equal to 1 on C \ A(0,2/ep). In C ~ A(0,1/¢9),
the Higgs field is up to a perturbation

1
0 = —Adz + Cd—z
2 z

with A and C diagonal matrices as in (1.31), therefore decomposes into a direct
sum of problems studied in Step 1. In particular, for each such model problem with
eigenvalue of the second-order term & we have harmonic spinors 61 (z, &) where k €
{1 +ap..., (J,H_l}, such that

J.

Again, since the harmonic metric h of the Higgs bundle (&, 0) is mutually bounded
with A% in a neighbourhood of infinity and cArfC is supported there, this implies

(4.66)  cle—g|F < /
c
for some 0 < ¢ < C. The section

6(2,8) = x(2)5%(2,€)

is well-defined because the local holomorphic trivialisation op° of & is defined in
C ~ A(0,1/eg) for g9 > 0 sufficiently small. The statement of the theorem will again
follow if we prove

@) et =l < [ [reno(e, )], 1958 < Ol — |20

61(2,6)] gajo e 14217 = |6 — & 72F20F

61(2,6)| gzj2 p, 1d2l® < ClE — | 72200

where frf&(z,g) is the harmonic representative of 6(z,£). As a first step in this
direction, we prove:
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LEMMA 4.36. — There exists § > 0 and K > 0 such that for || sufficiently large the
inequality
N 2 A
||a50(2’7€)||L2(C) < K|§ - £l|2+26 ||U(Z7£)||§,2(C)
holds.

Proof. — We follow the proof of Lemma 4.33. We set (Dy)> = 9% + 0> and let
@g’o (respectively ($§°)*) stand for its Dirac operator (respectively its adjoint). By
Lemma 2.30, &fv is supported in L2-norm up to an exponentially decreasing factor
in € in C \ A(0,1/ep). Therefore, the lemma reduces to the same estimation for 6% .
Moreover, by assumption we have

(@) 51(2,6) =0,
S0
afo'k( §) = [@E - (62‘”)*]62(2,6)
The difference on the right-hand side of this formula is bounded above by K|z
for some K > 0 independent of £, because the two Dirac operators depend on & in
the same way, hence their difference does not depend on it at all. Introducing the

coordinate w = z(£ — &), this becomes K|w|17%|¢ — &|1*°. Therefore, it is sufficient
to prove

|7175

_ N 2 _
jw 64(2,6) | oo 16— &1 ] cduof?

/C\A(O,E—ﬁz [/€0)
<Kl¢ - g+ /
C

for a suitable K > 0, or more simply

A 2 _
Uk(z7§) | |dz|2,h |§ - §l| 2|d’l.l)|2,

. 2
/ 6L(2.) |y Iduf?
C~A(0,|6—8&1]/=0)

(4.68) (2,6) | o A

This goes similarly to (4.58): because in the coordinate w = hglz the spinor |£ —

&)2~20% 5 1(2,€) is independent of £ (see Step 1) and h and h* are mutually bounded,
it boils down to

Y P * A 2
/ =272 | (hgod)w) |2, o e duf
C~A(0,[6—&1]/20) ’

% A 2
<K [ 1 0ih)w) |y e

Now remark that hié 6t € HY(C,|dw|?,h>) implies in partlcular that hgok €
L?(C, |dw]|?, h®). Furthermore near the origin |w|~'"°hf5} € (|dwl|?, h>)

loc
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provided that § < ag°. Hence |w|~'~°hz&} € L*(C, |dw|? h™), and

2
[
L2(C;|dw|?,h)

K=2 5
h* ~l ‘

) §7k[| L2, w2 hev)

has the desired property (4.68). O

This has the following consequence.
LEMMA 4.37. — As £ — &, we have the estimate
~ ~H o 2 ~
16(2,€)lIz2 — [ 6 (=, )| 2| < KIE =&l Nl6 (=€)l

for some K > 0 independent of €.

Proof. — Again as in Lemma 4.34, it is sufficient to bound

|6(z.6) — 4=, 0I5,
as in the lemma, where

is the @E—harmonic representative of 5(£). Thus by Lemma 2.27 we have for the norm
of the difference

#:Cedzo (= )|, < Kle— &l |80 (= 0|12,
and we conclude using Lemma 4.36. U

We are now ready to finish the proof of Theorem 4.35: by Lemma 4.37, as £ — &
the norm of the harmonic representative of the spinor &(z, ) verifies

2
#o)|
2
162
On the other hand, since the support of x in the coordinate w is C~\ A(0, |£ —&|/€0),
and these sets exhaust C as £ — &;, we have that

6@l
~ 2
Uk(€)||L2

By (4.66) the L2-norm of 6% (z,£) as measured by the harmonic metric h satisfies
e — gl T < [
c

Putting together all this, we obtain (4.67), so that on the component of E near & on
which the transformed Higgs field has eigenvalue —A}°, the parabolic weight of the
induced extension is —1 + a}°. O

A 2 _ I~
51(2, )| gujo  1421° < Cl€ — & 72H2F.
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4.7. The topology of the transformed bundle

In this section, we compute the topology of the underlying holomorphic bundle i&
of the transformed Higgs bundle (see (4.8)) relative to its extension over the punctures
given in Section 4.4. We then deduce the topology of the transformed Higgs bundle
relative to its transformed extension given by Definition 3.11. We recall that we have
denoted

(4.69) # = rk(Res(9,p))).

peEP

The result we wish to show is the following:

THEOREM 4.38. — The rank of i& s equal to 7, whereas its degree is equal to 7 +
deg(&) + r, where r and deg(&) are the rank and degree of &, respectively.

Notice that it gives in particular (1) of Theorem 1.32.

Proof. — Recall that we have denoted by & the sheaf of holomorphic sections of the
bundle & underlying the original Higgs bundle; & was defined as a sheaf of mero-
morphic sections of & ® Q' having singularities at P U {oo} with singular parts
in prescribed spaces (see Subsection 4.3.1); and finally F = 7} ® 3 Op1(1). By
hypothesis, 8 (and so 6, for any 7) is holomorphic with respect to the holomorphic
structure &¢. Thus we may consider the holomorphic chain complex

&——0

ol

65—~
e
0— =G

—1
in 7 € CP . The hypercohomology long exact sequence associated to it yields the
exact sequence of cohomology spaces

K

0 — H°(CP',6) ™ H'(CP',9) — H'(6 - 7)
(4.70) — HY(CP!, &) 2 HY(CPY,9) — 0,
since we have seen that H°(& 2N F) = H2(& Sn, ) = 0. All of the spaces in this
exact sequence come with a natural holomorphic structure over CP

— the cohomology spaces of & because this latter is trivial over CP
— those of & because this latter is the tensor product of a trivial vector bundle

/\1
over CP and Oz (1)
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. . _; ~0,1
— finally, H(& b, g ) = Ve has its holomorphic structure 8 induced by d
extended to the singularities in Section 4.4 by the induced extension *&.

Moreover, all of the maps in the exact sequence (4.70) vary holomorphically in 1 €

1
CP with respect to these structures and extensions: this follows from the definition
of & and that of the induced extension. Therefore, it induces an exact sequence of the

1
sheaves over CP of holomorphic sections of the corresponding cohomology spaces:

0 — O(H"(£)) > O(H"(T)) — 0O('F)
— O(H'(&)) — O(H'(9)) — 0,
where @ stands to denote the sheaf of regular sections on 6T31 with respect to

the above mentioned holomorphic structures. By additivity of the Chern character,
we deduce the equality

(4.71) ch(i&) =ch(O(CP", HY(F))) — ch(O(CP , HY()))
(4.72) — ch(O(CP, H'(£))) + ch(O(CP, H'(&)))
in H*(CP'). Put 7 = 72, the projection onto the second factor in CP" x CP'. One
has direct image sheaves 7. & and 7,% on CP defined by
. 8lv = O(U, H°(CP', §))
7.7y = U, H(CP', 7)) = O(U, H*(CP', 7)) ® O (1)(V),
for any open set U € CP', and one can form the “virtual” sheaves
mély = O(U, H*(CP', &)) — O(U, H'(CP', ))
mT |y = O(U, H(CP', 7)) — O(U, H'(CP', 7).

Again by additivity of the Chern character, the right-hand-side of (4.71) is equal to
ch(m&), which is in turn equal to

7. (ch(F) UTd(Ty)),
by the Grothendieck-Riemann-Roch theorem, where
—1 —1

T, =T(CP' x CP ) — 7*TCP = n!TCP*

is the relative tangent bundle of 7, and T'd stands for its Todd class. Moreover, 7, is
just evaluation on the fundamental cycle of CP*. Similarly, we see that (4.72) is just

—ch(m &) = —m(ch(&) UTd(Ty)),
and thus we obtain

(4.73) ch(*8) = [(ch(F) — ch(&)) U Td(xFTCP")]/[CP].
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Now we have

ch(&) =1+ c1(8)
ch(T) = |r+c1(E)+h D> rk(Res(d,p))| (1+h)

peEP
Td(TCP') = Td(Ocp1(2)) = 1+ h,

where 7 is the rank of the bundle &, ¢1(&) is its first Chern class, and h and h are

1
the hyper-plane classes of CP' and CP  respectively. Putting all this together, we
obtain

ch(F) — ch(E) = Ph+ [r+ c1(8) + 7h,
and plugging this into (4.73),

(4.74) ch(P8) = 7 + [r + deg(&) + 7]h,
as we wished. O

We are now ready to pass back to the transformed extension of the Higgs bundle in-
troduced in Definition 3.11, hence establishing points (2), (5) and (8) of Theorem 1.32.

COROLLARY 4.39. — The parabolic weights of the transformed Higgs bundle endowed
with its transformed extension are af° at the logarithmic punctures (on the same
subspace as in Theorem 4.35) and ai at infinity (on the subspace in Theorem 4.32).
The degree of the transformed Higgs bundle & with respect to its transformed extension
18 equal to the degree of &.

Proof. — Recall from Theorems 4.35 and 4.32 that the parabolic weights of the trans-
formed Higgs bundle relative to the induced extensions considered in Subsections 4.4.1
and 4.4.2 are equal to —1+ a3° at the logarithmic punctures and to —1 + afc at infin-
ity. On the other hand, by Definition 3.11, the parabolic weights of the transformed
Higgs bundle with respect to its transformed extension are required to have parabolic
weights between 0 and 1. This means that a local holomorphic trivialisation of the
singular component of the transformed extension & near the puncture & is

(€ = &5 (),
where &% (¢) is the local holomorphic section of the extension i& at & defined in
Subsection 4.4.1 and k € {1 + a;,...,a;41}. On the regular component of &|¢, the

harmonic representatives have bounded norm, which gives 0 parabolic weight. There-
fore on this component one does not need to change the trivialisation. Similarly, a
local holomorphic frame of & near infinity can be expressed by

£ (9),
where 6;° is the local holomorphic section of the extension i& at infinity defined in
Subsection 4.4.2 localised near p; for some j € {1,...,n}, and k € {r; +1,...,7}.
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Clearly, this way we increased all non-vanishing parabolic weights by 1. On the other
hand, by Remark 1.12 even if the algebraic geometric degree of the bundle depends
on the choice of extensions, the parabolic degree with respect to a fixed metric is
independent of them, because it is always 0. Recall from Definition 1.11 that

degpar ((8) = deg((&)+ Y Z ~1+aj).

j€{1,...,n,00} k=r;+1

This quantity is therefore equal to

(4.75) degp, (6) = deg() + Y > o

j€{1,...,n,00} k=r;+1

Putting these expressions together, we deduce that
deg(&) = deg(*8) — 7 —,

where we recall again that we have defined

Z (Res(8,p;))
j=1

Using formula (4.74) we get
(4.76) deg(8) = deg(8). O
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CHAPTER 5

THE INVERSE TRANSFORM

In this chapter we construct the inverse of the transform introduced in the previous
chapters. In line with the properties of the ordinary Fourier transform and its algebraic
counterparts, the inverse is defined by a formula which only differs from the transform
in a sign.

Recall from Section 3.1 that the transformed flat connection on E. = [2H! (D,) is
defined by the L2-orthogonal projection of d— zd€A. For any parabolic vector bundle
with integrable connection (F, D¥ hf') on C satisfying the conditions of Section 1.1
(i.e., having a finite number of simple poles in finite points and a second-order pole at
infinity, such that the eigenvalues and parabolic weights meet the conditions imposed
in Theorem 1.17), one can define the inverse transformed bundle with integrable
connection (F,DF h¥) on C by a procedure similar to the one defining (E, D, h)
starting from (E, D, h): namely, consider the deformation

(5.1) DF = DF 4 2den

of the connection parametrised by z in C minus a finite set, and let F, be the first
L?-cohomology of
DF DF
F—=Q.@F —=—Q.Q®F

These vector spaces are of the same dimension and form a smooth vector bundle
over C minus a finite number of points. The critical points are easily seen to be
the opposites of the eigenvalues of the second-order term of D at infinity. The proof
goes similarly to the case of the direct transform. We also define the Hilbert bundle H
over C, the L2-metric A and the orthogonal projection #, : H, — FE, in an analogous
manner as in Section 3.1. Next, let the inverse transformed integrable connection
DF be defined by the parallel sections 7, (e(*0=)¢¢_ (€)) for any harmonic section
¢4 (&) € on- Equivalently, denoting by d the trivial connection with respect to w in

the trivial Hilbert bundle H, the inverse transformed flat connection can be given by
the formula

(5.2) DF = 7,(d + 2d¢),
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as it can be seen by the argument given in Section 3.1, changing signs. Finally, we
define the inverse transformed metric A" on the fiber F},, again as the L%-norm on C
of a DZ) -harmonic representative. We can now state the

THEOREM 5.1. — The inverse transform of N : (E,D,h) — (E,D,iz) is N7!

(F,DF ,hF) — (F,DF,hF). In different terms, for any bundle with integrable
connection and harmonic metric (E,D,h) satisfying the conditions of Section 1.1
and the ones imposed in Theorem 1.17, there exists a canonical Hermitian bundle

isomorphism w between E and E such that w*D = D.

REMARK 5.2. — As one can check using the transform on the level of singularity pa-
rameters described in Theorem 1.17, the assumptions (1) and (2) of that theorem are
symmetric, in the sense that if they are fulfilled by (E, D) than the same is true for
(E,f)) Therefore, the transform ™ can be applied to this latter, so the affirmation of
the theorem has a meaning.

Proof. — The proof is done in four steps: first, we prove that the fibers over 0 € C
of E and E are canonically isomorphic. Next we show the same thing for the other
fibers. Then we prove that the integrable connections are the same, and finally we
establish equality of the harmonic metrics and parabolic structures.

Step 1.— Consider the product manifold C x C, and let m; and 7 be the projection
to the first and second factor, respectively. Denote by E the pull-back vector bundle
m1 E on the product, and define the connection D = 77D — £dz — 2zd€. Notice that on
the fiber C x {&o} this just gives the deformation D¢,. Now form the double complex

QP — Q% ® Q(é(E)’

where Q¢ (respectively Q7)) denote smooth p-forms (smooth g-forms) on C (C); and
with differentials d; = D¢, dp = d-— zdéA. Remark that these differentials commute
(in the graded sense), and their sum is just D. The desired isomorphism will result
from the study of the spectral sequences corresponding to the two different filtrations
of this double complex.

Namely, consider the first filtration of 9: the first page of the corresponding spectral
sequence E}** is

(5.3) 0 ZeE 0
déT
L
0 OLeF 0
dﬁT
0 E 0
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where dg stands for the operator induced by d,. More precisely, this operator is
obtained as follows. Consider for example a local section of E: if B(£) is an open
ball in C, it is given by cohomology classes [¢¢] in L>H'(Dg) changing smoothly
with £ € B(&). Here ¢¢ = ¢¢(2) is a global L?-section of E over C, in the kernel of
ﬁg In particular, D¢¢¢ = 0, and since the two differentials commute, we then have

D¢ odage = 0. In other words, do¢¢ is a d;-closed section of P! on C x B(&p); hence
we may consider its cohomology class with respect to d, and letting £ vary these give a
section of Q! ® E over B(&p), which is by definition d, [¢¢]. Now remark that under the
isomorphism of the first L?-cohomology of the elliptic complex (2.24) and the space of
Pe-harmonic sections given in Theorem 2.21, this induced connection goes over to D
defined in Section 3.1; in other words, under these identifications dg =D. Moreover,
the connection D also satisfies the conditions of Section 1.1. Therefore, by Chapter 2
and Section 2.3 the L?-cohomology of D = Dy is non-trivial only in degree 1, and so
when passing to the second page E3’® of the spectral sequence, we obtain by definition

Eé’l = Ej and all other terms equal to 0. In particular, the spectral sequence collapses
at the second page, and the total cohomology of the double complex is canonically

isomorphic to Ey in degree 2 and vanishes in all other degrees.

Consider now the second filtration of 9: in order to form the first page E*® of
the corresponding spectral sequence, we first take cohomology on each column of the
double complex with respect to do = d — 2d&, and so it is equal to

(5.4) 0 0 0

di di
L%(C,E)e* — = [*(C,0L ® E)e* — = L[2(C,0% ® E)e*.

In words: for example, the (0,0)-term consists of L2-sections of E on C x C which
are a product of an arbitrary section of E on C and the function e*¢. Now notice
that the only possibility for a non-zero section of this form to be in L2 on {z} x C
is for z = 0. Put another way, the cohomology along the slices {2z} x C vanishes for
all z # 0. Hence we may replace the double complex 9 without changing the spectral
sequence associated with this filtration (and so the total cohomology), by the double
complex (germ 9) whose component of bidegree (p,q) is the space of L?-forms with
values in F of bidegree (p, q) defined on V; x C for any neighbourhood V; of 0 € C,
and where we identify such forms if they coincide on an arbitrary neighbourhood of
{0} x C. Of course, the differentials of this new double complex are induced by those
of 9 in a trivial way.

The idea now is to consider the spectral sequence (germ E) corresponding to the
first filtration of (germ 9): by the general theory of spectral sequences, this will
then abut to the total cohomology of (germ 9), which is, as we saw in the previous

SOCIETE MATHEMATIQUE DE FRANCE 2007



106 CHAPTER 5. THE INVERSE TRANSFORM

paragraph, equal to that of 9, that is to E,. First trivialise E in Vp: this just
means that we identify the total space of the bundle with Vj x Ej. Since the vector
bundle E on C x C is just the pull-back of E on C, this also gives an identification of

E — Vy x C with the trivial bundle (Vo x C) x Eg. Without loss of generality we
may assume 0 ¢ P, so for V} sufficiently small the connection D can also be taken by
a gauge transformation g to the trivial one. Thus in this trivialisation and gauge we
have d; = d — £dz where d stands for the trivial connection in the z direction. The
first page (germ E)"® is then equal to the cohomology spaces with respect to this
differential:

(5.5) 0% ® L*(C, Ey)e* 0 0
dg]

0L ® L*(C, Ey)e* 0 0
dgw

L2(C, Ey)e* 0 0,

where, as before, LQ((AZ‘,EO)eZ§ stands to denote functions with values in Ej of the
form v(£)e*¢ but this time on Vj x C, and the L? condition now only implies that
~ must be rapidly decreasing as |£] — oco. The next remark is that since we only
have terms in degree p = 0, the differential induced by ds is just itself: indeed, it is by
definition d2 modulo the image of di, but this latter vanishes for p = 0. Thus, in order
to obtain the second page (germ E)3’® of the spectral sequence, we take cohomology
with respect to do = d-— 2déA. Notice that via the gauge transformation e *¢ the
whole picture can be rephrased as the de Rham cohomology of rapidly decreasing
sections o on C with values in Ey, which is similar to compactly supported de Rham
cohomology. Therefore in (germ E)5'® all elements except for the one corresponding
to bidegree (0,2) vanish, and this latter is canonically isomorphic to Ey via mapping
an element vy € Ej into the germ

[vox(€)e*d¢ A dg],

where x is a fixed exponentially decreasing bump-function on C with integral (with
respect to the volume form |d¢|?) equal to 1, and [.] stands to denote the de Rham co-
homology class of exponentially decreasing forms on C with values in E. Conversely,
for an arbitrary class [yo(€)e*¢dé A d€] where vo(€)e?s is a germ of exponentially de-
creasing functions on C with values in Ey and in the kernel of d; = (d — £dz), we

MEMOIRES DE LA SMF 110



CHAPTER 5. THE INVERSE TRANSFORM 107

may define

ro(€)¢*6d€ A dE] —eval,—o / Y0(€)e g2
C
(5.6) - / 70(E)[AE[? € Eo
C

and verify readily that it is independent of the section representing a cohomology class.

The fact that Eo and Ej are canonically isomorphic now follows from the fact that

they are both canonically isomorphic to (different gradings of) the total cohomology
of the double complex 9.
Step 2.— The first thing to do is to describe explicitly the isomorphism obtained
above. Let [50] be an element in ég: it is a class in the cohomology space Eé’l in the
spectral sequence corresponding to the first filtration of 9. Hence it is represented by
a (1,1)-form by (z; &) over C x C such that

(1) (D —€dzA)dp(2;€) =0

(2)A (d — 2déN)#80(2; €) = 0; in other words, there exists a (0,2)-form o (z; &) over
C x C satisfying §

Deyo(:€) = (d = 2d€A)do.
Concatenating the map 3
[50] — 70(2;€)

with an analog of (5.6), namely

(5.7) o(#; €)] — evale—o /C 70(2:6)

we get the canonical isomorphism
wo : [50] — 0p = evalzZO/ Yo(z;€)
e}

between Fy and Eq provided by the previous step.

Fix now an arbitrary z; € C, and consider the double complex 9,, having the
same (p, g)-components as 9, but with differentials d; = D¢, dy = d-— (z — zp)dEA.
In order to obtain the components of the first page (E,,)}"® of the spectral sequence
corresponding to the first filtration of 9,,, we need to take cohomology with respect
to di, hence these will be the same as those of 9 in (5.3), and the differentials will
be induced by ds. Now since zg is a constant, observe that for any local section
de(2) € Kerﬁg in £ of harmonic sections over C the relation

dde = [(d — (= — 20)dEN)b] = [(d — 2dEN)b¢] + 20dE A G = Dy (),
holds, where ﬁzo is the deformation of D introduced in (5.1). To get the second page

of the spectral sequence, we take cohomology with respect to dg = f)zw and therefore
if 29 does not belong to the set of opposites of eigenvalues of the leading term of D
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then this is a finite-dimensional space, equal by definition to EZO. Notice that by the
results of Subsection 4.5, the set of zy where this does not hold is exactly P, the set
of singularities (at finite points) of E. Similarly, the second filtration of 9., gives rise
to a spectral sequence whose first page is (analogously to (5.4))

0 0 0

du dli
LQ(C,E)B(Z—Zo)g 1 L2(C,Qé R E)e(Z—Zo)§ . L2(C,Q% ® E)Q(Z_ZO)E.

Hence the only fiber {z} x C over which these spaces are non-trivial is for z = zg,
so we may consider the double complex (germ 9,,) whose components are germs
of forms in a neighbourhood V,;, x C of the fiber {z0} % C, two such germs being
identified if they coincide in any such neighbourhood, and with differentials coming
from those of 9,,. As before, the spectral sequences corresponding to the second
filtration of these double complexes agree starting from the first page, so in particular
their total cohomologies are the same. Now, we pass back again to the first filtration
and compute the spectral sequence of (germ 9,,) with respect to it: in a convenient
trivialisation of F in V[ and gauge, the first page is equal to

(5.8) 02 ® L*(C, ., )e* 0 0
dg]

QL © L*(C, B, e 0 0
dgT

L3(C, B, )e*t 0 0,

with differentials given by dy = d— (z—20)déA. As in step 1, the second page therefore
contains only one non-vanishing component: the one corresponding to bidegree (0, 2),
and it is canonically isomorphic to the vector space E, ; this proves that the vector

spaces F,, and E,, are canonically isomorphic to each other. Again, an element

[SZO] of E,, is represented by a (1,1)-form 4, (z; &) over C x C satisfying (d — (z —
zo)dg)ﬁgz0 (2;€) = 0, i.e., there exists a (0,2)-form 7, (z;£) over C x C with
De(729(2:€)) = (d = (2 = 20)dEN) b, (23 €),

and an explicit way of describing the obtained isomorphism is given by

(5.9) Wy - {(io} — 0, = evalz:ZO/ Vo (25 €)
&

MEMOIRES DE LA SMF 110



CHAPTER 5. THE INVERSE TRANSFORM 109

Step 3.— By the previous points, we have that the bundle Eis isomorphic to E via

the isomorphisms w,. Now we prove that the integrable connection D on E is carried
into D on E by this bundle isomorphism: for this, it is clearly sufficient to prove that

any local parallel section for D is carried into a parallel section for D. For simplicity,
we shall consider a local section near w = 0, but we will see that the proof does not
use this.

For this purpose, we need to work on the product C x C x C, parametrised by
(z,&,w); we keep on writing the variable w in lower index. We shall consider F as
being a bundle over this space by pull-back, without writing it out explicitly. Let

[6 } be a D parallel local section of E. As in Step 2, such a section is represented by

giving a global (1, 1)-form 5w (2;€) of E on C x C for each w in a neighbourhood Vj
of 0 € C, verifying

(1) Dgo w(z;€) = 0 for all fixed wy € V; and & € C
(2) (d2 — (2 — wo)dﬁ/\)ww(z,f) = 0 for all fixed wy € W

(3) the section in w of the cohomology classes of the above elements is lx)—pa,rallel.

By Hodge theory, we may suppose that Swo (z;&o) is the D¢ -harmonic representative
of [8w0|Cx{50}:| and also that Swo (2;€) is the f)wo—harmonic representative of [Swo].

This way we rephrase the above conditions as

(1) for all fixed wy € Vy and & € C its restriction to the fiber C x {&} x {wo} is
in E,, that is #% dw,(2;&) =0 )

(2) for all fixed wy € Vo the global section in & of the above elements of E¢ is in
E’wo, in different terms 5 5w0 2;6) =0

(3) and for all wy € Vp, 7y 0 (d 4+ EdwA)du(2; &) lwmrw, = 0.

As before, (2) means that for all w € Vj there exists y,(2;¢) € T(C x C,02° @ E)
such that

(5.10) Dery(2;€) = (d = (2 = w)dEA)bu (2 );
and by Hodge theory, such a section can be defined by the formula
(5.11) Yu(2€) = GeDE(d — (2 — w)dEA)du (2 ),

where G¢ is the Green’s operator of @f@e. (Here we used that G is diagonal with
respect to the decomposition Q% @ 0%, a standard consequence of the fact that @E@g
is diagonal with respect to the same decomposition, which comes immediately from
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harmonicity of the metric.) Now by (5.9) and (5.10) we have

Dé(w) |w=w, =D <evalz_w/é’vw(z;€)>

[w=wo

:/CDva(z;§)|Z_w0+a’yw(w0§§)|w—wo

- / £dz Ay (w0: €)
C

+ (d = (wo — wo)dEA)duy (wo; &) + dYa (W03 €)=y
(remember that d stands for the trivial connection with respect to w in the trivial
Hilbert bundle H, whereas d is the trivial connection with respect to £ in the trivial
Hilbert bundle H). The integral of the middle term in this last formula vanishes by

Stokes’s theorem. Furthermore, on the diagonal z = w of C x C we have dz = dw, so
we are left with

/ (@ + Edw )y (wo; ©).

¢
Applying to this quantity (5.11) and the commutation relations

(5.12) [d+ &dwA,d — (z — w)dEA] = 0 [d+ &dwA, De] = 0
we obtain
(5.13) / GeDE(d — (2 — w)déA)(d + gdw/\)éwo (wo; ).

C

Consider now condition (3) above: denoting by P and éfv the positive and negative
Dirac operators of the deformation D + wd&, moreover by G,, the Green’s operator
of $w$w, it can be rewritten as

(Id — DGl )(d + Edwn)du (2 €) = 0.
In order to finish the proof, it is sufficient to prove the commutation relation
(5.14) [d + £dwA, Py] = 0.
Indeed, this then implies

[d+ &dwn, P, ] =0 [d + &dwA, Gy =0,

*

and interchanging d + £dwA turn by turn with ] éwo and @wo using each time

condition (2), we get

wo?

+ EdwWA) (I — Doy G Dy Vo (w05 €)

(d + EdwA)By, (w03 &) = (
(Id — Doy G D, ) (A + EdwA)By (w05 )
0
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and so (5.13) is equal to 0; but on the other hand it is just the expression for
Dé(w)|w=w,, and this shows that d(w) is parallel in wg. There remains to show (5.14):
recall that @,, = D,, — D* , with

Dy = #e(d — (2 — w)dE).

Now the first relation in (5.12) and #¢ = (Id — @¢G¢d;) combined with the second
relation in (5.12) show that

[d + édwA, D] = 0,

and we conclude.

Step 4.— Here we wish to show that the double transformed metric ;Lv is equal to
h. In Step 3 we have already shown that the flat connections D and D agree. On
the other hand, using the results of Section 4.2 twice, we see that h is a harmonic
metric for D = D. Therefore by uniqueness (up to a consvtant) of the harmonic metric
corresponding to an integrable connection, we get that h=h.

An equivalent way of deducing the same assertion would be as follows: using again
the already proved equality D =D and uniqueness of the harmonic metric, we will
be done if we can prove that :ohe unitary part Dt (with respect to fz) of the double

transformed flat connection D is equal to DT, the unitary part of D with respect
to h. This can be done in a completely analogous way to Steps 1-3. The changes we
have to make are the following: consider the double complex @Z) having the same
components as 9,,, but with differentials d; = D? and dy = d — 2/2d€ A —z/2dENA.
One establishes that these operators commute, therefore @g really forms a double
complex. We then see from (4.14) that the deformation

. . 1 1_ -
DI — DH 4 5wdf A +§wd5/\
induced from the differential
~ 1 1 _
d— i(z —w)dE A —5(2 —w)dEN

is the natural deformation of the Higgs-bundle structure induced by the deformation
Dy, In concrete terms, they are related by the gauge transformation g~ . Therefore
the double transformed bundle E¥ is isomorphic to ¢g"'gE = E, and the unitary
connection

£
2

Dt = T O <a+ dw A +§du‘;/\>

is identified to DT just as D with D, using the commutation relations

. 3 ~ 1 1 _
d—l—§dw/\+§dw/\,d—f(z—w)dg/\—f(z—z)dg/\ =0,
2 2 2 2
a+§de+§dm DHE| =0
2 2 e
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instead of (5.12), which together imply the analog

g gde,éf =0

2
of (5.14) for the deformed Dirac operator
H
gw = D'f - (D'LI;I)*

This then allows us to conclude equality of the unitary connections.

Since the Hermitian bundles (E,h) and (E,h) coincide, so do the flags of their
parabolic structures in the singular points; as well as the parabolic weights, because
they are supposed to be between 0 and 1, and there is a unique way of choosing
holomorphic sections with such behaviours. O

d+ 2dw A +
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