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THEORY OF BERGMAN SPACES
IN THE UNIT BALL OF C»

Ruhan Zhao, Kehe Zhu

Abstract. — There has been a great deal of work done in recent years on weighted
Bergman spaces AP on the unit ball B,, of C*, where 0 < p < oo and a > —1.
We extend this study in a very natural way to the case where « is any real number
and 0 < p < oco. This unified treatment covers all classical Bergman spaces, Besov
spaces, Lipschitz spaces, the Bloch space, the Hardy space H?, and the so-called
Arveson space. Some of our results about integral representations, complex interpo-
lation, coefficient multipliers, and Carleson measures are new even for the ordinary
(unweighted) Bergman spaces of the unit disk.

Résumé (Théorie des espaces de Bergman dans la boule unité de C™)

Ces derniéres années il y a eu un grand nombre de travaux sur les espaces de
Bergman pondérés AP sur la boule unité B,, de C"*, ot 0 < p < co et @ > —1.
Nous étendons cette étude, de maniére trés naturelle, au cas ot « est un nombre réel
quelconque et 0 < p < oco. Ce traitement unifié couvre tous les espaces de Bergman
classiques, les espaces de Bésov, de Lipschitz, ’espace de Bloch, I’espace H2 de Hardy,
et celui appelé espace d’Arveson. Certains de nos résultats autour de la représentation
entiére, de I'interpolation complexe, des multiplicateurs de coefficients et des mesures
de Carleson, sont nouveaux, y compris pour les espaces de Bergman ordinaires (non-
pondérés) sur le disque unité.
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CHAPTER 1

INTRODUCTION

Throughout the paper we fix a positive integer n and let
C"=Cx---xC

denote the n dimensional complex Euclidean space. For z = (z1,---,2,) and w =
(w1, ,wy,) in C™ we write

(z,w) = 2yw1 + -+ 20, |2| = V]2 2+ + |2a]?
The open unit ball in C™ is the set
B, ={z€C":|z| < 1}.
We use H(B,,) to denote the space of all holomorphic functions in B,,.

For any —o0o < a < oo we consider the positive measure
dva(z) = (1 = |2[*)*dv(2),

where dv is volume measure on B,,. It is easy to see that dv, is finite if and only
if @ > —1. When a > —1, we normalize dv, so that it is a probability measure.

Bergman spaces with standard weights are defined as
AP = H(B,) N LP(B,, dv,),

where p > 0 and o > —1. Here the assumption that o > —1 is essential, be-
cause the space LP(B,,, dv,) does not contain any holomorphic function other than 0
when @ < —1. When o = 0, we use AP to denote the ordinary unweighted Bergman
spaces. Bergman spaces with standard weights on the unit ball have been studied
by numerous authors in recent years. See Aleksandrov [2], Beatrous-Burbea [11],
Coifman-Rochberg [21], Rochberg [46], Rudin [47], Stoll [57], and Zhu [71] for re-
sults and references.

In this paper we are going to extend the definition of A% to the case in which o
is any real number and develop a theory for the extended family of spaces. More
specifically, we study the following topics about the generalized spaces A?: various
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2 CHAPTER 1. INTRODUCTION

characterizations, integral representations, atomic decomposition, complex interpola-
tion, optimal pointwise estimates, duality, reproducing kernels when p = 2, Carleson
type measures, and various special cases. A few of these are straightforward conse-
quences or generalizations of known results in the case a > —1 (we included them
here with full proofs for the sake of a complete and coherent theory), thanks to the
isomorphism between AP and AP via fractional integral and differential operators,
while most others require new techniques and reveal new properties. Several of our
results are new even in the case of ordinary Bergman spaces of the unit disk.

Our starting point is the observation that, for p > 0 and @ > —1, a holomorphic
function f in B,, belongs to A? if and only if the function (1 — |2|?)Rf(z) belongs
to LP(B,, dv,), where

k=1
is the radial derivative of f. This result is well known to experts in the field and is
sometimes referred to as a theorem of Hardy and Littlewood (especially in the one-
dimensional case). See Beatrous [9], Pavlovic [42], or Theorem 2.16 of Zhu [71]. More
generally, we can repeatedly apply this result and show that, for any positive integer &,
a holomorphic function f is in A? if and only if the function (1— |z|?)* R* f(2) belongs
to LP(B,,, dvy).

Now for p > 0 and —oco < a < oo we fix a nonnegative integer k£ with pk + o > —1
and define AP as the space of holomorphic functions f in B, such that the function
(1 —|2|*)* Rk f(2) belongs to LP(B,, dv,). As was mentioned in the previous para-
graph, this definition of A? is consistent with the traditional definition when o > —1.
Also, it is easy to show (see Section 4) that the definition of A? is independent of the
integer k.

We also study a companion family of spaces defined using the sup-norm of a combi-
nation of powers of 1 — |z|? and partial derivatives of a holomorphic function f in B,,.
More specifically, for any real o we define A, to be the space of holomorphic func-
tions f in B,, such that the function (1— |z|?)¥~®RF f(2) is bounded in B,,, where k is
any nonnegative integer with £ > a. We are going to call them holomorphic Lipschitz
spaces. Once again, it can be shown that the definition of A, is independent of the
choice of the integer k.

The two families of spaces A2 and A,, with 0 < p < oo and « real, cover any
space (except H* and its equivalents) of holomorphic functions that is defined in
terms of membership in LP(B,,dv), 0 < p < oo, for any combination of partial
derivatives of f and powers of 1 — |z|2. These spaces have appeared before in the
literature under different names. For example, for any positive p and real s there is
the classical diagonal Besov space B, consisting of holomorphic functions f in B,, such
that (1 —|z|2)*~*R¥ f(2) belongs to LP(dv_1), where k is any positive integer greater

MEMOIRES DE LA SMF 115



CHAPTER 1. INTRODUCTION 3

than s. It is clear that By = A, with a = —(ps+1); and A}, = By with s = —(a+1)/p.
Thus our spaces AP, are exactly the diagonal Besov spaces. See Ahern-Cohen [1],
Arazy-Fisher-Janson-Peetre [4], Arcozzi-Rochberg-Sawyer [7], Frazier-Jawerth [26],
Hahn-Youssfi [30], [29], Kaptanoglu [33], [34], Nowark [40], Peloso [44], and Zhu
[71] for some recent results on such Besov spaces and more references. In particular,
our spaces Af are the same as the spaces B (with ¢ = «) in Kaptanoglu [33],
although an unnecessary condition —gp + ¢ > —1 was imposed in [33].

On the other hand, if s is a positive integer, p is positive, and « is real, then there
is the Sobolev space W7, consisting of holomorphic functions f in B,, such that the
partial derivatives of f of order up to N all belong to LP(B,,, dv,). It is easy to see
that our generalized Bergman spaces are exactly the holomorphic Sobolev spaces.
See Ahern-Cohen [1], Aleksandrov [2], Beatrous-Burbea [11] for results and more

references.

Therefore, for those who are more familiar or more comfortable with Besov or
Sobolev spaces, our paper can be considered a unified theory for such spaces as well.
However, we believe that most people nowadays are familiar and comfortable with
the term “Bergman spaces”, and our theory here is almost identical to the theory
of ordinary Bergman spaces (as presented in Zhu [71] for example), so it is also
reasonable for us to call AP weighted Bergman spaces. We can stretch this a little
further. More specifically, there has been a sizable amount of work in the literature
about spaces of holomorphic functions satisfying the condition

t
sup (1 —|2%)"|f(2)] < oo,
z€B,

where ¢ > 0. Such spaces are special cases of our Lipschitz spaces A, and they have
been called Bergman spaces as well by some authors; see Seip [50], [49] for example.
Therefore, we do not feel guilty to use the term “Bergman spaces" to include all our
Lipschitz spaces A,.

It is apparent that this work is a natural extension of the recent book [71]. There
is undoubtedly some overlapping between the two. In particular, the notation here
is identical to that used in [71], and several techniques developed in [71] are used
repeatedly in this paper. Since we are developing a more general theory here, complete
proofs are included for all but the obvious.

As was mentioned a little earlier, the spaces we study here are not new. There are
several papers in the literature that are very much related to this one, for example,
[11] and [33]. In fact, almost every result here has its origin somewhere else. There-
fore, in subsequent chapters, whenever a major theorem is proved, we will try to bring
the reader’s attention to these other sources where earlier versions or special cases of
the particular result can be found. These repetitive references may be annoying to the
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4 CHAPTER 1. INTRODUCTION

reader on the one hand, and on the other hand they may prove more offensive to au-
thors whose papers have somehow been overlooked or inaccurately quoted. Whatever
the case, we apologize in advance. It is not our intention to claim a known result ours.
We also greatly appreciate the referee’s complete understanding of this dilemma, as
well as his/her suggestions on how to improve the presentation of the paper.
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CHAPTER 2

VARIOUS SPECIAL CASES

In this chapter we spell out to the reader several special cases of the spaces AP
and A, . In particular, this partially shows the scope of the paper and gives an orien-
tation to those readers who are only concerned with certain special cases.

As was mentioned in the introduction, when a > —1, the spaces AP are tradition-
ally called weighted Bergman spaces. In this case, a holomorphic function f in B,
belongs to AP (see Zhu [71]) if and only if

/ l£(2)|" (1= |2?)%dv(z) < 0.

n

When @« = —(n+ 1), or n + a+ 1 = 0, we have mentioned several times earlier
that the space AP is traditionally denoted by B, and is called a diagonal Besov space.
Alternatively, a holomorphic function f in B,, belongs to the Besov space B, if and
only if

[ a1 B Par(e) < o,

where k is any positive integer with pk > n and

dv(z)

d =
= a
is the M6bius invariant measure on B,,. See Zhu [71].

When a = —1 and p = 2, the space AP, coincides with the classical Hardy space H2.
See (20) later in the paper and (1.22) of Zhu [71]. Recall that H? consists of holo-
morphic functions f in B,, such that

sp [ |00 o (0) < o,

0<r<1Js,

where do is the normalized surface measure on the unit sphere S,,.
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6 CHAPTER 2. VARIOUS SPECIAL CASES

When o = —n and p = 2, the space AP is the so-called Arveson space, which is
usually defined as the Hilbert space of holomorphic functions in B,, whose reproducing
kernel is given by (see Theorem 41)

1
1— (z,w)

This space has attracted much attention lately in the study of multi-variable operator

K(z,w) =

theory. We mention Arveson’s 8] influential paper and the recent monograph [17] by
Chen and Guo.

When 0 < a < 1, the space A, is the classical Lipschitz space of holomorphic
functions f in B,, satisfying the condition

sup{'ﬂz)_f(w)| tz,w € By, z;éw} < 0.
|z — wl|*

See Section 6.4 of Rudin [47]. The space A; is also called the Zygmund class, especially
in the case when n = 1.

When a = 0, the space A,, is just the classical Bloch space, consisting of functions
f € H(B,,) such that

sup (1— |z|2)’Rf(z)’ < 00.
z€B,

When o < 0, the spaces A, have appeared in the literature under the name of
growth spaces. In this case, a holomorphic function f in B, belongs to A, if and
only if

lex]
sup (1—|2|%)"” |f(2)] < oo.
2€B,

The term “Bloch type spaces" or a-Bloch spaces can also be found in recent litera-
ture. More specifically, for any o > 0 the a-Bloch space is denoted by %, and consists
of holomorphic functions f in B,, such that

sup (1— |z|2)a|Rf(z)| < 00.

2€B,
It is then clear that the a-Bloch space %, is the same as our generalized Lipschitz
space Aj_q. See Zhu [71].
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CHAPTER 3

PRELIMINARIES

In this chapter we present preliminary material on Bergman kernel functions and
fractional differential and integral operators. This material will be heavily used in
later chapters.

> Throughout the paper we use
m=(my, - ,mp)
to denote an n-tuple of nonnegative integers. It is customary to write
lm|=m1+---+m, and m!=mq!...m,!.
If z= (21, - ,2,) is a point in C", we write

m

2 =" g,

The following multi-nomial formula will be used (implicitly) several times later on:
k!
k _ v omo—m
(1) (z,w)" = Z o AT
|m|=k

> If f is a holomorphic function in B, it has a unique Taylor series,
f(z) = Z amz™.
m

If we define
fr(z) = Z amz™, k=0,1,2,...,

|m|=k
then each fi is a homogeneous polynomial of degree k, and we can rearrange the
Taylor series of f as follows:

F) =) ful2).
k=0

This is called the homogeneous expansion of f.
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8 CHAPTER 3. PRELIMINARIES

> Using homogeneous expansion of f we can write the radial derivative Rf as
o0
Rf(2) =Y _ kfi(2).
k=1

More general, for any real number ¢, we can define the following fractional radial
derivative for a holomorphic function f in B,:

R'f(2) = k' fi(2).
k=1

> When we work with partial derivatives, we will use the following notation,
where m is any n-tuple of nonnegative integers:

alml ¢

D - D

> An important tool in the study of holomorphic function spaces is the notion of

omf =

fractional differential and integral operators. There are numerous types of fractional
differential and integral operators, we introduce one that is intimately related to and
interacts well with the Bergman kernel functions. More specifically, for any complex
parameters s and ¢ with the property that neither n 4+ s nor n 4+ s + t is a negative
integer, we define two operators R*! and R+ on H(B,,) as follows. If

f2) =Y ful2)
k=0

is the homogeneous expansion of a holomorphic function in B,,, we define

oo

Fn+1+s)I'n+1+k+s+1t)
s,t —
R f(z) ZI‘(n+1+s+t)I‘(n+1—|—k+s)

fk(z)

k=0
If H(B,,) is equipped with the topology of “uniform convergence on compact sets", it is
easy to see that each R®' is a continuous invertible operator on H(B,,). We use R,
to denote the inverse of R** on H(B,,). Thus

Rl f( ):il"(n—l—l—l-s—f—t)I’(n—f—l—I—k—ks)

Tt its)Tnt1+htste) ")

k=0
When s is real and ¢t > 0, it follows from Stirling’s formula that
Fn+1+s)I(n+1+k+s+t) ‘
Fn+1l4+s+t)T(n+1+k+s)

as k — oo. In this case, R®! is indeed a fractional radial differential operator of order ¢

and R, is a fractional radial integral operator of order ¢.

The operators R®' and R, seem to have first appeared in Peloso [44], and inde-
pendently in Zhu [68], [69], [70], as a way to define and study holomorphic function
spaces on the unit ball, and more generally, on bounded symmetric domains. This

MEMOIRES DE LA SMF 115



CHAPTER 3. PRELIMINARIES 9

type of fractional differential and integral operators also became an important tool in
the books by Arcozzi-Rochberg-Sawyer [7] and Zhu [71].

Kaptanoglu [33], [34], [35] used these operators in a slightly more general way.
More specifically, the technical conditions that n + s and n + s + ¢ should not be
negative integers can be removed if one is willing to make a separate definition for
R (and R, :) in this case. However, since these operators are meant to transform
the kernel function (1 — (z,w))~(F1%5) to (1 — (z,w))~(*F1+5+8) it is clear that the
technical conditions mentioned above are natural. Otherwise, these functions would
become polynomials and the corresponding reproducing Hilbert spaces would become
finite dimensional. Besides, in all our applications, it always involves in choosing a
sufficiently large parameter s, and with the technical conditions imposed on s and
t, there is never a lack of s for such choices. Also, the use of complex parameters
does not present any extra difficulty and will be more convenient for us on several
occasions.

LEMMA 1. — Suppose neither n + s nor n+ s+t is a negative integer. Then

R .= Rs+t,7t
st — .

Proof. — This follows directly from the definition of these operators. O

LEMMA 2. — Suppose s, t, and X are complex parameters such that none of n + A,
n+A+t, andn+ X+ s+t is a negative integer. Then

R)\,tR)\-i-t,s — RA,s-i-t

Proof. — This also follows from the definition of these operators. O

As was mentioned earlier, the main advantage of the operators R®' and Ry is
that they interact well with Bergman kernel functions. This is made precise by the
following result.

PROPOSITION 3. — Suppose neither n 4+ s nor n+ s +t is a negative integer. Then

1 1
Rs,t — ,
A= (w1 = (mu)prier

1 1

B = Gl (T (e

Furthermore, these relations uniquely determine the operators R** and R, + on H(B,,).
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10 CHAPTER 3. PRELIMINARIES

Proof. — See Proposition 1.14 of [71]. The proof there is for the case when s and ¢
are real. But obviously the same proof works for complex parameters as well. O

Most of the time we use the above proposition as follows. If a holomorphic func-
tion f in B, has an integral representation

_ dp(w)
10 = [ G

then
ot du(w
R>'f(2) = /Bn = <Z,Z)(>)n)+1+s+t'

In particular, if & > —1 and n + a + t is not a negative integer, then

e f(rw)dva(w)
RIE) = M | T Gy

for every function f € H(B,,). See Corollary 2.3 of [71].

PROPOSITION 4. — Suppose N is a positive integer and s is a complex number such
that n + s is not a negative integer. Then the operator R*YN is a linear partial differ-
ential operator on H(B,,) of order N with polynomial coefficients, that is,
RNf(z) = Y pm(2)0™ f(2),
Im|<N

where each p., is a polynomial.

Proof. — The proof of Proposition 1.15 of [71] works for complex parameters as well.
O

PROPOSITION 5. — Suppose s and t are complex parameters such that neither n + s

nor n+ s+t is a negative integer. If « = s + N for some positive integer N, then
o1 _ h(zw)
(1= {zywp)rite (1= (zw))rtivett

where h is a certain one-variable polynomial of degree N. Similarly, there exists a

one-variable polynomial q of degree N such that

1 __a(znw)

e = G w9t~ (T = (z,u))rrie.

Proof. — See the proof of Lemma 2.18 of [71] for the result concerning R*¢. Combining
this with Lemma 1, the result for R, ; follows as well.

Alternatively, we can use Proposition 3 to write

1 _ ps,tps,N 1
10— (o wyrrita — R g e

Rs,t
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CHAPTER 3. PRELIMINARIES 11

Since R*Y and R*! commute, another application of Proposition 3 gives

1 1
Rs,t — RS,N .
R (R PR EE
The desired result then follows from Proposition 4. O

We also include an easy but important fact concerning the radial derivative.

LEMMA 6. — For any positive integer k the operator R* is a kth order partial differ-
ential operator on H(B,,) with polynomial coefficients.

Proof. — Obvious. O
We are going to need two integral estimates involving Bergman kernel functions.
PROPOSITION 7. — Suppose s and t are real numbers with s > —1. Then the integral

— w|?)*dv(w
1) - [ A= lubraw

o 1= (z,w)[rtitstt

has the following asymptotic behavior as |z| — 17

(a) Ift < 0, then I(2) is continuous on B,,. In particular, 1(z) is bounded for z € B,,.
(b) Ift > 0, then I(z) is comparable to (1 — |z|*)~*.
(c) Ift =0, then I(2) is comparable to —log(1 — |z|?).

Proof. — See Proposition 1.4.10 of Rudin [47]. O

PROPOSITION 8. — Suppose a and b are complex parameters. If S and T are integral
operators defined by

na 1 — |w|?)® f(w)dov(w
Sf(z) = (1 — || ) /IBn ((1 _| <l’)w>f)(n+)1+agrb)’

a 1 — |w|?)bf(w)dv(w
Tf(z)= (1 - |Z|2) /IB% (|1 _| <l,1l}>f|SL+)1+a-$-b)’

n

then for any 1 < p < oo and « real, the following conditions are equivalent:

(a) The operator S is bounded on L?(B,,, dv,).
(b) The operator T is bounded on L?(B,, dv,).
(¢) The parameters satisfy —pRea < a+1 < p(Reb+1).
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12 CHAPTER 3. PRELIMINARIES

Proof. — See [36] or Theorem 2.10 of [71]. Once again, those proofs are given for real
parameters, but the proof for the complex case is essentially the same. The only extra
attention to pay is this: when A = u + iv is a complex constant, we have

(1- (z,w))A = |1 - (z,w>|>\ exp(iuf — vb),
where 6 is the argument of 1 — (z,w), say 6 € [0, 27). It follows that
A u
|(1 —(z,w))"| = |1 - (z,w>| exp(—vb).
Since v is a constant and 0 € [0, 27), we see that

(1= (z, )| ~ |1 = (2 w)|* = |1 = (z,w) ",

O

Note that certain special cases of the above proposition can be found in Forelli-
Rudin [25] and Rudin [47].

PROPOSITION 9. — Suppose Rea > —1. Then there exists a constant c, such that

_ f(w) (A — Jw]*)* dv(w)
f(z)_ca/Bn § » 2z €B,,

— <Z7 w))n+1+a

where f is any holomorphic function in B,, such that

/ |f(z)|(1 - |z|2)ad'u(z) < 00.
B,

Proof. — See Theorem 7.1.4 of Rudin [47] or Theorem 2.2 of Zhu [71]. O
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CHAPTER 4

ISOMORPHISM OF BERGMAN SPACES

Our first main result shows that for fixed p, the spaces AP are all isomorphic.
A word of caution is necessary here: while the isomorphism among A? reduces the
topological structure of A to that of the ordinary Bergman space AP, it does not help
too much when the properties of individual functions are concerned. This is clear in
the Hilbert space case: the Hardy space H2, the Bergman space A2, and the Dirichlet
space By are all isomorphic as Hilbert spaces, but their respective function theories
behave much differently from one to another.

There is a good amount of overlap between the material in this and the next
chapter with the results in Beatrous-Burbea [10], [11], Kaptanoglu [34], and Peloso
[44]. We present independent proofs here in order to achieve a complete and coherent
theory. As was mentioned in the introduction, the spaces BY in Kaptanoglu [34] and
our spaces AP are actually the same (with the identification of o and ¢), while the
family of spaces AP in Beatrous-Burbea [11] covers ordinary Bergman spaces (our A%,
with @ > —1) and Hardy spaces HP.

THEOREM 10. — Suppose p > 0 and « is real. If s is a complex parameter such that
neither n + s nor n+ s + (a/p) is a negative integer, then a holomorphic function f
in By is in AL, if and only if Ry o/pf is in AP. Equivalently, R, o/, is an invertible
operator from AP onto AP.

Proof. — Recall that a holomorphic function f in B, is in AP if and only if there exists
a nonnegative integer k with pk +a > —1 such that the function (1 — |z|2)*RF f(2) is
in L?(B,,, dv,). Obviously, this is equivalent to the condition that

(2) ka € LP(BTH dvpk-ﬁ-a)-
By Theorem 2.16 of [71], the condition that R, ./,f € AP is equivalent to

(1= 122) B* Ry o /pf (2) € LP(B,, dv).
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14 CHAPTER 4. ISOMORPHISM OF BERGMAN SPACES

Since R* commutes with R, o/p, the above condition is equivalent to
Ry pRFf € LP(B,, dvp).
If @ > 0, then by Theorem 2.19 of [71], the above condition is equivalent to
(1= |22)*PR*/PR, , R f € LP(By, dvpy).

Since R*/? is the inverse of R the above condition is equivalent to

s,a/ps
(1= |2)"REf € LP(B,,, dve),
which is the same as (2). This proves the theorem for o > 0.

If o = 0, the operator R, ,/, becomes the identity operator, and the desired result
is trivial.

If « < 0, then by Lemma 1, we have R, ,/,f € A? if and only if Rete/p—a/pf c AP
which, according to Theorem 2.16 of [71], is equivalent to

(1— |2|?) RFRsYe/P=elp § ¢ [P(B,, dv).

Since RF commutes with R*t®/P—2/P  the above condition is equivalent to
Rete/p—alpRk f ¢ [P(B,, dv,y), or

(1= |22) " */PRete/p—a/rRIf € [P(B,, dvpksa)-

Since a < 0, it follows from Theorem 2.19 of [71] that the above condition is equivalent
to (2). This proves the desired result for @« < 0 and completes the proof of the
theorem. 0

As a consequence, we obtain the following result which shows that the definition
of AP is actually independent of the integer k£ used. This is of course a phenomenon
that has been well known to experts in the field.

COROLLARY 11. — Suppose p > 0 and « is real. Then the following conditions are

equivalent for holomorphic functions f in B,:

(a) f € AP, that is, for some positive integer k with kp + o > —1 the function
(1 —|2|2)*RF f(2) is in LP(B,,, dvy).

(b) For every positive integer k with kp + a > —1 the function (1 — |2|>)*RF f(2) is
in LP(B,, dvy).

Proof. — This follows from the proof of Theorem 10. This also follows from the equiv-
alence of (a) and (d) in Theorem 2.16 of [71]. O
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Since the polynomials are dense in AP, and since the operators R®* and R, ; map
the set of polynomials onto the set of polynomials, we conclude from Theorem 10
that the polynomials are dense in each space A?P.

The following result is a generalization of Theorem 10.
THEOREM 12. — Suppose « is real, § is real, and p > 0. Let t = (o — B)/p and let s

be a compler parameter such that neither n + s nor n + s +t is a negative integer.
Then the operator Ry maps AP boundedly onto Ag"

Proof. — We can approximate s by a sequence {sy } of complex numbers such that each
of the operators Ry, ;, R****5/? and R
and 2, we have

sp,a/p 18 well defined. According to Lemmas 1

R

Since R*++t#/P is the inverse of R, 1¢,3/p, it follows from Theorem 10 that each R, ;

.= Rextt8/PR

Sk sk,a/p:

maps AP boundedly onto Ag. Since R, is well defined, an easy limit argument then
shows that R,; maps A? boundedly onto Ag. O

For any positive p and real o we let N be the smallest nonnegative integer such
that pN + a > —1 and define

3) e = 17O+ [ [ (1= 1R) [RY £:) P dwa(2)]

n

1/p

for f € AP. Then AP becomes a Banach space when p > 1. For 0 < p < 1 the
space AP is a topological vector space with a complete metric

(4) a(f,9) = IIf = gll,a-

The metric d is invariant in the sense that

d(fa g) = d(f - g,O)
In particular, AP is an F-space. One of the properties of an F-space that we will use
later is that the closed graph theorem is valid for it.
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CHAPTER 5

SEVERAL CHARACTERIZATIONS OF A?

In this chapter we obtain various characterizations of AP in terms of fractional
differential operators and in terms of higher order derivatives.

THEOREM 13. — Suppose p > 0 and « is real. Then the following conditions are
equivalent for holomorphic functions f in B,.
(a) f e AL
(b) For some nonnegative integer k with kp + o > —1 the functions
Im|
(1—121?) ™0™ f(2),
where |m| =k, all belong to LP (B, dvy).
(c) For every nonnegative integer k with kp + o > —1 the functions
(1= 1) ™ om (2),
where |m| =k, all belong to L?(B,,, dvy).

Proof. — Fix a nonnegative integer k£ with pk + o > —1 and assume that
(1 12%) 0™ () € LP(By, dva)

for all |m| = k, then
(1= |2) 0™ f(2) € LP(By, dv.,)

for all |m| < k; see Theorem 2.17 of [71]. Since R is a linear partial differential
operator on H(B,,) with polynomial coefficients (see Lemma 6), we have

(1= 2]?)"R¥ f(2) € LP(B,, dv,),

or f € AP. This proves that condition (b) implies (a). That condition (c) implies (b)
is obvious.
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18 CHAPTER 5. SEVERAL CHARACTERIZATIONS OF AP

Next assume that f € Af. Then by Theorem 10, the function g = Rg o/, f is in AP,
where ( is a sufficiently large (to be specified later) positive number. By Proposition 9,

Rﬂ,a/pf(Z)Z/B : g(w)dvg(w)

L= (z,w))"+1+6°

Apply R%®/P to both sides and use Proposition 3. We obtain
_ g(w)dvg(w)
(5) f(z) = /]Bn (1 — (z,w))nH1i+B+a/p’

If p > 1 and k is any nonnegative integer such that pk +a > —1, then we choose

we have

large enough so that
«
(6) —pk<a+1<p(ﬂ+;>.

Rewrite the reproducing formula (5) as

— |lw]?)Pte/Ph(w)dv(w
f(z):/ (1( |w]*)"TPh(w)dv(w)

L= (z,w))+i4A+als

n

where
—a/
h(z) = (1 —2)""g(2).
Differentiating under the integral sign, we obtain a positive constant C' (depending
on the parameters but not on f and z) such that

— |w|?)A+e/P|h(w)|dv (w
(1—|z|2)k|8mf(z)}SC(1_|Z|2)’“/IB (1 — Jw[*)? 2/ h(w)|dv(w)

Tz w)rerivarers
where |m| = k. Since h € LP(B,,, dv,), it follows from (6) and Proposition 8 that the
functions (1 — |z|?)*0™ f(2), where |m| = k, all belong to LP(B,, dv,).

n

The case 0 < p < 1 calls for a different proof. In this case, we differentiate under
the integral sign in (5) and obtain a constant C' > 0 (depending on the parameters
but not on f and z) such that

9 m 5 w — |w|?)Pdv(w
(1— 2] )k|8 f)|<c(t-|z )k/Bn ||iq(_ <)LE11U>|JL+L31+ﬁfa/l’

where |m| = k. We write

nt1+p5

8= (n+1)

and assume that 3 is large enough so that 3’ > 0. Then we can apply Lemma 2.15
of [71] to show that the integral

/ lg(w)|(1 — [w[*)” dv (w)
B

e e
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CHAPTER 5. SEVERAL CHARACTERIZATIONS OF AP 19

is less than or equal to a positive constant times
1/p

"1 ) dv(w)]

[ ’ g(w)
B (1 — <z7w>)n+k+1+5+a/l’
It follows that there exists a positive constant C’ such that

P am P ’ » P(1 — 2 ﬁ'd
(112" 0" f(2)]" < C'(1~ 12%)" /Bn ||gl(1i))<|z,(w>|P|(I:J|rk)+1+g)(f;)7

where |m| = k. Integrate both sides against the measure dv, and apply Fubini’s

theorem. We see that the integral

| @ 1om ) ()

n

is less than or equal to C’ times

» 2\ A’ (1= [z P+ dv(z)
/13 |g(w)]" (1 — |w] )ﬂ dv(w) /Bn 11— (2, w)[p(n+ht1+B)+a’

n

Estimating the inner integral above according to Proposition 7, we find another con-
stant C”" > 0 such that

/ (1= [2)7)0m f(2)|Pdva(z) < C’”/ |g(w)[” dv (w)
B B

for all |m| = k. This proves that (a) implies (c), and completes the proof of the
theorem. 0

Note that several special cases of the above theorem are well known. See Beatrous-
Burbea [11] or Pavlovic [42] for example. In fact, any nontangential partial differential
operator of order k with O coefficients may be used in place of R*; see Peloso [44].
The proof above uses several techniques developed in Zhu [71].

THEOREM 14. — Suppose p > 0, « is real, and f is holomorphic in B,,. Then the
following conditions are equivalent:

(a) fe AL
(b) There exists some real t with pt + o > —1 such that the function
(1= =) R £ (2)
is in LP(B,, dv,), where s is any real parameter such that neither n + s nor
n + s+t is a negative integer.
(c) For every real t with pt + o > —1 the function
(1= =) R £ (2)
is in LP(B,,dv,), where s is any real parameter such that neither n + s nor
n + s+t is a negative integer.
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20 CHAPTER 5. SEVERAL CHARACTERIZATIONS OF AP

Proof. — 1t is obvious that condition (c¢) implies (b). To show that condition (b)
implies (a), we fix a sufficiently large positive number 8 and apply Proposition 9 to

write
N R f(w)(1 = |w[*)" P do(w)
R f(2) = cryp /B A

where c;4 g is a positive constant such that c¢;;gdvg is a probability measure on B,,.

Apply RF to both sides, where k is a nonnegative integer such that kp + a > —1.
Then there exists a polynomial h of degree k such that
RMR'f(2) = / h({z, w) R f(w)dveys(w)

(1 = (2, w))n+1+k+i+5

B,
If B is chosen so that B — s is a sufficiently large positive integer, we first write

k

h((z,w)) = ch(l - (z,w>)j,

§=0
then apply the operator R, to every term according to the second part of Proposi-
tion 5, and then combine the various terms. The result is that

9(z, w) RO (w)dveip(w)
(1= (2, w))1¥ss

R.R*R*'f(2) = /

n

where g is a polynomial. Since the operators R, ;, R¥, and R*! commute with each
other, and since R, is the inverse of R*', we obtain a constant C' > 0 such that

_ ’(1)2 t| ps,t w valw
(1—|2|2)k\R’“f(z)|gc(l—|z|2)’“/B (1= [w*)"|R* f (w)|dvg(w)

11— (z, w)|rr1Hh+s
We then follow the same arguments as in the proof of Theorem 13 to show that the

n

condition
2\t | ps,t
(1= 12l)"|R** £ (2)] € LP (Bn, dva)
implies
(1= 121?) "R f(2) € LP(B,, dv,).
This proves that condition (b) implies (a).

To show that condition (a) implies (c), we fix a function f € AP and choose a
sufficiently large positive number 3 such that the function g = Rg o/, f is in AP. We
then follow the same arguments as in the proof of Theorem 13 to finish the proof. The
only adjustment to make here is this: instead of differentiating under the integral sign,
we apply the operator R®! inside the integral sign and take advantage of Proposition 5
(assuming that 8 is chosen so that 3 — s is a positive integer). We leave the details
to the interested reader. O
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Several special cases of the above theorem have appeared before. See Kaptanoglu
[33], [34] and Peloso [44] for the case & = —(n+1), and Zhu [71] for the case a > —1.
The book [11] of Beatrous and Burbea also contains a version of the result for o > —1
which is based on a different family of fractional radial differential operators.
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CHAPTER 6

HOLOMORPHIC LIPSCHITZ SPACES

The classical Lipschitz space A,, 0 < a < 1, consists of holomorphic functions f
in B,, such that

|f(Z)—f(U))| §C|Z—W|a, Z,’LUEBH,

where C is a positive constant depending on f. It is well known that a holomorphic
function f is in A, if and only if there exists a positive constant C such that

(1-121>) ""|Rf(2)| < C, 2 € By
See Rudin [47] and Zhu [71].

In this chapter we extend the theory of Lipschitz spaces A, to the full range
—00 < a < 0o0. More specifically, for any real number o we let A, denote the space
of holomorphic functions f in B,, such that for some nonnegative integer k > « the
function (1 — |2|2)*=*R*f(z) is bounded in B,. We first prove that the definition
of A, is independent of the integer k used.

LEMMA 15. — Suppose f is holomorphic in B, . Then the following conditions are
equivalent:

(a) There exists some nonnegative integer k > « such that the function
k—
(1- 12P) R £(2)

is bounded in B,,.

(b) For every nonnegative integer k > « the function
(1= 12P)" " R*£(2)

is bounded in B,,.
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24 CHAPTER 6. HOLOMORPHIC LIPSCHITZ SPACES

Proof. — Suppose k is a nonnegative integer with £ > a. Let N = k + 1.

If the function (1 —|z|2)Y~*R" f(2) is bounded in B,,, then an elementary integral
estimate based on the identity

k _ pk [P RN f(t2)
RFf(2) - REf(0) = /0 R0 o

shows that the function (1 — |z|?)¥~®R* f(2) is bounded in B,,.
Conversely, if the function (1 — |2|2)*~*RFf(z) is bounded, then there exists a
constant ¢ > 0 such that

k) =g [ (L WP TR (w)dv(w)

1— <z’w>)n+l+k—a )

n

see Proposition 9. Taking the radial derivative on both sides, we get

RN #(2) / z, w) 1—|w| 2)EmR* f(w)dv (w)

Z w>)n+1+N—a

)

where C' = ¢(n+1+k— ). This combined with Proposition 7 shows that the function
(1 — |2]2)N=>RN f(2) is bounded in B,,.

Therefore, the function (1 — |2|?)*=*R*f(2) is bounded if and only if the func-
tion (1 — |z|?)k*+1-2R*+1£(2) is bounded, where k is any nonnegative integer satisfy-
ing k > «a. This clearly proves the desired result. O

The above lemma is most likely known to experts in the field, although we could
not find a precise reference. In the case a > 0, the above result as well as everything
else in this chapter can be found in Zhu [71].

In what follows we let k be the smallest nonnegative integer greater than o and
define a norm on A, by

I£lla = |£(0 !+sup(1—|z| YRR f(2))-

It is then easy to check that A, becomes a nonseparable Banach space when equipped
with this norm.

We write 8 = Ag. This is called the Bloch space. It is clear that f € % if and
only if
Suﬂa]i:) (1- |z|2)’Rf(z)’ < 00.
zebn

See [71] for more information about #. Our next result shows that all the spaces A,
are isomorphic to the Bloch space.

THEOREM 16. — Suppose s is complex and « is real such that neither n+s nor n+s+a«
is a negative integer. Then the operator R*® maps A, onto B.
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Proof. — Suppose f is holomorphic in B,,. Then R*“f is in the Bloch space if and
only if the function (1 — |2|?)*RFR*® f(z) is bounded in B,,, where k is any positive
integer. See Lemma 15 above.

If f € Ay, then the function
k—a
9(2) = (1= |2I*)" "R*f(2)

is bounded in B,,, where k is any positive integer greater than «. Let N be a sufficiently
large positive integer such that the number § defined by

k—a+8=s+N
has real part greater than —1. Then we use Proposition 9 to write
kern g(w)dvg(w) .
R f(Z) = CAH (1 — (z,w))”+l+k_a+’6
Applying Proposition 5, we obtain a polynomial h such that

sa _ [ 9w)h((z,w))dvg(w)
R ka(z) = /Bn (1 — (z,w))n+itk+h '

By Proposition 7, the function

k S, k S,
(1—2]*)"R**RF f(2) = (1 — |2[*) "RFR** f(2)
is bounded in B,,, so R®“f is in the Bloch space.

On the other hand, if R®*f is in the Bloch space, then by Lemma 1, the function
Rsia,—of is in the Bloch space. We fix a suffiently large positive integer N such
that 8 = N + s 4+ « has real part greater than —1. By part (d) of Theorem 3.4 in [71]
(the result there was stated and proved for real §, it is clear that the complex case
holds as well), there exists a function g € L*°(B,,) such that

Rove_of(z) = / g9(w)dvg(w)

B, (1— (z,w))n+1+8

We apply the operator R*T®~% to both sides and use Proposition 5 to obtain

f(z) = /B p((z w))g(w)dvg(w)

(1= (z,w))nt1Hh-a’
where p is a polynomial. An easy computation then shows that

ep [tz w)g(w)dvs )
RFf(2) /Bn(

L= (z,w))miessk=a’

where k is any positive integer greater than a and ¢ is another polynomial. By Propo-
sition 7, the function (1 — |2|2)*~*R* (%) is bounded in B,,, namely, f € A,. This
completes the proof of the theorem. O
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More generally, if s is any complex number such that neither n+s nor n+s+a—/3 is
a negative integer, then the operator R>*? is a bounded invertible operator from A,
onto Ag. See the proof of Theorem 12.

THEOREM 17. — Suppose f is holomorphic in B,, and « is real. If Ref > —1 and
n+ 0 — « is not a negative integer, then f € A, if and only if there exists a function
g € L*(B,,) such that, for z € B,

- o= [ -t

5, (1— (z,w))n+ith-a’

Proof. — If f admits the integral representation (7), then for any nonnegative inte-
ger k > a we have

epy_ [ Pz u)o(w)dus ()
R*f(z) = /R K

L= (5 w))riFreh=e’
where p(z) is a certain polynomial of degree k. An application of Proposition 7 shows
that the function (1 — |2|2)*~*RF f(2) is bounded in B,,.

On the other hand, if f € A,, then by Theorem 16, the function R~ f is in
the Bloch space. According to the classical integral representation of functions in the
Bloch space (see Choe [18] or part (d) of Theorem 3.4 in Zhu’s book [71]), there
exists a function g € L*°(B,,) such that

R,@—a,af(z) _ / g(w)dvﬁ(w)

5, (L— (zw))rH -’

Applying the operator Rg_qo o to both sides and using Proposition 3, we conclude

that
o= [ sty

1— (z,w))n+i+o—a’

This completes the proof of the theorem. U

Since the proof of Theorem 3.4 in Zhu [71] is constructive, it follows that there
exists a bounded linear operator

L:A, — L*(B,)

such that the integral representation in (7) can be given by choosing g = L(f).

THEOREM 18. — Suppose « is real and k is a nmonnegative integer greater than .
Then a holomorphic function f in B, belongs to A, if and only if the functions

(1—12)* 0™ f(2), |m| =k,

are all bounded in B,,.
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Proof. — If f € A,,, we apply Theorem 17 to represent f in the form

o [ et

1— (z,w))n+1+o—a’

where g € L*(B,), 8 > —1, and n + 8 — « is not a negative integer. Differen-

tiate under the integral sign and apply Proposition 7. We see that the functions
(1 — |2|?)k=*0™ f(z), where |m| = k, are all bounded in B,,.

Conversely, if the function (1 — |z|2)¥=*0™ f(z) is bounded in B,, for every |m| = k,
then it is easy to see that the function (1 — |2|?)¥~*0™ f(z) is bounded in B,, for ev-
ery |m| < k. Since R* is a kth order linear partial differential operator on H(B,,) with
polynomial coefficients (see Lemma 6), we see that the function (1 — |2|2)¥~*R* f(2)
is bounded in B, namely, f € A,. O

Various special cases (such as the Bloch space and the case o € (0, 1)) of the above
theorem, as well as the next theorem, have been well known. See Aleksandrov [2],
Choe [18], Nowark [40], Ouyang-Yang-Zhao [41], Pavlovic [42], Peloso [44], and Zhu
[71] for related results.

THEOREM 19. — Suppose a and t are real with t > «. If s is a complex parameter
such that neither n+s nor n+s+t is a negative integer, then a holomorphic function f
in B,, belongs to A, if and only if the function (1—|z|?)!=*R%f(z) is bounded in B,,.

Proof. — First assume that the function

9(z) = (1 |2) T R f(2)

is bounded in B,,. By Proposition 9, there exists a positive constant ¢ such that

Rs,tf(z) _ C/ g(w)dvg(w)

B, (1 — <z7w>)n+1+t+ﬂ_a’

where [ is a sufficiently large positive number with 8 — a = s + N for some positive

integer N. If k is a nonnegative integer greater than «, it is easy to see that there
exists a polynomial p of degree k such that

(8) RkRs,tf(z) _ / p((z,w))g(w)dvg(w)

s (1— <Z’w>)n+1+k+t+,67a.

We decompose
k
p((Z, w)) = Z Cj (1 - <Za w>)J7
=0
apply the operator R, ; to both sides of (8), use Proposition 5, and combine the terms.
The result is that

¢ h(z, w)g(w)dvg(w
R, RFR*'f(2) = /Bn (1 E <Z7L‘)g>()nz-1+i-(‘rﬁ)—a’
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where h is a certain polynomial. Since all radial differential operators commute, we
have

R, +R*R*' = R*.
This together with Proposition 7 shows that

C
O] < T pepya

for some constant C' > 0, that is, f € A,.

Next assume that f € A,. Let N be a sufficiently large positive integer and write
B —a = s+ N. By Theorem 17, there exists a function g € L*°(B,,) such that

o= [ o)
B, (1= (z,w)) it
According to Proposition 5, there exists a polynomial i such that

ot h(z,w)g(w)dvg(w
e = [

An application of Proposition 7 then shows that
C
Rs,t <
|R*'f(2)] < 1 [z[2)t—=

for some constant C' > 0, that is, the function (1 — |2|?)!=*R%!f(2) is bounded
in B,,. O

All results in this chapter so far are in terms of a certain function being bounded in
B,,. We mention that these results remain true when the big oh conditions are replaced
by the corresponding little oh conditions. More specifically, for each real number «,
we let A, o denote the space of holomorphic functions f in B,, such that there exists
a nonnegative integer k > « such that the function (1 — |2|2)*=*RF f(2) is in Co(B,,).
Here Cy(B,,) denotes the space of continuous functions f in B,, with the property that

lim f(z)=0.
|z|—1-
It can be shown that the definition of A, is independent of the integer k used. The
special case Ag o is denoted by B, and is called the little Bloch space of B,,. Clearly,
f € By if and only if
lim (1- |2|*)Rf(2) = 0.

|z]—1
An alternative description of A, o is that it is the closure of the set of polynomials
in A, or the closure in A, of the set of functions holomorphic on the closed unit ball.
It is then clear how to state and prove the little oh analogues of all results of this
chapter. It is also well known that when dealing with the little oh type results of this
chapter, the space Cy(B,,) can be replaced by C(B,,), the space of functions that are
continuous on the closed unit ball. We leave out the routine details.
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CHAPTER 7

POINTWISE ESTIMATES

We often need to know how fast a function in A? grows near the boundary. Using
results from the previous chapter, we obtain optimal pointwise estimates for functions
in AP.

THEOREM 20. — Suppose p > 0 and n+1+a«a > 0. Then there exists a constant C > 0
(depending on p and «) such that, for all f € AP and z € B,

Cllfllp,e
|f(Z)| = (1 _ |Z|2)(np+a+1)/p'

Proof. — Suppose f € AP. Then RN f € AP N 4 o> Where pN +a > —1. By Theorem 2.1
of [71],

+1+pN+
(1= [of2) "N RN £(2)| < Ol f o
for some positive constant C' (depending only on «). Since
1+ pN 1
n+1+pN+a :N+n+ +oz’
p p

it follows from Lemma 15 that there exists a constant C' > 0 (depending on p and
«) such that, for all z € B,,.,

(1= 122) " 1) < N fllpa O

In the case a > —1 the above theorem can be found in numerous papers in the
literature, including Beatrous-Burbea [11] and Vukotié [60].

It is not hard to see that the estimate given in Theorem 20 above is optimal,
namely, the exponent (n + a + 1)/p cannot be improved. However, using polynomial
approximations, we can show that

lim (1- |z|2)(n+a+1)/pf(z) =0

|z| =1~
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whenever f € A? with n+ 1+ a > 0. Also, if & > —1, then the constant C' can be
taken to be 1; see Theorem 2.1 in [71].

THEOREM 21. — Suppose p > 0 and n+ 1+ a < 0. Then every function in AP is
continuous on the closed unit ball and so is bounded in B,,.

Proof. — Given f € AP, Theorem 10 tells us that we can find a function g € A?
such that f = R*®/Pg, where s is any real parameter such that neither n + s nor
n+ s+ (a/p) is a negative integer. By Theorem 20 and the remark following it, the
function (1 — |2|?)(»+t1/Pg(2) is in Cy(B,), which, according to the little oh version
of Lemma 15, is the same as g € A_(,11)/p,0- Let B be a sufficiently large positive
number such that

n—+1

6+ =s+ N

for some positive integer V. We first apply the little oh version of Theorem 17 to find
a function h € Cy(B,,) such that

h(w)dvg(w)
9(z) = /Bn 1— <z7w>)n+1ﬁ+ﬁ+(n+l)/P.

We then apply the operator R**/? to both sides and make use of Proposition 5. The

. p(z, w)h(w)dvg(w)
0=

(2, w))nH1HB+(nt1+a)/p’

result is

where p is a polynomial. By part (a) of Proposition 7, the integral above converges
uniformly for z € B,, and so the function f(z) is continuous on the closed unit ball. O

When n 4+ 1+ o < 0, functions in A2 are actually much better than just being
continuous on the closed unit ball. For example, it follows from Theorems 12, 19,
and 20 that every function in A2, n + 1 + a < 0, actually belongs to a Lipschitz
space Ag for some B > 0. See Corollary 5.5 of Beatrous-Burbea [11] for a slightly
different version of this observation.

Theorems 20 and 21 also follow from Lemmas 5.4 and 5.6 of Beatrous-Burbea [11].
However, as our next result shows, the estimates in [11] for the remaining case

a = —(n+1) do not seem to be optimal.

THEOREM 22. — Supposen+1+a =0 and f € AP.
(a) If 0 < p <1, then f(2) is continuous on the closed unit ball. In particular, f is
bounded in B,,.
(b) If 1 < p < o0 and 1/p+ 1/q = 1, then there exists a positive constant C
(depending on p) such that, for all z € B,
7)) < cfrog 5] "

1—|z[?
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Proof. — Note that A’i(nﬂ) = B, the diagonal Besov spaces on B,; see Chapter 7
of [71]. If 0 < p < 1, the Besov space B, is contained in B (this is well known, and
follows easily from Theorem 32 and the fact that (P C I! for 0 < p < 1). Since B is
contained in the ball algebra (see Theorem 6.8 of [71] for example), we conclude that
B, is contained in the ball algebra whenever 0 < p < 1.

If p > 1, we use Theorem 6.7 of [71] to find a function g € LP(B,,, dr) such that

o g(w)du(w)
1) = / 0~ (zyw)) T

dv(z)
(1—|z[*)+t
is the M&bius invariant measure on B,,. Rewrite the above integral representation as

1= (F2) " swarc

and apply Hoélder’s inequality. We obtain

e = [ [ e[ [ G e s

An application of Proposition 7 to the last integral above yields the desired estimate
for f(2). O

where
dr(z) =
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CHAPTER 8

DUALITY

A linear functional F' : A? — C is said to be bounded if there exists a positive
constant C such that

(9) |F(H)] < Clifllpa

for all f € AP. The dual space of A2, denoted by (AE)", is the vector space of all
bounded linear functionals on A?. For any bounded linear functional F' on A? we
use ||F|| to denote the smallest constant C satisfying (9). It is then easy to check
that (A2)* becomes a Banach space with this norm, regardless of p > 1 or p < 1.

By results of the previous chapter, the point evaluation at any z € B,, is a bounded
linear functional on A?. Therefore, (A2)" is a nontrivial Banach space for all p > 0
and all real a.

Results of this chapter for the case p > 1 are motivated by the well-known duality
relation (AP)* = A7 for ordinary Bergman spaces under the ordinary volume integral
pairing. Results of this chapter in the case 0 < p < 1 are motivated by and are gener-
alizations of various special cases obtained in the papers Duren-Romberg-Shields [24],
Rochberg [46], Shapiro [51], and Zhu [68]. We also mention that this chapter in spirit
overlaps with Section 7 of Kaptanoglu [34].

THEOREM 23. — Suppose 1 < p < oo, « is real, and B is real. If
1 1
-t - = ]_,
rp q
and if s1 and sy are complex parameters such that both Ry, o/, and Ry, g/, are well-

defined operators, then (AR)* = Aqﬁ (with equivalent norms) under the integral pairing

<.f7 g) = /B Rslwa/ZDf R327:3/qg dv’

where f € AR and g € A%,
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Proof. — This follows from the identities
RS/ AP — AP R528/a 49 — Ag’

and the well-known duality (AP)* = A9 under the integral pairing

U 9) =/B f gdv,

where f € AL and g € Af. O

If o > —1 and # > —1, then the integral pairing

/ Rslva/PfRszﬂ/quU
B,

can be replaced by the integral pairing

/ fgdv,, feAP ge Al
B,

where

a 0
10 =4+ 2
( ) Y P q

See Theorem 2.12 of [71]. For arbitrary « and (3, we can also use the integral pairing

lim R, f(rz)g(rz)dv(z), fe AL, ge Al,

r—1-
n

where + is defined by (10) and s is any complex parameter such that the operator R, -
is well defined.

More generally, if 7 is given by (10) and if k is a sufficiently large positive integer,
then the duality (A2)" = A,% can be realized with the following integral pairing

(f:9)y = £(0)g(0) + / (1= [21?)" B* £(2) (T = [2)FRFg(2) dv, (2),

B
where f € AP and g € Aqﬁ. Many other different, but equivalent, integral pairings are
possible.

THEOREM 24. — Suppose 0 < p < 1, « is real, and B is real. If s1 and sy are complex
parameters such that the operators Ry, o/, and R®2# are well-defined, then (AP)" =
Ag under the integral pairing

<fag>: 111{17 . Rsl,a/pf(rz)Rszﬁg(rz)dv’)’(z)ﬂ

n

where f € AP, g € Ag, and vy = (n+1)(1/p —1).
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Proof. — This follows from the identities
Rve/PAP = AP R%2PN5 = @,
and the well-known duality (AP)* = B under the integral pairing

(f.g)= lim [ f(rz)g(rz)dv,(2).

r—1- B,

See Theorem 3.17 of [71]. O

Once again, it is easy to come up with other different (but equivalent) duality
pairings. We state two special cases.

COROLLARY 25. — For any real o we have (AL)* = A, (with equivalent norms) under
the integral pairing

where f € AL and g € A,.
Proof. — Simply choose s; = s2, @« = 3, and p = 1 in the theorem. O

COROLLARY 26. — Suppose « is real and s is any complex parameter such that R*®
is well defined. Then (AL)* = B (with equivalent norms) under the integral pairing

(£,0) = Tim [ Roaf(r2)glra)du(z),

B
where f € Al and g € B.

Proof. — Simply choose 8 = 0 in the theorem. O

THEOREM 27. — Suppose a and (3 are real. If s1 and ss are complex parameters such
that the operators R*® and R*** are both well defined, then (Ago)* = Al (with
equivalent norms) under the integral pairing

(frg) = lim [ Ry af(rz) Re2Pg(rz)dv(2),

r—1- B.,

where f € AL and g € Agp.
Proof. — See the proof of Theorem 24. O
We also mention two special cases.

COROLLARY 28. — For any real a we have (Ay)* = Al

. (with equivalent norms)

under the integral pairing

(f,g) = lim f(rz)mdv(z),

r—1- B,

where f € A0 and g € AL.
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Proof. — See the proof of Corollary 25. O

COROLLARY 29. — Suppose « is real and s is a complexr parameter such that the

operator R*® is well defined. Then (Bo)* = AL (with equivalent norms) under the
integral pairing

(f,g) = lim [ Ryof(rz)g(rz)dv(z),

r—1- B,

where f € By and g € AL,

Proof. — Just set 8 = 0 in the theorem. O
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CHAPTER 9

INTEGRAL REPRESENTATIONS

In this chapter we focus on the case 1 < p < co and show that each space AP is a
quotient space of LP(B,,, dvg). We do this using Bergman type projections.

Integral representations of functions in Bergman spaces of B,, started in Forelli-
Rudin [25] and have seen several generalizations; see Choe [18], Kaptanoglu [34], and
Zhu [71]. The next result appears to be new even in the case of unweighted Bergman
spaces of the unit disk.

THEOREM 30. — Suppose p > 1 and « is real. If v and A are complex parameters
satisfying the two conditions,

(a) p(Rey+1) >ReA+1,
(b) n+ v+ (a— A)/p is not a negative integer,

then a holomorphic function f in B, belongs to AL if and only if

(w)dv,(w)
(11) f(z) = /Bn (1— (Z;gw>)n+l+"{+(a—)\)/p

for some g € LP(B,,, dvy).

Proof. — Suppose that the parameters satisfy conditions (a) and (b). Let

A
B=~—-=.
p

Then A = p(y — B). Note that condition (a) is equivalent to p(Ref + 1) > 1. In
particular, Re > —1 and n + § is not a negative integer. Also, condition (b) is
equivalent to the condition that n + (a/p) + B is not a negative integer. So the
operators R#*/? and Rg ,/, are well defined.
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If f € A%, then by Theorem 10, the function Rg,/,f is in AP. It follows from
Theorem 2.11 of [71] (note that the result there was stated and proved for real pa-
rameters, the case of complex parameters is proved in exactly the same way) and the
condition p(Re 8 + 1) > 1 that there exists a function h € LP(B,,, dv) such that

h(w)dvg(w
Rpa/pf(2) = /IB” a —(<z), w>§£+z+ﬂ'

Apply the operator R%*/? to both sides and use Proposition 3. Then

h(w)dv g(w)
flz) = /]Bn = <z7w>)nf1+ﬁ+(a/p)'

Let g(w) = (1 — |w|?)?~7h(w). Then g € LP(B,,, dv,) and

g(w)dv,(w)
fz) = /Bn (1 — (z,w))nFi+r+@=N/p’

The above arguments can be reversed. So any function represented by (11) is

necessarily a function in AP. This completes the proof of the theorem. O

Once again, the proof of Theorem 2.11 of [71] is constructive. So there exists a
bounded linear operator

L:A? — LP(B,,dv))
such that the integral representation in (11) can be achieved with the choice g = L(f).
If condition (b) above is not satisfied, then

1
(1 — (z,w))nti+rt(a=2)/p = (1 - (Z,w>)k

for some nonnegative integer k, and any function represented by (11) is a polynomial
of degree less than or equal to k. In this case, the integral representation (11) cannot
possibly give rise to all functions in A%. This shows that condition (b) is essential for
the theorem.

We can also show that condition (a) is essential. In fact, if every function g
in LP(B,,, dvy) gives rise to a function f in AP via the integral representation (11),
then we can apply the operator R+ (®=X)/P:* 0 both sides of (11) and use Theorem 14
to infer that the operator

Tg(z) — (1 _ |Z|2)k/ g(w)dv’Y(w)

B, (1- (Z,w>)n+1+k+v+(oc—k)/p

maps LP(B,,, dvy) boundedly into L?(B,,, dv,), where k is any nonnegative integer
such that pk + a > —1. Write

g(w) = (1 = [w?) VP h(w).
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Then g € LP(B,,, dvy) if and only if h € LP(B,,, dv,). It follows that the operator

2 (1 = Jw )+ = N/Ph(w) do (w)
Sh(z) = (1 — 2| )k /IB%n (1 = (z, w))r+1+k+ty+(a=N)/p

maps LP(B,, dv,) boundedly into LP(B,, dv,). By Proposition 8, the parameters
must satisfy the conditions

a—A
—pk<a+1 <pRe<’y+T+1).
It is easy to see that these two conditions are the same as the two conditions
pk+a>—-1 and pRey+1)>ReA+1.

Therefore, the conditions in Theorem 30 above are best possible.
COROLLARY 31. — Suppose p > 1 and « is real. If B is any complex parameter such
that

(a) p(Ref+1)>a+1,

(b) n+ B is not a negative integer,

then a holomorphic function f in B, belongs to A2 if and only if

o [

1 (z,w))rr 18

n

for some g € LP(B,,, dv,).

Proof. — Simply set v = # and A = « in the theorem. O
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CHAPTER 10

ATOMIC DECOMPOSITION

Atomic decomposition for the Bergman spaces AP was first obtained in Coifman-
Rochberg [21] in the case & > —1. This turns out to be a powerful theorem in the
theory of Bergman spaces. We now generalize the result to all A2. We will also obtain
atomic decomposition for the generalized holomorphic Lipschitz spaces A,.

THEOREM 32. — Supposep > 0, « is real, and b is real. If b is neither 0 nor a negative
integer, and

1 +1

(12) b > nmax <1,7) 2T,
p p

then there exists a sequence {ar} in B, such that a holomorphic function f in B,

belongs to AP, if and only if, for some sequence {cy} € ¢P,

e 1 _ |ak| )b (n+1+a)/p

(13) Z Gy

Proof. — Note that the condition in (12) implies that

a 1 1
b——>nmax(1,f)+f>n.
p p p

This, together with the assumption that b is neither 0 nor a negative integer, shows
that the operators R**/? and R, ./p are well defined, where s is determined by

b=n+1+s+ e,
p
Also note that the condition in (12) implies that
1

1
b’ > nmax (1, 7> + —
p p
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where b’ = b— (a/p). By Theorem 2.30 of [71], there exists a sequence {ay} such that
f € AP if and only if, for some sequence {cy} € ¢7,

(14) Z

(1- Iakl YP'=(nt1)/p

o= (z,ar))?
If f is given by (13), then
) 1 i |a/k| ) (n+1+4a)/p
R a/Pf = Z (z ak>)b—a/p
or B
(1— |ak| 2)b'~(n+1)/p
R, a/pf ch Z ak>) b :

According to the previous paragraph, we have R ,/,f € AP. Combining this with
Theorem 10, we conclude that f € AP.

The above arguments can be reversed, showing that every function f € AP admits
an atomic decomposition (13). This completes the proof of the theorem. O

Recall that when o = —(n+1), the resulting spaces AP, are nothing but the diagonal
Besov spaces Bp. Atomic decompositions for Besov spaces have also been obtained in
Frazier-Jawerth [26] and Peloso [44].

It can be shown that the assumptions on the parameters in the above theorem are
optimal. It can also be shown that for f € AP, we have

oo
I£1170 ~ inf > exl?,
k=1

where the infimum is taken over all sequences {c} satisfying the representation (13).

The atomic decomposition for functions in the Bloch space was first obtained in
Rochberg [46]. As a consequence of atomic decomposition for the Bloch space, we now
obtain an atomic decomposition for functions in the generalized Lipschitz spaces.

THEOREM 33. — Suppose a and b are real parameters with the two properties:

(a) b+a>n,

(b) b is neither 0 nor a negative integer.

Then there ezists a sequence {ar} in B, such that a holomorphic function f in B,
belongs to Ay, if and only if, for some sequence {c} € £,

e —la 2\b+a
(15) f(2) zzckw.

— (1= (z,ar))b
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Proof. — Choose s so that b = n + 1 + s. Then the operators R** and R; , are well
defined. Let &’ = b+ «. Then a function f is represented by (15) if and only if

1 - |ak| )Y
RS (Xf c /
Z o))
for some {c;} € ¢*. Since R®*A, = P, the desired result then follows from the
atomic decomposition for the Bloch space; see Theorem 3.23 of [71]. O

Once again, the assumptions on the parameters b and « in the above theorem are
best possible.

A little oh version of Theorem 33 also holds, giving the atomic decomposition for

the space A, 0. The only adjustment to be made is to replace the sequence space £°
by c¢o (consisting of sequences that tend to 0). We omit the details.

As a corollary of atomic decomposition, we prove the following embedding
of weighted Bergman spaces which is well known and very useful in the spe-
cial case a > —1; see Aleksandrov [2]|, Beatrous-Burbea [11], Rochberg [46], and
Lemma 2.15 of Zhu [71].

THEOREM 34. — Suppose 0 < p <1 and « is real. If
n+l+a
g = 5 (n+1),

then AP is continuously contained in A}j.

Proof. — Suppose 0 < p < 1 and fix any positive integer b such that b > (n+1+«)/p.
If f € AP, then there exists a sequence {cy} € 7 C ¢! such that

1 _ |ak:| )b (n+14a)/p

Z (z,ax))® ’

k=

where {ax} is a certain sequence in B,,. For any k > 1 write
1
fil2) =
B = T Gay
Then
- b—(n+14a)/p
£l <Y lenl (1 = laxl?) | frcll1,8-
k=1
An easy computation shows that
h({z, ax))

IO = G g
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where N is the smallest nonnegative integer with N + § > —1 and h is a polynomial
of degree N. It follows that

/(1—|z|2)N|Rka(z)|dvg(z)SC/ a
B B,

n

— [2[))"*Pdv(2)
1= (2, ak) P+

)

where C' is a positive constant (independent of k). Estimating the second integral
above by Proposition 7, we obtain

2\N | pN c’
| 0= EBYIRY fi@ldvs() < 5= B

Bn

where C’ is another positive constant independent of k. This shows that

oo

1flls < C" ) lerl < oo,

k=1

completing the proof of the theorem. O

The above theorem can also be proved without appealing to atomic decomposi-
tion. In fact, if k is a sufficiently large positive integer (such that kp + @ > —1 and
k+ B> —1), then the condition f € AP, 0 < p < 1, implies that R*f € AP, where

a’
o/ = kp + a. By Lemma 2.15 of [71], we have R*f € A},, where

n+1+4da n+l+a
e NI
p p
or equivalently, the function (1—|z|?)* R¥ f(z) belongs to L (B,,, dvg), that is, f € AE.

THEOREM 35. — Suppose p > 0 and « is real. If ¢ and r are positive numbers satis-
fying

1 1 1

=45

p q T

then every function f € AP admits a decomposition

F(2) = ge(2)h(2),
k=1
where each gi is in AL and each hy is in Al,. Furthermore, if 0 < p <1, then

o0
Z 9k llg,0llAkllra < Cll fllp,as

k=1

where C' is a positive constant independent of f.

Proof. — Consider the function
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where a € B,, and b is the constant from Theorem 32. We can write f = gh, where
1 1
= h = "
A O P L A S o) 2

If k£ is a sufficiently large positive integer, then it follows from Proposition 7 that

[ (1- |Z|2)pkdva(2)]1/”
1 lp.ec ~ s |1 — (z,a)[P®Tk)

n

1 1/p 1
~ [(1 — |a|2)pb—(n+1+a):| T - |a|2)b—(n+1+a)/p'
Similar computations show that

1 1
l9llg,a ~ (1— |a|2)(bp7n7170¢)/q and  [|h[[;q ~ )

(1 _ |a|2)(bp7n717a)/r
It follows that

[ £llp, ~ Ngllg,allllr,a-
The desired result then follows from Theorem 32 and the fact that

Z lex| < C(Z |ck|p)1/p
k=1 k=1

when 0 < p < 1. See the proof of Corollary 2.33 in [71] as well. O

When o > —1, the above theorem can be found in Coifman-Rochberg [21] and
Rochberg [46].
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CHAPTER 11

COMPLEX INTERPOLATION

In this chapter we determine the complex interpolation space of two generalized
weighted Bergman spaces. We also determine the complex interpolation space between
a weighted Bergman space and a Lipschitz space.

Throughout this chapter we let
S={z=z+iyeC:0<z<1}, S={z=2+iyeC:0<z<1}.
Thus S is an open strip in the complex plane and S is its closure. We denote the two
boundary lines of S by
LS)={z=2+iyeC:2=0}, R(S)={z=z+iyeC:a=1}.

The complex method of interpolation is based on Hadamard’s three lines theorem,
which states that if f is a function that is continuous on S, bounded on S, and analytic
in S, then for any 6 € (0,1)

sup [(2)] < (_sup [f(2)])""( sup |£(2)])".
Re z=60 Re z=0 Rez=1
Let X and Y be two Banach spaces of holomorphic functions in B,,. Then X +Y

becomes a Banach space with the norm

Iflx+y = inf (lgllx + I2lly), feX+Y,

where the infimum is taken over all decompositions f = g+h withg € X and h € Y. If
6 € (0,1), the complex interpolation space [X, Y]y consists of holomorphic functions f
in B,, with the following properties:

1) There exists a function ¢ — f; from S into the Banach space X + Y that is
analytic in S, continuous on S, and bounded on S.

2) fo=1F.
3) The function ¢ — f; is bounded and continuous from L(S) into X.
4) The function ¢ — f¢ is bounded and continuous from R(S) into Y.
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The space [X,Y]y is a Banach space with the norm
I flle = inf max (_sup || fellx, sup [Ifclly),
Re (=0 Re (=1

where the infimum is taken over all f. satisfying conditions 1) through 4) above. See
Bergh-Lofstrom [14] and Bennett-Sharpley [13] for more information about complex
interpolation.

The complex method of interpolation spaces is functorial in the sense that if
T:X+Y —X'+Y'

is a linear operator with the property that 7' maps X boundedly into X’ and T
maps Y boundedly into Y’, then T also maps [X,Y]s boundedly into [X', Y]y for
each 6 € (0,1).

The most classical example of complex interpolation spaces concerns LP spaces
(over any measure space). More specifically, if 1 < pg < p; < co and

1 _1-6 0
= +

p Po b1

for some 0 < 6 < 1, then
[LPo, L], = LP
with equal norms.

More generally, if wg and w; are weight functions of a measure p, and if 1 < py <
p1 < 00, then for any 6 € (0,1) we have

[LP0 (wp), LP (w1)], = LP(w)

with equal norms, provided that
1 1-60 ¢ =0 8

+ — and wr = w,"° wa
p Po P1
This is usually referred to as the Stein-Weiss interpolation theorem. See Stein-

Weiss [55].

THEOREM 36. — Suppose a and 8 are real. If 1 < pg < p; < 0o and

1 1-46 0
_’_7
p Po D1

for some 6 € (0,1), then

A, 43, = 42

with equivalent norms, where 7y is determined by

T_ %9+ Ly

p Po P
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Proof. — It is clear that 1 < p < co. We fix a large positive number s such that
(16) p(s+1)>~v+1, po(s+1)>a+1, pi(s+1)>p+1

Then by Corollary 31, the integral operator

)= /B g(w)dvs (w)

19 = | T Gy wyyres

maps LP(B,,, dv,) boundedly onto A?; it maps LP°(B,,, dv,) boundedly onto A5°; and
it maps LP*(B,, dvg) boundedly onto Agl. It follows from the functorial property of
complex interpolation and the Stein-Weiss interpolation theorem that T maps the
space

[P0 (B, dv,), L7 (B, dvg)], = LP(By, dv,)
boundedly into |27, A%] . Since TL?(B,, dv,) = AP, we conclude that
6
AP C [Am, AR,
and the inclusion is continuous.

On the other hand, if k£ is a sufficiently large positive integer, the operator L
defined by

L(f)(2) = (1= 2°) R f(2), € H(By),
maps AL boundedly into L?° (B, dv,); and it maps A%' boundedly into L (B, dvg).
By the functorial property of complex interpolation and the Stein-Weiss interpolation
theorem, the operator L also maps [AgO,Agl]g boundedly into L?(B,, dv,). Equiva-
lently, if f € [A%, Ay, then the function (1 — [2|*)*R* f(z) belongs to LP(B,, dv.,),
that is, f € AP. We conclude that

[AgO,Agl]e C AL,

and the inclusion is continuous. This completes the proof of the theorem. O

COROLLARY 37. — Suppose « is real, B is real, 1 < p < 0o, and 0 < 8 < 1. Then
[Ag,Ag]e = A,

where v = a(l —6) + 36.

THEOREM 38. — Suppose « and (B are real. If 1 < p < oo and 0 < 0 < 1, then
[Agm Aﬁ]o = A?Y

with equivalent norms, where ¢ = p/(1 —0) and v = a — gf30.
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Proof. — First we consider the linear operator

[ _f@)dvs(w)
T = [, = G

where s is a fixed and sufficiently large positive number. By Theorem 17 and Theo-

rem 30, the operator 7' maps L>°(B,,) boundedly onto Ag; and it maps L?(B,,, dve4pg)

boundedly onto A . Since
1 1-0 0

- — -

q p 00
it follows that T maps the space

LY(By, datps) = [LP(By, dvatps), L (Bn)],

boundedly into [A%, Asls. But we have TLY(B,,, dvaips) = AL according again to
Theorem 30. So

Ag C [AgmAﬂ]e’
and the inclusion is continuous.

Next we consider the linear operator
k—pB
Lf(z) = (1= 2)""R"f(2), fe€H(By),

where k is a fixed and sufficiently large positive integer. The operator L maps AP
boundedly into L?(B,,, dva+pg); and it maps Ag boundedly into L (B,,). Therefore,
L also maps [A?, Ag], boundedly into LY(B,,, dvaq4ps), that is, f € [A%, Agle implies
that the function (1 — |z|?)¥=#R* f(2) is in LI(B,,, dva4pp), Which is the same as the
function (1 — |2|?)*R* f(2) being in LY(B,, dv.), or f € AfZ. We conclude that

[AZ,Ag]e C A%,
and the inclusion is continuous. This completes the proof of the theorem. O

THEOREM 39. — Suppose « is real, 8 is real, and 0 < 8 < 1. Then
[AOH Aﬁ] 0= A’Y

with equivalent norms, where v = a(1 — 6) + 8 6.

Proof. — Fix a sufficiently large positive number s. If f € A, there exists a function
g € L>(B,,) such that
f(z) = / g(w)dvs(w) _
5, (1= (z,w))rt1ts=7’
see Theorem 17. For any ¢ € S we define

w)(1 — [w]2)*=O+B= dy , (w
fC(z):/B g(w)(1 — |wl*) T v (w)

(1= (zw))rtits=y

n
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Let k£ be a sufficiently large positive integer. Then it follows easily from Proposition 7
that the map ¢ — f¢ is a bounded continuous function from S into
Aa + A,@ = Amin(a,ﬂ)a

and its restriction to S is analytic. Also, the map ¢ — f; is a bounded continuous
function from L(S) into A4, and from R(S) into Ag. Since fyp = f, we conclude from
the definition of complex interpolation that f € [Ay, Aglg. This shows that

A, C[Aa, Mg,
and the inclusion is continuous.
On the other hand, if f € [A,, Ag,, then there exists a family of functions f¢,
where ¢ € S, such that
(a) ¢+~ f¢is a bounded continuous function from S into Amin(a,8) Whose restriction
to S is analytic;
(b) ¢ — fc is a bounded continuous function from L(S) into Ag;
(c) ¢ — fc is a bounded continuous function from R(S) into Ag;
(d) fo=1.
Let k be a positive integer with k£ > max(c, 3) and consider the functions
9c(z) = (1= |s2) TR fe(2), ze By, €S,
By conditions (b) and (c) of the previous paragraph, there exist finite positive
constants My and M7 such that
(17) sup [g¢(2)| = Mo, sup |[g¢(2)] = M.
z€B,, z€B,,
CEL(S) CER(S)
For any fixed point z € B,,, it follows from condition (a) of the previous paragraph that
the function F(¢) = g¢(2) is a bounded continuous function on S whose restriction
to S is analytic. Moreover, it follows from (17) that |F'(¢)| < My for ¢ € L(S) and
|E'(¢)| < My for ¢ € R(S). By Hadamard’s three lines theorem, we must have
IF(O)] < MEM? or (1—|2)""|RFfF(2)| < MEOMY.

Since the constant on the right-hand side is independent of z, we have shown that
f € A,. Therefore,
[AmAE]a - A’)’a

and the inclusion is continuous. This completes the proof of the theorem. O
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CHAPTER 12

REPRODUCING KERNELS

In this chapter we focus on the Hilbert space case p = 2. We are going to ob-
tain a characterization of A2 in terms of Taylor coefficients, and we are going to
define a canonical inner product on A2 so that the associated reproducing kernel can
be calculated in closed form.

Reproducing kernels for A2 are also calculated in Beatrous-Buebea [11] in terms
of a certain family of hypergeometric functions. Our approach here is different.
We wish to write the reproducing kernel of A2 as something that is as close to
(1 — (z,w))~("*+1+2) a5 possible.

THEOREM 40. — Suppose « is real and
f(z) = Z amz™.
Then f € A2 if and only if its Taylor coefficients satisfy the condition

mlel™l 9
m|>0

Proof. — Fix a positive integer k such that 2k + o > —1. If f(2) = >, a,,2™ is the
Taylor series of f in B,,, then

RFf(2) = Z am|m|F2™.
|m|>0
It follows that the integral
2
Teal) = [ 10= PAR )P dva)

n

is equal to

m 2k+a
S Jam? - / 22 (1 - [2?) P du ).

|m|>0
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54 CHAPTER 12. REPRODUCING KERNELS

By integration in polar coordinates (see 1.4.3 of Rudin [47] or Lemma 1.11 of Zhu
[71]), there exists a constant C' > 0 (independent of f) such that

|m|2% m)!

Iy (f)=C
kalf) |m2>01“(n+|m|+2k+a+1)

|am|2'

Since n, k, and « are all constants, an application of Stirling’s formula shows that
Fn+|m|+2k+a+1)~ |m|"+|m‘+2k+°‘+% e~ Iml

as |[m| — oco. We conclude that the integral Ij, o (f) is finite if and only if the condition
in (18) holds, and the proof of the theorem is complete. O

An immediate consequence of the condition in (18) is that the space A2 is inde-
pendent of the integer k used in the definition of A2. Of course, we already knew this
from Section 4.

THEOREM 41. — Suppose a > —(n + 1). Then A2 can be equipped with an inner
product such that the associated reproducing kernel is given by

1 .
(= (e w)) e

(19) K.(z,w) =

Proof. — Tt follows from Stirling’s formula again that the condition in (18) is equivalent
to

(20) lam|? < oo.

Z m!T'(n+ 1+ a)
T(n+|m|+a+1)

m
Now define an inner product on A2 as follows:

B m!T'(n+ 1+ «) -

m

where
1) =Y anz™, g(2) = 3 b,

Then A2 becomes a separable Hilbert space with the following functions forming an
orthonormal basis:

on(s) = \/r<n+ ml +a+1)

m!T(n+a+1) o
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where m runs over all n-tuples of nonnegative integers. It follows from the multinomial
formula (1) that the reproducing kernel of A2 is given by

Fint|ml+a+1) . .
9= Senei) - e e

T(n+k+a+1) K
_Z EIT(n+1+a) ;klz v

1

=T+ k+1+a) _
Z (1 = (z,w))ntite

k _
=2 HTmtarD W =

This proves the desired result. U

When a > —1, the reproducing kernel for A2 is of course well known. See Rudin
[47] or Zhu [71]. When « < —1, the point here is that you need to use an appropriate
inner product on A2 so that its reproducing kernel is computable in closed form.

THEOREM 42. — Suppose a = —(n + 1). Then A2 can be equipped with an inner
product such that the associated reproducing kernel is

21 K_ =141 .
(21) (i) (Zw) =1+ log 77— (z,w)
Proof. — If @« = —(n + 1), then Theorem 40 tells us that a holomorphic function
f(z) =%, amz™ in B, belongs to A? 2 (n41) if and only if
lelml
3 Ll lam]? < oo,
=1

|m|>0
which, according to Stirling’s formula, is equivalent to
> |m| |am| < 0.

|m|>0

If we define an inner product on A% (n+1) by

(22) (£,9)-~(n+1) = + ) |m|

|m|>0

where
fz)= Zamzm, g9(z) = mezm
m m
then A? 2 (nt1) becomes a separable Hilbert space with the following functions forming
an orthonormal basis:
m|!
1, em(2)= n|1'|7|n| 2™,
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where m runs over all n-tuples of nonnegative integers with |m| > 0. It follows from (1)

that the reproducing kernel of A? 2 (nt1) is given by
K_nin(z,w) =1+ Z m!|m|z Ty :1+Z% Z e
|m|>0 k=1 |m|=k
2 {(z,w) 1
= ]_ = 1 1 9
+ Z +log 1—(z,w)
k=1
completing the proof of the theorem. O
The space A2 2 (n41) CAD be thought of as the high dimensional analog of the classical

Dirichlet space in the unit disk. It is the unique space of holomorphic functions in the
unit ball that can be equipped with a semi-inner product that is invariant under the
action of the automorphism group. See Zhu [67]. The formula in Theorem 42 above
also appeared in Peloso [44] and Zhu [67].

THEOREM 43. — Suppose —N < n+ 1+ a < —N + 1 for some positive integer N.
Then for any polynomial
(z,w) = Z wmz™w™

Im|<N
with the property that

Nl +[ml+a+1)

m -1
wm > (=1) m!T(n+a+1)

we can equip A% with an inner product such that the associated reproducing kernel is
given by

(=¥
(1 — (z,w))nt1i+e

(23) Ka(sz) = Q(sz) +

Proof. — By Theorem 40 and Stirling’s formula again, a function f(z) = 3, anz™
is in A2 if and only if

Z ‘ m'F n+1+a)
I(

2
Q. < 0.
(n+|m|+a+1) @]

If—-N<n+14+a< —N +1, it follows from the identity
I'n+a+1) 1
P(n+|m|+a+1) - (n+l1+a)n+2+4+a) - (n+|m|+a)
that for any |m| > N we have
Fn+a+1)
F(n+|m|+a+1)

F'n+a+1)

- (_1)NF(n+ Im|+a+1)
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Therefore, for any positive coefficients ¢,,, where |m| < N, we can define an inner
product on A2 as follows:

(24) (f:9)a= Z cmamgm"’(_l)N Z T

|m|<N |m|>N

m!IT(n+a+1) -
am mo
(n+|m[+a+1)

=

where
flz)= Zamzm, g9(z) = mezm.

Then A2 becomes a separable Hilbert space with the following functions forming an

orthonormal basis: )
em(2) = 2™, |m| <N,

em

P(n+|m|+a+1)
= —_1\N m
em(2) \/( 2 mT(n+a+1) - fmi > N

and

Using the mutinomial formula (1), we find that the corresponding reproducing kernel
for A2 is given by

K, (z,w) = Z em(2)em(w) + Z em(2)em(w)

|m|<N |m|>N

1 . Fn+m|+a+1) ,,
— - m=m _1N m-—m
Z mz W+ (=) Z m!T(n+a+1) =

Im|<N |m|>N
= Z Wy 2"w™ + (DY
jmI<N (1= (z,w))rire’
where
o L e Tmtiml ot ) Tt ml ot D)
Cm m!T'(n+a+1) m!T'(n+a+1)
This completes the proof of the theorem. O

The appearance of the sign (—1)¥ in (23) is a little peculiar; we do not know if
there is any simple explanation for it. We also note in passing that the reproducing
kernel given by (23) is bounded.

It remains for us to consider the case in which n + 1 4+ a = —N is a negative
integer. The principal part of the reproducing kernel in this case will be shown to be
the function

((z,w) — 1) log T

Thus for every positive integer N we consider the function

fz\r(Z)=(z—1)Nlog1 ! , zeD.
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58 CHAPTER 12. REPRODUCING KERNELS

It is clear that each fx is analytic in the unit disk D and

fre(z)=(N+1)fn(z) = (z =)V
In particular,
@) =W+ DG, k>N
It follows from this and induction that f (k)( 0) > 0 for all £ > N. Also observe that

the Nth derivative of fx is —log(l — z) plus a polynomial, so the Taylor coefficients
of fy has the property that, as k — oo,

k
Yo 1
k! kN+1

THEOREM 44. — Suppose n+ 1+ a = —N for some positive integer N and

IR X
_Z—kZ:OAkZ.

(z—1)Nlog 1

Then for any polynomial
Q(z,w) = Z W z"w™
Im|<N

with the property that
[m ! Ay
m!
we can equip A2 with an inner product such that the associated reproducing kernel is

Wm, > —

(25) Kazw) = Q(zyw) + (2 w) = 1) log y— -

Proof. — It follows from (18) and Stirling’s formula that a function f(z) =) amz™
belongs to A2 if and only if

m!
ZI IM1 |am|2<OO

which is equivalent to

m!
7|am| < 00.
|v§>:1v ml! Ajmi
If ¢y, > 0 for |m| < N, we can define an inner product on Ai as follows:
(26) Z ConGmbm Z |m|' A Qb -
|m|<N m|>N |m|

where

= Zamzm, g9(z) = mezm
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Then A% becomes a separable Hilbert space and the following functions form an

orthonormal basis:

1
em(2) = 2", m| <N,

Jem

[Im|! Ay,
em(z) = Mzm, |m| > N.
m!

The associated reproducing kernel for A2 is given by

K, (z,w) = Z em(2)em(w) + Z em(2)em(w)

and

Im|<N [m|>N
m;;;m |
_ Z LA Z |m|.A|m|szm
N sy ™
m|< m

— Z (i_ |m|:nj?|m|)zmmm+zAk Z %mem

|m|<N Cm k=0  |m|=k
= Z W 2"w™ + Z Ap(z, w)*
|m|<N k=0
1
= Q(z,w) + ({z,w) — 1) log ————

where the coefficients of

|m|<N
satisfy
1 |m|!A|m| |m|'A|m‘
m — - > —
Cm m! m!
This completes the proof of the theorem. O

Once again, the reproducing kernel in (25) is bounded on B,, X B,,. Also notice that
we can rewrite the kernel in (25) as
1

Ka(z, ’U)) = Q(Z, U}) —+ (—1)N(1 — (Z, ’LU>)N ].Og m?
which is probably a partial explanation for the sign (—1)¥ in (23).

It is clear that the reproducing kernel of a Hilbert space of holomorphic functions
depends on the inner product used for the space. We close this chapter by examining
the reproducing kernel of A2 that corresponds to the following natural inner product
which we have used in Chapter 7:

(f. 9)a = £(0)g(0) + /B R* §(2) RFg(2) dvansa (2),
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where k is any nonnegative integer with 2k + o > —1. This inner product gives rise
to the norm

£l = (FOP + [ 1R476) P dvarsa(a)

for f € A2. For this inner product we can show that the corresponding reproducing
kernel for A2 is

K2(z) = Kyo(z,w) =14 R_Qk((l _—p w>1)n+1+a+2k).

The result is a simple consequence of the identity,
F050+ [ B OR TR wmea() = [ F@5Edvara(o)

which can easily be proved by the use of Taylor expansions. We leave the details to
the interested reader.
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CHAPTER 13

CARLESON TYPE MEASURES

The purpose of this chapter is to study Carleson type measures for the Bergman
spaces AP. Unlike most other chapters of the paper, the results here depend very
much on the various parameters.

The notion of Carleson measures was of course introduced by Carleson [15], [16]
for the unit disk. Carleson’s original definition works well in the theory of Hardy
spaces, and this can easily be seen in such classics as Duren [23] and Garnett [27].
The characterization of Carleson measures for the Hardy spaces of the unit ball can
be found in Hérmander [32] and Power [45].

Later, the notion of Carleson measures was extended to the context of Bergman
spaces. Earlier papers in this direction include Cima-Wogen [20], Hastings [31], Lueck-
ing [38], Zhu [66]. Also, Carleson type measures have been studied for holomorphic
Besov spaces (of which the Dirichlet space is a special case); see Arcozzi-Rochberg-
Sawyer [7], Kaptanoglu [35], Stegenga [54], and Wu [61]. In particular, our results of
this chapter contain several special cases that have been known before.

For any ( € S,, and r > 0 let
Qr(Q)={z€Bn:[1- (20| <r}.

These are the high dimensional analogues of Carleson squares in the unit disk. They
are also called nonisotropic metric balls. See Rudin [47] or Zhu [71] for more infor-
mation about the geometry of these nonisotropic balls.

THEOREM 45. — Suppose n + 1+ o > 0 and p is a positive Borel measure on B, .

Then the following conditions are equivalent:

(a) There exists a constant C > 0 such that, for all { € S,, and all v > 0,

(27) p(@r(Q) < Crmiite

SOCIETE MATHEMATIQUE DE FRANCE 2008



62 CHAPTER 13. CARLESON TYPE MEASURES

(b) For each s > 0 there exists a constant C > 0 such that, for all z € B,

o8) / (1= 2P da(w) _

o L= (z,w)|rtitats =

(c) For some s > 0 there exists a constant C' > 0 such that the inequality in (28)
holds for all z € B,,.

Proof. — 1t is obvious that condition (b) implies (c). Now assume that condition (c)
holds, that is, there exist positive constants s and C such that the inequality in (28)
holds. If ¢ € S,, and r € (0,1), then
1— 2\s
. [ sk o
Q

L 11 = (z,w)|ntirots =

for all z € B,,. If we choose z = (1 — r)(, then
1—(z,w)=1—-r)(1— (¢, w)) +r
for all w € B,,, so
|1 — <z,w>| <(l-rr+r<2r
for all w € @,(¢), which gives
(1— |22) - 9—(n+1tats)

|1 _ <Z’w>|n+1+a+s = (QT)n+1+a+s - rrt+lta

for all w € @, (¢). Combining this with (29), we conclude that
H(Qr(()) S 2n+1+a+scrn+l+a

for all ¢ € S, and all r € (0,1). The case r > 1 can be disposed of very easily. This
proves that condition (c) implies (a).

Next assume that condition (a) holds. In particular, u is a finite measure, so

/ (1 — |2*)*dp(w)
5, |1

_ <Z, w> |n+1+o¢+s

sup < 00

3
‘Z|SZ

for each s > 0. We fix an arbitrary positive number s and proceed to show that the
inequality in (28) must hold for 3 < |z| < 1.

Fix some point z € B,, with 3 < |2| < 1 and choose { = z/|z|. For any nonnegative
integer k let ry, = 2871(1—|2]). We decompose the unit ball B,, into the disjoint union
of the sets

Eq = Qro (C)v E, = Qrk (C) - Qrk_l(C), 1<k<oo.

By condition (a), we have

(Er) < 1(Qy, (€)) < 20D 4140 (1 )" H e

MEMOIRES DE LA SMF 115



CHAPTER 13. CARLESON TYPE MEASURES 63

for all £k > 0. On the other hand, if £ > 1 and w € Ey, then
|1 = (z,w)| = |(1 = |2]) + [2](1 = (¢, w))|
2| 1= (¢ w)| = (1—12])
Sx2b(1—2]) = (1—12]) = 2" (1 - |2)).

This holds for k£ = 0 as well, because

\%

Y%

|1 - (z,w)! >1— |z > 3(1-|z]).
It follows that

/ (1 — |2[*)*dp(w) Z/ (1 — [2[*)*dp(w)
|]_ _ <Z w |n+1+o¢+s By |1 _ Z w |n+1+a+s
i (1 — |2[*)*w(Ex)

2k 1 ]_ _ |Z|))n+l+a+s

0
28+(k+1)(n+1+a)(1 o |z|)n+l+a+sc . St

S 2(k—1)(n+1+a+s)(1 _ |Z|)n+1+a+s

where C’ is a positive constant independent of z. This completes the proof of the
theorem. O

Our results are most complete when 0 < p < 1. The following result settles the
case n+ 1 4+ a > 0, and Proposition 49 deals with the cases n + 1+ a < 0.

THEOREM 46. — Suppose @ > —(n+1), 0 < p <1, and p is a positive Borel measure
on B,,. Then the following two conditions are equivalent:

(a) There exists a constant C > 0 such that, for all f € AP,
(30) | 1@ antw) < clsly..
(b) There exists a constant C > 0 such that, for all ( € S,, and all r € (0,1),

(31) ﬂ(QT(C)) < C,rnJrlJra'

Proof. — First assume that condition (a) holds. We consider the function

flw) = :

(1= (w, z))(r+T%atal/e’

w € B,,

where s is positive and z € B,,. If k£ is the smallest nonnegative integer such that
kp + a > —1, then an elementary calculation shows that

Q((w, 2))

(1 _ <w Z>)k+(n+1+a+s)/p

Rt f(w) =
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where @ is a polynomial of degree k. It follows from Proposition 7 that there exists a
constant C' > 0 (independent of z) such that

C
(1= [w?) R f(w) [ dva(w) < m—mee
fJa= | CEERE

for all z € B,,. Combining this with condition (a), we conclude that

1—1z]?)*dp(w
/IBn |1(_ <Z|, Q|U>)|n+/i—(i-a-)i-s <C
for all z € B,,, which, according to Theorem 45, is equivalent to condition (b).
Next assume that condition (b) holds. Then condition (b) of Theorem 45 holds.
We proceed to prove the inequality in (30).

Given f € AP we use the atomic decomposition for A%, (see Theorem 32) to write

0 (1 _ |ak|2)b—(n+1+a)/p

L B e )

k=1

where b is a sufficiently large positive number and

[e.e]
Do lelP < ClIfIE.
k=1
for some positive constant C' independent of f. Since 0 < p < 1, we have
o0
P < fet
k=1

1— |ak |2)pb7(n+1+a)

1= (2, ar) [P

)

and so

2)|Pdu(z 3 e P(1 — | |2)Pb—(nt14a) dp(z)
[ epan < S lar - ) /

=1 B, |1 — (2, ax)[P

Apply condition (b) of Theorem 45 to the last integral above. We obtain C' > 0
(a constant independent of f) such that

/B ()P du(z) < O3 fexl? < CC| £

k=1
This completes the proof of the theorem. U

COROLLARY 47. — If a > —1 and p > 0, then the following two conditions are equiv-

alent for a positive Borel measure p on B, .

(a) There exists a constant C' > 0 such that, for all f € AP,
[ lroPwe <c [ (5@,

(b) There exists a constant C > 0 such that, for allT >0 and ( € S,
1(Qr(¢)) < Crtite,
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Proof. — That (a) implies (b) follows from the first part of the proof of Theorem 46.
Theorem 46 also tells us that (b) implies (a) when 0 < p < 1.

Now assume that condition (b) holds and f € A? for some p > 1. Then the function
g = f~ belongs to A%,
large enough so that 0 < ¢ < 1. Then

/| (2)|*dp(2) <c/ )|*dva(2),

where C' is a positive constant independent of g. This is the same as

/ F(2)[Pdu(z) < © / 1£(2) [P dva(z)
B, B,

and the corollary is proved. O

where N is any positive integer and ¢ = p/N. We choose N

Let B(z,w) be the distance between z and w in the Bergman metric of B,,. For any
R >0 and a € B,, we write

D(a,R) = {z € B, : B(2,a) < R}.
When a > —1, the condition
p(Q:(Q)) S Crmtite, >0, (€S,
is equivalent to the condition
p(D(a,R)) < Cr(1— |a|2)n+1+a, a € B,.

See Lemma 5.23 and Corollary 5.24 of [71] (note that the definition of Q,(¢) in [71] is
different from its definition in this paper). It can be shown that these two conditions
are no longer equivalent when o < —1. In fact, if f is a function in the Bloch space
that is not in BMOA, then the measure

du(z) = |Rf(2)[* (1 = |2[2) dv(2)
satisfies
M@ _ D@ R)
r¢ o T" acB, (1—la?)"

Recall that the Hardy space HP, where 0 < p < oo, consists of holomorphic func-
tions f in B, such that

IfIE = sup / 17(r0)|do (¢) < oo,
o<r<1Js,

where do is the normalized surface area measure on S,,. It is well known that every
function f € HP has a finite radial limit at almost every point on S, . If we write

f(C) = lim f(TC)7 ¢ €Sy,

r—1-
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then we actually have
5 = [ 17©Pds ().
Sn

It is known that the following two conditions are equivalent for a positive Borel
measure p on B,,; see Hormander [32], Power [45], or Zhu [71].

(a) There exists a constant C' > 0 such that, for all f € HP,
| r@raue <c [ lropa.

(b) There exists a constant C > 0 such that, for all > 0 and ¢ € S,,,
N(QT(C)) <Cr".

COROLLARY 48. — Suppose o = —1, 0 < p < 2, and u is a positive Borel measure on
B,,. Then the following two conditions are equivalent.

(a) There exists a constant C > 0 such that, for all f € AP,

/ £()[Pdu(z) < CIFIE.o

n

(b) There exists a constant C > 0 such that, for allT >0 and ( € S,,,
1(Q-(¢)) < Cr™.

Proof. — That (a) implies (b) follows from the first part of the proof of Theorem 46.
To show that condition (b) implies (a), we notice that A%, = H?, so the case p = 2
follows from the characterization of Carleson measures for Hardy spaces. The case
0 < p < 1 follows from Theorem 46. The case of 1 < p < 2 then follows from complex
interpolation. O

PROPOSITION 49. — Let u be a positive Borel measure on B,,. If n+ 1+ a < 0 and
0<p<oo,orifn+l+a=0and0<p<1, then the following two conditions are
equivalent.

(a) There exists a constant C' > 0 such that, for all f € AP,
[ 1P aut) < Ul

(b) The measure p is finite.
Proof. — Since AP, contains all constant functions, it is clear that condition (a) implies

(b). On the other hand, if u is a finite positive Borel measure, it follows from The-
orems 21 and 22 that AP is contained in LP(B,,du). By the closed graph theorem,
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AP is continuously contained in LP(B,,, du), so there exists a positive constant C > 0
such that, for all f € AP,

| \raw< cisiy.. O
As far as the condition

[ 1@ aue) < Clflga, £ ez,

n

is concerned, the most difficult case is probably when a = —(n+ 1) and 1 < p < c0.
This case is considered in Arcozzi-Rochberg-Sawyer [7] and complete results are ob-
tained in the range 1 < p < 2+ 1/(n — 1). Earlier results dealing with the Besov
spaces include Arcozzi [5], Arcozzi-Rochberg-Sawyer [6], Stegenga [54], and Wu [61].

THEOREM 50. — Suppose 0 < p < g < 00, « s Teal, and p is a positive Borel measure
on B,,. Then for any nonnegative integer k with o+ kp > —1 the following conditions
are equivalent.

(a) There is a contant C' > 0 such that, for all f € AP,

/ IRF f(w)|dp(w) < C|f0.0.

n

(b) For each (or some) s > 0 there is a constant C > 0 such that, for all z € B,

(1— =)
/B [1 — (z,w)|s+(n+1tatkp)e/p dp(w) < C.
c ere 18 a constant C > 0 such that, for allr > 0 an e (0,1),
Th C>0 h that, f ll 0 and ¢ 0,1
1(Q-(¢)) < Cr(ntitatkp)a/p,

or each (or some > there exists a constant > 0 such that, for a
d) F h R 0 th C 0 h that, f ll
a € B,,
,u(D(a,R)) < C(l _ |a|2)(n+1+a+kp)q/p.

Proof. — Suppose (a) holds. Applying (a) to the functions fx(z) = 2x, 1 <k <mn,
we see that y is a finite measure. For a fixed z € B,, let
1— 2\s/q
) - A=)
(1 — <w, Z>)S/‘1+("+1+O‘+k)/17

and let f,(w) be an analytic function on B,, such that
R f.(w) = hy(w) — h.(0),
where h,(0) = (1 — |2|?)¥/? < 1.
It follows from Proposition 7 that

sup || fz]lp.a < C.
z€B,
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Applying (a) to f, yields
[ 1hew) = b0 antw) < €.
It follows from the elementary inequality
| (w)|* < 27(|hz(w) = ho(0)]? + |h2(0)]9)
that
[ @) autw) < 21(C + (B,
which gives us (b).

Next assume that (b) holds. Recall that D(z,r) is the Bergman metric ball at z
with radius R. By Lemmas 2.24 and 2.20 of [71], we have

C
B GP < (1 — [z[2)nt1tathp /D(“) ika(w)ipd”aMp(w)
cof EH@PO—jeRye

D(z,r) 1 — (w, z>|5P/Q+n+1+a+kp

cof LUlrr

1— z w |sp/q+n+1+a+kp

where
d\(w) = |ka(w)|p(1 - |w|2)kpdva(w)
is a finite measure on B,, whenever f € AL. In fact, A(B,) < C|f|5, for some
constant independent of f.
If p = q, an application of Fubini’s theorem to the estimate in the previous para-
graph shows that (b) implies (a). If p < ¢, we write p’ = ¢/p and 1/p'+1/¢' =1, and
apply Holder’s inequality to the estimate in the previous paragraph. The result is

ika(Z)|P < C[A |1 — (1 — |’LU| )sd)‘(w) :Il/p/ [)\(Bn)] 1/‘1/.

(z, w>|s+(n+1+a+kp)q/p

It follows that
k q p'/d (1 = |w[?)*dX(w)
|RFf(2)|* < C(A(Bn)) /B T PR e
We now integrate against the measure du, apply Fubini’s theorem, and use condition
(b) to obtain

/IB |ka(2)|qdu(z) < C()\(]Bgn))lﬂf/q’.

n

Since A\(B,) < C|f]|5 ,, we get

/B [R* £(2)[*du(2) < CIISIIS..

This shows that (b) implies (a).
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The equivalence of (b) and (c) has already been proved in Theorem 45. Since
(n+1+a+kp)g/p>n+1+a+kp>n,
the equivalence of (c) and (d) follows from the remarks after Corollary 47. This

completes the proof of the theorem. O

A similar result can be obtained in terms of fractional radial differential opera-
tors R*! instead of R* above. We omit the details.

Once a certain result concerning Carleson measures is established, it is then rela-
tively easy to formulate and prove its little oh version. For example, with the same

assumptions in Theorem 50, we can show that the following four conditions are equiv-
alent.

(a) If {f;} is a bounded sequence in A%, and f;(z) — O for every z € B,,, then

lim ‘kaj (z)|qd,u(z) = 0.
j—o0 B,
(b) For every (or some) s > 0 we have

| (1= [22)*du(w)
lim /}Bn T

|z|—1- z,w)|s+(n+ltatkp)a/p B

(¢) The following limit holds uniformly for ¢ € S,:

roo+ r(ntltatkp)a/p —

(d) For every (or some) R > 0 we have

p(D(a, R)) _
la]l—1- (1 — |a|2)(ﬂ+1+a+kP)Q/P B

The interested reader should have no trouble filling in the details.

As our next theorem shows, the assumption that p < ¢ is essential for Theorem 50.
To deal with the case p > ¢, we associate two functions to any positive Borel measure p
on B,. More specifically, for any real v and s we define

(1= o) dpa(w)
Bun() = [ A 2B

and for any real v and positive R we define

~ D(z, R
)= G2 s

z€B,.

If dp(z) = h(z)dv,(z), we use the convention that
Bs,w(h)(z) = Bs,’y(ﬂ)a ER,W(Z) = ﬁR,v(z)'

It is clear that B, ,(1)(2) and g ~(2) are certain averages of y near the point z. The
function B; ., (p) is sometimes called a Berezin transform of p.
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LEMMA 51. — Suppose p is a positive Borel measure on B,,. If v is real, p > 0, and
R > 0, then there ezists a positive constant C' such that

| sl au) <0 [ o) i, (2o, 2

n

for all holomorphic functions g in B,,.
Proof. — Tt follows from Lemma 2.20 and Corollary 2.21 of [71] that
n+1 n+1
(1= 121)"" ~ (1= [wf)™" ~v(D(z,R)) ~ v(D(w, R))
for w € D(z, R). We use Lemma 2.24 of [71] and Fubini’s theorem to obtain

p du(2) P
/IBn |g(2)| du(z) < Cy /]Bn (1_|Z|2)H+1/D(Z’R) |g(w)| do(w)
|g(w)[Pdv, (w)
<C’2/ dp(z )/D(ZR)(1_|“’|)H+1+’Y
— |pdv,,( w) ~
G / (1= |w[?)ttty /D(w,R) dul2)

e / 19(w) [P (w) v (w),

n

which proves the desired estimate. U

LEMMA 52. — Let u be a positive Borel measure on B,. If v is real, s is real, and
R > 0, then there exists a constant C > 0 such that Bs (1) < CBsy(URy)-

Proof. — For w € B,,, apply Lemma 51 to the function

(1 Jw?)?

9 = T, wpynries

with p = 1. The desired result follows. O

LEMMA 53. — Let p be a positive Borel measure on B,,. If v and s are real and R is
positive, then there exists a positive constant C such that fir y < CBs ().

Proof. — Once again, we have 1 — |2]2 ~ 1 — |w|?> ~ |1 — (z,w)| for w € D(z, R).
It follows that

-~ u(D(z, R)) (1 — Jz[*)*dp(w)
= ——">="—<C < CB; ,
P ® = G apyiins <€ Jp o - (upprreess < OB
proving the desired estimate. O

THEOREM 54. — Let 0 < ¢ < p < o and a be any real number, and let p be a
positive Borel measure on B,,. Then for any nonnegative integer k with o + kp > —1
the following conditions are equivalent.
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(a) There is a constant C > 0 such that, for all f € AP,

/ |R* f(w)|*du(w) < C|I 118,

n

(b) For any bounded sequence {f;} in AX, with f;(z) — 0 for every z € B,

j—oo B

lim [ R (w)|dp(w) = 0.

(c) For any fized r > 0 the function i~ is in Lr/(p=a(B,,, dv,), where vy = a+ kp.
(d) For any fized s > O the function Bj.(u) is in LP/P=9 (B, dv.), where v =
a+ kp.

Proof. — Let s > 0 satisfy s + a + kq > —1. It follows from Lemmas 2.24 and 2.20 of
[71] that

¢ k q
< (1- |Z|2)n+1+s+a+kq /D(z - |R f(“’)\ dv sy atkqe(w)

k _ 2\s+kgq
o / 'ﬁ =yt
(z,7) - U]Z

|Rf(2)]?

) |n+1+s+a+kq

|REf (w)[2(1 — Jw]?)" e
B C/ 11— (w, z)|nH1+statky XD(z,r) (W) dva(w),

where x g(2) denotes the characteristic function of a set E. Integrate with respect to
dp, apply Fubini’s theorem, and use Lemma 2.20 of [71]. We see that the integral

/ IR £(2)|"dp(2)
B,

is dominated by

D(w,r o\ kg
/B (1 _'TQ(U| ()n+l+o¢+kq|Rk | ( - |w| )k d’Ua(’LU)-

If condition (c) holds, then an application of Hélder’s inequality yields

k £lq q w(D(w,r)) p/(p—a) 1-q/p
[ R < onni] [ () dve]

w(D(w,r)) p/(r—q) 1—-q/p
—Clflga] [ (i) dvas]

< Clf13 0

This proves that (c¢) implies (a).
Since 1 — |z| ~ 1 — |w| for z € D(w,r) (see Lemma 2.20 of [71]), there exists a

constant 6 > 0 such that
1— |2

sl <
—|wl> ~
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for all z € D(w,r). For 0 <t <1 let
Ay={2€B,: 1-|2]* <t}
Then the conditions z € A; and w € D(z,r) imply that w € Ags;.

Let {f;} be a bounded sequence in A?, with f;(z) — 0 for every z € B,,. Then
a normal family argument shows that f;(z) — 0 uniformly on every compact subset
of B,,. Using the estimate from the first paragraph of this proof together with Fubini’s
theorem, we see that the integral

| IR @] )
Ay

is dominated by

k q 2\ s+ka XD(w,r)dp(2)
/Bn |R" f5(w)]" (1 — |w]?) dva(w) /At 11— (2, w)[rritstatks’

According to the previous paragraph,

XA:nD(w,r) (Z) =0, z€B,,
unless w € Ag;. It follows that the integral
[ IR g

is dominated by

k a 2\ s+kq XD (w,r)dp(2)
/Aét |R* fi(w)|* (1 = Jw]?) dva(w) /At 11— (2, w)[rFitstatks’

Since |1 — (z,w)| is comparable to 1 — |w|?> whenever z € D(w,r), we get
k p(D(w,r)) k q 2\ kg
/Af, |R" f;]?dp < C/A(;t (1 — [w[2)n+i+athe |R fj(w)| (1 — |wl ) dvg.

By Holder’s inequlity,

krq ne /,L(D(IU,T)) P%? 1=a/p
/At |R" f;17du < Cl a[/A ((1 — |w|2)n+1+a+kp) dva+kp] .

If the function

~ (D(z,1))
firn(2) = 1 _'L|LZ|2)n+1+a+kp

is in LP/(P=0)(B,,, dv 41 kp), then for any given € > 0 there is a ¢ € (0,1) such that

w(D(w,r)) p/(p—q) -
/A ((1 — |w|2)n+1+a+kp> Av gy ip(w) < /P9,
&t

Thus for such ¢,
| 1R @) ) < ce.
At
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Since B,, \ A; is a compact subset of B,, and f; — 0 uniformly on every compact
subset of B,,, we have
lim |kaj (z)\qd,u(z) = 0.
I JB,\ Ay
Combining this with an earlier estimate we get
lim sup/ |kaj(z)|qdu(z) < Ce.
j—oo JB,
Since ¢ is arbitrary, we must have
lim ‘kaj (z)|qdu(z) = 0.
J—00 Bn
This shows that (c) implies (b) as well.

The proof of that (b) implies (a) is standard. In fact, if (a) is not true, then there
is a sequence {f;} in AP such that ||f;|p,o <1 and

J—00

(32) lim i |RF f;(w)|*dp(w) = oco.

Since ||fillp,e <1, {f;} is uniformly bounded on compact subsets of B,,. By Montel’s
Theorem, there is a subsequence of {f;}, which we still denote by {f;}, that converges
uniformly on compact subsets of B,, to a holomorphic function f in B,,. It follows from

Fatou’s lemma that f € A2 with ||f||,,o < 1. In particular,
I1f5 = fllp.o < max(2,2"/7)

and f; — f — 0 uniformly on compact subsets of B,,. If condition (b) holds, then

lim |kaj (w) — ka(w)|qd/,t(w) =0,
B,

j—oo
which contradicts (32). This shows that (b) implies (a).

To prove that (a) implies (c), we follow the proof of Theorem 1 in Luecking [39].
Let {a;} be the sequence of points in B,, from Theorem 2.30 in [71]. Let b be a real

number such that
1 1+«
b>nmax(1,f)—|— .
p p

Let
(- |aj|2)b—(n+1+a)/p (- |aj|2)(b+k)—(n+1+a+kp)/p

9i(2) = =
’ (1= (z,a;))"+* (1= (z,a;))+*
Let {c;} € 7. Then by Theorem 2.30 of [71], we have

oo
Z c;g;(z) € A§+kp.

Jj=1
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Let -
hj(z) = R7*(9;(2) — 9;(0)) and f(2) =) e;hy(2).
Then - - ~
REf(2) =D ¢jRMhy(2) = D _ci(9(2) — 9;(0)).
=1 =1
It is clear that R*f € AP +kpj, and so f € Ag.]Moreover,

1150 <O lel?,
j=1
where C' is a positive constant independent of f. If condition (a) holds, then
> a/p
| IRE G aute) < Ul < oS lesp)
n j=1

Therefore,

>0 q
/ ‘chgj‘ du
B, | 21

o0 o0 q o0
SQq[/ ‘chgj—zcjgj(o)‘ d/H-/ ’Z%‘gj(o)
Bn ' j=1 j=1 Bn ' j=1

<2 [ RO ) + ) (L lor)"” < (L ler)"”
. i=1 7=t

Let 7;(t) be a sequence of Rademacher functions (see page 336 of Luecking [39]). If we

qdu}

replace ¢; by r;(t)c;, the above inequality is still true, so

/Bz ‘ i?”j(t)cjgj(z)‘qd,u(z) < C(é |Cj|p)4/p'

n ]:]_
Integrating with respect to ¢ from 0 to 1, applying Fubini’s theorem, and invoking
Khinchine’s inequality (see Luecking [39]), we obtain

a [ (Sleli@f) aue < o( S lel)"™
RY=

j=1
where A, is the constant that appears in Khinchine’s inequality. The rest of the proof
is exactly the same as the one in Luecking [39].

The condition in (d) first appeared in Choe-Koo-Yi [19], where it was used for the
embedding of harmonic Bergman spaces into L?(du). Our proof of the equivalence
of (c) and (d) follows the method in [19]. In fact, if fi,, is in LP/?P=9 (B, dv.),
then an application of Proposition 8 shows that the function B; . (fir~) is also in
Lr/(P=9)(B,,, dv,). By Lemma 52, we must have B, ,(u) € LP/®?~9 (B, dv,). This
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proves that (c) implies (d). That (d) implies (c) is a direct consequence of Lemma 53.
The proof of the theorem is now complete. O

SOCIETE MATHEMATIQUE DE FRANCE 2008






CHAPTER 14

COEFFICIENT MULTIPLIERS

Recall from Theorem 12 that for ¢ = (o — ) /p, the operator Rs; maps A2 bound-
edly onto Ag. In terms of Taylor coefficients, we have

m m
R, <E A 2 ) = E CmGm 2",
m m

where
Fn+14+s+t)l(n+1+|m|+s)

Fn+1+s)I'(n+1+|m|+s+1)
Therefore, the operator R ; is just a coefficient multiplier on holomorphic functions

m =

in B,,. When « and 3 are real, an application of Stirling’s formula shows that

1
T mlf

as |m| — oo. We are going to show that this result still holds if we replace the multi-
plier sequence {c,,} above by the more explicit multiplier sequence {|m|#=®)/?P}. A
similar result will be proved for the generalized Lipschitz spaces A,,.

We introduce two methods, one based on complex interpolation and the other

based on atomic decomposition.

LEMMA 55. — Suppose t is complex and k is a postive integer large enough so that
k + Ret > 0. There exists a constant ¢ such that

1 t+k—1
/ ka(rz)<log 1) % =c Z |m| " 2™
0

r
|m|>0

for all holomorphic f(z) =3, amz™ in B,.

Proof. — Fix z € B,,. We want to evaluate the integral

I(f,2) = /01 ka(TZ)<10g %)t+k—1%
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in terms of the Taylor expansion of f. If f(z) =", amz™, then

= Z |m|F 2™

|m|>0
S0
Z |m ¥ a2 / rlmi=1 (log 1)t—Hﬁ_ldr.
iml>0 "
Making the change of variables r = e™*, we obtain

I(f,2) = Z |m|ka z / o—Imls k=14

|m|>0

Let u = |mls. Then

z)=c Z |m| @y, 2™

[m|>0

(oo} — —
where ¢ = [ e7“u'TF 1 du. O

Given any real a and (3, we are going to fix a sufficiently large positive integer k
and consider operators on H(B,,) of the form

(a=B)(1-¢)+k-1 d
T f(2) /Rk (rz) log ) il

r
where 0 < Re( < 1.

LEMMA 56. — If Re( = 0, the operator Ty maps Al boundedly into A};.
Proof. — Let N be a sufficiently large positive integer. We have
1
1\ (@=B)(1=¢)+k=1 dr
RNT, f(z) = / RN*F log ~ —
S = | RV (10g ) ’
If Re¢ = 0, it follows from Fubini’s theorem that the integral

1= [ T - ) )

B,

does not exceed

1 oa—B+k—
/ (105 1) AL RN f )| (1 122) Y du ().
0 r B,

r

Let w = rz in the inner integral. Then I does not exceed the integral

Lo 1ye-Btk-l dr Ntk ]\ N+5

Since 1 — |w|?/r? <1 — |w|? for all |w| < 7, we have

1 1\ a—B+k—1  dp
IS/O (log?) 7“2"“/|| |RNTF f(w)| (1 = [w]?) ¥ do(w).
w<r
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We interchange the order of integration and obtain

1 a—FB+k—1
N+k \N+3 1 B+ dr
1< [ E w0 ) v [ (o)) T
It is easy to see that there exists a constant C' > 0 such that

1 a— - _ ||2)a—B+k
1 B+k—1 1
/ (10g7> i <C’( [wl)
w

r ,r2n+1 — |w|2n

n

for all w € B, so

I< c/ RN ()| (1 Jwf2) Ve du®),
B,

|w|2n
Since |RN** f(w)| < C|w| near the origin and
d
/ dv(w)
B, |w|2n—1

by polar coordinates, we can find another constant C’ > 0, independent of f, such
that

I< c/ |RN 4 f(w)| (1 — Jw|?) ¥ dv o (w).
B,
This completes the proof of the lemma. O

LEMMA 57. — If Re( = 1, the operator T¢ is bounded on the Bloch space B.

Proof. — We have

Rch(Z)Z/0 R"+1f(rz)<10g )( ~H(-O+k-1dr

r
If Re¢ =1 and f € B, then
-14
\RTCf / |Rk+1f rz)|<log ) !
r
1y k-1 _
<o [ =) (g 1) ar s - 1)
where C' and C’ are positive constants independent of z. This shows that T¢ f is in
the Bloch space. O

LEMMA 58. — Suppose s > —1, t is a positive integer, and
1
B (1—-2)dz
I(z) = /0 (1— xz)s+t+1’ z€D.
There exists a polynomial p(z) such that

y zeD.
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Proof. — We compute the integral I(z) with the help of Taylor expansion.

oo

=Tk +s+t+1) k/l & s

! s, Tk+1I(s+1)
/Oxk(l_x)dx_ Tk+s+2)

Since

we have
o0

1 ZF(5+2)F(k+s+t+1) .

s+1k=OF(s+t+1)F(k+s+2)Z

1 ad 1 1
— Rs,tfl k — Rs,tfl

I(z) =

s+ 1 +1 1—2

Since t is a positive integer, the operator R**~! is a linear differential operator of
order t — 1 on H(D) with polynomial coefficients (see Proposition 4). It follows that
there exists a polynomial p(z) such that

This completes the proof of the lemma. O
We can now prove the first main result of the chapter.

THEOREM 59. — Suppose « is real, B is real, and p > 0. Then the operator T defined
on H(B,) by
Tfz) =f0)+ Y Im|P=Panzm, f(z) =) amz™,
|m|>0 m

maps A%, boundedly onto Aj.

Proof. — By switching the roles of a and g, it is enough for us to show that the
operator T maps A%, into A}.
When p = 1, the desired result follows from Lemmas 55 and 56.
First suppose that 1 < p < co with 1/p+1/g = 1. Let 6 = 1/q. Then
1 1-6 0

p 1 00
Because the dual space of Aj; can be identified with A} under the integral pairing

(f,9) =/ (1= )N RN f(2)(1 = [2)V R=Ng(2)dvg(2),

n

where N is a sufficiently large positive number, it suffices for us to show that there
exists a constant C > 0, independent of f and g, such that

(33) (Tf,9)| < Cllfllpallgllas
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for all f € A%, and g € A}.

Fix a unit vector f in A? and fix a polynomial g that is a unit vector in A% (recall
that the polynomials are dense in Aqﬁ). It follows from the complex interpolation
relation (see Theorems 38) [A,ll, %] o = AL that there exist functions f¢, where ¢ € S,
such that

(&) fo=1f;

(b) ¢~ f¢ is a bounded continuous function from S into Al + B whose restriction
to S is analytic;

(¢) ¢+ f¢ is a bounded continuous function from L(S) into Al with ||f¢]l1,o < C;

(d) ¢~ fcis a bounded continuous function from R(S) into B with || f¢|4 < C.

Here C is a positive constant independent of f.
Consider the function

F(Q) = / (1= 122) RN T fo ()9 (2) dus (2),

n

where ¢ € S and
_ RN

122N IRSN g(4 qC'
gC(z)_ |Rs’Ng(z)|[(1 | | ) |R g( )|]

Because g is a polynomial, the function F is bounded and continuous on S and its
restriction to S is analytic. When ¢ = 0, it follows from Lemma 55 that F'(8) = (T'f, g).

When Re¢ = 0, it follows from Lemma 56 that 7, maps A boundedly into Aé,
so there exists a positive constant Cy such that

1Tcfellig < Collfelle < CoC

for all Re¢ = 0. Thus there exists a constant My > 0 (independent of f, g, and ()
such that, for all Re{ =0,

IF(0)] < / (1= [22) N [RNT, f (2)| dvg(2) < Mo,

n

When Re ¢ =1, it follows from Lemma 57 that T¢ is bounded on the Bloch space,
so there exists a positive constant C; such that, for all Re{ =1,

1Te fellg < Cullfellg < CLC.
We can then find a positive constant M; (independent of f, g, and {) such that, for
all Re¢ =1,

}F(C)| < Cl/]B (1 — |z|2)Nq|R5’Ng(z)|qdvg(z) < M;.

n

It follows from Hadamard’s three lines theorem that

|F(6)] < My~ M.
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Since My and M; are independent of f and g, this yields the estimate (33) and proves
the theorem for 1 < p < 0.

Next assume that 0 < p < 1. By Theorem 32, there exists a positive number b (we
can choose b to be as large as we want) and a sequence {ar} in B,, such that every
function f € AP can be written as

z) = Z ek fr(2)
k=1
with

(oo}
> lel” < ClIFIR o
k=1
where C' is a positive constant independent of f and
(1 _ |ak|2)b—(n+1+a)/p

(1= (zax))

By first considering finite sums and then taking a limit, we may assume that

fr(z) =

Tf = Z Ckak.

k=1

Since 0 < p < 1, we must have
1Tl 5 < Z ek P17 fxlly 5-

Since the sequence {fj} is bounded in AP, the proof of the theorem will be complete
if we can show that there exists a constant C' > 0 such that

ITFllp.p < Cllflipa

for functions of the form

(34) f2) =

(1—(za))*

We fix a sufficiently large positive integer k& and apply Lemma 55 to represent the

) (IEB”.

operator T as

1 o —
Tf(z)=f(0)+c/O ka(rz)(log%)kﬂ Dp=tdr

T

Write R¥ = R¥~!'R and take the factor R*~! out of the integral sign. Then

Tf(2) = f(0) + cR** / BIC2) (10 1) gy,
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We assume that b is chosen so that b — k — (o — 3)/p is a sufficiently large positive
integer. It is easy to see that

( log % ) k+(a—p)/p—1

L
= (1 — )
R 1+jZ:1bj<1 vy + Hr),

where H(r) = O((1 — r)L) as r — 1. It follows that
T=Ty+Ti+ - +Tr +Try1,

where { R
Tof(z) = £(0) + cR** /0 " (1 — p)k+(e=B)=1q,
e L Rf(r2) .
Tif(2) = cbij‘l/O T(1 _p)tite=0)/p-1g, 1< <L,
and X
Triaf(z) =c /0 RFf(rz)(1 — r)kt(@=A/p=1 H(r)%.

It then follows from Lemma 58 that there exists a constant C > 0 such that

15 fllp.6 < Cllfllp.a

for all 0 < j < L and all functions f given in (34). The same estimate holds for
the operator T4, as well, except this time we do not use Lemma 58, but use the
assumption that L is large enough so that

1
d
R¥Tuf() = e [ RYH2) 0 - et
0 T
is bounded, where N is any nonnegative integer with pN + 8 > —1 and f is given

by (34). This proves the case 0 < p < 1 and completes the proof of the theorem. [

As the second main result of this chapter we establish an isomorphism between A,
and Ag by a simple coefficient multiplier.

THEOREM 60. — Suppose « and (3 are real. Then the operator T defined by
flz)= Zamzm — Tf(z) = f(0)+ Z A |m| @ 7P 2™
m |m|>0

is an invertible operator from A, onto Ag.

Proof. — By reversing the role of a and 3, it suffices for us to show that the operator T’
maps A, boundedly into Ag.

Given f € A, we fix a sufficiently large positive integer k£ and use Lemma 55 to
write
1 ) k—a+B-1dr

Tf(2) = £(0) ~|—c/01ka(rz)(logT

r
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If N is another sufficiently large positive integer, then

k—a+p—1
RNTf(z / RN*kf( rz)(log ) %-

Since f € A,, it follows from Lemma 15 that

sup (1 — 2N TR RN £(2)| < 0.
z2€by

But RN*F£(0) = 0, we must also have

2)N+k—a |RN+kf(Z)|

sup (1 — |z| < 00.
z€B, |Z|
So there exists a constant C' > 0 such that
1
1\k—at+B8-1 dr
RNTf(2)| < C (1 7) :
\ f2)] < /o 08 (1 — r2[z[2)N+h—a

Now the above integral clearly converges near r = 0. When r is away from 0, log % is
comparable to 1 — r2. So there exists another constant C' > 0 such that

|RNTf(2) <c/ )
1—7'2|Z| )N+k—a

An elementary estimate then shows that

C

N
|RNTf(2)] < —ZD)N-F
for some constant C' >0 and all z € B,,. T hlS shows that T'f is in Ag and completes

the proof of the theorem. O

We mention that, at least in the case n = 1, the theorem above also follows from
Theorem 12 and the asymptotic expansion of a ratio of two gamma functions as given
in Tricomi-Erdelyi [58]. In fact, in the one-dimensional case, it is easy to see that if

oo
z) = Z apz"
k=0

is a function in A,, then the sequence {k“ax} is bounded. It is also easy to show
that if the sequence {k®*'ay} is bounded, then the function f is in A,. This to-
gether with the main result of Tricomi-Erdelyi [58] easily gives Theorem 59 above.
Coeflicients of functions in Bloch and Lipschitz spaces are also studied in Bennet-
Stegenga-Timoney [12].

MEMOIRES DE LA SMF 115



CHAPTER 15

LACUNARY SERIES

One way to construct concrete examples in certain spaces of analytic functions is
by using lacunary series. In this chapter we characterize lacunary series in weighted
Bergman spaces and Lipschitz spaces.

We say that an analytic function f on B,, has a lacunary homogeneous expansion
if its homogeneous expansion is of the form

f(Z) = mek(z)7
k=1

where my, satisfies the condition

. M4l
inf +
k. myg

=A>1

If n = 1, the lacunary homogeneous expansions are just lacunary series in the unit
disk. When n > 1, we say a lacunary homogeneous expansion is a lacunary series if
every homogeneous polynomial f,,, consists of just one term.

Our first result characterizes a lacunary homogeneous expansion in A?.

PROPOSITION 61. — Let 0 < p < o0, a be any real number, and

F(2) = fmi(2)
k=1

be a lacunary homogeneous expansion. Then f € AP if and only if

9]
> N il < oo,
k=1

where

i1 = ([ 150pa0())”

n

denotes the HP-norm of f.
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Proof. — By Proposition 3 in Yang-Ouyang [64], if

(2) =D gmi(2)
k=1

is a lacunary homogeneous expansion, then g € AP if and only if

oo
> mi N gm o, < oo

Let f € AP. By Theorem 10, if s is a real number such that neither n + s
nor n + s+ (a/p) is a negative integer, then f € A% if and only if R, ,/,f € AP,
which, by the above result, is equivalent to

o0
> mi e, f e < 00,
k=1

where

. _Tn+l+s+a/p)l(n+1+mp+s)
" T+ 1+ 8)D(n+1+mg+ s+ a/p)
It follows from Stirling’s formula that

-
Comy ~ T /p

as k — oo. Thus the above condition is equivalent to

o0

>y e < 0.

k=1

The proof is complete. O
The next result characterizes a lacunary series in A2.

PROPOSITION 62. — Let 0 < p < o0, a be any real number, and

= Z S (Z)
k=1

be a lacunary series, where

[ (2) = akzinkl AL

Then f € AP if and ony if

a mA—i—l
Z|k|H11 kP )<oo

yreT(Emep +n)
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Proof. — Let ¢"™ = (7" --- ¢ and |m| = my + - - m,. An easy modification of the
proof of Lemma 1.11 in [71] shows that

”Cm”p _ (n - 1)' H:‘L=1 r(%mzp + 1) )
i L(3lmlp+mn)

Combining this identity and Proposition 61, we get the desired result. O

PROPOSITION 63. — Let « be any real number, let
oo
F(2) = fmi(2)
k=1
be a lacunary homogeneous expansion, and denote by

[ fmi |l = sup |fm, (O]
Then
(a) f € Ay if and only if
Sup mg || fmg || e < 0.
k>1
(b) f € Aqp if and only if
Jim g fo 1 = 0.
Proof. — The results follow easily from Theorem 16, the corresponding result for A, o,

and Propositions 2 and 3 in Wulan-Zhu [62]. We leave the details to the interested
reader. O

PROPOSITION 64. — Let a be any real number and
[ee]

F(2) = fmi(2)
k=1

. m
be a lacunary series, where fn,, (2) = agz{"* -+ 2zn . Then

(a) f € Ay if and only if

My Mk,
sup mg|a| % < oo0.
k>1 my,
(b) f € Aqp if and only if
My Mknp
lim my |ak| Ty i ba 0.
My

Proof. — The results follow directly from Proposition 63 and Lemma 4 in Wulan-
Zhu [62]. O
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Several special cases of the main results of this chapter are known. For example,
lacunary series in the Bloch space of the unit disk are described in Anderson-Clunie-
Pommerenke [3], lacunary series in weighted Bergman spaces A%, of the unit ball,
where o > —1, are described in Stevié [56], and lacunary series in Bloch and certain
Lipschitz spaces of the unit ball are characterized in Wulan-Zhu [62].
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INCLUSION RELATIONS

In this chapter we study inclusion relations among weighted Bergman spaces and
Lipschitz spaces. From the definition and Proposition 64 it is very easy to see that
if o« > B then A, C Ag, and the inclusion is strict.

The inclusion relations between weighted Bergman spaces are more complicated in
general. Several embedding theorems have been known before, and our results here
overlap with some of them; see Aleksandrov [2]|, Beatrous-Burbea [11], Graham [28],
Luecking [39], and Rochberg [46]. We begin with the following simple case.

PROPOSITION 65. — Let 0 < p < o0, and let a and (B be any two real numbers satis-
fying o < B. Then
AP C Ag,

and the inclusion is strict.

Proof. — The inclusion is obvious. To prove that the inclusion is strict, we only need
to test functions of the form f;(2) = (1 — z1)*. See Yang-Ouyang [64] for a similar
argument. O

To better describe the inclusion relations of Bergman spaces, we introduce the
notion of Lipschitz stretch first. More specifically, if X is a space of analytic functions,
we define the Lipschitz stretch of X as follows:

AX)=inf{B—a:A_oCX CA_g}.
We also call the constants
aozsup{oz:A_a CX}, ﬂozinf{,@:XCA_g}

the lower and upper bounds of the Lipschitz stretch, respectively. A similar concept
using Bloch type spaces was introduced in Zhao [65] for spaces of analytic functions
in the unit disk.
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THEOREM 66. — Let 0 < p < oo and let a be any real number. Then for any v <
(14 a)/p we have

A‘W C,AZ - A—{n+1+aﬂp-
Both inclusions are strict and best possible, where “best possible” means that, for each
p and o, the index v of A_, on the left-hand side cannot be replaced by a larger
number, and the index (n + 1+ «)/p on the right-hand side cannot be replaced by a
smaller one.

Proof. — Suppose f € AP. Then RFf € Aszra, where k is a nonnegative integer

satisfying pk + a > —1. By Theorem 20, there exists a positive constant C' such that
k+(n+l14+o
(1= o) O RR p () < ©
for all z € B,,. This means f € A_ (1 14a)/p, 50 AL C A_(nt14a)/p-

Next suppose v < (1 + «)/p and f € A_,. Let k be a nonnegative integer such
that £k 4+~ > 0. Then kp+a > —1 and a — py > —1, so

JACER R OIRINE
Br
< swp (1= PR D [ (1 14P) ™ dva(2)

z€B, B,
< Csup ((1- [z R f(2)])".
z2€B,

Thus A_, C AP.

We only give a sketch of the rest of the proof since it is similar to the argument used
in Yang-Ouyang [64]. For ¢t > 0 let k be a nonnegative integer such that k + v > 0.
Since the radial derivative is an invertible operator on the space of holomorphic func-
tions in B,, that vanish at the origin, we can define a holomorphic function f; in B,
by

fi(z)=R7* [(1 — ) R~ 1].
Then
REfi(2) = (1—2) 7k —1,

so for any z € B, and ¢t < v,

(1= 1) R ()] < (1= 1) (1= s 774 1) <CO - [P < C

On the other hand, if ¢ > ~, then we take z = (z,0,...,0), where z is a real number
between 0 and 1, to obtain

(1 - |z|2)k+7|kat(z)‘ =(1- x2)k+7((1 - x)_t_k — 1) >(1-2)""—> 00
as ¢ — 1. Thus

(35) fre A_, if and only if ¢ <~.

MEMOIRES DE LA SMF 115



CHAPTER 16. INCLUSION RELATIONS 91

By a similar computation as used in Yang-Ouyang [64], we see that

1

(36) fie AP when t< P 1TQ
p

and
1

(37) fid AP when t=_t1tQ
p

Foranye >0lett=(n+ 1+ «)/p—€/2. Then
(n+l+a)/p—e<t<(n+1l+a)/p
By (36) and (35) we hav

ft€ AL but  fi € A_(nt1+4a)/p—ec)-

This shows that the inclusion AL C A(,4144q)/p is the best possible. At the same time
it also shows that the inclusion A_., C A is strict, since

Ay CA_(nt1+a)/p—e)
as e < n/p.
Let t = (n+ 1+ «)/p. Then by (37) and (35), f; & AL but f; € A_(n414a)/p> SO
the inclusion AL C A_(,414q)/p is strict.

To show that the left inclusion is the best possible, we let

oo

fralz) = fj Fr(2) =Y 2HOT Py, (),
k=1

k=1
where {Wy } is a sequence of polynomials with Hadamard gaps as in Theorem 1.2 of
Ryll-Wojtaszczyk [48] and Corollary 1 of Ullrich [59] with the properties

[War e =1, [[War|g» > C(n,p),

where C(n,p) is a constant depending only on n and p.
From Proposition 63 and Proposition 61 we easily deduce that fy o € A_(144)/p but
fp,a & A% Thus the inclusion A_, C A? is best possible. The proof is complete. [

As a direct consequence we obtain the Lipschitz stretch of AZ.

COROLLARY 67. — Let 0 < p < 0o and let a be any real number. Then
n

A(AP) = —
(4a) =7
with lower bound (1 + «)/p and upper bound (n+ 1+ a)/p.

COROLLARY 68. — All weighted Bergman spaces are different, that is, AP # A% when-

ever (p, @) # (g, B)-
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Proof. — If p = g but a # [, then by Proposition 65, A? and A% are different. If
p # g, then Corollary 67 tells us that A(A5) = n/p, while A(A}) = n/q. Thus A},
and A% have different Lipschitz stretchs, so they must be different. O

The following two theorems completely describe the inclusion relations between
two weighted Bergman spaces.

THEOREM 69. — Let 0 < p < g < 00. Then A2 C A,% if and only if

n—|—1+a<n+1+,8

p q

and in this case the inclusion is strict.

Proof. — Let 0 < p < g < oo and f € AP. Let k be a nonnegative integer such that
pk+a > —1 and kg + 8 > —1. It follows from the closed graph theorem that the
inclusion A%, C A} is equivalent to

(38) / R £(2)|dukgan(2) < ClFIIS.

Let s > 0 be a real number which is sufficiently large. By Theorem 50, the inequality
in (38) is equivalent to

sup (1 |2%)° dv (w) < o0
e, J3, [L = (2, w)[s+ (v Thatia/p T2RE0 ’

sup (1- |22)° [
z€B, B

By Proposition 7, the inequality above holds if and only if

or
(1 — Jw|?)re+?
1— <27w>|3+k‘1+(”+1+0‘)4/p

dv(w) < oco.

n

c=s+kq+(n+1+a)g/p—(n+1)— (kg +B) < s,

which is easily seen to be equivalent to

n—|—1+a<n+1+ﬂ

p q

In view of Corollary 68 the proof is now complete. O

THEOREM 70. — Let 0 < g < p < oo. Then AL, C A} if and only if

1+« 14+
1ta 148
p q

and in this case the inclusion is strict.

)
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Proof. — Let 0 < ¢ < p < 0o and f € AP. Let k be a nonnegative integer such that
pk+a > —1 and kg + 8 > —1. Once again, the closed graph theorem tells us that
the inclusion A% C A% is equivalent to

(39) R FG) dvgsp(2) < CUSI o

Let s > 0 be a real number which is sufficiently large. By Theorem 54, the inequality
in (39) is equivalent to

(40) Bs kpta(Vkgt+s) € Lp/(p_q)(Bm dVkp+ta)-

If s is large enough, then by Proposition 7,

[ APy = e
BMﬁAmﬁmwwiélu_mﬂwwHﬁwﬂ o(w)

~ (1 _ |Z|2)—k(P—q)—(a—ﬂ)

)

as |z| approaches 1. Thus (40) is equivalent to

/ (1 = |2[2) = k=0 (=B)p/ (=) +hp+ec gy () < oo,

n

which is equivalent to
1+« - 1+ 0

p q
This along with Corollary 68 finishes the proof. O

SOCIETE MATHEMATIQUE DE FRANCE 2008






CHAPTER 17

FURTHER REMARKS

Unless p = 2, the space A” ;| is not the same as the Hardy space H?, although in
many situations it is useful to think of H? as the limit of A2 as o approaches —1. One
particular problem here is to identify the complex interpolation space between H? and
AP when a > —1 and p > 1. It is also interesting to ask for the complex interpolation
space between HP and A,,.

The spaces A2 when « is a negative integer appear to be very special. It would be
interesting to see some “singular properties” of these spaces.

One of the interesting problems left open in the paper is whether or not Theorem 46
remains valid when 1 < p < oo. This is certainly not an easy question, since an
affirmative answer would characterize Carleson measures for the Hardy space H? as
a special case, and it is well known that the characterization of Carleson measures for
Hardy spaces is very technical. On the other hand, two special cases can be disposed
of easily: Corollary 47 covers the case « > —1 and p > 0, while Corollary 48 covers the
case a = —1 and 0 < p < 2. In view of recent work by Arcozzi, Rochberg, and Sawyer
(see [5], [6], and [7]) concerning Carleson measures for the standard Besov spaces
B, = A* (nt1)? the extension of Theorem 46 to the case p > 1 when « is arbitrary is
most likely a very challenging problem.

After the completion of this paper, several other interesting characterizations for
Bergman spaces have appeared. See [37], [43], and [63].
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