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CREATION OF FERMIONS BY
ROTATING CHARGED BLACK HOLES

Dietrich HAFNER

Abstract. — This work is devoted to the mathematical study of the Hawking effect
for fermions in the setting of the collapse of a rotating charged star. We show that an
observer who is located far away from the star and at rest with respect to the Boyer
Lindquist coordinates observes the emergence of a thermal state when his proper
time goes to infinity. We first introduce a model of the collapse of the star. We
suppose that the space-time outside the star is given by the Kerr-Newman metric.
The assumptions on the asymptotic behavior of the surface of the star are inspired
by the asymptotic behavior of certain timelike geodesics in the Kerr-Newman metric.
The Dirac equation is then written using coordinates and a Newman-Penrose tetrad
which are adapted to the collapse. This coordinate system and tetrad are based on
the so called simple null geodesics. The quantization of Dirac fields in a globally
hyperbolic space-time is described. We formulate and prove a theorem about the
Hawking effect in this setting. The proof of the theorem contains a minimal velocity
estimate for Dirac fields that is slightly stronger than the usual ones and an existence
and uniqueness result for solutions of a characteristic Cauchy problem for Dirac fields
in the Kerr-Newman space-time. In an appendix we construct explicitly a Penrose
compactification of block I of the Kerr-Newman space-time based on simple null
geodesics.

Résumé (Création de fermions par des trous noirs chargés en rotation)

Ce travail est consacré a I’étude mathématique de l'effet Hawking pour des fermions
dans le cadre de l'effondrement d’une étoile chargée en rotation. On démontre qu'un
observateur localisé loin de 1’étoile et au repos par rapport aux coordonnées de Boyer-
Lindquist observe ’émergence d’un état thermal quand son temps propre tend vers
I'infini. On introduit d’abord un modéle de I'effondrement de ’étoile. On suppose que
I'espace-temps a l’extérieur de I’étoile est donné par la métrique de Kerr-Newman.
Les hypothéses sur le comportement asymptotique de la surface de 1’étoile sont in-
spirées par le comportement asymptotique de certaines géodésiques de type temps
dans la métrique de Kerr-Newman. L’équation de Dirac est alors écrite en utilisant
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des coordonnées et une tétrade de Newman-Penrose adaptées a l'effondrement. Ce
systéme de coordonnées et cette tétrade sont basés sur des géodésiques qu’on appelle
des géodésiques simples isotropes. La quantification des champs de Dirac dans un
espace-temps globalement hyperbolique est décrite. On formule un théoréme sur 1’ef-
fet Hawking dans ce cadre. La preuve du théoréme contient une estimation de vitesse
minimale pour les champs de Dirac légérement plus forte que les estimations usuelles
ainsi qu’'un résultat d’existence et d’unicité pour les solutions d’un probléme carac-
téristique pour les champs de Dirac dans I'espace-temps de Kerr-Newman. Dans un
appendice, nous construisons explicitement la compactification de Penrose du bloc I
de I'espace-temps de Kerr-Newman qui est basée sur les géodésiques simples isotropes.
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CHAPTER 1

INTRODUCTION

It was in 1975 that S.W. Hawking published his famous paper about the creation
of particles by black holes (see [30]). Later this effect was analyzed by other authors
in more detail (see e.g. [47]) and we can say that the effect was well understood from
a physical point of view at the end of the 1970’s. From a mathematical point of view,
however, fundamental questions linked to the Hawking radiation such as scattering
theory for field equations on black hole space-times had not been addressed at that
time.

In the early 1980’s Dimock and Kay started a research programme concerning
scattering theory on curved space-times. They obtained an asymptotic completeness
result for classical and quantum massless scalar fields on the Schwarzschild metric
(see [21]-][20]). Their work was pushed further by Alain Bachelot in the 1990’s. He
showed asymptotic completeness for Maxwell and Klein-Gordon fields (see [1], [2])
and gave a mathematically precise description of the Hawking effect (see [3]-[5]) in
the spherically symmetric case. Meanwhile other authors contributed to the subject
such as Nicolas [38], Jin [33] and Melnyk [36], [37]. All these works deal with the
spherically symmetric case.

The more realistic case of a rotating black hole is more difficult. In the spherically
symmetric case, the study of a field equation can be reduced to the study of a 1+ 1
dimensional equation with potential. In the Kerr case this reduction is no longer
possible and the methods used in the papers cited so far do not apply. A paper by
De Biévre, Hislop, Sigal using different methods appeared in 1992 (see [10]). By means
of a Mourre estimate they show asymptotic completeness for the wave equation on
non-compact Riemannian manifolds; possible applications are therefore static situa-
tions such as the Schwarzschild case, which they treat, but the Kerr geometry is not
even stationary. In this context we also mention the paper of Daudé about the Dirac
equation in the Reissner-Nordstrom metric (see [14]). A complete scattering theory
for the wave equation on stationary, asymptotically flat space-times, was obtained by
the author in 2001 (see [27]). To our knowledge the first asymptotic completeness
result in the Kerr case was obtained by the author in [28], for the non superradiant
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modes of the Klein-Gordon field. The first complete scattering theory for a field equa-
tion in the Kerr metric was obtained by Nicolas and the author in [29] for massless
Dirac fields. This result was generalized by Daudé in [15] to the massive charged
Dirac field in the Kerr-Newman metric. All these papers use Mourre theory.

The aim of the present paper is to give a mathematically precise description of the
Hawking effect for spin % fields in the setting of the collapse of a rotating charged star.
We show that an observer who is located far away from the black hole and at rest with
respect to the Boyer-Lindquist coordinates observes the emergence of a thermal state
when his proper time ¢ goes to infinity. Let us give an idea of the theorem describing
the effect. Let r. be the Regge-Wheeler coordinate. We suppose that the boundary
of the star is described by 7. = z(t,0). The space-time is then given by

Meol = UEEOI, EEOI = {(t,r*,w) €eRy xR, xS%r, > z(t,e)}.
t

The typical asymptotic behavior of z(¢,0) is (k4 > 0):

2(t,0) = —t — A(0)e 2"+ + B(0) + O(e”**+?), t— oo.
Let #; = L?((X¢°!, dVol); C*). The Dirac equation can be written as
(1.1) ;¥ = i), ¥ + boundary condition.

We will put a MIT boundary condition on the surface of the star. The evolution of the
Dirac field is then described by an isometric propagator U(t, s) : s — ;. The Dirac
equation on the whole exterior Kerr-Newman space-time Mgy will be written as

O =iD0.

Here I) is a selfadjoint operator on # = L?((R,, x S2%, dr,dw);C*). There exists
an asymptotic velocity operator P* such that for all continuous functions J with
lim|g| o J(z) = 0 we have

J(PF) = s~ lm e *Py(It)etP.

Let %Uco1(Meo) (resp. Upn(Mpu)) be the algebras of observables outside the col-
lapsing body (on the space-time describing the eternal black hole) generated by
U (P1) Vo1 (P2) (resp. Ui (P1)Upu(P2)). Here Weoi(P) (resp. Upu(P)) are the
quantum spin fields on M, (resp. Mpu). Let weo be a vacuum state on Ueol(Meo);
Wyac @ vacuum state on Upu(Mpu) and wiiy, be a KMS-state on %Ugp(Mpu) with
inverse temperature o > 0 and chemical potential u = " (see Chapter 5 for details).

For a function ® € C§°(Mpn) we define
T (t,ry,w) = ®(t — T, 74, w).
The theorem about the Hawking effect is:

THEOREM 1.1 (Hawking effect). — Let

o, € (C&(Meo))’, 7=1,2.

MEMOIRES DE LA SMF 117
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Then we have
(12) TIEI;O wCOI(‘II:OI(q)CIT)\IIcol((I)g))
= o (Wi (1 (P7)02) Wi (1 (P7)2))
+ Wvac (‘I’*BH (1p- (P7)®1) ¥pH (1r- (P_)q>2)> ,

qQr4 aD, .
i +a?  ri+a?

1 K
THow = — = +’ M:eon7 n=
o 2w

Here ¢ is the charge of the field, @) the charge of the black hole, a the angular
momentum per unit mass of the black hole, 7y = M + /M2 — (a? + Q?) defines the
outer event horizon and k4 is the surface gravity of this horizon. The interpretation
of (1.2) is the following. We start with a vacuum state which we evolve in the proper
time of an observer at rest with respect to the Boyer Lindquist coordinates. The limit
when the proper time of this observer goes to infinity is a thermal state coming from
the event horizon in formation and a vacuum state coming from infinity as expressed
on the R.H.S of (1.2). The Hawking effect is often interpreted in terms of particles,
the antiparticle falling into the black hole and the particle escaping to infinity. From
our point of view this interpretation is somewhat misleading. The effect really comes
from an infinite Doppler effect and the mixing of positive and negative frequencies.
To explain this a little bit more we describe the analytic problem behind the effect.
Let f(r.,w) € C§°(R x S?%). The key result about the Hawking effect is

(13)  Jim 10,0000, T/

- o o Dy— — — 2
= (Lp+ (P7) f,pe” P(1+ pe” P) " 1 (P7) f) + || 110,00) (B) 1 (P7) £
where u,n,0 are as in the above theorem. Equation (1.3) implies (1.2).

The term on the L.H.S. comes from the vacuum state we consider. We have to
project on the positive frequency solutions (see Chapter 5 for details). Note that we
consider in (1.3) the time reversed evolution. This comes from the quantization pro-
cedure. When time becomes large the solution hits the surface of the star at a point
closer and closer to the future event horizon. Figure 1 shows the situation for an
asymptotic comparison dynamics, which satisfies Huygens’ principle. For this asymp-
totic comparison dynamics the support of the solution concentrates more and more
when time becomes large, which means that the frequency increases. The consequence
of the change in frequency is that the system does not stay in the vacuum state.

We conclude this introduction with some comments on the boson case which we
do not treat in this paper. This case is more difficult because of the superradiance
phenomenon. There exists no positive conserved energy for the wave equation in
block I of the Kerr metric. This is linked to the fact that the Kerr metric is not
stationary outside the black hole. Because of the difficulty linked to superradiance,
there is at present no complete scattering theory for the wave equation on the Kerr
metric, a necessary prerequisite for the mathematical description of the Hawking
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surface of the star /

supp g’

propagation of singularities
supp(Ue(te, T)Q f)r)

=)

FIGURE 1. The collapse of the star

effect. However some progress in this direction has been made by Finster, Kamran,
Smoller and Yau who obtained an integral representation for the propagator of the
wave equation on the Kerr metric (see [22]). We also refer to [7] for scattering results
in a superradiant situation.

Notations

Let (M, g) be a smooth 4-manifold equipped with a lorentzian metric g with sig-
nature (4, —, —, —). We denote by V, the Levi-Civita connection on (JH, g).

Many of our equations will be expressed using the two-component spinor notations
and abstract index formalism of R. Penrose and W. Rindler [44].

Abstract indices are denoted by light face latin letters, capital for spinor indices
and lower case for tensor indices. Abstract indices are a notational device for keeping
track of the nature of objects in the course of calculations, they do not imply any
reference to a coordinate basis, all expressions and calculations involving them are
perfectly intrinsic. For example, g, will refer to the space-time metric as an intrinsic
symmetric tensor field of valence [g] ,i.e. a section of T* UOT* M and ¢g*° will refer to
the inverse metric as an intrinsic symmetric tensor field of valence [g] , i.e. a section of
TM © TM (where ® denotes the symmetric tensor product, TS% the tangent bundle
to our space-time manifold % and T*/ its cotangent bundle).

Concrete indices defining components in reference to a basis are represented by bold
face latin letters. Concrete spinor indices, denoted by bold face capital latin letters,
take their values in {0,1} while concrete tensor indices, denoted by bold face lower
case latin letters, take their values in {0, 1,2, 3}. Consider for example a basis of T,
that is a family of four smooth vector fields on J: B = {eo, 1, €2, €3} such that at each
point p of M the four vectors eg(p), e1(p), e2(p), e3(p) are linearly independent, and
the corresponding dual basis of T*U: B* = {e,e!,e?,e*} such that e®(ep) = 4,

MEMOIRES DE LA SMF 117
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where 0g denotes the Kronecker symbol ; gan, will refer to the components of the
metric g,p in the basis B: gap = g(ea,ep) and ¢g2P will denote the components of
the inverse metric ¢g2° in the dual basis $”, i.e. the 4 x 4 real symmetric matrices
(gap) and (gab) are the inverse of one another. In the abstract index formalism, the
basis vectors eq, a = 0,1,2, 3, are denoted e,® or go,®. In a coordinate basis, the basis
vectors eq are coordinate vector fields and will also be denoted by 9, or 8/9z% ; the
dual basis covectors e® are coordinate 1-forms and will be denoted by dz®.

We adopt Einstein’s convention for the same index appearing twice, once up, once
down, in the same term. For concrete indices, the sum is taken over all the values of
the index. In the case of abstract indices, this signifies the contraction of the index,
i.e. f,V@ denotes the action of the 1-form f, on the vector field V°.

For a manifold Y we denote by Cp°(Y') the set of all C* functions on Y, that
are bounded together with all their derivatives. We denote by C(Y') the set of all
continuous functions tending to zero at infinity.

Acknowledgments

The author warmly thanks A. Bachelot, J.-F. Bony and J.-P. Nicolas for fruit-
ful discussions. This work was partially supported by the ANR project JC0546063
“Bquations hyperboliques dans les espaces-temps de la relativité générale: Diffusion
et résonances”.






CHAPTER 2

STRATEGY OF THE PROOF AND
ORGANIZATION OF THE ARTICLE

2.1. The analytic problem

Let us consider a model, where the eternal black hole is described by a static space-
time (although the Kerr-Newman space-time is not even stationary, the problem will
be essentially reduced to this kind of situation). Then the problem can be described
as follows. Consider a riemannian manifold ¥y with one asymptotically euclidean end
and a boundary. The boundary will move when t becomes large asymptotically with
the speed of light. The manifold at time ¢ is denoted X;. The “limit" manifold ¥ is a
manifold with two ends, one asymptotically euclidean and the other asymptotically
hyperbolic (see Figure 1). The problem consists in evaluating the limit

Tlgnoo ”1[0,00)(12)0)(](07 T)fHOa

where U(0,T) is the isometric propagator for the Dirac equation on the manifold
with moving boundary and suitable boundary conditions. It is worth noting that the
underlying scattering theory is not the scattering theory for the problem with moving
boundary but the scattering theory on the “limit" manifold. It is largely believed that
the result does not depend on the boundary condition. We will show in this paper
that it does not depend on the chiral angle in the MIT boundary condition. Note also
that the boundary viewed in J,{t} x ¥, is only weakly timelike, a problem that has
been rarely considered (but see [4]).

One of the problems for the description of the Hawking effect is to derive a reason-
able model for the collapse of the star. We will suppose that the metric outside the
collapsing star is always given by the Kerr-Newman metric. Whereas this is a gen-
uine assumption in the rotational case, in the spherically symmetric case Birkhoffs
theorem assures that the metric outside the star is the Reissner-Nordstrém metric.
We will suppose that a point on the surface of the star will move along a curve which
behaves asymptotically like a timelike geodesic with L = ¢ = E= 0, where L is the
angular momentum, E the rotational energy and ¢ the Carter constant. The choice
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o
/ t— o0
boundary asymptotically
euclidean end
b
asymptotically asymptotically
hyperbolic end euclidean end

FIGURE 1. The manifold ¥y at time ¢t = 0 and the limit manifold X

of geodesics is justified by the fact that the collapse creates the space-time, i.e. an-
gular momenta and rotational energy should be zero with respect to the space-time.
We will need an additional asymptotic condition on the collapse. It turns out that
there is a natural coordinate system (¢, 7,w) associated to the collapse. In this coor-
dinate system the surface of the star is described by 7 = Z(¢,6). We need to assume
the existence of a constant C' such that

(2.1) |2(t,0) +t+C| — 0, t— oc.

It can be checked that this asymptotic condition is fulfilled if we use the above
geodesics for some appropriate initial condition. On the one hand we are not able
to compute this initial condition explicitly, on the other hand it seems more natural
to impose a (symmetric) asymptotic condition than an initial condition. If we would
allow in (2.1) a function C(6) rather than a constant, the problem would become
more difficult. Indeed one of the problems for treating the Hawking radiation in the
rotational case is the high frequencies of the solution. In contrast with the spherically
symmetric case, the difference between the Dirac operator and an operator with con-
stant coefficients is near the horizon always a differential operator of order one(). This
explains that in the high energy regime we are interested in, the Dirac operator is not
close to a constant coefficient operator. Our method to prove (1.3) is to use scattering
arguments to reduce the problem to a problem with a constant coefficient operator,
for which we can compute the radiation explicitly. If we do not impose a condition
of type (2.1), then in all coordinate systems the solution has high frequencies, in the

(1) In the spherically symmetric case we can diagonalize the operator. After diagonalization the differ-
ence is just a potential.

MEMOIRES DE LA SMF 117
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radial as well as in the angular directions. With condition (2.1) these high frequencies
only occur in the radial direction. Our asymptotic comparison dynamics will differ
from the real dynamics only by derivatives in angular directions and by potentials.

2.2. Strategy of the proof

In this section we will give some ideas of the proof of (1.3). We want to reduce
the problem to the evaluation of a limit that can be explicitly computed. To do so,
we use the asymptotic completeness results obtained in [29] and [15]. There exists a
constant coefficient operator I),_ such that the following limits exist:

Wt =s— tlirinoo e PP (P%),

Qf = 5— lim e #P- Py (PH).
t—+oo
Here P% is the asymptotic velocity operator associated to the dynamics et P—. Then
the R.H.S. of (1.3) equals

1 10,00) (D)1 (PO)f||* 4+ (Qf, pe” P (1 + pe” P-) 710 f).

The aim is to show that the incoming part is
. _ 2 _ - - 1
Jim (|10, (D 0)U— (0, T)Qf || = (QZf, pe” P (1 + pe” P-)7rQ f),

where the equality can be shown by explicit calculation. Here ]ﬁH,t and U_(s,t) are
the asymptotic operator with boundary condition and the associated propagator. The
outgoing part is easy to treat.

As already mentioned, we have to consider the solution in a high frequency regime.
Using the Regge-Wheeler variable as a position variable and, say, the Newman-Penrose
tetrad used in [29] we find that the modulus of the local velocity

[irs, ] = h*(rs, w)T!

is not equal to 1, whereas the asymptotic dynamics must have constant local velocity.
Here h is a continuous function and I'! a constant matrix. Whereas the (r.,w) coor-
dinate system and the tetrad used in [29] were well adapted to the time dependent
scattering theory developed in [29], they are no longer well adapted when we consider
large times and high frequencies. We are therefore looking for a variable 7 such that

{(t,?,w); Txt= Const.}

are characteristic surfaces. By a separation of variables Ansatz we find a family of
such variables and we choose the one which is well adapted to the collapse of the star
in the sense that along an incoming null geodesic with L = ) = 0 we have

o

ot
This variable turns out to be a generalized Bondi-Sachs variable. The null geodesics
with L = ) = 0 are generated by null vector fields N* that we choose to be £ and n in
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the Newman-Penrose tetrad. If we write down the hamiltonian for the Dirac equation
with this choice of coordinates and tetrad we find that the local velocity now has
modulus 1 everywhere and our initial problem disappears. The new hamiltonian is
again denoted ). Let I)_ be an asymptotic comparison dynamics near the horizon
with constant coefficients. Note that (1.3) is of course independent of the choice of
the coordinate system and the tetrad, i.e. both sides of (1.3) are independent of these
choices. We now proceed as follows:

1) We decouple the problem at infinity from the problem near the horizon by cut-off
functions. The problem at infinity is easy to treat.

2) We cousider U(¢,T)f on a characteristic hypersurface A. The resulting charac-
teristic data is denoted g?. We will approximate Q2 f by a function (QZ f)r with
compact support and higher regularity in the angular derivatives. Let U_(s,t) be the
isometric propagator associated to the asymptotic hamiltonian I),_ with MIT bound-
ary conditions. We also consider U (¢,7)(Q2_ f)r on A. The resulting characteristic
data is denoted g‘T_’ g~ The situation for the asymptotic comparison dynamics is shown
in Figure 1, Chapter 1.

3) We solve a characteristic Cauchy problem for the Dirac equation with data g: R
The solution at time zero can be written in a region near the boundary as

G(9L g) = U(0,5T + co)®(3T + <o),

where @ is the solution of a characteristic Cauchy problem in the whole space (without
the star). The solutions of the characteristic problems for the asymptotic hamiltonian
are written in a similar way and denoted respectively G<_(g: gr) and &_.

4) Using the asymptotic completeness result we show that g7 — gf'; r — 0 when
T, R — oo. By continuous dependence on the characteristic data we see that

G(g") - G(gL gr) — 0, T,R— oo.
5) We write
Ggl g) — G (9L ) =U(0, 5T + c0) (23T + co) — @ (3T + o))
+ (U0, + o) —U—(0,1T + ¢0)) @ (AT + o).

The first term becomes small near the boundary when T becomes large. We then note
that for all € > 0 there exists t. > 0 such that

[(Ute, 3T + co) = Ue(te, 3T + ¢0))P (3T + o) || < €

uniformly in T large. The function U (t, 3T + co)®— (5T + co) will be replaced by
a geometric optics approximation th which has the following properties:

(2.2) supp th - ( —te— |O(e "1, —te),
(2.3) Fg: -0, T - oo,
(2.4) YA>0, Op(x((¢) <Mg))F. —0, T — oo

Here £ and q are the dual coordinates to 7, 6 respectively.
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6) We show that for A sufficiently large possible singularities of
Op (x((6) = Ma))) F¥

are transported by the group e “<? in such a way that they always stay away from
the surface of the star.

7) From the points 1) to 5) follows:
20,00 D0)i-U (0, T f[g = lim |[[1j0,00) (Bo)U (0, t)EL 5,

where j_ is a smooth cut-off which equals 1 near the boundary and 0 at infinity. Let
¢s be a cut-off outside the surface of the star at time 0. If ¢s = 1 sufficiently close to
the surface of the star at time 0 we see by the previous point that

(2.5) (1—¢s)e ™ PFEL —0, T — co.

lim
T—o00

Using (2.5) we show that (modulo a small error term)
(U(0,t) — pse *P)ET — 0, T — oo.
Therefore it remains to consider

Jim (|10 c0) Bo)ds e PEL ||,

8) We show that we can replace 1 o) (1g) by 1[,00)(1D). This will essentially allow
to commute the energy cut-off and the group. We then show that we can replace the
energy cut-off by 1jg .)(1D._). We end up with

(2.6) dim [1p0,00) (D) e <P F

9) We compute the limit in (2.6) explicitly.

2.3. Organization of the article

The paper is organized as follows:

> In Chapter 3 we present the model of the collapsing star. We first analyze the
geodesics in the Kerr-Newman space-time and explain how the Carter constant can
be understood in terms of the hamiltonian flow. We construct the variable 7 and show
that .
or . .
5= +1 along null geodesics with L = ¢ = 0.
We then show that in the (¢, 7,w) coordinate system we have along incoming timelike

geodesics with L = () = E = 0:
(2.7) F=—t— A(0,r0)e 2+ + B(0,r0) + O(e*+)
with A\(O, ro) > 0. Our assumption will be that a point on the surface behaves asymp-

totically like (2.7) with B(6g,70(6o)) = Const. Here ro(fp) is a function defining the
surface at time t = 0.
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> In Chapter 4 we describe classical Dirac fields. We introduce a new Newman-
Penrose tetrad and compute the new expression of the equation. New asymptotic
hamiltonians are introduced and classical scattering results are obtained from scat-
tering results in [29] and [15]. The MIT boundary condition is discussed in detail.

> Dirac quantum fields are discussed in Chapter 5. We first present the second
quantization of Dirac fields and then describe the quantization in a globally hyperbolic
space-time. The theorem about the Hawking effect is formulated and discussed in
Section 5.3.

> In Chapter 6 we show additional scattering results that we will need later. A min-
imal velocity estimate slightly stronger than the usual ones is established.

> In Chapter 7 we solve the characteristic problem for the Dirac equation. We
approximate the characteristic surface by smooth spacelike hypersurfaces and recover
the solution in the limit. This method is close to that used by Hérmander in [32] for
the wave equation.

> Chapter 8 contains several reductions of the problem. We show that (1.3) implies
the theorem about the Hawking effect. We use the axial symmetry to fix the angular
momentum. Several technical results are collected.

> Chapter 9 is devoted to the comparison of the dynamics on the interval [t.,T].

> In Chapter 10 we study the propagation of singularities for the Dirac equation
in the Kerr-Newman metric. We show that “outgoing" singularities located in

{(7w,6,9); 7> ~tc—C7, €| > Clal}
stay away from the surface of the star for C' large.
> The main theorem is proven in Chapter 11.
> Appendix A contains the proof of the existence and uniqueness of solutions of
the Dirac equation in the space-time describing the collapsing star.
> In Appendix B we show that we can compactify the block I of the Kerr-Newman
space-time using null geodesics with L = ¢) = 0 instead of principal null geodesics.
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CHAPTER 3

THE MODEL OF THE COLLAPSING STAR

The purpose of this chapter is to describe the model of the collapsing star. We will
suppose that the metric outside the star is given by the Kerr-Newman metric, which is
discussed in Section 3.1. Geodesics are discussed in Section 3.1.2. We give a description
of the Carter constant in terms of the associated hamiltonian flow. A new position
variable is introduced. In Section 3.2 we give the precise asymptotic behavior of the
boundary of the star using this new position variable. We require that a point on the
surface behaves asymptotically like incoming timelike geodesics with L = ¢) = E= 0,
which are studied in Section 3.2.1. The precise assumptions are given in Section 3.2.2.

3.1. The Kerr-Newman metric

We give a brief description of the Kerr-Newman metric, which describes an eternal
rotating charged black hole. A detailed description can be found e.g. in [48].

3.1.1. Boyer-Lindquist coordinates. — In Boyer-Lindquist coordinates, a Kerr-
Newman black hole is described by a smooth 4-dimensional lorentzian manifold

Mpa = Ry x R, x S2, whose space-time metric g and electromagnetic vector
potential ®, are given by
( 2 —2M 2asin® 0(2Mr — Q? 2
g= (1+Q72’4)dt2+ asin” 6( Mr-Q )dtdga—%dr2
P P

o2

—p?de? — — sin? 6 de?,
p

(3.1) p?=r?2+a%cos?l, A=r2—-2Mr+a®+ Q>

02 = (r2 4+ a®)p® + 2Mr — Q?)a’sin? 0 = (12 + a?)? — a®>Asin? 0,

Qr
F

@, dz® = — = (dt — asin®Hdyp).
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Here M is the mass of the black hole, a its angular momentum per unit mass and ) the
charge of the black hole. If @ = 0, g reduces to the Kerr metric, and if Q@ = a = 0 we re-
cover the Schwarzschild metric. The expression (3.1) of the Kerr metric has two types
of singularities. While the set of points {p? = 0} (the equatorial ring {r = 0; § = 17}
of the {r = 0} sphere) is a true curvature singularity, the spheres where A vanishes,
called horizons, are mere coordinate singularities. We will consider in this paper subex-
tremal Kerr-Newman space-times, that is we suppose Q2 + a2 < M?2. In this case A
has two real roots:

(3.2) ry =M+ /M2 — (a® + Q2).

The spheres {r = r_} and {r = r;} are called event horizons. The two horizons
separate Mgy into three connected components By, By, By called Boyer-Lindquist
blocks (ry <r,r_ <r <ry,r <r_). No Boyer-Lindquist block is stationary, that is
to say there exists no globally defined timelike Killing vector field on any given block.
In particular, block I contains a toroidal region, called the ergosphere, surrounding
the horizon,

(3.3) 62{(t,'r,9,g0); 7'+<7"<M+\/M2—Q2—a2cos20},

where the vector §/0¢t is spacelike.

An important feature of the Kerr-Newman space-time is that it has Petrov type D
(see e.g. [42]). This means that the Weyl tensor has two double roots at each point.
These roots, referred to as the principal null directions of the Weyl tensor, are given
by the two vector fields

2 2
TR
Since V*t and V'~ are twice repeated null directions of the Weyl tensor, by the
Goldberg-Sachs theorem (see for example [42, Theorem 5.10.1]) their integral curves
define shear-free null geodesic congruences. We shall refer to the integral curves of V'
(resp. V™) as the outgoing (resp. incoming) principal null geodesics and write from
now on PNG for principal null geodesic. The plane determined at each point by the
two prinipal null directions is called the principal plane.

VE = Dy

We will often use a Regge-Wheeler type coordinate 7, in By instead of r (see [13]),
which is given by
1 1
(3.4) 7“*:r+mln|r—r+|—Kln|r—r_|—|—Ro,

where Ry is any constant of integration and
(3.5) K4 =

are the surface gravities at the outer and inner horizons. The variable r, satisfies

dr, r2 + a?
3.6 = .
(3.6) dr A
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When r runs from r to oo, 4 runs from —oo to co. We put
(3.7) ¥ :=R,, xS2

We conclude this section with a useful identity on the coefficients of the metric:

Q% —2Mr 4 a?sin? 0(2Mr — Q?)? _ p2A

(3.8) T =

p2o? o

3.1.2. Some remarks about geodesics in the Kerr-Newman space-time. —
It is one of the most remarkable facts about the Kerr-Newman metric that there exist
four first integrals for the geodesic equations. If « is a geodesic in the Kerr-Newman
space-time, then p := (v/,7’) is conserved. The two Killing vector fields 9, 9,, give two
first integrals, the energy E := (7/,0;) and the angular momentum L := —(v,0,).
There exists a fourth constant of motion, the so-called Carter constant K (see [12]).
Even if these facts are well known we shall prove them here. The explicit form of the
Carter constant in terms of the hamiltonian flow appearing in the proof will be useful
in the following. We will also use the Carter constant ¢ = X — (L — aFE)?, which
has a somewhat more geometrical meaning, but gives in general more complicated
formulas. Let

(3.9) P:=(r?+a®)E—aL, D:=L—aEsin?é.

We will consider the hamiltonian flow of the principal symbol of %Dg and then use
the fact that a geodesic can be understood as the projection of the hamiltonian flow
on Mpy.- The d’Alembert operator associated to the Kerr-Newman metric is given by

o 5 2a(Q*—2Mr) A —a%sin?0 _,

3.10 d, = 0,0, —
( ) g p2A t p2A »Ut pzASil’l20 ¥
1 1 1 .
— EarAar — pﬁm@@ sin 069
The principal symbol of %Dg is
1 /o2 2a(Q? —2Mr) A — a?sin? 6
(311) P = TPQ (KT2 - A quT - ASinQ 9 q?a - A|§|2 - qg)
Let

Cp:={(t,7,0,0;7,¢,00,05); P(t,7,0,0;7,§, 00, 95) = 5P}

Here (7,&, 49, q,) is dual to (¢,7,6,¢). We have the following:

THEOREM 3.1. — (i) Let z9 = (to,70, %0, 60, 70, &0, G805 90, ) € Gp and

x(s) = (t(s)a T(S)a 9(8)7 90(3); T(S), 6(3)7 q@(s)a qtp(s))
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be the associated hamiltonian flow line. Then we have the following constants of mo-
tion
p:2Pa E:Ta L:_qcpa

(3.12) D? 2

P
K = a3+ ——5— +pa’cos®§ = —— — Al¢]* — pr?,
q@ Sin20 pa COs A |§| pT

where D, P are defined in (3.9).
It follows:

COROLLARY 3.1. — Let v with v = t'0; + 1'0, + 6’09 + ¢'0, be a geodesic in the
Kerr-Newman space-time. Then there exists a constant X = K., such that

(3.13) p(")? = R(r) = A(=pr? — X) + P?,
D2
3.14 p*(0)2 =0(0) = X — pa®cos’hd — ——
( 2
sin” 6
D aP
3.15 2= — 4 =,
( ) pe sin? 6 * A
(3.16) p’t' =aD + (r* + az)g-

REMARK 3.1. — Theorem 3.1 explains the link between the Carter constant X and
the separability of the wave equation. Looking for f in the form

F(t,r,0,0) = ™™ fo(r) fo(0)

we find
O,f =0
(r’+a?)? ,  2a(Q*-2Mr) r? + a? 9 9 a’n?
= ( N + A nw + A D, (r*+a°)D,, A )f
+ (a2 sin? fw? + + LDg sinODg)f =0.
sin?@  sinf
For fixed w

w 2 .2 2 D<2P 1 :
Pg; :=a”sin” 0w* + 2 d + @DQ sin 6 Dy
is a positive elliptic operator on the sphere with eigenfunctions of the form e¢ fy(0).
This gives the separability of the equation. The Carter constant is the analogue of

the eigenvalue of Pg in classical mechanics.

Proof of Theorem 3.1. — The hamiltonian equations are:
. o? Q% —2Mr

(3.17) i= (pZAT—a A qgo),

(3.18) =0,
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. A

(319) r= _?5’

(3.20) £=-9,P,
) g6

(3.21) i=—2%

(3.22) . _d’sinfcos® , 1 . g3  a’cosOsing

. = p? 2p? o sin? 0 p? b,

. (a@2Mr—Q* A —a®sin’6

(323) w = ( pQA T p2ASin2 0 qgo)’

(3.24) 4o =0,

where we have used that (¢,7,6,¢,7,§,96,9,) stays in &p,. The first two constants
of motion follow from (3.18), (3.24). We multiply (3.22) with gy given by (3.21) and
obtain

1d ¢

. 2 . 24
= —a“sinfcos 770 — ——
qdo4e 2dtsin20

+ a2 cos 0 sin Qép

1d 2
= —f—< 2sin? 672 + _qitpe +a2(3052¢9p)

2 dt sin®

2

— q3 +a’sin? 077 + .qiég + a”cos? Op = K = Const.
sin

To obtain the second expression for K we use the fact that the flow stays in G,. O

The case L = 0 is of particular interest. Let v be a null geodesic with energy FE > 0,
Carter constant K, angular momentum L = 0 and given signs of 7, 0). We can as-
sociate a hamiltonian flow line using (3.12) to define the initial data 79,0, g6,y
given tg, 70,00, po. The signs of gg, and & are fixed by signgg, = —signé| and
sign&y = —signr|. From (3.12) we infer conditions under which &, gy do not change
their signs:

2 22E2
K < i (Ha?)E

= ¢ does not change its sign,
re(ry,00) A

) > 0 = ¢y does not change its sign.

Note that in the case ¢ = 0 « is either in the equatorial plane or it does not cross it.
Under the above conditions £ (resp. gg) can be understood as a function of r (resp. )
alone. In this case let kx g and {4 g such that

dky p(r) _ £(r) _w®)

(325) T = T, /jg,E - E v TH,E ‘= k?(,E(T) +Z7(,E(9)

It is easy to check that (¢,74 g,w) is a coordinate system on block I. We note that
by (3.16) we have st = Ec?/A > 0, thus 7,6, ¢ can be understood as functions of ¢
along .
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LEmMA 3.1. — Ift is the Boyer-Lindquist time, we have

"% &
ot

(3.26) =—1 along .

Proof. — This is an explicit calculation using equations (3.13)—(3.16), (3.17)—(3.24):

Oxp _OTxp Or 0s OTxp 00 0Os

ot~ or 0s ot 00 0s ot
_ 2 oy 1 2 N A
=~ (g + laol?) 1 (aD + (2 + a®) 5 )
1,P> D? 5 o P\1

We will suppose from now on r{ < 0, i.e. our construction is based on incoming
null geodesics.

REMARK 3.2. — Using the axial symmetry of the Kerr-Newman space-time we can
for many studies of field equations in this background fix the angular momentum
0, = in in the expression of the operator. The principal symbol of the new operator
is the principal symbol of the old one with g, = 0. This explains the importance
of Lemma 3.1.

We will often use the r, variable and its dual variable £*. In this case we have
to replace £(r) by ((r? + a?)/A)&*(r.). The function ky g is then a function of 7,
satisfying

*

(3.27) K 5(r.) = %

where the prime denotes derivation with respect to r.. Using the explicit form of the
Carter constant in Theorem 3.1 we find

AKX
(3.28) ( lic,E)z =1- (r2 + a2)2E2’
(3.29) Uy )= % — a*sin? 6.

In particular we have

(r? +a?)? A
O e s =1

(3:30) (K ) —

We will often consider the case ¢ = 0 and write in this case simply k, ¢ instead
of ka2E2,E and £a2E2,E-
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REMARK 3.3. — The incoming null geodesics with Carter constant K, angular mo-
mentum L = 0, energy F > 0 and given sign of 6} are the integral curves of the
following vector fields

a E (02
(3.31) Mg = (Kat — (r? + a®)ky p(r«(r))0;
a(2Mr — Q?
@0y + Py
Let us put
a a(2Mr — Q?
Vid, = v/o? A (0, + %&p),
V504 = /A/p?0? ((r* + a®)ky p(ri(r))0r + Ly 5(6)0s),
a Vp?/o?
Wite =" %
a r? + a? A
Wito =" (e atnth ~kists)
Note that

‘/Ylavla = ]-7 ‘/2a‘/2a = Wlawla = WQGWQa = _17
L*N, =0 VYN®, L* € {V{, V', Wi, W}, L° # N°.

Clearly the considered null geodesics lie in IT = span{V}*, V#*}. Using the Frobenius
theorem (see e.g. [42, Theorem 1.7.4]) we see that, in contrast to the PNG case, in
our case the distribution of planes II+ = span{W{*, W§} is integrable.

COROLLARY 3.2. — For given Carter constant KX, energy E > 0 and sign of 6] the
following surfaces are characteristic:

E;ciE = {(t,rs,0,9); £t =Ty p(r.,0) + c}.

Proof. — By Lemma 3.1 the incoming null geodesic v with Carter constant X, en-
ergy E, angular momentum L = 0 and the correct sign of 6 lies entirely in G  if

the starting point lies in it. The geodesic y(—s) lies in i?j;_E O

REMARK 3.4. — (i) The variable 74 g is a Bondi-Sachs type coordinate. This coordi-
nate system is discussed in some detail in [23]. As in [23] we will call the null geodesics
with L = ¢ = 0 simple null geodesics (SNG’s).

(ii) A natural way of finding the variable 7y g is to start with Corollary 3.2. Look
for functions ky g(r.) and £x g(0) such that ??;’(iE ={*t = kg pg(r:) + Ly p(0)} is
characteristic. The condition that the normal is null is equivalent to (3.30). The curve

. . . c,+
generated by the normal lies entirely in G} .
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REMARK 3.5. — From the explicit form of the Carter constant in Theorem 3.1 follows:
% _ 0.

sin” §

This is the equation of the 6 motion and it is interpreted as conservation of the

mechanical energy with V(6) = (p — E?)a? cos? 6 + qi/sin2 0 as potential energy and
2

(3.32) q + (p— E*)a*cos? 6 +

g2 in the role of kinetic energy. The quantity E = (E? — p)a
rotational energy.

is usually called the

3.2. The model of the collapsing star

Let J, be the surface of the star at time ¢ = 0. We suppose that elements zg € ¢,
will move along curves which behave asymptotically like certain incoming timelike
geodesics 7p. All these geodesics should have the same energy E, angular momen-
tum L, Carter constant & (resp. ¢ = X — (L — aFE)?) and “mass" p := (v,,7,)-
We will suppose:

(A) The angular momentum L vanishes: L = 0.
(B) The rotational energy vanishes: E = a2(E2 — p) = 0.
(C) The total angular momentum about the axis of symmetry vanishes: ¢ = 0.

Conditions (A)—(C) are imposed by the fact that the collapse itself creates the
space-time, thus momenta and rotational energy should be zero with respect to the
space-time.

3.2.1. Timelike geodesics with L = () = E=0.— We study the above family of
geodesics. The starting point of the geodesic is denoted (0, g, 00, ¥o). Given a point
in the space-time, the conditions (A)-(C) define a unique cotangent vector provided
you add the condition that the corresponding tangent vector is incoming. The choice
of p is irrelevant because it just corresponds to a normalization of the proper time.

LEMMA 3.2. — Along the geodesic v, we have:

06
(3.33) 5 =0

O¢ _ a(2Mr — Q?)
(3.34) =

where t is the Boyer-Lindquist time.

Proof. — Equation (3.33) follows directly from (3.14). We have
1 2 2 E 2 2\2 —1
Op _0p0s _ (—aE—Fia(r ) )pQ(—a2ESin29—|—7(r +a) E)

ot ds ot p? A A
Aa a(2Mr — @Q?)
- O_QA(T2+G2—A)=70_2 . [
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The function d¢/dt = a(2Mr — Q?)/0? is usually called the local angular velocity
of the space-time. Our next aim is to adapt our coordinate system to the collapse of
the star. The most natural way of doing this is to choose an incoming null geodesic v
with L = @ = 0 and then use the Bondi-Sachs type coordinate as in the previous
section. In addition we want that k(r.) behaves like 7, when r, — —o0o0. We therefore
put

(3.35) k(re) =re + /_T* (\/1 - MZ)Q?_}% - 1) ds,

(3.36) £(0) = asind.

The choice of the sign of £ is not important, the opposite sign would have been pos-
sible. Recall that cos # does not change its sign along a null geodesic with L = ¢) = 0.
We fix the notation for the null vector fields generating v and the corresponding
outgoing vector field (see Remark 3.3):

Eo? (r? + a?)?

+,a _
(3.37) NEag, = 27 (at 4L

!/
p2A k (7"*)67‘*

g

A a(2Mr — Q?
+ ;acos 00y + %@,).

These vector fields will be important for the construction of the Newman-Penrose
tetrad. We put

(3.38) T =k(r.) + £(0)
and by Lemma 3.1 we have
(3.39) % = —1 along~.

Note that in the (¢,7,w) coordinate system the metric is given by

Q% —2Mry ., 2asin®(2Mr — Q?)
2 )dt + 2

(340) g=(1+ dtdy
A (A7 —0(6)d8)?
(r2 + a2)2 ICAE

22 O o 2
—p°df” — — sin” 0dp”.
p

In order to describe the model of the collapsing star we have to evaluate 07 /0t
along 7,. We start by studying (¢, ). Recall that 6(¢t) = 6y = Const. along 7, and
that £y = £(ry —7_)/(r2 + a?) is the surface gravity of the outer horizon. In what
follows a dot will denote derivation in .

LEMMA 3.3. — There ezist smooth functions Cy(8,70) and Ca(8,r0) such that along Yp
we have uniformly in 0,rg € [r1,r2] C (r4,00):

1 ~ ~
2%y In|r—ry|=—t—Ci(0,ro)e” " + Ca(0,0) + O(e™*+"), t— oo.
+
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Proof. — Note that (r?+a?) > A on [r, c0). Therefore dr /0t cannot change its sign.
As 7y, is incoming, the minus sign has to be chosen. From (3.13), (3.16) we find with
p=E?

or LA

5= —((r* + a®)(2Mr - Q%)) 2

We can consider 6 as a parameter. Equation (3.41) gives

(3.41)

T 0_2
3.42 =— —ds
342 ==/, (5% + a?)(2Ms — Q)1 A
= —ilnh‘ —7ry| +Cy — /r+ P(s)ds
with
o? 1 1
P(r):= - _
(r) (((r2+a2)(2Mr—Q2))E(r—r_) 2H+)7”—7”+
_(P1(T)_L) I Pf(r)_ﬁpg(” 1
TA\P(r) 2 =1 T R(n)(Pi(r) + 5 Pa(r)) T =T

~

1 o
Cy:i=—ln|rg—ry|+ / P(s)ds.
254— Ty

Note that PZ(ry) — (1/4k%)P3(ry) = 0. As PZ(r) — (1/4k%)P§(r) is a polynomial

we infer that P(r) is smooth at r. Let

F(r):= ! /T: P(s)ds.

r—ry

Clearly F' is smooth and lim,_,,, F(r) = P(ry) =: F(ry). From (3.42) we infer:
(3.43) oy = et (52—(r—r+)F(r))7

(3.44) r—ry = e 2r+t o2+ C2 of (1

with f(t) = O(e=2"+!). Putting (3.44) into (3.43) we obtain

_ O o—2r4t 203 Co f(1)
r—ry=e 2n+te2n+ (C2 e e e F(r))

so that

1 ~ -
—Ilnjlr—ry|=—-t+Csy — e 2r+t o214 Ca ef(t)F(r)
2/<6+

— _t + 62 _ e—2h}+tezﬁ+62F(T+)
+ 2+ @0(F(r,) — /O F(r))
and it remains to show

(3.45) F(ry) — ef@F(r) = g(e2r+t).
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We write
(3.46) F(ry)— e’ WF(r) = F(ry) — F(r) + (1 — D) F(r).

Noting that e/) = 1 + O(e2%+!) we obtain the required estimate for the second
term in (3.46). To estimate the first term we write

F(ry)—F(r) = / Plrs) = P(s) g

T+ 71_7'+
As |P(s) — P(r4)| < |s— ry| we have

S—7r
s S ] = ().
r—r4

R - FOI S [

T+

Equality (3.45) follows. From the explicit form of the equations it is clear that every-
thing is uniform in 6, rg € [r1, r2]. O

LEMMA 3.4. — (i) There exist smooth functions A(0,10), B(0,70) such that along vy,
we have uniformly in 0,rg € [r1,r2] C (r4,00):

e = —t — A(0,m9) e 2"+ + B(0,70) + O(e "), t— oco.

(ii) There exist smooth functions ,;1\(0,7“0) > O,E(O,ro) such that along v, we have
uniformly in 0,7 € [r1,7m2] C (r4,00) :

(3.47) F=—t— A(0,r0)e 2+ + B(0,r0) + O(e *+1), t — oo.
Furthermore there exists ko > 0 such that for allt > 0,0 € [0, 7] we have

2 .2)\2
((7“ —|—2a ) /2 _5‘;2) > kge2r+t,

g
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Proof. — (i) Recall that

b Infr -y - ——In|
Ty =T njr—ry|— njr—r_
2k T 9k

A =~ 1
=r—t—Ci(8,r0)e” >+ + Ca(,70) — oo nlr—r-|+ O(e™ ")

=ry+ e 2n4t e*2n+61 (8,r0) e 2"+t 92"@-%—62(9’?”0) e@(e—zm_,_t)

_ 1 ln e—25+te2ﬁ+51(9,7‘0)e_2m+t
2K_

_ ez’i+62(9>To) e@(e_‘m"'t) +rp—r_

—t—C1(0,r0)e 2+t + Cy(0,10) + O(e 4+
= —t+ e—2n+61(9,rg)62n+62(9,r0)e—2m+t

-
26_(ry —r_)
+ 6’2(9, 7‘0) — 61 (6, To)e_thrt =+ 7‘+

e—2/€+ Cy (9,7‘0) e2l€+ Ca (0,7"0) e—2K+t

1
_ 1 —r_ —4Kkyt
Sy |+ (1)
= —t— A(0,r0) e 2+t + B(6, 1) + O(e 4+,
where we have used the Taylor expansions of the functions e and In(1 + z).

(ii) By part (i) of the lemma we have

or _ Jy_ @A O
ot 2+ a2)2 Bt
A —2K4t —4k4t
(348) = 1-— m (—1 -+ 2/£+A(9,r0)e + + @(e + )) .

By Lemma 3.3 we find

a2A —2K —4K
(3-49) m = G(TO, 9)6 +1 + Q(e +t),
and thus
a?A a’A
1 — 1 _ —4K+t
(7.2 + (12)2 (7.2 + a2)2 + @(e )

G(’ro, 9)672n+t + @( ef4n+t)‘
Putting this into (3.48) gives
or

= 1420, A0 o)+ (), — oo,
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It remains to show that A(6,rg) > 0. The curve t — (t,7(t),0(t),o(t)) has to be
timelike. Using (3.40) and (3.8) we find

2 2 1 2\2
b S R AN p-A (r*+a?) 2 _ A2 2
Ef=p= (’Ypa’)’p> = (r2 +a2)2/€'2( o2 k r )(8375)
B E25t ((T2 + a2)2 k2 _ :,:2)
T (2 + a2)262p2A o2 ’

It follows that

2 22
r“ +a 22 —
(7( 5 ) K% -7 ) > oA > kge 2R+t
o
In particular we have ;1\(9, rg) > 0. O
3.2.2. Precise assumptions. — Let us now make the precise assumptions on the

collapse. We will suppose that the surface at time ¢ = 0 is given in the (¢,7,6, )
coordinate system by J, = {(70(0o), 00, v0); (60, o) € S?}, where To(6p) is a smooth
function. As 7o does not depend on g, we will suppose that Z(¢, 6o, o) will be
independent of ¢ : Z(t, 6o, o) = Z(¢,6p) = Z(t, 0) as this is the case for 7(¢) describing
the geodesic. Thus the surface of the star is given by

(3.50) J=1{(t,2(t,0),w); t € R,w € §2}.

The function z(t,0) satisfies

{ t<0, V0 elo,n],
(3.51)
t,0) =2(0,0) <0,
{Vt>0 v € [0,7],
(3.52)
5|k0>0 Vi>0, Vo€ |[0,n],
(3.53) 0?4 a _
+ ) le) (2(t79)’ 9) _ 2 (t, 0)) Z koe—2K+t’
3A e C=((0,]), IE € C=(R x [0,7]),
(3.54) 2(t,0) = —t — A(B)e™*"+" +£(8,6), A(6) > 0,

Va,8, 0< a,8<2, V0 e€[0,n], 3Cy 3, Yt >0,
028, €(t,0)] < Cogetntt.

As already explained these assumptions are motivated by the preceding analysis.
We do not suppose that a point on the surface moves exactly on a geodesic. Note
that (3.52), (3.53) imply

Vt>0,V0e[0,n], —1<Z(t0)<0
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Equations (3.51)—(3.54) summarize our assumptions on the collapse. The space-time
of the collapsing star is given by

Moot = { (t,7,0,); T > Z(t,0) }
We will also note
yeol = {(7,0,9); 7 > Z(t,0)}.
Thus
Meor = | Z5°".
t
Note that in the (t, 74,0, ) coordinate system M, and X are given by

Meor = {(t,7,0,0); 7 > 2(£,0)}, T = {(rs,0,9); . > 2(t,0) }

with
2(t,0) = —t — A(f) e 2"+ + B(0) + O(e~*r+t)
for some appropriate A(6), B(9).

REMARK 3.6. — (i) Let us compare assumptions (3.50)—(3.54) to the preceding discus-
sion on geodesics. Assumption (3.54) contains with respect to the previous discussion
an additional asymptotic assumption. Comparing to Lemma 3.4 this condition can
be expressed as B(6,70(0)) = Const. (ro(8) = r(7o(6),0)). Using the freedom of the
constant of integration in (3.4) we can suppose

(3.55) B(8,70(8)) = 0.

(i) The Penrose compactification of block I can be constructed based on the SNG’s
rather than on the principal null geodesics (PNG’s). This construction is explained
in Appendix B. Starting from this compactification we could establish a model of the
collapsing star that is similar to the one established by Bachelot for the Schwarzschild
case (see [6]). In this model the function z would be independent of 6.

We finish this chapter with a lemma which shows that the asymptotic form (3.54)
can be accomplished by incoming timelike geodesics with L = ) = E = 0.

LEMMA 3.5. — There exists a smooth function 7o(0) with the following property.
Let v be a timelike incoming geodesic with ) = L
(0,70(00),00,%0). Then we have along ~:

= FE = 0 and starting point

T+t— 0, t— oco.

Proof. — Let My(r) = @\2(9,7‘) with 62(9,7“) as in Lemma 3.3. We have (see the

explicit form of Cs (6,7) in the proof of Lemma 3.3):
oM,
lim Mpy(r) = —oco, lim My(r) = oo, T8 >e>0, Vre (ry,00), V@ €[0,7].

r—ry 7—00 or

Therefore M, ! exists and we put

1 ~ ~
ro(0) = Mgl( —asinf —ry + o In|ry — r,|>, 70(0) = 7(r0(0),0).
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Clearly C5(6,70(6)) = —asin 0—r4+5—In|ry—r_|. Following the proof of Lemma 3.4
we see that

~ 1
B(0,ro) = Ca(0,7r0) + 1y — fln |ry —r_| = —asinb.

Using (3.35), (3.36), (3.38) and (3.47) we see that
§(90,7‘0(90)) = tlim T+t= B(eo,T‘o(ao)) + asinfy = 0. O






CHAPTER 4

CLASSICAL DIRAC FIELDS

In this chapter we describe classical Dirac fields on By as well as on Mc,. The
main results of this chapter are collected in Section 4.1. Sections 4.2 and 4.3 contain
a discussion about spin structures and Dirac fields which is valid in general globally
hyperbolic space-times. In Section 4.4 we introduce a new Newman-Penrose tetrad
which is adapted to our problem and we discuss scattering results as far as they
are needed for the formulation and discussion of the main theorem. Other scattering
results are collected in Chapter 6. The boundary condition is discussed in Section 4.5.
The constructions in this chapter are crucial for what follows. However the reader
who wishes to get a first idea of the main theorem can in a first reading accept the
results of Section 4.1 and skip the rest of this chapter before coming back to it later.

4.1. Main results
Let # = L?((R7 x §?,d7dw);C*), T! = Diag(1,-1,-1,1).
PROPOSITION 4.1. — There exists a Newman-Penrose tetrad such that the Dirac equa-
tion in the Kerr-Newman space-time can be written as
Oy = iHyp, H=T'Ds+ P, +W,

where W is a real potential and P, is a differential operator of order one with deriva-
tives only in the angular directions. The operator H is selfadjoint with domain

D(H) = {ve; Hve K}
PROPOSITION 4.2. — There exist selfadjoint operators P* such that for all g € Coo(R):

£y o —ith (T itH
(4.1) g(PF)=s t_l}glooe g(t)e .
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Let
a qQry
H_=T'D.-— D, — )
"ori4ar? rlia?

ﬂ+ = {’U = ('01,1)2,1}3,1)4) Eﬂ;’l)l =4 = 0},

ﬂi = {1) = (Ul,?]2,’l}3,’l)4) € 5‘[;@2 =v3 = 0}
The operator H._ is selfadjoint on # with domain D(H. ) ={v € #;H_v € ¥ }.

THEOREM 4.1. — The following wave operators exist:
WE=5— lim e "Het-p, o
t—+oo
QF =s— lim e H-¢itH 1, (PF),
t—+oo
There exist similar wave operators at infinity using a modified asymptotic dynamics
Up(t). Using the above tetrad the Dirac equation with MIT boundary condition
(chiral angle v) can be written in the form

0,0 — iHV, 3(t,0) <7,
(4.2) (X 7t E0),0) = —ie U (1,2(,0),0),

pe{t,7.0,0}
U(t=s,.)=T,(.).

Here ' are the coordinates of the conormal, ~# are some appropriate Dirac matrices
and 7% = Diag(1,1, -1, —1). Let #, = L*(({(7,w) € Rx S%;7 > 2(t,0)}, d7dw); C*).

PROPOSITION 4.3. — Equation (4.2) can be solved by a unitary propagator
U(t,s): Hs — Hs.

4.2. Spin structures

Let (M,g) be a smooth 4-manifold with a lorentzian metric g with signature
(+,—, —, —) which is assumed to be oriented, time oriented and globally hyperbolic.
Global hyperbolicity implies:

1) (M,g) admits a spin structure (see R.P. Geroch [24], [25], [26] and E. Stiefel
[45]) and we choose one. We denote by S (or S* in the abstract index formalism)
the spin bundle over /¢ and S (or SA/) the same bundle with the complex structure
replaced by its opposite. The dual bundles S* and S" will be denoted respectively S 4
and S 4/. The complexified tangent bundle to i is recovered as the tensor product of
Sand§, ie.

TUQC=S®S or TMRC=58"®s*
and similarly
T*"M@C=S"®S or T, MRC=S1®Sa.
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An abstract tensor index a is thus understood as an unprimed spinor index A and a
primed spinor index A’ clumped together: a = AA’. The symplectic forms on S and S
are denoted €4p, €4 and are referred to as the Levi-Civita symbols. The form ep
can be seen as an isomorphism from S to S* which to x4 associates k4 = kPepa.
Similarly, € 4-p and the corresponding ¢2'B’ can be regarded as lowering and raising
devices for primed indices. The metric g is expressed in terms of the Levi-Civita

symbols as g,p = €ap€a/p-

2) There exists a global time function ¢ on . The level surfaces ¢, ¢t € R, of the
function t define a foliation of i, all ¥; being Cauchy surfaces and homeomorphic
to a given smooth 3-manifold ¥ (see Geroch [26]). Geroch’s theorem does not say
anything about the regularity of the leaves X;; the time function is only proved to be
continuous and they are thus simply understood as topological submanifolds of Ji.
A regularization procedure for the time function can be found in [8], [9]. In the
concrete cases which we consider in this paper the time function is smooth and all the
leaves are diffeomorphic to X. The function ¢ is then a smooth time coordinate on J#
and it is increasing along any non space-like future oriented curve. Its gradient V¢
is everywhere orthogonal to the level surfaces ¥; of ¢ and it is therefore everywhere
timelike; it is also future oriented. We identify // with the smooth manifold R x X
and consider g as a tensor valued function on R x .

Let T® be the future-pointing timelike vector field normal to ¥;, normalized for
later convenience to satisfy T%T, = 2, i.e.

2 1
T = |v\/;|V“t, where  |Vt| = (gab V V)2,

4.3. The Dirac equation and the Newman-Penrose formalism

In terms of two component spinors (sections of the bundles S#, S4, S or S A7),

the charged Dirac equation takes the form (see [44], page 418):
(4.3) (V4 —iq®4)dpa = pxar,
(VA —ia®d )xa = uda, n=m/V2,

where m > 0 is the mass of the field. The Dirac equation (4.3) possesses a conserved
current (see for example [40]) on general curved space-times, defined by the future
oriented non-spacelike vector field, sum of two future oriented null vector fields

Ve = A4 + gAxA

The vector field V¢ is divergence free, i.e. V¢V, = 0. Consequently the 3-form w =
xV,dz® is closed. Let X be a spacelike or characteristic hypersurface, d{2 the volume
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form on J induced by the metric (dQ = p?dtA dr A dw for the Kerr-Newman metric),
N* the (future pointing) normal to X and #“ transverse to X with /"*#, = 1. Then

/Z*(¢A<Z_5A/ Az + gaxa dz?4)
= /EWBB/X’BB/  (pada dz? + gaxa dz?)
= /E fcc'ac(;/ 2 (N BB dzBB A *(padar Az + vaxar d:vAA/))
= /EWAAl ($adar + Xaxa) (£ 0pp) 2 dQ.

If ¥ is spacelike we can take Z’AA/ =N A4 and the integral defines a norm and by
this norm the space L?(3;S4 GBSA/) as completion of C§°(%;Sa EBSA,). Note that if &
is characteristic fz *PAD A/ dz44" = 0 does not entail ¢4 =0o0n X (see Remark 4.1).
If 3, are the level surfaces of ¢, then we see by Stokes’ theorem that the total charge

1
44 Ct)=— [ V.T%dos,
( ) ( ) \/5 5, %>

is constant throughout time. Here dos, = (1/v/2)T¢ L dQ.

Using the Newman-Penrose formalism, equation (4.3) can be expressed as a system
of partial differential equations with respect to a coordinate basis. This formalism is
based on the choice of a null tetrad, i.e. a set of four vector fields ¢%, n®, m® and m?,
the first two being real and future oriented, m® being the complex conjugate of m?,
such that all four vector fields are null and m? is orthogonal to £* and n®, that is
to say

(4.5) £ l® = ngn® = mem® = L,;m® = nem® = 0.
The tetrad is said to be normalized if in addition
(4.6) Lyn® =1, mem®=—L1

The vectors £* and n® usually describe “dynamic" or scattering directions, i.e. direc-
tions along which light rays may escape towards infinity (or more generally asymp-
totic regions corresponding to scattering channels). The vector m® tends to have, at
least spatially, bounded integral curves, typically m® and m® generate rotations. The
principle of the Newman-Penrose formalism is to decompose the covariant derivative
into directional covariant derivatives along the frame vectors. We introduce a spin-
frame {0‘4, LA}, defined uniquely up to an overall sign factor by the requirements
that

’ ! ’ ’
(4.7 oot =10, AN =n, oMY =m®, A =m®, ot =1.

We will also denote the spin frame by {e', e'}. The dual basis of S4 is {€%, €4 }, where
€4 = —ta,€Yy = 0a. Let ¢g and ¢; be the components of ¢4 in {o?,:4}, and xor, X1/

MEMOIRES DE LA SMF 117



4.3. THE DIRAC EQUATION AND THE NEWMAN-PENROSE FORMALISM 39

the components of y 4/ in (64°,74"):
do = a0t . 1= dart ) xo = x5 . x1 = xai?
The Dirac equation then takes the form (see for example [13])
) ] m
na(aa, - qu)a)¢0 - ma’(aa, - qu)a)fbl + (,U/ - ’Y)Qbo + (T — ﬁ)¢1 = Exl,y

(*(0a — iqgPa)$1 — M*(Da — iq®a)do + (@ — T)o + (2 — )1 = —%m,

(4.8) . . . . o o m
n%(0a —iq®a)Xxo — M*(0a — iq®Pa)x1’ + (B — V)Xo + (T — B)x1 = ﬁdn,
. . _ _ - = m
£%(0a — 1q®a)x1’ — m*(0a—iqPa) X0 + (& — T)x0r + (€ — p)x1 = —ﬁqﬁo-
The u,y, etc. are the so called spin coefficients, for example y = —m%n, and & =

m®*V,. For the formulas of the spin coefficients and details about the Newman-Penrose
formalism see e.g. [44].

It is often useful to allow simultaneous consideration of bases of T°M and S4,
which are completely unrelated to one another. Let {eg,e1,ea,e3} be such a basis
of T* M, which is not related to the Newman-Penrose tetrad.

We define the Infeld-Van der Waerden symbols as the spinor components of the
frame vectors in the spin frame {ef, ef'}:

AA _ _AA AA Na —M
a = €4 = gZ,GAeA’ = ( ¢ a)
—Mg Lo
(recall that g2 = e2 denotes the vector field e,). We use these quantities to ex-

press (4.3) in terms of spinor components:

—ied (VAY —iq@A ) py = —ig® A4 4 (Va — iqa)da = —iux?,
(4.9)

—’L'Eﬁ(VAA/ — iqq)AA/)XAI = —igZA/G‘gll (Va — iq@a)XAl = 'L'HQSA,

where V, denotes V,_ . For a =0, 1,2, 3, we introduce the 2 x 2 matrices

A% — tgaAA'7 B = giA’?
and the 4 x 4 matrices
0 iv/2Be
(4.10) v =
—iv2A% 0
We find
0 0 ¢ me
0 0
(4.11) v =iV2

m® n®
-n®* m*® 0 0
0 0

me* —L¢
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Putting ¥ = ¢4 & XA,, the components of ¥ in the spin frame are

v = t(¢03 ¢17 XOI, Xl/)
and (4.9) becomes

3
(4.12) > A P(Ve, —iqPa)¥ + im¥ =0,
a=0

where & is the mapping that to a Dirac spinor associates its components in the spin
frame:

V=gaox? = T=gaox?.
REMARK 4.1. — We have
$a=—¢ota+ ¢104, Xa = —Xola + X104

Thus

padar = (—dota + d104)(—¢otar + ¢104’)

= |po|*na — ¢od1Ma — d1doma + |1]*La,

xXaxar = [xo'|*na — Xox1Ma — X1 X0Ma + [x1/|*Ca-

Putting ¥ = (¢o, ¢1, X1/, —X0’) We obtain

¢AQ_SA' + )_(AXA' = |\Ij1|2na - \111@27’7111 - \I/2\T/1ma + |\112|2£a
—+ |\I/4|2’Tla + \Il4\113771a + \I/3\I/4ma + |‘I’3|2ga.

Thus for a vector field X% we have

(4.13) XA (Gadar + Xaxa) = (XU, ¥)ca,
ngX* —mgeX?® 0 0
(4.14) X = —Me X% £, X 0 0
0 0 £, X% mgaX*?
0 0 MaeX?® neX?

If ¥ is a characteristic hypersurface with conormal n,, then
(4.15) / #((padar + xaxar)dzA4")
b

Z/"a(qﬁA(EA/—I-)ZAXA/)dOz:/ (|W2)* + [¥5]%) dos,
> >

where dox = (£20,) 1 dQ.
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4.4. The Dirac equation on block 7

4.4.1. A new Newman-Penrose tetrad. — The tetrad normally used to describe
the Dirac equation on the Kerr-Newman background is Kinnersley’s tetrad (see [34]).
Kinnersley uses the type D structure of the space-time and chooses the vectors n?,
£ to be V*. In [29] it is argued that this tetrad is not adapted to time dependent
scattering problems. We introduce a new tetrad L®, N, M®, M * which is adapted to
the foliation in the sense that
L*+ N =T7.

One advantage of a tetrad adapted to the foliation is that the conserved current simply
reads

1
75 | (6ol 4161 + bxo P+ ) o,

This follows from the formulas (4.4) and (4.13). We choose L* and N® in the plane
spanned by T% and d, and L* to be outgoing, N* to be incoming. The choice of M*
is then imposed, except for the freedom of a constant factor of modulus1. In [29]
this construction is done for the Kerr metric, the corresponding tetrad for the Kerr-
Newman metric is calculated in [15]:

' " o [ A / a(2Mr - Q2
L - *T + 27287, 8t + ﬁa’rw
2)
(4.16) o _ A 2M r—Q°) A
N 2 8r 2A 2 8t ) 2P2 87"7

Mo =

T 0+ )

{ ( + s1n9 ¢

The Dirac equation in the Kerr-Newman metric is then described in the following
way. Let

[u—y

[\

1 0 Oy + 002“9 + sirileasﬂ Dg= O
DS2 = = ) s ]2)52 =
7 86 + 0021:6' —_ 19 0 0 _]D)5,2

sin § ~ ¥

We define the Pauli matrices

= (o1) 7= () = (g =)

and the Dirac matrices
0 o° 0 oF
0 _ » k _ - _
" _l(—oo O)’ K _Z< k )’ k=123,

which satisfy the anticommutation relations

YA+t =2 Ips, p,v=0,...,3, " =Diag(l,-1,-1,-1).
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Let
7 = —ir’y'y?y® = Diag(1,1, -1, -1).

We will also need the matrices I'V (j = 1,...,4) defined by

k 0
k g 0 4 0 —0
r (0 —ak) (1<k<3), T Z(UO . )
Note that
I'! = Diag(1,—1,—1,1).
Let now ® be the bi-spinor (¢g, ¢1, X1/, —X0’) and
VAop
=\———-
r2 + a2
Then the equation satisfied by ¥ is (see [15]):
(4.17) 0,V =iV,
(4.18) D=hD,h+V,D,+V,
(4.19) D, =T'D,, + ag(rs) Dgz +bo(r)I* + c1 (i) + ¢§ (r) Dy,
VA mvVA qQr
(4.20) ao(rs) = oy bo(rs) = Nt yer(ry) = T2 i g
a(2Mr — @Q?)
(4.21) c5(re) = — (r2 +a2)?

2 2
(4.22) hre,0) =) 2,
g

PR S i\ P [P

osinf (r?2 + a?)o?

(4.23) (r* +a® - 0),

(4.24) Vi=Vo+ mT\/Z(p —Vr?2 £ a?)r - QQ L2 4 a? - 0),

(4.25) Vo o,
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B a®(2Mr — Q?)Asin® f cos 6

(4.26) vo = 57
_ aM~/Asin
e 2p2%0
L Asin0(2Mr — Q2)(2r(r? + a?) — (r — M)a?sin® 6)
2p%03
qQVArasiné
(4-27) - ZT'

Recall from [15] that ID,, I) are selfadjoint on
Hy = L*((R x $% dr.dw); C*)
with domain
Hy:=DM,) =DD) = {uecH;DuecH.}

and that their spectrum is purely absolutely continuous. We also define the asymptotic
dynamics

(4.98) Dy =T'D, — —% _p, 99"+ D(Dy) = {ue I Dyucd},

2 2 e T 2 2’
r+—|—a 7‘++a

(4.29) D_ =T'D,, +mI'*,DM_)={ueH;D_uecH.}

Even if the above tetrad was successfully used for the proof of the asymptotic com-
pleteness result, it has a major drawback for the treatment of the Hawking effect.
In fact in this representation and using the Regge-Wheeler type coordinate r, the
modulus of the local velocity

v:=[r,, ] = ATt # T

is not equal to 1. The consequence is that in the high energy regime which is char-
acteristic of the Hawking effect the full dynamics I) and the free dynamics 1D or ),
are no longer close to each other. Now recall that §;7 = —1 along incoming null
geodesics with the correct sign of 6j. This means that the observable 7 should in-
crease (resp. decrease) exactly like ¢ along the evolution if we focus on scattering
directions on which 7 increases (decreases) in this way. We therefore choose

(4.30) ("= ANte, pt=)\N"©
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for some normalization constant A. The choice of m® is now imposed except for a

factor of modulus 1. We find

~

Note that in the (¢, 7, coordlnate system we have

" o2 A a(2Mr — Q?)

e =\5ra (0 + 07 + Sacos 09, + “——0, ),
o _ | 0? A a(2Mr — @Q?)

n® = M(@,g—ar—;acoseag—i—po),
o _ P . , 72+ a? 1

m= ﬁ< R a”sinea*")

and that the tetrad £*,n%, m® is adapted to the foliation.
4.4.2. The new expression of the Dirac equation. — Let us put
=L% ei=N% ei=M?2 ei=M,

M

1_ 2 _ 3 _ 4 _ 77
e;=L,, e =N, e, =M, e;,=M,.

a

/ _ 02
(- +a ) k' (r)o., + Aacos@@g—f-w
_ 02
(4.31) “ ™ +a 2 k' (r.)0,, — %acos&% + L(QMrz <)
o o
1
— / —_—
\/ 52 acosH@m k' (ri)0p) + me&p).

aw),
aq,),

In order to find the new expression of the Dirac equation we express £¢, n% m®, m® in

terms of L% N% M* M * and find the Lorentz transformation

l1+al-—a 16} I}

l-al+a - -0

21 i —if —i(l+a)il-a) |
i i —i(l—a)i(l+a)

where o = k'h? and 8 = \/Wacos 0, in particular

(4.33) o®+ 3% =1.

(4.32) L =Lbe

We associate to the Newman-Penrose tetrads L*, N¢, M®, M* (resp. £%,n* m® m?)
the spin frames {&}', &{'} (resp. {€{',€i'}) as explained in Section 4.3. The matrix S§
of the corresponding spin transformation S% in the spin frame {&',éf'} is uniquely

determined, modulo sign, by

= Sffgﬁ,, and det(S§) =
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The first condition can be expressed in terms of coordinates as

71/ 70/
1So1* 1S61* oS0 SoSo

| 1S st 895y s1S,
La = 070/ 1 71/ 0 71/ 1 70/
S08%, 81§, 895% sSiSY,
0 =0’ 1 =1’ 0 =1’ 1 =0’
We find
59 S3 1 a1+ B
(430  sE=(0 )=t " ) =:U
S? St 2(1+a) —if i(l1+ )

Let ¢c (resp. #c) be the components of ¢ 4 in the spin frame {et', e} (resp. {&5',&'})
and x© (resp. X€') the components of 4" in the spin frames {664,/, 614/,} (resp. {ég‘,/ , 5‘1“,/ H.
We have

A A ~B 7 ~A gA=B - A
¢C:¢A€c :¢ASB€(;:¢A6A SBGC :¢ASC7

!

~C’ ’ ’

/. o 1 =A" _p! v el
X =x"eg =xea el =x*Sp s ef

A’ €ar :XASA/

7C/
Noting that the matrix S,/ is the inverse of S& it follows®)

1
X = s&x*.
A=0

We put
UOo
(4.35) U= (0 U).
Our aim is to calculate
(4.36) D= UD U
We define
V= umiyr, 1<j<A4,
and find
~. g0 ~
J < i< 4 — 4
T (0 —aﬂ'>’ 1<j<3, T'=r4

5= <_O;/3 ili)’ 5" = (zi __i;>’ 5°:= (_01 _01)

(1) We make the usual convention that A = A’ numerically.
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The Dirac operator I) can be written in the form

D

M 0 My 0 h? ~
< Tx ) + ( 6 ) + a‘.O 1—\3DLP
0 —M,, 0 —My sin 6

53 a2Mr-@Q?) 2
o = —].F—m(r +a —0'),

+ h201 + h2C§D¢ + ‘7¢Dg) + ‘717
_ VA
v (5-1)

osinf \ o

MEMOIRES DE LA SMF 117



4.4. THE DIRAC EQUATION ON BLOCK I 47

VA
Vi = V0+Tp Vr? +a)T r+a — o),

7-(12), - ?_’20) -
=5 )
my, = VaF ThD, h/aFT- - ’il “\/ﬂfil

h Bh
m? =+va+1hD, s + D, hva+1,
" “Va+1l Va+1 7

M9:1< mp z'mz)7

2\ —im% —m}
B Bh+/ag cot0 cot 0\ Bhy/ag
mh = e (Do + 57 ) Vs hat T+ Vat Thyas(D+ T35 ) ZEE
_ Bhy/ag cot0 hB+/ag cotﬂ
m?)—\/m(Dg—{- - )\/ﬁ Va h\ﬁ(Dﬁ )Vao hva+1.

We now want to use the variable introduced in (3.38). Let

H = L*((R x $%, d7dw); C*).
We define

ViHe — H, ulre,w) — u(r.(7,0),0)k' "2 (r.(7,0)).
The map ¥ is a unitary transformation whose inverse is
Vi H — Hey, 0(Fw) — 0(F(re, 0),w) k2 (7).
The hamiltonian we want to work with is
(4.37) H:=9DY",
which acts on J¢. The operator H is selfadjoint with domain
DH)={ued; WYV ue DD}

and its spectrum is purely absolutely continuous. This follows from the corresponding
results for ID. In order to calculate H we first observe that

VYD, V" = (K):D3(K')2, VD¢V = acosdDs + Dy.
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Now observe that

1(hz(oz—i—l)k’— g*h” K +28h%a acosG) = ah?k’ + Bh%agacos @
7 @+ 1) 0 0
=a?+ %=1,
: 2 / 52h2 2 .
z(?h Bk’ + o 1agacosé?— (a+1)h aoacos0) =i(2af+(1-a)8—(1+a)f)
=0
and that
% ﬂh NNt o ﬂh ni
Vot 1h(k)?0:((K) hv/a+1) — Tt ) 8r<m(k)>
phya (ao Bh
\/Tacosﬁa ~(hyv/aoVa+1) +vVa + 1hy/agacos 005 (m>
27,2
- %(%(k’h?(a +1)) - %(%(k’er 1) + 0x(Bh%agacos§) = dn(a? + 2) =

[N

mh(k')%a?((k/)%\/ji1>+\/c/f}—Li—l

+ Fhyae aA(aCOSH\/(TOhﬁ) —Va+ 1h\/%8;:(ac089\/%h\/a+ 1)

(K)20s (K hv/a+ 1)

Va+1 T
1 33
= 8:(af) + 53;((1 "~ Blat 1)) = 0.

Therefore we obtain

0

M, D . A
(438) H=T'Ds+( 5 ) + B2l o+ by + WDy + VD, + T

—M,

D . -
=TI"'Ds + (mjTt — mjI?) — h2a0F2,—"’9 + h%c1 + h*c§ Dy, + Vi, Dy + V1.

sin

Recalling that

My 0
(4.39) P, = ( o ) + T3R2ag—2 = Uh/ag Dge v/agh U*,
0 —M,

where all functions have to be evaluated at (r.(7,0),0), we see that the angular part
is regular. Let us also define

(4.40) W:=H-T'D; - P,.

We put
H' = D(H), |ulljs = | Hul® + [[ul*.
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LEMMA 4.1. — (i) For all u € D(D),

(141) IDr.ull, < 1Pl + .
(142) laoDiseull. < [Dulle, + el
(if) For allv € D(H),

(4.43) [1D7vllze S 1 Hvlle + ol
(4.44) llao Wz vllse < I1Hvlls + o]l
Proof. — For part (¢) see [15]. Let us show (ii). From (4.41) we infer for v € D(H):
~(V U0} UV 0,v) < (1Ho| + [oll)°
But we have
—VUR WYV = —[UK)?, 0;]K 0:(K') U*
— O U(K') % [0, (K)* '] — 0:(K')? 05

> (e — 0)0% — C.
with § = min(k’?) > 0. This gives (4.43). Inequality (4.44) can be established in a
similar way. We use

VD3V" = ¢?D2 + 2¢'D>Dy + Dj
as well as (4.43). O

REMARK 4.2. — A precise analysis of the constants in [15] shows that

Ve>0, 3C. >0, Yu e DB), |[Dr.ully. < A+l Dully, + Cellulls.,

Ve>0,3C. >0, Yue D(H), |Dsully < (1+)|Hully + Ccllully-

4.4.3. Scattering results. — A complete scattering theory for massless Dirac fields
in the Kerr metric was obtained in [29]. This result has been generalized to the case of
massive charged Dirac fields in [15]. In both works the comparison dynamics are the
dynamics which are natural in the (¢,r.,w) coordinate system and the L% N M®*
Newman-Penrose tetrad. We will need comparison dynamics which are natural with
respect to the (¢, 7,0, ¢) coordinate system and the £*,n% m? tetrad. To this purpose
we define

1 a qQr4
H_ =T D?—m w—m»

where D_, is defined in (4.29). These operators are selfadjoint on # with domains

DH_)={veH;H veH}, DH_)={ved; U VveDD_)}
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Let
HT = {v = (v1,v2,V3,04) € H; v1 = vg = 0},
H = {v = (v1,v2,v3,V4) € IH; Vo = v3 = 0}.
We note that
1gs (-TY) = Py,
where P+ is the projection from # to # % We also define the projections
Pys: H — (L2(R X 52))2, (v1,v2,v3,v4) — (V2,v3),
Piy:H— (LZ(R X SQ))z, (v1,v2,v3,v4) — (v1,04).
Let
(4.45) v:=D, D', b=V U U V*

be the “classical velocity operators" associated to I)_, and H_,. The following propo-
sition gives the existence of the asymptotic velocity:

PROPOSITION 4.4. — There exist selfadjoint operators PE such that for all g in
Coo(R) we have

(4.46) g(PE) =s— tlirinoo e_”Hg<§> et

The operators P* commute with H. Furthermore we have

(4.47) g(P)1pe(P*) =5 — lim e g(6) e 15s (PF),
(4.48) g(P)1pr (P =5 — lim e g(-T") e 15+ (P*),
(4.49) o(P¥) = {-1}uUlo,1],

(4.50) opp(H) = 1(0y(PF) = 2.

REMARK 4.3. — a) For limits of the form (4.46) we will write

~

. . ro .
Pt =s5—Cyp — lim e #H_¢itH,
t—+oo t

b) We can construct in the same way

o
Pt =5—Cy— lim e - _¢itH-
t—+oo t
Proof. — Using the definition of H we see that it is sufficient to show the existence of
s— lim eﬂ-mg(M> it D,
t

t—too

By [15, Theorem 5.2] we know that

(4.51) g(PF) =s— . 111;1 e ™ Dg(%*) P exists.
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As g is uniformly continuous and |7(r4,0) — r| < 1 we have

=t () o))

This gives the existence. Equalities (4.47), (4.49), (4.50) follow directly from the defi-
nitions and the corresponding equalities in [15], so does (4.48) if we replace I'' by T''.
In order to replace I'! again by I'! it is sufficient by a density argument to show

(4.52) Ve > 0, VJ € Coo(R), supp J C (—o0, —¢€)

s — hrgloe ”D( (—f1> —g(—l“:l))J(%*)e”E:O.

We then note that it is sufficient to show (4.52) for smooth g. Indeed as g is uniformly
continuous we can approximate it in L> norm by smooth functions. Equation (4.52)
follows for smooth g from the observation that

R (i), Tiyyj=0(e"+™), r.— —o0. O
At infinity we define the Dollard modification
eithT(ei fot((m—bo)(sAn)mH;1+cl(sﬁ))ds) m#0,
(4.53) Up(t) =14 . R
ethﬂT(ei Jo cl(sv)dS) m =0,
where T' denotes time ordering

(oo}

T(efStW(u)du) ::Z/t> . ~--/W(un)~~W(u1)dunmdu1

n=0

and o is the classical velocity operator (see (4.45)).

THEOREM 4.2. — The wave operators
(4.54 Wt =s5— Jim e UL (1) 1g= (PE),

(4.55 QFf =s— lim Up(—t)e™1ps(PY),
t—+oo

)
) it
(4.56) wWE=s- Jim e UHgtHop o
(4.57) Qf =s5— t_l}gloo e itH - gitH o (PF)
erist and satisfy
(4.58) W =0Z, QL) =wZ, W) =0f, (@) =W

REMARK 4.4. — For the proof of the theorem about the Hawking effect we only need
the asymptotic completeness result near the horizon.
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Proof. — Let _
D_=UYVH_ VU Pr:=UVPyzVUu.

It is sufficient to show that the following limits exist:

(4.59) Wt=s- Jim e P Up (1)1 (PL),
(4.60) Qf =s— Jim Up(—t) e’ P1ps (PF),
(4.61) Wt =s-— tlilinoo e 1P it P ﬁ;,

(4.62) Qf =5 — Jim e P P12 (PF)

with
Up(t) = WYV Upt)V U,

Pf=s5s-C,— lim e_itmr—*eitw
° t—+oo t ’

~ . . r .
Pt=s5s—-Cyx— lim e wh T* gith,
t—too t

The existence of the first two limits is contained in [15, Theorem 5.5]. We have

]Z)HZ(A 0 ) a5 qQr4

0-A/ r2+a2"% rl+a?
1
with 4= L(o o)
az21 Ga22
an =Va+1(k) 2D, (K) 2vVa+1
/6 n—=1 n—=1 ﬁ
— k 2D, (k 2 = — ,
m( ) *( ) \/m a2
a2 =vVa+1 (k/)_%DT*(kl)_% B + hc = a9

By [15, Theorem 5.4] we know that the limits

Wﬁ =s— lim e PP Py, ﬁf] =s— lim e P itP1py (ﬁi)

t—oo t—+oo
exist. Here # denote
H = {u = (u1, ug, U3, Uq); U] = Uy = 0},
H, = {u=(u1,u2,u3,us); up = uz = 0}.
It is therefore sufficient to show the existence of

WE=s5— lim e #P-¢tPup . OF

Jin - =s— lim e i Pu it P P.
— 00

t—+oo

and that
(4.63) PyzQF = QF.
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The existence of the first limit follows from Cook’s method and the fact that
E=1+0(e"+"), a=1+0(e"t"), B=0(e"™), r,— —co.

The existence of QF follows from the existence of
ﬁ:l: =s— lim e—itHH eitH
¢ t—+oo

where Hy = ¥ UD g U*Y". This allows us to apply Cook’s method also in this
case. We omit the details. It remains to check (4.63). We note that P+ = 1pz (PX),

where ﬁi is the asymptotic velocity associated to ID,_. This follows from the argument
used in the proof of Proposition 4.4. Thus

OF = OF1p= (PE) = 1p= (P5)QF = Pyz0F,

- P}ﬂ:7

where 13;{: = —T'! is the asymptotic velocity associated to I . O

4.5. The Dirac equation on 7.,

We want to impose a boundary condition on the surface of the star such that the
evolution can be described by a unitary propagator. We will use the conserved current

Vo= ¢ada + Xaxa

Integrating over the domain indicated in Figure 1(® and supposing that the field is 0
in a neighborhood of i® gives by Stokes’ theorem

VvaTadO'Es — VaTadO'Et +/ VaWadO'dI =0,
s p3M 1

where /" is the normal to the surface of the star. Therefore the necessary condition
for charge conservation outside the collapsing body is

(4.64) VeV *=0 on .

We will impose

/ 1 : ’ ’ 1 .
(4.65) WA g, = Ee_“’x“1 and Wy, = Ee“’ A on .

Here v is the so called chiral angle. We note that (4.65) implies (4.64):
V2N Vo = V2N Gada + N Taxa)
= e "XV pa + e x4 = 0.
From (4.65) we obtain
W paN ¥ ga = —50B.

(2) The Penrose compactification of block I shown in Figure 1 is performed in Appendix B.
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future timelike infinity

domain of integration

crossing sphere o spacelike infinity

surface of
the star

past timelike infinity

F1GURE 1. The surface of the star and the domain of integration.

We have
“ AA’ A’ g arA
eAcHN pa N7 =NpaNe =kBe, kep=NcaNpg =—kpe.
From the antisymmetry of k¢ follows
KBCc = %KVAAGBC = %WGWGEBc.
Thus (4.65) implies
Wajl/aqu = _¢B‘
We therefore impose
NN g = —1.
This avoids that the boundary condition imposes (¢4, x? ) = 0 on J. We will from
now on suppose A, to be past directed, but the opposite choice would of course be

possible. Let us now rewrite condition (4.65) using a coordinate system and a spin
frame. We have

WAA’ _ gaAA/Wa — tAaWa, WAA’ — gZA/Wa _ BaWa.
The boundary condition (4.65) implies

(4.66) \/§< 0 BE>WG(¢A):(—e“’ 0 )(¢A)

Ae 0 XA’ 0 e XA’

= (3 ()= L)Ga)

s (%) =9 %4)

where B = e_i"'ys, v? = —iy%y14243 = Diag(1,1,—1,—1), v € R. The boundary
condition (4.66) is usually called a MIT boundary condition. Using formula (4.11) we
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find®
o

pVA
In the (¢,74,0,¢) coordinate system and the L“,N“,M“,]V[a tetrad the boundary

condition that we impose reads

(4.67) Y N e=-iBd on o,

pe{t,r«,0,0}

V' =koy?, A =koh®y, ¥ =kKoaoh®y?, ko=

where /", are the coordinates of the conormal of the surface of the star in the
(t,r+,0,p) coordinate system. Let us now consider the (¢,7,0, ) coordinate system
and the £* n®* m® m® tetrad. We denote 7¢,37,5?,7% the Dirac matrices with re-
spect to these choices. We find

~t 0 ~T 1 ~0 22 ~2 . 0 (/7\2
' =koy, A =kov, 7 =koaoh™y", 7 =Z(A2 )
c“0
Putting ¥ = 9 %® we find the following boundary condition for ¥:
(4.68) Y NAFU=—iBTY on .
ae{t,7,0,p}

Here ', are the coordinates of the conormal in the (¢, 7,0, ¢) coordinate system. We
will use in the following the (¢, 7,0, ¢) coordinate system.

We introduce the Hilbert spaces
(4.69) He = ((L2E, dFdw)) [|-]1e),
where the norm ||.||; is defined by
U(7,w)
0 T < Z(t,0).

=)
vV
B
N
<

(4.70) 1l = | @], [¥](7,w) = {
Let
Hy ={ueH; Hue Hi}, |ullf = llulf + | Hullf.
We also need an extension from #; to #". To this purpose we put for ¢ € 5‘{%:
N o(7,w) T >Z(t,0),
[¢]H(T7w) = N N N N
$(22(t,0) — 7,w) T < 2(t,0).

It is easy to check that [¢]y is in J*. The operator D,, the spaces f{*t,ﬂit as well
as the extension [.]}; are defined in an analogous way using the (¢,7.,6, ¢) coordinate

(3 As we will see we do not need the explicit form of 4%, 7%.
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system and the (L% N® M%) tetrad. On M., we consider the mixed problem
OV =iH, ¥, Z(t,0)<T7,
(471) (3 WA e (t3(,0),0) = ~iBU(EE(,60), ),

pe{t,7,0,0}
Ut=s,.)=T,(.)

Here the operator H,; is given by H; = H and
D) ={went; (Y WAt (t30,0),0) = —iBY(t,3(,0),0)
pe{t,7,0,0}

REMARK 4.5 (Explicit calculation). — It will be helpful in the following to have a
more explicit form of the boundary condition. We choose the (¢,7s,6, ) coordinate
system and the L% N M* M “ tetrad. The conormal of the surface of the star is

N o =w(t,0)paoh®(2dt — dr. + (9p2)db)

and the boundary condition reads

0 0 2—h? (0pz)agh?
0 0 ) h?  Z4h?
472)  w(t,6) (Gpz)aoh™ 2 o= _BD
—(2 4 h?) agh?(0s2) 0 0
aoh?(8gz) —%+ h? 0 0

= w(t,0)I"*(— 2 — BT + (9p2)aoh’T?)® = —i B.
Here w(t,0) is a smooth function. We compute

a(2Mr — Q?)

W = p~layth 2w (z Or+ 0, + 25220, — a3 h'(9)2) 39).

Normalization /*N, = —1 gives
w(t,0) = (h* — 2% + af h*(992)?) 2.

In an analogous way we find in the (¢,7,0,¢) coordinate system and using the
(£*,n% m* m®) tetrad

N o= Wpagh®(Zdt — A7 + (92) d6).
Therefore the boundary condition reads
W(t,0)T*( =2 =Tt + (8p2)ag W2 T?) U = —i BV,
We compute

W= p*laglh*@{éaﬁ?“(w;i;@aﬁ(1-(593)%4’) a;+<e'—(392)) %39}.

Normalization gives

B(t,0) = (k2 — £° + a2h*((997) — £)?) 7.
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.2
Note that by assumption (3.53) h*k’> > z* and thus h* > 2. We also note that by
the previous considerations we have

Rank ( —Z-T'+ (0p2)ag h* T2+ éf‘L%) =2.
w
Let ]bt = I, +2D,_ and H, = H, + ’Z\D?. We argue that Hw e K is equivalent

to Hw € #. Let H = H + 2D». From Hyu € #; we infer Hlulg € #. But for
0<d<e and €9 > 0:

Hlulu| = [|H[u]al| - (01— e)|| Delul ]|
> (e - )| Defull| + exan D | -
> &|Hulg| - C|| ]|, &>o.
Here we have used Remark 4.2 and (3.53). The implication Hyu € # = Hyu € H is

shown in a similar way. We therefore put D(I),) = D(I3,) and D(H;) = D(H;). Note
that I, = I, and Hy = H,.

LEMMA 4.2. — The operators (Ith,D(]th)) and (Hy, D(H;)) are selfadjoint.

Proof. — The selfadjointness of (H;, D(H;)) follows from the selfadjointness of
(,, D(1,)), which we show in the following. We calculate for u,v € D(ID,)

<]§)tu,v> = (u, ]btv> + % /52 (=2 = T'h® + (9p2)aoh®T?)u,v) (2(t,0),w) dw
= —3 /32 (= (B® + 2)u1v1 + (8pz)aoh®usty + (8pz)aoh*u1vs) (2(t, ), w) dw
— i/s2 ((h2 — 2)up¥y + (h? — 2)usts — aghz(agz)uu‘)g) (z(t, 0)7w) dw

-3 /32 ( — agh®(0pz)usvs — (h* + z')U4174) (z(t, 9),(_0) dw

= —i/ ¢ ( — U3V1 — UgVy + U3V + ’U,4@2) (z(t,@),w) dw =0.
Sz w

Therefore ]i)t is symmetric. We have to show that D(]b: )= D(]bt). We have

(4.73) veD®,) < Vue DB,), |(Byu,v)| < Clul.
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Taking u € C§°(2¢°; C*) in (4.73) we find that ]i)tv € J ., thus v(z(t,0),w) is well
defined. For v € D(I),) and v € D(ID,) we compute

(Dyu,v) = (u, li)tv) + z/ ((=2 = KT + (0p2)aoh®T?)u,v) (2(t,0),w) dw
S2
= —7,/ ( — eiVU3171 - eiVU4772 + (h2 - 2./’)’[1,3’(73 - a0h2(392)’LL4’T)3 dw
S2

+i/s2 aoh®(9p2)usty — (h? + 2)usty) (2(t,0),w) dw + (u, B,v)

= —i/ ug(—e~ vy + (h? — £)vs — aph?(9g2)va) (2(t,0),w) dw
SZ

_ i/sz ug(—e~ vy — (82)aohvs — (A2 + £)va) (2(t,0),w) dw + (u, D,v).

It follows from (4.73):

(4.74) ‘ /52 us(—e~ vy + (h? — 2)vz — agh?(992)va) (2(t,0),w) dw

+ /32 us(—e~ vy — (8gz)aohvs — (A2 + 2)va) (2(t,0),w) dw‘ < C|lul|-
Let ¢ € C§°(R), ¢(0) =1, ue(rs,w) = ¢((r+ — 2(¢,0))/€)u(rs,w). Clearly

ue(2(t,0),w) = u(z(t,0),w) and u.€ D(]i)t).

We estimate:

0o 2
I = %s /zu oy el dredo S el e o ey

S €||[U]EHH1(R;(L2(S2))4) S e”[u]?{”i(i

Thus if we replace u by wu. in (4.74), then the term on the R.H.S. goes to zero
when € — 0, whereas the term on the L.H.S. remains unchanged. It follows that,
for all u € D(D,),

(4.75) /52 uz(—e~ vy + (h? — 2)vz — agh?(9g2)va) (2(t,0),w) dw

+ / us(—e~ vy — (8g2)aohvs — (A2 + 2)vs)(2(¢,0),w) dw = 0.
5’2
Let R = {(2(t,0),w); w € S?}. We claim:

(4.76) Vf e L*(R;C?), 3ue D@,), usalg=f.

From (4.75), (4.76) follows that v satisfies the boundary condition. Therefore it re-
mains to show (4.76). Let

Ker (wI‘4( — 2 — BT + (9p2)agh’T? + £F4 %)) = span{w, ws}
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with w; = *(w11,...,w14) and wy = *(wa1,...,wa4). The vectors *(wi3,w14) and
¢(wa3,w34) are linearly independent. Indeed supposing

w13 W23 W11 w21
(w14) = a(w24) we find M(w12> —aM(w22>
with
M (—(z + h?) agh?®(9pz) )
aoh?(0yz) h? — 2
The matrix M being invertible we find

w11 W21
=«
(o) =2Cnr)
which is a contradiction. If f € L?(%;C?), define g € L?(%;C*) in the following way:

Ja, 8 a(w13> +6<w23) _

W14 W24

We put g := aw; + fws. By the surjectivity of the trace operator there exists u € ﬂit
such that u|g = g. By construction of g, u € D(ID,). O

The problem (4.71) is solved by the following proposition.
PROPOSITION 4.5. — Let ¥, € D(H,). Then there exists a unique solution
(W], = [U(,8)¥,],, € CH(Ry; H) NC(Ry; H*)

of (4.71) such that for allt € R ¥(t) € D(H). Furthermore we have ||¥ ()| = || ¥s]|
and U (t, s) possesses an extension to an isometric and strongly continuous propagator
from Hs to H+ such that for all Uy € D(Hs) we have

d

aU(t, S)‘I/S = ZHtU(t, S)‘I/s.

The proposition follows from Proposition 8.2, which is proven in the appendix.






CHAPTER 5

DIRAC QUANTUM FIELDS

We adopt the approach of Dirac quantum fields in the spirit of [16] and [17]. This
approach is explained in Section 5.2. In Section 5.1 we recall the second quantization of
Dirac fields (see e.g. [11] for a detailed discussion of the second quantization procedure
and [46] for the special case of the Dirac equation). In Section 5.3 we present the
theorem about the Hawking effect.

5.1. Second Quantization of Dirac Fields

We first explain the construction in the case of one kind of noninteracting fermions.
The one fermion space is a complex Hilbert space $) with scalar product (.,.) that
we suppose linear with respect to the first argument. The space of n fermions is the
antisymmetric n-tensor product of $:

TO®H)=C, 1<n = T0(5):= A 9

The Fermi-Fock space is defined as

) i= é 7(9).
n=0

For f € $ we construct the fermion annihilation operator ag(f), and the fermion
creation operator a},(f) by putting

ag(f) : 7(H) — {0}, 1<n, ags(f): T™(®H) — 7" (%),
af)(f)(fl /\/\fn = IZ fa (1) f f(r(2) A /\fa(n)a

0<n, a}(f): ff"’(m — g (g),
W
Z

ag(f)fr NN fn) = VAN oy N A fom)
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where the sum runs over all permutations o of {1,...,n} and €(o) is one if o is even
and —1 if o is odd. In contrast to the boson case, ag(f) and a§(f) have bounded
extensions on & (£)), which we still denote ag(f),ay(f). They satisfy:

(5.1) las (N = llas (D] = lI£1;
(5.2) al(f) = (as(f))*-

Another important feature of the creation and annihilation operators is that they
satisfy the canonical anti-commutation relations (CAR’s):

(5.3) ag(flas(g) +as(g)as(f) =0,
(5.4) ag(fag(9) + ag(g9)as(f) =0,
(5.5) ag(flas(g) +ag(9)ay(f) = (f,9)1.

The CAR algebra on $) is the C*-algebra %($)) generated by the identity and the
af)(f)v f € 9.
Let us now consider a situation where the classical fields obey the Schrédinger type
equation (H selfadjoint on £)):
OV =iHW.

A gauge invariant quasi-free state w on %($)) satisfies the (8, u)-KMS condition, 0 < 3,
if it is characterized by the two point function

w(ag(flas(f)) = (ze® (1 +2e7M)71f g),

where z is the activity given by z = e”#. This state is a model for the ideal Fermi gas
with temperature 0 < T = 87! and chemical potential .

In the case of charged spinor fields we have to consider both kinds of fermions,
the particles and the antiparticles. The space of the classical charged spinor fields is
given by a complex Hilbert space $) together with an anti-unitary operator T on $
(the charge conjugation). We assume $) is split into two orthogonal subspaces:

H=HrDH_.
We define the one particle space
by =H4
and the one antiparticle space
ho =TH_.

The space of n particles and m antiparticles is given by the tensor product of the
previous spaces:

g = g™ ) e 7™ (ho).
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The Dirac-Fermi-Fock space is given by

= é gm)

n,m=0
We will denote the elements ¥ of F($)) by sequences
U = (\Il(mm))n,meNa \I,(n,m) c g(n,m)7
the vacuum vector is the vector Q,. defined by

Q09 =1, (n,m) #(0,0) = Q™ =,

vac vac
For ¢+ € h1 we define the particle annihilation operator, a(¢4 ), the particle creation
operator, a*(¢4 ), the antiparticle annihilation operator, b(¢—), and the antiparticle
creation operator, b*(¢_), by putting for \Il(n) ™ ¢ gnm),

(5.6) a(¢:) (P © W) = (ay, (64)(¥]) © ¥ € g,
(67 @ (@)@ @ v™) = (af, (1) W ) @™ e gl
(5:8) b(o-) (¥ @ ) =0 @ (b (6-)(¥")) € 7Y,
(59) (@)@ @u™) = v e (b (9-)(TT) € T,

All these operators have bounded extensions on () and satisfy the CAR’s. The
main object of the theory is the quantized Dirac field operator V:
fen— U(f) =a(lf) +b"(TI_f) € 2(7(9)),

where we have denoted by II. the orthogonal projector from $ to $H+. The mapping
f+— U(f) is antilinear and bounded:

(5.10) e =111l

Its adjoint denoted by ¥*(f) is given by

(5.11) U (f) = a*(IL, f) + b(TII_f)
and the CAR’s are satisfied:

(5.12) U(f)U(g) + U(g)¥(f) = 0,
(5.13) U)W (g) + ¥ (g)¥*(f) =
(5.14) T(f)¥(g) + ¥(9)¥"(f) = < 9)1.

The Field Algebra is the C*-algebra generated by 1 and the U(f), f € $. If we take
f only in $; (_) we get a subalgebra isometric to %(h;(—)). The vacuum state wy, is
defined by

(515) Ac %(S{))y wvac(A) = <AgvacanaC>7

or by the two point function

(5.16) Wyac (T*(£)¥(g)) = (I_f,TL_g).
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Now assume that the classical fields satisfy a Dirac type equation:
0V =iHY,

where H is selfadjoint on $) and leaves $,$_ invariant. Then

(5.17) Ht:=Hly,, H :=-TH|5 T,

are respectively selfadjoint on h and h_, and the classical fields of one particle, ¢,
and of one antiparticle, ¢_, are solutions to a Schrédinger type equation on b (_):

(5.18) Oby(—y=iH T, ).
A usual splitting of § is the choice
(5.19) Dy =1 oo0)(H), H- =10 (H).

We say that a state wg, on %($)) satisfies the (3, u)-KMS condition, 0 < 3 if it is
characterized by the two-point function

(5.20) w,u (T (£)¥(g)) = (ze”H (14 2ePH) 71 fg), 2= e

We want to apply this procedure to several states at time ¢ = 0 and in the future. We
first describe the quantization at time ¢t = 0. Let = #o, H = Hy. We will emphasize
the importance of the charge of the field by denoting the hamiltonian Hy = Hy(q).
A charge conjugation for Hy(q) is given by

= o O
|
—_

Tp=Urp with Uy =+3= 0

o
oS O O =

We note that H~ = Hy(—q) and that ¢ = T¢ satisfies the boundary condition (4.68)
if ¢ satisfies it.

As we do not know whether Hy has the eigenvalue 0 or not, there is a slight
ambiguity in the definition of particles and antiparticles. We will put

(5.21) (T, 1) = (1(00,0)(H0), Lj0,00) (Ho)),

but the choice (1(—s0,0](Ho),1(0,00)(Ho)) would also have been possible. We denote
W, the quantum field at time ¢ = 0 constructed in the previous way. We define the
Boulware quantum state wy on the field algebra %(# ) as the vacuum state

D)€ Ho wo(TH(Y)To(DZ)) = (I_®, T1_B2).
At time ¢t = oo we will take
(5.22) 9=,

H the Dirac hamiltonian in the Kerr-Newman space-time and the same charge con-
jugation. We put

(5.23) (T4, T12) = (1(—o0,0)(H), Ljo,00) (H)).
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The fields obtained in this way are denoted ¥(f). From this we obtain the definitions
of vacuum and KMS states with respect to H.

5.2. Quantization in a globally hyperbolic space-time

Following J. Dimock [17] we construct the local algebra of observables in the space-
time outside the collapsing star. This construction does not depend on the choice of
the representation of the CAR’s, or on the spin structure of the Dirac field, or on
the choice of the hypersurface. In particular we can consider the Fermi-Dirac-Fock
representation and the following foliation of our space-time (see Section 3.2):

Moot = | 55, 55 = {(t,7,0,0); 7 > 2(t,0) }.
teR

We construct the Dirac field ¥ and the C*-algebra %(H ) as explained in Section 5.1.
We define the operator

(5.24) Seot : @ € (C°(Meoy)) " — Seor® := / U(0,)®(t)dt € Ho,
R

where U(0,t) is the propagator defined in Proposition 4.5. The quantum spin field is
defined by

Teo: B € (CF (M) — eor(®) := Tp(Sear®) € L(Ho)

and for an arbitrary set ) C M1, we introduce %o (0), the C*-algebra generated
by ¥ (®1)¥eo1(P2), supp ®; C 6, j = 1,2. Eventually, we have

[Mcol col U %col
OCMcor

Then we define the fundamental state on %o (Mco1) as follows:
Weol (\I’:ol(q)l)qlcol(QZD = wVaC(WS(SCOIQI)\IIO(SCOIQ2)) = <1[0,oo) (HO)SCOIq)lu SC01@2>‘

Let us now consider the future black hole. We consider the space-time Mgy with
the Dirac hamiltonian H for a field with one particle. Let ¥(®) be the Dirac field as
constructed in Section 5.1 and

S:® e (Cgo(il/lBH))4 — SP := / e_itH(I)(t) dt.
R

We also introduce:

Vg : @ € (C5°(Mpn))* — Upn(®) :== ¥(SP)
and the C*-algebra %pn(f) generated by Upp(®1)Uhy(®2),®1, P2 € (C(0))4,
O C Mpy. As before we put

Upn(Men) = U Upn (0
OCMpu
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We also define the thermal Hawking state
(5:25)  wiim, (PEa(®1)Usn(®2)) = (ne” (1 + pe™) 7150, 5@,)
= wiirs (U7 (S1)T(5D2))

with

THaw:‘7'717 H= e(ﬂ], o>0,

where T,y is the Hawking temperature and p is the chemical potential. We will also
need a vacuum state which is given by

wvac(\IIEH(él)\IIBH(QbQ)) = <1[0,oo) (H)S(bl) S¢2>

5.3. The Hawking effect
In this section we formulate the main result of this paper.
Let ® € (C§°(Meo1))*. We put
(5.26) T (t,7,w) = ®(t — T, 7,w).
THEOREM 5.1 (Hawking effect). — Let
®; € (C°(Me))', 5=1,2.
Then we have

(527) TIE)I;O wcol( COI(QT)\PCOI((I)g))

= wiie. (Vg (1g+ (P7)®1)Upn(1g+ (P7)®2))
+ Wyae (Uin (1p- (P7)®1)Upu(1g- (P7)®s)),

1 I‘\?+ qQ7-+ (ID
5.28 T; = — = — — 0'77’ — e .
( ) Haw o ? e n T-2i- —}-CLQ T—QF +a2

In the above theorem P¥ is the asymptotic velocity introduced in Chapter 4. The
projections 1g+ (P¥) separate outgoing and incoming solutions.

REMARK 5.1. — The result is independent of the choices of coordinate system and
tetrad, i.e. both sides of (5.27) are independent of these choices. Indeed a change of
coordinate system or a change of tetrad is equivalent to a conjugation of the operators
by a unitary transformation. We also note that the result is independent of the chiral
angle v in the boundary condition. Let

S_¢= / e "H—g(t)dt
R
It is easy to check

wite, (UEg(1r+ (P7)¢1)UeH(1r+ (P )¢2))
= <ue°’H“(1 + e"H“)_lSHQ;(ﬁl,SHQ;gﬁg)
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We define S_, in an analogous way to S— using the Dollard modified dynamics:

S_¢= | Up(— dt.
6= [ U=ttt
We find
wyac(¥gg (1r- (P7)91) Upn (1g- (P7)¢2) = (1(0,00)(H-)S_Q ¢1, S QL ¢2).

In particular our result coincides with the result of Melnyk [37] in the case of a
Reissner-Nordstrom black hole.






CHAPTER 6

ADDITIONAL SCATTERING RESULTS

In this chapter we state some scattering results that we shall need in what follows.

6.1. Spin weighted spherical harmonics

We will now introduce spin weighted spherical harmonics Y, (for a complete defi-
nition, see e.g. [39]). For each spinorial weight s, 2s € Z, the family

{Yi(p,0) = e™ul (0); £ —|s| €N, £ — |n| € N}

forms a Hilbert basis of L?(S2, dw) and we have the relations

duf, n—scosf . 1
da - Sin@ uﬁn = —ZI:(€+S)(€_S+1)]2U£_1’",
duf, n—scosf ,

. RS EA
0 + g Ugy = z[(f—i—s—i—l)(ﬂ s)] Ug i1 p-

We define ®, as the following operation between two vectors of C*
Vv = (1)17’02,1)3,714), u = (u17u2,u3,u4), VR4 U= (U1U1,U202,U3U3,u4v4)~
Since the families

{v{ . moed}, {v'

3,m’

;s (n,0) e}, I={(n0);¢—3 €N, {—|n|] €N}

form a Hilbert basis of L?(S2,dw), we express #, as a direct sum
He= @ HY, Y =LP(R;dr.); C*) ®4 Yar,
(n,£)ed
Yn@ = (Y_el n? Yle

2’

Yf%m, Y;n).
We shall henceforth identify 5‘{:}2 and L?((R; dr); C*) as well as ¥,y ®4 Yne and .
We see that

D= P DI with DL :=T'D, +ao(r)T?(£+ 1) +bo(r)T” + "
(n,0)ed
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In a similar way we find the decompositions

@ vy, .= P P

(n,0)ed (n,0)ed

Note that the operator I3/ is selfadjoint on #™* with domain (H(R))* ®4 Y. This
leads to a useful characterization of the domain D (1) (see[15]):

. = D) = D®,) = {u =3 wnes Vn, b, uns € H'(R), S By ue]|* < 00}

nt n,l

REMARK 6.1. — Note that n € Z + % Indeed we are working with quantities of
spin weight 3 1 Such quantities are multiplied by e2% under rotation of angle ¢. In
particular Ye are not smooth on S2, but they are smooth on [0, 27|, x [0, 7]. Using

the axial symmetry of our equations we will often fix the angular momentum D, = n.
When we do so we will always suppose n € Z + 5.

2. Velocity estimates

We start with the maximal velocity estimate:

LEMMA 6.1. — Let J € C3°(R),suppJ C | — 00, —1 — €] U [1 + €, 00][ for some € > 0.
Then we have

[T () e o <ol and - i () e <o

The lemma can be easily deduced from the equivalent statement for the dynamics Ip
in [15, Proposition 4.4]. The minimal velocity estimate is given by the following
lemma:

LEMMA 6.2. — Let x € C°(R) such that supp x C R\ {—m,m}. Then there exists a
strictly positive constant €, such that we have

o0
71\ i dt
| 1o (B emamep<t < o a2,
1
Furthermore

s — hm 1[06x]<| |) ey (H) = 0.

The lemma follows from [15, Proposition 4.3]. The change of variables and tetrads
is treated in the usual way. It turns out that we need a stronger minimal velocity
estimate near the horizon:
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LEMMA 6.3. — Let m € C(R1), 0 < € < 1, limy_,oo m(t) = 00, 0 < m(|t]) < €|t| for
all |[t| > 1. Then
7]

— 1 _ Tty LitH .
(61) S tl}imml[o’l]<|t| _m(|t|))e 1]R¥ (P ) 0.

An analogous result holds if we replace e 1px (PT) by e*H~—,

Proof. — By the asymptotic completeness result and a density argument it is sufficient
to show:
7]

oo 2\ 4 RT .
(6.2) We«bﬁxsn7st5&%ﬂ@pmww

)eitH“f =0.

Let supp f C [R1, Ra] x S%2. We define H_ =T!D-. Using

[, % p,+ 19 )

H_,
r2+a2 % r?4a?
we see that it is sufficient to show
. |7 et
B T g Y
I e )

We only treat the case ¢ — oo, the case t — —oco being analogous. We have

(¢ f)(7w) =

e e
3 3 I I)

[7]

On supp(1po,1( Itl_m(t))e“H‘—f)g,g we have for t > —Rj:

t—m(t) > |7| >t+ Ry, which is impossible for ¢ sufficiently large.
In the same way we find on supp(l[o,l](%)e“}]*f)l,zl for t > Rs:

t —m(t) > |7| >t — Ry, which is impossible for ¢ sufficiently large.

Thus for ¢ sufficiently large we have

|7

10,1 <7|t| — m(t)) e f =o0.
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6.3. Wave operators

We shall need a characterization of the wave operators in terms of cut-off functions.
Let J € C*°(R) such that

1 7<b,
(6.3) 3bceR, 0<b<c, J(?):{ "
0 7>c

PROPOSITION 6.1. — We have

Wt =s5-— Jim e " H (1 - Up(2),
OFf =5 — Jim Up(—t)(1 - J)etH,
Wt =s— tiiimoo e HH JeitH—

=s— lim e ®H— JeitH,
t—+oo

We refer to [29] for the link between the wave operators in terms of cut-off functions
and the wave operators using the asymptotic velocity. The operator I) is a short range
perturbation of ID,. More precisely we have the following (|15, Theorem 5.1]):

PROPOSITION 6.2. — The wave operators
WE=5— lim e P eithe (NZ;'E =s— lim e s ¢ith
t—+oo t—+oo

exist and we have
0F = (W), WOy =07 =1y
We define J’(R) as a subspace of C*°(R) by
FESR) <= VaeN, [f@()| < Calx)™, (z):=V1+22

We shall need (see [15, Corollary 3.2]):
LEMMA 6.4. — (i) Let x € J°(R). Then

(x(D) = x(B,)) (B +14)~" s compact.
(ii) If x € C§°(R), then

(ﬂ—ﬁs)x(lﬁ) and (D—lﬁs)x(lﬂg) are compact.

LEMMA 6.5. — The following wave operator exists:

WE=s5— liin e o (1 — J)eitH,
Furthermore we have
(6.4) W5 110,00 (H) = 10,00y (Ho) W',
(6.5) Vel WSl = [|1es (PE) 1|
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Proof. — We only treat the case ¢ — 0o, the case ¢t — —oo being analogous. By a
density argument it is sufficient to show for x € C§°(R), suppx C R\ {—m, m} the
existence of

5 — tlim e "Ho(1 — J)e'H y(H).
Let €, as in Lemma 6.2. Let Jo € C§°(R), Jo > 0,supp Jo C (F€y, 1+ 2¢y),Jo =1 on
[Ley,1+ €,]. We first show that
T
?> e tHX(H)

if the R.H.S. exists. For this purpose let Jy, J+ be a partition of unity with J. > 0,
supp J_ C (—o0, %ex), supp J+ C (14 €y, 00), J— + Jo+ J4 = 1. We have

(6.6) s — tlililo e—itHo(l —J) eitHX(H) — s— lim e—itHOJO(

t—o0

t——o0

s— lim e ®Ho(1 - J)J, (%) ey (H) =0

by Lemma 6.1. We write J_ = J! + J2, where JL,J2 > 0 and J2? equals one in a
small neighborhood of —1 and is supported in a slightly larger neighborhood I of —1.
We have

_ T —itHo (71 _ 1 f itH _
s tll)lgloe (1 J)J7<t)e x(H)=0

by the maximal and minimal velocity estimates. Obviously we have for I sufficiently
small and ¢ sufficiently large:

e (1 J)J2 () X (H) = 0.

Let

~ ~ ~

7(5) = et () + 5 (5)

(L= ze 146 (;) = hextey] (?)

for t sufficiently large and

Clearly

=)

s — tli)rgo e tHo(1 — J)J} (%) ey (H)=0

by the maximal and minimal velocity estimates. Again by the maximal and minimal
velocity estimates we obtain (6.6):

s — tlim e_itHol[EX,HeX] <£> ey (H) = s — lim e_itHOJo(i) ey (H).
o0 t t—o0 t
It remains to show that the limit on the R.H.S. of (6.6) exists:

% o—itHo Jo(%\) S (H) = e~itHo (], JOG) 3 J“G) H)eiHy(H)

_—itHy (TN 11 iem
=e Jo(t>tFe x(H)
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and this last expression is integrable in ¢ by the maximal and minimal velocity esti-
mates. Let us now prove (6.4). Let x,, € C§°(R) with

1 0<x<n,
Xn(z) =
0 z<-1/n, z>n+1
We have
Xn(H) = / e IR, (t)dt,
where X, stands for the Fourier transform of x,,. Using W e " = e~ #HoW/E we
see that
(6.7) W5 xn(H) = xn(Ho) W
Taking the strong limit in (6.7) gives (6.4). Let us now prove (6.5). By a density
argument we see that it is sufficient to establish (6.5) for x (H) f, x € C§°(R), supp x C
R\ {—m,m}. But by (6.6) we see that
[Warx () f]| = tim [|e= 0o () e x () |
= | Jo(PT)x(H)f[| = [1e+ (PT)x(H) S|,

where we have used the minimal and maximal velocity estimates. O

6.4. Regularity results
We first need a result on supp Q_ f:

LEMMA 6.6. — We have
(6.8) 1(_00’R)(?)Q‘__1[R’00)(’/f‘\) =0, VR.
Proof. — We have

Q- =s— lim e "H-Jge' P, 07 =Q_.

t——o0

It follows

6.9 O =s— lim e "H-p,  JeitH,
H

t——o0
Let f € #,supp f C [R,o0) x S2. By the finite propagation speed we have for ¢ < 0:
supp e f C [R +t,00) x S2.

Therefore:
(6.10) supp e H-P, Je'H f C [R,00) x S%.
The equations (6.9), (6.10) prove the lemma. O

For 2 we need the convergence in H'(RR; (L2(5?))*):
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LEMMA 6.7. — We have for all f € J*:

(6.11) Jim [J(F)e" f — e -Qr e @uzz sy = 0

Proof. — The wave operators acting on J, will be denoted with a tilde. By conjuga-
tion with ¢/ % we obtain wave operators acting on J, e.g.

QO =VYUQUY =s— lim e s eith

t——o0

with Hy, = ¥ %D, %" V". We note that

ViAo — HY VU H (R (L(57)) — H (Res (L2(59)),
WY H — Hy WY H (R (LA(S%)Y) — H(R,.,; (L2(5%)*)

are continuous. This follows from the definition of the spaces # YH i and from the
estimate 0 < § < k'’ < 1. We show:

(6.12)  VfeHL, Jim |ePf — Q£ 41 =0,

(6.13)  VfeH:, Jim [|J(7(r.,0)e P f_ itPu Q) =0,

HsfHHl(]R (L2(S2))4)
(6.14)  Yf € H'(Rq; (L2(S2))%)

lim ||e’tHH1 +(Py)f — etH-Q

dim H,<—f||(H1(R;(L2(S2))4> =0,

where

ﬁHs—s— lim e #PueitPa1p, (P7), P =s—Co — lim e P t* eitPs

t——o0 t——o0

HH = (V%DH {M*(V*7

. -
O —s— i —itH 'LtHHI P - _ —C — I itHyg * ZtHH_
He = 8= lim e e r+(Pg), Py =s lim e” s e
We refer to [14] for the existence of Q7 ., and P (™. The existence of P follows from
the existence of

i = 5= Coe — lim o™ Pu " P

_tafoo
and the existence of Q7 _ follows from the existence of W (see proof of Theorem 4.2).
Let us first argue that (6.12)-(6.14) imply (6.11). Let

Qy =s— lim e HueitHy,, (pP7).

t——o0

(1) Note that D, can be understood as the Dirac operator in a “Reissner-Nordstrém type" space-time,
see [15] for details.
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The existence of {1 follows from the existence of ﬁ;l (see proof of Theorem 4.2). We
have

[(J(7) e — ZtHQ_Q«—)me(R (L2(52))4)
< [ T@) (e — ety )f”Hl(R;(L2(S2))4)
+{[(J(F) ey — eitHHQ;I)fHHl(R;(L?(sz))4)
+ ||(eitHHQ;I _ eitHhQ;)f||H1(R;(L2(SQ))4) =11 + I+ Is.
We first estimate I;. We have, thanks to (4.41) and (6.12):
SRS ||(emz) — ot ﬁﬁ_)(y*(Z’l*fHHl(R;(LZ(S?))“)
< (e P~ eitmsﬁs_)(l/*‘ﬂ*fnﬂi — 0, t— —oo0.

In order to estimate I, we observe that Q7 : #L — . and that ﬁ;l(ﬁ;)* =Qp,-
We obtain using (6 13):

L Py — e Puly) (Ri(L2(52))%)
= It )ew P05 0 VU | s 12 (52

We now estimate I3. We observe that D(Hy) = H'(R; (L?(S?))*) and that the graph
norm of Hpy is equivalent to the norm of H'(R;(L?(S?))*). This entails Qpf €
H1(R; (L?(S?))*). Observe also that

Q- =Qp Q.

— 0, t— —o0.

We obtain using (6.14):

I; = H(e”HH1R+ (Py) — e™-Q — 0, t— —o0.

o) Hf”Hl(]R (L2(82))%)
The proof of (6.13) is analogous to the proof of [37, Lemma 6.3] and we therefore
omit it.
Let us show (6.12). Using the uniform estimates
1ePfllgr S UFllsr and  [[ePe £l S N Flle
we argue that we can replace f by x(ID)f,x € C5°(R). We then write
D(e"P = e PO0)x(B)f = (P = e PO7)DX (D) + (D, — D)x(Dy) e 5 f.

When t — —oo the first term goes to zero by Proposition 6.2 and the second term
goes to zero because (D, — D)x(1D,) is compact by Lemma 6.4 (ii).

Let us show (6.14). By a density argument we can replace f by x(Hg)f with
X € C§°(R). Then we have

(6.15) H_ (e™H1g, (Py) — e Q;I&)X(HH)f
= (H — Hy)x(Hg) """ g+ (Pp) f
+ (g (Py) — "= Qy ) Hux(Hp)f.
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The second term in (6.15) goes to zero by definition of Q2 _ . In order to show that
the first term in (6.15) goes to zero it is sufficient to show

(E<— - DH)X(DH)ean 1R+ (ﬁﬁ)f . 07 t — —o0.
We have
(6.16) [P = D)X (D) ™ P 1gs (P ) | .
< |Jm(r) By x(Bg) e Prip (P f| .

with m(r.) — 0, |r«] — 0o. We then use the spherical symmetry of the expression

on the R.H.S. of (6.16) and the fact that m(r*)D% X(]ﬁ%) is compact on #™ to
conclude that the R.H.S. of (6.16) goes to zero when t — —o0. O






CHAPTER 7

THE CHARACTERISTIC CAUCHY PROBLEM

The aim of this chapter is to solve a characteristic Cauchy problem in a space-time
region near the collapsing star. The results of this chapter will be used later in the
proof of the main theorem. We start by studying a characteristic Cauchy problem for
the Dirac equation in the whole exterior Kerr-Newman space-time. In Section 7.1 we
formulate the main result of this chapter. Section 7.2 is devoted to the usual Cauchy
problem with data on a lipschitz space-like surface. The main theorem is proven
in Section 7.3. In Section 7.4 we use these results to solve the characteristic Cauchy
problem near the collapsing star. Our strategy is similar to that of Hérmander in [32]
for the characteristic Cauchy problem for the wave equation (see also [41] for weaker
assumptions on the metric). A characteristic Cauchy problem for the Dirac equation
has been considered in [35] in a somewhat different setting.

7.1. Main results

Let (see Figure 1):
+7 <T,we S$%}, Ar:=ALUAZ,
Kr = {(t,7,w);|F| < T,|F| <t < T,w € $%},
Y= {(T,7,w);|7] < T,w € S*}.
We need the spaces
Hr = L*(([-T,T) x §?, d7dw); C*),
Hy ={ueHr;Hue Hr}, lullZs, =l + 1 HullZ,.,
L} _ = L*(([-T,0] x §?, d7dw); C?),
L3, = L*(([0,T] x S%, d7dw); C?).

Let @7 € C®(X7;S4 & SA/). By the usual theorems for hyperbolic equations we can
associate to &7 a smooth solution ¢4 ®x* € C®(Kp;S4@SA") (see [40] for details).
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X7

Ky

=)

Fi1GURE 1. The characteristic Cauchy problem

We use the €%, n% m® tetrad and the (¢,7,w) coordinate system. Let

4 2 A g2
p2Ac
U=y m(%,fbb)ﬁu—xw)

be the associated density spinor. The spinor fields 04 and ¢4 are smooth and non
vanishing on Agﬁ, therefore we can associate to this solution the smooth trace of W:

g : q)T — (\1/2, \113)(—?, /T"\,CU) EB (\IJl, \114)(?, ?,W)
€ C=([-T,0] x $*;C*) & C*([0,T] x 5% C?).

Using the conserved current we obtain by Stokes’ theorem

(7.1) / #($padar dz™ + gaxa det?) = / #(padar de™ + gaxa det?).
ET AT

Let ¢(7) = |7]. The normal to A% is n?, the normal to A}, is £¢. We compute:

2p2Ac?

(6704 5 dQ)|1 = (00 5 dQ) |- = 7+ 2)2k?

d7 A dw.
Following (4.15) we find:

(7.2) / #(padar dz™ + gaxa det?)
Ar
0
= \/5/ / (|\I/2|2 + |\I’3|2)(—?, ?,w)d?dw
_T SZ

T
TN / / (1012 + |24 (7, 7, 0) dF doo,
0 S2
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where U = (U, Uy, U3, Uy). It follows:
(7.3) #(padardz?? + xaxa da??)
X
0
= \/5/ / (@] + |¥3)?) (~7, 7, w) d7 dw
-7 Js2
T
- \@/ / (1012 + |94 ) (7, 7, w) dF dw.
0o Js2
Therefore the operator & possesses an extension to a bounded operator
T € L(L*(S;Sa @ SY); LA([-T, 0] x §%.C?) @ L2([0,T] x §2;C?)).

Our first result is:

THEOREM 7.1. — 4%/5‘7 is an isometry.

The proof of this theorem will be given in Section 7.3.

The characteristic data & (®r) contains information only about ¢1, x1- on A7 and
0, X0’ On A;. The functions ¢g, xo on A7 resp. ¢1, X1/ on A; are obtained from the
given data by restriction of the equation to A%. On AT we have (see (4.8)):

na(aa - Z.q(I)a)(ZﬁO - ma(aa - z'q(ba)qﬁl +(pn— 7)¢0 + (T - ﬂ)¢1 = %Xl’v

m
Egbla

where ¢1, x1/ have to be considered as source terms. Putting ¢(7,w) = ¥(-7, 7, w),
9(7,w) = ¥(7,7,w) we find

(74) _D?gl,4 = ((Pw + W)g)1747 91’4(0,(4)) = §1,4(07w)a

n®(0a — iq®a) X0 — M*(0a — iq®a)Xx1 + (B — ¥)x0 + (F — B)x1 =

(75) D?/g\Q,B = ((Pw + W)§)2,37 /9\2,3(07 w) = 92,3(0? w)'

Here P,,, W are defined in (4.39), (4.40). We understand 7 as a time parameter which
goes from 0 to —7T for (7.4) and from 0 to T for (7.5). We write (7.4) as

(7.6) 07g1,4 = 1A(T)g14a+ S(7), 91.4(0,w) =7 4(0,w)
with
PR m1 W W 4
{5 (),
W41 W44

2 2 _
=1 o D G N
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We want to show that (7.6) has a unique solution and to this purpose we must
analyze A(7). We have

m?é—;ﬁhr( + 900 Vao h/a+ T+ he.

We want to show that the operator

cot 6
24
is selfadjoint with some suitable domain. To this purpose we introduce the unitary
transformation

U:L*(S? dw) — L?(S?%,d0dyp), u(8,p) — u(8,e)Vsinb.

dg := Dy +

Clearly
dg =UdpU™* = D,
which is selfadjoint on L?(S?, dfdy) with domain
D(Dg) = {u € L*(5%, d0dyp); Dou € L*(S?, d0dy),u(0,.) = u(m,.)}.

Then dy is selfadjoint with domain D(dg) = U*D(Dy). It is easy to check that
7 — A(7)v is continuously differentiable for v € Y := (D(dy))%. We can apply [43,
Theorem 5.4.8] and associate a unitary evolution system V (7, 7"). For smooth g5 3, 914
we have S(7) € C([-T,0];Y) and g(0,w) € Y. By [43, Theorem 5.5.2] (7.6) possesses
a unique Y-valued solution given by

(7.7) 91.4(F,0) = V(7,0)5,.4(0,0) + / V(7 7)) d7.
0

For given g2 3,9, 4 we define g; 4,7, 3 as the solutions of the partial differential equa-
tions (7.4), (7.5) and put

(7.8) 95{3(52, w) = %( — Dsgas + (P + W)9)2,3)7

(7.9) @\{{4(?,&’) = (Drgl 4+ (Po+W)g)1,4).

As g1,4 is a Y-valued solution we have (the argument for g, 5 is analogous):
g8y € L2(([-T,0] x 82, d7dw); C?), g1, € L2(([0,T] x S%, dFdw); C?).
We define H' as the completion of C([—T,0] x §2;C2) & C>([0,T] x 52;C?) in the

norm
~ 2 .
(7.10) ”(92,3,91,4)”;[1 = 2(”92»3”12@7 + ”91,4“%%# + ||92F{3||2L§17 + ||91 4||L2 )

We now start with Up € C*(X;C*). Then we can associate a classical solution
U € C°(Kr;C*) and the traces

92,3(T,w) = Yo 3(~7,T,w), =T <7 <0 and g;4(7,w)=Y14(7,7,w), 0<7T T
are well defined. By the previous discussion
14T w) =V 4(-7,7,w), -T<7<0 and gy3(7,w) = Vo3(7,7,w), 0<7<T
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are solutions of equations (7.4), (7.5). As ¥ is a solution of the Dirac equation, so is
HU € C®(Kr;C*). We want to calculate H\IJ|A¥ in terms of g2 3,9; 4 and to this
purpose we introduce characteristic coordinates

X=t-7,T=t+7 < t=3X+T), 7=

Then we have
(H®)2;3 = (Dx — Dr)¥s3 + ((Po + W)¥), , = Dx Va3 + 5 (P + W)T)

= (HU)23(-7,7,w) = 3(— D?g2,3 + (P +W)g)a3).

In a similar manner we find
(HY)14(7,7,w) = %(D?/g\m + (Po + W)3)1,4)-
Using the identity (7.3) we find
HH\I/TH,%I(T = 2(”95{3”%;_ + gt 4||L2 )

and therefore
(7.11) 19212, = [[(g2:3, 31,0 5o

This means that the trace operator
T : C®(E7;C*) — C>([-T,0] x §%C?) & C>([0,T] x S%;C?),
\I/Tl—>(\1123( ??w) \1114(?/1: ))

extends to a bounded operator 7y € £(H1; HY).

Our second result is
THEOREM 7.2. — Yy is an isometry.
The proof of this theorem will be given in Section 7.3.
REMARK 7.1. — If Uy € H7., then the trace (Uys(—7,7,w), ¥y 4(7,7,w)) exists in

the usual sense and it is in H! by (7.11). This means that the operator 7 5 is defined
as the usual trace and that & is an extension of ¥ g.

7.2. The Cauchy problem with data on a lipschitz space-like hypersurface

Let ¢ : [-T,,T,] — R be lipschitz continuous, T,, > T,

(7.12) (P <a<1l ae.
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Thanks to (7.12) the hypersurface A, := {(p(7), 7,w); |7| < T, w € 5%} is space-like.
Indeed we have
~ ~ Q*—2Mry p2A
9(¢'(7)0s + 07, ¢'(F)0; + 0r) = (1 + T) " - (r2 + a2)2k2

Q% - 2Mr p?A
< (1 e ) -5
_ _a? sin? 9(2Mr — Q?)? <0

,020'2 ’
9(0p,0,) <0, (s, 09) <O0.

Let for 0 <t <T

5f = {(t,7,w) € {t} x [-T,, T,] x S%; t > o(7)},

U =,

0<t<T
Ry =T € (-T,,T,); t > o(7)}.
We will suppose R = (—T,,T,), p(—T,) = ¢(T,) = T. We also define the spaces
Hyp = L*((S7, d7dw); C*),
Wiy ={ue HopiHue Hog}, Tl = Jull, , + IHul%,

Kﬁ:

The aim of this section is to solve the Cauchy problem
{ 0¥ =iHV, (t,7,w)€ K7,

(7.13)
U(p(7),7,w) = g(T,w), (T,w) € [-T,,T,] x S2.

We first define the space of data. For g € C*([-T,, T,]; C*) we define
1 1 1 —~
)D?g> (7, w)

1+¢,7_1_§0’7_1_9@,71+‘Pl
) (P +W)g) (7).

(7.14) g (7,w) = (Diag (
1 1 1

14+¢ 1= " 1—¢ 14+ ¢

We define PNIé as the completion of C*°([-T,,T,] x S%;C*) in the norm

+ (Diag (

(715) ”g”%iv = ”(1 - 4'0/)%9273Hiz([—Tw,T(p]XS%(CZ)
+(1 - ‘Pl)%(95)2»3H2L2([—T¢,T¢]xs2;<c2)
PNt 2
A+ 021l sy
+]](@+ ‘P/)%(95)174||2L2‘([7T¢,T¢]x32;<c2)'

Let Ur € C®°(X%;C*) and ¥ € C*(K%;C*) be the associated solution of the Dirac
equation. Then ¥(p(7),7,w) € HY([-T,,T,]; (H*(S5?))*) and as in Section 7.1 we
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find using Stokes’ theorem:

TLP
(7.16) / / |¥|? d7 dw
—-T, J 82

T‘P
[ [ et )+ 0 1)

85

(p(7),7,w)d7 dw.

We want to estimate ff&’; Js2 |HY|?d7 dw. To this purpose we introduce a sequence
2

of smooth functions ¢, : [-T, ,T2 ] — R such that

;

[_T¢7T<P] < [_TgiuTsze]’
let(M] <a <1,

Pe — P Loo([_TLpaTqD])a

0. — ¢ ae[-T,,T,],

pe(T) < o(7), V7 € [T, Ty,
‘Pe(_T;E) =T= Sﬂe(Tﬁg)'

(7.17)

This approximation can be achieved by convolution with smooth functions (see [32,
Lemma 3]). Note that we may have to replace the approximation by ¢, — | — @e|ro
to achieve (7.17). In order to compute (H¥)(p(7),7,w) we introduce the change of

variables
T=t—p(7), =7 = 0, = 0;, 0r =0, — ¢.(T)0;.
We have
(7.18) 0,0 = iHY <= 0,U = (1+T%/) ™" (10, ¥ +i(P, + W)¥).

Using (7.18) we calculate

_ 1 1 1 1
HY = Diag (——— 1=~ 11— ) D
*+ ¥e Pe e 1+ e
+ Di ( ! ! ! )(P + W)U
14, ’ ) ) w
A T e Y ]

Putting g.(7,w) = U (¢(7),T,w) we find

. , 1 1 1 1 ~
(HD)pelFT20) = (Dlag 1+g, 1-¢, 1 —<p271+<p;)D?ge)(T7w)
1 1 1 1
Di ( : , : ) P+ W ) 7
+< iag 1o T T=g 1t gl (P, + W)g ) (7

(7.19) =:gH.

w)
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Using Stokes’ theorem we obtain
. ) R,
~ _ 12 3
20 [ [ iearas = (= M0 sl s

+ ||(1 + QDIE)%(geH)lA“iz([_T$E7T3€]XSQ;C2)'

Using Tée — Ty, j = 1,2 as well as the fact that ¥ is smooth we can take the limit
in (7.20) and find

T‘P
2 g~ 1. g 2
I B R R I
—1e

+@+ (pl)%(gg)lv‘l”i"’([—Tq,,TLP]xS?;C?)'
Putting (7.16) and (7.21) together we find
(7.22) 12115, = IIQII%J’-
The equality (7.22) shows that the trace operator
Ur € C®(Z4;CYH — U (p(7),7,w)

possesses an extension to a bounded operator

T e L(Hy, HL).
The result of this section is:

THEOREM 7.3. — T is an 1sometry.

Proof. — Because of (7.22) we only need to prove surjectivity. We have to construct
for g € H; a solution of

(7.23) 0¥ =iHYU, U(p(7),7,w)=g(T,w).
We first suppose g € C*°([-T,,T,] x 5%;C?) and consider the approximate problem
(7.24) 0; V¢ = iHU®, \Ile(goe(?),?, w) =g(7,w),

where ¢, is as before and g¢(7,w) is identified with a smooth extension on
[-T}.,T2] x S®. As @ is smooth it is well known that (7.24) possesses a smooth
solution and we have the estimate

(7.25) 1905, < IR =Tl -

Similar estimates hold on 5’[1}7¢,min<p <t < T = maxyp. As the R.H.S. of (7.25) is

uniformly bounded we find uniform bounds (here we also use . < ¢):
19 e 1 19, S 1
We can therefore extract a subsequence which we denote again W€ such that

VU Ay, U (HY(ED), U (HY(KL)
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for % < s < 1. The limit ¥ is a solution of the Dirac equation. We have to check that
U(o(7),7,w) = g(T,w). To this aim we estimate for e small:

T‘P
[ )50 - gl ara
7T§p S2
Tv 9
- / / T ((7), 7, w) — T (0e(F), 7, w)|* AP dw
-7, J82
T,
L.

Ty @ (7) 9
<[] [ r )P de® - e @) drde
-1, )52 Jo.(7)

max ¢ Ty
<lp— soEILoo/ / / |HYE (¢, 7,w)|* dF dwdt
%mincp —-T, J 82

S lpe = @loe - 1HY N, S lpe = ¢lee — 0, €= 0.

p(7) 2
/ 8,V (¢, 7, w)‘ Atd7dw
e (7)

Here we have used the Cauchy-Schwarz inequality. On the other hand we know that
||\I’6(90(?)v?7 w) = \Il(w(?)’?’w)HLZ(([—TWTw]XSZ,d?dw);(C‘l) <N = Wl arsxgyys — 0

It follows that U (p(7),7,w) = g(7,w). The solution V¥ satisfies

(7.26) Wl < Ngllzss 1l gys S gl -

If g € fI;, then we approximate it by a sequence g" of C'*° functions. Then by
(7.26) the associated sequence ¥™ of solutions converges to some ¥ in the norms
ﬂ;,w (HY(K$)* As U € (H'(KZ))*, the trace U], exists and we have

T, )
[ 190,70 - o) a7 < 8= 5y g
—Le

TLP
+/ / lg" — g|*d7Fdw — 0
-T, J 52

and thus U = g. This concludes the proof of the theorem. O

7.3. Proof of Theorems 7.1 and 7.2

Because of (7.3) and (7.11) we only have to show surjectivity. Let A < 1 and
©x = A|7|. Then the hypersurface Ay, = {(pA(7),7,w);|7| < T,w € S?} is a lipschitz
space-like hypersurface. We first suppose

92,3 € C°([~T,0] x $%C?) and 914 € C([0,T] x 5%.C?)
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(which we extend to smooth functions on [T/, 0] x S? resp. [0,T/\] x S?). Let
91,4(7,w) and gy 3(7,w) be the solutions of (7.4) and (7.5). We consider the approxi-
mate problem:

0,0 = iHUA,
(7.27) VA (=A7,7,w) = g(7,w), —-T/A<7<0,
VAP, 7, w) = §(7,w), 0<7<T/\
We put
i g(r,w) -T/]A<7<0,
: {ﬁ(?,w) 07T/

Starting with g we define §fk as in (7.14). For —T/X <7 < 0 we have

51 (7, w) (D.a( 1 1 1 1
= 1 y — y — )
IpaTH e BTN T 140 14212

+(D'a( 1 1 1 1
e T TN T AN TN T =

)D?g) (Tyw)

) (P +W)g) (7, w).

Note that the first and fourth components are zero because g is a solution of (7.4).
In a similar way we find for 0 < 7 < %:

~H [~ . 1 1 1 1
Gor (Prw) = (Dlag (1 TN T 11+
+<Di&g<171a1a1

142 1-XA1-X14+2A
Here the second and third components are zero because g is a solution of (7.5). As
(92,3, 91,4) € H' we see that § € ﬁéx. Therefore (7.27) possesses by Theorem 7.3
a unique solution ¥* satisfying the energy estimate

) D53) (7, )

) (P +W)G) (7).

(7.28) 1925, < 192050, = ”g”%;y
As
@I )0a=0,V-T/A<F<0, (GI)23=0, VO<T<T/\

we see that the R.H.S. of (7.28) is uniformly bounded. Repeating the argument for the
spaces ﬂ;k’“ minpy <t < T = max ), we see that we can extract a subsequence,
still denoted ¥*, such that

Vv HE, v (H(Kp)', -0 (H(Kp)),
for % < s < 1. ¥ is a solution of the Dirac equation and we have

(7.29) IWlls < Mgl 1l g+ S gl
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We want to check that
\112,3(_?7 /7‘\7 w) = 92,3(?7 U.)),

A
\111,4(?7 ?7"‘)) = /9\1,4(?""})7 vo

[
IN
IN
=)
INA
o

In fact we can even show
(|7, 7,w) = §(7,w).

As in Section 7.2 we estimate
T
~ SVIPNEPS 2
/ / |g(r,w)—\Il (|r|,r,w)| drdw
-T JS2

T
:/ /‘\IJ’\()\|?|,?,w)—\I'/\(|?|,?,w)]2d?dw
—-T JS2

LI,

T |7l
< |,\—1|.T/ / / |atq/*(t,?,w)|2d?dwdt
—T J 82 JA|7|

STIA=1]- [HMZ, STIA-1] — 0.

A7 2
/ BTN (¢, 7, w)dt‘ dFdwdt
|

On the other hand
SRR ) - w(L R *d7dw < [0 — @2 —0
. 52| (7,7, w) (7], 7, w)| d7dw < (H* (K7))* .

Thus ¥(|7],7,w) = g(7,w). If (923,914) € f~I1, we approach it by a sequence
(95 35 ’g\?A) of smooth data and the corresponding solutions converge to a solution V.
The trace of ¥ on At exists and we show as in the proof of Theorem 7.3 that

Uy 3(—7,7,w) = g2 3(Thw), Y14(T,w) = g14(7,w).

If (92,3,914) € L3 _ @ L% | we again approach it by a sequence of smooth data

(95 35 ’g”f 4)- The corresponding solutions are in ¢ %p and converge to some ¥ in .
By definition of the extension we have ¥ = g (see Remark 7.1). This concludes the
proofs of Theorem 7.1 and Theorem 7.2. O

7.4. The characteristic Cauchy problem on 7,

In this section we want to solve a characteristic Cauchy problem outside the col-
lapsing star. The data will be a function g, 3(¢,w) for which we suppose

(730) Eltg, Vi > tg, g2)3(t,w) =0.
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XI%\ Tt T«

Q)

surface of
the star g K

\,
=)

F1GUure 2. The characteristic Cauchy problem outside the collapsing star

We want to solve the characteristic Cauchy problem
OV =iHY, Z(t0)<7T<-t+1,t>0,
\IJ2,3(ta -t + 17 (.U) = 92,3(ta (,U),

Zue{t,?,e,gp}(wuaﬂ\p) (E(ta 0)7 LU) = _2\11(/2\(75’ 0)7 LU),
t>t,,7 € [2(t,0), ~t + 1] = U(t,7,w) = 0

(7.31)

and write the solution as
\I/(t) = U(tatg)‘I’K(tg),

where Uk (t,) is the solution at time t, of a characteristic problem in K, K as in
Figure 2.

We first have to specify the regularity of the data. If g1 4(t,w) = U1 4(¢, —t + 1, w),
then g; 4 is solution of the equation

(7.32) Digia= ((Po+W)g),,, g14(tg,w) =0,

which we can write as

91,4(t,w):/t V(t,s)S(s)ds

g

with a propagator V (¢, s) and a source term S(s) associated to (7.32) as in Section 7.1.
We then put

(7.33) 95{3(15:‘0) = 3 (Dig2,3 + (P + W)g)2,3)-
Let H'([0,t,] x S2;C?) be the completion of

6o = {u e C™([0,t,] x 5 C?); u(ty,w) =0, Yw € S*}
in the norm

H
||92,3||§;[1 = 2(||92,3||%2([0,tg]><5’2;(32) + ||92,3||2Lz([o,tg]xs2;cc2))~

The result of this section is:
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THEOREM 7.4. — Let ga3 € H'. Then (7.31) possesses a unique solution ¥ with
U e CY (R H)NCR;H") and

t>0, 7 [2,0),~t+1] = V(,7w) = V(7 w).

Furthermore, for all 0 <ty < tg, we have

—to+1
(7.34) / / |U|2(tg, 7, w)d7 dw = 2/ / 192,32 (t,w) dt dw.
S2 JZ(to,0)

Proof. — We first show uniqueness. Let 0 < ¢y < ¢,
By = {(to, T,w); Z(to,w) <7 < —tg+ 1},
By = {(ty,T,w); 2(t4,0) < T < —ty + 1},
B3 = {(t,2(t,0),w); to < t < tg,w € S},
By:i={(t,~t+1,w); tg <t <tgywe S},
B:= B UBy,UB;3 U By.

By Stokes’ theorem we have

(7.35) / (padarda?? + xaxa dz??) =0
—to+1
= / / [T |2 (to, 7, w)drdw—2/ / |92.32(t,w) dt dw.
52 JZ(to,0)

/ #(pada dz + gaxa dz?) =0
B

because the solution is zero on By and

/ #(Pada dz?? + xaxa dz??) =0
Bs

Indeed

because A~ AA/((;SAQEA/ + Xaxas) = 0. The equality (7.35) gives the uniqueness result.
Let us now prove existence. Let
K:={(t,7w); -1<t<ty,—t+1<7<t+3}.

We put
0
(7.36) §174(t7w) = §1’4(0,w) =¢14(00,w) = V(0,s5)S(s)ds.
t!]
The characteristic Cauchy problem
ov =iHY, (t,7,w)€K,
(737) \I’Qﬁg(t, —t —+ ].,UJ) = gg’g(t,w),

\111,4(t7t +3, w) = /9\1,4(t’ w)
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has, by the results of the previous sections, a unique solution ¥z. We now choose a
smooth cut-off x € C*°(R) with

1 z<tg+2,
x(z) = 5
and put
R XVs(ty, T, w T>—t,+1,
(7.38) U(ty, 7,w) = gty 7.) !
0 F< —ty+ 1.

This defines ¥(ty, 7,w) for all ¥ > Z(t4,0). Note that because of the finite prop-
agation speed the solution in the domain we are interested in is independent of
U(ty, 7,w)|t,+2,00)x 52+ Because of (7.36) we have W5(ty, —t, + 1,w) = 0. Therefore
U(t,, 7,w) € H". The restriction of

(7.39) U(t) = (Ut tg)(t,)]
to {(t,7,w); 0 <t <t,2(t0) <7< —t+1,w € S?} solves the problem. O

REMARK 7.2. — (a) We could of course permit data which do not vanish on By and
proceed as in the preceding sections. However in the next sections, we shall need a
description of the solutions as in (7.38).

(b) Let ¥ € C*(R;#) N C(R; #") be a solution of the characteristic problem
0,V =iHV, }
\11273(15, —t + 1,(4)) = 92,3(t,w).

Then we have the following energy estimate:

(7.40) 2// l92.31%(s,w)dsdw < || ¥(t)]%, Vit
R JS2

Indeed Stokes’ theorem gives for 7' > 0:

2T+1
/ /|‘I’|2(0,?,w)d?dw
1 S2
0 0
:2</ /|g2’3|2(t’w)dtdw+/ /|‘If1,4|2(t,t+2T+1,w)dtdw>
—_T7JSs2 _r g

0 oo
=>2/ / Iga,3|2(t,w)dtdw§/ / 1W|2(0, 7, w) d7 dw.
—oo J 52 1 S2

In the same way we can show

o 1
2/ / |92, (t, w) dt dw s/ / |¥|2(0, 7, w)d7 dw.
0 52 0o J 82

Thanks to inequality (7.40) we can extend the trace operator T : U — U(¢, —t+1, w)
to a bounded operator 7' € £(J; L*((R x S?dtdw); C?)).
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CHAPTER 8

REDUCTIONS

In this chapter we present the basic analytic problem that we have to solve in order
to prove the main theorem.

8.1. The key theorem
Letn € Z+ 1, ¥ =R x [0,2n], x [0, 7],

no__ qQ’r-F an n _ .on"
(i R g i A
¥ ¥

(see (5.28) and Remark 6.1). Theorem 5.1 will follow from

THEOREM 8.1 (Key theorem). — Let f(7,w) = ¢ f*(7,0) € (C3°(X))*. Then
. 2 _ 2
(8:1)  lim || 1j0,00)(H)U(0, ) | = [|110,00) (H) 1 (P ) |
+(QTfpm e (14 pm e )T f).

Proof of Theorem 5.1 (using the result of Theorem 8.1). — Using the axial symme-
try of the problem it is clear that it is sufficient to show (5.27) for ®;(¢,7,w) =
ei"“"&’j (t,7,0) with n replaced by n™ and u by u™. We then use the polarization identity
to see that it is sufficient to evaluate for ®(t,7,w) = e ®(t, 7,0) € (C5° (Meo1))*:

. X . 2
(8.2) Jim weor (o (27) Weor(27)) = Nim |{|1j0,00) (Ho) Sear®” |
. 2
= Jlim {[10,00)(Ho)U (0, T)S%||.
Here we have used that for T' > 0 sufficiently large we have
S ®T =U(0,T)S®.

By a change of variables and using the compact support of ® we have indeed

b
Sea1®@” = / UO,TYU(T,s+T)®(s)ds, —oco<a<b<oo.
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There exist 71, 7o such that
Va <s<b, suppe “Hd(s,7, w)C[F,Ts] xS%

In order to replace U(T, s+ T) by e~*H it is sufficient to choose T large enough such
that

z(t,0) <7y, Vt>min{a+T,T}, 0 € [0,n].
Now using (8.2) and Theorem 8.1 we obtain
. X _ 2
Th—r»noo Wcol(qlcol(q)T)\chol(q)T)) = ||1[0,oo) (H)]-R* (P )S<D||
+ <Q<__S‘I>,,u"e"H* 1+ u” e”H*)_IQ;SCI>>

= t00) ()25~ (P72
+ (S1p+ (P7)®, p" e (1 4 pme”™) "1 S1p+ (PT)@). O

From now on we will always suppose f(7,w) = ¥ f*(7,6). The proof of Theo-
rem 8.1 (resp. Theorem 8.2) below will be the purpose of the rest of this paper. It will
be accomplished in Chapter 11.

8.2. Fixing the angular momentum

Thanks to the cylindrical symmetry of the Kerr-Newman space-time the angular
momentum of the solution is preserved. More precisely let for n € Z + %:

H" = {e™Pu e H;ue (L*(R x [0,7]; dTsin0db))*},
Hy = {e™Pu e H,;ue (L*(Rx [0,7]; dr.sinfdd))*}.

Then all the dynamics which were introduced so far preserve these spaces. Note that
H= @
n

We also define
H = H K, H = HE KT
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Let us put
(8.3) D :=T'D,, + ao(r.)Dg2 + bo(r)T* + ",

(8.4) D" = hDh+ V",

n a qQry
8.5 =T'D, — — )
(8.5) Dy y ri—i—aZn r2 + a?
(8.6) D", :=T'D, +mI?,
8.7 c"i=ncd +c, V'i=aV,+Vy, "= an 9Qry
2 @

2 +a?  r?+4a? ’
(88) Von = an + V1 = (Vogj)ijv
(8.9) W™ := h%c; + h2cEn+ Von + V4.

The operators ID", etc. will be understood as operators acting on " with domain
D(D") = {u € H"; P"u € K"}, etc. They are selfadjoint with these domains (see
[15, Corollary 3.1]), the graph norms of D" and 1), are equivalent. We define the

operators Dn and H™ by
D =up"uw, H'=YD V.

Clearly ]/Z\ﬁn and H™ are selfadjoint with domains

~MN

D) = uD(B"), D(H")=VD® )=V UD®D"),
We will also need the operator
H" :=T'D; —n".

In order to describe the precise asymptotic behavior of all coefficients we introduce
the following symbol classes as subsets of C*°(X):

O((re)™™), 1e — +00,
fesm™ iff Va,BEN, 0209;f= ({r)™™)

@(en“+|T*|), Ty — —00,

fes8™ iff Va,B €N, 8285f=0((r.)™ %), |r. — oo.
We shall denote f’ the derivative of f with respect to 7, even for functions which
depend also on w. We recall [15, Proposition 3.1, Lemma 3.2]:
ProrosITION 8.1. — We have
ap €S by 8O bpesTH

(¢ eS™>7? W -1€8%7?2 Vyes >
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Furthermore there exist two constants C3 > 0 and € > 0 such that

(810)  (ao(r.) - %)(i) = O((r) "), s o0, i=1,2,
(8.11) (ao(r.) — Cze™+™) D = P(elr+H9™) s o0, i =1,2,
(8.12) bo—m=0((r.)""), r.— oo,

(8.13) "+t = 0(e* ), r, — —oo.

REMARK 8.1. — (i) Properties (8.10), (8.11) imply the existence of two constants
Ry > 0 and Cy > 0 such that
cy! C
Vr. > Ry, —2— <ag(r.) < -2
T

* Tx

Vr. < =Ry, Cyle™ < ag(ry) < Chet+m.

(ii) From the definition of 7 it is clear that we obtain equivalent statements for
h(7,0) = h(r.(7,0),0), etc. if we define the symbol classes with respect to 7.

8.3. The basic problem

For v € R we put

0 a, -
V.= ( “ ), a, =ie"1,,
a, 0

D" = hD"h 4+ V", D" :=T'D, + agDgz + bl + ",
V= VY 40V, VY = Vo + mT\/Z(p— V2 +a2)T - q(%(r? +ad®—0),
i.e. V" is obtained from )" by replacing I'* by I'V. We define ID”"" in the same way.
The operators H*'™ and H*;" are defined by
R X e T A - G X} e Tl
We also define
HY = {u= v e Hy;ve (LHEPM, dTsingdh))*}
with 50 = {(7,0) € R x [0,7); 7 > 2(t,0)}.
Let us consider the problem
8% =iH;"®, T >7Z(t0),
(8.14) Zue{t’?ﬂ#}(ﬂ/uﬁ“@)(t, Z(t, 0),w) = —i®(¢,2(t,0),w),

b(t=s,.)=ds(.) e D(H™)
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with
p(Hr") = {u e 96 HY e 97,
> WAt 2 0),w) = —iu(t, (¢, 6),w) |

pe{t, 70,0}
PROPOSITION 8.2. — Let ¥, € D(HY™). Then there exists a unique solution
[W(O)],; = [U""(,8)¥]a € C'(Ry; H™) N C(Ry; H™)

of (8.14) such that ¥(t) € D(H,"™) for all t € R. Furthermore we have ||¥(t)|| =
[Us|| and U¥™(t,s) possesses an extension to an isometric and strongly continuous
propagator from . to H, such that for all 5, € D(Hy) we have

%U”’”(t, $)®, = iH U (t,5)Ps
and if R > Z(s,0) for all 8 we have
(T>R=®,(7,w)=0) = (T>R+|t—s| = (U""(t,5)0,)(T,w) = 0).

Proposition 8.2 is proven in Appendix A. Let us for the moment just note that
Proposition 8.2 implies Proposition 4.5. Indeed if we define

(815) U(t’ S) — @n eiu/Q»ys Uy,n(t’ S) e—il//2.y5,

then U(t, s) has the required properties. Let us now consider H;;Ln = H"" + ",
H " t = H;/" + n™. Clearly

1[0,00)(H(I)/’ ) = 1[77 M)(Hu’n )

and an equivalent equation for H;:". If U;%"(t,s) is the evolution system associated
to H,:";, then we have the relation

Unl(t,s) = et gvn(y, s).
Let also
H‘—,n" :Hi+77n7 Hﬂr]" :HVn+77n7 W;L" :Wn+77n
Thus if f(7,w) =Y., €™ f*(7,6), then
2 v,n v,n v 5 rnl|2
110,000 (HO)U O, T) 5 = 3 [ o) (o) U (0, ) e /27 £
and therefore the key theorem will follow from the following
THEOREM 8.2 (Key theorem 2). — Let f(7,w) = €™ f*(7,0) € (C3°(X))*. Then

(8.16) TJLI}})O Hl[n”,OO)(H;r/ nO)Uyn (0,T) f”o

= {2 0y (Hi) 1 (P |
+ Qo f, e (14 o7 )12 f),

where o is as in Theorem 5.1.
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Here Q™ and P}~ denote

—,vn : —itH,™ itH”™ v,—
Q" =s5— lim e "< e 1g+ (P 7),

t——o0

PV~ =s— (. — lim e itH"" L gutH""
n ° t——o00 t

8.4. The mixed problem for the asymptotic dynamics

In this section we give an explicit formula for the mixed problem for the asymptotic
dynamics near the horizon. We consider the problem

0@ =iH_ ,n,;®, (T,w)e€ Eg"l,

Dy (t,2(t,0),w) = —Z(t,0)D4(t, 2(t,0),w),
D3 (t, 2(t,0),w) = Z(t,0)®1(t,2(t, 0),w),
(t=s,.) = Ps(.),

(8.17)

where Z(t,6) = \/(1 +2(t,0))/(1 — Z(t,0)). We note that the boundary condition is
the MIT condition with ag = 0 and put

Wo(t,0) := (1— 374,

For 0 > zg > Z(0,6) we define 7(xo, 8) by
2(’?(1‘0, 6), 0) + ?(1130, (9) = Xp.
We obtain

-~

~ 1 1 _
(8.18) T(x0,0) = —m In(—zo) + m In(A(9)) + O(zg), xo— 07,

(8.19) 1+ 2(7(x0,0)) = —2k120 + O(z2), zo— 0.
We denote U (t, s) the isometric propagator associated to (8.17).
LEMMA 8.1. — Fort < s, given f € Hq,u(t) =U_(t,s)f is given by
> if T > Z(t,0) then
up(t,7,w) = fo(T —t+s,0), us(t,7,w) = fs(F —t+5,0),
> if T > s+ 2(s,0) — t then
u(t,7,w) = fLi(T+t—s,w), w(t,7w)= fi(F+t-—sw),
> if 2(t,0) <7 < s+ Z(s,0) — t then
ur(t,7,w) = Z"HF(F +1,0),0)f3(F+t+5—27(F +1,0),w),
W)= —ZYF(F +1,0),0) fo(F+t + s — 27(F + t,0),w).

>

U4(t,
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8.5. The new hamiltonians

In the remaining chapters we consider the operators H, ,’]';L” etc. acting on the Hilbert
space #". It is clear that all the results of the preceding chapters hold also for these
operators. We define the angular part PJ"™ of H,:" by

RO & 1) 1
Py™ = Hnn” —I'"D7 — W,%.
The indices v, n,n™ will be suppressed from now on. In particular we have a new hamil-

tonian which is slightly different from the hamiltonian considered in Chapters 4-8.






CHAPTER 9

COMPARISON OF THE DYNAMICS

Let / € C3°(R),0<a<b<1and
1 7<
0 7

J(7) = { o

The aim of this chapter is to prove the following

PROPOSITION 9.1. — Let f(7,w) = ™ f"(7,0) € (C(X)4, n e Z + 1. Then
Ve >0, 3tg >0, YVt >to, 3Ty >0, VT > Tp,

|7+ t)(U(te, T)f — U (te, T)QZ) f]| < €.

Proposition 9.1 compares the dynamics U (t.,T) and U (t., T)Q— (see Figurel).
The function /(7 + t.) is a cut-off in the region we are interested in. The proposi-
tion states that in this region the above dynamics are close to each other when .
becomes large and this uniformly in 7. To prove Proposition 9.1 we understand both
U(te, T)f and U—(t., T)Q_ f as solutions of a characteristic problem. In Section 9.1
we compare the characteristic data, in Section 9.2 we compare the solutions of the
characteristic problems for the operators H and H. . Proposition 9.1 is proven in Sec-
tion 9.3. We suppose for the whole chapter that f(7,w) = €2 f"(7,0) € (C°())*4,
supp f C [R1, Ra] x [0,27] x [0, 7].

9.1. Comparison of the characteristic data
Let
g7 (t,w) == (PosUt,T)f) (=t + L,w), ¢~ (t,w):= (PosU_(t,)Q_F)(—t+ 1,w).

Note that it is a priori not clear that U_(¢,T)Q_ f is regular enough to take the
trace

(U, T)Q_f)(-t+1,w)
in the usual sense, but it can be taken in the sense of Remark 7.2 (b).
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surface of

the st
e star ‘

\X>

zone where the dynamics are compared

T

Figure 1. Comparison of the dynamics

LEMMA 9.1. — We have

/ /|gT(t,w)—g£(t,w)|2dtdw—>O, T — 0.
0o Js?

Proof. — First observe that
(9-1) 9" (t,w) = Po ("I f) (=t + 1,w),
(9:2) 9L (t,w) = Pas(e’ M H-Q7 f)(—t+1,w).
Using Lemma 6.6 we see that
(9.3) supp f, supp Q_ f C [Ry,00) x [0,27] x [0, ].
By the finite propagation speed this entails
supp (ei(t_T)Hf), supp (ei(t_T)H*Q;f) C [Ry — |T —t|,00) x [0,27] x [0, 7].

If t > T, the condition —t+1 > Ry — |T'—t| implies 1 > R; +T and if t < T the same
condition implies ¢ < 2(1 + T — Ry). Let m(T) satisfy the conditions of Lemma 6.3.
For T sufficiently large we have

I::/ / ‘gT(t,w)—QZ(t,w)}zdtdw
0o Js2

. /;(1+T—R1)/ L H r T H | )
~ PZ, e”’ 1 —1,00 (7) e_l f‘ _t—’_l’w dtdw
0 S2 ° (=T — m(T) (
1 _ ~
+ /2(1+T Rl)/ P2,3eitH‘_1(*1,oo) (¥> e_iTH*QT—f‘Z(_t +1w)dtdw
0 . T —m(T)

Pys (eitHl(_oo,_l) (T_?m(T)) —iTH
T— Tm(T)

T(1+T—Ry)
A
0 52

_ eitH‘_ 1(_007_1) (

= Il +Ig—|—[3

)e*iT’LQ;)f‘z(—t +1,w)dtdw
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We want to show that
(9.4) Th—{%o I; =0.

By the energy estimate (7.40) we see that we can replace f by x(H)f, x € C§°(R),
suppx C R\ {-m+n™,m +n"}. Let 0 < ¢, < 1 be as in Lemma 6.2. Then

1(1+T—-Ry)
L 5 / /
0 52

20HT-R) it H r iTH 2
+/0 /S P3¢’ “lgsx,w)(m)eﬂ x(H)fI7 (=t + 1,w)dtdw

T

o) TS| (1) drd

Prs eitHl(—lv%EX) (

=:I11 + 112
Let us first estimate I;5. We have

itH r —iTH
supp (e 1(%6)(’00) (m)e X(H)f)

C (%EX(T— m(T)) — t,oo) x [0, 27] x [0, 7].

But —t+1 > ie, (T —m(T)) — t implies 1 > %e, (T — m(T)). Thus 1 = 0 for T
sufficiently large. We now estimate I;;. By the energy estimate (7.40) we have

T i _
= [t g (=) "2 (PO (D |

+ ”1(—1,%6)() (T—?m(T)) e 1 (P_)X(H)fH

=1I{ + 1.

We have

. . T A 2
Tlféo[fl:TlgnooH1<—1v%6x><T—m(T))l%exm)(T)e THX(H)fH =0

By Lemma 6.3 we have limp_, I{4y = 0. (9.4) follows. In the same manner we can
show

T— o0

Let us now estimate I3. We have (¢t > 0)

’7'.‘

supp (eitHh 1 (o) (m) o—iTH- Qf_f) 7

supp (eitHl(ioo’il) (zjm(T)) e—iTHf)

C (=00, m(T) — T +t) x [0,2x] x [0, 7].
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The condition —t + 1 < m(T) — T + t implies t > (T — m(T) + 1). In particular
1—4(—t+1) =0 for T sufficiently large. Therefore we obtain
T(1+T—Ry) 7
I3 S/ /
L(T-m(T)+1) J 52

Pys (j(?) eitH]-(foo,fl) (m) o—iTH

_ itH_ r —irHo - ¢*_
e 1(700’71)(T—m(T))e Qh)f‘ (—t+1,w)dtdw
%(lJrTle) ? 2
5/ / Pyge 1 o (——x e*iTHf‘ (=t +1,w)dtdw
LT-m(m)+1) Js2 | -t )<T—m(T))

T_?m(T)) e—iTHHQ;f‘Q

(—t+1,w)dtdw

Pz,seitHel(—Loo)(

$(1+T—Ry)
i s )
H(T—-m(T)+1) /52

$(1+T—Ry)
s )
3 (T—m(T)+1) J 82

= Ll +L2 +L3

. . 2
ng(j(?) ez(t—T)Hf N el(t_T)H“Q(__)f‘ (—t + Lw) dtdw

We have for j = 1,2
OSLJ‘SIJ‘—>O, T — oo.

We estimate:

~\ .10 iocH _ — 2
(95) Lz < 7(m(T) - Rl) sup ||j(r)e Hf — € " Q‘_f”Loo(]R;(LZ(Sz))“)
o<3(1—(T+R1))
1 ) olo io - 2
S i(m(T) - Rl) sup HJ(T)G Hf —¢ HHQ«—fHH1(R;(L2(Sz))4)~

o< i(1—(T+Ry))

We can choose

. . 1
m(T) = min (%T7 ( sup I (P) e f — €= Q Fllin gr2(s2)))) 2)-
0<3(1~(T+R1))
Then by Lemma 6.7 the R.H.S. of (9.5) goes to zero when T' — oo. O

9.2. Comparison with the asymptotic dynamics

In the region z(t,0) < 7 < a—t. we understand /(7 +t.)U (t., T) f as the solution
of the characteristic problem on M. for the operator H with data g7 and

JT+t)U(te, T)Q_ f

as solution of the characteristic problem for the operator H._ with data g~ . We would
like to solve the characteristic problem for H with data g~ and write the solution as

Gi.(95)=U(t, 3T + o) p (3T + co),
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where ¢ is constructed as in (7.38) with t, = %T + ¢o for some ¢y > 0. Unfortunately
g~ will in general not be regular enough to assure that G;_ (g7 ) is a strong solution.
We shall therefore regularize Q_ f. Let xg € C§°(R) with (R > R;)

1 R-1>7> Ry,
XR = N N
0 <R —-1,7>R.

Let
In={t0-1eN t—|n|eN}, JN ={te;|(t,n)| <N}
and
Q- f=Y_@QH™, (QoH™ e H™ = L2((R, d7); C) ®4 Yo, VL.
ey,
We put
@-pHN =D @, QZHE =xrOQ@ZHY
el
Let
f=@Q_Hy

Clearly we have
Ve>0, 3N, >0, R >0, VR>R.,, N> N, [Q_f—(Q_fzx|<e

We put
gl = (PasU_(t, T)(QZ)F) (8, —t +1,w).

The functions (gi%)m are compactly supported. The necessary regularity of gi%
follows from the regularity of ¢!~V H—(QZ f)N by classical trace theorems"). We
put ¢ := %(1 — Rp) and Ry = Ry — 1. Let @R’N(%T + ¢g) be the solution of the
characteristic problem in the whole exterior Kerr-Newman space-time with data ngé
on {(t,7,w); 0 < ¢, 7= —t+ 1} as constructed in (7.38) and

SN (3T 4 ¢o) = e T —(QZ f)}.
LEMMA 9.2. — We have uniformly in t. > 0:
|+ U (te, 5T + o) (2N (T + co,.) = @EN(GT + ¢o,.)) ||, — 0, T — 0.
Proof. — Let
= |G + 1)Ut 3T + o) (27N BT + co,.) = BENGT + o, ) [, -

First observe that by (7.34) we have

1
<2 2T+ ~T,N
| gH R| dtdw

(1) Recall that (U (¢, T)(QZ f)N)(—t + 1,w) = (! C"DH—(QZ /IN)(—t + 1, w).
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with
T = (Puae T T )41 )

We proceed as in the proof of Lemma 9.1. Let m(T) satisfy the conditions of
Lemma 6.3. Then we have

T+co
I< / /
g2

%T-Q-Co
te S2
+T+co
te S2

2

Py, 3e B Oo)( T ) —i(3T+co)H e—i(%T—co)H_ J’F

T —m(T)

(—t+1,w)dtdw

~

r

~2
—iTH._ _
T—m(T))e f‘ (—t+1,w)dtdw

Py zettt- 1(—1,00)(

) a 1 L
P ( thl o ( ) —i(5T+co)H —i(5T—co)H—
23\° (zoo=D\ = m(T) ¢ ¢

T —m(T)

. . ~12
e”Hgl(_oo,_l)< ) e_’TH“)f ‘ (—t+1,w)dtdw

= Il + _[2 -|— .[3.
Let us first estimate I;. We have

1T+Co —i(lT-i-Co)H _i(lT—co)H ~12
Il |P23e 1( 11)(T (T)) 2 e 2 ’—f‘
(-t+1,w)dtdw

3T+eo 7 1 1 12
Pygef1,, ( ) —i(3T+co)H ,—i(5T—co)Ho ‘
+/t€ /32’ 2,3€ (1,00) 7T—m(T) e e f
(-t+1,w)dtdw
=:I11 + Iho.

Using a finite propagation speed argument we see that I1o = 0 for T sufficiently large.
We estimate

T

T ()

1 1 ~112
L s H1<—1,1>( e g el o=i(gTcol - § H

7 , 12
o T ., P
_H O\ T e r+(PT)WCS
1 1 12
+ H(e’<§T—CO)He_l(iT"‘CO)H“PWJr — W;)f H — 0, T — oo,
where we have used Lemma 6.3. In the same way we can show

T— o0
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By the same arguments as in the proof of Lemma 9.1 we see that

l’T-Q-C()
(9.6) I < / i /
L(T—m(T)+1) /52

2

(ei(t—(%T-i-co)H _ ei(t—(%T+co))H&) e—i(%T—cO)H%f‘Q

(—t+ 1,w)dtdw
< (o =5+ 3m(T))

X sup
1(1-m(T))—co<a<0

(e — M) e M ET T o agsnyey

We estimate
”(eiUH _ eiUH“)e_i(%T_CO)H“fN'”Hl

(R,(L2(5%))*)

0
< [ lern - oyete-s e 7

B (2 (521 48 = Lo
We have
(9.7) I, < /0(||D?(Pw L W) ei(a—s—%T+co)H,_}7”
+ | (P + W)eilr ez TR0 ) ds.
We have
(9.8)

) 1 ~ ) ~
FlD?(Pw + W) el(O’—S—gT"t‘CO)HHf — [FlDTrT, Pw 4 W] el(a‘—s—%T—}-cO)H,_f
+ (P, + W)eilo=s=3T+e)H-Tlp_ F
The last term equals
) 1
(9.9) (P, + W)eiloms=3THe) oty oy )N
+ (P, + W)eiloms=3THea Ho (= g f)N.

The first term can be treated in a similar manner. Using (9.8), (9.9) as well as
) 1 ~ 1
supp '@ THeo) He £ - (—o0,R4+0—s— §T + ¢o) x [0,27] x [0, 7],

we can push further the estimate (9.7) (0 > o > (1 — m(T)) — co):

0
I, S/ et Tt =3 (N + 1) (| f|| + 1R H f]]) ds

o

1 1
< ?en+(R+CO_2T)(N+ 1)(||Q;f|| 4 ||Q:Hf||) = E(T) — 0, T — oco.
+

Choosing m(T) = min(37, E(T)"2) in (9.6) we find Is — 0,T — oco. This concludes
the proof of the lemma. U
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9.3. Proof of Proposition 9.1

We start with the following lemma which analyzes the frequencies in Dg> and Dz

of U_(t,s)f, f € H":

LEMMA 9.3. — Let f € #", supp f C [Ry, Ra] x [0,27] x [0,7]. Then we have uni-
formly in 0 <t < s:

(1) [|Ps2U—(t,9)f|,, < C(Ry, Ra)|fller,

(i) |[DeU~(t:5)f[l,, < C(Ry, Ra)e™ (| fls1-

Proof. — Let uw = U_(t,s)f. Recall the explicit formula for u from Section 8.4. We
first show (i). We note:

(9.10) 1—2(t,0)>1, 1+72(t0) > e 251,
This follows from (3.53). We then claim that
N

(9.11) 55 (7

0)‘ <1 uniformly in 7,86.

Indeed from
2(7(7,0),0) + 7(7,0) =7 follows with (9.10),

Aa)‘ _ ‘82/69’ ‘ 2ra+?(?,9)8fg <1
1+z 17 01~

It follows (j = 2,3):

(9.12) |00 f;(T+t+s—27(F +t,0),w)|
< |(89fj)(?+t+s—2?(?+t,9),w)|
+ [(0:f))(T+t+s—27(T + t,0),w)|.

We next claim:

\/1 —2F(F +t,6),0)
EY ;

< \/1—z( (7 +1,6),6)
1+ 2(F(F+1,0),0)| ~

N
14+ 2(7(7+1t,0),0)

Indeed

1 (207/060 +0z/90) [1— z(?(? +t,0),0)
1-% 1472 2(7(7

)

1- 2(7(F +1,6),0)
14 2(7(F +1,6),0)
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where we have used (9.10) and the uniform boundedness of /(1 + z), 7/80 and
0z/00/(1 + z). It follows

1D Ue ()L, S 10—t 9)@0 D + [V (t5) < @05
+ U~ (t,5)(0f) || + ||fH
< C(Ry, Ro) ||l -
Let us now show (ii). We first claim that on supp f;(7 +t + s — 27(7 + t,0),w) we

have for s sufficiently large

ot
or

9T +t, 9)‘ ot

Indeed from
Z(T(T+1¢,0),0) +7(T+t,0) =7+t

follows

a—i\ < - ! S
or |Z(F(F +1t,6),0) +1] ~ |7+
where we have used (8.19) and the fact that

T+t—0, s—>o00 on suppf;(F+t+s—27(F+t0),w).
We next note that on supp f;(7 +t + s — 27(7 + t,0),w) we have
|7+ t] 2 e "5,

This follows from (8.18). We now estimate on supp f; (¥ +t + s — 27(7 + t,0),w):

1—2\3
9.13) 8?((1+2) (7(7+1,6),0))|
ML P e L
1—2\2 .
< e”*s(l n 2) (7(7+1t,0),0).
In the same way we estimate
(9.14) |0+ (F 4+t + s — 27(F + t,0),w)]

< (@) +t+ 5 — 27(7 + 1,6),w)(1 — 20:7)|
S @)+t + 5= 27(F +1,6),)]

The estimates (9.13) and (9.14) give (ii). O
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Proof of Proposition 9.1. — Let € > 0. We first note that
JT+t)U(te, T)f =J(7 +tc) Gy, (QT)v

where Gy (g7) is the solution at time ¢, of the characteristic problem (7.31) with
data ¢g7. In the same way we denote G, (gH R) the solution at time t. of the charac-

teristic Cauchy problem (7.31) with data g<_’R. We estimate:
(9.15)
|7 +t)(Ute, T)f = U(te; IQZ )|,
< IIJ (F+t)(Gr(g") = Ge (g2,
+ | F +t) (G (g8 — U <te,T><ﬂ A,
+@-hr -/

[e7) %
T T2 2
< (/0 . lg" — 9| dtdw / / 19" — gl dtdw)

+ |7 +t)U(te, 3T + co)(ch NAT +co,.) — BN (AT + o, .))||%6

+ (U te, 3T + co) = U (3T + c0, N)@EN (ST + <o, 4,
+|@Zfx -/
o0 1
<([ [ g - gt Pataw)” + 2@ p - acf|

0 S2

+ | + t)U (te, 5T + co) (@M (BT + co,.) = BN (FT + co,))| .
+ [|(U (e, 3T + c0) = Ue(te, 3T + e0)) 2N (3T + o, 4, -

We now fix R, N such that
2Nk - f| < &

In order to estimate the last term in (9.15) we want to use the Duhamel formula.
Let 77 and 71 be defined by

7 =T+ R=2(rr,0) = 10 = %T— %R%— (e r+T)

(resp. an analogous definition for 77 with R replaced by R1). For the above implication
we have used (3.54). We now observe that (see Figure 2)

> if s > 7‘711 then
suppU._ (s, T)(Q_f)R C [2(s,0),5 + R —T],
> ifT%ZSZTT then
suppU._ (5, T)(Q_f)X C [2(s,0),max(s + R — T, —s+ 277 — T + Ry)],
> if 77 > s then
suppU._ (5, T)(Q_f)¥ C [-=s+2rr =T + R,—s+ 273 — T + Ry].
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supp f

| ——

\,’/«'(: %T +co

surface of
the star

1 Tr

supp U (s, T)f

=)

Ry -5 R

FIGURE 2. The support of (Q_ f)N transported by the asymptotic prop-
agator U (s, T).

We have to distinguish the cases s € [r, 4] and s € [0, T \ [rr, 72].
If s € [0,T]\ [r, 7], then U_(s,T)(2_ f)¥ is zero on the boundary, in particular

(9.16) Ue(s,T)(Q_f)x € D(H,), Vs €[0,T]\ [rr,77].

Here we have used Lemma 9.3 to establish the necessary regularity of U (s, T')(QZ f) N
But we have

(9.17) U_(s,T)(Q_f)% ¢ D(H,), Vs € [rp,r].
Let P 7 7
M(t,0) = @(t, 0)Do(t, )T (@—1f4 + -2 )r4(A-1r4 )

with Z; = 2(t,0) + 1 and Zy = (85%)(t, 0)ao(Z(t,0),0)h2(2(t,0), ). The coefficients
in T2 have to be evaluated at (Z(t,6),0). We first note that a matrix of type

a1 Z Z
v=r(am -2 + 221 )
is invertible. Indeed an elementary calculatlon using the anticommutation relations
for Dirac matrices gives

N - T T
VIt (@ T 2 2202 =5 22 - 23

i i
Let

A=T*-Z-T' +in 'T* + Z,T?).

Then V is an isomorphism from Ker A to X = {(¥1,0,0,¥,) € C*}. For dimensional
reasons we only have to show V Ker A C K, which follows from
I Zp

Py 3V = Py 5T (@—1f4 _ P42 )\I: =0
(3 (3
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for U € Ker A. This shows that M(s,0)U(s,T)(Q2Z f)¥ fulfills the boundary condi-
tions for H,. We have

ZoW ~ga ~o  Z ~
(9.18) M=1+22YT2D | 7,2, 5002 + 2L (@ — o) T + 220,

i i

By (3.53) we have
’(/l\)() 5 e”+t.
We estimate:

.2

S

|@ — @Wo| < BWo(1—2)%

V2,204 _ DV a2hAN b
(1+ (0pZ)%agh 2.(89z)£ agh ) _1).

N

1—2
As
’ (Dp2)%atn* — 2(289’2\)8'(1%}14 < o2t
1-%
we obtain
| — Wo| S —het
This entails
d
(9-19) M) = 14 0™, T M(H)= (e,

dt
We write
1= (U(te, 3T + o) = Ue (b0, 3T + ¢0)) 82V (3T + co)
= U (te,70) (U 7, 3T + c0) = U (4T + 0)) N (3T + o)
+ (U(te,mr) — U(te, 7)) U (77, AT + ¢0) @EN (3T + o)
=11 + 1.

Recalling that U (s, $T + co) @Y (3T 4+ ¢o) = U (s, T)(QZ f)N and using (9.16) we
can estimate the second term using the Duhamel formula:

(9.20) |2 s/t [(Po + W)U~ (s, T)QZ )R |, ds

€

<o@um) [ e @i
t

€

< C(Ry, R)(N + 1)(IQZ fI| + I1Q_HfI])

Lermate_ g
Here we have used Lemma 9.3. To estimate the first term we write
(U (70 AT + ) = U (r 3T + 0)) 2N (3T + o)
= (U (77, 3T + o) M(T) — M (77)U (77, 3T + ¢9)) @5V (AT + ¢o)
+ O(e T,
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where we have used (9.19). Now we can use the Duhamel formula:

| (U (77, 3T + co) M(T) — M(r7)Uc (77, 3T + c0)) @BV (AT + ¢o) ||

%T—}-co
< [T Ul ) M) - M) HAU- (s, TN ds

dM(s)

%T—i—co
w0 v S v m@z s = i+ 13
TT

To be more precise we should have used the operators H, and H_ s in the above
formula. But as U (s, T)(QZ f)¥ is a smooth function we have:

M(s)He yUe o5, TYQZ )Y = T Ds MU (s, T)(Q )
+ M, T DsJU (s, T)(Qf) -
This will be used below. By (9.19) we have
(9-21) I3 < em T £l
Let us now estimate I3:

1T+co
Bs [T Ut ) (T - HOMU- (5, YO )] ds

Tr

%T+c0
+/ |U(rr, 8)[M, H_)U_(s, T)(Q_f)} ||ds =t I, + I.

Tr
We have [M, H._] = [M,T']D+. Recalling that ' = (al'! + 8T'%)(2(s, 6), 6) we find
[Z, T2 T4 T = Z,wp[T2 T, T2).

It follows
[M(s),T'] = O(e™?"+%).
Therefore we can estimate I, using Lemma 9.3 (ii):

%T—i—co
022 L<CORB) [ et T L )(I0s S+ |os Hil)ds

T

< O(By, Rye™ = (N + 1) (0= ]| + |- H ).
We now estimate I, using Lemma 9.3 (i):

1T+co
(9.23) I, < / |(Po+W)MU_(s,T)(QX_f)R || ds

Tr

1T+co
< C(Ri, R) / e[ )Y, ds

Tr

< C(Ry, R)e ™+ 2T (N + 1)(|C £ + 107 Hf).



114 CHAPTER 9. COMPARISON OF THE DYNAMICS

Here we have used that Dy M = 0)(e~2%+?). Putting everything together we find:
(9.24) |[I|| £ C(R1,R)e""(N +1)([|Q_f|| + |Q_Hf|) uniformly in T large.

We fix t. large enough such that the term on the R.H.S. of (9.24) is controlled by €/4
uniformly in T large. For T sufficiently large we can estimate the first and the third
terms in (9.15) using Lemmas 9.1 and 9.2:

> }
([ [ -arpanas)’ < e
| @ +t)U (te, 5T + o) @BV (BT + co,.) = @EV(GT +co,))| 4, < i€

This concludes the proof of the proposition. O
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CHAPTER 10

PROPAGATION OF SINGULARITIES

So far we have compared the full dynamics U(s,T)f to the dynamics U_(s,¢)Q2_ f
on the interval [t.,T]. We will now replace the dynamics U (t.,T)Q_ f by the so
called geometric optics approximation. We suppose for the whole chapter that

f(Fw) = €™ f2(7,0), freCPRx[0,7]), neZ+ ki

Let
Tm oy 1 F _f
(10.1) FL(7,w) = —n+(?+to)(f3’0’0’ f2)
1 - 1 -~
X <T+ aln(— (7” +t0)) - EIHA((Q)»W)>

where f = (QZf)X (see Section 9.2). Note that
(10.2) supp i C (—to — |O(e™"+T)|,—to) x [0,27] x [0, ]

and that Ft:g depends on N, R. All functions involved have fixed angular momentum,

e.g. FL(7,w) = FL  (7,0)e™?. The functions F{' and F©  will often be identified.

We therefore fix now the angular momentum 9, = in everywhere in the expression
of H:

qQry an

H=T'D; .
+ 3 +a? 13 +a?

D3n+h2e, +h2cEn+Von+ VY +

2
( e _?\49 ) + Zinag

Here ‘71” is obtained from ‘71 by replacing T by I'”. Recall that

My 0 ag 5 . .
(0 —Mg) Sin@r n—%h\/%ESZ\/CToh%7

where Dg- is the restriction of Dg. to {u = e™™*wu(0);u(0) € L?(([0,n];sin 6d); C*)}.
Therefore H is a regular operator and the singularities in the expression of H are
coordinate singularities. We put

H = (L*(R x [0,7]; d7sin6dA))".
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Clearly

The aim of this chapter is to prove the following;:

ProrosiTioN 10.1. — We have
Ve >0, 3Ny >0, Ry >0, VN > Ny, R > Ry, Jtg >0,
Vte > tg, 36 = 6(t, N, R), Ty = Tp(te,0, N, R), VT > Ty,
/U0, T)f — s(. — 2(0,0)) e * M F] | < .
Note that we can consider JU(0,T)f — ¢s(.—2(0,6))e~*# FT as an element of H
and it is sufficient to show
|JU0,T)f — ¢s(. — 2(0,0)) e " F|| ; < e.

We will use the pseudodifferential calculus on ¥; = Ry x (0, 7). We note £ the dual
variable to 7 and ¢ the dual variable to 6. Let S™(3;) be the space of symbols of
order m and ¥ (X;) be the space of pseudodifferential operators of order m (see 31,
Chapter XVIII]):

a(?,Q,f,q) € Sm(zl) — Va = (a17a2)7 /6 = (/81a62)7
19210220292 a(7,0,€,9)| < Cap((£,0))" .
For a matrix M = (m;;) of operators we shall write
M e \Ilm(El) — Vi, j, mi; € \I/m(zl).

We use an analogous notation for a matrix of symbols. The matrix Op(M) is the
matrix of operators (Op(m;;)). Recall that J* is defined as a subspace of C*(R) by

fes’ < VacN, \f(a)(x)| < Cu(z)P™e.

We will study U (0, te)FtJ: microlocally. We first observe that Fg: has high frequencies
in £&. We show that for Ly > 0 we have (see Lemma 10.3):

(10.3) Op (X(@ < Lg))FZ -0, T — oo,

(q)
(10.4) Fl'—0, T— c.

We then study the propagation of singularities of e ~%<¥ . Because of (10.2), (10.3) we
are interested in the propagation of “outgoing" singularities located in

{(Pw;&,q); 7> —te— [0(e™ )], (€) > Lo(a)}.
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We will show that these singularities stay away from the surface of the star. Because
of (10.4) it follows (modulo a small error term):

(10.5) (1 5)(. — 2(0,6)) e~ *HEL — 0
for an appropriate choice of § > 0. Using (10.5) we show that
||(U(O’t€) — ¢s(. — 2(0, 9))e_it€HFt€

is small for t., T large.

This will prove Proposition 10.1.

10.1. The geometric optics approximation and its properties

We need the following lemmas:

LEMMA 10.1. — We have

||Ft€||L1(R;(L2(SQ))4) — 0, T — o0.

Proof. — The lemma follows from the following calculation:

IFE N 2 (2 (s2)0)

/. 1
Jtomtoge Ty /=i (7 + to)
~ ~ 1 1 —~ 3
2 MT+ —In(—(F+1t9)) — — In A(0 d d7
([ OFP 1R (T + == + ) = - A, ) do) a7
1 (g ~ ~ 1 ~
z/— m+e”+2(y T)(/ (|f3|2—|—|f2|2)(y——1nA(0),w)dw> dy — 0.
I S2 K4

Here I is a compact interval depending on the support of f O

[N

LEMMA 10.2. — We have
|U—(to,T)f = FL|| — 0, T — oo.

Proof. — Let u = U_(to, T)f Recall that for T sufficiently large we have

. 1-2 = I
u(7,w) = 1+;(T(7‘+t0,9),9)f3(7‘+t0+T—27'(7“+t0,9),w),

. 1-2 .. = I
uy(Tyw) = — 1+Z\(T(T+t0,9),9)f2(T+t0+T—2T(T+t0,0),W),

’LL2=U3=0.
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We will also use
~ 1 1 —~ B
T(zg,0) = —m In(—xo) + mlnA(H) + O(zg), x0— 07,
1+ ?(?(:rg, 0)) = —2k420 + O(25), 0 — 0.
We have
2

m —2:‘€+7‘ + @(iZ; ,
7

—26,.7 + O

We calculate

|(U~(to, T)F = FiOn / /|u1 FD)|* dFdw
:/S2/I|g(—f1( )t W=TN Fo (y + O(=A(0) e D), w) — fy (y,w)|* dydw

— 0, T — oco.
Here I is a compact interval depending on the support of f O
Let GT' = e~ H T,
COROLLARY 10.1. — We have
FI ~o0, G'—0, U(ty,T)f —0.

LEMMA 10.3. — Let x € J ° and p > 0. Then we have for all M > 0 and uniformly
in te:

3, T 77
(10.6) Op (x(@)< q) )F W0, T—ooo H,
(10.7) Op(x (& )™ FL,, — 0, T — o0 H.
Proof. — We only show (10.6), the proof of (10.7) being analogous. Let us write
FOZ:TL = KT§7
§(7,0) = ——=(F3,0,0,F>)(—In(~7) - — I 4(9),0),

\V —H+T

(K79)(7,0) = e§H+T§((?+t€)e”+T79)

K Kt

~40 ~
and we shall also consider K as an operator on /¢ (rather than on J¢). Let us write

~Z
G=Y_3" G eH foralt

Thus

X(<g?>)<D9>MKT§ = ZX(%Z?) (OM K15’
4

MEMOIRES DE LA SMF 117



10.2. DIAGONALIZATION 119

We have
F(Krg")(€) = T (@) (e +T)e s+ Tgitet

where & denotes the Fourier transform in 7. Note that

(o) aa] = 5 ({5 04 7@ e Tye e
14

\x(ifg)<f>M9‘<#)<se—”+T>e-W’n? < OPMIF1%, YOI < oo,
4

It is therefore sufficient to show

VT,

Ve, Hx(gg)<e>Mg(§f)(geﬁ+T)e%<K+T>H —0, T—o.

But, by the Lebesgue Theorem,

(D) @ @tycen TyerineT

-/ \X(<€‘ZZT>)<€>M9<§£><5> "de 0.

This proves (10.6). O

10.2. Diagonalization

Let v4 > 0, v9 >0, j1,x € C®°(R), supp x C R\ [~v2,1a], x =1 on R\ [—2vs, 21s],

) 1 x2>2u, ) 1 z< -2, o o o
Jr(z) = j-(z) = J*(z) = jZ (=) + ji (@)
0 z<u, 0 z2>-u,

We put

Wi(m) = Ei
VE? +ai(z £ 0)2F kK ag(z £ ¢
. er(z+10)
C4 = )
VP T B £ 0P\ T @ £ 0 K
(10.8) er(x) =signz, e_(x)=1,

WE = W ()i (i x (w2 oeer + (e +0).

N aolz £ ¢ +k' — k2 + a(x £ )2
0

Wl o )
0o wi/’
(109) W(?767€7q) = W+(?797§7q) + w_ (?797§7Q)

Wizflé(
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By (10.8) W(7,6,£,q) is only defined for ¢ # 0 and £ # 0. We note that for ¢; > 0
small enough and |g| < ¢; we have

_ Wi (g/lE) 0 W_ (q/I¢]) 0
W(7,0,6,q) = U . + —

(7069 l( 0o W, (q/l§|)> <o W (a/lé) )]
(10.10) X X (hQ\/W&2 +ag(v'é + q)2) ~
Indeed if |g| < €, we have on supp x(h%\/k"262 + a2(0'€ + q)?)

(10.11) Ol +1aP) 2 13 = |6 > S - &

But if [£]2 > 4v2|q|* we have ji (£/|q]) = 1. Using (10.11) we see that this is fulfilled
if €, is small enough. Therefore we define W (7,6,&, q) for ¢ = 0 by (10.10). Similarly
there exists € > 0 such that if |£| < e; then

(10.12) W(r,0,¢,q) = 0.
Indeed on supp j+ (£/|g|) we have |g| < |€]/v1. If |€] < €, then

B2 \Jk2€2 4 ad(0E + q)? < Cee < 1o

for €¢ small enough and thus x(h? VE2E2 + a(0’¢ + q)?) = 0. Therefore we define
W(7,0,0,q9) = 0. W(7,0,€,q) with these definitions is a matrix of smooth functions.
We want to check that W (7, 0;&,q) € S°(%;). To this purpose we apply the symplectic
change of coordinates

(10.13) re =1.(7,0), 0*=0, ¢ =0t+q, & =FkKC¢
Under this change of coordinates we obtain the symbol

Welg/ige) 0

0 W (g*/1€¥])

. <W_ (/1) 0

0 W_(q*/I€*])

x x(h?\/|€2 + aglg*[?),

. aox +1— /14 a?z?

W(r.,0%,6",¢") = U l( ) i+ (&K' q* — 0€¥|)

> J- (& /K¢ = 0¢")

Wi(z) = éx ,
V1+aiz?F1 aoT
s e+ (x)

4 = ‘
V2{/1+a¢z?\/\/1+a2z2 F 1

It is sufficient to check
W(r.,0%,¢*,q") € S°.
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On supp jx (£*/|k'q* — €'€*)), |q¢*|/|€*| remains bounded. The functions

|| t_ 4 z2+1F1
R L
V2V 1V V22 F1F1 V2VrZ 4+ 1
are C°(R) functions with

(10.14) |0%f*(2)| < Cay  |0%g* ()] < Cla
In order to see that the estimate holds for f+ we note that f(z) = (Vv22 + 1 —1)/|z|

can be extended to an analytic function in a neighborhood of zero with f(0) = 1/v/2.
We obtain

fH(@) =

0r s ()| < |§* 0 (5 >‘<C|ng||2
But on supp ji+ (£*/|k'q* — £'6*[) Nsupp x(h*/[€*2 + ag|g*[?) we have
(10.15) L < L, 1 < 1 .
g~ (&) 1€ ™ {g*)

We now have to estimate derivatives on

i (g (Ve P + o).

In the region k'q* — £/¢* > 0 we find

‘a5*ji(|kf

¢
W —7e)|
. 6* é'*gl

<|k’q* _ E'f*|) (k’q* iglg* + (k'q* — f’ﬁ*)2)‘ S |§1*|’
vt (e —we)| S

We then use (10.15). Derivatives in 7, 0*, derivatives on x(h%\/|€*|2 + a2|q*|?), U as
well as higher order derivatives can be controlled in a similar way. Let ¥ € C*(R),
suppX C R\ [-32 5V2, ;yg] with xx = x. We next put

A= 12\ Jk2e2 + (0 + 2 X (W R2E2 + a3(eg + q)?),

Hy =T, Hy= Op(Hy).

We have

(10.16) HOp(Wy) = Op(Wx)Hy + Op(Ry) + Op(Ry)
with

(10.17) R: =R} + R}, RL = (rf),

(10.18) supp ;- C supp j+(&/lql) N Sup1f>><(h2\/k’2€2 +agle's + g )
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(10.19) rif eSS, riteSTo(%y),
k+ kt k+ kx
T T T T
1020 ()= ) -
Ta3 Toa T41 T42
(10.21) Ri=R.+R%, R2ecu (%),
_ wo 0
(10.22) RL=apr* | = ;
0 we
A
(10.23) p(7,0) = %(p VT2 1 a?) + b.

We need a better estimate on the remainder.

LEMMA 10.4. — There exists M = (m;;) such that for all j, m;; = 1 and for all
i#j, myj € V"H(Z1) as well asrj € S°(21),j =1,...,4 such that for

Hy; = f[d + Op(Diag(ri,r2,73,74))
we have:

(10.24) HOp(W)M — Op(W)MHy € U~1(%).

Proof. — We can construct independently My and rf such that (10.24) is fulfilled
for M replaced by My, r; by 'I";t and W by W,. We then put M = %(MJr + M),
r; = %(T;L + r;) We only consider the + case and drop the index 4. We are looking

for M in the form
A B
M = ( ), B,CE\If_l(El),
C D

A:< 1 Op(ozl))’ D:<1 Op(61)>7
Op(as) 1 Op(d2) 1

a;,0; € STHZy), j=1,2.
If M is of this form it is sufficient that
(10.25)  Op(R) + Op(R) — Op(W)[M, Hy] = Op(W) Op ( Diag(r1, . ..,74))
+R, Rev (%)
Here we have used that
(10.26) M=1I;+R;, Ry VU }(%)).
Therefore

M Op (Diag(r1,...,r4)) = Op (Diag(r1,...,74)) + R2, Rs € U ().
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Recalling that Hy = A Diag(14, —14) and A := Op()) Diag(1,—1) we find

0, Ay = ( [A, A] —{B,A})l
{C»A} _[DaA]

If 4R = (RH 0 ) and W'R' = ( 0 R12> we have to find A, B,C, D,r; such
0 R22 R21

that

(10.27) —WP°[A,A] + Ry = WO Diag(ry,r2) + Ri1, R € U71(31),

(10.28) WO[D,A] + Ry = wo Diag(rs,r4) + EQQ, §22 € ‘1’71(21),

(10.29) WO{B,A} + Ri5 € U71(%),

(10.30) ~WYC,A} + Ry € U~H(2).

We consider equations (10.27), (10.30). On

supp j (¢/la)) N supp x (A2 /k2€2 + a3 (06 + 0)2)

the matrix W0 is invertible. Let

(WO)_lRH _ <7"11 7“12) .

To1 T2

< 0 -2 Op(al)\)> .
[A,A] = +R3, Rz€S (%)
20p(a2)) 0

we have to solve on supp(j+(&/|g|)) Nsupp(x(h®\/k"2€2 + a2('€ + q)?)):

(10.31) 201\ + 719 € STHEL),
(10.32) —202X + a1 € ST1(3y),
which can be achieved by
= T2 Ta1
PT oo TP o

In order to solve (10.30) we have to use the special structure of Ro;. Indeed we have
Ry = ipWO. We try

OP(’YI) 0 -1
y Y72 €57 (X).
0 OP(%))
Then
—20p(m1A) 0

—W%C,A} + Ry = iW°
{ } 21 ? ( 0 20p(72)\)

) +iW %
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and therefore we can take on supp j(£/]g|) N supp x (h2\/k"22 + a2(¢'€ + q)?):

P

2A

This concludes the proof of the lemma. O

=72 =

LEMMA 10.5. — We have for all t. > 0 and all s such that 0 < s < t,
(e7™H — Op(W)Me Hap =1 Op(W*))FL — 0, T — oo.
Proof. — We have
(e7H — Op(W)M e *Hep =1 Op(W*))Ff
= / e (H Op(W)M — Op(W)M Hy) e "= Hapr=1 Op(W*)FL dr
0
+ e isH (1— Op(W) Op(W*))th
=:I1(s,T) + Is(s,T).
By Lemma 10.3 we have
I(s,T) — 0, T — oo.
Using Lemmas 10.4 and 10.3 we see that the first term can be estimated by

|1:(s, D)l £ |[{Ha) "M~ Op(W*)FL|| — 0, T — oo.

Let Nj: = Wi(O) and

wea(( 5 () + (0 % D= (Gt o e ).

We have
N 1 < V1i+a —\/1—asign(cost9)> ) <§)
V2 V1 — asign(cos 6) Vi+a o la|
xx (B2 k22 + a3 +9)?),
N 1 <—sign(cost9)\/1—a -1+« ) ) <§)
V2 Vita —sign(cos0)yT—a )~ \ldl
% X(h2\/k’2§2+a§(€’§+q)2)-

with o as in Chapter 4. Note that the matrices N+ are smooth (a(7, im)=1). From
the lipschitz continuity of f*, ¢g* we infer
(10.33) (W — N)ézi € S%xy).
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Therefore by Lemma 10.3

(Op(W™) — Op(N*))Fg: — 0.

Let us put
0-10 O
Ne= [ 5+ | o 00y |-G |x(Viee e o?)
0 01 O

= (1 () + v () x (2 e e+ 02).

Note that we have uniformly in T large
(10.34) Op(N*)FL = Op(N2)FT + O p(e™"+).

Here we have used that the commutators

V=00 (3 (107 )x(h2 2 + o) |

etc. are all in U—1(3,).

10.3. Study of the hamiltonian flow

In this section we study the hamiltonian flow of

(10.35) P = h k262 + a3(U6 + )2,
We denote ¢; the hamiltonian flow of P. Let for L > 0
6= {(7,0;€,q); €/lal = L},
IL = {(7,6;¢,q); 7> —to — L7}
LEMMA 10.6. — For tg > 0 sufficiently large there exist § > 0 and Ly > 0 such that
for all L > Ly we have
VO<s<ty, ¢s(I2NEL)C{(7,0:€q);7>2(t—s,0)+5}.

Proof. — We use the coordinates (r,,0*,&*,¢*) given by (10.13) and drop the star for
0: 8 = 6*. Under this change of coordinates the hamiltonian becomes

P* = h*,/|€*|2 + a2|¢*|2 = E = Const.
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The hamiltonian equations are:

h4§*
10.36 e = )
(10.36) fo= ot
(10.37) & = -9, P*
. h4a2q*
10.38 f=—2—,
(10.39) §* = —(0ph*)h2E.
Multiplying (10.39) by ¢* given by (10.38) we obtain
1d . . 1 .
aa(q=¢<)2 — q*q* — —(89h2)h_6a62E2(9 — _5(80h4)h—8a62E20
1(r?+a?)? 2 2 (12 + a®)? at 24
= 5T(é‘@a A cos® 6) A 2 +a2)4E 6
1d o n o
= - " a’E
5 a4 ” cos” 6
(10.40) = |¢*)? = |g;|* + a®*E?*(cos® @ — cos? b,),

in particular X = |¢*|? + a?E?sin? § = Const. We have

B 52 2h4a2€’§q a2h4q2
E? = h€h7" + 20§0¢q + alq’) = Lz =1-"p5> — "5
in particular
(10.41) & _ 1+ 0L
. 75 = .

Using (10.41) we see that

(10.42) % = qu + acos 90%0 =acosfy+ O(L™1).

Therefore

(10.43) % =a®+ O(L7).

These estimates are uniform for (7o, 6o, &0, 990) € &L N J?. We note that
(10.44) €% = E2(1 - wﬁf)zEz) ¢ = K — a®E?sin? 0.

Using (10.43) and (10.44) we see that for L sufficiently large £* does not change its
sign. We now claim that there exists a constant C(¢o) such that

(10.45) P>1-C(to)L 2

uniformly in (79, 0, €0, ge0) € J? N &r,. We first argue that (10.45) proves the lemma.
By (3.54) we see that for to sufficiently large we have

/Z\(t(],a) < —tg, VOe€ [O,F].
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If ¢y is fixed in this way, then there exists § > 0 such that
- 26
z(r,0) > -1+ T VO <7<t
0
We have
7(0) — 2(tg,0) > —L~' —tg — 2(to,0) >0, V6 €0,n7]
for L sufficiently large and
d 26
E(?(S) — Z(to — s,0)) > P C(to)L™
for L sufficiently large. It follows

N

>

S

7(s) > Z(tg — s,0) + 6, V0<s<tp.
It remains to show (10.45). We have

: 2A KA h*a?
A 4 a 0 x
r=h \/1‘<7«2+a2)2\/1‘(7~2ﬂz)21;z+“05‘9 4

_ a?A KA a?A 4
=1+ \/1 o (r2 + a2)? (\/1 B (r2 + a2)2E? B \/1 B (r2 +a2)2> h

+ acos Oh*a? (% — acos 9)

>1-0L7 "+ acos@h%%(% — acosﬁ),

where we have used (10.43). It is therefore sufficient to show

*

(10.46) ‘acos@(% - acosﬁ)‘ = @(L_%).

We distinguish two cases:

(10.47) 1) VO<s<ty, cos>f(s)>L"%;

(10.48) 2) 30< sy <ty cos>f(sp) <L 2,
(10.49) so#0 = cos?f(s) > L%, Y0<s< s

We will treat only the second case. The first case can be considered in some sense as
a special case of the second one with sy = ty. We first suppose sg > 0. From (10.42),
(10.49) we infer

sign g = sign(cos )
for L sufficiently large and from (10.49) we infer, using also (10.43) and (10.44), that
¢*[> > a®E?L™3 (1 - O(L"%)) > 0
if L sufficiently large. Therefore

sign (¢*(s)) = signcosf(s), V0 <s < sg
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because neither ¢*(s) nor cos#(s) can change its sign on [0, sg]. We find with (10.43)
and (10.44):

*

V0 < s < s, qf = sign(cosH)\/a2 cos? 6+ O(L—1)

*

= %—acos&‘:@(L_%), V0 < s < sg.

We now claim that
(10.50) Vsg < s <tg, cos?f(s)< C(tO)L_%.
Indeed using (10.38), (10.43) and (10.44) we can estimate

d
Ea cos? § = —2a? c059s1n09<2aA1|cos0|\/£—aQSm 0

< 2a%A;cos 0 + O(L™2),

where A; := max,>,, h*a2a. By the Gronwall lemma we obtain

N\»—l

cos® 0 S/ 2NN O(L72)dr + e2416750) cos? §(s0) < C(to) L™
S0
Inequality (10.50) follows and therefore
|acos | = 1 ), ‘ =

i.e. (10.46). If sy = 0 we can start with (10.50). O

10.4. Proof of Proposition 10.1
Let us first show the following lemma:
LEmMMA 10.7. — We have
VN,R>0, 3Cnypr>0,% >0
Vite > to, 36 =0(te, N, R) >0, Tp = To(N, R,t.) >0, VO <s<t., T >T
H(l —¢s)(. — 2(te — s,H))e_”HFg:H < CN,Re_'“fte.

Proof. — Because of the finite propagation speed we can replace 1 — ¢s(. — 2(te — s, 6))
by xe(1 — ¢s(. — 2(te — s,0))) with x. € C(R) such that

N 0 7< —4t.,
Xe(T) = -
1 r>-3t..
By the results of the preceding sections it is sufficient to show
Xe(1— ¢5)(. — 2(te — 5,0)) e "1 Op(N2)FS — 00, T — oo.
Here we have used (10.34) and that
[Xe(l - ¢5)( - 2/\(te - 8,0)), OP(W)M] € \I/_l(zl)'
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Using Lemma 10.3 we can replace Op(N2)F! by Op(NZ x1(|¢/q]))FE® with xp, €

C>(R),
1 el > 2L,
xL(z) =
0 |z| <L
Let X € C§°(R) and
Xe=1 on supp th,
Xe=0 on (—oo,—t.— L")
for all T > Tp. By [31, Proposition 18.1.26] we have for all f € L*(R x [0, 7]):

W (0p (3 (¢/laDx (h*/2€2 + a3 ('€ + ) ) xa (Ig/a)) 7o )
- {(?7w;§aQ); ? Z _te - L_17 |§| Z L|q|7 § > 0}7

WF ((Op (- (¢/lax (h*\ k262 + a3(e'€ + )? ) x1 (1€/4)) ) Kol
C {(Fwia); 7> ~te — L', ] > Ligl, € <0},

where WF denotes the wave front set (see [31, Chapter VIII]). Then by the clas-
sical results of propagation of singularities (see e.g. [31, Theorem 26.1.1]), Sobolev
embeddings and Lemma 10.6, we find that the operators

Xe(1 — ¢s) ( — Z(s, 0)) e tsHa
% 0p (i (¢/lal)x (n* /1262 + aB (e + 0? ) xe (Ig/al) ) RePus,

Xe(1 — ¢s) (- — 2(s,0)) e~ sHe
x Op (j— (f/lql)x<h2\/k’2§2 +ad(0'¢ + q)? )XL(|£/Q|))5Z€P23

are compact for L,t. sufficiently large. The lemma now follows from Corollary 10.1
and the observation that

(Fi)23=0, (Op((N2))FL),,=0, X.F.=F,

for T sufficiently large. O

Proof of Proposition 10.1. — We first show that
(10.51) 1(U(0,t) — ps(. — 2(0,0))) e ") Fl'|| < Cn ptee™ "

uniformly in T large for ¢ sufficiently small. Let ¢s(.,t) = ¢s(. — Z(¢,0)). We define
for g = Pyag € H:

o(t, 7w) = (U(t, te) — ¢s(t) et H) g,

(1) As in the definition of W (7,6, £, q), X(h2 VERPE2 + a2(t'é+ q)? )XL(|§/q|) can be extended to a
smooth function.
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If supp g C (Z(t,0) + §,00) x S2, then v is a solution of
v(te, T,w) =0,
Ow =1iHw+ h(t), 7> Z2(t0),
> WA R 0),w) = —iv(t, 2(t,0),w),

pef{t, 7w}
where
n(t) = —((-5505(0)) + 95, H]) =99 = B1)g.
Thus 0
v(0) = /t U(0,s)B(s)gds.

€

We obtain by Lemma 10.7 for § small enough
te
|(U(0,te) — ¢s(0)e*"FT|| < / |B(s)F||ds < Cn,ptee "+
0

uniformly in T large. We now estimate for € > 0 given

(10.52) ||/(F)U(0,T)f — ¢>5( —’z‘(o 0)e " HE|

) (te,T)f U (te, T)QZf)||

+ ||J (2 (te,T)«Lf)R —FD|[+ [z} - f
+ HJ — ¢s(- — 2(0,0)) e ") F,

<|lg @) )(1 —J(r +t)U(te, T)f|

+ ||J YA = JF +t)) U (te, TIQZf|| + L€

fixing first N, R and choosmg then t., T sufficiently large and § = §(t., N, R) suffi-
ciently small. Here we have used Proposition 9.1, Lemma 10.2 and (10.51). We now
claim that for ¢, fixed the first two terms in (10.52) go to zero when T goes to infinity.
Indeed

JAUO,t)(1 - JF +t))U(te, T)f

U(0,t. ( 7'—|—t€)) el(tﬁ_T)Hf

MU0,te) (1 —J(F+t))et"DH1 _  6(P7)f
+JPU0,t) (1 = J(F + te)) T H 1 (P

We can suppose f = x(H)f, x € C§°(R), supp x C {—m+n", m+n"}. By the minimal
velocity estimate we can replace 1(_ o 0)(P7) by 1(_co,—c )(P7) and 1jg0)(P~) by
1[1_¢,00)(P7), where € > 0 and ¢, is given by Lemma 6.2. But,

Jim JEU0,t) (1= (7 + o)) DL o (PT)S

= lim J(FUO,t)(1-J(F+ te))l(_m’_ex](L> eilte=T)H ¢ _

T—o0 te — T
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by the finite propagation speed for U(0, t.). In a similar way we find
Jim JEUO,t) (1= (7 +te) e D1 ooy (PT)
— 00

~ lim S _ ) i(t~T)H _
= lim JPUO,t)(1 = J(F +t)) 1z (te T )e —0

because (1 — J(7 + tc))1j—z,00)(T/(te — T)) = 0 for T sufficiently large. The second
term can be treated in a similar way. This concludes the proof of the proposition. [






CHAPTER 11

PROOF OF THE MAIN THEOREM

In this chapter we put the results of the previous chapters together to prove the
main theorem. Recall that we are working with the operators Hn”,’z”, etc. and that the
indices are suppressed. All operators are considered as acting on J".

11.1. The energy cut-off
In this section N, R > 0 will be fixed. Let
Sy = {(Fw); F<200,0)}, 5 = (L2(Sy, dPdw))”.
On H#, we define
Hy =H,
D(Hy)={ueHy; Hue H,,
S W AR(E(0,60),w) = —i¥(0,2(0,0),w)}.

ae{(t,7.0,¢)}

We need the following:

LEMMA 11.1. — (i) Let ¢ € C°(R x S?), 93¢ € C(R x S?), ¢ = 0 on T and
x € S°(R). Then (x(Hy ® Hy) — x(H))¢ is compact.

(i) Let ¢ € C(%0), x € J ' (R). Then Xx(Hy & Ho)o, x(H)¢ are compact.

Proof. — (i) We write x(z) = X(z)(z + 1), X € §~'. We have as an identity between
bounded operators
(11.1) x(Hy @ Ho)¢ = X(Hy & Ho)(H +i)¢.
Therefore
(x(Hy ® Ho) = x(H))¢ = (R(Hy @ Ho) — X(H))(H +i)¢
= (R(Hy ® Ho) — X(H))$(H +i)¢
+ (X(Hy @ Ho) = R(H))[H, 6o,
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where <;~5 € C*(R x SZ),¢~5¢ = QS,(Z = 0 on X;. We only show that the first term is
compact, the second term can be treated in a similar manner. Let X be an almost
analytic extension of X with

(11.2) X=X
VN, |0%(2)| < On|Sz|N{(R2) 2N, suppx C {z +iy; |y| < C(z)}.

By the Helffer-Sjostrand formula we can write

(11.3)  (x(Hy & Ho) — X(H))p(H + 1)

= /5‘5{(z)((z —Hy @Hy) ' = (2~ H)_l)g(H +i)dz A dz.

This identity is first understood as an identity between operators D(H) — J¢. Now,

%(2)((z— Hy ® Ho) ™' — (2 — H) "V )$(H + 1)
= 5;(2)((;: ~Hy ® Ho) Yz — H)p(z — H) ™!

- 5;@)((2 — Hy ® Ho)'[H,¢|(z — H)™*
— (2= H)"\[H,6](z — H)™") (H +1).

Both terms are compact and can be estimated by C(z)~3 according to (11.2). This
shows first that the identity (11.3) can be extended to an identity between bounded
operators and then that the operator is compact.

(ii) The fact that x (H )¢ is compact follows from the estimates (4.43), (4.44) and the
same arguments as in [29, Corollary 4.2]. This entails that x(H, @& Hy)¢ is compact
by part (i) of the lemma. O

Let now & = 6(t.) and @5 be as in Proposition 10.1, ¢5(7,6) = ¢5(7 — 2(0,0)) and
X1, X2 € C*(R) such that

1 |z|<1+4n, 0 xz<1+mn,
1 z>2+n,
and such that x;(x)+ x2(xz) = 1 for all x > 0. Here and in the following n = ™. Then
we have by Lemma 11.1 and Corollary 10.1:

2
0 =0

(11.4) Jim || x1(Ho)pse™ """ Fl
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Indeed we can replace gz~55 by a compactly supported function using the support prop-
erty (10.2) of F{'. Furthermore we have

(11.5) | x2(Ho)se *H Fl 1 (Ho)gse < ET|
< |20y (Ho)dse *H L
< |xa(Ho)gse™*HFL |, + |[x2(Ho)gse " FL .

Using (11.4), (11.5) and Lemma 11.1 we obtain

Jim {114,y (o) 7 E]|, = Jim [|xa(Ho)dse FY,

Jim |[x2(Hy @ Ho)gse " (0@ F)|

(11.6) hm l|x2(H )pse it HFE

LEMMA 11.2. — Let x € J°(R), f € D((Dg:)). Let X be an almost analytic extension
of x with

Xle=x, VN, |0xX(2)] < COn|Sz[V(R2)"""", suppx C {z+iy; |yl < C(Rz)}.

Then we have

(11.7)  (x(H) - /ax(z (z—H)""(H—-H_)(2—H_)"'fdz A dz.

REMARK 11.1. — Note that neither
/8)( (z—H)"'fdzA dz nor /ax (z—H_)"'fdzAdz
is convergent in ¥, but the R.H.S. of (11.7) is

Proof. — Let xo € C§°(R) with xo = 1 in a neighborhood of 0 and x§'(z) = xo(x/m).
Let Xo € C§°(C) be an almost analytic extension of xo with

|0%0| < Cn|S2|Y, VN.
Then Xo(z/m) is an almost analytic extension of x§". Clearly

lim X(H)X§ () f = x(H)f, T x(HO)X§ (H-)f = X(H)f.

m—0o0

We have

(11.8) g = [3(x% () - 1)tz ndz
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and the R.H.S. of (11.8) is convergent in norm for all m. Therefore

(X(H)x§"(H) — x(Ho)xg (Ho)) f

:/5(%(2«)%( ) (z = H)(H - Ho)(z — H_) " fdz A dz

=[x (Z) (= 1) — o)~ Ho) e dz

4[RO (Z) 2o = H) N - Ho)e — Ho) fdz n dz
=1+ L.

We have
= ~ z _ _ _
|05)%0 (=) (2 = )M (H = Ho) (2 = Ho) 7 | 5 (@)™ [(Dse) |
uniformly in m and for all z € C\ (c(H)Uo(H_)):
— — VA _ _
(OX(2)%0( = ) (= = H) ™ (H — Ho) (= — Ho) 7'
— (OX()(z = H)"'(H — H_)(z = H-) ' f.
Then by the Lebesgue Theorem I; converges to the R.H.S. of (11.7). The change of
coordinates u = z/m gives

I, = /mf{(um)(‘?%g(u)(um —H)"Y(H-H_)(um — H_) ' fdu A da.

As X(z) is bounded we can estimate
Hm%(um)é%o(u)(um - H)_l(H — H_ )(um — HH)_lf”
[(Ds2)

m Al
< |%u|2W”<Dsz>f|| = T2 0, m— oo,

Thus I, — 0 as m — oo. O
LEMMA 11.3. — We have
Ve >0, Jtg > 0, Vie > to, 3Ty = To(te), VT > Tp,
|2 (H) s,y e~ F || = || 110,00 (H) Fi ]| < €.

Here 6(t.) is chosen as in Proposition 10.1.

Proof. — Using Lemma 10.7 we see that
Ve >0, 3tg >0, Vi, > tg, 3Ty = To(te), YT > Ty,
[IIx2(H) s e P || = [xe(H)e "7 FL|| <e
We then have to show that
(11.9) (x2(H) — x2(H_))Fl — 0, T —0.
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To this purpose let X2 be an almost analytic extension of yo with

Xele = x, VN, |0X2(2)] < On|S2|Y(R2) ™17, supp Xa C {z +iy;[y| < Clx)}.

Then we have by Lemma 11.2
(X2(H) x2(H ))FT

/ax2 (z—H)"WH-H_)(z—H_)"'"Fldz A dz

— /égg(z)(z — H) NP+ W)(Dg2) (2 — Ho) " (Dg)F dz A dz.
By Lemma 10.3 we find
(11.10) (z— H ) " (Dg)Fl —0, T —o0
and we have

(1111)  [[0X2(=)(z = H) (P + W)(z — H)™

) 7% || (Dg2) F,

Equations (11.10), (11.11) give (11.9). Therefore we have

(_) e—iteH

Jim [[xa(H)e = Jim_ {]xo(H

Jim [xa(HE]] = Jim [0, () E] |

In order to replace x2(H.) by 1|9 o)(H._) we use the same arguments as before.

11.2. The term near the horizon

We first compute the radiation explicitly for the asymptotic dynamics:

LEMMA 11.4. — We have

Th_{nm ||1[O’Oo)(H(_)Fgﬂ||2 _ <]7’ e(QW/K+)H<— <1 + e(27r/K+)H‘_)71]7>.

Proof. — The proof is analogous to the proof of [6, Lemma VI.6]. We repeat it here
for the convenience of the reader. Let & be the Fourier transform with respect to 7.

We have

110,00y (H-)FT|)? // |7 (FT) ()| dé dw

~ e ey ~ 2
=> lim,_ /S A(9)1~c+/ )/ReZ<A<9>+“>Ee TernV fdy| dedw
€— 0
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></ fj(yl)?j(yz)dwdyz
RxR ecosh( ky(y1 — yg))—iE(O)smh( ky(y1 — yg))

_ 2 A\(ﬁ)ﬁ ~ 2
=3t [ P 19w

1
ecosh (k) — zA(G) sinh

x7( g Kﬂ))(—g) dédw.

Now given € # 0, £ < 0 and N, M > 0, we evaluate

e—zz§

ecosh (3r4z) — iA(6) sinh (3h+x) ,

%E(w)dx, (z) =

along the path
{-N<Rz<N,Sz=0M}U{0< Sz <M, Rr==+N}.

First we have

:I:N—HM . %)
‘/ da:‘ < e_ﬁ"‘*N/ e®dz — 0, N — oo,
0

N+2M %) .
‘/ )dx‘ S eMg/ e"%+leldr — 0, M — oo,
N+iM —o0

We deduce that
/ ((z)dz = 2im Y pn(e)
- n=1

where p,,(€) are the residues of ¢(z) at the poles z,(e) € {z € C; Iz > 0}. We easily
check that

2 ( € 2
Zn(€) = — | nm — arctan( = )), sup €) — — —1 "e(%ﬂ/m)é‘ <e,
0= 70) SRl - 55—
hence we get that for £ < 0 we have
1 ar

_ @n/m)E(] 4 o 8 < ¢
‘g(ecosh( LhyT) — iA(6) sinh (3K42) ) « A0k © (L em) ‘ >
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In the same manner, for £ > 0, choosing M < 0 and counsidering the poles z,(e) €
{z € C; Sz < 0} we obtain

/00 {(z)dz = 2im Z pn(€)
—o0 n=0

24
noen

_2nm
sup |pn(€) — (=1)"e r+ E‘ Se

n<0
! i 97 <
‘g(ecosh (3kiz) — iA(6) sinh (3kiz) ) © A0k 4 (14 ) ‘ ~ &

Eventually we conclude that

57( 1 )(é)zie'ﬁé( +e§1£) )

—ZA(H) sinh (1) Kg
and
[0 ORI = [ / T ) I, 6 wPdede
= (Fe (14 e 1)),

PROPOSITION 11.1. — We have

Jim 1 o0 (HO)JU©O, T f[[3 = (2 f, 7+ (14 &) M0z ).

Proof. — For € > 0 given we estimate
1115,00) (H)JU (0, T) fIIg — (QZf, €77~ (1 + 7)1 Qf)]
Sl@znx -z sl - 192
+ [1Ly00) (HO)IU (0, T) £ 115 = 119,00 (Ho) s e FT ||
+ 12,00 (Ho)$s €™ FL > = | 110,00y (H-) Fy ||
+ 120,00 (H)FG 11> = (F, 7= (1 + =) 7 )
=L+ I+ I3+ 1.

Here § = §(t.) as in Proposition 10.1. We first choose Ry, Ny > 0 such that
VN >Ny, R> Ry, I <1ie

Using Proposition 10.1 we can fix N > Ny, R > Ry, t. > 0,0 =0(t.) >0 and Ty > 0
such that

VI >T,, I<3ie
By choosing T, possibly larger we have:

VT >T,, I3<ie
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Here we have used Lemma 11.3 and (11.6). Note that the same ¢. can be chosen
for the estimate of I, I5. Indeed in both cases we use Lemma 10.7. The parameters
N, R,t.,6 being fixed in this way we conclude by noting that I, — 0,7 — oc. O

11.3. Proof of Theorem 8.2
We start with the identity
2
(11.12) | 1p,00) (Ho)U (0, T) £,
2 2
= Hl[n,oo)(HO)jU(O?T)fHO + Hl[n,oo)(HO)(]- —(/)U(O,T)f“()
+2 §R<1[7],00)(H0)(1 - j)U(Oa T)fa 1[7],00) (HO)jU(Ov T)f>
In order to prove that
<1[17,oo) (HO)(]' _J)U(O’ T)fa 1[77,00) (HU)JU(Oa T)f> — 07 T — o0
it is enough, by the results of the preceding chapters, to prove
<1[n,oo)(H0)(1 _J)U(Ov T)fa 1[n,oo)(H0)$5 e_iteHFt€> — 0, T — oco.
Note that _ ‘
1(y,00)(Ho)(Ho + 1) " '¢se ™ HEI — 0, T — oo.
Indeed
[r, oo)(HO)(HO + 'L) 1¢5e—lt HFT
= 1p.00) (Ho) (Ho + ) "L (H + i) e " (H + i) 'FL — 0, T — co.
It is therefore sufficient to show that for all f € ! the following limit exists:
Tlim (Ho +i)e'THo(1 — g)eTHY,
But,
(Ho +14)e™ (1= g)e ™1 f
_efiTHo [H,j] efiTHf + eiTHo(l _j) efiTH(H + ’L)f
_ _eiTHOFIJ’e—iTHf + eiTHO(l — ) e—iTH(H i) f.

The first term goes to zero because os.(H) = @ and the second term possesses a limit
by Lemma 6.5. By the same lemma we find

Jim [ 1y,00) (Ho) (1 = A)U (O, T) f[| = [[1p5,00) (Ho)Wo f| = [[Wo Lpn,00) (H) £
= [[1z- (P n0<>) H){f||

= [[ 1,00 () 1= (PT) £
This concludes the proof of the theorem. O
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APPENDIX A

PROOF OF PROPOSITION 8.2

We will work with the (r,,w) coordinate system. For technical reasons we need to
fix the angular momentum D, = n. Let dw = sin§d#,

H = {u=e"v;0 e (LR x [0,7], dr.dd))*},

H = {u_ emtp,u = (LZ(ECOI’w dr, dw)) }
P = {(r,0) € R x [0, 770 > 2(2,60) ).

We define:
(A1) D™= hD, h+ V",
(A2)  DLmi=T'Dr, +aol*(Dy+ § cot6) +aol® L+ bol™” + ¢,

nl

H = D(]%”’") ={u 657{”; ﬁ”’”u € }7{”}

Recall that the singularity sinf® = 0 appearing in the expression for ]D s s a co-
ordinate singularity. The operator ID}"" is the operator acting on 5‘{ with formal
expression D" and domain

~nl

Hy = D(Dt’ )
={ued)iD wed!, > Huru(a(t6),0) = —iu(2(t,6),60)}.
pe{t,r«,0,0}
The extension [.]}; is defined in an analogous way to Section 4.5 as an extension

from H :Ll to H nl. We consider the problem
= i]%u’n U, 7> 2(t,0)
(A3> Zue{t T, ,(p} WN”Y‘M\I/(IJJ, Z(t 9) 9) = _Z\Il(t7 Z(t, 0)7 6)7
U(t=s,.) = W,() € DDBL™).

Proposition 8.2 follows from:
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PROPOSITION A.1. — Let ¥, € D(ﬁ:n) Then there exists a unique solution
()], = [0, 8., e 'R A N C®; H)
of (A.3) such that for allt € R U(t) € D(~ty’”). Furthermore we have
@] = .l

and UV (t, s) possesses an extension to an isometric and strongly continuous propa-
v,n
S

gator from 57{? to 57(? such that for all ¥, € D(]:;f ") we have

d ~ -
aU”’"(t, )V, =i Py U™(t,5)Vs.

Note that in Proposition 8.2, there is an additional statement about the finite
propagation speed which follows from (¥ is supposed to be a solution of (8.14))

d oo
—/ / |\I/(t,?,w)|2d?dw:21R+(s—t)/ (|W2]? + |¥5)%) dw
dt Jsz JRije—s| 52

—21R+(t—8)/ (l\I/1|2—|- |q/4|2) dw.
S2

Proof of Proposition A.1. — We will drop the indices v,n in what follows.

> Let us first show uniqueness. If ¥ is solution of (A.3), then we have

d U o0
— / / |U|?dr, d@
dt Jo Jae .

= —/ £(t,0)|9)? (2(¢,0),0) dw + OR(iD, T, T)

= 2R, T, T) = 0.
y ~ ~nl
Here I, := 2D,., + I, is selfadjoint with domain 5«’[: (see Lemma 4.2).

> Let us now prove existence. We introduce the operators
N 0 -7 -7,
0 N —Z, -7y
Zy —Zs N 0
-Zs 21 0 N
N=wt Zi=h’+3% Zy=aoh’dpz,
T Hod fr— TV €He, [TE)F](re,w)= f(re —2(t,0) + 2(0,0),w).

R(t)= (N*+ 22 - 72)"z

)
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We remark that

N 0 7 2,

0 N Z z

RN = (N? + 23 - 75) 7 S
—-Z1 Zy N 0

Zy =Z; 0 N

Furthermore we notice that
T € C'(Ri; L((C5(Ry, x [0,7]))", (C(R,. x [0,7]))"), T (t) = —2(t,0)T (£)0..
Then u is a solution of our problem iff w(t) = R~1(t) ' (t)u is solution of
Ow = tA(t)w, 7. > 2(0,0),
(Ad) ; (t) (0,6)
wWa (t,z(O,H),w) = ws (t,z(O, 9),w) =0,

where A(t) = R~ ()7~ (t)(D +2D,., ) R(t) I (t)— R~ (t) R(t). We first need to analyze
A(t) for fixed t. We put

D(A(t)) = {u € Ho; A(t)u € Ho,uz(2(0,0),w) = us(2(0,0),w) = 0}.
We equip D(A(t)) with the graph norm of A(t). The operator (A(t), D(A(t)) is self-
adjoint (see Lemma 4.2). Let

cot 0
21
We first note that the domain is independent of ¢:

Vt, D(A(t)) = D
= {U € 57{0; D, ue %Oa dou € %Oa u2(2(0,60),0) = u3(2(0,0),0) = 0}

and the graph norm of A(t) is equivalent to the norm

dg := Dy +

[ullp = [| Dy, ull + [laodeul| + [lull-
This follows from the estimates
(A.5) Vu e D(A®)), |IDr.ull S [[A®)u|| + [ull,
(A.6) vu e D(AW), llaodoull S [A®u] + flul.

To show (A.5) and (A.6) we introduce the operator ]5t which is obtained from ]5 by
evaluating all functions in the definition of I at (7. + 2(¢,0) — 2(0,6),6). Then we
have _

At) = R (H)(D' + 2D, )R(t) - R~ (1) R(t).

For u regular enough we estimate

14| 2 DRyl max (¢, 0)| - | Dr, R(t)u]| = Cllull

> [D*R(t)ul| — (1 — 6)|| Dr. R(t)u|| — Cllul
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for some 0 < § < 1. We henceforth drop the subscript ¢. Let
v := R(t)u.

The first term on the R.H.S. in the above inequality can be estimated in the following
way:

B 4]|? > [[h2D,. v + [|h?ao(Dg + 3 cot 0)v||2 + 2RI — C|lv|?
with
I= / / (haoT*(Dg + % cot O)hv, k' D,._hv)dr, d®.
0 Jz(t,0)
We have:
2] = _/ (haoI®(9g + & cot O)hv, T h2v) (2(¢,0), ) dw
0
- / / (T'0,, h*aoIl?(0p + 1 cot 0)hv, hv) dr, d@
0 z(t,0)
+ / (892)(hv, haoI'*hT' 9, hv) (2(t,0),0) dw
0

- / / (hv,aol* (89 + % cot 0)R°T' 9, hv)dr, dw.
0 Jz(t,0)
Therefore
2RI = —§R/ (haoI*(9p + & cot O)hv, T h*v) (2(¢,0), 0) dw
0
+ R / (892)(hv, h2aoI°T' 9, hv)(2(t,0),0) dw
0
— 2§R/ / ({rI' D, h, haoI*(Dy + % cot §)h}v, hv) dr, dw
0 z(t,0)
=: B+ AC.
We first estimate the boundary term. We have

B= éR/Oﬂ {(haoT?hv, T8y ((hv)(2(t,0),0))) (2(t,6),6) dD,

where dp = 8y + %cot 0. Recalling that

Nul — ZQU4
_ —Z
ho(2(t,0),0) = | Nh 1 (2(t,0),0)
Z1U1

—Zou1 + Nuy
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with N = (N2 4+ Z2 — Z2)~2 we find
B > —Cllull(z2(fo,x)

Nu1 — ZQU4 Nég(ul) — Zgég(U4)
T -7 —7,0
+ / N2 {h 1 p3ger2r! 109 (ua) sin 0.d6.
0 Ziuy Z10g(u1)
—Zuy + Nuy —Z09(u1) + NOg(ua)

Here 9y(u;) stands for dp(u;(z(t,0),6)). The term under the second integral in the
above inequality equals

Nuy — Zouy Zlég(U4)
Nz h4a0 —Z1U4 : Naf(ul) - Z2?9(U4)
Z1uy Z50g(u1) — NOg(ua)

—Zoui + Nuy Zlag(’u,l)

= N2 (h4a0(NZlu159(ﬂ4) — Zous Z18(is) — Z1uaN8y(@y) + Z1 Zouap(ais)
+ Z1Zou10p (1) — Z1u1 NOg(a) — ZoZ1u109 (i) + NZ1U456(111))) =0.
Thus B > —Cllu(2(t,0),0)|(z2([0,x)))+- By the usual trace theorems we find
B2 ~Cllull 3 e, = —¢(IDr. Rl + a0 do Rit)u]) — Colull
Let us now consider the anticommutator
{hI*D,_h,haeT?dgh} = h([D;., h*ao]T'T?dg + ag[dg, h*]T*T" D, ) h.

Thus
AC > —¢(|laodov|| + || Dy, v||) — Celjv|l, €>0.

Gathering everything together and using A% > 1 we find
l4@ull > (1= (1D B(t)ull + llao do R(t)ull)

— (1= 8)||Dr. R(t)ul| = Ccllul
> (6 =8| Dr.u

|+ (1 —¢€)|laodoul|| — Cellu|, €<

Recall that we have dropped the index t. But ag < af < ag. The above inequal-
ity proves (A.5), (A.6). The operators (A(t),D) are selfadjoint and the family
{(#A(t), D) }+er is a stable family in the sense of [43, Definition 5.2.1]. We want to
check that for v € D, ¢t — A(t)v is continuously differentiable. We have

A(t+6) — A(t)

e

_ %(R‘l(t +8)(B 4+ 5D, )R(t + )

~R\(t)(D' + ,éDT*)R(t))v — (R™Y(®)R(®)'v + o(6)
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_R\(t+ 52 — Rt (D + 5D, R(t + §)v

+ %R_l(t)(fi)t” + 2D, )R(t + 8)v

YD + 2D, )R(t)v — (R ()R()) v + o(6)

_Llp-

5
R7Y(t+0)— R

5

- O Be+s 12D, )Rt + )0
+ R7(1) DHZ mtR(t + 8
LR B + 20, ) BEED = RO o1y 2i) v + o(8)

5
= I{ + I3+ 12 — (R (H)R(t)) v + o(8).

Here and henceforth a prime denotes a derivative with respect to t. Let
L= (R7'(#) (B + 2D, )R(t)o,
I == R~ (O)(D*) R(t)v,
Iy i= R ()(B' + 2D, )(R) (t)o.

The operator (ID?)’ is defined by differentiating I)* formally with respect to t. Let us
first consider the second term. We have

H( ()]Z)t+6 ]Z)t (t+6)—R_l(t)(ﬁ)t)/R(t))”H

< ||R71#)DYY (R(t + §) — R())o||
T p -
+ |[Br o (B - )R+ oy
)
< ||Dr. (R(t+ 6) — R(t))v|| + ||ag da(R(t + 6) — R())v||
+0(8)||R™ (t)doR(t + 6)v|| + o(8)|| R~ (t) Dr, R(t + &)
< o(8)]|vllp-
Here we have used that ag > € on [0, 00) x [0, 7] as well as the estimates (A.5), (A.6).
The other terms can be treated in a similar way. We find:
177 = L]l < o@)lvllp, 1< <3
This shows that ¢t — A(¢)v is continuously differentiable. We can therefore use [43,

Theorem 5.4.8] to find a strongly continuous propagator S(s,t) on H g such that for

f€D,S(t,s)f € D is a strongly continuous differentiable map from R; x Ry to 57{3
satisfying

d d
aS(t, s)f = A(t)S(t,s)f, ES(t, s)f =—5(t,8)A(s)f.
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The propagator B
U(t,s) = R)T(t)S(t,s) R~ (s)T " (s)
has the required properties. O






APPENDIX B

PENROSE COMPACTIFICATION OF BLOCK I

The Penrose compactification is usually obtained by a construction based on the
PNG’s. We present here an analogous construction based on the SNG’s. In order to
emphasize the analogy with the PNG construction we name the different coordinate
systems that we introduce as in the PNG case. We will suppose a > 0. The PNG
construction is explained in detail in [42].

B.1. Kerr-star and star-Kerr coordinates

A part of the construction of this section can be found in [23] for the Kerr case.
We will suppose E = 1. Let 7 be as in Chapter 3. The star-Kerr coordinate system
(*t,r,*0, *p) is based on outgoing simple null geodesics. The new coordinates *¢, *# and
*p are of the form

t=t-7(r,0), “o=p-Ar), 0=0'r0),
where the function A is required to satisfy
2Mr — Q?)
A/ — CL(
)= ""Ba
The function #* is defined in the following way. Let

a(r) = — /TOO B?’/) dv.

s B(r) = (r* + a®)k'(rc(r)).

For later simplicity we define
F =1+ tanh(a)sin6*, G = tanh(a) + sin 6%,
Then the function 6% is defined by

G
B.1 ing = —.
(B.1) sin 0 7

We note that
cos? "9

B.2 cos?f=— .
(B-2) cosh? aF2
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The important property of the coordinate system (*,r,*0, *p) is that
H=rp="0=0
along outgoing SNG’s with the correct sign of (. Therefore we have

r2+a2

Net = TS g,
p
in this coordinate system. We find
0
46 = o cos0dr + 27 4%,
cos *0
2 2
(B~3) dt = d% Ld Md*g
tapYt cos *0 ’
dp = d*o+ A'(r)dr.
Using (B.3) we can rewrite the metric as
Q2 —2Mr *g2 p2 *
(B.4) g:(l—kT)dt +20 dtar
Q? —2Mr\ acos*d (2Mr — Q?*)G?
+2(1+ ) d*td*0 + 20— 7 q%q*
p? F2cosh? “ p?F? 14
r2p?F? cosh® a + a?(2Mr — Q?) cos® *0 492
p2F4 cosh* a
2 2Mr — 2 2 *0 22
L (2Mr — Q*)G* cos 40 dp — o°G a2,

p2F4 cosh? a p?F?
The expression (B.4) shows that g can be extended smoothly across the horizon
{r = r4}. Besides, it does not degenerate there since its determinant is given by
p*sin? 6
 F2cosh®a
and does not vanish for r = 7, (). Thus, we can add the horizon to block I as a
smooth boundary. It is called the past event horizon and given by
H =Ry x{r=ry}, x Sge)ﬁp.

The metric induced by g on hypersurfaces of constant r, g,., has determinant

p?sin? 0A
~ cosh? aF?
and thus degenerates for A = 0, i.e. at $~. Since g does not degenerate, it follows

that one of the generators of $~ is zero, i.e. $H~ is a null hypersurface. Kerr-star
coordinates (t*,r, 0%, p*) are constructed using the incoming SNG’s:

t* :t—f—?(’n@)’ 80* :gD-i—A(T), o* :Hﬁ(r,ﬁ)

det(g) =

det(g-) =

(1) Note however that there is the usual coordinate singularity at sin 8 = 0.
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This coordinate system allows to add the future event horizon
HT =Ry x {r =14} x 592*#*

as a smooth null boundary to block I.

B.2. Kruskal-Boyer-Lindquist coordinates

The Kruskal-Boyer-Lindquist coordinate system is a combination of the two Kerr
coordinate systems, modified in such a way that it is regular on both the future and
the past horizons. The time and radial variables are replaced by

(B.5) U=e™+t YV =et

where s is the surface gravity at the outer horizon, see (3.5). The coordinate 6% =
*? = 0* is kept unchanged. The longitude function is defined by

a
B.6 b —— ¢,
(B.6) Pt = e

The functions (U, V, 8, ¢*) form an analytic coordinate system on BrU$H+USH ™ — (axes).
In this coordinate system, we have

%] :]0, +OO[U X]O, +OO[V XSgu’¢u,
HT = {0}y x [0, +ooly xS3 9~ = [0, 4+oo[yx {0}y x S3

simply because t* (resp. *) is regular at $* (resp. $7), takes all real values on $§T
(resp. H7), and tends to —oo (resp. +o00) at $H~ (resp. ). We want to build the
crossing sphere S? = {U = V = 0}. To this purpose we introduce the function

LIRPLE LRZLY)

rT—T+

uv

LEMMA B.1. — (i) The functions r and sin@ are well defined analytic functions on

L :=

[0,00)U X [0,00)V X Sgu’¢u.

(ii) The function L extends to a nonvanishing analytic function on

[ano)U X [O)OO)V X Sgn#,n-

Proof. — (i) We have
2k4+7(r,0)

( v ) _ tan;(a) —sin @ = H(r,sinf) = (

HUV (r, sin 9) )
. gu *
S tanh(a)sinf — 1

Hy;(r,sin6)

Using

—~ k4 T a2A 7'2 + a,2 .
2647 _ _ " (2 / < 1— _1> d ) 2Kk asinf
e =(r—ry)(r—r— exp| 2k A T)e
( +)( ) p + - (7”2 0/2)2
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we easily check that
(31HUV O Hyy
O1Hy: O2Hp:

is invertible. Thus (r,sinf) = H~1(UV,sin#*) is well defined in a neighborhood of
the crossing sphere.

) (r4,sin@)

(if) We have

=t r a’A 72 4 g2 )
L=(r—r_) " exp <— 2/<;+/ ( 1-—- — 1) dr | e 2r+asing
- (r?2 +a?)? A

This and the result of (i) give (ii). O
We have
(at=— L wav-vav
2k (r—ry) ’
—r_)LB BA 29
dr = T =TILEB ay 4 vap) - BA2os 0 4
2k 02 02 cosft
(B.7) a I
de = dy? Udv —vdu
4 4 +ri+a2 2/<V+(7“—7‘+)( ),
a(r —r_)cos0L cos 0 B?
df = ———2 """ (UdV + VdU) + ——— dé".
\ 2K 02 ( + )+ cos fto?

Using (B.7) we find that the Kerr-Newman metric in these coordinates takes the form

(B.8) 9=

_2L(r—r-) ( P B
(r2 + a?)? ol
L2(r—r_) pi p*B? 2 1772 2 11,2
— V2dU* +U*dV
ey (e e U S
o a?(r —r_)?cos?OL?
4K% o4
B sin? @ (r + ry)2a?L?
TP

sin? 6aL ) ) )
#
- m((r —r_)ph + (P +a®)(r+ 7)) (UdV - VdU)de

T ) U dv

(UdV +VdU)?

(UdV —VdU)?

2 p2 2 (in2
p32 dﬁn)z—a 81;16
o2 cosh” aF?

where p2 = r2 + a?. Clearly 1/(r —ry)(p}/(r2 4+ a*)? — p*B?/0*) extends to
an analytic function on [0,00)y x [0,00)y X S7, ot~ The expression (B.8) then

(de")?,

shows that g is smooth on B; U HT U $~ and can be extended smoothly on
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[0, +-00[tr [0, +-00[y x Sg; ;. The crossing sphere Sz = {U = V = 0} is a regular
surface in the extended space-time

(B = 0ol 0420l 58 8.

Hence, the Kruskal-Boyer-Lindquist coordinates give us a global description of the
horizon

H=9H"US2UHT = ([0, +00[u x{0}v x Sis +) U ({0} x [0, +00[y x 57, )

as a union of two smooth null boundaries $* U S? and S2 U H~.

B.3. Penrose compactification of Block I

The Penrose compactification of the exterior of a Kerr-Newman black hole is per-
formed using two independent and symmetric constructions, one based on star-Kerr,
the other on Kerr-star coordinates. We describe explicitly only the first of these two
constructions.

Future null infinity is defined as the set of limit points of outgoing simple null
geodesics as 7 — +00. This rather abstract definition of a 3-surface, describing the
congruence of outgoing simple null geodesics, can be given a precise meaning using
star-Kerr coordinates. We consider the expression (B.4) of the Kerr-Newman metric
in star-Kerr coordinates and replace the variable r by w = 1/r. In these new variables,
the exterior of the black hole is described as

1
%I = R*t X ]0, 7|: X ’939,*90'
T+ Lw
The conformally rescaled metric
~ 2 1
r

takes the form
2,4 3

=R 5  Qw* —2Mw ) 2

= | d™
g (w + 1+ a2w?cos2 6

1+ a2w? cos?
_ + a“w* cos® 6 tdw
V(1 + a2w?)? — a2w?(1 + (a? + Q?)w? — 2Mw)

Q*w? — 2Mw ) acos 9
1+ a2w? cos? 0/ F2 cosh? o
(2M — Q*w)G?
(1 + a2 cos? w?)F?

d*td*9

+ 2w? (1 +

+ 2aw?® d*tdp
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1+ a? cos? Gw?) F? cosh® o + a?(2Mw? — Q*w*) cos? *0 702
(1 + a2 cos? w?) F4 cosh? o
s (2M — Q*w)G? cos "9
(1 + a2 cos? fw?) cosh? aF'4
(1 + a®>w?)? — a®>w?(1 + (a® + Q*)w? — 2Mw) sin® §)G?
B (1 + a?cos? w?) F?

+ 2aw d*9d*p

sin? 6 d*p?.

The functions sin6, cosf, F, G, a have to be understood as functions of 1/w,*d.
It is clear from the formulas in Section B.1 that they possess analytic extensions
to [0,1/7r4] x S2. The expression above shows that g can be extended smoothly on
the domain

1 2
R"‘t X |:O7 E}w X S*H,*Lp'
The hypersurface
I =Ry x {w =0} x S5 .,

can thus be added to the rescaled space-time as a smooth hypersurface, describing
future null infinity as defined above. This hypersurface is indeed null since

Gy = —d*9? — sin? d*p?
is degenerate (recall that JT is a 3-surface) and

(1 + a?w? cos? 9)?

F2cosh? o

det(g) = — sin? @
does not vanish for w = 0.

Similarly, using Kerr-star instead of star-Kerr coordinates, we define past null in-
finity, the set of limit points as r — 400 of incoming simple null geodesics, as

J7 i=Re= x {w =0} x 5. ..

The Penrose compactification of block I is then the space-time
(B1,9), Br=BruHtuUSIUH UITUT,
g being defined by (B.9). In spite of the terminology used, the compactified space-
time is not compact. There are three “points” missing to the boundary: i, or future

timelike infinity, defined as the limit point of uniformly timelike curves ast — +o0, i_,
past timelike infinity, symmetric of ¢ in the distant past, and ig, spacelike infinity, the
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future timelike infinity

crossing sphere b spacelike infinity

past timelike infinity

Ficure 1. The Penrose compactification of block I, with two hypersur-
faces X5 and Xy, t > s.

limit point of uniformly spacelike curves as 7 — +o00. These “points” are singularities
of the rescaled metric. See Figure 1 for a representation of the compactified block I.
Writing
U= e m+t=2t0) 17 — ot (t42(8:0))
and suppressing two dimensions gives the picture of the collapse of Figurel, Sec-
tion 4.5.
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