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ENTROPY OF MEROMORPHIC MAPS AND
DYNAMICS OF BIRATIONAL MAPS

Henry De Thélin, Gabriel Vigny

Abstract. — We study the dynamics of meromorphic maps for a compact Kéhler mani-
fold X. More precisely, we give a simple criterion that allows us to produce a measure
of maximal entropy. We can apply this result to bound the Lyapunov exponents.

Then, we study the particular case of a family of generic birational maps of P* for
which we construct the Green currents and the equilibrium measure. We use for that
the theory of super-potentials. We show that the measure is mixing and gives no mass
to pluripolar sets. Using the criterion we get that the measure is of maximal entropy.
It implies finally that the measure is hyperbolic.

Résumé (Entropie des applications méromorphes et dynamique des applications bira-
tionnelles)

On étudie la dynamique des applications méromorphes sur les variétés kiihlériennes
compactes. Plus précisément, on donne un critére simple qui permet de produire des
mesures d’entropie maximale. On peut appliquer ce résultat pour borner les exposants
de Lyapounov.

Ensuite, on étudie le cas particulier d’une famille générique d’applications bira-
tionnelles de P* pour laquelle on construit les courants de Green et la mesure d’équili-
bre. On utilise pour cela la théorie des super-potentiels. On montre que la mesure est
mélangeante et qu’elle n’a pas de masse sur les ensembles pluripolaires. En utilisant
le critére on obtient que la mesure est d’entropie maximale. Cela implique finalement
que la mesure est hyperbolique.

(© Mémoires de la Société Mathématique de France 122, SMF 2010
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CHAPTER 1

INTRODUCTION

Let X be a complex compact Kéhler manifold of complex dimension k& endowed
with a Kahler form w. We consider f : X — X a dominant meromorphic map and
we denote by [ its indeterminacy set. We want to study the dynamics of f in other
words the behavior of the sequence of iterates (f™). We are particularly interested in
the study of the ergodic properties of f.

Such study often starts with computing the topological entropy which gives an
insight into how complicated the dynamics is. Classical objects in that case are ergodic
measures of maximal entropy. Indeed, the support of such measure y is an invariant
set where the complexity of the dynamics is maximal. On this support, the dynamics
is well understood in a statistical sense by Birkhoff’s ergodic theorem as almost every
orbit is equidistributed for the measure p. One can then study finer properties of the
measure: mixing, speed of mixing, dimension of the measure ...

In order to understand more precisely the dynamics near a point z in the support
of the measure, one classicaly tries to compute the Lyapunov exponents. Roughly
speaking, if no Lyapunov exponent is zero, these are numbers which give a rate of
contraction and a rate of expansion in some stable and unstable manifolds. In other
words, on the stable manifold the orbit of a point tends to the orbit of z at a speed
given by some negative Lyapunov exponent and on the unstable manifold the back-
ward orbit of a point tends to the backward orbit of = at a speed given by some positive
Lyapunov exponent. When no Lyapunov exponent is zero, the measure is said to be
hyperbolic. Finding examples of hyperbolic measures is a central question in dynamics
and complex dynamics provides usually many of those (see [45] for definitions and
results on hyperbolic measures).

In the particular case of complex dynamics, the topological entropy is related to
the dynamical degrees. For [ = 0...k, we write:

N = [ Feh et
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2 CHAPTER 1. INTRODUCTION

The I-th dynamical degree of f is defined by (see [48] and [22]):
d=lim (A (f™)™
n—-+o0o

The degree d; measures the asymptotic spectral radius of the action of f* on the
cohomology group H'“!(X). The last degree dj is the topological degree. It can be
shown that the sequence of degrees is increasing up to a rank s and then it is decreasing
(see [40]). These quantities are of algebraic nature and there is a bound from above
of the topological entropy by maxg<s<x logds (see [41] for the holomorphic case and
[25], [22] for the meromorphic case).

When one of the dynamical degree is strictly higher than the others, f is called
cohomologically hyperbolic. In that case, it is expected that there exists a measure
of maximal entropy maxg<s<ilogds (see [43]). Such measure is expected to be
hyperbolic (and the saddle points are expected to be equidistributed along the
measure). Recall the first author’s result on Lyapunov exponents (Corollary 3 in
[11]) when f is cohomologically hyperbolic: if one can find a measure pu of entropy
maxXg<s<k log ds, then it is hyperbolic with estimates on the Lyapunov exponents
provided that log dist(x,I UC) € L'(u) (I is the indeterminacy set of f and C the
critical set). In particular, in order to find hyperbolic measures, it is enough to find

measures of maximal entropy.

This will be our aim in the first part of this article (Chapter 2). Following Yomdin’s
approach ([55]), we give a criterion that allows us to produce invariant measures of
maximal entropy for a meromorphic map on a compact Kéhler manifold X. In a second
part (Chapter 3), we study the more precise case of a family of birational maps of P*
for which we construct the equilibrium measure. We show that it is mixing and using
the results of the first part we show that it is of maximal entropy. In particular the
measure is hyperbolic. Let us detail our results.

Let d denote the distance in X and recall that I is the indeterminacy set of f.
In Chapter 2, we do not assume that f is cohomologically hyperbolic. Chapter 2 is
devoted to the proof of the following theorem:

THEOREM 1. — Consider the sequence of measures:

- 1”71 ; (fn)*wl Awk—l)
o ”z_gf< NG )

Assume that there exists a converging subsequence piyn)y — | with:

n—-+4oo

(H) : lim log d(x, I)djiy(n)(z) = /logd(m,I)d,u(x) > —00.

Then p is an invariant measure of metric entropy larger than or equal to logd;.
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CHAPTER 1. INTRODUCTION 3

In the above theorem, when I = &, we define d(z,I) := 1 for all z € X so
Hypothesis (H) is automatically satisfied for holomorphic mappings.

Proving the convergence of the sequence p,, with the hypothesis (H) for [ = s such
that ds is the highest dynamical degree gives measures of maximal entropy logds. So,
as we explained before, Theorem 1 is particularly interesting when f is cohomologically
hyperbolic and | = s with ds the highest dynamical degree. In fact, in that case it is
likely that (u,) will always converge to a measure of maximal entropy because this is
the case in a lot of known cases (Henon maps [4] and [3], regular automorphisms of
C* [50], endomorphisms of P* [37], [36] and [38], some automorphisms on compact
Kéhler manifolds [7] and [24], ...).

We discuss Hypothesis (H). First [logd(z, I)du(z) > —oo is a natural hypothesis
in order to produce hyperbolic measure because it is necessary to define the Lya-
punov exponents ([11]). It would be a real improvement of Theorem 1 to prove the
same result under that weaker hypothesis. Nevertheless, it is not always satisfied by
meromorphic maps. Indeed, in [19] they are examples modifying Favre’s examples
(see [34]) for which log d(x, I) is not integrable with respect to the measure p. On the
other hand, semi-continuity of the logarithm implies that

limiup/log d(z, I)dpp ) (z) < /log d(z, Idu(x)
n—-—+0oo
so there really is only the other inequality to prove.

We explain the main ideas of the proof of Theorem 1. If f is a Hénon map of C2,
Bedford and Smillie have shown in [4] that the Green measure of f is of maximal
entropy. Their proof is based on Yomdin’s theorem (see [55]) and also on the proof
of the variational principle. This approach has been used several times since then in
dynamics in order to bound from below the entropy of measures (e.g. [42], [10] and
[32]). In all these cases, one can use Yomdin’s theorem directly because the application
f is either holomorphic or when it is meromorphic everything takes place in a stable
open set where f is holomorphic.

The purpose of the first part is to quantify Bedford and Smillie’s approach. We will
need for that to modify the Bowen ball so that it takes into account the distance to
the indeterminacy set I and to quantify Yomdin’s theorem. This is the main difficulty.
We then use the proof of the variational principle to conclude.

Observe that the criterion can be extended to the case where (X, w) is a compact
Hermitian manifold. In that case, we do not know if the limit:

di = lim ()Y

exists, but it is sufficient to replace d; by limsup,, (A (f¥())1/#(™) in the theorem.
In Chapter 3, we work in P* endowed with the Fubini Study form w. We study the
dynamics of some birational maps f of P¥, that is maps that are meromorphic and
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4 CHAPTER 1. INTRODUCTION

biholomorphic outside some analytic sets. Choose some 1 < s < k — 1. We assume
that dim(I*t) = k — s — 1 and dim(I~) = s — 1 where IT are the indeterminacy sets
of f* (for k = 2 the only possibility is s = 1 and I* are points). Let d and § be the
algebraic degrees of f and f~1.

Let By be the set of these birational maps of P¥ such that:

Usrrrinlyri=o.

n>0 n>0
For such a map, we have A;(f™) = d*” and we can define L™ (w?®) := d—*"(f™)*(w®)
the sequence of normalized pull-backs and A™(wk=%) := d=*"(f~")*(w*~*) the se-

quence of normalized push-forwards. The key point of our method is the use of super-
potentials introduced by Dinh and Sibony in [31]. We sum up the properties of the
super-potentials that we need in an appendix. Super-potentials are a generalization
of potentials to positive closed currents of bidegree higher than 1. Let & be the set
of positive closed current of bidegree (I,!) and mass 1. Then for S € &, the super-
potential %g of S is a function on G_;41 that is uniquely determined by the condition
(us(wk—l+1) =0.

Let Upn(wsy and Upn(r-) be the super-potentials of L™(w*) and A™(w*~*). We
study the set B of map f € By such that:
(1) lim %Ln(ws)([]—_]nor) > —0o0 and llm %An(wk—s)([I—‘r]nor) > _007

where [I%],0r := vol(IT)~![I*] is the normalization of the current of integration on
I* (we use in fact a slightly different definition that turns out to be equivalent to (1)
by Corollary 3.2.5).

We prove in Theorem 3.2.8 below that (1) is implied by the more geometric con-
dition:
1 n
Z (d> log dist(I", f*(I7)) > —c0
n>0
and

1 n
~) logdist(I~, f~™(I")) > —cc.
2(5) og dis %

This condition was in fact introduced by Bedford and Diller in [1] for the case of
projective surface and is equivalent to (1) in this case. Using that hypothesis, the
authors define the equilibrium measure and show that the potential of the Green
current is integrable for the measure. They proved that the measure is mixing and
hyperbolic. Using laminar currents, Dujardin computed the entropy and showed that
the measure is of maximal entropy [33]. Diller and Guedj extended some parts of
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CHAPTER 1. INTRODUCTION 5

these results to a more general case in [19]. Note also the generalization of those ideas
to the case of meromorphic maps of a surface in the recent articles [16], [17], [18].

When k > 3, the condition (1) is weaker than the geometric condition. This is due
to the fact that distance between supports is a good distance for measure but not for
current of higher bidimension. The interest of this condition is that it is generic in
the following sense:

THEOREM 2. — Let E, be the set of birational maps f : P* — P* such that I and
I~ satisfy dim(I*) =k — s — 1 and dim(I~) = s — 1. Consider the group action:

®: PGL(k+1,C) x Es — E;
(A, f) — Ao f.

Then outside a pluripolar set of the orbit Orb(f) of f € Es, the maps of Orb(f) are
in B.

Section 3.3 is devoted to the proof of that statement. It is interesting to note that
the condition (1) is not generic in the set of birational maps (assuming one can give a
sense to that statement). Indeed, the condition dim(I*) = k—s—1 and dim(I~) = s—1
is true for k = 2 but does not need to be satisfied in higher dimension (see [44] and
[42] for examples).

We sum up our results. We will construct the Green current of order s and k — s of
f and f~! for f € B. More precisely, we have (see Theorems 3.2.1, 3.2.9 and 3.2.19):

THEOREM 3. — Let f € B, then the sequence L™(w®) is a well defined sequence of
currents which converges in the sense of currents to a positive closed current TS of
bidegree (s, s) and of mass 1.

The current T satisfies f*(T;7) = d*T; and is extremal in the set of positive
closed currents.

Then we define the intersection T;" AT, and we prove (Theorem 3.4.1, Proposition
3.4.4 and Theorem 3.4.15):

THEOREM 4. — The wedge-product p := T;" AT, is a well defined invariant prob-
ability measure for which the potential of the Green current of order 1 is integrable.
The measure u is mizing for f.

Using a space of test functions introduced by Dinh and Sibony in [26] and studied
by the second author [53], we prove that the measure gives no mass to pluripolar sets.
In particular, the measure gives no mass to analytic sets.

Then we use the results of Chapter 2 to prove that (Theorem 3.4.19, Theorem
3.4.21):

SOCIETE MATHEMATIQUE DE FRANCE 2010



6 CHAPTER 1. INTRODUCTION

THEOREM 5. — The measure p is of mazimal entropy logd® and is hyperbolic. More
precisely, the Lyapunov exponents x1 > X2 => -+ > Xk of pu are well defined and we

have the estimates:

1 ds 1
> >y > =1 = Zlogd>0
X1 2 ZX _20gd571 20g >
1 1. dep
0>—§108§5:§10g d > Xs+1 2 -0 2 Xk-

s
REMARK 1.0.1. — In these settings, it is natural to ask whether we have the equidis-
tribution of the saddle points for u ([43]). In the case of P2, the author of [1] prove
the (weaker) result that the support of u is contained in the closure of the saddle
periodic points and Dujardin proved the equidistribution in [33]. We do not know
how to prove such results in our case.

The main difficulty and novelty of that study is that in order to prove the conver-
gences, we deal directly with positive closed currents of bidegree (s,s). When s > 1,
the potentials U of a positive closed current S of bidegree (s, s) are no longer quasi-
plurisubharmonic (gpsh for short) functions but currents satisfying dd°U + w® = S.
Two such potentials U and U’ differ by a dd® closed current. Such object can be
singular. So we use the new theory of super-potential ([31] and also [32] for the K&h-
ler case). It provides a calculus on (s, s) positive closed currents. We sum up the
properties of super-potentials that we used in an appendix.

The two parts are fairly independent as we only use the results of Chapter 2 at the
end of Chapter 3. So they can be read in any order.

Acknowledgements. — We thank the referee for his remarks and in particular for
the simplification of the first point of the proof of proposition 2.3.8.

We also thank T.-C. Dinh for helping us constructing an example stable by per-
turbations in the proof of Theorem 3.1.11.
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CHAPTER 2

ENTROPY OF MEROMORPHIC MAPS

2.1. Push-forward of measures by meromorphic maps

Let (X,w) be a compact Kéhler manifold of dimension k. Modulo a normalization
of the distance, we can assume that the diameter of X is less than 1. Let f be a
dominating meromorphic map and let I be the indeterminacy set of f. Recall that
for I =0...k, we write:

M) = /X Fr@h) Awh

We recall first how to define the push-forward by f of a measure that gives no mass
to I. In all that follows, a measure will mean a finite positive Radon measure.

Let v be such a measure. On X \ I, f is a measurable map. So we can define f,v
by the formula:

(fr)(A) == v({z € X \ I with f(z) € A}) = v(f~(4) N (X \ 1)).

When a measure v gives no mass to the indeterminacy set, we have:

oo tav= [ it

for all ¢ € LY(f.v). It is implicitly assumed that the integral is on X \ I. The equality
follows from the approximation of function in L' by characteristic functions.

The operator f, has the good property of continuity. Indeed, we have:

LEMMA 2.1.1. — Let v, be a sequence of measures that give no mass to I. Then if
(vn) converges to v and v(I) = 0 then (f«(vn)) converges to f.v.

Proof. — Let ¢ be a continuous function and let 0 < x. < 1 be a smooth function
equal to 0 in an e-neighborhood I of I and equal to 1 outside a 2e-neighborhood I,
of I. Then, we have:

[t = [ oo gavn = [ -xpo fan+ [ xepo sam.
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8 CHAPTER 2. ENTROPY OF MEROMORPHIC MAPS

The first term is bounded in absolute value by |[¢|lco¥n(l2¢) which can be taken
arbitrarily small by taking e small then n large (because v gives no mass to I). The
second term converges to [ xc¢ o fdv since x.¢ o f is a continuous function. Finally,
if € is small enough, [ x.¢ o fdv is as close as we want from [ ¢ o fdv since v gives
no mass to I. U

In this section, we consider in particular the push-forward of the measures
(fn)*wl A wkfl
n(fmy

The v, are well defined probability measures. Indeed, (f™)*w! is a form with coef-

Vp 1=

ficients in L! so it gives no mass to analytic sets of dimension < k. This implies
that
(F) wh A wh=t
A (f™)
is a probability that gives no mass to U;enf~%(I) (because f is dominating). So we
can push-forward this probability by f* and we get again a probability. We also make
the observation:
() (F) wh A Wkt (F7) wh A Wkt
NI NI

since (f7)~1(I) is at most a hypersurface. In particular, we have fiv, = (f%).vp.

= (fH_j)*

Now, we say that a measure p that gives no mass to I is invariant (or f.-invariant)
if fi(u) = p. One has the following easy lemma:

LEMMA 2.1.2. — Let p be a measure that gives no mass to I. Then the following
properties are equivalent:

— W 18 tnvariant.
— For any continuous function ¢, we have:

/<p°fdu=/sodu

where the left-hand side integral is taken over X \ I.

When these properties are true, we even have:

/wfdu=/sodu

for any ¢ in L'(u) (with the same abuse of notation for the left-hand side integral
that we will do in the whole section).
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2.2. YOMDIN’S THEOREM 9

Let us give some properties of meromorphic maps that will be useful in the proof
of Theorem 1. First recall that we denote:

1 n—l () wh A wk
i S8 (57 —)

We have seen that it is a well defined sequence of probabilities. Since f is dominating,
these measures give no mass to analytic sets of dimension < k so we can define their
push-forward.

We need an invariant measure to consider the metric entropy. So we will need the
following lemma:

LEMMA 2.1.3. — If (py(n)) converges to a measure p that gives no mass to I, then p
is fy-invariant.

Proof. — To simplify the notations, assume that (u,) converges to .
We can write f.(un) = pin + @ with o, going to zero. Using Lemma 2.1.1, f.(un)
converges to f.u and the lemma follows. O

Now since we have an invariant probability measure that gives no mass to I, its
mass is 1 on 2 = X \ Usenf~4(I). Since f(Q) C £, we can define the metric entropy
of p using partitions (see [43] and [45]).

We recall the following estimate that we use later:

LEMMA 2.1.4. — (see [20] Lemma 2.1)

There exist constants K and p such that:

IDf(2)|| < Kd(z, I)~".

2.2. Yomdin’s theorem

In this paragraph, we recall some facts on Yomdin’s theorem (see [55]) using Gro-
mov’s version (see [39] and [6]).

Let I be an integer between 1 and 2k. If Y is a subset of C* (for example a
submanifold of real dimension [), we call C"-size (with r € N*) of Y, the lower bound
of the numbers ¢ > 0 for which there exists a C"-map of the unit I-cube into CF,
h:[0,1]' — CF, with Y C h([0,1]!) and || D,.h|| < t. Here D,.h is the vector assembled
of (the components of) the partial derivatives of h of order 1,...,r. The norm refers

to supremum over z € [0, 1]%:

|Drh|| = sup || Drh(z)]-

‘We make some comments on C"-size first.
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10 CHAPTER 2. ENTROPY OF MEROMORPHIC MAPS

First, the C'-size bounds the (real) I-dimensional volume of ¥ and its diameter.
More precisely

C! — size of Y > max((l-dimensional volume (Y))*/!,1~/2Diameter(Y)).

A process that we will use in what follows is the division of a set of C"-size. If Y
is a set of CT-size smaller than t, we can divide Y in j' pieces of C"-size smaller
than t/j. For that it is sufficient to divide the I-cube [0,1]" in j! equal pieces and
then to scale: for example R : [0,1]' — [0,57!]' and similarly for the j' — 1 other
cubes. The composition of h : [0, 1]! = CF which covers Y with the scaling R satisfies
|D-(ho R)|| <t/j and the union of the images of these j' maps covers Y.

Here is now the principal result of Gromov-Yomdin that we will need (see Lemma
3.4 in [39]).

THEOREM 2.2.1 ([39]). — Let Y be an arbitrary subset in the graph T, C [0,1]! x C*
of a C"-map g : [0,1)' + C* and take some positive number ¢ < 1. Then Y can be
divided into N < C(k,1,r)e " (1 + ||0,.g|))"/" sets of CT-size < C(k,l,7)eDiameter(Y),
where 0,.g denotes the vector assembled of the partial derivatives of g of order exactly
r and C(k,1,7) is a universal constant.

Here is the application of the above theorem that we will use: it is a small variation
of Corollary 3.5 in [39].

PROPOSITION 2.2.2. — Let V be an open set of CF and f : V — C* a map of class
C". Let Yy C V be a set of C"-size smaller than 1 such that d(Yy,0V) > V1. Then
the intersection of f(Yy) with a ball of C* of radius B can be divided into N <

l/r
C(k,l,r) (1 + %) pieces of C"-size less than (3.

Proof. — We want to divide f(Yy) N B(a,3) into pieces of C"-size < §. If H(a,1/0)
denotes the homothety of center a and ratio 1/8 in C*, it is equivalent to divide
H(a,1/8)(f(Yo) N B(a,B)) = H(a,1/B)(f(Yo)) N B(a,1)

into sets of C'"-size less than 1.

By hypothesis, there exists a map h : [0,1]" — CF of class C” with ||D,.h|| < 1 and
Yy € h([0,1]}). Define g := H(a,1/8) o f o h. By the chain rule, we have
C'(k,l,r)

B

We apply now the previous theorem to Y the graph of g intersected with [0, l]l X

I1Drgll < 1Dy f1I-

B(a,1). So we have that we can cover Y by a number:

/ l/r l/r
N <ot (1+ SE ) < o (14 120
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2.3. PROOF OF THEOREM 1 11

sets of C"-size < 1 (changing the constant C(k, [, r) if necessary). Since the image of Y’
by the projection [0, 1]! x C¥ +— C* covers H(a,1/8)(f(Yo)) N B(a, 1), the proposition
follows. O

2.3. Proof of Theorem 1

Let d denote the distance in X normalized such that the diameter of X is less than
1 and recall that I is the indeterminacy set of f. In this paragraph, we prove the
following theorem:

THEOREM. — Consider the sequence of measures:

- 1"—1 ; (fn)*wl/\wk—l>
" _ngf( N )

Assume that there exists a converging subsequence [y (n) — j with:
(H) : liI}rl log d(z, I)dpy(n)(z) = /logd(a:,l)d,u(sc) > —00.

Then p is an invariant measure of metric entropy larger than or equal to logd;.

In the above theorem, when I = &, we define d(z,I) := 1 for all z € X so
Hypothesis (H) is automatically satisfied for holomorphic mappings.

Remark that the criterion can be extended to the case where (X,w) is a compact
Hermitian manifold. In that case, we do not know if the limit:

d:=  lim ()M

exists, but it is sufficient to replace d; by lim sup, (A\;(f¥())*/%() in the theorem.

We can also generalize the theorem in the following way: in the definition of u,,, we
can put ; ; instead of w!, Qs _; instead of w*~! and A;(f") = JU™)* Q0 A Qo
instead of \;(f™) with Q4 ; a (I,1) smooth form, Qs _; a (k—1, k—1) smooth form such
that one of them is weakly positive, the other is strongly positive and A;(f™) > 0.
Then, we have the same theorem by replacing d; by lim sup,, (A;(f¥*(™))Y/¥(™),

In the previous theorem, it is possible to have that the metric entropy of u is >
log d;. Indeed, if we take for f a Lattés of P! of degree d > 2 and [ = 0 in the theorem,
we obtain on one hand that y, = * Z:':_Ol fiw converges to the equilibrium measure
(by using the Birkhoff’s theorem since p is equivalent to w) which has metric entropy

equal to logd and on the other hand we have that that logdy =log1 = 0 < logd.
We begin by giving the ideas of the proof of the theorem.
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12 CHAPTER 2. ENTROPY OF MEROMORPHIC MAPS

2.3.1. Ideas of the proof. — Recall that we consider

(fn)*wl/\wk—l ; /\wk l ;
I/n=W and so p, = — Zf (W) Zfz/n

For the statement of the ideas, assume to simplify that u, converges to a measure
.

First, consider the case where f is holomorphic. As in the article of Bedford and
Smillie (see [4]), the proof is based in one hand on Yomdin’s theorem and in the other
hand on the Misiurewicz’s proof of the variational principle. We denote by B, (z,¢)
the dynamical ball (or Bowen ball):

Bn(z,e)={y€ X, max d(f '(2), f'(y)) < e}

i<n—1

For § > 0, by using Yomdin’s theorem (see [55]), we can prove that v, (By(z,€)) <
e™ /A1 (f™) by taking e small and then n large enough. This gives an estimation from
below for the metric entropy H,, (?_,) where #_,, = PVf~1PV--.V f 1P with P
a finite partition of X with atoms of diameter less than e. Now, by using Misiurewicz’s
proof of the variational principle, it implies that %H un (P—4) is bounded from below
by something similar to —2¢ —I—% log A;(f™) for n large enough. Now, since the partition
P is finite and if  puts no mass on its boundary, we obtain

1
6Bru(g)_q) > —26 4 log d;

and by taking ¢ — oo, we have h,(f) > logd;, which is the inequality that we want.

Now, suppose that f is meromorphic. We want to apply the same strategy but the
problem is the indeterminacy set.

Namely, the previous estimate on v, (B, (z,€)) uses Yomdin’s theorem and only
works for C'°° maps. The first idea to solve this problem is to use dynamical balls
which avoid the indeterminacy set, i.e. of the type

By(z) ={y € X , d(f'(z), f'(y)) < p(f*(z)) for i € [0,n — 1]}

with p(z) << d(z,I). On these balls, the derivatives of f may be large, but we
have some estimates on them, and so, we will prove using Yomdin’s approach, that
Un(Byp(z)) < €™ /N (f™) for n large enough on a set of good points of mass almost 1
for v,,.

This inequality implies a lower bound on H,, (%_,) but for partitions & such that
the atom &(z) which contains = has diameter smaller than p(z). In particular these
partitions are countable. Using Misiurewicz’s method, we obtain more or less that
%HNH(Q_(]) is bounded by below by something similar to —26 + % log A;(f") for n
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large enough. To conclude, we have to let n goes to oo: the problem is that #_, is
countable but by using the hypothesis

n—-—+o0o

(H): lim logd(x, Idun(z) = /log d(z, Idu(x) > —oo,
we can overcome this difficulty and we obtain the lower bound

1
gHH(%q) > 26 +logd,.

Hypothesis (H) implies that the partition % has finite entropy, and so if we take the
limit ¢ — oo, we obtain h,(f) > logd;, which is again the inequality that we want.

2.3.2. Proof of Theorem 1. — The hypothesis we made assure us that there exists
a subsequence (f1,()) Which converges to a measure p with:

(H): lim /log d(z, I)dpyn)(T) = /log d(z, Idu(x) > —oo.
n—-+00
In order to clarify the exposition, we shall write ¥)(n) = n. We start with the definition
of the dynamical ball B, (x) that we will use.

If s(z) is a function on X with values in R*, we define (see [47]):

B(z,s,n, ) := {y, d(f'(z), f'(y)) < s(f'(2)) for i € [0,n — 1]}

We shall use these dynamical balls using for s(z) the particular functions p(z) and
n(z) where :

p(z) = (d(x’I) XX d(fm_l(a:),l)>”

Km
(here K and p are the numbers defined at the end of Section 2.1 and m € N* will be

chosen later) and:
_ (d=, D)\
o) = (120)

When f is holomorphic (i.e. I = @), take d(z,I) := 1 and p = 2 in these expressions.
If n € N is fixed, by the Euclidean algorithm, we write n = ¢(n)m + r(n) with
0 < r(n) < m. In what follows, we will consider the following dynamical balls:

By(z) == B(z, p,$(n), ™) N fH0mH (B (), (n) + m, f)).

Now, as explained in the paragraph 2.3.1, we will prove that v,(B,(z)) <
e™ /A (f™) for n large enough on a set of good points of mass almost 1 for v,. In
particular, we will have a lot of dynamical balls. In a second paragraph, we will use
this fact to bound from below the entropy of .
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14 CHAPTER 2. ENTROPY OF MEROMORPHIC MAPS

2.3.3. Upper bound of v,(B,(x)). — We give some notations first. First of all
we can put on X a family of chart (7;)zex such that 7,(0) = z, 7, is defined on
B(0,¢) C CF with ¢y > 0 independent of z and such that the norm of the derivatives
of order 1 of the 7, is bounded from above by a constant independent of z. These
charts are obtained from a finite family (U;, ;) of charts of X by composing them
with translations. In C*, we also consider 71, ..., m; the projections from C* onto the
vectorial subspaces of dimension k —[. In what follows, the choice of these coordinates
is supposed to be generic and ; denotes the standard volume form on 7; (Ck).

Fix z € X and:
Q= (12)4(n1B1 + - + 77 By).
We want to compute :
(F7) wh A wh—
A(fm)

Taking K large enough, we can assume that B, (z) C 7,(B(0,¢)) so the previous

Vn(Bn(z)) = (Bn(2))-

quantity is less than:

(f")w - (/™) ot
CON M(f ) ( (=) = X)Z//B (@) (v; (1)) A™) at

where Y;(t) is equal to u L(t) for t in the j-th subspace of dimension k — I and dt
stands for the Lebesgue measure on that space (we used Fubini theorem: see [8] p.
334). Remark that ¢ lives in a ball B(0, €).

So we have a upper bound of v, (B,(z)) by:

X [
o St
O A et " (By (2) N7 (Y; (1))

To control this integral, we have to bound from above the 2i-dimensional volume of

f™(Bn(z) N75(Y;(t))) for some good points = of v,,. In order to do that, we explain
first what are the good points for v, then we will bound the volume using Yomdin’s
approach and finally we will finish the bound of v, (B, (z)).

Good points for the measure v,. — In what follows, we consider a constant L > 0 and
an integer ng such that:

/ log d(z, I)dpn(z) > —L,

for n > ng. The existence of these constants follows easily from Hypothesis (H).

Let § > 0. Our goal is to show that the entropy of u is greater than logd; — 6. We
choose a constant Cy large enough (1/Cy < §).
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2.3. PROOF OF THEOREM 1 15

We are going to show that Hypothesis (H) implies that the orbits of generic points

M) et AwR Tl . .
of the measure v,, = hgm o are not close to the indeterminacy set I. They are

going to be the good points.

LEMMA 2.3.1. — For n > ng, there exists a set A, of v,-measure greater or equal to
1-— 00_1 whose points x € A, satisfy:

I d(fi(z), 1) > e Cotn,

i€[0,n—1]

Proof. — We have

l/log H d(fi(z),I) | dvn(z) = i/ZOIOgd(fi(x),I)dyn(x).

n i€[0,n—1]
Since p, = %E?z_ol(fi)*lfni

1 .
f/log H d(f*(z),I) | dvp(z) :/logd(x,I)d,un(x).
n i€[0,n—1]
Thanks to our hypothesis, this last integral is > —L.
Now, if we denote h(z) = Llog <Hi€[0’n_1] d(fi(l’),l)) and A, := {z, h(z) >
—CyL}, we have:

/A h(z)dv,(x) +/ h(z)dv,(z) > —L.

n X\An
But fAn h(z)dv,(z) <0 and fX\An h(z)dv,(z) < —CoLvp (X \ An).
This implies that v, (X \ 4,) < 1/Cy.

The set A, is indeed of measure > 1 — C L and if z € A,, then:

I dfi@),1)>e @,

1€[0,n—1]

which is what we wanted. O

The orbit of points in A,, are not too close to I. These are the good points for the

measure v,.

We now prove the upper bound of the volume.
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16 CHAPTER 2. ENTROPY OF MEROMORPHIC MAPS

Upper bound for the volume of f™(Bn(x)N715(Y;(t))) for x € A,. — Let Y, denote one
of the 7, (Y;(t)) (where Y;(t) is the fiber of 7; with ¢ in the j-th subspace of dimension
k —1). Our aim is to prove:

PROPOSITION 2.3.2. — The 2l-dimensional volume of f™(Yo N B, (z)) is less or equal

to:

2npl 4mpl —4pl
ot -

< [I d(fi),n—".

0<i<n—1

C(X,1,r)M/m+2m « K

Here C(X,l,r) is a constant that depends only on X, of the complex dimension | of
Yo and the regularity r that we chose. The constants K = K(f) and p = p(f) are
those of paragraph 2.1.

Observe that the upper bound does not depend on the fiber Y;(t) that we consider.

Before proving the proposition, we give the upper bound of the 2/-dimensional
volume of f™(By(z) N 7,(Y;(t))) that follows from the proposition.

Recall that we fixed § and Cy. Now, let r be such that %logK < 6 and % < 4.
Then, we choose m so that --log(C(X,l,7)) < & where C(X,l,7) is the constant
from the previous proposition. Reformulating the previous proposition we have that
the 2/-dimensional volume of f™(Yy N B, (z)) is bounded by:

—4pl

C(X,1,7,m,p, K)e™ x e20mPl x H d(fi(z), )~ .

0<i<n—1

Finally, if z is in A,, (i.e. if z is a good point for the measure v,,), the 2l-dimensional
volume of f(Yy N B, (z)) is bounded from above by (see Lemma 2.3.1):

4plCoLn
—

e46nple < eSénpl’

if n is large (independently of z € A,,).
It is this upper bound that we use now to finish the upper bound of v, (B, (z)) for
T €A,

End of the proof of the upper bound of v, (B, (z)) for x € A,
Recall that we have bounded v, (B, (z)) by:

s f St
O et " (B (2) N7 (Y; (1))

6105'npl

(2) Vn(Bn(z)) < NG

for n large enough which does not depend on z € A,,. This quantity is approximately

Now, if x € A,,, we get:

d; " and it stands for x € A,, which is a set of measure > 1 — C% for v,,. This is the
upper bound that we wanted and it will allow us to bound the entropy of u.
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It remains to prove Proposition 2.3.2, which is the purpose of rest of this section.

Proof of Proposition 2.8.2. — Consider g = f® an iterate of f and let x € X. We

define g, = Tg(i) 0 goT,. We also define g, oy = h(0, ﬁ) o g, o h(0,s(z)) where

Rh(0,t) is the homothety of center 0 and ratio ¢ in C*. Here, s(z) is defined by:

5(2) = 5a(z) = (d(x’f) X x d(fal(x),f))j

Ka
We will consider later the particular cases a = 1 (i.e. s(z) = n(z)) and a = m (i.e.
s(z) = p(@))-

In what follows, we are going to consider C"-sizes associated to 2[ (i.e. sets that

will be cover by some h([0,1]?!) with h € C™). First, we prove the following lemma
by induction:

LEMMA 2.3.3. — Let Zy be a set of complex dimension | such that the C"-size of
7.1(Zo N B(x,s(x))) is < s(z). Let B(z,s,j,g) be the dynamical ball:

B(z,s,j,9) = {y, d(g’(z),9' () < s(¢'(z)) fori € [0,5 — 1]}.

Then, for j > 1, we can cover ¢'~*(Zo N B(z,s,j,9)) by a union of N; sets Z for
which the C"-size of TQ_jl_l(x)(Z) is < s(¢""(z)) and Nj is bounded from above by :

ox, Lyt IT s(g'(@) =
0<i<j—1
Proof. — For j =1, the lemma stands by hypothesis.

Assume now that the induction assumption stands for j — 1.

Observe that:

¢ (ZoN B(z,s,4,9)) = 9(¢° *(Zo N B(z, s, — 1,9))) N B¢’ (), s(¢’ ' (2))).

This is true since B(z,s,j,9) = B(z,s,j — 1,9) N g 71 B(¢"~1(z),s(¢? " !(z))) and
©(AN¢~Y(B)) = ¢(A) N B for any map ¢ and any sets A and B.

Let Z be one of the N;_; sets whose union covers g’ ~?(ZoNB(z, s, j—1,g)). The C"-
size of 7';1,2(2)(2) is < s(g’~2(x)) by the induction assumption. To prove the lemma,
we bound from above the numbers of sets Y which cover g(Z)NB(g’~1(x), s(¢?"1(z)))
for which the C"-size of T&l,l(m) (Y) is < s(g’~Y(z)).

We consider Z = h(0,1/s(¢7~2(x)))o7,,Ls ) (Z). The C"-size of Z is < s(g'~*(2)) X
m = 1. Furthermore, since Z is in the ball B(g’~2(z), s(¢?~2%(z))) (else we only
consider the part of Z that is in the ball and we still denote it Z), Z is in the ball

B(0,C(X)) (where C(X) is a constant that depends only on X). Using Proposition
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18 CHAPTER 2. ENTROPY OF MEROMORPHIC MAPS

2.2.2 of Section 2.2 with f = ggi-2(4),5(gi-2(2)) and Yo = Z we get that we can cover

~ s(g" =z
Ggi—2(@).5(a7-2(2)(Z) N B(0, B) (we take 3 = C(X)55=}) by

l/r

||Dngj_2(1:),s(gj_2(a:))||)2 /
B

sets Y of CT-size < C(X)%. Here the norm ||.|| is taken over the ball

B(0,C(X) + v/2l). The images Y of the Y by 7yi-1(, 0 h(0, s(g7~2(z))) cover

Tgi=1(z) © h(07 S(Qj_2(x)))(ggj_2(w),s(gj_2(z))(2) N B(O7 ﬂ))
= 9(Z) N 7gi-1() © (0, (¢’ *(2)))(B(0, B))

which contains

C(X,1,r) (1 +

9(Z) N B(g'~!(z),5(9 " (2)))-
This is the set we wanted to cover and Tg_jl,l(m)(Y) = h(0, s(g?=2(x)))(Y) is of C"-size
< 5(¢?~*(z)) up to dividing it into C(X)? pieces as in Section 2.2 (this multiplies N;
by a universal constant).

To finish the proof, we have to count the number of pieces Y that we constructed
for which the C"-size of T&El(z)(Y) is bounded from above by s(g?~1(z)). Indeed, the
union of those sets covers ¢’ 1(Zy N B(z, s, 7,9))-

To control Nj, we need a control of the norm ||D,ggi—2(z),s(gi-2(z))|l on the ball
B(0,C0(X) + V20).

We admit temporarily that this norm is < C(X,1,7)s(¢’~2(z))~!.

Then:

2l/r

N; < N;.1C(X,1,7) (1 + ”Dngf‘Q(z),s<gf-2<z>>||8(9j‘2(9«’)))
J =)= (RS

s(g’~!(z))

)

which is smaller than:

20(X,1,r)
s(g'~(z))
up to changing C(X,I,r). This concludes the proof of the lemma up to the upper
bound of the norm of || D;ggi—2(x) s(gi-2(z)) || on the ball B(0,C(X) + v/21).

2l/r
N;_1C (X, 1) ( ) < Ny C(X, 1, 7)s(g?~ (2) 2"

Upper bound of the norm ||Dyggi—2(a),s(gi-2()) |l on B(0,C(X) + V/2l). — Since

1 2,
) © e © O sl @),

07 9gi-2(2),5(gi-2(2) || is equal to s(g?~%(x))""!(|Orggi-2(x) || where that last norm is

9gi=2(z),5(g5~2(2)) = P(0

taken over the ball
B(0,5(g°*())(C(X) + V21))

(see Section 2.2 for notations).
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2.3. PROOF OF THEOREM 1 19

To prove the upper bound of the norm, we are going to prove that:
Ggi-2(x) (B(0,25(g 2 (2))(C(X) + V21)))

is contained in the ball B(0,1). We will then deduce the upper bound of ||0,ggi—2(a)l|
on B(0,s(g"%(x))(C(X) + V21)) by C(X,7)(s(¢’2(z))(C(X) 4+ v/21))~" thanks to
Cauchy inequalities. This gives exactly the upper bound that we want.

If we let y = g’ ~2(x), we have:

9gi-2(a) (B(0,25(g”2(2)) (C(X) + V21))) = g, (B(0, 25(y)(C(X) + V21)))
which is equal to:
oy o 7,(B(0,2s(y)(C(X) + V21)))
Tfa(y) of OTy( ( ) S(y)(
because g = f*. Furthermore:
T‘;al(y) of%ory = fra-1y o0 fy,

with f, = 7‘;&) o forg.

Now we use Lemma 2.1.4 of Section 2.1 to control the differential of f, on
B(0,2s(y)(C(X) + V21)).

If 2 is a point of the ball B(0,2s(y)(C(X)+ v/2l)) then the distance between T,(2)
and T is > d(y,I) — 2s(y)C(X)(C(X) + v/2l). But that last quantity is > @

d(y,I .
% and we can assume that K is

since by definition of s(y), we have s(y) <
large compared to the constants that depend only on X and [ (recall that [ is the
complex dimension of Z: it is between 0 and k, so in particular they are only a finite
number of such quantities). Using Lemma 2.1.4, we get an upper bound of || D f,|| on
the ball B(0,2s(y)(C(X) + v/2l)) by KC(X)2Pd(y,I)~?. Using the control over the
differential, this implies that the image of B(0,2s(y)(C(X)+V2l)) by f, is contained

in B(0, KC(X)2Pd(y, I)~"2s(y)(C(X) + v/2I)). But since:

_ Ay, D) x - xd(f* M y), D) \”
S(y)—< T ) ;

we have:

KOty D) 72s0)(C(X) + v < (AR ol “‘1<y>,z>>’°7

since we can assume that K is large compared to the C'(X).

So we have proved that the image of B(0,2s(y)(C(X) + v/2l)) by f, is contained

" B (o, (AGRD XX A 00 )
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20 CHAPTER 2. ENTROPY OF MEROMORPHIC MAPS

Now, if we do again what we just did for f(y) instead of y, we get that the image by
fre) © fy of the ball B(0,2s(y)(C(X) + V/2l)) is contained in the ball:

5 (o, (A20:D k-;_><2d<fa—1(y>,f>>p) |

and so on. At the end, we have that the image of the ball B(0,2s(y)(C(X) + v/20))
by fra-1(y0---0 fy = Tf_al(y) o f%oT, is contained in the ball:

B <0,KC(X)21’d(f“‘1(y),I)_p <d<fa_;{(y”)>p> ;

which is contained in B(0,1) for K large enough (observe that such K does not depend
on a as the only requirement is K~PT1C(X)27 <1 where p > 2).

This concludes the proof of the upper bound of the norm || D;.ggi—2(5),s(g9-2(2)) || OR
the ball B(0,C(X) + v/2l) and that concludes the proof of the lemma. O

Now we will use that lemma to prove Proposition 2.3.2. Recall some notations first.
The set Yp is one the fiber 7,(Y;(t)), n = m¢(n) + r(n) with 0 < r(n) < m,

p(z) = (d(x’I) X X d(fm_l(a:),l)>p

Km

~ (d(z, D)\
Recall that:

By(2) = B(g, p, $(n), f™) O f =4O E(B(FAOI (), w(n) +m, f)).

and

Applying the previous lemma for g = f™ (and thus s(z) = p(z)), j = ¢(n) and Z, =
Yy N B(z, p(x)) (whose image by 7! is of C"-size < p(x) up to dividing into C(X)?
pieces because Y;(t) is a linear subspace), we get that we can cover =1y, n
B(z, p, #(n), g)) by a number Ny, of sets Z for which the C"-size of ng,)l(n)_l(x)(Z) =

T;Tiwm,l)(z)(Z) is < p(g?™~1(z)) and Ny, bounded from above by:

cx,,r*™ 1] »eg'(@) "

0<i<é(n)—1
So we went up to f™(¢(")=1)(z) and we still have to go to f"(z).
For that, we use the above lemma again with for Z, one of the Ny, pieces
Z, g = f (0 now s(x) = @), j = n—m@(m) — 1) = r(n) +m and
x = fm@=1(z). We can do that because the C"-size of Tji(d,(n),l)(z)(Zo) is

f
< p(frem=D(gz)) < n(f™@)=1(1)). So we get that we can cover f("+m=1(z N
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B(f™@m =1 (), n,r(n) + m, f)) by a union of M sets Y for which the C"-size of
Tf_nl_l(z)(Y) is <n(f""1(x)) and M is less than:

C(X, Lyt TT (=)~
1<i<m+r(n)
The sets Y that we constructed belong to (up to keeping the part that lies in it):
BT O D) () (OO0 ())) = B (@), (7 (@),

The C*-size of these Y is smaller than C(X)n(f"~!(z)) which implies that the di-
ameter of h([0,1]?!) (where h is the map in C" associated to Y) is smaller than
C(X,)n(f*1(x)). So, the set h([0,1]*) is contained in
n—1 I
B (fn_l(fﬁ), d(f (ZL‘), )) .
2
Since the differential of f in this last ball is bounded by
K2°d(f" " (2), )77
using Lemma 2.1.4, one gets that the images by f of those Y are of C'-size bounded
by C(X)n(f"(z))K2Pd(f"~'(z),I)~P. So their 2/-dimensional volume is < 1.
Summing up, we have covered
frevrm (@D (Yo 0 B(z, p, ¢(n), 9)) N B(S™ M (@), n,r(n) +m, £))
which contains f™(B,(z) NYy) by a number N of sets Y of volume < 1 with:
N <o Lo TT 0 e @)™ T (@)
0<i<¢(n)—1 1<i<m+4r(n)

Using now the fact that:

P(y) — <d(ya1) XX d(fm_l(y)vl)> ,

Km
and )
_ (dy,I)
n(y)—<K ,
we have:
[T s@r<x™ [ dfi@.n~,
Osiselmt 0<i<p(n)m—1
and

I w2 <& ] de i@

1<i<m+r(n) 1<i<m+r(n)
Finally, we have covered f™(B, (z)NYy) by a number N of sets Y of volume < 1 with:

2npl 4pl
r

N < O(X, Lry/meem g 5558 T d(fie), D)

0<i<n—1

SOCIETE MATHEMATIQUE DE FRANCE 2010



22 CHAPTER 2. ENTROPY OF MEROMORPHIC MAPS

That concludes the proof of Proposition 2.3.2. O

2.3.4. Lower bound for the entropy of u. — Recall that we consider a cluster
value p of the sequence

N (U Awk-l>
fin = n;)f ( WD

and that in order to simplify the notations we assume that (u,) converges to u. By
assumption, p gives no mass to the indeterminacy set I and it is invariant by Lemma
2.1.3. The aim of this section is to prove that the metric entropy h,(f) is > logd; — 4.
This implies Theorem 1 by letting § — 0.

So we have to bound h,(f). Here is the plan of this section: first we will con-
struct partitions of finite entropy for p that will be used latter with the proof of the
variational principle to get the lower bound of the entropy that we want.

2.8.4.1. Construction of the partitions. — The proof is the one of Mafié (see Lemma 2
in [47]). We give his proof since we will use it in what follows. We consider a function
s(z) comprised between 0 and 1. Later, we will take the values p(x) or n(z) for s(z).

PROPOSITION 2.3.4. — (Masié)
We can construct a countable partition P of X \ {s = 0} such that:

1. Ifz € X\ {s = 0}, then diam P(z) < s(y) for ally € P(x) (here P(z) denotes
the atom of the partition that contains x).

2. For any probability measure v such that [logs(z)dv(z) > —oo, we have
H,(?) < +4oo. Here H,(P) denotes the entropy of the partition P for the

measure v.

Before proving the proposition, we give a multi-index version of Mané’s lemma
(see Lemma 1 in [47]). We thank the referee for explaining to us this lemma which
simplifies the proof of Proposition 2.3.8.

LEMMA 2.3.5. — For all ¢ € N*, there ezists a constant C(q) such that:

For all family (x5) of real numbers 0 < x5 < 1 indezed by s = (so,...,84-1) € N?
and for all A € N we have:

Z zslog(l/ms) < Z |S|$S+C(q)e’2%

ls|>A [s|=A

with the convention that xslog(l/zs) = 0 when s, =0 and |s| = s+ - -+ + S4-1.
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Proof of Lemma 2.8.5. — The proof is the same that Mané’s one.
Let  be the set of multi-indexes s € N? for which z, # 0 and log(1/zs) < |s|. If

s ¢ J then z; < e~ 18!, Furthermore:
Y wdost/z) < Y et Y (VE)(VE) log(l/a).
[s|>A [s|>A, sed [s|>A, s¢d

But since (v/%) log(1/t) < 2e~! for all t > 0, we have:

Z zslog(l/zs) < Z |s|lzs + 2¢7t Z VZs

ls|=A ls|=A [s|=A; s

Z |s|zs 4 2e7* Z e~ ls1/2,

|s|>A |s|>A

Now, {s, |s| > A} C U {s, s; > A/q}, so > ls|>A e~ 15172 is less than

q—1 q
1

=0 {s, s;>A/q}

which is less than:

That gives the lemma. O

Proof of Proposition 2.3.4. — Here is Mané’s proof.

First of all, there are constants C' > 0 and r¢ > 0 such that for 0 < r < rg, there
exists a partition &, of X whose elements have a diameter < r and such that the
number of elements of the partition |#,| is < C(1/r)?*.

Now, we define V,, := {=z, e~ (nt1) < s(z) < e "} for n > 0. Since the function s is
less than 1, we have that X \ {s = 0} = U,>oVh.

Let & be the partition defined as follows: for n fixed, we consider the sets Q NV, for
Qe P, withr, = e~ ("t This defines a partition of V,,. Now, we get the partition
P of X \ {s = 0} by taking all the n between 0 and +oo.

If z ¢ {s = 0}, then z € V,, for some n > 0 and then the atom ?(x) of # containing
x, is contained in an atom of &, , so we have:

diamP(z) < e+ < 5(y)

for all y € P(z) C V,,. This proves the first point of Proposition 2.3.4.

We now consider a measure v such that [logs(z)dv(z) > —oo. We want to show
that H, (%) < +o00. We have:

“+o0
21 =Y - 3 u(P)logu(P)

n=0 Pe®P, PCV,
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Using the inequality:

— g x;logx; < (i xz> <log mgo — log i :z;l)
i=1 i=1

i=1

which comes from the convexity of the function ¢(z) = xlog(z) for x > 0, we get:
) < Z w)(log | Py, | — logv(Vy)).

Since the number |?,. | of elements of &, is less than Ce?*(*+1) | we have:

+oo 1
H,(9) <logC+2k Y (n+1)u( +Z log<y(v)>.

n=0

By assumption:

/log s(z)dv(x) = /un>ov,, log s(z)dv(z) > —o0.

This implies that:

Zny <—|—oo

and the proposition is then deduced from Lemma 2.3.5 with ¢ =1 and A = 0. O

2.3.4.2. Lower bound for the entropy of u. — In what follows, we denote & (resp.
¢)) the partition previously constructed for s(z) = p(x) (resp. s(z) = n(x)). Notice
that H, (%) and H,,(Q) are finite by using the previous Proposition since log d(z,I) €
L'(p) and p is invariant. We consider the restriction of # and ) to Q = X \U;>of~¢({)
(that we still denote #? and ). They are partitions of Q. The advantage of those
partitions over ) is that the f* are well-defined on them. In particular, we can define
for example the partition f~¢(%): its atoms are the f ~*(P) := {z € Q with fi(z) € P}
where the P are the atoms of . Since f(Q) C Q, we get a partition of Q. The
measures that we consider (v,, g, or u) have mass 1 on Q. The parts of X that
we drop are of mass 0 for them. We remark that with our convention, we have:

Ff(P)) = f~ 2 b(P) = {z € Q with f*%(x) € P}. Recall that we denote:
(F) et A wh=!

A(f™)
and that v, (A,) > 1— C% (see Lemma 2.3.1).

VUp =

In what follows, we denote v/, := UV:(‘XZ) (i.e. v (B) = %).

Define the joint partition &_,, of the partitions & and ¢ by (recall that n =
¢(n)m + r(n) with 0 < r(n) < m):

Py = PNV FHP) Vv froImEm (@) prdmmim=l gy Ly gt (g),
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First, we have the lemma:

LEMMA 2.3.6. — If n is large enough, then

for every atom P_,(x) of P_,.
Proof. — Recall that:
Bu(z) = B(z, p, ¢(n), f™) N f=m (B2 (), m,7(n) +m, f)).

We have shown in the previous paragraph that if n is large enough then for every

x € A, (see (2)): .
np

e
Vn(Bn(z)) < Al(f")'
Let n be large enough so that the previous property is satisfied. If #_,,(x) does not
contain any points of A, then v/ (#_,(z)) = 0 and the lemma is true. So we can
assume that there exists y € P_,,(z) N A,.

By definition of the joint partition, we have #_, (z) which is equal to:
Pla) N -0 fTomEm(P(porImT ()
L (AT @) A f (O a).
In particular, fi(y) € P(fi(z)) for i = 0...4(n)m — m and then fi(y) € Q(f'(z))
for i = ¢(n)m —m + 1...n — 1. By Proposition 2.3.4, the diameter of ?(f%(x)) is
< p(fi(y)) for i = 0...¢(n)m — m and the diameter of Q(fi(z)) is < n(f*(y)) for
i=¢(n)m —m+1...n—1 which means:

P_n(z) C Bu(y)-

The lemma follows then first from the estimation of the previous paragraph since
y € A,, and secondly from the fact that v,,(4,) is > 1 — C% O

Thanks to this estimation on v),(#_,(z)), we can bound the entropy of u using a
variation of the proof of the variational principle. We refer the reader to [54] p.188-190
for the proof of the principle and to [4], [10] or [42] for its use to bound from below
the entropies of measures in holomorphic or meromorphic dynamics.

Let ¢ be an integer 2m < ¢ < n (with m from the above paragraph). For 0 < j <

qg—1, welet a(j) = [%] and then
{0,1,...,n—=1}={j4+rq+i,0<r<a(j)—2,0<i<qg—1}US()

where S(j) = {0,1,...,j—1,j+(a(j)—1)q,j+(a(j)—1)g+1,...,n—1} is of cardinality
less than 3¢ since j+ (a(j)—1)g > j+ (% — 2) q = n—2q. We took the indexes r up
to a(j)—2 so that S(j) contains n—q...n—1 and so in particular ¢(n)m—m+1...n—1

SOCIETE MATHEMATIQUE DE FRANCE 2010



26 CHAPTER 2. ENTROPY OF MEROMORPHIC MAPS

(we take ¢ large with respect to m). We denote S1(j) the elements of S(j) other than
¢p(n)ym —m+1...n—1 and S3(j) the elements ¢p(n)m —m+1...n — 1.

Now, we have (see for example Proposition 4.3.3 of [45]):
1
H, (P_,) > —log( sup v, (P)) > —10nlp + log \;(f") + log <1 — > ,
" PeP_, Co
by the previous lemma.

On the other hand, by the proof of the variational principle for 0 < j < g —1, we
have:

a(j)—2 q—1
Pn=\ (f‘“"*j’\/f‘i@)V V tov ot

r=0 i=0 teSy1(5) teS2(j)
So, (again by Proposition 4.3.3 in [45]):
a(j)—2
Hy(P-.)< Y. Hy, (’"q“’\/f P+ D Ha (P + Y Hy(F710)
r=0 i=0 teS1(5) t€S2(j)
which is equal to:
a(j)—2
ZHrq+J,(\/f19))+ZH + > H, (/0
teS1(5) teS2(j5)

Summing this relation for j =0...q — 1, we get:

q <—10(5an + log \i(f™) + log (1 — 1))

Co
q—1a(j) q—1 4 q—1
Z Z MH%(\/ fﬂ@)—kz Z Hu,g(fftgj)-i- Z Hygl(fft
j=0 r=0 i=0 =0 \t€S1(4) t€82(j)

The integers j+rq for 0 < j < g—1and 0 < r < a(j)—2 are all distinct and < n—2q.
So we have that (using the convexity of the function ®(z) = zlog(z) for > 0):

q 1

I): ———— | —106nl log N (f™ 1 11— —

(0 s (—1080tp + o (57 +10g (1- ) )
which is less than:

H, (f7*?) Hy, (f~*Q)

H =20 gp, ? 0 n =

SIS o (P ok a g St A

7=0 \teS1(j) teS2(j)

Here is the plan of the rest of the proof. In a first time, we deduce from that inequality
a lower bound of %H L sn-24 (VL) f7*P). Then we will pass to the limit in
p=0 * VUn

n—2q+1

that inequality.
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1) Lower bound of lHn iy Vn(V ¢P). — By definition, v/, = %.
In particular, v;, < -~ and
Co
n—2q n—2q
D,/
n—2q+1 Z fva < (1—%0)( —2g+1) Z fivn.

In order to control %H Sz g (\/z_0 f7'P) with the inequality (I), we are
n— 2q+1
going to use the following lemma:

LEMMA 2.3.7. — Let v and ' be two probabilities such that v’ < v for some 8 > 1.
Then for any partition ), we have:

Hy,(9) < B(H,(2) +1).

We assume temporarily this lemma and we continue the proof.
Now, since:
vy, < Buy

with 3 = —L—, the previous lemma gives that (I) is less than

1700

1 =
o s, (VT2 41
=0

0

H, (f~'9) H,, (f0Q) 3¢°
+Z Z an—i—l+ Z n—2q+1 +n—2q—|—1]

J=0 \teS1(j) teS2(j)

(since the cardinality of S(j) is < 3q).
This implies a lower bound of qH L ynza g n(\/Z:_Ol ~iP) by

n—2q+1

1 1 . 1
(1— Cg) (n—2q+1 (—105nlp+log)\l(f ) + log (1— C())))

an 'P) H,,(fQ) 3¢
g q Z Z —2¢+1 22 n—-2¢+1] n—-2q+1

J=01teS1(j J=01teS2(j)

It remains now to take the limit of that inequality when n goes to oco.

2) Pass to the limit n — +o0o0. — First:

1 1
(—106nlp +log M (f™) + log <1 - C>>
0

n—2q+1
goes to —104lp + log d; when n — co. Now, we need the following proposition.

PROPOSITION 2.3.8. — We have:
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1. For all ¢ > 2m,
g—1
Hn 2g+1 Zn 2qf*Vn(\/()f_ g))
=

converges to H,(\/?Zy f~'P) when n — oco.
2. For g > 2m:

HVn(f t?)
*Z 2 n—2¢+1
J 0teS1(4)

converges to 0 when n — oco.
3. For g > 2m:

1 Z Z yw f Q)
J 0teSa(5) n-2¢+1
converges to 0 when n — 0o.

End of the proof of Theorem 1. — We assume temporarily that the proposition
is true. We finish the lower bound of the entropy of p.

If we pass to the limit in the inequality of the previous paragraph, we get:

1
\/ 7P > (1 - > (—1068ip + log d;) — ~.
Co q
If we let ¢ go to oo, we have:
1
m(0 2 (1= & ) (1080p +logan)
Co
because the entropy of & is finite for .

This proves the theorem by letting Cy go to oo then by letting § go to 0.
Up to the proof of Lemma 2.3.7 and Proposition 2.3.8, we have proved Theorem 1.

Proof of Lemma 2.3.7. — The function ®(z) = —x log(z) is increasing on [0,e~!] and
decreasing on [e~!,1]. So we have:

H, (2) =Y —/(Q)logV(Q)
Qeq

= Z —/'(Q)log V' (Q) + Z —'(Q)log ' (Q)

Qe0, V()< Qeq,

which is less than:

> Ar@logBr@)+ Y, Y (Qlog(Q).
QeQ, Q)< Qe0, v(Q)><5
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Since they are at most e% of Q € ¢ with v(Q) > % and because on the interval
[0,1], the function ®(z) is non negative and bounded by e~!, we have:

Proof of Proposition 2.3.8. — In order to simplify the notations, we denote:

n—2q
, 1

= - P .
p=0
For the proof of the three points of the proposition, we will use the following lemma:

LEMMA 2.3.9. — Fori,j=0...q—1, we have
0> / logpo f7 du;, > —5(e)
{pofi<e}

if n is large enough. Here 6(€) goes to 0 when € goes to 0.

Moreover, we have the same lemma with p instead of u.,.

Proof. — We give the proof for . It is the same for p.

First step. — We show first that for j = 0...2¢g — 1, we have
0> [ log d(f(2), 1) di () > ~&/(¢)
{d(#7 (), I)<e}

for n large enough. Here §’(¢) goes to 0 when € goes to 0.
The last integral is equal to A = f{d(z N<e log d(z,I) d((f7)sul)(z). But (f7).pl,
is smaller that #qﬂ'“” for j=0...2¢ — 1. So, we have

A> L/ logd(x,I) dyn(x).
{d(z,I)<e}

n—2q+1
Now, f{d(z,l)ge} logd(z,I) du,(x) converges to f{d(w,[)fe} logd(z,I) du(z). Indeed,
on one hand we have that:

[1ogde. 1) dyn(a)

converges to [logd(z,I) du(x) by Hypothesis (H). On the other hand:
/ log d(z, ) dpn(2)
{d(z,I)>€}

converges to f{d(z,1)>e} logd(x,I) du(z) up to choosing e generic so that p gives no
mass to {z, d(z,I) = €}.

Finally, since f{d( logd(x,I) du(z) goes to 0 when € converges to 0 by dom-

z,I)<e}
inated convergence, the first step follows.
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Second step. — Here, we prove that for 4,7 = 0...2¢ — 1, we have
0> | log d(f/ (), 1) du, (z) = —&"(¢)
{d(fi(=),I)<e}
for n large enough. Here §”(€) goes to 0 when € goes to 0.
For that, we split this integral into two parts:

/ log d(f* (z), I) dy,(x)
{d(fi(z),I)<e}n{d(fI(x),1)<d'(€)}

+ / log d( 7 (), 1) dly ().
{d(fi(z),I)<e}n{d(fI(x),I)>d'(e)}

The first term is larger than
/ log d(f7 (), 1) dy (x)
{d(f7(2),1)<é'(e)}

and this term is bounded by below by —d’(8'(¢€)) if n is large enough by using the first
step. That quantity goes to 0 when e goes to 0.

The second term is larger than (if € < e™! and §’(¢) < 1)

/ log &' (€) dyi ()
{d(fi(z),I)<e}

> —1ogd'(0) [ log d(f(x), I) dy(z) > 8'(e) log &'(€)
{d(fi(z),I)<e}

if n is large enough by using the first step. That quantity goes to 0 when € goes to 0.

Third step. — Now, we prove the lemma. Recall that:

p(z) = (d(x’l) X X d(fml(x),l)>p‘

Km
In particular, we have:

{w, po fi(z) < €} C {x, d(f(2),]) < e K} U+ U{m, d(f*™(x), 1) < emr K}.
So, for i, =0...q — 1, we have

02/ logpo f7 dus,
{pofi<e}

which is larger than

m—1
Z/ . logpo 7 du,
= Jai@),n<em ky
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Now, for | between 0 and m — 1,

logpo f7 du;, =
/{d(f’“(x)J)Se"%P K}

m—1

> (v / L logd(f* (), Idp, (x)
s=0 {d(ft*i(z),[)<e™P K}
—plogK . dul, (x))
{d(fHHi(z),I)<e™? K}
> —mpd" (e77 K) + mplog K . logd(f*i(x), I)dy, (x)

{d(f1*i(z),[)<e™P K}

for € small enough so that emr K < e~ ! and n large enough by using the second step
(recall that m < q).

Finally this term is larger than —2mplog K§” (em%’ K) for n large enough and it
was the inequality that we were looking for. U

First point of the proposition 2.3.8. — We thank the referee for the simplification of
the proof of this point.

We recall that in this paragraph, we consider the partition & which is constructed
as in Proposition 2.3.4 with s(z) = p(z). In particular, we have V; := {z, e U+D) <
p(z) < e 7} for j € N.

For a multi-index s = (so, ..., S4—1) € N%, we denote by W, = V;,N- - -ﬂf‘q“Vsqfl.
When P € \/g;(;l ~i®P, then P is in some W, for some multi-index s. Moreover, the
number of P € \/?Z, f~¢% which are in Wj is bounded from above by C4e?*9e2klsl =
Cle?klsl with |s| = sg + -+ + 541

Now, for A € N*, we have
q—1
H, (\/ 9= > — i (P) log 1y, (P)
i=0 s€NY pe\/iZl f-ip, PCW,

that we divide as:

> > —pp, (P)log pi, (P)+ > > — s, (P) log pil, (P).

|s|>A pe\V/iZ} =i, PCW, ls|[<A peViZy f-iP, PCW,
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We begin with the first term. We use the notations and the ideas of the proof of
Proposition 2.3.4.

Ri(A)= ) > — i, (P) log p, (P)

IsI>A PeViZ) f-i®, PCW,

g—1
< > u(Wo)(log(#{P e\ 7P, PcW,}) —log u,(Ws))
|s|>A i=0
<logC¢ Y pn (W) +2k > Islun (W) + Y pn (W) log — (W)
ls|>A |s|>A ls|>A

Now, by using Lemma 2.3.5, this is less than
C(q)eiﬁ + (logC¢ + 2k + 1) Z |s|pl, (W).

Is|>A
On W, we have — ‘;;é logp o f7 > |s|. Moreover, the W, are pairwise disjoints
and
qg—1 g—1 i < _A
Ulsj>aWs C Ui Ulsena | 524} Ws CUg{pof' <e 7},
S0,

q—
Rud) < 0@ + (og 0 + 26+ 1) S P [, —egee @)
j=0|s|>A
qg—1lg—1
< Clg)e % + (log C§ + 2k +1) Z
§=0i=0

/ 4 —logpo f(x)dpy,(x)
{pofi(

i(@)<e Y

which is as small that we want if we take A large and then n large enough by using
the previous lemma. The same thing is true if we replace u!, by pu in Ry (A): it is as
small as we want if we take A large enough by using the previous lemma.

‘We now consider the second term
> > — iy, (P) log i, (P).
Is|<A pe\iZ) f-i®, PCW,

Up to moving slightly the boundaries of the partition &, we can assume that u gives
no mass to the boundary of its elements. In particular, the above term converges to:

> > —u(P)log u(P),
Is|<A PeViZy f-i®, PCW,

when n goes to infinity since we only consider a finite number of elements and !,
converges to u.

In particular, this implies that H,, (\/!_) f~*%) converges to H,(\/{_y f~%).
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Second point of Proposition 2.3.8. — We show that:
D) S
st n—2q+1

converges to 0 when n goes to co.

First, we consider H,, (f~*%). We have

‘Q

Z Y () (P)log((f1)urn)(P)

s=0 Pe®, PCV;

which is less than (see the proof of Proposition 2.3.4)

+o00
D ((F1)svn) (Ve) (log | Py, | — log((£*)xvn) (Vi)
s=0
> 30 !
<logC + 2k s+ 1)((f* )+ V) log s
T B () (V2)
+o0o
<logC +2k+ (2k+1) > s((f*)uvn) (V) + C(1)
s=0
so—1 “+o0
=1logC +2k+ (2k+1) Y s((f)avn)(Va) + 2k +1) D s((f1)uvn)(Va) + C(1).
s=0 $=350

The last inequality comes from Lemma 2.3.5 with ¢ =1 and A = 0.

So, to prove the second point, it is sufficient to show that

sesy S((F)xvm) (V)
72 Z n—2q+1

J =0teS1(4)

is as small as we want for sg large and then n large enough because the cardinality
of S1(j) is smaller than 3g.

This last term is less than
Z / log p d(f*).vn
q(n = 2q+ 9n—2+1) i=01es, (j)  tpseT0}
But:
D (F)evn < (B(n)ym —m + 1)l

t€S51(J)

with “{’i - ¢(n)m m+1 Zd)(n)m " f* Vn-
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Following Lemma 2.3.9 with u!’ instead of u], and 4 = j = 0 (this is indeed possible
because the indexes p in u!! goes to ¢(n)m —m which is <n—1—(m—1)), we deduce

that:
e © S

J=01teS1(5) s=%0
is as small as we want by taking sg large enough and then n large enough.
This gives the second point of Proposition 2.3.8.

Third point of Proposition 2.3.8. — The proof is the same than for the second point

by replacing S1(j) by S2(j), # by @ and p by 7.
At the end, we have to bound from above:

B et DD DI DL (IR 3]

J=01t€S3(j) s=%0
(here the V; correspond to the partition ¢ and to the function 7).
That term is less than

n—2q+ )Z

7=0teS2(5)

/ log d(f*).v
{n<e=s0}

Z (ft)*l/n < npy

t€S52(j)
and since f{n<e,so} log ndy.,, converges to f{n<e*30} log ndu, it is also as small as we

Finally:

want if sg is large enough then n is large enough. This gives the third point of Propo-
sition 2.3.8, and the proposition follows. O
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CHAPTER 3

DYNAMICS OF BIRATIONAL MAPS OF P*

3.1. A family of birational maps

The purpose of this section is to introduce the family of birational maps 8.

Recall that a meromorphic map f : P¥ — P* is holomorphic outside an analytic
subset I(f) of codimension > 2 in P*. It can be written in homogeneous coordinates
as [Py : ...: Px] where the P; are homogeneous polynomials of algebraic degree d in
the (zo, ..., 2x) variable, with ged,(P;) = 1.

Let T' denote the closure of the graph of the restriction of f to P* \ I(f). This is
an irreducible analytic set of dimension & in P* x P,

Let m; and 7y denote the canonical projections of P¥ x P* on its factors. The
indeterminacy locus I(f) (or indeterminacy set) of f is the set of points z € P* such
that dim7; '(z) NT > 1. It is also the common zeros of the P;: I(f) = {P; = 0}.

We assume that f is dominant, that is, mo(T') = P¥. If A is a subset of P*, define
F(A4) = m(rr (A)NT) and f(A) i= m(m5 (4) D).
Define formally for a current S on P*, not necessarily positive or closed, the pull-back
fr(S) by
3) F7(8) = (1)« (m3(S) A [T])
where [I'] is the current of integration on I'.

Similarly, the operator f. is formally defined by
(4) fe(R) := (ma). (77 (R) A [T]).

Here, we consider a birational map f of algebraic degree d > 2. That is a map such
that #f~1(z) = 1 for z generic. Let § be the algebraic degree of f~1. We denote
IT:=I(f) and I~ = I(f!) the indeterminacy sets of f and f~!.
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We also consider the critical sets €% (or €(f)) and €~ (or €(f~1)) defined by:

=)

6= = ()T,
Write f = [Py : ... : P] where the P; are homogeneous polynomials of degree d. Let
F = (Py,...,P) be the induced map on C*¥*!. Similarly, write f~! = [Qo : ... : Q%]

where the @; are homogeneous polynomials of degree § and let F~1 = (Qo, ..., Q).
There is of course an abuse of notation since F o F~! # Id. Instead, we have that:

FoF_IZP(ZO7...,Zk;) X (2055 2k) s

where P is a homogeneous polynomial of degree dj — 1 equal to 0 in 7= (&~ U I~)
where 7 : Ck*1 — P* is the canonical projection. That implies that the critical set
G~ is an analytic set of codimension 1 and that I~ C % . Similarly, we have that
€+ is of codimension 1 and IT C € (see also Proposition 3.3 in [15] and [50]). So,
f:PF\E" — P*¥\ " is a biholomorphism.

For 0 < ¢ < k and n > 0, define A\, (f™) as the degree of (f™)~'(L) for L a generic
linear subspace of codimension g. The number A\, (f™) gives a size for the action of f"
on the cohomology group H%4(PP*). Since the quantity \,(f™) is cohomological, we
have:

A = I @Dl = [ )@ Ak
6 = IR = [ (R ne

We have in particular that A;(f) = d is the algebraic degree and that Ai(f™) the
topological degree of f™ is equal to #(f™)~1(2) for z generic. In particular, Az (") = 1
since f is birational.

We define the dynamical degree of order q of f by:
. nay L
(6) dg = Tim (Ag(f"))™
These limits always exist and d, < d} [25]. The last degree A\, (f) = di is equal to 1.
A result by Gromov [40, Theorem 1.6] implies that ¢ — logd, is concave in ¢. In
particular, there exists a go such that:
l=dy<d; <+ <dgy 2 2dp =1

Denote for f1, A7 (f") and d the quantities previously defined for f.

In order to work with the currents in cohomology, we need a hypothesis on the
indeterminacy sets so that (f™)* = (f*)" on the cohomology group H%%(PF). If so,
we say that the map is algebraically g-stable (see [50] and [31]). For that purpose, we
will consider the following class of mappings.
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3.1. A FAMILY OF BIRATIONAL MAPS 37

DEFINITION 3.1.1. — Let By be the set of birational maps of P* such that there exist
an integer 0 < s < k and two integers d,d > 1 such that d®> = 6*~* and for alln > 1:

— for all linear subspaces of codimension q < s, deg (f~"L) = d™;
— for all linear subspaces of codimension q < k — s, deg (f™L) = 67".

Of course, the fact that d° = 6*~° can be deduced from the rest of the definition
but we keep it there for simplicity. If a map f is in By, then f is algebraically g-stable
for ¢ < s and f~! is algebraically g-stable for ¢ < k—s. The following classical lemmas
will help us in producing a more geometric characterisation of By.

LEMMA 3.1.2. — Let f be a birational map of algebraic degree d such that dim(I*) =
k—s—1 then \y(f) =d? for all ¢ < s and Xs11(f) < d*T.

Proof. — Let f be as above and let ¢ < s. Then A,(f) is the mass of the current
f*(w?) which is a form with L' coefficients. In particular, f*(w?) gives no mass to
I'™. On the other hand f*(w?) = f*(w)? outside I*. But the current f*(w)? is a well
defined positive closed current of bidimension (k — ¢, k — ¢) of mass d? (see Corollary
4.11 in [14, Chapter III]), and it cannot charge I since k —s—1 < k — ¢. So we have
the equality f*(w?) = f*(w)? on P* and both currents have the same mass d9.

Now the same argument will give that A, 41 (f) < d*T1 if f*(w)*T! gives some mass
to I (Corollary 4.11 in [14, Chapter III] still implies that f*(w)**! is well defined).
Let u be a potential of f*(w) that is dd°u + dw = f*(w). We will see in Lemma 3.2.4
below that:

u(z) < A'logdist(x, [T) + B'.
In particular, since logdist(z,I") < logdist(z,y) for y € I'", Theorem 7.8 in [14,
Chapter III] shows the current f*(w)**! has its Lelong numbers > ¢ > 0 on I for
some c. Siu’s theorem [51] implies that this current is greater than ¢[/™]. In particular,
it gives some mass to [IT]. O

Applying the previous lemma to a map f € By shows that necessarily dim(I™) =
k—s—1and dim(I~) = s — 1. We now prove:

LEMMA 3.1.3. — If a map f is in By with s as above, then for any q¢ < s, no algebraic
set of codimension q is sent to IT by some iterate f™ of f.

Proof. — Assume that there exist f € By and an algebraic set A of codimension ¢ < s
sent to IT by f". To simplify the proof, assume that n = 1 and take the smallest ¢
such that the above property is satisfied. Let f = [Py : Py ... : Px] where the P; are
homogeneous polynomials of algebraic degree d with no common factors. That way,
It ={Py=---= P, = 0}. Let 7 : Ck*! — P* be the canonical projection and let
F=(Py,...,Py).
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For an element Z = (zp,...,2x) € CFT1) we write |Z|2 = |29]? + - - + |2x|?. Then,
we have that:
f*(w) — dw = dd°(log | F|* — dlog |Z|?).
Applying f* again gives:
(7)) = df* (w) = dd°(log | F?|* — dlog | F|*).
So, taking the sum gives:
(W) — d*w = dd°*(log | F*|* — d* log | Z|?).

The singularities of the qpsh function ¢ := log |F?|? —d? log | Z|? are exactly on the set
AUTT (assuming A is the largest algebraic set sent to I1) so we have the inequality
¢ < Clogdist(z, AUIT) + C for some C > 0.

Again, Corollary 4.11 in [14, Chapter III] implies that f*(f*(w))? is well defined
and Theorem 7.8 in [14, Chapter III] shows that the current (f*(f*(w)))? has its
Lelong numbers > ¢ > 0 on A for some c. Siu’s theorem [51] implies that it gives
positive mass to A. But f*(f*(w))? is of mass d?? and f*(f*(w))? = (f?)*(w)? outside
AU I". Since the current (f?)*(w?) gives no mass to analytic set we have \,(f?) <
A;(f)?, a contradiction. O

This leads to the lemma.:

LEMMA 3.1.4. — Let f be a birational map with dim(I*) =k —s—1 and dim(I~) =
s — 1. Then the fact that no algebraic set of codimension q < s is sent to I'" by some
iterate f™ of f is equivalent to the condition:
(7) Urmnnlrigh=eo.
n>0 n>0

Proof. — Assume that there exists some A sent to IT by ™. Then we have that A C
©(f™) since A is contracted and so f™(A) C I(f~™). Since I(f~™) c Up~" FII(f )
we have that the intersection (7) is not empty.

Now assume that the intersection (7) is not empty. Formal manipulations show
that (7) is equivalent to:

nlJ =
n>0

Hence we can assume that there exists some point y € I~ N f~"I(f). The map
f: &t — I~ is meromorphic and surjective, in particular, the dimension dim(f~*(z))
is upper semi continuous hence > k — s at every point. In particular, the set f~1(y)
is of codimension < s and it is sent by f™*! to I(f). This concludes the proof. O

This leads to the characterisation of %By:
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PROPOSITION 3.1.5. — Let f be a birational map with dim(I*) = k — s — 1 and
dim(I7) = s —1, then f € By if and only if f satisfies (7).

Proof. — The previous lemmas already give the first implication.

Take f a birational map with dim(/*) = k¥ — s — 1 and dim(I~) = s — 1 which
satisfies (7). Lemma 3.1.2 gives that \,(f) = d? for ¢ < s and A\ (f~!) = 4§ for
g < k — s where d is the algebraic degree of f and ¢ is the algebraic degree of f~1.
The proof follows from the following lemma. O

We introduce some notations first. Let &5 denote the convex compact set of
(strongly) positive closed currents S of bidegree (s,s) on P* and of mass 1, i.e.
|IS]| := (S,w*~*) = 1. For a positive closed current 7" of mass m(T) > 0, we denote
by Thor the renormalization of T (that is Thor = m(T)~1T). Denote for simplicity
L= X(f)71f* and A := (A\p—g) "' fu = (A, (f)) "' f» which are well defined opera-
tors on the elements of &, which are smooth near I~ (resp. ™). We make an abuse of
notations and write L instead of L,, this is not a problem since in what follows L(S)
will always be the current f*(S),0,. The theory of super-potentials (see the appendix)
allows us to extend the operator L (resp. A) to the currents in &, such that their
super-potentials are finite at one point of the form A(S) for S € Gj_441 smooth near
I* (resp. at one point of the form L(S) for S € G_,41 smooth near I7).

Now we show that a map which satisfies (7) is in fact algebraically g-stable for all
g. That is to say no mass is lost on the indeterminacy set by pull-back. More precisely,
we have the proposition that uses the theory of super-potential:

LEMMA 3.1.6. — Let f be a birational map satisfying (7). Then for all 0 < q < k,
Ag(f™) = Ng(f))™ for all n and so dqg = Ay(f) for all q.

Proof. — We have to compute the integral:
Ag(f") = (™) (W) = /Pk(f")*(w") Awh=a,

The proof is by induction on n: (f*"~1)*(w?) is a form in L' smooth near I~ by (7).
So we can define its pull-back by f which is of mass A\(f)A\,(f""'). On the other
hand, w? is smooth near I(f~™) so it is (f™)*-admissible and the mass of (f")*(w?)
is Ay (f™).

We will now prove that f*((f*~1)*(w?)) = (f*)*(w?).

Let mir and mor be the restriction of m; and w3 to the graph I' of f. That
way, f*(S) = (m1)«(m2r)*(S) where S € €, is smooth near I~. We will take
S = (fn_l)*(wq)nor~

Let V be a small neighborhood of I~ such that S is smooth here. Outside o ~(V)N
', mop is a finite map, hence m2*(S) A [I'] is well defined and depends continuously of
S here by Theorem 1.1 in [29]. Furthermore, if Sjpr\1 does not give mass to a Borel
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set A then (mgr)"(S) does not give mass to (mar) ' (A) outside 7y H(V)NT. Since 7,
is holomorphic, the same is true for f*(Spr\1/). On V, S is smooth, hence f*(S|y) is
a form in L! (see e.g. [25]).

We consider S = (f*~1)*(w?): (f*~1)*(w?) is a form in L! hence it does not give
mass to algebraic sets of dimension < k—1; s0 f*((f"~1)*(w?)) is a current that does
not give mass to algebraic sets of dimension < k — 1. We get that f*((f"~1)*(w?))
and (f")*(w?) are equal wherever they are smooth that is outside analytic sets of
dimension < k—1. We deduce that they are equal hence they have the same mass. [

The following corollary of the previous proof will be used later:

COROLLARY 3.1.7. — Let R € G, be a smooth form and f in By. Then for alli,j > 0,
we have that (f)*(R) is (f7)*-admissible and (f)*((f))*(R)) = (f79)*(R).

Let j > 0 and ¢ < k. Let f in Bo. For a current S € G, which is (f7)*-admissible,
we can define L;(S) as (A\,(f7))~(f?)*(S) (similarly we define A;). By Proposition
3.1.6, we have that \,(f7) = A\;(f)? so we can also write L;(S) = X\, (f) 2 (f9)*(S).
From Corollary 3.1.7, we have that L7(S) = L;(S) on smooth forms, the question
is: does it also stand for (f7)*-admissible currents ? The following lemma answers
positively:

LEMMA 3.1.8. — Let S € G, for ¢ < k. Let n > 0 such that S is (f™)*-admissible
then for all j with 0 < j < n—1, LI(S) is well defined, f*-admissible and LI+1(S) =
L;+1(S). In particular, L™(S) = L,(S).

Proof. — Let S be as above, then a super-potential of S is finite at A, (w*~9!) by
hypothesis. Since f satisfies (7), we have that A(w®~9+1) is smooth near I(f"~1), the
previous corollary implies that

Ap (WP = A, (A(WF79ThY).
So the super-potentials of S are finite at the image by A, _; of a current smooth near
I(f™1): it is (f"~!)*-admissible (see the appendix). An immediate induction gives
that S is (f7)*-admissible for j < n.
Now we prove by induction on j that L’(S) is f*-admissible and that Li+1(S) =

L;+1(S). In order to do that, we show that both currents have the same super-
potential and conclude by Proposition A.1.3.

For j = 0, it is just the fact that S is f*-admissible. Now, assume the property
holds up to the rank j. A super-potential of L7(S) = L;(S) is by Proposition A.1.18:

)\q—l(fj) %S oA
J

W = Uy + 230005
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on forms smooth near I(f7). Taking the value at A(w*~9*1) (which is smooth near
I(f7)) gives:
k—q+1y\\ _ k—q+1 )‘q—l(fj) ) k—q+1
Uy (Alw )) = U (way (A(w N+ = ) Us(Aj(Aw ))-
q
The current L;(w?) = L7 (w?) is f*-admissible since it is smooth near I~, that implies
that %, (wq)(A(wk_q‘H)) is finite. Similarly, applying the previous corollary to f~!
gives that A;(A(wF~9%1)) = AJ*1(wk=9+1) and since S is (f/*!)*-admissible then
Us(Aj(A(wF=9F1))) is also finite.
That gives that %y, (s) (A(w’f“”‘l)) is finite so L;(S) is f*-admissible. We can now
apply Proposition A.1.18 to L7(S):
1(f)
Aq(f)
-1(f)

uer(s)
Aq<f> N(f7) s o)
qa—1(f)

on smooth forms. Since %) + 2 SWEd) UL, (ws)y o A = Upi+1(uay on smooth forms,

Ag—
Upivis) = Ur(ws) + Uprisyo A

= %L(wq) + ((ML (w9) +

and since Aj o A = A1 on smooth forms, we deduce from Proposition 3.1.6 that:

Upivi(s) = Uryia(s)
on smooth forms, hence Li*1(S) = L;;1(S) by Proposition A.1.3. That gives the

lemma. O

Summing up what we proved, we have that for an element f € B, the dynamical
degrees are ordered as follows:

do< di< do< ...< ds > ...> dp_o> dp_1> di
Il I I Il Il Il I

1< d< &< ...< &= &> ...> 5% > §> 1.

Let f € By. Recall that a quasi-potential of a current T' € &, is a current U of
bidegree (¢ — 1,¢q — 1) such that T' = w? 4+ dd°U. We know from the appendix that it
is always possible to take U negative. In what follows, for an irreducible analytic set
A, we define [f(A)] as the current of integration over f(A) counting the multiplicity
of f at A and if A is not irreducible, we decompose it into irreducible components
(A;) and we define [f(A)] as >, [f(4;)].

Since f satisfies (7), we have that 1T N f/(I7) = @ for j < n. So, f*(I7) is well
defined and the form Uy () L(w*™!) is smooth in f"(I~) so the following integral is

well defined:
/ UL(M)L(LUS_I).
[fm(I-))
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The terms (vol(I7))~! and (vol(I*))~! in the following hypothesis are just here to
normalize the integrals. We are going to restrict the study to the subset 3 of By given
by the following definition:

DEFINITION 3.1.9. — Let Up(,,) be a negative quasi-potential of L(w) and let Up(,,) be
a negative quasi-potential of A(w). The set B is the set of elements f € By such that:

0o 1 n
Z (ds> (VOI(I_))_l/ Up@L(w*™) > -0
n=0 )

and
[eS) 1 n - -
Z (5k—s> (VOI(I+)) 1/ UA(w)A(wk 1) > —00.
n=0 f—n(It)

As usual, for two sets E and F', we denote inf,cp ycr dist(z,y) by dist(E, F). In
[1], the authors asked for a quantitative and stronger version of (7) similar to:

HypoTHESIS 3.1.10. — The birational mapping f satisfies dim(I1t) = k — s — 1,
dim(I7) =s—1 and:

i <Lli>nlogdist(I+,f"(I_)) > —00
n=0

and
i (;)nlogdist(I,f"(I+)) > —00.
n=0

In P2, the convergence of the series > oo d "logdist(I™, f*(I7)) > —oc and
Yoo o6 ™logdist(I~, f~™(IT)) > —oo are equivalent (see [15]), it has no reason to
be true in higher dimension.

In the case of P2, a map is in B if and only if it satisfies Hypothesis 3.1.10 (see [1,
Theorem 4.3] and Theorem 3.2.1 below). That is because the distance between the
supports of the currents is a good distance for Dirac masses but not for currents of
higher bidimension. We will see in Theorem 3.2.8 that Hypothesis 3.1.10 implies that
a map is in B.

We will see in Theorem 3.2.1 that the convergence of the series in Definition 3.1.9
has a clear interpretation in term of super-potentials : it means exactly that the
super-potentials of the Green current of order s are finite at [/~ ]por-

Generalizing [1] to the case of higher dimension is the main goal of this chapter. The
class B contains the regular automorphisms of C* since those satisfy f*(I7) = I,
f7"(I*) =1" and I" NI~ = & (see [50]). It also contains the regular birational
maps of P¥ ([23]), in this case the indeterminacy sets of [T and I~ are trapped in
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some stable disjoint open sets. The interest of A is that it is generic in the following
sense:

THEOREM 3.1.11. — Let E; be the set of birational maps f : P* — P* such that It
and I~ satisfy dim(I*T) =k — s — 1 and dim(I~) = s — 1. Consider the group action:
®: PGL(k+1,C) x E; — E;
(A, f)— Ao f.
Then outside a pluripolar set of the orbit Orb(f) of f € Es, the maps of Orb(f) are
in B.

This provides us with many new examples: start with a regular polynomial auto-
morphism of C* or a regular birational map in P* then consider its orbit under the
action of PGL(k + 1,C). Section 3.3 is devoted to the proof of the previous theorem.

Other families of polynomial automorphisms were studied in [44] and [42]. In these
papers, the authors replace the set I~ by the set f(Lo,\IT) in the condition IT NI~ =
@. Those mappings are not always in 9 since the conditions dim(I™) = k—s—1 and
dim(I~) = s — 1 no longer need to be satisfied.

3.2. Construction of the Green currents

Take f € B. Let s be such that dim(I*) = k — s — 1 and dim(/~) = s — 1. The
following theorem is the main result of this section.

THEOREM 3.2.1. — Let f € B, then the sequence (L™ (w®)) converges in the Hartogs’
sense to the Green current of order s of f that we denote by T".

To prove the theorem, we need the following computation of the super-potential of
L™ (w?) for ¢ < s,

LEMMA 3.2.2. — A super-potential of L™(w?) is given on R € Gr_gy1 which is
(f™)«-admissible by:

(8) :g (611)” Up(wey © A"(R).

Proof. — Recall that for ¢ < s, we have A\ (f™) = (d?)™ for all n and so d; = d7.
Recall that for S € €, which is f*-admissible, L(S) is the element of &, defined as
d=9f*(S). Furthermore, any current smooth in a neighborhood of I~ is f*-admissible.
By Corollary 3.1.7, L™ 1(w?) is f*-admissible since f satisfies (7) so we can define
L™ (w?).

Now, let %,y denote a negative super-potential of L(w?) (it is always possible
by Proposition A.1.1). Assume first that R € Gx_q11 is smooth. So, we have that
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by Proposition A.1.18 that a super-potential of L™(w?) = L(L™ ! (w?)) is given on
currents in G_,41 smooth in a neighborhood of I by:

1
%L(uﬂ) + E%Lm—l(wq) o A

So, by induction, for a smooth element R € Gj_q41, we have that a super-potential
of L™(w?) is given on R by:

m—1

(9) > (;) ' Up(wa) o A"(R).

n=0
So we have proved the lemma for R € ©_441 smooth. In particular, for such an R,
Corollary 3.1.7 gives that a super-potential of L™ (w?) is given on R by:

m—1

> <;>n Up () © An(R).

n=0
Now, assume R is only (f™).-admissible. Lemma 3.1.8 implies that R is (f™)*-
admissible then for all n with 0 < n < m. We consider a sequence of smooth current
(R;) of Gk_g+1 converging to R in the Hartogs’ sense. Then A"(R;) is smooth near
I™ for 0 < n < m—1by (7) and every term in the super-potential of L™ (w?) is
continuous for the Hartogs’ convergence, that gives that:

m—1

1 n
Unmn(B) = D (d) U () © An(R).
n=0
Again, Lemma 3.1.8 gives that A,(R) = A"(R) for all n < m — 1 if R is (f™).-
admissible so the lemma is proved. O

REMARK 3.2.3. — The equality (8) also stands for any current R € ©;_441 such
that A"(R) is smooth near I for 0 < n < m — 1. Indeed such currents are (f™),-
admissible: every term of the form %/, ()0 A"(R) is finite for n < m —1 and depends
continuously on R for the Hartogs’ convergence, so we have by (8) that a super-
potential of L™ (w?) is finite at R this means by symmetry of the super-potential that
a super-potential of R is finite at L™ (w?) hence R is (f™).-admissible.

Since the sequence of super-potential of (L™ (w?®)) given by (8) is decreasing, it is
enough to show that it does not converge uniformly to —oo to show that it converges
in the Hartogs’ sense (see Proposition A.1.8). In [31], the authors prove that fact
in the algebraically g¢-stable case with an additional assumption on the size of (@
(that fails in our case) using the fact that the sequence is bounded from below by the
super-potential of any weak limit of the Cesard mean of (L™ (w?)). Here the idea is
to show that the convergence holds at the point [I™]nor.

We need the following estimate of %y, for that. It is similar to Proposition 1.3
in [1] though our proof is simpler taking advantage of the fact that we are in P*.
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LEMMA 3.2.4. — Let Ur(,) be a quasi-potential of L(w). Then there exist constants
A>0, B, A >0, B’ such that:

(10) Alogdist(z, I") — B < Up(,(z) < A'logdist(z, I1) + B,

for all x.

Proof of the lemma. — Let P, ..., Pri1 be homogeneous polynomials of degree d with
no common factors such that f = [P} : ... : Pxyq]. That way, IT = {P| = .- =
Pyy1 = 0}. For an element Z = (21,...,2511) € C*l we write |Z]? = |z1|> +

<+ |zpg1|?® Let m : CF*1 — Pk denote the canonical projection and we write
F = (P1,...,Pxy1). Then, we have that:

* c 1
7 (L(w) — w) = dd (glog|F|2 —log|Z|%).

Observe that the qpsh function d~! log | F'|2 —log | Z|? is well defined on P* since it does
not depend on the choice of coordinates. So we can write that Uy () = d~"log |[F|* —
log |Z|*. So in P¥, the singularities of Uy, come from the terms in log |F|?. In the
open set of C**! defined by 1 — ¢ < |Z| < 1+ ¢, we have that the map F(Z) is
equal to (0,...,0) € CF*! exactly in 7~!(I*). Using Lojasiewicz Theorem (Chapter
IV Theorem 7 in [46]), that provide us with two constants & > 0 and C > 0 such
that on |Z| = 1 we have:

|F(Z)] > C(dist(Z, 7~ (I1)))*.

Now from the fact that the projection 7 is Lipschitz in |Z| = 1 and the above bound,
we have constants A > 0, B such that:

UL(w) > Alogdist(. ,IT) — B.

For the other inequality, we work in a chart of P*¥ where we let z be the coordinate.
Let V Dbe a relatively compact open set in the chart. Observe that it is sufficient
to prove the upper bound in V. For y € It in the chart, we have that |F(2)? =
||F(2)|? — |F(y)|?] is less than C"dist(z,y). Taking the infimum over all such y, we get
that |F(2)|? is less than C’dist(z,I"). Taking the logarithm gives the estimate in V'
and the lemma follows. O

Proof of the theorem. — Since f satisfies (7), A™([I |nor) € Gk_s+1 is smooth in
a neighborhood of It for all n (hence [I7]nor is (f™)«-admissible for all n). So
A"([I Jnor) = [f™(I 7 )lnor (counting the multiplicity). Hence a super-potential of
L™(w?®) is given on [I ™ ]nor by (8):

m—1

1 n
Urm (ws ([I_]nor) = I UL (s (An([l_]nor))-
e > (i) e
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In other words:

m—1

%Lm(ws)([l_]nor) = Z (;) %L(ws)([fn(l_)]nor)'

n=0
Recall again that L(w®) = L(w* 1) A L(w) in the sense of current by Corollary 4.11
in [14, Chapter III]. So, in particular by Lemma A.2.1, a super-potential of %) is
given by:

%L(wS)(R) = %L(w)(L(wsil) A R) + ?/ZL(ws—l)(w A R)

on currents R € €_,.1 such that L(w*"!) and R are wedgeable. A straightforward
induction gives that a super-potential of L(w?®) is given by:
(1) > s ALY AR),

0<j<s—1
on currents R € Gy _,11 such that L(w®*~!) and R are wedgeable (since w/ A L(w®~177)
is more H-regular than L(w®~1), we have that w’ A L(w)*~1=7 and R are wedgeable by
Lemma A.1.14). In particular, L(w®~!) and A"([I"]nor) are wedgeable by Definition
3.1.9 ((7) is enough for that since L(w®~1) is smooth near f"(I~)) so we can take
R = A"™([I" ]nor) in the previous formula.

We want to show that for 0 < j < s — 1, the following series is convergent:

3 (;) Upoy(@ A L@)* ™73 A A ([T Jnor))-

n>0
By Lemma A.1.16, the term of the series can be rewritten as:

1 . )
-1 o / UL(w)wJ /\L(w)s_l_j,
" Jpn -y

since A™([I" |nor) = [f" (I )]nor = vol(I7)~1d=(s=In[f*(I~)] (observe that the form
UpL(w)w? A L(w)*~177 is smooth on f™(I~) so this integral makes sense). So in partic-

(12) ajn =vol(I7)

ular, Definition 3.1.9 is equivalent to the fact that the series converges for j = 0. We
prove that the series converges for j > 0 by induction.

So let j > 0 be given such that the above series converges for j — 1. Using L(w) =
dd°Up () + w, we write:

w1 /\L(w)s—j =w A L(w)s_l_j + dchL(w) Awi=l A L(w)s_l_j.
So replacing in (12), we see that:

1 1
dsn

@j-1n = Gjn +vol(I7)" /fn(l) Up(w)dd°Upguy Aw? ™' A Lw)* ™.

By Stokes, we have that the last integral is equal to:

—/ dUL(w) A dCUL(w) AWt A L(w)s_l_j,
)

MEMOIRES DE LA SMF 122



3.2. CONSTRUCTION OF THE GREEN CURRENTS 47

which is non positive because w?~! A L(w)*~!77 is positive. That means that:

aj-1,n < Qjn.

Since aj, < 0 (because Up(,) < 0), we have the convergence of the series for j. That
concludes the induction.

Proposition A.1.8 gives the convergence in the Hartogs’ sense to T . O
The previous proof gives in fact the corollary:

COROLLARY 3.2.5. — The convergence of the series giving U+ (I Jnor) is equivalent

to the convergence of the first series in 3.1.9:
1 " —\\—1 s—1
> =) (volI™) Up(yL(w™™!) > —o0.
n o)
REMARK 3.2.6. — Using the same argument for f™(I~) instead of I~ shows that the

super-potentials of the current T3 are in fact finite at every [f™(I™)]nor-
Observe also that the Green current T (f™) of f™ is well defined and equal to T.;'.

REMARK 3.2.7. — We will see in the next section how to construct the Green current
of order q for ¢ < s as T,” = lim L"(w?) (see Proposition 3.4.6). We will need to
construct the equilibrium measure for that first.

We now prove that if a map satisfies Hypothesis 3.1.10 then it is in %. In fact, for
such a map, we can construct directly the Green currents of order < s, in the general
case, such result will only be proved in Section 3.4.

THEOREM 3.2.8. — Any map satisfying Hypothesis 3.1.10 is in B. For those maps,
we have for g < s that (L™ (w?)) converges in the Hartogs’ sense to the Green current
of order q of f that we denote by Tqu.

Proof. — Take f satisfying Hypothesis 3.1.10 and let ¢ < s. We consider R;- €
Gr—q+1 any positive closed current with support in I~ (for example w®~? A [I ™ |nor)-
Then AJ(R) is smooth near I for all j < m — 1 (it is zero there), so we can apply

(8):
m—1 1 n
U (Ri) = 32 () ot @)
n=0
Using (11), we see that
%L(wq)(An(RI*)) = <UL(w)v Sq A An(RI*»a

where Sy = 37 i, 1w A L(w)? 77 is smooth near f*(I~) and is of mass g. The
measure S; A A"(R;-) is of mass ¢ with support in f*(I~). By Lemma 3.2.4, the
function Uy, is greater than Alogdist(I™, f*(I~))—B on f*(I~). Hypothesis 3.1.10
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implies exactly the convergence of the series giving % m (,4)(R;-). That concludes the
proof by Proposition A.1.8. O

THEOREM 3.2.9. — The current T is f*-invariant, that is L(T;") is well defined and
equal to T .

Furthermore, T is the most H-regular current which is f*-invariant in Gs. In
particular, T is extremal in the set of f*-invariant currents of Gs.

Proof. — Recall from the appendix that a current T is f*-admissible if there exists a
current Ry which is smooth on a neighborhood of I* such that the super-potentials
of T are finite at A(Ry). For such T, f*(T') is well defined and if (73,) is a sequence
of current converging in the Hartogs’ sense to T' then T,, is f*-admissible and f*(7},)
converges to f*(T) in the Hartogs’ sense.

In our case, we take for Ry the current [I™],or which is smooth near I*. Then
by Remark 3.2.6, the super-potentials of T;" are finite at A([I ™ |nor) = [f(I7)]nor- SO
the current L(T;") is well defined. Now, we have that (L"*!(w®)), = (L(L™(w®)))n
converges in the Hartogs’ sense to T." and to L(T;") so that T3 is indeed invariant.

Let ‘UT; be the super-potential of T, defined as:

oo

1 n
(13) ?’ZT:' = Z <d> %L(UJ‘S) OA",

n=0
on smooth forms in Gk_s41. Then composing (13) with A gives that on smooth forms
in ﬁk—s-‘,—l:
%Tj = d’l‘llTj oA+ %L(ws).

By iteration, we have that on smooth forms in Gj_s41:

m—1 n m
1 1
%Tj = E (d) %L(WS) o A" + (d) []/lTer o A™

n=0

By Theorem 3.2.1, that implies by difference that:

1 m
<d) %T;r o Am

goes to zero on smooth forms in Gj_sy1.

Now, let S be a f*-invariant current in &, such that there are constants A > 0
and B satisfying A%+ + B < Us < 0 for some super-potential %s. Then on smooth
forms in G _,41, a super-potential %ym gy of L™(S) = S is given by:

m—1 1 n 1 m
Z(d) [UL(wS)OAn+<d> Us o A™.

n=0
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Since (5)m ‘ZJT: o A™ goes to zero on smooth forms in Gx_sy1, our hypothesis implies
that (3)™ %s o A™ also goes to zero on smooth forms in €4_,41. In particular, a
super-potential of S is given on smooth forms in Gy_s41 by:

1\
Z (d) Up(wsy o A™.

n=0

Now, using the fact that two currents having the same super-potential on smooth
forms are in fact equal we deduce that T, = S.

In particular, for A = 1, we obtain that T is the most H-regular current which
is f*-invariant. It is extremal in the set of f*-invariant currents of @, since if not
we could write T, = £S5 + (1 — t)Ss with S; and S, two f*-invariant currents in
Gs. Take M small enough so that the super-potentials %/, % and ‘ZJT: of S, Sy
and T of same mean M are negative. Observe that Up+ =11+ (1 —t)Us so that
t~"Up+ < U . Then we can apply the previous result for A =¢~" and it follows that
S1 =T (similarly Sy =T). O

In the previous proof, we have obtained:

COROLLARY 3.2.10. — Let %T;r be the super-potential of T, defined on smooth forms
by:

o0

1 n

n=0
1 m
(d) ?/[T;r o Am

The current L(w)*T! is a well defined element of &, ; and we have that

dd°Ur ) A L(w)® + w A L(w)® = L(w)**!

Then we have that:

goes to zero on smooth forms.

by Corollary 4.11 Chapter III in [14]. Observe that it is not true though that
L(w®*t!) = L(w)**!. Indeed, f*(w**t?!) is a well defined form (of mass 6*~5~!) which
is in L' hence that does not give mass to algebraic sets of dimension < k — 1. But
f*(w)**t! is a smooth form outside I* which coincides with f*(w**!) there. So we

have by Siu’s Theorem that:
Fr@)y =3l + @)

where the sum goes over all the irreducible components Ii+ of It and where the a;
are positive numbers. Observe that this formula is related to King’s formula (see [14]
Chapter III proposition 8.18). In particular, one has that:

Frw)pt < CUT+ f (W™
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k—s+1

for C' > 0 large enough. Similarly, one has that f.(w) is well defined and satisfies:

F@)P < O]+ fu(wPms T,

The following proposition is useful in the construction of the equilibrium measure.

PROPOSITION 3.2.11. — The super-potentials of T are finite at w9 A A(w)*—sT1=7
forallk —s+1>75>0.

Proof. — If two currents S; and S in G, satisfies S; < ¢S5 for a constant ¢ > 0 then
the super-potentials of S; and S of mean 0 satifies Ug, > ¢¥Usg, +¢’ for some constant
¢’. In particular, the super-potentials of S; are finite wherever %, is.

Now, we have that the super-potentials of T are finite at [I~]no;. Since T3 is
f*-admissible, its super-potential are finite at every point of the form A(S) for S €
€r_s11 smooth near IT. So they are also finite at A(w*~**1). The affinity of the
super-potentials of 7% implies that they are finite at (C[I7] + fo(w* **1))nor- So
the super-potential of T are finite at (fi(w)*~*T1),0r. Since for j > 0, the current
WIAA(w)F~5+177 is more H-regular than A(w)*~*+1, we have that the super-potentials
of T are finite at w? A A(w)*~5+177 (we use the symmetry of the super-potential :
?/lT:- (wj A A(w)k_s+1_j) = %wj/\A(w)kferlfj (T;)) O

COROLLARY 3.2.12. — The current T gives no mass to I~ (nor I by dimension’s
argument).

Proof. — From above, the super-potentials of T are finite at A(w) Aw*™* € Gh_.41.
Observe that for two currents R and S in @, and &, with r + s < k, then:

%R(S A wk‘+17r75) = %R/\wk+1—r—s(5) = %S(R A wk+177“75)

where all the super-potentials are of same mean.

So for R =T and S = A(w), we get that the super-potentials of A(w) are finite at
T Awk=*. This is equivalent to the fact that the quasi-potential Up(w) is integrable
with respect to the measure T3 A w*~*. In other words:

/UA(w)wk_s N TS+

is finite. Applying Lemma 3.2.4 to f~! shows that the singularities of U A(w) are in
log dist(z, I™) so T gives no mass to I~. O

REMARK 3.2.13. — The quantity %;+([ " |nor) is related to a generalized Lelong
number ([13], see also [9] for generalized Lelong numbers in dynamics). Let us explain
this point. From the previous proposition, we have that the super-potentials of T3
are finite at A(w)*=s*1.
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We define the Lelong number of T3 associated to the function Up(w) as:

V(TS Upry) = lim T A A(w)F=s.
=T J{Upy<r}
The previous current is well defined by the theory of super-potentials: the super-
potentials of T are finite at w A A(w)*~% which means that 7" and A(w)¥~* are
wedgeable and their wedge product is well defined by Definition A.1.13.

As in formula (11), we have that a super-potential of A(w)*=s+!

Z %A(w)(wj A A(w)k_s_j N R),

0<j<k—s

is given by:

on currents R € €, such that A(w)*~* and R are wedgeable, so in particular for
R = T by the previous proposition. Since the super-potentials of 7" are finite at
A(w)k=5+1, that implies that every term in the previous sum is finite. So we have in
particular that:

Un(y(AW) AT

is finite. That means that the quasi-potential Uy, is integrable with respect to the
measure A(w)*~* ATF}. So we can use the bound:

1
/ T @< Uney T A A(w)F
{Un@y<r} {Uay<r}

r
1
< 7/ UA(W)T: A A(w)k_s.
T Pk
So we have that:
V(ij UA(w)) = 0.

This is a generalization of the fact that a psh function finite at the point x has zero
Lelong number at z.

A classical question in complex dynamics is to ask by what w® can be replaced. In
other words, what are the currents T in G5 such that L™(T) — T,'? The following
proposition and theorem give partial results toward this direction.

PROPOSITION 3.2.14. — Let (T,,,) € G5 be a sequence of currents such that a super-

potential Ur,, of Tp, satisfies ||Ur,, ||co = 0(d™). Then L™(T,,) — T in the Hartogs’
sense.

Proof. — Recall first that if T' € &5 has bounded super-potential it is (f™)*-admissible
(its super-potential is in particular bounded at the point A™(w*~*1)). So the sequence
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of pull-back is well defined by Lemma 3.1.8. Using Proposition A.1.18 and (8), a super-
potential of L™(T,,) is given on smooth currents in x_s41 by:

m—1 n m
Upm(1,,) = nz% (;) Up ey 0 A™ + (;) U, o A™.
By Theorem 3.2.1 we know that the series EZ:OI (%)n Ur(wsy o A™ converges in the
Hartogs’ sense to %;+. The hypothesis on (T,) implies that (2™ Uz, o A™ = o(1)
goes to 0 uniformly on smooth form. Since the control is uniform we have that
(1ULm(1,) — ULm(wsy| — 0), and the convergence is in the Hartogs’ sense and we
can conclude by Proposition A.1.7. O

We also have the following result. We believe the proof is of interest although the
result is essentially already known. We refer the reader to [50] for the case ¢ = 1 and
also [27] for the general case. See the Appendix for the notion of super-polarity.

THEOREM 3.2.15. — There exists a super-polar set P of G5 such that for S € Gs\P,
L™(S) is well defined and converges to Tt .

Proof. — The set of currents S € &4 such that S is not (f™)*-admissible is super-
polar since it is contained in the set of currents such that %g(A™(w*~**1)) = —o0.
Now, since a countable union of super-polar set is super-polar, we have that outside a
super-polar set of G, S is (f™)*-admissible and so L™(S) is well defined by Lemma
3.1.8.

As above, a super-potential %;m gy of L™(S) is given on smooth forms by:

m—1 1 n 1 m
=) Urwsy o AT = UsoA™

X (i) o (3) weenn
where %g is a super-potential of S. For 2 € G;_s11 smooth, consider the current
R(Q) € Gp_st1 defined by R(Q) := (3, (3)™ A™(2))nor- Let P be the set of cur-
rents S in @ such that %s(R(w* %)) = —oo, then P is super-polar by defini-
tion. Observe that for € G_s+1 smooth, we have a constant cq > 0 such that
R(Q) < cqR(w*~**1). In particular, for S ¢ P, we have that %g(R(2)) > —oo.

That implies that for any {2 smooth and S ¢ P, the sequence %~ (g (Q2) converges
to the value %+ (€2). Indeed, the fact that %s(R(£2)) is finite gives that:

G)m 9Us o A™(Q)

goes to 0. So Upm(g)(£2) converges to Up+ (©). Then Proposition A.1.7 gives us that
the sequence L™ (S) converges in fact to 77 (maybe not in the Hartogs’ sense). [
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Of course, the above theorem is not optimal and it is conjectured that for T' the
current of integration on a (very) generic algebraic set of dimension k — s, L™(T') goes
to T (see in the endomorphisms case [5] and [21] for the case of measures and see
[35] for the case of bidegree (1,1) in P? and [30] in P*). That is beyond the scope of
this study.

Recall that we consider the critical sets €T (or G(f)) and €~ (or G(f~')) defined
by:
e =)
&= ()7 Ih).
We have the proposition:

PROPOSITION 3.2.16. — The current T;" does not give mass to the critical sets 6~
and €T . In particular, the current T satisfies the equation:

£(TH) = ST,

in PP\ 6.
We first need the following lemma:

LEMMA 3.2.17. — Let ¢ be a smooth function. Then f.(p) is in L*(T;" A A(wF~%))
and we have the identity:

[t nwt= = [ro)m An@)
Proof of the lemma. — First ¢ is in L'(T;" A w*~*) and the quantity:

/ OTF Awh™s

depends continuously on 7" in the sense of currents.

On the other hand, f.(p) is in L}(T;" A A(w*~9)) since it is smooth and uniformly
bounded outside I~ which has no mass for T;" A A(w*~%) (see Remark 3.2.13). Recall
that T;" A A(w)*~* is f*-admissible by Remark 3.2.13 (hence %y () (A(w)*™* AT;") is
finite). So we have that

/ FU@)TF AAWF) = / GL(T A AWF)),

as this stands if ;" A A(w*~*) was smooth and we can conclude by Hartogs’ conver-
gence. Now, applying Lemma A.2.2 to f~! and the invariance of T}, we have that

s

L(TH A A(W*=2)) = TF Awk=s. O
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Proof of the proposition. — We consider €7 first. Let V. be a small neighborhood of
It. Since T,' gives no mass to I we can assume that the mass of V. for T is
arbitrarily small. Let W, be a small neighborhood of . Let 0 < ¢ <1 be a smooth
function such that ¢ =1 in W,\V,, ¢ = 0 in V4-1. and ¢ = 0 outside Wy,

Then by the previous lemma:

nwawmgs/w?Aw*

s/mmHAMwﬂ

< / T A A(wF™)
FWaa\Vy-1,)

Now, f(Waa\Va-1.) is a neighborhood W of I~ that can be taken arbitrarily small
by taking ¢ and o small enough. We have seen in Remark 3.2.13 that the quantity
S TsH A A(w)*~5 goes to the Lelong number v(T,",Up(,)) which is equal to zero.
Thus € has no mass for T3

For &, we write T;t = Ty- + T where Ty- is a positive closed current with
support in &~ and 7" is a positive closed current with no mass on &~ ([52]). Both
currents are f*-admissible since T3 is. But f*(Ty-) has support in €+ which means
it is equal to zero since Ty = d5'(f*(Ty-) + f*(T")) gives no mass to &' . That
implies that Ty,- = 0 hence T," has no mass on & .

Now f :P¥\ €7 — P¥\ €~ is a proper biholomorphism that we denote by f;. If
© is a smooth form in P* \ &~ then using the invariance of T :

(F)-(T),0) = (T, (}1)"(O))
(T, (1) (0))
1

= <$
(L5 £ () O)).
But fi(f1)* = (f1)«(f1)* =id so f.((f1)*(©)) = © and the result follows. O

REMARK 3.2.18. — In order to define A(T;"), we need to add to the equation
(F)(T) = T

a term with mass dj,_s — d; ! and support in &~ in order to obtain a current of mass
di_s. For example, in the case of Hénon maps, we need to add a multiple of the
current of integration on the line at infinity. In general, such choice is not clear as the
hypersurface G~ carries many positive closed currents of bidimension (k — s,k — s)
and they might be no way to add a current to the equation (f1).(T5") = iT;‘ in a
continuous way.
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The previous corollary implies that the Green current is meaningful. For example,
in the case of Hénon maps in P2, the set € and €' are in fact Lo (the line at
infinity) which is totally invariant and the Green current T gives no mass to L.

‘We can now prove the following stronger result of extremality which implies strong
ergodic properties (see Theorem 3.4.15). The inequalities between currents in & have
to be understood in the strong sense.

THEOREM 3.2.19. — The current T is extremal in G, that is if there exists a ¢ > 0
and S € G such that S < ¢TI then S =T, .

Proof. — Applying the previous results to f" gives that T, gives no mass to the
indeterminacy sets I(f%") and critical sets €™ of f™ and f=™ (recall that T is also
the Green current of f™). Let S be as above, in particular S gives no mass to the sets
I(f*™) and G(f*") and S is (f™)*-admissible for all n. By Lemma 3.1.8, L™(S) is
well defined for all n and equal to L, (S) (L, and A, are the normalized pull-pack
and push-forward associated to f™).

For n > 0, we denote by A/ the push forward operator (). from P*\ ©(f") to
PR\ G(F ™).

The operator (A) is positive. That and the previous proposition applied to f™
imply that (ds)"(A2)(S) < T in PF\ €(f~™). We denote by S, the trivial extension
of (ds)™(A2)(S) over P* : it does exist since the current (ds)™(A’)(S) is of bounded
mass. We have S,, < c¢TF in P*. In particular, S, is (f*)"-admissible. Using the same
argument as in the previous proposition, we see that:

(f")*(Sn) = (ds)" S,
outside G(f™). Now S has no mass on G(f™) and (f™)*(S,) is less than c(d®)" T,

(by positivity of the operator (f™)*) which implies that (f™)*(S,) also has no mass
on I(f™)U G(f"). So we have:

(f")*(Sn) = (ds)" S,
on P¥. In particular, S,, has mass 1. We have that L,(S,) = S and since S, is
(f*)"-admissible we have L, (S,) = L™(S,) by Lemma 3.1.8.
For R € C*=5+1 smooth, let Us., %Tj,o and %, gy be the super-potential of Sy,
T and A/(R) of mean 0. We have from Proposition A.1.18 and (8) that a super-
potential %n(g,) of L"(S,) = S on smooth forms is given by:

n—1

1\’ , 1\"
> (d) Up(wsyo A + <d> Us, o A"

j=0
Recall that there exists a M > 0 that does not depend on neither R nor n such
that %nry — M is negative and %s, < M. More precisely, by Proposition A.1.1,
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there exists a quasi-potential Upn gy of A™(R) such that Uyn(g) — M w*~* is negative
(Uar(r) is a quasi-potential of A”(R) of mean 0). Then, we have that:

(Unn(r) — M)(Sn) = c(Unn(r) — M)(T;").

Indeed if S,, and 75" were smooth, it would follow from the fact that U ARy —M whk—s
is negative and that S, < ¢T,". The result follows then by Hartogs’ convergence:
observe that the regularization is obtained by a mean of the composition over the
automorphisms of P* thus the approximations S/, and T!* of S,, and T} also satisfy
S < Tt
So we have the estimates:
Us, (A"(R)) = Up»(r)(Sn)

= (Upn(r) — M)(Sn) + (S, Mwk=3)

> c(Unn(ry = M)(TS) + (Sn, Mw*=?)

> cUp+ o(A"(R)) + (Sn — T, MwF=*)

> cUps+ o(A"(R)) + M(1 - c).
The last term multiplied by d~™ goes to zero by Corollary 3.2.10. So the super-

potential % n(g,) converges to a super-potential of T on smooth forms. By Propo-
sition A.1.7, that implies that S = T. O

The results of this section remain valid for f~!. So we can construct the Green
current of order k — s for f~! that we denote by T,

3.3. Proof of the genericity (Theorem 3.1.11)

This section is devoted to the proof of Theorem 3.1.11, it is independent from the
rest of the paper. The statement of Theorem 3.1.11 is similar to Proposition 4.5 in
[1]. In addition, we show here that the genericity stands in any orbit. The idea of the
proof is to construct in any orbit an element in % and then to show that the series in
Definition 3.1.9 vary as a difference of psh functions (dsh) along the orbit.

Construction of an example stable by perturbations. — Take f € Ej.
We have that:
I(Ao f) =I(f)
and
I(f~ o A7) = AI(f 7).
In particular, for A generic, we can assume that T NI~ = @. Remark also that the
dimension of these indeterminacy sets does not depend on A.
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Consider a projective linear subspace E of P¥ of dimension s such that ENI(f) = @.
Let V be a neighborhood of E such that VN I(f) = @.

Choose the coordinates [zg : ... : 2] in PF such that E is given by zg = --- =
zk—s—1 = 0 and so that if B/ = {z;_s = --» = 2z = 0} then E' N I(f7!) = g,
E'NV = @ and E' N f(V) = @ (this is always possible). Consider the element A,
of PGL(k 4+ 1,C) defined by Ag([z0 : ... : 2x]) = [A20 : «ov t AZjp—s—1 : Zh—s & -.- 2]

with A > 0. We take A\ small enough so that:

— Ao(I(f) CV;

— A(f(V)) V.
Consider the element fa, defined by fa, = Ao o f. Now, I(fa,) = I(f) and
I((fa,)™1) = Ao(I(f~1)) C V. We have the inclusion:

FaoI((f4,)71) = Fao Ao (f71)) € (Ao o (V) C V.

An immediate induction gives that (fa,)"(Z((fa,)"')) C V. So the element fy4,
satisfies the first half of Hypothesis 3.1.10 since

dist(I(fa,), f4,(I(f)))) > dist(I(f),V) > 0.

For each n,m € N, the condition f"(I(f~1)) N f~™(I(f)) # @ is algebraic (and
not always satisfied by the above), so (7) is satisfied outside a countable union of
subvarieties of PGL(k 4+ 1,C). Wherever all these conditions are satisfied, namely
wherever (7) holds the dynamical degrees are given by Proposition 3.1.6 so they are
constant.

We want to show that we can perturbate that example. Fix E and V as above. If
®(f) := Ao f with A close to Ay, then we still have I(®(f)~!) = AI(f~!) C V and
Ao f(V) C V. Thus ®(f)"(I(®(f)~1)) c V and I(®(f)) = I(f).

This implies that there exists some a > 0 such that for every A in a small neigh-
borhood Wy of Ay and every n € N, we have:

dist(I(8(f)), ()" (L(@(F)")) > o

Since B and Hypothesis 3.1.10 are invariant by conjugaison and since taking the
inverse is a biholomorphism on PGL(k + 1,C), it is equivalent to prove that the set
of linear map A € PGL(k + 1,C) such that fo A ¢ B is pluripolar. By the above, we
know that there exists a small open set Wj in PGL(k + 1, C) where the first series in
the definition of B converges.

Now we prove the genericity. In what follows, C' denotes a constant independent
of n that may change from line to line. Let W := PGL(k + 1, C). It is a Zariski dense
open set in the projective space W = P! where | = (k +1)2 — 1. Let c denote the
homogeneous coordinate on W. When ¢ € W, we write f. instead of f o c. We can
extend this notation for ¢ € W. Of course, in this case f. is not a birational map.
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Consider the rational map:
Fn:Wx]P’keWx]P’k
(¢,2) = (¢, f&'(2)).
Let IT; denote the canonical projections of W x Pk to its factor for i = 1,2.In W x P,

let w; := IIf(wps) be the pull-back of the Fubini-Study form by the projection for
i =1,2. That way, w; + wy is a Kéhler form on W x P*.

Action of ﬁ;{ on the cohomology. — We study the action of ﬁ;‘; on wy. Write ¢ =
[c1 ¢ ...t ciy1). First we have F,(c,z) = (c, f*(z)) where the second coordinate is a
polynomial of degree d™ in the z;, of degree < Cd" in the ¢;. We compute the mass
of F*(ws). For that, we test against (w1 4 ws)* =1, We expand (wy + wo)* =1

k+1—-1

k+1-1\ . )

T S G T
=0

We have that wi = 0 for s >l and wh™ "  =0for k+1—1—4i >k thuss <1 — 1.
So there are only two terms in the previous sum: for i =1 — 1 and for i = [:

(Fri(wz),wi™  Aws) and  (Fy(wa),wi Aws™t).

By Bézout’s theorem, those two terms are < Cd"™ (the terms can be computed in
cohomology so we replace their factors by analytic sets). Here, we use that F,(c, z) is
a polynomial of degree d" in the z; and of degree < C'd" in the c;.

As a result, we have that:
1 (w2)| < Cd™.
and consequently:
IF (w3)]| < Cam.
We also remark that:
Fyi(w1) = wr
since F), acts as the identity on w.

Recall that a map in 3 needs to satisfies the condition:

o0

(14) 2_: (;)n (vol(I7))~* /fn(I_) Up()L(w*™!) > —o0
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Construction of a function g that test the convergence of (14). — We can write F; (w3)
in cohomology:
Frws) = > aipwl Awk +dd°U
i1tiz=s

where % is a negative (s — 1, s — 1) current, which is C! where F;(w3) is smooth (see
Prop081t10n 2.3.1in [31] and observe that W x P¥ is homogeneous) We also denote
Q= Z“Jm g Gy w1 /\w the smooth form cohomologous to F1 (w$). Testing against
w¢ Aw$ for a+b = 1+k— s gives that a;, ;, > 0. In what follows, we take a particular
2. We explain now its construction.

LEMMA 3.3.1. — The indeterminacy set of Fy has dimension |+ k — s — 1.

Proof. — The lemma is clear in W x P¥. In (W \ W) x P*, we use a stratification with
the dimension of the kernel of c.
Indeed, let F}; be the set of A € W such that dim(Ker(A4)) = j in C**1. Then, F;

is an analytic set of dimension (k+ 1)% — j2 —

1 (choose k+1 — j independant vectors
in C**! then choose j vectors colinear to the first ones and then project to P!). The
indeterminacy set of F} is given by Ker(A) U A~1(I(f)).

Now, dim(A~Y(I(f))) <k—s—1+jso dim(Ker(A)UA X I(f)) <k—-s5—1+]
and the dimension of the indeterminacy set of F} restricted to Fj; is of dimension
<(k+1)2-2-1+k—-s—1+j<(k+1)2—-1+k—-s—1=1l+k—s—1 O

In particular, by Theorem 4.5 in [14, Chapter III|, we have that

F1 (w3) = (F1 (w2))*.
Since W x P* is a product of projective spaces, then the positive form ﬁl* (wo) is
cohomologous to a positive form 3. Let u be a quasi-potential of ﬁl* (w2). In other
words, F(ws) = B+ dd°u. We can write % as in the proof of Theorem 3.2.1, that is:
s—1
U = Z WFS (we)* I A B
§=0
In this case (2 = 6.
We define 4~ := W x I~. It is an analytic set of W x P* of dimension [ + s — 1
such that force W, 9" N{c} x Pt =T~ (f.)=1".
Let [/ ] denote the current of integration on 4, it is of bidimension (I+s—1,1+
s —1). Consider the set

Voi={ce W, ;"I (f) NI = o},

it is a Zariski dense open set in w.

LEMMA 3.3.2. — The codimension of V! = W \ Vi is > 2.
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Proof. — Let E' C E be two linear projective subspaces of P¥ with dim(E’) = s — 1
and dim(E) = s. Assume that E N IT(f) = &. Choose some projective coordinates

[20 : ... : 2] such that:
={2s=+-=2, =0}, E={2541="-+- =2 =0}.
We denote:
Fr={zn==2,1=0}, F={20="-+= 2z, =0}.

In particular, dim(F’) = k — s and dim(F) = k — s — 1. Changing the coordinate if
necessary, we can assume that F N f(E) = and FFNf(E)=@and I NF' =0
(thus I~ N F = @). Now we consider the following elements of W

A =lz:...i25) =200 1 25.1:0:...:0]

A=lzg:...izk] = Jz0: ... 1 25:0:...:0].

Then observe that f o A(P*\ F) = f(FE) and that f o A is holomorphic on f(E) with
foA(f(E)) C f(E); in particular I((fo A)") = F. Similarly fo A’(P*\ F') = f(E'),
fo A is holomorphic on f(E') with fo A'(f(E’)) C f(E'); in particular I((foA")") =
F’. We deduce that A, A’ ¢ V2.

Now consider the compactification PGL(E,C) C W where the inclusion is given

by the map B — B o A (with obvious notations). Then PGL(E,C) is an analytic
set of W of dimension (s + 1)2 — 1. First, if B € PGL(FE,C) then f o B o A has the
same indeterminacy set than f o A and the same image, so Bo A ¢ V,°. Now consider

PGL(E,C) \ PGL(E, C), this set is an algebraic irreducible set of codimension 1. Its
intersection with V¢ is not everything since A’ ¢ V. In particular, V,°NPGL(E, C) is
an analytic set of codimension > 2. This implies that V¢ is not of codimension 1. O

Now, consider on ﬂ"+1V

©n = (M), ZF* (W) T AEN(B)Y A[IT).
In other words, ¢, = (II1), (FX (%) A [47]).

On the set ﬂ”HVi, ©n, is continuous since II; restricted to 4~ is a submersion so

the push-forward of a continuous form is continuous. Finally, we define on ﬂN +1V

N
gN ‘= Z d_sn(Pn
n=0
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Computation of dd°gy. — First, we compute ddgy on OTJ:Q'OIV”. We have that:

N s—1
dd®gy = (). [ D d™" > dd°Fu A Fy(w2) " "I AF(B)Y A ST
n=0 7=0

Recall that dd°u = F} (ws) — 8. So, near 4~
dd°Fiu = F} 1 (w2) — F(B).

We obtain
dd°gny =
s—1
(IL1).« Zd‘mz (Fry(w2) ™ NFS(BY — Fypy(w2) ™ AES(BY ) A7)
7=0

which is equal to

ddgn = (I1y), (de "1 (w3) — Er (e ))W—]).

Recall that 85 = Q = Eil-l-iz:s aihizwil A w?. We show now that ag s = d°. First
we have that:
QWb AWl = ag.
Since Q and F}(w3) are cohomologous, we deduce:
(Ff (w3), Wz /\‘U1> = ao,s-
So, we want to compute:
/ﬁf‘(wg) AwE=S AWl
This can be done in cohomology. If Li_s is a generic analytic subspace of dimension
k — s in P¥ and L, is a generic analytic subspace of dimension s in P* and {c} x P*
is a slice, then the previous quantity is the number of intersections of f, 1 (Lj_s) N L
on the slice. This is equal to d° since the degree d; of f. is d°* on W which is a Zariski
open set in W, so we have indeed that d, = ag s.
We have the equality:
Fr@Q=dFiw)+ Y anuFhw] Awd)
i1+i2=s, i2F#S

We denote the second term on the right-hand side by S,,. Since ﬁ; (w1) = w1, we can
bound the mass of S, by:

ISoll < D0 anwlel AR @)
i1+ia=8, ia#S

< Cdn(sfl)
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since || F* (W))|| < Cd7™ for j < s. So replacing in dd®gy, we have:

dd°gn <Zd S (Fyq(w3) — dsfi(wé))/\[f]>

] (Z d™*" 8, A [f]) :
n=0

The second term in the right-hand side is a positive closed current with mass
uniformly bounded in N by the above. We now control the first term. Reorganizing
the sum, we see that it is equal to:

() (7N FR 1 (w3) — dw) A[I7]).
Using the fact that the mass of the positive closed current F} +1(w3) is bounded by
Cd*N+1) gives that, on NNI1V,:

dd°gn = QTN - Q;N

where Q i is a positive closed current of bidegree (1,1) on NYF 1V, with mass less
than a constant C (C is independent of N). So, the current Qj‘ has an extension to

—_~

a positive closed current Qj’N with ||Q:FN|| < C. Now, we prove that the function gy

—_—~—

is in LI(W) and that ddgy = QIN — Q;N in the sense of currents of W. Take an

—_—

open set U in W biholomorphic to a polydisk. On U, we have Q:N = dd°u;,n where
u;, v is a negative psh function. So, on U N (NY}V,,),
gN tuz N =ui N+ hy

with hx a harmonic function. The equality stands almost everywhere but since gy
is continuous on NYF 1V, the equality is true on U N (NYF1V;,) (see the proof of the
inequality g — m > ¢ — ¢2 below). Since gy is non positive, the function uy v + Ay

has a psh extension u; x + hy to U. So gy has an extension gy = u1, v + hy — U2 N
to U. In particular, g is in L'(W) and dd°gx has a sense globally. Moreover, since
the codimension of V¢ is larger than 2, we have on U (in the sense of currents):

dd°gy = dd°gn = dd°uy x + hy — ddug n = Qf v — Q5 .

In particular, we have dd°gy = QiN - (/Zg'; globally on W.
Now, we write
f/l_;\f; = a;,Nw1 + dd°Y; N
with a; y smaller than C.

We say that a measure is PLB if the qpsh functions are integrable for that measure.
Any measure given by a smooth distribution is PLB. In particular, we can find a PLB
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probability measure that we denote v with support in the W defined previously. We
have the following lemma (see Proposition 2.4 in [27]):

LEMMA 3.3.3. — The family of qpsh functions in W such that dd®y > —w1 and one
of the two following conditions:

max®y =0 or /wdyzo
w
is bounded in L'(v) and is bounded from above.
In particular, in the writing
Q:N =a; Nw1 + ddcdli’N
we take the normalization f Y ndv = 0.

Link with Definition 3.1.9. — Let ¢ € W N (Ni<n+1V5), then we want to show that:
o=/ W
foI=(fe))
where (f.)*(w3) = d°wj + dd°U,. First, when ¢ € W N (N;<n+1V;), we have:
on(c) = / FX (%) (e xp*-
I=(fc)

Here, F*(U) [{c}xp* is the restriction of E* (%) on {c} xP* which is well defined because
F*(%) is continuous near {c} x I (f.). But F* (%) {cy xpw is equal to (f2)* (U (cyxpr),

SO
pn(c) = / Ujgeyxpr-
faI=(fe))

s—1
U= uF(w2) " NS

J=0

Recall that

In particular, %cyxp+ near f;'(I7(f.)) can be written

s—1

Uei= D e fo (w2)* ™77 A dlu)

j=0
because the coefficient of 8 in we is d (8 = dws + ...). We show now that dd°U, =
(fe)* (w3) — d°ws.

The singularities of u|(.} xp+ are in I*(f.), so by Theorem 4.5 in [14, Chapter I11],
we have that U, and dd°U, = Zj;é dde (e xpr ) A fE (wo)* 177 Ad?w] are well defined
in all P*. Taking the restriction of the equation F}(ws) = 8 + dd°u on {c} x P*, we
obtain

fo(w2) = dwa + (dd°u) ey xpr = dwa + dd°(u)(cyxpr)
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since it is true outside I (f.) and f¥(w2) or dd®(u)(c}xp+) have no mass on this set of
dimension k£ — s — 1. Moreover u is a gpsh function, so it takes a value at every point.

Finally,
s—1 ) o
dd°U, = 3" (f2 (ws) — dwa) A f1(we)* "7 AdPw) = (fo)" (w5) — d°wj.
§=0

Proof of the genericity. — Recall that ¢, is continuous on N;<,11V;. It implies that
gn is continuous on N;<n1V; and it decreases to a function g on N;>oV; with g usc on
N;>oV;. It means that for every point z in A = N;>0V;, we have lim SUPy o, yeA g(y) <
9(z).

Let my = f gndv. We can write on W, gN—mn = P1,§ —P2 n. Here the equality is
true on a set of full Lebesgue measure in w. But, since gy is continuous on N;<n1V;
and the 9; n are gpsh, the equality is true for every point in N;<n+1V; (see below the
proof of the inequality g — m > ¢1 — 13).

We apply the previous lemma to the sequences 9; y and we have that these se-
quences are uniformly bounded from above and bounded in L!(v). So we can extract
converging subsequences to some limit points ¢, and 1, in L. The sequence my is
bounded thanks to the definitions of W and v. So my converges to m by monotone
convergence. In particular, g — m = 1; — 15 up to a set of zero Lebesgue measure in
W. We want to show now that we have

g—m > — P2

for every point in A = N;>oV;. Indeed, assume there is a point € A such that
(g+12)(x) < m+11(x) —e. On a chart which contains z, we can write ¥ = A1 + &
with A; smooth and &; psh.

Since g and 12 are usc on A, so is their sum and so (g + ¥2)(y) < m+ 1 (z) — /2
on a small ball B(z,r) centered at = and of radius r (for y € A). For a function
h, we denote by mp(y -y (h) the mean value of h on the ball B(xz,r). We have that
that mp(g,r) (g + ¥2) = Mp(e,r) (M + A1 + &) since both functions are equal a.e. and
MB(z,r)(€1) > &1(2) since & is psh, so

m+Y1(z) — /2 > mp(e,r) (g +¥2) 2 MBar) (M) + m+ &i(z)

which is false if we take r small enough to have mp(; (A1) near Ay (z).

In particular, the set of points where g = —oo is pluripolar since it is included in
the set of points where 1, is —oco. By the proof of Theorem 3.2.1, we see that g # —oo
is equivalent to the fact that the first half of Definition 3.1.9 is satisfied.

We do the same thing for the second half of Definition 3.1.9 and we conclude since
the intersection of two pluripolar sets is pluripolar. U
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3.4. The equilibrium measure

3.4.1. Construction of the measure. — We want to define the equilibrium mea-
sure p as T;F ATy ,. In [1], the authors used an approach based on the energy. More
precisely, they show that the potential of the Green current is in the Hilbert space
Hrp- defined by the closure of the smooth forms for the norm \/ JdpNdepNT—.
They deduced from that fact that the measure T+ A T~ is well defined and that the
potential of the Green current is integrable with respect to that measure.

That approach cannot be adapted here since the super-potential is not a function
defined on P* but a function defined on €4_,;. Instead, we will use the formalism
of super-potential. See Definition A.1.13 for the definition of wedgeability. We prove
the theorem:

THEOREM 3.4.1. — The current T;" and T}, are wedgeable. So the intersection Ty A
T,_, is a well defined probability measure p and the quasi-potential of the Green
current of order 1 is integrable with respect to this measure.

Recall that 7% := T} is a well defined invariant current in & ([50]) and that it
admits the quasi-potential:

(15) G:= Z(éf*)"u

where u < 0 is a quasi-potential of the current d™! f*(w) (we write u instead of Uy
in order to simplify the notations). We denote as before L, and A,, the normalized
pull-pack and push-forward associated to f". In what follows, for ¢ < s, Upm(a)
denotes the super-potential of L™ (w?) given by (8) in Lemma 3.2.2, that is:
m—1 1
Upm(wa)y = Z dfnfﬂL(wq) o A",
n=0
on (f™).-admissible currents in Gx_q11.
We need the following lemma to construct the measure.

LEMMA 3.4.2. — The current w*~9 A L™(w?) and T)_, are wedgeable for all n > 0
and 0 < q < s. Furthermore, for all integers n and n' and 1 < q < s+ 1 we have that
%Ln(w)q(L"/ ()9t AT, ) is finite.

Proof. — We have seen in Proposition 3.2.11 that w*"?AL(w)? and T}, are wedgeable
for ¢ < s and that the super-potentials of T} are finite at L(w)**1. So applying that
to f™ instead of f, we have that w*~9 A L™(w)? and T} _ are wedgeable for all n > 0
are finite at L™ (w)**1.

The case where ¢ = s + 1 is already known so we assume 1 < g < s. The current
L(w)**t179 and L(w)? are wedgeable and their wedge-product is L(w)**! (it follows

and that the super-potentials of T,

S
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from Corollary 4.11 Chapter IIT in [14] and Lemma A.1.16). So using Lemma A.2.1
we have that a super-potential of L(w)**! is given by:

%L(w)q (L(w)s_q+1 AR)+ %L(w)s—qﬂ (w?! A R),

on current R € €j_s such that R and L(w)*~9%! are wedgeable. In particular, we
can take R = T, at which point the super-potential of L(w)**! is finite. A super-
potential of L(w)*~9"1 A w? is given by:

%L(w)sfq{»l (wq A *).

So by difference,
Ur(wye (L) AT

is well defined in the sense of super-potentials (that is it is continuous for the Hartogs’
convergence) and is finite.

So we have proved the lemma for n = n’ = 1.

Applying the result to f™ gives the lemma for n = n’. Now, let n < n’. Then
L™(w)4 is more H-regular than L™ (w)9. The super-potentials of L™ (w)? are finite at
L™ (w)s=9t1 A Ty, so the super-potentials of L™ (w)? are also finite at LM (w)s=at1 A
T,_,.

Similarly, let n > n/. Then L™ (w)*~9t! is more H-regular than L™(w)*~%*! and so
Lemma A.1.14 implies that L (w)*~9*! AT, is more H-regular than L"(w)*~9t1 A
T, .. The super-potentials of L™ (w)? are finite at L™ (w)*"9T' AT, _, which means by
symmetry of the super-potentials that the super-potentials of L™(w)*~9+1 A T,_, are
finite at L™ (w)?. Hence the super-potentials of L™ (w)s~7+1 ATy, are finite at L™ (w)?
which means that the super-potentials of L™ (w)? are finite at L™ (w)*~9*tIAT,_ . That
gives the lemma. O

Proof of Theorem 3.4.1. — By the above lemma, we have that L™(w®) A T,_, is
(f™)«-admissible since it is finite at %pn(,). Hence by Lemma 3.1.8, we have that
A (L™ (w®) AT, ,) is well defined and equal to A,(L,(w®) A T} _,) (recall that
Corollary 3.1.7 gives L, (w®) = L™(w?)).

‘We consider:

1 _
dij(w)(An(Ln(ws) AT )

It is finite since by Lemma A.2.2 applied to f™ and the invariance ot T} _ _, it is equal
to
1
dr
and the previous lemma assures us that this is finite.

%L(w)(ws A Tk_—s)’
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We use Lemma A.2.3 for f" instead of f with S; = L(w), S2 = w® and S5 =T, __.
So we see that the previous quantity is equal to:

1 n
Ui (M) AT) = U (B AT + (5) Ul AT

We now perform some sort of Abel transform. We sum from 0 to N and we regroup
the terms in L™(w) A T,_, (observe for the first term that %/, = 0):

(16)
N

N
1 B . -
> gn U@ W ATZ) = D (—Upnory + Upn—1(w)) (LM (w) AT},

n=0 n=1
N

_ 1 o
+ Uy oy LT W) AT )+ 2 Uy (An(@® AT, )

Now, Upn-1(ysy — Upn(wsy = —d~" 1 Up ey 0o A1 on (f™).-admissible currents
by Lemma 3.2.2. In particular, we consider the current L™ (w) AT, __ which is (f™).-
admissible by the previous lemma. So using again Lemma A.2.2 for f*~! gives:

(%Ln—l(ws) — %Ln(ws))(L"(w) A Tk_—s) = —d_”+1%L(ws)(An_1(L”(w) A Tk_—s))
= —d"" " UL ey (Ap—1(Ln—1(L(w)) AT} ,))
= —d_"+1‘LlL(ws)(L(w) N Tk_fs)'

So the series Ziv:l(_%l/n(ws) + Upn—1(0s))(L™(w) ANT,_,) is also convergent thanks

to the previous lemma. We also have that %y~ (<) (LN (w) AT, ,) is negative since
Upn (os) 1s negative. Thus, letting N go to oo:

1

Yo | e @ AT )+ [ Do d™ ) Upge) (Lw) AT )
n>0 n>1
1 nr s
<Y Ul (AW AT).
n>0

We recognize by (8) that the right-hand side is in fact %p+(w® AT,_,) which in term
of quasi-potential is [ Gw® AT, __ (recall that Tt is the Green current of order 1).
Thus by Hartogs’ convergence, we have that %p+(w® A T,_,) is finite (we could also
conclude by monotone convergence that G € L!(w® A T, _,), both properties being
equivalent).

Observe now that in (16) every term converge. In particular,

(Upn oy (LT W) AT )N
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converges to a finite value. Using Lemma A.2.4, we have the identity:
U oy (LY (W) AT, ,) = Upnva o (LY (@°) A Ty)
— %LN‘*'l(w)(wS N Tk_fs) + %Lw(ws)(w N Tk_is).

On the right-hand side, the first and third terms are negative, the third term is
decreasing and we just proved that the second term converges to Ur+(w® AT, ,)
which is finite. That implies that every term is in fact convergent.

In particular, we have the convergence of Uy n () (w AT,_,). Since LN (w®) — Tt
in the Hartogs’ sense, that means that 74,.+ (wAT,_,) is finite. Hence the current T,
and 7T, are wedgeable and their intersection is a well defined probability measure
u (we could also have deduced that from the convergence of the first term but this is
more natural).

Now, recall that the function (R,S) — %(R,S) := Ur(S) = Us(R) for R and S
in 6, and Gx_q (%g and Ug being the super-potentials of mean 0) is upper semi-
continuous. The convergence of %(LN ! (w), LY (w®) AT}_,) implies that %(T, T;" A
T,_,) is finite which means exactly that the quasi-potential of the Green current is
integrable with respect to u. O

Of course, the measure p also integrate the potential of the Green current of order
1of f71.

COROLLARY 3.4.3. — The measure . gives no mass to the indeterminacy sets I™ and
I~. Furthermore, L(u) = f*(u) and A(u) = fio(u) are well defined in the sense of
super-potentials.

Proof. — The fact that p is f.-admissible follows from Theorem 3.4.1 since its super-
potentials are finite at the point L(T") = T and so they are finite at the point L(w)
which is more H-regular than L(T). Since the potential of T is equal to —oo on I
and is in L' (u) (in fact logdist(z,I) € L'(u)) we have that u gives no mass to the
indeterminacy set IT, similarly for I—. O

PROPOSITION 3.4.4. — The measure p is invariant, that is f*(u) and fo(u) are equal
to p.

Proof. — The currents L™(w®) and A™(w*~*) are wedgeable for m and n in N since
they are more H-regular than T and T, . So let u, := L™(w®) A A™(w*~*) (resp.
wh = L H(w®) A A (wF#)). Now since L"™(w®) and A™(w*~*) converge in the
Hartogs’ sense to T, and T,__ which are wedgeable, we have that pu, (resp. ul,)
converges to u in Hartogs’ sense (Proposition A.1.15).

By Lemma A.2.2, we have that u/, = A(L™(w®) AA™(w %)) = A(u,) (observe that
L™(w®) A A™(w*~*) is f, admissible since it is more H-regular than T,” A T, which
is f.-admissible).
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So, since u is fi-admissible, we have that u, converges in the Hartogs’ sense to
A(p) = p which is what we wanted. O

COROLLARY 3.4.5. — The measure y gives no mass to the indeterminacy sets I(f*™)
and the critical sets €(f*m).

Proof. — We already know that the indeterminacy sets have no mass for y so using
the invariance of u, we have that u(6(f)) = u(f~1(I7)) = p(I~) =0. O

3.4.2. Green currents of order 1 < g < s. — The purpose of this paragraph is to
construct the Green currents of order g for ¢ < s. This will allow us to prove that T3,
can be written as (77)%. As an application, we show that the equilibrium measure
gives no mass to the pluripolar sets.

Using the same arguments than in Theorem 3.4.1, we construct the Green currents
T, of order ¢ for ¢ < s:

PROPOSITION 3.4.6. — For 1 < q < s, the sequence (L™ (w?)),, converges in the Har-
togs’ sense to Tq+ the Green current of order g and the Green currents Tq+ and T,
are wedgeable. Furthermore, any super-potential ‘ZZT; of Tq‘Ir satisfies

(MT;' (T:—q-H A T];_s) > —o0.
Proof. — Observe that the roles of g and s — g+ 1 are symmetric, so anything proved
for ¢ stands for s — ¢ + 1. The current L™ (w*"9"*) AT, _ is (f™). admissible by
Lemma 3.4.2. Lemma 3.1.8 implies that A™(L"(w*™9T!) AT, ) is well defined and
equal to A, (L™(w*"9T1) AT, ). So we consider this time:
1 n( s— —
7 Ui (A (L@ T AT)).

By Lemma A.2.2 and the invariance ot T}__, it is equal to

1 _ _
dT%L(wq)(ws a+l AN Tk‘fs)7

and Lemma 3.4.2 assures us that this is finite.
Using Lemma A.2.3, performing the same Abel transform and using again Lemma
A.2.2, we obtain similarly that:

(17)
N 1 N
(Z d") %L(wq)(wS—q+1 A T,;_S) = <Z _d—n+1> ‘Z{L(ws_q+1)(L(wq) A T];_s)

n=0 n=1

+ %LN(ws—q+1) (LN+1(wq) A\ Tk:_fs)

N
1 _ _
+ 3 U (A" @ T ATL))
n=0
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We have again that ‘ZJLN(wsqu)(LN“(wq) AT, _,) is negative since % (,s—a+1y is
negative. Thus, letting N go to oco:

Z a" %L(wq)(wsqurl A Tk_—s) + Z d—ntl %L(ws—qul)(L(wq) A Tk_—s)

n>0 n>1
1 . ~
<> 7 U (A (@ AT ).
n>0

Again, by Proposition A.1.8, we have that the sequence of super-potential of L™(w?)
is decreasing thus to have the convergence in the Hartogs’ sense, it is sufficient to have
the convergence at one point. We recognize by (8) that the right-hand side gives in fact
the convergence at the point w* 9T AT, (again w® 7' AT, is (f™).-admissible
0 Ap(w* ™I AT ) = A" (w9 AT, ). So we have that %+ (w9 AT, )
is finite and L"(w?) converges to T, in the Hartogs’ sense.

In (17) every term converges. In particular,
(Upw e-aery (LN T W) AT, )N
converges to a finite value. Using Lemma A.2.4, we have the identity:
%LN(wsfq+1)(LN+l(wq) AT, )= ‘LZLNH(wq)(LN(wS_"“) AT ,)
— Upnr oy (W ™I AT )
+ Upn o—atry (W AT, ).

As above, every term converges to a finite value. In particular, that means that
U+ +1(wq N T,_,) is finite (which is already known by exchanging the role of g
s—q

and s —g+1). Finally the convergence of %LN+1(wq)(LN(ws_q+1) AT;_,) implies that
(TS, T 1 AT,,) is finite. -

We prove that T, is invariant.

LEMMA 3.4.7. — For 1 < q < s, the Green current TqJr is f*-admissible and satisfies
Tq"’ = L(T;'). Furthermore, Tq"' is the most H-regqular current which is f*-invariant
in Gq. In particular, Tq+ is extremal in the set of f*-invariant currents of €.

Proof. — For ¢ = s, this is Theorem 3.2.9. So take ¢ < s. We have that L™(w?)
converges in the Hartogs’ sense to TqJr . So this means that at the point w*~ 9! we
have the convergence of the series:

Z d-" %L(wq) (An (wk—q-l-l))'

n>0

MEMOIRES DE LA SMF 122



3.4. THE EQUILIBRIUM MEASURE 71

In particular, dropping the first term and multiplying by d, we have the convergence
of the series:

3 AT U oy (A" (A(WFTH))).

n>0
We recognize %+ (A(wF=7t1)) > —o0 hence T is f*-admissible.
By Theorem A.1.17, we see that L(L"(w?)) converges to L(T,F) and to T,". So we
have proved the first part of the lemma. The rest is exactly as in Theorem 3.2.9. [

Now, we also want to consider the intersection Tq‘“ NT,_, for ¢ < s. First, we
have that these intersections are well defined elements of G_sy4 from Proposition
3.4.6 (Tq"‘ and T, are wedgeable). Furthermore, it is f.-admissible since we have by
Proposition 3.4.6 that

+ —_
‘UT:r_qul(Tq NT,_ ) > —o0
and since L(w*~7"1) is more H-regular than T\, = L(T," ), we see that:
%L(wsfzrkl)(Tq_‘— /\Tk_fs) > —00,
which means that TqJr AT, is fi-admissible since by symmetry of the super-potential,

its super-potentials are finite at the point L(ws~971).

Using the same argument than in the proof of the invariance of the measure u, one
has:

PROPOSITION 3.4.8. — The current Tq+ NT,_, € Cr_syq is fe-invariant, that is:
MTS AT ) =T ANT,_,.

Proof. — This follows from the fact that L™(w?) and A™(w*~*) converge in the Har-
togs’ sense to Tq+ and T, __ which are wedgeable and we use Proposition A.2.2. [

Now, we use the same arguments than in the proof of Theorem 3.4.1, but we replace
T,_, by T, AT, _,. Our purpose is to show that T;t = (T)°. We need the following

lemma first:

LEMMA 3.4.9. — Let g1 > 1 and g2 such that g1 +qo = s—q+1. Then the current Tq";
and TqJr AT, _, are wedgeable and we have that a super-potential ‘ZZTJ of Tq"; satisfies:
1

Upy (Ty NI AT ) > —o0.

The proof is essentially the same as the one of Theorem 3.4.1. We need the equiv-
alent of Lemma 3.4.2 first:

LEMMA 3.4.10. — Let ¢; > 1 and g2 such that g1 +q2 = s—q+1 and let n € N. Then
the currents L™ (w®) and T}t AT, are wedgeable. Furthermore, for n’ € N:

Upn (ary (L™ (W) ATS ATy ) > —oo0.
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Proof. — We can assume that go > 1 (else it is just Proposition 3.4.6). The super-
potentials of the current T,F AT, are finite at L(w? %) = L(w?®) A L(w%) which is
less H-regular than w® A L(w?). Hence the super-potentials of the current Tq“‘ NT,_,
are finite at w? A L(w%). This means that the currents L(w?) and T, AT, are
wedgeable.

On the other hand, ’ZZL(OJqlJqu)(T;L ATy ) is finite. We can use Lemma A.2.1 and
we have that:

Up(par+azy (T ANT_,) = Upwazy (@ AT AT ) + Up oy (L) ANT,F AT, ).
Again taking the difference with %) (w? AT AT, ), we have that:
%L(w‘Il)(L(qu) A Tqu A Tk_—s)

is well defined in the sense of super-potentials and is finite. We have proved the lemma
for n = n’ = 1. The rest follows as in Lemma 3.4.2. O

Proof of Lemma 8.4.9. — We replace T, _ by Tq‘|r AT, _, and we do the same compu-
tations. Lemma A.2.2, A.2.3 and A.2.4 still apply for T,7 AT, _. O

We can now prove the following corollary. Observe that if a sequence S,, converges
in the Hartogs’ sense to S and a sequence R,, converges in the Hartogs’ sense to R
with R, A S, wedgeable converging in the Hartogs’ sense to a current T', we cannot
claim a priori that S and R are wedgeable and that T = R A S. But if S and R are
wedgeable, then we do have T'= RA S.

COROLLARY 3.4.11. — The current T satisfies TS = (T1)%. Consequently, one has
= (TT)* A(T7)k=* where T is the Green current of order 1 of f*.

Proof. — Applying the previous lemma to ¢ =1, ¢ = 1 and g2 = s — 1 gives that
Up+ (T NTY AT, ) > —co.

k—s+1

Since w is more H-regular than Tt A T, that implies that:

Ups (T, AP > —o0.

In particular that 7+ and T} | are wedgeable. Since L™ (w) and L™ (w*™!) converges
in the Hartogs’ sense to T+ and T" | and L™(w®) converges in the Hartogs’ sense to
T, Proposition A.1.15 implies that 7T A T." ;, = T;F. An easy induction gives the
result for T and the result follows for u. O

REMARK 3.4.12. — We do not know how to prove the previous result without con-
structing T}, first. In the case where f satisfies Hypothesis 3.1.10, the result was
proved directly (see Theorem 3.2.8). This illustrates the difference between Hypothe-
ses 3.1.10 and Definition 3.1.9. For a map satisfying Hypotheses 3.1.10, we have that
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the potential of T+ is finite at every point of I, if it is only in 6, we can only say
that [, Up+w®~! is finite since 7" A w*~! is more H-regular than T, = (T'+)*.

Now, we improve the previous results and we show that the measure u gives no mass
to pluripolar sets (hence analytic sets). The proof relies on a space of test functions
introduced by Dinh and Sibony in [26] and studied by the second author in [53].
Recall that the space W12(P¥) is the set of functions in L? whose differential in the
sense of currents can be represented by a form in L2. The space W*(PP¥) is the set of
functions ¢ in W2(IP*) such that there exists a positive closed current S, of bidegree
(1,1) satisfying:

(18) dp Ndép < S,.
For ¢ € W*, we define the norm:
lell? = llell22 + inf {m(S), S closed, satisfying (18)}.

Let ¢ be a gpsh function in W*(PP¥). Consider the regularization v, of 1 obtained
through an approximation of the identity in PGL(k + 1,C). Let S be minimal in
(18) for ¢ and let S, be the smooth regularization of S obtained through the same
approximation of the identity. Using Lemma 5 in [53], we have

— 1, “decreases” to 1.
— dpp, AdY,, < Sy, and m(S,,) — m(S) thus im ||t ||« = [|9]]«-

If ¢ is a gpsh function in P* with ¢ < —2, then ¢ := —log —¢ is in W*(P*), thus
for every pluripolar set in P¥ there exists a qpsh function in W*(P*) equal to —oc on
that set (see Example 1 p. 253 in [53]). In particular, if the qpsh functions in W*(P¥)
are integrable for a measure, the measure cannot give mass to the pluripolar sets. We
can now state the theorem:

THEOREM 3.4.13. — The measure p gives no mass to pluripolar sets (hence analytic
sets). More precisely, there exists C > 0 such that for ¥ < 0 a gpsh function in
W*(PP*), we have that:

ln(@)] < Cl1¢ ]l

Proof. — Let 3 and 1, be as above. Recall that G is the potential of TF. Let T}
and T, be sequence of smooth currents in &7 converging to 7't and T~ in the
Hartogs’ sense. Then p,, = (T;})* A (T,,,)¥~% converges to u in the Hartogs’ sense by
Proposition A.1.15. Let G,, be the associated potential of T} . Using Stokes’ formula
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and Cauchy-Schwarz inequality, we have that:

\ / wndum‘ _ ‘ [ aldd G+ ) A (T A (T

< ‘ [ tvn nde G n @ A )

n ] [ bno n @ 8

2

< ( [ ndevn @y A (T,;)’H)

2

X\ [ G NG A (T A (T)
(/ )

+ ’/¢nw/\ (T =L A(T)F3.

Let S, be the positive closed current of bidegree (1,1) such that di, A d°, < S,.
Using again Stokes’ formula for the second term of the product yields:

‘/d}”d“m' < </ Sn A(TE)HA (T;)k—s)é
X (—/Gmddcam/\ (TF)*~ A (T%)k_s>

" ‘ [ oo @ A T

2

We let m go to oo, we have that | [ 4, du,| converges to | [ ¢ndul,

([ sun@= nam=)

converges to ([ Sy AT AT,_,), and | [ ¢nw A (TF)*™" A (T,,)F~*| converges to
|f1/)nw ANTH NT,_ i The term:

/G dd°Gp, A (T A (T, /G (T A (TR
= [ Gowrn (@D AT
can be rewritten as:

UL (T, (Th)° AT ) = U, w A (T A (T) )

m

which by Hartogs’ convergence goes with m to:

%1(T+,u) — %1(T+,wAT 1 /\Tk )
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which is finite by Theorem 3.4.1 (observe that w AT," ; AT}, is more H-regular than
w). So we have that:

1
3
’/wMM‘§C</SnATj1Aﬂ;J +L/%wAIﬁlAﬂ;s,
where C? = | U (T, p) — Ui (TH,w AT;E AT, )| is a constant.
1
The term ([ S, AT, AT,_,)? is controlled by |4+ + ¢ for n large enough be-
cause S, is smooth so that wedge-product is well defined and the mass can be com-
puted in cohomology.
We use an induction to control in the same way the term |f Yow AT AT,

(at the last step, we have a term in [ —t,w¥). Since for n large enough we have
lnll« < %]« + € (¢ > 0), we have proved that:

‘ Iz

By monotone convergence and letting € — 0, we have the theorem. O

< C([¢ll« +e)-

3.4.3. Mixing, entropy and hyperbolicity of p. — We now prove that u is
mixing, that is lim, o (@1 o ) = u(@)u(w) for ¢ and 1 smooth functions on P*.
Here the function % o f™ is not smooth, so by definition u(py o f™) is the integral of
@y o f* on PF\ I(f™) for the measure p which gives no mass to I(f™). Recall that
1(f") € €(f).

We need the classical lemma ([50] and [42]):

LEMMA 3.4.14. — Let 1 be smooth function on P, then the sequence of currents
(o fPTH), converges to cT;m where ¢ = u(v). Moreover, we have that ||d(o fT.5)||
and ||dd°(y o fT5)| go to zero.

Proof. — The norm |d(v) o f*T.)|| is the operator’s norm on the space of smooth
forms.

We can assume that 0 < 1) < 1. Then, the sequence (¢ o f"T5"),, is bounded so we
can extract a subsequence converging in the sense of currents to S > 0 which satisfies
S < T; . In order to show that S is closed and that ||d(x) o f*T5")|| — 0, we only need
to show that for every smooth (0, 1)-form 6 we have that |(1 o f*TF,0(6 Awk=571))|
goes to 0 uniformly on 6 (see [12] p. 3 for details). In other words, we want to compute
the limit of:

/ bo frTE AD(O) Ak,
BE\I(fm)

We are going to use the technics of [49]. Let v < 0 be a gpsh function equal to
—oo on G(f™) and smooth outside &(f™). Let max’ be a smooth convex increasing
function approximating the function max™ := max(z,0) such that its derivative is less
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than 1. Let v; = max’(v/j + 1). Then (v;) is an increasing sequence of smooth gpsh
(100v; +w > 0) functions with 0 < v; < 1 converging uniformly to 1 on the compact
sets of P¥\ §(f™) and equal to 0 on some neighborhood of &(f"). Let a : [0,1] — [0, 1]
be a smooth function equal to 0 in [0,1/3] and to 1 in [2/3,1]. Then the sequence
of functions v} := a o v; is equal to 1 on the compact sets of PR\ G (f") for j large
enough and is equal to 0 on some neighborhood of &(f™).

Since T," gives no mass to &(f"), the previous quantity is the limit when j goes
to oo of:

(Vih o fPTFH,0(0) AwFT).

By Stokes’ formula, it is equal to:

—(Wio(p o fPYANTF, 0 AW — (o frO(W)) AT, 0 Awho71).
We apply Cauchy-Schwarz inequality for the first term of the sum, we bound the
absolute value of the first term of the previous quantity by:

(V)% o f* Ao fP AT, Wb x (10 A AT, wh 1)z,
The second term of the product is bounded and does not depend on j and n (uniformly
in ||0|]). For the first term, observe that :

10y o [T ABY o [ AT = d=(f7) (0% A By AT

in the integral since f™ is smooth on the support of v;- and one can multiply a positive

closed current by a smooth form and take the pull-back by a smooth function. So,
assuming that i0y A 91 < w, we have that the first term is less than:

<dfsn(fn)*(w A T:r),wkfsfl>% _ (57(}975)716(’67871)“)% — 5 /2
which goes to 0 when n goes to co independtly of j.
Now we have to control the term:
O o " AT, Awk=1),

We have that d(v;) = o/(v;)0v; and observe that the sequence of functions (a/(v;))
is bounded and converges uniformly to 0 on the compact sets of P¥\ €(f™). We apply
Cauchy-Schwarz inequality and we get that:

(OW))ho f* ATH O AWF571)2 <

(i0(v5) A B(v3) AT W= 1) (0 (0,))%0 AD AT W= 7).

S S

The first term of the product is equal by Stokes’ formula to:
(—vj NidD(vj) AT wh==1)

Since 0 < v; <1 and i@évj 4+ w >0, it is less than:

(vjw AT, W57 < (W AT, WPt
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which is bounded independently of n and j. The second term of the product goes to
0 when j — oo uniformly on 6 by dominated convergence since T~ gives no mass to
G(f™). So letting j — oo first, we see that:

(Yo f1TS,0(0) A7)
goes to 0 when n — co uniformly on ||6].

By Theorem 3.2.19, this shows that S = cT;". To compute ¢, consider (¢ o
fPTF, wF=). Tt is equal to (T A A™(w*~%),%): replace T by a smooth approxi-
mation T0F, then ¢ o fPL™(T.F) = d="(f*)* (YT}t), so

(o fPLMT),w" %) = (T AA" (0" 7%),9)
and let m go to co. So we have (1 o f*TF wF=%) = (T A A™(wF*),%) because
T+ A wk=* gives no mass to I(f").

By Theorem 3.4.1, we have that T;" A A"(w*~*) converges (in the Hartogs’ sense
hence in the sense of currents) to p which means that ¢ = p(v). In particular, ¢ does
not depend on the choice of S and the first part of the lemma follows.

Now we show that ||dd®(¢ o f"T;")| goes to zero. Let © be a test form of bidegree
(k—s— 1,k — s —1). Again, we consider a smooth approximation of T} that we
denote T.}F. Using the fact that (¢ o f*)L™(T)F) = d=s"(f™)*(¢T.}), we compute:

(o frL™(Ty),dd*®) = (d™"(f")" (¥Ty,), dd"©))
= (d*"(f")"(dd*($) A T;,), ).
Writing © = ©F —©~ we can assume that © is positive (so © < BwF sl with B> 0
large enough which depends only on ||©||). Let A > 0 be such that —Aw < dd®y < Aw.
It is sufficient to control:

(@™ (f) (W AT, 7).

We recognize that this is equal by definition to dy, ,d™°" = 6~". We let m go to oo
and we have that (dd°(¢ o f* AT"), ) goes to 0 with n uniformly on ||9]|. O

THEOREM 3.4.15. — The measure p s mixing.

Proof. — Let 1 and ¢ be real smooth functions on P¥. We can assume without loss
of generality that 0 < ¢, < 1. Then for S in G_s smooth, we have by the above
lemma that:
(e o f1)TF, )
converges to:
w(¥) <‘st+’ S).
We consider a sequence (T.) of smooth currents in & converging in the Hartogs’

m
sense to T~ (the Green current of order 1 of f=1). Then let m = (my,ma,...,M_s)
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and m’ = (m},mj,...,m}_,) in N¥~5. We have that T,,, A---AT,,  converges to
T,_, in the Hartogs’ sense when the m; go to co. We decompose:

T, N---ANT, =T, A---NT_,

miy Mmr—s my my

as:
(Trny = T ) ATy A AT+

T;,IA(T,;Z—T‘,)AMAT* +

my ME—s

T, N---NT_

’
my M—s—1

AN T, = T )

As in the previous lemma, let (v;) be an increasing sequence of smooth qpsh (i@évj +
w > 0) functions with 0 < v; < 1 converging uniformly to 1 on the compact sets of
P\ & (f™) and equal to 0 on some neighborhood of &(f").

We also define v := a ov; with a : [0,1] — [0,1] a smooth function equal to 0 in
[0,1/3] and to 1 in [2/3,1] so that the sequence of functions v} is equal to 1 on the
compact sets of P¥\ G(f™) for j large enough and is equal to 0 on some neighborhood

of G(f™).

We consider the quantity (v@y o "I (T, =T, )A--- AT, ). Write T, =
1 —s

m
w + ddg; where the g; are decreasing. By Stokes’ formula, we have that:

(v;-cplpof"T:',(Tn_“—Tf,)/\-“/\T_ ) =

mi Mmrg—s

—((py o fdv); + vjth o fPdp 4+ vedip o f*) AT, d°(gm, — Gmy) A~ ATy ).

Write the last sum I + II + II] with obvious notations. Using Cauchy Schwarz
inequality for the first term, we have that:

[I|? < (dv; Advj AT, Ty A= ATy )X

Mmg—s

<(al(vj))2d(gm1 - gm/l) A dc(gm1 - gm’l) A T;aTrgz ARERNAN Tn_zk_s>'

As in the proof of the previous lemma, we have that this term goes to zero when
j — oo since o'(v;) converges uniformly to 0 on the compact sets of PF\ €(f™).

Now for I1, we use Cauchy Schwarz inequality and we have that:

2 c — -
[II]? <(dp Nd°@ AT, Ty A--- ATy )

mEg—s

<d(gm1 - gm’l) A dc(gml - gm’l) A Tj,T;lz JARERNAN Tn:k,s>'
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The first term of the product is bounded as it converges to [ dp AdpAT;" A (T )51,
By Stokes, we recognize that the second term is equal to

(—=(gm, _gm’l) A dd®(gm, — gm’l) /\TS+7TT;2 A "'/\TT;;@ﬂ) =
(=(gmy = gm) AN (T, =T YVANTS T, Ao AT ) =

/1 MEk—s

wml(T: ATy ATy Ao AT ) = Uy, (Tt AT AT, A AT )+

MmE—s

Mmrg—s

Up- (TS NT ATy N AT ) = U (T NT o AT A AT ).
mf 1

Observe that this term goes to 0 when the m;, m/ are large enough. Indeed recall that
%1(S,T) is continuous for the Hartogs’ convergence (Lemma A.1.11), so:

Mmrg—s

faml(Tj/\T;,l/\Tn;Q/vn/\T— )

converges to %p- () which is finite and so does the other terms in the majoration of
II (the convergence is uniform else we could extract a subsequence which does not
converge).

Now we bound III. Applying Cauchy-Schwarz inequality gives:
(I <(vj|Pdpo f* Ndpo f" AT, Ty Ao AT )

(d(gmy — Gmy) N d(Gmy = gm) AT Ty A= AT )

Observe that the second integral is the same than in the bound of I so it goes to
zero. For the first term of the product, we use that f™ is smooth in the support of
v} and thus dip o f* Ad® o f* = (f")*(dy A d°9) in the integral. We can assume
that di A d°y < w. Using the invariance of 7' and the fact that v; is equal to 0 near
G(f™), we have that (f")*(w) AT =d*"(f")*(w AT5") in the integral, so the first
term in the bound of 117 is less than:
1
dsn

(") WAT), Ty A AT, ).

MEk—s

That last term can be computed cohomologically and is equal to ‘sn(z%_l) < 1. So as
for I1, we have that III goes to 0 uniformly in n.

Letting j go to co, we have that
+ —_ — p— p—
(o FYT3 Ty Ao AT~ Ty A ATy )
converges uniformly to 0. In particular, we can interchange the limit in:

lim lim((¢y o )T, Tpp A+ AT )

which gives lim,, u(p9 o f) = u(p)u(w) hence the mixing. O
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We now show that the measure p satisfies the hypothesis of Chapter 2 and we
deduce from that a bound of its entropy. Recall that we denote by u, the sequence

R ()

In our case, using Lemma A.2.2 and hypothesis (H), we can write it as:

of probabilities:

1 n—1 ] ]
i L (WS i k—s .
fin = = 7 L) AN ()
1=0
We consider the hypothesis (H): there exists a subsequence i) of u, converging
to a measure pu’ such that:

(H) : nli)rfoo/logd(x,l)duw(n)(:c) = /logd(:v,[)du’(:r) > —00.

In here, we do not need to take a subsequence:

PROPOSITION 3.4.16. — The sequence (u,) converges to u and satisfies the hypothesis
(H).

Proof. — Let ¢ be a smooth test function. Choose ¢ > 0. By Theorem 3.4.1, since
L™ (w®) and A*(w*~*) converge in the Hartogs’ sense, Proposition A.1.15 assures
us that L™ %(w®) A A*(wF~*) converges in the Hartogs’ sense to p. So we have for
vn <i<n—+/nand n large enough that|L" % (w®) A A (w**)(¢) — u(¢)| < e. The
fact that (u,) goes to u follows since they are o(n) terms for which the estimation
does not stand.

Now, by Lemma A.2.5, we see that there exist constants A;, > 0 such that
Upn—i(wsyrni@r—s) = Uy — Ain With A; , uniformly bounded from above by C and
arbitrarily close to zero for ¢ and n large enough. We consider super-potentials of
mean 0. In particular:

So we have that the sequence p,, is more H- regular than p for all n. We also have
the convergence in the Hartogs’ sense to u since - ZZ o Ain goes to 0 when n — +oo.

Thus ., (G) — p(G) which is finite by Theorem 3.4.1 where G is a negative poten-
tial of the Green current of order 1 that we denote T+. Since T is less H-regular than
L(w), we have that if Uy, is a quasi-potential of L(w) then u,(Urw)) — #(Urw))
which is also finite. By Lemma 3.2.4, we have that:

AU () (z) < logdist(z, I)
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for A > 0 large enough. We denote ¢ := logdist(z, IT). Since p gives no mass to I
that means that AU (x) < ¢ <0 for p a.e point, so we have that ¢ € L'(u). We
have the classical lemma:

LEMMA 3.4.17. — Let v, be a sequence of measures converging to v in the sense of
measures. Then for v an upper semi-continuous function, we have that

lim sup v, (v) < v(v).
Proof. — Recall that an usc function can be written as the limit of a decreasing se-

quence of continuous functions. So for some small & > 0 we can take v/ > v a
continuous function such that [v'dv < [wvdv + a by monotone convergence. In par-

/’Udl/n < /v'dun — /v’dzx < /vdl/—l—a.

And the result follows by letting o — 0. O

ticular:

End of the proof of the proposition. — Now, ¢ is upper semi-continuous, so:

lim sup i () < p(p)
We also have that (A + 1)U — ¢ is upper semi-continuous (we use the fact that it
is equal to —oo on I"). That and n(Up(w)) = #(UL) give:

liminf pin (@) > p(e).
This is exactly the fact that u satisfies Hypothesis (H). O

We can now apply Theorem 1 to get the proposition:

THEOREM 3.4.18. — The topological entropy of f is greater than logds = slogd.
More precisely, the entropy of u is greater than slogd.

On the other hand, the topological entropy is always bounded by maxg<s<x logds
(see [25] for the projective case and [22] for the Kéahler case). So we have the funda-
mental result:

THEOREM 3.4.19. — The topological entropy of f is equal to logds. Moreover, the
entropy of u is equal to slogd so  is a measure of maximal entropy.

REMARK 3.4.20. — A very natural question asked by the referee is whether p is
unique. To answer such a question one often use some sort of control on the size
of the stable and unstable manifolds that seems very difficult to get here (see for
example [2] in the case of Hénon maps).
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This allows us to use the first author’s estimate of the Lyapunov exponents (Corol-
lary 3 in [11]). To apply that result, we need to have that log(dist(z, §)) is integrable
with respect to u. For that observe that the function Uy, is integrable with respect
to u. By invariance, f.(UL(.)) is also integrable. Write Up (. as in Lemma 3.2.4:

UL =d 'log|F|*> —log|Z[?,

where f = [P, : ... : Pyy1) and F = (P1,...,Pey1). Write f~! = [Q1 : ... :
Qr+1] where the Q; are homogeneous polynomials of degree § and write F~! =
(Q1,--.,Qrs1). There is of course an abuse of notation since F' o F~! # Id instead,
we have that:

FoF '=P(z,...,2001) X (21, .., 2641)
where P is an homogeneous polynomial of degree dé — 1 equal to 0 in 7=(€~) and
7 : C**1 — P* is the canonical projection. Then, we have that:

(5 Tog |FI? ~ log|2I?) = S log |[F o F~'* ~ log|F~(2) "
We recognize d~1log |F o F~1|? — §log|Z|? + dlog |Z|* — log |F~1(Z)|?. But
§log|Z|* —log |F~H(Z)|> = —6Un(w)
is in L'(u) and by difference, so is d~!log|F o F~1|2 — §log|Z|?. As in Lemma 3.2.4,
we then have that log dist(., §~) is in L'(u). Similarly, log dist(., €") is in L' ().

THEOREM 3.4.21. — The Lyapunov exponents x1 > X2 > - > Xk of p are well

defined and we have the estimates:

1 d 1
> >y, > =1 = —logd
X122 X _20gd8_1 5 108 >0
1 ds+1

1
0>—§log5=§10g 2 Xs+1 2 0 2 Xk

ds
In particular, the measure u is hyperbolic.
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APPENDIX A

SUPER-POTENTIALS

A.1. Definitions and properties of super-potentials

We recall here the facts and definitions we use on super-potentials. Everything in
this section was taken from [31] so we refer the reader to this paper for proofs and
details.

Recall that G, is the convex compact set of (strongly) positive closed currents S of
bidegree (s,s) on P¥ and of mass 1. To develop the calculus, we have to consider €,
as an infinite dimensional space with special families of currents that we parametrize
by the unit disc A in C. We call these families special structural discs of currents.
The notion of structural varieties of G, was introduced in [28]. In some sense, we
consider &5 as a space of infinite dimension admitting "complex subvarieties" of
finite dimension. For S in G, it is always possible to construct a special structural
variety ¢ : A — 5 such that ¢(0) = S and ¢(z) is a smooth form for z # 0. The
points of the structural disk centered at R are defined as the regularization of R by
an approximation of the identity in Aut(P*); the structural disk can be seen as a
positive closed current in A x P* and the points of the disks are the vertical slices of
that current.

Let S be a current in &5 with s > 1. If U is a (s — 1,s — 1)-current such that
dd°U = S —w?*, we say that U is a quasi-potential of S. The integral (U,w*~*1) is the
mean of U. Observe that such quasi-potential is defined up to a dd®-closed current. For
s = 1 such functions are constant a.e., but in the general case, they can be singular
currents. Nevertheless, we have the proposition:

ProroOSITION A.1.1. — Let S be a current in Gs. Then, there is a negative quasi-
potential U of S depending linearly on S such that for every r with 1 <r < k/(k—1)
and for 1 < p < 2k/(2k —1)

[Ullzr < e and [|dU| 2 <c,
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for some positive constants c,, c, independent of S. Moreover, U depends continuously
on S with respect to the " topology on U and the weak topology on S.

We are going to introduce a super-potential associated to S. It is an affine upper
semi-continuous function %g defined on Gj_,41 with values in R U {—o0}. For R €
Gr—s+1 smooth, we define the super-potential of mean M of S by Us(R) := (S,Ur)
where Ug is a quasi-potential of R of mean (Ug,w®) = M. The integral (S, Ug)
does not depend on the choice of Ur with a fixed mean M. If S is smooth, we have
Us(R) = (Ug, R) where Ug is a quasi-potential of S of mean M. Now assume that
R is not smooth. Consider the above special structural variety ¢ : A — Gr_s41
associated to R € Gy_s+1 and write Ry for ¢(6). Then the function u(6) := Us(Rp)
defined on A* can be extended as a quasi-subharmonic function on A. Let (Sp) and
let (Ry) be special structural disks associated to S € G5 and R € Cy_s41. Then we
have the proposition:

PROPOSITION A.1.2. — The function Us can be extended in a unique way to an affine
upper semi continuous function on Gr_sy1 with values in RU{—o0}, also denoted by
Us, such that
Us(R) = lim Us,(R) = lim %s(Ro).
In particular, we have
Us(R) = limsup Us(R') with R’ smooth.
R'—R
Moreover, there is a constant ¢ > 0 independent of S such that if Us is the super-
potential of mean m of S, then Us < m + ¢ everywhere.

Super-potentials determine the current, more precisely, we have the proposition:

PROPOSITION A.1.3. — Let I be a compact subset in P* with (2k — 2s)-dimensional
Hausdorff measure 0. Let S, S’ be currents in s and Us, Us: be super-potentials of
S, S'. If Us = Us on smooth forms in Cy_,41 with compact support in P* \ I, then
S=9.

For I = @, this tells us that the values of the super-potential on smooth forms
determine uniquely the current.

A crucial notion to prove the convergence of currents is the following:

DEFINITION A.1.4. — Let (S,) be a sequence in G5 converging to a current S. Let
Us, (resp. Us) be the super-potential of mean M, (resp. M) of Sy, (resp. S). Assume
that M, converge to M. If Us, > Us for every n, we say that (S,) converge to S
in the Hartogs’ sense. If a current S’ in G, admits a super-potential Us: such that
Us' > Us we say that S’ is more H-regular than S.
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Smooth currents are dense for the Hartog’s convergence, more precisely:

ProPOSITION A.1.5. — Let S € G, and let U be a super-potential of S of mean M.
There is a sequence of smooth forms (Sy) in G5 with super-potentials U, of mean M,
such that

e supp(S,) converge to supp(S);
e S, converge to S and M,, — M ;
o (U,) decreases to U.

We have the following convergence theorem:

PROPOSITION A.1.6. — Let (S,) be a sequence in G5 converging to a current S. Let
Us, (resp. Us) be the super-potential of mean M, (resp. M) of S, (resp. S). Assume
that M,, converge to M. Let U be a continuous function on a compact subset K of
Grk—s+1 such that Us < U on K. Then, for n large enough we have Us, < U on K.
In particular, we have limsup Us, < Us on Gx_s41. Furthermore, if S,, — S in the
Hartogs’ sense, then Us, — Us pointwise.

In Gk—s+1, they are points which are more “regular” than other, namely smooth
forms. This is a difference with psh functions. In particular, it is often easier to obtain
the convergence at such points:

PROPOSITION A.1.7. — Let (S,) be a sequence in Gs and Ug, be super-potentials of
mean M, of S,. Assume that (Us,) converges to a finite function U on smooth forms
in Gg—st+1. Then, (M,) converges to a constant M, (S,) converges to a current S
and U is equal to the super-potential of mean M of S on smooth forms in Gx_sy1.

The following is the main argument to get the convergence of the Green current:

PROPOSITION A.1.8. — Let Ug, be super-potentials of mean M, of S,. Assume that
Us, decrease to a function U # —oo. Then, (S,) converges to a current S, (My,)
converges to a constant M and U is the super-potential of mean M of S.

In particular, the convergence at one point of the super-potentials gives the conver-
gence of the currents in the Hartogs’ sense in the case of decreasing super-potentials.

An interesting symmetry result is that if %g and %p are super-potentials of the
same mean M of R and S respectively, then Us(R) = Ugr(S).

There is a notion of super-polarity for Borel subsets E of G;_s11. This notion does
not describe “small” sets E' but rather how singular are the currents in F.

DEFINITION A.1.9. — We say that F is super-polar in Gj_sy1 if there is a super-
potential %g of a current S in &, such that £ C {%g = —o0}.
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Denote by E the set of currents cR + (1—-¢)R with R € E, R € Gr_sy11 and
0 < ¢ <1, and E the barycentric hull of E, i.e. the set of currents [ Rdv(R) where v
is a probability measure on Gj_sy1 such that ¥(E) = 1. Then, FE and E are convex.

PROPOSITION A.1.10. — The following properties are equivalent
1. E is super-polar in Gr_si1.
2. E is super-polar in Gr_si1-
3. E is super-polar in Gr_si1-

Moreover, a countable union of super-polar sets is super-polar.

One of the purposes of super-potentials is to define the wedge product of current
(see Section 4 in [31]). We define a universal function %s on s X Gx_s11 by

(US(S, R) = %S(R) = %R(‘S’)

where %g and %pR are super-potentials of mean 0 of S and R. The function %; is is
u.s.c. on Gs X Gk_sy1. It even enjoys a nice continuity for the Hartogs’ convergence:

LEMMA A.1.11. — Let (Sp)n>0 and (Rp)n>0 be sequences of currents in G, and
Gr—s+1 converging in the Hartogs’ sense to S and R respectively. Then, Us(Sn, Ry)
converge to Us(S, R). Moreover, if Us(S, R) is finite, then Us(Sy, Ry) is finite for
every n.

We have the proposition:

PROPOSITION A.1.12. — Let s1 € N* and so € N* with s1 + so < k. The following
conditions are equivalent and are symmetric on Ry € G5, and Ry € G,
1. Us,(R1,Ra A Q) is finite for at least one smooth form Q in Gp_g, —s,41-
2. Us, (R1, Ra N Q) is finite for every smooth form Q in Gp_s, _s,41-
3. There are sequences (R; n)n>0 in G5, converging to R; and a smooth form Q in
Chk—sy—so+1 Such that Us, (R1 n, Rapn A KY) is bounded.

DEFINITION A.1.13. — We say that Ry and Ry are wedgeable if they satisfy the con-
ditions in Proposition A.1.12.

Assume that Ry € €, and Ry € €5, are wedgeable. For every smooth real form ¢
of bidegree (k — 51 — so, k — 51 — 83), write dd®p = c¢(Q+ — Q™) where QF are smooth
forms in Gx_s,—s,+1 and c is a positive constant. We define the wedge-product (or
the intersection) R; A Ry by its action on the smooth forms by:

(19) <R1 A Rs, (p> = <R2,wsl AN 50> + C[asl (Rl, Ry A Q+) - C[asl (Rl, Ry A Q_)

The right hand side of (19) is independent of the choice of ¢, 2* and depends linearly
on . Moreover, R; A Ry defines a positive closed (s1 + s2, 81 + S2)-current of mass
1 with support in supp(R;) N supp(R2) which depends linearly on each R; and is
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symmetric with respect to the variables. The notion of wedgeability behave well with
the notion of H-regularity:

LEMMA A.1.14. — Let R; and R} be currents in Gs,. Assume that Ry and Ry are
wedgeable. If R} is more H-regular than R; for i = 1,2, then R} and R} are wedgeable
and R} A R} is more H-regular than Ry A Rs.

We will use the following proposition in the construction of the equilibrium mea-

sure:

PROPOSITION A.1.15. — Let Ry, Ry be wedgeable currents as above and R; ,, be cur-
rents in G5, converging to R; in the Hartogs’ sense. Then, R1 ,, Ra ., are wedgeable
and Ry, A Ry, converge to Ry A\ Ry in the Hartogs’ sense.

For several currents (more than 2), the notion of wedgeability is defined by induc-
tion: that is Ry, Rs and R3 are wedgeable if Ry and R, are wedgeable and R A Ro
and R3 are wedgeable. One shows that this definition is in fact symmetric in the R;
and we have Proposition A.1.15 for several currents.

An interesting subcase is when we consider currents Ry,..., R; such that R; is of
bidegree (1,1) for i > 2. For 2 < i < I, there is a quasi-psh function u; on P* such
that

dd‘u; = R; — w.

LEMMA A.1.16. — The currents Ry,...,R; are wedgeable if and only if for every
2 < i <1, u; is integrable with respect to the trace measure of Ry A --- AN R;_1. In
particular, the last condition is symmetric with respect to Ro, ..., R;.

If R, has a quasi-potential integrable with respect to Ry, it is classical to define
the wedge-product Ry A Ry by

R1 N R2 = ddc(UQRl) +wA Rl.

One defines R; A --- A R; by induction. These two definitions coincide.

The other use of super-potentials is to define pull-back and push-forward of current
by meromorphic maps (see section 5.1 in [31]). We state the result in the case where
f is birational although the results are true in the case where f is just meromorphic.
Recall that pull-back and push-forward of a current are defined formally by formulae
(3) and (4) of the previous section:

F5(8) := (m1)« (m5(S) A [T])
fe(R) := (m2)« (77 (R) A [T]),

where [I'] is the current of integration of I'. We denote by I := I(f) and I~ =
I'(f) = I(f~!) the indeterminacy sets of f and f~1.
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In particular, for a current in R € ©j_,,1 smooth near I™ the push-forward is a
well defined positive closed (kK — s+ 1,k — s + 1)-current and the mass As_; of f.(R)
does not depend on R. Similarly, for a current S in Cs smooth near I~ the pull-back
is a well defined positive closed (s, s)-current and the mass of f*(S) is equal to A;. So
as above we define for these currents A(R) = A\, ', f«(R) and L(S) = A\;'f*(S) (the
normalized push-forward and pull-back).

Using the theory of super-potentials we can extend these definitions to other cur-
rents. Namely, we say that a current S € €, is f*-admissible if there exists a current
Ry € ©k_sy1 which is smooth on a neighborhood of I such that the super-potentials
of S are finite at A(Ryp). For such S, if (S,,) is a sequence of currents converging in the
Hartogs’ sense to S then S, is f*-admissible and (\s) ™' f*(S,) converges in the Har-
togs’ sense to a limit independent on the choice of (S,,) that we denote (\s)~*f*(S)
(in particular f*(S) is of mass A). In other words, we have the continuity result:

THEOREM A.1.17. — Let S be an f* admissible current. Let S, be a sequence con-
verging to S in the Hartogs’ sense, then S, is f*-admissible and L(S,) converges in
the Hartogs’ sense to L(S).

We say that S is invariant under f* or that S is f*-invariant if S is f*-admissible

and L(S)=S.

PROPOSITION A.1.18. — Let S be an f*-admissible current in €. Let Us, Ur ) be
super-potentials of S and L(w®). Then A\;*Xs_1Us o A + UL (ws) s equal to a super-
potential of L(S) on R € Gx_s11, smooth in a neighbourhood of 1.

Similarly, one define push-forward of currents. We remark that an element S €
G s smooth near I~ is f*-admissible and that the two available definitions of L(S)
coincide.

A.2. Additional properties

We state now some properties of the super-potentials that we need. Recall that
f € B and that s is such that dim(I*) =k — s — 1 and dim(/~) = s — 1.

LEMMA A.2.1. — Let S; € €., and Sy € G, be wedgeable currents with r1 + 12 < k.
There exist super-potentials Us, ns,, Us, and Us, of S1 A Sa, S1 and Sy such that:

Us,ns,(R) = Us, (RA S2) + Us,(RAW™)

for all R € Gx—r,—ro+1 Such that R and Sy are wedgeable.
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Proof. — Let Sy, and S, be sequence of smooth currents in &,, and &, converging
to S1 and S in the Hartogs’ sense. If Us, ,, and Us, ,, are smooth quasi-potentials of
S1,n and Sa ., then:

Sl,n N Sz’m = ddC(Uslyn A\ Sg’m + USz,m A w”) + Wt

So, if Us, ,ASy. > Us,.,, and Us, . are super-potentials of mean 0 of the currents, we
have for any R in Gr_r, —ryt1:

Us,  ASs.m(R) = Us, . (So.m AR) + Us, ,, (W™ AR) — Us, , (So,m AwF—T17m2F1),

Now, we take R such that R and Sy are wedgeable. We let n — oco. By Proposition
A.1.15, 81, A Sa., converges in the Hartogs’ sense to S1 A Sz . So by Proposition
A.1.6, we have that:

%51/\5'2,7” (R) = Wsl (Sz’m A R) + %Sz,m (wrl A R) — Wsl (Sz’m A wk_Tl_Tz+l),
where the super-potentials are of mean 0. Similarly, we let m — oo. Recall that
So,m AR converges to So AR in the Hartogs’ sense, hence %s, (S2,m AR) = Us, ,, Ar(S1)
converges to %g,Ar(S1) . So we have indeed:

Us,ns,(R) = Us, (S2 A R) + Ug, (w™ AR) — Ug, (S2 A wk_rl_rﬁ_l).

Since Us, (S2 AwF~T1772%1) does not depend on R and is finite because S; and S, are
wedgeable, we can add it to %gs, as, (this just change the mean of the super-potentials)
and we have the lemma. O

LEMMA A2.2. — Let Th € &, be an f.-admissible current with r1 > k — s. Let
Ty, € G, be an f*-admissible current with r1 + ro < k such that L(T:) and Ty
are wedgeable and L(T3) ATy is f.«-admissible. Assume also that Ty and A(T1) are
wedgeable. Then:

AL(To) NTy) =To AA(TH).

Proof. — Assume first that T5 is smooth. Let T ,, and Lo ,, be sequences in &, and
G, converging in the Hartogs’ sense to 77 and L(T3). Let © be a smooth current of
bidegree k — r1 — ro. We want to show that:

(T N A(T1),0) = (A(L(T2) AT1),©)
for all © smooth.

First assume that © is closed and (strongly) positive. Up to a multiplicative con-
stant, we assume that © € G4_,,_,,. Since everything is smooth:

(A(Laym AT ), 0) = (Lo ATh n, L(©))
= (T n, La,m A L(©)).

Since Lg ,,, converges to L(T3), we have that Ls,, A L(©) converges to L(T> A ©)
in the sense of currents. Indeed, the sequence (La ., A L(©)),, is of mass 1. We can
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extract a converging subsequence (in the sense of currents). Observe that its limit is
less than L(T) A L(w*~"17"2) which gives no mass to I by dimension’s arguments.
So its limit gives no mass to I either. But outside I, Ly ,, A L(©) converges to the
smooth form L(T3) A L(®). That implies that Ly ,, A L(O) converges to the trivial
extension of L(T») A L(©). This extension is equal to the form L(Ty A ©) since it
has coefficients in L' (as in Lemma 2.1.1 test the convergence against a smooth form
¥ and write it ¥ + (1 — £)¥ where £ is a cut-off function equal to 1 in a small
neighborhood of IT).

So, letting m — oo and using the fact that 75 A © is smooth give:
n}i_l}n@(A(LQ’m ANT1 ), 0) = (T1 4, L(T2 A O)) = (A(T1,n), T2 N O)
= (Te AA(T1 ), ©).
Now, we let n — oo, A(T1,,) converges to A(T1) in the Hartogs’ sense (Proposition
A.1.17) hence Proposition A.1.15 gives that T5 A A(T},,,) converges to To A A(T7) in

the sense of currents. On the other hand, when n and m go to oo, A(Lym A T1 )
converge to A(L(T3) ATy) in the sense of currents by Propositions A.1.15 and A.1.17.

So we have indeed that:
(Tx AN A(T1),0) = (A(L(T2) ANTh), ©)
for © closed.

Now, for © not necessarily closed, we can assume that © is positive and © <
Cw*=m1772 for C large enough. Again, we have that

(AM(Lam ANT1.1),0) = (T ,n, Lam A L(O)).

The positive current Ly ,, A L(0) is less than CLy ,, A L(w*~"772) s0 it is of mass less
than C. We can extract a converging subsequence (in the sense of currents). Observe
that its limit is less than CL(Ty) A L(w*~"17"2) = CL(Ty Awk~"17"2) which gives no
mass to I by dimension’s arguments. So its limit gives no mass to I either. Again
outside I*, La ., A L(©) converges to the smooth form L(7%) A L(©). That implies
that Ly ., A L(O) converges to the trivial extension of L(T3) A L(©) which is equal to
the form L(Ty A ©) which has coefficients in L'. We have again that:

(Tyn, L(Ty A ©)) = (T AMTh,0), ©).

That gives the conclusion as before.

Now, for T not necessarily smooth, we can approximate T5 by a sequence of smooth
currents converging in the Hartogs’ sense to T5. Since both members of the equality:

AL(Ty) ATy) = Ty A A(Ty),
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depend continuously on T for the Hartogs’ convergence (wedge-product, pull-pack
and push-forward are continuous for the Hartogs’ convergence) we get the lemma
from the smooth case. O

Some of the hypothesis of the following lemma are not necessary, but the following
version is enough for our purpose:

LEMMA A.2.3. — Let S1, S2 and Ss in Gy, €r, and G, with i + 12+ 713 =k +
1. Assume that Sy is smooth and that L(S2) and Ss are wedgeable. Assume that
L(S2) A S5 is fi-admissible. Assume also that the super-potential Us, of Sy is finite
at A(L(S2) A S3). Finally, we also assume that Sy is f*-admissible, that Ss and L(S1)
are wedgeable and that their wedge product is finite at the super-potential Uy (s,) of
L(Ss). Then we have the formula:

A

T1—1

Us, (A(L(S2) A S3)) = ()\ ) ([UL(SZ) (S3 AL (S1)) — Urs,) (Ss AL (W”)))
+ Us, (A (W™ A S3))

Proof. — First, observe that w™ is more H-regular than S; hence L(w™) is more H-
regular than L(S7). So, we have that S3 and L(w™) are wedgeable and S3 A L(w™) is
more H-regular than S3 A L(S1). In particular, %y,g,)(S3A L(w"™)) is finite. Similarly,
the expression %g, (A(w"™ A S3)) is finite and everything is well defined in it.

Let S1m,, L2,m, and Ss,,,, be sequences of smooth currents converging in the
Hartogs’ sense to Sy, L(S2) and Ss. Let Uy 1, and Uz, be smooth quasi-potential
of Si,m, and Ly ,,. For smooth currents, we have the identity:

%Sl,ml (A(L2,m2 A S3,m3)) = <U1,m1’A(L2,m2 A S3,m3)>
= <()‘7‘1—1(f))_1f*(U1,m1)7 L2,m2 A S3,m3>-
By Stokes, we recognize:
(=1 ()T (Urma ), 0" A S3,mg) + (dd° (A =1 ()™ £ (Ur,m1)), U2y A S3ms )-

Since f* commutes with dd¢, we have that
dd*(Ary 1 (F) 7 F* Urmy) = A1 () 7 (Stmy — ™)
Ary i,
— (52 @S1m) - 2",

7‘171
The lemma follows then by letting m; then mo then mg3 go to oo and using the
continuity of the wedge product, the pull-back, push-forward and value at a point for
the super-potential for the Hartogs’ convergence. O

We also have the following integration by parts lemma:
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LEMMA A.2.4. — Let Sy, S and S3 in G, G, and G, withry + 1o+ 13 =k + 1.
Assume that the S; are two by two wedgeable. Then if Us, and Ug, are super-potentials
of S1 and Ss finite at So A S3 and S1 A S3:

Us,(Sa A S3) — Us, (W™ A S3) = Us, (S1 A S3) — Us, (W™ AS3)

Proof. — First observe that w™ A S3 and w™ A S3 are more H-regular than Ss A S3
and S7 A S3 so every term is finite.

Now, if every term is smooth, we write Ug, and Ug, quasi-potentials of S; and S5.
By Stokes:

[Llsl (SQ A S3) — (Ugl (w” A 53) = <U51,SQ ASs —w™ A S3> = <Usl,dch2 N S3>
= <ddCU51,U2 A\ Sg) = <Sl, Us N 53> — (w“,Ug A\ S3>
= Us, (S1NS3)— Us, (W™ A Ss3).

So the result follows in the general case by Hartogs’ convergence. O
We also have the following refinement of Lemma A.1.14 whose proof is similar:

LEMMA A.2.5. — Let Ry, and Ry, be sequence of currents in G,, and Gp, con-
verging in the Hartogs’ sense to Ry and Ry which are wedgeable. Then there exists a
constant Ay, > 0 such that

UR, v ARy m = UR ARy — Anm

where the super-potentials are of mean 0 and where A, , is uniformly bounded from
above inn and m and is arbitrarily small for n and m large enough.

Proof. — By Lemma A.1.14, R, ,, and R, ,, are wedgeable.

The symbols U and % below denote quasi-potentials and super-potentials of mean
0. Assume first that all the terms are smooth. By hypothesis, there is a constant a
such that Ug, , +a > Ug, and U, ,, +a > Ur,. Write r = k —p1 — p2 + 1. Consider
a smooth form R in &, and choose Ug smooth. We have the computation:

URy ARy (B) =

Rin A Ro o, Ur) = (R m,wP* AUR) + (R1,, — WP, Ro y AUR)
Ry m,wP* NUR) + (dd°Ur, ., Ro,m N Ug)

Ry m,w?* AUR) + (Ur, ., R2,m N dd°Ug)

Ry m,wP* ANUR) + Ur, ,,(Ram N R) — Ug, ,(Rom AW").

= Ur(Ram NwWP)+ Ug, ,,(R2,m AR) — Ur, ,,(Rom AW").

(
(
(
(
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That identity also holds when the currents are not smooth by Hartogs’ convergence.
We have the same identity for Ry A Rz, and Ry A Ry. By difference, we have:

le,nARZm (R) - %RIARZm (R) + %Rl/\Rz,m (R) - (MR1/\R2 (R) =
%Rl,n (Rg,m A R) — %Rl (Rgﬂn A R) — %Rl,n (Rgm A w’") + %Rl (Rg,m A wT)
+UR,,,(B1 AR) — Up,(R1 AR) — U, ,,(R1 AW") + Ur, (R1 Aw").

So:

%Rl,n/\Rz,m (R) - %Rl/\RQ (R) >
—2a — Up, ,,(Roym ANW") + UR, (Rem ANW") — UR,,,(R1 Aw") + Up,(R1 AW").

The last quantity does not depend on R and is uniformly bounded from below: the
terms with a minus sign are greater than —M since the super-potentials are of mean
0, and since Ry ,, A w” converges to Ry A w” in the Hartogs’ sense and %g, (R2 Aw")
is finite, we have that %Ug, (R2 m Aw") and Ug, (R1 Aw") are uniformly bounded from
below.

This gives that the constant A, ,, of the lemma is uniformly bounded from above
in n and m. Now, we can choose A,, ,,, going to zero by Proposition A.1.15: if not, we
can extract subsequences such that A, ,,, > € > 0 and it contradicts the fact that
Ry », N Ry p,, converges in the Hartogs’ sense to Ry A Rs. O
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