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PROJECTIONS IN SEVERAL COMPLEX VARIABLES

Chin-Yu Hsiao

Abstract. — This work consists two parts. In the first part, we completely study
the heat equation method of Menikoff-Sjéstrand and apply it to the Kohn Lapla-
cian defined on a compact orientable connected CR manifold. We then get the full
asymptotic expansion of the Szeg6 projection for (0,¢q) forms when the Levi form is
non-degenerate. This generalizes a result of Boutet de Monvel and Sjéstrand for (0, 0)
forms. Our main tools are Fourier integral operators with complex valued phase Melin
and Sjostrand functions.

In the second part, we obtain the full asymptotic expansion of the Bergman pro-
jection for (0, q) forms when the Levi form is non-degenerate. This also generalizes a
result of Boutet de Monvel and Sj6strand for (0,0) forms. We introduce a new op-
erator analogous to the Kohn Laplacian defined on the boundary of a domain and
we apply the heat equation method of Menikoff and Sjéstrand to this operator. We
obtain a description of a new Szegs projection up to smoothing operators. Finally, we
get our main result by using the Poisson operator.

Résumé (Projecteurs en plusieurs variables complexes). — Ce travail comporte deux par-
ties. Dans la premiére, nous appliquons la méthode de Menikoff-Sjéstrand au laplacien
de Kohn, défini sur une varieté CR compacte orientée connexe et nous obtenons un
développement asymptotique complet du projecteur de Szegd pour les (0,q) formes
quand la forme de Levi est non-dégénérée. Cela généralise un résultat de Boutet de
Monvel et Sjostrand pour les (0,0) formes. Nous utilisons des opérateurs intégraux
de Fourier & phases complexes de Melin et Sjostrand.

Dans la deuxiéme partie, nous obtenons un développement asymptotique de la
singularité du noyau de Bergman pour les (0, ¢) formes quand la forme de Levi est
non-dégénérée. Cela généralise un résultat de Boutet de Monvel et Sjéstrand pour les
(0,0) formes. Nous introduisons un nouvel opérateur analogue au laplacien de Kohn
défini sur le bord du domaine, et nous y appliquons la méthode de Menikoff-Sjéstrand.
Cela donne une description modulo les opérateurs régularisants d’un nouvel projecteur
de Szegd. Enfin, nous obtenons notre résultat principal en utilisant 'opérateur de
Poisson.

(© Mémoires de la Société Mathématique de France 123, SMF 2010
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INTRODUCTION

The Bergman and Szeg6 projections are classical subjects in several complex vari-
ables and complex geometry. By Kohn’s regularity theorem for the d-Neumann prob-
lem (1963, [23]), the boundary behavior of the Bergman kernel is highly dependent
on the Levi curvature of the boundary. The study of the boundary behavior of the
Bergman kernel on domains with positive Levi curvature (strictly pseudoconvex do-
mains) became an important topic in the field then. In 1965, L. Hérmander [13]
determined the boundary behavior of the Bergman kernel. C. Fefferman (1974, [9])
established an asymptotic expansion at the diagonal of the Bergman kernel. More
complete asymptotics of the Bergman kernel was obtained by Boutet de Monvel and
Sjostrand (1976, [34]). They also established an asymptotic expansion of the Szegd
kernel on strongly pseudoconvex boundaries. All these developments concerned pseu-
doconvex domains. For the nonpseudoconvex domain, there are few results. R. Beals
and P. Greiner (1988, [1]) proved that the Szegs projection is a Heisenberg pseu-
dodifferential operator, under certain Levi curvature assumptions. Hérmander (2004,
[19]) determined the boundary behavior of the Bergman kernel when the Levi form is
negative definite by computing the leading term of the Bergman kernel on a spherical
shell in C™.

Other developments recently concerned the Bergman kernel for a high power of a
holomorphic line bundle. D. Catlin (1997, [5]) and S. Zelditch (1998, [38]) adapted
a result of Boutet de Monvel-Sjostrand for the asymptotics of the Szegs kernel on
a strictly pseudoconvex boundary to establish the complete asymptotic expansion of
the Bergman kernel for a high power of a holomorphic line bundle with positive cur-
vature. X. Dai, K. Liu and X. Ma (2004, [7]) obtained the full off-diagonal asymptotic
expansion and Agmon estimates of the Bergman kernel for a high power of positive
line bundle by using the heat kernel method. Recently, a new proof of the existence
of the complete asymptotic expansion was obtained by B. Berndtsson, R. Berman
and J. Sjostrand (2004, [2]) and by X. Ma, G. Marinescu (2004, [27]). Without the
positive curvature assumption, R. Berman and J. Sjéstrand (2005, [3]) obtained a full
asymptotic expansion of the Bergman kernel for a high power of a line bundle when
the curvature is non-degenerate. The approach of Berman and Sjéstrand builds on the
heat equation method of Menikoff-Sjostrand (1978, [29]). The expansion was obtained
independently by X. Ma and G. Marinescu (2006, [25], without a phase function) by
using a spectral gap estimate for the Hodge Laplacian. The main analytic tool of
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8 INTRODUCTION

X. Ma and G. Marinescu is the analytic localization technique in local index theory
developed by Bismut-Lebeau. We refer the readers to the very nice book ([26]) by X.
Ma and G. Marinescu for this approach.

Recently, Hérmander (2004, [19]) studied the Bergman projection for (0, q) forms.
In that paper (page 1306), Hérmander suggested: "A carefull microlocal analysis along
the lines of Boutet de Monvel-Sjéstrand should give the asymptotic expansion of the
Bergman projection for (0, q) forms when the Levi form is non-degenerate."

The main goal for this work is to achieve Hérmander’s wish-more precisely, to
obtain an asymptotic expansion of the Bergman projection for (0, ¢) forms. The first
step of my research is to establish an asymptotic expansion of the Szegd projection for
(0, q) forms. Then, find a suitable operator defined on the boundary of domain which
plays the same role as the Kohn Laplacian in the approach of Boutet de Monvel-
Sjostrand.

This work consists two parts. In the first paper, we completely study the heat
equation method of Menikoff-Sjéstrand and apply it to the Kohn Laplacian defined
on a compact orientable connected CR manifold. We then get the full asymptotic ex-
pansion of the Szegd projection for (0, ¢) forms when the Levi form is non-degenerate.
We also compute the leading term of the Szegé projection.

In the second paper, we introduce a new operator analogous to the Kohn Laplacian
defined on the boundary of a domain and we apply the method of Menikoff-Sjéstrand
to this operator. We obtain a description of a new Szegd projection up to smoothing
operators. Finally, by using the Poisson operator, we get the full asymptotic expansion
of the Bergman projection for (0, q) forms when the Levi form is non-degenerate.

These two papers can be read independently. We hope that this work can serve as an
introduction to certain microlocal techniques with applications to complex geometry
and CR geometry.
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PART 1

ON THE SINGULARITIES OF THE
SZEGO PROJECTION FOR (0,q) FORMS






CHAPTER 1

INTRODUCTION AND STATEMENT
OF THE MAIN RESULTS

Let (X,AY°T (X)) be a compact orientable connected CR manifold of dimension
2n — 1, n > 2, and take a smooth Hermitian metric ( | ) on CT'(X) so that AM0T(X)
is orthogonal to A%'T(X) and (u | v) is real if u, v are real tangent vectors, where
A®T(X) = ALOT(X) and CT(X) is the complexified tangent bundle. For p € X,
let L, be the Levi form of X at p (see (1.4)). Given ¢, 0 < ¢ < n — 1, the Levi form
is said to satisfty condition Y (q) at p € X if for any |J| = ¢, J = (j1,42,---,Jq),
1<j1<ja<---<jg<n—1, we have

n—1

(1.1) DIRYEDBRVIEDDIESTE
Ji¢J jeJ j=1

where A;, j = 1,...,(n — 1), are the eigenvalues of L, (for the precise meaning of
the eigenvalues of the Levi form, see the discussion after (1.4)). If the Levi form is
non-degenerate at p, then Y (¢q) holds at p if and only if ¢ # n_,ny, where (n_,ny) is
the signature of Ly, i.e. the number of negative eigenvalues of L, isn_ and ny+n_ =
n — 1. Let [0, be the Kohn Laplacian on X (see Chen-Shaw [6] or Chapter 2) and
let ng) denote the restriction to (0,q) forms. When condition Y (g) holds, Kohn’s
L? estimates give the hypoellipicity with loss of one dervative for the solutions of
Dl()q)u = f (see Folland-Kohn [10], [6] and Chapter 2). The Szeg6 projection is the
orthogonal projection onto the kernel of Dl(,q) in the L? space. When condition Y (q)
fails, one is interested in the Szeg8 projection on the level of (0, ¢) forms. Beals and
Greiner (see [1]) proved that the Szegs projection is a Heisenberg pseudodifferential
operator. Boutet de Monvel and Sjostrand (see [34]) obtained the full asymptotic
expansion for the Szegs projection in the case of functions. We have been influenced
by these works. The main inspiration for the present paper comes from Berman and
Sjostrand [3].
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4 CHAPTER 1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

We now start to formulate the main results. First, we introduce some standard
notations. Let €2 be a C* paracompact manifold equipped with a smooth density of
integration. We let T'(Q2) and T*(12) denote the tangent bundle of  and the cotangent
bundle of 2 respectively. The complexified tangent bundle of €2 and the complexified
cotangent bundle of © will be denoted by CT(Q2) and CT*(Q) respectively. We write
(,) to denote the pointwise duality between T'(2) and T*(£2). We extend ( ,) bilin-
early to CT(Q) x CT*(Q2). Let E be a C* vector bundle over Q. The fiber of E at
z € Q will be denoted by E,. Let Y CC ) be an open set. From now on, the spaces
of smooth sections of E over Y and distribution sections of E over Y will be denoted
by C*(Y; E) and 2'(Y; E) respectively. Let 8'(Y; E) be the subspace of 2'(Y; E)
whose elements have compact support in Y. For s € R, we let H*(Y; E) denote the
Sobolev space of order s of sections of E over Y.

The Hermitian metric ( | ) on CT'(X) induces, by duality, a Hermitian metric on
CT*(X) that we shall also denote by ( | ). Let A®9T*(X) be the bundle of (0,q)
forms of X. The Hermitian metric ( | ) on CT*(X) induces a Hermitian metric on
A%4T*(X) also denoted by ( | ).

We take (dm) as the induced volume form on X. Let ( | ) be the inner product on
C>(X; A%T*(X)) defined by

(1.2) (f19)= /}{(f(z) | 9(2))(dm), f.g € C=(X; A>IT*(X)).

Let
@ L2(X; A%T*(X)) — Ker Dlgq)
be the Szegd projection, i.e. the orthogonal projection onto the kernel of Dl(,q). Let

Koo (0,9) € 7' (X x X; L(A9T;(X), AT (X))

™

be the distribution kernel of 7(9) with respect to the induced volume form (dm). Here
X(AO"?T; (X), A%aT (X)) is the vector bundle with fiber over (z,y) consisting of the
linear maps from AT (X) to A%9T7(X).

We pause and recall a general fact of distribution theory. Let E and F' be C'*
vector bundles over a paracompact C'*° manifold €2 equipped with a smooth density of
integration. If A : C§°(Q; E) — 2'(Q; F) is continuous, we write K4(z,y) or A(z,y)
to denote the distribution kernel of A. The following two statements are equivalent

(a) A is continuous: &’(Q2; E) — C>®(Q; F),

(b) Kq € C*(Q x Q; Z(E,, F,)).
If A satisfies (a) or (b), we say that A is smoothing. Let B : C§°(Q; E) — 2'(Q; F).
We write A = B if A — B is a smoothing operator. A is smoothing if and only if
A:H: (5 E)— H“’N(Q; F) is continuous, for all N > 0, s € R, where

comp loc

Hiyo (4 F) ={u € 7'(Q; F); pu € H*(Q; F); Vo € C5°(Q)}

MEMOIRES DE LA SMF 123



CHAPTER 1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS 5

and Hj,.o (Q; E) = Hi (9 E)&'(Q; E) (see Hérmander [18]).

Let AY9T*(X) denote the bundle with fiber AM9T*(X) := A®1T*(X) at 2 € X.
Locally we can choose an orthonormal frame wi(z),...,w,—1(2) for the bun-
dle AYT*(X), then w;(2),...,w,_1(2) is an orthonormal frame for the bundle
A®T*(X). The real (2n —2) form w = "~ lwy; AWy A+ - Awp_1 AW, is independent
of the choice of the orthonormal frame. Thus w is globally defined. Locally there is a
real 1 form wy(z) of length one which is orthogonal to AMT(X) @ A1 T (X). wo(z)
is unique up to the choice of sign. Since X is orientable, there is a nowhere vanishing
(2n — 1) form @ on X. Thus, wy can be specified uniquely by requiring that

(1.3) wAwo = fQ,

where f is a positive function. Therefore wg, so chosen, is globally defined. We call wq
the uniquely determined global real 1 form.

We recall that the Levi form L,, p € X, is the Hermitian quadratic form on
AYOT,(X) defined as follows:

For any Z, W € A“°T,(X), pick Z, W € C®(X; AY°T(X)) that satisfy

Z(v) = Z, W(p) = W. Then L(Z,W) = 5= (IZ ,W(p) ,w0(p)) -

The eigenvalues of the Levi form at p € X are the eigenvalues of the Hermitian form

21

L, with respect to the inner product ( | ) on AL0T,(X).

In this work, we assume that
ASSUMPTION 1.1. — The Levi form is non-degenerate at each point of X.

The characteristic manifold of ng) is given by ¥ = X7 JX ™, where
5) 5 ={(2,6) € T(X)\ 0; £ = Awo(2), A > 0},
5T ={(2,8) e T*(X)\ 0; £ = Awp(z),\ < 0}.

Let (n_,n4), n— +ny =n — 1, be the signature of the Levi form. We define
S=xt ifny =q¢#n_,
S =%" ifn_=q#ny,
f]zE*UE* ifny =q¢=mn_.

Recall that (see [10], [6]) if ¢ ¢ {n_,n}, then

Kqw(2,y) € C%(X x X; L (AT (X), A*T;(X))).

The main result of this work is the following

SOCIETE MATHEMATIQUE DE FRANCE 2010



6 CHAPTER 1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

THEOREM 1.2. — Let (X,A"0T (X)) be a compact orientable connected CR manifold
of dimension 2n — 1, n > 2, with a Hermitian metric ( | ). Let (n_,n4), n_ + ny =
n—1, be the signature of the Levi form and let ¢ = n_ or ny. Suppose Dl(,q) has closed
range. Then,

@ H9(X; A%T*(X)) — H*(X; A%T* (X))
is continuous, for all s € R, and WF'(K, () = diag (X x %), where WF'(K,) =
{(z,&y,m) e T*(X) x T*(X); (x,&,y,—m) € WF (K )}. Here WF (K ) is the
wave front set of K ) in the sense of Hormander (see [14] or chapter 8 of [18]).
Moreover, we have

Ko = Kﬂ@ ifny =q#n_,

Ko =K ifn_=q#ngy,

Ko =K @ +K @« ifnp=g=n_,
+ —_

where K_o) (z,y) satisfies
+

wa)(x,y)z/ e+ @Vt (x,y,t)dt
0
with

54 (2,9,8) € S5 (X x X x]0, 00l; LAY (X), A%IT5 (X)),

in 75 (X x X x]0,00[; L(A®T;(X), AT (X))), where ST, m € R, is the Hor-
mander symbol space [14],

s (z,y) € CF(X x X; L(A™IT;(X), A>T} (X)), j=0,1,...,

and
(16) ¢+(Iay) € COO(X X X)’ Im¢+(x,y) 2 07
(17) ¢+(:L‘,l‘) = 07 ¢+(.’13,y) 7é 0 Zf z 7é Y,
(1.8) dep+ #0, dydpy #0 where Im¢py =0,
(19) dr¢+(x)y)|x=y = WO('T)’ dy¢+(x7y)|r=y = _wo(w)v
(110) ¢+(xvy) = _$+(y71’l)'

Similarly,

oo

K‘/r(q) ('T»y) = / ei¢7($’y)t‘9— (‘/anat)dt
- 0

MEMOIRES DE LA SMF 123



CHAPTER 1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS 7

with

oo
s—(@,y,0) ~ Y s? (z,y)t"
j=0

in S751 (X x X x]0,00[; L(A%T;(X), A%T}(X))), where
s (z,y) € OF(X x X; L(A%T;(X), AT (X)), j=0,1,...,

and when g =n_ = ns, ¢_(z,y) = —, (x,).
A formula for 53_(:1;,33) will be given in Proposition 1.7. More properties of the
phase ¢ (x,y) will be given in Theorem 1.4 and Remark 1.5 below.

REMARK 1.3. — IfY(g¢—1) and Y (¢+1) hold then D,()q) has closed range (see Chapter 6
for a review and references).

The phase ¢ (x,y) is not unique. We can replace ¢ (z,y) by

where f(z,y) € C®(X x X) isreal and f(z,z) = 1, f(,y) = f(y,z). Then ¢ satisfies
(1.6)—(1.10). We work with local coordinates x = (x1,...,Z2,—1) defined on an open

set Q C X. Let p € Q. We can check that

(8" P)UV) = ((64)" 0.V, V) + (df (,2), U) (46 (p, ), V)

+(df (p,p), V) (d¢+(p,p),U), U,V € CT(X),

(D+)ye  (D+)yy
at (p,p) is well-defined on the space

Tip,pyHy =AW € CT,(X) x CT,(X); (d¢+(p,p), W) = 0}.

where (¢4)" = [ ] and similarly for ¢”. The Hessian (¢4+)" of ¢4

In Chapter 7, we will define Ty, ,) H, as the tangent space of the formal hypersurface
H, (see (7.45)) at (p,p) € X x X.

We define the tangential Hessian of ¢ (z,y) at (p,p) as the bilinear map:
TppHs X TppHy — C,
(U7 V) - <(¢C|/-)(pap)Ua V> ) Ua Ve T(P;P)H-‘r'

In Chapter 8, we compute the tangential Hessian of ¢, (z,y) at (p,p)

THEOREM 1.4. — For a given point p € X, let Uy (z),...,Up—1(x) be an orthonormal
frame of AT, (X) varying smoothly with x in a neighborhood of p, for which the Levi
form is diagonalized at p. We take local coordinates x = (x1,...,%an—1), 2; = Toj—1+

SOCIETE MATHEMATIQUE DE FRANCE 2010



8 CHAPTER 1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

ixg;, j =1,...,n—1, defined on some neighborhood of p such that wy(p) = V2dzon_1,
2(p) =0, (50-(0) | 55 () = 2854, jok=1,...,2n— 1 and
0 1 0 1 0 2
U= —— —=i\Zjm—— — —=cjZapn-1=— + O(|z|"), 7=1,...,n— 1,
j 6Z] \/i i ]szn_l \/i L2 18([,'2"_1 (l | ) J

where ¢; € C, (%j = %(893271 Bij
are the eigenvalues of L, (this is always possible. see pages 157-160 of [1]). We also
write y = (Y1, - Y2n—1), Wj = Ya2j-1 +4y25, 5 =1,...,n— 1. Then,

(1.12)

—1

,i=1....n—=1, and X\j, 3 =1,...,n—1,
), J i J

n—1
) 2
¢+($,y) = \/5(%2,171 - y2n71) +1 Z |)\]| |Zj — ’LU]'|
j=1
n—1
> (i)‘j(zjwj — Zjwj) + ¢ (2jT2n—1 — WjY2n—1)
j=1

+¢;(Zjzan—1 — ij2n—1)> + (Zan—1 — Yan—1)f(z,y) + O(|(=, Z/)|3)a

where f € C*, f(0,0) =0, f(z,y) = f(y,z).

REMARK 1.5. — With the notations used in Theorem 1.4, since aam (0,0) # 0, from

T2n—1

the Malgrange preparation theorem (see Theorem 7.57 of [18]), we have

¢4 (z,y) = g(x,y)(V2z2n-1 + h(z,y))

in some neighborhood of (0,0), where g, h € C*, ¢(0,0) = 1, h(0,0) = 0 and
&' = (x1,...,%on_2). Put d(z,y) = V2z2n_1 + h(z’,y). From the global theory of
Fourier integral operators (see Theorem 4.2 of Melin-Sjostrand [28]), we see that ¢

and ¢ are equivalent at (p,wo(p)) in the sense of Melin-Sjéstrand (see page 172 of
[28]). Since ¢4 (z,y) = —¢, (y,z), we can replace the phase ¢ (z,y) by

QZE(.’I}, y) — (;AS(y, .'I})

—

Then the new function ¢4 (z,y) satisfies (1.12) with f = 0.
We have the following corollary of Theorem 1.2 (see Chapter 8).

COROLLARY 1.6. — There exist
Fy,G4, F_,G_ € C™(X x X; L(A™T;(X),A™T; (X))
such that
K @ = Fi(=i(¢+(z,y) +10))7" + G4 log(=i(¢+ (2, y) +10)),
K @ = F_(=i(¢-(z,y) +1i0))"" + G_log(—i(¢—(z,y) + i0)).

MEMOIRES DE LA SMF 123



CHAPTER 1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS 9

Moreover, we have

n—1

F+ = Z(n -1- k)!si(wvy)(_i(er(xﬂ y))k + f+(.’13,y)(¢+(.'1/’,y))n,
0

F_= Z(?’L -1- k)'sf(w,y)(—zd)_ (CE, y))k + f— (xay)(¢—(mvy))n7
(1.13) 0

o (D " k
Gy =D st (@, y) (—ids (2,9)),

(_1)k+1 n+k

0
G_ ;TS_ (J/’,y)(—w—(x,y))k,

where fy(z,y), f-(z,y) € C®(X x X; L(A"T;(X), A>T} (X))).

If w € A%1TF(X), let w™* : A%9FIT*(X) — A%TF(X), g > 0, be the adjoint of
left exterior multiplication w” : A®4TF(X) — A%9H1T*(X). That is,

(1.14) (w™u | v) = (u | wh*v),

for all u € A%T7(X), v € A%H1T*(X). Notice that w”* depends anti-linearly on
w.

In Chapter 8, we compute F, (z, z).

PROPOSITION 1.7. — For a given point p € X, let Uy (x), ..., U,—1(z) be an orthonor-
mal frame of AYOT,(X), for which the Levi form is diagonalized at p. Let ej(x),
j=1,...,n—1, denote the basis of A>T} (X), which is dual toU;(z), j =1,...,n—1.
Let A\j(x), j =1,...,n — 1, be the eigenvalues of the Levi form L. We assume that
g =ny and that \j(p) > 04f 1 < j <ny. Then

j=n4

Fo(p.p) = (0= D1 W)l Doca D) 7 [T e300 50"

In the rest of this section, we will give the outline of the proof of Theorem 1.2. Let
M be an open set in R™ and let f, g € C*°(M). We write f < g if for every compact
set K C M there is a constant cx > 0 such that f < cggand g <cgf on K.

We will use the heat equation method. We work with some real local coordinates
z = (z1,...,Zan—1) defined on an open set 2 C X. Let (n_,ny), n_o +ny =n—1,
be the signature of the Levi form. We will say that a € C®(R, x Q x R?"71) is
quasi-homogeneous of degree j if a(t, z, A\n) = Ma(\t, x,n) for all A > 0. We consider
the problem

(1.15) { (@ +O)u(t,z) =0 in Ry x Q,

(0, z) = v(x).
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10 CHAPTER 1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

We shall start by making only a formal construction. We look for an approximate
solution of (1.15) of the form u(t,z) = A(t)v(z),

1 .
/el(w(t,w>n)—<y,n>)a(t, z,m)v(y)dydn

(1.16) A(t)o(z) = (@nen 1

where formally
a(t,z,n) Zaj t,z,n),

a;(t,z,n) is a matrix-valued qua51—hom0geneous function of degree —j.
We let the full symbol of ng) be:

2
full symbol of O = 3" p;(x,€)

where p;(z,&) is positively homogeneous of order 2 — j in the sense that
pi(z, M) = X "pj(z,m), Inf =1, A= 1.
We apply 9; + D,()q) formally inside the integral in (1.16) and then introduce the
asymptotic expansion of ng)(aem). Set (0; + Dl()q))(aew’) ~ 0 and regroup the terms
according to the degree of quasi-homogeneity. The phase v (¢, z,n) should solve
0 .
80 —ipo(e,4;) = O(Im|Y), VN >0,
Yli=o = (z, 7).
This equation can be solved with Im (¢, z,n) > 0 and the phase (¢, z,n) is quasi-

(1.17)

homogeneous of degree 1. Moreover,

’(/}(taxan) = <ZL’,7’}> on Zv dz,n(w - <$a77>) =0on 27

2
tm sz, = (Inl ) (st (G 0 2)) s ol > 1

Furthermore, there exists 1 (00, z,n) € C®(Q x R?"~1) with a uniquely determined
Taylor expansion at each point of ¥ such that for every compact set K C Q x R2»—1
there is a constant cx > 0 such that

(oo, 2, ) > exc ol (dist (2, 1), %))l > 1.
B ] B

If A e C(T*Q2 . 0), A > 0 is positively homogeneous of degree 1 and Alx < minJj,
A; > 0, where +i); are the non-vanishing eigenvalues of the fundamental matrix of
D,()q), then the solution (¢, z,n) of (1.17) can be chosen so that for every compact
set K C Q x R?"~! and all indices a, 3, 7, there is a constant c, 3. x such that

|(9°‘(9’887 (t,z,m) — w(oo,x,n))\ < caﬁmKe_)‘(””’")t on Ry x K.
(for the details, see Menikoff-Sjostrand [29] or Chapter 3).
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CHAPTER 1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS 11

We obtain the transport equations

T(t A, 8:)a0 = O(IIm9|™), VN,
(118) { (7xan7 ty )(10 (Imd]| )

T(t,x,m, 8, 0x)a; + Li(t, 2,1, a0, ..., a;_1) = O([Imy|"), VN.
Following the method of Menikoff-Sjostrand [29], we see that we can solve (1.18).
Moreover, a; decay exponetially fast in ¢ when ¢ # n_, ny, and has subexponetially
growth in general (subexponetially growth means that a; satifies (4.13)). We assume
that ¢ = n_ or n. To get further, we use a trick from Berman-Sjéstrand [3]. We use
55D£q) = D£q+1)55, E*D£Q) = Déq_l)gb* and get in a formula asymptotic sense
0(By(e™ @) + O (@ (e™a)) ~ 0,
813" (ea)) + O V(3" (eVa)) ~ 0.
Put
By(ca) = ea, 8, (¢Va) = €.
We have
@+ 0" ) (ea) ~ 0,
(0 + O (@) ~ 0.
The corresponding degrees of @ and @ are ¢ + 1 and ¢ — 1. We deduce as above that
a and a decay exponetially fast in t. This also applies to

ng)(aem’) =05(8y ae’™) + 8, (Dpac™) = 8y(e'¥a) + 0, (™).
Thus, 9;(ae’™) decay exponetially fast in t. Since d;1) decay exponetially fast in t so
does 0;a. Hence, there exist
a;(co,z,n) € C* (T*(Q); L(A%T*(Q) ,AO’qT*(Q))), i=0,1,...,
positively homogeneous of degree —j such that a;(t,x,7) converges exponentially fast
to a;(co,x,n), for all j =0,1,....
Choose x € C§°(R?"~1) so that x(n) = 1 when |n| < 1 and x(n) = 0 when || > 2.

We formally set
1 .
- i@tz —(y:m) o (¢
6= gt ([ (¢ alt,z,)

. ei(llz’(oo,w,ﬂ)‘(%”))a(oo’ x, 7])) (]_ — X(n))dt) dn

and )
_ (Y (o00,z,m)—(y,
S = G /(e (40002~ g (00, 2, ) ) di.
In Chapter 5, we will show that G is a pseudodifferential operator of order —1 type

(%, %) In Chapter 6, we will show that S + D,()q) oG =1, D,()q) 0S5 = 0. From this, it
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12 CHAPTER 1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

is not difficult to see that 7(?) = § if Dl()q) has closed range. We deduce that 7(9) is a
Fourier integral operator if Déq) has closed range. From the global theory of Fourier
integral operators (see [28] and Chapter 7), we get Theorem 1.2.
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CHAPTER 2

9,-COMPLEX AND THE
HYPOELLIPICITY OF O0,, A REVIEW

References for the basic elements of CR geometry, see the books [1], Boggess [4] and
[6]. From now on, we assume that (X, A»°T(X)) is a compact orientable connected
CR manifold of dimension 2n — 1, n > 2, and we fix a Hermitian metric ( | ) on
CT(X). Then there is a real non-vanishing vector field ¥ on X which is pointwise
orthogonal to AMOT(X) ® AT (X). We take Y so that ||Y|| = 1, (Y,wp) = —1 (we
recall that wq is the uniquely determined global real 1 form, see (1.3)). Therefore Y is
uniquely determined. We call Y the uniquely determined global real vector field. We
have the pointwise orthogonal decompositions:

1) CT*(X) = AM°T*(X) © A™'T*(X) ® {\wo; A € C},
2.1
CT(X)=A"YT(X)e A%'T(X)® {\Y; A€ C}.

For U, V € C*(X; AYT (X)), from (1.4), we can check that

(22) [U,VI(p)=—-(20)L,(U(p) , V(@)Y () +h, he A T,(X)o A" T,(X).

Next we recall the tangential Cauchy-Riemann operator 0, and 876*. Let
AI(CT*(X)), g € N, be the vector bundle of ¢ forms of X. The Hermitian metric ( | )
on CT*(X) induces a Hermitian metric on A?(CT*(X)) also denoted by ( | ). Let

709 AY(CT*(X)) — A%IT*(X)
be the orthogonal projection map.

DEFINITION 2.1. — The tangential Cauchy-Riemann operator 0y, is defined by

Oy = %1 o d: O°(X; A™T* (X)) — C°°(X; A%TIT*(X)).
The following is well-known (see page 152 of [1]).

PROPOSITION 2.2. — We have 9, = 0.
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14 CHAPTER 2. 9,-COMPLEX AND THE HYPOELLIPICITY OF O,, A REVIEW

Let 8, be the formal adjoint of 8y, that is (9,f | h) = (f | B h), where f €
C>®(X; A%IT*(X)),h € C°°(X; A%+1T*(X)) and ( | ) is given by (1.2). 8, is a
first order differential operator and (871,*)2 = 0. The Kohn Laplacian [, is given by

= 51,67,* + 87,*51,
From now on, we write ng) to denote the restriction to (0, ¢) forms.

For zp € X, we can choose an orthonormal frame e1(2), ..., e,—1(z) for AT (X)
varying smoothly with z in a neighborhood of zy. Let Z;(z), j =1,...,n — 1, denote
the basis of A%'T,(X), which is dual to e;(z), j =1,...,n— 1. Let Z¥ be the formal
adjoint of Z;, j = 1,...,n— 1. That is, (Z;f | h) = (f|Z* f,hEC‘X’( ). We
have the following (for a proof, see pages 154-156 of [1]).

PROPOSITION 2.3. — With the notations used before, the Kohn Laplacian I:Jl()q) 18 given
by
O =849, + 5 D

2.3
(23) = Z Z;Z; + Z efe AN i el +e(Z)+¢e(Z7) + zero order terms,

J,k=1

where £(Z) denotes remainder terms of the form > ar(z) Zy with ar, smooth, matriz-
valued and similarly for e(Z*) and the map

efey ™ o (Z;, Z1] 1 C°(X; AYIT* (X)) — C=(X; A% (X))
is defined by
(efen™ o [Z;, ZEN(f(2)es, A+ Nej,) = [Z5, ZEN(f)(ef ey ™) oejy A--- Aej,

*

and we extend the definition by linearity. We recall that ek’ is given by (1.14).

We work with some real local coordinates © = (z1,...,Z2,—1) defined on an open
set © C X. We let the full symbol of O0{”) be:

2
(2.4) full symbol of O = 3" p;(x,€)
where p;(x,§) is positively homogeneous of order 2 — j. Let ¢;, j = 1,...,n — 1, be

the principal symbols of Z;, j = 1,...,n — 1, where Z;, j = 1,...,n — 1, are as in
Proposition 2.3. Then,

n—1
(2.5) Po = Z@'(Ij-
J=1
The characteristic manifold ¥ of D,()q) is

(2.6) L =A{(z,8) € T"(X) ~ 0; § = dwo(x), A # 0} .
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From (2.5), we see that py vanishes to second order at 3. Thus, ¥ is a doubly char-
acteristic manifold of Dl(,q) . The subprincipal symbol of Dl()q) at (zo,&) € X is given
by

. 2n—1

2
(27 p(r0,&0) = mro,o) + ¢ > T ¢ g (p0ar(x) AT ().
o 050

It is well-known (see page 83 of Hérmander [15]) that the subprincipal symbol of Dlgq)
is invariantly defined on X.

For an operator of the form Z7Z; this subprincipal symbol is given by
1,
% {qj7 qj}
and the contribution from the double sum in (2.3) to the subprincipal symbol of Dl()q)
is
1 n—1
i Z 6?627* o{aj,q},
jrk=1

where {g;,q,} denotes the Poisson bracket of ¢; and g,. We recall that {g;,q,} =
Z27L—1(8(]j 6Ek qu %

). We get the subprincipal symbol of Déq) on ¥,

s=1 95 Oz Ozs O&s
n—1 1 n—1 1
(2.8) Py = (Z —5 {qj,aj}) + ) 6962’*; {a;,7}-
=1 Jk=1
From (2.2), we see that [Zy, Z;] = —(2i)L(Zy, Z;)Y + h, h € C®(X; AY'T(X) @
Ao’lT(X)). Note that the principal symbol of Z}, is —q,. Hence,
(2.9) (@1, 4} = 20)L(Zk, Z;)oiy on %,

where o;y is the principal symbol of Y. Thus,

n—1 n—1
(2.10) P = (ZL(Zj,Zj) -3 263\62’*L(7;C,Zj))aiy on X.
=1

dk=1

In the rest of this chapter, we will assume the reader is familiar with some basic
notions of symplectic geometry. For basic notions and facts of symplectic geometry,
see chapter XVIII of [15] or chapter 3 of Duistermaat [8].

From now on, for any f € C*(T*(X)), we write Hy to denote the Hamilton field
of f. We need the following

LEMMA 2.4. — We recall that we work with Assumption 1.1. ¥ is a symplectic sub-
manifold of T*(X).
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16 CHAPTER 2. 9,-COMPLEX AND THE HYPOELLIPICITY OF O,, A REVIEW

Proof. — Let p € 3. Note that

T =A{@8 eT"(X)~0;¢;(2,6) = ;(z,§) =0, j=1,...,n—1}.
Let CT,(X) and CT,(T*(X)) be the complexifications of the spaces T,(3) and
T,(T*(X)) respectively. We can choose the basis Hy,, ..., H H H;

Fare-e for
dn—1" qq1 ) qdn_1
T,(X)*, where T,(X)* is the orthogonal to CT,(X) in CT,(T*(X)) with respect to
the canonical two form,

(2.11) o=déNdzx.

In view of (2.9), we have o(Hy,, Hg,) = {q;,qx} = 2L(Zy, Z;)oiy on X. We notice
that {g;,qx} = 0 on X. Thus, if the Levi form is non—degenerate at each point of
X, then o is non-degenerate on T),(X)*, hence also on CT,(X) and X is therefore
symplectic. O

The fundamental matrix of py at p = (p,§o) € X is the linear map F, on T,,(T™ (X))
defined by

(2.12) o(t, Fys) = (t,py(p)s), t,s€T,(T*(X)),
where o is the canonical two form (see (2.11)) and

d%po ( 9%po
p) (p)
pg(p) — ( 8&26890 3&2"81 .

o 0
axg% (p) 3552 (p)

We can choose the basis Hy, ,...,Hy, ,,Hg,,...,Hg _ for T,(X)*, where T,(2)*
is the orthogonal to CT,(X) in CT,(T*(X)) with respect to canonical two form. We

notice that Hy, = >_,(q;Hy, + q;Hg,). We compute the linearization of Hy, at p

Hyy (p+ " (teHo, + scHg,)) = O(1t, sI°) + Ztk {003, Hy, + 3 0 (@07} Ha,-
3,k
So F), is expressed in the basis Hy,, .. '»ananEla ..., Hg . by
ai’ 0
(2.13) F,= ( {owa;} - > .
0 {qk7 QJ}
Again, from (2.9), we see that the non-vanishing eigenvalues of F), are
(2.14) + 2i)\joiy(p),
where A;, 7 =1,...,n — 1, are the eigenvalues of L.

To compute further, we assume that the Levi form is diagonalized at the given
point p € X. Then

ZQ@AA* (Zi, Z azy_22eAA* (Z;, Zj)os .
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From this, we see that on ¥ and on the space of (0,q) forms, p§ + %t~rF has the
eigenvalues

(2.15)

n—1
Z I\jl oy | + Z)‘jUiY - ZAJ'UZ'Y, |J| =g,
j=1

j¢J jeJ
J=(1,d2,-- 1 Jq), 1 <1 <ja < <jg<m—1,
where tr F denotes > k], £p; are the non-vanishing eigenvalues of F,.

Let (n_,n.), n_+n, = n—1, be the signature of the Levi form. Since (Y, wq) = —1,
we have o;y > 0 on ©F, g;y < 0 on X~ (we recall that ¥ and X~ are given by
(1.5)). Let
inf (pg + %fr F) = inf {)\; A : eigenvalue of pj + %t? F}

From (2.15), we see that on ¥

1~ =0, = )
(2.16) inf (pg + ~r F) 1=

2 > 07 q 7é ny.
On X~

1~ =0, =n—,
(2.17) inf (pg + ~r F) ="

2 >0, g#n_.

Let © be an open set in RV. Let P be a classical pseudodifferential operator on
of order m > 1. P is said to be hypoelliptic with loss of one derivative if u € &'()
and Pu € H{ () implies u € H3Im=1(Q).

comp

We recall classical works by Boutet de Monvel [32] and Sjostrand [36].

PROPOSITION 2.5. — Let Q be an open set in RN . Let P be a classical pseudodiffer-
ential operator on ) of order m > 1. The symbol of P takes the form

O'P(l’,g) Np’m(xag) +pm—1(ma€) +pm—2(x7€) + - )

where p; is positively homogeneous of degree j. We assume that ¥ = p'(0) is a
symplectic submanifold of codimension 2d, p,, > 0 and p,, vanishes to precisely second
order on . Let F' be the fundamental matriz of p,,. Let p;, be the subprincipal symbol
of P. Then P is hypoelliptic with loss of one derivative if and only z'fp;"n(p)—i—Z?:l(%—l-
;) || # 0 at every point p € & for all (a1, az,...,aq) € N, where tiu; are the
eigenvalues of F at p.

Proposition 2.5 also holds if P is a matrix-valued classical pseudodifferential oper-
ator on  of order m > 1 with scalar principal symbol.

From (2.16), (2.17) and Proposition 2.5, we have the following
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PRroOPOSITION 2.6. — DZSQ) is hypoelliptic with loss of one derivative if and only if
Y (q) holds at each point of X (we recall that the definition of Y (q) is given by (1.1)).
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CHAPTER 3

THE CHARACTERISTIC EQUATION

In this chapter, we consider the characteristic equation for 9; + D,(JQ).

Let po(z,&) be the principal symbol of ng). We work with some real local coordi-
nates ¢ = (r1,%2,...,Z2,—1) defined on an open set Q@ C X. We identify Q with an
open set in R?"~!. Let Q€ be an almost complexification of Q. That is, Q€ is an open
set in C?"~1 with QM R2"~! = Q. We identify T*(Q) with Q x R?"~!. Similarly, let
T*(Q)c be an open set in C2"~1 x C?"~! with T*(Q)c N(R*~1 x R™"~1) = T*(Q).

In this chapter, for any function f, we also write f to denote an almost analytic
extension (for the precise meaning of almost analytic extension, see Chapter 1 of [28]).
We look for solutions (¢, z,n) € C°(Ry x T*(2) \ 0) of the problem

% ipo(x,4) = O([my[™), YN >0,
7p|t=0 = <CE ,77>

with Im (¢, z,n7) > 0. More precisely, we look for solutions (¢, z,n) € C®(R, x
T*(2) \ 0) with Im(¢,z,m) > 0 such that ¢|;—o = (z ,n) and for every compact set
K cT*(Q)\0, N >0, there exists cx,x > 0, such that

(3.1)

0 _
a—f —ipo(z, ¥.)| < cx.n Tm )Y on Ry x K.

Let f(x,€), g(z,€&) € C°(T*(Q)c). We write f = g mod |Im (z,&)|™ if, given any
compact subset K of T*(Q2)¢ and any integer N > 0, there is a constant ¢ > 0 such that
I(f = 9)(z,8)| < c|Im (z,)|", V(z,€) € K. Let U and V be C* complex vector fields
on T*(Q)c. We write U = V' mod |Im (x, )| if U(f) = V(f) mod |Im (z,£)|” and
U(f) =V (f) mod |Im (z,£)|*, for all almost analytic functions f on T%(Q)c.

In the complex domain, the Hamiltonian field Hy, is given by Hp, = 9po 0 _ 9po 0

We notice that H,, depends on the choice of almost analytic extension of py but we
can give an invariant meaning of the exponential map exp(—itHp,), t > 0. Note that
H,,, vanishes on X. We consider the real vector field —¢H,,,+—iHp,. Let ®(¢, p) be the
—iH,, + —iH,, flow. We notice that for every T' > 0 there is an open neighborhood
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20 CHAPTER 3. THE CHARACTERISTIC EQUATION

U of £ in T*(Q)c such that for all 0 < ¢ < T, ®(t, p) is well-defined if p € U. Since
we only need to consider Taylor expansions at X, for the convenience, we assume that
®(t, p) is well-defined for all ¢ > 0 and p € T*(Q)c. The following is well-known (see
Chapter 1 of Menikoff-Sjostrand [29] or Proposition B.13 of paper I in [20]).

PROPOSITION 3.1. — Let ®(t,p) be as above. Let U be a real vector field on T*()¢
such that U = —iH,, + —iH,, mod |Im (z,£)|™. Let ®(t,p) be the U flow. Then,
for every compact set K C T*(Q)¢, N > 0, there is ¢y k(t) > 0, such that

B(t, p) — B(t, p)| < enx(t)dist (0, D)V, p € K.

For t > 0, let

(3.2) Gi =A{(p,@(t,p)); p € T*(Q)c},

where ®(t,p) is as in Proposistion 3.1. We call G; the graph of the operator
exp (—itH,,). Since Hp, vanishes on X, we have ®(¢,p) = p if p € X. G depends
on the choice of almost analytic extension of py. Let pg be another almost analytic
extension of pg. Let G, be the graph of exp (—itHj,). From Proposition 3.1, it follows
that Gy coincides to infinite order with Gy on diag (X x ¥), for all ¢ > 0.

In Menikoff-Sjéstrand [29], it was shown that there exist
g(t, ,m), h(t,z,n) € C= (R4 x T*(Q)c)
such that Gy = {(x,g(t, z,n), h(t, z,n),n); (z,n) € T*(N)c}. Moreover, there exists
P(t,z,m) € C®°(Ry x T*(Q)c) such that
g(t,x,n) — ¢y (t,z,n) and h(t,z,n) — Py (t, z,n)
vanish to infinite order on ¥, for all ¢ > 0. Furthermore, when (¢, z,n) is real, ¥ (¢, z,n)

solves (3.1) and we have,

(3.3) (e 2,m) = e (dist (), 3), 20, Il =1.

For the precise meaning of <, see the discussion after Proposition 1.7.

Moreover, we have the following

PROPOSITION 3.2. — There exists ¢(t, z,n) € C°(Ry x T*(2)\0) such that Im >0
with equality precisely on ({0} x T*(2) \ 0) UR+ x X) and such that (3.1) holds
where the error term is uniform on every set of the form [0,T] x K with T > 0 and
K C T*(Q)\ 0 compact. Furthermore, ¥ is unique up to a term which is O([Imy|")
locally uniformly for every N and

Y(t,z,m) = (x,n) on X, deyn(y — (z,n)) =0 on .
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Moreover, we have

t 2
(34)  Tmy(t,a,n) < (In|1+|7t7||n|>(dist (@ D) s 120, =1

PROPOSITION 3.3. — There exists a function (oco,x,n) € C®(T*() \ 0) with a
uniquely determined Taylor expansion at each point of % such that

For every compact set K C T*(Q) \ 0 there is a cx > 0 such that

2
tm(c0,,7) > ex || (dist (2, 4),5)) s da(wlo0,2,m) — (z,m)) =
0 on X.
If X e C(T*(2)\0), A >0 and A|x < min|\;|, where i |)\;| are the non-vanishing
eigenvalues of the fundamental matriz of ng), then the solution ¥(t,z,n) of (3.1)
can be chosen so that for every compact set K C T*(Q) \ 0 and all indices o, 8, 7,
there is a constant cq g x sSuch that

(3.5) |8°’8[387 (t,z,m) — zp(oo,m,n))| < Caprre @M on Ry x K.

For the proofs of Proposition 3.2 and Proposition 3.3, we refer the reader to [29].
From the positively homogeneity of pg, it follows that we can choose ¥(t,z,n) in
Proposition 3.2 to be quasi-homogeneous of degree 1 in the sense that ¥(¢,z,\n) =
Mp(At, z,m), A > 0 (see Definition 4.1). This makes ¢ (oo, z, ) positively homogeneous
of degree 1.

We recall that pg = ¢1q;+- - - +¢n-17,,_1. We can take an almost analytic extension
of pg so that

(3.6) po(z,€) =Po(Z,€).
From (3.6), we have
oy N N
=0, ) — b0z, B, (2, —m) = Oyl ™), £20,
for all N >0, (z,n) real. Since po(z, —&) = po(z, &), we have
61 = Dta, )~ ipole, (0,2, —m) = O™, £20,

for all N > 0, (z,n) real. From Proposition 3.2, we can take (t,z,n) so that
Y(t,z,m) = —Y(t,x,—n), (z,n) is real. Hence,

(3.8) ¥(00,z,m) = —1p(c0,z,—7), (z,n) is real.

Put G, = {(@,* z,€); (z,€,9,m) € Gt}, where Gy is defined by (3.2). From (3.6),
it follows that ®(t,p) = ®(—t, p), where ®(t, p) is as in Proposition 3.1. Thus, for all
t>0,

(3.9) G, = G,.
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Put

(3.10) Ce = {(x, ¥} (t, z,m), ¥ (t, x,m),n); (z,n) € T*(Q)}

and C; = {(y, 0,7,€); (z,€,9,n) € C't}. Since C; coincides to infinite order with G;
on diag (X x X), for all ¢ > 0, from (3.9), it follows that C; coincides to infinite order
with C; on diag (¥ x X), for all ¢ > 0. Letting t — oo, we get the following

PROPOSITION 3.4. — Let

(3.11) Coo = {(z,9}(00,2,m), 9} (00, 2,m),m); (z,n) € T*(QF)}

and Coy = {@, T, €); (x,&,9,n) € COO}. Then Coo coincides to infinite order with
Cw on diag (X x X).

From Proposition 3.4 and the global theory of Fourier integral operators (see The-
orem 4.2 of [28]), we have the following

PROPOSITION 3.5. — The two phases

’(/J(OO,:L‘,’(]) - <y777> 5 —J(OO,:I/,’I]) + <1',’I7> € COO(Q x 0 x Ranl)

are equivalent in the sense of Melin-Sjéstrand [28].
We recall that
S={(z¢ €T ()~ 0; ¢;(z,§) =7;(2,§) =0, j=1,...,n—1}.

For any function f € C*°(T*(f2)), we use fto denote an almost analytic extension
with respect to the weight function dist((z, ), X). Set

312) == {(m,f) € T*(Q)c N 0; §(2,6) = G;(2,8) =0, j=1,...,n— 1}.

We say that ¥ is an almost analytic extension with respect to the weight function
dist((z,£),X) of X. Let f(x,&), g(z,£) € C° (W), where W is an open set in T*(Q)¢.
We write f = g mod d$ if, given any compact subset K of W and any integer
N > 0, there is a constant ¢ > 0 such that |(f — g)(z, €)| < cdist ((z, €), 2)V, V(z,€) €
K. From the global theory of Fourier integral operators (see Theorem 4.2 of [28]),
we only need to consider Taylor expansions at Y. We may work with the following
coordinates (for the proof, see [29]).

PROPOSITION 3.6. — Let p € X. Then in some open neighborhood T of p in T*(Q)c,
there are C™ functions ; € C*°(I"), &, € C=(I"), j=1,...,2n — 1, such that
(a) z;, Ej, j=1,...,2n—1, are almost analytic functions with respect to the weight
function dist((z,§),%).

(b) det (gg;g) £ 0on (D)g, where (D)g = TN T*(Q) and @ = (F1, ..., Ton_1), € =

(‘Sla e a‘an—l)-
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(c) zj, Ej, j=1,...,2n—1, form local coordinates of T.

(d) (z f) is symplectzc to infinite order on X. That is, {z;,zx} = 0 mod d$,
{5;,&} = 0 mod dy, {fj,xk} = 0;, mod dy, where j, k = 1,...,2n — 1.
Here {f,g} = 5t 5% — 555, f, 9. € C=(I).

(e) We write @', T", f’ f” to denote (wl,...,fn) (Tntty s Tan—1), (E1,...,&n)
and (§n+1, e ,§2n 1) respectively. Then, b T coincides to infinite order with

{(ax&), =0, "= o} on SN(D)r and

Eﬂ(F)]R = {(EE, £);3" =0, &"=0, 7 and & are real} .

Furthermore, there is a (n — 1) x (n — 1) matriz of almost analytic functions A(%,£)
such that for every compact set K CT' and N > 0, there is a cx,n > 0, such that

~ N
S CK,N ‘(5//7§H) on K7

po(@,8) - i (4@,97",€")

and when ' and ;5’ are real, A(%ﬂO,g’,O) has positive eigenvalues |A1], ..., | An—1],
where i1, ..., £i\,_1 are the non-vanishing eigenvalues of F(Z',0,£',0), the fun-
damental matrix of Dl()q). In particular,

1 o T L~ o 5
51}1‘14(15/,0,5/,0) = §trF(ZIJ/,0,€/,O)-

Formally, we write

(313) po(@.8) = i {a@. 5. &) + o @.&| ).

REMARK 3.7. — Set
E= {(t)xagay’n) € R-‘r X T*(Q)C X T*(Q)C; (I,fvyﬂ?) € Ct}a

where C, is defined by (3.10). Let (Z,£) be the coordinates of Proposition 3.6. In the
work of Menikoff-Sjéstrand [29], it was shown that there exists (¢, Z,7) € C°(R; x
I'), where I is as in Proposition 3.6, such that

% _ ipo(@,d%) = 0@, 7)), for all N >0,
"/}|t=0 = <§ am

and {E(t, Z,m) is of the form
(3.14) J(t,f,m =@, 7) + <e_tA(5/’0’ﬁ/70)5",17"> n 1’/;2(,5, 7,7 + 1;3(1:,57:’7) 4o

where A is as in Proposition 3.6 and zzj (t,z,7) is a C*° homogeneous polynomial of
degree j in (2”,7"). If X € C(T*(Q)\0), A > 0 and Ay < min|};|, where £i |};]
are the non-vanishing eigenvalues of the fundamental matrix of ng), then for every
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compact set K C X[ (I')r and all indices «, 8, 7, j, there is a constant ¢, g.,j, K
such that

(3.15)

02020 (4; (6, %,7))| < caypy,xe P! on Ry x K.

Put B = {(t,'f, 90 (1,7, 1), 3L (t,7,m),m); t € Ry, T 7 € ow(r)}. We notice that
E coincides to infinite order with E on R, x diag (ENM@)r) x (EN@)r)) (see [29]).
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CHAPTER 4

THE HEAT EQUATION, FORMAL CONSTRUCTION

We work with some real local coordinates © = (x1,...,Z2,-1) defined on an open
set Q@ C X. We identify 7% (Q2) with Q x R?"~1,

DEFINITION 4.1. — We say that a € C®° (R, x T*(12)) is quasi-homogeneous of degree
j if a(t,z,\n) = Ma(At,z,n) for all A > 0.

We can check that if a is quasi-homogeneous of degree j, then 8;'85 87 a is quasi-
homogeneous of degree j — |5| + 7.
In this chapter, we consider the problem

{ @ +O0)u(t,z) =0 inRy x Q,

4.1
(1) u(0,z) = v(x).

We shall start by making only a formal construction. We look for an approximate
solution of (4.1) of the form u(t,z) = A(t)v(x),

1

42 AW = Gy [ [ athz o)y

where formally

o0
alt,z,n) ~ Y _ a;(t,z,n),
j=0

a;(t,z,m) € C® (R4 x T*(Q); L(A%T*(Q),A%T*(Q))), a;(t,z,n) is a quasi-homo-
geneous function of degree —j.
We let the full symbol of O\ be:
2

full symbol of D,()q) = ij (z,8),

j=0

where p;(z,£) is positively homogeneous of order 2 — j. We apply 9; + D,()q) for-

mally under the integral in (4.2) and then introduce the asymptotic expansion of
D,()q)(ae“p) (see page 148 of [28]). Setting (9; + D,()q))(ae“/’) ~ 0 and regrouping the
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terms according to the degree of quasi-homogeneity. We obtain the transport equa-

tions
43) { T(t,z,n, 8, 85)ao = O(Imy|"), YN N
T(t,z,n, 0, 0)a; +1;(t,z,m,a0,...,a;—1) = O(|Ime|"), VN.
Here -
n—
T(t,z,n,0, 0;) = 0y — i Z gzgj Pl) aij +q(t,z,m)
where
S~ Ppole,vy) 9%t z,1)
alt,z,1) = pr(@ 9%) + o ; 5 S
and [; is a linear differential operator acting on ag,ai,...,a;—1. We note that

q(t,z,m) — q(oo0,z,n) exponentially fast in the sense of (3.5) and that the same is
true for the coefficients of [;.

Let Cy, E be as in (3.10) and Remark 3.7. We recall that for ¢ > 0,

0 0
c,— {(:v,é“,y,n) € T (Q)c x T*(@)es € = 22 (1), = ajfu,x,n)},

E= {(t,%f,yaﬂ) € ]R-‘r X T*(Q)(C X T*(Q)(C1 (x,fayﬂ?) € Ct}
and for t > 0, (Cy)r = diag (X x X) = {(z,&,z,8) € T*(Q) x T*(Q); (z,§) € }.
If we consider ag, a1, ... as functions on E, then the equations (4.3) involve differ-

entiations along the vector field v = % —iHp,. We can consider only Taylor expansions
at ¥. Until further notice, our computations will only be valid to infinite order on X.

Consider v as a vector field on E. In the coordinates (t,z,n) we can express v:

a 2n— 18})0 , a

We can compute

. = Ppolw ) R~ 0 yr) O
(44)  div(y) = l(; e Z agj06 V) axjaxk(t’m’")>-

For a smooth function a(t,z,n) we introduce the % density on E

a = a(t, z,n)+/ dtdzdn

which is well-defined up to some factor i* (see Hormander [14]). The Lie derivative
of a along v is L,(a) = (v(a) + 3div (v)a)/dtdzdn. We see from the expression for
T that

(4.5) (Ta)y/dtdxdn = (L, + pg(z, 95, (t, ,1))) (a/dtdzdn),
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where p§(z,€) = p1(z,€) + %Z?ZII % is the subprincipal symbol (see (2.7)).
Now let (Z, €) be the coordinates of Proposition 3.6, in which py takes the form (3.13).

In these coordinates we have
~ & _ ~ X O sl tArm Al 9

Hpo (.’.U, é-) =1 <A(m,£)l‘ I aEII> 4 <A(I7§) ) 8g/>

(4.6) N 5 9

+ Y @)(E€")Bas(@.§,

la|=1,|8|=1

%787’5)

and

_ 2 ~ 1\ 9
(4.7) v= 5 + <A(x,1p5)x S

Vt X @ Conld T i)
la|=1,|8]=1
Here 1 (t, %, 7) is as in Remark 3.7.
Let f(t,z,n) € C®° Ry xT*(Q)c), f(co,z,n) € C°(T*()c). We say that f(t,z,n)
converges exponentially fast to f(oco,z,n) if f(t,z,n) — f(oco0,x,n) satisfies the same
kind of estimates as (3.5). Recalling the form of ¢ we obtain

8 B e )
48) v=r= o+ (AGOTOF, 52 )+ X @) DaaltsE i 57)

|a+8]=2
a#0

where D, converges exponentially fast to some limit as t — +o0o0. We have on X,
1 1 -~ - 1~ ~
(4.9) Ediv (D) = §tr A(Z',0,7,0) = §tr F(7',0,7,0)

where F(z',0,7,0) is the fundamental matrix of Dl()q). We define a(t, z,7) by

(4.10) a(t,z,n)\/dtdzdny = a(t, z,n)+/dtdzdn.

Note that the last equation only defines @ up to i*. We have

(Ta)+/dtdzdy = (Ta)+/dtdzdi

where

e~ ~/ ~/ ~I! 0 1~ ~/ ~/

T = 5 + (AT, 0,77,0)z", BT + itrF(a; ,0,7,0)
(4.11) P

sl ~~
+p0($ 70377 ,0) + Q(taxvna 85)
Here
9 o ) e _
Q2,7 5=) = > @)@’ Dap(t, &7, 7t > @[ Eap(t, 7).
|a+§|0=2 la+B|=1

It is easy to see that E,3 and D,g converge exponentially fast to some limits
E,3(00,7,7) and Dyg(00, Z,7) respectively. We need the following
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LEMMA 4.2. — Let A be a d X d matriz having only positive eigenvalues and consider

o
T Tzul
the map & : u — <A , > on the space P™(R?) of homogeneous
Tq %

polynomials of degree m. Then exp(t</)(u) = w o (exp(tA)) and the map <7 is a
bijection except for m = 0.

Proof. — We notice that U(t) : u — uoexp(tA) form a group of operators and that
(6%—?)) = o/. This shows that U(t) = exp(t<). To prove the second statement,
suppose that u € P™ m > 1 and &/ (u) = 0. Then exp(t</)(u) = u for all ¢, in other
words u(exp(tA)(z)) = u(x), t € R, z € R%. Since exp(tA)(z) — 0 when t — —o0, we

obtain u(z) = u(0) = 0, which proves the lemma. O

PROPOSITION 4.3. — Let
cj(z,n) € C=(T*(Q); L(A™IT*(Q),A>1T*(Q))), j=0,1,...,
be positively homogeneous functions of degree —j. Then, we can find solutions
a;(t,z,n) € C®(Ry x T*(Q); L(AYIT*(Q),A>T*())), i=0,1,...,

of the system (4.3) with a;(0,z,n) = ¢;(x,n), 7 =0,1,..., where a;(t,z,n) is a quasi-
homogeneous function of degree —j such that a;(t,z,n) has unique Taylor expansions
on X, for all j. Furthermore, let A(xz,n) € C(T*(2)) and M| < minT;, where 7; are
the eigenvalues of %tNrF + p} on 3. Then for all indices o, 3,7,j and every compact
set K C X there exists a constant ¢ > 0 such that

(4.12) |8?6;"85aj (t,z,m)| < ce @M on Ry x K.

Proof. — We only need to study Taylor expansions on ¥. Let (z, &) be the coordinates
of Proposition 3.6. We define @;(¢,7,7) from a;(t,z,n) as in (4.10). In order to prove
(4.12), it is sufficient to prove the corresponding statement for a; (see Chapter 1 of
[29]). We introduce the Taylor expansion of ao with respect to (Z”,%"). ao(¢,Z,7) =
o Eé(t,%,?]), where 5% is a homogeneous polynomial of degree j in (Z”,%"). Let
co(Z,7) = ijo E%(%, 1), where E% is a homogeneous polynomial of degree j in (Z”, 7).
From Tdo = 0, we get aQ(t, @, 7) = e tGTFHPOF(Z, 7). It is easy to see that for all
indices a, 3, v and every compact set K C ¥ there exists a constant ¢ > 0 such that
3?8%8568‘ < ce @M on Ry x K, where \(z,7) € C(T*()), M|z < minT;. Here
7; are the eigenvalues of %tNrF -+ pg on M.

Again, from Tay = 0, we get (2 +o + HrF + )@ (¢, T, 7) = BT, E, )
where Z%H(t,i,ﬁ) satisfies the same kind of estimate as @). By Lemma 4.2, we see

that exp(—t/) is bounded for ¢ > 0. We deduce a similar estimate for the function
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(t Z,1). Continuing in this way we get all the desired estimates for ag. The next
transport equation takes the form Ta; = = b where b satisfies the estimates (4.12). We
can repeat the procedure above and conclude that @; satisfies the estimates (4.12).
From above, we see that ag, a; have the unique Taylor expansions on Y. Continuing
in this way we get the proposition. O

From Proposition 4.3, we have the following

PROPOSITION 4.4. — Let (n_,ny), n_ +ny = n — 1, be the signature of the Leuvi
form. Let cj(z,n) € C=(T*(Q); L(A*T*(Q),A%T*(Q))), j =0,1,..., be positively
homogeneous functions of degree —j. Then, we can find solutions

)

a;(t,z,m) € C°(Ry x T*(Q); L(A%9T*(Q), A%T*(Q))), j=0,1,...

of the system (4.3) with a;(0,z,n) =c¢;(z,n),  =0,1,..., where a;(t, z,n) is a quasi-
homogeneous function of degree —j and such that for all indices o, 3,7, j, every e > 0
and compact set K C §) there exists a constant ¢ > 0 such that

Y9298 . et|n| —Ji=1Bl+~ 2n—1
: PRt — + .
(4.13) 070207 a;(t,z,n)| < cesM (1 + |n)) on R x((KxR )| ]2)

Furthermore, there exists €9 > 0 such that for all indices a, 8,7,j and every compact
set K C QQ, there exists a constant ¢ > 0 such that

970285 a;(t,z,n)| < ce= = (1 4 |y|) =9 =181+

4.14 -

R
and

(4.15) }8?(9§‘8§aj(t,x,n)| < ce*sot|7]|(1 + |n|)fjf|/3|+~y

on Ry x ((K x R2"1) ﬂZ_) ifqg#n_.
We need the following formula

PROPOSITION 4.5. — Let @ be a C*™ differential operator on Q of order k > 0 with
full symbol q(z,§) € C(T*(N)). For0<q,q1 <n—1,q, ¢1 €N, let

a(t,z,n) € C=(Ry x T*(); X(AO"hT*(Q),Ao’qT*(Q))).
Then,

Qe D)(E O Dat ) = = 37 g a6 ,1) (Ral: D2)a),

| <k
where Dw = —2835, Ra('(/),Dx)a = D; {ei¢2(t,z,y,77)a(t’y,n)} ‘ ) ¢2(tal‘ayan) = (11,‘ -
y=x
y)wg,v(t’x7"7) - (d’(ﬁ%’?) - ’d)(taya 77))
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For0<q¢,¢1<n—-1,q,¢1 €N, let
aj(t,z,m) € O (Ry x TH(Q); LAY T(Q), A%9T*(%2))), j=0,1,...,

be quasi-homogeneous functions of degree m — j, m € Z. Assume that a;(¢,z,7),
j=0,1,..., are the solutions of the system (4.3). From the proof of Proposition 4.3,
it follows that for all indices «, 3,7, ], every € > 0 and compact set K C €2 there
exists a constant ¢ > 0 such that

(4.16) 870200 a;(t,x,m)| < ce™ (1 + [n])™ =318+ on R, x ((K x RN z).
Let a(t,x,n) € C®°(Ry x T*(Q); L(A»1T*(Q),A%T*(Q))) be the asymptotic sum

of a;(t,x,n) (see Definition 5.1 and Remark 5.2 for a precise meaning). We formally
write a(t, ,m) ~ 3272, a;(t, ,m). Let

(B + 0N (e e a(t, z,m)) = e 2Dt ,7),
where

b(tvxan) ~ bj(t’x77])7

i[M)2

7=0
b; € C (R4 x T*(Q); L(A»T*(Q),A>T*(12))), b; is a quasi-homogeneous func-
tion of degree m+2 —j, 7 =0,1,....
From Proposition 4.5, we see that for all NV, every compact set K C 2, € > 0, there
exists ¢ > 0 such that
(4.17) [b(t, @, )| < ce M (In| ™ + [N (Imy(t, 2,m)")
on Ry x ((K x R2"1)N 2), In| > 1.

Conversely, if (0; + Déq))(eiw(t’m’”)a(t,a;,r])) = e &Mt x,n) and b satisfies the
same kind of estimates as (4.17), then a;(t,z,7n), j = 0,1,..., solve the system (4.3)
to infinite order at 3. From this and the particular structure of the problem, we will
next show

PROPOSITION 4.6. — Let (n_,ny), n_ +ny = n — 1, be the signature of the Levi
form. Suppose condition Y (q) fails. That is, g =n_ orn,. Let

a;(t,z,m) € C°(Ry x T*(Q); L(A%9T*(Q), A%T*(Q))), j=0,1,...,

be the solutions of the system (4.3) with ao(0,2,nm) = I, a;(0,2,1) = 0 when j > 0,
where a;(t,x,n) is a quasi-homogeneous function of degree —j. Then we can find

a;(00,z,m) € C°(T*(Q); L(A>1T*(Q), A T*(Q))), j=0,1,...,

where a; (00, x,n) is a positively homogeneous function of degree —j, €9 > 0 such that
for all indices o, B, v, j, every compact set K C S, there exists ¢ > 0, such that

(4.18) 07020 (a;(t, x,m) — a;(c0,z,n))| < ce =H(1 + |n|) =7~ 1FI+
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on R, x ((K x R27-1) nz), In| > 1.
Furthermore, for all j =0,1,...,
(4.19) { all derivatives of aj(co,z,n) vanish at ©*, ifg=n_, n_ #ng,
all derivatives of aj(co,x,n) vanish at =, if g=ny, n_ #ng.
Proof. — We assume that ¢ = n_. Put

a(t,z,n) ~ Z a;(t,z,n).
J

Since a;(t,z,n), § =0,1,..., solve the system (4.3), we have
(9 + Ty (e at, 2, m) = eV P bt 2, m),
where b(t, z,7n) satisfies (4.17). Note that we have the interwing properties
ébDl@ = ng+1)5b,
(420) 570@ _ le-Vg"
b » — Y b -

Now,
871)* (ea) = e¥a,
{ Op(e¥a) = eV,
anr Z;io aj(t,z,m), a~ Z;io a;(t,z,n), where
a; € C=(Ry x T*(Q); L(AYT*(Q), A% T*(Q))), j=0,1,...,
a; € C°(Ry x T*(Q); L(A™T*(Q),A>'T*(Q))), j=0,1,...,
and a;, a; are quasi-homogeneous of degree 1 — j. From (4.20), we have
(0 + O V) (ea) = eV,
(8 + O V) (e a) = e by,
where by, by satisfy (4.17). Since by, by satisfy (4.17), @;, é;, j = 0,1,..., solve the
system (4.3) to infinite order at ¥. We notice that ¢ — 1 #n_, ¢+ 1 # n_. In view

of the proof of Proposition 4.3, we can find ¢y > 0, such that for all indices «, 3, 7,
7, every compact set K C {2, there exists ¢ > 0 such that

{ 1870209, (t, @, m)| < ce=0tnI(1 4 |p[)1=3 181+

(4.21) _
|0702024;(t, x, )| < ce==otl (1 + |p|)t=I=-181+~

on Ry x ((K x R2"~1) nz—), Il > 1.

Now ng) = 0y0, + Oy Op, SO Déq)(e“pa) = e"¥¢, where c satisfies the same kind
of estimates as (4.21). From this we see that 9;(e'¥a) = e'¥d, where d has the same
properties as ¢. Since d = i(9;10)a + O;a and 91 satisfy the same kind of estimates as
(4.21), O:a satisfies the same kind of estimates as (4.21). From this we conclude that
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we can find a(oco,z,n) ~ Z;io a; (oo, x,n), where a;(co,z,n) is a matrix-valued C'*°
positively homogeneous function of degree —j, €9 > 0, such that for all indices «, £,
v, 7 and every compact set K C €, there exists ¢ > 0 such that

|07 050; (a;(t,@,m) — a;(00, ,m))| < ce™ =W (1 4 |n|)=7 1P+

on Ry x ((K x R2"-1) N z—), Il > 1.

Ifn. =ny, then ¢ — 1 # ny, g+ 1 # ny. We can repeat the method above
to conclude that we can find a(oco,z,n) ~ Z;io a;(c0,x,n), where a;(co,z,n) is a
matrix-valued C*° positively homogeneous function of degree —j, €9 > 0, such that
for all indices «, 3, v, 7 and every compact set K C (2, there exists ¢ > 0 such that

1070207 (a;(t,2,m) — aj(c0, ,m))| < ce™ =0 (1 4 |n|)=7 11+

on R, x ((K x R2=1)N 2+), In > 1.
Now, we assume that n_ # n. From (4.14), we can find ¢ > 0, such that for all
indices a, [, v, j and every compact set K C €2, there exists ¢ > 0 such that

070208 a;(t, x,m)| < ce=ot(1 + |n[) =9~ 1A

on R, x ((K x RZ"=1)N E+), |n] > 1. The proposition follows. O
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CHAPTER 5

SOME SYMBOL CLASSES

We continue to work with some local coordinates z = (z1,...,%2,—1) defined on
an open set  C X. We identify T*(Q2) with Q x R?"~1,

DEFINITION 5.1. — Let r(z,n) be a non-negative real continuous function on 7*(2).

We assume that r(z,n) is positively homogeneous of degree 1, that is, r(z,A\n) =

Ar(z,m), for A>1,|n| > 1. For 0 < ¢q1,q0 <n—1, q1,92 € N and k € R, we say that
a € SF(Ry x T*(Q); L(A>1T*(Q), A>T (Q)))

if a € C® (R4 x T*(Q); L(A%1T*(Q), A%2T*(Q2))) and for all indices a, 3, v, every

compact set K C 2 and every € > 0, there exists a constant ¢ > 0 such that

|07838] a(t, z,m)| < ce!TEDHED (A 4 p)*= 2 € K Jn] > 1.

REMARK 5.2. — It is easy to see that we have the following properties:
(a) Ifa € Sfl, be S’iZ then ab € gflﬂw, a+be Szilx(gj%)
(b) If a € S* then 8,029%a € S¢ 717,
(c) Ifa; € S'fj, j=0,1,2,... and k; \, —00 as j — oo, then there exists a € S'fo
such that a — 871 aj € S'fv, for all v = 1,2,.... Moreover, if S’foo denotes
Nier S’f then a is unique modulo 5’;00.

If @ and a; have the properties of (c), we write

oo
an~ Z a; in the symbol space S¥o.
0

From Proposition 4.4 and the standard Borel construction, we get the following
ProprosITION 5.3. — Let
ci(z,m) € C (T*(Q); X(AO’QT*(Q),AO’QT*(Q))), 7=0,1,...

be positively homogeneous functions of degree —j. We can find solutions a;(t,z,n) €
C> (R4 x T*(Q); Z(A%1T*(Q), A%9T*(2))), j = 0,1,... of the system (4.3) with

SOCIETE MATHEMATIQUE DE FRANCE 2010



34 CHAPTER 5. SOME SYMBOL CLASSES

the conditions a;(0,z,n) = c;(x,n), 7 = 0,1,..., where a; is a quasi-homogeneous
function of degree —j such that

a; € 579 (Ry x T*(Q); L(A™T*(Q),A>T*(Q))), j=0,1,...,
for some r with r > 0 if Y(q) holds and r =0 if Y (q) fails.

If the Levi form has signature (n_,n4), n_ +ny =n—1, then we can take r > 0,
near X, ifq=n_,n_ #n,,
near X7, if g =n4,n_ # ng.

Again, from Proposition 4.6 and the standard Borel construction, we get the fol-

lowing

PROPOSITION 5.4. — Let (n_,ny), n_ +ny = n — 1, be the signature of the Leuvi
form. Suppose condition Y (q) fails. That is, ¢ =n_ or ny. We can find solutions

a;(t,z,m) € C°(Ry x T*(Q); L(A%9T*(Q), A%9T*(Q))), j=0,1,...

of the system (4.3) with ao(0,z,1) = I, a;(0,z,1m) = 0 when j > 0, where a;(t,z,n)
is a quasi-homogeneous function of degree —j, such that for some r > 0 as in Defini-
tion 5.1,

a’j(tvxan) - (L]‘(OO,ZL',T]) € ST_J (E-i- X T*(Q)a E(AquT*(Q)vAO’qT*(Q)))v
7 =0,1,..., where
a; (00, 2,1) € O (T*(0): L(A%T*(), A%T*(S)), j=0,1,...,

and aj(oco0,x,n) is a positively homogeneous function of degree —j.

Furthermore, for all j =0,1,...,
aj(0co,z,m) =0 in a conic neighborhood of %, if g=n_,n_ # ny,
a;(co,z,n) =0 in a conic neighborhood of L=, if g =n4,n_ #ny.
Let b(t,z,n) € Sf, r > 0. Our next goal is to define the operator

B(t,z,y) = /ei(w(t’z’")_<y’">)b(t,w,n)dn

as an oscillatory integral (see the proof of Proposition 5.5 for the precise meaning of
the integral B(t,z,y)). We have the following

PROPOSITION 5.5. — Let
b(t,z,n) € S¥(Ry x T*(Q); L(A>1T*(Q),A%2T*(Q)))
with r > 0. Then we can define

B(t) : C3° (4 A®T*(Q)) — O (Ry; C=(; AV2T*(2)))
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with distribution kernel B(t,z,y) = [eWE2mM=Wmp(t 2 n)dn and B(t) has a
unique continuous extension
B(t): & (Q A1 T*(Q)) — C°(Ry; 2'(92; A%2T*(Q))).
We have
B(t,z,y) € O (m; O (2 x Q ~ diag (2 x Q); f(AO*‘hT*(Q),AO’qZT*(Q))))
and B(t,z,y)|i>0 € C° (R4 x Q x Q; Z(A>0T*(Q), A\>2T*(Q))).

Proof. — Let
550 = {(w,n) € QxR |n| = 1} .

Set S*¥ = B[N S*N. Let V C Ry x S*Q be a neighborhood of (R; x S*¥)J({0} x
S5*Q) such that V; = {(z,n); (t,x,n) € V} is independent of ¢ for large ¢. Set W =
{(t,z,n) € Ry x Q x R¥~1, (Inlt,z, ;) € V}. Let xy € C°(Ry x S*Q) have its
support in V, be equal to 1 in a neighborhood of (R; x S*¥) J({0} x S*Q), and be
independent of ¢, for large t. Set xw (t, z,n) = xv (Il t, 2, {};) € C®(Ry x A xR2*1),
We have xw (t,z,\n) = xw(At,z,m), A > 0. We can choose V sufficiently small so
that

(5.1) Wtz —n < D in W

We formally set
B(t,z,y) = /e“"’(t’“’)_w’"))(l — xw (t,2,m))b(t, z,n)dn

+ /ei(w(t’x’")‘<y’">)xW(t,x,n)b(t, x,m)dn
= Bi(t,z,y) + Ba(t,z,y)

where in By (t,z,y) and Bs(t,z,y) we have introduced the cut-off functions (1 —
xw) and xw respectively. Choose x € C°(R?*"~1) so that x(n) = 1 when |n| < 1
and x(n) = 0 when |n| > 2. Since Im¢ > 0 outside (Ry x ) J({0} x R?"~1),
we have Im(t,z,m) > c|n| outside W, where ¢ > 0. The kernel By (¢, z,y) =
JeiWtzm={wm) (1 — vy (¢, 2,1))b(t, z,m)x(en)dn converges in the space C™(R; x
Q x Q; L(A1T*(Q),A%2T*(Q2))) as € — 0. This means that

By(t,z,y) = lim By c(t,2,y) € C% (Ry x Q x Q; LAY T*(Q), A% T*(Q))).
To study Ba(t,z,y) take a u(y) € C§°(K; A>0T*(Q)), K CC Q and set x,(n) =
x(27"n) — x(2'7"n), v > 0, x0(n) = x(n). Then we have 02 ;x, = 1 and 2V ! <

In| < 2¥*! when 7 € supp x,,, v # 0. We assume that b(t,z,n) = 0if || < 1. If z € K,
we obtain for all indices o, 8 and every € > 0, there exists c. g,k > 0, such that

(5.2)  [DD] (xo(m)xw (t, @, mb(t,2,m))| < ccyap,5e" T EDFD (1 4 [y 1AL,
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Note that [D%x, (n)| < ca(1 + |n])~!*! with a constant independent of v. We have
B4 = //ei(¢(t’“’”)‘<y’">)xu+1(n)XW(t,w,n)b(t,flf,n)U(y)dydn

= 2(n=1)v / eAWOLeM=wm)y ) () xw (¢, 2, M)b(t, z, An)u(y)dydn,

where A = 2¥. Since (5.2) holds, we have |D;‘;(XW(t,:r,2”n)b(t,x,2”77))| < c2kv if
z € K, 1< |n| <4, where ¢ > 0. Since d,(¢(\t,z,n) — (y ,n)) # 0, if n # 0, we can
integrate by parts and obtain
| B,yq1| < c2vCrmithom) Z sup [D%ul .
la|<m

Since m can be chosen arbitrary large, we conclude that >  |Bs,| : converges and
that B(t) defines an operator

B(t) : C5°(Qy; A% T*(Q)) — C® (R, x Qy; A%2T*(Q)).
Let B*(t) be the formal adjoint of B(t) with respect to (| ). From (5.1), we see that
P (t,z,m) # 0 on W. We can repeat the procedure above and conclude that B*(t)
defines an operator

B*(t) : CO5°(Qp; A" 2T*(Q)) — C® (R, x Q; A1T*(Q)).
Hence, we can extend B(t) to &' (Q; A%1T*(Q)) — C*®(Ry; 2/'(Q; A>2T*(Q))) by
the formula

(B(t)u(y) | v(z)) = (u(y) | B*(t)v(z)),

where u € &'(Q; A>1T*(Q)), v € C° (2 A%2T*(Q)).

When z # y and (z,y) € £ x X, we have d,,(¥(¢,z,n) — (y ,1)) # 0, we can repeat
the procedure above and conclude that B(¢,z,y) € C* (@Jr; C> (Q x Q \ diag (Q x
Q); Z(A% T*(Q),onq?T*(Q)))>.

Finally, in view of the exponential decrease as t — oo of the symbol b(¢, z,7), we
see that the kernel B(t)|¢~¢ is smoothing. O

Let b(t,z,n) € S,’f with 7 > 0. Our next step is to show that we can also define the
operator B(z,y) = [ ([, e!Wtem=wmp(t, x,n)dt)dn as an oscillatory integral (see
the proof of Proposition 5.6 for the precise meaning of the integral B(z,y)). We have
the following

PROPOSITION 5.6. — Let
b(t,z,n) € SF(Ry x T*(Q); L(A>2T*(Q), A>2T*(Q)))
with r > 0. Assume that b(t,z,n) = 0 when |n| < 1. We can define
B : (@ AP T (@) — C(%; A" T(Q)
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with distribution kernel

1 = 4 T,m)—
B(z,y) = @nyEt /(/0 el W tem=wmp(t, x n)dt)dn

and B has a unique continuous extension
B: &(Q; A%1T*(Q)) — 2 (Q; AS2T*(Q)).
Moreover, B(z,y) € C®(Q x Q \ diag (2 x Q); L(A>0T*(Q), A>2T*(Q))).

Proof. — Let W and xw (¢, z,7n) be as in Proposition 5.5. We formally set

1 <. .
B(z,y) = W//o etz =) (1 — ey (¢, 2,0))b(t, =, 1)dtdn
1 oo
(Y (t,z,m)—(y,

= Bi(z,y) + B2(z,y)
where in By (z,y) and Bs(z,y) we have introduced the cut-off functions (1 — xw ) and
xw respectively. Since Im ¥ (t,z,n) > ¢’ |n| outside W, where ¢’ > 0, we have
etWem={ym) (1 XW(tﬂU,Tl))b(t,x,T})‘ < ce*C’lnlefEOt\n\(l + 0], €0 >0

and similar estimates for the derivatives. From this, we see that B (z,y) € C* (Q X
Q; Z (A1 T*(Q), AO2T*(1))).

Choose x € C§°(R?"~1) so that x(n) = 1 when |n| < 1 and x(n) = 0 when || > 2.
To study Bz(z,y) take a u(y) € C°(K; A>1T*(Q)), K CC Q and set

1 N n
B a(z) = W/o (//e (W (tn) (y’">)b(t,x,n)XW(t,x,n)x(x)u(y)dydn>dt.

We have

By ox(z) — B2 x(z)
L b (B (At n
= ryE / (/ / AW OLI= )y (¢, 1, Xn)b(t, , M) (c(3) = x(n)uly)dydn ) .

Since dy (Y(Mt, z,n) — (y,n)) # 0, n # 0, we obtain
[ e o ot ) ) = xo)ut)di

<N 3 sup| Dy @ )bl @A) (x(3) = x(n)u()|

la|<N
< C/)\fNefaot\n\(l + |)\|)k’
where ¢, ¢/, g9 > 0. Hence By(x) = limy_. B2 x(x) exists. Thus, B(z,y) defines
an operator B : C§°(,; AY1T*(Q)) — C®(Qy; A%2T*(Q)). Let B* be the formal
adjoint of B with respect to ( | ). Since ¥, (¢,x,7) # 0 on W, we can repeat the pro-
cedure above and conclude that B* defines an operator B* : C§°(Q,; A®2T*(Q)) —
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C>=(Qy; A%T*(Q)). We can extend B to &' (% A>T*(Q)) — 2'(; A®2=T*(2))
by the formula

(Bu(y) | v(z)) = (u(y) | B (),
where u € &'(Q; AYT*(Q)), v € C§°(; A%2T*(Q)).

Finally, when z # y and (z,y) € ¥ x 3, we have d,(¢(¢,z,n) — (y ,n)) # 0, we
can repeat the procedure above and conclude that B(z,y) € C* (Q x QN diag (Q x
Q); L(AS1T*(Q), A>T+ (Q))). O
REMARK 5.7. — Let a(t,z,n) € S§(Ry x T*(Q); L(A>T*(Q),A%2T*(Q))). We
assume a(t,z,n) = 0 if |n| <1 and

a(t,z,n) — a(co, z,n) € S* (Ry x T*(Q); L(AY1T*(Q), A>2T*(Q)))

with 7 > 0, where a(co,z,n) € C*®(T*(Q); L(A>1T*(Q),A%=T*(Q))). Then we
can also define

A(x, y) = /(/0 (ei(w(t7za7])_<y1n>)a(t’ x, 77) — ei(w(oo,mm)—@ﬂ?))a(oo’ x, n))dt) dn

as an oscillatory integral by the following formula:
Az, y) = /(/ @2 =) (g (i (¢, 2, m)a(t, z, ) +a;(t,x,n))dt)dn.
0
We notice that (—t) (iv}(t, z,m)a(t,z,n) + a,(t,z,n)) € S¥*1, r > 0.

Let B be as in the proposition 5.6. We can show that B is a matrix of pseudodif-
ferential operators of order k — 1 type (2, 2) We review some facts about pseudodif-
ferential operators of type (5, 5).

DEFINITION 5.8. — Let £k € R and ¢ € N. S’C (T*(Q); L (AT (Q), A%1T*(Q)))

is the space of all a € C(T*(Q); Z(A” qT*( ), A%4T*(€2))) such that for every
compact set K C Q and all o € N>"71 3 € N?"~1  there is a constant c, gx > 0

la|

such that Bg‘é)?a(x,f)‘ < Caprc(1+ 6T, (@,6) € THQ), v € K. 8F s
called the space of symbols of order k type (1, 3). We write Sl"f = Mmer ST 1,
272 272
;O,% = UmER Smé
Let a(z,£) € S5 1 (T*(Q); ZL(A%1T*(Q), A®9T*(12))). We can also define
272

1 .
Aw) = s / V) oz, £)de

as an oscillatory integral and we can show that
A C5o (% A%IT*(Q)) — C°°(Q; A%IT*(Q))
is continuous and has unique continuous extension:

A E'(Q A%IT*(Q)) — 2'(Q; A%IT*(Q)).

MEMOIRES DE LA SMF 123



CHAPTER 5. SOME SYMBOL CLASSES 39

DEFINITION 5.9. — Let £k € Rand let 0 < ¢ < n —1, ¢ € N. A pseudodifferential
operator of order k type (%,1) from sections of A%4T*(Q) to sections of A®4T*(1)
is a continuous linear map A : C§°(Q2; A%9T*(Q2)) — 2'(Q; A®>9T*(Q2)) such that the
distribution kernel of A is

Ki= Alz,y) = (%)% / v a(z, €)de

witha € S% | (T*(Q); L(A%T*(Q),A%T*())). We call a(z,£) the symbol of A. We
shall write L% | (€; A%9T*(Q), A%9T*(Q)) to denote the space of pseudodifferential
272

operators of order k type (3, 3) from sections of A%4T*() to sections of A®4T*(().
We write L3 = Mpex L7 15 13 = Uper LT 4

We recall the following classical proposition of Calderon-Vaillancourt (see chap-
ter XVIII of Hérmander [15]).
PROPOSITION 5.10. — If A € L% | (€ A%9T*(Q), A%T*(Q)). Then,
272
A HE (4 AYIT(Q)) — Hy F(Q; AT (Q)

is continuous, for all s € R. Moreover, if A is properly supported (for the precise

meaning of properly supported operators, see page 28 of [12]), then
A HE (4 A%IT*(Q)) — HEF(Q; A%T*(Q))

loc

is continuous, for all s € R.
We need the following properties of the phase ¥ (¢, z,7n).

LEMMA 5.11. — For every compact set K C Q and all « € N?2"71, 5 ¢ N2»—1,
la| + |B] > 1, there exists a constant cq g,k > 0, such that

10507 (W (¢, ,m) — (2,m)| < ca,p,x(1+ [n])
if la|+ 18] =1 and
10207 (W (t,2,m) — (@, m)| < capr L+ )77, if Jaf + 18] > 2,
where z € K, t € Ry, |n| > 1.

lal—18] lal+181
2

(I +Imy(t,z,n) =,

Proof. — For |n| = 1, we consider Taylor expansions of 0., (¥(t,z,n) — (x,1)), j =
1,...,2n —1, at (zg,m0) € %,

Oz, (W (t,z,m) — (x,n)) = Z

k

82¢ (k)
N t —
+ §k : ankax]( »370’770)(7716 770 )

A
Oz 0x;

(t7 Zo, "70)(1'16 - mék))

+O(l(@ = @o)* + [(n = m0)|*),
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where zg = (:L'(()l), .. ,mé2"_1)), o = (n(() ), .. ,n(()2n 1)) Thus, for every compact set

K C Q) there exists a constant ¢ > 0, such that
t .
102t z,m) = (@, m)| < eq——dist ((z, ), X)),

where z € K, t € Ry and || = 1. In view of (3.4), we see that Im (¢, N ,m) =<

(4)dist ((,7), 5))?, [n] = 1. Hence, ()2 dist ((z,n), %)) < (Im¢(t,z,7))2, |n| =
1. Thus, for every compact set K cQ there exists a constant ¢ > 0, such that

02 (6 (t,,m) — (@, m)] < e(1)} (m(t, z,m)3, Inl = 1, € K. From above, we get

for |n| > 1,
ax ) 71 _< ,77> ‘
(vitlnl,= (e )

<elnlt (11';7'| ) (e )’

< 1+ )2 (1 + Ime(t, z,n))*,

|3x(¢(t793,77) - <9U,TI>)| =

where ¢, ¢/ >0,z € K, t € R,. Here K is as above. Similarly, for every compact set
K C Q) there exists a constant ¢ > 0, such that

100 ((t, 2, m) = (2,m)| < e(1+ n]) ™2 (Im (¢, z,m)) 2,

where z € K, t € R, and |n| > 1.
Note that |9 8;?(1/)(t z,m) — (z,n))| is quasi-homogeneous of degree 1 — |3|. For
lal+ 8] > 2, we have |0902 (¢(t, z,m) — (z,m))| < c(1+|n])* 1P|, where ¢ > 0, z € K,
t € Ry and |n| > 1. Here K is as above. The lemma follows. O

N\»—l

We also need the following

LEMMA 5.12. — For every compact set K C Q and all o € N**~1, 3 € N2"~1_ there
exist a constant co g, x > 0 and € > 0, such that

|0205 (t4;(t, 2, m))| < cap,x (1 + [n]) e (1 + Im (¢, =, n))
if la|+ |68l <1 and
0208 (14t 2,m))| < capuac(1+ )1 Plerel
if |l + 18] > 2, wherex € K, t € Ry, |n| > 1.

lal 15| 14 lolxip]

Proof. — The proof is essentially the same as the proof of Lemma 5.11. O

LEMMA 5.13. — For every compact set K C Q and all « € N**~1 3 € N?"~1 there
exist a constant co g5 > 0 and € > 0, such that

o 35 (e Bz m—(zm)
(5.3)

lel=181 I 181 lal+181

T YED (1L + T (t, 2,m)) 2

< cCap,x(1+n])
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and

8385<ei<w<tvm’">-<mv">th(t,m,n»
(5.4)

\QIHB\

\al
< Ca,p,x (1 +[n) = (1 4+ Tmap(t, x,m)) T 2

where z € K, t € Ry, |n| > 1.

Proof. — First, we prove (5.3). We proceed by induction over |a|+|3|. For |a|+|8| < 1,
from Lemma 5.11, we get (5.3). Let |a| + |5] > 2. Then

aqf it(Y(t,x,n)—{(x,
008 (et (tmm) = n>)‘

SCZ<

[e +a”—a

B +B"=p
(a”,p")#0

82" %" (i (t,x,m) — i (z,m))

)

o 8’6 ( Y(t,@,m)— <Iﬂ7>)’ %

¢ > 0. By the induction assumption, we have for every compact set K C (), there
exists a constant ¢ > 0, such that

aa aﬁ ( P(t,z,n)— (w,n))‘
(5.5) . o

a!|—|8 o 2
c(1+ Inl)%e—lmw%”)(l + Im w(t,x,n))%,

where z € K, t € Ry, |n| > 1. From Lemma 5.11, we have

a/II_lﬁl/l ‘O‘//I"'lﬁ”‘

A+ Imeyt,z,n) >,

(56) [0 02" (e, ,m) — i (w,m))| < (1 + o)

where z € K, t € Ry, |n| > 1. Combining (5.5) with (5.6), we get (5.3).
From Leibniz’s formula, Lemma 5.12 and (5.3), we get (5.4). O

LEMMA 5.14. — Let b(t,z,n) € S¥(Ry. x T*(Q); L(A%T*(Q), A%T*(Q))) with r >
0. We assume that b(t,z,n) = 0 when |n| < 1. Then

dlasn) = [y, 0, )
0

S’f,%l(T*(Q) L(A%IT*(Q), A%9T*(2))).

2

Proof. — From Leibniz’s formula, we have

3;135(ei(xb(t,w,n)—(ﬂcm))b(t’ z, 77))‘
<c > ‘(ag/ag/ei(w(tvm>—<w~">)(ag”ag”b(t,x,n)) , ¢>0.

o' +a' =«

8'+6"=p
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From (5.3) and the definition of Sf, we have for every compact set K C €, there exist
a constant ¢ > 0 and € > 0, such that

|8°‘3ﬁ | < c/ —Im (2, z,n)( 1+n |)k+‘ (1—|—Im1/)(t T n))i‘“'ﬁ'ﬁ'e—etlnldt
0
< c/(l + |n|)k_1+\a|g|ﬁ|
where ¢’ > 0, z € K. The lemma, follows. O

We will next show
PROPOSITION 5.15. — Let
b(t,z,n) € SF(Ry x T*(Q); L(A%IT*(Q), A%1T*(Q)))
with r > 0. We assume that b(t, z,n) = 0 when |n| < 1. Let B be as in Proposition 5.6.
Then B € L’;—%I(Q; A%9T*(Q), A%9T*(Q)) with symbol
o(zm) = / e~y 5 e
0

€ SY 1T (Q); L(A%9T*(Q), A% T*(9))).

1
’2

M\»—\

Proof. — Choose x € C5°(R?"~1) so that x(n) = 1 when |n| < 1 and x(n) = 0 when
In| > 2. Take a u(y) € C§°(Q; A%9T*(2)), then

1 _
Bu—tm L / ( / =Mt & myu(y)x(em)dn ) dt

e—0 (27T) 0

1 > .
— lim (2)%1/ eHe—ym) (/el(¢(t’“’")_<“’”>)b(t,x,n)u(y)x(sn))dndt
™ 0

e—0
. 1 (x—
= lim Gy [ e mutu)x(en)dn.

From Lemma 5.14, we know that ¢(z,n) € S’k 1+ Thus

I

1 i — * *
lim oo /6“‘”*’"""}(1(%n)U(y)x(én)dn € L7 (9Q; A%9T™(Q), AT (Q)).
e—0 (27r) 3:3

We need the following

LEMMA 5.16. — Let a(oco,z,n) € C®(T*(Q); Z(A%1T*(Q), A%9T*(2))) be a classi-
cal symbol of order k, that is

a(oco, x, 1) Zajooa:n

in the Hormander symbol space St o (T *(Q) L(AT*(Q),A%T*(9Q))), where
a;(c0,z,1) € C*(T™(Q); «i”(AO’qT*( ), A%IT*(Q))), j=0,1,...,
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aj(00,z,An) = NiJa (00, z,m), A > 1, |n| > 1,5 =0,1,.... Assume that a(co,z,n) =
0 when |n| < 1. Then

p(a,n) = / Oo(eiww,n)—(z,n)) _ ez’w(oo,z,n)—(xm»)a(oo, z,m)dt
0

5’; H(TH(Q); L(A%T* (), A%T*(Q))).

M\»—n

Proof. — Note that

p(,n) = / GO~ ()i (¢, 2, m)a(oo, 2, n)dt.
0

From (5.4), we can repeat the procedure in the proof of Lemma 5.14 to get the
lemma. O

REMARK 5.17. — Let a(t, z,n) € S§(Ry x T*(Q); L(A%9T*(Q), A%IT*(Q))). We as-
sume a(t,z,n) =0, if |n| < 1 and
a(t,z,n) — a(oco,z,n) € SF (Ry x T*(Q); L(A%T*(Q), A%*T*(Q)))

with r > 0, where a(co,z,7) is as in Lemma 5.16. By Lemma 5.14 and Lemma 5.16,

we have
/ Oo<ei(w(t7w,n)—(w,n>)a(t’ 2.m) — s =@ g (00 o n))dt
0
:/ e Wtem=@m) (gt . 1) — a(oo, z,n))dt
0
n / °°(ei<w<t,z,n>—<mm>> _ ei(w(oo,mm)—(mm)))a(oo, 2, n)dt
0
€ Sy 1T (Q); L(AYIT*(Q), A%T*(R))).
202
Let

41 Ny 4 z,m)— 7 00,T,m)—
A@.9) = Gy //0 (e Wt m) =) g (¢, ) — eiP(E0) <y»ﬂ>>a(oo,x,n))dtdn

be as in the Remark 5.7. Then as in Proposition 5.15, we can show that A €
LA~H(Q; A%9T*(Q), A%9T*(Q)) with symbol
272

q(m,n):/ (ei(w(t,z,n)—@m)a(t,x’n)_ei(w(oo,z,n)—(wm))a(oo’x’n)>dt
0
Slf 11 (T*(Q); L(A%9T*(Q), A>T*(2))).

We have the following

PROPOSITION 5.18. — Let a(co,z,n) € C®(T*(Q); Z(A%1T*(Q), A%T*(2))) be a
classical symbol of order k. Then

a(ac, 77) = ei(w(oo,m,n)—(m,n))a(oo’x,n) € 57

1
PR

(T*(Q); Z(A™9T*(2), A%T*(2))).

1
2
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Proof. — In view of Lemma 5.13, we have for every compact set K C 2 and all
a € N>~ 3 e N1 there exists a constant c, g, x > 0, such that

020 (e (o= M=o < ey (14 [n) =7 eI YERD (1 I (00, 3,m) TF

where z € K, |p| > 1. From this and Leibniz’s formula, we get the proposition. O
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CHAPTER 6

THE HEAT EQUATION

Until further notice, we work with local coordinates z = (z1,...,Z2,—1) defined
on an open set  C X. Let
b(t, ,n) € SF(Ry x T*(); L(A™T*(Q), A>T (2)))

with 7 > 0. We assume that b(¢,z,m7) = 0 when || < 1. From now on, we write
(%)ﬁ S e Eem=wmp(t, ,m)dt)dn to denote the kernel of pseudodifferential
operator of order k—1 type (3, 1) from sections of A>4T* () to sections of A®4T*(12)
with symbol
/ e Whem ==tz n)dt € S5 (T*(Q); L(A%T*(Q),A%T*(Q)))
0 272

(see Proposition 5.15).

Let a(t,z,n) € S§(Ry x T*(Q); L(A%9T*(Q), A%T*(Q))). Assume that

a(t,z,n) =0
when |n| < 1 and that
alt, z,m) — a(00,z,m) € SE(By x T*(R); L(AIT* (), A4T*(2)))

with 7 > 0, where a(c0,z,n) € C®(T*(Q); L(A%T*(Q),A%T*(Q))) is a classical
symbol of order k. From now on, we write

1 Ry _
W /(/ (eZ(w(t,w,n)%y,n))a(t,m’n) _ ez(w(oo,z,n)*(y,m)a(oo,wm))dt) dn
a 0

to denote the kernel of pseudodifferential operator of order k — 1 type ( %, %) from
sections of A%4T*(Q) to sections of A%9T*(Q) with symbol

/ (e EEm=Emg (s, g ) — e HCOEM =@M (00, 2 ) dt
0

in S551(T*(Q); L(A%9T*(Q), A>9T*(Q2))) (see Remark 5.17). From Proposition 4.5,
we have the following
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PROPOSITION 6.1. — Let Q be a C* differential operator on Q2 of order m. Let
b(t,z,n) € SF (Ry x T*(Q); ZL(A™T*(9), A™T*(Q)))
with v > 0. We assume that b(t,z,n) = 0 when |n| < 1. Set
Q(ei(w(t,%n)—(y,m)b(t’ z,n)) = ei(w(t,w,n)—<y,n>)c(t7 z,n),
c(t,z,n) € SF+™(Ry x T*(Q); L(A%1T*(Q),A%T*(Q))), r > 0. Put
(%)12”71 / ( /0 " e tm )~ y(t, 2, m)dt) dn,

1 * i x,n)—
Clz,y) = @t /(/0 et Eem =W e(t, z n)dt)dn.

B(Z’,y) =

We have Qo B =C.

PROPOSITION 6.2. — Let Q be a C* differential operator on Q2 of order m. Let
b(t,z,n) € SE(Ry x T*(Q); L(A%1T*(Q), A%1T*(Q))).
We assume that b(t,z,n) = 0 when |n| <1 and that
b(t, z,n) — b(co, z,n) € SF (Ry x T*(Q); L(AYT*(Q), A>T*()))

with v > 0, where b(co,z,n) € C°(T*(Q); L (A%1T*(Q), A>9T*(Q2))) is a classical
symbol of order k. Set

Q(ei(w(t,mm)%y,m)b(t’ z,m) — WM =Wmp(o 1, )
— ei(w(t,mn)—(ym))c(t, z,m) — ei(w(oo,zm)—(ym))c(oo’ z,7n),
where c(t,z,n) € SgT™(Ry x T*(Q); L(A%T*(Q), A%1T*(Q))),
(00, z,m) € C®(T*(Q); ZL(A™T*(Q), A™T*(Q)))
is a classical symbol of order k +m. Then
c(t,z,n) — ¢(o0, x,m) € SF™ (Ry x T*(Q); ZL(AMT*(Q), A>T (Q)))
with r > 0. Put

B(z,y) = 7(2 yn1 /(/0 (e WEem=mp(t, gz, ) — etz =y, 7>)b(oo,m,77))dt)dn,
1 i(y(t,z,m —{(y,n i(9(00,,m) —{y,m
Clz,y) = (2m)2n—1 /(/O (e WEem=m) et g, n) — e P (0mm =y, >)c(oo,as,17))dt)dn.

We have Q o B = C.

We return to our problem. From now on, we assume that our operators are properly
supported. We assume that Y'(¢) holds. Let

a;(t,z,n) € S;7 (Ry x T*(Q); L(A™T*(Q),A%T*(Q))), j=0,1,...,
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where 7 > 0, be as in Proposition 5.3 with ag(0, z 7;) =1,4a;0,z ,n) = 0 when j > 0.
Let a(t,z,n) ~ 3272 a;(t,z,n) in SORy x T*(Q); L(A%T*(Q), A%9T*(Q))), where
r > 0. Let

(6.1) (8, + Dl()«n)(ei(w(t,w,m—(y,n))a(t’x’n)) = ez‘(w(t,z,n)—@,n))b(t’x’n)'

From Proposition 4.5, we see that for every compact set K C 2, ¢ > 0 and all indices
o, B and N € N, there exists cq g,n,,xk > 0 such that

(6.2) [820Lb(t,z,1)| < Caypn,e,xeTTEDTED (1) =N 4 PN (Imp(t, 2, m)N),

where t € Ry, z € K, || > 1. Choose x € C§°(R?*"~1) so that x(n) = 1 when || < 1
and x(n) = 0 when |n| > 2. Set
1 oo
63)  Alww) = gz [(] 0Dtz 0)0 = xm)de)dn.
™

0
We have the following proposition

PROPOSITION 6.3. — Suppose Y (q) holds. Let A be as in (6.3). We have Dl(,q)A =1

Proof. — We have

(q) 1 i(p(t,z,n)—(y,
0 (et 2, m) (1 - x(m)

7 x,m)— n ]
- (271)2”—16 Wtmm=lv >)b(tvman)( _X("]))
’L »T,M)— n

where b(t,z,7) is as in (6.1), (6.2). From Proposition 6.1, we have

1 o )
(ZO%_{/V"gwa%m<%m%@$mx1_xm»ﬁﬁm
0

~ e J([[ 5 @m0t )1 = xmyar)in

From (6.2), it follows that [(f, e't:=m={wmp(t, 2, n)(1 — x(n))dt)dn is smoothing.
Choose a cut-off function x1(n) € C5°(R?"~!) so that x1(n) = 1 when |n| < 1 and
x1(n) = 0 when || > 2. Take a u(y) € C§°(Q; A%IT*(Q2)), then

ing [ (] 55 €0t 000) (0 x)s (emyuto)e)

e—0

:-—lhn(//?i“‘%"Nl—-xOﬂ)xlﬁn)uuodndy

e—0

O0PoA=

Hence W f( 000% (eiWEBem=wma(t, z,m)) (1 — X(ﬁ))dt)dn = _J. Thus Dz()q) o
A=1
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REMARK 6.4. — We assume that Y(q) holds. From Proposition 6.3, we know that,
for every local coordinate patch X, there exists a properly supported operator A; :
2'(X;; A®1T*(X;)) — 2'(X;; A%T*(X;)) such that

Ay Hiyo (X5 AT (X;)) — Hit! (X AT (X,))

loc

and O\ o A; — I : HE (X;; A%9T*(X;)) — HEP™(X;; A%9T*(X;)) for all s € R

loc loc

and m > 0. We assume that X = szl X,;. Let {x;} be a C> partition of unity
subordinate to {X;} and set Au = 3>, A;(x;u), u € 2'(X; A%T*(X)). A is well-
defined as a continuous operator:

A: H(X; AYT*(X)) — HTHX; AT (X))
for all s € R. We notice that A is properly supported. We have D,()q) ocA—-1:
H(X; A%T*(X)) — HsT™(X; A%T*(X)) for all s € R and m > 0.
Assume that Y (q) fails. Let
a;(t,z,n) € S (R+ x T*(Q); ZL(A™1T*(Q), A>1T*(Q))), j=0,1,...,
and a;(00,z,m) € C®(T*(Q); L(A*T*(Q),A>T*())), j = 0,1,..., be as in
Proposition 5.4. We recall that for some r > 0,
a;(t,z,n) —a;(co,z,n) € S;77 (Ry x T*(Q); L(A>1T*(Q),A>1T*(Q))), j=0,1,....
Let
(6.4) ooxnwiajooxn
§=0

in the Hérmander symbol space S9 o (T*(); Z(AT*(Q), A%9T*(9))). Let

8

(6.5) t:anZathn

Jj=0

in S9 (Ry x T*(Q); ZL(A%2T*(Q), A%9T*(2))). We take a(t,z,n) so that for every
compact set K C 2 and all indices «, 8, 7, k, there exists ¢ > 0, ¢ is independent of
t, such that

k

(6.6) 8,205 (alt,,m) = 3 a;(t,m)) | < e+ |y 717191,
7=0

where t € Ry, z € K, |n| > 1, and

a(t,z,n) — a(co,z,n) € S° (Ry x T*(Q); ZL(A™T*(Q), A>T*(Q))) with r > 0.
Let
(6.7) (8, + Dz()q)) (ei(w(t,mm)—@m))a(t’ z,m)) = el =Myt 7 p).
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Then b(t,z,7n) € S3(Ry. x T*(Q); L(A%T*(Q), A%IT*(Q))) and
(6.8) b(t,z,n)—b(co,z,n) € S2(Ry xT*(Q); L(A™T*(Q), A% T*(Q))) with r > 0,

where b(co, z,7n) is a classical symbol of order 2. Moreover, we have

%) 0 q 1 i z,m)—(y,m ! i(¢(o0,z,n)—(y,n
( t I(J))<(2 )2n_1 (el(w(t’ M=y, >)a( ,.’E,?]) € ((o0,z.m)~(v, >>a(00,3;‘,1])))
i z,m)—(y,m t i(¢(o0,z,n)—(y,m

From Proposition 4.5, we see that for every compact set K C € and all indices «,
B and N € N, there exists c4,g,n x > 0 such that

(6.10) 0202b(t, 2,1)| < capn,rc (10l + 0> (Imap(t, z,m)N),
where t € Ry, z € K, |n| > 1. Thus,
(6.11) |0208b(00, z,1)| < capvic (10|~ + > Im (o0, z,))N).

From (6.8), (6.10) and (6.11), it follows that for every compact set K C £, € > 0 and
all indices o, B and N € N, there exists cq g N,k > 0 such that

0307 (b(t, z,m) — b(co, z,7))|
(6.12)

N|=

< cag e i (€XTEDTED (=N PN (map(t, 7)) )

wheret e Ry, z € K, [n| > 1,7 > 0.
Choose x € C5°(R*™~1) so that x(n) = 1 when |n| < 1 and x() = 0 when || > 2.
Set

1 <
G(z,y) = ——— /(/ (ez(w(t’x’")_@’"»a(t,a:,n)
0

(6.13) (2m)>n=t
— =) 000, 2,)) (1~ x(n))dt ) dn.

Put

1 .
(6.14) S(z,y) = @t /e’(w(oo’x’")_@’"))a(oo,x,n)dn.
We have the following

PROPOSITION 6.5. — We assume that Y (q) fails. Let G and S be as in (6.13) and
(6.14) respectively. Then S + ng) oG=1 and ng) 0S=0.

Proof. — We have

1 )
ol ( e =) (4 o n))

(27’()2"_1
1 - _ oY da
_ i((tz,m)—(y,n)) I P
(2m)zn1° (b6, =i ot~ ot ):
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where b(t,z,n) is as in (6.7). Letting ¢t — oo, we get

Dl(;q) ( ei(w(oo,ac,n)—(y,n))a(oo7 z, 77)) — ;ei(w(oo,z,ﬂ)—@vﬂ))b(oo’ z,n),

(2m)2n—1 (2m)2n—1
where b(co, z,7) is as in (6.8) and (6.11). From (6.11), we have

1

i (v (00,,m) = (y,m))
W/ez S TNb(00, z,m)dn

is smoothing. Thus Dl()q) oS =0.

In view of (6.9), we have

1 : _ 7 x,m)—
= <(27r)2n_1 (e vtem=tmmat,z,n) (1 = x()) — €'V~ a(00,2,7)(1 - x(n)))
1 , _
= e (ezw(t,w,n)%y,n))b(t,m’,7) _ ez(w(oo,w,mf(y,m)b(oo,x,n)> (1 - x(n))
)N
]' a 7 x —
= G g (¢ att 7)) (1= x(n).

From Proposition 6.2, we have

(@) (a) 1 i) —(w,
Oy 0 G =0, <(27r)2n_1 /(/0 (e wtem=wma(t, ¢, n)

_ ei(vlz(oo,w,n)—(ym))a(oo, z, 77)) (1- X(n))dt) dn)

— 1 > T t,x,m)—
:(27r)2”1</</o (et zm—tmy sz, )

— W0z =wmp(o0, 1, 77)) (1- X(U))dt> dn

_ / ( /0 w% (ei(w(t,x,n)—@ﬂ?))a(t, z, n)) 1- X(r]))dt) dn>.

In view of (6.11) and (6.12), we see that
/(/ (6i(w(t7wm)7(ym>)b(t, z,m) — WM =My g m)(1 - X(ﬂ))dt> dn
0
[e 9]
_ /(/ (HWEmm—wm) _ i @Eomm—wm))p(oo, 2, m) (1 — x(n))dt> dn
0

- /(/ooe“"’“’“”’)‘@’")’ (b(t, z,m) — b(co,z,m)) (1 — X(n))dt) dn

0

is smoothing.
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Choose a cut-off function x1(n) € C§°(R?"~1) so that x1(n) = 1 when || < 1 and
x1(n) = 0 when || > 2. Take a u € C§°(£2; A%9T*(£)), then

lim (/ 2 (e tmm=wma(t,z,m)) (1 - x(n))xl(en)U(y)dt> dndy
e—0 o Ot
= lim [/ 0em=ma 00, z,5)(1 — x(n))x1(en)uly)dndy
= lim [ '@ (1= x())xa (en)uly)dndy.
Hence
1 /(/003 (ei(¢(t’x’")7<y’">)a(t z,m))(1— X(n))dt) dn=S-1.
(2m)2n—1 0 Ot Y
Thus S+ Op g0 G =1. O

In the rest of this chapter, we recall some facts about Hilbert space theory for
Dl()q). Our basic reference for these matters is [1]. Let A be as in Remark 6.4. A has
a formal adjoint A* : 2'(X; A®IT*(X)) — 2'(X; A®IT*(X)), (A*u | v) = (u | Av),
u € C®(X; A%T*(X)), v € C®(X; A%T*(X)).

LEMMA 6.6. — A* is well-defined as a continuous operator:
A*: H(X; A%T*(X)) — H*H(X; A%T* (X))
for all s € R. Moreover, we have A* = A.

Proof. — The first statement is a consequence of the theorem of Calderon and Vail-
lancourt (see Proposition 5.10). In view of Remark 6.4, we see that ng) oA =1. Thus
A*o ng) = I. We have
A — A=A (@OP0A) - A

=(A"oOP)oA-A

=A-A

=0.
The lemma follows. O

From this, we get a two-sided parametrix for DI()Q).

PROPOSITION 6.7. — We assume that Y (q) holds. Let A be as in Remark 6.4. Then
O0PoA=A400" =1.

Proof. — In view of Lemma 6.6, we have A* = A. Thus I = ng) ocA=A*o ng)
(2)
Aold”.

oo
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REMARK 6.8. — The existence of a two-sided parametrix for Dl()q) under condition
Y (q) is a classical result. See [1].

DEFINITION 6.9. — Suppose @ is a closed densely defined operator
Q:HD>Dom@ — Ran@ C H,

where H is a Hilbert space. Suppose that @ has closed range. By the partial inverse
of Q, we mean the bounded operator N : H — H such that Q o N = my, N o
@Q = m on Dom @, where 7, mo are the orthogonal projections in H such that
Ranm; = (KerQ)', Ranmy = Ran(Q. In other words, for u € H, let mu = Qu,
v € (Ker Q)+ N Dom Q. Then, Nu = v.

Set Dom [\ = {u € L2(X; A%T*(X)); OWu € L(X; AO*qT*(X))}.

LEMMA 6.10. — We consider Dl(,q) as an operator
O L2(X; A%T*(X)) D Dom O — L2(X; A%4T*(X)).

If Y (q) holds, then Dl(f) has closed range.

Proof. — Suppose u; € Dom Dl(,q) and Dl(,q)uj =v; — vin L*(X; A%T*(X)). We have
to show that there exists © € Dom I:!,()q) such that Dl()q)u = v. From Proposition 6.7,
we have ng)A =I1-F, ADIEQ) = [ — F, where F}, j = 1,2, are smoothing operators.
Now, Ang)uj = (I — F»)u; — Av in L*(X; A%9T*(X)). Since F; is compact, there
exists a subsequence uj, — u in L*(X; A®?T*(X)), k — co. We have (I — F5)u = Av
and D,()q)uj,c — ng)u in H=2(X; A%IT*(X)), k — oo. Thus D,()q)u = v. Now v €
L?(X; A%9T*(X)), so u € Dom D,()q). We have proved the lemma. O

It follows that Ran Dlgq) = (Ker Dl(f))l. Notice also that Dl(,q) is self-adjoint. Now,
we can prove the following classical result

PROPOSITION 6.11. — We assume that Y (q) holds. Then dim Ker Dgw < oo and 7@
is a smoothing operator . Let N be the partial inverse. Then N = A+ F where A is
as in Proposition 6.7 and F is a smoothing operator. Let N* be the formal adjoint
of N,

(N*u | v) = (u | Nv), u € C®(X; A%T*(X)), ve C®(X; A%T*(X)).

Then, N* = N on L?(X; A%T*(X)).
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Proof. — From Proposition 6.7, we have ADéq) =I1-Fy, Dl()q)A = I —F5, where F, F5
are smoothing operators. Thus Ker Déq) C Ker (I — F}). Since F} is compact, Ker (I —
Fy) is finite dimensional and contained in C°°(X; A%97*(X)). Thus dim Ker Dl@ <
oo and Ker Dl()q) C C®(X; AT+ (X)).

Let {¢1,¢2,...,0m} be an orthonormal basis for Ker Dl(,q). The projection 7@ is

given by 7@y = Z;n:l(u | ¢;)¢;. Thus 7(9 is a smoothing operator. Notice that

) )

I — 7(9 is the orthogonal projection onto Ran Dl()q since Dl()q is formally self-adjoint

with closed range.
For u € C*®(X; A%T*(X)), we have

(N — Ayu = (A + Fy)Nu — Au

= A(I — D)y + FyNu — Au

= —Ar Dy + AN(OW A+ Fy)u

= —Ar Dy + Fi (I — 7'9)Au + Fy NFyu.
Here —An(9, F1(1 — 7@D)A : H3(X; A®IT*(X)) — H* ™ (X; A%T*(X)) Vs € R
and m > 0, so —An(@ | F;(1 — 7(®) A are smoothing operators. Since

FINF,: &(X; A™T*(X)) — C(X; A%T*(X))
— L*(X; A™T* (X)) — C°(X; A%T*(X)),

we have that FyNF; is a smoothing operator. Thus N = A 4+ F, F is a smoothing

operator.
Since N7(@ = 7N = 0 = N*7(@ = 7 N* = 0, we have N* = (ND,()Q) +
n@D)N* = NDZ(;I)N* = N. The proposition follows. O

Now, we assume that Y (q) fails but that Y (¢ — 1), Y (¢ + 1) hold. In view of
Lemma 6.10, we see that ngil) and Dgﬁl) have closed range. We write é,ﬂq) to denote
the map: 9, : C®°(X; A%T*(X)) — C°°(X; ABH1T*(X)). Let 55)(])’* denote the
formal adjoint of ;. We have 5£Q)’* 1 C°(X; A%FIT*(X)) — C°(X; A»IT*(X)).
Let NZSQH) and leq_l) be the partial inverses of DéqH) and ng_l) respectively. From
Proposition 6.11, we have

1)\ % 1 —1)\ % —1
(NIE(H_ )) :le(q+)’ (leq )) :Nb(q )’

where (leq+1))* and (ngq_l))* are the formal adjoints of Nb(qH) and Néq_l) respec-
tively. Put

(6.15) M =B (N )2al 4 Bl (v )zl
and
(6.16) r=1- @ NIFY 4 3 NI,
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In view of Proposition 6.11, we see that M is well-defined as a continuous operator:
M : H5(X; A®>9T*(X)) — H*(X; A%T*(X)) and 7 is well-defined as a continuous
operator: m: H®(X; A%IT*(X)) — H*~Y(X; A%IT*(X)), for all s € R.

Let #* and M* be the formal adjoints of m and M respectively. We have the
following

LEMMA 6.12. — If we consider m and M as operators:

m, M : 2'(X; AT*(X)) —» 2'(X; A™1T* (X)),

then

(6.17) ™ =xn, M* =M,

(6.18) O@x =0 =70,

6.19 r+09M=1=7+ MO,
b b

6.20 ™ =0= Mm,

(6.20)

(6.21) nt=m.

Proof. — From (6.15) and (6.16), we get (6.17).
For u € C*°(X; A%9H1T*(X)), we have

0= (ngﬂ)ﬂéqﬂ)u | 7r,§q+l)u)

= (Eéqﬂ)ﬂéqﬂ)u | géqﬂ)wéqﬂ)u) + (géq)’*ﬂéﬁl)u | 51(,q)’*7r,§q+1)u).

Thus,

(6.22) Bt et o ol _

Hence, by taking the formal adjoints

(6.23) 7Tng+1>51<;1+1%* —0, 7Tl()q+1)51()q> —0
Similarly,

(6.24) F R G s [ L)

Note that

(6.25) a0 O — gl gl — pogley,
Now,

o0 @ MR 4+ 3 e )
_ g(q),*D(q+1)N(q+1)5(q) T g(q—l)D(q—1)N(q—1)5(q—1),*
a(q), (I- (q+1))6(q)+8(q 1)( (q 1))8(q 1),%

=09,
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Here we used (6.22), (6.24) and (6.25). Hence, Déq)w = 0. We have that 7T|:|l()q)
= (ng)w)* = 0, where (Déq)ﬂ)* is the formal adjoint of Dl()q)ﬂ'. We get (6.18).
Now,

R R e
8(q)’( ﬂ_l()q+1))N(q+1)5(Q)_’_g(q—l)( _Trlgq—l))NlSq—l)gl(’q—l),*
:51(;1% N£q+1)51() a(q 1) q 1)8q 1),*
=1-—m.

Here we used (6.22), (6.24) and (6.25). Thus, Déq)M + 7 = 1. We have 7 + MDZ()q) =
(Dl()q)M + m)* = I, where (Dl()q)M + m)* is the formal adjoint of DZ(JQ)M + w. We get
(6.19).

Now,

M(I—Tl') (a (q+1)a(‘1)+8q 1)N(q l)aq 1),% )
_ a *(N(Q+1))28(‘1)a(‘1)7 N(Q-H)a
_i_gbq*l)(Néq—n) a()qfl), abq 1)N(q 1)8(11 1),
From (6.22), (6.23) and (6.25), we have
a(q)ab q+1) (I _ 7rl(7q+1))5l()q)5l()q)a*N£q+l)
_ leqﬂ)ngﬂ)géq)égq)’*NéqH)

= NHDg g0 g+ N e+
_ NEVROF (1 i)
= NSVBE

Similarly, we have 0l(,q R 3(q_1)N,£q_l) = N(q_l)gl(aq_l)7*51(aq_l)

M(I—7) = 8((1) *(N(q+1)) N(q+1)a(q)a(q) *a(q)
+ gbq—l)(Néq—l)) Néq_l)géq_1)7 gbq—l)géq—l)y*
_ gl()‘l)v*(leq+1))2Néq+1)Dl(]q+1)51(;1) n 51()‘1—1)(Nb(q—l))2N(q—1)D(q—1)g(q—1)v*

. Hence,

—=(q),* 1 1) \5e)  =(g—1) -1 1 (g—1),*
=3, (NI =T34 8, (TP - w3,
—=(q),* +1)\25(@)  wlg—1) —1)\25(g—1),*

=3, (N2, + 8,V (vY)?d,

=M.

Here we used (6.23) and (6.24). Thus, M7 = 0. We have 7M = (Mr)* = 0, where
(Mm)* is the formal adjoint of Mm. We get (6.20).

SOCIETE MATHEMATIQUE DE FRANCE 2010



56 CHAPTER 6. THE HEAT EQUATION

Finally, ™ = (ng)M + m)m = 7%, We get (6.21). The lemma follows. O

LEMMA 6.13. — If we restrict 7w to L>(X; A%9T*(X)), then m = 7@, That is, 7 is the
orthogonal projection onto Ker Dl()q). Thus,  is well-defined as a continuous operator:
7 L3(X; A%9T*(X)) — L?(X; A»T*(X)).

Proof. — From (6.18), we get Ran7 C Ker Dl(f) in the space of distributions. From
(6.19), we get mu = u, when u € Ker ng), so Ran7 = Ker D(q) and 72 =71 =71 =
7*. For ¢, ¢ € C°(X; A»9T*(X)), we get (1—m)p | 7¢) = 0so Ran (I —7) L Ranm
and ¢ = (I — m)¢ + 7 is the orthogonal decomposition. It follows that 7 restricted
to L2(X; A%9T*(X)) is the orthogonal projection onto Ker Dz(;Q)- O

LEMMA 6.14. — If we consider Dl()q) as an unbounded operator
O L2(X; A%T*(X)) D Dom O — L2(X; A%4T*(X)),
then ng) has closed range and M : L*(X; A%9T*(X)) — Dom Dl(,q) is the partial

inuverse.

Proof. — From (6.19) and Lemma 6.13, we see that M : L?(X; A%T*(X)) —
Dom DI(JQ) and Ran D(q) D Ran (I —m). If D(q)u =, u,v € L?(X; A%9T*(X)), then
(I—-7)w=I- W)D(q)u = v since WD(‘]) D(q)ﬂ' = 0. Hence Ran D(Q) C Ran (I —7)
S0 ng) has closed range.

From (6.20), we know that M7 = #M = 0. Thus, M is the partial inverse. O

From Lemma 6.13 and Lemma 6.14 we get the following classical result

PROPOSITION 6.15. — We assume that Y (q) fails but that Y (¢—1) and Y (¢+1) hold.
Then Déq) has closed range. Let M and 7 be as in (6.15) and (6.16) respectively. Then

M is the partial inverse of Dl()q) and ™ =79,
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THE SZEGO PROJECTION

In this chapter, we assume that Y (q) fails. From Proposition 6.5, we know that,
for every local coordinate patch X, there exist
Gj € LTll (Xj; AO’qT*(Xj),AO’qT*(Xj)), S]' (S LOL 1 (X]'; AO’qT*(X]'),AO’qT*(XJ’))
213 272

such that

S +09q, =1
(7.1) { it G

in the space Z'(X; x X;; L(A%T*(X;), A>T*(X;))). Furthermore, the distribution
kernel K, of S; is of the form

1

(7.2) K%@w%zagﬁj

/ﬂw&mFWdewmmm
where (00, x,7), a(co,z,n) are as in Proposition 3.3 and (6.4). From now on, we
assume that S; and G; are properly supported operators.

We assume that X = U§=1 X;. Let x; be a C™ partition of unity subordinate to
{X;}. From (7.1), we have

(7.3) { Sixs + 0§V G = x5

Dl()q)Sij =0

in the space 2'(X; x X;; L(A%T*(X;),A%T*(X;))). Thus,

S+09a=1
(7.4) { T

Ows =0
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in 7'(X x X; ZL(A%T*(X),A\°4T*(X))), where
S,G: 2'(X; A™T*(X)) — 2'(X; A>T*(X)),

{ Su=YF_ S;(xu), ueP2'(X; AT*(X)),

(7.5) A ) A
Gu=3;_,Gj(xju), u€ Z'(X; AMT*(X)).

From (7.4), we can repeat the method of Beals and Greiner (see pages 173-176 of
[1]) with minor change to show that S is the Szegs projection (up to some smoothing
operators) if ng) has closed range.

Let S*, G* : 2'(X; A%T*(X)) — 2/(X; A®IT*(X)) be the formal adjoints of
S and G respectively. As in Lemma 6.6, we see that S* and G* are well-defined as

continuous operators

(7.6) S*: H*(X; A%T*(X)) — H*(X; A%T*(X),
. G* : H5(X; A%T*(X)) — HT(X; A%T*(X)),
for all s € R. We have the following

LEMMA 7.1. — Let S be as in (7.4) and (7.5). We have S = S*S. It follows that
S=5*and S*=S.

Proof. — From (7.4), it follows that S*+G*D£q) = 1. We have S = (S*—i—G*D,()q))oS =

§*S + G*OW S = 5*S. The lemma follows. O
Let
(7.7) H=(I-5)oG.

H is well-defined as a continuous operator
H: H(X; A®T*(X)) —» H*"(X; A®IT*(X))
for all s € R. The formal adjoint H* is well-defined as a continuous operator: H* :
H*(X; A%T*(X)) — HST1(X; A%9T*(X)), for all s € R.
LEMMA 7.2. — Let S and H be as in (7.4), (7.5) and (7.7). Then
(7.8) SH =0,
(7.9) S+0O%H=1.
Proof. — We have SH = S(I — S)G = (S — S?)G = 0 since S?2 = S, where G is as in

(7.4). From (7.4), it follows that S + OWH = S+ 01 - $)G =1 -O”SG = I.
The lemma follows. O

LEMMA 7.3. — Let H be as in (7.7). Then H = H*.
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Proof. — Taking the adjoint in (7.9), we get S* + H*Dl(f) = I. Hence
H=(S+HOY)H=SH+HOY"H.

From Lemma 7.1, Lemma 7.2, we have S*H = SH = 0. Hence H = H*Dlgq)H =
H*.

OJ

Summing up, we get the following
PROPOSITION 7.4. — We assume that Y (q) fails. Let
S:2'(X; A°IT*(X)) — 2'(X; A%T*(X))
H:2'(X; A\%T*(X)) —» 2'(X; A®IT*(X))

be as in (7.5) and (7.7). Then, S and H are well-defined as continuous operators

(7.10) S H*(X; AT (X)) — H*(X; A>T*(X)),
(7.11) H: H*(X; A>T*(X)) — H*"H(X; A%T*(X)),
for all s € R. Moreover, we have

(7.12) HOW +S=5+0%H =1,

(7.13) 08 = SO = o,

(7.14) S=8"=52

(7.15) SH=HS=0,

(7.16) H=H"

REMARK 7.5. — If §', H' : 9'(X; A%9T*(X)) — 2'(X; A%9T*(X)) satisfy (7.10)
(7.16), then S’ = (HO” + )8’ = S8’ = S(OWH' + §') = § and

H = HOP + $)H = (HO® + §)H' = HOH' = HOYH' + §') = H.
Thus, (7.10)—(7.16) determine S and H uniquely up to smoothing operators.
Now we can prove the following

PROPOSITION 7.6. — We assume that Y (q) fails. Suppose Déq) has closed range. Let
N be the partial inverse of Dl()q). Then N = H+ F and 79 = S + K, where H, S
are as in Proposition 7.4, F', K are smoothing operators.

Proof. — We may replace S by I — Déq)H and we have Dl(,q)H+S =I= H*D,(,q) +S*.
Now,

(7.17) 7@ = @O0 H 4 §) = 7@,
hence
(7.18) (7 D) = §*(r(D)* = 7@ = §*7(D),
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Similarly,
(7.19) S =(NOW 4+ 79 = 705 4 NFy,
where F} is a smoothing operator. From (7.17) and (7.19), we have
(7.20) S—nl@d=8_7D5=NF,.
Hence (S* — 7(@)(S — n(9)) = F¥ N2F;. On the other hand,
(8" — 7 D)(S —7?) = §*F — §*7(D — 7D g 4 (7(D)2
=55 — 7@
=8 -7+ Ry,
where F; is a smoothing operator. Here we used (7.17) and (7.18). Now,
FIN?Fy : 9'(X; A%T*(X)) — C=(X; A®IT*(X))
— L*(X; A%T* (X)) — C°(X; A%T*(X)).
Hence F; N2F} is smoothing. Thus S — 7(9) is smoothing.
‘We have,
N-H=NOYWH+S8)-H
=I-nH+NS-H
= NS —nDH
=N(S—79) + Fy
=NF,+ F3
where F; and F3 are smoothing operators. Now,
N-H*"=N*-H"
= F/N + F3
=F{(NFy+ F3+ H) + F;.
Note that
F{NF;: 2'(X; A®T*(X)) — C®(X; A»IT* (X))
— L*(X; AT* (X)) — C°(X; A%T*(X)).

and FyH : H5(X ; A%T*(X)) — H*™(X ; A%T*(X)) for all s € R and m > 0.
Hence N — H* is smoothing and so is (N — H*)* =N — H. O

From Proposition 7.4 and Proposition 7.6, we obtain the following
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THEOREM 7.7. — We recall that we work with the assumption that Y (q) fails. Let
(n—,n4), n_ +ny =n—1, be the signature of the Levi form L. Suppose Dl(,q) has
closed range. Then for every local coordinate patch U C X, the distribution kernel of
7@ on U x U is of the form

1 ; _
(721) Kﬂ.(q) (IL', y) = W /ez(w(ooymy"]) (y>"7))a(oo,l-7n)dn’

a(oo,z,n) € SYo(T*(U) ; L(A*1T*(U),A%1T*(U))),
a(o0,z,n) ~ Z a;(c0,z,n)
0

in Hormander symbol space SYo(T*(U); Z(A%T*(U),A%T*(U))), where
a;j(co,z,m) € C®(T*(U); L(A%T*(U),A%T*(U))), i = 0,1,..., aj(co,z,An) =
AJaj(00,z,m), A>1, || > 1, j=0,1,.... Here ¢(co0,z,n) is as in Proposition 3.8
and (3.8). We recall that (oo, z,m) € C®(T*(U)), ¥(co,x,A\n) = Ap(co,z,7n),

A>0,

Tm 1) (00, z,7) = |n| (dist ((z, %),2))2

and

(7.22) (00, m,m) = —¢p(c0, z, —).

Moreover, for all j =0,1,...,

(7.23) { a;(o0,z,m) =0 in a conic neighborhood of X, if g=n_, n_ #ny,
a;(co,z,n) =0 in a conic neighborhood of ¥~, if ¢ =ny, n_ # ng.

In the rest of this chapter, we will study the singularities of the distribution kernel
of the Szegs6 projection. We need

DEFINITION 7.8. — Let M be a real paracompact C'°*° manifold and let A be a C*
closed submanifold of M. Let U be an open set in M, UNA # &. We let C*(U)
denote the set of equivalence classes of f € C°°(U) under the equivalence relation

f = g in the space C°(U)
if for every 29 € A[\U, there exists a neighborhood W C U of 2 such that f =g+ h
on W, where h € C°°(W) and h vanishes to infinite order on A(W.

In view of Proposition 3.3, we see that (oo, z,n) has a uniquely determined Tay-
lor expansion at each point of ¥. Thus, we can define ¥ (co,z,7) as an element in
C(T*(X)). We also write ¢ (o0, x,n) for the equivalence class of (oo, ,n) in the
space C3°(T*(X)).
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Let M be a real paracompact C* manifold and let A be a C*° closed submanifold
of M. If xg € A, we let A(A,n,x0) be the set

A(A,n, o) = {(U, f1,---,fn); U is an open neighborhood of z,
(7.24) fio s fn € CEWU), filanu =0, 5=1,...,n,df1,...,df»

are linearly independent over C at each point of U}.

DEFINITION 7.9. — Ifzg € A, we let A, (A, n,zo) denote the set of equivalence classes
of A(A,n,zo) under the equivalence relation

Fl = (U7f17"'afn) NF? = (V)gl7"'agn)a F17]-_‘2 S A(AanaxO)a

if there exists an open set W C UV of zo such that g; = > 7_, a;rfr in the
space C°(W), j =1,...,n, where a;, € CL(W), j, k=1,...,n, and (ajvk);b,kzl is
invertible.

If (U, f1,..., fn) € A(A,n,20), we write (U, f1,..., fn)z, for the equivalence class
of (U, f1,..., fn) in the set A, (A,n,x0), which is called the germ of (U, f1,..., fn)
at zg.

DEFINITION 7.10. — Let M be a real paracompact C* manifold and let A be a C*°
closed submanifold of M. A formal manifold €2 of codimensin k at A associated to M
is given by:
For each point of z € A, we assign a germ I', € A, (A, k,z) in such a
way that for every point o € A has an open neighborhood U such that
there exist fi,...,fr € CXWU), filanu = 0,5 = 1,...,k, df,...,df
are linearly independent over C at each point of U, having the following
property: whatever x € U, the germ (U, f1,..., fr). is equal to T',.
Formally, we write Q = {T';; € A}. If the codimension of  is 1, we call 2 a formal
hypersurface at A.
Let Q = {T,; z € A} and Q; = {T's; ¢ € A} be two formal manifolds at A. If
T, = l:z, for all z € A, we write Q = Q; at A.

DEFINITION 7.11. — Let Q@ = {T'y; z € A} be a formal manifold of codimensin & at
A associated to M, where A and M are as above. The tangent space of Q at o € A
is given by:

the tangent space of  at x9 = {u € CT,,(M); (df;(x0),u) =0, =1,...,k},
where CT,,(M) is the complexified tangent space of M at zq, (U, f1,...,fx) is a

representative of I';,,. We write T}, (2) to denote the tangent space of  at zo.

Let (z,y) be some coordinates of X x X. From now on, we use the notations £ and
7 for the dual variables of x and y respectively.
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REMARK 7.12. — For each point (zg, 70, o, 7o) € diag (X x X), we assign a germ
(725) F(wo,noywo,no) = (T*(X) X T*(X)7 £ - '()[}.;(

Let C be the formal manifold at diag (X x X):

00733,7])7@/ - 1/’:7(00755777))

(z0,m0,%0,M0) "

Coo = {F(w,n,m,n); (1‘77771")"7) € dla‘g (E X Z)} .
Cw is strictly positive in the sense that
1
ga(v,ﬁ) >0, YveT,(Cx) \ CT,(diag (X x X)),

where p € diag (¥ x X). Here o is the canonical two form on CT},;(X) x CT;(X) (see
(2.11)).

The following is well-known (see Chapter 1 of [29] for the proof).
PROPOSITION 7.13. — There exists a formal manifold J, = {J(m); (z,m) € E} at ¥

associated to T*(X) such that codimJy = n—1 and ¥(zo,n0) € £, if (U, f1,..., fn—1)
is a representative of Jizo noy, then

(7.26) {fi; fx} =0 in the space CX(U), jk=1,...,n—1,
n—1

(7.27) po = Z gjfj in the space Cs°(U),
j=1

where g; € C¥(U), j=1,...,n—1, and

(7.28) %U(Hfj,H?j) >0 at (z0,m0) €%, j=1,....,n—1.

We also write f; to denote an almost analytic extension of f;. Then,

(7.29) fi(z, ) (00, z,m)) vanishes to infinite order on X, j=1,...,n—1.

Moreover, we have

T,(Coo {(v—FZtHfJ (zo,m0), v—{—Zsj = ZL’(),’I]())

RS T(womo)(z)v tj7sj € (C7] =1,...,n— 1}7

(7.30)

where p = (xg, Mo, Zo,Mo) € diag (X x X) and C is as in Remark 7.12.

We return to our problem. We need the following
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LEMMA 7.14. — We have

(7.31) Py (00, 9, wo (p))wo(p) = 0
and

(7.32) Rank<¢;,',7(ooapa WO(P))) =2n-2,
forallpe X.

Proof. — Since 1, (00, ,n) is positively homogeneous of degree 0, it follows that
(00, D, wo(p))wo(p) = 0. We conclude ghat Rank ( gn(oo,p,wo(p))) < 2n — 2.
From Im (oo, z,n) < |n|dist ((z, ﬁ), ¥)", we have Im ¢!, (o0, p,wo(p))V # 0, if
V ¢ {Awo(p); A € C}. Thus, for all V ¢ {Awo(p); A € C}, we have
<1/);7/7,(00,P7 wO(p))Vvv> = <Re ’(/);]ITI(OO,]), wO(p))‘/’V> +1 <Imw;]/n(ooap7 WO(p))Vvav>
# 0.

We get (7.32). O

Until further notice, we assume that ¢ = n,.. For p € X, we take local coordinates
z = (z1,22,...,Tan—1) defined on some neighborhood Q2 of p € X such that

(7.33) wo(p) = dzon—1, z(p) =0

and A®'T,(X) @ AMT,(X) = {Zjﬁ;z aj%; a; €C, 7=1,...,2n— 2}. We take

Q so that if g € Q then 79 2,—1 > 0 where wo(zo) = (10,1, - - - M0,2n—1)-

Until further notice, we work in €2 and we work with the local coordinates x. Choose
x(z,n) € C®°(T*(X)) so that x(z,n) = 1 in a conic neighborhood of (p,wy(p)),
x(z,n) = 0 outside T*(£2), x(z,n) = 0 in a conic neighborhood of ¥~ and x(z, A\n) =
Xx(z,n) when A > 0. We introduce the cut-off functions x(z,n) and (1 — x(z,7n)) in
the integral (7.21): K ) (z,y) = K”(f) (z,9) + K_w(z,y),

1 .
Ko (@9) = | /6’(¢(°°’Z’")’<y’”))x(w,n)a(oo,x,n)dn,

(7.34) 2m)en

1 ; _
K w(z,y) = (@me 1t /ez('tp(oo,ac,n) W) (1 - x(z,7))a(c0, z,m)dn.

Now, we study K”f)' We write ¢ to denote n2,—1. Put ' = (91, ...,m2n—2). We have

1 . ’ _ ’
K”f) = W /@l(woo’w’(?7 ) ={u.n ’t)>)X(37a (n',t))a(o0, , (n’,t))dn'dt
1 </l
(7.35) _ 7/ / (1 (00,2, (w,1) (0, (w, 1)) 202 (2 (4. ¢
(2m)2n—1 J, < ¢ x(z, (tw, 1))

X a(oo, z, (tw, t))dw) dt,
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where 1 = tw, w € R?"~2, The stationary phase method of Melin and Sjéstrand (see
page 148 of[28]) then permits us to carry out the w integration in (7.35), to get

(7.36) K (@) = / (it @) s (3, y. )dt
0

with

(7.37) sp(@,yt) ~ Y sl (gt
§=0

in S75" (2 x 2x]0,00f; L(A™Ty(X), AT} (X))), where
s (z,y) € C(Q x Q L(A™T;(X), AT} (X)), j=0,1,...,

and ¢4 (z,y) € C®(2 x Q) is the corresponding critical value. For z € Q, let o(x) €
R?"~2 be the vector:

(7.38) (z, (0(2),1)) € =

Since dy, (¢ (00, z, (w,1)) — (y, (w,1))) =0 at x = y, w = o(x), it follows that when
x = y, the corresponding critical point is w = o(z) and consequently

(7.39) b1 (@,0) =0,
(7.40)  (64)z(x,2) = Yy(00, 2, (0(2),1)) = (0(2),1), ($4+)y(z,2) = —(o(),1).
The following is essentially well-known (see page 147 of [28] or Proposition B.14
of paper I in [20]).
PROPOSITION 7.15. — In some open neighborhood @ of p in 2, we have
(7.41)
Img. (2,y) > ¢ inf (Im(o0,, (w, 1)) + |du(¥(o0,2, (w, 1)) = (y, (w, D) ),
(z,y) €@ xQ,

where c is a positive constant and W is some open set of the origin in R?"2.
We have the following

PROPOSITION 7.16. — In some open neighborhood Q of p in 2, there is a constant
¢ > 0 such that

(7.42) Im .y (z,y) > cle’ —y'|*, (z,9) €QxQ,

where &' = (z1,...,%2n-2), ¥ = (Y1, Y2n—2) and |z’ —y'|* = (21 —y1)? + - +
($2n—2 - y2n—2)2-
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PT‘OOf. — From w(ooama (w7 1)) - <y7 (wv 1)> = <.’13 - Y, (w7 1)> + O(|’U) - O'(:L')|2) we can
check that

dw (TP(OOJ% (w’ 1)) - <yv (wa 1))) = <.’]3/ - ylvdw> + O(|w - O'(.T)D,
where o(z) is as in (7.38) and 2’ = (z1,...,%2n—2), ¥ = (Y1, .-, Y2n—2). Thus, there
are constants ¢y, cg > 0 such that

|duw (¥ (00, 2, (w,1)) = (y, (w, 1)) [* = e1 o — /> — ¢z Jw — o ()

for (z,w) in some compact set of Q x R2"~2, If (2" — y))? > ¢z lw — o(z)|?, then

2 _ ¢
(7.43) o (00, 2,0) = (y,0)) " = T 1’ =4I
Now, we assume that |(z/ — y')|> < 26% lw — o(z)|*. We have
cie
(7.44) T (o0, (0, 1)) 2 e o — 0 (@) > S22 |(0' - o),

for (z,w) in some compact set of © x R2"~2 where ¢ is a positive constant. From
(7.43), (7.44) and Proposition 7.15, we have Im ¢, (z,y) > c|(z’ — ¢/)|* for , y in
some neighborhood of p, where c is a positive constant. We get the proposition. [

REMARK 7.17. — For each point (z,zo) € diag (Q x §2), we assign a germ
H (20,00) = (X Q,81(2,Y))(20,20)-
Let H, be the formal hypersurface at diag (2 x Q):
(7.45) Hy ={H (z.); (z,7) € diag (2 x Q) }.
The formal conic conormal bundle Ay, ; of H, is given by: For each point
(0, M0, 0,70) € diag (X ﬂT* ) x (BF ﬂT*

we assign a germ

Aomoaon = (T*0) x T*(U),& = ($4)sty J=1,..,20—1,
nk_(¢+);kt7 k:17"'72n_27 ¢+($,y)> 3
(z0,m0,20,m0)
where t = (d):”“)’}i“ and U C Q is an open set of xg such that (¢4);, , # 0 on
Y2n—1
U x U. Then,

(746) A¢+t = {A(x,n,w,n); (%777%71) € dla‘g ((Z+ ﬂT*(Q)) X (E+ nT*(Q)))} .

Ay, is a formal manifold at diag (SN T*(Q)) x (E+NT*(Q))). In fact, Ay, is
the positive Lagrangean manifold associated to ¢4t in the sense of Melin and Sj6s-
trand (see Chapter 3 of [28]).

Let

(VV, fi(z, & y,m), - -,f4n—2(33»§ay777))
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be a representative of I'(; 1. z0.n0)» Where Tz no 20 n0) is as in (7.25). Put
Tlomowomo) = (Ws f1(@, &9, =n), -+, fan—a(x,€,y, =)
Let C/_ be the formal manifold at diag (X1 x XT):
(7.47) Cl = {sz,n,m,n); (z,m,z,m) € diag (X x 2"’)} .
We notice that (0o, z,n) — (y,n) and ¢4 (z,y)t are equivalent at each point of
diag (T () T*(Q)) x (7 T*(Q)))

in the sense of Melin-Sjéstrand (see [28]). From the global theory of Fourier integral

(z0,m0,20,M0)

operators (see [28]), we get
(7.48) Mg, = Cl at diag (ST () T(Q) x (2T T*(Q))

(we refer the reader to Proposition B.7 and Proposition B.21 of paper I in [20] for
the details). Formally,

Coo = {(xv gv Y, "7)5 (ZE, ga Y, —71) € A¢+t} .

Put ¢ (z,y) = —¢, (y,z). We claim that
(7.49) Ag.o = Ay, at diag (ZH () T*(Q) x (B T*()),
where Aq;” is defined as in (7.46). From Proposition 3.5, it follows that ¢ (x,y)t and
—¢., (y, )t are equivalent at each point of diag ((S+ N T*(2)) x (X+ N T*())) in the
sense of Melin-Sjostrand. Again from the global theory of Fourier integral operators
we get (7.49).

From (7.49), we get the following

PROPOSITION 7.18. — There is a function f € C®(Q x Q), f(z,z) # 0, such that
(750) ¢+ (:Lla y) + f(SU, y)$+ (ya ZU)

vanishes to infinite order on x = y.

From (7.50), we can replace ¢ (z,y) by 3(¢+(z,y) — ¢, (y,2)). Thus, we have
(7.51) ¢+ (2,y) =~ (y,2).

From (7.40), we see that (z,d,¢+(z,2)) € %, dydi(2,2) = —ds¢4(z,z). We can
replace ¢ (2,9) bY a5 G4 warl THUS:

(7.52) ety (z,x) = wo(z), dydy(z,z) = —wo(x).

Similarly,

Kﬂ_(Q) (xvy) = / eiqﬁ,(z,y)ts_ ({E,y,t)dt,
- 0
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where K (o) (,y) is as in (7.34). From (7.22), it follows that when ¢ = n_ = n,, we
can take ¢_(x,y) so that ¢ (z,y) = —é_(x,y).

Our method above only works locally. From above, we know that there exist open
sets X;,j=1,2,...k, X = U?Zl X, such that

o0
K (q)(l‘ay) E/ ei¢+’j(m,y)t‘9+,j(xayat)dt

on X; x X;, where ¢4 ; satisfies (7.39), (7.41), (7.42), (7.48), (7.51), (7.52) and
sy i(z,y,t), 5 = 0,1,..., are as in (7.37). From the global theory of Fourier inte-

gral operators, we have

Mg, o= Ch= Ay, v at diag (ST () T*(X; () Xe) x (T T*(X; () Xk))).

for all j, k, where Ay, ¢, Ag, ¢ are defined as in (7.46) and C., is as in (7.47). Thus,
there is a function f;, € C°°((X; N Xk) x (X; N Xk)), such that

(753) ¢+7j(1:7y) - fj,k(xay)¢+,k(x>y)

vanishes to infinite order on « = y, for all j, k. Let x;(z,y) be a C* partition of
unity subordinate to {X; x X;} with x;(z,y) = x;(y, ) and set

di(z,y) = D x5 (@, 9)d+ (2, p).

From (7.53) and the global theory of Fourier integral operators, it follows that
¢+ (z,y)t and ¢4 (z,y)t are equivalent at each point of

diag ((ZF () T*(X;)) x (=F () T*(X,)))
in the sense of Melin-Sjostrand, for all j. Again, from the global theory of Fourier

integral operators, we get the main result of this work

THEOREM 7.19. — We assume that the Levi form has signature (n_,ny), n_ +n, =
n—1. Let ¢ =n_ or ny. Suppose D,()q) has closed range. Then,

K@ = Kﬂn ifng =q#n_,

Ko =K @ ifn_=q#ngy,

Kio =K w+K @ in=qg=n_,
+ —_

where K_o) (z,y) satisfies
+
o0

Ko@) = [ e#emts, (o, 0

7T+ 0
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with
51 0,1) € ST5H (X x X x]0, 00f; Z(AYT(X), AT (X)),
(7.54) sp(@,yt) ~ Y sl (gt
7=0

in 75" (X x X x]0,00[; L(ATy(X), AT} (X))), where
s (z,y) € O (X x X; L(A%IT; (X), AT (X)), j=0,1,...,
¢+ (z,y) € CF(X x X), Im¢y(z,y) >0,
¢+(:L‘,l‘) = 07 ¢+(.’13,y) 7é 0 Zf z 7é Y,
dep+ #0, dydpy #0 where Im¢py =0,
o1 (z,y) = =9, (y, @),
(7.55) dep1- (2, Y)|e=y = wo(2), dyd4(2,Y)]e=y = —wo(2).
Moreover, ¢ (x,y) satisfies (7.48). Similarly,

K‘/r(q) (‘T?y) = / ei¢_(x,y)ts_ (‘/I:ayat)dt
- 0
with -
s_(z,y,t) ~ Y s ()t
=0
in S75H (X x Xx]0,00f; L (AT (X), AT} (X)), where
s (z,y) € C%(X x X; L(AT;(X),A\%T;(X))), j=0,1,...,

and when q = n_ =ny, 6_(2,y) = —. (z,1).
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CHAPTER 8

THE LEADING TERM OF THE SZEGO PROJECTION

To compute the leading term of the Szegé projection, we have to know the tan-
gential Hessian of ¢ at each point of diag (X x X) (see (8.1)), where ¢ is as in
Theorem 7.19. We work with local coordinates z = (z1,...,2Z2,—1) defined on an
open set Q C X. The tangential Hessian of ¢4 (x,y) at (p,p) € diag (X x X) is the

bilinear map:
TopyHy x TppHy — C,
(u,v) = ((¢7)(p,p)u,v), u,v€ Ty nHy,
(D+)ye  (D+)yy
From (7.55), we can check that T{, ,)H is spanned by
(8.2) (w,v), (Y(p),Y(p), u,veA"T,(X)a A" T,(X).

(8.1)

where H, is as in (7.45) and (¢,)" = [

Now, we compute the the tangential Hessian of ¢ at (p,p) € diag (X x X). We
need to understand the tangent space of the formal manifold

T = {J@m; (x,1) € B}
at p = (p, \wo(p)) € X+, A > 0, where J, is as in Proposition 7.13.

Let Aj, 5 = 1,...,n — 1, be the eigenvalues of the Levi form L,. We recall
that 2i|\;||losv(p)], 5 = 1,...,n — 1 and —2i || |oiy(p)], 5 = 1,...,n — 1, are
the non-vanishing eigenvalues of the fundamental matrix F, (see (2.14)). Let At C
CT,(T*(X)) be the span of the eigenspaces of F, corresponding to 2i|A;| |0y (p)|,
j=1,...,n—1.It is well known (see [36], [29] and Boutet de Monvel-Guillemin [33])
that

T,(J+) =CT,(S)® A}, Af =T,(J3)",
where T),(J ) is the orthogonal to 7),(J) in CT,(T*(X)) with respect to the canon-
ical two form o. We need the following
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LEMMA 8.1. — Let p = (p,Awo(p)) € £F, X > 0. Let Z1(x),...,Zn_1(z) be an or-
thonormal frame of AY°T,(X) varying smoothly with x in a neighborhood of p, for
which the Levi form is diagonalized at p. Let g;(x,&), j =1,...,n—1, be the principal
symbols of Z;(x), j=1,...,n—1. Then, A;’ 18 spanned by

{ Ho, (o), if +{4;,7;} (o) > 0,
Hg, (p), if ${4;,3;} (p) <O.
We recall that (see (2.9)) 1 {qj,qj} (p) = —2X\L,(Z;, Z;).

(8.3)

Proof. — In view of (2.13), we see that Hy,(p) and Hg, (p) are the eigenvectors of the
fundamental matrix F), corresponding to {qj,qj} (p) and {Qj, qj} (p), for all j. Since
A;f is the span of the eigenspaces of the fundamental matrix F), corresponding to
2iX|Nj|, 7 =1,...,n—1, where \j, j = 1,...,n — 1, are the eigenvalues of the Levi
form L. Thus, A} is spanned by

{ Hy,(p), if 2 {4;,3;} (0) >0,
Hy,(p), if +{q;,7,} (p) <O.

O
We assume that (U, f1,..., fn_1) is a representative of J,. We also write f; to

denote an almost analytic extension of f;, for all j. It is well known that (see [29]
and (7.29)) there exist h;(z,y) € C*(X x X), j=1,...,n — 1, such that

(8.4) fi(@, (6+)5) — hj(@,y)d+(x,y)
vanishes to infinite orderon x =y, j = 1,...,n—1. From Lemma 8.1, we may assume
that
©5) { Hy, (p) = Hy, (0), it 1 {0,3;} () > 0,
Hy,(p) = Hg,(p), if + {4;,q;} (p) <O.
Here g;, j =1,...,n— 1, are as in Lemma 8.1.

We take local coordinates
T = (x17"'am2n—1)a Zj = X25-1 +im2j7 .7: 1a"'an_ 17
defined on some open neighborhood of p such that wo(p) = v2dza,_1, z(p) = 0,
( el (p) | %(p)) =20, Jok=1,...,2n —1 and

- 0 1 0 1 0 2
Zi=—— —i\Zj—— — —cjTon1— +O(|z|"), j=1,...,n—1
70z V2 7 0w V2 n 13$2n—1 (1), g ’
where 7]-, j=1,...,n—1, are as in Lemma 8.1, ¢; € C, % = %(690261_71 - iaij),
j=1...,n—1and A;, j = 1,...,n — 1, are the eigenvalues of L, (this is always

possible. see pages 157-160 of [1]).
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We may assume that A\; > 0,5 =1,...,¢, A; < 0,5 =¢+1,...,n—1. Let
&= (&,...,&n—1) denote the dual variables of z. From (8.5), we can check that

(8.6)
i . 1
f](xag) = _§(§2j_1 — Z£2j) — E

j:17"'uQ7 gl:(§17"‘7§2n72)7

1
)\jzj€2n—1 + iicjx2n—1€2n—1 + O(|($7£I)|2)’

V2

fi(z,&) = %(52]‘—1 + i&a5) — %Aﬂj&n—l - i%éjx2n—1§2n—1 +0(|(z, &)%),

jZQ+1a"'7n_1a 5/:(517”'75271—2)-

We write y = (y1,..-,Y2n—1), Wj = Y2j-1 + Y25, j = 1,...,n =1, ai = %(ayi_l -

wj

z%) % - %(ayfj,l +¢%j), j=1,...,n—1 and % = %(azi,l +z’%j),
j=1,...,n—1. From (8.4) and (8.6), we have
(8.7)
O 1 ¢4 2y
— —_ R A — . _ = - == 1 “ e
t 8ZJ \/i(A]ZJ 1CjTan 1)8:1;2”_1 h]¢+ + O(|(Z’,y)| )7 J ) y 45
.0 1 o 0 ,
? 8§+ - E()‘jzj + Zij2n—l)amf+ 1 = hj¢+ + O(|(z7y)|2)a J]=4q + ]-’ e, — 1.
J n—
From (8.7), it is straight forward to see that
Py ¢y , ¢y
5,00 00 = gz, 00~ Nl = gog(0.0)
(.3) 6. 96 26,
= 0,0) = ———F(0,0) + ——*(0,0) — ¢;
8Zjaﬁk( ’ ) aZjaxgn_l( ’ ) + 8zj6y2n_1( ’ ) K
and
¢y ¢, ¢,
57,07 0 = G500 OO Tk = 5o (00)
(8.9) 0?¢, 0%¢. 0%¢, _
= 0,0) = ——2F(0,0) + ———(0,0) — ¢
ijawk( ’ ) 8@81‘2”,1( ’ )+ anayznfl( ’ ) €

=0, ¢+1<j<n-1 1<k<n-1

Since dy ¢4 |z=y = wo(z), we have fj(x, (¢4).(z,2))=0,j=1,...,n— 1. Thus,

(8.10)
;09 1 _ 99 _
1 82; (z,x) — E()\ij + wjx?n_l)axz,:l (z,2) = O(|x|2), =14

094 O0p

1 ] .
—ig (@) = SE —igen1) g (w,a) = Oel), s =g+ 1. n -1

2n—1
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From (8.10), it is straight forward to see that

P+ e ¢y ¢, .
07,07 (0,0) + 97,00, (0,0) = 57,008 (0,0) + 57w (0,0) + iA;0; 5
(8.11) _ 0+ P e
ot g 0+ 7z, aan_l(0,0) ¢
=05 1§j§q, 1§k‘§n—1’
and
09+ D¢+ e 26, |
02,02 (0,0) + 9200 (0,0) = 97,078 (0,0) + 5200 (0,0) — iX;6x
 02;0T9n—1 (0,0)+ 02;0y2m 1 (0,0) —¢;

=0, ¢g+1<j<n—-1, 1<k<n-1
Since ¢4 (z,y) = —¢, (y, ), from (8.9), we have

%9, %9, TRéy
T =" = 1<k<n-—1
6‘?j6‘wk( 0) w0z, 0,0) 8w, 071 (0,00=0, ¢g+1<k<n

Combining this with (8.11), we get

32
(8.13) az(gz (0,00=0, 1<j<gq g+1<k<n-—1
92k
Similarly,
82
32_‘2; (0,00=0, 1<j<gq, 1<k<g,
(8.14) a;¢ *
+ .
T 0,00=0, g+1<j<n—1, g+1<k<n-—1.
azjazk( ) q j q
From (8.8) and (8.11), we have
oy ¢y
8.15 0,0) = —iX;0;  — 0,0) = —2i\:0; 5, 1<j,k<gq.
(8.15) 8Ej8wk( ) LA 05,k 6Ejazk( ) tAj 05,k J q
Similarly,
8. , .
(8.16) 82,00, (0,0) = 2iX\;0;k, ¢+1<j,k<n-—1
J

Since ¢4 (x,z) = 0, we have

s

0%2n—10T2n—1

¢y
OY2n—10Y2n—1

¢y

8.17 -
( ) 3$2n—18y2n—1

(0,0) +2 (0,0) +

Combining (8.8), (8.9) and (8.11)—(8.17), we completely determine the tangential
Hessian of ¢ (z,y) at (p,p).

(0,0) = 0.
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THEOREM 8.2. — With the notations used before, in some small neighborhood of
(p,p) € X x X, we have

(8.18)
n—1

$1(2,y) = V2(T2n-1 — Yan—1) + 1 Y N |25 — w;?
j=1

+ Z (i)\j(Zjﬁj — ij]') + Cj(Zj.Tgnfl - wjygn,l) + Ej (ij2n71 — Ejygn,l))

+ \/5(1:271—1 - y2n—1)f(x7y) + O(|($,y)|3), f € Coo’ f(Oa O) = Oa f(xay) = ?(yax)

‘We have the classical formulas

(8.19)
o mlz=m1, ifmeZ, m>0,
e “tdt = (—1y™ I
0 (_m_l)!$_m_1(10gx+c_21 %), ifmeZ, m<O.

Here z # 0, Rez > 0 and c is the Euler constant, i.e. ¢ = limy, oo (37" % —logm).
Note that

(8.20)
> ip4 (z,y)t n—1— _ * —(—i(¢+ (z,y)+ie)t) — n—1—
/o ety j;os Yz, y)t —Idt = 51—1»%1+ +®Y ;)s (z,y)t Jdt.

We have the following corollary of Theorem 7.19
COROLLARY 8.3. — There ezist
Fy,G4, F_,G_ € C™(X x X; L(A™T;(X),A™T; (X))
such that
Kﬁ<+q> = Fi(—i(¢+ (2, y) +140))™" + G4 log(—i(d+ (z,y) +i0)),
K @ =F_(=i(¢-(z,y) +i0))™" + G log(=i(¢—(z,y) +i0)).

Moreover, we have

|
—

n

F+ = Z(n -1- k)'sﬁ-(];ay)(_uﬁ-‘r(xa y))k + f+(xay)(¢+(x’y))na
0
n—1
Fo=3 (n—1-k)s" (z,9)(=ig_(z,9)" + - (2,9)($_(z,9)",
(8.21) 2 .
¢ =Y s e ) o ),
0
O aVk+1
6= 3 o) i)
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where sk, k=0,1,..., are as in (7.54) and
fr(z,y), f-(2,y) € C=(X x X; L(A™Ty(X), A™T;(X))).

In the rest of this chapter, we assume that ¢ = n,. We will compute the lead-

ing term of K (. For a given point p € X, let z = (z1,72,...,%2,-1) be the
+
local coordinates as in Theorem 8.2. We recall that wo(p) = v2dz2,_1, x(p) = 0,
2n—2 .

Al’OTp(X) @Ao’lTp(X) = {ZJ aj%? a; € C}» (%(p) | %(p)) =20k, J, k=
1,...,2n — 1. We identify Q) with some open set in R?"~!, We represent the Her-
mitian inner product ( | ) on CT'(X) by (u | v) = (Hu,v), where u,v € CT(X),
H is a positive definite Hermitian matrix and (,) is given by (s,t) = Zfl}l stj,
5= (81,...,8m_1) € C?"7L t = (t1,...,tan_1) € C?"~ L. Here we identify CT(X)
with C?"~!. Let h(z) denote the determinant of H. The induced volume form on X
is given by \/h(z)dz. We have h(p) = 22"~!. Now,

(K oK _w)(z,y) = / / </e”¢+(m’w)+is¢+(w’y)s+(a:,w,t)s+(w,y,s)Vh(w)dw)dtds.
+ + 0 0

Let s = to, we get

(K_@woK _w)(z,y) = / / (/eit¢(w’y’w’”)s+(x,w,t)s+(w,y,ta)t\/h(w)dw)dodt,
+ + 0 0

where ¢(z,y,w,0) = ¢4 (z,w) + op(w,y). It is easy to see that
Im ¢($7 .7!7 ’LU, 0) Z 07 dw(b(l', y? w7 U)|m:y:w = (U - I)WO(CU)
Thus, ¢ = y = w, 0 = 1, x is real, are real critical points.

Now, we will compute the Hessian of ¢ at xt = y = w = p, p is real, 0 = 1. We
write Hy(p) to denote the Hessian of ¢ at * =y = w = p, p is real, 0 = 1. Hy4(p) has

0 t /
the following form: Hy(p) = [ (¢+) ] Since (¢4)%.(p) = wo(p) =
(9+)2 ¢+
o 1
V2dw2,_1, we have Hy(p) = , where A is the linear map

V2
A AYT(X) @ AT, (X) — AY OTp(X ) ® A%'T,(X),
(Au,v) = ((63)hs + (64)]) ) v> v u,v € AT, (X) & AT (X).
From eq8.18, it follows that A has the eigenvalues:

where A\;(p), j =1,---,(n— 1), are the eigenvalues of the Levi form L,. We have,
Hy(p e
(8.23) det($) =2 @) s @)
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From the stationary phase formula of Melin-Sjostrand (see page 148 of [28]), we
get

(Kﬂ_(q) o Kﬂ_(Q) )(.’13, y) = / eit¢1 (w)y)a(x) Y, t)dt7
+ + 0

where
a(z,y,t) NZametn 1=j
j=
in the symbol space S{'g" (2 x Q x [0,00[; L(A™T}(X), A%T;(X))), a;(z,y) €
C>(Q x Q; Z(A%1T*(X),A%T*(X))), j = 0,1,..., ¢1(z,y) is the corresponding

critical value. Moreover, we have

aofp.) = (et 2L ) S o) o 8 (VD

=2\ @) P @) 7% (p,p) 0 8% (9, D),
where s is as in (7.54). We notice that
(8.25) p1(z,2) =0, (d1)z(z,2) = (d4)z(2,2), ($1)y (2, 2) = (d4) (2, 2).
From ((8.19) and (8.20), it follows that
(8.26)
(Ko o K )(@,y) = Fi(=i(¢1(z,y) +i0)) ™" + G1log(—i(¢1 (2, y) +i0))
= Fi(—i(¢4 (2, y) +140)) " + G4 log(—i(¢4 (2, y) +10)),

(8.24)

where
n—1

F1=Z(n—1— )'GJ( Z¢1) +f1¢?7

0
fi,G1 € C=(Qx LA (X), AT (X ))), Fy and G are as in Corollary 8.3.
a

(X
From (8.25) and (8.26), we see that s (p,p) = ao(p, p). From this and (8.24), we get
(827) 20(p)| - e (P 75 (9, p) © 5%(p.p) = 55(p, p)-

Let Az (p§ + %ff F) = {u € A%T}(X); (p5 + %t} F)(z,wo(x))u = 0}, where p§ is
the subprincipal symbol of D,()q) and F' is the fundamental matrix of D,()q). From the

asymptotic expansion of D,()q)(ei‘f”r s4), we see that s (p,p)u € A, (p§ + %tNr F) for all
u € A®IT¥(X) (see Chapter 4). Let

1
L= (G Ml Paal) 7" s ().
From (8.27), we see that

(8.28) IF=1.
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Since K, (9),, = K_(¢ and ¢ (z,y) = —¢, (y,z), we have (s5)*(p,p) = s (p,p) and
(™) T4+
hence

(8.29) =1,

where (7r_(f))* is the adjoint of W_(f), (s%)*(p,p), I{ are the adjoints of s% (p,p) and

I, in the space £ (A%9T(X),A%9T (X)) with respect to ( | ) respectively. Note
that dim 4, (p§ + %t~r F) =1 (see Chapter 2). Combining this with (8.28), (8.29) and
59 (p,p) # 0, it follows that I : A>T (X) — A®T*(X) is the orthogonal projection
onto A, (p§ + tr F).

For a given point p € X, let Z(2),...,Z,_1(z) be an orthonormal frame of
AYOT, (X)), for which the Levi form is diagonalized at p. Let e;(z), j =1,...,n—1
denote the basis of A>'T(X), which is dual to Z;(z), j = 1,...,n — 1. Let X\;(z),
j=1,...,n—1 be the eigenvalues of the Levi form L,. We assume that X;(p) > 0 if
1<j<ng. Then I = ;z;L* e;j(p)"e;”(p) at p (see Chapter 2). Summing up, we
have proved
PROPOSITION 8.4. — For a given pointp € X, let Z1(x), ..., Zn_1(x) be an orthonor-
mal frame of AYOT,(X), for which the Levi form is diagonalized at p. Let ej(x),
j=1,...,n—1 denote the basis of A>T (X), which is dual to Z;(z), j = 1,...,n—1.
Let X\j(x), j =1,...,n — 1 be the eigenvalues of the Levi form L,. We assume that
g =ny and that \j(p) > 04f 1 < j <ny. Then

j=n4

Fo(p) = (0= D5 @)+ Paoa @7 [T es0)es (o)
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PART 1I

ON THE SINGULARITIES OF THE
BERGMAN PROJECTION FOR (0, q)
FORMS






CHAPTER 1

INTRODUCTION AND STATEMENT
OF THE MAIN RESULTS

In this paper, we assume that all manifolds are paracompact (for the precise defi-
nition, see page 156 of Kelley [21]). Let M be a relatively compact open subset with
C® boundary I' of a complex manifold M’ of dimension n with a smooth Hermitian
metric ( | ) on its holomorphic tangent bundle (see (1.1)). The Hermitian metric in-
duces a Hermitian metric on the bundle of (0, ¢) forms of M’ (see the discussion after
(1.1)) and a positive density (dM’) (see (1.4)). Let [ be the -Neumann Laplacian on
M (see Folland-Kohn [10] or (1.7)) and let [)(? denote the restriction to (0, ¢) forms.
For p € T, let L, be the Levi form of I" at p (see (1.10)). Given ¢, 0 < ¢ < n — 1, the
Levi form is said to satisfy condition Z(q) at p € I if it has at least n — ¢ positive
or at least ¢ + 1 negative eigenvalues. When condition Z(gq) holds at each point of T,
Kohn’s L? estimates give the hypoellipicity with loss of one dervative for the solutions
of 0@y = f (see [10] or Theorem 2.6). The Bergman projection is the orthogonal
projection onto the kernel of (@ in the L? space. When condition Z(q) fails at some
point of T', one is interested in the Bergman projection on the level of (0,q) forms.
When ¢ = 0 and the Levi form is positive definite, the existence of the complete
asymptotic expansion of the singularities of the Bergman projection was obtained by
Fefferman [9] on the diagonal and subsequently by Boutet de Monvel-Sjdstrand (see
[34]) in complete generality. If ¢ = n — 1 and the Levi form is negative definite, Hor-
mander [19] obtained the corresponding asymptotics for the Bergman projection in
the distribution sense. We have been influenced by these works.

We now start to formulate the main results. First, we introduce some standard
notations. Let (2 be a C°° manifold equipped with a smooth density of integration.
We let T'(2) and T*(f2) denote the tangent bundle of © and the cotangent bundle of
Q respectively. The complexified tangent bundle of 2 and the complexified cotangent
bundle of Q will be denoted by CT(Q) and CT™*(2) respectively. We write ( ,) to
denote the pointwise duality between T(Q2) and T*(€2). We extend ( ,) bilinearly to
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CT(Q2) x CT*(R2). Let E be a C* vector bundle over Q. The fiber of E at z €
will be denoted by E,. Let Y CC € be an open set. The spaces of smooth sections
of E over Y and distribution sections of E over Y will be denoted by C*>°(Y; E) and
2'(Y; E) respectively. Let &'(Y; E) be the subspace of 2'(Y; E) of sections with
compact support in Y. For s € R, we let H*(Y; E) denote the Sobolev space of order
s of sections of E over Y. Put

HS . (Y;E)={ue 2'(Y; E); pu e H*(Y; E), Vo € C°(Y)}

and Hgy,, (Y5 E)=H; (Y; E)N&'(Y; E).

Let F be a C™ vector bundle over M’. Let C*°(M; F), 9'(M; F), H*(M; F) de-
note the spaces of restrictions to M of elements in the spaces C°(M’; F), 2'(M'; F)
and H*(M'; F) respectively. Let C5°(M; F) be the subspace of C>°(M; F) of sections
with compact support in M.

Let AY°T(M’) and A®'T(M’) be the holomorphic tangent bundle of M’ and
the anti-holomorphic tangent boundle of M’ respectively. In local coordinates z =
(21, .., 2n), we represent the Hermitian metric on AL°T(M’) by

(1.1) (u]v) =g(u,7), wveA'T(M), g= > gjr(2)dz; ® dz,
j,k=1

where g; 1(2) = gy ;(2) € C*, j,k=1,...,n, and (gj,k(z));l’k:l is positive definite
at each point. We extend the Hermitian metric ( | ) to CT(M’) in a natural way
by requiring AY°T(M’) to be orthogonal to A*'T(M’) and satisfy (u | v) = (u | ),
u,v € A91T(M").

The Hermitian metric ( | ) on CT(M') induces, by duality, a Hermitian metric on
CT*(M’') that we shall also denote by (| ). For ¢ € N, let A%4T*(M’) be the bundle
of (0,q) forms of M’. The Hermitian metric ( | ) on CT*(M’) induces a Hermitian
metric on A%4T*(M') also denoted by (| ).

Let r € C*°(M’) be a defining function of I" such that r isreal, r=0onI', 7 <0
on M and dr # 0 near I'. From now on, we take a defining function r so that ||dr| =1
onT'

The Hermitian metric ( | ) on CT'(M’) induces a Hermitian metric ( | ) on CT(T).
For z € T, we identify CT}(I") with the space

(1.2) {u € CT}(M"); (u | dr) = 0}.

For ¢ € N, let A%9T*(T) be the bundle of (0, q) forms of I'. We recall that
(1.3)
AYTHT) = {u € AT} (M'); (u|dr(2) Ag) =0, Vge A™'TH(M")}, z€T,
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We associate to the Hermitian metric Z?,k:l 9j,5(2)dz; ®dZ), areal (1,1) form (see
page 144 of Kodaira [22]) w =47, _, gjkd2j A dZk. Let

w’ﬂ

I =
(1.4) aw’ =
be the volume element and let (| )as be the inner product on C*(M; A%4T*(M’))

defined by
(15) (¢ Imw = [(F IR = [ (715 fohe 0T 8007 ()

Similarly, we take (dI") as the induced volume form on I' and let ( | )r be the inner
product on C*®(T'; A%9T*(M")) defined by

(1.6) f o) = /F(f | 9)dT, f,g € C™(T'; A%IT*(M")),

Let 0 : C°(M'; A%9T*(M")) — C>®(M'; A%9T1T*(M")) be the part of the exterior
differential operator which maps forms of type (0, ¢) to forms of type (0,¢+1) and we
denote by 87* : O (M'; A9 (M) — C°(M'; A®9T*(M'")) the formal adjoint
of 0. That is

@F | W)ar = (£ 1 85 M),
f € Ce(M'; AIT*(M")), h € C°(M'; A%9H1T*(M")), where (| )ar is defined by
(91 k)mr = [ g | k)(dM'), g,k € C3°(M'; A%9T*(M")). We shall also use the nota-
tion 0 for the closure in L? of the O operator, initially defined on C'°°(M; A%4T*(M"))
and & for the Hilbert space adjoint of 9.

The d-Neumann Laplacian on (0,q) forms is then the self-adjoint operator in the
space L2(M; A%9T*(M’)) (see chapter I of [10])

(1.7) 0@ =39 +38 8.
We notice that
Dom (@ = {u € L*(M; A®9T*(M')); u € Dom @ ﬂDomg,
49 8w € Domd, Ou € Domg*}
and C*(M; A%9T*(M')) N Dom 0@ is dense in Dom (@ for the norm
u € Dom 0@ — |ul| + [|Oul| + Hg*uH

(see also page 14 of [10]).

Let O =8 ;" + 8,79 : C(M'; A®9T*(M")) — C>(M'; A>4T*(M’)) denote
the complex Laplace-Beltrami operator on (0, ¢) forms and denote by O'D(fq) the prin-

cipal symbol of Dgcq).
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Let % be the dual vector of dr. That is (u | %) = (u,dr), for all u € CT'(M"). Put
(1.9) wo = J(dr),

where J?! is the complex structure map for the cotangent bundle.

Let AMT(T') and A%'T(T) be the holomorphic tangent bundle of I' and the anti-
holomorphic tangent bundle of I' respectively. The Levi form L,(Z, W), p € T, Z,
W € AYOT,(T), is the Hermitian quadratic form on AT, (T) defined as follows:

For any Z, W € AYOT,(T), pick Z, W € C>(T; ALOT(T')) that satisfy
(1.10)  _ _ I T —
Z(p) = 2, W(p) = W. Then Ly(2,W) = > (IZ . W)(p) ,w(p) ).

The eigenvalues of the Levi form at p € I are the eigenvalues of the Hermitian form L,
with respect to the inner product (| ) on AL°T,(T). If the Levi form is non-degenerate
at p el let (n_,ny), n_ +ny =n — 1, be the signature of L,. Then Z(g) holds at
p if and only if ¢ # n_.

We recall the Hérmander symbol spaces
DEFINITION 1.1. — Let m € R. Let U be an open set in M’ x M’.
ST (Ux]0, 00[; L(AMTy (M"), A>T (M")))

is the space of all a(z,y,t) € C>(Ux]0, 00[; £ (A%T; (M’), A%T;(M’))) such that
for all compact sets K C U and all a € N** 3 € N*" ~ € N, there is a constant ¢ > 0
such that |6§‘658;’a(a:,y,t)| < c(1+ )™Ml (z,y,t) € Kx]0, 0. ST is called the
space of symbols of order m type (1,0). We write Sy ° = (1 ST%.

Let ST (U N(M x M)x]0,00[; L(A%T (M), AO’qu(M’))) denote the space of
restrictions to U (M x M)x]0, co[ of elements in

S7% (Ux]0, 00f; L(A®IT5 (M), A>T (M"))).
Let
a; € ST (U (M x M) x]0, o0 X(AO"ZT;(M’),AO’qu(M’))), j=0,1,2,...,
with m; N\, —00, j — 00. Then there exists
ae S (U (M x M)x]0, o0[; L (AT (M), AO"JTZ*(M’)))
such that

a— > aj € ST (UM x M)x]0,00[; LA (M), AT (M')) ),
0<j<k

for every k € N (see Proposition 1.8 of Grigis-Sjostrand [12]).
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If a and a; have the properties above, we write

o~ a;in ST (U (VT x M) x [0, 00[; L (AT (M), AO»qT;(M'))).
3=0
Let
@ : L2(M; A%9T*(M')) — Ker 0@

be the Bergman projection, i.e. the orthogonal projection onto the kernel of [1(9). Let
K (z,w) € 2' (M x M; L (A%T; (M), A>T (M'))) be the distribution kernel of
o,

Let X and Y be C* vector bundles over M’. Let

C,D:C(M; X)) — 2'(M;Y)

with distribution kernels K¢ (z,w), Kp(z,w) € 2'(M x M; ¥(X,Y,)). We write
C =D mod C*(UNMxM)) if Kc(z,w) = Kp(z,w)+F(z,w), where F(z,w)|v €
Ce(UNM x M); £(X,,Y>)) and U is an open set in M’ x M’

Given ¢, 0 < g <n —1. Put
(1.11) Iy ={z€T; Z(q) fails at z}.

If the Levi form is non-degenerate at each point of I', then I'; is a union of connected
components of T'.
The main result of this work is the following

THEOREM 1.2. — Let M be a relatively compact open subset with C*° boundary ' of
a complez analytic manifold M’ of dimension n. We assume that the Levi form is
non-degenerate at each point of I'. Let q, 0 < g < m — 1. Suppose that Z(q) fails at
some point of I' and that Z(q — 1) and Z(g + 1) hold at each point of I'. Then
Ky (z,w) € C® (M x B \ diag (T, x Ty); L(A%9T (M), AO’qTZ*(M’))).

Moreover, in a neighborhood U of diag (I'y x T'y), Kpw (2, w) satisfies

(1.12) Knw (z,w) = / e =)tz w, t)dt  mod C* (U (\(M x M)
0

(for the precise meaning of the oscillatory integral foooei‘b(z’w)tb(z,w,t)dt, see Re-
mark 1.3 below) with

bz, w,) € Sio (U (N x )x]0, 00f; Z(A T (M), AT (1)),
b(z,w,t) ~ Z bj(z,w)t" 7
§=0
in the space S7', (U N3 x M)x]0, c0f; Z(A%9T™ (M), AO"IT;(M’))>,

bo(z,2) #0, z € Ty,
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where b;(z,w) € C* (U NI x M); L (AT (M), AO"ITZ*(M’))>, j=0,1,..., and

(1.13) $(z,w) € C®(U (M x M)), Im¢ >0,

(1.14) d(2,2) =0, zeTy, ¢z,w)#0 if (2,w) ¢ diag Ty xTy),
(1.15) Im¢(z,w) >0 if (z,w)¢I xT,

(116) QS(Z,UJ) = _a(waz)'

Forp e I'y, we have

oqw (2,d4(2z,w)) wvanishes to infinite order at z = p,
(1.17) s
(z,w) is in some neighborhood of (p,p) in M'.

For z =w, z €'y, we have d,¢ = —wy — idr, dy¢ = wo — idr.
Moreover, we have ¢(z,w) = ¢_(z,w) if z,w € I'y, where ¢_(z,w) € C°(Ty xTy)
is the phase appearing in the description of the Szegd projection in Part I (see also

Theorem 6.15 below). More properties of the phase ¢(z,w) will be given in Theo-
rem 1.4.

REMARK 1.3. — Let ¢ and b(z,w,t) be as in Theorem 1.2. Let y = (y1,...,¥2n-1)
be local coordinates on I' and extend ¥4, ..., ¥2,_1 to real smooth functions in some
neighborhood of I'. We work with local coordinates

w = (ylv"-ay2n—lyr)

defined on some neighborhood U of p € T. Let u € C§°(U; A%IT*(M’)). Choose
a cut-off function x(t) € C*°(R) so that x(t) = 1 when |t| < 1 and x(¢) = 0 when
[t] > 2. Set

(Beu)(z) = /Amei¢(z’w)tb(z,w,t)x(et)u(w)dtdw.

Since dy¢ # 0 where Im ¢ = 0 (see (6.21)), we can integrate by parts in y and ¢t and
obtain lim._,o(B.u)(z) € C®(M; A%4T*(M")). This means that B = lim._o B. :
C>=(M; A%9T*(M'")) — C>°(M; A%9T*(M’)) is continuous. We write B(z,w) to de-
note the distribution kernel of B. Formally, B(z,w) = [, e"*(*)b(z, w, t)dt.

From (1.17) and Remark 1.5 of Part I it follows that
THEOREM 1.4. — Under the assumptions of Theorem 1.2, let p € T'y. We choose
local complex analytic coordinates z = (z1,...,2n), 2j = Taj—1 +ixe;, j =1,...,n,

vanishing at p such that the metric on AL°T(M') is Z;’L=1 dz; ®dz; atp and r(z) =
V2Im z, + Z?;ll A |22 4+ O(|2]°), where \;, 5 =1,...,n—1, are the eigenvalues of
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L, (this is always possible. see Lemma 8.2 of [19]). We also write w = (w1, ..., wy),
w; = Y2j—1 + Y25, j =1,...,n. Then, we can take ¢(z,w) so that

2n—1

1
d)(za w) = _\/iTQn—l + \/§y2n—1 - '”"(Z) (1 + Z a;T; + §a2n1‘2n)
j=1
2n—1 1 n—1
(1.18) —ir() (14 Y @y + Haaaten) +1 3 Nl 25— wy
=1 o
n—1
. — . 3
+ )i (Zjw; — 2w;) + O(|(z,w)]%)
j=1
99 ()

in some neighborhood of (p,p) in M’ x M', where a; = % ‘%j (p, —wo(p) — idr(p)),
j=1,....2n.

We have the following corollary of Theorem 1.2

COROLLARY 1.5. — Under the assumptions of Theorem 1.2 and let U be a
small neighborhood of diag(I'y x I'y). Then there exist smooth functions F,G €

oo (U NI x M)); L(A%T* (M), AMT;(M'))) such that
Knw = F(=i(¢(z,w) +i0)) """ + Glog(—i(¢(z,w) + i0)).

Moreover, we have

n

F =3 (n)lbj(z,w)(~ig(zw)) + f(z,w)(8(zw))"*,
(1.19) 0 o
G= Z ibnﬂﬂ(z,w)(—iqﬁ(z,w))j mod C* (U ﬂ(ﬂ x M))

g!

<.
Il
=)

where f(z,w) € C (U N x M); L(AT= (M), onqu*(M’))).
If we AOITH (M), let w™* : ADIFITH(M') — A%9T7(M’) be the adjoint of left
exterior multiplication w” : A%4T*(M') — A%9TIT*(M'). That is,
(1.20) (w™u | v) = (u | wH*v),
for all u € AT (M), v € A%9H1T*(M"). Notice that w™* depends anti-linearly on

w.

PROPOSITION 1.6. — Under the assumptions of Theorem 1.2, letp € T'y, q=mn_. Let
Ui(2),...,Un_1(2) be an orthonormal frame of A*OT,(T'), 2 € T, for which the Levi
form is diagonalized at p. Let ej(z), j = 1,...,n — 1 denote the basis of AT (T),
z € T, which is dual to U;(2), j = 1,...,n — 1. Let A\j(2), j = 1,...,n — 1 be the
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eigenvalues of the Levi form L., z € I'. We assume that A\j(p) < 041 < j < n_.
Then
(1.21)

j=n_

F(p,p) = n! (@) Pna(p)] 772 H e ()€} (p)) © (Br(p))™* (@r(p))",
where F' is as in Corollary 1.5.

In the rest of this chapter, we outline the proof of Theorem 1.2. We assume that
the Levi form is non-degenerate at each point of I'. We pause and recall a general fact
of distribution theory (see Hérmander [18]). Let E, F' be C'™ vector bundles over
C* manifolds G and H respectively. We take smooth densities of integration on G
and H respectively. If A : C§°(G; E) — 2'(H; F) is continuous, we write K4(x,y)
or A(z,y) to denote the distribution kernel of A. Then the following two statements
are equivalent

(a) A is continuous: &'(G; E) — C*(H; F),
(b) K4 € C*(H x G; Z(Ey, Fy)).
If A satisfies (a) or (b), we say that A is smoothing. Let B : C§°(G; E) — 2'(H; F).
We write A = B if A — B is a smoothing operator.
Let v denote the operator of restriction to the boundary I". Let us consider the

map

122 F@ : H2(M; A°9T*(M')) — HO(M; A%T*(M')) & H? (T; A%9T*(M")),
1.22
u — (D(q)u,’yu).

It is well-known that dim Ker F(?9) < oo and Ker F(@ ¢ C(M; A%9T*(M")). Let

(1.23) K@ . H2(M; A%9T*(M')) — Ker F(@

be the orthogonal projection with respect to ( | )as. Then,

(1.24) K9 ¢ 0= (M x M; £L(A%T*(M'), A%T*(M"))).
Put

(1.25) 0 =0 + k@

and consider the map

(1.36) F@ . H2(M; A9T*(M')) — HO(M; A>T (M')) @ H? (T; A%IT*(M")),
1.26 ~

u— (D}q)u,vu).

We can check that F(9 is injective (see Chapter 3). Let

(1.27) P : C®(T; A%9T*(M')) — C®(M; A%IT*(M'))
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be the Poisson operator for ﬁgfl) which is well-defined since (1.26) is injective. It is

well-known that P extends continuously
P H*(T; A%9T*(M')) — H*t5 (M; A%T*(M')), VseR
(see page 29 of Boutet de Monvel [31]). Let
P & (M; A%9T*(M')) — 2'(T; A9T*(M"))

be the operator defined by (P*u | v)r = (u | Pv)a,u € & (M; A9T*(M')),v €
C>(T; A%9T*(M")). Tt is well-known (see page 30 of [31]) that P* is continuous:
P L2(M; AquT*(M’)) — H¥(; A%T*(M’)) and

* L O°(M; A%1T*(M")) — C=(T'; A%IT*(M")).
We use the inner product [ | ] on H~z (['; A%2T*(M’)) defined as follows:
[u]v] = (Pu | Pv)ar,
where u, v € H™2 (I'; A%2T*(M’)). We consider (8r)"* as an operator
(@r)* - H™3(T; A%9T*(M")) — H™5(T; A%971T*(M")).
Note that (0r)"* is the pointwise adjoint of Or with respect to (| ). Let
(1.28) T : H™3(T; A%T*(M')) — Ker (9r)"*

be the orthogonal projection onto Ker (0r)"* with respect to [ | ]. That is, if u €

~3(T; A%9T*(M")), then (8r)*Tu = 0 and [(I — T)u | g] = 0, for all g €
Ker (0r)"*. In Chapter 3, we will show that T is a classical pseudodifferential op-
erator of order 0 with principal symbol 2(0r)"*(9r). If u € C*(T'; A%IT*(M')),
then u € Ker (9r)* if and only if u € C=(T; A»4T*(T")). Put

(1.29) 83 = TyOP : C®(T; A%4T*(T)) — C=(T'; A%IH1T*(I)).

% is a classical pseudodifferential operator of order one from boundary (0, ¢) forms
to boundary (0, ¢ + 1) forms. It is easy to see that 87; = Op+lower order terms, where
0y is the tangential Cauchy-Riemann operator (see [10] or Chapter 5). In Chapter 5,
we will show that (95)% = 0. Let

Fs' : O (T; A%THLT*(T)) — C(T; A%9T*(T))

be the formal adjoint of 05 with respect to [ | ]. %T is a classical pseudodifferential
operator of order one from boundary (0 q + 1) forms to boundary (0,q) forms. In
Chapter 5, we will show that 85 = 78f

Put
0% =85 85 + 05 95 : C(T; A%IT*(T)) — C*(T'; A®T*(T)).
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For simplicity, we assume that I' = I'y, 'y # I'y_1_4 (I'q is given by (1.11)). We can
repeat the method of Part I (see Chapter 6) to construct

Ae L7 (T; A%T*(D), AT*(T)), Be LY ,(T; A%T*(D), A™T*(T))

such that A0 + B= B+0WA=1,8;B=0,05 B=0, and B = Bl = B?,

where L7, is the space of pseudodifferential operators of order m type (%, %) (see
272
Definition 6.11) and B' is the formal adjoint of B with respect to [ | ]. Moreover,

Kp(z,y) satisfies Kp(z,y) = [, e~ (@¥)tb(x, y, t)dt, where ¢_(z,y) and b(z, y, t) are
as in Theorem 6.15. In Chapter 7, we will show that

19 = PBT(P*P)"'P* mod C®(M x M)
and PBT(P*P)~'P*(z,w) = [ e"=")(z,w,t)dt mod C°(M x M), where
¢(z,w) and b(z,w,t) are as in Theorem 1.2.
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CHAPTER 2

THE 0-NEUMANN PROBLEM, A REVIEW

In this chapter, we will give a brief discussion of the d-Neumann problem in a
setting appropriate for our purpose. General references for this chapter are the books
by Hoérmander [17], [10] and Chen-Shaw [6].

As in Chapter 1, let M be a relatively compact open subset with smooth boundary
I" of a complex manifold M’ of dimension n with a smooth Hermitian metric on its
holomorphic tangent bundle. We will use the same notations as before. We have the
following (see page 13 of [10] for the proof).

LEMMA 2.1. — For all f € C°(M; A%4T*(M")), g € C°>°(M; A»4H1T*(M’)),

(2.1) @f | 9)ar = (f | 95 9)as + (vf | v(Br)*g)r,

where (9r)"* is defined by (1.20). We recall that 87f* is the formal adjoint of O and
v is the operator of restriction to the boundary I'.

From Lemma 2.1, it follows that
(2.2)
Domd" () C*(M; A®9T*(M')) = {u € C*°(M; A™IT*(M')); v(0r)*u = 0}

and
(2.3) 9" =09; onDomd [|C™(M; A“9T*(M')).
The 0-Neumann Laplacian on (0, ¢) forms is the operator in L2(M; A%9T*(M’))
0@ =39 +3 8.
We notice that [(1(@) is self-adjoint (see chapter I of [10]). We have
Dom (@ = {u € L*(M; A®IT*(M")); u € Domd" (") Dom ¥,

due Dom 0, du € Domg*}.
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Put D@ = Dom 0@ N C>(M ; A>T*(M’)). From (2.2), we have
(2.4) D@ = {u € C®(M; A™H1T*(M")); 4(0r)*u =0, v(0r)"*0u =0} .

In view of (1.3), we see that u € D@ if and only if yu € C°(T; A%T*(T)) and
¥Ou € C°°(T'; A%9T1T*(T)). We have the following

LEMMA 2.2. — Let ¢ > 1. For every u € Domd () C°(M; A%9H1T*(M")), we have
9w e Domd () C(M; AT (M)).
Proof. — Let
u € Domd [|C(M; A“H1T*(M)).
For g € C®°(M; A%9=1T*(M")), we have
0=(0 0wl gy =@u|dg)m ~ (v(@)""0 u|7g)r
= (u] 80 — (v(0r)"*0 u | y9)r
= —(y(@r)"* 8 u | yg)r.
Here we used (2.1). Thus, v(9r)"*9 u = 0. The lemma follows. O
DEFINITION 2.3. — The boundary conditions
y(0r)M*u =0, y(0r)"*0u=0, ue C®(M A" T*(M))
are called -Neumann boundary conditions.

DEFINITION 2.4. — The d-Neumann problem in M is the problem of finding, given a
form f € C(M; A%9T*(M")), another form u € D@ verifying @Dy = f.

DEFINITION 2.5. — Given ¢, 0 < ¢ < n— 1. The Levi form is said to satisfy condition
Z(q) at p € T if it has at least n — ¢ positive or at least ¢ + 1 negative eigenvalues.
If the Levi form is non-degenerate at p € T, let (n_,ny), n_ +ny = n — 1, be the
signature of L,. Then Z(q) holds at p if and only if ¢ # n_.

The following classical results are due to Kohn. For the proofs, see [10].

THEOREM 2.6. — We assume that Z(q) holds at each point of T. Then Ker 0@ s q
finite dimensional subspace of C*°(M; A%IT*(M")), 0@ has closed range and (9
is a smoothing operator. That is, the distribution kernel

K (z,w) € C® (M x M; Z(A™T5 (M), A>T; (M"))).
Moreover, there exists an continuous operator
N@ . L2(M; A%T*(M')) — Dom @
such that N@O@ 4+ 119 = [ on Dom 0@,
O@ON@D L 1@ = 1
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on L*(M; A®9T*(M")). Furthermore,
N@ (cw(ﬂ; A°>‘1T*(M’))) c C=(M; A%9T*(M"))
and for each s € R and all f € C°°(M; A%IT*(M")), there is a constant ¢ > 0, such

that ||N(q)f||s+1 < c||fll; where || ||, denotes any of the equivalent norms defining
H*(M; A%9T*(M")).

THEOREM 2.7. — Suppose that Z(q) fails at some point of T' and that Z(q — 1) and
Z(q+ 1) hold at each point of T. Then,

(2.5) MWy = (I-9N V9" 3" Nt d)u, ueDomd [|C™(M; AT (M),
where Nt and N~ gre as in Theorem 2.6. In particular,

1@ : Dom " (| C*(M; A>*T*(M')) - D@,
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CHAPTER 3

THE OPERATOR T

First, we claim that F(@ is injective, where F@ s given by (1.26). If u € Ker F@,

then u € C°(M; A%IT*(M")), ﬁ;q)u =0 and yu = 0. We can check that
(lflgtq)u | w)ar = (Dgcq)u | w)ar + (KQu | u)py
= (Qu | du)ar + (Bpu | Dyu)pr + (K Du | KDu)pr = 0.
Thus, u € Ker F@ N Ker K@ (F@ is given by (1.22)). We get u = 0. Hence, F(@ is
injective. The Poisson operator
P C®(T; A%9T*(M')) — C®(M; A%IT*(M'))
of ﬁ;q) is well-defined. That is, if u € C°°(I'; A%9T*(M")), then
Pu € C(M; A%T*(M")), ﬁgcq)ﬁu =0, vPu=u.

Moreover, if v € C*°(M; A%4T*(M")) and Iﬁgfl)v =0, then v = ﬁ'yv. Furthermore, it
is straight forward to see that
(3.1) dPu = PdPu, E;IBu = ﬁ'yé}ﬁu, u € C®(T; A™1T*(M)).

We recall that (see Chapter 1) P extends continuously

P H*(T; A%9T*(M')) — H*+3(M; A4T*(M')), Vs €R.
As in Chapter 1, let P* : &' (M; A%9T*(M')) — 2'(T'; A%4T*(M’)) be the operator
defined by
(P*u | v)r = (u | Pv)y,
w e & (M; A9T*(M')), v € C®(T; A%IT*(M’)). We recall that (see Chapter 1) P*
is continuous:
P* . L3(M; A9T*(M')) — H? (T; A%4T*(M"))

and P* : C(M; A%9T*(M')) — C=(T; A%9T*(M')).
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Let L be a classical pseudodifferential operator on a C°*° manifold. From now on,
we let o denote the principal symbol of L. The operator

P*P : C=(T; A%T*(M')) — C=(T; A%9T*(M"))
is a classical elliptic pseudodifferential operator of order —1 and invertible since P

is injective (see Boutet de Monvel [30]). Let Ar be the real Laplacian on I' and let
v/—Ar be the square root of —Ar. It is well-known (see [30]) that

(3.2) Opep = O(2y—Ap)-1-

Let (P*P)~! : C>([; A%T*(M')) — C>(T'; A>9T*(M’)) be the inverse of P*P.
(ﬁ*ﬁ)*l is a classical elliptic pseudodifferential operator of order 1 with scalar prin-
cipal symbol. We have

(3.3) O(p+p)-1 = O2/=Ar-

DEFINITION 3.1. — The Neumann operator .4 (9) is the operator on C*°(T'; A%T*(M"))
defined as follows:

NDf = 7%1515 f € C(T; AT (M)).

The following is well-known (see page 95 of Greiner-Stein [11])
LEMMA 3.2. — 4@ . C°(T; A%T*(M')) — C°(T'; A%T*(M")) is a classical el-
liptic pseudodifferential operator of order 1 with scalar principal symbol and we have
(3.4) T @ =0 —Ap

We use the inner product [ | ] on H~=(I'; A%4T*(M’)) defined as follows:
(3.5) [w | v] = (Pu | Pv)y = (P*Pu | v)r,
where u, v € H™2(T; A%9T*(M")). We consider (8r)"* as an operator

(@r)™* : H™3(T; A%9T*(M')) — H™3(T; A%~ 1T*(M")).

Let
(3.6) T : H™3(T; A%9T*(M’)) — Ker (9r)* = H™3(T'; A%9T*(T))
be the orthogonal projection onto Ker (0r)"* with respect to [ | |. That is, if u €

H~2(T; A%T*(M’)), then (8r)"*Tu = 0and [(I —T)u | g] =0, V g € Ker (dr)"*.
LEMMA 3.3. — T is a classical pseudodifferential operator of order 0 with principal
symbol 2(dr)*(0r)". Moreover,

(3.7) I—T = (P*P)~'(dr)"R,

where R : C*°(T; A%4T*(M'")) — C=(T; A%~1T*(M")) is a classical pseudodifferen-
tial operator of order —1.
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Proof. — Let E = 2(57“)/\’*((57“)/\’*)T+2((5r)/\’*)T(57‘)’\’*,
E: H™3(T; A™9T*(M')) — H™(T; A™9T*(M")),

where ((57‘)/\’*)T is the formal adjoint of (9r)"* with respect to [ | ]. That is,

(@) u | o) = [u | (@r)")'0],
we H™2(T; A%T*(M")), v e H 2 (I'; A%~1T*(M’)). We can check that
(3.8) (@) = (P*B)~*(@r)"(P"P).
Thus, the principal symbol of E is 2(9r)"*(dr)" + 2(dr)"(dr)"*. Since

ldrll = 1= (Jor|* + llor]*)*

on I', we have
(3.9 ||5r”2 = ||lor]? = % on T.
From this, we can check that
2(0r)N*(0r) + 2(0r)N(@r)N* = I+ H-3(T; A%T*(M')) — H™2 (T; A%T*(M")),

where I is the identity map. E is a classical elliptic pseudodifferential operator with
principal symbol I. Then dim Ker F < co. Let G be the orthogonal projection onto
Ker E and N be the partial inverse. Then G is a smoothing operator and N is a
classical elliptic pseudodifferential operator of order 0 with principal symbol I (up to
some smoothing operator). We have

(3.10) EN +G= 2((51%* ((gr)A’*)T+2((5r)A’*)T(Er)“*)N +G=1
on H=%(T; A%T*(M")). Put T = 2(8r)"*((@r)»*) N + G. Note that
Ker E = {u € H-3([; AT (M")); (3r)™*u =0, ((@r)™") u= o} .
From this and (9r)"* o (0r)"* = 0, we see that
Tg € Ker (9r)"*, ge H3(T; A%T*(M")).
From (3.10), we have I — T = 2((@r)"*)"(@r)»*N and
(1 = T)g | u] = [2(@)") (@) Ng | ]
= [2(8r)*Ng | (8r)"*u]
=0, ueKer(dr)*,ge H 3(T; A%T*(M")).

Thus, g = Tg+ (I- T)g is the orthogonal decomposition with respect to [ | |. Hence,
T = T. The lemma follows. U
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Now, we assume that Z(q) fails at some point of I" and that Z(¢—1) and Z(¢+1)
hold at each point of I'. Put

(3.11) @ = @7 - K@),

where K@ is as in (1.23). It is straight forward to see that

(3.12) 9 =1@ — K@ = (] - K@ = PyI1@

and (II9)2 = 1@, (II@)* = II(@, where (II'?)* is the formal adjoint of II(? with
respect to (| )as.

PROPOSITION 3.4. — We assume that Z(q) fails at some point of T' and that Z(q—1)
and Z(q+ 1) hold at each point of T'. Then,

M@y = 9 PT(P*P)" P*u
(3.13) = (I - K9)(I -3aNe=Vg" — 5" N@+Vg) PT(P*P)~ ! P*u,
u € C*(M; A*1T*(M")),
where Nt N@=1 gre qs in Theorem 2.6, T is as in (3.6). In particular,
@ . 0=(M; A>T*(M')) — D9,
Proof. — Let v € Dom " QCO"(MLAT‘JT*(M’)). From Theorem 2.7 and (3.12), we
see that 1@y € D@ and 119y = PyII(@v. Note that
(f = P(P*P)'P*f | Pyg)m =0, f,g € C%(M; A%T*(M")).
We have
(II'9 PT(P*P)~'P*u | IDv)y = (PT(P*P)~'P*u | II'Dv)y,
= (PT(P*P)"'P*u | Pyllv)y
= (P(P*P)"'P*u | PAIIDv)y,
= (u | TDv)

(3.14)

Thus,
(u—TDPT(P*P) ' P*u | TTDv), = 0.
Since Dom @ () C>(M; A%9T*(M’)) is dense in L2(M; A®9T*(M')), we get
(u — IO PT(P*P)~ P*u | I Dv)y =0,
for all v € L2(M; A%4T*(M")). Thus, 1Dy = I19 PT(P*P)~! P*u.
Since
PT(P*P)™'P*u € Domd [ |C(M; AT (M")),
from (2.5) and (3.12), we get the last identity in (3.13). The proposition follows. [
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Let J be the complex structure map for the tangent bundle T'(M’). Put

(4.1) Y = J(%).

We notice that J(i¥ + 2) = J(u(g) + 8@) = —i(iY + 2). Thus, i + 2 €
AT (M"). Near T, put

(4.2) T30 = {u e AY' T} (M'); (u ] Or(z)) =0}

and

(4.3) 79! = {u e AT, (M'); (u | Y + %)(z)) = 0} )

We have the orthogonal decompositions with respect to ( | )

(4.4) A'TH (M) =T2% & {A\(0r)(2); A€ C},

(4.5) AT, (M) =T & {)\(iY + %)(Z); A€ (C} :

Note that %1 = AOITH(T), TO! = A%T,(T), z € T.

First, we compute the principal symbols of d and E* For each point zy € T', we
can choose an orthonormal frame t(z2),...,t,_1(2) for T/%! varying smoothly with
z in a neighborhood of zy3. Then

t1(2)y .y tne1(2),ta(z) == H

is an orthonormal frame for A®1T7(M’). Let

Tl(Z), . ,Tn_l(Z),Tn(Z)
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denote the basis of A%!T,(M’) which is dual to t1(z2),...,t,(2). We have T,, =

ZY+"’T Note that
v+ 21

(4.6) T1(2),...,Tn_1(2) is an orthonormal frame for A>*T,(T"), z € T,
and

(4.7 t1(2),...,tn_1(2) is an orthonormal frame for A>*T*(T"), z € T.
We have 8f :(zj T, )f, feC=(M). If
F)ts (2) Ao Aty (2) € C(M'; AYIT (M)

is a typical term in a general (0, ¢) form, we have

5f:Z(ij)t;\tjl/\ /\th+Z k 1f ‘/\(gtjk)/\-“/\tjq.
j=1

So for the given orthonormal frame we have

= Z t;\ o T}; + lower order terms
i=1
(4.8) ’
= ZtAoT Lo Vg
o T+ 41

+ lower order terms

and correspondmgly

. (@r)yN* Y — &
(4.9) t oT} + o + lower order terms.
Uis I

We consider
YOP : C°(T; A™T*(M')) — C°°(T; A»7HT* (M)
and
795" P C%(T; A% T (M) — C>(T; AT (M")).
’ygﬁ and ’ya*ﬁ are classical pseudodifferential operators of order 1. From (3.9), w

know that ||5r|| = i on I'. We can check that ||ZY + 2 H =42 onT. Comblnmg
this with (4.8), (4.9) and (3.4), we get
n—1
(4.10) Y0P = Z t2 o Ty + (0r)" o (iY + v/—Ar) + lower order terms
j=1
and

(4.11) 7af Z t* o T} + (9r)"* o (iY — /—Ar) + lower order terms.
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From Lemma 2.2, it follows that
(4.12) 797 P : C®(T; A%THT*(T)) — C®(T; A%T*(T)).

Put
(4.13) Ej = {(z, dwo(x)) € T*(I') \ 0; A > 0},
27 ={(z, Awo(z)) € T*(I') \ 0; A < 0}.

We recall that wg = J¥(dr). In Chapter 7, we need the following

PROPOSITION 4.1. — The map (9r)"*dP : C°°(T'; A%9T*(T)) — C>(T; A%4T*(T))
is a classical pseudodifferential operator of order one from boundary (0,q) forms to

boundary (0,q) forms and we have

— -~ 1
(4.14) y(0r)M*OP = §(ZY + v/ —Ar) + lower order terms.
In particular, it is elliptic outside %~ .

Proof. — Note that
(4.15) Y(Or)N*BP = ~(dr)"*OP + yOP(dr)"*
on the space C>°(T'; A%9T*(T")). From (4.10), we have

1

n—

~(@r)N*OP = Z ((51")’“*169) oT;+ ((gr)/\’*(gr)/\)o(iY—H/ —Ar)+lower order terms

j=1
and
n—1
YOP(r)N* = Z (tg\ (57‘)“*) oTj+ ((57‘)/\(57')/\’*) o(iY ++/—Ar)+lower order terms.
j=1
Thus,
(4.16)
n—1
+(@r)*9P +40P@r)M = 3 (tf @) + (5r)/\’*t§\) oT;
j=1
+((@)" @)™ + @) @r)") 0 Y +v/=Ar)
+ lower order terms.
Note that
(4.17) (@) + @) =0, j=1,...,n—1,
and
(4.18) @)@ + (Br) (@) = %

Combining this with (4.16) and (4.15), we get (4.14).
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Note that iy, /=x;(2,§) = = (Y, &) + [I€]l = [[€]] + (wo [ §) > 0 with equality

precisely when £ = —Awg, A > 0. The proposition follows. O
For z € T', put
(4.19) 19T (M) = {u € AT (M'); u= (dr)"g, g € A>'TH(M")}.

I1%49T* (M) is orthogonal to A%9T7(T'). In Chapter 6, we need the following
PROPOSITION 4.2. — The operator

2(@r)\ By B(B*B) 1 : € (T; 9T (M')) — C(T; I°9T*(M"))
is a classical pseudodifferential operator of order one,
(4.20) ’y(gr)AéTf*]S(}B*IS)_l = (iY — \/=Ar)\/—Ar + lower order terms.
It is elliptic outside XT.
Proof. — Note that
(4.21)  ~4(0r)"8; P(P*P)~' = (8r)"8; P(P*P)~! +~8; P(P*P)~'(8r)"
on the space C°(T'; I%9T*(T')). From (4.11) and (3.3), we have

y(Or)" (9f Z;:( > (T*o2 —AF)
+(@n

e @Yo (¥ — v/ Br) 02/ Bx)
+ lower order terms

and

V3 P(P*P)~1(3r)" = ni: (t;\’*(ér)A>o(T;‘ 02 —AF)

(4.29) +((5r)/\’*(5r)/\>o((iY —v/—=Ar)o 2\/—AF)
+ lower order terms.

Thus,

¥(0r)"d;" P(P*P)~' +40; P(P*P)~" (dr)"
IS » (R RGeS

( r)N (Fr)" (57’)/\(57‘)/\’*>o((z’Y —/=Ar)o 2\/—Ap)
+ lower order terms.

Combining this with (4.21), (4.17) and (4.18), we get (4.20). The proposition follows.
O
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Put
(5.1) 83 = TYOP : C®(T; A%4T*(T)) — C=(T; A%IH1T*(I)).

We recall that (see (3.6)) the orthogonal projection T onto Ker (9r)"* with respect
to [ | ] is a classical pseudodifferential operator of order 0 with principal symbol
2(0r)N*(0r)" (see Lemma 3.3). J; is a classical pseudodifferential operator of order
one from boundary (0, ¢) forms to boundary (0,q + 1) forms.

LEMMA 5.1. — We have (05)? =0

Proof. — Let u, v € C*°(T'; A%9T*(T")). We claim that

(5.2) [Ty@P(I — T)y8Pu | v] = 0.
We have
[TYOP(I — T)y0Pu | v] = [yOP(I — T)ydPu | v] (since v € Ker (8r)"*)
= (PydP(I — T)ydPu | Pv)y
= (8P(I — T)ydPu | Pv)y (here we used (3.1))
= (P(I — T)ydPu | 8; Pv)y  (since Pv € Domd")
= [(I = T)y8Pu | 795 Pu] (here we used (3.1)).

From Lemma 2.2, we have fyaif*ﬁv € Ker (0r)"*. Thus,
[(I = T)y8Pu | v9; Pv] = 0.
We get (5.2), and hence TydPy0Pu = TyOPTyOPu, u € C*(T; A%9T*(T)).
Now, (95)% = TygﬁT'ygﬁ = T’ygﬁygﬁ = T752ﬁ = 0. The lemma follows. O
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We pause and recall the tangential Cauchy-Riemann operator. For z € T, let 727 :
A%9T*(M') — A%9T7(T) be the orthogonal projection map (with respect to ( | )).
We can check that 729 = 2(dr(z))"*(0r(z))". For an open set U C I, the tangential
Cauchy-Riemann operator: 9, : C®°(U; A%4T*(T)) — C>(U; A%4*1T*(T)) is now
defined as follows: for any ¢ € C°(U; A%9T*(T)), let U be an open set in M’ with
UNT = U and pick ¢, € C®(U; A%T*(M’)) that satisfies 729(¢;(2)) = ¢(2),
for all 2 € U. Then 8y¢ is defined to be a smooth section in C*(U; A%4H1T*(T)):
z — 109 (y0¢1(2)). It is not difficult to check that the definition of J, is independent
of the choice of ¢;. Since 52 = 0, we have (971)2 = 0. Let 875* be the formal adjoint of
B, with respect to ( | )p, that is (8f | h)r = (f | 8 h)r, f € C°(U ; A%4T*(I)),
h e C®(U ; A%t1T*(T)). 8, is a differential operator of order one from boundary
(0,q + 1) forms to boundary (0, q) forms and (3, )2 = 0.

From the definition of 8, we know that 8, = 2(8r)"*(8r)"ydP. Since the principal
symbol of T is 2(0r)"*(dr)", it follows that

(5.3) 03 = Op + lower order terms.
Let
(5.4) 35 : C(T; ATHT* (D)) — O°(T; A%T*(T)),
be the formal adjoint of 05 with respect to [ | |, that is [0gf | h] = [f | 875Th],

f € C®(T; A%IT*(T")), h € C>°(T; A%4+H1T*(T)). %T is a classical pseudodifferential
operator of order one from boundary (0,¢ + 1) forms to boundary (0, q) forms.
LEMMA 5.2. — We have %T = ’y(?if*ﬁ
Proof. — Let u € C(T; A%4T*(T)), v € C=°(T; A%H1T*(T')). We have
@5u | v] = [T40Pu | o] = 10Pu | 4]

= (Py0Pu | Pv)y = (0Pu | Pv)y

= (Pu| 85 Po)m = [u | v9; Pv),
and the lemma follows. O

REMARK 5.3. — We can check that on boundary (0, q) forms, we have

(5.5) %T = ’yaif*ﬁ =3, + lower order terms.
Set
(5.6) OW =595 + 85 95 : /(T3 A®IT*(T)) — 2'(T; A%IT*(T)).

D(ﬂQ) is a classical pseudodifferential operator of order two from boundary (0, ¢) forms

to boundary (0, ¢q) forms. We recall that the Kohn Laplacian on T is given by Dl()q) =
By Oy + 0, 0y : 2'(T; A%4T*(T")) — 2/(T; A%T*(T)). From (5.3) and (5.5), we see
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that o) = 0 and the characteristic manifold of Dgl) isX=XTJZ, where &,
5 i

Y~ are given by (4.13) (see Chapter 2 of Part I). Moreover, o, vanishes to second

O
B
order on ¥ and we have

(5'7) D(‘Z) D(Q) +L1,
where L is a classical pseudodifferential operator of order one with

(5.8) or, =0 at each point of X.

The following is well-known (see the proof of Lemma 2.4 of Part I)

LEMMA 5.4. — ¥ is a symplectic submanifold of T*(T') if and only if the Levi form is
non-degenerate at each point of T (for the precise definition of symplectic manifold,
see chapter XVIII of Hérmander [15]).

Let pj denote the subprincipal symbol of Déq) (invariantly defined on X)) and let
Fj(p) denote the fundamental matrix of o) at p € 3. We write tr Fg(p) to denote
B
> |Aj|, where +i); are the non-vanishing eigenvalues of Fjg(p). From (5.7) and (5.8),
we see that pj+ %t? Fg =p;+ %t} Fy on ¥, where p; is the subprincipal symbol of Dl()q)
and Fy is the fundamental matrix of o« (for the precise meanings of subprincipal
b

symbol and fundamental matrix, see Chapter 2 of Part I). We have the following

LEMMA 5.5. — Let p = (p, &) € . Then

(5.9)
1~ s A
5trFﬁijﬁ—Z:p\ ||01y|+<ZL Z 20t Tk,T))O'Zy at p,
j=1 J,k=1
where \j, j =1,...,n—1, are the eigenvalues of L, and T}, t;, j =1,. —1, are

as in (4.6) and (4.7).
Proof. — See Chapter 2 of Part 1. O

It is not difficult to see that on ¥ the action of %tNr Fs + pj on boundary (0,q)
forms has the eigenvalues

Zu How |+ > Noiy =Y Nowy, 1] =g,

(5.10) pryd =
J=(J1,Jz,---79q), 1<ji<ja<--<jg<n-—-1

(see Chapter 2 of Part I). We assume that the Levi form is non-degenerate at p € I.
Let (n_,n4), n— +ngy = n — 1, be the signature of L,. Since (Y,wy) = —1, we have
o;y >0o0n 31, 0,y <0Oon X7,
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Let
. s, 1~ . . s, 1~
inf (pj + §trFﬁ)(p) = inf {)\; A eigenvalue of (pj + itr Fﬁ)(p)} , pE .

From (5.10), we see that at (p,wq(p)) € T,

1~ = 07 =Ny,
(5.11) inf (p + 55 F) 1=
>0, ¢q 7é ny.
At (pv —U.J()(p)) € 2_7
1~ =0, ¢g=n_,
(5.12) inf (pj + -tr Fj3)
T R >0, g#n_.

DEFINITION 5.6. — Given ¢, 0 < ¢ < n — 1, the Levi form is said to satisfy condition
Y(q) a’tpe [ if for any |J| =4q, J = (j17j27"‘7jq)7 1 SJI <j2 < e <jq < n_la
we have
n—1
Do DA <Dl
i¢d jet j=1
where X;, j = 1,...,(n — 1), are the eigenvalues of L,. If the Levi form is non-

degenerate at p, then the condition is equivalent to ¢ # n4, n_, where (n_,n,),
n_ +ny =n — 1, is the signature of L,.

From now on, we assume that
ASSUMPTION 5.7. — The Levi form is non-degenerate at each point of T'.
By classical works of Boutet de Monvel [32] and Sjostrand [36], we get the following

ProposITION 5.8. — Dgl) is hypoelliptic with loss of one derivative if and only if Y (q)
holds at each point of T.
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CHAPTER 6

THE HEAT EQUATION FOR O

In this chapter, we will apply some results of Menikoff-Sjostrand [29] to construct
approximate orthogonal projection for D,(Bq). Our presentation is essentially taken from
Part I. The reader who is familiar with Part I may go directly to Theorem 6.15.

Until further notice, we work with coordinates = (z1,z2,...,2Z2,—1) defined on
a connected open set (1 C I'. We identify T*(2) with Q x R?"~1. Thus, the Levi form
has constant signature on 2. For any C* function f, we also write f to denote an
almost analytic extension (for the precise meaning of almost analytic functions, we
refer the reader to Definition 1.1 of Melin-Sjéstrand [28]). We let the full symbol of
0% be:

full symbol of 0% ~ " ¢;(x,€),

3=0
where g;(z,§) is positively homogeneous of order 2 — j.

First, we consider the characteristic equation for 0; + D,(Gq). We look for solutions
P(t,z,m) € C®(Ry x T*(Q) \ 0) of the problem

(6.1) %zf —igo(z,¢}) = O(Imy["), YN >0,
Y|t=0 = {z ,M)

with Im ¢ (¢, z,n) > 0.

Let U be an open set in R™ and let f, g € C*(U). We write f =< g if for every
compact set K C U there is a constant cx > 0 such that f < ckxg, g < cxf on K.
We have the following

PROPOSITION 6.1. — There exists ¥ (t,z,n) € C*°(Ry xT*(Q)\0) such that Imv > 0
with equality precisely on ({0} x T*(2) \ 0) UR+ x X) and such that (6.1) holds
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where the error term is uniform on every set of the form [0,T] x K with T > 0 and
K C T*(Q)\ 0 compact. Furthermore,

¢(t7$777) = <$7n> on 27 dw,’l’](w - <37,77>) =0 on Z)7
P(t, 2, An) = Mp(M, z,m), A >0,

and

¢ 2
62 Tt = (Inl o) (a0 ) s el > 1

PROPOSITION 6.2. — There exists a function ¥(co,z,n) € C®(T*(Q) \ 0) with a
uniquely determined Taylor expansion at each point of % such that

For every compact set K C T*(Q) \ 0 there is a cxk > 0 such that

Im (o0, 2,m) = cxc [l (dist (@, 1), E))2, doy (o0, 2,m) — (wm) =

0 on X.
If e C(T*(2)\0), A >0 and A < min|\;|, where =i |)\;| are the non-vanishing
eigenvalues of the fundamental matriz of D(Q), then the solution (t,z,n) of (6.1)
can be chosen so that for every compact set K C T*(Q) \ 0 and all indices «, B, 7,
there is a constant co g,k such that

(6.3) |3°‘3[38V (t,z,m) — Qp(oo,x,n))| < Caprre @M on Ry x K.
For the proofs of Proposition 6.1, Proposition 6.2, we refer the reader to [29].

DEFINITION 6.3. — We say that a € C*° (R, x T*(12)) is quasi-homogeneous of degree
g if a(t,z, A\n) = Ma(\t, z,n) for all A > 0.

We consider the problem
@ +0)u(t,z) =0 inRy x Q,
u(0,z) = v(x).

We shall start by making only a formal construction. We look for an approximate
solution of (6.4) of the form u(t,z) = A(t)v(x),

(6.5) Al)o(a) = gy [ [0t 2. n)oly)dudr

where formally

(6.4)

M8

a(ty%ﬁ) ~ aj(taxan)7

0
a;(t,z,m) € C®(Ry x T*(Q); L(A%T*(T),A%T*(T))), a;(t,z,n) is a quasi-homo-
geneous function of degree —j.

We apply 9; + D(ﬁq) formally under the integral in (6.5) and then introduce the

<.
I

asymptotic expansion of ng)(aew). Setting (0, + D(Bq))(aew) ~ 0 and regrouping
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the terms according to the degree of quasi-homogeneity. We obtain the transport

equations
(66) { T(t,z,7,0,0:)a0 = O(|my|™), VN,
. T(t7 z,n, at’ 3z)aj + lj(ta Z, 1,00, - - 7aj—1) = O(|Im¢|N), VN.
Here
2n—1 aq a
. 0 /
T(tax7n7at)az) = at -1 ; Tg](xadjm)% + Q(t,l'ﬂ?)
where
(t ) ( 1/)/) + 1 an_l 32%(%%) 327?(75,93777)
z,n) = qi1(x —
AR AR 21 ; 8€J8€k 8xj8xk
J,k=1
and 1, (¢, z,n) is a linear differential operator acting on ag, a1, ..., a;—1. We can repeat

the method of Part I (see Proposition 4.6 of Part I) to get the following
PROPOSITION 6.4. — Let (n_,ny), n_+ny =n—1, be the signature of the Levi form
on Q. We can find solutions

a5t z,m) € € (Ry x T*(Q); L(AT*(T), AT*(I)), j=0,1,...,

of the system (6.6) with ao(0,2,n) =1, a;(0,x,1n) = 0 when j > 0, where a;(t,z,n) is
a quasi-homogeneous function of degree —j, such that a; has unique Taylor expansions
on %. Moreover, we can find

a;(co,z,n) € C* (T*(Q); X(AO’qT*(F),AO’qT*(I‘))), i=0,1,...,

where a; (00, x,n) is a positively homogeneous function of degree —j, €9 > 0 such that
for all indices «, B, v, j, every compact set K C 2, there exists ¢ > 0, such that

(6.7) 107058, (a;(t, 2,m) — aj(00, 2,m)) | < ce™ =0 (1 + [y[) =151+

on Ry x ((K x R2n=1) mz), In| > 1.

Furthermore, for all j =0,1,...,

(6.8) all derivatives of aj(co,x,n) vanish at 1 if ¢ # ny,
. all derivatives of a;(co,x,n) vanish at ¥~ if g #n_,
and
(6.9) ag(co, z,m) # 0 at each point of L+ if g =mn,
‘ agp(co,z,m) # 0 at each point of X~ if g=n_.
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DEFINITION 6.5. — Let r(z,n) be a non-negative real continuous function on 7% ().
We assume that r(z,n) is positively homogeneous of degree 1, that is, r(z,A\n) =
Ar(z,m), for A>1,|n| > 1. For 0 < ¢ <n-—1and k € R, we say that

ae Sk (Ry x T*(Q); ZL(A™T*(T), A>1T*(I)))
if a € C*°(Ry x T*(Q); L(A%4T*(T'),A%?T*(T))) and for all indices «, 3, 7, every

compact set K C 2 and every € > 0, there exists a constant ¢ > 0 such that

|8?8§85a(t,a:,77)| < cet(—r(x,n)+6|n|)(1 + |77|)lc+7—lﬁl7 rekK, n>1.

REMARK 6.6. — It is easy to see that we have the following properties:

sdmax(k,l
(a) a8k, beS, thenabe &, a+bedumitl

(b) If a € S* then agagaga e GhmIAltY

(c) Ifa; € S’fj, j=0,1,2,... and k; \, —00 as j — oo, then there exists a € S,’fo
v—1

such that a — ) ;" " a; € g,’f“, for all v = 1,2,.... Moreover, if S’T_OO denotes
Nicr S then a is unique modulo S
If @ and a; have the properties of (c), we write
a~ Z a; in the symbol space S’fo
0
From Proposition 6.4 and the standard Borel construction, we get the following
PROPOSITION 6.7. — Let (n_,ny), n_+ny = n—1, be the signature of the Levi form
on Q. We can find solutions
aj(t,z,m) € C (g x T(Q); L(AT*(T), A%9T(T))), j=0,1,...,

of the system (6.6) with ao(0,z,m) = I, a;(0,z,m) = 0 when j > 0, where a;(t,z,n)
is a quasi-homogeneous function of degree —j, such that for some r > 0 as in Defini-
tion 6.5,

a;(t,z,n) — a;(co,x,m) € S IRy x T*(Q); Z(A™T*(T), A>9T*(I))), j=0,1,...,
where
a;(oo0,z,m) € C(T*(Q); L(AMT*(T), A T*(T))), j=0,1,...,

and aj(oc0,x,n) is a positively homogeneous function of degree —j.

Furthermore, for all j =0,1,...,

aj(0o,z,m) =0 in a conic neighborhood of ¥, if ¢ # ny,
a;(co,z,n) =0 in a conic neighborhood of ¥~ , if ¢ # n_.
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REMARK 6.8. — Let b(t, z,n) € SF(Ry. x T*(Q); L(A%T*(T), A%T*(T))) with r >
0. We assume that b(t,az,n) 0 when |n| < 1 Let x € C5°(R?™™!) be equal to
1 near the origin. Put B.(z,y) = [(J; !V Eem=wmp(t, z, n)dt)x(en)dn. For u €
C§°(9; A%4T*(T)), we can show that

hm /B (z,y)u(y)dy) € C=(Q; A>IT*(T))

and
B: C3° (% AO’qT*(P)) — C™(Q; AO’qT*( )

u—>hm /B (z, y)u( )dy)

is continuous. Formally,

B(z,y) = /(/ ei(¢(t’x’")_<y’">)b(t,x,n)dt)dn.

0
Moreover, B has a unique continuous extension:

B: & (Q; A%T*(I)) — 2/ (Q; A%9T*(I))

and B(z,y) € C(Q x Q \ diag (Q x Q); Z(A%T*(I"), A%T*(I"))). For the details,
we refer the reader to Proposition 5.6 of Part 1.

REMARK 6.9. — Let a(t,z,n) € S¥(Ry x T*(Q); L(A%T*(T), A%T*(T))). We as-
sume a(t, z,n) =0, if 7] < 1 and

alt,,n) — aloo,a,m) € §¥(Bs x T*(Q); L(A%T* (), AT (I)))

with r > 0, where a(co,z,n) € C*°(T*(Q); L(A%T*(T),A%T*(T))). Then we can
also define

(6.10) A(z,y) = /(/Ooo(e"(”’(t’””’")‘<y’">)a(t,;c,77)—ei(w(m"”’")‘@m)a(oo,x,n))dt) dn
as an oscillatory integral by the following formula:
Alwy) = [(([["eetem=om) o) i,z male ) + ditm)t
We notice that (—t) (i1 (t, z, n)a(t, z,n) + a}(t,z,n)) € Sk > 0.
We recall the following

DEFINITION 6.10. — Let k € R. §% , (T*(Q); Z(A%9T*(T), A°9T*(T))) is the space
273

of all a € C°(T*(Q); L(A%2T*(T), A%2T*(T))) such that for every compact sets

K Cc Qand all o« € N>»~!, 3 € N2"~1 there is a constant c, .3,k > 0 such that

020 alw,€)| < caic(1+ €D

(x,€) € T*(), x € K. S¥ , is called the space of symbols of order k type (%, %)
2

\ﬂ\+|a\

|
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DEFINITION 6.11. — Let k£ € R. A pseudodifferential operator of order & type (%, %)

from sections of A%4T*(T") to sections of A®9T*(T") is a continuous linear map A :
C§° (9 A%9T*(T)) — 2'(Q2; A%9T*(T')) such that the distribution kernel of A is

with a € S§ , (T*(Q); Z(A%T*(T), A%9T*(T"))). We call a(z,£) the symbol of A. We
shall Write2E§ 1 (95 A%9T*(T), A%9T*(T')) to denote the space of pseudodifferential
operators of ozr’dzer k type (3, %) from sections of A®4T*(T') to sections of A%2T*(T).

KA = A(l‘,y) =

We recall the following classical proposition of Calderon-Vaillancourt (for a proof,
see [15]).

PROPOSITION 6.12. — If A € L% | (Q; A%T*(T),A%9T*(T')). Then, for every s € R,
272
A is continuous: A : H5_(Q; A%9T*(I")) — HE_*(Q; A%T*(I)).

comp loc
We have the following
PROPOSITION 6.13. — Let a(t,z,n) € S§(Ry x T*(Q); L(A%T*(T), A%IT*(T))).
We assume a(t,z,n) =0, if |n| <1 and
a(t,z,n) — a(co,z,n) € S* (Ry x T*(Q); L(AT*(T), A>T*(I)))
with r > 0, where a(oo,z,m) € C=°(T*(Q); Z(A2T*(T), A>2T*(T))). Let

1 o ,
W/(/ (e’(d’(t’w’")_(y’"»a(t,x,n)—e’(w(‘x”w’”)_(y’”>)a(oo,x,n))dt>dn
m)en— 0

be as in (6.10). Then A € LX=1(Q; A%9T*(T), A%9T*(T)) with symbol
272

A(.’IZ, y) =

o(z,m) = /O (eiw(t,z,n)f@)n»a(t’W,)_ei(w(oo,z,m%w,m)a(oo,x,n)>dt

in Sy H(T*(Q); L(A%T*(T), A%T*(T))).

272

Proof. — See Lemma 5.14 and Lemma 5.16 of Part I. O

From now on, we write

1 Ry ,
W /(/ (el(w(t,ﬂvm)—(ym))a(t7 z,n) — WM =m) g (oo gz, n))dt) dn
)T 0

to denote the kernel of pseudodifferential operator of order k — 1 type (%, %) from
sections of A%9T*(T) to sections of A%4T*(T'). Here a(t,x,n), a(co,x,n) are as in
Proposition 6.13.

The following is essentially well-known (see page 72 of [29]).
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PROPOSITION 6.14. — Let Q be a properly supported pseudodifferential operator on 2
of order k > 0 with classical symbol q(x,&) € C°(T*()). Let

b(t,z,n) € S5 (Ry x T*(Q); L(A%IT*(T), A%1T*(T))).
We assume that b(t,z,n) = 0 when |n| <1 and that
b(t,z,n) — b(oo,z,n) € Sm(]R+ x T*(Q); Z(A™T*(T), A>1T*(I)))

with r > 0, where b(co,z,n) € C*(T*(Q); L (A%T*(T),A%T*(T))) is a classical
symbol of order m. Then,

(6.11) Q(ei(lﬁ(t,x,n)—(y,n))b(t’ z, 77)) — ei(w(t,zm)—<ym>)c(t’ z,m) + d(t,z,n),
where c(t,z,n) € SgT™(Ry x T*(Q); L(A%T*(T), A%9T*(T))),

eltz,m) ~ 3~ (@, (6, 7,m) (R, D)D)

in the symbol space Sg™ (R4 x T*(Q); ZL(A%9T*(T), A%¢T*(T))),
c(t,2,m) — c(oo,@,m) € ST (Ry x T*(Q); L(AMT*(T), A%T*(I),

where r > 0,

d(t,z,n) € Sy Ry x T*(Q); L(A*T*(I), A>1T*(T))),
d(t,z,n) — d(co,z,m) € 87 (R4 x T*(Q); L(A%T*(T), A%IT*(T))), r > 0. Here

(00, 7,1) € C°° (T*(Q); L(A9T*(T), A%4T* ()

is a classical symbol of order k + m,

d(oo,,m) € Syg° (T7(Q); L(AT*(M'), A°T* (M")))

(for the precise meaning of Sl,o , see Definition 1.1) and

Ra(, Do)l = D {4228 b(ty,m) |

y=x
¢2(t7 x,Y, 77) = (.’17 - y)w;(fﬁ z, 77) - (¢(t7 z, 77) - ¢(t7 Y, 77)) . MOT‘@O’U@T‘, pU't

1 o i — 7 -
B(z,y) = 7(%)2“71 /(O (o=, ) — 2=l (00, 3,m)) dt ),

Clas) = Gmymmr ([ (€000 el g) = =0, .) .
0
We have Q o B = C.

As in Chapter 1, we put I'y = {z € I'; Z(q) fails at z} and set

Y7 (q) = {(z,€) € X7; Z(q) fails at 2},
2t (q) = {(z,€) € ©T; Z(q) fails at =} .
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From Proposition 6.7 and Proposition 6.14, we can repeat the method of Part I to
get the following

THEOREM 6.15. — We recall that we work with the Assumption 5.7. Given ¢, 0 < g <
n — 1. Suppose that Z(q) fails at some point of I'. Then there exist

A€ L7 (T; A%T*(T), A%T*(T"), B_,B; € LY (T; A%T*(T), A%T*(T))

such that

612) WF:(KB_) = diag (27 (¢) x 27 (q)),
WF'(Kp,)=diag (ST (n—1—¢) x Xt (n—1—gq))

and

(6.13) ADY + B_+ By =B_+ B, +0PA=1,

(6.14) F5B_=0, 85 B_ =0,

(6.15) 9B, =0, 95 By =0,

(6.16) B_ =Bl =B,

(6.17) B, =Bl = B2,

where Bl and Bi are the formal adjoints of B_ and B, with respect to [ | ]| respectively
and

WF'(Kp_) = {(z,&,y,n) € T*(T') x T*(T); (z,{,y,—n) € WF(Kp_)}.

Here WF (Kp_) is the wave front set of Kp_ in the sense of Hormander.
Moreover near diag (I'y x I'y), Kp_(z,y) satisfies

oo
KBf(x,y)E/ e =@Vt (x g, t)dt
0

with
(6.18)
b(z,y,t) € S74" (I x T'x]0, 00f; L(AMT(T), A>T (),

b(z,y,t) ~ ij (z,y)t" "7 in ST (T x ['x]0, 00[; L(A>IT; (L), A%T;(T))),
j=0

bo(z,z) #0 if x € Ty,

(a formula for bo(z,z) will be given in Proposition 6.17) where STy, m € R, is the
Hérmander symbol space (see Definition 1.1),

bj(z,y) € C°(T x T; L(A%T;(T),A%T;(T))), j=0,1,...,
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and

(6.19) ¢_(z,y) e C°('xT), Im¢p_(x,y) >0,
(6.20) b (2,2) =0, 6_(2,4) £0 if o4y,

(6.21) dep— #0, dy¢p_ #0 where Im¢p_ =

(6.22) de¢—(2,Y)|a=y = —wo(z), dy¢—(2,Y)|a=y = wo(2),
(6.23) ¢—(x,y) = —_(y,2).

Similarly, near diag (T'p—1-¢ X Tp_1-¢),
KB+ (x,y) = / ei¢+(zyy)tc(xay7t)dt
0

with c(z,y,t) € 75" (T x Tx]0, 00f; L(A®Ty(I'), A%T(T))),
c(z,y,t) NZcJa:yt" 1=j
7=0

in Sfal(f‘ x I'x]0, 00[; L (A%T; (L), A®9T7(T))), where
cj(z,y) € C°(T x T; L(A%T;(T),A%T;(T))), j=0,1,...,
and —¢_ (z,y) satifies (6.19)—(6.23).
We only give the outline of the proof of Theorem 6.15. For all the details, we refer
the reader to Chapter 6 and Chapter 7 of Part I. Let
a;(t,z,n) € S57 (Ry x T*(Q); L(A%T*(T), A%T*(T))), j=0,1,...,

and a;(co,z,m) € C®(T*(Q); L(AT*(),A%T*())), j = 0,1,..., be as in
Proposition 6.7. We recall that for some r > 0

a;(t,z,m) — a;(c0,z,m) € S77 (Ry. x T*(Q); L(A%T*(T), A%9T*(T))), j=0,1,....
Let
a(c0,z,m) ~ Y a;(c0,,7)
§=0

in 89 (T*(Q); .2(A%T* ('), A9T*(I'))). Let
a(t’x’n) ~ Zaj(tvxan)

in S9(Ry x T*(Q); L(A%T*(T), A%T*(T))). We take a(t,z,n) so that for every
compact set K C € and all indices «, 8, 7, k, there exists ¢ > 0, ¢ is independent of
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t, such that

k
629) |079z0] (altwin) = D ay(twm) | < el + o) ~HA,
j=0

where t € Ry, z € K, |n| > 1, and
a(t,z,n) — a(co, z,n) € S° (R4 x T*(Q); L(A>T*(T), A>9T*(T))) with r > 0.

Choose x € C§°(R?"~1) so that x(n) = 1 when |n| < 1 and x(n) = 0 when || > 2.
Set

1 > 7 z,m)—
A@.) = Gom /(/0 (s =M g(t, 2, )

(6.25)
- ei(w(oo,a:,n)—(y,n))a(on’n))(l - X(ﬂ))dt) dn.
Put
1 )
— P (oo,z,m)—(y,
(6.26) B(z,y) = W /el( (00.@m)=(y ">)a(oo,x,17)dn.
Since a;(t,xz,7n), j = 0,1,..., solve the transport equations (6.6), we can check that

B+ Déq)A =1, Dg})B = 0. From the global theory of Fourier integral operators (see
[28]), we get Kp = Kp_ + Kp,, wher Kp_ and Kp, are as in Theorem 6.15. By
using a partition of unity we get the global result.

REMARK 6.16. — For more properties of the phase ¢_(x,y), see Theorem 1.4 and
Remark 1.5 of Part I.

We can repeat the computation of the leading term of the Szeg6 projection (see
Chapter 8 of Part I), to get the following

PROPOSITION 6.17. — Letp € T'y, g =n_. Let Uy(),...,U,_1(z) be an orthonormal
frame of AY°T,(T), for which the Levi form is diagonalized at p. Let ej(x), j =
1,...,n— 1, denote the basis of A®'T;(T), which is dual to Uj;(z), j =1,...,n— 1.
Let M\j(z), j =1,...,n —1, be the eigenvalues of the Levi form L. We assume that
Aj(p) <0if1<j<n_. Then

j=n_

bo(p.0) = 3 @) Puca @)l 7 T €00 s 0)

j=1

where by is as in (6.18).

In Chapter 7, we need the following
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PROPOSITION 6.18. — Suppose that Z(q) fails at some point of I'. Let B_ be as in
Theorem 6.15. Then,

(6.27) vOPB_ = 0.
Proof. — In view of Theorem 6.15, we know that
Ty9PB_ =8;B_ =0, 10, PB_ =85 B_ = 0.
Combining this with 7(876]«* + @*g)ﬁ = 0, we have
787*1375?3_ = —7515767*153_ =0
and
(6.28) 'yaf (I T)'yaPB =70y P*yaPB — 7af PT'yaPB =0.
Combining this with (3.7), we get fyaf P(P*P)~1(8r)"RydPB_ = 0. Thus,
~(@r)"9;” P(P*P)~*(8r)"RyOPB_ = 0.

In view of Proposition 4.2, we know that

¥(@r)" 95" P(P*P)~! : C*°(T; I°UT*(M')) — C*(T; I°9T*(M"))
is elliptic near ¥, where I%9T(M’) is as in (4.19). Since

WF'(Kp_) Cdiag (X~ x £7),

(

we get (8r)"RyOPB_ = 0. Thus, by (3.7), (I — T)y@PB_ = 0. The proposition
follows. O
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CHAPTER 7

THE BERGMAN PROJECTION

Given ¢, 0 < ¢ < n—1. In this chapter, we assume that Z(q) fails at some point of
I and that Z(¢— 1) and Z(g+ 1) hold at each point of T'. In view of Proposition 3.4,
we know that II(9) : C°°(M; A%4T*(M’)) — D@, Put

(7.1) K =4II@P : C®(T; A%IT*(T)) — C=(T; A%IT*(T)).
Let KT be the formal adjoint of K with respect to [ | ]. That is,

K': 2'(T; A>T*(T)) — 2'(T; A%9T*(I))

[Ktu | v] = [u | Kv], u € 2'(T; A%T*(T)), v € C°(T; A%T*(I)).
LEMMA 7.1. — We have Ktv = Kv, v € C®(T; A%4T*(T)).
Proof. — For u, v € C°°(T'; A%9T*(T")), we have
[Ku | o] = (1@ Pu | o]
19 Py | Pv)y,
Pu | 19 Py)
= [u | Kv].

Thus, Kfv = Kv. The lemma follows. O

= (
~(

We can extend K to 2/'(T; A®9T*(T)) — 2'(T'; A%T*(T')) by the following for-
mula: [Ku | v] = [u | KTv], u € 2'(T; A%T*(T)), v € C°(T; A%9T*(T)).

LEMMA 7.2. — Let u € 2'(T; A%9T*(T")). We have WF (Ku) C ¥~

Proof. — Let u € 2'(T; A%T*(T)). We have (y(8r)"*0P)(Ku) = 0. In view of
Proposition 4.1, we know that (dr)"*9P is elliptic outside ¥~. The lemma fol-
lows. O

LEMMA 7.3. — Let B_ be as in Theorem 6.15. We have B_LK = KB_ = K.
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Proof. — Let A, B_ and B, be as in Theorem 6.15. In view of Theorem 6.15, we have
B_+B,+A0y =1.

We may replace By by I — ADE;]) — B_ and get B_ + By + ADE;]) = 1. It is easy to

see that D(ﬁq)K = 0. Thus,

(7.2) K = (B_ + By + ADY)K = (B_ + By)K.

Let v € 2'(T'; A%T*(T)). From Lemma 7.2, we know that WF (Ku) C X~. Note
that WF'(Kp,) C diag (X" x £T). Thus, B Ku € C*, so B K is smoothing and
(B_+B,)K = B_K. From this and (7.2), we get K = B_K and K = KT = KBl
K B_. The lemma follows.

O

We pause and introduce some notations. Let X and Y be C*° vector bundles over
M’ and T respectively. Let C,D : C>*(I; Y) — 2'(M; X) with distribution kernels
Kc(z,y), Kp(z,y) € 2'(M xT; £(Yy, X.)). We write C = D mod C*(M x T) if
Kc(z,y) = Kp(z,y) + F(z,y), where F(z,y) € C*°(M x T'; £(Y,, X.)).

LEMMA 7.4. — We have

(7.3) MN9YPB_=MI9P mod C=(M xT).

Proof. — From Lemma 7.3, we have K = 7ﬁ(Q)13 = KB_ = 'yﬁ(q)];B_. Thus,

N@P = PyII@P = PAIIYPB_ mod C®(M x T'). We get (7.3). O
Put

(74) Q= PB_T(P*P)~'P*: C®(M; A>IT*(M')) — C>°(M; A®T*(M")),
where T is as in (3.6).

PROPOSITION 7.5. — We have Q = II9 mod C*(M x M). From (3.12), it follows
that Q = 9 mod C=(M x M).

Proof. — We have

(7.5) M9WQ =19 PB_T(P*P)"'P* =@ PT(P*P)"'P* mod C®(M x M).
Here we used (7.3). From (7.5) and the first part of (3.13), we get

(7.6) N9Q =19 mod C®(M x M).

From Theorem 2.7, we have II0Q = (I - K@)(I-9 N@)g—aN@13")Q, where
N+ and N1 are as in Theorem 2.6. From (6.27), (6.14) and Lemma 5.2, we see
that 90Q = 0,8 Q =0 mod C°°(M x M). Thus, IDQ = (I - K@)(I-8 N+)g—
ON©@Y§)Q = Q mod C=(M x M). From this and (7.6), the proposition follows.

U

MEMOIRES DE LA SMF 123



CHAPTER 7. THE BERGMAN PROJECTION 121

Let z = (z1,...,2Z9n—1) be a system of local coordinates on I' and extend the
functions z1, ..., T2,_1 to real smooth functions in some neighborhood of I'. We write
(&1,...,&2n—1,0) to denote the dual variables of (z,r). We write z = (z1,...,Zan—1,7),
= (Z1,...,%20-1,0), & = (&1,...,&am-1), ¢ = (£,0). Until further notice, we work
with the local coordinates z = (z,7) defined on some neighborhood of p € T.

We represent the Riemannian metric on T'(M’) by

2n
h=> hjr(2)dz; ®dzy, dza, = dr,
k=1
where h;(z) = hy,j(2), j, k =1,...,n, and (h;k(2)),<; <o, 18 POsitive definite at
each point of M’. Put (hj’k(z))lllj w<on = (RF(2))
page 99 of Morrow-Kodaira [35]) that

1<jk<am 1t is well-known (see

2n—1

(@) _ _1 2n,2n iQ 2n,j o
(7.7) O = 5 (h (2) 92 +2 ; =™ (z) 1o, + T(r))—!—lower order terms,
where
(79) Ty = 3 hit(e) -
’ k=1 6$j a.’Ek ’

Note that T(0) = Ar + lower order terms and
RPN () =1, A*™(x) =0, j=1,...,2n— 1.

We let the full symbol of Iiqu) be:
N 2
full symbol of Dgcq) = Z g;(z,¢)
=0

where ¢;(z, ¢) is a homogeneous polynomial of order 2 — j in ¢ (we recall that ﬁ}Q) =
DECQ) + K(9). We have the following

PROPOSITION 7.6. — Let ¢_ € C®°(I' x I') be as in Theorem 6.15. Then, in some
neighborhood U of diag (T'y xT'y) in M’ x M’ there exists a smooth function ¢(z,y) €
C>®((M xT)NU) such that

$(z,y) = ¢_(z,y), Tmé >0,
(7.9) d.¢ #0, dy¢ # 0 where Im ¢ = 0,

Img¢ >0 ifr #0,
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and qo(z, ‘le) vanishes to infinite order on r = 0. We write a%(z) to denote % acting
in the z variables. We have

(7.10) 3(2,9)lr=0 = —in/—oar (z, ($-)})

0
or(z)

in some neighborhood of x =y, where Re\/—oar(x,(¢-):) > 0.

Proof. — From (7.7) and (7.8), we have

2n—1

q0(2,¢) = h2”2" 92+Zh2’w )0¢; + g(2,£),
(7.11)
1

(CL' 5) _70Ar)
where g(z, ) is the principal symbol of —%T(r).

We consider the Taylor expansion of ¢o(z, ) with respect to r,

(7.12) q0(2,¢) :% 1UAF +Zg] (x, )7 —i—ZsJ (z,¢)0r7.

j=1

We introduce the Taylor expansion of (Z(z, y) with respect to r,

o0
(zy) =6 (2,9) + D _ bj(w,y)r’

1
Let ¢1(z,y) = —iy/—0ar(z, (#—),). Since (¢_ ). |s—y = —wo () is real, we choose the
branch of m ) so that Re —O'AF( z, (¢_).) > 0 in some neighborhood
ofz =y,r=0.Put ¢,(z,y) = ¢_(x,y)+7r¢1(z,y). We have qo(z, (51);) = O(r). Sim-
ilarly, we can find ¢o(z,y) so that go(z, ((}32)’2) = O(r?), where ¢3(z,y) = ¢_(z,y) +
ré1(z,y) + r2¢a(x,y). Continuing in this way we get the phase g(z,y) such that
5(93, y) = ¢_(z,y) and go(z, 5;) vanishes to infinite order on r = 0. The proposition
follows. O

REMARK 7.7. — Let a(z,y) be as in Proposition 7.6 and let
d(z,y,t) € ST (M x T'x]0, 00[; L(A%T; (M), A%T; (M")))

with support in some neighborhood of diag (I'; x I';) (for the meaning of the space
57 (M x I'x]0, 00[; Z (AT (M'), A%9T7 (M'))), see Definition 1.1). Choose a cut-
off function x(t) € C*°(R) so that x(¢) = 1 when |t| < 1 and x(¢) = 0 when || > 2.
For all u € C*°(T; A%2T*(M")), set

9= [ / Bz, y, t)x(etyuly)didy.
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Since Im$ > 0 and dyg # 0 where Im<;~$ = 0, we can integrate by parts in y, ¢ and
obtain lim._(D.u)(z) € C®(M; A%9T*(M’)). This means that D = lim._ D,
C>=(T; A%9T*(M')) — C>=(M; A%9T*(M’)) is continuous. Formally,

DGy = [ e e,y .
0
PROPOSITION 7.8. — Let
(o)
B—(:v,y)=/ e~ (V)p(z, y, t)dt
0
be as in Theorem 6.15. We have

PB_(z,y) = / eig(z’y)tg(z,yj)dt mod C™(M x T
0

with b(z,y,t) € ST5" (M x T'x]0,00[; L (A%9T; (T), A%ITx(M'))),

zy, Zb (z,y)t" 177

in S7'51 (M x T'x]0,00[; z(AOvQT;(F),AMT;(M/))), where
bi(z,y) € C= (M x T; L(A™T)(T), A>T (M), j=0,1,....

Proof. — Put b(z,y,t) ~ 3272 bj(x,y)t" "'~/ and formally set

o0
zy, Z (z,y)t" 177,

We notice that B_(z,y) € C(I x I'\ diag (g x ['p); L (AT (), A%4T7(T))).
For simplicity, we may assume that b(z,y, ) = 0 outside some small neighborhood
of diag (Ty x T) x Ry. Put O (b(z, y,t)e'®") = &(z, y, t)e'". From (6.20) and (7.9),
we know that near diag (I'y x T'y), d)(z,y) = 0 if and only if x = y, » = 0. From this
observation, we see that if ¢(z,y,t) vanishes to infinite order on diag (T, x I';) x R,
we can integrate by parts and obtain

o0
lim €9(2,y,)x(et)dt =0 mod C (M x T),
E— 0
where x(t) is as in Remark 7.7. Thus, we only need to consider the Taylor expansion of
b(z,y,t) on x =y, r = 0. We introduce the asymptotic expansion of ﬁ;q)(beid’t). Set-
ting Ii;q) (Eeiaﬁt) ~ 0 and regrouping the terms according to the degree of homogeneity.
We obtain the transport equations

(713) {T@%@%mwzu
T(Z7y7az)b_7(zay) + lj(z7y7b0(z7y)a .. -,bj—l(Z,y)) = 0’ J = 172’ e
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Here
2n—1
3qo ) 0 O 5,9
T 2 ;2% el
( 7y7 Z Z ag] 8$J 89 ( ¢ )ar +R(Z y)
where
1 0%qo(z, qzﬁ') 9%¢
R(z,y) = q1(z , Top =71, &op =20,
(z,9) = a1(2, 4.) ;1 96,06 w; 0w 2 &2
and [; is a linear differential operator acting on Eo(z, ) ,Zj_l(z, Y).

We introduce the Taylor expansion of go(z, y) with respect to 7,
bo(2,y) = bo(z,y) + >_ b (x,y)r?
1

Since %H:O = 6 and 5’T|T:0 = —i/—oan(z, (6-)"), we have %(z ¢’)|r 0# 0in

€T

some neighborhood of z = y. Thus, we can find b}(x,y)r such that

T(2,y,0:)(bo(w,y) + bo(z,y)r) = O(Ir])

in some neighborhood of r = 0, z = y. We can repeat the procedure above to find
b2(z,y) such that T'(z,vy,d,)(bo(z,y) + Zizl bk (z,y)r*) = O(|r)?) in some neighbor-
hood of r = 0, z = y. Continuing in this way we solve the first transport equation to
infinite order at r =0, x = y.

For the second transport equation, we can repeat the method above to solve the
second transport equation to infinite order at r = 0, x = y. Continuing in this way
we solve (7.13) to infinite order at r =0, x = y.

Put B(z,y) = foooeig(z’y)tg(z, y, t)dt. From the construction above, we see that
(7.14) OWB=0 mod C®(M xT), vB=B_.
It is well-known (see chapter XX of [15]) that there exists
G : C®(M; A>T*(M")) — C=(M; A>T*(M"))
such that
(7.15) GOW + Py = I on C(M; A%T*(M")).

From this and (7.14), we have B = (GDS?) + Py)B = PB_ mod C*®(M xT). The
proposition follows. O

From Proposition 7.8, we have

C(z,y) := PB_T(P*P)"(z,y) = / eig(z’y)tc(z,y,t)dt mod C*°(M x T)
0
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with c(z,y,t) € S7o (M x I'x]0,00[; L (AT (M'), AT (M))),

o0
c(z,y,t) Z (z,y)t" ™7

in the space S, (M x I'x]0,00[; Z(A®9Ty (M'), A°9T; (M"))). Let
C*: C®(M; A®T*(M")) — 2'(T; A>9T*(M"))
be the operator defined by (C*u | v)r = (u | Cv)y, u € C®(M; A»IT*(M")),
v € C°°(T; A%4T*(M')). The distribution kernel of C* is
(7.16) C*(y,2) = / ooe*i%wtc*(y, z,t)dt mod C°°(T' x M)
0
where

*(y, 2,t) € 87 (T x Mx]0, 00f; L(AMTZ (M), AT, (M"))),
(€ (g2 ) | v) = (u | clz,y,t)v), pe AMTI(M'), ve AT, (M),

“(y,2,t) Zc (y,2)

in S7¢(T' x Mx]0,00[; ZL(A™T; (M), A>T (M’))). The integral (7.16) is defined
as follows: Let u € C°(M; A®%9T*(M")). Set

= / Cte (y, 2, t)x(et)u(2)dtds,

where x is as in Remark 7.7. Since dx<;$ # 0 where IquS = 0, we can integrate by
parts in x and ¢ and obtain lim._,o(C*u)(y) € C*(T; A%9T*(M’)). This means that
C* =lim._oC! : C®°(M; A%9T*(M')) — C°°(T'; A%9T*(M")) is continuous.

We also write w = (y1,...,Y2n—1,7). We can repeat the proof of Proposition 7.6 to
find ¢(z,w) € C®(M x M) such that ¢(z,y) = QNS(z,y), Im¢ >0,Im¢ > 0if (z,w) ¢
I'x I and go(w, —5;)) vanishes to infinite order on r = 0. Since ¢_ (z,y) = —¢_(y, ),
we can take @(z,w) so that ¢(z,w) = —¢(w, z). As in the proof of Proposition 7.8,
we can find

a*(w, z,t) € Sﬁo(ﬂ x M x [0, 00]; Z(AO’QT*(M’),AO’qT:,(M’))),
(w, z,t) Za (w, 2)t"~ J

in 57 (M x Mx]0,00[; £ (A%T; (M’), A>T (M’))), such that

a*(y, 2,t) = c*(y, 2, t)
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and ﬁ;q)(a* (w, z,t)e~*(=)t) vanishes to infinite order on diag (T, xT,) x Ry. From
(7.15), we have PC*(w, z) = foooe_ig(z’w)ta*(w, z,t)dt mod C*°(M x M). Thus,

CP*(z,w) = / et (z,w,t)dt mod C=(M x M),
0

a(z,w,t) € Sy (M x M x [0,00]; LANTE (M), AT (M),
a(z,w,t) ~ Z a;j(z,w)t" ™7
§=0
in the space S7'o(M x Mx]0,00[; L(A%9Ty (M), A%9T(M’))). Note that CP* =
PB_T(P*P)~1P*. From this and Proposition 7.5, we get the main result of this work
THEOREM 7.9. — Given q, 0 < g < n— 1. Suppose that Z(q) fails at some point of T
and that Z(q — 1) and Z(q + 1) hold at each point of T'. Then
K@ (2,w) € C®(M x M\ diag (T'y x T'g); Z(A™T5 (M), A>T (M"))).

Moreover, in a neighborhood U of diag (T'y x I'y), Knw (2, w) satisfies

(7.17) K (z,w) = / @ (z, w,t)dt mod C*(U ﬂ(ﬂ x M))
0

with a(z,w, 1) € S74(U NI x T)x]0, 0of; L(AYT3 (M), AT (M"))),
a(z,w,t) ~ i a]-(z,w)t"_j
=0
in the space ST, (U N(M x M)x]0,00[; L (AT (M’), A>9T; (M"))),
ap(z,2) #0, z € Ty,
where aj(z,w) € C°(UN(M x M); L(AT;(M'),A%T;(M'))), j=0,1,..., and

(7.18) $(z,w) € C=(U( (M x M)), Im¢ >0,

(7.19) d(2,2) =0, z€ly, ¢z,w)#0 if (2,w) ¢ diag (T'y x T'y),
(7.20) Im ¢(z,w) >0 if (z,w) ¢TI xT,

(7.21) P(z,w) = —¢(w, 2).

For p € 'y, we have o (z,d.¢(2,w)) vanishes to infinite order at z = p, where
f
(z,w) is in some neighborhood of (p,p) in M'.

For z=w, z €Ty, we have d,¢ = —wo — idr, dy¢ = wo — idr.

As before, we put B_(z,y) = foooeid’*(w’y)tb(x,y,t)dt,

b(.T, Y, t) ~ Z bj(m7 y)tnilij
j=0
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and
Ky (z,w) = /Ooew(z’w)ta(z,w,t)dt,
a(z,w,t) ~ 3222 a;j(z,w)t" 7. Since ’
'Y = PB_T(P*P)"'P*,
(P*P)~1 = 2y/=Ar + lower order terms and
T = 2(0r)"*(0r)" + lower order terms,

we have

ao(x,r) = 20 /=5 (x, (gb_);(w,az))bo(:v,m)2(5r(az))/\’*(5r(w))A, zel.
Since (¢- )y (z,7) = wo(x) and |lwo|| = 1 on T, it follows that
(7.22) ao(z, ) = 4by(z, z)(Or(z))* (Or(z))".
From this and Proposition 6.17, we get the following

PROPOSITION 7.10. — Under the assumptions of Theorem 7.9, let p € 'y, ¢ = n_.
Let Uy(2),...,U,_1(2) be an orthonormal frame of A¥°T,(T), 2 € T, for which the
Levi form is diagonalized at p. Let e;(z), j = 1,...,n—1 denote the basis of A>T (T),
z € T, which is dual to U;(2), j = 1,...,n — 1. Let A\j(2), j = 1,...,n — 1 be the
eigenvalues of the Levi form L,, z € I'. We assume that X\j(p) < 041 < j < n_.
Then

(7.23)

awlp.8) = - Do @2 TT 1616} 0)) o Gris) - Grio)

=1

<.
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