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REPULSION FROM RESONANCES

Dmitry Dolgopyat

Abstract. — We consider slow-fast systems with periodic fast motion and integrable
slow motion in the presence of both weak and strong resonances. Assuming that
the initial phases are random and that appropriate non-degeneracy assumptions are
satisfied we prove that the effective evolution of the adiabatic invariants is given by a
Markov process. This Markov process consists of the motion along the trajectories of a
vector field with occasional jumps. The generator of the limiting process is computed
from the dynamics of the system near strong resonances.

Résumé (Répulsion par les résonances). — Nous considérons des systémes « lents-
rapides », dont le mouvement rapide est périodique et le mouvement lent intégrable,
en présence de résonances faibles ou fortes. En supposant que les phases initiales sont
aléatoires et que certaines conditions de non-dégénérescence sont satisfaites, nous
démontrons que ’évolution effective des invariants adiabatiques est donnée par un
processus de Markov. Ce processus de Markov consiste en un mouvement le long des
trajectoires d’un champ de vecteurs qui peut présenter des sauts occasionnels. Le
générateur du processus limite est calculé & partir de la dynamique du systéme au
voisinage des résonances fortes.

(© Mémoires de la Société Mathématique de France 128, SMF 2012






CONTENTS

1. Introduction ........ ... e 1
1.1, Introduction .........c.oieoii i e 1
1.2. The Problem ........ .o i 3
1.3, ResULtS .o e 8

1.3.1. Dynamics before capture ..............ooiiiiiiiiiiiiiiiii. 8
1.3.2. Life after capture ....... ... 9
1.3.3. Formal solution of the averaged equation ........................... 12
1.4, EXAMPLES ..ottt e 13
1.4.1. Motion in rapidly oscillating force field ............................. 14
1.4.2. Motion on narrow cylinder in the presence of magnetic field ........ 15

2. The proof .. ... 17
2.1. Idea of the proof ....... .. i 17
2.2. Plan of the proof ......... . i 21

2.2.1. ONE PASSAZE .t vttt ettt e e 21
2.2.2. Standard PaIrS ...ttt 24
2.2.3. Short time evolution .......... ... i 26
2.3. COMVETZEIICE ..ttt et ettt e ettt et e e e 27
2.4. Short time dynamics ..........o.tiuintiniiii i 28
2.5, Free returns .. ..ot e 31
2.5.1. Definitions .. .....ontiniii e 31
2.5.2. Free orbits form standard pairs ................c i 32
2.5.3. Measure estimates ..........oiiiiiii i 35
2.6. Equidistribution ......... ..o i 38
2.6.1. Equidistribution on a unit scale .......... ... ... . i 38
2.6.2. Isolated TetUINS .. ..ottt e 38
2.6.3. Getting stuck at isolated returns ............ ... ... . 39
2.6.4. Proof of Proposition 2.2.5 (c) for returns of the second kind ........ 40
2.6.5. Isolated returns are rare ...............i i 40
2.6.6. Passages near saddle points ............ ..o 44
2.7. Theorem 2 .. ..o 44
2.7.1. Preliminaries ..........c.oueenuoinniiti e 44

2.7.2. Proof of Theorem 2 . ... e 46



vi CONTENTS

2.8. Open Problems . ... ...t 48
2.8.1. Weakening of conditions (A)—(K) ... 48
2.8.2. SeparatrixX CTOSSIIES ...t vutt ettt ettt i e eee e 50
2.8.3. Systems without strong resonances ................c.c.ciiiiiiiii.. 51
2.8.4. Non integrable averaged motion ............. ... ... ... ... L 52
2.8.5. Higher dimensions .......... ... 53

A. Asymptotics of the Poincaré map ............... ... .. .. ... 55

A1, Size of the Jump . ....ovni i e 55
A 1.1, Passage time .. ...t 56
A.1.2. Proof of Lemma 2.2.3 ... ..o 56

B. Derivatives of the Poincaré map. Outline of the proof .............. 59
C. Derivatives of the inner map ............ ... ... ... ... 63
C.0.3. Some classes of maps invariant under the compositions ............ 63
C.0.4. Step by step analysis of the inner map ............................. 65
D. Derivatives of the outer map .......... ... ... ... . il 73
E. Dynamics near the separatrix ............. ... ... ... i 81

E.1. Normal form ... ... 81
E.1.1. Some consequences of volume preservation ......................... 82

E.2. Analysis of passages near the origin ............. ..., 86

E.3. Derivative bounds of Proposition 2.2.2 ............ ... .. ..l 91

E.4. Measure bounds of Proposition 2.2.2 ......... .. .. ... 93

F. Captured points ... e 97

F.1. Dividing the trajectory ....... ..o 97

F.2. Entrance phase ...... ... 99

F.3. Middle phase .........uiiiiii i e e 101

F.4. Estimates of the derivatives ........ ... ... i, 103

F.5. Proof of Proposition 2.2.2% ... ... .. . . . 108

G. EXamples . ... 109
G.1. Example 1 ..o 109
G.2. Example 2 ... 110

H. Distortion bound ........ .. .. 113

Bibliography ..........o i 115

MEMOIRES DE LA SMF 128



CHAPTER 1

INTRODUCTION

1.1. Introduction

Averaging method is one of the most classical and most effective tools in dynamics.
The basic idea is very simple. Consider a two scale system

X(x,y,e
y=Y(z,y,e), &= M, where € < 1.
€
If we are interested in the evolution of the slow variables y the direct computations
are costly since y changes at times ©)(1) while any numerical procedure should have
step o(e) which is the natural time scale for the change of fast variables. In fact,
the instabilities of the fast system can make computations unreliable. Therefore it is

natural to approximate y by the solution of the effective equation
(1.1) y=Y(y) where Y(y)= (Y (y,2,0))
and (.) denotes the averaging with respect to an invariant measure for the frozen
system
z = X(z,7,0)
(finding the correct measure for (.) is part of the problem).

While the averaging method itself was invented about quarter of the millennium
ago motivated by the needs of the Celestial Mechanics (see [58] for a historical survey)
the work on its rigorous justification started much later. The first results were limited
to the case where the fast motion is periodic [20], [38], [9], [36] or more generally
uniquely ergodic [8]. In the uniquely ergodic case there is only one invariant measure
so the meaning of (.) in (1.1) is clear. However the uniquely ergodic setting is insuf-
ficient even for describing small perturbation of nearly integrable systems (because in
this case the unperturbed system contains resonant tori which possess many invariant
measures). The justification of averaging method in the general case is more subtle
since in that case the actual trajectory is close to the averaged one not everywhere
but only on a large measure set of initial conditions. The work on the justification
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2 CHAPTER 1. INTRODUCTION

of the averaging method in the general setting was undertaken in the second half of
20th century mostly by the Soviet School (see [2], [3], [4], [21], [32], [33], [35], [39],
[41], [43]). By now the averaging principle is justified under quite general conditions
(see e.g. [5], [24], [34], [37]).

In the case the fast motion is chaotic (for example an Anosov system or a Markov
process) one can also obtain the limiting distribution for the difference between the
actual and the averaged trajectory (see review [34]). Such estimates are not yet
available in the classical setting of the quasiperiodic fast motion. One situation where
such deviations are important is when the averaged system has first integrals (which
are called adiabatic invariants for the original system). The change of the adiabatic
invariants occurs only due to deviations from the averaged motion. It is well known
that in the quasiperiodic case the main source of deviations from the averaged mo-
tion happens due to passages through resonances. The contribution of the individual
resonance has been computed by several authors [14], [26], [27], [42], [41], [48].
There are many examples of the systems where multiple resonance passages can lead
to destruction of adiabatic invariants on the appropriate time scale (see the above
cited papers as well as [29], [31], [40], [47], [57], [59], [60], [61], [62]). Since the
quasiperiodic case remains the prevalent source of application of the averaging tech-
niques the development of the statistical theory of adiabatic invariants is one of the
most important problems in the averaging theory. The goal of the present paper is to
make a step in this direction by considering the simplest case of periodic fast motion.

The basic idea is that the passage through resonances makes the dynamics hy-
perbolic on most of the phase space [47]. In fact the hyperbolicity is created due
to the combination of strong shearing away from resonances with the destruction of
the shear-invariant foliation near the resonances. (For the general discussion of the
sheared induced stochasticity we refer the reader to [1], [28], [55], [63].) There-
fore the methods developed to treat hyperbolic fast motion (see [7], [13], [17], [18],
[19]) can be applied. The difference between our approach and the other papers on
quasiperiodic averaging is that rather than computing C°-norm of the deviation with
a very high precision we get more coarse information about C2-norms and exploit the
properties which are shared by our system and its C2-small perturbations. Unfortu-
nately this shift of the point of view leads to the increased size of the paper. Indeed
the C2-estimates required for our method were not readily available in the literature
(even though their derivation proceeds similarly to the C°-bounds). For completeness
we provide the required estimates in the appendices.

We hope that this new point of view can be useful in the general quasiperioidic
case. However new ideas will be required to handle the overwhelming growth of
complexity coming from the fact that in the quasiperiodic case there are infinitely

many resonances.
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1.2. THE PROBLEM 3

1.2. The Problem

Consider the simplest three scale system
I=a1(I1,0,0) +eas(l,¢,0,¢),
(1.2) ¢ =p(I) + B1(1,,0) +f2(1, $,0,¢),
0 =c""w(I,¢) +n(l,6,0,€),

where a; and (; satisfy

1 1
3 1,6,0)d0 = 1,6,0)d0 = 0.
(1.3) /Ooq(as) /Oﬂlws) 0

Here I varies over an interval [I1, I5] and ¢ and 6 vary over the circle R/Z.

The averaging principle guarantees that away from resonant surfaces {w = 0} the
effective dynamics of slow variables is given by the averaged equation

(1.4) I=0, ¢=p().
In particular I is an adiabatic invariant of (1.2). We are interested in evolution of this
invariant on a longer time scale. Before formulating our results let us review known
facts (see [5], [37])-

The case where w # 0 is quite well understood. Namely, we can introduce an

improved invariant
(1.5) J=I-°4
w

where A; /00 = a;. Then J = O(e). So if we are interested in the dynamics of I
on a time scale shorter than ¢~! then all changes happen in a small neighborhood
of resonances w = 0. Let us study the dynamics near the resonances more closely. If
the resonance is non-degenerate in the sense that dw/9¢ # 0 then it is convenient to
make the change of variables

Then (1.2) takes the form:

¢ =r+en(l,\erb,¢),

(1.6) ' = a(D)p(I) + g(I,0) + Ver8(I,er0,¢) + B(I,0,¢),
I' =ea(l,\/er,0,¢).

Here we let (I, ¢(I)) be the parametrization of the resonance curve,

0w

(1.7) ah) =55

(1, 6(I)),
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4 CHAPTER 1. INTRODUCTION

(18)  g0.6) = 55 (o)A (1.6(1),6.0) + 57 (1, 6(D)en (1,6(1).6,0)

and B, B represent the corrections to the main term coming from the fact that in the
RHS of (1.6) ¢ # ¢(I) and € # 0 respectively. Note that

1
/ g9(1,6)dd = 0.
0

(1.6) has a limit at € = 0 where I does not move and the dynamics of the other
variables is given by
(1.9) 0 =r, v =LI)+g(,0)

where L(I) = a(I)p(I). (1.9) is Hamiltonian with the Hamiltonian function
2
(1.10) Hi(0,r) = % — L(D)0 — G1(6)

where

0
(1.11) G1(9)=/ g(1,s)ds

ow

0 0
:a(I)/O ﬂl(I,qS(I),s)ds—i—aI(I,qﬁ(I))/O a1 (I,9(I),s)ds.

It is convenient to introduce a variable
HI (95 7')
L(I)

which allows us to consider the dynamics of (1.9) on the cylinder by identifying points

(1.12) E=

whose E values differ by an integer.
Observe that in (1.6)

(1.13) a(I,ver,0,0) = a1 (I, ¢(1),0) + O(\e).

Hence (1.6) and (1.9) suggest that the main contribution to the change of I due to
resonance crossing equals /e o(E,I) where FE is the value of the energy when the
orbit crosses the resonance, and

(1.14) (B, 1) = /_Oo ar (1, (D), 0(s)) ds

where (r(s),6(s)) is the solution of (1.9) with energy F.
For computations it is more convenient to restate this formula using 6 as integration
variable. Thus if L > 0 then
> o1 (1, ¢(1),0)

(1.15) o(E,I) 22/9*(1;) \/mde
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1.2. THE PROBLEM 5

and if L < 0 then

L [TE aade(D),0)
(1.16) o(B1) = 2/_00 V2(LE + L0 + G)
where G;(0*(E)) = —L(E + 0*(E)).

To see to what extent (1.14) can be justified we need to look more closely at the
dynamics of (1.9). We distinguish two cases. (Below in order to fix our notation we

assume that L > 0.)

FIGURE 1. Motion near a weak resonance

(I) Weak resonance. — If ming g(I,0) > —L then the phase portrait of (1.9) is
topologically the same as the phase portrait of the averaged system (1.4) (which is
obtained from (1.9) by dropping g). In this case r is a monotone function of s and the
amount of time an orbit spends near the resonance is uniformly bounded from above.
Hence for € # 0 the phase portrait is also similar to the phase portrait of the averaged
system and our formal asymptotics for the change of I can be easily justified.

(IT) Strong resonance. — Suppose that ming g(I,0) < —L. The phase portrait
of (1.9) in this case is shown on Fig. 2. In this case points can spend arbitrary long
time near the saddle. As a consequence, the dynamics is qualitatively different for
e # 0. Namely given a saddle § = 6(I) let Q denote the set of points inside the
separatrix loop of this saddle and let I" be the boundary of this set. Let
Hi0,r) = 5 = L(1)0 — G;(0) + K(I)

where K (I) is chosen so that H equals 0 on I. Let

(1.17) M) = —fr [T‘QB(I,O,@,O)

— (L) + 9L, 0)(T,0,6,0) + 2X5(1,0,6,0)]as.

SOCIETE MATHEMATIQUE DE FRANCE 2012



6 CHAPTER 1. INTRODUCTION

X

Ficure 2. The limiting system for strong resonance

(To see that this integral converges note that

oH 8H dé
(118) SHI.0,6(1) + S (1,0,0(1) 5 =
Since 9H /86(I,0,6(I)) = 0 it follows that OH /OI(I,0,0(I)) = 0.)

A typical behaviour of the trajectories for M > 0 is depicted on Fig. 3. In particular

0.

the initial conditions starting on the thick segment get captured into resonance and
so I experience a jump. A captured point moves along the resonance. The motion
along the resonance is also a slow-fast system with slow variables H and I and fast
variable 6 so it can also be descibed by the averaging principle, see (1.23) below. At
some point the orbit can enter a region where M (I) < 0. In this case dynamics near
the saddle (0,0(I)) looks like a mirror image of Fig. 3 and the orbit can escape from
the resonance so its motion again can be described by the averaged system (1.4).
According to [47] (see also Appendix E.4) during each passage a set of points of
measure about /M (I)+ gets captured. (We use the notation a; = max(a,0) here
and below). Therefore we expect that after €)(1/1/¢) passages a set of measure 0(1)
gets captured. Hence 1/4/¢ is the natural time scale for this problem. At this scale
there are two mechanisms responsible for the change of I.

(I) Capture into resonance. — This phenomenon has been described above. It is
only relevant if M > 0 for one of the saddles of (1.9).

The second mechanism is important regardless of the sign of M.

(IT) Repulsion from resonances (see [51]). — To describe this phenomenon, suppose
for a moment that (1.2) preserves the Lebesgue measure dId¢df. For each time ¢
the phase space of (1.2) is the union of two sets. First, there is a set of measure
©(\/€) consisting of points which has been captured into resonance and at time ¢
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1.2. THE PROBLEM 7

&

FI1GURE 3. Motion near a strong resonance. A projection of a set of orbits
starting with a fixed values of I = Iy and r = —ro where 7o > 1 to the
(r, 0)-plane is shown.

move inside one of the separatrix domains. For these points I changes with unit
speed. This creates a flux of measure of order y/z. Secondly there are points of
measure 1 — @)(1/¢) which follow the orbits of the averaged system (1.4). Therefore in
order to maintain the balance of measure most of these points which are not captured
move with speed /¢ in the opposite direction. In general Lebesgue measure is not
preserved. However the divergence of the flow is given by

_Oan OB | On

(1.19) D(L,6.0) = G + T+ 50+ 00e).

Now (1.3) and the periodicity of n imply

/1 D(I,¢,0)do = O(e).
0

So in average the measure is preserved on time scale o(¢ ') and the previous argument
applies.

The flux of orbits moving inside the separatrix domain 2 equals to

(1.20) Uo(I) = _L(ll)//Q an (I, éo (1), 6) drdo,

M and ¥ play an important role in the description of the effective evolution of the
adiabatic invariant I given in the next section.

SOCIETE MATHEMATIQUE DE FRANCE 2012



8 CHAPTER 1. INTRODUCTION

1.3. Results

1.3.1. Dynamics before capture. — We are now ready to formulate our main
results. They require certain non-degeneracy conditions for the system (1.2). Assume
that for each I € [I, I5] the following conditions are satisfied.

(A) p(I) # 0.
This means that I is the only invariant of the averaged system (1.4).

(B) Resonances are non-degenerate. Namely if (I, ¢1(I)),...(I,$q(I)) are reso-
nances counted counterclockwise then

0
aj(1) = 55 (145(1)) £0.
(C) Twist condition: dw;/0I # 0 where
-/ e w(l, )
o,y p)

de.
(Here j + 1 is understood mod gq.)

(D) For each j, the function § — L;(I)0+G(0) is Morse. Namely, there is at most
one critical point on each level set and the critical points are non-degenerate. (Here
and below we ignore the dependence of G on j in order to simplify the notation).

We also impose a non-degeneracy condition in the I-direction, namely:

(E) If (0,0,1(I)) is a saddle of (1.9) then we have a1 (I, ¢;(I),8;x(I)) # 0 for each
(4, k). (Here j counts the resonances and k counts the saddles of the given resonance).

(F) The critical points of the function E — o(I, E) are non-degenerate for each I.

Suppose that I = Iy and that (¢(0),0(0)) are chosen uniformly with respect to the
Lebesgue measure. Let J.(t) = I(¢t/+/e). Since (¢(0),6(0)) are random, J.(t) is a
random process. Stop it when it leaves [I, I5] or get captured. Let

i) = (), ¥I)=>» ;)
k J

where U (I) = Vq,, (1) (see (1.20)) and Q;;, denotes the domain bounded by the
separatrix loop of the saddle (0,8,;). We denote

Mip(9)ep(9) |
M) = Z L) T eh ),

00 otherwise.
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1.3. RESULTS 9

THEOREM 1. — Under conditions (A)—(F) the process J(t) converges weakly as ¢ —
0 to the solution of

ds

(L.21) =), S0) =Ty

killed with intensity A\(J).

In other words let J(y, s) denote the solution of (1.21). Then the probability that
the orbit is not stopped until time t equals

(1.22) p(t) = exp [— /0 A(A(Io, s))ds]
In case of survival J(¢t) = J (I, ).

REMARK. — In fact Theorem 1 as well as Theorem 2 below are valid for a larger class
of initial distribution. Namely it is enough to assume only that the fast variable 6 has
a Holder density with respect to Lebsesgue measure. The precise class of allowable
measures consists of the convex hull of the measures corresponding to the standard
pairs. See subsection 2.2.2 for details.

1.3.2. Life after capture. — In this section we extend Theorem 1 to a fixed size
time interval. During that time a positive measure set of orbits is going to be captured,
some of them several times, and we need to extend our analysis beyond the time of
the capture.

To this end we introduce entrance-exit maps Qi (I) (see [47], [5]). To define these
maps we consider the system (1.9) on the domain ;. We assume that:

(G) There are no saddle points of (1.9) inside Q.

In this case all orbits in the interior of 2, are closed so that (1.6) is a slow-fast
system with two slow variables I and Hj;; where

r2

and K (I) is chosen so that Hj vanishes on Q.
Let 6,,(H,I,s) denote the solution of (1.9) with Hamiltonian H, action I and let

T;,(H,I) denote the period of this solution. Consider the averaged quantities

—L;(18 — G1(6) + K (1)

T (H,I) _
X (H, T) = / [126(1,0,6,1(5),0)
0

- (LJ(I) + g(I7 ajk(s)))ﬁ(l7079jk(8)7 0)
OH;j,_

+ i oz(I,O,ij(s),O)] ds,

T (H,I)
Y(H,I) = / a(I,0,6;x(s),0)ds.
0

SOCIETE MATHEMATIQUE DE FRANCE 2012



10 CHAPTER 1. INTRODUCTION

(In principle we need to divide those quantities by T}, (H,I) but we can avoid doing
this by rescaling the time. Observe that the entrance-exit maps @;; defined below
depend only on the orbit of (1.23), not on its time parametrization.)

We observe that X ~ —M;,(I) as H — 0. Hence Xj; < 0 for small H since a
capture is possible near the saddle 6,;. Also Y, ~ a(I,0,6,,(I),0) T;x(H,I). Thus
Yk is non-zero for small H due to condition (E). Consider inner averaged equation

dH — — dI S
1.2 — =X,r(H,I — =Y, (H,I
(1.23) ds Jk( 1), ds Jk( )
with initial condition (H,I)(0) = (0,I). Then we have H(s) < 0 for small positive s.

We make two assumptions
(H) There ezists sj,(I) such that H(s) < 0 for s € [0,s;,(I)], H(s;jx(I)) = 0.

Moreover M;j,(I) > 0 and M;i(I(s;1(I)) <O.
(I) Equation (1.23) is not overtwisted at I (the notion of overtwisting is defined in
Section 1.3.3.)

To formulate our last assumptions consider inner averaged equation (1.23) near an
elliptic rest point. By assumption (G) there is a unique such point (67,(1),0, I) inside
each domain Q. It is convenient to use variable

-
2

where K is chosen so that ﬁ(ﬁ;‘k(l), 0,I) = 0. Arguing similarly to (1.18) we get
VH(03,(1),0,1) = 0.

— L;y(I)0 — G1(9) + K(I)

Considering Taylor series of (7, B, @) in (r,0 — 67, ) and observing that the averaging
kills odd degree terms we can write the averaged equation for H near {H = 0} as
dH =

(1.24) <= AT, ).

Let Sjr = (05,(1),0,I) denote the curve of elliptic fixed points. Equation (1.24)
means that S, is invariant under the averaged dynamics. The restriction of the
inner averaged equation to S is

dr a(0%,(1),0,1,0
(1.25) = QNL,)
ds wjk(I)
where i w;i(I) is the eigenvalue of the rest point. We assume that:

(J) The zeroes of a are non-degenerate.

Thus S is a union of fixed points and their stable manifolds.

Let I;,¢ be the set of zeroes of the RHS of (1.25). Our last assumption is
(K) ATy, 0) # 0.
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1.3. RESULTS 11

In other words all fixed points on S, are hyperbolic.

We let
Qj(1) = I(s;(I))-

We are now ready to generalize Theorem 1. Let G be a finite union of closed intervals
such that conditions (A)—(K) are satisfied for all I € G. Moreover we assume that
for each I € G for each pair (j,k) the assumptions (G), (I) and (K) are satisfied
for all I along the orbit of inner averaged equation (1.23) from I to s;,(I). We now
relax the stopping rules as follows. We stop our process when the orbit is less than
Ve/|Ing| away from the resonance surface and J.(¢) is not in G. (It will follow from
Theorem 2 below that there are two reasons a typical orbit is stopped. Either it
reaches the boundary of G while moving along the trajectory of (1.21) or it gets
captured at some I and Q;x(I) € G.) Unlike Theorem 1 we do not require G to
be connected since entrance-exit maps ;,r can move orbits between the different
components. In particular we do not insist that I € G while it moves along the
resonance surface.

As in Theorem 1 we assume that I(0) = Iy is fixed and (¢(0),6(0)) are uniformly
distributed.

THEOREM 2. — Ase — 0, J.(t) converges to the Markov process with generator

£(A) = \II(I)% +y (]‘W [A(Qs(D) — A(D)]).

In other words (1.21) and (1.22) have to be supplemented by the following:

> Given that the point got captured at time ¢ the conditional probability that it
get captured near 0;, is

Mip(J()+/L;(I(®)
22k Mik(I () +/L; (I (2))]

> If the point gets captured at time ¢ near 6, then it moves instantly to Q;x(4(t)).

REMARK. — Since the limiting process has jumps the convergence is understood in
the space of functions without jumps of second kind with Skorokhod topology (see
[25], Section VL.5). Namely two functions are close if their discontinuities are close
and the values of the functions are close away from the discontinuities. More precisely,
the topology is given by the distance
d(J1,d2) = inf ( sup |J1(t) — J2(h(t))|+ sup |t—h(t)])
h “tefo,) te[0,T)

where [0,77] is the common domain of 47 and /5 and the infimum is taken over all
homeomorphisms & : [0,T] — [0, T].
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REMARK. — Assumptions (A)—(K) state that certain functions are different from 0.
Therefore for a typical system we can expect them to hold in a neighborhood of a
typical point. However we can not expect them to hold globally so in Theorems 1 and
2 we stop the process when it escapes the region of validity of assumptions (A)—(K).
See Section 2.8 for the discussion of the ways to relax assumptions (A)—(K).

1.3.3. Formal solution of the averaged equation. — To complete the formu-
lation of Theorem 2 it remains to explain condition (I). To do so we discuss the
properties of the inner averaged equation (1.23). In this section we shall omit the
subscripts j and k in order to simplify the notation. Thus we shall write 6., instead
of 8 and let U be the potential of the Hamiltonian H . Define

Oél(I, ¢(I)a90r(‘[))

|%2:9[2] (acr(I)aI)}

(1.26) c(l) =

The next result is proven in Appendix F (see also [46]).

LEMMA 1.3.1. — As H tends to 0
X(H,I)— —-M(I), Y(H,I)~c():|In|H||

o0X 8X
oz~ OmIEl), S = 0),
Y () v
%X 1 %X X
@N@(m), W—Q(HMH”)a W_@(l)’
2 2 / 2
Y el) PY _el) &Y /1)

oH2 © H®  0HOI  |H| oI

Using this lemma we analyze the variational equation of (1.23). Consider a solution
o (1.23) defined on the interval [0, ¢] such that (H,I)(0) = (Ho, ly) and (H,I)(t) =
(Hy,Iy). We assume that Hy and Hj are small so that ¢ is close to s(Ip). We have

0X X Y oYy
6H = a0l + 570l 0= o 0H + <-4l
Let A(t) = Y6H — X4I. Then A = (X /0H + dY /OI)A

Observe that due to assumption (H) the RHS has an integrable singularity. Let

A(t) = exp (/Ot [% + ‘3—};] (s)ds> .

Then A(t) = A(t)Ag. Accordingly
0X Y 090X

(0X /OI)A(t) A
o T X oI '

oH = (5= = )oH - e

MEMOIRES DE LA SMF 128



1.4. EXAMPLES 13

Let
B(t) = exp (/Ot [g% + % ~ %—)j} (s)ds).
Then
SH(t) = B(t) (5H(o) W /Ot st).
Denoting

s() A(s)(8X/0I)

Blsx

(1.27) C*(I) = B(s(1)) /0

we obtain the following asymptotics of the solutions as Hy, Hy — 0:

( OH
o, ~ ~C"Uo)e(lo) - | In|Holl,
1.28
12 oL, __C*Uoelly)e(l) -|In|H| -|1n |Hy|
oH, M(Iy)
( OH
o~ ~C o) M(Io),
(1.29) 0
o1; O (I)M(In)e(ly) - |in | Hyl|
al, M(I;)

In the proof of Theorem 2 it is convenient to have the leading terms given by the
above equations non-vanishing.

We say that (1.23) is overtwisted at Iy if C*(Ip) = 0.

Condition (I) provides additional hyperbolicity for our system since it implies that
for orbits passing closer to a saddle point of (1.9) expansion is stronger than for points
staying far from the saddles. See Appendix F for details.

1.4. Examples

Here we illustrate typical applications of our main results. In this section we restrict
ourselves to demonstrating how to reduce these examples to the form (1.2) required to
apply our results relegating straightforward but lengthy computations of the limiting
process to Appendix G. We leave it to the reader to check that the nondegeneracy
conditions needed in Theorems 1 and 2 are satisfied on an open set of values of I for
a typical values of the parameters involved in our examples.
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14 CHAPTER 1. INTRODUCTION

1.4.1. Motion in rapidly oscillating force field

ExXAMPLE 1. — Consider a particle in a potential field which is subjected to forcing
which rapidly changes both in space and time.

&+ U'(z) = sin (x;t)

Introduce § = (x — t)/e. Then we have § = (v — 1)/e. The averaged equation therefore

takes form
(1.30) 24U (z)=0
and so its energy
2
1
I:%+U—§ where v =&

is an adiabatic invariant for original system. (Here the normalization by subtracting

% is made in order to simplify the formulas below). Observe that

I =wvsiné.
The resonant curve takes form {v = 1}. Introducing r = (v — 1)/y/¢ we obtain the

inner system
0" =r" = -U'(z) +sinb.
The relation

I=U(z)+

(1++Er)? 1
2 2

gives
U(x)=1—+er+ 0(e).

Let Z denote the local inverse of U, U(Z(u)) = w then Z’ = 1/U’. The inner system
takes form

"

(1.31) 0" = -U'(Z(I)) +sin6 + %(Z(I))r\/g—i- O(e).

The computation of the limiting process is given in Appendix G.1. We see that at
time intervals of order 1 we can ignore the oscillating force and so the motion of the
particle appears to follow the averaged system (1.30). The influence of the forcing is

—1/2 Namely it causes the changes of the particle’s

felt at time intervals of order &
energy by a slow drift according to equation (G.3) and occasional captures into res-
onances which happen with intensity given by (G.4). The entrance-exit function is

computed using inner averaged equation (G.2).
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1.4.2. Motion on narrow cylinder in the presence of magnetic field

ExaMPLE 2. — Consider a particle moving on a narrow cylinder in the presence of a
magnetic field

z=v, v=2z(N+yu, ézga uw=—2z(N+y)v

where y = sin f. The kinetic energy is preserved and we assume that it is equal to 2,
v? + u? = 1. Introducing a variable 1 such that

v =costY, u=siny,

we rewrite our system as

9.:

sir:j), z=cost, 9P =2z(N+y).

After averaging over the fast variable 0 the last equation becomes @[J = Nz and so the
averaged system
(1.32) 3 =cosy, =Nz
has a first integral
I= NTZZ — sin .
For the actual system we have
I =—zcostysinb.

The resonance curves are {1 = 0} and {¢ = 7}. Introducing r = sin/+/¢ we get

r’ = zcosp(N +sinf) = & 2(I+T\/ET)(N+51119) + 0O(e).

So the inner system takes form

(1.33) 0" = i(\/?(N +sin ) + \/\2/% r(N + sin 9)) + O(e).

The computation of the limiting process is given in Appendix G.2. We see that

most of the time particle makes rapid rotations around the cylinder with its vertical
coordinate changing according to a pendulum equation (1.32). At time intervals of
order 1// the energy of the pendulum experiences abrupt changes due to captures in
resonances which manifest themselves by particle moving vertically for times of order
1. The time before capture is an exponential random variable with parameter A()
given by formula (G.7) and the entrance-exit function is computed using equations

(G.5)~(G.6).
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CHAPTER 2

THE PROOF

2.1. Idea of the proof

In this section we present main ideas of the proof of Theorem 1. The proof of
Theorem 2 proceeds along similar lines. The necessary modifications are presented in
Section 2.7.

We shall use freely formal manipulations and heuristic arguments. Rigorous justifi-
cations (of somewhat weaker results which are still sufficient for the proof of Theorem
1) will be given later.

We need some notation. Given a resonance ¢ = ¢,(I) define two surfaces J and
g} as follows. Let ¢ be a small number (the precise conditions on ¢ will be given later
but they are not important in the discussion to follow).

If a;(I) > 0 let

21) = (= (e ),

If a;(I) < 0 then we define by (2.2) and f by (2.1).

Thus ( is a section immediately before the resonance and ;f is a section immediately
after resonance. One motivation for this choice of the sections is that (2.1) and
(2.2) have quite simple expressions in terms of the improved adiabatic invariants, see
Appendix B. Another motivation is that in (r,6) coordinates

= fr=(+9)
where R = c/e~'/4. Hence

(2.3) ==~ £l
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18 CHAPTER 2. THE PROOF

Let z, be consecutive visits to Js corresponding to different resonances. (1.4)
suggests that it takes time about 1/p(I) to make a complete circle. Since there are ¢
resonances per period we expect that the time of the nth visit is

n
i (14 0(1)).

Let A(z,) denote the change of I between t,, and t,41. To establish Theorem 1 we
need to show that if N <« 1/4/¢ and m < Const/+/e then for orbits which has not
been captured up to time m,

tn, =

(I) the probability of capture on the segment [m,m + N] is about \(I)N+/€/pg;

(IT) for non-captured points

The first statement is nothing but the Poisson Limit Theorem for our system
and the second the Law of Large Numbers. Both results are well understood for
independent or weakly dependent random variables so we need to show that z,, are
weakly dependent. To understand where this independence comes from consider first
few iterations of the Poincaré map. Suppose that g has a smooth density on

d, =4N{I =1}
We want to describe the distribution of z;. The passage to the next resonant surface
J consists of two parts:

1) Passage of the resonant zone (from  to ).
2) Motion far from resonance (from ;’ to J).

The considerations of Section 1.2 suggest that during the first part I changes as
follows

=~ oI do

(24) INI'{'\/gO'(E,I), SO aiEN\/gaiE
On the other hand (1.2) and (1.4) suggest that

o1 o~ 1 [Pw(d

- 0~-wl)= 7/ WL,9) 44

€ €Jy p(I)

Formal differentiation gives
9 _ laﬂ( )
99 eodl
Combining this with (2.3) we obtain

0F 1 dwdo
OE = /e 8 OE

(2.5)
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2.1. IDEA OF THE PROOF 19

FIGURE 1. Large time image of JIO.

Now Assumption (F) implies that for most points 9o /OF # 0. In this case Assump-
tion (C) tells us that a preimage of a unit interval has length ©(\/¢) so 9o /OF is
approximately constant at this preimage. That is, on such intervals E — E can be
approximated by a linear map. For linear maps of slope 1/4/¢ the images of the seg-
ments of length > /¢ are uniformly distributed. In other words we can prescribe the
phase of zy with a good precision and still the phase of z; is uniformly distributed. In
this sense we can regard the phases of z; and zg as weakly dependent. To summarize
the image of 1, consists of finitely many segments consisting of captured points,
9(1/+/) almost linear segments and finitely many ‘parabolic’ segments coming from
neighborhoods of the critical points of 0. Assumption (F) makes it plausible that if
Ejy is a critical point of o then for E near Ey

so the total measure in parabolic pieces is ©(¢'/4) (by definition a parabolic piece
consists of points which are within a unit distance from Ej).

Now let us see what happens for large n. The non-captured part of the image of
d;, consists of

(a) almost linear segments;
(b) parabolic pieces;

(c) curves of more complicated geometry appearing when a parabolic piece comes
near the critical points of o.

To apply the argument used for zo we need to prove that most of the measure is
concentrated in the linear segments. To this end we have to show that once an orbit
finds itself in a parabolic piece it is much more likely to escape (that is to get farther
than a unit distance from the tip) rather than stay close to the tip or even enter into
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20 CHAPTER 2. THE PROOF

a curve of type (c). The reason is the following. Since o /OF ~ 1 for most points we
can expect that

0o , —
2.6 —(Fg) ~ 1
(26) 2 (Bo)
in which case for the second iteration we would get
= = E — Ey)?
BBy~ E-F)

so the set of points staying close to the tip for two iterations in a row would have
measure ©)(y/¢) (there are also secondary parabolas appearing at the intersection of
the the primary one with the critical curves but if (2.6) holds then their measures are
O(y/c) as well). Continuing this reasoning it is not difficult to convince oneself that
the set of points staying in (b) or (c) segments three times in a row have measure
o(+/€). Thus if n < Const/+/¢ then the set of non-linear pieces is small as required.
The problem with this argument is that it is unreasonable to expect (2.6) for all
initial values of Iy. Let ¢ = {00 /JE = 0}. Then (2.5) implies that the image of &
also consist of almost linear segments and so we can not keep the image of & from
intersecting itself. Dynamics near such intersection could be quite complicated. In
particular elliptic islands could be formed. For this reason we can not guarantee for
the first and the second iteration of the Poincaré map that only a set of measure o(+/z )
contributes to the nonlinear part of the image. Fortunately this problem is confined
to the first two iterates only. Indeed even for the first iteration the required o(e)
bound can be obtained if we assume that Iy has isolated returns that is, the images of
cNnyg 1, are far from ©. Starting from the third iteration we can actually prove that
most of the returns are isolated. Indeed (2.5) tells us that the points of intersection

—

FIGURE 2. Parabolic pieces are close to the image of & (thick line). Since
this image is transversal to & (dashed line) most of the returns are

isolated.
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2.2. PLAN OF THE PROOF 21

of & and the image of & form a lattice of step ©)(¢). On the other hand most of the
second image of f; is in linear segments. There are £)(1/¢) such segments. By (2.4)
the variation of their I values is (/£ ) so the distance between consecutive segments
is ©(¢%/2). Thus most of the segments are far from the critical lattice. Hence most of
the returns are isolated (see Fig. 2). So the total measure of the non-linear segments
can be bounded by

o(nve) + O
where the second term estimates the measure of bad points formed during the first

two iterations. Thus most of the measure is in linear segments giving the required
independence.

2.2. Plan of the proof

Here we present the main steps of the proof of Theorem 1.

2.2.1. One passage. — Our analysis in Section 2.1 was based on heuristic formulas
for the derivatives of the Poincare map. Here we present the precise results. Let us
emphasize that the parts of the statements not dealing with derivative estimates are
well known. Still we provide sketches of proofs in Appendix A in order to make our
exposition self contained.

Let J; denote the preresonance surface of the resonance (I, ¢;(I)). Denote
s=Jd;
J

We want to study the Poincaré map P : S — S. Let f and ¢J be the surfaces cor-
responding to two consecutive resonances (I,¢(I)) and (I,¢(I)). Below we present
some information about P : J — . Observe that if we are interested in the deriva-
tives bounds then it is not convenient to work with I and 6 since they are rapidly
oscillating and a slight change of the surface produces big changes of the derivatives.
For this reason we shall work with the variables J and E defined by (1.5) and (1.12)

respectively. Denote
P(J,E)= (J,E).

In the statements below o(.) means the limit then both ¢ and € tend to 0 but ¢
goes to 0 much slower than e. That is there exists a function ¢y = ¢o(g) such that the
asymptotics below are uniform for ¢, e small, ¢ > ¢o(¢).

In Appendix B we prove the
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PROPOSITION 2.2.1. — If (I,$(I)) is a weak resonance then:

(a) The passage time t(J, E) ~ (¢ — ¢)/p(I).

(b) We have
I-I1=J-J+o0(e)=+eoa(J,E)+o(Ve).
(c) We have
0F 1 OE 1 /0w
Ow 0o
where A(J, E) = 31 5E and
0°E 1 0A(J,E) /4| OB 2
(28) 9E: i 9E T (s ‘573 )
(d) We have
oJ oJ 0*J 54| OF |2
57 =0, 5= =0WE), 505 =0(E) + (|5 )
O’E /1 _3/4|OF *J 1/4|OF
ama7 = P(2) + 0" 55)): ama7 = 00 +0(="|55]).
0’E 1 02J
= i —3/4
072 @(5—7/4>’ a2 o).

For strong resonance the formulations are more complicated because as we ex-
plained above the heuristic formulas of Proposition 2.2.1 are not valid for all orbits
but on the other hand we do not want to exclude too large a set.

Fix arbitrary ¢ > 0. For € = 0 the union of the saddles of (1.9)

¥ =U{o=6:(D), 0= 05D}
ik
is a normally hyperbolic invariant set of the flow (1.6). Hence for small ¢ there is a

normally hyperbolic invariant set /. near /" (see [30]). Let d be the distance of the
orbit from A", and 7 be the time the orbit spends in a ¢ neighborhood of /..

In Appendix E we prove the

PROPOSITION 2.2.2. — If (I,¢(I)) is a strong resonance then the following statements
hold.

(a) If d > & then the estimates of Proposition 2.2.1 are valid.

(b) If /e/|lne| < d < § but the orbit is not captured, then the statements of
Proposition 2.2.1 should be modified as follows. Part (a) remains valid, part (b) has
to be replaced by

(2.9) J—J~Verar(I,¢(1),0;,(1))
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2.2. PLAN OF THE PROOF 23

where (0,8;5(I)) is the saddle of (1.9) the orbit is passing near. Part (c) has to be
replaced by

OE _ Const OE _ Const

=S 2 TE o 2

OFE — d+/e oJ — de

Also for part (d) in the estimates for the first derivative the RHS has to be multiplied
by 1/d and in the estimates for the second derivative the RHS has to be multiplied by

|In™ d|/d?® where m is a sufficiently large number.

Let v be the graph of J = g(E), with |g'| < e*/2%9.

(2.10)

(c) Let & > /2%, Then measure of points with d < £ is less than Const €.

(d) Let [E(,jk), E(fk)] be the segment of points captured while passing near the res-
onance (I,$;(I),0;k(I)). Then

B - B0 — Ve 1 o(vR).

Comparing the statements above with the heuristic estimates of Section 2.1 we see
the following. The first derivative bounds can be obtained by the formal differentiation
of the formulas suggested by the averaged equation (after replacing I by J). This is
not true however for the second derivatives. The reason is that our analysis suggested
that the map F — FE was close to linear. Now if we perturb a linear map such as
E +— E//¢ by a small nonlinearity, say

Er— E+r— E + 5h(£)
Ve Ve
then the effect of the nonlinear term is §h”'(E/+/€)/e which can be larger than 1/4/¢
even if ¢ is small. However the second derivative bounds are still sufficient to derive
the conclusions we want. Namely, for most points
_ - _
% ~ \% whereas % =0 < ‘g% ’

which is enough to conclude that the image looks like a linear map (cf. Lemma H.0.1).
On the other hand if 9E/OE < 1/+/¢ then the formal arguments of Section 2.1 remain
valid (since we have quadratic decrease in the terms coming from the nonlinearity!)
and we still are able to prove quadratic bounds near the parabolic pieces.

We conclude this section by computing the average for our Law of Large Numbers.
The proof is given in Appendix A.

LEMMA 2.2.3. — The average value of the jump at resonance (I, ¢;(I)) is

/la(I,E)dE =, (I).
0
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2.2.2. Standard pairs. — Now we state more precisely what we mean by “almost
linear” segments. The most obvious requirement is that we want to control the cur-
vature. However we need two more conditions. First we want not only the geometry
of the image to be close to linear but also the image of the initial measure to be
uniform since the uniformity of the phase plays a key role in our argument. Secondly,
to control the geometry of high iterates inductively the way we analyzed the first
iteration we want to assert that the images are close to J; curves, namely that they
go roughly in E-direction. The precise definition is the following.

Let c¢q,c2,C1,Cs,C3 be constants whose precise values will be specified later and
6 be a small number.

DEFINITION. — A standard pair is a pair £ = (v, p) where 7 is a curve in some J and
p is a probability density on v such that

(a) ¢1 < length(y) < cg;
(b) v is a graph of a map J = g(E) with

(b1) |¢/(E)| < Cie, (b2) |¢"(E)| < Cae'/2+o;
(¢) |d/dEnp| < C.

If £ is a standard pair and A is a function we write
Ei(A) = / A(z)p(z)dz.
v

Standard pairs had been applied to derive the averaging results in case the fast
motion is hyperbolic (see [7], [13], [19]). Here we shall use them in the periodic
setting.

We want to show that most of the image of f; consists of standard curves. The
problem is that an orbit can pass close to either region where do/0F = 0 where
expansion coefficient of (2.7) is small or it can pass close to the separatrix of (1.9)
in which case it spends a long time near resonance and the perturbation terms can
become too large invalidating (2.7). Let v be a standard curve. If either of the above
problems happen we say that the orbit has a close return. We call passages near the
separatrix close returns of the first kind and passages near critical region close returns
of the second kind. We postpone the precise definition of these notions till the later
sections since it is quite technical. For close returns of the first kind, the time spent
near the separatrix is logarithmic function of the minimal distance which implies that
returns where the deviations from the unperturbed inner system are significant have
small probability, so they can be ignored. However close returns of the second kind
should be treated more carefully. Namely in this case we consider few consecutive
iterations of the Poincare map. If they also give close returns when we say that the
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orbit got stuck in the critical region. Likewise for the returns of the first kind we say
that the orbit got stuck near the separatrix. Also observe that whatever return is
close or not depends not only on the point itself but on the curve under consideration
because we want to have expansion in the tangent direction of this curve. However
we will not emphasize this dependence in order to simplify the notation. In this
section we shall only use the properties of the close returns described in the next two
propositions. Let £ = (v, p) be a standard pair. Denote by P(zx) the first free return
to some resonant surface and let n(x) be the number of the first free return. We shall
arrange that 1 < n(z) < 3.

We claim that most of the image of a standard curve consists of standard curves.
The precise statements are given below. As it was explained in Section 2.1 we get
more precise bounds for higher iterates since we are able to avoid non-isolated returns.

PROPOSITION 2.2.4. — (a) (Invariance) P(y) = U;7v; where n is continuous on
P~Yy; and (v;,p/c;) is a standard pair where p is the induced density on P~y and
cj = Py(P™1v;)

(b) Py(n(z) > 1) < Const /4.

(c) The time before the first free return is

n(z)—1

Pitlg) — ¢(Piz
]go 9( )( (P z)

) +0(1)

(of course, the angle difference is measured counterclockwise).

P is not defined on a set Zy U Zy where Z; consists of the points which got stuck
and Zy consists of captured points.

(d) Py(Zy) < £7/16-0/4
(€) Py(Z2) < Const /e

(f) (Hyperbolicity) There ezists & > 0 such that ||d]3_1|

| < Const el

Observe that a priori bounds (d) and (e) look unsatisfactory since they do not
preclude that all points get eliminated during the first 1/4/c iterations. However
already }327 is sufficiently well distributed to improve these bounds.

PROPOSITION 2.2.5. — (a) (Equidistribution) Let A be a C function and £ = (v, p)
be a standard pair. Let (J, E) be a point on 7. Then

1 -
0
(b) Pg(ﬁzx gets captured before the next free return to S)

= VEM (J)(1 + o(1)).
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(c) PK(PQ.’E gets stuck before the next free return to S) < Const/e/|1Ine|.

Proposition 2.2.4 is proved in Section 2.5 and Proposition 2.2.5 is proved in Section
2.6.

2.2.3. Short time evolution. — As we explained in Section 2.1 Proposition 2.2.5
allows us to obtain the Poisson Limit Theorem and the Law of Large Numbers (state-
ments (I) and (II) of Section 2.1) if the number of iterations is much smaller than
1/4/e. Let us formulate the precise result used in the proof of Theorem 1.

We define inductively a sequence of curves {7y;} such that {J; vx; lie on the part
of the orbit of v not captured in the resonance after k steps. Put yo1 = ~. If {vx;} is
already defined up to some k, decompose

Py = U’ijz U Z1k; U Zog;
¢

as in Proposition 2.2.4 and let {7(;1);} be some reindexing of {vx;¢}. Let T’y C v be
the set of points having representatives Uj vikj- For ¢ € Ty, let ¢ = (Ji, Ey) denote
the representative of 7y;(,). Let I'; denote the set of points captured before time k
and I'} denote the set of points which got stuck at m-th free return for some m < k.
Fix a small number §;. Let N = [§1¢/+/€].

PROPOSITION 2.2.6. — There exist a function d2(d1) such that lims, 002 = 0 and a
subset T'}] C «y such that, for allz € Ty — T,

(a) Pe(I'y) = o(1),
(b) |In — Io — 6.9 (Io)| < 6160.

(c) Let t©(x) be the time between x¢ and xy then, for allz € Ty — T,

o
(@) - — 102,
‘\/Et (=) p(Lo) =00
~ 81A(Jo)
p(lo)
(€) Pe(T'y) < 6162

(d) |Pe(T'y)

\ < 610,

Theorem 1 is derived from Proposition 2.2.6 in Section 2.3. In Section 2.4 we
explain how Proposition 2.2.6 follows from Propositions 2.2.4, 2.2.5 and Lemma 2.2.3.
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2.3. Convergence

Proof of Theorem 1. — Let us first prove this result in the case then (I, $,0)(0) are
distributed according to some standard pair ¢. Let T(!) = Ty — T/, Let {7](-1)} be the
union of I'y; not falling into I'y/. Repeat the procedure described above with each
’yj(-l) instead of v and let I'® be union of the resulting sets. Continue inductively to
obtain a nested sequence
yo>TM 5.5V 510 5

Let {'y](-n)} denote the set of the resulting curves. For z € (™ let (™ = (1™ E™)
be the point from the orbit of = on 7](-") and let t»=1) denote the time between the
returns of (=1 and z(™. Set 7,(z) = an_:lo t(m) (). By Proposition 2.2.6

Sy (O 51\11(1("))‘ < 816, ’\/E[Tn-i-l — Tn] — L 0102
p(I™)

Let (J,7) be the solution of
J =), =1/p.
Then
(10D (/D) = (T, 7)(t) + o(1), as 8,8, — 0.
This describes the dynamics of the points from I'7/%]) Next define I'™)’, T'(™" and
™" similarly to Ty, % and T'/. It remains to show that T and I’ have small

probability and to compute the asymptotics of IV (captured trajectories). First, by
induction

Pf (F(TL)// _ 1—\(71—1)//) S 5152,”/7 ]P)[ (F(n)ll/ _ 1—\(71—1)///) S 515271

which implies that T(™” and '™ have small measure for n < T//8,. Denote p,, =
P,(T'(™"). Then the foregoing discussion and Proposition 2.2.6(d) imply

(2.11) Pri1— Pn=01(1— P )A(J(nd1)) (1 + 05,-0(1)).

Letting 6; — 0 we obtain (1.22). This completes the proof of Theorem 1 for (I, ¢, )
being chosen according to P,. Next, let v, be the first visit of

oo ={I=1,¢=a}

to S and let p, denote the measures on 7, which is the image of the uniform measure
on o,. Write o, = (Ya, pa). Applying the foregoing discussion to

1
/J,Z/ ]P)gada
0

we obtain the original statement of Theorem 1. O

REMARK. — In fact, the proof gives a stronger result. Namely, randomness in 6 alone
is sufficient to obtain Markovian evolution.
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2.4. Short time dynamics

Proof of Proposition 2.2.6. — Given ~ let
I(Px) — I(z)

b(ZL') = T,

n(z)—1
by(z) = Y b(Piz), b(ar) = by, (Tk)-
j=0

We extend b(zy) = ¥}, (here k is understood mod q) if the trajectory of = gets stuck
or captured for some m < k. Likewise we define n(zx) = n,,,,, (¥x) and extend it to
1 if x; is not defined. Define

T on N Mi(d)
N =2 Ty

where the sum is over all saddles of (1.9) on ;. Write U(z) = 0,, z) = Xj ifx € 5;.

Let ¢ = (7,p) be a standard pair such that with 5 C pk'y and p is a normalized
induced density. Then by Proposition 2.2.4 (b)

E;(In(z) — 1]) = O('/*).
Next, let ¢, denote the pair (yg;, p(z0)/ckj) where cx; = Po(xi € Yi;). Then

E¢(|n(ze) — 1]) < chjElkj (In(z) — 1]) < Const gt/ Z crj < Const el/4,

J J
Therefore
N-1
IE@Q n(ay) — ND = D(NeU/Y).
k=0
Hence
N-1
5N 2e1/4
]P)g(‘ n(wk)—N’>2—>§ .
— 2 O

Since t, = n(zk)/p(Ix) + 0(d2) we get using Proposition 2.2.1 (a)

Pe(\]gtk(x)—zﬁo)\ > 5,N) < CO“;ZEM

Including the part of yn; where the above sum is larger than doN in I'}] we obtain
part (c) of Proposition 2.2.6. Next let

T,=1I, + \/g"\l/(lo), A, =1, -1,
q
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2.4. SHORT TIME DYNAMICS 29

We have
n—1q-1
(2.12) Apg =z [ (0(@jg+r) = ¥(zjg+r))
§=0 r=0
(5 @) - (@) + (i (L)~ (1))
J=0 Jj=0
{n lqzl b(Zjg4r) — (xﬂﬁ""))
§=0 r=0
+ (nl @ Ijq - Jq| ) (nz\@)]
3=0
LEMMA 2.4.1. —
(2.13) Eg<(nl [b(zx) — @(xk)])Q) < Const n?62.
k=0
Therefore
Ee(’ Z [b(zk) — U (zy)] D < Const néi°.
k=0

Proof. — We have

£ (X [ben) - () )

k
=B 3 (Bl — T, [Blaw,) — Tlaw,)])) + On).
ka—k1>2
Let ks = [%(kl + k2)]. By Proposition 4 (f) the map z, — x, expands distances by
at least e 7°. We claim that this implies that for each standard pair €5,; = (Yksj, Pksj)
such that vy,; C pk3'y there exists a number (j,; such that

(214) |b xk1) - (xk1) <k3j| < 6%0

uniformly on each v, ;. Indeed since the preimages of v, ; under P have lengths @(65)
and since b is well approximated by o which is continuous away from the separatrix of
the inner system we only have to establish (2.14) in case x, passes near the separatrix.
To analyze this case we assume that n(zg, ) = 1 (other possibilities are similar). Then
by Proposition 2.2.2

’ do (xy) ’ < Const
dE} d
whereas

dE k41 ) Const
dFE; d+\/e
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30 CHAPTER 2. THE PROOF

so the preimage of y;1, () has Ei-length ©)(dy/c) and the oscillations of b on such
interval are O(v/) <« 1 verifying (2.14).

On the other hand applying Proposition 2.2.5 (a) for each j we have
Ee,,, (ks (b(wky) — Uy (1,)))) = O(°).
Summation over j gives
(<k3( (wkz) @kz(ajkz)))) = @(65)'

Combining this with 4) we obtain

(2.1
(([B(l'kl) (xk1)] : [B(llkz) - @(l‘kz)])) = 9(5%0)
proving (2.13). O

Next, since E(|b(zx)|) = O(1) we get an a priori bound

(2.15) E¢(|Ir — Io|) < Const kv/e
and hence

(2.16) E¢ (/I — I|) < Const kv/e.
Plugging (2.16) into (2.12) we get, for k < N,

(217) BellAn]) = 051 Ve + k).

Plugging (2.17) back into (2.12) we get

A, =003+ A
where

E((|An]) = 0(5).

Adding to I'y/ the set of points where 1A > (53/2 we obtain parts (a) and (b) of
Proposition 2.2.6.
Next, using Proposition 2.2.5 (c) we get by induction that for m > 3

Py(TY}, —T%,_;) < Const, | ——
Z( m m—l) = Lons |1n5|
Combining this with parts (d) and (e) of Proposition 2.2.4 for m < 3 we get (e).
Let now Qj = P¢(T}). Then

Qra1— Qe =Y ck—2,;Ps_, ,(Thyy —T})
J

where ¢ ; = Pg(p_k'ykj). Using Proposition 2.2.5 (b) we get

Qi1 — Qr = (Z Ck—2,j)\/gEZ (A1) (1 + o(1)).
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By already proven parts (a) and (e) of Proposition 2.2.6
D ek =1- Qi+ o0(6)
J

o)

(2.18) Qi1 — Qr = (1 — Qr_2)VeEs(A(z1)) (1 + 0(81)).
This gives a priori bounds

(2.19) Qr+1— Qr = @(\/g) and Q= @(51)

Combining (2.18) and (2.19) we get
Qre1 = Qr = VEMzx) (1 + 0(81)).

Thus given r we obtain after the summation over the period

r+q—1
Z Qrt+1— Qr = Ve A(Lo) (1 + O(61)).
k=r
This proves part (d) of Proposition 2.2.6. O

2.5. Free returns

2.5.1. Definitions. — Here we prove Proposition 2.2.4. First we need to give precise
definitions of close returns and also to explain when we consider an orbit stuck. Let
(J,E) — (J,E) denote the Poincaré map. Given a standard curve we write

k‘zﬁa q:dQ—E, r= dlp k= dE’ (j:@> 7 ilnp
dJ dJ? dE 7 dJ dJ dE
Close returns of the first kind are defined by the condition that the orbit of (J, E)
is within distance y/e/|Ine| from .. Close returns of the second kind are more

complicated to define. Indeed we need to satisfy several conditions (conditions (a)—

(c) of the definition of the standard pair). We begin with expansion. Observe that

dE OF OE OF

i~ o8 Fas ~ap W
by Proposition 2.2.1 and part (bl) of the definition of the standard pair. Hence
expansion may fail only near zeroes of 0E/OE. By Proposition 2.2.1 if c is sufficiently
small then these zeroes are close to the critical points of o. Proposition 2.2.1 and
Assumption (F) now imply that if |0E/0E| < 6e~3/8 then |9?E/0E?| > Const/+/c.
Also 27 27 25 25 = 27

jEE; = ZE]:; * 2kaaEanf +F ZJ * q% - % 0T,

Hence |d2E/dE?| > Const/+/¢ near possible zeroes of dE/dE. We now define close

returns of the second kind by the condition |dE/dE| < e~'/%. If a point has a close
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32 CHAPTER 2. THE PROOF

return of the first kind we declare it stuck and remove it from consideration. For the
close returns of the second kind we truck the orbit for two more iterations to see if
its recovers the lost hyperbolicity. Namely if

‘ ‘<5

we declare the point stuck. Otherwise let (j E) and (j, E) be the images of (J, E).
If

’ ‘ < - 1/16

we declare the orbit stuck if

‘ ‘<8 (1/448) o dé‘ < o~ (1/4+9)

or if (J E) or (J, E) experience close returns of the first kind. Otherwise we declare
the orbit free. If

dFE
9.9 -1/16 - ‘ ‘ -1/8
(2.20) € <|3m| <t

we declare the orbit stuck if

e ~1/8 o ‘E‘ < o= (1/4+5)

— | <€
dE

or if (J E) or (J, E) experience close returns of the first kind. Otherwise we declare
the orbit free. Finally if

%‘ > g—1/8
dE| —
then we set an orbit free if B
dE
‘T > e 1/4
dE
otherwise we declare it stuck.
2.5.2. Free orbits form standard pairs. — We now show that these rules al-

low us to preserve standard pairs. First we consider the case when all the traversed
resonances are weak and then describe the modifications needed to treat strong reso-
nances. We begin with points without close returns. We have

0T JOE + k9T /0T

(2.21) k=——= !
OE/OE + kOE/dJ

Combining the identity
8J OE 0oJ OF
28 a7 — a7 og W
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2.5. FREE RETURNS 33

(valid by (1.19)) with Proposition 2.2.1 we get

oJ oF
(2'22) 87E = @(E)aiE + @(E)
Thus on the set where |0E/0E|~! = O(1) we have
108 4 ko7
023) 0T/9E + koT/0] _ o
dE /dE

so k = O(e) and (bl) follows if C; is large enough. Next
0%J|OE? + 2k0*J J0JOFE + k*0%J /0J?
(dE/dE)?
(0J/OE + kOJ/0J)(0*E/OE? + 2k0?E /0JOE + k*0*E /0J?)
(dE/dE)3
[ aJ/oJ B dJ/dEOE/0J
(dE/dE)?  (dE/dE)
= (I)+ (1) + (II).

(224) q=

Now
_ O(e) D(e5/4) 5/
\(I)|_|8,/a |2+|87/8 |+@(s 1) = 0(e).

Next by (2.23)

2 2 2 292717 2
1) = @(6  O*B/OE” 1 2k0°E/0JOE + k*9°E/0J )
(dE/dE)?

The second factor here is

O(1/Ve) @(51/4) 1/4y _
o5/08( oo T €)=Y

so (IT) = O(¢). Finally using (2.22) we get

(II) = g x {Q(WE/laEP) + @(%s)} = D(e1+9).

Thus
(2.25) g=0(e).

Condition (a) is automatic since we delete points which come close to critical set
and the distance between those points is of order 1. Next,
—. 1 dE
)= Lo ),
pE) = —(PE) 15
where ¢ is the normalization constant. Hence
r d’E/dE? r

. 3 _ 1/4 _Uve
@2) = Ggin ~ wrjary = wrjam O s ame)
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34 CHAPTER 2. THE PROOF

The first term is ©(c'/4) and the last is

1/ve \
0 Harays) =OW
so (c) follows if C3 is large enough.

We now come to the close returns of the second kind. Consider the case |dE/dE| >
e~1/8 first. In this case (2.23) gives k = 0)(¢). Next (2.24) and (2.23) give § = 0(3/%)
and (2.26) implies O(7) = e~'/%. Thus if the orbit brakes free on the second step then

we have

verifying (a)—(c).
Next if e71/16 < |dE/dE| < e7'/® then we get
k=0@), §=0(?), 7=0@E"%?
If the orbit survives the next steps we have
=0(e), §=0("), =0,
k=0(), q=0(), r = 0(1).

n =

(2.27) {

QKR

In case €® < dE/dE < ¢~'/16 these estimates take the form

]2 — @(61_25), j= @(51/2—45)7 F= @(E—(1/2+26))
(2.28) k= O(e), 7= 0('=%), F= @(6—(1/4+6))’
k=06,  §=00), 7= 0(1).

This proves part (a) of Proposition 2.2.4. Also, part (f) follows because at each step
we have |dE/dE| > €% and on the last step the expansion is at least ¢~'/%. Part
(c) follows from Proposition 2.2.1(a). This concludes the proof of parts (a)—(c) of
Proposition 2.2.5 in case all three resonances v has to traverse are weak. The case
where some of the resonances are strong requires minimal modifications. First we
have to remove the points coming too close to A .. Since the distance between the
saddles of (1.9) and the zeroes of of 9E/OE is of order 1 by (2.7) and assumption (E)
we still have uniform lower bounds on the image lengths. For the estimates of k, ¢ and
r we claim that if at some point |0E/JE| > ¢~'/* then the worst case is still when
|OE/OE| ~ ¢~'/*. Indeed (2.23) holds near /. by Proposition 2.2.2. Thus comparing
what happens near /. with points near parabolic pieces we see that for terms having
dE/dE, (dE/dE)? and (dE/dE)? in the denominator the denominator is multiplied
by 1/de'/*, 1/d%c'/? and 1/d%e3/* respectively whereas the numerator increases by
|In™ d|/d, In*™ d/d? and | In®™ d|/d® respectively so the situation is much better. It
remains to prove parts (d) and (e) of Proposition 2.2.4.
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2.5.3. Measure estimates. — We complete the proof of Proposition 2.2.4 here.
Again we first analyze the case when all resonances are weak and describe the mod-
ifications needed for strong resonances at the end of this section. In this section we
shall make a frequent use of two estimates. The first is a standard distortion bound
(see Lemma H.0.1 of Appendix H). The second is (2.32) below.

Let Ey be a point where dE/dE = 0. Then near Ey

¢ &’E|_ ¢
2.29 o ) ‘ <2
Hence in the region where
dE
(2.30) ‘E‘ < oe73/8
we get
(2.31) \/>|E Eo| < ’dE‘ <2 |E Eql.

For these values of E we have
Cl ll
NG f

It follows from (2.31) that the close returns of the second kind have measure O(g'/4).

We now estimate the measure of Z;. It consists of several parts. Points coming too

(2.32) (E — Eo)? < |E — Eo| < -2 (E — Ey)>.

close on the first step have measure
(2.33) Py(Z;) < Constel/2+9,

by (2.31) (since p is uniformly bounded above and below by parts (a) and (c) of the
definition of the standard pair). Next there are points which satisfy £° < dE/dE <
¢~1/16_In the worst case scenario all those points will be removed at the second step
so we can not do better than estimate the measure of points removed from this part
by their total measure, that is

(2.34) Py(Z17) < Conste™/16
(see (2.31)). Next, consider points satisfying (2.20). They satisfy
|E — Eo| < Const

and if these points are removed on the second step then (2.31) and (2.32) show that
E should be close to the zeroes of OE /OE. Hence on the second step we remove
finitely many intervals of E-length ©)(¢%/8) (till the end of this section we use the
phrase ‘finitely many’ to mean that the corresponding number is uniformly bounded
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as € — 0). Next (2.31) and (2.32) show that the induced density (which we denote p
to distinguish it from the conditional density p) satisfies

ey = B e

Since 1/4/|E — Ey| is increasing towards Ey the worst case is when one of whose

intervals contains Fy. In this case the probability A of getting stuck can be estimated
with the help of (2.32). We get

2
% = Const 3/®
that is
(235) IP)@(ZH]) S Const 67/16

On the third step we have to remove finitely many critical intervals (where |8E JOE| <
£~1/%) and several non-critical intervals.
Let us first estimate how much we remove from the critical intervals. Reasoning

as above we see that on each interval we have to remove a set of E—length O(e'/4-9)

hence its E-length is ©(3/2-%/2) and E-length is ©(¢7/*6=%/4). Thus
(2.36) Py(Zrv) < ConsteTs 4.

Now consider non-critical intervals. Recall constants ci,co from the definition of the
standard pair. Decompose

(o< 35« 2]z U

where length(PY,) < ¢y and either length(PY,) > ¢; or Y, is adjacent to one of
the interval removed at the first two steps. If the first alternative holds we call Y,
complete, otherwise we call it incomplete. Let Z, = P(Yy).

5
5 5
43 2 3 o
1 C
4
3
5 5

Ficure 3. Thick line stands for . 1 is the interval removed at the first
step, 2 are the intervals removed at the second step, 3 are critical intervals,
4 are incomplete intervals, 5 are complete intervals.
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By the estimates of Section 2.5.2, P has bounded distortion on Y, (since Z, are
non-critical). We remove a set of E-measure ©)(e'/4%) from each Z,. This set has
E-measure )(¢'/47%|Y,|). Taking the union of all as we get a set of E-measure
O(e'/4=9)|E, — Eo| where 0E/OE(E;) = ¢~'/8. Thus the total E-measure of the
deleted set is O)(3/8¢1/47%) = )(/879). Since P expands by at least e~1/16 on the
set where (2.20) holds the total measure deleted from the complete intervals is

(2.37) Py(Zy) < Const e1t/1679,

There are also finitely many incomplete intervals. Since the minimal extension on
the second step is Const e~1/4 for non-critical intervals we conclude that E-length of
the removed set is ©)(¢'/279) and since the expansion of F +— E is at least e~ /16 we
get

(2.38) Py(Zy;) < Const e”/ 1679,

Finally we consider points with |dE/dE| > ¢~1/8. We remove intervals of E-length

~1/8

0(3/8) and since we have expansion of at least & the bound we obtain is

(239) ]P)Z(ZVII) S COHSt\@.

This completes the proof of Proposition 2.2.4 (d) for weak resonances. In the
presence of strong resonances there are additional complications.

(a) There are points which are removed on the first step due to returns of the first
kind.

(b) Returns of the first kind could appear after the returns of the second kind.

(c) There are points which come close to . on the second step without getting
stuck and we need to check that this does not destroy our estimates.

Case (a) contributes a set of measure O(1/&/|In¢|) by Proposition 2.2.2 (d).

To handle (b) observe that the probability to have a close return of the first
kind on the second step is ©(¢'/?|Ing|~1/2) since we have to remove an interval
of E-length O(¢'/?|Ine|~'/2) and E-length of the preimage of any such interval is
O(c'/?|Ine|~/%). On the third step we have to distinguish critical and non-critical
cases. In the critical case we have a bound ©)(e'/?|Ing|~'/8) by the argument used for
the second step. In the non-critical case we see using the bounded distortion property
that we remove a set of E-measure

O('/?|Ine|"Y2|E, — Eo|) = O(**|Ine|~1/?)

so the contribution of non-critical intervals is ©(¢%/%|Ine|~1/4).

Finally (c) is of no concern since the expansion near 7. is better than the expansion
away from A . and the bounded distortion property still holds so our estimates only
become better.
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It remains to prove Proposition 2.2.4 (¢). Again capture can occur either on the
first step or after a return of the second kind. For immediate capture we use a
bound O)(y/¢) of Proposition 2.2.2 (¢). Captures on the second and the third steps
are analyzed similarly to close returns of the first kind. The difference is that now
we use Proposition 2.2.2 (d) instead of 2.2.2 (¢) so we do not have powers of § in the
corresponding estimates. So instead of ©)(¢!/2+9/4) bound we get ©(¢!/2) bound.

We also observe that this bound comes from possible captures in critical intervals.
Namely for captures from non-critical intervals we have @(55/ 8) bound corresponding
to 0(¢%/8+%/2) bound for the first kind returns.

Proposition 2.2.4 follows.

2.6. Equidistribution

2.6.1. Equidistribution on a unit scale. — We prove Proposition 2.2.5 here. To
prove (a) observe that if |E — Eo| > /479 then 7 < Ce?. Divide the part of y where
|E — Eg| > £'/4? into segments {Y, } so that the image of each segment has E-length
1. Then by Lemma H.0.1 on each Y, the map E — E is €2 close to linear. Since
linear maps have required equidistribution properties part (a) of Proposition 2.2.5
follows.

2.6.2. Isolated returns. — Our next task is to prove part (c) of Proposition 2.2.5
following the outline given in Section 2.1. We say that a standard curve « has an
isolated return if for all Eq such that dE/dFE(E) = 0 we have

oF
OFE

Let us derive some consequences of the isolation. Let %X be a component consisting

(Eo)‘ —(3+49)

of points which have a close return of the second kind but are not removed at the
first step. X consists of three segments ¥ = X; U X5 U X3 where

X1 = {s < ‘ ‘ < —1/16}’ Ay = {6—1/16 < ‘g) < 5—1/8}’

X3 = {5‘1/8 < ‘ E‘ <6_1/4}

Let (Ey, J1) be the endpoint of & in X;. Then |E; — Ey| < Const /219 by (2.31). So
by property (bl) of standard pairs the J-coordinate satisfies |J; — Jy| < Const £3/2+9,
It follows from (2.32) that |E; — Eo| < Conste'/2+2% and Proposition 2.2.1 (d) gives
|J1 — Jo| < e'*9. It follows from the bounds on the second derivatives of E given by
Proposition 2.2.1 that

0E (By) > 1 —(/at49)

2.40
(2.40) OFE 2
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Next let E, be the closest point to Ey in % such that |dE/dE(E,)| = e~'/4. Then
(2.28) implies that the arguments of Section 2.5.3 are available giving

(2.41) |Ey — E1| ~ Cet/4%,
Now (2.32) implies that |E; — E1| ~ Const e/872% and (2.31) gives
dE

' aty > ~1/8-26
(2.42) 15 (Ez)‘ > Const e

2.6.3. Getting stuck at isolated returns. — Let 21 denote the event that the
orbit gets stuck due to the second kind return.

LEMMA 2.6.1. — If v has an isolated return then

Py(Z,) < /29,

Proof. — We need to show how to improve (2.34), (2.35), (2.36) and (2.39) for isolated

returns.
We begin with %X;. An argument similar to the proof of (2.40) shows that on PX;
dE| _ 1
2.43 2| 2 pe /e
(2.43) dE| = 10°
so nothing is removed on the second step. Also (2.43) means that P has bounded

distortion on P%;. Consider two cases.

1) |[P2%;| > 1. By the bounded distortion E-measure of the removed set is at most

(/43| PX,|) = O(5/89) and since |dE/dE| > ° on ¥, the E-measure of the

removed set is ©)(g%/8729).

2) |P2X1] < 1. Since E-measure of the removed set is O(1/479), by (2.43) E-
measure of the removed set is at most O(e'/273%) and its E-measure is at most
IP)(ZH) _ 0(61/2+26).
(Here the tilde is used to emphasize that this inequality is valid only for isolated
returns).
Case III is analyzed similarly to case I giving
P(Zy) = 0.

In case IV we have the following changes comparing with case II. Due to (2.31) and

(2.32)

cl/4
7 S |P(%2)| S 051/4
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and (2.41) shows that (2.43) still holds so only case (1) can happen. Now E-length of
the removed set is O(c'/4~%|PX,|) = O(¢'/279). But the expansion on the first step
is at least e~1/16 so

P(Z) = O(e”157°).

Case VII is analyzed as before except that due to (2.42) for points having close return

on the second step the minimal expansion on the first step is now @(671/ 8-2%) giving
much needed improvement of 2§. Thus

P(ZVH) = @(51/2+5)~
This completes the proof of Lemma 2.6.1. O

2.6.4. Proof of Proposition 2.2.5 (c) for returns of the second kind

In the next section we show that non-isolated returns are rare. More precisely we
establish the following result.

LEMMA 2.6.2. — P(component containing P’z has a non-isolated return) =
O(1/8~43| Inel).

This Lemma implies the estimate of part (c) of Proposition 2.2.5 for returns of the
second kind since the contribution of isolated returns is ©(e!/2*%) by Lemma 2.6.1
and the contribution of the non-isolated returns is

@(51/8—45|1n8| % E7/16—6/4) _ @(€9/16—(17/4)6|1n€|)

where the first factor is the probability of a non-isolated returns and the second factor
is the probability of getting stuck in a non-isolated return.

2.6.5. Isolated returns are rare. — Here we prove Lemma 2.6.2. Let
oF OE| 4 OF| _ _,
C.={35 =0} U {8E‘<£ o {‘aE‘_s 3

Thus C. is the critical set, U, is a small neighborhood of the critical set and on
J€ our system is strongly hyperbolic.
We want to follow the outline of Section 2.1 but we need to address two issues.
(i) The isolated returns are defined in terms of dE/dE, not 0E/OE.
(ii) We know that
OE 1 /0w 0o
o~ (55 % + o)
OFE \/e\0I OFE
but we need to check that o(1) term does not invalidate our arguments.
To address (i) let Ey be a point such that dE/dE(Ey) = 0. Then
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whereas
d oF Const

@aE‘ - ‘6E2 N
Therefore either there exists E{ such that |Ej — Ey| < Const v/ and (Ej, I})) € C: or
Ej is near a boundary of its standard curve.

)| =

In the first case we have |E(; — Ey| < Const+/€ so if the return is non-isolated then

(2.44) % (&)

Therefore we have the following statement.

< 9¢~(1/4+49),

COROLLARY 2.6.3. — If a subcurve 5y C per has a non-isolated return then either
there exists © € 5 such that x € C. and d(Pz,C.) < Conste/*=* or d(87,C.) <
Consty/e.

Now in our inductive construction we have a freedom of how to break P~y into
pieces. If we avoid putting the endpoints in U. then the second possibility would
means that 5 experienced a close return and this has probability e'/4. Thus we can
ensure isolation by excluding (2.44). This takes care of (i).

To handle (ii) we show that C. has properties similar to . Namely on C.,
%(8E/8E) # 0, so C; is a graph of a function E = F(J) with

OF  0°E/0ED] 1
(2.45) 5 =~ 5B/0m (=)

Let (E, j) be the image of C.. Then

)

*

o0 < || et <

by twist condition.

The next lemma shows what we can disregard points with small expansion.
LEMMA 2.6.4. — P(3j < n(z) + n(P(z)) : Plz € U.) = O(c'/?).

Proof. — Since close returns have probability ©(c'/*) < €!/® we can consider only
points avoiding close returns. In this case we have bounded distortion property so
the probabilities are the same for image and preimage giving the result. O

Now consider Py N # .. It has many components.

LEMMA 2.6.5. — J-distance between consecutive components is O(e).
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Proof. — If we lift the picture to a strip in (E, J)-plane then the E-distance between
the components is ©(1). On the other hand by (2.22)

dJ oFE

& = 350
Since In |0F /OE)| oscillates by ©)(1) on components from . the result follows. O

Now consider P~1C.. Since D = (0E/OE)(0J/38J) — (0E/3J)(8J/OE) = 1+0(1)
we have

0J OFE OFE 10w

(2.47) aij ~ 87E7 ﬁ ~ _gﬁﬂ
oJ OF
(2.48) = OWE), o= 0(1).

LEMMA 2.6.6. — Take (E1,J1) € C.. Let P~Y(Ey,J1) = (E1,J1) belong to one of
the components of Py N H.. Then there exists (E,,J,) € C. such that
Const e

(07/0.T)(J1)]
and P_l(El*, j1*) belongs to either the consecutive component of PyNJ . or to U..

(2.49) Ty = Tl ~

FIGURE 4. Components of Py (thin lines) and P~'C. (thick lines) have
many crossings

Proof. — Suppose that 8J/8J(J1) = (OE/OE)(Ey,J1)/D > 0.Let J = f1(E) and J =

f2(E) be equations of consecutive components of Pvy. We claim that P~1C. can not

be squeezed between the graphs of f; and f,. Indeed by property (bl) of standard

pairs f;(E) have slopes @)(¢). Also the distance between the components is @)(g) by

Lemma 2.6.5. On the other hand P~'C. has slope at least c£%/8 by (2.45), (2.47)) and

(2.48). This shows the existence of the intersection. It remains to establish (2.49).
We have by the Intermediate Value Theorem

= = dJ, = =
Ji=Ji=J1 = | —=(Es, o).
= i1 = T2 = T{155(Bo, To)
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Next
dJ 9dJ OF
1 E¢o,Jo)(1 1)).
ENi aJ( +o(1)) = 35 Fo 0)(1+0(1))
Using the definition of standard pairs and Proposition 2.2.1 we see that on P~y
‘ i @ ‘ < Const
dEOEI = /e

Next if the image of [Ey, E1] belongs to # . then |E; — Eo| < £3/8 so that

OF oFE 1
<eg /8
ap PV~ BE(EO)‘ =€
and hence
oF E
35 (BorJo) = a5 (B, Ji) (1+0(1)).
This completes the proof of (2.49). Lemma 2.6.6 is proved. O

Let now E5 < E; < Ej3 be such that the interval [Ey, E3] inside P is the preimage
of the standard component containing (E,J;). Let AE = Es — Ey, AJ = |J, — J, |.
By bounded distortion, (2.47) and Lemma 2.6.6

AE| < Const < Const
- 8E/8E(E1,J1) 3

AT,

Let R. C C. denote the subset of points having non-isolated returns. Let (Ea, ja)
be the points of the intersection R.()P2?y()P#. and consider corresponding
AE,,AJ,. It follows that

Z|AEa| < Co;ast Z|A7a| < Co;stL%Emj(E'

where K. is the interval of feasible values of J after two passages. Observe that
| K| < Consty/elne since J jumps by at most £)(1/lne). By (2.46) each component
of R. has J-length ©)(c%/4=%9). Since it takes at least the length of Conste to wind
around the cylinder there are at most (| Ine|/+/€) such components intersecting ﬁzry’.
Their total measure is 9(3/4~*°|1In¢|). Thus

|R. N K| < Const /44| Ing|.

Therefore
Z |AE,| < Const e~ /44| Ing|.
o
We need to estimate the measure of preimages of these intervals. Since P expands by
at least Conste~3/% by the definition of #. this measure is at most '/5~%|In¢| as
claimed.
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2.6.6. Passages near saddle points. — We are now ready to complete the proof
of Proposition 2.2.5. Divide v into subintervals {Z,} such that |p2Za| ~ 1. Again for
most segments the map Z,, +— PZZQ has distortion O(¢%) and so Proposition 2.2.2 (d)

gives

(2.50) P, (]32x gets captured before
the next return | z € Z,) = Ve Aj(z)12(2)-

To prove part (b) of Proposition 2.2.5 we need to get this estimate with next return
replaced by next free return. The problem is that near the parabolic tip the preimage
of a set of E-measure 0)(y/2) can have measure 0(+/¢) (see (2.32)). Therefore on the
second step a set of measure ©)(1/) can be removed so that (2.50) could fail if we
replace P’ by P. In other words we need to show that most of the tips of ]327 do not
get captured immidiately. To do so we can extend the definition of isolation to require
d(Eq, N .) > '/%. Arguing as in subsection 2.6.5 we can show that most returns are
isolated in the sense of this new definition. Therefore captures of the second step
are much less likely that the captures at the first step so that (2.50) gives the main
contribution in Proposition 2.2.5 (b). This completes the proof of part (b).

The new notion of isolation also allows to improve the estimate for the measure of
points getting stuck due to a return of the first kind to 9(¢'/?|Ing|~1/2) (even though
the bound ©)(e'/2|Ine|~1/8) established in Section 2.5 would suffice for the proof of
Theorem 1). This completes the proof of part (c¢) of Proposition 2.2.5.

2.7. Theorem 2

2.7.1. Preliminaries. — We shall follow the main ideas of the proof of Theorem 1.
We need to supplement Propositions 2.2.1 and 2.2.2 by the description of the dynamics
of captured orbits. In the Proposition below d is the closest distance the orbit comes
to A . during the time of capture (this distance is realized at either entrance into the
resonance or the exit from it).

PROPOSITION 2.2.2*¥. — The Poincaré map P : S — S satisfies the following on
the set of captured orbits. Let orbit of (J, E) be captured near the saddle 0,5 and
(J,E) = P(J,E). Then for d > \/¢/|Ing| the following holds:

(a) Supd<\/€/ln€ ’j_ QJk(J)‘ — 0.

(b) There exists a function ¢(I) such that

0E  _In’¢ OFE In?e
@NC(I) c ) ﬁ_ <E3/2)7
aJ In?e aJ )
ﬁ = (7\/E ), @ = @(ln E).
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(c) For any & > 0 the estimates for the second derivatives are worse than the
estimate of Proposition 2.2.2 by a factor of @(57(1”)). Thus

0%J 5 0°E =
vy 9(6—(3/4+5)) = @(E(_7/4+6))
OF? " QFE? ’

a‘?;az _ @(5(_5/“5)), 38;9EE _ @(5_(9/4+5)),
0%J < 0’E =
ZY @(5_(7/4”)) — @(E—(11/4+6))_
0J? T 0J2

(d) The time of capture is bounded by ConstIne.

(e) Prob,(d < v/¢/|In¢|) = O(\/e/|Ine]).

The proof of Proposition 2.2.2* is given in the Appendix F. The explicit expression
for ¢([I) is (recall the notation of Section 1.3)
_ —C*c(l) c(QU)) Ow
I)= - —(Q(D)).
o) = ~fiomy 51 @)

Next we extend P to captured points as follows. If the orbit gets captured we let
P = P unless d < y/¢/|In¢| in which case we declare the orbit stuck. Propositions
2.2.4 and 2.2.5 have to be modified as follows.

PROPOSITION 2.2.4*¥. — Proposition 2.2.4 remains valid with the new definition of
P.

The proof of Proposition 2.2.4* for captured points is similar but easier then the
proof (of Proposition 2.2.4) for non captured points. Indeed for captured points the
expansion is stronger while distortion is still under control. We leave the details for
the reader.

PROPOSITION 2.2.5%. — Proposition 2.2.5 remains valid with the new definition of
P.

Proposition 2.2.5* follows immediately from Proposition 2.2.5 since we now exclude
a smaller set.

Comparing to subsection 2.2.3 we now enlarge I'} since some captured points get
stuck afterwords. We let I'} to be the set of points which have been captured but
have not been stuck so we have Iy C I'y in the new definition. Let Iy, denote
the set of points experiencing exactly one capture which happens near 6;; and let

Iy =Ty - (Ujkrj\fjk)‘
PROPOSITION 2.2.6%. — There exist a function d3(81) such that lims, o 62 = 0 and
a subset Ty C 7y such that

(a) Pe(l—‘%) = 0(51),
(b) |IN — Iy — 51\11(10” < 6162 forallz e Ty — (F§V U ].—‘INN)
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(c) Let t©(z) be the time between zo and zn then

Vet (@) -

< 61627

)
forallz e Ty — (T UTR),

. 81 M (Io)
(d1) (Pe(T k) — %

(d2) In — Qjx(Io) = o(1),
(d3) t°(x) < Const N,
(e) Po(T%) < 6162,

(f) Py(Ty) < 6165.

‘ < 6162 and for x € FN]k

The proof of Proposition 2.2.6* is similar to the proof of Proposition 2.2.6. The
only new issue is to show that the set of points experiencing more than one collision
has measure 05, —.o(N+/€ ). This is done in two steps. First we use Proposition 2.2.5 (b)
to show that the set of points experiencing at least one collision by the time of the
n-th return has measure at most Cny/e. Secondly we use this bound to deduce that
the set of points experiencing at least two collisions by the time of the n-th return
has measure at most (Cn/g)2.

2.7.2. Proof of Theorem 2. — We follow the proof of Theorem 1. Again it is
enough to obtain the result for (I, ¢)(0) being distributed according to a standard
pair £.

We define (™), T T T(n) and 7§n), similarly to the definitions of Section
2.3. As before we show that if n < T'/6; then the measures of L 7" and
[ are small. Also Proposition 2.2.6* (b) shows that I(™) changes little between
T, and 7,41 except for a small measure set so it is enough to restrict our attention
to (I, 7,). We want to show that as ¢ — 0 and d;(¢) — 0 at appropriate rate
(I t/61) r, /5,) converges to a Markov process with generator

0A 10A M;(I)+
LAY, 7) = W+ -5 +§W[A(ij(l),7-)—A(I,7-)].
We first show that the family {(I*/%), 7, 5 )} is tight.

Let Ty be a small number. Since by Proposition 2.2.6* this family is uniformly
Lipshitz apart from the jumps by [25], Section VL5 it suffices to show that given
Kk > 0 there exists Ty, €9, dg such that

(2.51) Prob (3t € [0,T — To) : I/ experience
at least two jumps on [tg, to + TO]) <k

provided that §; < §g, € < .
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To this end we show that there are constants Cy,Cy > 0 such that
(2.52) P, (there are at least m jumps for by time Ty/d1) < C1(CoTp)™.

Inequality (2.52) with m = 2 implies (2.51) since the interval [0,7] can be subdi-
vided into O(T; ') subintervals of size Tp. So it remains to prove (2.52). Proposition
2.2.6* (f) allows us to neglect points having at most two jumps between 7,, and 7,41
for some n. Let

Winn = Py (j mn)

where

.. = {there are at least m jumps by time n but there is
at most 1 jump on 7y, 741 for each k < n}.

We wish to show that

(2.53) Wmn < C1 (Candy)™

Proposition 2.2.6* (d1) gives a recursive relation
Wmt1,n41 < Wimtin + KI1Wmn

from which (2.53) follows by induction. (2.53) implies (2.52) proving the tightness.
Let (I(t),7(t)) be a limit point. We shall show that for any functions of compact
support Bi,..., B, A for any moments s; < 85 < +++ < 8y, < b1 < to

(2.54) IE(HBk (I(si), 7(s)) [A(I(tQ),T(tQ)) — A(I(t), T(th))
k to
- / (LA)(I(S),T(S))dS]) = 0.

t1
To establish (2.54) we let ny (¢ = 1,2) be the numbers such that n,0; are closest to
t,. Take some 'yj(."l) and let ¢; be the corresponding standard pair. We show that, as
€ —0and () — 0,

(2.55) Be, (A0, 7,) = AT, 7)) = 61> (LAYI®), 7)) — 0.

S=n1
Let 'yﬁs) be standard curves such that P_(s_nl)N’yﬁs) C ’y](m) and let K&S) be the

associated standard pairs. Let (I*,7*) be values of action and time for a point from
~{¥). Then on +*) we have (I,7) = (I*,7*) 4+ o(1). We shall show that

(2.56) E o (A", 7,) — AT, 7,) = 61 (LAY (I*, 7%)) = 0(81).-

Then the summation over r and s will give (2.55). Next, since the product of B’s in
(2.54) is almost constant on 7}”1) we have

By, (B[AUI", 7,,) — AU, 7,,) = 6, 5 (LAY, 7)]) — 0

sS=nq
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as € — 0, 6(¢) — 0 where B =[], Bk(I(*(”ﬁSi‘sl),T(_(nl_sj(;l)).

Summing over j and passing to the limit as € — 0 we obtain (2.54) as claimed.

To establish (2.56) we consider the contribution of several terms to E ) (A(In, O (z))—
A(I*, 7).

(I) The contributions of I/, " and T' are o(;) due to parts (a) and (f) of Propo-
sition 2.2.6*.

(IT) The contribution of ' — (I UT" UT") is

0A 10A
|\ U—+ ——| (", 7"
Wer p Or (%)

due to parts (b) and (c) of Proposition 2.2.6*.

(IIT) The contribution of I'y,, is

My(I*)
L;(I*)
due to part (d) of Proposition 2.2.6*.

91 [A@Qyr(I7),77) = A", 7")]

Combining (I), (II) and (III) we obtain (2.56) completing the proof of Theorem 2.

2.8. Open problems

In this paper we described effective evolution of slow-fast systems with periodic fast
motion and integrable slow motion in the presence of both weak and strong resonances.
This is a first step in developing the statistical theory of adiabatic invariants. Below
we list open questions motivated by our work.

2.8.1. Weakening of conditions (A)—(K). — The theorems of this paper are
valid under nondegeneracy assumptions (A)—(K). For a typical system one can expect
these assumptions to hold in a neighborhood of a typical point. However they may
not be valid globally. For example, assumption (E) says that a certain function of I
is non-zero. While one can expect this functions to be non-zero near a given point
Iy, on the whole interval it may have zeroes which can not be removed by a small
perturbation. As a result Theorems 1 and 2 describe the evolution of the system only
locally in time, that is, until the orbit leaves the region where the assumptions (A)-
(I) hold. By, contrast, the assumptions (J) and (K) can be expected to hold globally
since they ask that certain maps R — R? are non-zero. It is desirable to relax the
other conditions as well so that they would hold globally for a typical system. Below
we discuss possible weakening of conditions (A)—(I).
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QUESTION 1. — Is it possible to extend Theorem 1 and 2 to the following cases:
(a) there is an orbit of the averaged system which is tangent to a resonance curve;

(b) two resonances cross?

The first step in answering these questions is to obtain the analogue the normal
form (cf. (1.9), (1.14)) for systems with degeneracies described above. The estimates
of errors for averaging of slow-fast systems with single frequency fast motion under
the assumption of general position singularities were obtained in [6] but we need a
more precise information to deal with the problem of adiabatic invariants.

QUESTION 2. — Are Theorems 1 and 2 still valid if the twist condition is replaced by
the assumption that the critical points of the function I — w;(I) are non-degenerate?

Heuristic arguments of Section 2.1 indicate that in case all w; are constant the
system may have many elliptic islands since the hyperbolicity is lost (cf. [52]). On the
other hand if Qw;/0I have only isolated zeroes then there is still some hyperbolicity
even though it is much weaker than in the case where the twist condition holds.

QUESTION 3. — Extend Theorems 1 and 2 to the case where assumptions (D)—(F)
hold except for finitely many values of I.

In order to achieve such an extension one needs to do two things. First, an asymp-
totics of Propositions 2.2.1 and 2.2.2 should be improved since lower order terms will
play a role near the degeneracies. Secondly, one needs to modify the definition of stuck
orbits. Indeed the assumptions (D)—(F) are used to establish hyperbolicity so near
the points where (D)—(F) fail the hyperbolicity is weaker and more time is needed to
recover good estimates near the parabolic tips.

Assumption (G) is discussed in Section 2.8.2.
Finally we come to assumptions (H) and (I). They can be weakened as follows.
(H') There exists s;x(I) such that H(s) < 0 for s € [0, 8,%x(I)], H(s;x(I)) = 0. The

functions I +— M (I) and I — M;),(I(s;x(I)) have only isolated zeroes {I7;,} and
{I%e} respectfully. Moreover W(I7},) # 0.

(I') The inner averaged equation is not overtwisted apart from finitely many points
{Ijre}. Moreover U(I ;i) # 0.

THEOREM 2'. — Theorem 2 remains valid if assumptions (H) and (I) are replaced
by (H') and (I').
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Proof. — Take h(g) — 0 as ¢ — 0 sufficiently slowly (for example h(¢) = &’ where
d = 0.001 would do). Let Ajxe = [Ijxe — h, Ljge + h]. (Ijxe can be either I]'-M, ;’kb
or I jke-) On the complement of Aji,’s the argument of Theorem 2 remain valid
since Proposition 2.2.2* remains valid (indeed assumptions (H) and (I) is satisfied
on G — U, Ar). However inside A; standard pairs need not be preserved after the
capture since the estimates of Appendix F are no longer valid. However by Theorem
1 the probability that the orbit is captured inside one of Az, near the bad saddle is
O(h) so it tends to 0 as e — 0. (In case of I}}, and fju this is true because a typical
orbit spends time ©)(h) on Ajy,. In case if I, the estimates of Appendix F can only
be violated for the orbit captured near the saddle 6;;(I) but the probability of such
capture is small since Mj, is small on Aj.) Therefore bad captures inside Ajz, can
be disregarded. O

2.8.2. Separatrix crossings. — A typical situation where the results of this paper
apply is small perturbations of integrable systems. In order to bring the system to the
form 1.2 one needs to pass to action-angle variables of the integrable system. However
the integrable systems usually admit action-angle coordinates only locally. In fact,
in 1 degree of freedom systems the resonances typically happen at the separatrices
separating the regions with different action-angle coordinates (since the vanishing
of frequency is equivalent to the period being infinite). A well known example of
this situation is one (and a half) degree of freedom systems with slowly changing
Hamiltonian H(p, q,et). Currently the results of our paper do not apply to this setting
since action-angle coordinates are singular near the separatrices and so the smoothness
assumptions of our paper are not satisfied. The C° expansions for the change of
quantities of interest are obtained in [11], [12], [44], [53], but to apply our arguments
one needs to supplement them by the C2-bounds. We hope that the analysis of
Appendices E and F can be helpful in obtaining such bounds.

QUESTION 4. — Extend Theorems 1 and 2 to the case where the vanishing of the
frequency w happens on the separatrices of the integrable system.

This question deals with separatrices of the fast system. However separatrix cross-
ing appear at other stages of our analysis as well.

QUESTION 5. — Extend Theorems 1 and 2 to the case where the averaged system (1.4)

has separatrices.

For systems with separatrices it it natural to consider the limiting Markov process
not on the segment but on the graph whose vertexes correspond to the separatrices.
The motion inside each edge could be analyzed by the method of our paper, but this
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analysis should be supplemented by the boundary conditions describing the probabil-
ity of the orbit to enter different action-angle domains after the separatrix crossing.
We refer the reader to [23], [22], [48], [50] for surveys of problems where similar
limiting processes on graphs appear.

QUESTION 6. — Extend Theorem 2 to the case where the inner unperturbed system
(1.9) has both centers and saddles.

In this case the entrance-exit maps become random since the domain which the
trajectory chooses after crossing the separatrix of the inner averaged equation becomes
random. The probability of chooosing a particular domain is computed in [40] (see
also [5], [10]).

2.8.3. Systems without strong resonances

QUESTION 7. — Describe the effective evolution of the adiabatic invariants in case all

resonances are weak.

If all resonances are weak then Theorem 2 tells us that most orbits do not move
at time t ~ e~'/2. Since the Law of Large Numbers gives a trivial description of the
dynamics it is natural to conjecture that the main contribution comes from deviations
which are described by the Central Limit Theorem. That is, one expects [49] that
the adiabatic invariants evolve so that

I(t) — I(0) ~ VeVt

and hence the correct scaling is 7 = te ! and the limiting process should be a diffusion.
That is the generator should be

f:mn&+%un£.

A comparison with systems with chaotic fast motion [18] suggests that the diffusion
matrix should be determined by the leading terms in the change of I. Namely,

an/ﬁuﬂmﬂ

One the other hand in order to compute the drift one needs to take into account
subleading terms as well. To understand this consider a simple recurrence relation

In+1 I, = \/go-n + 6En

where (0,,,0,,) are independent and E(c,,) = 0. In this case n ~ ¢! steps are needed
for I to change by ©)(1). During this time the systematic contribution of the subleading
term o, is ~ en which is of the same order as the fluctuations ©(y/cy/n) of the
leading term o,. One case where drift computations can be simplified is when the
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invariant measure of the limiting process is known. For example if the original slow-
fast system has smooth invariant measure this measure could be projected into the
space of adiabatic invariants yielding the invariant measure for the limiting process.
In this case the condition that a given measure is invariant yields a relation between
drift and diffusion coefficients (sometimes called Einstein relation).

In the general case in order to compute the drift one needs to improve the asymp-
totics of Proposition 2.2.1. It is likely that higher order improved adiabatic invariants
can be helpful but the computations would be more involved than the computations
presented in the appendices of the present paper.

Another problem is that one needs to relax the definition of stuck orbits since
otherwise all the orbits will be removed from consideration by the time t ~ ¢~1. Some
progress in this direction has been obtained in [15].

After the systems with weak resonances only are understood one can pass to the
generic systems where the segment of possible I values is divided into several regions,
some of which admit only weak resonances while the others have the resonances of
both types. In particular, one should study the transition between different regions.
The questions discussed in Section 2.8.1 should be of particular relevance here in
describing the motion near the boundary.

In case the space of I’s is higher dimensional the regions also are higher dimensional
and so their boundaries have positive dimension. In the analysis of these systems one
is likely to encounter diffusions with non standard boundary conditions. The study
of such diffusions is of independent interest.

2.8.4. Non integrable averaged motion. — Our paper deals with the case where
the averaged system is integrable. This is a special instance of the general problem
in averaging theory which can be stated as follows:

Suppose that the long time behavior of the averaged system is well understood.
Describe the long time behavior of the actual system

While this problem is too general we would like to formulate the following question.
QUESTION 8. — What happens if the averaged system is Morse-Smale?

In other words we suppose that the limit set of the averaged system consists of
finitely many periodic (and fixed) orbits. Therefore each trajectory of the averaged
system eventually settles close to one of these orbits. However the capture into a
resonance may eventually move the actual trajectory into the attraction domain of
another orbit. So the actual system will exhibit metastability (see [50]). The limiting
process should be a finite state Markov chain describing near which orbit the trajec-
tory is located. Question 8 makes sense for any dimension of the slow variables but
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it is especially relevant in two dimensions since the Morse-Smale property is generic
among dissipative two dimensional flows [56].

2.8.5. Higher dimensions

QUESTION 9. — Extend Theorem 2 to higher dimensional systems.

It seems likely that the methods of the present paper are sufficient to handle the
case of higher dimensional slow variables. In fact, the inner unperturbed system (1.9)
is integrable in any dimensions (see [5], [37]) and many results of Appendices C and D
admit straightforward generalizations to the case I and ¢ have arbitrary dimensions.

The case of higher dimensional fast variables (that is of quasiperiodic fast motion)
is quite different. It is possible that our approach can be adapted to the case when
there are only finitely many resonances (that is as and (s in (1.2) are trigonometric
polynomials in #) once an appropriate definition of the standard pair is found in
this case. However the general case when infinitely many resonances are present
requires new ideas. In fact, it is not even clear how to generalize our assumptions
(A)—(K) to the quasiperiodic case. In the periodic case these conditions require that
certain expressions should be different from zero. Since there are only finitely many
resonances we could utilize compactness to get uniform bounds from below. It is
unrealistic to expect such uniform bounds in case of infinitely many resonances. On
the other hand merely requiring the corresponding quantities to be different from zero
is likely to be insufficient for our arguments to work. For example, recall that in the
periodic case if there are no resonances then the KAM theory is applicable. However
mere irrationality of rotation number is insufficient to guarantee the existence of
invariant tori. One has to require some qualitative non resonance estimate as given
for example by the Diophantine condition. It is not clear how to formulate qualitative
extensions of conditions (A)—(K) which would be sufficient for our approach to work
but would not be too restrictive so that they could be verified for systems of interest.

As a first step in handling quasiperiodic fast motion one can try to prove that
the jumps of adiabatic invariants at different resonances are independent for times of
order 1. (For periodic fast motion such results have been obtained in [54] in a model
problem.)

ACKNOWLEDGMENT. — I am grateful to Anatoly Neishtadt for many useful comments
on the prelimnary version of this paper.
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APPENDIX A

ASYMPTOTICS OF THE POINCARE MAP

A.1. Size of the jump

Here we prove Proposition 2.2.1 (b). First we check the convergence of (1.14). To
this end we observe that by (1.15) we have to establish the convergence of

ar(I,(1),0)d9 [ dA(I,¢(I),6)
V2(LE + L + G) V2(LE + L6+ G)
A1, (1), 0) 1 A (2L + g)
* /( 2(

T 2LE+ L6+ G) 2 LE + L0 + G))?

and the last integral converges at oo since the denominator behaves as 63/2.
Next, we estimate the change of J in three different regions:
1) {lw > Ke'/*},
2) {RVE < |w| < K&/},
3) {lwl < RvEe},

where K and R are parameters.

Let A; denote the jump of J in the region 1). Since |J| < Conste/w? we have
|A1] < Const /e/K?. To bound A, we have to estimate | e/w?dt where the integral
is over region 2). Recall that r = w/\/, d0/dt = \/er, r? ~ . Therefore using 6 as
the integrand we get

NG

Ke™ 1/4
< Const—-
- R

’/ dt‘ < Const/| |3d9 < Const—— |9 < Co nstT R

To estimate Az we observe that by (1.5) Az = Az + (y/z/R) where Aj is the change
of I in region 3). To estimate Az change variables in (1.6): T = (I —I)/+/z, where I
is the value of I at the time our trajectory crosses {|w| = v/¢ R}. Then

I'=a (I ++el,ver,b,e)
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and we also replace I by I+ \/Efin the RHS of (1.6). Now as ¢ — 0 the equation
(1.6) converges to

¢ =r, ¥'=L+g, I'=o(,0,0)
It follows that 33 ~ EJR(I~ , E) where where E is the value of E at the time our
trajectory crosses {|w| = v/eR} and o denotes the integral (1.14) taken between the
limits » = FR.

Next we claim that
(A1) E=E+o0(), ¢—0

Observe that the evolution of E is given by the following equation (see (1.6))

(A.2) E = \[ \[m m+1 <m)+ Z\frrrkl m (m)+HOT

m=1

2L2

where % ™ have zero mean in 6. Thus 7y

- r m ,.m p(m)
E—E—[\/EzLQAl—Fzm:a rm ¢ }

~(m) = dF(lm /df#. Make a change of variables

Then (A.2) and the fact that ' = @)(r) imply that dE/df = 0)(y/€ ). Since 0 changes
on the interval of order ¢?//e (A.1) follows. Combining our bounds for A;, Ay and
Aj we get the following asymptotics for the total jump

1 1
Since K and R are arbitrary we can let them go to oo getting A ~ \/eo(I, E).

A.1.1. Passage time. — To obtain Proposition 2.2.1 (a) we observe that by argu-
ment of Section A.1 implies that

(I,0)(t) = (I,4)(t) + O(Ve)

where (I, $)(t) is the solution of (1.4) with the same initial condition. Now the result
is obvious.

A.1.2. Proof of Lemma 2.2.3

Proof. — Observe that (1.9) preserves Liouville measure drdf = L(I)dEdt. Let t, be
the first moment when the solution of (1.9) has r(¢) = z. Then uniformly in 6, I

tz
a(0,I) = lim a1 (I,¢;(1),0(1,E, s))ds
Z2—00 —t,

Since the union of orbits starting on

(= 52)
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FI1GURE 1. Proof of Lemma 2.2.3. The fluxes through the clear and filled
domains have opposite signs.

covers whole cylinder [0,1] x R except for the loops ;i we get

v a1 (1, 85(1),0(1, F,)) ds | dF

- //[O,I]X[—z,z]—ukﬂjk a1(1,65(1),9) L(I)
drdé
= _zk://ﬂjk a1 (I, ¢;(1),0) I~ (D).

The second identity follows by (1.3) from the fact that

// on (I, ¢;(I),0)drdf = 0. 0
[0,1]x[—2,2]
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APPENDIX B

DERIVATIVES OF THE POINCARE MAP. OUTLINE OF
THE PROOF

Here we describe the asymptotics of Poincaré maps between sections corresponding
to different resonances. We assume first that the orbit avoids §y neighborhood of the
separatrix and then show how to remove this restriction. Let R = ce~ /4. Given a

resonance we let r = w/+/e,

= G ~ = G
JZ{TZ—(R-I-E)}, Jz{r:R—i—E}.
To simplify the formulas we use H instead of E variable. Then the asymptotics of
Proposition 2.2.1 take form
0H 1 — 0w O0Jo 0H L
il Pt ==
O0H e 0I 0OH €
H 1 — 2 T2
O _ L pow O o O
OH? /e OI OH?

where L is the value of L at the new resonance.

To estimate the derivatives we decompose the Poincare map into several pieces by
cutting the orbit between the sections into several parts.

Below we use the following terminology. Given a surface S and a point xg let 7(xq)
be the first time the orbit of zo visits S. We call time 7(z¢) map of our differential
equation the hit map of S (for zp). If instead of fixing time we project orbits near zg
to S along the flow lines we shall call the result landing (to S) map.

1) (J,H)— (I,H).

2) Landing to {# = 6y }. For steps 3) and 5) we use 6 as the time variable.

3) Hit of {r = —R}.

4) Passage of resonance (from {r = —R} to {r = R}).

5) Hit of 5.

6) Landing to S;.
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7) (I,H) — (J, H).
8) (J,H) — (J,0)
9) Hit of Ss.

10)

11)

Landing to Ss.
(J,6) — (J,H).
In the computations below we always assume that ¢ — 0, ¢ — 0, R — oo so that

€ < c and € < 1/R. That is first, we choose ¢ as small and R as large as needed and
then let € < &(c, R).

We shall use subscripts j for the variables appearing at step j. Thus the total
Poincaré map takes (Jo, Ho) — (J11, H11).

Steps 1)-7) constitute the passage through the resonance. We call the map
(Jo, Ho) +— (J7, Hr) the inner map. It is analyzed in Appendix C. The estimates of
Appendix C can be summarized as follows.

ProrosSITION B.0.1. — We have:

oJr Oo
% 1 O0H, 1 6H7<C0nst
dJo ' O0Hy = 9Jy = +F
82J7 820'

B.2 = Z -

(B2) 57 = Ve o +oVR),

02 J; 02 J; 1
0HydJy o), aJ @( )

0°H; 0%H; 1 0%°H; 1
oz =0 aran =) G =90)

Steps 8)—11) describe the motion far from resonance. We call the map (J7, H7) —
(J11, H11) the outer map. It is analyzed in Appendix D. The upshot is the

ProrosSITION B.0.2. — We have:

(B.3) ‘9;[]171 ~ %Z%,

(B.4) %Zl; = 0(1), g‘;}; = 0(e), %}; 1,

®s)  GEoeey, JEL e, ZH - o),
(B.6) 8;57;1 — p(e-3/), aiig;; — p(eV/) ‘Z‘flg — 0(e)
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Proof of Proposition 2.2.1. — The first derivative estimates follow immediately from
the identity

A B b A Ab
© a bE)_ [ A Ve ) L wor
C/e D c/ve d Ca/e Cb/\/e
and Propositions B.0.1 and B.0.2.

Also the estimates of (0/0.Jy)? follow directly from the above propositions. For
other derivatives we obtain using Propositions B.0.1 and B.0.2:

2 2 2
(B.7) O Hy _0Hnu 07 | 0(1) + @(5‘7/4 %‘ )

OHZ ~ 0J; O°H? o H,
(92J11 _ ~3/4 0J7 |2

amz = P(Ve) +0(e ‘THO )

O Hy 1 4] O

OH,0Jy @(E> + @(5 9H, )

?Jy _3/4] 0J7

oH.0 , ~ P+ (s THOD

Next, using Propositions B.0.1 and B.0.2 once more we get
OH 0Hy1, 0J 0Hy1 OH L ow 0J

(B.8) 1n_ u 0Jr n0fy LOow o7, 0(1).
8H0 (9J7 8H0 8H7 BH() e 0l 8H0

Thus Assumption (C) gives

oJ 0H
7 _ %0 11
0H, 0H,
Plugging this into last four inequalities we obtain the second derivative bounds.
The asymptotic formula for 8.J11/0H, follows from (B.1) and (B.8). The asymp-

totics for 8% Hy1/0HZ follows from (B.2), (B.3) and (B.7). O

+ O(e).
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APPENDIX C

DERIVATIVES OF THE INNER MAP

C.0.3. Some classes of maps invariant under the compositions. — We say
that a family of maps (a,b) — (A, B) depending on a parameter ¢ is in class & if
D = det (B(A’B)) is uniformly bounded from (above and) below,

3(a,b)
7H < Const, H H < Const v/, H H < Cf;St H H < Const.
6b2 H < Const /e, ngglb ‘ < Const, H%H < Co\/n;t7

H < Const, H H Const H H < Const.
8b2 0adb a2 IS 2

We further say that this family is in 9 + if addition
|Allc2 < Const, ||Bllcz < Const

(that is powers of (y/€)~! are replaced by constants).

LEMMA C.0.3. — Classes I and T 4 are closed with respect to compositions and in-
verses.

Proof. — Let (ag,bo) — (a1,b1) and (a1, b1) — (az2,bs) belong to &. Then
Doz _0us 0us | Ouy 0bs
Oby  Oa; Obg  Oby by
and both terms are )(1/z). Also
8%a5  0%as /0aq 0%a; Oa; Oby  O%aq ;Oby\2
E (8b0> 2 9a1db;  Bby Dby T OB (aﬁ)
Oay 0%a;  Oay 0%*by
da, 002 ' ob,  on
and each term here is £)(1/€). Now each time we replace as by by or by by ag the
estimates worsen by a factor (1/€ )~!. This proves the estimates for other derivatives,

so J is closed with respect to compositions.
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Next let (a,b) — (A, B) be in . We have

da  0AJOb
o5 == b = O(VE)

and the rest of the first derivatives can be estimated similarly. Next

%_ BB[aAléab} ab[aAzéab} @(1”%[%/%} O(Ve).

Furthermore,

[8A/8b]  9°A4/0* - D — 0A/b- 9D/db
ol D 1~ D2
where (I) = 0(y/¢) and

1) = o) 2[4 0804 o)

da b 8 da
2A OB 9A 9*B 0°A 9B 9A 9B
= 0(ve)| ]
Similarly

= (I) + (1)

= O(Ve).

9adb b 9a 02 0’ da  Ob  Dadb

0A/0b
hdl - 901
8@[ D } o),
so 8%a/0B? = O)(y/2). The rest of the derivatives can be estimated using the same
reasoning as for compositions. This completes the proof for . Since &, is the

intersection of J with C? bounded maps the result follows. O

The maps we consider also depend on two other parameters ¢ and R. We use Y
to indicate maps in & which for ¢ sufficiently small, R sufficiently large and ¢ < ¢,
€ < 1/R satisfy

*H N l=ewer 5l =o(Z) 15~
2 2

il =ove) gl =, 52 =o(2)

WH_ HaaabH_ ( ) H(‘3a2 H: ()

LEMMA C.0.4. — Y g is closed with respect to compositions and inverses.

Proof. — The statement about the compositions is clear since in all terms we get o(1)
improvement compared with &. For inverses observe that for maps in &g, D ~ 1 so
the first derivative bounds are straightforward. For the second derivatives all terms
in the numerator contain second derivative of either A or B so again we get o(1)
improvement against . O
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C.0.4. Step by step analysis of the inner map

LEMMA C.0.5. — The map of step 7) belongs to I .

Proof. — We have

(C.1) 8§y = (1 - 5%(%))516 - saa¢ (A1)5¢6 _ ﬂ(seﬁ

Next, let S = w — /¢ G/R. Then on ;fl

P aG Bw
(C.2) 0=dS = (a—‘}’—f 61)516+¢5¢6+‘[9596

It follows that

(f/R) 315 \/Eg

C.3 dpg = — Og.
(C.3) % Ow/d¢ " Row/dg °
Also H = w?/2e — L — G so
ow w oG
§He = (8[ 51 + ¢5¢6> - (L o — W)Mﬁ — (L + 9)6s.
Expressing the first term through (C.2) we get
w oG 0G
§He = <ﬁ Sy L0 5ol + (2 “o-a- L) 565,

Since w/(yeR) — 1 = G/R2 on ;}1, we have

G- 2% Gg
6Hy = (S8 — 1'6) 615 + (? — L) 86,
Thus
H, L'e— (G- %9)/R’
(C.4) 565 = ——He — - ( 85)2/ 815
L—-gG/R L-Gg/R

Plugging (C.3) into (C.1) we get

b= e () e () B LI B,

I “op\ w 8w /9
€aq Veg
= (7 + 7}?(&0/3@5))596'
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Using (C.4) we get

9—G- 2 /R
(S i) (g ot

Ty (L R L L
w R-0w/0¢ L—gG/R2

This proves the first derivative estimates.

To estimate the second derivatives we must differentiate these expressions once
more. Observe that

d 00 0 d 0 000
dH ~9Ho9 dI ol ' alde
so, by (C.4), d/dH does not change e-powers and d/dI decreases the terms containing
w in the denominator by (R+/¢)~!. The result follows. O

COROLLARY C.0.6. — The map of step 1) is in T .

Proof. — Similarly to Lemma C.0.5 we obtain that the inverse of this map is in & so
the result follows from Lemma C.0.3. O

LEMMA C.0.7. — The map of step 2) is in Y.

Proof. — Write our equations as
(C.5) I=U, H=V, =W

Then we have

~ ~ -~

Iy = I(I1,Hy,61,7) Hy= H(Ii,Hy,61,7) 62 =0(I1,Hy,01,7),

~

where 7 is the hit time and (I, H,) denotes the time  map of (C.5) and 6, is a
function of I, and H;. Thus
OHy _ 0H  0H 06, or

oH, _ om, o6, om, ' omH,
At 7 =0 we get

6H2 87’
21 _ .
om, " Voam
Since 60, is constant we get
20, 80 90 06, ar 96, or
C.6 0= =~ = —+ —- %% = 1474 .
(C.6) oH, _ oH, 96, om, " om, om, " om,
Therefore
87' _ 601/8H1 _ 1
o W W(L-gG/R)
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where the last equality follows similarly to (C.4). Therefore
OH. 14
2 _ g4 .
oH, W(L-gG/R)

Likewise

O0H, V(L'G—g~%§/R2>’

8_[1 o W L — gG/RZ

812 . U

OH1  W(L-gG/R)

oG

oh _, U (M)

oL WA L_g4G/R
Observe that
©n U= 3o VE a4 3 Ve,
(C.8) V= Z\[mﬂ mtly +Z\[m+1 ma (m)

where al ) and 5 ’71 ™) have zero mean in 6 and W = r + ven. This proves the first
derivative estimates.

Next, let us show how to bound 821, /0H?%, other derivative bounds being similar.
We begin with the identity

oL, _ oI oI 06, . 0r
OH, 0H, 06, 0H; OH;'
Differentiating once more with respect to H; and discarding the terms vanishing at

7 =0 we get

a%_g(af) or +2(if> or 96
8Hf o 87’ 3H1 8H1 87’ 861 8H1 8H1
oU 01 oU O0Hs\ 0 0?
(Srem +5m 22 ) g + U=
0l 0H, OH O0H,/0H; OH;
_ou  or 4 ou ot 96,
~ OH OH, 99 0OH, 0H
8U 8[2 8U BHg 87’ 827'
(Waﬂl o 6H1)8H1 +Uomz
Observe that to compute the differential of U with respect to (I, H,8) variables we
can compute the differential of U with respect to (I,r,#) variables and then replace

SH + (0G/0I + L'9)81 + (g + L)59
r

(C.9)

or =
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From this it is easy to see that all terms in (C.9) except possibly the last one are
0(¢3/4). Tt remains to bound 827/dH?. Differentiating (C.6) we obtain

_ OO0y or 000y o 06, 00 0%,
or\0H,/ 0H,; 0Tt \00,/0H, OH; 00, aHf
(aiw_%jLaiWﬁm) or 9%t
8 OH, OH 0H,/dH, OH,
_ ow ot ow or 06 %6,
= oH oH, " 0 oH, 0H, | om?

(8W 8[2 ow BHQ or 827'
—_— 4+ — ) + W .
0I-0H, O0H 0H,/0H; 0H,
It follows that 927 /0H? = O(1/r) completing the estimate of 92I,/0H?. O
COROLLARY C.0.8. — The map of step 6) is in I .
Proof. — This follows from Lemmas C.0.3 and C.0.7. O
LEMMA C.0.9. — The map of step 3) isin I+ N Ty.
Proof. — From (C.7), (C.8) we get
dI
— m+1,m—1_(m) m+2, m—1_(m)
(C.10) @—Z\@ r™ g —i—z\@ rm ey,
m m
dH
_ +1 (m) +1,,m—1_(m)
(C.11) ﬁ—;\/gm ™y +;\@m ™
where agm) and 'yfm) have zero mean in #. Observe that

_OH + (L' + §F)0I
r

(C.12) or
Hence the variational equation takes form

d d

@6H = A0H + BéI, @M =C0H + D4,

where
A=0(E), B=0(v5), c=0(c+Y%). D=0(e).

Let @ be the fundamental solution of

(C.13) % = (’3 i)@-
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0H
Then Q = 0(1), Q! = O(1). Substituting ( - ) = QZ we obtain

(C.14) (jj:Q‘1<g 2>QZ:Q(E+§).

It follows that (6H,dI) = (X, 17) + O(y/c) where (X,Y) is a solution of (C.13). But
those solutions are of the form

C.15) <@(1)6H(0) + @(1)51(0)) .

~

B(1)61(0)

This proves the first derivative estimates required for & . For & estimates observe
that time changes on the interval of size 0(1/4/¢) so the integral of (C.14) becomes
o(+/€) instead of O(v/e) and (C.15) becomes

1+0o(1)  o(1)
0 1+0(1) )

To estimate the second derivatives we begin with (8/8I)?. We have

ci 4 (FHY_(A B\ (9H o (A B AP
©10 G\ e )" \e o)) Tla\ ¢ b 5T

e o))
OH \ ¢ D oI
Let M be the solution of
A B
ddi; B (C D) M
Then
(C.17) M = 9(1).

Now arguing as before using (C.17) we get (62H, 62I) = ©)(1). The same argument ap-
plies to (0/0I)(0/0H) and (8/0H)?. However for 8*1/0H? we want stronger bounds
O(y/€) for I, and o(y/e) for J. To this end observe that by the first derivative
bounds M and M~! have entries

( o) @(1))

O(ve) 0(1)

Observe that if we multiply the RHS of (C.16) by M ~! then the second row is
(C.18) O(e) + O(Ve/r?).
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Now the bounds of §21 follows easily (for 7 we use again the fact that time changes
on the interval of size o(1/1/2)). O

COROLLARY C.0.10. — The map of step 5) is in I+ N Y.

LEMMA C.0.11. — The map of step 4) satisfies the following.

(a) For fized R we have (I, Ey) = (E3,I3) + O(v/€) where ‘O’ bound holds in C?
topology.

(b) As R — o0

ol 0 0?1 0?
Lo Ve (), o~ VE o
3

oHs V°0H (Hz).

Proof. — Part (a) follows from the theorem on differentiability of solutions of ODEs
with respect to parameters. To establish part (b) we prove three statements
(i) For fixed R we have

I Oor 021, 8%0r
oH,; "~ ﬁ( 3), OHZ ~
where o stands for integral (1.14) taken between the limits s_ and s; where r(sz) =
FR.
(if) As R — o0

Ve

Oog do  O%cR 820

— — T oy )

OH OH  OH? OH?
that is we can interchange differentiation and R — oo limit.

(iii) If Ry and Ry are sufficiently large then
1 0l 1 0l 1 0% 1 9%
— ——R1)~—= 77 (R2), —= m5F1)~— 775(R2).
To establish (i) change variables in (1.6): I = (I — I)/y/z. Then
I'=a(Ii+ VeI, Ver,0,¢)
and we also replace I by I + \ET in the RHS of (1.6). Now as € — 0 the equation
(1.6) converges to
0 =r, ¥'=L+g, I'=0a1(I4,0,0)

so the result follows by differentiable dependence of solutions on parameters.

To get (ii) rewrite the expression for o using 6 as the time variable (see (1.15)).
Since r = £4/2(H + G + L) we need to estimate the H-derivatives of

(I,H) /Q(Rz) a1(Z,0,6)
o/, =
0(R1) 2(H + G + L)
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where 6(R) = (H + G — 1R?)/L. Now the first (second) derivative of the integrand
decays as 73/2 (§=5/2) so

‘6%(0—01%) S% (NConst),

R
02 < Const Const
EYE) (c —oRr)| < =32 (N 5 )
Thus (ii) follows. The proof of (iii) is similar to the proof of Lemma C.0.9. (b) is
proven. O

Proof of Proposition B.0.1. — Combining Lemma C.0.3-Lemma C.0.11 we get that
the map (Jo, Hy) — (J7, H7) is in . This gives the inequalities claimed in Proposition
B.0.1. To get the asymptotic formulas observe that each of 8J7/0Jy, 0H7/0Hy,
0J7/0Hy is a sum of monomials in matrix elements computed at steps 1)-7). Since
the composition is in & we know that each monomial of 8J;/0Jy and 0H7/0H, is
©(1) and monomial of 8.J7/0Hy is O(1/¢). To avoid an extra o(1) factor coming from
T o the factors should stay on the diagonal except for step 4) since all off-diagonal
terms in steps 1)-3) and 5)-7) have the extra o(1) factors. Thus

8J; OI 0I, I3 Ol OI5 0l 8J; OH; y 0H;4,

0Jy " 8Jy 0L 9 9l 0L, OL; 8, 9H, i OH,
0J:  OH, OHy 0H; 81, dl5 8ls 0y

0H, ~ 0H, 0H, 0H, 0H; 01, 0I5 Ol
Together with (A.1) this proves the results about the first derivatives. A similar

)

reasoning gives

52J7 8J7 6[6 8[5 82.[4 (8H3 8H2 8H1>2

oHZ " 9l oI, oI, OH2 \OH, 0H, 0H,
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APPENDIX D

DERIVATIVES OF THE OUTER MAP

In order to analyze the map of step (9) we first consider a more general setting of
equations

(D.1) z = ai(z,0) + az(x) + cas(z,0,¢),

(D.2) 6= “’(:) (z,0,¢)

where a; has zero mean in . Introduce the improved variables y = x — (¢/w)A; where
DA1/00 = a;. We want to study time ¢ maps in a region where |w| > ce'/4. Let (y, 0)
denote the original variables and (7, #) denote the final variables.

LeEMMA D.0.12. — (a) We have

% _ oy 00 _py O _ o0 _
67; - @(1)a 96 - Q(6), 8y - Q(]./E), 90 - @(1)
0%y —3/4 °y? 1/4 %y 5/4
8y2 - @(E )7 ayae - (E ), W - @(E )
9262 , 0% 0%
— —7/4 _ —3/4 gy _ 1/4
G = 0T S = O, G = 0
(b) If z is a pair (I,¢) from equation (1.2) then
0 10w 06 1 oJ oJ
T2 T o(2), L —1401), T =o1).
57~ cor oy =ole) sy lroW gy=o®
Proof. — (a) We have
. 0 (A
¥ = az(x) +5[a3 - 6790(7)]
Denote ¢ = a3 — —(A /w). Then the variational equation takes form
- (Oaz | Oq dq o (10w 377 on
Sy = (G +eg,)0n + et 8= (25, + 5,)0z + 5%

Observe that
Sy = (1 - sg(il)>5:r - @59
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so that

(D.3) b= (1-¢ %(%))_1 (6 + 6%59).

Introducing Z = £ 66 we get

5@:%@ (%%+%>Z+HOT,
Z’—%‘:a [%+%E]Z+HOT
Consider
Vesy-S[Gmtedz 2= (- S 52 )

We obtain an equation

d (Y Y
dt\ z VA
where R = 0)(1+¢/w*) where w* appears in the denominator due to the differentiation

with respect to z (recall that due to (D.4) dz = dy+ Z/w+ HOT). Hence to establish
the statement about the first derivatives it is enough to show that

/|%|dt = 0(1).
But indeed
5 e? 1 dé
_ 3/2y-1 _ o £\ _ 1/4
O((VE6:)7) = 0(5) = 0.
Since the solution to the variational equation are obtained from the solutions of (D.4)

0
) the result follows.

1
by conjugation by (
0 ¢

Let us now estimate (0/060)%. The second variational equation takes form

52'y — <% +s%>52x+5%520+ (%(% +5%)(5fﬂ)2

+2¢ ;;ge (6x)(80) + ¢ %(60)2,
520 = (%g—‘;’ + %)5% n %529 + (% ég—z + Z—Z)(éﬂc)Q

+2 afge (52)(60) + 22272(59)2
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where dz is related to 6y by (D.3) and §2z is related to 6%y by

0 (A ea 0\2/A
2, _ Y (M le2py (Y 41 2
5y_(1 €8x<w))6 69 (8x) (w)wm
0 ail 3 8(11
—2e— | — ) (6x)(60) — —— (90
sax(w)(w)( )= & ae 0O
Substituting X = 620 and keeping in mind that dy = @(¢) by the first
derivative estimate we obtain an inhomogenous system whose fundamental solu-
tion is uniformly bounded and the inhomogenous terms are ©(e?/w?) except for
elw™1(0ay/01)(0a1/00) + 02q/060%)(60)? in the first equation and 5%(677/89 +
(Ow/0x)(a1/w))(60)? in the second equation. Introducing
on 0w ay\ (06)2
2 —_— [
(89 + or w ) w

~

Y:62y—82[ , X=X-

@ dey | Day (66)°
w Oxr 00

we get
2 2

dY € dX €
o= %G) T -o5)
By (D.5) Y = 0(c/4). Observe that ¥ — 6%y = 0(%/4) due to w™'0q/d0 term and
X-X-= 0(3/?) due to 1/w? term. This proves the estimate for (8/96)2. Now if we
replace 0/06 by 0/0y the estimates are similar except that each replacement increases
the RHS by a factor of e~ due to the first derivative estimates. This completes the
proof of (a).
Next, (D.4) reads in the setting of (b) as follows (we put dy = (Y,Yy))

. ; dp . Ow Ow
Yy=-, Yyp= 6IYJ+ , 4= 7YJ+8¢
where ... denote lower order terms. Hence
8
Yi(t) ~Y5(0), Yy(t) =Yy(0)+ S o] Py, 0),
t Qw top Ow ! Qw
Z(t) ~ Z(0) + [ ot | ar %sds}YJ(O) + [/0 %ds]nm).
In terms of our original variables thls says 0J(t) ~ 0J(0),
(D.6)  86(t) — 66(0) ~ g( i / 7S —d ]5J(0)

+ [/0 g%ds]w( )

We need to apply this formula with ¢ being the time it takes to pass from one reso-
nance to the next. Observe that the integrals in (D.6) can be approximated by the
corresponding integrals for the averaged system (1.4). But in this case ds = dé/p(I).

Hence
1 ¢+ Ow - =

ow - -
[ e senas— o [ S aas o
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since
(D.7) w(6_) = w(éy) = 0.
Similarly integrating by parts and using (D.7) we get

Op " Ow _dp/or [+ o
D) [5G 1o ae) as =~ L [ . 5yas.

Finally the first term in (D.6) can be rewritten as

1 1o+ _ _
7/ w(I>¢)d¢
PJy_
so we get
1, [+ Ip— I 1
59(t)—56(0)~—</ Ow/0Ip 2w8p/8 dqﬁ)éj( ) = 8w6J(0)
€ _ p
as claimed. O
LEMMA D.0.13. — The map of step 10) satisfies
0J1o 0J1o 0J1o 3/2
= 1 = =
an + Q(\/g)7 a¢9 Q(\/g)’ 609 @(6 )7
8610 _3/4 8910 1/4
— T — 1 .
i 0%, 50, + O(eY*)
82J10 o _1/4 62J10 o 3/4 82J10 o 3/2
o~ P s~ OET) g = O
82010 —3/2 62010 1/2 82910 — 1/4
ayg —@(5 ), m— (5 ), Teg—@(é‘ )

Proof. — We have
Jio = J(y9,09,7), 010 =0(y9,09,7)
where 7 is the hit time and J and @ are the components of time 7 map of our system

which we denote by

(D.8) J=U(y,0), 6=V(y0).
Observe that

(D.9) U=0(e), V=0@3%").
(D.8) gives

Oho _ 0J 01 0o _0J 0r
O0yo Oy dye’ 009 399 009
I A ae ar
ys  Ow | Oy’ OB 00y ' OBy

(D.10)

(D.11)
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To find the partial derivatives of 7 let S = w + /€ G/R + /¢ R. Then

dS Ow Ow Sg +o(1)
Exf VER '

= —ar+ - (p+B8)+=—=
On S5 we have S = 0 and so its partial derivatives vanish as well. Thus

Ty 9 o(1)=L(I)+

oS dS or
dyo At Dy
and so
or 0S5 /0y
dyo  L(I)+ Sg/\/e R+ o(1)
Likewise

or 05/00y
00y L+ Sg/\eR+o(1)
A direct computation gives 9.5 /0yg = 0(1). We also claim that on S

(D.12) % — 0(e).

Indeed s 3
- (% 3/4 9w 3/4 £9
s ((,H + O(=3/4)) 61 + (a¢ + 0(2/4)) 69 + = 86.
Recalling the definitions of J, ¢ and g we get

5T =67 + ﬂ59+HOT 5¢—5¢+%59+H0T
and hence
85 11
D.1 95 _
(B-13) o, == 2w YOO

On Sy the first term equals to —agG/R w = B(e%/*) proving (D.12). Now the first
derivative estimates follow easily from (D.10) and (D.11).

To obtain the second derivative estimates we differentiate (D.10) and (D.11) once
more. We have

0 90 0 +8y10‘ 0 ’
(909 899 6910 899 8y10
d 00, O Oyio 0
dyo  yo b0 " dys  Ay1o
Therefore 0/06y does not worsen the first derivative estimates while taking 9/0yy we
loose £~3/* due to the first term in (D.15). O

(D.14)

(D.15)

LEMMA D.0.14. — We have

(5]10 ~ 5J8 + 0(1)5¢8 + @(8)(598,

1
0610 ~ 10w

- 518+0< )5¢8+@( )65,
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82J1() —3/4 82J10 1/4 82J10 5/4
8y§ =0 )5 m =0(), TH% = 0(e”%),

82610 77/4 82010 73/4 82910 1/4
ay§ - Q(&‘ )7 8y8898 - @(5 )7 aeg - @(E )

Proof. — This follows from Lemmas D.0.12 and D.0.13 by direct computation. O

LEMMA D.0.15. — The composition (Jg, 0s) — (Jio,010) satisfies

dJlo dJlO d910 1 0w 1 d910
=1 1 = =—-—== = (1
TR =ttol), =00, =G e G =00,
d2Jyo syay 4210 ey d2Ji
a2~ € s, 0ET) g = 0
d261 ~7/4 %610 32y @010
r = €T G = O, T =00

Proof. — The difference with lemma D.0.14 is that now g is a function of Jg and fg
SO

4 _9 s 0 d 0 0¥ 0

d0s — 965 ' 865 s dJg g 8y Oy
The same computations as in Lemmas C.0.5 and D.0.13 give
s g
78 91
a5~ "W G
Let S =w — /e R — v/ G/R. Arguing as in (D.13) we get
s 05/00s  egw ' —1/VER)+ Oe) _ o)
995 95 /os 85 /0w ’

0?1)5/0050Js = O(1/2) due to e d(1/w)/dJg term, and §%¢pg /302 = O(e). (D.16) and
(D.17) immediately imply the estimates for the first derivatives. Next,

(D.16) = 0(1).

(D.17)

d%010 _ %610 . 2%. 9%010 (%)2 0%010 | s 0010 _ 0(1)
467~ 002 700 0050vs | \00s) 042 T 067 Ous :
d2J10 _ 82.]10 + % . 82«]1[] (%)2 82J10 821/)8 X 8‘]10 — @(E)
62~ 962 2 06s 0050us | \00s) Bz T 902 O

the leading term in both cases being the last one. Other derivatives are easier since
now (0%g /0 * 0%)(0%/01g) does not spoil the main term. O

LEMMA D.0.16. — The map of step 11) satisfies

0J11 = 6J1o,
the second derivatives of Ji1 vanish,
o0H.1 — 1 O0H11 _
— L /4 — 3/4
8910 + @(6 )? 3J1o Q(E )?
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82H11 1/4 82H11 —1/4 62H11 1
s = O, gast =0, Tt = 0
Proof. — We have
2
H=2 _16-G.
2¢e

Direct differentiation implies all first derivative estimates except for OH /96. To obtain
this last estimate we rewrite using (1.11)

w?(I,¢) = w?(J, 1) + 2¢G + O(e5/4).
Thus 9
H = %‘]g’d}) — L+ (4.

Now the rest of the proof proceeds as in Lemma C.0.5. O

LEMMA D.0.17. — We have:

8H11 3H11 Z Bw 8J11 8J11
a0, ~ O G T (37 +ow). a0, ~ 0 g b
0?Hi, —7/4 9°Hu —3/4 8*Hu
f— = = ].
62J11 —3/4 82J11 1/4 82J11
a2 = 0O(e ), m =07, 8793 = 0(e)
Proof. — Direct computation. U
LEMMA D.0.18. — The map of step 8) satisfies
6Jg = dJ7,
the second derivatives of Jg vanish,
00s 00s —3/4
_— 1 - =
Si = O, 5= 0,
020 1/4 020 1 0%0g _5/4
omz ~ YC") GHmag T @(ﬁ)’ gz~ )
Proof. — Similarly to Lemma D.0.16 we obtain
OH;, 1 OH;, _
T _r /4 gr 3/4
898 + @(6 )7 8«]8 Q(E )?
82H7 1/4 82H7 _1/4 82H7 —1
aeg - @(6 )7 8986J8 - (E )7 aJSQ - 0(8 )
Next 00 OH7\ 1 00 OH~/dJ;
8 7\ T Oobs 7 8 —3/4
— = — = 1 = = .
8H, <aag ) 00): 35 = am e, ~ 7€)

Now the result follows by direct computation using the formulas for derivatives of the

inverse mapping. U
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Proof of Proposition B.0.2. — The result follows from Lemmas D.0.17 and D.0.18 by
direct computation. O
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APPENDIX E

DYNAMICS NEAR THE SEPARATRIX

E.1. Normal form

In this section we describe the dynamics near the separatrix of the inner map.

LEMMA E.1.1. — There exist functions x(r,0,1,¢), y(r,0,I,€), such that in coordi-
nates (z,y,I) the following holds:

(E.1) & =a(z,y, L), §=>bx,yle), I=eclz,yl,e)
where
(E.2) a(0,y,I,e) = b(z,0,1,¢) =0,
Oa ob
E. I — 1,0)=
( 3) arL_ (x’ y’ ’0) + 6y (x7y7 70) 03
(E.4) a(x,0,1,e) = M (I,e)z, b(0,y,1,e) = —A2(I,¢)y,

Denote A(I) = A1(Z,0) = A2(Z,0). Due to assumption (D) there exists Ag such that
A(I) > Ao

Proof. — We first consider the case where [ is fixed and € = 0. In this case equations
(E.2)—(E.4) mean that

(i) the origin is fixed;

(ii) the stable manifold of the origin has coordinates {y = 0} and the unstable
manifold of the origin has coordinates {z = 0};

(iii) The flow restricted to the invariant manifolds is linear;
(iv) The area from Q := drdf equals to dzdy.

To satisfy this conditions we first choose an arbitrary coordinate system (Z,%)
satisfying (i) and (ii). This is possible since the invariant manifolds are smooth (see
[30, Theorem 4.1 (d)]).
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Next we further change coordinates ¥ = Z(Z), ¥ = 4(y), to satisfy (iii). To fix our
ideas consider the unstable manifold. The flow restricted to it has form = g(¥) for
some function g. We need our change to satisfy %g(y) = A(I)y that is

Y

A() - g(s)
Using the fact that

- = +9%(s)

g(s)  Al)s

where ¢* is a smooth function we get § = 7e% ) where G* is a smooth function near
the origin (in fact, G* is a rescaled antiderivative of g*).

Now we need one last change (Z,y) — (z,y) to satisfy (iv). In coordinates (Z,y)
we have Q = 2(Z,y)dZ dy for some function z. We obtain the point with coordinates
(z,y) by starting from the point with coordinate (0,y) (recall that our coordinates
has been already defined on the unstable manifold of the fixed point) and moving for
time = along the flowlines of the vectorfield (X,Y). We need to satisfy the following
conditions:

dive(X,Y) =0 and (X,Y)(0,z) = (1,0).

We take X =1 and then obtain Y solving

oY 0z 0z

37y+Y87y+%:0’ Y(O,LE)ZO
Next we claim that our coordinates depend smoothly on I. First we not that the
manifolds {z = 0} and {y = 0} are smooth. For example, {y = 0} is normally
hyperbolic (in fact transversally we have just contraction so the claim follows from
the smoothness of normally hyperbolic manifolds [30, Theorem 4.1 (d)]). Now the
smoothness of z(r,0,1,0) and y(r,0,I,0) follows from the fact that the solutions of
ODEs depend smoothly on initial conditions.

Next we have that the manifolds {z = 0}, {y = 0} and {x = y = 0} are normally
hyperbolic and by [30, Theorem 4.1(f)] these structures survive for small non-zero ¢.
In fact the set of points (r,0,I,+/¢) such that {x = 0} is also normally hyperbolic
for the equation (1.6) supplemented by ¢ = 0, and so it is smooth. Arguing as in
¢ = 0 we obtain that the functions (r,8,1,1/¢) — (z,y) are smooth (again we need
to introduce an additional coordinate change in order to satisfy (E.4)). Since (z,y)
are smooth we obtain (E.1) with smooth a,b and c. O

E.1.1. Some consequences of volume preservation. — Consider the Poincaré
map between the sections {y = 8} and {z = 8} for small §. In order to study its
derivatives we decompose this map into two parts:

1) hit of {x = 6},
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2) landing to {z = 8}.
Motivated by Proposition 2.2.2* we assume that

€
E. W
(E.5) Zo > ne]

The following estimates will be helpful in our analysis. Let Z denote the set
Z ={x =0or y=0}. Denote 7 : R® — Z denote the map

z if z <y,

w@%n:{

y if x>y.
LEMMA E.1.2. — Let t; < te be an intervals such that x(t) < &, y(t) < & for all

t; <t <ty Let p(t) = m((x(t),y(t), 2(t)). There exist functions A,B:[0,0] x Z - R
such that

(@/%@a<%mum;

t1

(b) /t2 y(t)dt < Consty(t1);

(c) L:alt 2(t) = x(t)y(t). Then for t> < 1/\/e
‘j(((t))) - 1‘ < Const[v/e + z(0)]7;

(d) @(t) ~ A((0), 7(t)) X 2(0);

(e) y(t) ~ B(x(0),(t))e=*)y(0).
Proof. — We have a(z,y,I,¢) = za(z,y,I,¢), b(z,y,I,e) = zb(z,y,I,e) and if (t) <
8,y(t) < & then @ > 3o, b< —3Xo. It follows that for ¢ < to
(E.6) z(t) < z(t2) exp (3Ao(t —t2)), y(t) <wylt1)exp(— 3Ao(t—t1)).
This implies (a) and (b). Next

z=2ay+xy = ay + bx.

We have
_ Oa 1 8%a 9
a(z,y) = a(0,y) + %(O,y)x + 3 w(ﬁx,y)x for some &£ < 1.

By (E.3) and (E.4)

Oa ob

5o 0.9) = =50 (@,0) = AD) + O(VE).
Therefore

a(z,y) = XDz + O(Vez) + O(x?y).

Likewise

b(z,y) = =MDy + O(Vey) + Ozy?).
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Thus
t=zx0(We+2).

Now (c) follows easily.

Next from the equation & = ax we conclude that
2(t) = 2(0) exp (/0 a(2(5), y(5), 1(s),¢)ds )
= 2(0) exp (A(I)t) exp (/O [a(x(s), y(s), I(s),€) — 5(0,0,[0,0)]ds>.

To estimate the last integral we split
a(z(s),y(s),1(s),e) —a(0,0,1o,0)
= [a(x(s)v y(S), I(S)a 5) - a(x(s)a y(S), I, 0)]
+ [@(z(s),y(s), 1o, 0) — @(0,0, Iy,0)].
The first term here is (/£ t). To estimate the integral of the second term we split it
into three parts. Fix t* > 0. Then on the interval [t — t*,t] y is exponentially small
while x(t) is well approximated by the solution of Z = a(Z, 0, I, 0) with the boundary
condition Z(t) = z(t). Denoting p(s,t) = (Z(s),0, Iy, 0) we have
t t
/ [@(z(s),y(s), 1o, 0) — @(0,0, Iy,0)]ds ~ / [a(p(s,t)) —a(0,0,Io,0)]ds.
t—t* t—t=

Likewise

t* t*
/ [5(m(s),y(s),]0, 0) — (0,0, I, 0)] ds ~ / [E(p(s,O)) —a(0,0, IO,O)] ds.
0 0
Here p(s,0) = (Z(s),y(s), Io,0) where Z,y denotes the solution of
i‘=a(fi‘,:l_j,_[0,0), yL=b(i‘,y,Io,0)

with initial condition Z(0) = 6, 7(0) = y(0).
Finally due to parts (a), (b) and (E.6)

*

/t_ [6(2(s), y(s), I, 0) — (0,0, I, 0)]ds

*

< Const /t*_ [z(s) +y(s)]ds < Const[z(t — t*) + y(t*)]

< Const §e~220t",

Now (d) and (e) follow easily. O
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LEMMA E.1.3. — Suppose that (6z,dy,01)(0) = O(1). Then
(2) [[(dz, 69)]| = O(8/y(t))-
(b) 167(¢) - 6T(0)]| < Const V& 8/y(t).
(¢) Denote
A =0bd0x — ady.
Then for all t € [0, 7]
A(t) — A(0) = O(Ver + z3)T.

Proof. — Write the variational equation as

q ox ox

— =R

| %Y dy
oI ol

Then by the argument of Lemma E.1.2

/O 1%(s)|ds = At + 0(1).

Combining this with Lemma E.1.2(e) gives part (a). Plugging the estimate of part
(a) into the equation for 41 proves part (b).
To prove part (c) write
: Oa  0Ob ob  0Oa Oa 0b
E.7 A=(—+_—)A — — — )6l + (—=b— —a)dl.
(E.7) (8m+6y) +\Ec(81 8[) +<az 8Ia)

The first term is O(y/cA) due to (E.3), the second term is £)(1/e7) by part (b) and
(E.5). The contribution of the last term will be split into two parts according to the
bound on |§I(t)| provided by part (b).

Let X(t) be the surface spanned by the trajectories starting from
{USJ/'SJ?O,?J:&I:IO}
and terminating at = = z(t). Let v(t) = 0%X(t). Consider the contribution of

The second factor here equals to

Oa ob
E. Zdy — —
(E.8) 7{(0 (579 — 57de) +e®
where the error term e(t) can be estimated as follows.
zo gp ¥t 5g
o= [ Greddet [ Faw.mi

= MI)(zoyo — z(t)y(t)) + O(Ve +a) = O(Ve + 23)T

SOCIETE MATHEMATIQUE DE FRANCE 2012



86 APPENDIX E. DYNAMICS NEAR THE SEPARATRIX

by Lemma E.1.2 (¢). The main term in (E.8) equals

Oa 8b
ti@ (aldy dw -/ExwaI x)dxdy__@(¢2)

Next by (E.2)
—b— —a) < Const z(t)y(t)
so by Lemma E.1.2 the contribution of

t
Ve [ 0a b
A(()X&ﬁ Eiy)“
is O(y/¢). Now the result follows easily. O

E.2. Analysis of passages near the origin

We are now ready to estimate first derivatives of the map of step 1).

LEMMA E.2.1. — One has

or, 8 |ow

I
~ 2, —‘gConsté, Q‘SM,

8390 ) 61’0 6950 o
Oy Oy, ohL
- = 1 _— = _— =
ayo @( )7 ayo @(l’o), a @(\/>)
011 _ por2y, M _ oh ) _ 2
o, = (%), i —@(\/ET—FZ‘OT), oI, —@(\@T )
Proof. — Substituting the identity
(E.9) &:“sz@
into the equation for dy we get
- ((0b/Ox)a = Ob
(E.10) @_(—77—+505+AQ
where
E(t) _ (0b/0x)A(t) 875[

b 8]
Let Z(s,t) denote the fundamental solution of the homogeneous equation

= ((6b/l§9x)a N %)57 =(s,5) = 1.
Observe that, due to (E.2) and (E.3), on {x = y = 0} the expression in parenthesis
equals to —\(Ip) + O(1/€). Therefore arguing as in the proof of Lemma E.1.2 we see
that

Cre AMo)(t=s) < = E(s,t) < Coe™ A(To)(t—s)
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In particular

/Ot E(s,t)ds = O(1).

We have .
Sy(t) = 2(0,t)dy(0) + /0 2(s,t)A(s)ds.
Since
AW = A0+ O((Ver + ). 212~ pq,

we have

/0 E(s,t)A(s)ds = O(A(0) + (Ve + z3)T).
Since

@ $)E(s. 1) = —A(Io)t 9b/9I(s) _

SHEE(e 0 = 0(em ), ZLES = ()
we have

fo, . 0b B LN PNV
/0 _.(s,t)a(s)éfods = O(zo7dly), /0 H(s,t)a(s)@ds = O(Ve).

Therefore

Sy1 = 0 (A(0) + (Ve + 23)T + 207010 -

The estimates for §z; are now obtained from (E.9). In particular

%:w+@(i):@+@<ﬁ>

8%0 b1 Zo bl Zo
2 2 2
Yo 67\ 1 0’y o6 )
w0 " @(ﬂﬁo) @ - @<930) o - @(900)'
To get the estimates for §1; we plug the bounds for éz and dy into the equation
. dc dc Jc
I= — — —oI
) \/anéx+\/58y6y+\/éal6

and observe that the main contribution comes from the first term and that
fot |6z|(s)ds = O(|6z]| (t)). This gives the required estimates for zo- and I-derivatives.
However for yg derivatives we get slightly weaker bounds

% = @(zo + \/ET), g—z; = @(1 + \/:ZT> = 0(t%),
(E.11) §I = O(\/eT?).
Substituting (E.11) into (E.7) we get
(E.12) A(t) = Ao + O(Vezot® + et?).
Substituting (E.11) and (E.12) into (E.10) we get
% = O(zo).
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Now the bounds for other yo-derivatives follow easily. O
Next, we estimate the second derivatives.

LEMMA E.2.2. — We have:

m2-o(d), 52-0(). F2-o(5)

ox? To ox? zo ox? z3
92 1 o2 1 921 NG
(9.%‘09(;1[0 - Q(;O)’ (9(1,'02(;1[0 - @(;0)’ 81‘0(9110 - @(3:706>7
2 2 2
7o) =00 =)

Proof. — We will show how to estimate 8%/9z3. Other derivatives are similar. Con-
sider the second variational equation

4 852z 5%z
I Py | =R| 6%y |+ 2
521 521

where ¢) denotes the quadratic part. Using Lemma E.2.1 and the fact that due to
(E4)

8%a 9%b

92 = 0(y), ) = 0(y)

we get the following bounds for the components of ¢
Qm(s) = @(ek(lo)s)’ Qy(s) — @(ek(lo)s)’ Q](S) _ @(\/geQA(Io)s).

On the other hand if T'(s, t) denote the fundamental solution of I' = KT then by the
estimates of Lemma E.2.1 we have

ero)(t—s) 1 (t— 3)2
(s, t) =0 1 e Ao)(t=s)  o=Ao)(t=5)(f — g) 4 \/2(t — 5)3/2
Ve ero)(t=s) VE 1
This implies the bounds for §%/9z% derivatives. O
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LEMMA E.2.3. — The map of step 2) satisfies
Oy _ b Oy, Oy _

P T
%jf O(y® +yve), &mgzl (1),
2 2

821?11 = 00), ailgil = 0(ve)

and the other second derivatives are zero.
Proof. — Let X(z,y,1,7),Y(z,y,1,7),9(z,y,I,7) denote the solutions of (E.1) with
initial conditions
(E.13) (X,Y,9)(z,y,1,0) = (z,y,I).
Then
y2 =Y(z1,y1, 11, 7) Lo=I(z1,91,51,7)
where
(E.14) X(z1,y1,11,7) = 4.

Differentiating (E.14) and using (E.13) together with its z-derivative we get

0X
%4‘(1(6 Yj)al‘ ,
dadr  Ba, (07> da (0T 9t
——— 4+ —b| — — =0.
8x8x+6‘y (83:) +f8] (8 ) “ 922 0
Therefore
or 1 9%r 1 Oa 1 Oa Oa
e 0 = w o w (gt Vear)
Now
ay oY or b
Or, 8&0 ((SYJT) or  a

0%Y ob Or Ob, /0T ob 0T\2 0%t
922~ o oz T oy b(%) +Vegre(gs) toom

Using (E.2) the last expression is

1 i(ab da

a4 Oz Oy 6m>+@(y +y\f)
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By (E.3) the second term is O(y+/). To estimate the first term observe that
ob ob %b

5y T2 Y2 12) = 5 (22,0, 1) + o o9 ——— (22,0, I)y1 + O(y?)
ob 0%a
= %(.'1}270,.[2) 82 (LL'Q,O Iz) Y1 + @(y2)

The first term here vanishes due to (E.2) while the second term is O(y? + \/£y1) due
o (E.4).

The estimates for other derivatives are similar but easier because there is no need
to use (E.3) and (E.4). O

LEMMA E.2.4. — We have:
6y2 |b($07y0a1070)| 2
= =2 4 O((Ver +x5)T),
8:L‘O a(xlaylaIl,O) ((\/7 0) )
8[2 \/gc aIZ

RS\ S —_— = 2
81‘0 (aa/a$0)1’07 610 1+ @(\ET )7

v _p(L), e _g(l), Tm_ g,

8[0 ((\/E‘f'mo) )

(‘3acg o 8x08]0 o 8_[3
oI, @<ﬁ) o’ @(\/57-2) I, Q(ﬁ)
ox3 z3 /)’ 0xo0ly zy /T O xo/

Proof. — The inequalities are obtained by direct computation. To get the asymptotics
of Oys/0x( observe that

Oy2 _ Oya Oz1  Oy2 Oyr | Oy O

oz Oz, 10 | Oy, Oz0 | OI, 0o

0 b ox
= 6%) - (5)(501,1/1,1175)873:(1)
A1 |b(w03y07-[075)|

- = +0 ET—}—xz T
a(zi,y1,1,e)  alzr,y1,11,¢€) (Ver + a3)7)

where the last equality follows from Lemma E.1.3.

To get the asymptotics of 91/0x( observe that
o1 _ oI on 0L oy , 0L Ol
dxrg Oz, Oxrg Oy 8:1:0 oI, Oxg

_ 0k On 0L 0L 0L on +o(\“)
" Oz, Oxg O, Org Oz, Oz ’
Now by Lemmas E.2.1 and E.2.3
% . 0z N c 0

_—~ — _— . —

dxry Oxg a Tg

Since a ~ § Ja/Ox the result follows. O
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The above formulas describe the transition between (I, z) and (I,y) coordinates.
We now return to (I, E) coordinates. Due to the smoothness of (z,y,I) near the
separatrix we have

(E.15) H = ex(I)+q(I)zy+ HOT
Thus on {y = §} the following bound hold
OH 0H dq

It follows that the passage near the separatrix has the following derivatives in (I, H)
coordinates

i &) )
O@6eo) da(1)) \ O((Ver+ad)r)  bla

P
X + HOT
O(zo) 1/dq(I)

1 ____eve
(E.16) - @ajon)zodaD) |
@(.’E()(s) b/a

Observe that if Hy > /¢ then by (E.15) the term in the upper corner equals to
c
—e——(1 1)).
In our setting this can be rewritten as
a-[2 ~ —VE 0[1(], ¢(I)7 ocr(I)) .

OHo |28 (0.,(1), 1))

Concerning the second derivatives Lemma E.2.4, (E.16) and Lemma C.0.3 imply that
those bounds can have at most 1/d? extra factor comparing with maps in 7.

E.3. Derivative bounds of Proposition 2.2.2

Here we prove Proposition 2.2.2 (a) and (b). For simplicity we consider orbits which
pass only once near the saddle. On Fig. 3 of Chapter 1 those orbits pass on the right
of the saddle point. There are also orbits passing twice near the saddle. On Fig. 3 of
Chapter 1 those orbits pass below and then above the saddle point. The analysis of
orbits experiencing two passages is similar to one passage case but requires a slightly
longer computations. Namely we need to consider the composition of three maps:
first passage of the d-neighborhood of the saddle, motion along the separatrix loop
and the second passage of d-neighborhood of the saddles. Since such compositions
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92 APPENDIX E. DYNAMICS NEAR THE SEPARATRIX

are studied in Appendix F we leave the proof of the two passage case to the reader
who may refer to section F.2 and in particular Lemma F.2.1 for details.

The proof of parts (a) and (b) of Proposition 2.2.2 for is the same as for Proposition
2.2.1 except that now for orbits passing (once) near the separatrix we split step 4)
into three substeps:

(a) landing to y = ¢;

(b) landing to z = §;

(c) hit of r = R.

Now the jump of I inside the d-neighborhood of the saddle can be computed using
(E.1). Namely if ¢t are the beginning and the end of the passage then

t4
Alusaae = VE [ ell(5).6(5).0(5)ds.
Now near the saddle we have c(I(s), ¢(s),0(s)) = c(I,¢;(I),8,x(I) + o(1), so
Algsaaie = Vec(I,¢;(I),0;6(I)(t4+ —t-)(1+ o(1)).

Now the jump outside the d-neighborhood is at most Const 1/ £ where # is the largest
time spent on step (4) by an orbit avoiding & neighborhood of the saddles. Now if § is
fixed and d — 0 we get ¢ < Const(d) whereas t; —t_ — oco. Letting § — 0 sufficiently
slowly we obtain equation (2.9) Proposition 2.2.2 (a).

To get the bounds for derivatives observe that the maps of steps (4a) and (4c) are
in ¢ (see Lemmas C.0.3, C.0.9 and E.2.3). Therefore if the map of step (4b) were
in & the estimates of the Proposition 2.2.1 would remain valid. However because
of the step (4b) the estimates are actually worse. Namely for the first derivative we
loose a factor of O(1/d) and for the second derivative we loose a factor of O(1/d?).
Now to obtain the first derivative estimates we need to multiply the estimates of
steps 1)-11). Since bounds for all factors stay as before except for extra (1/d) factor
at step 4) we loose at most (1/d). Similarly then computing the second derivative
step 4) contributes either the second derivative or the first derivative squared. In
the first case we loose at most In™ d/d? for some number m, in the second case we
loose at most 1/d?. Finally to get (2.10) we argue as in the proof of Proposition B.0.1
examining each monomial of 8J;/0Hy. Again there is only one monomial which is
better than o(y/€/d). Thus
oJ; 0J; 0l¢ 0I5 OIy. 0Olypy OHy, O0Hs OHs OH,
8H, ~ 9l 0I; 0l dli, OHs, OHs OH, OH, 0H,
Combining this with

Cc

—Ve 2

(1+0(1)).

8H11 8H11 8J7 1 811) 6J7 )

0H, = 0J. PH, e &I 0H,

we obtain (2.10).

MEMOIRES DE LA SMF 128



E.4. MEASURE BOUNDS OF PROPOSITION 2.2.2 93

FIGURE 1. Proof of Proposition 2.2.2 (c) and (d).

E.4. Measure bounds of Proposition 2.2.2

Here we prove Proposition 2.2.2 (¢) and (d).

To get (c) observe that the maps of steps 1)-3) are in ¥ so their compositions are

in . Thus using the notation of the previous section we have
OHy, O0H,, OHz 0H,, OI3
0Hy, 0Hs O0H, 0I; 0H,

Next, since the composition of the maps of steps 1)—4a) is in & we have that the

=1+0(1)+ O(ve)o(1/ve) =1+ o(1).

image of « satisfies

dI4a _ 8I4a/8H0 + 5I4a/8fog’(H0)
dH,, 0E4,/0Hy + 0Hy,/0Iog (Ho)

_ 0e) )
T 14 0(l) + O(1/E) 02+ T O(Ve).

So this image is transversal to the line H = Const. Thus the set {d < £} has measure

(B.17)

comparable to the measure of the set {Hy, < £}. This proves (c).
Using (1.12) we see that (d) reduces to

H™ — HIY = (/e M (I) + o(Vz).

Let A and B be the images of HY% and HJ(rjk) respectively under the map of steps
(1)—(4a). By the foregoing discussion
HJ(rjk) _ gk
H(B) — H(A)

so we need to estimate the denominator.

=1+o0(1)

Let CD be the component of the orbit of A outside the § neighborhood of the
saddle. Fig.1 projects everything into I = Const plane ignoring the fact that the
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orbits of B and D hit 7. at different points Op and Op. Now using the smooth
dependence of stable and unstable manifolds on parameters we get

(E.18) |H B) (OB)| < Const §+/¢,
(E.19) |I — I(OB)| < Const 8/,
(E.20) |H(D H(OD)| Const §v/z,
(E.21) |1 — I(Op)| < Const év/z.
Next

H(D) - H(C) = vz / [r2B(I,o,e,0)

— (L(I) + 9(I,0))7(1,0,8,0) + Z=a(I,0,0, 0)] at

ar
where the integral is taken along the orbit from C to D. Thus
(£.22) H(D) — H(C) = VE[MZ,(I) + As..]

where M fk(I ) denotes the integral (1.17) over the part of I' which lies outside 6-
neighborhood of O and As . — 0 as ¢ — 0. Also since it takes time €(]1nd|) to go
from C to D we have

I(D) - I(C) = O(|n 8| Ve ).
Thus by (E.21)
(E.23) I(Op) — I(C) = O(|Iné|Ve).

Let O4 and O¢ be the points on . having the same I coordinate as A and C respec-
tively. Using that 9. and its derivatives depend smoothly on /¢ and remembering
that H is zero on /" by our choice of K;i(I) we get

(E.24) |H(O¢) — H(Op)| < Const v/e |I(O¢) — I(Op)| < Conste|Iné.
Next we claim that
(E.25) H(A)— H(O4) = H(C) — H(O¢) + 0(8+¢).

Indeed if both H(A) — H(O4) and H(C) — H(O¢) are less than §+/c then there is
nothing to prove. Otherwise the result follows from Lemma E.1.2(c) (applied to either
system (E.1) or its time reversal).

Combining (E.18), (E.22), (E.24) and (E.25) we get
(E.26) H(B) - H(A) — [H(Op) — H(O4)]
= Ve[MJ(I) + As ] + O(6VE).
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On the other hand we have
[1(04) = I(Op)| = |I(A) - 1(OB)|
< |I(A) = I(B)| + |I(B) — 1(OB)|
< Const [ |H(A) — H(B)| + 6/<]
where the last inequality uses (E.17) and (E.19). Thus
H(O4) — H(Op) < Const[ve |H(A) — H(B)| + 8¢ ].
Combining this with (E.26) we get
H(B) — H(A) = Ve[MJ,(I) + As.c] + O(0Vz).

Letting € and 6 to 0 at appropriate speed we obtain the statement required.
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APPENDIX F

CAPTURED POINTS

F.1. Dividing the trajectory

Our task is to establish (1.28)—(1.29) rigorously. To this end we divide the captured
trajectory into three parts: entrance part, middle part and exit part. The middle part
will be defined by the condition that |H| > ¢!/4~%. For the middle part the standard
averaging theory of Appendix D can be applied. On the other hand, for the entrance
and the exit parts the orbit passes near the saddle point several times and for each
passage the results of Appendix E can be used.

Since our goal is to prove Proposition 2.2.2* we only consider the orbits which do
not come closer that y/e/|Ine| to the saddle point.

LEMMA F.1.1. — (a) The entrance map satisfies the estimates

el/4=%¢(0,0, Ip) (% — 6)

_ 1/4-6 T

|Hi|=¢ +@(\/§), I, - I M, (To)M (o) [Inel,
OHy |\ 0L O s 0L c(0,0.1)(1/4 5)ine]
om, ~ " o, ~ b e, ) am, My, (I0)M (Do)
9*(Hy, 1) —(3/4+25)

Oy )2~ O(e ).

(b) The middle map satisfies
I, =s(I) +0(1), |Ha|=¢e"*"°+0(Ve).

The first derivatives of (Ha,I2) with respect to (Hy,I1) are given by (1.28)—(1.29)
(with (Ho, Io) replaced by (H1,I1) and (Hy,Iy) by (Ho,12)). The second derivatives
are O(e~1/4).
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(¢) The exit map satisfies the estimates

el/4=%¢(0,0,1y) (3 - 6)
|Hs| = O(vVe), Iz—Ir~ My, (TN, Inel,
3H3 (9[3 8H3 5 813 C(0,0,If)(1/4+5) |1H8|
om "V an " an ~C) am, T T MyUoad,)
O*(Hs, I3)

0(Hy, I)? D).
2,42

The next result is obtained from Lemma F.1.1 by a direct computation.

COROLLARY F.1.2. — The derivatives of the map (Iy, Hy) — (I3, Hs) satisfy (1.28)-
(1.29) with (Hy, Iy) replaced by (Hs,I3) andIn Ho, In Hy replaced by 3Ine. The second
derivatives are O(e~(3/4+39)),

Corollary F.1.2 implies the following modification of Proposition B.0.1.

ProrosiTIiON B.0.1*. — The inner map for the captured orbits satisfies the esti-

mates
9J;  C*e(Jo)e(Jy)

8H, AM(J;)
where C* is defined by (1.27) and c(J) is defined by equation (1.26).

Ine,

oJr (lnzs) OH7; Q(lnzs) OH7; @<ln25)

0Jo NG ) NCIAREB €
The second derivatives bounds are worse than the bounds of Proposition B.0.1 by a
factor of = (8/4+39),

Proof. — To get the information about the first derivatives we directly multiply the
bounds

(F1) <@@<1> @WE))(@(HMD @(m%))

1/ve)  0) 1)  O(el)

y ( o) @(\E)>

O@/ve) 0(1)
(the middle term is given by Corollary F.1.2 while two other terms come from Ap-
pendix C). To get the asymptotics of 8J7/0Hy we observe that the bound for top
right corner of the product (F.1) comes from products of the top left corner of the
first matrix, the top right corner of the second matrix and the bottom right corner
of the third matrix. Therefore the result follows from (1.28) and the fact that the
maps of steps 1)-3) and 5)-7) of Appendix C as well as the maps of steps (4a), (4c)
of Section E.3 are in Y.
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To obtain the bounds for the second derivatives we observe that comparing to the
proof of Proposition B.0.1 only the terms of step 4) are different. Now the terms
containing 8% (I, Hy)/0%(I3, Hs) get worse by a factor ©)(e~(/4+39)) and the terms
containing (9(Iy, Hy)/d(I3, H3))? get worse by a factor of O(s ' In*¢). O

F.2. Entrance phase

We consider the iterates of the first return map to {y = d}. The first return map
satisfies the following estimates.

LEMMA F.2.1. — The first return map satisfies the following estimates:

Inz,
() Vs | = ol ~ VEMi (D), s = o~ Vo (T, 6(00), (D) 25
(b) Here b, denotes b(xy,d,I,,0) :
Oz, by, Oz,
Tt = R 0((WEral)n), Gt = 0((Verad)),
6In+1 _ 2 8In+1 _\/gal(lad)(l)vecr(l))
or, —1tOWET), S s
()
82$n+1 - 1 821'n+1 - 1 82.’En+1 - 2
812 @<E)’ 91,01, @(E>’ oz~ ),
621n+1 _ \/E 621n+1 _ \/ETQ 82In+1 _ \/g
ox2 @<E)’ 8zr,0I, Q( T, )7 0r2 @(E)

Proof. — (a) The formula for the change of H is proven similarly to Section E.4. To
establish the formula for the change of I observe that

I(t2) — I(t1) = O(Ve [t — t1]).
The orbit spends most of the time near (0,0, I,) where I ~ /z¢(0,0,1,). Also by

Lemma E.1.2 (d) the passage time satisfies 7 ~ Iir(‘isl

(b) and (c) We represent our map as a composition of two maps: landing to {z = §}
and landing to {y = d}. The first map was analyzed in Section E.1. The second map
can be treated using the standard perturbation theory. Thus its derivative is O( /)

<a/b O)
0o 1)

(The derivation of the first column is similar to but much easier than the results of

perturbation of € = 0 map which is

Section E.1.) Concerning the second derivatives, the derivatives of z are £)(1) and
the derivatives of I are O)(y/¢ ). Now the result follows easily. O
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LEMMA F.2.2. — Let (Z,1) be the last point in the entrance zone. Then

() H| =/ + O(Ve),
_ 1/4-6 L_
T—1Iyn~ IS Ov’l(IO, ¢(IO)79cr(I0)) (4 6) |1n8|
M;j(Io)A(1o)
o oI oz
(b) dzo 0 oI, 8l o1),

I a(lo, ¢(Io),0er(10))8(1/4 + 6)g(Lo) Ine

~ — 3

dxo (o) M;;(Lo)

(c) the second derivatives are @(5—(3/‘”25)).

Proof. — Part (a) immediately follows from Lemma F.2.1. To establish (b) we first
show by induction that if K;, Ko, K3 and K4 are sufficiently large then

oz, by, 3 2
920 ol = [Ven+en®](lnn+ |lnel),
% §K2[\/§n+€n3](lnn+|ln€|)2,

ol,

Inn.

1‘<K3[\/5n+5n](lnn+|lns|) ’%

aly

This readily gives the estimates of part (b) except that for the asymptotics of oI /0xg.
However the above bounds imply that for n > 0

aIn+l . % ~ _al(IOa(b(IO)agcr(IO))\@‘
Oxg Oxg A(Io)zr,

By (E.15) and Lemma F.2.1(a)

’I’LMij (Io)
dq(Io)
Since the number of steps is O(c~(1/4+9)) we get

371: _ a1(lo, ¢(o), 0cx (10))6(1/4 + 6)q(Jo)
1z M;;(1o)A(1o)

Ly ~ —

(F.2)

[Inel|.

Now part (b) follows easily.

Moreover a similar argument shows that for any n

Haxn, ) ’<K|lns|.

Now part (c) follows from Lemma F.2.1(c). O
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Combining Lemma F.2.2 with (E.15) proves part (a) of Lemma F.1.1. Part (c) of
Lemma F.1.1 follows from part (a) by time reversal.

Observe that (F.2) can be rewritten as

oI e(Io)(: +9)
8H0 MU(I(])

|Inel

where c is defined by (1.26). This matches the asymptotics predicted by (1.28).

F.3. Middle phase

We need to study equations of the form

0 =r++cP, f:—g—g+\@Q, I = \/eR.

It will be convenient to change the time to ensure that the orbits do not hang near
the saddle for a long time. Accordingly introduce a new time variable s by

(F.3) ds = 1/r2 + (0U /06)° dt

Next we rewrite our system in action-angle coordinates. Namely define ¥ by the
equation

oy 2 + (0U]09)?

or  T(H)(U/80 + /= Q)
where T'(H) is the normalization factor
7{ V12 4+ (0U/06)?
(00720 — Q) "

and the integration is over the energy level.

This leads to the system
W'=1, H =veX(H,Iv), I'=veY(H,I1).

Observe that X and Y are nonsingular away from the set H = 0. Indeed the
only other possible singularity set is the set S of elliptic rest points. However by
assumption (H) the entrance-exit map is defined for all I € G. Also by assumptions
(J)=(K) the only way the solution of the inner averaged system (1.23) can accumulate
on S is if it approaches a fixed point. But by assumption (H) no orbit starting from
G converges to a fixed point on S. So all the solutions are uniformly bounded away
from S. Next we get the asymptotics of X and Y near the singularities.
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LEMMA F.3.1. — We have

X=001), Y= @<\/|17|>

grratex o

araTasge = P(HITHe ) e ),
ap-i—q—M? - N

amrariag: ~ 011 @B D) m? | H])),

3p+q+£X B 1 B
F [ommarrage|ds = OCH+ 30010 ),
3p+q+ly o
f{’aﬂpafqaw’dsz@(lm (3 (a+0)| 17 | H ).

where the integration is over the energy level.

The proof of Lemma F.3.1 is given in Section F.4.

LEMMA F.3.2. — The first return map satisfies the following:

(a) Hyn—Hy~VeX, Iny—I,~EY,
8Hn+1 0X 6Hn+1 0X

(b) om, "~ Veam o1, ~Viar
8In-‘,—l oY 8In+1 oY
om, "~ Veam o, ~Vear

where X andY are inner averaged vector fields (see (1.23)).

Proof. — Both part (a) and part (b) are proven as in Appendix D. We sketch part
(b), part (a) is easier. We introduce improved variables

€ =0H — e Z10H — e Zo0I, 0= 06H — \Je Z36H — /& Z481

where

9z (af( aX) 8Zy <a)~( ax)

9y \OH O0H/)' ay \aI oI
02y (DY Oy 0Zy OV OV
oy \oH OH/)' oy \dI oI
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Proceeding as in the proof of Lemma D.0.12 we see that the errors of averaging are
controlled by the following terms:

8H"+1 . 5\% 82)?
0H, OH?

ds = O(e|H|"2) = O(e3+327),

8Brn-i-l_ _ 1 245
S sf amH‘ds O(c|H |~ | n |H||) = O(c1%| Ine]),

8-[77, 1 1
aHJ;: 5% 8H2’ds_ O(eH™?) = O(e2729),

Onia -3 _ P+
o e]{ aIaH(ds O(e|H| | 1n |H]||) = 0(c3+ 5| ne]).

The reason why (0/01)(0/0H) appears in the second and fourth lines instead of a
more dangerous (0/0H)? is because 92X /0H? and 0?Y /OH? come with the factor
dH and in the second and fourth lines we have |§H| = (/2). O

Lemma F.3.2 gives the bounds of Lemma F.1.1(b) related to the change of I, H
and their first derivatives. To obtain the bounds on the second derivative we consider
the variational equation for the second derivative

e, = vE OX T 2y oy 4 5 T OT)

(X,Y)
' oI, H)

o1, H)?

This is a linear inhomogeneous equation where the inhomogeneous part is O(|H |2/ | In* ¢|)

2 ((01,6H), (61,6H)).

(see Lemma 1.3.1), the fundamental solution of the corresponding linear system is
O(In? €) and |H| grows as /et near the entrance phase and has a similar decay near
the exit phase. Now the estimates on the second derivatives follows easily.

F.4. Estimates of the derivatives
We begin with the following general result.

LEmMA F.4.1. — (a) Let

s f(s, I f{)
v =
where f is a smooth bounded function. Then for p >0

ore 1 o°f
oI~ 2 aIp

(I, HK) =

(0,1,0)|In7| + O(1)
and for ¢ >0

ortie 1 oPf (—1)4q! 1
oo 3 a1v! 010 5 +Q(ﬂq—1)'
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104 APPENDIX F. CAPTURED POINTS

(b) If f(0,1,0) =0 then
P [ OPf/0IP(s,1,0)
aI7 —/ —va—z O(#|InH)),

ap+1q) 1 6p+1f
oIP0H ~ 2 OPIOH

(0,1,0)In H + 0)(1)

and for g > 2
ortte 1 (1) (g—1)! grtlf 1
oIPoHT ~ 2 a1 ' 81’[851{(0 Lo+ Q(ﬂq 2)
c Let
* f(s,1,9) 5‘{)
U(I,H) =
R VY

Then ¥ is a smooth function.
REMARK. — In a typical application of this lemma we will have # = —H.

Proof. — (a) It is enough to estimate ® and its # derivatives since the differentiation
with respect to I just replaces the integrand by its I derivatives. Write

%(O’I’ﬂ) + 52 fo(s,I,)

and split & = &g + ®; + P, where ®; denotes the contribution of the corresponding

f(s, I,H) = f(0,I,%) +s

terms in the above formula. Then

s* st INVIH
o= [ AOL10,, [T 0150,
1

\ﬁ\/i u? —1
_/S*Wf@,fﬂ)du_/s*/m FOrH)
=, u BN B T 7
— £(0.1,70 I~ + 9(1).
f( ) N (1)
Also
s*NH
(F.4) 0% _ of/0H O LH) (1 _FOLI)
oH )y u? —1 29 \/1— #/(s

Thus the main contribution comes from the second term which equals to — f(0, I, 0) /2 +
©)(1) while the first term is O(| In ).
(F.4) easily implies that
910, 1 (—1)7q! 1
e = 3/ 010+ ()
so it remains to show that the contributions of ®; and ®, are of lower order. We have

_ s 533(015‘{) 1 of
@1—/\/%82 7 ds = 5 a(015‘{) (s*)2 — K.
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To handle &5 we split

<I)2:/2@ s2f2(s,1,ﬂ)ds+/3* Sha(s, LA)
VT V2 —H T VS —H

The first term here equals

2,2
@1(1,5‘{):%/1 Wdz

so it admits the Taylor expansion in powers of v #. To analyze the second term we
expand the denominator into a power series (with unit radius of convergence)

< 1,5 1,IH)H"
/ o ) Z wk/ < 2k—1 ds
o /1= (H] 52 s
and notice that the last integral is
H
(@ =z2)
(2k — 2)2k~2
so that ®3 = O(J). A similar argument shows that
019, ( 1—
oo (n g
77 9
This completes the proof of part (a).
The proof of part (b) is similar except that the estimate of ® is different. Namely

we have f(0,1,%#) = # f(I,9) for a smooth function f so we gain an extra factor of
H compared to part (a).

(c) Introducing a new variable s — % instead of s we obtain
h(s 5’{ I, 5‘[
U(I,H#)= / ) ds

for a smooth function h. Now the change of variables u = v/s — H transforms

/\/s*—H

U(I,H) =2 h(u?, I,9¢)du. O

0
Proof of Lemma 1.8.1. — We have

02(H) —
(F.5) Y(I,H) = 2%&(1,0,9(3),0)013 _ \/5/ «(1,0,6,0)
01 (H) H-U

Choose some 0* between 6;(0) and 62(0) and split Y = Y; + Yo where Y7 involves
the integral from #; to 6* and Y; involves the integral from 6* to 6. To estimate
the first term observe that 6, is the maximum of U and U(6,5(I),I) = 0. Therefore

U0,I)=—(0—6,,)*V(I,0) for a positive function V. Accordingly the denominator of
(F.5) takes form /(6 — 6;)2V — [H|. Introducing a new variable s by —0;; = s/VV

de.
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reduces Y; to the form of Lemma F.4.1 (a). Similarly Y2 can be estimated using
Lemma F.4.1 (c).

The estimates of X are similar except we use Lemma F.4.1 (b) instead of Lemma
F.4.1 (a) to handle the first integral. O

Proof of Lemma F.3.1. — The estimates for X and Y follow from the expressions for
H,I and (F.3). (Recall, see (1.18) that the /2 coefficient of H vanishes near the
origin.)

To estimate the derivatives of X and Y we need to bound the derivatives of the co-
ordinate change (6,r,I) — (H, 9,1 ) We represent it as a composition of two changes.

1) (8,7,I) — (H,r,I). Since H = £r? + U we have
0H —rér —0U/0I 61
F. 50 = .
(F-6) oU /o6
Observe that, since 72 < 2|U],
oUu
(F.7) 50 ~ (0 — ),
(F.8) r < Const|0 — 0.

2) (H,r,I)— (H,v,I). We have
V(0U /96)? + 22
= z,H,I),I)d
HI/ aU /00 — JQ( D, 1)dz
where 6(z, H, I) is defined by the condition

2

(F.9) U@D+%:H
By the same analysis as in Lemma F.4.1 we have
ortar 1
— 349
|T(H)| < Const, S T5H @(H )
Next,
U /00)? + r?
(F.10) 0 _ yOUIOF AT _ g

or  T(0U/08 — Q)
due to (F.7) and (F.8). Further,

9y

o5 = (O + D + (D) + (1)
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where
(1) = LY an 0(1/v/|H]),
(1) = 1 ' (89U /96°)(96/9H) N
m OU /06 — JeQ)2
(IIT) = \f Q(oU/09)(09/0H)

o /(0U/860)2 + 22(8U /06 — /£ Q)2 i

\/(0U/06)2 + 22(0Q/00) 60/8H)
B / (0U /06 — Ve Q)?
Differentiating (F.9) we get 06/0H = 1/(0U/d6) so
(F.11) |(II)| < Const/o (6Uz/69)

r 2
< Const / ( id dz < Const.
0

RS
HI+ 1222 = JH]

Consty/e _ Const [€
)| < < ) v Const
|( )| — H — \/W | )| = Lons |H|

Likewise computing 9y /01 reduces to estimating

/T 22 o6
— . —dz.
o (8U/80)3 oI

dz < Const/ —dz

Similarly

Differentiating (F.9) we get

00 oU /o1

oI~ oU/oe o)
since oUu 00 oU oU

_ "~ p. jk vy )
0= 96 (0379([)71) oI + aI(]k(I) I) aI(Jk(I)’I)
and so
< <
’ 8]‘ Const|0 — 0] Const’ i ’
Thus )
z°dz
’8]‘ < COnSt/ W S COnSt|1n|H||

Accordingly

5y = O(1)r + @(\/llﬁ')w 4+ 0|1 |H||)6I
Conversely by (F.10)

(F.12) 6r = 01y + O SH + O(|In |H]||)I

1)
VIH]
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Substituting this into (F.6) we get
0H — (0U/0I)é1

- D(1)6 +@71 0H + O(|In|H||)d1

The derivatives of X and Y with respect to (H, 1, I) are obtained from the derivatives
with respect to (6,7, I) by substitution (F.12)—(F.13). Taking 8/0r and 0/96 brings
an extra factor of (§ — 6;;)~" (that is an extra factor of ©(1/+/]H|) whereas the
substitution (F.12)~(F.13) contributes another factor O(1/+/[H|) for H-derivatives
and O(|In|H||) for I-derivatives. Integrals of (6 — 6;;)~* are estimated as above (cf
e.g. (F.11)). The result follows. O

F.5. Proof of Proposition 2.2.2*

Proof. — Part (a) follows from the estimates of Lemma F.1.1. Parts (b) and (c) are
obtained similarly to the proof of Proposition 2.2.1 except we use Proposition B.0.1*
instead of Proposition B.0.1. For part (c) we let 6 = 3§ and observe that even
though the second derivative bounds of Proposition B.0.1* are worse by the factor of
e~ (319 it only results in O(e~(1*9) diterioration of the second derivative bounds in
Proposition 2.2.2* since 8(J7, H7)/9(Jo, Ho)? does not give the leading contribution
in Proposition 2.2.1.

Part (d) follows since the orbits we consider make €)(1/4/¢) rotations and the
longest rotation takes time ©)(1/¢ |Ingl|). To obtain part (e) we observe that the orbit
can pass near the separatrix either during the entrance into resonance or during the
exit from it. The measure of the former orbits is estimated similarly to Section
E.4. To estimate the measure of the orbits which come too close to the resonance
during the exit we observe that due to Corollary F.1.2 the image of each captured
component consists of (| Ine|) components (each component consisting of the points
making the same number of rotation during the capture) and for each component
the relative measure of the points coming too close to the separatrix is ©(1/+/]In¢l)
(this is because in the notation of Corollary F.1.2 the map Hy — H3 has bounded
distortion). O
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APPENDIX G

EXAMPLES

G.1. Example 1

Here we compute the parameters of the limiting process for Example 1 of Section
1.4. From (1.31) we have

L(I) = U'(Z(I)).
The critical points are given by the equation
sinf., = U'(Z(1)).

We are interested in the saddle point corresponding to the maximum of U so 6. =
sin~' U’(Z(I)). The inner hamiltonian takes form

H=U'(Z(I))0+ cosb — [(U'(Z(I))0cx + cos O, ].

Since
00, u”

8I  U’cosOq

we have
H/ U//

i ﬁ(Z(I)) [r? — (0 — Oc;)] sin 6.

Introduce functions

Ajk(N,E) = %rj sin®0dt, YT = %Osinﬁdt,
where the integration is over the energy F curve of the pendulum with constant torque
(G.1) " = N +sin 6.

Then the integral over the separatrix loop is computed as

//Q sinfdrdf = Ao 1 (—U'(Z(1)),0),
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whereas

= U (2(0) [ - Aon (- U(2(1)),0)

U/
+ (T( - UI(Z(I))a 0) - ecrAO,l( - UI(Z(I),O))] .

Finally the inner averaged equation used to compute the entrance-exit function takes
form

Ul/

(G2) H=1;

(2(D)) [Aa (- U'(2(D)), H)
- (T( - UI(Z(I))7H) - acrAO,l( - Ul(Z(I),H))i|7
I' = Aoy (~U'(Z(1)), H).

Thus denoting by 7(I) the period of the averaged system (1.30) we get the following
formulas for the limiting process

> The limiting equation is
dJ 1 y
(G.3) Fr %21\2,1(_(] (Zj(j))ﬂ)

where the summation is over all points where U(Z;) = 4.

> The killing intensity is

(G.4) M) =3 N ()

where
L UnE(9)
5 =Tz,

+ (Y(=U'(2;(9)),0) = berPoa (- U'(zju),o))D+

[ = A24(-U"(2;(4)),0)

> The entrance-exit function is computed using (G.2).

G.2. Example 2

Here we compute the limiting process for Example 2. From (1.33) the inner hamil-

tonian is

r2 i 21
H= 5 ¥ (NO —cos@)\/ ~ + (NOe — cos ) N

where 6., is the same as in the Example 1. Thus we have
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Observe that there are four resonances corresponding to possible choices of signs z
and cos® but only the sign of z cos is important. For example, if zcosy > 0 we get

H 1
Ve  V2NI

Using the equality

o1
(r2(N +5in6) + (N8 — cos + Nflx — c0s er) |/ - sin 9)

(N@ —cos@ + NO., —cosb)\| —=——H
we obtain
H' B er—l—%rQsinG—HsinO
Ve o ONT

Likewise in case zcost < 0 we obtain

H’ _ Nr2 4+ %7’281119— Hsin6

N ONT

Next observe the change of variables § = m — 6 transforms equation (G.1) into

§'=—-0"=—N—sinf=—N —sind.
Accordingly the contributions of four resonances to the drift term cancel out and
so the limiting equation is 4" = 0. Next the change of time { = (2I/N)it trans-
form the unperturbed inner system into (G.1) and the velocity becomes rescaled by
r = #(2I/N)% and the total energy is rescaled by H = H/N/2I. Observe that the
separatrix integrals corresponding to z cos ¥ = £1 have opposite signs so one of them
is positive and the other is negative. Thus the total contribution of the separatrix

integrals is

i (M;(1)5 _ [3As:1(I) + 2N Ago(1)]

L,(D) (SNSI%)1/8

j=1
The inner averaged system used to compute the entrance-exit function takes form

~ 2I\1 1 ~ ~ o~ -
H = i(—) — [NAyo(N, H) + g1 (N, H) — HAo 1 (N, H)],

N/ 21
2l _
1'=%(%5) Roa(w, H).

(Here we have used the variable H = H/N /21 rather than H to compute inner
averaged equation since it leads to simpler formulas while the entrance—exit function
is the same). After a further change of time the inner averaged system takes form

- NAso(N,H) + 3As1(N,H) — HAg 1 (N, H
(G.5) - 20(N, H) + 3 2,12(I ) 0,1( )7

(G.6) I' = FAo 1 (N, H).

(Here the sign is chosen so that H is decreasing near (0,1).)
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Denote by 7(I) the period of the averaged system (1.32). Then the limiting process
is a jump process with jump intensity
_ BA21 (1) + 2N A0 ()]
7(I)(8N5I3)3

and the jump function computed using the inner averaged system (G.5)—(G.6).

(@.7) A(S)
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DISTORTION BOUND

LEMMA H.0.1. — Suppose that ¥ is a subcurve with coordinates [Ey, Es] such that
|Es — Ev| < AL If
d’E dE\2 dE
e P 7) d =
dEQ‘ = <dE and 45 70
then we have the following distortion bound: for all E3, E, € [E1, Es] we have
—za o BBl |Ea — Bl _ g
T |Ey— B3| |E2 — En| T
Proof. — By the Intermediate Value Theorem
E,—Es| - |E;—FE E E
|Ea — B3| - | By — B[ _ d—(E’) d—(E”)
|E4 — E3| - |E2 — Fy| dE dE
for some E’ € [Ey, Es], E” € [E3, E4]. On the other hand
d dE dE
(4] < 0|
‘dE . <dE ="ldE

(H.1)

Integrating we get
o _ dE dE
—L|E'—E"| < ‘ E' )0l

The lemma follows. O

S eL‘E/_E”|.
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