Meémoires

de la SOCIETE MATHEMATIQUE DE FRANCE

WEIGHT FILTRATION AND

SLOPE FILTRATION ON THE

RIGID COHOMOLOGY OF

Numéro 130-131 A VARIETY IN CHARACTERISTIC p > 0

Nouvelle série
Yukiyoshi NAKKAJIMA

2 01 2

SOCIETE MATHEMATIQUE DE FRANCE

Publié¢ avec le concours du Centre National de la Recherche Scientifique




Comité de rédaction

Charles FAVRE
Daniel HUYBRECHTS
Yves LE JAN
Laure SAINT-RAYMOND
Wilhelm SCHLAG

Jean BARGE
Gérard BESSON
Emmanuel BREUILLARD
Antoine CHAMBERT-LOIR
Jean-Frangois DAT

Jean-Marc DELORT
Raphaél KRIKORIAN (dir.)

Diffusion
Maison de la SMF Hindustan Book Agency AMS
Case 916 - Luminy 0-131, The Shopping Mall P.O. Box 6248
13288 Marseille Cedex 9 Arjun Marg, DLF Phase 1 Providence RI 02940
France Gurgaon 122002, Haryana USA
smf@smf .univ-mrs.fr Inde WWW . ams . org
Tarifs

Vente au numéro : 60 € ($90)

Abonnement  Europe : 262 € hors Europe : 296 € ($444)

Des conditions spéciales sont accordées aux membres de la SMF.

Secrétariat : Nathalie Christiaén
Mémoires de la SMF
Société Mathématique de France
Institut Henri Poincaré, 11, rue Pierre et Marie Curie
75231 Paris Cedex 05, France
Tel : (33) 01 4427 67 99 e Fax: (33) 01 40 46 90 96
revues@smf.ens.fr e http://smf.emath.fr/

© Société Mathématique de France 2012

Tous droits réservés (article L 122—4 du Code de la propriété intellectuelle). Toute représentation
ou reproduction intégrale ou partielle faite sans le consentement de I'éditeur est illicite. Cette
représentation ou reproduction par quelque procédé que ce soit constituerait une contrefacon

sanctionnée par les articles L 335-2 et suivants du CPI.

ISSN 0249-633-X
ISBN 978-2-85629-376-8

Directeur de la publication : Marc PEIGNE




MEMOIRES DE LA SMF 130/131

WEIGHT FILTRATION AND
SLOPE FILTRATION ON THE
RIGID COHOMOLOGY OF
A VARIETY IN
CHARACTERISTIC p >0

Yukiyoshi Nakkajima

Société Mathématique de France 2012

Publié avec le concours du Centre National de la Recherche Scientifique



Y. Nakkajima
Department of Mathematics, Tokyo Denki University,
5 Senju-Asahi-cho Adachi-ku, Tokyo 120-8551, Japan.

E-mail : nakayuki@cck.dendai.ac. jp

2000 Mathematics Subject Classification. — 14F30.
Key words and phrases. — Rigid cohomology, Log crystalline cohomology, Log
de Rham-Witt complex, Weights, Slopes.

The author is supported from JSPS Grant-in-Aid for Scientific Research (C)
(Grant No. 20540025). He is also supported by JSPS Core-to-Core Program
18005 whose representative is Makoto Matsumoto.



WEIGHT FILTRATION AND SLOPE
FILTRATION ON THE RIGID COHOMOLOGY
OF A VARIETY IN CHARACTERISTIC p >0

Yukiyoshi Nakkajima

Abstract. — We construct a theory of weights on the rigid cohomology of
a separated scheme of finite type over a perfect field of characteristic p > 0
by using the log crystalline cohomology of a split proper hypercovering of the
scheme. We also calculate the slope filtration on the rigid cohomology by using
the cohomology of the log de Rham-Witt complex of the hypercovering.

Résumé. — Nous construisons une théorie des poids sur la cohomologie rigide
d’un schéma séparé de type fini sur un corps parfait de caractéristique p > 0 en
utilisant la cohomologie log-cristalline d’un hyperrecouvrement propre scindé
du schéma. Nous calculons aussi la filtration par les pentes sur la cohomologie
rigide en utilisant la cohomologie du complexe de de Rham-Witt logarithmique
de I’hyperrecouvrement.

(© Mémoires de la Société Mathématique de France 130/131, SMF 2012
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1. INTRODUCTION 1

1. Introduction

J.-P.Serre has conjectured the existence of the virtual Betti number
of a separated scheme of finite type over a field (see [33]). Furthermore,
A. Grothendieck has conjectured the existence of, so to speak, the virtual
slope number and the virtual Hodge number of the scheme (see [loc. cit.]).
Let us recall the numbers briefly as follows.

Let x be an algebraically closed field of characteristic p > 0. Let S(x) be
the set of isomorphism classes of separated schemes of finite type over k. For
a separated scheme U of finite type over x, we denote by [U] the element
of S(k) defined by U. For a function f: S(k) — Z, we denote f([U]) by f(U)
for simplicity of notation. Let r be a nonnegative integer. Then Serre has
conjectured that there exists a unique function

he: S(k) — Z

satisfying the following two properties (see [33]):

> For a closed subscheme Z of U,
(I-a) he(U) = he(Z) + he(U \ Z).

> If U is a proper smooth scheme over k, then
(I-b) he(U) = (—1)" dimg, Hg (U, Qe)
for a prime number ¢ # p.

Here the letter ‘¢’ in the notation h[ stands for the compact support. Heuris-
tically h.(U) is given by the formula (see [loc. cit.]):
Yoo (=)™ dimg, gr” HZ (U, Q) (p > 0),
Eﬁ:o(_l)m dlm@ gergl(Uanv Q) (p = 07 K= (C))
where P is the ‘weight filtration’ on Hg (U, Q) (resp. H"(Uan, Q)). (For the

cohomology without compact support, see (1.0.3) below for the definition of
the weight filtration P when & is F, (resp. C).) Set

Hm(U) — Hérg,c(U’ QZ) (p > 0)7
’ H™(Uay, Q) (p=0,5=C).

(1.0.1)  K(U) = {

Heuristically (I-a) is obtained from the strict exactness with respect to P of
the exact sequence

o — H"U\Z) — H"(U) — H*(Z) — ---

SOCIETE MATHEMATIQUE DE FRANCE 2012
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Serre has called h{(U) the virtual Betti number of [U]. He has also remarked
that the (conjectural) resolution of singularities (in the positive characteristic
case) immediately implies the uniqueness of hL. Serre’s conjecture was the
starting point of Grothendieck’s theory of weights (see [33]).

In [33] Grothendieck has conjectured, for two nonnegative integers i and j,
there exists a function

h¥: S(k) — Z
such that
(II-a) h(U) = Y hI(U).

i+j=r

In the case p > 0, let WW be the Witt ring of &, Ko the fraction field of W and
W, the de Rham-Witt sheaf of U of degree i (see [47]). We call hd (U) the
virtual slope number and the virtual Hodge number of [U] if p>0and p =0,
respectively, because we require that h¢ satisfies the equation:
(=1)" dimg, (H7 (U, W) @w Ko)  (p > 0),

(_1)i+j dimy Hj(Uv Q%]/H) (p = 0)

(ILb)  KI(U) =

if U is a proper smooth scheme over k. We also require that h¥ satisfies the
equation

(Il-c) he (U) = hd (Z) + hd (U \ 2).

Furthermore, we conjecture that R is uniquely determined by the equations
(II-b) and (II-c). It is easy to check that the (conjectural) resolution of singu-
larities (in the positive characteristic case) immediately implies the uniqueness
of hi?. The existence of Y (i,j € N) implies the existence of h% (r € N) be-
cause (I-a) is clear by (II-a) and (II-c) and because (I-b) holds as follows: if U
is a proper smooth scheme over k, then we have the equations

ity (Hiye (U/W) @ Ko)
dim,, Hj (U/K)

_ {Zi—i—j:r dirnKO (H](U7 WQ%]) ®W KO)
Zi—i—j:r dimlﬁ Hj(U7 Q%]/,{)

(102)  dimg, H(U,Q) = {

The first (resp. the second) equation in (1.0.2) in the case p > 0 has been
obtained in [54], [16] and [69] (resp.[47]). The first equation in (1.0.2) for
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the case kK = C is obtained by the following way:
dimg, Hg (U, Q¢) = dimg H" (Uan, Q) = dimc H" (Uan, C)
= dim¢ Hj (Uan/C) = dim¢ Hjr (U/C)

(see [36], the Poincaré lemma, GAGA [41]). The first equation in (1.0.2) in
the case p = 0 is reduced to the case kK = C. The second equation in (1.0.2)
in the case p = 0 has been obtained in [22].

In this book, we solve the following variants of Serre’s and Grothendieck’s
conjectures about the existence of the functions A and he.

Let CS(k) be the set of isomorphism classes of pairs of separated schemes
of finite type over x and their closed subschemes. For a closed subscheme Z of
a separated scheme U of finite type over s, we denote by [(Z,U)] the element
of CS(k) defined by U and Z. Then we prove that there exists a function

h5(?): CS(k) 2 [(Z,U)] — hiz(U) € Z
(set h"(U) := h{;(U)) satisfying the following four properties:

> For a closed subscheme Z’ of Z,
(IlL-a) W (U) = b (U) + hiy (U \ Z).

> For an open subscheme U’ of U which contains Z as a closed subscheme,
(IT1-b) hy(U") = kY (U).

> If U and Z are smooth over x and if Z is of pure codimension ¢ (¢ € N)
in U, then

(ITI-c) R (U) = h"™=2%(Z).

> If U is a proper smooth scheme over k, then
(I11-d) hT(U) = (—1)" dimg, H% (U, Qy).

Heuristically (III-a), (III-b) and (III-c) stem from the exact sequence

o — Hp (U, Qo) — HZ (U, Q) — HR 7 (U\Z', Q) — -+,
the isomorphism
H7(U,Q)) — HZ (U, Q¢) (m€N)
and the Gysin isomorphism
Gy H"72(2,Q0)(—¢) = HF(U,Qp) (m €N),

respectively.

SOCIETE MATHEMATIQUE DE FRANCE 2012
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Moreover, we prove that, for two nonnegative integers ¢ and j, there exists
a function

hi(?): CS(k) 3 [(Z,U)] s W3 (U) € Z

set R (U) == h(U satisfying the following five properties:
U

> For a closed subscheme Z’ of Z,
(IV-a) Wy (U) = h3,(U) + ), 5 (U\ Z).

> For an open subscheme U’ of U which contains Z as a closed subscheme,
(IV-b) Wy’ = hZ(U).

> If U and Z are smooth over x and if Z is of pure codimension ¢ (¢ € N)
in U, then

(IV-c) hI(U) = hi=I=¢(Z).
> If U is a proper smooth scheme over k, then

(IV-d) WI(U) = (=)™ dimy, (H? (U, W) @w Ko) - (p > 0),

(=1)"* dim, H(U, ;) (p=0),
(IV-e) hy(U)= > hg(U).
i+j=r

Let SCS(k) be the set of isomorphism classes of pairs of separated smooth
schemes of finite type over x and their closed subschemes over k. In the text,
we also show that the (conjectural) embedded resolution of singularities for
any variety with any closed subscheme (in the positive characteristic case)
implies the uniqueness of the restriction héj (M)lscs(x) of hf,j (7).

By the philosophy of weights above, Grothendieck has born the conjectural
theory of motives (see [33]). Motivated by the philosophy of weights, by the
conjectural theory of motives and by Grothendieck’s isomorphism between
the Betti cohomology with coefficients in C of the analytification of a smooth
scheme over C and its de Rham cohomology (see [34]), P. Deligne has given a
translation between concepts on f-adic cohomologies and those on the mixed
Hodge structure in [23], and he has constructed the theory of Hodge-Deligne in
[24] and [25]. Especially he has given the following translation for a separated
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scheme U (and V') of finite type over a field x:

(1.0.3)
¢-adic objects/F (for simplicity), (¢,q) =1 | objects/C
H (Ug,,Qe) (h€Z) H"Uan, Q) (h€Z)

F: geometric Frobenius ~ H, gt(Uqu Qv);
there exists a unique finite increasing
filtration { Py }rez characterized by the
following: Pngt(UFq,@g) is the principal
subspace of H gt(Uqu Q) where the

eigenvalues «’s of F' satisfy the following:

(MHS/Q) on H"(Uan, Q):=

(mixed Hodge structures/Q)

on H"(Uan, Q):=

(weight filtrations/Q)+(Hodge ones)
on H"(Uan, Q).

lo()] < ¢ (Vo: @ = C)
(cf. [50], [31], (12.20) below)

A morphism in the category
(MHS’s/Q) is strictly compatible
with the weight filtration and
the Hodge filtration

A morphism H&(VFq,@Z) — H&(Uﬁqv@e)
of Q¢[F]-modules is strictly compatible
with Py’s.

Let Z be a closed subscheme of U.
H %an(Uan, Q) with the mixed Hodge structure as a corollary of the theory of
Hodge-Deligne, and we can solve the variants of Serre’s and Grothendieck’s

In the case k = C, we can endow

conjectures in the case k = C.

Let us consider the case where k is a perfect field of characteristic p > 0.
Let V be a complete discrete valuation ring of mixed characteristics with
residue field x and let K be the fraction field of V. Let W be the Witt ring
of k and let Ky be the fraction field of W. P. Berthelot has defined the rigid
cohomology Hﬁg’Z(U/K) (h € N) with closed support (see [6], [9], [19], [62]),
which corresponds to H gan(Uan,Q) in the case x = C. He has also defined
the rigid cohomology HQ&C(U /K) with compact support (see [6]). The main
results in this book are to endow Hﬁ& 4(U/K) with a weight filtration and
to calculate the slope filtration on Hrfi& 4(U/Kyp). As a corollary of the main
results, we solve the variants of Serre’s and Grothendieck’s conjectures about
the existence of the functions h5(?) and héj (?) in the case ch(k) > 0. If U
is a closed subscheme of a separated smooth scheme over x, then we also en-
dow H§g7C(U /K) with a weight filtration and calculate the slope filtration on
H Q&C(U /Kp). As a corollary, we solve original Serre’s and Grothendieck’s con-

jectures about the existence of the functions A and h¥ in the case ch(k) >0

SOCIETE MATHEMATIQUE DE FRANCE 2012



6 CONTENTS

for separated schemes of finite type over x which are closed subschemes of
separated smooth schemes over k.

Before explaining our results in this book in more details, we give the fol-
lowing picture:

[24] (see [21]) ——  [72]

l |

[25] (see [21]) —— this book.

Here we mean the movement from the case ch(k) = 0 to the case ch(k) > 0
by the horizontal arrows, and we mean that the sources of the vertical arrows
are bases for the targets.

First we recall Deligne’s result in [24] quickly.

Let X be a proper smooth scheme over C with an SNCD (= simple nor-
mal crossing divisor) D. Set U := X \ D. Let j: U — X be the natural
open immersion. Set D := X and, for a positive integer k, let D®*) be
the disjoint union of all k-fold intersections of the different irreducible com-
ponents of D. Let P be the weight filtration on the sheaf ngan /C(log Dgy)
(i € N) of logarithmic differential forms on X, along D,, which is obtained
by counting the numbers of the logarithmic poles along D,, of local sections
of Q&an/(c(log D,y). Let Filg be the stupid filtration on Qkan/c(log Dgy):

Fil 0%, /c(l0g Dan) := Q" o (log Day) (i € Z).

Let 7 be the canonical filtration on a complex. Set

(K@7 7-) = (Rjan*(QUan)a 7-)
in the derived category DYF(Qy,,) of bounded below filtered complexes of
Qx,,,-modules; set

(K¢, P, F) := (9%, /c(10g Dan), P, Fily)

in the derived category DTF9(Cx,. ) of bounded below biregular bifiltered
complexes of Cx, -modules (see [25]). The main result in [24] is: the pair

((Kg,7), (K&, P, F))
is a cohomological mixed Q-Hodge complex on X,,, that is,
(K§,7) ®g C ~ (K&, P) in DTF(Cx,,)
and

(1.0.4) (H"(Xan, gri Kg), (H"(Xan, gri, K&), F)) (b, k € Z)

MEMOIRES DE LA SMF 130/131



1. INTRODUCTION 7

is a Q-Hodge structure of pure weight h 4+ k. Here F in (1.0.4) is the induced
filtration on H"(Xan,grl Kg&) by Fily. Let a®): D®) — X (k € N) be the
natural morphism of schemes over C. Let w®)(D,,/C) be the orientation
sheaf of Dé’f}/@: @*) (Do /C)(—k) := €& in [24]; w®)(D,,/C) is isomorphic
to Z pk) non-canonically. By using the exponential sequence on U,, and the
cup product, we have the purity isomorphism

(1.0.5) R jana(Zur,,) <= all (@® (Do /C)) (=k) (k€ N)
(cf. [53, (1.5.1)]). By using the isomorphism

(1.0.5)
(1.0.6) R*jani(Zu,,) ——— al (@™ (D /C)) (k)

D* %
ﬁ az(m)* (w(k)(Dan/C)) (=k)
instead of (1.0.5) (the isomorphism (1.0.6) is equal to the isomorphism in [24,
(3.1.9)]), we have the weight spectral sequence

(1.0.7) B = H' R (D) ®, ™) (D /C)) (k) @2 Q = H(Unn, Q).

In fact, Deligne has proved the existence of the weight filtration on the higher
direct image of the constant sheaf Q for a family of open smooth varieties with
good compactifications in characteristic 0 (see [21]).

Next we recall Deligne’s result in [25] quickly.

Let U be a separated scheme of finite type over C. Let U, = U,cy be a
proper hypercovering of U, that is, U, is a separated simplicial scheme of finite
type over C with an augmentation U, — U over C and the natural morphism
Upi1 — cosk,[{(U.Sn)nH (n > —1) is proper and surjective (see [25]). Then,
by proper cohomological descent, the natural morphism

RF(Uan, Q) — RF((U.)am Q)

is an isomorphism in the derived category DT (Q) of bounded below complexes
of Q-vector spaces (see [loc. cit.]). Assume that U, is the complement of a
simplicial SNCD D, on a proper smooth simplicial scheme X, over C. Let
Jo: U, = X, be the natural open immersion. Let P (resp. Fily) be the weight
filtration (resp. Hodge filtration) on O x)an /(C(log(D.)an). Set

(Kg,7) == (Rjean+(Q),7) € DTF(Q(xs).. )
(K2, P,F) = () c(108(D.)an), P, Fili) € D Fa(@px, ).

(The left (resp. right) degree is the cosimplicial degree (resp. complex degree).)
Then, by the result in [24], the pair ((K¢, 7), (K¢, P, F)) is a cohomological

SOCIETE MATHEMATIQUE DE FRANCE 2012
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mixed Q-Hodge complex on (X, )an, that is,
(K¢, 7) ®g C ~ (Kg*, P) in D+F((C(X.)an)

and, on each (Xj)an, ((K(g, ), (K&, P, F)) is a cohomological mixed Q-Hodge
complex on (X¢)an. Let L be the filtrations on

RT((X.)an, s(K§)) = s(RT*((X.)an, K7))
and RI'((X,)an,s(/2*)) defined in [24] (we recall the definition of L in §2
below), where s means the single complex. Let §(7, L) (resp.d(P, L)) be the
diagonal filtration of the induced filtration by 7 (resp. P) and L on the complex

RI((X.)an,s(Kg')) (resp. RI'((X.)an,s(K¢g*))) (we recall the definition of the
diagonal filtration in §2 below). Then Deligne’s results are the following:

((RF((XO)MM S(K(@.))v 5(7_7 L)) 9 (RF((X.)an, S(K((.',‘.))v 5(P7 L)a F))
is a cohomological mixed QQ-Hodge complex, and there exists the following
weight spectral sequence

(1.0.8) —k etk @Hh 2~ k t+k’))amw(t-ﬁ-k)((Dt)an/(C))(_t -k ®zQ

t>0
= Hh((Uo)anaQ) = Hh(UamQ)-

Now we quickly recall some results in [72] corresponding to [24] and [21]
as follows.

Let p be a prime number. Let (S,Z,~) be a PD-scheme on which p is locally
nilpotent. Assume that Z is quasi-coherent. Set

So = Spec(Og/I).

Let (X, D) be a smooth scheme over Sy with a relative SNCD over Sy (see
[72]). Set U := X \ D. Let f: X — Sp be the structural morphism; by abuse
of notation, f also denotes the composite structural morphism X — Sy — S.
In [72] we have defined a fine and saturated log structure M (D) with a natural
inclusion morphism M (D) < (Ox, *) associated to (X, D)/Sy (cf. the DF-log
structure in [51]) which will be recalled in §3 below. Here, following [52], we
mean by a log structure on a scheme Y a pair (M, «a), where M is a sheaf
of monoids on the Zariski site Y, and « is a morphism M — (Oy, *) which
induces an isomorphism a‘l(Og“,) = O3-. The composite morphism

0y = a N 0}) — M
induces a morphism ey pp): (Y, M) — (Y,05) of log schemes. We denote
(X, M (D)) simply by (X, D) by abuse of notation when there arises no confu-

sion. Let ((X D)/S) log (resp. (X /S)erys) be the log (resp. classical) crystalline

crys
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topos of (X, D)/S(= (X,M(D))/S) (see [51]) (resp. X/S (see [5])). Let
E(X,D)/S: ((X, D)/S)crffs — (X/S)Crys
be the natural morphism of topoi induced by the morphism

ex,mpy: (X, M(D)) — (X,0%).

—_—

Let u(x,py/s: ((X, D)/S)8 — Xyar (resp. ux/g: ()E/VS)CWS — X,ar) be the
natural projection. Let (X/S)Rrerys be the restricted crystalline topos de-
fined in [5] and let Qx/g: (X/S)Rerys — (X/S)erys be the morphism of topoi

such that Q% g(F) is the natural restriction functor of E (E € ()E/VS)CWS)

—_—

(see [5]). Let O(x py/s (resp. Ox/g) be the structure sheaf in ((X, D)/S)S8,

(resp. (X/S)crys). As in [5], set

ﬂX/S =Uux/s © QX/S: (X/S)Rcrys — )zzar'

The morphisms €(x p)/s, 4(x,p)/s> Ux/s, @x/s and U x,g induce the following
morphisms of ringed topoi

iy €(X,D)/s Qx/s

(X, D)/9)1%8,, Ox.py/5) ~225 ((X/8)erysr Oxys) L ((X/S)Rerys: Qi 5(Ox/9))

U<X,D>/Sl UX/Sl ﬂX/sl

()?zarv f_l(OS)) —_— ()?zara f_l(OS)) —_— ()?zarv f_l(OS))-

Let DTF(Ox/s), D+F(Q}/S(OX/S)) and DTF(f~1(Ogs)) be the derived cat-
egories of bounded below filtered complexes of Ox,g-modules, Q% /S(OX/S)'

modules and f~1(Og)-modules, respectively. In [72] we have defined two
filtered complexes defined by the formula

R +
Y s - s * s ) )
(Berys(O(x.,py/8): P) := (Re(x.py/s+(O(x,p)5), 7) € DTF(Ox/s)
(Ezar(O(x,0)5) P) = Rux)s.((Eerys(O(x,p)/5) P)) € DYF(f71(Os)).

In [72] we have called (Eerys(Ox,py/s), P) and (Eur(O(x,py/s), P) the
preweight-filtered vanishing cycle crystalline complex of (X, D)/S and the
preweight-filtered vanishing cycle zariskian complex of (X, D)/S, respectively.
We have called Q% /S(Ecrys(o()g p)/s), P) the (pre)weight-filtered vanishing
cycle restricted crystalline complex of (X, D)/S.

Let A := {D)}xea be a decomposition of D by smooth components of D,
where A is a set: each D) is smooth over Sy and D =} ., Dy in the monoid

SOCIETE MATHEMATIQUE DE FRANCE 2012
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of effective Cartier divisors on X/Sy. Set D(®) := X and

D) . H Dy, N---N Dy,
A Akl AN (i#4)}
for a positive integer k; D®) is independent of the choice of the decompo-
sition of D by smooth components of D (see [72]). Let a®): D®) — X be
the natural morphism of schemes over Sy. In [72], by using another filtered
complex (Cerys(O(x,p)/s), P) € D+F(Q§(/S(OX/3)) which is isomorphic to
Q}/S(Ecrys(o(x,p)/s%P) (we recall (Ccrys((’)(xp)/s),P) in (3.3), 1) below),
we have proved the following p-adic purity (cf. (1.0.6)):

(1.0.9) Q% /58 Eerys(O(x,p)/5)
= Q%/sR"€e(x,0)/5:(O(x,p)7s){—F}
~ * k
> Q¥ysacms (Opw s @z @l (D/S)) {~k},
where w((;f}),s(D /S) is the crystalline orientation sheaf of D®) defined in [72],
which is isomorphic to Zpw on (D®*)/S)qys non-canonically and {—k} is
the shift of a complex defined in the Convention 1) below. By applying the

derived functor R x/g, to (1.0.9) and by considering the action of the relative
Frobenius when Sy is of characteristic p, we have the isomorphism

(1.0.10) grszar(O(x,D)/S)

> agare (Rupis) 5 (Opw s 2 DD/ ) (—k) {=k}.
where (—k) means the Tate twist. Set

—_—~—

foxpyys = fouxpys: (X,D)/8)E,,Ox.pys)
— (Xzamf_l(OS)) — (gzara OS)
Because Eyr(O(x.py/s) = Rux,p)s«(Ox,py/s), the filtered complex
(Ezar(O(x,p)s), P) produces an increasing filtration on the log crystalline

cohomology Rhf(X,D)/S*(O(XD)/S) (h € N). By (1.0.10) we obtain the
spectral sequence

(L0A1)  EyPMF = RRE 0 6 (Opuw s 2 w8 (D/S)) (—k)
= R"f(x.p);s5:(O(x.0)5):

which we call the preweight spectral sequence of (X, D)/S (cf. (1.0.7)).
Let k be a perfect field of characteristic p > 0 and let W,, be the Witt ring
of k of length n > 0. In the case where Sy = Spec(k) and S = Spec(W,),
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Mokrane has constructed the preweight-filtered log de Rham-Witt complex
(W% (log D), P) := (W% (log D), { PW, Q% (log D)} kez) and has proved

gty WaQx (log D) = Wo Q3 b @z wf)(D/k)(~k)  (k € Z)

in [65] (see also [69]), where wég(D/ k) is the zariskian orientation sheaf of

D®) which is isomorphic to Z p(k) On D) non-canonically. Consequently he
has constructed the spectral sequence in [loc. cit.]:

(1.0.12) B = HY R ((DE ) Wa)arys, Op py, @2 wEL(D/Wh)) (—k)
= Hl}(ig-crys((Xv D)/Wn)

In [72] we have proved that there exists a canonical filtered isomorphism

(1.0.13) (Ezar(O(x,p)/5), P) — Wa2% (log D), P)

in DYF(f~1(W,)). As a corollary, it turns out that the spectral sequence
(1.0.11) is a generalization of the spectral sequence (1.0.12).

Let (X, D) be as above or an analogous log scheme over C. Then we have
the translation of Table 1 (see next page).

Here (Xan, Dan)'%% (resp. ((Xan, Dan))58) is the real blow up (resp. the log
étale topos) of (Xan, Dan) defined in [53] (resp. [48]), Xan is the topos defined
by the local isomorphisms to Xay, €iop is the natural morphism of topological
spaces which is denoted by 7 in [53], and €,y is the natural morphism forgetting
the log structure.

In [18] Chiarellotto and Le Stum have constructed the weight filtration on
the rigid cohomology of an open smooth variety over x which is the complement
of an SNCD on a proper smooth scheme over x which is embedded into a
formally smooth scheme over V. In [18] they have used local rigid cohomologies
in order to obtain their weight filtration. The method in [72] is different from
theirs.

The purposes of this book are the following:

1) To construct the theory of the weight filtration on the log crystalline
cohomology of a family of simplicial open smooth varieties in characteristic
p > 0.

2) To construct the theory of the slope filtration on the log crystalline
cohomology with the weight filtration of a split simplicial open smooth variety
in characteristic p > 0.

3) To define and study the weight filtration on the rigid cohomology of a
separated scheme of finite type over a perfect field x of characteristic p.
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(1.0.14)
/C crystal
Uan, (Xan, Dan)'® (see [53])
((Xan, Dan))5% (sce [48)) (X, D)/8)k5,
Xan, Xan (X/S)

crys

jan: Uan — Xana €top * (Xam Dan)lOg — Xana
g lo ST
€an * ((Xarn Dan))étg — Xan

—_~ e/~

€(X,D)/S* ((X7 D)/S)lc?%s - (X/S)crys

Rjan«(Z) = Reqops(Z) (see [53]),
Reéiops(Z/n) = Reans(Z/n) (n € Z) (see [68])

Q% sRex,p)/5:(O(x,p)/5)

Xan > X

uX/S: (X/S)Crys — Xzar

Zi(X Do )io%

(Z/n)(xamDan)loga (Z/n)((an))lc‘;g (n € Z) O(X7D)/S

7x.,,

(Z/n)x., (n€Z) Ox/s

(Reans (Z/n).7) (n € 2) (Ferys(Ocx,py/5), P)
(% c(l05 D), P) (Beae(Ox,0y/5), P)

Table 1

4) To calculate the slope filtration on the rigid cohomology above.

1) is a straight generalization of [72]. Let N be a nonnegative integer.

The key point for 2) is a comparison theorem between the split N-truncated
cosimplicial preweight-filtered vanishing cycle zariskian complex and the split
N-truncated cosimplicial preweight-filtered log de Rham-Witt complex (see
(1.0.16) below). The existence of the weight filtration in 3) follows from 1), de
Jong’s alteration theorem (see [50]), Tsuzuki’s proper cohomological descent
in rigid cohomology (see [86]) and a generalization of Shiho’s comparison the-
orem (see [82]) between the rigid cohomology of the scheme in 3) and the log
crystalline cohomology of a certain proper hypercovering of the scheme (see
(1.0.17) below). 4) is an immediate consequence of 2) and the generalization
of Shiho’s comparison theorem.

We outline Part I of this book, which treats 1) and 2) above.
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Let f: X, — Sy be a smooth simplicial scheme and let D, be a simplicial
relative SNCD on X,/Sp; by abuse of notation, f also denotes the composite
structural morphism X, — Sy < S. Let

P

cxopays: (Xos D)/S)'E — (X.]S)erys

crys

be the natural morphism of topoi forgetting the log structure. Let

ux,/s: (Xe/S)erys — X.,. be the natural projection. Then we have the
two filtered complexes

(Berys(O(x4,04)8)s P) = (Re(x,,04)/5+(O(x4,04)/5): T) € DTF(Ox,s),

(Bar(O(x,.pu)8)s P) := Rux, s+ ((Berys(O(x.,puy/5): P)) € DTF(f7H(Og)).

By (1.0.10) for each (Eu(O(x,,p,)/s), P) (t € N) and by using the diagonal
filtration in [25] (see also §2 below), we obtain the spectral sequence:
—k,h+k 2t
BTN = @RI e 6, (O pien) g @2 w0 (Dy/S)) (1~ F)
>0

(1.0.15) = R"f(x..pu)/5+(O(x..D0)/5):
which we call the preweight spectral sequence of (X,,D,)/S. The spectral
sequence (1.0.15) is a generalization of (1.0.11).

Let V be a complete discrete valuation ring of mixed characteristics with
perfect residue field x of characteristic p > 0 and let K be the fraction field of V.
For a p-adic formal V-scheme S in the sense of [74] and Sj := Spec S((Qg /D),
we obtain (1.0.9), (1.0.10), (1.0.11) and (1.0.15). In this case, we call (1.0.15)
the p-adic weight spectral sequence of (X,,D,)/S when X, is proper over S.
This spectral sequence is the p-adic analogue of the weight spectral sequence
(1.0.8).

Using techniques developed in [72], we prove the fundamental properties:

1) the convergence (in the sense of [74]) of the weight filtration on
R"fx. pu)s(Oixapuy8) ik = R fxe D05 (Oixa00)5) @ K,
2) the Ea-degeneration of the p-adic weight spectral sequence of (X,, D,)/S

modulo torsion and

3) the strict compatibility of the induced morphism of a morphism of proper
smooth simplicial schemes with simplicial relative SNCD’s with respect to the
weight filtration on Rhf(X.,D.)/S*(O(X.,D.)/S)K-

These are straight generalizations of results in [72].

We conclude the explanation for Part I by stating one more another result.
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Let N be a nonnegative integer. In the case where Sy is the spectrum of
a perfect field k of characteristic p > 0 and S = Spec(W,,) (n > 0), we can
generalize (1.0.13) as follows: if (X.<n,D.<n) is split, then there exists a
canonical filtered isomorphism

(1.0.16) (Brar(O(x<n Ducn)/s)s P) —> (Wnf%, _ (log Du<n), P)

in DYF(f,2y(Whn)), where fo<n: Xo<n — Spec(W,) is the structural mor-
phism. Though to prove that there exists the isomorphism

Ezar(O(X.SN,D.SN)/S) ;> WTLQB(.SN (log D.SN)

is not difficult (see [72, (3.5)]) if one uses Tsuzuki’s functor I" in [19] and [86]
(we recall T in (6.4) below), the proof of (1.0.16) is involved. The point
of the proof of (1.0.16) is to construct the morphism (1.0.16). To con-
struct it, we need the explicit descriptions of (Egar(O(x,_y,D.<y)/s), P) and
Wi, _ (log De<n), P), which are generalizations of the explicit descrip-
tions of (Ear (O(x,p)/s), P) and (W, Q2% (log D), P). (Even in the N-truncated
constant simplicial case, the descriptions in this book are generalizations of
the descriptions in [72]: in [loc. cit.] we have defined and used the ad-
missible immersion for the explicit descriptions of (FEa(O(x,pys), P) and
(W% (log D), P); in this book we do not use it for the explicit descriptions.)

Next, we outline Part II of this book.

Let V be a complete discrete valuation ring of mixed characteristics with
perfect residue field k of characteristic p > 0 and let K be the fraction field
of V. Let W be the Witt ring of k and K the fraction field of W. Let U be a
separated scheme of finite type over . Let j: U < U be an open immersion
into a proper scheme over . Then, using a general formalism in [35, Vbis],
we can construct a split proper hypercovering (U,, X,) of (U, U) in the sense
of [86], that is, (U,,X,) is split, U, is a proper hypercovering of U, X, is
a proper simplicial scheme over U and U, = X, Xz U. Moreover, using de
Jong’s alteration theorem (see [50]), we can require that X, is a proper smooth
simplicial scheme over k and that U, is the complement of a simplicial SNCD
D, on X, over x. We call such a split proper hypercovering (U,, X,) of (U, U)
a gs (= good and split) proper hypercovering of (U, U). We prove

(1.0.17) RIyig(U/K) = RT((X,, Do)/W)
by using

1) Berthelot’s base change theorem in rigid cohomology (the reduction to
the case V =W) (see [9)),
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2) a technique of the construction of a proper hypercovering in [86],

3) Tsuzuki’s proper cohomological descent in rigid cohomology for a proper
hypercovering of a triple (see [86]) and

4) Shiho’s comparison theorem (see [82]):

H, (U Ko) = H"((X4, D) /W) 1 (hyt €N).

Especially, the right hand side of (1.0.17) depends only on U and K; this
solves a problem raised in [50, Introduction] for the split case in a stronger
form: not only the log crystalline cohomology on the right hand side of (1.0.17)
but also the complex itself on the right hand side depends only on U and K.
(In [1], in a different method from ours, Andreatta and Barbieri-Viale have
proved that H'((X,,D,)/W) depends only on U/ for the case where p > 3
and where the augmentation morphism Xy \ Dy — U is generically etale even
for the non-split case.) We also come to know that the log crystalline co-
homology theory is a good cohomology theory for nonproper and nonsmooth
schemes by considering the larger category of simplicial log schemes which ap-
pear as (split) proper hypercoverings of schemes. On the other hand, (1.0.17)
tells us that the rigid cohomology of the trivial coefficient is interpreted by the
cohomology of an abelian sheaf in a (non-canonical) topos (see [63] for another
interpretation of the rigid cohomology by the cohomology of an abelian sheaf
in a topos).

(1.0.17) gives us some deep results; for example, one can directly derive the
finiteness theorem of Berthelot—Grofie-Klonne (see [9], [32], [86]; see also [55]
for the generalization to the case of the overconvergent F-isocrystal) without
using any result of the finiteness of rigid cohomology since we have the spectral
sequence

EY = H ((Xi, Di)/W) ; = Hi (U/K).

We can also derive a generalization of Berthelot’s Kiinneth formula without
support (see [8]) from the Kiinneth formula of log crystalline cohomology
(see [51]). More importantly, by results of Part I and (1.0.17), we can define a
weight filtration on H fig(U /K) which must be independent of the choice of the
gs proper hypercovering (U,, X,) of (U, U). We prove this independence by us-
ing Grothendieck’s idea for the reduction of geometric problems to arithmetic
problems (see [40], [33]) in the following way:
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1) For two gs proper hypercoverings (U}, X!) and (U2, X2) of (U, U), there
exists another gs proper hypercovering (U3, X3) of (U, U) fitting into the com-
mutative diagram

| |
U2 X3) —— WD)

(a general formalism in [35, V).

2) The existence of a model of the split N-truncated simplicial family
(Xe<n,De<n) (N € N) over the spectrum of a smooth ring of finite type
over a finite field (standard log deformation theory).

3) The reduction to the case of finite fields (the specialization argument of
Deligne-Illusie, see [46], [69], [72]).

4) The purity of the eigenvalues of the Frobenius on the classical crystalline
cohomology of a proper smooth scheme over a finite field (see [54], [16], [69]).

As a conclusion, we capture remarkable subspaces of Hﬁg(U /K) and,
from a different point of view, we can say that we capture subspaces of
H"((X,,D,)/W)k, which depend only on U and K.

Summing up, our method is a hard p-adic version of [25] except some tech-
niques. Indeed, we give a comparison theorem between different cohomology
theories in (1.0.17), while Deligne has worked in the same cohomology theory.

Once one obtains the isomorphisms

(1.0.18) H},(U/K) = H"((X.,D.)/W) . +— H"(X,,WQ%, (log D.)) .
obtained from (1.0.16) and (1.0.17), one may think that one can use the log de
Rham-Witt complex WQ%_ (log D,) of (X,,D,)/r (cf.[65], [69], [72]) for the
construction of the weight filtration on Hﬁg(U /K). However, to prove that
the weight filtration is independent of the choice of (X,, D,), the method using
the log de Rham-Witt complex is not enough; we need (E..r(O(x, p,)/s); P)
and some techniques developed in [72].

We prove some fundamental properties of the weight filtration on
Hgg(U /K), especially, the determination of the possible range of the weights
of Hﬁg(U /K) and the strict compatibility of the induced morphism of rigid
cohomologies by a morphism of schemes.

Using (1.0.18) and using the slope decomposition

H"(X.,, W%, (log D.)) .. = €D H (X., WY, (log D.)) ..
i+j=h
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(this is an easy generalization of the slope decomposition in [47]), we can
immediately calculate the slope filtration on Hgg(U /Ko) by

H' (X, WK, (log D)) . (i € N);

conversely we can show that H7(X,, W (log D.))x, depends only on U/.

If one ignores the weight filtration, one can generalize (1.0.17) to certain
coefficients and to certain gs proper hypercoverings as follows.

Let E be an overconvergent F-isocrystal on (U, U)/K. Shiho’s conjecture
in [82] says that E extends to an F-isocrystal with logarithmic singularities if
one makes a suitable alteration and pulls back F to the alteration. Assuming
that Shiho’s conjecture holds and using a standard argument in [25], we see
that there exist a gs proper hypercovering 7: (U,,X,) — (U,U) and an F-
isocrystal E2, ., in Isoct  ((X,,D,)/V) such that 7*(F) = jT(Eg,., ), where

conv conv

§': Tsoceny ((Xo, Da)/V) — Tsoct (UL, X.)/K)

conv

is the simplicial version of the functor defined in [82, Proposition 2.4.1]. (In the
constant simplicial case (Uy, X,,) = (Up, Xo) (Vn € N) with trivial degeneracy
morphisms and trivial face morphisms, this is nothing but Shiho’s conjecture.)
Let

=: ISOCCOHV((X., D.)/W) — Isoccrys((X., D.)/W)
be the simplicial version of the functor defined in [81, Theorem 5.3.1] and
denoted by @ in [loc. cit.]. Assume that V = W. Then, by the same proof as
that of (1.0.17), we can prove that
(1.0.19) RTyig(U/K, B) = RU(((X., DJ)/W) 2 Z(Elony)-
Recently Kedlaya has proved Shiho’s conjecture (see [56], [57], [58], [59,
(2.4.4)]).

Finally, we outline Part III.

In Part III, by using (1.0.17), we define the weight filtration on the coho-
mology of the mapping fiber and the mapping cone of the induced morphism
of the complexes of rigid cohomologies by a morphism of separated schemes
of finite type over k. We also calculate the slope filtration on the cohomology
of the mapping fiber and the mapping cone.

Let Z be a closed subscheme of U/k. As an example of the theory of the
mapping fiber, we interpret the rigid cohomology Hrfi& 7(U/K) by the coho-
mology of the mapping fiber of a morphism of the complexes of cosimplicial
log crystalline cohomologies, and we endow Hﬁg’ 4 (U/K) with the weight fil-
tration and calculate the slope filtration on it. As a corollary of the existence
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of the weight filtration on HQ& 7(U/K) and as a consequence of a geometric
interpretation of the slope filtration on Hﬁ& 4(U/K), we prove the variants
of Serre’s and Grothendieck’s conjectures about the existence of the desired
functions.

We determine the possible range of the weights (resp. slopes) of Hﬁg 2(U/K)
(resp. Hﬁg’ 4(U/K)y)); the determination of the range of the weights (resp. slopes)
is a generalization of the determination in [15] (resp. [17]).

It is known that, by using Tsuzuki’s proper descent in rigid cohomol-
ogy, Kedlaya’s Kiinneth formula for overconvergent F'-isocrystals on smooth
schemes over k (see [55]) can be generalized to the case of overconvergent F-
isocrystals on separated schemes of finite type over k (see [loc. cit.]) (Kedlaya’s
Kiinneth formula is a generalization of Berthelot’s Kiinneth formula, see [8]).
In the case of the trivial coefficient, we prove that the generalized Kiinneth
formula is compatible with the weight filtration.

In the last section, by using Berthelot’s Poincaré duality (see [8]), we first
define the weight filtration on Hﬁg (U/K) for a separated smooth scheme U of
finite type over k. Moreover, using Shiho’s recent result for a relative version
of Shiho’s comparison theorem (see [80]), we endow HQ&C(Z /K) with a well-
defined weight filtration for a separated scheme Z of finite type over x which
can be embedded into a smooth scheme over « as a closed subscheme. In the
case where Z is a smooth closed subscheme of a separated smooth scheme U
over Kk, we prove that the Gysin isomorphism is an isomorphism of weight-
filtered vector spaces. We also prove that the Kiinneth isomorphism for rigid
cohomology with compact support is compatible with the weight filtration. As
a corollary of the existence of the weight filtration on the rigid cohomology
with compact support and as a consequence of a geometric interpretation of the
slope filtration on it, we prove Serre’s and Grothendieck’s conjectures about
the existence of the functions hY and hi (i,7,7 € N) for separated schemes of
finite type over k which can be embedded into smooth schemes over k.

Acknowledgment. — I am grateful to L. Illusie for letting me take an inter-
est in the construction of the weight filtration on rigid cohomology, to A. Shiho
for some important discussion (especially for giving me a precise condition in
(4.8) below). I would like to express my sincere thanks to N. Tsuzuki for ex-
plaining some results in [19] and [86]. Finally I am very grateful to the referee
for reading the previous version of this book completely, and for pointing out
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numerous (English and French) mistakes, a big gap in the proof of the com-
parison theorem (1.0.16) and two mistakes in the proofs of (10.1) and (10.5)
below.

Notations

1) For a log scheme Y, Y (resp.My) denotes the underlying scheme
resp. the log structure) of Y. For a morphism g: Y — Y’ of log schemes,

o o o

g: Y — Y’ denotes the underlying morphism of g.

2) (S)NCD = (simple) normal crossing divisor.

3) Let (T,.A) be a ringed topos.
(a) C(A) (resp. CT(A), CP(A)): the category of (resp. bounded below,
bounded above, bounded) complexes of A-modules.
(b) K(A) (resp. K¥(A), KP(A)): the category of (resp. bounded below,
bounded above, bounded) complexes of A-modules modulo homotopy.
(c) D(A) (resp. DE(A), DP(A)): the derived category of (resp. bounded
below, bounded above, bounded) complexes of A-modules. For an object
E* of C(A) (resp.C*(A), CP(A)), we denote simply by E* the corre-
sponding object to E* in D(A) (resp. D¥(A), DP(A)).
(d) The additional notation F to the categories above means “filtered .
Here the filtration is an increasing filtration indexed by Z or a decreasing
filtration indexed by Z which is determined in context. For example,
K*F(A) is the category of bounded below filtered complexes modulo
filtered homotopy. As in [4] (and [72]), the filtration in this book is not
necessarily exhaustive nor separated.
(e) DF3(A) (resp.DTF3(A), DPFy(A)): the derived category of
(resp. bounded below, bounded above, bounded) biregular bifiltered
complexes of A-modules (see [24, (1.3.1), (1.3.6)], [25, (7.1.1)]).

Conventions. — We make the following conventions about signs (cf. [11],
[20]). Let A be an exact additive category.
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1) For a complex (E*,d*) of objects of A and for an integer n, (E*", d**™)
or (E*{n},d*{n}) denotes the complex:
da—1+n dat+n dat+1+n
iy ge e . petn _—  pgtldn o
q—1 q q+1
Here the numbers under the objects above in A mean the degrees.

For a morphism f: (E*,d}) — (F'*,d}:) of complexes of objects of A, f{n}
denotes the natural morphism (E*{n},dy{n}) — (F*{n},d%{n}) induced
by f. For a morphism f: (E*,d}) — (F*,d}) in the derived category D*(.A)
(* = b, +, —, nothing) of the complexes of objects of A, there exists a naturally
induced morphism in D*(A):

Hn}: (B {n},di{n}) — (F*{n},dp{n}).

2) For a complex (E*,d*) of objects of A and for an integer n, (E*[n], d*[n])
denotes the complex as usual: (E*[n])? := E9"" with boundary morphism
d'[n] — (—1)"d'+n.

For a morphism f: (E*,d}) — (F*,d}) of complexes of objects of A, f[n]
denotes the natural morphism (E*[n],d}[n]) = (F*[n],d%[n]) induced by f
without change of signs. This operation is well-defined in the derived category
asin 1).

3) (see [11, 0.3.2], [20, (1.3.2)]) For a short exact sequence

0= (B, dy) — (F*,dy) 25 (G, de) — 0
of bounded below complexes of objects of A, let
MC(f) := (E*[1], d[1]) ® (F*,d})
be the mapping cone of f. We fix an isomorphism
“(EC[1], dp(1]) @ (F*,dF) 3 (z,y) — g(y) € (G*,dg)”

in the derived category D1 (A).

Let MF(g) := (F*,d%) @ (G*[—1],d%[—1]) be the mapping fiber of g. We
fix an isomorphism

“(B*,dy) 3 x— (f(2),0) € (F*,d}) ® (G*[-1],dg[-1])”

in the derived category D1 (A).

4) (see [11, 0.3.2], [20, (1.3.3)]) Under the situation 3), the boundary mor-
phism (G*,dg,) — (E°[1],d%[1]) in DT (A) is the following composite morphism

(G dey) & (B I dy 1)) @ (B dy) 2 (B0 1)) % ([0 diy ).
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5) Assume that A is an abelian category with enough injectives. Let
F: A — B be a left exact functor of abelian categories. Then, under the
situation 3), the boundary morphism 9: RIF((G*,dg,)) — RITIVF((E*,dy;))
of cohomologies is, by definition, the induced morphism by the morphism
(G*,dg,) — (E°[1],dy[1]) in 4). By taking injective resolutions (I*,d}),
(J*,d%) and (K*,dy) of (E*,dy), (F*,d}) and (G*,dg,), respectively, which
fit into the commutative diagram

0 —— (I*,d}) —— (J*,dy) —— (K*,d}y) —— 0

(1.0.20) | | |

0 —— (E*,dy) —— (F*,dy) —— (G*,dy;) —— 0
of complexes of objects in A, it is easy to check that the boundary morphism
0 above is equal to the usual boundary morphism obtained by the upper short
exact sequence of (1.0.20). (For a short exact sequence in 3), the existence of
the commutative diagram (1.0.20) has been proved in, e.g., [72, (1.1.7)] as a
very special case.)

6) For a complex (E*,d*) of objects of A, the identity id: E¢ — E? (Vq € Z)
induces an isomorphism H4((E*, —d*)) — HI((E*,d*)) (Vq € Z) of cohomolo-
gies.

7) We often denote a complex (E°,d*) simply by (E*,d) or E* as usual
when there is no risk of confusion.

8) Let r > 2 be a positive integer. As usual, an r-uple complex of objects
of A is, by definition, a pair (E*"*,{d;}/_;) such that E™""™" (m; € Z) is an
object of A with morphisms

d. - E""‘,miy""‘ E""‘,mi+17""'
i —

satisfying the relations d? = 0 and d;d; + djd; = 0 (i # j).

SOCIETE MATHEMATIQUE DE FRANCE 2012






PART I. WEIGHT FILTRATION ON THE

LOG CRYSTALLINE COHOMOLOGY OF A
SIMPLICIAL FAMILY OF OPEN SMOOTH
VARIETIES IN CHARACTERISTIC p >0

2. Preliminaries on filtered derived categories

Though some facts in this section hold in an abelian category with enough
injectives, we are content with the framework of ringed topoi.
Let (T,.A) be a ringed topos. For a positive integer r, let

(Teyotes AV )y e
be the constant r-simplicial ringed topos defined by (7, .A):
Tiyot, =T, A = A

Let M be an object of C(A*"*) (r-points). For simplicity of notation, for
nonnegative integers t1,...,t; (1 < j <r), set

b=t +- +tj, and t,:=0.

We also set t := (t1,...,t,) and ¢ := o -+« (r-points). The object M defines an
(r + 1)-uple complex M2* = (M"t*),  ; n of A-modules whose boundary
morphisms will be fixed in (2.0.1) below. Let dy;: M — M5t be the
boundary morphism arising from the boundary morphism of the complex M
and let 5;: Mitretivtes oy ppivcti—ntitbtiaeetes (1 < 5 <0 < g <t 4 1)
be a standard coface morphism. Consider the single complex s(M) with the
following boundary morphism (cf. [25, (5.1.9.1), (5.1.9.2)]):

(201) S(M)n = @ M?S — @ Mtl"'trS’

t,+s=n t14-+tr+s=n
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d(z%) = (=16} (%) + (=18 Y (=1)'55(2")
i=0 =0
trt1
NI (_1)@71 Z(_l)%fl«(fﬂts) + (—1)?rdM(xts) (xts c M?S)'
i=0

If » = 1, our convention on the place of the cosimplicial degrees is the same as
that in [73, (2.3)] and different from that in [25, (5.1.9) (IV)] and [19, (3.9)]
(for any r € Z~¢); our convention on the signs of the boundary morphisms of
s(M) is better than that in [25, (5.1.9.2)] and [19, (3.9)]: see (10.15) 1) below
for the reason. We also note that the diagram in [25, p.35] is not a part of
a double complex; it is mistaken since it is commutative. Furthermore, the
“Gysin” in the diagram in [loc. cit.] is not clear; in (5.3.2) and (5.3.3) below,
we shall give an explicit expression of the p-adic analogue of the “Gysin” as in
(66, (4.9)] (see also [69, (10.3)]).

For a morphism f: M — N in C(A%) = C(A*"*), we define s(f): s(M) —
s(IV) as the naturally induced morphism by f (without change of signs); s gives
a functor

(2.0.2) s: C(A*) — C(A).
LeEMMA 2.1 (cf. [35, VP (2.3.2.2)]). — The functor (2.0.2) induces the fol-
lowing functors:

(2.1.1) s: K*(A*) — K*(A) (% = + or nothing),
(2.1.2) s: D*(A*) — D*(A).

Proof. — We have only to pay attention to signs.

Let f: (M,dy) — (N,dyn) be a morphism in C(.A®) which is homotopic
to zero. Let H: M — N{—1} be a homotopy from f to the zero morphism:
Hdy +dyH = f. Let f** (resp. H**) be the induced morphism of (r+1)-uple
complexes by f (resp. H). Then the morphisms

(2.1.3) (—1)br qHAtrs pptutes oy Ntetes=L (4 e N7 5 € 7)

define a homotopy from f** to the zero. We leave the rest of the proof to the
reader. O

We can obtain s inductively in the following way (cf. [25, (8.1.22)]).
Fix t1,...,t,_1 € N. Let

Sty-tp_1t C(AtlmtTfl.) — C(-Atlmtril)
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be the functor defined in (2.0.1) for a simplicial ringed topos (Tz,...¢, 4, A 7Ir=12).
The family {s¢,..t, , }+,..+._en induces the functor

(2.1.4) sp: C(A®T*r) — C(A®er—1),

Then, as in the same way above, we have the following functor
(2.1.5) sit C(A7%) — C(AM*i-1) (1<i<r-—1).
Then we have the following equality

(2.1.6) s=s10---0s,: C(A*) — C(A).

We also have the equality (2.1.6) for K*(A*) and D*(.A*).

LEMMA 2.2. — Let h be a nonnegative integer. Let N be a nonnegative integer
satisfying the inequality
(2.2.1)

N>max{i+2 '(h—i+1)(h—i+2) |0<i<h}=2""(h+1)(h+2).

Let M = M** be an object of Ct(A*). Assume that M7 =0 for j <0 (i € N).
Let T.(l)N(M) = T.(;)N(M") be a sub double complex of M** defined by

T (M) .= MY fori < N,

e
Il
o

T.(i)N(M)ij =0 fori>N.
1)

Then the natural morphism s(7,2 (M) — s(M) induces an isomorphism

(2.2.2) H (s(r{ Dy (M) 5 HP (s(M)).
Proof. — Consider the convergent spectral sequence
(2.2.3) EY = HI(M™) = HHI (s(M)).

Let 0 < i < h be an integer. Let rax be the largest integer such that rma?(—l <
h — i, that is, 7max = h — i + 1. Then, if &2" ;. gih—t — gitrh=i=(r=1
(r € Z>1) is nonzero, then 1 < r < rpa by the assumption. The term

prrheis =) E.i-l_—q—i—(r—l),h—i—{(r—1)+(r—2)} (

may depend on the term of course,

if E:tqﬂr_l)’h_i_{(r_1)+(T_2)} = 0, then Eﬁ”’h_i_(r_l) may depend on the

term E:tg+(T_2)7h_i_{(T_1)+(T_3)})7 and the term Eyz;—tvi—l—(r—1),h—z’—{(r—1)+(r—2)}
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i3 i h—i— 77:17 .
may depend on the term E;_?JJ_Q] =g 37, Hence, for a fixed h € N,

#H"(s(M)) depends only on M*<{i+27r(+}ke  Gince
N>i+2 h—i+1)(h—i4+2)>i+27r(r+1),
we have (2.2). O

Let L; be the stupid filtration on s(M) with respect to the j-th index
(1<j<r):

t>t;
Let us also define the following stupid filtration L on s(M):
(2.2.5) Li(s(M)) =@ M "* (teN).
t.>t

If M is quasi-isomorphic to an object of C*(A*), then we have the convergent
spectral sequence
(2.2.6) B = @ HM (M) = H (s(M)).
t,=t
Next we consider the filtered version of the above.

Let (M, P) := (M,{P;yM}kecz) be a complex of increasingly filtered .A2-
modules. Then (M, P) defines an (r + 1)-uple filtered complex

ts ts
(@ M ’{ @ b M }keZ)
£>0,s 1>0,s
of A-modules by (2.0.1). Here t > 0 means that t; > 0 (1 <Vj < r). Then
we have the following functor
(22.7)  s: DYF(A*) 3 [(M, P)] — [(s(M), {s(PyM)}rez)] € DTF(A).

Let 6(L,P) := 6(L1,...,L,, P) be the diagonal filtration of Li,..., L,
and P on s(M) (cf.[25, (7.1.6.1), (8.1.22)]):

§(L, P)p(s(M)) = @ P, MY
t>0,s

(2.2.8) — 3" Ll (s(M)) N LE(s(M)) N+~ 1 L (s(M)) N1 8(P; 4, M).
t>0

(In the case r = 1, the first formula §(W, L) (s(K)) = @B, , Wn+p(KP) in [25,
(7.1.6.1)] have to be replaced by a formula §(W, L), (s(K)) = D, , Wa+p(K9P)
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(cf. [25, (5.1.9) (IV)]).) Then we have

(2.2.9) ety &7 (s(M)) = P exl  ME[t,].
t>0

Assume that the filtration §(L, P) is exhaustive and complete, that gri M te
is quasi-isomorphic to an object of CT(A*) and that the spectral éequence
arising from the filtration §(L, P) is regular and bounded below. Here we
say that 0(L, P) is complete if s(M) = Hm, s(M)/(06(L, P)_r(s(M))) (cf. [89,
(5.4.4)]). Then we have the following convergent spectral sequence by the
Convention 6) (cf. [89, (5.5.10)], [25, (8.1.15)]):

(2.2.10) E MR = @ (grf M) = H (s(M)).
t>0

We can obtain the filtered complex (s(M), (L, P)) inductively by the fol-
lowing formula (cf. [25, (8.1.22)]):

(2.2.11) (s,6(L,P)) = (s1,6(L1,6(La,...,6(Ly, P))---)) 0
o (sr_1,5(Lr_1,5(LT,P))) o (sr,é(Lr,P)).
Let
9 Hh—tr (griMMt') N Hh_tr+1(gr£+k_1Mt')
be the boundary morphism of the exact sequence

0— grg‘f‘k—lMt. — (-Pﬁr—i-k/Pér_;_k_g)Mt. — grg_i_kM?‘ — 0.

Then the boundary morphism dj;: El_k’h+k — El_k+1’h+k of the Fi-terms
of (2.2.10) is the sum of the following morphisms:

tj+1
(22.12)  (=1)h=1 > (=1)'6h: HI I (grf L M)

i=0

7 N Hh_tr (grf+kM(t1,,.tj_l,t]'+1,tj+1...tr0))
for 1 < j <r and
(2.2.13) (—1)t8: H "t (grf  MP) — H T (grf o M),

Let (M,F) := (M,{F'M};cz) be a complex of decreasingly filtered A°-
modules. Then the filtration F' induces the following filtration on s(M):

(2.2.14) Fi(s(M)) = €P F'M*™.
t>0,s

SOCIETE MATHEMATIQUE DE FRANCE 2012



28 PART I. WEIGHT FILTRATION

Let o be the stupid filtration on M. Then we have gri M = M*{—i}. The
complex M*{—i} defines an r-uple complex M**{—i} of A-modules; the com-
plex M**{—i} defines a single complex s(M*{—i}) with boundary morphism
is equal to d with djy; = 0in (2.0.1). Assume that M is bounded below. Then
we have the following convergent spectral sequence
(2.2.15) EYMT = Hh i (s(M)) = H (s(M)).

Next we work in filtered derived categories of multi-simplicial ringed topoi.

Let DTF(A) (resp. DTF(A®)) be the derived category of bounded be-
low filtered complexes of A-modules (resp..A®-modules). Let D*Fy(A)
(resp. DTFy(A%)) be the derived category of bounded below biregular bifil-
tered complexes of A-modules (resp..A*-modules) (see [24, (1.3.1), (1.3.6)],
[25, (7.1.1)]). Then, by using (2.0.1), as in [25, (7.1.6.3), (7.1.7.1)], we have
the following functors

(2.2.16)  (s,0): DYF(A*) 3 [(M, P)] — [(s(M),d(L, P))] € DTF(A),

(2.217)  (s,0): DTFa(A*) > [(M, P, F)]
— [(s(M),é(L,P),F)} € DTFy(A).

Let [(M,P)] be an object of DTF(A®). If the filtration 6(L,P) on s(M)
satisfies the assumptions before (2.2.10), then we have the convergent spectral
sequence (2.2.10) for (M, P); the resulting spectral sequence is independent of
the choice of the representative of [(M, P)].

For a family {nj};?zl (1 < u < r) of nonnegative integers and for ¢ = nothing
or 2, we have a natural restriction functor

(2218) e:~]:oTL10~~~.n20 ~~~~~~ oTLu_lrnonur“o:

D—‘,-FZ(Ag) N D—‘,-Fi(Ao"'onlo"'onQo ~~~~~~ onuflomonuomo)'

Let f: (7.,A%) — (7', A’) be an augmented (not necessarily constant)
r-simplicial ringed topos. Then f induces the following morphism:

(2.2.19) Rf.: DTF;(A*) — D'F;(A’) (i = nothing or 2).

For a nonnegative integer ¢; (1 < j < r), the morphism f induces the following
augmentation of the (r — 1)-simplicial ringed topos:

(2.2.20) St 0 (Tooatyaey AV — (T7, A,

Let (7., A") be the constant r-simplicial ringed topos defined by (77, A"). The
morphism f also induces the following morphism

(2.2.21) for (T, A®) — (T, A™*)
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of r-simplicial ringed topoi. The following composite functor
(2.2.22) sRf,«: DTF;(A*) — DTF;(A’) (i = nothing or 2)
(cf. [25, (5.2.6.1), (7.1.4)]) is canonically isomorphic to Rf.. Hence we have
the following convergent spectral sequence
(2.2.23) B MR = @D RV fru(grf MY = RMf.(M)
t>0

for an object [(M, P)] € DYF(A®) if the filtration §(L, P) is exhaustive and
complete and if (2.2.23) is regular and bounded below.

Let M be an object of DT(A®). Then, for a nonnegative integer ¢,
(1 <j <), we have the pull-back M% € DT (A*"*%*"*) by (2.2.18). Then
we have the following spectral sequence

(22.24) BV = RS fy, (MY) = R+ £.(M).
The boundary morphism between the Fj-terms of (2.2.24) is
tj+1
(—1)tr 37 (~1yi.
i=0
REMARKS 2.3. — 1) Let N; (1 < i <r) be a nonnegative integer or co. Set

N :=(Ny,...,N;). Let (T,.A) be a ringed topos. Let
(Toxn, A=) == (Toany ooz, ATSH00S0)

be the constant (Ni,..., N, )-truncated r-simplicial ringed topos defined by
(T, A). Then the analogues of all results in this section hold for (T,<y, A*<Y).

2) Let (To<n, A*=Y) be an N-truncated r-simplicial ringed topos. Let
fi (To<n, A*<N) — (T, A’) be a morphism of ringed topoi. Then the ana-
logues of all results in this section hold for f.

3. Review on (pre)weight-filtered vanishing cycle (restricted) crys-
talline and zariskian complexes

In this section we review some results in [72] briefly.

Let p be a prime number. Let S be a scheme on which p is locally nilpotent.
Let (S,Z,v) be a PD-scheme with quasi-coherent PD-ideal sheaf Z and with
PD-structure y on Z. Set Sy := Spec(Og/I). Let f: X — Sy be a smooth
scheme with a relative SNCD D on X over Sy (see [72, (2.1.7)]). By abuse
of notation, we also denote by f the composite morphism X — Sy — S.
Let Div(X/Sp)>0 be the monoid of effective Cartier divisors on X over Sp.
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Let Ap := {Dx}rea be a decomposition of D by smooth components of D:
each D) is smooth over Sy and D = ), Dy in Div(X/Sp)>0. Set DO .= X
and, for a positive integer k, set

D) .= 11 Dy, N---NDy,.
{A Ak [N FEX (1#5)}

In [72, (2.2.15)] we have proved that D*) is independent of the choice of Ap.
Let Z be a relative SNCD on X over .Sy which intersects D transversally. Let

Ay = {Zu}u
be a decomposition of Z by smooth components of Z. Then
Ap,z :={Dx,Z,}x,

is a decomposition of D U Z by smooth components of D U Z. The pair
(X,D U Z) (resp. (X, Z)) defines an fs (= fine and saturated) log structure
M(D U Z) (resp. M(Z)) which has been defined in [72, (2.1)] (cf. [51, pp. 222—
223]). We recall this log structure as follows.

Let Divp(X/So)>0 be a submonoid of Div(X/Sp)>0 consisting of elements
E’s of Div(X/Sp)>o such that there exists an open covering X = (J;c; Vi
(depending on E) of X such that E|y, is contained in the submonoid of
Div(V;/So)>0 generated by Djl|y, (A € A). By [72, Proposition A.0.1] we
see that the definition of Divp(X/Sp)>¢ is independent of the choice of Ap.

The pair (X, D) gives a natural fs (= fine and saturated) log structure
in X,ar as follows (cf. [51, pp. 222-223]).

Let M (D)’ be a presheaf of monoids in f(w defined as follows: for an open
subscheme V of X,

D(V. M(DY) i= {(E,a) € Divpy, (V/So)s0 x TV, Ox) |
a is a generator of I'(V,Ox(—FE))}

with a monoid structure defined by (E,a) - (E',d’) :== (E 4+ E',ad’). The
natural morphism M (D) — Ox defined by (F,a) — a induces a morphism
M (D) — (Ox, ) of presheaves of monoids in X,a:. The log structure M (D)
is, by definition, the associated log structure to the sheafification of M (D)’
Because Divp(X/Sp)>0 is independent of the choice of Ap, M (D) is inde-
pendent of the choice of Ap. We say that the log scheme (X, M(D)) is the
log scheme obtained from the pair (X, D) and that M (D) is the log structure
associated to D.
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Henceforth, by abuse of notation, we denote the log scheme (X, M (DU Z))
and (X, M (Z)) simply by (X,DUZ) and (X, Z), respectively, unless we need
to make the log structures explicit.

We also recall the preweight filtration PP = {PPliez on the sheaf
Qé{/so (log(D U Z)) of log differential forms (i € N) on X, with respect to D
(see [72, (2.2.15.2)]):

(3.0.1) PP X/S (log(DU Z)) =

0 (k <0),
Im (Q')“(/S (log(D U Z))®@XQfX/kS (log Z) — Qg(/so(log(D uZz))) (0<k<i),
QX/S (log(DU Z)) (k >1).

Let ((X, EVUZ)/S)lc?‘%S (resp. (()(/,_2/)/5)10‘}%5) be the log crystalline topos of
(X,DUZ) (resp. (X, Z)) over (S,Z,7v) (see [51, §5]). Let

st (XDUD/S)%, — (X295,

be the natural morphism of topoi which is induced by a natural morphism
(X,DUZ) — (X, Z) of log schemes. Let
lo;
u(X,DUZ)/S: ((X Du Z)/S)crfls — XZar;

uxzys: (X, 2)/8)% — Xur

crys
be the natural projections. Then we have the following commutative diagram
of topoi:

€(X,DUZ,2)/S ((X Z)/S)log

crys

(X,DUZ)/S)%,

u(X,DUZ)/SJ/ lU(X’Z)/S

Xzar f— Xzar.
Let Ox, puZ)/5 (resp. O(x,7)/s) be the structure sheaf in the log crystalline
topos (X, D U Z)/S)\% (resp. (X, Z)/S)\%,).
Let wcrylog(D/S Z) (k: € N) be the log crystalline orientation sheaf
of D®)/(S,T,7) in ((D! Z|D(k))/5)£§,s defined in [72, (2.2.18)] and let

wéalz(D/ Sp) be the zariskian orientation sheaf of D / So in D;a% defined in

[loc. cit.] (cf.[24, (3.1.4)]).
The abelian sheaves wgf}),log(D /S; Z) and wég(D /So) are isomorphic to the

constant sheaf Z.
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If Sy is of characteristic p > 0, then we have defined the Frobenius action
on the orientation sheaves in [72, (2.9)]. Let us recall it.

Let F: (X,DUZ) — (X', D'UZ’) be the relative Frobenius morphism over
So. The morphism F' induces relative Frobenius morphisms

Fixz): (X,2) — (X,2") and F®:(D® Z|,0) — (D'®, 2| pw).

Let a®: (D®), Z| yy) = (X, Z) and o™ (D'®) 2| 5, 00) — (X', Z') be the
natural morphisms. Then we define the following two Frobenius morphisms

lo, o fe} k)lo fe)
(30.2) W alNoBwlI8(D')5; Z) — F{E 5 s aint wli8(D/S; Z),

(3.0.3) o o w®) (D' /50) —s FoaPw)(D/Sy)

zar

by the identities under the natural identifications

o Ble(D! /S; 2') Féry’éigwcry;‘)gw/s 7),

Werys

(D' /S0) =3 FF®) (D /Sy).

zar zar (

Let (X, DU Z) be a smooth scheme over S with transversal relative SNCD’s
over S. Let ¢: (X,DUZ) — (X,DU Z) be an exact immersion over S.
In [72, (2.1.10)] we have called ¢: (X,D U Z) — (X, DU 2Z) an admissible
immersion over S with respect to Ap z if there exists a decomposition Ap z :=
{Dx, Zu}xu of DU Z by smooth components (D = |J, Dy, 2 = U, 2,) such
that ¢ induces isomorphisms Dy — Dy xx X and Z, = Z, xx X for all X's
and p’s. Locally on X, there exists an admissible immersion of (X, D U Z)
over S with respect to Ap z. In fact, locally on X, there exists a lift of

(X,DUZ) over S (see [72, (2.3.14)]).

In [72] we have defined two increasingly filtered complexes
(EX&7(O(x,puz)/s), PP) € DYF(Ox,7)/5)
(ER&7(Ox,puzys), PP) € DYF(f71(0s))

by

(Ei?%s (O(x,puz)/5)5 PPy = (Re(x,puz,2)/5+(O(x,p0z)/8): T),
(B27(O(x,puz)/s): PP) = Ruix, 21,5 (987 (O(x.puz)5): PP)).
Here 7 is the canonical filtration on a complex. In [loc. cz’t] we have called the

filtered complex (EéggéZ(O(X,DUZ) /), PP) (resp. (Ex%? (O(x,puz)s), PP))
the preweight-filtered vanishing cycle crystalline complex (resp. the preweight-
filtered vanishing cycle zariskian complex) of (X, DU Z)/S with respect to D.
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Let (T,J,0) be a fine log PD-scheme with quasi-coherent PD-ideal sheaf
J and with PD-structure § on J. Assume that p is locally nilpotent on 7.
Let f: Y — T be a morphism of fine log schemes such that § extends to Y.

Assume that f is locally of finite presentation. Let (Y/T )lpffrys be the restricted
log crystalline site of Y/(T, 7, 9) (see [85, (6.2)] = a log version of [5, IV, Déf.

1.7.1] (cf. [loc. cit., IV, Prop. 1.5.5])): (Y/T)lfgfrys is a full subcategory of the

log crystalline site (Y/T )IC?%,S whose objects are isomorphic to triples

(Va CD\/(V), [ ])’57

where V' is a log open subscheme of Y, ¢: V < V is an immersion into a log
smooth scheme over T" and Dy (V) is the log PD-envelope of ¢ over (T, 7, 0)
(see [51, (5.4)]); the topology of (Y/T)log is the induced topology by that

7 Rerys
of (Y/T)28,. Let (Y/T)lfzfrys be the topos associated to (Y/T)}—gfrys. Let
7 o 7 lo

be the natural morphism of topoi which is the log version of the morphism in [5,
IV, (2.1.1)]: Qy,r is a morphism of topoi such that Q3. ,.(E) (E € (Y/T)&5,)
is the natural restriction of E. Let

Uy T+ (Y/T)};%,S — §7zar
be the canonical projection and set uy 7 := uyr o Qy/r-
We call Q’(“Xz)/S(E(l;?%gZ(O(X7DUZ)/S),PD) the preweight-filtered vanishing
cycle restricted crystalline complex of (X, DU Z)/S with respect to D. In [72]
we have proved the following two theorems:

THEOREM 3.1 (p-adic purity). — Let k be a nonnegative integer. Then the
following hold:
1) (see [72, (2.7.1)]; see also (3.5.13) and 3.6) below.) There exists in
D+F(Q’{X7Z)/S(O(X,Z)/3)) an isomorphism
* D 0

(3.1.1) Q(X,Z)/sgrf Eiri’sZ(O(X,DuZ)/S)

~ * k)lo O

— Q(X,Z)/Sa((lrb)’s*g(o(D(’f),Z\D(k))/S Rz wlhE(D/S; Z)){—k}.

2) (see [72, (2.6.1.2), (2.7.5), (2.9.3)]) There exists in DYF(f~1(Og)) the
following functorial isomorphism

D o ~
(3.12) ey E¥%(Ox.puzys) —

k o
At (Ripw 710154 (Op0 21178 @2 TR (DS, Z)), (=k){—k}
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where (—k) means the Tate twist, which is considered when Sy is of charac-
teristic p.

THEOREM 3.2. — Let X be the disjoint union of an open covering of X. Let
mo: Xog — X be the natural augmentation morphism. Set Dy := wgl(D) and
Zy = 7T0_1(Z). Let Ay be the decomposition of Do U Zy by smooth components
of Dy U Zy which is obtained from Ap z. Set

(Xe,Dy)een = COSk(()X’D) (X0,Do) and (X.,Z,)een = COSk(()X’Z) (Xo, Zo).

Let m,: X, = X be the augmentation morphism. Set
A, = {Wfl(DA),ﬂfl(ZM)}AM.
Then the following hold:

1) (See [72, (2.5.7)].) If each member of the open covering of X is an affine
scheme, then there exists a simplicial admissible immersion

(3.2.1) (Xo,DoUZ)ven — (X, Do U 2.)uen

mto a smooth simplicial scheme with transversal simplicial relative SNCD’s
D, and Z, over S with respect to A, such that the immersion (3.2.1) induces
the following simplicial admissible immersions

(XO7DO)O€N — (XO7DO)O€N a’nd (XO7ZO)0€N — (XMZO)OGN

over S.

2) (See [72, (2.2.17) (1)].) Assume that there exists the simplicial admissible
immersion (3.2.1). Let ®, be the simplicial PD-envelope of the simplicial
immersion X, — X, over (S,Z,~). Then the natural morphism

(3.2.2) Os, Q0., POy, /5(log(D, U 2,))
— Op, ®0u, M, s(log(D.UZ,)) (k€ Z)
18 injective.
3) (See [72, (2.2.17) (2)].) Let the notations and the assumption be as in 1).
Let L(x, 7,)/s be the log linearization functor for Ox,-modules. Set

PP L(x, 2252, 5 (log(D. U 2.)))
= Lixo.zays(BP D, s(los(D. U 2.))) (k€ 2).
Then the natural morphism
(3.2.3) Qlxa z0)/5P0* Lixe,20)/5(Q%, 5 (log(D. U 2.)))
— Q(x..70)/5L(x0.20)/5 (%, /5 (log(D, U 2,)))
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18 injective.
4) (See [72, (2.4.6), (2.7.3)]; see also (3.6),4) below.) Let the notations and
the assumption be as in 1) and 3). Denote by

(Q?Xhz,)/sL(X.,Z.)/S(Q:‘(./S(log(po UZ.,))), Q’(thZ.)/SPD')

the filtered complex

(Qlxu.20)/5L(x0.20)/5 (D, /5 (log(D, U 2.,))),
{Q?X,,Z,)/SPJf%L(X.,Z.)/S(Q:v(./s(log(po U Z-)))}kez)-

Let (((X., Z,)/S)log Q?X.,Z.)/S(O(X-,Z-)/S)) be the ringed topos constructed

Rerys?
in [72, (1.6)] and let

—_——

TRerys ((Xes Z)/S)ysr Qixa.20)/5(O(x0.20)/5))

P

— (X, 2)/8) 88y Qix.20/5(O(x,2)/5))

be the natural augmentation morphism constructed in [loc. cit.|. Then there
exists a canonical isomorphism

~

(324) Q)()(X7Z)/S(E(l;?§éz(O(X,DUZ)/S)7PD) —
RWRcrys*(Q)(kX.,Z.)/SL(X.,Z.)/S(Q;(./S(log(pv U Z.))), Q?XMZ.)/SPD.)‘

5) (See [72, (2.5.8), (2.7.5)].) Let the notations and the assumption be as in
2). Denote by

(09, @0, D, s(l0g(D. U 2,)), PP*)
the filtered complex
(OQ. ®OX. Q;{./S(IOg(DO U Z,)), {053. ®OX. PkD. Q:\,’./S(log(po U ZO))}kEZ)'

Let f,: X, — S be the structural morphism and Ty : ()?.mr,f,_l(os)) —
(Xsar, fHOs)) the natural augmentation morphism. Then there exists a
canonical tsomorphism

(3.2.5) (ER&%(Ox.puz)/s), PP) —
Rrgare (O, ®04, Ny, /5(log(D. U £,)), PP*).

REMARKS 3.3. — 1) In [72] we have denoted the right hand side on (3.2.4)

(resp. (3.2.5)) by (CHEZ(O(x,puzyss), PP) (xesp. (C2¥” (O(x,puzyss). PP)).
When Z = @, we have denoted it

(CRerys(Ox,p)/5), P) (resp. (Crar(O(x,p0y/5)s P))-

SOCIETE MATHEMATIQUE DE FRANCE 2012



36 PART I. WEIGHT FILTRATION

2) Let (S",Z,+") be a PD-scheme with a quasi-coherent PD-ideal sheaf and
a PD-structure. Let u: (S',Z',4") — (S,Z,~) be a PD-morphism. Set S, :=
Spec, (Og//Z"). The morphism u induces a morphism Sy — So. Consider the
followmg commutative diagram

(X', D'uz) = (X,DUZ)

| l

x,zy 5 (X,2)

! l

So — So,
where g and gz are morphisms of log schemes over the morphism S, — Sy. As
a corollary of (3.2), we see that (C;g%’Z(O(X,DUZ)/S), PP) is functorial. That
is, we have a natural morphism

’

(3.3.1) g*: (CR8Z(O(x,puz)/s), PP) — Ry (CLEZ (Oxr pruznys), PT').

3) For a (not necessarily affine) P-adic formal scheme S in the sense of [12

7.17, Def.], we have an abelian sheaf wﬁ’ﬁyleg(D /S; Z) and two complexes

(EX&7(O(x,puz)ys), PP) and  (ER&7(O(x.puz)s), PP)

and we have the obvious analogues of (3.1) and (3.2). We also have
(CREZ(Ox,puz)ss), PP) and  (ClEZ(O(x.puz)s). PP).

The following theorem is the crystalline Poincaré lemma of a vanishing cycle
sheaf (see [72, (2.3.10)]):

THEOREM 3.4 (Poincaré lemma of a vanishing cycle sheaf)

Let T be a fine log scheme on which a prime number is locally nilpotent. Let
(T, J,0) be a log PD-scheme such that J is a quasi-coherent PD-ideal sheaf
of Or. Let (Y, M) be a fine log scheme over T'. Let N C M be also a fine log
structure on Ygar. Let ey ar nyr: (Y, M) — (Y, N) be a natural morphism of
log schemes over T. Let

Y, M) —— (Y,M)
(3.4.1) E(Y,M,N)/TJ/ J{E()),M,N)/T
(Y,N) —*= (V,N)

be a commutative diagram whose horizontal morphisms are closed immersions
into log smooth schemes over T such that N C M. Let D pq and D be the
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log PD-envelopes of tpq and vp over (T, J,0), respectively, with the natural
following commutative diagram:

D 2 (VM)
(3.4.2) hl lw,M,N)/T
Dy~ (V.N).

Assume that the underlying morphism h of schemes is the identity. Let E be a
crystal of O(y,ny/g-modules and let (€,V) be the Og ,,-module with integrable
connection corresponding to e& M,N) /S(E). Let LFYD’N) T be the linearization
functor for Og,,-modules. Then there exists in D+(O(y’ Ny/T) @ canonical iso-
morphism
(3.4.3) Rey, v Ny 1+ (E?Y,M,N)/S(E))

= Liyny 1 (€ ®0y Q% p(log(M/Mr))).

The following has been proved in the proof of [72, (2.7.3)] implicitly by
using (CRE2(O(x,puz)/s), PP).
PROPOSITION 3.5. — Let the notations be as in (3.2). Set

(B8 (Ox0,Duuz0)/8): PP*) i= (Re(x0,0u070,20) /5 (O(X0,Duu20)/8): T)
(E2¥?* (O(xa.pu0z4)/5)s PP*) = Ru(x, 2,)/5+ (Begs?* (O(xu.Daviz4)/5), PP*)).-
Then the following hold:

1) There ezists the following natural filtered isomorphism
(35.1)  Qfx.z2ys(Bas’(Ox.puz)s): PP)

— RiReryssQx, 22y (Bes”* (O(x, Duvz0))5), 7).

2) There exists the following natural filtered isomorphism

(3.5.2) (Ep&7(O(x,puz)/s): PP) — Rityare (B2 ?*(O(x, pouza)ss), PP*).

zar zar

Proof. — For the completeness of this book, we give a proof of (3.5); the
following argument is necessary for the proofs of (6.16) and (6.17) below. Let

st (Xe, Do U Z,)/9) 855, Oxe DaUza) /)

crys * crys»

— (X, DU 2)/8)%,, Ox,puz)/s)

Terys - (((XO’ZO)/S)?%S?O(X.,Z.)/S) — (((X’ Z)/S)g%/svo(X,Z)/S)
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be natural morphisms of ringed topoi. Since we have a natural morphism

O(x,pu7)/5 — Terten(O(Xu.Du020)/5):
we have the following natural morphism
(3.5.3)  (ER&Z(Ox,puz)s), PP) = (Re(x.puz.2)/5+(O(x,p02)/5): T)
— (Re(x,puz,2)/5: BT80 (O (X0, DuLz0)/8) T) -

Let f: (T, A) — (T',A’) be a morphism of ringed topoi. Let E* be an
object of D (A). In [72, (2.7.2)] we have proved that there exists a canonical
morphism

(3.5.4) (Rf«(E®),T) — Rf((E", 7))
in DTF(A’). Hence we have the following morphism
(3.5.5)  (Re(x,puz,z2)/s+Brete(O(xe,Dauz0)/8): T)
= (Rﬂcrys*Re(X.,D.uZ.,Z.)/S*(O(X.,D.UZ.)/S)a 7’)
— Ritcryse (R€(X0,D00Z0,20)/5(O (X0, D0UZ4)/8)5 T)
= Rteryse (Eigg’sz.(o(X.,D.UZ.)/S% PD.)-

By (3.5.3) and (3.5.5), we have the composite morphism
(3.5.6) (EéggéZ(O(X,DUZ)/S%PD) — Ritcryse (Erlsgg’sz.(o(X.,D.UZ.)/S%PD.)‘
By [72, (1.6.4.1)], we have
(357) Q?X,Z)/SRT(CI‘YS* ; RWRCYYS*Q?X.,Z.)/S'
Hence we have the following morphism by (3.5.6):
(35.8)  Q(x,z)5 (B’ (O(x.puz)ss), PP)

— Rﬂ'Rcrys*Q?X.,Z,)/S(E(l:?géz. (O(X.,D.UZ.)/S)v PD.)'

By the log Poincaré lemma (see [72, (2.2.7)]), we have the following quasi-
isomorphism

O(xu,0u070)/S — L(xe,pu0z0)/5 (D%, s (log(D U 2,))).

Let I* be an injective resolution of O(x, p,uz,)/s- Then we have a quasi-
isomorphism

L(x..p.0z0)/5 (D%, s(log(D. U 2.))) — I°.
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By the simplicial version of [72, (2.3.7)], there exists a natural quasi-
isomorphism

L(x.,24)/5(Q, /5 (log(D. U 2.))

~

T €(Xe,DoUZe Z0)) S5 L(Xe,DaUZ4) 15 (D, 15 (10g(Da U 2.)).

Hence we have the following composite morphism

Lx,.z2)/5 (%, ss(log(D, U 2,)))
AN €(Xe,DeUZ0,%Z0)/S5L(X0,DeUZ4)/S (Q}(./S(log(l), U Z_)))

> €(Xe,DaUZe,Z0)/Sx(1°)-

By (3.4) this composite morphism is a quasi-isomorphism. Hence

(3-5-9) RE(X.,D.UZ.,Z.)/S*(O(X.,D.Uz,)/s)
= L(x..20)/5(Q%, /5 (log(D, U 2.))).

Consequently the morphism (3.5.8) is equal to

(35.10) Qi z)s(Ess”(Ox.puz)s), PP)
— RWRcrys*Q?XhZ.)/S (L(X.,Z.)/S(Q:‘(./S(IOg(DO U Z,))), 7_) :

We also have the natural morphism

(35.11)  Qfx, zuy/s (Lixa,20)/5 (%, /5 (log(D, U 2))),7)
— (Q{xu.20)5L(x0,20)15 (U, s 108(DL U 2.))), Q(x, 20y7sP*)-

By (3.5.10) and (3.5.11), we have the composite morphism

(3.5.12) Q?X,Z)/S(EiggéZ(O(X,DUZ)/S%PD) —
RWRcrys*(Q?XMZ.)/SL(X.,Z.)/S’(Q;(./S(log(pv U Z.))), QEkX.’Z.)/SPD.)‘
Let a(®): (ka),Z|D(k)) — (X.,Z.) be the natural morphism of simplicial

log schemes. By [72, (1.3.4.1)], [loc. cit., (2.2.21.2)], the log Poincaré lemma,
(3.5.7) and the cohomological descent, we have the following (however see (3.6),
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2) below for the second equality):
(3.5.13)

gy R Rerys« (Q(X.,Z.)/SL(X.,Z.)/S(QX /s(lOg(D UZ.,))), Q(X.,Z.)/SP )

Q PD. * ]
= Rnaysigre " Qlx, za/shox 2075 (Vs (l08(Da U 24))

k) log .
= RiRerysr (Q(x,, Z,)/Safcﬁys*L( D2l ) 15880 5 (108(Z.] o))

©z Wit (D./S, Z.)) (~k){~k})
(k)lO O
= Rneryse (Qx, 2 s0cryst (O p) 4, p(0)/S @2 Weags# (D[, 2.)) (k) {~F}

= Q(x.2)/s (aggsﬁf (Opw, 2| /S ©L @$)I8(D/S, Z))(—k)){—k}.

Now, by (3.5.13) and the argument in [72, (2.7.1), (2.7.3)], we see that the
morphism (3.5.12) is a filtered isomorphism (To avoid the circular reasoning,
we do not use (3.1.1) here. See (3.6) , 3) below.). By (3.5.9), (3.5.13) and the

argument in [72, (2.7.1), (2.7.3)], we see that, for each ¢t € N, the morphism
Q(x,. 28 L(x:,20)/5 (L, s (log(Dr U 24))),7)
— (Q(xy.z0) /5 L(x0,20)/5 (D, 15 (108(De U 20))), Q(x, 2,5 P7")

is a filtered quasi-isomorphism. Hence the morphism (3.5.11) is also a fil-
tered quasi-isomorphism. As a result, the morphism (3.5.10) is also a filtered
isomorphism. We can complete the proof of 1).

2) By applying R (x,z)/s« to (3.5.1) and using relations
ﬂ(X,Z)/S O TRerys = Tzar © a(X.,Z.)/S7
Ru(x, 7,5+ = Ra(x,,z,)/S*Q?X,,Z,)/sa
we have the filtered isomorphism (3.5.2). O
REMARKS 3.6. — 1) The second equality in (3.5.13) is missing in [72]. We
had to use the (analogous) equality for the calculation of
lo )
g ORCgrys(O(X puz)y/s) (k€N)

in the third equality in [72, (2.6.1.4)]; strictly speaking, the proof of [72,
(2.6.1)] is not perfect. To obtain the (analogous) equality, we had to prove
(a) the existence of the diagram D) of schemes in [loc. cit.] and

(b) the functoriality of the Poincaré residue isomorphism.
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To prove (a), we had to prove (4.3) below and then to use [72, (2.4.2)] (one
may use (4.14) below instead of [72, (2.4.2)]). To prove (b), we had to prove
(4.8) below.

2) By (4.3), (4.14) and (4.8) below and by the argument in (3.5), we obtain
the second equality in (3.5.13).

3) We obtain (3.1.1) by using (3.5.13) and the argument in [72, (2.7.1)].

4) We obtain (3.2.4) by using (3.5.13) and the arguments in [72, (2.7.1),
(2.7.3)].

The following is a relation between (Eig%’Z(O( X,DUZ)/S )5 PP) and a filtered
log de Rham-Witt complex:

THEOREM 3.7 (see [72, (2.12)]). — Let the notations and the assumption be
as in (3.2) 1), 2) and 3). Assume that Sy is the spectrum of a perfect field k of
characteristic p and that S is the spectrum of the Witt ring Wy, of k of finite
length n > 0. Then the following hold:

1) (A generalization of the filtered complex (Wp§2% (log D), P) in [65].)
There exists a filtered complex (W,Q% (log(D U Z)), PP) of f=1(W,)-modules
such that

3.7.1)  (W,Q%(og(D U Z)), PP)
;> R7Tzar* (Hq(OfD. ®OX. Q:Y,/S(IOg(DO U Z,))),
{H1(Os, ®oy, Py * Uy, js(0g(D. U 2.))) brez)

in DTF(f~1(W),))) for each q € N.

2) There exists a canonical isomorphism
(3.7.2) (Bt (Ox,puz)s), PP) = (Wallx (log(D U 2)), P7)

in DTF(f~t(W,)). This isomorphism is compatible with the transition mor-
phisms.

Finally, we state the base change theorem of the preweight-filtered vanishing
cycle crystalline complex and the Kiinneth formula of it.

THEOREM 3.8 (see [72, (2.10.6)]). — Let u: (S",Z',v") — (S,Z,v) be a mor-
phism of PD-schemes. Assume that T and I’ are quasi-coherent ideal sheaves
of Og and Og, respectively. Set

So := Spec (Os/I) and Sp = Specs,((’)s'/I/)-
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Let' Y (resp.Y') be a quasi-compact smooth scheme over Sy (resp.S() (with
trivial log structure). Let f: (X,DUZ) — Y be a morphism of log schemes

such that f: X — Y 1is smooth, quasi-compact and quasi-separated and such
that D and Z are transversal relative SNCD’s on X over Y. Let

(X', D'uZz) —<= (X,DUZ)
f/l lf
Y’ e Y

(5/71,77/) L (Sal-/‘)/)

be a commutative diagram of (log) schemes such that the upper rectangle is
cartesian. Let f(x zy: (X,Z) — Y and f(’X, 7 (X", Z") = Y be the induced
morphisms. Then the base change morphism
ES lo lo ,Z D
(381) Lhcryst()gz)Crys* (Ecris (O(X,DUZ)/S)a P )
lo o / /
— RI" % yeryen B’ (O(xr pruzeysr), PP

is an isomorphism.

THEOREM 3.9 (see [72, (2.13.3)]). — Let V be a complete discrete valuation
ring of mixed characteristics with perfect residue field of characteristic p > 0.
Let K be the fraction field of V. Assume that S is a p-adic formal V-scheme
in the sense of 74, §1]. Set So := Spec(Og/p). Assume that the morphism

X — Sy is proper. Let h and k be two integers. Then the image

(39.1)  PPR"fix.puz)s«(O(x.puz)8) K
= Im(R" f(x 7),5: (PP ER&7 (O(x,puz)/s5)) K
— R"f(x puzy/s+(O(x.puz)/8)K)

prolongs to a convergent F-isocrystal on S/V.

We denote the resulting convergent F-isocrystal in (3.9) by
PPR" f.(Ox,puz)/K)-

Especially we obtain Rhf*(O(X,DUz)/K)-
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THEOREM 3.10 (see [72, (2.10.14)]). — LetY and f;: (X;,D;UZ;) =Y (i =
1,2) be as in (3.8). Set f3:= f1 Xy fo,

X3 := X1 Xy Xa,

D3 := (D1 xy X3) U (X1 Xy D3),

Zs = (Z1 Xy Xo) U (X1 Xy Z9).

Denote Rf (X071 Crys*(Eé‘;§sZ (O(x:,0,uz:)/8 s), PPi) (i =1,2,3) by

lo 0, i
Rf Xg“Z Crys*(Eér§sZ (O(Xi,DiUZi)/S)a PD )

Then there exists a canonical isomorphism

(3.10.1) Rf'® (B27M(Ox, . pruzys)s PPY)

(X1,Z1)cryss* crys
® RfIOg (ElOg,ZQ (O ) PDQ)
Oy sV (Xy,Z5)cryss \erys (X2,D2UZ2)/S)>
1 log, Z: D:
— Rf gﬁ'gs Z3)crysk (EC?§S J(O(X3,D3UZ3)/S)’P 3)‘
The isomorphism (3.10.1) is compatible with the base change isomorphism

(3.8.1).

THEOREM 3.11 (see [72, (2.13.7)]). — Let S and Sy be as in (3.9). Let
(Xi,Di U Z;)/So (i = 1,2,3) be as in (3.10), where Y = Sy. Assume that
the morphism X; — Sy (i = 1,2) is proper. Then there exists the following
canonical isomorphism

(3.11.1) B R f(Ox, oz ) @0sw B F(Oixy,pyuzs) i)
i+j=h
- R" J+(O(x3,05025)/K)

of convergent F-isocrystals on S/V. The isomorphism above is compatible with
the filtrations PP (i = 1,2,3).

4. Generalized descriptions of preweight-filtered vanishing cycle (re-
stricted) crystalline and zariskian complexes

Let the notations be as in the beginning of §3. In this section we generalize
(3.2). In (4.9) and (4.10) below, we give explicit descriptions of

Qlx.z)/s(Beg” (Ox,puzyys): PP)  and  (E&%(Ox,puz)ss) PP)

for a certain case. These descriptions give us the descriptions of

Qlx.zy/s(Be&” (Ox,puzyys), PP) and  (E2$7(Ox,puz)ss): PP)
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for the general case without using admissible immersions ((4.15.1), (4.15.2)).
The last descriptions are generalizations of (3.2.4) and (3.2.5), respectively.
When S is the spectrum of the Witt ring W, of a perfect field of characteristic
p > 0 of length n > 0, we also give for a certain case an explicit description of

(W% (log(D U 2)), PP).

This description also gives an explicit description of (W, Q% (log(DU 2)), PP)

for the general case without using admissible immersions ((4.21.1)). The last

description is a generalization of (3.7.1). We need the explicit descriptions of

(E;(;%’Z(O(X,Duz)/g), PPy and (W, Q% (log(D U Z)), PP) for the main results

(6.17) in §6 and (7.6) in §7.

Let (S,Z,7), So and (X, D U Z)/Sy be as in the beginning of §3. Let

(X,DUZ) —== P

(4.0.1) G(X,DUZ,Z)/SJ/ l

be a commutative diagram of log schemes over S such that the horizontal

morphisms are exact immersions into log smooth schemes over S. Assume that

P = Q and that the underlying morphism P — Q of the morphism P — O

is the identity id%. Let ©® be the log PD-envelope of the exact immersion

(X,Z) — Qover (S,Z,v). Let Mp and Mg be the log structures of P and Q,
respectively.

First we generalize [72, (2.2.17)] (= (3.2) 2), 3) for the constant simplicial
case) to give the descriptions of

Qlx.zy/s(Beg” (Ox,puzyys), PP)  and  (E2&7(Ox,puz)ss) PP)

for the case (4.0.1) satisfying the equality (4.3.2) below and the two conditions
immediately after (4.3.2).

For a fine log smooth scheme Y over a fine log scheme T, A3, T denotes the
log de Rham complex of Y/T by following Friedman (see [28]). (In [51] A3, /T
has been denoted by ws, /T.)

For a nonnegative integer ¢ and an integer k, set

0 (k <0),
P ) i— i .
(4.0.2) PLIONG g = { Tm(Ak @0, A S — Al ) (0 <k <),
Ap /s (k > ).
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Then we have a filtration PP/< = {P,ZD/Q}kGZ on A;D/S. Let L(x,z)/s be the
log linearization functor for Op-modules. Set

P . P/Q e
P, /QL(X,Z)/s(Ap/s) 1= Lx,2)/5 (D /QAp/s) (k € Z).

For a commutative monoid R with unit element, denote by Spec'°®(Z[R))
the log scheme whose underlying scheme is Spec(Z[R]) and whose log structure
is associated to the natural morphism R — Z[R] of monoids.

In [72] we have proved the following;:

PROPOSITION 4.1 (see [72, (2.1.5)]). — Let To — T be a closed immersion
of fine log schemes. Let Zy (resp.Y') be a log smooth scheme over Ty (resp. T),
which can be considered as the log scheme over T'. Let v: Zy — Y be an exact
closed immersion over T. Let Al (n € N) be a log scheme whose underlying
scheme is the scheme A” and whose log structure is the pull back of that of T
by the natural pm]ectzon A” — T Let z be a point of Zo Assume that there
exists a chart

(Q = My, R — My, Q 2+ R)

of Zo — T on a neighborhood of z such that p is injective, such that
Coker(p8P) is torsion free and such that the natural homomorphism Og, . ®z,
(REP/Q%P) — A1Z0 To.z 1s an isomorphism. Then, locally around z, there
exist a nonnegative integer ¢ and the following cartesian diagrams:

Zo E— Y’

(4.1.1) | |

TO XSpeCIOg(Z[QD SpeClOg(Z[R]) é T XSpeCIOg(Z[QD SpeClOg(Z[R])

_ Y

l

L} T XSpeCIOg(Z[QD SpeCIOg(Z[R]) XT A%,

where the vertical morphisms are strict and log étale and the lower second
horizontal morphism is the base change of the zero section T — A%, and
Y=Y XA% T.

Though the following lemma immediately follows from [72, (2.2.17)], it is a
key lemma for (4.9) and (4.10) below.
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LEMMA 4.2. — 1) The following natural morphism is injective:
(4.2.1) Op ®op P/ A5 15 — Op @0, Mg

2) The following natural morphism is injective:
* 7) Q ° * .
(4-2-2) Q(X,Z)/spk / L(X,Z)/S(AP/S) - Q(Xz)/SL(X,Z)/S(AP/S)-

Proof. — 1): The question is local. Let z be a point of ”}5 Because the points
of ”}5 are the points of X, = is also a point of X. Identify the image of =
in 703 with z. Then Mp,/Op , = M(D U Z),/O%, ~ N* for some s € N.
We have a chart N — Mp around z for some s’ > s such that the induced

morphism Ox, ®z7 Z° — Q% /50 (log(D U Z)) by the composite morphism

N* — Mp — M (DU Z) is an isomorphism. In the notation (4.1), we can take
Q = {0} and R = N* for the exact closed immersion (X,D U Z) < P (see

[e]

also the proof of [72, (2.1.4)]). In particular, we may assume that X := P is

k !
a smooth scheme over S. Set ¢ := (0,...,0,1,0,...,0) e N¥ (1 <k < ).
Consider the composite morphism

g: N — M(DUZ) — M(DUZ), /0%, ~N°.
By a simple calculation, we see that there exist k1,..., ks such that g(ex,) =

(0,...,0,%,0,...,0) (1 < ¢ < s). The images of ex,,...,er, in Ox by the
composite morphism N - Mp — Oy give us transversal relative SNCD’s D
and Z on X'/S such that P = (X, DU Z) and Q = (&, 2) locally around z.
In this local case,

L] L] P Q L] L]
s =Wy g(log(DUZ)) and P/2A3 ¢ = PPQY 5 (log(D U 2)).
In this case, 1) is nothing but [72, (2.2.17), (1)].
2): this follows immediately from 1) as in [72, (2.2.17), (2)]. O

We denote the filtered complexes
(09 ®op A5 {00 R0y P];P/QA;D/S}keZ)
* [ * P Q L)
(Q(x.2)/5Lx,2)/5(Np5): {Q(x, 215 T / Lix.z)s(Ap)s)trez)

by (Op ®op A;)/S7P7>/Q) and (Q’{XZ)/SL(X’Z)/S(A;;/S),Q?XZ)/SPP/Q), re-
spectively.

When Z = &, we denote
(Op ®0p Aps, PT/9) and  (Q(x z)/sL(x.2)/5(Mp)s): Qlx, 2527/ )
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by (Op ®op Ay g, P) and (Q%,sLx/s(A3 g), Q% /5 P), respectively.
Next we give a generalization of the classical Poincaré residue isomorphism.
To give it, we have to generalize DW®) and w§’§3(D/ So) in §3. For a finitely

generated monoid @ and a set {qi,...,¢n} (n € Z>1) of generators of Q,
(o]
we say that {q1,...,¢,} is minimal if n is minimal. Let Y = (Y, My) be an
(o]
fs log scheme. Let y be a point of Y. Let my,,...,m;, be local sections

of My around y whose images in My, / O;ﬁ/y form a minimal set of generators

of My,y/Oy,. Let D(My); (1 <4 < r) be the local closed subscheme of Y
defined by the ideal sheaf generated by the image of m; , in Oy. For a positive
integer k, let D®)(My) be the disjoint union of the k-fold intersections of
different D(My);’s. Assume that

(4.2.3) My, /0%, ~N'

[¢]
for any point y of Y and for some r € N depending on y. Note that

Aut(N") ~ S,.. Indeed, set ¢; := (0,...,0, i,O, ...,0) € N". For the
monoid N (r € Zs>;), observe that {e;};_; is the unique minimal set of
generators of N". Indeed, we can prove this by induction on r as follows. Let
{fi};_; (s € Z>1) be a minimal set of generators of N". Then s = r. We may
assume that the r-th component of f,. is nonzero. Let f, be the image of f;
by the projection N" > (a1,...,a,) + (ai,...,a.—1) € N'=1. Then, by the
inductive assumption, {f;}/_] = {&}/—]. By renumbering i (1 <4 <r — 1),
we may assume that f; =¢; (1 <i <r—1). If the r-th component of some f;
(1 < i <r—1) is nonzero, then e; does not belong to the submonoid generated
by fi,...,fr. Hence f; = ¢; (1 <i < r —1). By the analogous argument,
we immediately see that f, = e,. Hence Aut(N") ~ &,. Consequently
Aut(My,/05y,) ~ &,. Hence the scheme D®)(My) is independent of the
choice of my 4, ..., m,, and it is globalized. We denote this globalized scheme

by the same symbol D®)(My). Set DO (My) := Y. Let ¢(®): D®) (My) — Y
be the natural morphism.
As in [24, (3.1.4)] and [72, (2.2.18)], we have an orientation sheaf

wégz(D(My)) (k € N) in 50/5’22 associated to the set D(My);’s. We have the
equality

k
(4.24) MwDMy)) = NP /OF)

o
as sheaves of abelian groups on Y ...
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PROPOSITION 4.3. — Let g: Y — Y’ be a morphism of fs log schemes satis-

fying the condition (4.2.3). Assume that, for each point y € Y and for each
member m of the minimal generators of MYvy/Oik’,y’ there exists a unique mem-

ber m’ of the minimal generators ofMY )/0;, o) such that g*(m/) € m?%>0.
9(y

1,9y
Then there exists a canonical morphism g : D®)(My) — D®)(My1) fitting
into the following commutative diagram of schemes:

(k)
D®) (My) —L— D®(My)

(4.3.1) l l
Y

i,y
Proof. — (The proof is a variant of the argument in [77, p.614].) First
we consider the local case. Let {m;,}i_; and {D(My);};_, be as above.
Set 3 := g(y). Let {my o }o_, and {D(My)y}5_, be the similar objects
for Y’ around g(y). We may assume that g*(m; ) € m?jo (1 <i<r).
This means that ¢ induces a natural local morphism D(My); — D(My);
(1 < i < r). Let D¥)(My;g) be the disjoint union of all k-fold in-
tersections of D(My+)1,...,D(Mys),. Then we have a natural mor-
phism D®)(My) — D®(My;g). By composing this with the natural
inclusion morphism D®)(My:g) — DW(My/), we have a morphism
DWW (My) — D (My+). This is a desired local morphism. This local
morphism is compatible with localization. Hence we have a desired global
morphism g*): D®)(My) — D®) (My). O

Let (X, D) be a smooth scheme with an SNCD over a scheme Sy. If Y =
(X, D), then D®)(My) = D® (k € N) and @it (D(My)) = =¥ (D/Sy).

Let M7 and My be two fine log structures on Y such that My = M; ®oz M.
Assume that the condition (4.2.3) is satisfied for M;. Let my,,...,m,, be

local sections of M; around y whose images in M,/ (’)g}y form a minimal set of

generators of M, /Oy, . Set Y; := (Y, M;) (i = 1,2). Endow D®) (M) with
the pull-back of the log structure of My and denote the resulting log scheme
by (DW) (M), My) by abuse of notation. Let

b (D®) (M), My) — (Y, My)
be the natural morphism. By abuse of notation, we denote by the same sym-

bol b*) the underlying morphism D®) (M) — Y.
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Now we come back to the situation (4.0.1). We assume that there exists an
fs sub log structure M of Mp such that

(4.3.2) Mp = M @or, Mg,
such that the pull-back of M to X is equal to M (D) and such that the con-
dition (4.2.3) is satisfied for (7%,./\/1)

Let b): (D®)(M), Mg) — Q be the natural morphism. By abuse of nota-
tion, we also denote the underlying morphism D®) (M) — é by bk,
PROPOSITION 4.4. — 1) Let M’ be another fs sub log structure of Mp
satisfying the equality (4.3.2), such that the pull-back of M’ to X is equal

to M(D) and such that the condition (4.2.3) is satisfied for (P, M'’). Let
VR (DE(M'), Mg) — Q be the natural morphism. Then there exists a
canonical isomorphism

k .
00 @0 B (At (0t 1105 €2 TA(DM)))
~ k .
5 Op @0y b )(A(D(k)(M/),MQ)/S ®z @k (D(M))).

2) Identify the points of 5 with those of X. Identify also the images of
the points of X in 703 with the points of X. Let x be a point of 5 For any
different iy, ... i, (1 <iy,...,i < 1), denote by (D(M);,...,,, Mg) the local
log closed subscheme of Q whose underlying scheme is D(M); N---ND(M);,
and whose log structure is the pull-back of Mg. Denote the natural local exact
closed immersion (D(M);,..i,, Mg) — Q by bj,....,. We denote by b;,...;, the

underlying morphism D(M);, ..., — Q. Then, for a nonnegative integer k,
the morphism

(4.4.1) O @o, P/

(k) o—k
— Op ®0p bx (A(D(k)(M)’MQ)/S Kz wég(D(M))),

f ®@wdlogmy, ;- -dlogm;, . (fEOg,wEP(;P/QA;;/S)
— f @b}, (w)(orientation (i1 - - i)

i1 i,

(cf. [25, (3.1.5)]) induces the following “Poincaré residue isomorphism”

P/Q 4 o
(442) Op@opery,  Apg
~ k o—
— O’D ®O7:v b>(k )(A(ka)(M),MQ)/S ®Z wélagz(D(M)))
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Proof. — 1): Since the points of 5 are equal to the points of X, we have only
to prove that there exists a log open subscheme U of P containing X such
that M|y = M|y Let x be any point of X. Because the pull-backs of M
and M’ to X are equal to M (D), M;/O% , = M(D);/O%, = M;/O% ,.
Hence M, = M!,. This means that there exists a log open subscheme U(x)
containing z such that M|y ) = M'[yq). Set U := J,cx U(x), which is a
desired log open subscheme of P.

2): As in the classical case, we can easily check that the morphism (4.4.1)
is well-defined. Let x be a point of 5 Because the question is local, we may
assume that there exist a smooth scheme X over S and transversal relative
SNCD’s D and Z on X/S such that P = (X, DU Z) and Q = (X, Z) by (4.1)
as in the proof of (4.2). Then the isomorphism (4.4.2) is the Poincaré residue
isomorphism in [72, (2.2.21.1)]. O

By (4.2) and (4.4), we have the following lemma:

LEMMA 4.5 (see cf.[72, (2.2.21) (1), (2)]). — 1) For a nonnegative integer k,
the following sequence is exact:

(45.1) 0= Op ®op PL/2 P/s
— Op ®0p, PL/A3

(k) (A o=k k

2) For a nonnegative integer k, the following sequence is exact:

* P o
* P/Q o
— QixzysB  Lixz)s(Wpys)

* k *—
— Q(X,Z)/SL(XZ)/S(bSk )(A(Défk)(/\/t),MQ)/S ®z W§’§3(D(M)))) — 0.

LEMMA 4.6 (cf.[72, (2.2.16)]). — For a nonnegative integer k, the following
hold:

1) There exists a natural exact immersion (DW), Z| puy) <= (D®) (M), Mg)
over S.

2) The log scheme © x g (D% (M), Mg) with the PD-structure induced by
the PD-structure of ® s the log PD-envelope of the exact immersion in 1)
over (S,Z,7).
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Proof. — 1): Because the pull-back of M (resp. Mg) to X is equal to M (D)
(resp. M(Z)), 1) immediately follows from the definitions of (D®) (M), Mo)
and (D(k), Z|pw))-

2): By the universality of the log PD-envelope, the question is local. Let
x be a point of X. By (4.1) and the proof of (4.2), 1), we may assume that
there exists a smooth scheme X over S with transversal relative SNCD’s D
and Z on X/S such that P = (X, DU Z) and Q = (X, Z) around z. In
this case, 2) is equivalent to [72, (2.2.16), (2)], which has already been proved
n [loc. cit.]. O

COROLLARY 4.7 (cf. [72, (22.21.2)]). — In DY(Q(y 2),5(O(x,2)/5)) there
exists the following isomorphism:
Q PP/Q * .
(4.7.1) gr, 5 QlxzysLix,z)s(Mp)s)
(k) log

— Qlx.2) /Sacr})rs* (Oww) 2| )/ O @ F)1°8(D/S; Z)){~k}.

Proof. — By [72, (2.2.12)] and (4.6), 2),

_ agr;s*g L(p®,21, )5 Aot (nt) 10)s O Tt (D(M)).

Because the pull-back of M to X is equal to M (D), the right hand side is

k)lo . ) lo
equal to agr}),s*g(L(D(k)z‘D(k))/S(A(D(k)(M) MQ)/S) ®z wgrys 5(D/S; Z)) by [72,

(2.2.20)]. By the log Poincaré lemma (see [72, (2.2.7)]), the last complex is
isomorphic to

k)lo o}
0l (O 21 yy)1s @2 TURE(D/S; 2))
in D*(O(x,zy/s)- Hence (4.7) follows from (4.5), 2). O

PROPOSITION 4.8. — Let u: (S,Z,v) — (S, Z,v") be a morphism of PD-
schemes such that T and I' are quasi-coherent ideal sheaves of Og and Ogr,
respectively. Let Sy and S| be as in (3.8). Let

(X', D'uZ) —— P
(4.8.1) e(X/,D/UZ’,Z’)/S’l l

(X,, Z/) - Q'
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be a similar diagram to (4.0.1) over S’. Assume that there exists an fs sub log
structure M’ of Mp: such that

(4.8.2) Mpr = M @or, Mg,

such that the pull-back of M’ to X' is equal to M(D") and such that the con-
dition (4.2.3) is satisfied for (P', M'). Let a'®: (D'®) Z| ) — (X', Z")
(k € N) be the natural morphism of log schemes over S|,. Assume that there
exists a morphism from the commutative diagram (4.0.1) to the commutative
diagram (4.8.1). Let g: (P, M) — (P'\M') and g(x,z): (X,Z) = (X', Z')

be the induced morphisms. Assume that, for each point x € P and for each

member m of the minimal generators of MI/O;S@, there exists a unique mem-

ber m’ of the minimal generators of ./\/l’o( )/(’); ) such that g*(m') = m and

9(z 9(z

such that the image of the other minimal generators of /\/l’o( )/O
g(z

*

P’ g(x)
are the trivial element of M /Oy . Let V& DE(M') = P be the similar
morphism to b%). Then the following hold:

1) The following diagram is commutative:
(4.8.3)
g (Res”/ ) s gu (™ "M ) — gl (N gy @2 TRHDE (M) {—k))

Q*T Tg*

! ! ’P’/Q’ . ~ . k
Res” /€ ql” " Ay, 00— B (A a0 @2 Thak (DO (M) {=k}).

by g*

2) The following diagram is commutative:

~

e} (e} / ° )
gt)?,Z)crys*(ReS) :gi)?,Z)crys*L(sz)/S(grlI;P QAP/S)
(4.8.4) |
PP/ \e ~
Res : L(X’,Z’)/S’ (grk AP’/S”) —_—

lo k)lo . k
9 Dyeryon s (Lo, 2115w gy 5) €2 THs(D/S: Z)){~ k)
@R (L9 211 Wi ey s) € DD 83 27) [}

Proof. — 1): We immediately obtain 1) from the condition g*(m’) = m and
by the definition of the morphism g*): D®)(M) — DF) (M) in (4.3).
2): This follows from 1) and (4.7.2). O
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The following theorem and corollary are main results in this section.

THEOREM 4.9. — There exists the following isomorphism

(4.9.1) Qix.z2)/s (Bg? (Ox,puz)/s): PP)
= (Qlx.zysL(x,2)/5 (M), Qlx 29,5 PT').
Proof. — By (3.4.3) we have a canonical isomorphism
erys (O(x,pUZ)/8)s - x,2)/5s(Aps), 7).
(Bl (0 ),PP) 5 (L (A%, 7)
Hence we have an isomorphism
Q)(kX,Z)/S(EéggéZ(O(X,Duz)/S),PD) — Qlx.2)/5(Lx.2)/5(Mp5), T)-
Because we have a natural morphism
Q?X,Z)/S(L(sz)/S(A;)/S)’T) — (Q?X,Z)/SL(XZ)/S(A%/S)aQfx,Z)/SPP/Q)v
we have the following composite morphism
(49.2)  Q(x,z)5(Ees’ (O(x,puz)/5), PP)
— (Qlx.2y/5Lx,2)/5 (M )5), Qix 2P/ 9).-

By taking the graded parts of both sides of (4.9.2), we have the following
commutative diagram by the p-adic purity (3.1.1) (see (3.6), 3)) and (4.7.1)
for a nonnegative integer k:

Q7 PP * log,Z
g1, (X,2)/8 (X,Z)/SEC?%S (Ox,puz)/5) -

* k)lo k)lo
Q(XZ)/Sagr}),s*g(O(D(k),Z|D(k))/5 ®Z wgr})fs g(D/S, Z)) _—

Q?X»Z)/SPP/Q * L A
Tk Q(X,Z)/S x,2)/5( ’P/S)

* k)lo, k)lo
Qx50 (O(p9 21 )75 ©2 Fetvs *(D] S5 2)):

g

We can complete the proof of (4.9). O
COROLLARY 4.10. — There exists the following isomorphism

(4.10.1) (ExE7(Ox,puz)/s): PP) = (On ®0, A s, PT/9).

Proof. — The Corollary immediately follows from (4.9). O
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LEMMA 4.11. — Let Y be a fine log (formal) scheme.  Assume that

LY, My)/T'(Y,05) ~ N" for some r € N and that, for any point y of l?',
My7y/(9§k,’y ~ N for some ry < r. Assume that the natural morphism
DY, My)/T(Y,05) = My,/05,, is surjective. Let 1Y — R be a closed
immersion of fine log (formal) schemes. Assume that R has a global chart
R — Mg. Let R be the inverse image of T'(Y, My') by the composite morphism
ReP — T'(R, MR )8 — I'(Y, My )8P. Set

R, =R XSpeClOg(Z[R}) Speclog(Z[R/]).
If the natural morphism R’ — Mg/ induces a surjection
R — T(Y, My)/T(Y, 03 ),

then R’ is fine and the induced closed immersion t': Y — R’ is exact. In par-
ticular, if the chart R — Mg induces a surjection R — I'(Y, My)/T'(Y,O5),
then the conclusions above hold.

Proof. — (Cf.the proof of [51, (4.10)].) By using the natural morphism
(Y, My)/T(Y,05) — My, /Oy, and the isomorphisms

~

N" — I'(Y, My)/I'(Y,0y) and My,/Oy, — N"v,

k
we have a surjection \: N* — N"™. Set e; := (0,...,0,1,0,...,0) € N" (1 <
k < r). By a simple calculation, we see that there exist ki,...,k;, such

l
that A(er,) = (0,...,0,1,0,...,0) (1 < € < ry). Let {ex, ;.. €k} be
the complement of {ek,,... ey, } in {ex}j_;. Let ASP: Z" — Z™ be the
induced morphism by A. We denote the usual addition + (resp.+) in N"

(resp.Z") by the multiplicative notation. Then, in Z", there exists an element
O

ug,, (ry < m < r) of Ker(A\%P) such that ey, = ug,e;’ "'ekr;’ for some
ai,...,ap, € N. Let P be a free monoid generated by e, ... s €k, and
Ty r
ukryﬂ,...,ukT:P:He?Zx H ugm.
/=1 m=ry+1

By mapping N" > e, — e;, € P and N” > e, — (e]" --'ezry,ukm) € P, we
Ty
have the commutative diagram

N —= 3 P~ N'v x Ny

)\l llst.proj

Nv —— N'v.
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Hence we have the following commutative diagram
DY, My)/T(Y,05) —— N
(4111) l llst.proj

My7y/(’)§’y ——— Nv.

Set K := Ker(R*? — I'(Y, My)*?/I'(Y,05)). Since K is finitely generated
as an abelian group, K is finitely generated as a monoid. Let fi,...,f,
be elements of R’ whose images in I'(Y, My)/T'(Y,05) are generators of
I'(Y,My)/T'(Y,03). Then R’ is generated by {fi,..., fr} and K. In par-
ticular, R’ is finitely generated. In fact, R’ is fine. Let g: R' — T'(Y, My)
be the induced morphism by the chart R — Mg/. Let s: I'(Y, My) — My,
and t: R — (/*Mg/), be the natural morphisms. We have to prove that, if
J*(a) € /*(b) My, for any elements a and b of (¢/*Mg/),, then a € b(J*Mg/),.
We may assume that a = t(ap) and b = t(by) for elements ag and by of R’
Let 22 (mg,no € I'(Y,My)) be an element of I'(Y, My )P whose image in
M, /O3, belongs to My, /Oy . Let €f,... e, be elements of I'(Y, My)
whose images in T'(Y, My)/T'(Y,0%) — N" (given by the upper horizontal
isomorphism in (4.11.1)) are (1,0,...,0),...,(0,...,0,1), respectively. Then
the power of €/ (1 <1i <) in my is greater than or equal to that in ng. Hence
we can write 71 = 7:—5 (mg, ng € D(Y, My)) such that s(ny) € Oy, Now we
can find elements ¢y and dy of T'(Y, My) such that g(ag)co = g(bo)dp and such
that s(co) € Oy,. Because the induced morphism R — I'(Y, My)/I'(Y, O5)
by g is surjective, ¢g = g(eg)u for elements ey € R and u € T'(Y,0%).
Hence g(ageq/bo) = dou™!. By the definition of R’, agey € bgR'. Because
sg(eo) € 05, t(eg) € Oy,. Thus we have a € b(v"* Mp/)y. O

REMARK 4.12. — In [51, (4.10)] Kato has obtained an exactification of a
closed immersion of fine log schemes with global charts; for the definition

of R', we have not used a (global) chart of Y. This different point plays an
important role in (4.15), (6.10), (6.11), (6.12) and (6.17) below.

LEMMA 4.13. — Let Sy < S be a nil-immersion of schemes. Let Y
be a smooth scheme over Sy and let E be a relative SNCD on Y/Sy. Let
t: (Y, E) <= Y be a closed immersion into a log scheme obtained from a smooth
scheme with a relative SNCD over S. Assume that I'(Y, M (E))/T'(Y, 03 ) ~ N"

[¢]
for some r € N and that YV has a system of global coordinates yi,...,yq such
that My o~ O’j}y?---y? for some 0 < s < d which induces a composite
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surjection
N* — DD, My) — D(Y, M(E))/T(Y,04) = N’
Let P be the inverse image of I'(Y, M(E))/T'(Y,O5) by the morphism
2> — I(Y, M(E))**/T(Y, Oy).

Set Y= =Y X Speclos (Z[Ne]) Spec'®8(Z[P]). Then the following hold:

1) The natural morphism (Y,E) — Y is an exact closed immersion
over S.

2) Y is smooth over S and the log structure of Y™ is associated to a

relative SNCD on S)QX/S.

3) Assume that E = Ey U Ey for transversal relative SNCD’s Ey and Es
on Y/So. Let vj: (Y,E;) — Y; (7 = 1,2) be a closed immersion into a log
scheme obtamed from a smooth scheme with a relative SNCD over S. Assume

that J/l = y2 and that Y = (J/l,Myl Doy, My,). Endow yex with the pull-
back of the log structure of ;. Then the resultmg log scheme Y5* is obtained
from a smooth scheme with a relative SNCD over S and the natural morphism
(Y, Ej) — V5™ is an exact closed immersion.

Proof. — 1): Let y be a point of Y. Since the composite morphism
LY, My)/T(Y,0y) — My, /0y, — M(E), /Oy,

is surjective, the morphism I'(Y, M(E))/I'(Y, 0y) — M(E),/Oy, is surjec-
tive. There exists an isomorphism M (E), /05, — N for some r, < r.
Hence 1) follows from (4.11).

2): Let h: N®* — N” be the surjection in the statement (4.13). Set ey :=
k
0,...,0,1,0,...,0) € N°* (1 < k < s). By a simple calculation, we see that

)4
there exist ki, ..., k, such that h(ex,) = (0,...,0,1,0,...,0) (1 <€ <r). Let
€kyy15 - - -5 €k, De elements of N® such that

{ekr+17 SR eks} = {ek}Z:l \ {eku cee 7€kr}'
Let h8P: Z° — Z" be the induced morphism by A. Then

P = (ep,...,ex,. ) Ker(h®).
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Set Yo = Spec(Os(y1, ... ,ya]). Then Y™ is étale over

(4131) Yo ®Z[NS} Z[(ekl, ey ekr>Ker(hgp)]
= Spec (Os[Ykys - -+ s Yhos Yst1, - - - » Ya) @z L[Ker(heP))]).

[e)
Hence Y is smooth over S. The log structure of Y** is associated to the
relative SNCD defined by the equation yg, - -+ -y, = 0.

3): This follows immediately from the description (4.13.1). O

By using (4.13), we would like to give the descriptions of
sz)gz)/s(Eé?§éZ(O(X,DUZ)/S)’PD) and  (E27(Ox,puz)s): PP)

without using admissible immersions as follows; we generalize (4.9).

Until (4.16) we do not assume the existence of the commutative diagram
(4.0.1).

Let X =J; X; be an affine open covering of X such that
I(X;, M(D U 2))/T(X;, O%,)
is isomorphic to a finite direct sum of N. Set
D;:=Dl|x, and Z;:=Z|x,.

Let P! be a lift of (X;,D; U Z;) over S such that P/ has a global chart
P/ — Mp, satisfying the assumptions in (4.13) for the closed immersion

(XZ', D; U Zz) i) Pz, Set

Xigodp = X5 NN X5, Dy, = D|Xi0~~~ir7

Zz'omz'r = Z|Xi0~~ir7 PZ{O,,,Z-T = PZ{O X5+ Xg ler
We obtain a global chart @,_, P/, — Mp, of P ;- Take a log open
subscheme P; ; of P; _, such that there exists a natural closed immersion
(Xig-in, Dig-ip U Zigi,,) < Pi ;. - The global chart above gives us a global
chart of 73{(’),,% satisfying the assumptions in (4.13) for the closed immersion
(Xigins Digoip U Zig.i,) < Pj ;. Then we have the induced morphism of

monoids
T

B (P, — T (Xipui,, M(D U 2))*.
k=0
Let P,...;, be the inverse image of I'(X;,...;,, M(D U Z)) in @ZZO(PiIk)gp. Set
PiO“‘ir = ,Pz{o'--ir XSpeclog(Z[@r Pi/k]) Speclog(Z[Ro'~~ir])'

k=0
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Then we have an exact immersion

(4.13.2) (XZ'O"'Z'M (DU Z)|Xi0~~~ir) — Pig-iy

by (4.13), 1). Though the immersion above is not necessarily closed, we
see that Pj,...;, is a log scheme obtained from a smooth scheme with a rel-
ative SNCD over S by the proof of (4.13), 2) (see the expression (4.13.1)).
The projection 77{0,,,“ — P;O,,,?j...ir induces the following natural morphism
Pig-ip =+ Pigz;.i,; the immersion P{On@,m“ — PZ{O"'ij—likij-‘-l"'ir (k=j+1)
induces the following natural morphism Pi,..5;...i, = Pigeij_qigijeq-in (here 7;
means to omit i;). By using the exact closed immersions (4.13.2) for various
ig, . . .1, we have a simplicial exact immersion (X,, D, U Z,) — P, into a log
smooth simplicial log scheme over S. By (4.13), 3) we have a simplicial exact
immersion (X,, Z,) < Q, fitting into the following commutative diagram

(X.,D.UZ,) —= P,

l l

(Xoazo) é Qo

such that P, = Q, and such that the underlying morphism P, — @, is ido .

Let ©, be the log PD-envelope of the immersion (X,, Z,) — Q, over (S,Z, 7f)y.)
The condition (4.3.2) and the assumptions after (4.3.2) are satisfied for Mp,
and Mg, for each n € N. That is, there exists an fs sub log structure M,,
of Mp, such that

(4.13.3) Mp, = M, EB@;;” Moy, ,
such that the pull-back of M,, to X,, is equal to M(D,,) and such that the
condition (4.2.3) is satisfied for (P,, M,,). In fact we may assume that we have

a simplicial log scheme (P,, M,). We have the following filtered complexes
by (4.2):

(On, ®0p, Ay, /5. PT*) := (0n, ®0p, A, /5, {00, ©0p, P;Z)'/Q'A%./s}kez),
(Qixs 205 L(X0,20)/5 (M0 )5) Qixe 20y s P72 =
* . * Po/Qe r o
(Q(X.,Z.)/SL(XuZ-)/S(AP./s)v {Q(X.,Z.)/SL(X.,Z.)/S(Pk / Ap,/s)}kez)-

Let A be the standard simplicial category: an object of A is denoted by
[n] :={0,...,n} (neN);

a morphism in A is a non-decreasing function [n] — [m] (n,m € N).
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LEMMA 4.14. — Let the notations be as above. Let k be a nonnegative integer.
Then the following hold:

1) For the morphism g: (Pn, My) — (Pp, Mys) corresponding to a mor-
phism [n'] — [n] in A, the assumptions in (4.8) are satisfied for

(707,/\/1) = (%H,Mn) and (703’,/\/1’) = (7%”,7Mn,)_

2) The family {D®) (M)} nen gives a simplicial scheme D) (M,) with

natural morphism b%*): DF)(M,) — P, of simplicial schemes.

Proof. — 1): Let ¢ be a nonnegative integer and let my be a member of
the local minimal generators of M,/ Op,. Then, by the description (4.13.1),
the image M, of m, in M(D,)/O%, is also a member of the local mini-
mal generators of M(Dy)/O%,. Because the standard degeneracy morphism
sit (Xe,Dg) = (Xpg1,Deg1) (0 € N0 < i < /) and the standard face mor-
phism p;: (X, Dy) = (Xy—1,Dp—1) (¢ > 0,0 < i < {) are obtained from open
immersions, we can easily check that there exists a unique member 77,41 of
the local minimal generators of M (Dy+1)/OY,,, such that s} (mgt1) = My and
p;(My—1) = my. We can also easily check that the other minimal generators
of M(Dgil)/O}inl are mapped to the trivial element of M(Dg)/@}l by s}
and p], respectively. Let m, be a member of the local minimal generators
of My/Op . Let g: (X, Dy U Zy) — (X, Dy U Zyr) be the morphism
corresponding to a morphism [n'] — [n]. Since the morphism [n/] — [n] is
a composite morphism of standard degeneracy morphisms and standard face
morphisms, we see that there exists a unique member 777,/ of the local minimal
generators of M,,/O%  such that g*(m, ) = m,. Let ¢,: (X,,D,UZ,) SN P,
be the immersion constructed before this lemma. Then we have the following
commutative diagram:

9+(Mp/Op ) —— gutns(M(Dr)/O%, )

(4.14.1) | |

M /O | —— tyu(M(Dy)/O% ).

By the description (4.13.1) again, the horizontal morphisms in (4.14.1) are
isomorphisms. Hence there exists a unique member m,, of the local minimal
generators of M,,//O% = such that g*(m, ) = m,. Thus we have checked the
assumptions in (4.8). !

2): This follows immediately from 1) and (4.3). O
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COROLLARY 4.15. — Let TRerys and ey be the morphisms of ringed topoi in
(3.2), 4) and 5), respectively. Then the following hold:

1) There ezist the following canonical isomorphism:
(415.0) Qx5 (B2 (O(x.puzys), PP)

— RiReryss (Q(xs z0)/5L(X0.20)/5 (AP, /5)s Q?X.,Z.)/SPP./Q.)‘

2) There exist the following canonical isomorphism:

(4.15.2)  (ER&%(Ox,puz)/s): PP) = Rtz (09, @05, A:,,_/S,P”’-/Q-).

zar

Proof. — 1): By (4.14) 1), 2) and (4.8) 2), we have the isomorphism

Qs 0577 0 :
(4153) grk (Xe.Ze)/S Q(X.,Z.)/SL(XMZQ)/S(AP./S)

_ * (k) log .
= Qx, 20)/5Becrys (L(DE’”,z.\D(m/s(AD““)(M-)/S)

®z @ ys(Da/S; Z.)) (—k){~k}

As in (3.5.13), by using (4.7), we see that the derived direct image of the left
hand side of (4.15.3) by R7Rerys« is equal to

* k 10 o
Q(X,Z)/Sagrb)’s*g(o(D(k),Z\D(k))/S ®z wHI8(D/S, Z))(—k){—k}.
Using (3.1.1) (see (3.6), 3)), we obtain 1).
2): This follows immediately from 1). O

REMARK 4.16. — In (4.15) we have given the descriptions of
Qix.z2)/s(Be87(Ox,puzys), PP) and  (E287(Oix,puzys), PP)

without using admissible immersions. Thus we can simplify the definitions of
the preweight-filtered restricted crystalline complex

(Cllscg;yZS(O(X,DUZ)/S)’PD) (2 Q?X,Z)/S(EéggéZ(O(X,DUZ)/S),PD))

and the preweight-filtered zariskian complex

(O;g%’Z(O(X,DUZ)/S)’PD) (~ (E;(;%’Z(O(X,DUZ)/S)’PD))
in [72, (2.4)] by considering the right hand sides of (4.15.1) and (4.15.2) as
the definitions of (C%({)Cgfyzs(o(X,DUZ)/S),PD) and (Cég§’Z(O(X7DUZ)/5),PD), re-
spectively.

We come back to the situation (4.0.1). But, now we assume that Sy =
Spec(k) and S = Spec(W,,), where k is a perfect field of characteristic p > 0
and W, is the Witt ring of k of length n > 0. We give an explicit description
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of W, Q% (log(D U Z)), PP), which is a generalization of the description in
(72, (2.12.4)].

o
LEMMA 4.17. — Assume that the closed immersion D(M);,..;, — P has a
local retraction etale locally. Then the long exact sequence associated to (4.5.1)
is decomposed into the exact sequence (q € 7)

(417.1) 0= H(Op ®op B/ Ap ) — H(On ©op P Ap ;)
_ k .
— HIH(On @0p B (A pi iy a1y /s @2 Fost(DIM)))) = 0.

Proof. — The proof is the same as that of [72, (2.12.2)] by using (4.4) and
(4.2) (cf. [66, 1.2]). O

We denote (H?(Op ®@0p Ap 1y, ); PP/9) the filtered sheaf

(HU(O0 ®0p A%, ), {HU(Op @0, P/ZD/QA;D/WH)}kEZ)-

Now assume that X is affine. Then there exists a lift J/: (X,DU Z) <
(X, DU Z2) of (X,DU Z) over W,, which induces lifts (X, D) — (X,D) and
(X,Z) — (X,2) of (X,D) and (X, Z) over W, respectively. Denote the
immersion (X, DUZ) — P by ¢. Because P and Q are log smooth over W,, and
because ¢’ is a nilpotent immersion, there exists a morphism f: (X, DU Z) — P

such that § induces two morphisms (X,D) — (P, M) and (X, Z) — Q and
such that fo = .

By [51, (6.4)] we have the following commutative diagram:
Rlux puzywa(Ox.puzyw,) ——  HU(Os®0,A% )
|7

R x, puzy o (O(x,pUz) W) —— HI(Qy )y, (log(D U 2))).

(4.17.2)

LEMMA 4.18. — Let k be a nonnegative integer. Then HI(f*) induces an
isomorphism

HIU(Op@0, P PN ) —+ HI(PPQY py,, (log(D U 2))).
Proof. — The lemma immediately follows from (4.15.2). O
The following is a generalization of [72, (2.12.4)]:

COROLLARY 4.19. — Let i be a nonnegative integer. Then

(4.19.1) (WaS¥y (log(D U 2)), PP) = (H(O2®0, A%, ), PT/9).
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Now assume that Sy := Spec(xk) and S = Spf(W), where W is the Witt
ring of k. In this p-adic case, we also have analogous objects and facts already
stated in this section. Let P and Q be fine log p-adic formal WW-schemes
in (4.0.1) satisfying (4.3.2) and the assumptions after (4.3.2). For a positive
integer n, set

Pni=Pw Wy, Qn:=0wW,

and let ©,, be the log PD-envelope of the immersion (X,Z) — Q, over
(Spec(W,), pPWh, [ ]). Then we have the exact sequence (see [45, p.243]):

As in [49, III (1.5)], we have the boundary morphism

of the long exact sequence obtained from the exact sequence above.
This boundary morphism preservers the preweight filtration PP»/2» on
HI (O, @05, Ay /Wn) (j =14,i+1). Hence we have a filtered complex

(Ho(Oan ®OPn A;)n/wn% Ppn/Qn) .
As in [49, III, (1.5)], we also have a projection

T H.(09n+1 ®O’Pn+1A,*Pn+l/Wn+l) — H'(O@n ®O'Pn A;;n/Wn)

(see [45, (4.2)]). We see that this projection preservers the preweight filtration
PPn/@n as in [69, (8.7), (1)] by using (4.17.1). By using the definitions of d
and 7, we have the following as a corollary of (4.19):

COROLLARY 4.20. — Let f: X — Spec(W,) be the structural morphism.
Then there exists an isomorphism

(420.1)  (WaQx(log(D U 2)), PP) =5 (H*(00, @05, Ap, . ), PT/9).

of filtered complexes of f~1(W,)-modules, which is compatible with the projec-
tions.

REMARK 4.21. — Let the notations be before (4.14). Assume that Sy :=
Spec(k) and S = Spf(W). Set

Pon = 7)' ®W Wn and QITL = Qo ®W WTL
Let ®,, be the simplicial log PD-envelope of the simplicial immersion

(Xe: D U Z,) = Pap
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over (SpecOWV,),pWh,[ ]). By the filtered cohomological descent (see [72,
(1.5.1)]), we have
(4.21.1) (W% (log(D U Z)), PP)
= Rtgars (H* (00,05, M, jw, ), P79,
This equality is compatible with the projections as in [72, (2.12.11)].

LEMMA 4.22. — 1) Let L be a fine log structure on Spec(k). Let W, (L) be
the canonical lift of L over (Spec(Wy,):
SpecW,,): Wy (L) = L & Ker(W,: — k*)

(see [45, (3.1)]). Let Y (resp.Y) be a log smooth log scheme of Cartier type
over (Spec(k), L) (resp.a log smooth log scheme over (Spec(W,), W, (L))).
Let Y — Y be an immersion over (Spec(W,,), Wy (L)) and let € be the log
PD-envelope of this immersion over ((Spec(Wy,), Wi (L)),pWh, [ ]). Let

g: Y — (SpeC(Wn),Wn(L))
be the structural morphism. Let Wy, (Y) be the canonical lift of Y over
(Spec(Wp,), Wh(L)) (see [loc. cit.]). Assume that'Y is affine. Then the quasi-
isomorphism

(4.22.1) Oc @0y Ay, — H*(Oe @0y, A, ) = Wals,

constructed in the proof of [45, (4.19)] in Ct(g=(Why)) is functorial in the
following sense: for a log smooth affine log scheme Y; of Cartier type over
(Spec(k), L) (i =1,2) and for a morphism Wy (Y;) — Vi to a log smooth log
scheme Y; over (Spec(Wy,), Wy (L)) such that the composite morphism Y; —
Wh(Y;) — Vi is an immersion and for the following commutative diagram

W,(Y1) — N1

| [
Wh(Ye) —— Vs

of log schemes over (Spec(W,),Wyn(L)) and for the log PD-envelope €;
(1 =1,2) of the immersion Y; — Y; over ((SpecWy), Wn(L)),pWh,| |), the
following diagram is commutative:

O@l ®Oyl Ai}l /Wn — 7‘[. (O@l ®Oy1 A§}l /Wn)

(4.22.2) w] [
h*(Oe, ®0y, ASJz/Wn) — W1 (O, Boy, A;z/Wn)'
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2) Let the notations be as in (4.0.1). Assume that S = Spec(W,,) and
So = Spec(k). Assume also that X is affine. Then the morphism (4.22.1) for
the immersion (X, D U Z) < P induces the following morphism

(422.3)  (Op ®0p Ay, PT/9) — (H*(On ®0, Ay, ), PT/€)
= W% (log(D U 2)), PP)
in CYF(f~1(W,,)), which is a filtered quasi-isomorphism if Mp and Mg satisfy
(4.3.2) and the assumptions after (4.3.2). The filtered morphism (4.22.3) is
functorial for the following commutative diagram
(Wn(X)a Wn(D U Z)) — P
E(Wn(X)an(DUZ)»Wn(Z))/Wnl J{

which induces the commutative diagram (4.0.1) for the case S = Spec(W,).
Here we denote by (Wi (X), Wn(DUZ)) (resp. Wi (X), W, (Z))) the canonical
lift Wp((X, M(D U Z))) (resp. Wy ((X,M(Z)))) (c¢f.[72, (2.12.7)]). In the p-
adic case after (4.19), the morphism (4.22.3) is compatible with the projections.

Proof. — 1): Because ) is log smooth over (Spec(W,,), Wy, (L)), we have the
following commutative diagram

Y —S— W,(Y)

H l

y — S V.
By the proof of [45, (4.19)], we have a natural morphism W, (Y) — €. Then
the morphism (4.22.1) for each ¢ € N is the following composite morphism

(4.22.4) O ®0y Ay, — My vy v mn o[ 1 — H' (O @0y, A3 ,)-

Here @z‘zo A%/VH(Y) SOV W (L), ] is a sheaf of differential graded algebras
over W, which is a quotient of P, A%/vn(Y) JWn (L)) divided by a W
submodule generated by the local sections of the form dall — alVi—Yda
(a € KerOV,,(Oy) — Oy), j > 1) (cf.[47, 0. (3.1.2)]). The first morphism in
(4.22.4) in CT(g~1(W,)) depends on the morphism W, (Y) — V. The second
morphism has been constructed in [45, (4.9)]. Here we note only that a local
section dlogm (m € My) is mapped to the cohomology class of dlogm by
the second morphism in (4.22.4), where m € My is any lift of m.
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In fact, the morphism (4.22.4) induces the morphism of complexes

(4.22.5) O ®0y, A, — Ay vy v w1 — 1 (Oc @0y, Ay, )-
Indeed, by [51, (6.4)] and the definition of W, A3, (see [45, (4.1)]), we have
H* (O ®0y, Ay, ) = WaAy, and by (69, (7.18.2)], we have the commutative
diagram:

Ay Wy, ]~ Waly

A Ja

i i+1
AWn(Y)/(Wn,Wn(L)),H — WhAyT.

Hence the morphism (4.22.4) is a morphism of complexes.

The functoriality of the first morphism in (4.22.5) follows from the univer-
sality of the log PD-envelope. The functoriality of the second morphism in
(4.22.5) is clear by the construction in [loc. cit.].

2): Because X is affine, we have a morphism (W, (X),W,(DU Z)) — P
such that the composite morphism (X, D U Z) < W,(X), W,o(DUZ)) — P
is the given immersion. The morphism (W, (X), W,(D U Z)) — P gives us
the commutative diagram

Wh( X)W, (DU Z)) —— P

(4.22.6) l l

Let ®(P) be the log PD-envelope of the exact immersion (X,D U Z) — P

o

over (SpecOWy,),pWh, [ ]). Note that ©(P) = ©. By the functoriality of the
morphism (4.22.5), we have the commutative diagram

On ©op Ay, —— H(On Bop A ,)

(4.22.7) | |

Op ®0, A'Q/Wn —— H* (O R0, A*Q/Wn).

By this commutative diagram and by the note about the second morphism in
(4.22.4), we have the morphism

(4.22.8)  Op ®0p PNy, — H(Op ®0p P ONp ) (k €Z).

In this way, we have the filtered morphism (4.22.3).
By [72, (2.12.4.2)] we have the following quasi-isomorphism

Res”: grf’ "W, Q% (log(D U Z)) <5 W, Q% (10g Z| puy) @2 @) (D/k).
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By (4.5.1), (4.6), 2), (4.17.1), (4.20.1) and [45, (4.19)] = [69, (7.19)], we see
that the filtered morphism (4.22.3) is a filtered quasi-isomorphism.

The functoriality of (4.22.3) follows from the proof of 1).

The compatibility of the morphism (4.22.3) with the projections follows
from [69, (7.18)]. O

REMARK 4.23. — In [72, (2.12.6)] we have assumed the existence of an en-
domorphism of P lifting the Frobenius endomorphism of P ®yy, £ and have
used the endomorphism to prove that the morphism

Op ®@0p Ap jyy, — H(Op ®0p Ap)yy,)

preserves the preweight filtration with respect to P in a slightly more special
case. In this paper we have not used the lift. Consequently it has turned out
that we can dispense with the log version of a lemma of Dwork-Dieudonné-
Cartier (see [69, (7.10)]) in the proof of the preservation of the preweight
filtration with respect to P.

5. p-adic weight spectral sequence

Let (S,Z,v) and Sy be as in §3. Let r be a positive integer. Let Sp, (resp..S,)
be the constant r-simplicial scheme defined by Sy (resp. S).

Let f: (X,,D,UZ,) — Sy be a smooth r-simplicial scheme with transversal
r-simplicial relative SNCD’s D, and Z, over So. Let f(x, z,): (X,,Z.) — So
be the induced morphism by f. Let f,: (X,,D, U Z,) — Sp. be the natural
morphism induced by f. By abuse of notation, we also denote by f (resp. f,)
the composite morphism

(X.,D.UZ,) — So— S (resp. (X.,D.UZ,) — Sp. — S.).

Furthermore, for simplicity of notation, we often denote simply by f the mor-
phism f;: (X¢, Dy U Zy) — So (t € N”) and also by f the composite mor-
phism f;: (X¢,Dy U Z;) — So — S. We apply the same rule for f(Xe,24)-

P

Let ((X., D/!_\U/Z!)/S)IC?%S and ((X,,Z,)/S)e% be the log crystalline topoi of
(X.,D.,UZ,) and (X,, Z,) over (S,Z,), respectively. We have four morphisms
of topoi:

—_—~—

lo 5
(501) f(ngD!UZ!)/S: : ((X!’ D! U Z!)/S)Crffs - ngara
- lo 5
(5’0’2) f(X!,D!UZ!)/S: ((Xy D: U Zg)/S)crffs — Szar,
i lo 5
(503) f(ngZg)/Sg : ((X!’ Z!)/S)crffs - ngara
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P

(5.0.4) foxuzays: (Xe, Z2)/S) . — Sar.

crys

Let O(x, p,uz,)/s and O(x, z,)/s be the structure sheaves in ((X,, D, U Z!)/S)gi%,s

and ((X,, Z,)/S)e8s, respectively.
Let I** be a flasque resolution of O(x, p,uz,)/s, Which exists by [SGA 4-2,
VPis (1.3.10)] (see also [72, (1.5.0.2)]). Then, set

log,Ze .
(B (O(x. pauzay/s), PP*)
= (€(Xa,D0UZ0,20)/5+(I**)s {ThE(X 0, DaUZ0, 20) 55 (I°*) ez

in DYF(O(x,,z,)/s) and let (J**,{J; " }rez) be a filtered flasque resolution of
the filtered complex on the right hand side above. Set

lo, ,Z. o ._ 'Y (XJ
(Bzat ™ (O(xy.00070)/8)s PP2) = u(x, za) 786 (J** {3 Trez)
in D+F(f!_1((95)).
DEFINITION 5.1. — We call

log,Ze . log,Ze .
(BN (O(x, pyuza)ys)s PP2)  (vesp. (B ™ (O(x,.p.uz4)/8), PP?))

the r-cosimplicial preweight-filtered wvanishing cycle crystalline complex of
(X.,D. U Z,)/S with respect to D, (resp.r-cosimplicial preweight-filtered
vanishing cycle zariskian complex of (X,, D, U Z,)/S with respect to D,).

Let (S',Z',~") be a PD-scheme with quasi-coherent PD-ideal sheaf Z' and
with PD-structure 7' on Z’. Set

Sp = Spec, (Os/T").

Let f': (X,, D, U Z,) — S be a smooth r-simplicial scheme with transversal
r-simplicial relative SNCD’s D, and Z, over Sj;. Obviously

(E}:(;iézs(o(x,,p,uz,)/s)yPD’) and (EiZ%Z!(O(X!,D!UZ!)/S)?PD!)
are functorial with respect to the following commutative diagram
(X.,D,uZ,) —— (X,,D, U Z,)
E(x,,D!uzg,zg)/sl lE(XQ,D’!uZé,Zé)/S
(X.,Z2.) —— (X.,2))

! |

So — S(,).
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Denote by (K, P) (a representative of) the filtered complex

log,Ze .
Rfxy 2050 (Eys *(O(x,,pauz0)/5), PP2).

Since

lo ,Zt
ery,s(K) = €D RS (x,.p,uz) s+ (Berys ' (O(x, pyuzay/s)) [,

t,=t

log,Z.
Ru(x, z,)/5+ (Eerys “(O(x,.p0z,)/8)) = Rux,,p,0z,)/8:(O(x,,0,02,)/8)

we have the following spectral sequence by (2.2.6):

(5.1.1) EP = D R fix,.p,02,)/5-(O(x,,p102,)/5)

=t s+t
— R f(ngDgUZg)/S*(O(Xg ,DgUZg)/S)’

Now let us construct a spectral sequence of R" J(Xe,DeUZs)/S% (O( Xe,DeUZs)/ s)
(h € N). Let 6(L, P) be the diagonal filtration of Lq,...,L, and P on s(K)
(see (2.2.8)). It is easy to see that the filtration §(L, P) is exhaustive and
complete. By virtue of (2.2.9) and (3.1.2), we have

o(L,P) .
’Hh(grk( s(K)) = P H" (er] 1K [-t,])
t>0
_ h—2t,~k
(5.12) _@R f(Déz’"Jrk)Z\ (;r+k))/5*(O(D£§T+k)7Z\ (§T+k))/5®Z
t>0 Dy Dy

w8 (D,/8; 2,)) (— (t, + k).

Let {E}*((X., D,UZ,)/S)}r>1 be the E,-terms of the spectral sequence arising
from the filtration (L, P). Since E; *"™*((X,,D, U Z,)/S) = 0 for |k| > h,
the spectral sequence is bounded below and regular. By (5.1.2) we have the
following convergent spectral sequence

(5.1.3) B MH((X..D,u2,)/8) = PRV,
t>0

@z w8 (D, /S5 2,)) (— (t, + k)

t,+k
DT 2L 1))/
t

@) k
( (D?ﬁ )Z\D(zrﬂc))/s
¢

— Rhf(x,,D,uZ,)/S*(O(X,,D,uZ,)/S)-

Let V be a complete discrete valuation ring of mixed characteristics with per-
fect residue field of characteristic p > 0. Let K be the fraction field of V. Let
S be a p-adic formal V-scheme in the sense of [74, §1]. Set Sy = Spec ((Os/p).
In this case we also have the spectral sequence (5.1.3).
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CONVENTION 5.2. — We usually denote by PPe := {PkD’ trez (instead of
8(L,PPs) := {6(L, PP*).}rez) the induced filtration on

R"fix, pouz4)/5+(O(x,,0,024)/5)
by the spectral sequence (5.1.3) by abuse of notation. If there is a risk of

confusion, we denote it by §(L, PP*).

DEFINITION 5.3. — We call the spectral sequence (5.1.3) the preweight spec-
tral sequence of (X,,D, U Z,)/(S,Z,~) with respect to D,. If Z, = ¢, then we
call (5.1.3) the preweight spectral sequence of (X.,D,.)/(S,Z,~). In this case,
we denote by P = { Py }kez the induced filtration on

R"fix, p0)s+(Ox,.00)/5)

if there is no risk of confusion. We call P the preweight filtration on
Rhf(X!,D!)/S*((’)(X!,D!)/S). If S is a p-adic formal V-scheme in the sense of

(74, §1], if So = Spec (Os/p) and if f: X, — S is proper, then we call (5.1.3)
the p-adic weight spectral sequence of Rhf(X!,D!)/S*(O(X!,D!)/S) and call the
induced filtration P the weight filtration on R" f(Xe,04)/5+(O(X.,D4)/5)-

Next, we describe the boundary morphism between the Ei-terms of (5.1.3).
Fix t = (t1,...,t,) € N and a decomposition A; := {Dy, }», of D; by smooth
components of D;. Let m be a positive integer. Set

z\t = {)\t07 o 7)\§,m—1}7
2\15]' = {)\to,...,xt]‘,...,)\gm_l} (Ogjgm—l),
DA; = D)\w n---N DA;,m—lv

Dézj = D)\w n---N D)‘ij n---N DA;,m—l'

Here ™ means the elimination. Then D), is a smooth divisor on D/,\tj /So. For
a nonnegative integer k£ and an integer m, let

(53.1) (-1) Gifr R f(p,, 2110, )/5-(O(Ds, 21y 115
®z wzgcrys(Dt/S; Zy))(=m)
— B2 fip,, 210, 11540y, 2o, )15 @2 Ty prerysDe/S: Z0)) (= (m = 1))
be the Gysin morphism defined in [72, (2.8.4.5)]. Here
wlfcrys(Dt/S; Z;) and w\®  (Dy/S;Z)

Z‘zj crys
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are the crystalline orientations sheaves of Dy and Dy - in ((Dy,, Z|p,, )/S)IC‘}%,S

and ((DZ\WZ‘DA; )/S)98,, respectively, defined in [72, (2.2.18), (2.8)]. Set

(5.3.2) Gy = 3 (—1)7G3Y.

At
{05 A, m—1 | Aei#Nes (i#£5)} =0

J
Set ej := (0,...,0,1,0,...,0) (1 < j <r). We can identify the morphisms
(2.2.12) and (2.2.13) for the case (M, P) = (K, P) with the following diagram
(we use [72, (2.8.5)] for the morphism (2.2.13)):

h—2t,—k
R f(D(:;k) 2| t+k>>/S*(O<D§§;“ 2| (e, 4015
(t+ej) (t+6j)
t +k)lo
02, @5 (Diyer) /S Zitre))(—(t, + K))
(5.3.3) (~DL-1 S (1 I (1<j<r)
Rh—2zr—kf

t,+k @) t,.+k
(' ),Z|D<;T+k)>/5*( (DY 2] pltr+0)/3
t

@z e V8D, /S Z,)) (= (¢, + k)

—(=1)Gy l

Rh—QIT—k+2f (0

t.tk—1 t,t+k—1
D21 k)86 (D] ) 2| pltr k)
t

0z wese V(D /S5 Z)) (~(t, + k — 1)),

PROPOSITION 5.4. — Let V be a complete discrete valuation ring of mized
characteristics with perfect residue field of characteristic p > 0. Let K be the
fraction field of V. Let S be a p-adic formal V-scheme in the sense of 74, §1].
Set Sy = SpecS(OS/p). Assume that f: X, — So is proper. Then the log iso-

crystalline cohomology Rhf(X!,D!UZg)/S*(O(Xg,D!UZ!)/S)K (h € N) prolongs
to a convergent F-isocrystal Rhf*(O(X! D.UZe)/K) O S/V.

Proof. — The log iso-crystalline cohomology Rsf(Xz,D;UZ;)/S*(O(Xz,DzUZQ/S)K
prolongs to a convergent F-isocrystal by [75, Theorem 4]; in particular, for a
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morphism g: 7" — T of p-adic enlargements of S/V, the natural morphism

9" fix,.00z) 2, 7O, D020, /) K
- Rsf(Xz,DzUZz)T{ /T/*(O(szDzUZz)T{ J17) K

is an isomorphism, where T} := Spec,.(Or/p) and Tj := Spec,,(Or//p). Be-
cause (5.1.1) is functorial, the natural morphism

(5.4.1) g Rt fix, DeUZe )7y /T+(O(Xe,DeUZ4 )7, /T) K

— RS—Hf(X!,D!UZ!)T{ /T’*(O(X!,D!UZ!)T{ /T K

is an isomorphism. Furthermore, by (5.1.1) and [45, (2.24)], the relative Frobe-
nius on RS—Hf(X!,D!UZ!)/S*(O(X!,D!UZ!)/S)K is bijective. Hence the log iso-

crystalline cohomology Rhf(X!,D!UZ!)/S*(O(X!,Dguzg)/S)K (h € N) prolongs
to a convergent F-isocrystal Rhf*(O(Xg,D!ng)/K) on S/V by [74, (2.18)] as
in [74, (3.7)]. O

PROPOSITION 5.5. — Let the notations be as in (5.4). For h,k € Z, the Fs-
term Ez_k’thk((X!,D! UZ,)/S)k of (5.1.3) tensorized with K prolongs to a
convergent F-isocrystal on S/V.

Proof. — By [72, (2.13.10)], the Gysin morphism in (5.3.3) extends to a mor-
phism of convergent F-isocrystals on S/V. (5.5) immediately follows from the
diagram (5.3.3), [75, Theorem 4] and [74, (2.10)]. O

THEOREM 5.6 (Ej-degeneration). — Assume that Z, = ¢ and that f: X, —
So is proper. Then the following hold:

1) Let K be a perfect field of characteristic p > 0. If So = Spec(k) and if
S = Spf(W), then (5.1.3) degenerates at Eo modulo torsion.

2) Let V be a complete discrete valuation ring of mized characteristics with
perfect residue field of characteristic p > 0. If S is a p-adic formal V-scheme
and if So := Spec (Os/p), then (5.1.3) degenerates at Ey modulo torsion.

Proof. — 1): The proof is the same as that of [72, (2.15.4)] by using (8.1)
below.

2): By the same proof as that of [72, (2.17.2)], 2) follows from (5.4), (5.5),
1) and the log deformation invariance (8.3) below. O

COROLLARY 5.7. — 1) Let k and h be two integers. Then

PR fix, p0)/5+(O(x4,04)/5) K
prolongs to a convergent F-isocrystal Pthf*(O(X,,D,)/K) on S/V.
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2) There exists the following spectral sequence of convergent F-isocrystals
on S/V :

(5.7.1)
BMMR((X,, D) /K)

= @ Rh_%r_kf*(ODEtwk)/K ®z wrth (Dt/K)) ( -t + k))
t>0 )

= R"f.(Ox,.p.)/K)-

Here Rhf*(OD£§T+k)/K 27wt (Dy/K)) (h € Z) is a convergent F-isocrystal

on S/V characterized by the formula

R (O o0 e 92 DDy K)),

= B'f paon, i, (O @zwa (Do /1))

))Tl /T*( (D£§r+k))T1 /T

for a p-adic enlargement T' of S/V, where Ty = SpecT(OT/p). The spectral
sequence (5.7.1) degenerates at Es.

Proof. — 1) and 2) immediately follow from (5.5) and (5.6), 2). O

DEFINITION 5.8. — We call the spectral sequence (5.7.1) the weight spectral
sequence of Rhf*(O(XbD!)/K).

As to the convergence in (5.7), 1), we can say more:

THEOREM 5.9. — 1) Let u: (8", 7,7') — (S,Z,7) and h: Y' — Y be as in
(3.8). Let Ny,...,N, be nonnegative integers. Set N := (Ny,...,N;). Let

VE (XQSN’DQSNU ZQSN) — Y

be a morphism from a smooth N-truncated r-simplicial scheme with transver-
sal N-truncated r-simplicial relative SNCD’s Dy<n and Z,<n such that the

o
morphism f: Xe<ny — Y 1is smooth, quasi-compact and quasi-separated. Let
(X;SN’ D;§NUZ:<N) be the base change of (Xe<n, De<nUZ.<n) with respect

to the morphism h and let f': (X! _N,D.-yUZ. o) = Y’ be the structural
morphism. Then the base change morphism

(5.9.1)

* lo log,Ze .
Lh“ys[Rf()ggsngsmcry%( crys fﬂ(O(XsSMD«NUZggﬂ)/S))’5(LvPD*SE)]

1 log,Z!,
— [Rf’ og, o Ecrys _SH(O(X

(Xsﬁﬂ’ .<N)crys*(

! !
gSE’DgSN <N

is an isomorphism in the filtered derived category DF (Oy /S/).
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2) Letu and h be as in (3.8). Let f: (X,,D,UZ,) — Y be a morphism from
a smooth r-simplicial scheme with transversal r-simplicial relative SNCD’s D,

(o]
and Z, such that the morphism f: X, — Y is smooth, quasi-compact and
quasi-separated. Assume that

(Rfé}g, Za) Crys*(El‘;’iéZ’ (O(X4,De0z4)/5))s O(L;, pPey)
is isomorphic to a filtered bounded above complex of Oy g-modules. Then the
obvious analogue of 1) holds.
3) LetV, K, S, So and f: (X.,D,UZ,) = Sy be as in (5.4). Let k and h be
two integers. Then PkD’ Rhf(X!,D!UZ!)/S*(O(X!,D!UZ!)/S)K prolongs to a con-
vergent F-isocrystal PkD’ Rhf*(O(X!,D!Uz!)/K) on S/V (recall the convention

(5.2)).

Proof. — 1): Let ho<n: Y/ — Y.<y be the morphism of constant N-

truncated r-simplicial schemes defined by h. Let

[RflOg

10g7 o <N D.
Xe<n:Z .<y)s§ﬂcry8*(Ecrys (O(X:SMD:SNU :Sﬂ)/S) P _Sﬂ)]

be the filtered cohomological complex in D+F((9y! “x /s) of the (pre)weight-
filtered crystalline complex (E(l;?iéZ!Sﬂ(O(X.<N7D.<Nuz.<N)/S)7PDQSE), In

fact, this filtered complex belongs to DbF(OYggﬂ/S) by [72, (2.10.2) (2)]. Let

log,Z, .

[Rf’l()g )e <Ncrysx (Ecrys o (O(X

D/
Xe<no <nDhe N2 ;SE)/S) P !Sﬂ)]

’
Z0<N

be the analogous filtered complex in D+F((9y./<N / 5)- Then, by the base change
theorem for the constant simplicial case (see [72, (2.10.3)]), the base change
morphism

(5.9.2)

! log,Ze <N D,
Lh'<Ncry5[Rf§(g§ﬂ ggﬁ):ﬁﬂcrys*(E“ys (O Xocn:DecyUZe<n)/5), P72H)]

lo
— RI' %z

log,Zq D’
o o <N
<N7 w<N)® <UCYYS*(ECWS (O(X0<N7 Dy<nYZ, égy)/S)’P “_)]

is an isomorphism. Here note that, for a morphism g: (T.<n, Ae<n) —
(T, <+ A< ) of N-truncated r-simplicial ringed topoi, the derived functor

(5.9.3) Lgicy: D" F(A,cy) — D F(Ai<n)

is defined by using the functor L* in [12, 7.7-7.8] (cf.[72, (1.1.20)]). By
applying the functor (s,d) ((2.2.16)) to (5.9.2) and using an easily-verified
equation (SLh] . neyss0) = Lhgyy(s, ), we obtain the isomorphism (5.9.1).

crys

2): The proof is the same as that of 1).
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3): Follows from 1) by the argument in [72, (2.13.3)]. O

Let N be a nonnegative integer. Let (X!_y, D!y U Z! <N)/Y (1=1,2,3)
be an N-truncated simplicial version of (X?, D' U Z%)/Y in (3.10). Let
It (Xf<N,DZ<N U Zf<N) — Y (1 = 1,2,3) be the structural morphism.
Denote

[szlog

log,Zi<N
-ngZigN)CryS* (Ecrys (O(Xl

o<N?

Di_yuziy)/9) 0Ly PPN )]

by
[Rflog

o<N’Z-§N)Cry5*

log, o %
(ECT; <N(O(X uzi<N)/s))75(L,PD°SN)].

For an r-simplicial version (X!, D. U Z%)/Y of (X', D'UZ")/Y (i =1,2,3) in
(3.10), we use the analogous notation. Then the following holds:

o<N? 0<N

THEOREM 5.10. — 1) Fori=1,2,3, set

log, Zi
(Berys "N (O

o <N?

(F?,0:) =[Rf %

.<N,ZiSN)crys* Dy

QSNUZ:SN

)/S’))’ 5(L’ PDiSN)] .
Then there exists the following canonical isomorphism:
(5.10.1)  H"[(510H,02)K{(F}, 61) R, (F5,02)}] — H"[(03)(F3, 63)]
for a nonnegative integer h such that 2= 1(h +1)(h +2) < N.
2) Assume that

log,Z}

(RIS 25 eryan(Berve (O(X:,DZUZU/S» §(L,PP)] (i=1,2)

is isomorphic to a filtered bounded above complex of Oy g-modules. Then there
exists the following canonical isomorphism

o log,Z1 1
(5.10.2) [Rf(lxg.gzl Crys*(Ecris '(O(X},D;uzg)/s))a5(L7PD’)]®(L9WS

o log,Z?2 2
[R5 12)cryan (Berve '(O(XE,D%Z?)/S)% O(L, PP2)]

log,Zy

lo 3
[Rf ng Z3 Crys*(Ecrys (O(XB D3UZ3)/S)) 5([/7 PDg )]
The isomorphism (5.10.2) is compatible with the base change isomorphism in

(5.9),2).
3) Let V, K, S and Sy be as in (5.4). Assume that X! — Sy (i = 1,2) is
proper. Then the following canonical morphism

(5.10.3) P R f(Oxi piozy ) ®0s B F(Ox2.p2022)/K)

i+j=h
— R'"f,(O (X3,D3U73)/K)
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is an isomorphism of convergent F-isocrystals on S/V. The isomorphism above
is compatible with the weight filtration PP+ (i =1,2,3).

Proof. — 1): Let (R'<N 9;) (1 =1,2,3) be a representative of

O 10 e
(RS (Es < (0

o<N’Z-§N)Cry5*

Doy UZi)/5)): 0L PPesN)].

Let (E;SN,(FZ-) (i = 1,2) be a filtered flat resolution of (R'<N i) (see [72,
(1.1.17) (2)]). Let CF(Ogs) be the category of filtered complexes of Og-
modules. Let CF(Og,) be the category of cosimplicial filtered complexes of
Og,-modules and CF(Og,_ )
complexes of Og,_ N-modﬁles. Consider the opposite categories CF(Og)?,
CF(0s,)° and CF(Os,_,)° of CF(Og), CF(Os,) and CF(Osg,_,),
tively. Because the finite projective limit exists in CF(Og)°, we have the
coskeleton

the category of N-truncated cosimplicial filtered

respec-

cosky: CF(Og, y)” — CF(Os,)°.
Let
cosky 1 CF(Og, ) — CF(Os,)

be the resulting functor. Set (M:*,d;) = cosk?v((L';SN,éi)). Then,
by Eilenberg-Zilber’s theorem [89, Theorem (8.5.1)] (cf.[loc. cit., Theo-
rem (8.3.8)]), we have a canonical isomorphism

(s(MI'* ®0og M32*), 01 ® 6z) — (s(M}'* ®0og M3'*), 01 @ b2)
in DTF(Og). For an integer k, consider the spectral sequence
By = H (01@0)x(s(MY R0 M) = H (180)k(5(M] " ©os M)
Because h and N satisfy the inequality in (2.2.1), the natural morphism

(5.10.4) H" (61 @ 62)r(s(M} = @0, M5 =N%))
— H((61 @ 62) (M ®0g M3')))

is an isomorphism by (2.2). The left hand side of (5.10.4) is equal to H"((6; ®
52)k(s(£'1<N° ®o £°1<N°))), and this is equal to ’Hh((ég)kRgSN) by the
filtered Kiinneth formula for the constant case ((3.10)).

2): Follows immediately from the inductive formula (2.2.11), Eilenberg-
Zilber’s theorem and (3.10).

3): Follows from 1) and (5.9), 3). O
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6. Explicit description of the truncated cosimplicial preweight-
filtered vanishing cycle zariskian complex

In this section we give an explicit description of the truncated cosimplicial
preweight-filtered vanishing cycle zariskian complex. To give the explicit de-
scription, we have to construct a nice embedding system. To construct this,
we use Tsuzuki’s functor in [19] and [86]. The concepts of the decomposi-
tion datum of a fine log scheme and the quasi-global chart of it, which will
be defined in (6.7) below, also play a fundamental role in the construction.
The Cech-Alexander complex in [5] is also indispensable for the proof of the
explicit description.

Let A and [n] (n € N) be as before (4.14). Let Y be a fine log (formal)
scheme over a fine log (formal) scheme T. Let Y, be a fine simplicial log
(formal) scheme over Y. Let s/ ': V,,_1 — Yy, (m € Z=0,0 <i <m —1)
be the degeneracy morphism corresponding to the standard degeneracy map
By fm] = =1 9,() = j (0 < j <4), () =5 —1(i <j < m).
Following [35, V" §5] and [25, (6.2.1.1)], set N(Yp) := Yy and let N (V)
(m € Z=g) be the intersection of the complements of s (Y,—1) (0 < i <
m —1). The simplicial log (formal) scheme Y, is said to be split (see [loc. cit.])
if Yo = [o<o<sm Ui N (Ye), where the subscripts [m] — [¢]’s run through
the surjective non-decreasing morphisms [m| — [¢]’s. In this section we assume
that Y, is split.

The following is one of key lemmas for (11.6), 3) below which is one of main
results in this book.

LEMMA 6.1. — There exists a fine split simplicial log (formal) scheme Y, with
a morphism Y] — Y, of simplicial log (formal) schemes overY satisfying the
following conditions:

(6.1.1) Y, (m € N) is the disjoint union of log affine open (formal) sub-
schemes which cover Y, and whose images in Y are contained in log affine
open (formal) subschemes of Y.

(6.1.2) If Y., (m € N) is quasi-compact, then the number of the log affine open
(formal) subschemes in (6.1.1) can be assumed to be finite.

Set Yoy = cosky™ (Y, )n (m,n € N). Then there exists a natural morphism
Y.. = Y, overY. For eachn € N, Y,, is split.

Proof. — Let g: T" — T be a morphism of ringed spaces. Let {T;}; be an
open covering of T'. Then we have a natural morphism [[, g7 (T;) — [, T:.
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Let {7} (Z.)} j(7) be an open covering of g~!(T}) (Vi). Then we have the following
natural composite morphism

T — s @ — 117
i §(i) i i

Let Yy be the disjoint union of log affine open (formal) subschemes which
cover Yy and whose images in Y are contained in log affine open (formal) sub-
schemes of Y. Let m be a positive integer. Assume that we are given Y/ ;.
We construct Y. Let AT be a subcategory of A whose objects are those of
A and whose morphisms are injective nondecreasing functions. For a nonneg-
ative integer 7, let A, (resp. A[J;}) be the category of objects of A (resp. A™)
augmented to [r]. For a nonnegative integer N, let A N{r (resp. A;M) be a full
subcategory of Ap,y (resp. A[J;}) whose objects are [q] — [r]’s such that ¢ < N.
The inverse limit of a finite inverse system exists in the category of fine log (for-
mal) schemes (over a fine log (formal) scheme) (see [51, (1.6), (2.8)]). Recall
the following explicit description of the coskeleton (e.g., [35, VP, (3.0.1.2)]):

(6.1.3) cosky (Yo ), = lim Ay Yo = lim A;[T]Yq (N,r € N),

where the projective limits are taken in the category of log (formal) schemes
over Y. The log scheme cosknyqj_l(Y:’<m_1)m is the disjoint union of the mem-
bers of a log affine open covering of cosknyl_l(Y.Sm_l)m. Consider the natural
composite morphism N(V;,) < Y;, — cosk), ;(Yocm_1)m and a log affine
open covering of N(Y,,) which refines the inverse image of the open covering
of cosky | (Ye<cm—_1)m- Then the image of each log affine open (formal) sub-
scheme of N(Y,,) in Y is contained in a log affine open (formal) subscheme
of Y. Let N(Y,,)" be the disjoint union of the members of this open covering.
Then we have the following commutative diagram:

N(Yn) — COSkZL—l(Y:ISm—l)m

(6.1.4) l l

N(Yy)(C Yy) —— cosky, 1 (Yecm—1)m-

Set Yy, = Ilo<s<m Ljmj—jg N(Ye)', where the subscripts [m] — [{]s run
through the surjective non-decreasing morphisms [m] — [¢]’s. Since Y, is
split, Y,/ is a desired log (formal) scheme over Y, and we have a natural mor-
phism Y] — Y, of simplicial log (formal) schemes over Y by (6.1.4) and [35,
Vbis (5.1.3)].

The finiteness claimed in (6.1.2) is easy to check.
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The splitness of Y,, is clear by the construction. Indeed, express
Y = Ho<o<im Hpmpjqg N(Ye) as in [35, VPis (5.1.1)].  Then, by the
construction, according to the decomposition of Y,,, we have the de-
composition Yy, = [lo<pcm g N(Ye)'.  Since N(Yy)" and N(Ye)'
((y: [m] = [4]) # (v': [m] = [¢'])) have no intersection in Y,,,

cosky™ (Y )n = H H coskév(yl)(N(Yg)’)n (n € N).
0<l<m [m]—-[(]

Thus Y,, is split for each n € N. O

DEFINITION 6.2. — Let Y be as in (6.1).

1) We call the simplicial log (formal) scheme Y/ satisfying (6.1.1) and (6.1.2)
the disjoint union of the members of an affine simplicial open coveringof Y,/Y .

2) We call the bisimplicial scheme Y,, in (6.1) the Cech diagram of Y/
over Y,/Y.

3) In 1) and 2), if Y =T, then we say “over T” instead of “over Y.

PROPOSITION 6.3. — 1) Let Z, — Y, be a morphism of fine split simplicial
log (formal) schemes over a morphism Z — 'Y of fine log (formal) schemes
overT. Then there exist the disjoint unions of the members of affine simplicial
open coverings Y] and Z. of Y,/Y and Z,/Z, respectively, which fit into the

following commutative diagram:
Z, — Y]
(6.3.1) l l
Z, —— Y,.

2) Let Y,/Y/T be as in (6.1). Let Y] and Y! be two disjoint unions of
the members of affine simplicial open coverings of Y,/Y . Then there exists a
disjoint union of the members of an affine simplicial open covering Y!" of Y,/Y
fitting into the following commutative diagram:

}/./// s Y'./l

(6.3.2) l l

Y, —— V..

Proof. — 1): Take the disjoint union of the members of an affine simplicial
open covering Y/ of Y, /Y. Let Z! be the fiber product of Z, and Y/ over Y,.
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Then

6.33) Zn= ] ]_[ N(Zp) xv,, Y3 =[] ]_[ N(Zy) xy, Y[).
0<t<m [m]—[(] 0<t<m [m]—[(]

(Here note that the morphism Yy — Y}, corresponding to a morphism [m] — [¢]

is an immersion.) Using the argument in the proof of (6.1), we obtain 1).

2): Take Yy” as an affine refinement of the disjoint unions Yy and Yy’ of
the open coverings of Yy. For a positive integer m, assume that we are given
Y2, 1. Let N(Y;,)"” be the scheme constructed in the proof of (6.1) for
Y2, fitting into the commutative diagram

N(Yy) —— COSknYz—l(Y./gm—l)m

| |

N(Yp)" —— cosky, (Y2 1)m

! !

N(Y,)" —— cosknyl_l(y.ﬂgm_ﬂm
Set Y = [o<r<m Ljmj—ig N (Ye)”. In this way, we obtain ¥, -

Next we need the obvious log version T4 (Y)<¢ (N, ¢ € N) of the simplicial
scheme in [19, §11].

Let C be a category which has finite inverse limits. Let ¢ be a nonnegative
integer. Following [19, §11], define a set Homg([n], [m]) (n,m € N): the set
Homq([n], [m]), by definition, consists of the morphisms v: [n] — [m] in A
such that the cardinality of the set ([n]) is less than or equal to £.

Let N be a nonnegative integer. Let us recall the definition of the simplicial
object T' := I'§;(X)=f in C for an object X € C (see [87, (7.3.1)]): for an

object [m], set
Tmi= [ X,
vEHomZ" ([N],[m])
with X, = X; for a morphism a: [m/] — [m] in A, ap: I'y, = Iy is defined
to be the following: “(¢y) — (dg)” with “dg = cop”. In fact, we have a functor
(6.3.4) % () ¢ — ¢ := {simplicial objects of C}.
Set I (X) = T'%(X)SN. Then I'§(X)<f = I'§(X) for £ > N. Obviously the

functor I'§;(?)=¢ commutes with finite inverse limits.

DEFINITION 6.4. — We call the functor T'S,(?) Tsuzuki’s functor; for an object
X of C, we call FJCV(X) Tsuzuki’s simplicial object of X.
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As in the proof of [19, (11.2.5)], we have the following by the adjointness of
the coskeleton and the skeleton:

LEMMA 6.5 (see [87, (7.3.2)]). — cosk$ (TG (X).<¢) = TG (X)=E.

Let N be a nonnegative integer. Let X,<y be an N-truncated simplicial
object of C and let f: X — Y be a morphism in C. Then we have a morphism

(6.5.1) Xoen — TGV )ecn
defined by the following commutative diagram:
X — Il etoma (v, m) Y

(6.5.2) x| [ pro

Xy —1o Y, =Y.

Let T be a fine log (formal) scheme. Let Cp be the category of fine log
(formal) schemes over T. Set T4 (?) := F]CVT(?) and cosk} (?) = cosk?VT(?). We
now limit ourselves to the case C = Cr. As remarked in the proof of (6.1), the
finite inverse limit exists in Cr (see [51, (1.6), (2.8)]). Hence we can apply the
constructions above to Cr.

The following are immediate generalizations of [19, (11.2.4), (11.2.6)]:

LEMMA 6.6. — Let N be a nonnegative integer. Then the following hold:

1) Let X.<n be a fine N-truncated simplicial log (formal) scheme over T'.
If Xy — Y is a closed immersion of fine log (formal) schemes over T, then
the morphism X.<y — I'L(Y).<n in (6.5.1) is an immersion of N-truncated

(o] [}
fine log (formal) schemes over T. Moreover, if X,<n and Y are separated
o

over T, then the morphism X,<n — TN (Y)u<n is a closed immersion.

2) Let X — T be a morphism of fine log (formal) schemes. Assume that
the morphism

proj
XXT"'XTX—>X><T---><TX
SN— —
n times m times

for any n > m satisfies a condition (P). Then the natural morphism
cosk{ (F]:C,(X),Sg)m — cosk{, (F%(X),Sg/)m

satisfies (P) for ¢! < ¢ and for any m € N.

Proof. — Because the proof is almost the same as that of [loc. cit.], we mention

[} [}
only why we require the separateness of X <y /7T in the latter statement of 1),
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which is not assumed in [loc. cit.]. Let Sit Xom — Xmt1 (0<m < N —1,

0 < i < m) be the standard degeneracy morphism; let §;: X1 — X
(0<m< N—-1,0 <i < m+1) be the standard face morphism. Then,

by [37, (5.5.1) (v)], 6; is separated. Since s; is a section of d;, §; is a closed
immersion by [37, (5.4.6)]. In fact, s; is a closed immersion. This is why we

o
assume the separateness of X ,<n/T. O

Next we define the decomposition datum of a fine log scheme and the quasi-
global chart of it.

DEFINITION 6.7. — 1) Let Z be a fine log scheme over a fine log scheme Y.
We call a direct sum Z = [[,., 2 by log open and closed subschemes of Z the
decomposition of Z. We call the set © := {Z)} e the decomposition datum
of Z. We call the decomposition datum {Z} of Z the trivial decomposition
datum of Z. Let ®" := {Z},em be a decomposition datum of another fine
log scheme Z’ over Y. We define a morphism f: (Z',9') — (Z,D) of fine log
schemes over Y with decomposition data as a morphism f: Z' — Z of log
schemes over Y such that there exists a function £: M — A such that f| z,
factors through a morphism f,: Z, — Zy, for any p € M. Let (LSchD/Y")
be the category of fine log schemes over Y with decomposition data (see (6.8),
1) below).

2) Let the notations be as in 1). We say that Z has a quasi-global chart
with respect to ® if Z has a global chart P\ — Mz, for any A € A. In this
case, we also say that ® has a quasi-global chart. Set

C:={P}renr = {P\ — Mz, }ren.

We define the quasi-global chart of the morphism f: (Z',9") — (Z,9) as a
family of charts

5= {(P;: — MZL’PK(M) — MZZW)aPZ(u) - P/;)}

of fu. Set & := {P)}.enm. More precisely, we call the triple (¢',¢,3)
the quasi-global chart of f. In this case, we say that we have a morphism
(2,9 ¢) — (Z,9,€) of fine log schemes with decomposition data and
quasi-global charts with respect to the decomposition data. Let (LSchDC/Y)
be the category of fine log schemes over Y with decomposition data and quasi-
global charts with respect to the decomposition data (see (6.8), 4) below).

neM

3) Let the notations be as in 1). Assume that Z has a quasi-global chart

Py — Mz, (YA € A) with respect to ®. Let Py, be the inverse image
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of P(Z,/NMZL) by the composite morphism Pf(i) — F(Zg(u),Mle))gp —
F(ZL,M ZL)gp. By abuse of notation, we denote simply by Z9° the follow-

ing fine log scheme

(6.7.1) I (Zey specos @iy, SPec ™ (ZIPT))D)
neM
4 H (ZA X Spec'os(Z[Py]) Speclog(Z[pr]))
AFEL(1)

and we call the log scheme (6.7.1) the quasi-exactification of f with respect to
the decomposition data © and ©’ and the global charts Py — Mz, (A € A).
We denote by ©9° the decomposition datum of Z9° which is naturally obtained
from the direct sum (6.7.1). (The decomposition datum ©9° has a natural
quasi-global chart.)

4) Let r be a positive integer. Let N; (1 < i < r) be a nonnegative integer
or co. Set N := (Ny,...,N,). Let A"(N) be a full subcategory of A" whose
objects are [n] := ([n1],...,[n,])’s such that n; < N; (1 <1i <r). Let Z,<n be
a fine N-truncated r-simplicial log scheme over a fine log scheme Y. Consider
a functor

(Zo<n, Do<n): (AT(N))O 3 [n] ¥ (Zn,Dn) € (LSchD/Y).

We call the family ©, <y an N-truncated r-simplicial decomposition datum of

Zoy<n over Y. We define a morphism

( égya ;SE) = (Ze<n: Du<n)
of fine N-truncated r-simplicial log schemes over Y with N-truncated -

simplicial decomposition data in an obvious way.
Consider also a functor

(Zo<n:Ducn, Coen): (AT(N))" 5 [0] 7 (20, 9y, €,) € (LSchDC/Y).

We call the family €,<y an N-truncated r-simplicial quasi-global chart with

respect to D,<ny. We define a morphism

( QSM IgSM lggy)—ngSM@gSMQSN)

of fine N-truncated r-simplicial log schemes over Y with N-truncated -
simplicial decomposition data and N-truncated r-simplicial quasi-global
charts in an obvious way.

We easily obtain the following (we omit the proof; however the proof of (8)
in (6.8) let us know that the definition P (not Py) in the component for
A # I(p) in (6.7.1) is appropriate.):
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PROPOSITION 6.8. — Let Y be a fine log scheme. Then the following hold:

1) For two morphisms (Z1,91) — (Z2,9D3) and (Z2,D2) — (Z3,D3) of fine
log schemes over' Y with decomposition data, there exists the natural composite
morphism (Z1,91) — (Z3,93).

2) For a finite projective family {(Z;,®;)}ier of fine log schemes over Y
with decomposition data, the inverse limit @ie I(Zi’ D;) exists in the category
of fine log schemes over Y with decomposition data.

3) Let f: I — J be a map of finite ordered sets. Let {(Z;,D;)}icr be as in 2)
and let {(Z;-,@;)}jej be another finite projective family of fine log schemes
over'Y with decomposition data. Assume that we are given the following com-
mutative diagrams

(Z5i) D) (L D)

(Zw@Z) A (Zi’7©i')
for all pairs i < i’ which are compatible for all triples i < i <i"”. Then there
exists a natural morphism L (Z;,9}) — lim, (Zi, D).

) Let (Zl,gl, @1) (ZQ,:DQ, @2) and (ZQ,:DQ, @2) — (Zg,@g, @3) be two
morphisms of fine log schemes over' Y with decomposition data and quasi-global
charts with respect to the decomposition data. Then there exists the natural
composite morphism (Z1,91,&1) — (Z3,D3,&3) with decomposition data and
quasi-global charts with respect to the decomposition data.

5) For a finite projective family {(Z;,®;,€;) }ier of fine log schemes over Y
with decomposition data and quasi-global charts with respect to the decomposi-
tion data, ?ﬂia(zi’@h ¢;) ewists.

6) Let f: I — J be a map of finite ordered sets. LetY and {(Z;,D;,&;) bier
be as in 5) and let {(Z},D,&})}jes be another finite projective family of fine
log schemes over Y with decomposition data and quasi-global charts with re-
spect to the decomposition data. Assume that we are given the following com-
mutative diagrams

/ / / /
(Zhy Dy Cry)  Ziiry Dginy Cpiny)

(Zi,9;,¢;) — (Zir, Dy, )
for all pairs i < i’ which are compatible for all triples i < i < i"”. Then there

exists a natural morphism l&n 25,25, &) — @iGI(ZZ-,@Z-, <;).

]’]
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7) Let the notations be as in (6.7), 3). Then there exists the following natural
commutative diagram

(Z2',9") —— (Z9%,2%)

ZH |

D) ——  (Z,9).
8) Let
(Z2',9") —— (Z,9)

W, e) — (W, €)
be a commutative diagram of fine log schemes over Y with decomposition
data such that the morphism (Z,9) — (W,€&) has a quasi-global chart.
Let (Z9°,09¢) (resp. (W9 &%) be the quasi-exactification of the upper
(resp. lower) horizontal morphism of the commutative diagram above. Then
there exists a natural morphism (Z9°,09°) — (W€ E®) which has a quasi-
global chart.

LEMMA 6.9. — Let the notations be as in (6.1). Then the simplicial log
scheme Y] has a natural simplicial decomposition datum which will be con-
structed in the proof below. The components of the decomposition datum are
log affine (formal) schemes.

Proof. — Let m be a positive integer. By the construction of Y{, Y has a
natural decomposition datum. Assume that we are given an (m — 1)-truncated
simplicial log scheme Y, with an (m — 1)-truncated simplicial decompo-

sition datum. Endow Y with the trivial decomposition datum. By (6.1.3) and
(6.8), 2), the log scheme cosk), (Y’ ), (a € N) has a natural decomposi-
tion datum. Consider the commutative diagram (6.1.4). By the proof of (6.1),
we can endow N(Y,,)" with a decomposition datum such that the morphism
N(Yy) — cosk), (Y.~ )m is an underlying morphism of fine log schemes
with decomposition data.

Let s 11 Y! | — Y} (m € Z20,0 < i < m — 1) be the degeneracy

morphism corresponding to the standard degeneracy map 8% : [m] — [m —1]
before the proof of (6.1). Then, by the proof of [35, VP (5.1.3)],

stV = I I Yo —vn=]1 HNn

0<t<m—1 [m—1]—[¢] 0<t<m [m]—[¢]
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is induced by the identity id: N(Yy) — N(Y;)' corresponding to the compo-
m—1

nents with indexes [m — 1] — [¢] and [m)] Om, [m — 1] — [¢]. Hence s
underlying morphism of fine log schemes with decomposition data.
Let 0/": Y, — Y/ _, (0 < i < m) be the standard face morphism cor-
responding to the morphism ¢/*: [m — 1] — [m] defined by the formulas
o"(j) =7 (0<j<i)and o/(j) =j+1 (i <j < m). We prove that ¢/
is an underlying morphism of fine log schemes with decomposition data. Let
S cosk)y (Yo, m — coskl (Y.~ )m-1 = Y/ ; be the standard

face morphism. Then, by the proof of [35, V' (5.1.3)], the face morphism

sy =11 TI Yoo —ve= ] JI N

0<t<m [m]—[(] 0<t<m—1 [m—1]—[(]

is an

is induced by the following composite morphisms for a surjective non-
decreasing morphism [m] — [/]:

1m

N(Yy) — Y/ = COSkan,—1( .lgm—1)é — COSkr}:z—l(Klgm—l)m — Y1

(0<¢<m)and

N(Yy) — COSkan,—1( ./gm—l)m — Y

Here the morphism cosk),_{(Y/. )¢ — coskl, (Y., _|)m is induced by
the surjective non-decreasing morphism [m] — [£]. By (6.1.3) and (6.8), 3),
we see that the morphism cosk), ;(Y/., )y — coskl (Y/., |)a corre-
sponding to a morphism [a] — [b] in A is an underlying morphism of fine log
schemes with decomposition data. Hence, by (6.8), 1), 6'7*: Y,, — Y, | isan
underlying morphism of fine log schemes with decomposition data. Because
any morphism Y, — Y, (0 < ¢,m < N) is a composite morphism of degen-
eracy morphisms and face morphisms (see [89, (8.1.2)]), we can complete the
proof by (6.8), 1). O

PROPOSITION 6.10. — Let the notations be as in (6.1). Let T < T be a nil-
immersion of fine log schemes. Let N be a nonnegative integer. Assume that
Yn is log smooth over T. Then there exists the disjoint union Y/ of the
members of an affine open covering of Y.<y and an N-truncated “simplicial
immersion Y/ — I, -, into a log smooth N -truncated simplicial log scheme
over T which is an underlying morphism of fine N-truncated simplicial log
schemes over T with decomposition data such that the decomposition datum
of I, - has an N-truncated simplicial quasi-global chart.
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Proof. — Endow T and T with the trivial decomposition data. Because Yy is
log smooth over T, Y}, is also log smooth over T'. There exists a closed immer-
sion Y}, < Y} into a log smooth scheme over 7 (in fact, Y}, has a lift Y}, (see
[72, (2.3.14)])) and we may assume that this closed immersion is an underlying
morphism of fine log schemes with decomposition data over 7. Moreover, we
can assume that the morphism )}, has a quasi-global chart with respect to
the decomposition data of Yy. Set I', := T'L (V). By (6.8), 4), 5), 6), I,
has a natural simplicial quasi-global chart with respect to a natural simplicial
decomposition data of T',. The diagonal immersion Y, < 1, ctiom A ((N],[m]) Y
is an underlying morphism of fine log schemes with decomposition data. The
immersion (6.5.1) is obtained from the following composite morphism

Yo = T ettoma (N iml) Y = Thyetoma (V] im) YA TyeHom a (V] fm)) VN -

By (6.9), (6.8), 1) and 3), we have a natural immersion Y, < I'/, (0 < m < N)
which is an underlying morphism of fine log schemes over 7 with decomposi-
tion data. In fact, by the following commutative diagram

Y/ Yy —— Vi
Y, Y —— Wy

for morphisms [m] — [¢] and [N] — [m] in A, we have a desired N-truncated
simplicial immersion Y/ < I _5 with N-truncated simplicial decomposi-
tion data. O

PROPOSITION 6.11. — Let the notations and the assumptions be as in (6.10).
Let Y,, be the affine Cech diagram of Y! over Y,/Y. Assume that each log
open and closed subscheme of Yy, (0 < m < N,n € N) obtained from the
decomposition data of Yo, satisfies the condition in (4.11). If each component
of the decomposition datum of Y, (0 < m < N) is small, then there exists
an exact immersion Yo<n. < Go<n,. into an (N, o0)-truncated log smooth
scheme over T.

Proof. — Let the notations be as in the proof of (6.10). Set G}, :=
coskd (7)) (0 < m < N,n € N). Let Gy := cosk] (I',,)% be the quasi-
exactification of the immersion Y,,,,, < G/, with respect to the decomposition
data and the natural quasi-global chart of GJ,,,. We take Y,/ such that each
component of the decomposition datum of Y, (Vn € N) and each global
chart of the quasi-global chart of G/, (Vn € N) satisfies the condition in
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(4.11). Then (6.11) immediately follows from (6.10), (6.8), 3), 5), 7), 8) and
(4.11). O

COROLLARY 6.12. — Let Sg — S be a nil-immersion of schemes. Let N be a
nonnegative integer. Let (Xo<n, De<n U Zo<n) be a smooth split N-truncated
simplicial scheme with transversal split N -truncated simplicial relative SNCD’s
over Sy. Then there exist the following data:

1) the disjoint union of the members of an affine simplicial open covering
(X:§N7 D:SN U Z:SN) of (X.SN, De<y U ZoSN) over Sy,

2) (Set (Xms Dyn U Zomn) 1= cosk$EmPmY%m) (x1 Dl G720 Y,..) an (N, o0)-
truncated bisimplicial exact immersion (Xe<n,e, De<N,e U Ze<N,e) > Pe<N,e
into a log smooth (N,o0)-truncated bisimplicial log scheme over S. In fact,
Pe<n,e is an (N, 00)-truncated bisimplicial log scheme which is obtained from a

smooth (N, 00)-truncated bisimplicial scheme with a relative (N, 0o)-truncated
bisimplicial SNCD over S.

Proof. — The Corollary follows from the construction of G.<y,, in (6.11) and
(4.13), 1) and 2). O

PROBLEM 6.13. — Let the notations be as in (6.12). Let A,, (0 <m < N)
be a decomposition of smooth components of D,, in the sense of §3. The
scheme D,,, has the decomposition A,,, induced by the decomposition A,,.
The following problem is fundamental: does there exist an (N, co)-truncated
bisimplicial admissible immersion (Xo<n .o, De<n,e) = (Xo<Ne, De<n,e) wWith
respect to A,<n,, over S. (I have not yet known the answer for this problem.)

Let the notations be as in the proof of (6.12). Let (X},Dy U Zy) —
(Xy, Dy U Z)) be a closed immersion into a smooth scheme over S
with transversal relative SNCD’s over S which induces closed immersions
(XN, Dy) = (Xy,DYy) and (X}, Z)) — (XY, Z)). We may assume that the
closed immersion (X}, Dy U Z}) — (Xy, D)y U Z}) is an underlying mor-
phism of log schemes with decomposition data and that (Xy, Dy U Z}) has a
quasi-global chart with respect to the decomposition datum of (X}, Dy UZ}).
Set

i< N = cosk§ (TR (XN, Dy U ZN))e<n),
LN = coskd (TR (XN, Z))e<n)-

6°§N7' = E(XOSN,O7DI§N,OUZ.§N,O7ZI§N,O)/SO :
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Then we have the following commutative diagram:

(X°SN,O)D0§N,. U Z‘SN,O) —> P,<N.

G.SN,.l l

(Xe<Ner Zo<N,o) —E Q.<N o

o
Note that 77.<N . = Quen.- Let Ppy (0 < m < Nyn € N) be the quasi-
exactification of the immersion (X, Dinn U Zmp) < P, With respect to the
natural decomposition data of (X, Dymn UZmn) and P/ .. and with respect to

the natural quasi-global chart of P/ .. Endow Pmn with the pull back of the

log structure of Q! . by the natural morphism Pmn — len = len and let
Q.<n,. be the resulting log smooth (IV, 0o)-truncated bisimplicial log scheme.
Then, by (4.13), 3), we have the following commutative diagram

(XOSN,O)DQSN,Q U Z.SN,.) L) PQSN,Q
(6.13.1) e.gN,.l l

(XQSN,IJZ.SN,I) é QoSN,oa

where the horizontal morphisms are exact immersions into log smooth
(N, 00)-truncated bisimplicial log schemes over S which are obtained from
smooth (NN, co)-truncated bisimplicial schemes over S and (N, co)-truncated
bisimplicial relative SNCD’s over S. The log structures Mp, , and Mo,
(0 <m < N,n € N) satisfy the condition in (4.3.2):

MPmn = M, EBO,’;,mn Mana

where M,, is an fs sub log structure of Mp,  , and (%mn,an) (and
M (Dy,y)) satisfies the assumptions after (4.3.2). Then we have the log
de Rham complexes A;,.<N7_/S and A’Q.<N7./S of Pu<no/S and Q.<n./S,
respectively.

By (4.2), 1) we have a filtered complex

(OQQSN,. ®O'P P,P.SN’./Q.SNV.)'

oe<N,e A,POSN,O/S7

Let Y be a fine log scheme over a fine log PD-scheme (7,7,d) and let
Y < Y be an immersion into a log smooth fine log scheme over T. Let
Dy (V") (v € Z>1) be the log PD-envelope of the natural immersion Y — )"
over (T, J,0). Let g: Y — T be the structural morphism. For a family
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(E,{Ek}rez) of sheaves of Oy p-modules with commutative diagram

Ex B —— -+

and for o = k € Z or nothing, we have the obvious log version CAS,(EO) of the
Cech-Alexander complex defined in [5, V 1.2.3]:

re 80 81
CA%(Eo) == ((Eo)oy ) — (Eo)oy 2 — (Bo)oys) — )

We set CAYY(E,) = (B, »y.) We have the following commutative dia-
y Dy (YY)
gram of complexes of g~!(Or)-modules:

- —— CAY(By) —— CAY(Bp) ——

- — CAS,(E) - CAS,(E) —
By abuse of notation, we denote this commutative diagram by

CAS (B, {Er}ken)) := (CAS(E), {CAS,(Ex) }rez),

which we call the commutative diagram of the Cech-Alezander complexes of
(E,{Ek}rez). Let (E*,{E}}kez) be a family of complexes of Oy /r-modules
with commutative diagram

E} Efy —
F — B — ...

Let SCAS,(E; ) be the single complex of the following double complex
CAS(E3) — CA(E[1] — CA(ED[2] — -

(We add s to the notation of the Cech-Alexander complex in [5, V 1.2.3].)
We have the diagram (sCAﬁ,(E’), {sCAS,(E,;)}keZ) of the single complexes,
which we denote by sCAS,((E*,{E}}kez)) and call the diagram of the Cech-
Alezander complezes of (E*,{E}}rez). If (E*,{E}}rez) is a filtered complex
of Oy p-modules, then sCAi,((E‘, {E;}kez)) is a filtered complex of g~ (Or)-
modules. In this case, we call sCA3,((E*, {E}}xez)) the Cech-Alexander com-
plex of (E*,{E} }rez). Similarly we can define the Cech-Alexander complex of
a filtered complex of Q3 /T(Oy/T)—modules.
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LEMMA 6.14. — Set
V=Y xp---xp .
~—_————

v times

Let gi: Dy (V") = Dy(Y) 1 <i<v) be the induced morphism by the i-th
projection p;: Y — Y. Then q;: ’Dy( Yy — ’Dy( ) is flat.

Proof. — The proof is the same as that of [51, (6.5)]. O
The following has been implicitly used in [72, (1.6.3)]:

LEMMA 6.15. — Let the notations be before (3.1). Let (E*,{E}}recz) be a
filtered complex of Oy jp-modules (resp. Q;/T(Oy/T)-mOdUZGS). Set vyp =
uyr (resp. wyr). Then there exists a canonical filtered isomorphism
(6.15.1) Rvy 7. (E* {E} }rez) — sCAS,(E*, {E} }rez))

in DYF(g~1(O7)).

Proof. — As in [72, (1.6.3)], we have only to prove (6.15.1) for the case of the

trivial filtrations. In this case, we can give the proof as the obvious log version
of the proof of [5, V Théoreéme 1.2.5] (resp. [5, V Proposition 1.3.1]). O

PROPOSITION 6.16. — Let fo<n,e: Xe<n,e — S and fo<n: X<y — S be
the structural morphisms. Let

Tlzar - (()ZoSN,o)zara f,_glN,.(OS)) — ((yogN)zar, f._SIN(OS))

be the natural morphism of ringed topoi. Then there exists the following natural
filtered isomorphism

log,Z
(6161) (EZ(Z)],% S]\r((Q(A)(—.SN,D.SJ\rUZ.SJ\r)/S)7PD.S]V)

~, log,Ze<N,e D
anar* (Ezar - (O(XOSN,o7D0§N,.UZ.§N,.)/S)7 P oSN,o)

in DYF(f 1y (05)).

Proof. — Let
)\IC(;%S, (((X-SN,” D-SN,- U Z-SN7 )/S)crys7 (XogN,o7D0§N,0UZOSN,O)/S)

— (((X0§N7 D0<N U ZO<N)/S)C(I)‘%757 O(XQSNyDOSNUZOSN)/S)7

st (Xesioer ZosNe)/S) 26 O(Xacn arZucn.a)/S)

> ((Xezns Zoen) /) Otxs o Zuen)/S)
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be the natural morphisms of ringed topoi. Since we have a natural morphism

O(X0<N7 De<NnUZe<n)/S — AcryS*(O(XogN,o7D.§N,.UZ.§N,.)/5)’
we have the following morphism
log,Z,
(6162) (ECI‘§S <N(O(X.<N, .<NUZ.§N)/S)’PD.SN)
o log,Ze<N,e . .

— Rﬁir%s*(Ecris =N (O(X0<Nu 0<N,0UZo§N,o)/S)7PD =i )
as in the proof of (3.5) ((3.5.3), (3.5.4), (3.5.5), (3.5.6)). By applying
Ru(x,_y,Zecn)/5% tO (6.16.2) and using a relation

lo
U(Xyor Zocn)/S © Torys = Taar © UW(X o< nasZac na)/S5

we have the morphism (6.16.1).
For each 0 <t < N, let

MNtzar : ((Xto)zara f;l(OS)) — ((jzt)zara ft_l(OS))
be the natural morphism of ringed topoi. For a filtered complex
(E.SN,..’ {E];SN,QQ}]CEZ)
of f._glN’.(Og)-modules, there exists a filtered flasque resolution
(I.SN,..’ {I];SN,QQ}kEZ)

of (E*<N:ee, {EI;SN"'}keZ) such that (I'**, {I}**};ez) is a filtered flasque reso-
lution of (E**, {E}**}rez) (cf. [72, (1.5)]). Hence, to prove that the morphism
(6.16.1) is a filtered isomorphism, it suffices to prove that the natural mor-
phism

(6.16.3) (E871(Ox,,p,0z)8), PPY)

— R (Bpo&?* (O(x,0 Dieuzie)/8)» PP)

is a filtered isomorphism, which is nothing but (3.5), 2). As a consequence,
we see that the morphism (6.16.1) is a filtered isomorphism. O

The following is the main result in this section (this is necessary for the
proof of the comparison theorem (7.6) below):

THEOREM 6.17 (Explicit description of the N-truncated cosimplicial

preweight-filtered vanishing cycle zariskian complex)
Let the notations be as in (6.16). Then in D+F(f._§1N(OS)), one has

log,Z,
(6’17'1) (Eza% <N(O(XO<N7 .<NUZ-§N)/S)7PD.SN)

= anar*(og‘§N7‘®OP.§N7. A;JOSN,Q/S7 PPQSN,Q/QOSN,O).
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Proof. — By (6.16.1) we obtain

log,Ze
(6172) (Eza% <]\]((9()(.<]\]7 .<NUZ.§N)/S)7PD.SN)

10g720<N,o

AN anar*(Ezar - (O(XOSN,O7Do§N,.UZ.§N7.)/S);PD.SN")

= anar*Ru( 0<N oyZo<N )/S*

1 k) L] L]
(EC(ES = (O(Xo<N., .<N,.UZ.§N,o)/S)’PD.SN’.)

= RT}Z&I’*RU( o<N,oyZo§N,o)/S*

(RE(X0<N 07 .<N,.UZ.§N,.7Z.§N,.)/S*(O(X.SN,.7D.§N,.UZ.§N,.)/S)7 T) .

By the log Poincaré lemma (see [72, (2.2.7)]), we have the following quasi-
isomorphism

O(XOSN,.7DOSN,.UZOSN,.)/S L(XUSN,Q7D.§N,0UZOSN,O)/S(A,P.SN,./S)'

Let I°=N** be an injective resolution of Ox
have a quasi-isomorphism

)/S" Then we

.SN,.7D.SN,.UZ.SN,.

. ~ o< N, ee
L(XUSN,Q7DQSN,QUZQSN,Q)/S(A'P.SNJ/S) — I B :

As in the proof of (3.5), we have

RG(X.<N 07 .<N,IUZ.§N,I7ZISN,I)/S*(O(X.SN,O7D.SN,.UZ.SN,.)/S)

— o< N, ee
- E(XOSN,.7D0§N,.UZOSN,O7Z.§N,.)/S*(I )

= L(X.SN,.7Z.§N,.)/S(A,.P.SN,./S).

By (6.17.2), we have

log,Z,
(6173) (Eza% SN(O(X.SN,D.SNUZ.SN)/S)7PD.SN)

= anar*Ru(XQSN,o7Zo§N,o)/S* (L(XUSN,MZUSN,U)/S (A,.PQSN,-/S)’ T)’
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For a nonnegative integer n < IV, we have the following diagram of filtered
complexes of f,.1(Og)-modules:

(6.17.4;n)

u(Xno,Zno)/S* (L(XnuZno)/S (A’.Pn./S)’ T)

U(X e, Zn0)/Sx@ (X e Zne) 8 L(X e, Zne) /5 (A, L /)5 T)

|

a(Xn-ﬁZn-)/S*(Qfxn.,zn.)/sL(Xm,Zn-)/S(A%n./S)7 Q?Xn.,zn.)/SPD”’)

H

° Pre ne A e
(U(X e, Zne) /S5 L (X e, Z00) 18 (N, L 16)s {U(X e, Zne) 155 L (X e, Zne) 15 (B /e A% /) kez)

H

(00,4805, A3, 5 P00/ ).

Hence we have the following diagram of filtered complexes of f,.'(Og)-
modules:

(6.17.5:n)
SCA’.Pno ((L(Xnuzno)/s (A’.Pn./s’)7 T))

l

~ ° ° Pno ne Ae
SCAL,, (L(Xe,Zoe) /S (AP, /)5 {L (X e, Z0e) /5 (B /e A% s)tkez))

T

(05,4207, A9, 5 PP7+/9).
Note that

al . Pre ne A e
SCAD,, (L(Xe,200)/8 (AP, 8) AL (Xne Z0e)/5 (P /e Ap../s) kez))

is indeed a filtered complex by (4.2), 1) and the flatness of D (x,, 7,.)(27.)

over Q(thzm)(Qn,) ((6.14)).

For a morphism a: [n] = [m] (0 < n,m < N) in A, let X(a): (Xpma)zar —
()?n.)zar be the corresponding morphism. Then we have the morphism
(6.17.5;n) — X ()«((6.17.5;m)) of diagrams of filtered complexes of f,,.}(Og)-

modules. Hence we have the following diagram of filtered complexes of
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fodn..(Os)-modules:

SCA;).SN}. ((L(X-SN,-7Z-§N,0)/S(A'.P.§N’./S)’ T))

l

sCA%, .. (E(XecnaZacna)/sWp, L /5);

Pe ,0/Q07 ®Ae
{L(XogN,uZogN,o)/S(Pk = = AP.gN,./S)}kEZ))

I

o< N,e APQSN,./S’

(6.17.6)

(OQQSN,.®O7) P'P.SNY./Q.SNY.)'

We claim that the two morphisms in (6.17.6) are filtered quasi-isomorphisms;
we have only to prove that the two morphisms in (6.17.5;n) are filtered quasi-
isomorphisms. Indeed, by (6.15) for the log crystalline case, we have

(6.17.7) sCAS  (L(xpe z00)/s(A% . /§):7T))
= Ru(x,s Zna)/5% (DX Zna) /s (Mp,. /)5 T))
in DYF(f,.1(Og)). By (6.15) for the restricted log crystalline case, we have
(6.17.8)  sCAp, (L(XpeZna)/s(M5,, /)5
{L(Xn.,Zn.)/S(P];Pm/gn.A;?n./S)}kEZ))
= RU(X,4 Z00)/5%(Q (X e Z0e) /5 L(Xne . Zne) 1S (D, 0 /)
Qfxn.,zn.)/s(PD"'))
in DTF(f,.1(Og)). By (3.4.3) and (4.9.1),
(6.17.9)  Ru(x,. Zne)/5x(L(XneZ0e)/s (AP0 /5):T)
= RU(X 10, Z00)/5%(Q( X0, Zne) /S L (Xm0, Z0e) 15 (A0 /)
Qe zne)/s(PP)):

Hence the first morphism in (6.17.6) is a filtered quasi-isomorphism. Further-
more, by (4.10.1) and (6.17.8), the second morphism in (6.17.5;n) is a filtered
quasi-isomorphism. Hence the second morphism in (6.17.6) is a filtered quasi-
isomorphism. Now, by (6.17.3) and (6.17.7), we have

log,Z,
= RnZaT*Ru(X.SN,.7Z0§N,-)/S*(L(XOSNJ’Z'SN;')/S(A’.P.SN,O/S)’T)

= Rizar«(On,_y., R0p, . AD, x5 PPesne/Qesne), O
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7. Cosimplicial filtered log de Rham-Witt complex

In this section we give a comparison theorem between the truncated cosim-
plicial (pre)weight-filtered log crystalline cohomology and the cohomology of
the truncated cosimplicial (pre)weight-filtered log de Rham-Witt complex.

Before giving the comparison theorem, we give results on the cohomology
of the multi-cosimplicial (pre)weight-filtered log de Rham-Witt complex.

Let k be a perfect field of characteristic p > 0. Let W be the Witt ring of x
and K the fraction field of WW. Let n be a positive integer and let W,, be the
Witt ring of k of length n > 0. Let r be a positive integer. Let (X,, D, U Z,)
be a smooth r-simplicial scheme with transversal r-simplicial SNCD’s D, and
Z, over k. By the functoriality of the log de Rham-Witt complex (see [69,
(9.1)]), we have a complex W,Q%, (log(D, U Z,)) of Wy,-modules in X!zar, an
r-cosimplicial complex RT*(X,, W, Q%. (log(D, UZ,))) of W,-modules and an

isomorphism
RD(X,, WhQ%, (log(D, U Z,))) — sRI* (X,, W%, (log(D, U Z,)))
(cf.[25, (5.2)]). The Frobenius acts on W, Q%, (log(D, U Z,)) by [69, (9.1),

(2)], and we have the transition morphism (cf. [44, p. 301])

T Wi, (log(D, U Z,)) —> Wik, (log(D, U Z,)).

The morphism 7 is a surjection. Indeed, let s: HteN,« )?tzar — )?gzar be the
natural morphism of topoi. Then, as in the proof of [5, V, Proposition 3.4.4],
we have only to prove that s*(Coker 7) = 0. Because s* is exact, this vanishing
follows from the surjectivity of

! Wn+1QB(§ (log(Dt U Zt)) — WHQBQ (log(Dﬁ U Zﬁ))
for all t € N". Set

WO, (log(D, U Z,)) := lim, W, 0%, (log(D. U Z.)).

Henceforth, we assume that X, is proper over .

LEMMA 7.1. — The canonical morphism
(7.1.1) HM"(X,, W, (log(D, U Z,)))
— @Hh (X, WnQ, (log(D, U Z,)))

s an isomorphism.
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Proof. — Consider the spectral sequence
(7.1.2) B = @D H" (X, W, (log(Dy U Z4)))
t,=t

— H"(X,, WhQ, (log(D, U Z,))).

Because H"'(Xy, W, Q% (log(D; U Zy))) and H"(X,, W, Q% (log(D, U Z,)))
are W,-modules of finite length, we have the following spectral sequence
(7.1.3) EY" ™" = P lim B (X;, W, %, (log Dy))

t,=t m

= lim H" (X, W, Q%, (log(D, U Z,))).

On the other hand, we have the spectral sequence

(7.1.4) B = @D H' (X, WA, (log(Dy U Z4)))
t,=t

— H"(X,, W, (log(D, U Z.))).

Because the Ej-terms of (7.1.3) and (7.1.4) are isomorphic as in [47, I (2.1)],
the canonical isomorphism in (7.1.1) is an isomorphism. O

By considering the stupid filtration on the complex WQ¥ (log(D, U Z,)),
we have the following spectral sequence )

(7.1.5) EY = HI (X, WQk, (log(D, U Z,)))

— H"™ (X, W, (log(D, U Z.))).

DEFINITION 7.2. — We call (7.1.5) the slope spectral sequence of (X,, D, U
Z)/W.

By (2.2.6) we can calculate the Ej-term of (7.1.5) by the spectral sequence
(7.2.1) EY = P HITH(X,, W, (log(Dy U Zy)))

t,=t

— H7 (X, , W%, (log(D, U Z,))).

As in [47], we have :

PROPOSITION 7.3. — The slope spectral sequence (7.1.5) degenerates at E;
modulo torsion, and there exists the following slope decomposition:
(7.3.1) H"(X,, W%, (log(D, U Z,)))k,
h
= @ Hh_i(ng WQ%(! (IOg(Dg U Z!)))KO'
i=0
Proof. — The Proposition follows from (7.2.1) and [47, IT (3.2)]. O
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Next we construct a spectral sequence of H"~*(X,, W (log(D, U Z,)))
as follows. Let PP* be the weight filtration on WY (log(D, U Z,)) with

respect to D, (see [72, (2.12.4)], [69, (8.7), (9.3) (2)]) and let (L, PP*) be
the diagonal filtration of Li,...,L, and PP+ ((2.2.8)). Then we have the
following by [72, (1.3.4.1)]:

(732) gl ETsRIe(X,, WO, (log(D, U 2,))

= @grt +kRF (X, WY ,(log(Dy U Z)))[-t,]
>0

pPt i
— @D RU (X, x5 W, (log (D U Z4)) -1,
>0

By [72, (2.12.4.2)] (cf. [66, 1.4.5], [69, (9.6.2)]), we have the formula
(7.3.3) erl” Way, (log(D, U Z,))
=W (log Zt| ) ®z @it (Dy/5) (k).
t

Hence the last formula in (7.3.2) is equal to

PRI, Wl 28 (08 il -0) €2 ™ (D /) + R
t>0

Therefore we have by the Convention (6) the spectral sequence
(7.34)  BE{PMF = @ HM L (DB wa! (ﬁ Tolog Zy (tr4)
t>0

X7z Wégr—i_k (Dt/ﬁ)) ( - (tr + k))

— H"(X,, WY, (log(D, U Z,))).

DEFINITION 7.4. — We call the spectral sequence (7.3.4) the weight spectral
sequence of WS (log(D,UZ,)) with respect to D,. In the case where Z, = ¢,

we call (7.3.4) the weight spectral sequence of WQx_(log D, ).

Asin (5.3.3), we can give an explicit description of the boundary morphisms
between the Ej-terms of (7.3.4) as follows. Let the notations be after (5.3).
We set S := Spf(W) and Sy := Spec(k) here. Let

S Ay i
(T4.1) (1Y Gy HND,,, W, (1og Z|p,,) @2 @, sar(De/K))(=m)
— HM (D3, WQZE;” (log Z|p,, )

XKz wgzj,zar(Dt/’@))(_(m - 1)) (m € Z)
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be the Gysin morphism with signs in log Hodge-Witt cohomologies associated
to the closed immersion (D), Z|p,,) <+ (D), Z|p,, ) (see [72, (2.12.13)],

cf. [69, (4.4.5;+)]). Here ’ZD)\ZM(Dt//{) and @), zar(Dt//f) are zariskian orien-

tation sheaves in the zariski topoi D>\ sar and DA jzar) respectively (see [72,

(2.2), (2.8)]; cf. [24, (3.1.4)]).

Set
(7.4.2) Gy = 3 (1Y GyY
{05 At m—1 | AgsFEAes (1#£5)} 7=0 )

H (D™ W (108 Z| pm)) €2 50 (D /) (~m) —

zar

HE (D™D Wi, (108 7| o) @2 (i) (De/m))(—(m = 1).

Then we can describe the boundary morphisms between the E;-terms of (7.3.4)
as the following diagram:

Hh—i-t, (Dgi“;k) WQ (t +k) (10gZ| (ty +k))
(7.4.3) Pete; Pete
0 (p —(t, +k
®z @aar (Dite; [K)))(=(t, + k)

ti+1
(=1)ti—1 Z(—l)icﬁ- T (1<j<r)
Hh—i—;T(D_(t ) ot (t o ~F (log A ¢ k)

£ il <D;/f<>><—<z7« +k))

—(=1)tGy J

o k—1 k+1
Hh i gtr—i-l(Dgr'i‘ ) WQ (t +k+1)(10g Z|D£;T+k—1))

w2 DDy ) (= 4k~ 1)),

The next lemma is necessary for the proof of (7.6):

LEMMA 7.5. — LetY (resp.P) be a fine log scheme over Spec(k) (resp. Spec(Wy,)).
Let W, (Y) — P be a morphism of log schemes over W,, which is an un-
derlying morphism of log schemes with decomposition data. Assume that P
has a quasi-global chart with respect to the decomposition datum of P. Let
Y — P be the composite morphism Y — W,(Y) — P. Let P be the

MEMOIRES DE LA SMF 130/131



7. COSIMPLICIAL FILTERED LOG DE RHAM-WITT COMPLEX 99

quasi-exactification of this composite morphism with respect to the decompo-
sition data and the quasi-global chart of P. Then there exists a morphism
Wh(Y) — P9 such that the composite morphism Y — W, (Y) — P9 is the
natural morphism 'Y — PI°. The morphism Wy (Y) — P is functorial for
the following commutative diagram

Wo(Y) —— P

! |

Wh(Z) —— Q
of fine log schemes over W, with decomposition data and with quasi-global
charts of P and Q with respect to the decomposition data of P and Q.

Proof. — Because W, (Z[[Z') = Wh(Z2)[IWn(Z') for the disjoint union
Z11Z" of log schemes over k, we may assume that the given decom-
position data of W,(Y) and P are trivial and that P has a global
chart P — Mp. The morphism W,(Y) — P induces a morphism
P = TWn(Y), My, y)) = T(Y, My ) @ Ker(l(W,(Y), O;Vn(y)) — I'(Y,05)).
Since we have a natural morphism P — T(Y,My), the restriction
of the morphism P8 — T(W,(Y), My, ()% to P9 factors through a
morphism P9 — T'W,(Y), My, (v)). Hence we have a desired morphism
Wh(Y) — P9€. The claimed functoriality is clear by the argument above. [

Henceforth, assume that r = 1. The following is a main result in this
section.

THEOREM 7.6. — Let N be a nonnegative integer. Let f: X,<n — Spec(W,,)
be the structural morphism. Assume that (Xe<n, De<n U Z.<n) is split. Then
there exists a filtered isomorphism

log,Z,
(7.6.1) (Bt 7= (O (X e Do Zuen ) )s PP<Y)
5 (W, (log(Dacn U Zuzwy), PPo)

in DYF(f~1(W,)). The isomorphism (7.6.1) is functorial and compatible with
the projections.

o<N

Proof. — Let the notations be as in (6.10), (6.12) and (6.17) and after (6.13).
First we construct the morphism (7.6.1). Denote

Wa (X, M(Dy U Zy)))

by (Wh(Xy), Wn(Dy U ZY)). Since X is affine, there exists a morphism
Wi (X)), Wn(DyUZY)) — (X}, Dy UZ)) over W, such that the composite
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morphism
(X, Dy U Zy) == Wa(Xy), Wa(Dy U Zy)) — (X, Dy U Zy)

is the given closed immersion. Let m be a nonnegative integer less than or
equal to N. For a morphism «: [N] — [m] in A, let X () be the corresponding
morphism (X}, D, UZ] ) — (X),Dy\ UZ)). Then we have the following
commutative diagram

(7.6.2)
(X!, Dy U ZL) —— (Wi(XL), Wa(DL, U ZL)
X(v)l lwn(m))

(Xiy, Dy U Zy) —S— (Wa(X3), Wa(Diy U Zy)) —— (X}, Dy UZy).
By this commutative diagram, we have a natural morphism
(7.6.3)  Wn(Xicn): Wa(Dicy U Zicy)) — Y (X, Dy U ZN)).SN
of N-truncated simplicial log schemes. Let
(Wi(Xe<n,e), Wi(Da<n,e U Zo<n,s))
be the Cech diagram of Wi (X <n)sWa(D,cny U Z, o)) over
(Wi (Xe<n), Wa(De<n U Zo<n)).

It is easy to check that (Wp(Xe<n.o), Wn(De<n,e U Zo<n..)) is the canonical
lift of (X.SN’U D-SN,- U Z.§N7.). Set

ren, = cosky” (D (X, Diy U Zy) o)
as after (6.13). By (7.6.3) we have the morphism
(7.6.4) (Wi (Xe<n,a) Wa(De<n,e U Ze<n,e)) — Picna

of (N, 00)-truncated bisimplicial log schemes. By (7.5) we have the following
two horizontal morphisms fitting into the following commutative diagram

(WH(XOSN,O)awn(DQSN,Q U Z.SN,.)) —_— PQSN,Q

(7.6.5) l l

(WTL(XQSN,O)waL(ZQSN,Q)) — Q.SN,.
such that the composite morphisms

(XISN,I7 DoSN,o U ZISN,I) ‘_> (WTL(X.SN7.)7 WTL(DOSN,I U ZISN,I)) _> PoSN,o

and

(Xe<Nor Ze<Nye) = Wil X<, ) Wi(Zecn,e)) = Qu<ne
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are the exact immersions in (6.13.1) (in the case S = Spec(W,,)). Hence, by
(4.22), 2), we have the following morphism of filtered complexes:

2 PO ° Qo °
(OD.SN’.®OP'SN,OAPOSN,-/WTL’P <o/ SN‘)

- (H. (OQ-SN,o ®(97>-§N,. A;’.SN,./WTL)’ PP.SN’./Q.SN’.)

- (WnQB(.SN,. (log(‘D°§N7° U Z-SN,-))7 PD.SN").

Applying Rnar« to this morphism and using (6.17.1), we obtain a morphism

log,Z,
(766) (Eza% SN(O(X.SN,D.SNUZ.SN)/Wn)7PD.SN)

— (W%, _, (I0g(Dacn U Zocw)), PP+<N)

in DTF(f~1(W),)). This morphism is a filtered isomorphism by (3.7.2).

Next we prove that the isomorphism (7.6.6) is independent of the choice
of the quasi-global chart of (X}, D} U Z},) and that it is is independent of
the choice of the disjoint union (X}, D)y U Z);) of an affine open covering
of (Xn,Dn U Zy) at the same time. Assume that we are given the disjoint
union (X7, D} U Z}) of another affine open covering of (Xy, Dy U Zy).
Let (X}, DX U ZY) — (X}, DX, U Z%;) be a closed immersion into a smooth
scheme over S with transversal relative SNCD’s over S which is an underlying
morphism of log schemes with decomposition data such that (X5, DY U Z%)
has a quasi-global chart with respect to the decomposition datum of (X}, DX, U
ZY.). Then, by considering the refinement (X%/, D% U Z}/) of (X, Dy U Z})
and (X%, DX, U Z};) and the product (X3, Dy U Z}) xgs (XN, Dy U Z%) and
by using (4.13) 1), 2), there exists the following commutative diagram

C
(X, Diy UZi) —— (X}, Diy U Z})

[ I

C
(XK, DY U Z4) —S— (X4, DY U 2R)

| |

C
(XY Dy U Z) —S (X5 D} U 25).

Here the target of the middle immersion is a smooth scheme with relative
transversal SNCD’s over W,, and (X}, Dy U ZY/) has a quasi-global chart
with respect to the decomposition datum of (X}, DY U Z}/) and that the
two right vertical morphisms are underlying morphisms of morphisms of log
schemes with decomposition data and quasi-global charts with respect to the
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decomposition data. Now it is a routine work to check the desired indepen-
dence.
Lastly we prove the functoriality. Let

(Xe<N, Decn U Z<n) — (Yo, Ee<n U Wecn)

be a morphism of split N-truncated simplicial log schemes over k which are
obtained from smooth split N-truncated simplicial schemes and transversal
split N-truncated simplicial SNCD’s. Let us consider lifts (X}, D)y U Z}) and
(Vs EyUWY) of (X, Dy U ZY) and (Y}, Ef\y UWY), respectively, which fits
into the following commutative diagram over W,:

C
(X, Dy UZy) —— (¥y, Dy U Zy)

(Y&, By UWR) —=— (Vs Ex UWR).

Here we may assume that the two horizontal morphisms above are underly-
ing morphisms of log schemes with decomposition data and the right vertical
morphism is an underlying morphism of log schemes with the decomposition
data and with quasi-global charts with respect to the decomposition data. Set

V<Ne = cosk)" (Fﬁ"((yj\,, EN UWy))e<n)
and let R,<n,. be the quasi-exactification of the immersion
(7.6.8) (Ye<N,o, Becne UWecn,.) — Ricp.-
Then, by (6.8) (6) and (8), we have the morphisms

(Wn(XISN,I)7 Wn(‘D.SN7. U ZISN,I)) — P.SN,.?
(WTL(KSN,.)7 W?’L (E.SN,. U WQSN,Q)) — RQSN,Q
fitting into the following commutative diagram:
(Wn(XOSN,o)J Wn('DISN7. U ZQSN,Q)) E— ,PISN,I
(WTL(KSN,Q)y WTL(EQSN,Q U WOSN,.)) - R.SN,.‘

Now the desired functoriality is clear by (4.22), 2).

By a well-known argument (e.g., [69, (7.1), (7.19)]), the isomorphism (7.6.1)
is compatible with the projections. ]
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COROLLARY 7.7. — Assume that (X,, D, U Z,) is split. Then there exists the
following canonical isomorphism

(7.7.1) H"((X.,D.U Z.,)/W) — H"(X, W%, (log(D. U Z.))) (h€N),

which is compatible with the weight filtrations with respect to D,.

REMARKS 7.8. — 1) [45, (4.19)], [69, (7.19)] and (3.7.2) imply (7.7.1) for the
constant simplicial case. However, as pointed out by the referee, they do not
imply (7.7.1) in the non-constant split simplicial case.

2) I do not know whether an analogous theorem to (7.7) holds in the non-
split (multi-)simplicial case.

COROLLARY 7.9 (Slope decomposition). — Assume that (X,,D, U Z,) is
split. Then there exists the following canonical isomorphism:

(7.9.1) HY (X, W, (log(D. U Z.))) .,

=5 (H (X, Da U Z) /W) ko) i

Consequently, there exists the following canonical decomposition:

h
(7.9.2) H"((X.,D.UZ)/W) . =P H" " (Xo, Wi, (log(D. U Z.))) .
=0

Proof. — The proof is the same as that of [47, II (3.5)]: (7.9) follows from
(7.7.1) and (7.3.1). O

THEOREM 7.10. — Assume that Z, = ¢. Then the spectral sequence (7.3.4)
degenerates at Fs modulo torsion.

Proof. — By (7.9.2), (5.6), 1), (7.3.4) and the two diagrams (5.3.3) and (7.4.3),
the proof is the same as that of [69, (5.9), (4.7)]. O

REMARK 7.11. — To the reader, we leave the results in characteristic 0 which
are analogous to those in this section

We conclude this section by stating the following nontrivial generalization
of [45, (4.19)] and [69, (7.19)] whose proof has essentially been given in [72,
(3.5)] by using (6.1) and Tsuzuki’s functor I". (Because the detailed proof is
much easier than that of (7.6), we omit the proof.)

THEOREM 7.12. — Let L be a fine log structure on Spec(k). Let N be a
nonnegative integer. Let Wy, (L) be the canonical lift of L over Spec(W),,) (see
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[45, (3.1)]). Set S, := (SpecOWp), Wn(L)). Let Y.<y be a log smooth split
N -truncated simplicial log scheme of Cartier type over Sy. Let

fo<n:Yecny — S1— S,
be the structural morphism. Then there exists a canonical isomorphism
(7.12.1) Ruy, _/5,+(Oy,_y/5,) — Wiy,
in D+(f._§1N(Wn)). The isomorphism (7.12.1) is compatible with projections.

REMARK 7.13. — I do not know whether (7.12) holds in the non-split N-
truncated (multi-)simplicial case.

8. Complements

In this section we state the r-simplicial versions of some results in [72]; we
sketch or omit the proofs of the propositions and the theorems in this section
because they are the same as those in [72]. We have already used (8.1) and
(8.3) below in the proofs of (5.6), 1) and 2), respectively.

Let p be a prime number. Let T be a noetherian formal scheme with an
ideal sheaf of definition aOr, where a is a global section of I'(T, Or). Assume
that there exists a positive integer n such that pOp = a"Op. Assume that Op
is a-torsion-free and that the ideal sheaf aOr has a PD-structure v. We call
T = (T,aO0r,~) above an a-adic formal PD-scheme. We define the notion of
a morphism 7" — T of a-adic formal PD-schemes in an obvious way.

PROPOSITION 8.1. — Let the notations be as above. Assume that, for each
affine open subscheme Spf(R) of T, aR is a prime ideal of R and that the
localization ring R, at aR is a discrete valuation ring. Let g: T' — T be a
morphism of a-adic formal PD-schemes. Let (X,,D,UZ,) be a proper smooth
r-simplicial scheme with transversal r-simplicial relative SNCD’s D, and Z,
over Ty := Spec,.(Or/a). Set

T{ := Spec_,(Or/a) and (X,,D,UZ,):=(X,,D,UZ,) xr, T
If T is small, then the canonical morphism
gP " R"f (X4, Deu20)y7(O(Xe,DuZ0)T)
— PkD/’ R" fixy,pyuzs ) (Oxy ppuzyyr) - (h € Z)

s an isomorphism.
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Proof. — By using the weight spectral sequence (5.1.3) with respect to D,
for the p-adic formal schemes T" and 7", the proof in [69, (3.2)] works (cf. [72,
(2.14.2)]). O

The following is an r-simplicial log filtered version of [13, (2.1)]:

PROPOSITION 8.2. — Let S be a scheme of characteristic p > 0 and let
Sy — S be a nilpotent immersion. Let S — T be a PD-closed immersion
into a formal scheme with p-adic topology such that Or is p-torsion-free. Let
[+ (X.,,D,UZ,) — S and f': (X.,D, U Z)) — S be smooth r-simplicial
schemes with transversal r-simplici(;l relative SNCD’s over S. Assume that
X., X!, S and T are noetherian. Set

(XB,DQ U Zf) .= (X,,D, U Z,) xs So,
(X0, DU Z") = (X.,D. U Z.) xs So.

Let g: (X'9,D"?0Z"0) — (X, DYUZY) be a morphism of log schemes over Sp.
Then there exists a canonical filtered morphism

9"+ (Rf(xe,pe0z4)/7+(O(x.,Dauz0)T) ©F Q, PP2)
— (Rf{xy pyuzyy e (O(xy pyuzsyr) ©F Q, PP2).
The following is an r-simplicial log filtered version of [13, (2.2)]:
COROLLARY 8.3. — If (X2, DY U Z0) = (X9, D00 Z")), then
(Rf(xe,Deuz0)/7(O(Xs,Dauz0)T) €7 Q, PP?)
= (Rfixs,pa0z8)/1+(Oxs pyuzsyr) €7 Q, phe).

The following is an r-simplicial log filtered version of [13, (2.4), (2.5)] and
(74, (3.8)]:

THEOREM 8.4 (Filtered log Berthelot-Ogus isomorphism)

LetV be a complete discrete valuation ring of mized characteristics with per-
fect residue field of characteristic p. Set K := FracV. Let S be a p-adic formal
V-scheme in the sense of [74]. Let f: (X,,D,UZ,) — S be a proper formally
smooth r-simplicial scheme with transversal r-simplicial relative SNCD’s D,
and Z, over S. Let T be an enlargement of S/V with morphism

z: Ty == (Spec.(O1/p))reda —> S
over Spf(V). Set T := Spec,.(Or/p). Let

for (X2, D}V Z)) = (X,,D,UZ,) xg. Ty — Tp
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be the base change of f. If there exists a log smooth lift fi: (Xgl, D!IUZSI) — T

of fo, then there exists the following canonical filtered isomorphism

1
.

or: (R"f(x1 pyuzyyr(Oxi,piuziy ) PP2)
=5 (R f.(O(x, . pouza) )T, PP2).

Proof. — The proof is the same as that of [74, (3.8)]. See also [72, (2.16.3)].
U

THEOREM 8.5 (Strict compatibility). — Let V, K, S and S be as in (8.4).
Let f: (X.,D,) = S1 and f": (X],D.) — S be proper smooth r-simplicial
schemes with r-simplicial relative SNCD’s over Sy. Let h be an integer. Let
g: (X.,D.) = (X.,D,) be a morphism of r-simplicial log schemes over S;.
Then the induced morphism

9" R"f(xy.00)/5:(O(xy.00)/5) K — B f(x1.04)/5:(O(x1,04)/5) K¢
18 strictly compatible with the weight filtration.

Proof. — The proof is the same as that of [72, (2.18.2) (1)]. O

REMARK 8.6. — All the results in this section hold in the multi-truncated
multi-simplicial case.
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PART II. WEIGHT FILTRATION AND SLOPE
FILTRATION ON THE RIGID COHOMOLOGY
OF A SEPARATED SCHEME OF FINITE TYPE
OVER A PERFECT FIELD OF
CHARACTERISTIC p >0

9. Proper hypercoverings

Let U be a separated scheme of finite type over a (not necessarily perfect)
field k of characteristic p > 0. In this section we construct a proper hypercov-
ering of U which computes the rigid cohomology of U and which will be useful
for the construction of the weight filtration on the rigid cohomology and the
calculation of the slope filtration on the rigid cohomology.

By Nagata’s theorem (see [67]), there exists an open immersion U — U
into a proper scheme over k. In this section we start with the following, which
is a corollary of de Jong’s alteration theorem (see [50, (4.1)]):

PROPOSITION 9.1 (see [50, Introduction]). — There exists the following
cartesian diagram

U();)XO

(9.1.1) l l

SN

such that the left vertical morphism is proper and surjective and such that Uy
is the complement of an SNCD Dy in a projective reqular scheme Xq over k.

Proof. — Take the reduced pair (Ured, Urea) of (U, U). Let Upeq; be an ir-
reducible component of U,.q such that Ured’i \ Uted ; Ured’i. Set C; =
Ured,i \ Ured- Then, applying [50, (4.1)] to the closed subscheme C; of U yeq i,
there exists an alteration Xg; — Ured,i such that X; is a projective regu-

lar variety over x and such that Dg; = Xy XT s C; is an SNCD on Xj;.
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Set Up; := Xo;i \ Doi. Then the pair (Up, Xo) = (LI; Uoi, [1; Xoi) is a de-
sired pair. By the construction of Uy, the morphism Uy — U is proper and
surjective. O

PROPOSITION 9.2. — There exists a proper hypercovering (U,,U,)sen of
(U,U) in the sense of [86, (2.1.1) (2)], that is, the natural morphism
Upi1 — cosk,[{(U.Sn)nH (n > —1) is proper and surjective, the morphism
U, = U is proper and U, = U, xz U (strictness over (U, U)). Moreover, one
can take the pair (U,, U,).en satisfying the following conditions:

(9.2.1) X, :=U, is regular,

( ) D,:=X,\U, is a simplicial SNCD on X,,

(9.2.3) U, and U, are split ([35, VP (5.1.1)], [25, (6.2.2)]),

(9.2.4)

U, is projective over kK.

Proof. — Let the notations be as in (9.1). Then
(XO X X()) Xg U= UO XU U().

By (9.1) there exists a proper surjective morphism NlX — Xo Xz Xo over
k from a projective regular scheme over k fitting into the following cartesian
diagram:

U c X
Ny B— Ny

(9.2.5) l l

Uy xy Uy ;) Xo Xg Xo-

Here NV is the complement of an SNCD on Ni¥. As in [25, (6.2.5)], we have
a pair (1U,,1X,).<1 of 1-truncated simplicial schemes over (U, U): for V =U
or X,1Vp:=Vyand 1V :=W]] va with natural morphisms.

For a nonnegative integer n, assume that we are given a pair (,U., nX,)e<n
of split n-truncated simplicial schemes over « such that ,X.<, is projective
over £ and regular, and such that ,,U,<, is the complement of a split n-
truncated simplicial SNCD on ,,X,<,. By the expression of the coskeleton
in (6.1.3), the natural morphism

COSkg(nU.Sn)n.H — COSkg (nXogn)n—i-l

is an open immersion and coskg(nX.Sn)nH xgU = coskg(nU.Sn)nH. Hence,
by the same technique as that in [24, (6.2)] and by (9.1), we have an open
immersion U, < X, such that U, is the complement of a split simplicial SNCD
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D, in a projective regular split simplicial scheme X, over «, such that U,4+1 —
cosk,[{(U.Sn)nH is proper and surjective, and such that U, = X, x5 U. O

DEFINITION 9.3. — 1) We say that a proper hypercovering of (U, U) satisfy-
ing (9.2.1) and (9.2.2) is good. We say that a proper hypercovering of (U, U)
satisfying (9.2.1) ~ (9.2.3) is gs (= good and split).

2) We say that a proper hypercovering U, of U is good if U, is the complement
of a simplicial SNCD D, on a proper regular simplicial scheme X, over k.

PROPOSITION 9.4. — The following hold:

1) Any two proper hypercoverings of (U, U) satisfying (9.2.1) ~ (9.2.4) (i =
1,...,4) are covered by a proper hypercovering of (U, U) satisfying (9.2.1) ~
(9.2.4).

2) Let U — U’ be an open immersion from a separated scheme of finite
type over k into a proper scheme over k. For a morphism (U’, U,) — (U, U)
of pairs over k and for a proper hypercovering (U,,U,) of (U,U) satisfying
(9.2.1) ~ (9.2.4) (i =1,...,4), there exist a proper hypercovering (UL, U:) of
(U',T") satisfying (9.2.1) ~ (9.2.i) and a morphism (U.,U.) —s (U.,T.) of
pairs fitting into the following commutative diagram:

(U0, — (U, T)
(9.4.1) l l
U, T —— (U, D).
3) Let UJ < UJ (j = 1,2) be an open immersion from a separated scheme
of finite type over k into a proper scheme over k. Set
(U2, T12) .= (U x, U, U x,, U?).

If (U3, UJ) is a proper hypercovering of (U7, U7) satisfying (9.2.1) ~ (9.2.7)
(i =1,...,4), then there exists a proper hypercovering (U, U12) of (U2, U?)
satisfying (9.2.1) ~ (9.2.4) and fitting into the following commutative diagram
forj=1and?2:

(U-127 UEQ) E— (U.]’ UZ)

012 | |

(U2, 712) s (U1, T9).

proj.
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4) Let U7 — U (j = 1,2) be an open immersion from a separated scheme
of finite type over k into a proper scheme over k. Set

(U2, U'?) .= (U x, U2, U x,, U?).
If (UJ,U7) is a proper hypercovering of (U7, U7) satisfying (9.2.1) (i # 3),
then (U} x, U2, UL x,. U?) is a proper hypercovering of (U'?, U'?) satisfying
(9.2.1).

Proof. — 1), 2): We use a general formalism in [35, VP §5]. Here we give a
proof for proper hypercoverings satisfying (9.2.1) ~ (9.2.4). (By using (9.9),
2) below, we have only to prove (9.4) in this case.)

Let S be the category of open immersions ¢: U < U from separated schemes
of finite type over x into proper schemes over x; we define a morphism ¢/ — ¢ in
S in an obvious way. For an object « above of S, we often denote it by (U, U).
Let w: £ — S be a category over S defined by the following: for an object
1 € S, the fiber category &, consists of objects (Y,Y)’s, where Y is proper
over U and the morphism (Y,Y) — (U,U) is strict: ¥ =Y x5 U. It is
easy to check that &, has finite projective limits and finite disjoint sums. For
a morphism ¢: /' — ¢ in S and for an object (Y,Y) (resp.(Y',Y")) of &,
(resp. £/), we define a morphism (Y’,Y’) — (Y,Y) over the morphism t by
the following commutative diagram

Y —— Y
(9.4.3) ml ln

Y —— Y
over the following commutative diagram

U — U

(9.4.4) l l

U ——T.

We say that an object (Y,Y) € &, satisfies the property @ if Y is projective
over k£ and regular, and if Y is the complement of an SNCD on Y. We say
that a morphism (Y’,Y’) — (Y,Y) in & satisfies the property P if (Y')Y’) € Q
and if Y/ — Y is proper and surjective. Obviously the properties Q and P
are stable under isomorphisms in £. As in the proof of [35, VP (5.3.4)], we
check that (7, @, P) satisfies the conditions of a), b), ¢), d), e) and f) in [35,
VPis (5.1.4)] as follows.

a): For an object « € S, we have an object of &, satisfying the property @
by (9.1).
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b): Let ¢: U = U be an object of S and (Y7,Y7) (j = 1,2) an object of &,.
Then (Y!' xy Y2, V! x5 Y?) is an object of £,. Hence, by (9.1), there exists
the following cartesian diagram

X SN X

l l

Yixp Y2 —S V! x; V2,

where the composite morphism (X, X) = (Y! xy Y2, Y! x5Y?) — (U, U) is
an element of &, satisfying the condition Q.

c¢): The proof for checking this condition is analogous to b). We have only
to note the following: for a morphism /' — ¢ in S and for an object (Y,Y) of
&,, the pair (Y xy U',Y xg U/) is an object of £, and to use (9.1).

d): Follows immediately from (9.1).

e): The proof for checking this condition is analogous to b); we have only
to take suitable fiber products three times and to use (9.1).

f): Since the proof for checking this condition is analogous to b), we leave
the detail to the reader.

Hence 1) and 2) follow from [35, VP (5.1.7), (5.1.3)].

3): This immediately follows from 1) and 2).

4): The proof is easy. O

REMARKS 9.5. — 1) In [35, VI8 (5.3)], for a separated scheme S of finite type
over a field of characteristic 0 and for an object (X, X,i) of Eg in [loc. cit],
X is assumed to be dense in X. We have not assumed this condition for an
object of &, in the proof of (9.4).

2) In [35, p. 158, N.B.], there is a mistyped equation (we omit to point out
other mistypes in [35, p.158]): one has to replace the formula E_l(i(X)) =
i(X') in [35, p. 158, N.B.] by E_l(i(X)) = ¢(X'). Even if one corrects this
mistype, there is obviously a counter-example for the corrected formula: take
X' =X, h=id, X: a variety over the base field, X’ := X \ {P} (P: a closed
point of X), ¢, ¢ and h in [loc. cit.]: the natural open immersions. If X # {P},
the corrected formula does not hold.
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3) As is well-known (e.g., [9, p. 340]), for a morphism U’ — U of separated
schemes of finite type over x, we have the following commutative diagram

U -5

(9.5.1) l l

c =
U — U,

where the two horizontal morphisms are open immersions into proper schemes

over k; in fact, we can take the two horizontal morphisms as compactifications.

4) More generally, for a commutative diagram

U3—>U4

L

U 1 —— U- 2
of separated schemes of finite type over , by using the argument in [9, p. 340]

repeatedly, we can easily prove that there exists a commutative diagram

U3—>U4

(9.5.2) l l

Ul _— UQ
of proper schemes over k with four open immersions U; < U; (i = 1,2,3,4)
which makes the four new diagrams commutative.

The following is an easy corollary of (6.1).

LEMMA 9.6. — Let U, — Y, be an open immersion of simplicial schemes
over an open immersion U — Y of schemes over a scheme S. Assume that
(U,,Y,) is split. Then there exists a pair (U.,Y]) of split simplicial schemes
over (U,Y) with a natural morphism (U.,Y!) — (U,,Y,) of the pairs of the
simplicial schemes satisfying the following conditions:

(9.6.1) U}, (m € N) is the disjoint union of open subschemes of U,, which

cover U,, and which are open subschemes of affine open subschemes
of Y.

(9.6.2) Y (m € N) is the disjoint union of affine open subschemes which cover

Y,, and whose images in Y are contained in affine open subschemes
of Y.

(9.6.3) U, = U, xy,, Y.
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(9.6.4) If (U,,Y,) is strict over (U,Y), that is, U, =Y, xy U, then (U.,Y]) is
strict over (U,Y).

(9.6.5) If Y., (m € N) is quasi-compact, then the number of the open sub-
schemes in (9.6.1) and (9.6.2) can be assumed to be finite.

Set (Umn, Yin) = (coskgm(UT’n)n,coskéfm(Yn’qj)n) (m,n € N). Then there ex-
ists a natural morphism (U,.,Y..) = (U.,Y,) over (U,Y). For each n € N,
(Uan, Yon) is split.

Proof. — By (6.1) we obtain a split simplicial scheme Y satisfying (9.6.2) and
(9.6.5). Set U/ :=Y! xy, U.. If U, = Y, xy U, then U’ = Y/ xy U. By (6.1)
we obtain the splitness of (U,y, Y.n)- O

DEFINITION 9.7. — 1) We call the simplicial scheme (U.,Y/) satisfying
(9.6.1) ~ (9.6.5) the disjoint union of the members of an affine simplicial
open covering of (U,,Y,)/(U,Y).

2) We call the bisimplicial scheme (U,,,Y.,) in (9.6) the Cech diagram of
(UL, Y!) over (U,,Y,)/(U,Y).

3)In1)and2),if U =Y =5, then we say “over S” instead of “over (U,Y)”.

PrOPOSITION 9.8. — 1) Let (V,,Z,) — (U,,Y,) be a morphism of pairs of
split simplicial schemes over a morphism (V,Z) — (U,Y) of open immersions
of schemes over a scheme S. Assume that (U,,Y,) is strict over (U,Y). Then
there exist the disjoint union of the members of affine simplicial open coverings
UL, Y!) and (V!,Z!) of (U,,Y,)/(U,Y) and (V,, Z,)/(V, Z), respectively, which

fit into the following commutative diagram:

Vi 2) — (U,Y))

(9.8.1) l l

., z,) — (U,,Y.).

2) Let U = Y be an open immersion of schemes over a scheme S. Let
(U,,Y,) be a pair of split simplicial schemes over (U,Y). Let (U.,Y!) and
UL Y!") be two disjoint unions of the members of affine simplicial open cov-
erings of (U,,Y,)/(U,Y ). Then there exists a disjoint union of the members
of an affine simplicial open covering (U Y!") of (U,,Y.)/(U,Y) fitting into
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the following commutative diagram:
(U/// Y///) (U// Y//)

(9.8.2) l l

(U./’ YZ) B (U.,Y;)

Proof. — 1): Let (U.,Y!) be the disjoint union of the members of an affine
simplicial open covering of (U,,Y,)/(U,Y). Let (V/", Z) be the fiber product
of (V,,Z,) and (U.,Y!) over (U,,Y,). If (V,, Z,) is strict over (V, Z), then so is
(V. Z"). Using the argument in the proof of (6.1), (6.3) and (9.6), we obtain
1).

2): Take Yj” as an affine refinement of the disjoint unions Y and Y’
of the open coverings of Yy. For a positive integer m, assume that we are
given Y/” . Let N(Y,,)"” be the scheme constructed in the proof of (6.1)
for Y | fitting into the following commutative diagram

N(Yy) —— COSknYz—l(Y./gm—l)m

| |

N(Ym)" —— coskp, 1 (Y200 1)m

! !

N(Yi)" —— cosky, 1 (Y.L 1)m.

Set V' = [lo<o<m Hpmpjg N(Ye)”. In this way, we obtain Y[". Set U :=
Y xy U. 0

LEMMA 9.9. — 1) Let (U,Y) be as in (9.6). Let (U,,Y,) be a pair of simpli-
cial schemes over (U,Y). Then there exists a split pair (V,,Z,) of simplicial
schemes over (U,Y) with a morphism (V,, Z,) — (U,,Y,) of pairs of simplicial
schemes over (U,Y).

2) Let the notations be as in (9.6). Assume that S = Spec(k) and Y = U
in the beginning of this section. If (U,,Y,) is a proper hypercovering of (U, U),
then one can take (V,,Z,) as a gs proper hypercovering of (U, U).

Proof. — 1): Follows immediately from [35, VP (5.1.3)].
2): Follows from the proof of 1) and (9.1) (cf. the proof of (6.1)). O

In §15 below, we shall need the following variant of (9.4).
As in the proof of (9.4), we denote by (U, U) an open immersion ¢: U < U
from a separated scheme of finite type over k into a proper scheme over k.
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Let S and £ be as in the proof of (9.4). Let 7 be the category of the
morphisms in S; we define the morphisms in 7 in an obvious way. Let 7: H —
T be a category over T defined by the following: for an object a:: (U, U,) —
(U, U) of T, the fiber category H,, consists of 3: (Y',Y’) — (Y,Y) over a such
that (Y',Y") € & and (Y,Y) € &, where ¢/ is the open immersion U’ < U .
It is easy to check that H, has finite projective limits and finite disjoint sums.
We define the morphisms in H in an obvious way.

We say that an object 3: (Y',Y") — (Y,Y) of H satisfies the property HQ
if (Y',Y’) and (Y,Y) satisfy @ in the proof of (9.4). We call a morphism

[(Y{,Y)) = (Y3,Y3)] — [(Y1,Y1) = (Y2,Y?2)]
in H over
(U1, Uy) — (U3, Ulz)] — [(U1,U1) = (Us, Uy)]

satisfies the property HP if [(Y{,Y}) — (Y4,Y%)] € HQ and if the morphisms
Y/ = U] and Y; — U; (i = 1,2) are proper and surjective. Then the properties
HQ and H P are stable under isomorphisms in H, and, as in the proof of (9.4),
we see that (E, HQ, HP) satisfies the conditions a), b), ¢), d), e) and f) in
[85, VPis (5.1.4)]; we leave the checking to the reader.

DEFINITION 9.10. — Let a: (U’,U') — (U,U) be an object of T. Let
a.: (U, U.) = (U.,T.) be a morphism of simplicial open immersions from
separated simplicial schemes of finite type over x into proper simplicial
schemes over x which lies over . Then we call a, a proper hypercovering of
a if (UL, U:) and (U,, U,) are proper hypercoverings of (U’, U,) and (U, U),
respectively.

By (9.2) and (9.4), 2), for an object a: (U’,U') = (U, U) of T, there exist
a proper hypercovering of a,: (U/,U.) — (U.,T.) such that (U/,U.) and
(U,, U,) satisfy the conditions (9.2.1) ~ (9.2.4)

By the argument before (9.10) and by [35, VP (5.1.7), (5.1.3)], we have
the following:

PROPOSITION 9.11. — 1) Let a: (U',U’) — (U, U) be an object of T. Any
two proper hypercoverings of a whose sources and targets satisfy (9.2.1) ~
(9.2.1) (i =1,...,4) are covered by a proper hypercovering of o satisfying the
same conditions.

2) For a morphism [(UY,TY) — (U, TY)] — [(U%,T?%) — (U, T?)]
in T and for a proper hypercovering [(UZ,U?) — (U2, U?)] of [(U*,TU?) —
(U?,U?)] whose source and target satisfy (9.2.1) ~ (9.2.i) (i = 1,...,4), there
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exist a proper hypercovering [(UY ,UY) — (UL, U] of [(UY,TY) — (UL, TY)]
whose source and target satisfy (9.2.1) ~ (9.2.4) and a morphism

(O, T = Ul T)] — (U2, T) = (U2, T)]
over [(UY,TY) = (U, TUY)] — [(U%,T?) — (U2, T?)].

DEFINITION 9.12. — We say that a proper hypercovering «, of « is good
(resp. split, gs) if the source and the target of a, are good (resp.split, gs).

We also have the following by (9.9), 2):

PROPOSITION 9.13. — Let « be as in (9.11). If o, is a proper hypercovering
of o, then there exists a gs proper hypercovering B, of o factoring through the
augmentation o, — Q.

10. Truncated cosimplicial rigid cohomological complex

Let V be a complete discrete valuation ring of mixed characteristics with
(not necessarily perfect) residue field x. Let W be a Cohen ring of « in V. Let
K (resp. Ko) be the fraction field of V (resp. W). Let U be a separated scheme
of finite type over k. Let j: U < U be an open immersion into a proper
scheme over x (see [67]). Let C' be an overconvergent isocrystal on (U, U)/K.

In this section we construct a fundamental complex which we call a truncated
costmplicial rigid cohomological complex. This complex produces Tsuzuki’s
spectral sequence (see [86, (4.5.1)], [87, (7.1.2)]) of the rigid cohomology of C
with respect to a proper hypercovering of (U, U). We show that this complex
is a coring object in Tsuzuki’s theory in [86] and [87].

Let Z := [[, Z; (m € Z=) be the disjoint union of affine open subschemes
which cover U. Set Z := Z Xz U. The scheme Z can be embedded into a
separated formally smooth p-adic formal V-scheme Z. Then we have a Cech

diagram
3:=(Z,,Z.,,2,) = (coskOU(Z),coskOU(Z),coskg(Z)).

Let n: (Z,,Z.) — (U, U) be the natural augmentation. Let j,: Z, < Z, be
the open immersion. Then, by [19, (10.1.4)], the Cech diagram is a universally
de Rham descendable hypercovering of (U, U) over Spf(V). Hence we have,
by definition,

(10.0.1) RTig(U/K,C) = RI'(]Z.[z,, DR(7*(C)))
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(see [19, (10.4)]). Here DR(7*(C)) is the complex 7*(C) z, ®j10r [ j.TQ]'Z 2
M7 Ze o[ Zq
on ]Z,[z,. For simplicity of notation, we often denote DR(7*(C)) only by
DR(C).
We start with the following lemma:

LEMMA 10.1. — Let T be a closed subscheme of U over k. Then there exists
an integer ¢ such that HQ&T(U/K, C) =0 for all h > c.

Proof. — (See also [87, (6.4.1)].) The proof consists of some steps. We may
assume that U is reduced. Let V' be the complement of T in U. Then we have
the following exact sequence (cf.[9, (2.3.1)]):

(10.1.1) -+ — H}}, 7(U/K,C) — H}},(U/K,C) — HI,(V/K,C) — -+ .

Step 1. — Assume that U is affine. Then there exists a closed immersion
U — A" (n € N). Let U be the closure of U in P? D A" with reduced
subscheme structure. Let j: U < U be the open immersion. Let P be the
p-adic completion of P;. Set Uy := |U[p\ (U \U)[p,» (0 <A < 1). Let I'y be
the set of absolute values of K*. Set I' := 'y ®z Q. For an element n € I" with
n < 1, let (U], be the closed tube of U with radius 7 defined in [7, (1.1.8)].
Then

P

=R lim RT([Ulpy,Cp ®o, Vg, )

P.n

RLyi(U/K,C) = RT(JU[p,Cp Bjto, jmfm )

As R'lim, .\ RT([Ulpy, Crooy,  Qp

that H"([U)p,,, Cp RO, . QfU]p,n) =0for h > 0and i€ N. [7, (1.2.2)] tells

us that, on [U]p,,, we can replace the inductive system of strict neighborhoods

of |U[p in |U[p by the inductive system of Uy N W (0 < A < 1) for affinoid
domains W’s contained in [U]p,. By using Tate’s acyclicity theorem [84,
(8.2), (8.7)], we have H"(Uy N W,Cp ®0,, Q) =0 for h > 0 and i € N.
Because the cohomology commutes with direct limits on quasi-compact and
quasi-separated rigid spaces over K, we have Hﬁg(U/ K,C) =0 for h>> 0.
Step 2. — Assume that U is an open subscheme of an affine scheme. Then U
(U/K,C) =0 for h > 0 by [7, (2.1.8)] and the
Step 1. By the exact sequence (10.1.1), we have Hﬁg’T(U/K, C) =0for h > 0.
Step 3. — Assume that T is a closed point z of U. Let U’ be an

affine open subscheme of U containing x. Then we have HQ&T(U /K,C) =

) = 0 for i > 2, it suffices to prove

is separated and we have Hﬁg
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HQ&T(U’/K, C) (cf. ]9, (2.4) (i)]). By the Step 2, we have HﬁgT(U’/K, C)=0
(h>0).
Step 4. — Now consider the general case. We may assume that 7" is reduced.

Let = be the generic point of an irreducible component of T' of dimension
dimT. Let U’ be an affine open subscheme of U containing x. Let T" be the
complement of U’ in U. Then we have the exact sequence (cf.[9, (2.4) (i),

(2.5)])

(10.1.2) oo — Hlt oo (U/K,C) — HE 1(U/K,C)

— HQ&TOU,(U’ JK,C) — - .

Since U’ is affine, Hﬁg (U /K,C) =0 for h > 0 by the Step 2. Thus we
have only to prove that Hﬁg 7o (U/K,C) =0 for h > 0. Use the argument
above for TNT’, and continue this process. In the end, we may assume that

T is a closed point z of U. Now we can finish the proof of (10.1) by the
Step 3. O

REMARK 10.2. — Let d be the dimension of U. By the argument in [9, (3.3)],
it is easy to see that

(10.2.1) HE(U/K)=0 (h>2d)

for a separated smooth scheme U of finite type k.

We conjecture that Hﬁg(U/K) = 0 for h > 2d for a general separated
scheme of finite type over k of dimension d.

By [8, (1.1)] and [6, (3.1) (iii)], H}}, .(U/K) = 0 for h > 2d for the general
scheme above.

In the (-adic case, HZ (U, Q) = 0 for h > 2d for a scheme U of finite type
over a separably closed field of dimension d (see [36, X (4.3)]).

LEMMA 10.3. — Let f: Yo — Y7 be a quasi-projective morphism of quasi-
projective schemes over k. Then there exists a closed immersion Y; — P; (i =
1,2) into a formally smooth quasi-projective p-adic formal V-scheme fitting
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into the commutative diagram:

Yo —— P

/| !

(10.3.1) v, —S5 P

! !

Spec(k) —— Spf(V).

Proof. — (The proof is due to A.Shiho.) Let P be a smooth quasi-
projective scheme over Z such that there exists a closed immersion
Yo — Py; := P Xgpeez) Y1- Let Y1 < P1 be a closed immersion into a
formally smooth quasi-projective p-adic formal V-scheme. Then we have only
to take the following composite morphism Yy — Py, — P Xspf(z,)P1 with a
composite projection JSXSpf(Zp)Pl — P; — Spf(V). Here P is the p-adic
completion of P. O

LEMMA 10.4. — Let T be a topological space. Let

T —S5Ty —S— T4
| [ n
T —SsT -S> T

be a commutative diagram of subspaces of T'. Assume that Ty is dense in Ty,
that T s closed in T5 and that T5 is open in T'. Then T} = T5.

Proof. — Assume that Ty # T5. Then there exists a point ¢ € T\ 7. Because
T7 is closed in T3, there exists an open neighborhood V of ¢ in T3 such that
V NT, = &. Because T3 is open in T, V is also open in T. Hence V N1y
is open in Ty. Since (VNTy)NTy =@ andt € VNTy, t ¢ Ty = Ty. This
contradicts that ¢t € Ty C Ty. O

LEMMA 10.5. — Let N be a nonnegative integer. Let Us<n be an N -truncated
proper hypercovering of U. Assume that U<y is reduced. Then there exists
an N -truncated proper hypercovering (U,<n, U,<n) of (U, U).

Proof. — First we claim that, for a proper morphism V — U, there exists
a strict pair (V, V) over (U,U) such that the morphism V' — U is proper.
Indeed, as in [9, p.340], we have an open immersion V < V' into a proper
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scheme over k fitting into the following commutative diagram

vV S5V

Lo

U -+ 7.

Set V' := V' x5 U. Since V and V' are open in V', the morphism V — V/
is also an open immersion. Since the morphisms V' — U and V' — U are
proper, the morphism V' — V' is proper, in particular, closed. Let W be the
complement of the image of V in V’. Set V := V' \ W. Since W is an open
subscheme of V/, W is also an open subscheme of V’. Then V XgU=1V.
Since V is a closed subscheme of V', the morphism V' — U is proper. Thus we
have proved the claim. (The existence of V' above is necessary for the papers
[19], [86] and [87], which has not been pointed out in [loc. cit.].)

Let (Un, U],v) be a strict pair over (U, U) such that the morphism U],V —
U is proper. Let FE(UJ/V).S ~ be the N-truncated simplicial scheme of the
simplicial scheme FZ(U}V) = I‘%(UJ/V)SN constructed in [19, §11]:

IROm= [ Uv
Homa ([N],[m])

with its natural structure as a simplicial object. Here the product is taken
over U. By (6.6), 1) we have a natural immersion U,<y < F%(U]/v).gN-
Let U,, (0 < m < N) be the closure of U, in F%(U;V)m with the reduced
closed subscheme structure in FZ(U}V)W (To consider the closure has been
suggested by the referee.) Then U.S N is an N-truncated simplicial closed
subscheme in F%(U],\f).g ~, and we have a natural immersion U,<n — U,<y
over the open immersion U < U by (6.6), 1). We claim that U,<y = U<y X7
U. (As a result, the immersion U<y — U.gN turns out to be an open
immersion.) Indeed, it suffices to prove that Uy, = Uy, x5 U (0 < m < N) as
sets because U, is reduced. Because U]/V Xz U ="Un,

Uy x5 U CT(UN)m x5 U =TR(UN)m-
Since U, (0 < m < N) and Uy are separated over k, there exists an element

v € Homa ([N], [m]) such that U(~): U,, — Ux is a closed immersion by [37,
(5.5.1) (v), (5.4.6)]. By [loc.cit., (5.4.5)] the image of Uy, in T§(Un)y, is

MEMOIRES DE LA SMF 130/131



10. TRUNCATED COSIMPLICIAL RIGID COHOMOLOGICAL COMPLEX 121

closed. Using (10.4) for the commutative diagram below

Un —— Um xg U — L8 (UN)m

| In In
Up ——  Un —— T(U)m,
we see that U, = U, x5 U (0 < m < N) as sets, and, in fact, as schemes.

The pair (U.<n, U-S ~) turns out to be an N-truncated proper hypercovering
of (U,U). O

REMARK 10.6. — Let U, be a proper hypercovering of U. In [87, (7.1.3)]
we find that one does not know whether there exists a proper hypercovering
(U,,U,) of (U,U). (10.5) gives the affirmative answer for the N-truncated
version of this question in the case where U,<y is reduced. (10.5) is useful for
simplifying the proof of [87, 7.5]. See (10.15), 2) below for details.

Though the following theorem is essentially contained in [86], we state the
following to clarify our later argument.

THEOREM 10.7. — Let h be a nonnegative integer. Let N be a nonnegative
integer satisfying the inequality (2.2.1). Let (U,<n, U,<n) be an N-truncated
proper hypercovering of (U,U). Let C* be the pull-back of C' by the structural
morphism (U, Uy) — (U, U) (0 < t < N). Assume that Uy is a closed
subscheme of a formally smooth p-adic formal V-scheme Pyn. Let Q, be the
formally smooth simplicial scheme TX(Pn) :=T'x(Pn)=N constructed in [19,
§11]. Then there exists a canonical isomorphism

(10.7.1) HE(U/K,C) = H"(RT(]U.<n[g, v, DR(C*=N))).

Proof. — (Cf.the proof of [86, (4.3.1) (1)]) By [87, (5.1.2)], the simplicial
scheme

(U, U’,) = (cosk][{;(U.SN),coskg(U.SN))
is a proper hypercovering of (U,U). Let C’* be the pull-back of C by the

augmentation (U/, U.) — (U, U). Then C"*<N = C*<N since (Uicn U/,SN) =
(Ussn, Uien). By [19, (11.2.4), (11.2.5), (11.2.6)], (U, U.,Q.) is a proper
hypercovering of (U, U) over Spf(V) in the sense of [86, (2.2.1)]. Hence, by

(86, (2.2.3)], we have an isomorphism

(10.7.2) RUyie(U/K,C) =+ RU(]U.[q., DR(C™)).
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Furthermore, we obtain
(10.7.3) H"(RT(]U.[q..DR(C"™))) = H"(RT(]U.<n g, DR(C*=N)))

by using the following spectral sequence

(10.7.4) E{ = H},(U]/K,C") = H™ (RT(]T,[o,, DR(C")))
as in the proof of (2.2). Thus we obtain (10.7). O

The following lemma 2) is similar to [87, (7.2.2) (3)]:

LEMMA 10.8. — 1) Let (U, U,) — (U, U) be a morphism of open immersions
from separated schemes of finite type over k into proper schemes over k. Let
(U, U,) be a proper hypercovering of (U,U). Then (U, xy U', U, x5 U is a
proper hypercovering of (U’, U’).

2) Let

o

(U?,0%?) —— (U,0)
be a diagram of open immersions from separated schemes of finite type over x
into proper schemes over k. Let (U,,U,) be a proper hypercovering of (U, U).
Set
(ULTUY) = (U, xg U U x5 U (i =1,2).

Let (V}, V) be a proper hypercovering of (U*, U*) such that the composite mor-
phism (VI Vi) — (U, U%) — (U, U) factors through the morphism (U,, U,) —
(U,U). Assume that one of the morphisms (V}, Vi) — (UL, UY) fori=1,2 is
a refinement (see [86, (4.2.1)]) of the proper hypercovering (UL, Ut) of (U, UY).
Set (U3, U3) :== (U'xyU?, U'x5U?) and (VE,V?3) == (V1xy, V2, V}XEV%).
Then (V3,V3) is a proper hypercovering of (U3, U3).

3) Let N be a nonnegative integer. Then the N -truncated versions of 1)
and 2) hold.

Proof. — 1): We leave the proof to the reader since it is easy.
2): By the symmetry, we may assume that (V!, V1) is a refinement of the
proper hypercovering (U}, U!) of (U',U"'). Since the morphism V3, — U?

(m € N) is the composite morphism
71 72 72! 772 771 772
VmXUmeHVmXUVmHU XUU’

it is proper by [37, (5.4.2)] and [38, (5.4.2) (iv)].
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The strictness of the morphism (V;3,V3) — (U3, U?) follows from

V3 xgs U = (V) xg1 UY) X 1 U2 (U xp U?) xg (V7, xg2 U?)
= (V}n XUl Ul) XUlXUU2 X(Ul XU U2) XUm (V?n XUQ U2)
= (Vi X1 UY) Xgiye e X (T x U%) xgp, (Vi X2 U?)
=V xg, Ve =V xu, Vo=V

Now, for any integer m > —1, let us show that the morphism
(10.8.1) V3,1 — coskZ (VI i1

_ Utys1 U? 7,2
= cosk,, (Vo< )m+1 X coskY (Us<m)mt1 cosky, (Vo) m+1

is proper and surjective. The morphism (10.8.1) factors through a proper
surjective morphism

1
(10.8.2)  cosky, (V.o )m1 X o8k (Ut V2,

U1 U2 1,2
? COSkm (‘/-Sm)m-i-l XCOSk%(U-Sm) 1 COSkm (V.gm)erl'

m+

By the definition of the refinement in [86, (4.2.1)], the natural morphism
(10.8.3) an1+1 XUm1 VT?H—I

Ut /1 1 2
— {COSkm (V )m-i—l Xcoskgzl . Um+1 Xy U } ><Um+1 vm+1

e<m e<m XUU ) my1

1
= cosky, (V.op)mt1 X Vi xu UY)

Coskgll (U.SmXUUl)m+1 (
1
= COSkf’{l (‘/olgm)m‘i‘l XCOSk%(Uogm)m+l V1’2L+1
is proper and surjective. Since the morphism (10.8.1) is the composite mor-
phism of (10.8.3) and (10.8.2), the morphism (10.8.1) is proper and surjective.
Thus (V3,V?3) is a proper hypercovering of (U3, U3).
3): The proof is similar to that of 1) and 2). O

The following is the main result in this section.

THEOREM 10.9. — Let U, be a proper hypercovering of U. Let Ct be the
pull-back of C by the structural morphism Uy — U (t € N). Let ¢ be an
integer in (10.1) for the case T = &. Let N be a positive integer satis-
fying the inequality (2.2.1) for h = c. Let DY(K*SN) be the derived cate-
gory of N-truncated cosimplicial complexes of K -vector spaces (cf.§2). Let s
(resp.e; 1 (0 <t < N)) be the N-truncated cosimplicial version of the functor
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(resp. the cosimplicial version of the functor) defined in (2.2.16) (resp. (2.2.18))
for DY (K*<N) with trivial filtration ((2.3)) :

DT (K) < D (K*=N) o DT (K).

Then there exists a complex Cr'éN((U.SN/U)/K, C) in DY (K*<N) such that
there exist canonical isomorphisms

(10.9.1) RT3, (U/K,C) =5 78(CN (Uun /U)K, C)),
(10.9.2) RIy(Uy/K,C") = e;l(cgigN((U.SN/U)/K, C)) (0<Vt<N).

The complex C’r'éN((U.SN/U)/K, C) s functorial for a morphism of aug-
mented simplicial schemes U<y — U’s and a morphism of overconvergent
isocrystal C'’s. For N < N', there exists a canonical isomorphism

(10.9.3) s((Cr™ (Uuan /U)K, C)*=N) = s(CEN (Unsn /U)K, ©)).
Here « < N on the left hand side of (10.9.3) means the N-truncation of the
left cosimplicial degree.

Proof. — Let the notations be before (10.1). Let N be a positive integer.
Later we assume that N is a positive integer satisfying the inequality (2.2.1)
for h = ¢ in (10.1) for the case T = @.

Let U — U be an open immersion into a proper scheme over # (see [67]).
Because we can replace U<y with (Used)o<n in the following argument,
we may assume that U,<y is reduced. By (10.5) there exists an N-
truncated proper hypercovering (U,<y, U,<n) of (U,U). By (10.8), 3) the
pair (U<n xu Z, U.SN X7 Z) is an N-truncated proper hypercovering
of (Z,Z). Let (Vo<n,V%<n) be a refinement of the proper hypercovering
(Uwcn X Z, U<y X Z) of (Z,Z) such that there exists a closed immersion
V Ny = Py into a separated formally smooth p-adic formal V-scheme (see [86,
(4.2.3)]). Consider the N-truncated triple

(10.9.4) (Voen, Ve, TR (P ) o<)-

The simplicial formal V-scheme FK(PN).S ~ contains W<y as an N-truncated
simplicial closed subscheme over V by (6.6), 1). Set

Q, :=T'X(Pyn).
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Following the idea in [86, (4.4)], we consider the triple (Vo<n.e, W<N oy Qo<n.o)
of (N, 00)-truncated bisimplicial (formal) schemes defined by

(10.9.5) (Vs Vinns Q)
= (coskgm(Vm)n,coskgm (Vm)n,coskg(ngyZ)n) (0<m< N,neN)

with the natural morphisms which make (V,<n., W<n., Qu<n.) a triple of
(N, 00)-truncated bisimplicial schemes. Here, note that the triple (10.9.5)
is different from the triple in [86, p.125]; see (10.10) , 1) below for this.
Since V,, — Z is proper, the morphism V,, — V,, X, Z of the graph of
the morphism above is a closed immersion; hence we indeed have the triple
(10.9.5) (cf. [86, p.125]).

We have a natural morphism (VoSN,nVoSN,nQ-SN,-) — (Z4,Z.,2,) of
triples and have the following commutative diagram of pairs of (/N-truncated)
(bi)simplicial schemes:

(Ussn, Uicn) +—— (Vi<noo, W<NW)
(10.9.6) l l
oU) —— (2.,Z.)
By the proof of [86, (4.4.1) (1)], the morphism
(Vo< W) — (Zn, Zn) (n€N)
is an N-truncated proper hypercovering of (Z,,Z,). In fact, the morphism

(‘/-SN,na V-SN,na Q.SN,n) — (Zn7 ZTH Zﬂ) (Tl € N)

is an N-truncated proper hypercovering of (Z,,Z,, Z,) in the sense of [86,
(2.2.1)]. Indeed, since

cosky™ (Qucrn) = cosk) (QuerXy -+ Xy Quce) XpZ, (0 <L < N),

n times

the morphism coskgz”(Q.gm)m — coskf_”l(Q,Sg_Ln)m (m € N) is formally
smooth by [19, (11.2.6)].

Let h be a fixed arbitrary nonnegative integer. Let N be an integer sat-
isfying the inequality (2.2.1). Let C*<™>* be the pull-back of C' by the mor-
phism V,<ny. — U. For simplicity of notation, we denote DR(C*=N)
JW<N.e[Qucn.. Dy DR(C). Then the morphism

on

(10.9.7) RT(]Z.[z..DR(C)) — RT(J¥<n.d[0.-y.. DR(C))
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induces an isomorphism
(10.9.8) H! (U/K,C) = H"(RI'(]Z.]z,,DR(C)))
— H"(RT(JV<N.e[0.< ... DR(C))).

Indeed, we have the two spectral sequences:
(10.9.9) EY = H'(Zi]z,,DR(C)) = H'*(]Z.[z,,DR(C)),
(109.10) B = B (JWsnilouey,, PR(O))

— H'V(JW<n.ul0uon.  DR(C)).
By [86, (2.1.3)] and by the proof of (10.7), the E,-terms (1 < r < o0) of
(10.9.9) are isomorphic to those of (10.9.10) for ¢ + j < h. Hence we have an
isomorphism (10.9.8).

So far we have proved that, for any integer h, there exists a sufficiently large
integer N depending on h such that there exists an isomorphism

(10.9.11) TR ig(U/K,C) — 1, RT (JW<n,u[0uc n..s DR(C)).

Let N be any integer satisfying the inequality (2.2.1) for A = ¢ in (10.1).
Set

(10.9.12)  C2Y((Uuen/U)/K,C) = RI**N(JV<nu[0uey..- DR(C)).

Here the N-truncated cosimplicial degree in RI*SN means the left N-
truncated cosimplicial degree. Then, by (10.9.11), we have

(10.9.13) RU,ie(U/K,C) =5 7.s(C:SN (Uwan JU) /K, C)).

rig

Moreover, for a nonnegative integer t < N, (Vii, Vi, Qi) is a universally
de Rham descendable covering of (U, U;) by the proof of [86, (4.4.1) (2)]
(however, see (10.10), 1) below). Hence

(10.9.14) RTyig(Uy/K,C") = RT'(]Via[0.., DR(CY)).
In other words, we have

(10.9.15)  RTyu(Uy/K,C) = e, (Cz™N (Uacn /U) /K, C)) (0 <VE< N).

Next we prove that C’;éN((U.SN/U)/K, C') depends only on N, U, U<y
and C.

(a) Independence of the choice of the disjoint union of the open covering
of U with a closed immersion into a separated formally smooth p-adic formal
V-scheme.
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Let Z' (i = 1,2) be the disjoint union of affine open subschemes which
cover U. Let (Z!,Z%, Z¢) be the triple constructed as in the beginning of this
section for Z*¢. Set

(Z3,Z3,2%) = (Z' xpy Z*, 7" xg Z*%, 2' %y 2?),
(73,73, 23) := (cosk¥ (Z%), coskl (Z?), cosk} (2%)).

Since U /k is separated, the immersion Z3 — Z! x, Z? is closed by [37,
(5.4.2)]. Hence Z3 is affine.

Let (Vo n,Vi_y) be arefinement of (U,<y Xu Z°, U<y X5 Z°) (i = 1,2)
such that there exists a closed immersion Vév — 773'\, into a separated formally
smooth p-adic formal V-scheme. Set

(V.?)ngV?gN) = (V.lgN XUe<n V.QgNaV}gN X<y V?SN)a

P = Py xvPx

Then we have a natural closed immersion V3, < P3; again by [37, (5.4.2)]. By
(10.8), 3), (V2 5, V3_y) is an N-truncated proper hypercovering of (Z3, Z3).
Let (Ki<N7.TV’;<N:, Qf<N7.) (1 =1,2,3) be the (N, co)-truncated bisimpli-
cial (formal) scheme constructed in (10.9.5) by the use of P4 . Then Q3_ N 18
equal to the product Q}< N,.QVQ?< N We have the natural morphism_

pi: (V.BSN,nV%gN,n Qi.)’gN,.) — (V.igN,.,_igN,., Z;SN,.) (i=1,2).

Let C’r'éN((U.SN/U)/K, C); be the N-truncated cosimplicial complex in

(10.9.12) by using (Vicy,, Vicy., Qicy.) (i = 1,2,3). Then we have two

morphisms:

(10.9.16) =N ((Uwen /U)K, C),

I SN (Uaen JU)E, ),

rig
p*
—— N ((Uuen /U)K, ©),.
By the proof of [86, (4.4.1) (2)], the product (V;3,V3,, Q3.) is a universally de
Rham-descendable covering of (U, U;). Hence

e 'O (Uuen /U)K, C)y = Rlyig(U/K,C") (0 <t < N).

By (10.9.15), pf (i = 1,2) is an isomorphism. Consequently

Oz ((Uaen /U) /K, C)
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is independent of the choice of the disjoint union of the open covering of U with
a closed immersion into a separated formally smooth p-adic formal V-scheme;
we have proved (a).

(b) Independence of the choices of the refinement and the closed immersion
of it into a separated formally smooth p-adic formal V-scheme.

Let (Vi y,Vicy) (i = 1,2) be a refinement of (Uw<n X Z, U<y X7 Z).
Then, by _[86, (4_.2.2) (2)], the fiber product (V.?’SN,V%SN) of (V.lngV}gN)
and (V.2<N, V?<N) over (U,<y xu Z, Uy<n X 7) is a refinement of (U,<y Xy
Z, U.SNixU Z) with projection (VA3 V3 y) = Vi, Viey). Let Vi, —
P4 (i = 1,2) be a closed immersion into a_separated_formaﬁy smooth p-adic
formal V-scheme. Set P3 := PAXyP%. Let Co=N((U,<n/U)/K,C); be the

e .
object constructed in (10.9.12) by using (Ve n,,Vicn . Qocn,) (1 =1,2,3).

Then we have two morphisms:

(10917) OV (U /U)/K,C),

p*
— O ((Uen /U)K, C),
p*
O (U.<n /U)/K. O),,
By (10.9.15), pf (i = 1,2) is an isomorphism. We have proved (b).

(¢) Independence of the choice of U,<p.

Let (Uy<n,Ui_y) (i = 1,2) be an N-truncated proper hypercovering of
(U,U). Let U2, (0 < m < N) be the closure of Im(U,, & Ul xz UZ) in
UL X7 U2,. Here we endow U3, with the reduced closed subscheme structure
in UL x UU%. Since U,, /U is separated, the diagonal image of U, in U, Xy Uy,
is closed. We claim that the pair (U,<y, U3_ ) is strict over (U, U). Indeed,
it suffices to prove that U, = U% xg U as sets because U, is reduced. This
follows from (10.4) for the following commutative diagram

Up ——= U3 xg U —S— Uy xp Up
H In In
Up —S T3, —S5 UL xp U2,
We also have a natural morphism (U,<y, U?SN) — (Ue<n, UfSN) (i=1,2).

As in [86, (4.2.3)], there exist two N-truncated proper hypercoverings
(V.lS N,st n) and (V.g’S N7V§§ ~) of (Z,Z) and quasi-projective refinements
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of (Uixn xu Z, U}SN xg Z) and (U<ny xu Z, U?SN X5 Z), respectively,
which fit into the commutative diagram:

(V.3§N7 V?g]\/) — (V.lgNa VESN)

(10.9.18) l |
(UoSN XUZ,Ui:’SN XU Z) e (UoSN XUZ,U}SN XU Z)
We also have an analogous commutative diagram

(V4§N7 Vng) — (V.nga V?SN)

(10.9.19) l |
(UoSN XUZ,Ui:’SN XU Z) e (UoSN XUZ,U?SN XU Z)
By [86, (4.2.2) (2)] there exists a quasi-projective refinement (V2 5, V2_y) of

(V%N,V::’SN) and (V.4SN,V‘.1SN) over (Z,Z). By (10.3) there exists a com-
mutative diagram

73 c 3
VN - PN

| l

(10.9.20) v, —S% Pl

| !

Spec(k) —— Spf(V),
where the horizontal morphisms are closed immersions into formally

smooth quasi-projective schemes over V. Then, as in (a), we see that
two C:=N((U,<n/U)/K,C)s constructed by the use of (V' ,P) and

rig

(V3,P%) are naturally isomorphic. — There also exists a natural iso-
morphism between two C’;EN((U.SN/U)/K, C)’s for V4 and V3%. Since

(V.g’S N V§S ~) and (V% N V‘fg N_) are refinements of the same proper_hyper—
covering (U,<n Xu Z, U::’SN X Z), we see, by (b) and by using (V%N, V?SN),

that two C;éN((U.S ~N/U)/K,C)’s for V3, and V4, are naturally isomorphic.
Therefore we have proved (c).
(d) Independence of the open immersion of U into a proper scheme over k.

If we are given two open immersions U — U® (1 = 1,2) into proper
U, TY).

schemes over x, then we may have a morphism (id, f): (U, U?) —
Let (U.<n, U}SN) be an N-truncated proper hypercovering of (U, U'). Set

772 771 772
UOSN = UOSN XUI U .
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Then (U.<n, U%S ) is a proper hypercovering of (U, U?). Obviously we have
the following commutative diagram

(U-SN7U?§N) B (U-SNaUESN)

(10.9.21) l l

(Uv U2) E— (U’ Ul)
By (10.9.15), two Cr=N((Uusn/U)/K,C)'s by the use of (Us<y, Ul y) and
(Ue<n, U ?S ) are naturally isomorphic. Hence we have proved (d).

Putting (a), (b), (c) and (d) together, we have proved that

Cr=N(Uan /U)K, C)

depends only on N, U, U<y and C.

The functoriality for a morphism of overconvergent isocrystals C’s is clear
by the construction of C;EN((U.SN/U)/K, ).

We prove that the complex Cr'éN((U.S ~/U)/K,C) is functorial for a mor-
phism of augmented simplicial schemes U,<nx — U’s as follows.

Assume that we are given a commutative diagram

U —— U,

L

U —— U
of proper hypercoverings of separated schemes of finite type over k. We may
assume that U, and U, are reduced. Then, by (9.5.2), the functoriality of
I'*(?) and by the proof of (10.5), for any nonnegative integer N, we have the
following commutative diagram

Uy — U<n

L

[

of proper (N-truncated simplicial) schemes over x such that U and U con-
tain U’ and U as open subschemes, respectively, such that (U! <N UI-S ~) and
(Us<n, Uy<n) are N-truncated proper hypercoverings of (U’, U,) and (U, U),
respectively, and such that the resulting four diagrams are commutative. Then,
as in (c), we have a morphism

(10.9.22) CEN ((Uaen /U)K, C) — CiEN (Uly /U /K, C)

rig rig
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by the remark for a ringed space in the proof of (6.1), by [86, (4.2.3)], and by
(10.3). This morphism is independent of the choice of the intermediate objects
in the construction of the morphism (10.9.22) by the similar argument to (a),
(b), (c) and (d), and by the property (10.9.2).

Let N’ > N be two positive integers satisfying the inequality (2.2.1) for
h=c. Set Q, := I'X,(Pns). Using the formula (10.9.5) for N’ instead of N,
we obtain the triple (V,<n/ .+, V<N, Q’.<N,7.). This triple gives us the triple
(VecN,o, W< ,es Q.<n.)- Using the formula (10.9.5), we also obtain the triple
(Va<N,os V<N .oy Qo<n.o)- By the proof of (a), we obtain (10.9.3).

Now we have finished the proof of (10.9). O

REMARKS 10.10. — 1) The turn of the simplicial degrees in (10.9.5) is dif-
ferent from that in the triple in [86, p. 125]; because we are careful about the
morphisms between the Fj-terms of the spectral sequence (10.12.1) below, we
do not follow [loc. cit.]. In addition, in (10.9.5), we do not consider the m-
times fiber product Z,, of Z/V (=U, in [loc. cit.]) because it is not necessary
to consider it.

2) The complex C’r'éN((U.SN/U)/K, C) depends only on N, Uydq,
(Usred)s<n, K and C.
DEFINITION 10.11. — We call Cr'igN((U.SN/U)/K, C) the N-truncated
cosimplicial rigid cohomological complex of C' with respect to (Us<n/U)/K.
When C is the trivial coefficient, we call Cr'éN((U.SN/U)/K, C) the N-
truncated cosimplicial rigid cohomological complex of (U,/U)/K and we
denote it by C'SN((U.S ~/U)/K). We call the N-truncated cosimplicial rigid

rig
cohomological complex the N-truncated CRCC for short.

COROLLARY 10.12 (see [86, (4.5.1)], [87, (7.1.2)] with different signs from

ours)
There exists the following spectral sequence
(10.12.1) EY = H,(U;/K,C") = H ' (U/K,C).

Proof. — Let N be any positive integer. Set
BV (N) = {Hi“<e;10'-<N<<U.<N/U>/K, C)l-l) (0=i<N),

rig
0 (otherwise).
Then, by the Convention (6) and (10.9), we have
EY (N) = H (Cliy(Uuzn /U)K, C)) = H}, (Ui/ K, C)

rig
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for 0 <4 < N. Hence we have the following spectral sequence
(10.12.2) EY = EY(N) = H,(U/K,C")
= H™(s(Cr™ (Unsv /U) /K, €)))
for 0 < i < N. For any fixed h € N, let N be a positive integer satistying
the inequality (2.2.1). Then the E,’-terms (1 < r < o00,i + j = h) of the
spectral sequence (10.12.2) are independent of the choice of N ((10.9.3)) and
. <N

the graded objects of Hﬁg(U/K, C) = Hh(s(C’ré ((U-SN/U)/Ka ())) by the
filtration induced by the spectral sequence (10.12.2) are Eg.-terms (i +j = h)
of (10.12.2). Hence we obtain (10.12). O

PRrROPOSITION 10.13. — Let i be a nonnegative integer. Let dy: U1 — U
(0 <k <i+1) be the standard face morphism. Then the boundary morphism
EY — ETTY of (10.12.1) ds S (—1)Far.

Proof. — This follows from the convention on the signs in (2.0.1). U

DEFINITION 10.14. — We call the spectral sequence (10.12.1) Tsuzuki’s spec-
tral sequence.

REMARKS 10.15. — 1) The convention on signs in [19, (3.9)] are different
from our convention in (2.0.1). Hence the boundary morphism between the
FE1-terms of their spectral sequence is not equal to ZZJ;IO(—l)kéZ. Since each
(=1)ks; in [19, (3.9)] (resp.[25, (5.1.9.2)]) has different signs for the parity
of the degrees of sheaves of differential forms, it seems impossible to express
their boundary morphism between the Ej-terms of [87, (7.1.2)] by the induced
morphism of morphisms of geometry. One should not make the convention in
[19, (3.9)] (resp.[25, (5.1.9.2)]).

2) As pointed out in [87, (7.1.3)], [86, (4.5.2)] was not proved in the general
case in [86]. [86, (4.5.2)] was used for the proof of [86, (4.5.1)]. [87, 7.5] gives
a proof of [86, (4.5.1)] without using [86, (4.5.2)]. One can also give a shorter
proof of [86, (4.5.1)] by the proof of [86, (4.5.1)] and by (10.5) instead of [86,
(4.5.2)].

THEOREM 10.16. — Let (U,,U,) be a proper hypercovering of (U,U). Let C
be an overconvergent isocrystal on (U,U)/K. Let C* be the image of C by the
natural functor

Isoc! (U, U)/K) — Isoc' (U., U.)/K),

where Isoc' (U, U,)/K) is the category defined in [19, (10.3.1)]. Let U, — P,
be a closed immersion into a simplicial p-adic formal V-scheme. Assume that
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P. is formally smooth over Spf(V) around U,. Then there exists a canonical
isomorphism

(10.16.1) RTyig(U/K,C) — RT(]U,[p,,DR(C")).

Proof. — We fix a nonnegative integer h. Let IV be an integer satisfying the
inequality (2.2.1). Let

I'X(Pn) :=TX(Pn)=N

be the simplicial formal scheme constructed in [19, §11]. Set
(Uecns Uznv, Qo) = (Usz, Uasns TR (P )e<n)-

Embed U.SN into the product R.<ny = P.SNQVQ,SN. Then we have two
natural morphisms

(10.16.2) R (]Us<n[p,<y,DR(C)) — RI(]
(10.16.3) R (JU.<N[@.<y,DR(C)) — RI(]

[R.gN’DR(C))’
[Rucn> DR(C)).
The morphisms (10.16.2) and (10.16.3) are isomorphisms. Indeed, set S = P,

Q or R. By the standard spectral sequences of H? (RT'(|U,<n|s DR(C)))
(S :=P,Q,R), it suffices to prove that two morphisms

Do
Do

o <N

o <N’

(10.16.4) HY(RT(]U,[p,,DR(C))) — H’(RT(]U,[r,,DR(C))),
(10.16.5) HY(RT(]U4[e,, DR(C))) — H’(RT(]U¢[r,. DR(C)))

are isomorphisms for all ¢ < N. Since P;, Q; and R; are formally smooth
over Spf(V) around U, both sides of (10.16.4) and (10.16.5) are equal to
Hrjig(Ut/K,C) (see [9, (1.4), (1.6)], [19, (10.6.1)]). Therefore we have an
isomorphism

(10.16.6) RT(JUs<n[py<n» DR(C)) = RT (JUs<n[gu<y: DR(C)).

Next, set (UL, U, PL) = (U, xp Z, U, x5 Z,P.XyZ) and

( :§N7U:§N7 l.gN) = ( :§N7U:§N7P%(’P§V)-SN)'

=1

We consider the triple U’ := (U o x,, U.<n.., Qu<n.,) Of (IV,00)-truncated
bisimplicial (formal) schemes defined by

!/

(U s Uy Qo) = (c0skS™ (U7, ), coskl ™ (T ), cosky (Qly Xy Z)n)
(0<m< N,neN)
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with the natural morphisms which make 20’ a triple of (IV, co)-truncated bisim-
plicial (formal) schemes. Then we have the following commutative diagram of

triples of (N, 00)-truncated (bi)simplicial schemes:

(UQSN7U0§N7Q-§N) S ( :SN’.JU:SN7.7 /.SN’.)

(10.16.7) l

(Zo7 Zo7 Zo)
Then, by the proof of (10.9), we have an isomorphism

(10.16.8)  RT(JTozn[o,ey: DR(C)) = RT(JU <l - DR(C))

’
Q.SN,.

and the natural morphism

(10.16.9) RT(JU <.l

/
[ Q.SN,.,

DR(C)) +— RI'(]Z.[z,,DR(C))
induces an isomorphism

(10.16.10) H"(RT(]U.<y.[or s DR(C))) = H"(RT'(]Z.]z,,DR(C))).
By (10.16.9), (10.16.8) and (10.16.6), we have a morphism

(10.16.11) RIyig(U/K,C) — RT(]U.<n(p, .y, DR(C))
which induces an isomorphism
(10.16.12) HE( [Q,<N, DR(C)))

U/K,C) = Hh(RF(]US
H"(RT(]U.[p,, DR(C))).

Let ¢ be any integer in (10.1) for the case T'= @ and let h > ¢ be any integer.
Then, by (10.1) and (10.16.12), H*(RT'(]T,[p,,DR(C))) = 0. Hence

(10.16.13) 7e(RT(]O.[p,, DR(C))) = RT(]U.[p., DR(C)).

Let N be an integer satisfying the inequality (2.2.1) for h = ¢. Then, by
(10.16.11), (10.16.12), (10.16.13) and (10.1) again, we have an isomorphism

(10.16.14) 7 (RLuy(U/K, ©)) <5 7o(RT(1TL[p,, DR(C))).
Therefore we have an isomorphism
(10.16.15) RTyig(U/K,C) — RT(]U.[p,,DR(C)).

We can prove that the isomorphism (10.16.15) is independent of the choice
of ¢ and the choice of (Z,Z,Z). Moreover, we can prove the functoriality
of (10.16.15). (We omit the proof of the independence and the functoriality
with respect to overconvergent isocrystals C’s on (U, U)’s and with respect to
a morphism of triples (U,, U,,P,) because the proof is easier than the proof
of (10.9).)
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Thus we have proved (10.16). O

PROPOSITION 10.17 (see [87, (8.1.1) (2)]). — Let V — V' be a ring homo-
morphism of complete discrete valuation rings of mized characteristics. Let K’
be the fraction field of V' and k' the residue field of V'. Set U' := U®.«x'. Then
the canonical morphism RTvig(U/K) g+ — RLvig(U'/K') is an isomorphism.

Proof. — (Compare this proof with that in [87, (8.1.1) (2)].) Let h be a non-
negative integer. We have only to prove that the morphism U/K)gr —

rlg(U’ /K') is an isomorphism. By the finite base change theorem (see [9,
(1.8)]), we can make a finite extension of K. Let N be a positive integer satis-
fying the inequality (2.2.1). Let (U,<n, Uy<n, Po<n) be an N-truncated triple
such that (U,<n, U,<n) is an N-truncated proper hypercovering of (U, U),
such that U.,<n is regular and such that P,<y is formally smooth over Spf(V)
around U,<y: the existence of the triple above follows from (9.2) and from
the existence of the simplicial formal scheme T'X(Py). Because we may make

r1g(

a finite extension of K, we may assume that U,<y is smooth over . Set
— — .

(Uicns Uecns Pocy) = (Uscn @ K, Uscn @ K, Pacn@yV').
Let jo<n: U<y — U.SN be the open immersion. Set j:SN = Jo<N @k K
Because U,<y is smooth over x and because P,<y is formally smooth over
Spf(V) around U,<y, the canonical morphism Hng(Ut/K)K/ — Hﬁg(Ut’/K’)
(0 <t < N) is an isomorphism by the final remark in [8]. Hence the canonical
morphism

(10]‘71) Hh(RF(]U'SN[PUSN7DR‘( .<NO}U.<N[’[) ))K/

— H" (RP(]U.SN[P ,DR(j’ <NO

o<N
1Tesnlpr_ )

is an isomorphism by the standard spectral sequences of both sides of (10.17.1).
By the proof of (10.7) and (10.16), we have two canonical isomorphisms

),
)

Hence we obtain (10.17). O

h(U/K) = H"(RT()Uien[poy DR(j:[<NO]U-SN[

rlg

H}: (U'/K") = Hh(RF(]U.<N[P , DR(j’ <NO T

rig Wacnlpr_

Pe<N

Let U (i = 1,2) be a separated smooth scheme over . Set U'? := Ul x U2,
Let C; (i = 1,2) be an overconvergent F-isocrystal on U'/K. By Kedlaya’s
Kiinneth formula [55, (1.2.4)] which is a generalization of Berthelot’s Kiinneth
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formula [8, (3.2)] for the trivial coefficient case (cf. the last sentence in (10.19)
below), the following canonical morphism

(10.17.2) RTyiu(U'/K,C1) @k RTyig(U? /K, Cy) — RTyi (U2 /K, Cy K Cy)

is an isomorphism. This is generalized to the following as stated in the last
sentence in [55, (1.5)]:

THEOREM 10.18 (Kiinneth formula). — Let U* (i = 1,2) be a separated
scheme of finite type over k. Let C; (i = 1,2) be an overconvergent F-
isocrystal on U'/K. Then the canonical morphism

(10.18.1) RTyiu(U'/K,C1) @k RTyig(U? /K, Cy) — RTyi(U /K, Cy K Cy)

is an isomorphism.

Proof. — Let j': U* < U® (i = 1,2) be an open immersion into a proper
scheme over k. Set U2 := U! x,. U? and C}y := C; K Cy. Let ¢ be an integer
such that Hgg(Ui/K, C;)=0(=1,2,12) forall h > ¢ ((10.'1)). Egt N_.l be
an integer satisfying the inequality (2.2.1) for h = c. Let (U,on, U <y, Po<y)
(i = 1,2) be an N-truncated triple in the proof of (10.17) for (U%, U?). Re-
placing x with a sufficiently large finite extension of x and using a finite flat
base change theorem of Chiarellotto and Tsuzuki (see [19, (11.8.1)]), we may
assume that UfS n is smooth over k. Consider a triple
(U.léj\h U}%Nap}%N) = (UlgN Xk U.nga Ulg]\f Xk U?g]\hplgzvgvp.zgv)

of N-truncated simplicial (formal) schemes. Then (U, 1% N U}% N) is an N-

truncated proper hypercovering of (U2, U12) (cf. (9.4), 4)). Let ijN: U.igN —
UfSN (1 =1,2,12) be the open immersion. Set
(VI V3, Q1) = (cosk (Ulew), cosky (Than), coskX (Play)) (i = 1,2),
(V2 V2,Q0%) = (V] xu VAV xs V2, Q0x0 Q7).
By abuse of notation, we denote the pull-backs of C; to UfS N and Vi simply

by C;. Let ki: Vi< Vi (i = 1,2,12) be the open immersion. By a theorem
of Eilenberg-Zilber (see [89, Theorem (8.5.1)], cf. [loc. cit., Theorem (8.3.8)])
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(cf. [25, (8.1.25)]), we have an isomorphism
(10.182)  s[RI*(]V,[qy, DR(/C.”((CO}V;[Q%)))
®K RF.(]V?[QE’DR(k?T((O2)]\72[Qg)))]
- S[RF.(]V}[Qi’DR(k}T((CI)]Vl[Ql)))
®K RT*(]V3[g2, DR(ka((@)}vz[Qz ))]-

The canonical filtration 7. on the left hand side of (10.18.2) is canonically
isomorphic to

Te [RF(]U}%N[P}Q ;DR(j .<N((Cl2)]U1 )))]

<N[7:'12

by (10.17.2). Hence we have a canonical isomorphism

(10.183)  7[s{RT*=N(]T cnlpr_, DRULN(C)ygry <N[P1<N>>>
o RSN ([0 enlps  DROL (@, DY
= nls(RUSV (T Rl PRGN (ol , -
Since the left hand side of (10.18.3) is equal to 7
res [res[RE<V (T ianlpy, o DRUL (OO 1y D)
@k 7es[RT=N(JT3<n[p2_, . DRUIL v ((C2)j7 <N[P3<N)))H’

it is equal to
7.8[T Rl yig(U' /K, C1) @ TR yig(U? /K, Cs)].
Hence, by (10.18.3), we have an isomorphism

(10.18.4) 7e8[7eRTig(U' /K, C1) @ TRy (U?/ K, Cs)]
5 7. RTyig(U? /K, Cha).
Since T.RIyig(U'/K,C;) = RIyig(UY/K,C;) (i = 1,2,12), we see that the
morphism (10.18.1) is an isomorphism.
It is a routine work to verify that the morphism (10.18.1) is independent of

the choice of ¢ and N.
Now we finish the proof. U
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REMARKS 10.19. — 1) In (16.15) below, we shall generalize (10.18) to the
case of rigid cohomology with closed support as stated in the last sentence in
[55, (1.5)].

2) The proof of the Poincaré duality and the Kiinneth formula with compact
support (see [8, (2.4), (3.2) (ii)]) is not perfect: we have to make a finite
extension of the base field « in [loc. cit.] (cf. the proof of (10.17)). Strictly
speaking, we first obtain the Poincaré duality and the Kiinneth formula with
compact support over a finite extension of k. Then we need the following two
facts:

(a) The rigid cohomology with compact support of U commutes with the
base change of a (finite) extension of K.

(b) The trace morphism constructed in [8] commutes with the base change
of a (finite) extension of K.

Part (a) is stated in [87, (8.1.1)]; the proof is the same as that of [86,
(5.1.1)].

Part (b) follows from a fact that the trace morphism in an algebraic situation
is compatible with base change (see [20, Theorem 3.6.5]) (we need only the
compatibility with the flat base change) and the construction of the trace
morphism in [8].

In conclusion, [8, (2.4), (3.2)] follows. In fact, we need not assume the
existence of an ambient formal scheme over V by the proof of [8, (2.4), (3.2)].

11. Comparison theorem between rigid cohomology and log crys-
talline cohomology

Let x, V, W, K and K be as in §10. In this section we prove a com-
parison theorem between the rigid cohomology of the trivial coefficient of a
separated scheme U of finite type over x and the log crystalline cohomology
of the cosimplicial trivial coefficient of a gs proper hypercovering of U. More
generally, we prove a comparison theorem for an F-isocrystal on U whose
pull-back to a gs proper hypercovering of U has only logarithmic singularities
along boundaries; Shiho has first considered this coefficient in a constant sim-
plicial case (see [82]); he has conjectured that any F-isocrystal on a separated
scheme of finite type over x has only logarithmic singularities along boundaries
if one makes a suitable alteration (see [loc. cit.]). Recently Kedlaya has proved
Shiho’s conjecture (see [56], [57], [58], [59, (2.4.4)]).
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First we prove the functoriality of Shiho’s comparison theorems between
some cohomologies.

Let f: Y — (Spec(k),k*) be a proper log smooth morphism from an fs log
scheme. Let U := Yj;v be the maximal log open subscheme of Y whose log
structure is trivial.

Let RT'og naiv(Y/K) be the complex of the log naive cohomologies of the
trivial coefficient defined in [82, Definition 2.2.12] (the terminology “naive rigid
cohomology” has been used in [6, p.14]; the terminology “log analytic rigid
cohomology” has been used in [82] instead of the terminology “log naive rigid
cohomology”). Then, by [82, Theorem 2.4.4], there exists an isomorphism

(11.0.1) RTjog naiv (Y/K) = RTyi5(U/K).

Let L be a fine log structure on Spf(V). Let L; be the pull-back of L to
Spec(k). Let (Spec(k),Li) — (Spf(V),L) be the natural exact closed im-
mersion. Let Z — (Spec(k), L1) be a morphism of fine log schemes. Assume
that the underlying morphism Z — Spec(k) is of finite type. By [82, Corollary
2.3.9], there exists an isomorphism

(11.0.2) RU((Z)V) &+ K2pv) = Rl1og maiv (Z/K),

where (Z/V)COnv is the log convergent topos of a log convergent site
(Z/V)lcoognV zar 0 [82, Definition 2.1.3] and Ky, is the trivial isostructure
sheaf in (Z/V)lc%gnv.

Assume, furthermore, that Z — (Spec(k), L) is log smooth. By [82, The-
orem 3.1.1], there exists an isomorphism

(11.0.3) RT((Z/W)%, K2pw) = RT(Z/W)k,

Here the right hand side on (11.0.3) is the complex of the log crystalline
cohomologies of Z/(Spf(W), L).

Before giving the proof of the functoriality of the three morphisms (11.0.1),
(11.0.2) and (11.0.3), we prove the following:

PROPOSITION 11.1. — Let g: X' — X be a morphism of fine log (formal)
schemes over a morphzsm S’ —> S of fine log (formal) schemes such that

the underlying schemes X’ and X are locally of finite type over S’ and S
respectively. Then there exist a disjoint union X{ (resp. Xo) of log affine
open subschemes covering X' (resp. X) and a (formal) embedding system
(coski (Xp), PL) (resp. (coskd (Xo), P.)) over S' (resp.S) fitting into the
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following commutative diagram

cosk (X)) —=— P!

(11.1.1) l l

coski (Xo) —— P,

of simplicial fine log (formal) schemes over the morphism S’ — S. (As to the
definition of the embeddzng system in [45, p. 237], we have a remark in (11.2),

1) and 2) below.) If X' and X are separated over S’ and S respectively, then
one can take the two horizontal morphisms in (11.1.1) as closed immersions.

Proof. — (Cf. the proof of [82, Proposition 2.2.11].) We give the proof which
is valid only for log schemes; in the case of fine log formal schemes, we have
only to take suitable completions in the following.

First assume that S’ = S. Let V’ and V be log affine open subschemes of X’
and X, respectively, such that g induces a morphism V/ — V. We assume that
the structural morphism V' — S factors through a log affine open subscheme T
of S which has a global chart P — T'(T, Or) and that the morphism V' — V
has a global chart

Ql _— F(V’, Ov/)

[ |

Q@ — I(V,0y)

over P — I'(T,Or). Set A :=T(T,Or), B:=T(V,0y) and B :=T(V',Oy).
Let Q1 — @ (resp. By — B) be a surjection from a commutative free finitely
generated monoid (resp.a polynomial algebra over A with finite number of
indeterminates). The morphisms P — @ and @1 — @ induces a morphism
P& Q1 — Q. Since B; is an A-algebra, we also have a natural composite
morphism P ® Q1 — A ® Q1 — B1[Q1] of monoids (see [loc. cit.]). Then we
have the commutative diagram

Py — @

| !

BI[QI] —— B.

By the criterion of the log smoothness (see [51, (3.5)]), the morphism

(A, P) — (B1[@Q1], P & Q1)
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is log smooth. Hence we have a closed immersion V < W into a log smooth
affine scheme over S.

Next we retake W as a base log scheme, that is, we consider the composite
morphism V' — V' — W. Then, by the argument above, we obtain a closed
immersion V' < W’ into a log smooth affine scheme over W. Since W/ — W
and W — S is log smooth, so is the composite morphism W' — S.

Since the rest of the proof for the case S’ = S is routine (we have only to
use the functor coskg), we leave the rest to the reader (cf.[82, Proposition
2.2.11], (11.4) below).

Finally we consider the case of a general morphism S’ — S of fine log
schemes. Then we first construct a closed immersion V' — W as above. Now
we have only to apply the argument before the previous paragraph for the
composite morphism V' —V xg S — W xg S’ over 5. O

REMARKS 11.2. — 1) The claim of the existence of the embedding system in
[45, p.237] is not perfect; we have to assume that X is separated over S in
[loc. cit.]. Let X; (i = 1,2) be an open subscheme of X. The condition on
the separateness assures that the natural morphism X; x x X9 — X7 xg Xo
of schemes is a closed immersion. By the same reason, the argument in [47,
p.602] is not perfect since cosq(Uy/X) — cosq(Yo/W) is not necessarily a
closed immersion.

2) As in [82, Definition 2.2.10], we allow the (not necessarily closed) im-
mersion in the definition of the embedding system in [45, p. 237].

LEMMA 11.3. — Let g: Q' — 2 be a morphism of log (formal) schemes.
Set W' := Y4, and L := Dyiv. Then gl factors through a morphism U — 4.

Proof. — Let y' be a point of . Set y := g(y'). Let (M, «) be the log struc-
ture of ) and m an element of M,. Then g*(a(m)) = g*(m) is an invertible
element of Oy . Since the morphism g*: Oy, — Oy, is a local mor-
phism, a(m) € 0Oy ,- Hence My = an and g: 9" — 2) induces a morphism
g|u/ s — AL U

PROPOSITION 11.4. — LetV — V' be a ring homomorphism of complete dis-
crete valuation rings of mized characteristics. Let k' (resp. K') be the residue
(resp. fraction) field of V'. Let (Spf(V'), L") — (Spf(V), L) be a morphism of
fine log schemes. Let LY be the pull-back of L' to Spec(’). Then the following
hold:
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1) The isomorphism (11.0.1) is functorial: for a commutative diagram

Yy’ LN Y

l |

(Spec(k’), k'*) —— (Spec(k), k*),
where the vertical morphisms from fs log schemes are proper and log smooth,

the following diagram

erog -naiv(Y,/K/) L} RFrig(U’/K’)

[ [

erog —naiv(Y/K) — Ran(U/K)

is commutative, where U' := Y/ .
2) The isomorphism (11.0.2) is functorial in the obvious sense.

3) Let W' be a Cohen ring of k" in V'. Then the isomorphism (11.0.3) is
functorial in the obvious sense.

Proof. — We recall the constructions of (11.0.1), (11.0.2) and (11.0.3) in [82].
By (11.3), the morphism g: Y’/ — Y induces a natural morphism ¢g: U’ — U.

1): Let Y be the disjoint union of log affine open subschemes covering Y.
SetY, .= cosk(};(YO) and U, := Yuiv. Let j,: U, < Y, be the open immersion.
Let Yy be a lift of Yy over Spf(V). (In fact, we can take a lift of Y;y above over
Spf(W).) Take the disjoint union Y of log affine open subschemes covering
Y’ such that g induces a morphism go: Y] — Y. Then there exists a lift )
of Yy over Spf(V') with a morphism )jj — )y over Spf(V') — Spf(V) fitting
into the commutative diagram

Yy —— Y
gol l
Yy —— V.

Set Y, := cosky (M) and V. := cosk} (V}). Then we have the commutative
diagram

Y, — Y,
(11.4.1) g.l l

Y, —— ..
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Set U :=Y/

iy and let j.: Ul — Y/ be the natural open immersion. Let

/

/s 2 vl

Ve A
gl.ogl

5.

Yl —— Wl

be the natural commutative diagram (cf. [82, pp.59-61 and p. 114]). Then we
have the commutative diagram (see [82, pp. 121-122, p. 114])
R, RglSE(A

1
L

(11.4.2) T T

. T Ae
RSD* (A}Y. [l)():g) — RSO* (]o A}Y. [l)C;.g)

) E— Rw*Rgi?kg(]:TAiyl[IOg)
olyr

é R;.*j:T(A].YV[IOg) é RE.*(]:TQ;OI )
* y‘ ° 0,

~ A ~ + (e
T Mg T PR
y

Here A® means the sheaf of logarithmic differential forms. Because checking the
independence of the choice of the commutative diagram (11.4.1) is a routine
work, the functoriality of (11.0.1) is obvious.

2): Let Z' — Z be a morphism of fine log schemes over (Spec(x'), L]) —

(Spec(k), L1). Assume that Z (resp. Z’) is of finite type over s (resp. x’). Let

Zj%?ﬁ

(11.4.3) l l

Z, —— P,
be a commutative diagram over the morphism (Spf(V’),L') — (Spf(V), L)
constructed in (11.1), where P, — (Spf(V'),L') and P, — (Spf(V),L) are
formally log smooth. Let 7 (resp.7’) be a uniformizer of V (resp.V’). Let

{Ton(i)}nzy (resp. {T,,()}32,)  (i=0,1,2)
be the inductive system of the universal log enlargements of the immersion
from Z, (resp.Z!) to the (i + 1)-times fiber product of P, (resp.P.) over
(Spf(V), L) (resp.(Spf(V'),L")) (see [82, Definition 2.1.22]). Then we have
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the inductive systems of natural morphisms 7 ,,(i) = T, n(i) (n € Z>1). Be-

cause T, ,(0) (resp. T, ,(0)) is a formal model of the rigid spaces |Z, [;gg a1/
1Z. [log respectively, the functoriality of (11.0.2) is clear by the proof of

Py |/

[82, Corollary 2.3.8]. Checking the choice of the independence of the commu-
tative diagram (11.4.3) is a routine work.

3): Assume that V = W and V' = W in 2). Assume that Z' —
(Spec(k’), L}) and Z — (Spec(k), L1) are log smooth. Let ©,(i) (resp. D’ (i))
be the log PD-envelope of the immersion from Z, (resp.Z.) to the
(i + 1)-times fiber product of P, (resp.P.) over (Spf(W),pW,[ |,L)
(resp. (SptOW'),pW',[ |, L)) (i = 0,1,2). Let {m(f)}sen be a sequence
of natural numbers such that the ideal sheaves Ker((’)%fJrl — Ogz,) and
Ker(O%iHL — Og) are generated by m(f) local sections over O%ZH and
O%i“, respectively, for all i = 0,1,2. Set n/({) := (p — 1)m(¢) + 1 and
n(f) := max{n/(¢')|0 < ¢ < ¢}. Then, by the universality of the uni-
versal enlargement, we have a natural morphism D,(i) — Tp,) (7). Set
Te(i) = lim Ty n(i). Then we have a natural morphism ©,(i) — T,(i) of
inductive systems of simplicial log formal schemes over (Spf(W),pW, | |, L).
Set T,(i) := limy | Ty (i) and let D (i) — T,(i) be an analogous morphism.
Then we have the following commutative diagram:

D.(1) — T.()

(11.4.4) l l

D.(i) — T.(2).
The commutative diagram (11.4.4) is compatible with respect to i by natu-
ral projections (cf. [81, (5.3.1)]). Hence the functoriality of (11.0.3) is clear;
checking the independence of the choice of the commutative diagram (11.4.3)
is a routine work.

We finish the proof. O

REMARKS 11.5. — 1) In the statements [82, Theorem 2.4.4], [82, Corollary
2.3.9] and [82, Theorem 3.1.1], there are only claims that there exist only
isomorphisms between cohomologies. As in [47, II (1.1)], we have to check that
the constructed isomorphisms do not depend on the choice of open coverings;
this verification is not difficult.

By the same reason (as pointed out in [70]), Steenbrink’s main theorem on
the existence of the Q-structure of the Steenbrink complex alone has no sense
because some constructions in [83] obviously depend heavily on the choice of
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the charts (e.g., L}, in [loc. cit., (4.5)]); we cannot discuss, for example, the
functoriality of his_weight spectral sequence a priori; the Q-structure of the
Steenbrink complex might depend on the choice of the local chart. Fujisawa
and Nakayama have saved his result (see [29]) by using the real blow up in [53]:
the Q-structure of the Steenbrink complex is independent of the choice of the
local chart. However no one has proved the independence of the Z-structure
of the Steenbrink complex in [loc. cit.].

2) The use of the superscripts indicating simplicial degrees in [45] and [82]
is wrong.

3) Let X be a proper smooth scheme over x and D an (S)NCD on X/k.
Set U := X \ D. Then Shiho’s isomorphism (= the composite isomorphism
obtained from (11.0.1), (11.0.2) and (11.0.3))

(11.5.1) RT4ig(U/Ko) = RL((X, D)/W) .,

is a log version of the isomorphism [9, (1.9.1)] without the assumption of
a global embedding of U into a formal scheme which is formally smooth
around U.

4) In Shiho’s articles [81] and [82] and in our proof of (11.4), we use the dis-
joint unions )y and Y of local lifts of Y and Y”, respectively. More generally,
all we need is the following commutative diagram

vy —— ¥

L

Yo —=— Y,

where the two horizontal morphisms are closed immersions into fine formally
log smooth log p-adic formal V-schemes whose log structures are trivial around
Y.y and Youiv (cf. [82, Proposition 2.2.4]); the assumption on the triviality
of the log structures implies that the underlying schemes of the exactifications

!/

are formally smooth around Y and Ypiriv since a log etale morphism over

triv
a trivial log scheme is etale (cf.[82, p.122]). The proofs of the comparison
theorems for the generalized case are the same as Shiho’s proofs for the case
of local lifts.

This remark is important for the proof of (11.6) below.

Now we prove a generalization of the comparison theorem (1.0.17): the base
field x is not necessarily perfect and we do not assume the splitness.
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Let (U,U) be as in §10. Let (U,,X,) be a good proper hypercovering of
(U, U) which has the disjoint union (U!, X!) of the members of an affine sim-
plicial open covering of (U,, X,) over (U, U) ((9.7), 1)). Assume, furthermore,
that X, is smooth over k. Set D, := X, \ U,.

THEOREM 11.6 (Comparison theorems). — 1) There exists an isomorphism

P

(11.6.1) RT(((X.,D.)/ V). K(xu.00v) — RTwig(U/K).

The isomorphism (11.6.1) is functorial: for a morphism (V,V) — (U,U) of
pairs and for good proper hypercoverings (U,,X,) of (U, U) and (V,,Y,) of
(V, V') which have the disjoint unions of the members of affine simplicial open
coverings of (U,,X,) and (V,,Y,) over (U,U) and (V,V), respectively, and
which fit into the commutative diagram

(V,,Y;) — (U.,X.)

! |

(V,V) —— (U.T),
the following diagram
(11.6.2)
RU(((Ya, E)/V)eh, Kivamav) <—— RU((Xa; D)/V)edh, Kixa.poyv)

:l lz
RTyi4(V/K) — RTyi4(U/K)

is commutative, where E, :=Y, \ V,. In particular,

RT(((Xe, D)/ V)8 K(xa,00)/v)
depends only on U/k and K.

2) There exists a functorial isomorphism

—_~—

(11.6.3)  RT(((X., Da)/W)&ws K(xe.00)yw) — BT ((Xa; Do) /W) e
3) There exists a functorial isomorphism
(11.6.4) RTyig(U/Ko) — RT((X., D)/W) g, -

4) Let ¢ be an integer such that Hﬁg(U/Ko) =0 for all h > c. Let N be an
integer satisfying the inequality (2.2.1) for h = c in (2.2.1). Let (Us<n, Xe<N)
be an N-truncated good proper hypercovering of (U,U). Set Dy := X; \ Uy
(0 <t < N). Assume that X.<n is smooth over k and that there exists a
closed immersion (Xn, Dn) — (R, M) into a fine log formally smooth scheme
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over Spf(W) such that the underlying p-adic formal W-scheme R is formally
smooth over Spf(W) around Xy \ Dn. Then there exists an isomorphism

(11.6.5) Rrrig(U/Ko) L) TCRF((XOSN’DOSN)/W)KO'

The isomorphism (11.6.5) is independent of the choice of N satisfying the
inequality (2.2.1) for h = ¢ in (2.2.1). The isomorphism (11.6.5) is functorial.

Proof. — 1): Let h be a fixed nonnegative integer. Let N be an integer sat-
isfying the inequality (2.2.1). Let (U,., X..) — (U,, X,) be the Cech diagram
of (U!,X!) over (U,,X,)/(U,U) ((9.6), (9.7), 2)). Let (Z,Z,Z) be a triple
as in the beginning of §10. Set D,, := X,, \ U,,. Consider the fiber product
(Uee XU Z, Xue X5 Z) and the pair of schemes defined by

(Xom Dimn) 1= (085" (Xam 7 2}, coskE ™ (Dign %7 Z)r)

with ¢,m,n € N. Then we have a pair (X,,., D...) of a smooth trisimplicial
scheme with trisimplicial SNCD over k. Set U,.e := Xeeo \ Dese- We claim
that there exists a closed immersion

(11.6.6) (Xe<N,oor De<Nooo) = (Re<N,e0s Me<N,ee)

into a formally log smooth (V, 0o, 00)-truncated trisimplicial log p-adic formal
V-scheme such that the underlying trisimplicial formal scheme R.<n .. is for-
mally smooth over Spf(V); moreover there exists a morphism R,<n .. — Z.
over V fitting into the commutative diagram

C
X.SN7.I —_— RoSN,oo

| l

zZ, —— 2,
Indeed, since Xpg is the disjoint union of affine open subschemes of Xy,
there exists a lift (X0, Dno) of (Xno, Dno) over Spf(V) such that Xng is a
formally smooth scheme over Spf(V) and such that Dy is a relative SNCD
on XNQ/Spf(V). The IIlOI‘phiSIIl (XoSN,O7Do§N,O) — F%((XNQ,'DN())),SN
in (6.6), 1) is a closed immersion into a formally log smooth N-truncated
simplicial log scheme over Spf(V). Then we have a closed immersion

Xe D,
(11.6.7) (Xe<N,e, De<n,e) == (cosk0 SN(X,S]\L()),(:osko SN(D.SN,O))

— cosky (TR ((Xn0, Pno))e<iv) =t (Re<n,es Me<ne)
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into a formally log smooth (N, oo)-truncated bisimplicial log p-adic formal
V-scheme. Hence we have a closed immersion

(11.6.8)
(XQSN,QM DoSN,oo)
= (coské{'SN” (Xe<n,e X5 Z), cosk?'SN”(D.SN. X5 Z))
5 oSk (Ru<.oy M) XY Z) =1 (Re<No0s Ma<N o)
into a formally log smooth (N, 0o, 0o)-truncated trisimplicial log formal scheme
over Spf(V) such the underlying formal scheme of the log formal scheme on
the right hand side is formally smooth over Spf(V). Thus the claim follows.

For clarity, we summarize the construction above as follows: we have the
following commutative diagram of pairs of (tri)simplicial schemes

(UoSNyXoSN) — (UQSN,nXoSN,o) — (UQSN,OO)XQSN,oo)

(11.6.9) l l

(U, 0) — (Z.,7.,)
and the following morphism of triples:
(11610) (U.SN,..) XoSN,ooa R.SN,..) — (207 Z.7 Zo)

Let C be an overconvergent isocrystal on (U, U)/K. We claim that the induced
morphism

(11.6.11) H"(RTx(U/K,C)) = H"(RT'(]Z.[z,,DR(C)))

—H"(RT(]Xu<N,0[R DR(C)))

e<N,ee’

by (11.6.10) is an isomorphism. We prove this claim in the following.

Let (V,,¥) be a refinement of the proper hypercovering
(Uo XU ZaXo Xﬁ Z)

of (Z,Z) such that there exists a closed immersion V < Py into a
separated formally smooth p-adic formal V-scheme (see [86, (4.2.2)]). Let
(Va<N.Ou, W<N.Oes Qe<n,0.) be the (N,oo)-truncated bisimplicial (formal)
schemes defined in (10.9.5) for U<y := X,<n. Here OJ means a blank. Let
(Xo0e, Dems) be a bisimplicial scheme defined by

(11.6.12)  (Xeon, Deon)
:= (cosky (X X7 Z )y coskp(Dy X Z)y)  (6,n € N).
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Set Ummn == Xeon \ Deon- Since there exists a natural morphism
(Va<n, V-SN) — (Uwcn XU Z, Xo<n Xg Z), we have a natural morphism
(11.6.13) (Veen,0us Vv 0e) — (Ussn,0es Xo<n,OW)-

It is straightforward to check that
(11.6.14) (coskl*D* (Uupa X1, Uso), cosky *?* (Xame X xo X0)) = (Usses Xana)-
Set

X7 Vo °
(11.6.15)  (VacN o0, W<i,ee) = (cosky" =" (Vocn 0w XU, oy Us<ivo);

cosk(‘){SN":"(

V<N,Oe XX Xe<N))-
Then, by (11.6.14), we have the following cartesian diagram
(VecNOes KN Os) ¢ (VacNooes KU<Noeo)

(11.6.16) l l

(UoSN,Doa XOSN,D-) A (UoSN,ooy XQSN,QQ)

of trisimplicial and bisimplicial schemes over . Let

VNDe Xxy XNo = HVNDo)\
A

be the disjoint union induced by the disjoint union Xyo = [[, Xnox, where
Xnox is an open subscheme of X . Set

Ao = Onoe \ (Vo \ Vvoar),  Qeoar = TR (Qyvoan)e

(0<¢< N) and
(11.6.17) Qo< ee i= cosky ( IT Q-SN,D-A)'

A
Then we have the closed immersion

(11.6.18) V<N ee = Qe ee-
Set Se<N oo = Q< N,.QVR.S N,ee- Then we have natural closed immersions
V<Niee = U<Noo X5 Xe<N.oo = Se<N.oo-
Hence we have the following natural morphisms of triples:
(VecNoos ¥<N ooy QecNiws) ¢ (VecNoes W<N 00 Se<N.0e)

(11.6.19) l

(UeN00s Xe<N,00: Re<N,o0)-
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Since Qpmn and Sypmy (0 < € < N,ym,n € N) are formally smooth over Spf(V),
we have a natural isomorphism

(11620) RP(]V.S]\L.. [QoﬁN,oo’ DR‘(C)) % RF(]VSNM' [SUSN,QQ7 DR‘(C)) :
We also have a natural isomorphism
(11.6.21) RT (1Viee[@pee» DR(C)) — R (1Viaa[510., DR(O))

for each 0 < ¢ < N. By using the morphism

RI(JW<n o0 [Secnees DR(C)) +— RT(]Xo<n.0n [Re<woes DR(C))
and by (11.6.20), we have a morphism
(11.6.22)  RL(]W<N,0e[Qucy.e0s DR(C)) — RT (] Xe<nue[r DR(C)).

We claim that the morphism (11.6.22) is an isomorphism. Indeed, by the

e<N,e0’

spectral sequence
EY == H’(RI(]Vis[0..., DR(C))) = H™ (RD(JU<N 0a[0sc v 0s DR(C)))
(0 <7 < N) and the similar spectral sequence of
H"(RT(]Xu<N,ee[Rucn.ees DR(C))),
we have only to prove that the induced morphism
(11.6.23) H7(RT(]Viua]0yee, DR(C)))
¢— H’(RT(Xiwu[r.v.. DR(C)))  (j EN)

is an isomorphism (0 < i < N). To prove this, let X;0 < Tijp be a closed
immersion into a separated formally smooth scheme over Spf(V). Set Tj, :=
coskg(’ﬁo)n. Then we have a closed immersion X;, < 7T;, and

RTyig(Ui/ K, C) = RT(]Xi.[7,, DR(C)).

As we have obtained Q,<x .., we have a bisimplicial formally smooth formal
scheme T;,, over Spf(V). Using the fiber product 7;,, QVRZ'.., we have a natural
isomorphism

RT(]Xie[Tius, DR(C)) = BT (]Xiwu[Rs0,, DR(C)).
Since RI'(]Xi.[7;,, DR(C)) = RT(|Xiee[T:0ss DR(C)), we have an isomorphism
RUyiy(Ui/ K, C) = RT(1Xiu[r,... DR(C)).

On the other hand, since (V;g., Vi, Qi0.) is a universally de Rham descend-
able covering of (U;, X;) as in the proof of (10.9), we have an equality

R (]Xi|7:,, DR(O)) = RTyig(Ui/ K, C) = RT(]Vin.[g,n, DR(C)).

iOe

MEMOIRES DE LA SMF 130/131



11. COMPARISON THEOREM BETWEEN COHOMOLOGIES 151

Using the standard spectral sequence and using the de Rham-descendability of
an affine open covering, the right hand side is isomorphic to R’ ( Vieo[Qinas DR(O)) =
RI‘(]VZ'..[S DR(C)). Thus we have the following commutative diagram

0@ )

Rrrig(Ui/Ka C) Em— RF( ]%DO[QZ'D. ’ DR‘(O)) L) RP( ]Viu[Si..; DR(C))
Rrrig(Ui/Kﬂ C) _— RF( ]Xi- [Ti. ) DR(C)) — RF( ]Xi"[Rioo7DR‘(O))’

Therefore we see that the morphism (11.6.23) is an isomorphism.
By using two morphisms Q.<n .. — Z, and R.<n.. — Z,, We have two
composite morphisms

(11.6.24) SoSN,u — QoSN,u — Z. and SoSN,u — R-SN,-. — Z..

Hence we have a natural morphism

(11.6.25) Se<Noae XVSa< N oae — Zu XV 2Z,.
Set
RTy := RI'(]Z.[z,,DR(C)),
RT3 := RT(JW<n,04]0ux 0., DR(C)),
RP?’ = RF(]V'fNy" [QoﬁN,oo’DR‘(C))7
RP4 = RF(]X'SNy" [ROSN,II7DR(O))7
RPS = RF(]V'SN oo [SUSN,QQ7 DR‘(O))7
RUg:= RT(]Z.[z,5,2.,DR(0)),
RI; := RF(]V-%--[S.SN,..QV S.SN’“,DR(C)).

Here Z, (resp. W<n...) is embedded into Z XV 2, (resp. S.§N7..QVS.SN7..) di-
agonally. Then we have the following commutative diagram:

RI's — RI'; — RI's

(11.6.26) T T T

er L) RF6 é er.

Here we obtain the left (resp.right) vertical morphism in (11.6.26) by using
the first (resp.second) morphism in (11.6.24). We also have the following
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commutative diagram

W<Nee — W<n O

(11.6.27) l l

X'SN,II —_— Zu
and the following (not necessarily commutative) diagram
S.SN,.. — QQSN,DO

(11.6.28) l l

RQSN,QQ — Zo'
Then, using (11.6.27), (11.6.28), (11.6.23) and (11.6.26), we have the following
commutative diagram

RP4 % RP5 ;> RF7 é RP5

| >

Ry —— RT, —~ > RT;.

Because RI'y — RI'y induces an isomorphism H"(RT';) — H"(RI'3), which
has been proved in the proof of (10.9), the left vertical morphism RI'y — RI'4
induces an isomorphism H"(RT';) — H"(RT}). In conclusion, the morphism
(11.6.11) is an isomorphism.

Let RI((Xe<Nees De<nN.eo)/K,LDR(O log )) be the

] ) . . (RQSN,oowMogl\‘f,o‘o) L.
complex producing log naive cohomologies which are the trisimplicial ver-

]XOSN,IO[

sions of the log naive cohomologies defined in [82, Definition 2.2.12]. Let
Jo<N,e0: Us<N,0e =+ Xe<N,ee be the open immersion. Then, by the cohomolog-
ical descent and by the proof of [82, Corollary 2.3.9] and [82, Theorem 2.4.4],
there exists a natural morphism (cf. (11.4.2)):

(11.6.29) RU((Xe<n, Dasi)/V) s KXoy D) V)

= RF(((X'SN,OM D.SN,..)/V)L%%V, K:(X.SN’..,D.SN’..)/V)
= RT'((Xu<N,e0s De<n,ee)/K,LDR(O

log

}X.SN’..[(RQSN,ovMogN,oo)

— RU((Xu<N o0, Das,ea) /K, LDR(jl O

log
(R.SN,..’M.SN,..)

]X.SN,..[
= R]‘—‘(]X'SNN‘ [R.SN,..7 DR(ijN,ooO}XQSN,QQ[R.SNJ.))'
The induced morphism H"((11.6.29)) is an isomorphism. Indeed, set

Ets, = H(((X0, D) /V)' %, K(xepoyy) for t < N and EIS, | = 0 for

conv,1

MEMOIRES DE LA SMF 130/131



11. COMPARISON THEOREM BETWEEN COHOMOLOGIES 153

t > N. Set also Efing = Hrsig

Then we have the following two spectral sequences
(11.6.30)  Ef,, =
H**(RT((Xe<N,e0, De<n,ee)/ K, LDR(O

(U;/K) for t < N and E%

rig,

;=0 fort > N.

}X.SN’..[l(c;%QSN,.o’MUSN,QQ) )))

(11.6.31)  Ef,, =

1

HT(RT(] X< N.ee[R DR(jjgN,.O]X

e<N,ee’ o§N,oo[R.<N’.. ) *

By Shiho’s comparison theorems (see [82, Corollary 2.3.9, Theorem 2.4.4])
and (11.5), 4), the induced morphism

H* (X2, Di) /V)&s K(x0.00)v) — Hiig(Ui/K)
between the Ej-terms of (11.6.31) and (11.6.30) for ¢ < N by the morphism
(11.6.29) is an isomorphism. Hence H"((11.6.29)) is an isomorphism.
So far we have proved that, for any nonnegative integer h, there exists a
positive integer N satisfying the inequality (2.2.1) such that there exists an
isomorphism

P

(11.6.32) T RT (((X., D)/ V)2 K(xu.00)/v)

= ThRE ((Xe<n, Do<) V)6 K(XecniDucn)v) — ThBRTwig(U/K).

By (10.1), there exists an integer ¢ such that Hfig(U/K) =0fore>c
Hence RT,ig(U/K) = 7.RI'yig(U/K). By (11.6.32), for i > c,

—_—~—

Hi(((Xov D‘)/V)ICOO%]V’ K(X.,D.)/V) =0.

Hence

RT(((Xa, D) /V)i8 s K(xe.pa)v) = TeRT (X, Da)/ V), Kixu.00)/v)-
Using (11.6.32) for h = ¢, we have the isomorphism (11.6.1).

The isomorphism (11.6.1) is independent of the choice of the lift (XN, Do)
by using the product of two log formal schemes and by (11.5), 4) (we may use
the construction of a standard exactification in [44, 2]). By the proof of
(9.8), 2) and by using the product of log formal schemes and by (11.5), 4)
again, the isomorphism (11.6.1) is independent of the choice of the disjoint
union of the members of an affine simplicial open covering of (U,, X,). Since
we need only the isomorphisms (11.6.11) and H"((11.6.29)), the isomorphism
(11.6.1) is independent of the choice of the closed immersion Vy < Py and
the refinement (V,, ). Moreover, as in the proof of (10.9), we can see that
the isomorphism (11.6.1) is independent of the choice of (Z,, Z,, Z,). Note
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also that the isomorphism (11.6.1) is independent of the choice of NV satisfying
(2.2.1) for h = c. Indeed, if we take two integers N’ > N, we have two
isomorphisms

P

IN,IN': TCRF(((XMDO)/V)E:(())%VJC(X.,D.)/V) = TCRFrig(U/K)v

where iy and iy are constructed by the use of lifts (Xno,Dno) and
(Xn70, Dnro) of (Xno, Do) and (X7, Dnro), respectively. By (11.5), 4) and
by using the natural closed immersion

(Xo<n0, Docno) = TR ((Xno, Do) < XvI R (X0 Divio)) < v
we obtain the following commutative diagram:

iN,

T RD((Xenrs Dac)/V) e K (Do) —— TeRTig(U/K)

—_~— N
TeRD(Xenv, Do) V), KXoy Ducn)p)  —— TeRTnig(U/K).

Thus we have proved the existence of the isomorphism (11.6.1).

Next we prove the functoriality.

By the remark for a ringed space in the proof of (6.1), there exists the
following commutative diagram

W —— Z
(11.6.33) l l
Vv U
where Z and W are disjoint unions of the members of affine open coverings
of U and V, respectively. Set Z := Z x5 U and W := W x3 V. By (10.3),
there exists the following commutative diagram

V ——

Y

W= w

L

7 -~ 2z,
where the horizontal morphisms are closed immersions into formally smooth
p-adic formal V-schemes and W is not the Witt ring until the end of the
proof of 1). Set W, := cosk} (W). Using (9.8), 1), the proof of (11.4), 1)
and the construction of the closed immersion (11.6.7), we have the following
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commutative diagram

(Ye<Neos Ee<N,ee) — (Te<N 00, No<N,e0)
(11.6.34) l l

(XQSN,ooa DoSN,--) é (R.SN7..7 MoSN,--)?

where the upper horizontal morphism is a closed immersion into a formally
log smooth (N, o0, 00)-truncated trisimplicial log scheme whose underlying
(N, 00, 00)-truncated trisimplicial formal scheme is formally smooth over V.
Here we can assume that the right vertical morphism in (11.6.34) is a mor-
phism over the morphism W, — Z,. Let ¢ be a positive integer such that
Hﬁg(U/K) =0 = H! (V/K) for all h > c¢. Then we have the following

rig
commutative diagram

~

TeRE(((Ye<N o0 E.SN,")/V)%:%%W K (Yo N aesBacnae)/V)E —

(11.6.35) T

~

TCRF(((X.SN,..7 DQSN,QQ)/V)IC(())%Vy K(X.SN’..,D.SN’..)/V)K E—

log )) —>N
(TOSN,ovNogN,oo)

TCRF((KSN,OM EoSN,..)/K, LDR(O

|

TC‘RP((X'SN,.'7 D.SN7..)/K7 LDR(O

]YogN,oo[

log )) e

]X.SN‘.. [(R.SN,..‘M.SN,I.)

TCRP( ]K§N7°° [7:§N,oo ? DR(jjSN7OOO]YOSN,..[ ))) —

|

TCRF( ]X'SNy" [RQSN,OI ? DR(jjSN,..O]X.SN,.. [’R

T.SN,II

) é
o< N,e0

RT(JW.[w.. DR(jI O, 1., )

T

RD()Z.]z.,DR(jIO7,.,.)-

Thus we obtain the functoriality of the isomorphism (11.6.1).

2): Let A.<n.. be the structure sheaf of the log PD-envelope of the closed
immersion (Xe<Nee; De<Noe) < (Re<Nees Me<N,ee) Over (Spf(W),pW, [ ).
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By the proof of [82, Theorem 3.1.1] (cf. the proof of (11.4)) and by (11.5), 4),
we have a morphism

(11.6.36)  RI'((Xu<N,ees Da<,ea)/Ko, LDR(O

log

]X.SN’.. [(R.SN,.O’M.SN,..)

— RP (X.SN,..J AOSN,OO ®OR Q;Z‘SNJ'/W (]-Og M'§N7°'))KO’

o< N, o0
By the usual cohomological descent, the canonical filtration 75, on the target
is nothing but 7, RI'((X,, D,)/W)k, -

As in the case of (11.6.29), we see that the induced morphism H"((11.6.36))
is an isomorphism. Indeed, this follows from standard spectral sequences and
from Shiho’s comparison theorem (see [82, Theorem 3.1.1}).

As in the proof of (11.6.1), we have the isomorphism (11.6.3).

As in the proof of (11.6.1), we can prove that the isomorphism (11.6.3) is
independent of the choice of the lift (Xno, Dno). Note also that the isomor-
phism (11.6.3) is independent of the choice of N satisfying (2.2.1) for h = c as
in the proof of (11.6.1).

By the same proof as that of 1), we obtain the functoriality of (11.6.3).
Thus we have proved 2).

3): Follows from 1) and 2).

4): By the proof of 1) and 2), we obtain 4); the proof of 4) is easier than
that of 1) + 2) because we can take (V,<y, W<n) (resp. Py) as

(U xv Z, Xo<n X5 Z)

(resp. the disjoint union of open subschemes of R: if V  x T Z = | Vi is
the disjoint union induced by the disjoint union Z = 1=, Z;, then we have
only to set Py := [, R\ (VN \ Vai).) O

COROLLARY 11.7. — The following hold:

1) Let the notations and the assumptions be as in (11.6), 1). Then there
exists a canonical isomorphism

(11.7.1) RIyig(U/K) — RT((X., DJ)/W) .-

In particular, RU((X,, D,)/W)k depends only on U and K, and there exists
canonical 1somorphisms

(11.7.2) HE (U/K) = H"((X,,D.)/W), (h€T).
In particular, there exists the following spectral sequence
(11.7.3) EY® = H*((X¢, Dy) /W) ;o = HE*(U/K).
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2) Assume that k is perfect. Let (U:, X?!) (i = 1,2) be two good proper
hypercoverings of (U, U) which have the disjoint unions of the members of
affine simplicial open coverings of (U, X?). Set D! := X!\ U!. Then there
exists an isomorphism
(11.7.4) p12: RU((XZ,D?2)/W) . — RT((X1,D))/W) .
satisfying the cocycle condition; that is, for another good proper hypercovering
(U3, X3) of (U,U) which has the disjoint union of the members of an affine
simplicial open covering of (U3, X3), the formula p12 o pa3 = p13 holds.

3) Let the assumptions be as in (11.6),4). Then there exists a canonical
isomorphism
(11.7.5) RIyig(U/K) = 7RI ((Xo<n, Do<n) /W) -

In particular, T.RT'((Xe<n, De<n)/W)K depends only on U and K.

Proof. — 1): By (10.17) we may assume that V = W. Hence 1) follows from
(11.6), 3).

2): Set ; = (U:, X?) (i = 1,2,3). Note that X! is smooth over s since & is

perfect. By (9.9), 2) and 1), we may assume that &(; is split and there exists
a canonical isomorphism
(11.7.6) pi: Rlyig(U/K) — RT((X., D.)/W) ..
By (9.4), 1), there exists a gs proper hypercovering 1o = (U!?, X[2)
of (U,U) which covers (U{, X!) (i = 1,2). Set D!? := X2\ U2 Let
Pha: RTyig(U/K) — RT((X!2, D2)/W) Kk be the isomorphism in 1). By the
functoriality in (11.6), 3), we have the commutative diagram

RUyiu(U/K) —— RT((X, DY)/W)x

H l

(11.7.7) RI(U/K) —2s RO((X2, D) W)k

H T

o
RTui(U/K) —— RI((X2,D2)/W)x.
Thus we have an isomorphism pio. Furthermore, we have a pair o3 which
covers s and Uz, and then we have a pair 193 which covers 95 and Uss.
Thus we have 2).
3): Follows immediately from (11.6), 4) and (10.17). O
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COROLLARY 11.8. — Let k be a field of characteristic p > 0. Let o € Aut(V)
be a lift of the p-th power endomorphism of k. Let C be a nilpotent F'-isocrystal
on U/k. Then the rigid cohomology Hgg(U/K, C) (h € Z) is an F-isocrystal
over K.

Proof. — (Compare this proof with that of [86, (5.1.1) (2)].) By the five
lemma, we may assume that C' is trivial. By the base change of rigid coho-
mologies of trivial coefficients on U ((10.17)), we may assume that V = W.
Then (11.8) immediately follows from (11.7), from the following spectral se-
quence (cf. [65, (3.1)], [69, (9.3.2)])

—k,h+k - &) or
= H"((Xi, Di)/W) i,
and from the Poincaré duality of the crystalline cohomology of a proper smooth

scheme over k. (Instead of using (11.8.1), we may use the Poincaré duality of
Tsuji [85].) O

REMARK 11.9. — The right hand side of (11.7.1) depends only on U/x and K;
this solves a problem raised in [50, Introduction] for the case where the
pair of the simplicial schemes has the disjoint union of the members of an
affine simplicial open covering (especially the split case) in a stronger form.
Moreover, if x is perfect, then (12.5) (resp.(13.2)) below tells us that the
weight filtration on H"((X,, D,)/W)k (resp. the log Hodge-Witt cohomology
HI (X, W (log D))k, (i,j € N)) depends only on U/x and K (resp. U/k).

The generalization (11.6) of (1.0.17) is necessary for the following:

COROLLARY 11.10. — Let j': U* — U' (i = 1,2) be an open immersion
from a separated scheme of finite type over k into a proper scheme over k. Let
(U?, X?) be a good proper hypercovering of (U?, U*) which has the disjoint union
of the members of an affine simplicial open covering of (Ut X?) over (U, U?).
Set D! := X!\ U!. Then there exist the canonical isomorphisms (11.6.1),
(11.6.3) and (11.7.1) for U' x,U? and (X! x,. X2, (D! x,. X2)U (X} x . D?)).

Proof. — Set (U2, X!?) = (U} x, U2, X! x,, X2). Then, by (9.4), 4),
(U2, X!2) is a good proper hypercovering of (U! x, U2, U! x,, U?). Let
(U¥, X¥) be the disjoint union of the members of an affine simplicial open
covering of (U, X!) over (U?,U?). Then the pair (U} x, U? X} x, X?')
is the disjoint union of the members of an affine simplicial open covering of
(U2, X12). Hence (11.10) follows. O
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I do not know whether the assumption on the embedding in (11.6), 4) is
mild:

PrROBLEM 11.11. — Let (X, D) be a projective smooth scheme with an SNCD
over . Does there exist a closed immersion (X, D) < (P, M) into a formally
log smooth log p-adic formal V-scheme whose underlying formal scheme P is
also formally smooth over Spf(V)?

The following is interesting:

PROBLEM 11.12. — Does there exist a condition under which the induced W-
integral structure on Hﬁg(U /K) by the isomorphism (11.7.2) is independent of
the choice of the good proper hypercovering of (U, U) which has the disjoint
union of the members of an affine simplicial open covering? For the case
h =1 and p > 3 and under a condition that the augmentation morphism
Xo \ Dy — U is generically etale, the W-integral structure is independent of
the choice by [1, (7.5.4)] and the functoriality of the isomorphism (11.7.2).

More generally, the comparison theorems in (11.6) holds for a certain F-
isocrystal by using Shiho’s comparison theorems. Before stating the general-
ization, we prove the following:

LEMMA 11.13. — 1) Let f: X — (Spec(k),L1) be a morphism of fine (not

o

necessarily fs) log schemes. Assume that X — Spec(k) is of finite type. Let
(Spec(k), L1) < (Spf(V), L) be an exact closed immersion of fine log schemes.
Let U := Xj_tviv be the mazimal log open subscheme of X whose log structure
is the pull-back of L1 (see [81, 2.3]). Let

j&: Isoclcfonv(X/(V,L)) := Isocl (X/(v,L)) — ISOCT((U,X)/K)

conv,zar

be the functor defined in [82, Proposition 2.4.1]. Then the following hold:
(a) j& s compatible with the operations @, ®, Hom : j& is a morphism of
rigid abelian K -linear tensor categories.
(b) Let
(Spec(k’), L]) —— (Spec(k), L1)
ml lm
(Spt(V'), L) —— (Spf(V), L)
be a commutative diagram of fine log schemes, where the left vertical
morphism is an exact closed immersion and V' is a complete discrete
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valuation ring of mized characteristics with residue field k'. Set K' :=
FracV'. For a commutative diagram

X/ —— X

f’l lf
(Spec('), L) —— (Spec(x), L1)
of fine log schemes, the following diagram is commutative:

e
Tsocll , (X//(V', L)) —= Tsoc! (U", X")/K)

g*T Tg*

Isoct (X/(V,L)) L Isoc! (U, X)/K)

conv

Here U’ := X}y, and f' is assumed to be of finite type.

(c) Let f': X* — (Spec(k),L1) (i = 1,2) be a morphism of fine (not
necessarily fs) log schemes. Set U' := X}i_mv. Let f3: X3 =
X! X (Spec(r),L1) X2 — (Spec(k), L1) be the structural morphism and set

U3 = Xj%g,_triv. Then the following diagram is commutative:

S+ St
Jxl XJxQ

Hi:LQIsochfonv(Xi/(V, L)) Hizl,glsocT((Ui, XZ)/K)

xl lg
Isoc (X3/(V, L)) L Isoc! (U3, X3)/K).

2) Let (Spec(k),L1) — (Spf(W), L) be an exact closed immersion of fine
log schemes. Let X — (Spec(k), L1) be a morphism of fine log schemes. Let

Ex: Isoceony (X/(W, L)) := Isoccony, zar (X/(W, L)) — Isocerys (X/(W, L))

be the functor defined in [81, Theorem 5.3.1] and denoted by ® in [loc. cit.]
(cf.[82, 3.1]). Then the obvious analogues of (a), (b) and (c) in 1) hold.

3) Let N be a nonnegative integer. The N -truncated simplicial versions of
1) and 2) hold.

Proof. — 1): Follows from the construction of the functor j;(; ;( is locally

defined by the equivalence of the functor [82, Proposition 2.2.7], by restricting
an object of Isoct (X/(V, L)) on a log tube to a strict neighborhood of the

tube of U in the log tube of X and by taking the direct image of the restricted
object to the tube of X (see [82, Proposition 2.4.1]).
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2): Follows from the construction of the functor Zx; essentially Zx is de-
fined by the pull-back of the local morphism from a log divided power scheme
to a universal log enlargement (see [81, Theorem 5.3.1]).

3): Follows immediately from 1) and 2). O

Shiho’s conjecture [82, Conjecture 3.1.8] (see also (11.17) below) motivates
us to consider the following statement:

THEOREM 11.14 (Comparison theorems). — 1) Let the notations be as in
(11.6), 1). Let C be an overconvergent F-isocrystal on (U, U)/K. Let

Tw,0.) IsocT((U, U)/K) — IsocT((U.,X.)/K)
be the natural pull-back functor. Let Cg,., be a (locally free) F-isocrystal in
the log convergent topoi ((X/.,\B.)/V){%%V = ((X/.,\B.)/V)IC%%MM, which is the
simplicial version of the topos in [82, Definition 2.1.6]. Let

j(TU.,X.): Isocgonv((()?o_a\_ﬁ.)/]})) — IsocT((U,,X,)/K)

be the simplicial version of the functor defined in [82, Proposition 2.4.1]. As-
sume that

(11.14.1) 7T?U,U.)(O) = jE[U.,X.)(C(ZOHV)'
Then there exists a functorial isomorphism
(11.14.2) RI(((X., D.)/V)\%,, Coony) — Ry (U/K, C).

Here the functoriality means the functoriality for the commutative diagram
(11.6),1) and morphisms of C’s and Cg.,., s satisfying the obvious commu-
tative diagram. The isomorphism (11.14.2) is compatible with the operations
@, ® and Hom for C’s and C2 .. ’s. For example, there exists the following

conv
commutative diagram:

(11.14.3)
RT(((Xe, D)/ V)i, Croone) @1 RU((Xay D)/ V)ctkhvs Cooony) ——

l

v lo . o
RP(((X., DO)/V)COgnW Clconv ®}C(X.,D.)/V C2c0nv) I

RFrig(U/K, 01) QK RFrig(U/K, 02)

|

RFrig(U/K, 1 ® Cg).
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2) Let Ut — U (i = 1,2) be an open immersion from a separated scheme of
finite type over k into a proper scheme over k. Let (Ui, Xt) be a good proper
hypercovering of (U', U?) which has the disjoint union of the members of an
affine simplicial open covering of (UL, X?) over (U*, U?). Let C; be an overcon-
vergent F-isocrystal on (U, U"). Let Cf. .. be a (locally free) log convergent
F-isocrystal satisfying (11.14.1) for C;, U and (U}, X?). Set U2 := U x,, U?
and (U2, X12) .= (Ul x, U2, X! x,. X2). Set also D} := X} \U! (i =1,2,12).
Then the following diagram is commutative:

(11.14.4)

S it BU((XE DY) V)edhie, Cloony)  —— @i BLrig(U'/ K, Ci)

ul lu
RT(((X12,D12) V)%, Ceny ¥ Cioony) —— RUuig(U'2/K,C R C).

3) Let (X,, D,) be a proper smooth simplicial scheme with a simplicial SNCD
over k such that (X, \D,, X,) has the disjoint union of the members of an affine
simplicial open covering of (X,\D,, X,) over k. Let C,., be a (locally free) F'-
isocrystal in the log convergent topoi ((X,, D.)/V)IC%%V = ((X., D.)/V)lc%gfmzar.
Let

E(x,04): Is0¢(((Xo, D.)/W)&y) — Tsoc(((X., D) /W)s)
be the simplicial version of the functor defined in [81, Theorem 5.3.1] and
denoted by ®. Assume that there exists an integer ¢ such that for all h > ¢

H"((X., D.)/W)i%,.C:

conv? conv

)=0
or
Hh(((Xov DO)/W)i:?r%/s’ E(X.,D.)(Cc.onv)) =0.

Then there exists a functorial isomorphism

(11.14.5)  RT(((X.,D.)/W)28,.C:

conv? conv )

;> RF(((XO7 D-)/W)ggs, E(X.,D.)(Cgonv)) .

The isomorphism (11.14.5) is compatible with &, ®, Hom and K.
4) Let (Xi,D%) and Cy.,., (i = 1,2) be the log scheme and the (locally free)

F-isocrystal in 3), respectively. Set (X}2, D!?) := (X!, D}) x,. (X2, D?). Then
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the following diagram is commutative:
—— 1 . ~
®%{,z:1Rr(((Xf7 Df)/V)C%%lV’ Cz'conv) B—
(11.14.6) ul

~

RU((X12,D12) V)%, Ot ROy, ) —

lconv

®% ;1 RU(((Xi, Di) /W) &8s, Zx:.0i) (Cluony)

lu
RP(((X}Q, D}Q)/W)ég‘%’S? E(X.I,D})(C'l.conv) X E(XE,DE)(C2.COHV))'

Proof. — 1), 2), 3), 4): The proof of the existence of the isomorphisms is the
same as that of (11.6) by using Shiho’s comparison theorems [82, Corollary
2.3.9, Theorem 2.4.4, Theorem 3.1.1] and Tsuzuki’s functor (6.4) as in the
proof of (10.7) and (11.6). The compatibility of the isomorphisms with @&, ®
and Hom immediately follows from (11.13), 3).

As in (11.10), we have isomorphisms

RD(((X12, D12) /W) Croons B Cheons) — RTuig (U)K, Cy B Cy),

conv?

RU(((X12, D12) /W), Ot B Cloon)

L> RF(((X.H, D-m)/W)lc(;%s’ E(X},D})(Ol.conv) X E(Xg,Dg)(CgCOHV))

which fit into the commutative diagrams (11.14.4) and (11.14.6), respectively.
O

COROLLARY 11.15. — Let the notations and the assumptions be as in (11.14),
1) and 3). (The vanishing of the higher cohomologies in (11.14), 3) can be
shown to hold for the simplicial log scheme (X,,D,) in (11.6), 1) by (10.1)
and by the proof of (11.6).). Then there exists a canonical isomorphism

(11.15.1)  RTuig(U/Ko, C) = RT(((Xe, D) /W) E(xe,00) (Clony)) -

In particular, RF(((X/.,\B.)/W)IC?%S,E(X.,D.)(CC‘OHV)) depends only on U/k
and C. The isomorphism (11.15.1) is compatible with &, ®, Hom and K.

REMARK 11.16. — Though we have already proved in (10.18) that the Kiin-
neth morphism is an isomorphism, we can prove this by the log Kiinneth for-
mula for the constant case (see [51, (6.12)]) and from the Eilenberg-Zilber’s
theorem as in the proof of (5.10), 2) if the assumption in (11.14), 1) holds.
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The following is Shiho’s conjecture on semistable reduction for overconver-
gent F-isocrystals (see [82, Conjecture 3.1.8]):

CONJECTURE 11.17 ([82, Conjecture 3.1.8]). — Let the notations be as
in §10. Let C be an overconvergent F-isocrystal on (U, U)/K. Assume that
r is perfect and that U is a compactification of U. Then there exists a
morphism 7: (Ug, Xg) — (U,U) of pairs such that Xy is a proper smooth
scheme over k, such that the complement Dy := X \ Up is an SNCD on X,
such that w: Uy — U is proper, surjective and generically etale, and such that
there exists an F-isocrystal Cy in Isocl ((Xo, Dg)/V) whose image j1(Cp) is
equal to 7(C).

Recently Kedlaya has proved Shiho’s conjecture (see [56], [57], [58], [59]):
THEOREM 11.18 (see [59, (2.4.4)]). — (11.17) holds.

THEOREM 11.19 (Comparison theorem). — Let the notations be as in (11.17).
Then there exist a gs proper hypercovering (U,,X,) of (U,U) and an F-
isocrystal C3., in ((X/.,\B.)/V)lc%gnv such that (11.14),1) holds. Assume,
furthermore, that V is the Witt ring of k. Then there exists the canonical
isomorphism (11.15.1).

Proof. — By using (11.18) and the standard argument in [25, (6.2.5)] ((9.2)),
there exists a gs proper hypercovering (U,, X,) such that the formula (11.14.1)
holds. Hence (11.19) follows. O

COROLLARY 11.20. — Let the notations be as in (11.17). Then Hgg(U/K, )
(h € Z) is an F-isocrystal over k.

Proof. — By (11.15) we have
Hrfig(U/K’ C) = Hh(((Xov D-)/W)lc(i%m E(X.,D.)(O(:onv)) :
By the log version of [12, 7.24 Theorem],

crysr =
rlg(U/KJ C) By the log
Poincaré duality with the Frobenius compatibility (cf.[85]), the Frobenius on

H" (X, D) /W) E(xa,00) (Clon)) i,
is bijective, and so is on Hﬁg(U/K, ). O

H"(((Xa; Do) /W) Exa.00) (Clon))
is a finite dimensional K-vector space, and so is H"
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REMARK 11.21. — The finite dimensionality of Hﬁg(U /K, C) for an overcon-
vergent F-isocrystal C' on U/K has already been proved by Kedlaya (see [55,

(1.2.1)).

12. Weight filtration on rigid cohomology

Unless stated otherwise, we assume that the base field x is perfect in this
section. Let V, W, K and K be as in §10. We fix an automorphisms o of V
which is a lift of the p-th power endomorphism of k. For a V-module M with
o-linear action F); and for a nonnegative integer k, M (—k) denotes the usual
Tate twist of M: M(—k) := M, Fyp_y) := PPy

Let U be a separated scheme of finite type over k. Let U — U be an
open immersion into a proper scheme over k. Let (U,, X,) be a good proper
hypercovering of (U, U) which has the disjoint union of the members of an
affine simplicial open covering of (U,, X,) over (U, U). Set D, := X, \ U,. Set
also 4 := (U,, X,).

THEOREM-DEFINITION 12.1. — There exists the following spectral sequence
(12.1.1)

El—k,h+k((X” D.)/K) _ @Hh—m—k((Dt(tJrk)/W)Crys, )
>0

DRy
®z T (Dy/W)) (= (t+ )
— H" (U/K).

rig
The spectral sequence (12.1.1) degenerates at Ey. We call (12.1.1) the weight
spectral sequence of Hﬁg(U/K) with respect to Y. We denote by P¥ the in-
duced filtration on Hﬁg(U /K), and we call this filtration the weight filtration

on Hﬁg(U/K) with respect to L provisionally (cf. (12.6) below).

Proof. — By (11.7.1) and (5.1.3), we have (12.1.1). The Es-degeneration fol-
lows from (5.6), 1). O

REMARK 12.2. — (12.1.1) is a generalization of the spectral sequence in [86,
(5.2.4)], though the boundary morphisms between the Ej-terms of (12.1.1) are
different from those in [loc. cit.] ((10.15), 1)).

Next, we prove that the weight filtration P¥ is independent of the choice
of the good proper hypercovering of (U, U) which has the disjoint union of
the members of an affine simplicial open covering over (U, U). To prove it, we
use Grothendieck’s idea for the reduction of geometric problems to arithmetic
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problems (see [40, §8], [33, Partie II, VII 5], cf. [2, §6]): a standard deformation
theory, the specialization argument of Deligne-Illusie (see [46, (3.10)]) and the
Es-degeneration of the weight spectral sequence ((5.6), 1)).

Let (U,,X,) and (U!,X!) be two good proper hypercoverings of (U,U)
which have the disjoint unions of the members of affine simplicial open cover-
ings of them over (U,U). By (9.9), 2), we may assume that (U,,X,) and
(U!, X!) are gs proper hypercoverings of (U,U). Set D, := X, \ U, and
D! := X!\ U!. Because two gs proper hypercoverings of (U, U) are covered by
another gs proper hypercovering ((9.4), 1)), we may assume that there exists
a morphism (X!, D]) — (X,, D,) of simplicial log schemes. Fix a nonnegative
integer h. Fix a positive integer N satisfying the inequality (2.2.1). By [40,
(8.9.1) (iii)], there exists a subring A; of k which is smooth over a finite field
F, such that the morphism

(Xi<n: Dicn) — (Xo<n, Ducn)
of N-truncated simplicial log schemes has a model
(X<n:Docn) — (Xe<n, Decn)

over A; since the morphism of N-truncated simplicial log schemes is given
by a finite number of morphisms of log schemes which satisfy a finite number
of equations of morphisms. Here, note that the extension k/Frac A; may be
infinite and transcendental. Set

Sl = SpeC(A]_), Z/{.SN = X,SN\D.SN, UISN = X:SN\DZSN
We can also assume that there exists a model (U, U) of (U, U) over Sy such that
(Us<n, Xo<n) and (U] < N,X.’S n) are N-truncated gs proper hypercoverings
of (U,U). By a standard deformation theory (see [41, III (6.10)]), there exists
a formally smooth scheme S = Spf(A) over Spf(W(F,)) such that
S @wr,) Fq = 51

We fix a lift F': S — S of the Frobenius of S;. Then, as is well-known, we have
a natural morphism A — W(A) which is a section of the projection W(A) — A
(see [61, VII (4.12)], [47, 0.(1.3.16)]). Consequently, for an A;-algebra Bj,
W(B1) becomes an A-algebra by the composite morphism

A— W(A) — W(A1) — W(By).

By the same proof as that of [69, (3.5)] (by using the specialization argument
of Deligne-Illusie and by using the base change of the Gysin morphism and
that of the face morphisms 6;), we have the following:
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PROPOSITION 12.3. — Let k and h be integers. There exists an affine open
formal subscheme Spf(B) of S such that, for any closed point x € Spec(B/p),
there exists an isomorphism

Ey MR (XL, D) /W) @y, W (5(@))

(F
=5 By MM (X (2), Dac () /W(K(@))) @y, W

of Wyyw \W(k(z)) = W(k(2)) 2w, W-modules. Here (X,<n(x), De<n (7))
is the fiber of (X.<n,De<n) at x and H( ) is the residue field at x.

COROLLARY 12.4. — Set U(z) = U ®a, k(x) for a closed point x €
Spec(B/p). Let Ky(k(x)) be the fraction field of W(k(z)). Then

(12.4.1) dimK r1g(U/K) = dlmKO( (x ))Hﬁg( (IL’)/K()(K(IL’)))

Proof. — (12.1) and (12.3) show (12.4). O

THEOREM 12.5. — Let 4 = (U,,X,) and W = (U], X)) be two good proper
hypercoverings of (U,U) which have the disjoint unions of the members of
affine simplicial open coverings of them over (U,U). Set D, := X, \ U, and
D! := X!\ U.. Then the following hold:

1) There exists a canonical isomorphism
(12.5.1) B, ™MF(X!, D)Wk = By MR (X, D)Wk (kb € Z).

2) PY = pY,
Proof. — By (11.7.1) and (9.9), 2), we may assume that (U,, X,) and (U., X])
are gs proper hypercoverings of (U, U). By (9.4), 1) we may assume that there

exists a morphism W' = (U!, X!) — U = (U,, X,) of pairs of simplicial schemes
over (U,U). By (11 7. 1) we have the following commutative diagram:

(12.5.2) H T

Hl,(U/K) —— H"((X.,D.)/W)k .-

The right vertical morphism preserves the weight filtration with respect to P4
and PY.
We prove 1) and 2) at the same time.

For simplicity of notation, set
EF(X,) = EM((X,,D,)/W)k (1 <1< 00),
E(X)) = E((X., D) /W)k -
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First, assume that k£ = 0. By the commutative diagram

Py HAL(U/K) = BX(X]) = E}°(X]) —— H}(U/K)
(12.5.3) T H

the morphism ESO(X,) <~ EBY(X!) is injective.
Let the notations be as in (12.3). Then,

dimg ES0(X.) = dimp(n(a)) E5° (Xa (@)

and we may assume that dimg EY0(X]) = dimy, () E5°(X/(x)). Since
EM(X,(x)) and EO(X!(x)) are the weight O-part of Hﬁg( (x)/Ko(k(z)))
by the purity of weight of the crystalline cohomology of a proper smooth
variety over a finite field (see [54], [16, (1.2)] (cf.[69, (2.2) (4)])), we have
EM(X,(x)) = ERO(X!(x)). Hence, by (12.3), dimg E¥(X,) = dimg E8O(X!).
Thus we have equalities

ESLO(XO) = ESLO(X:) and PO rlg(U/K) POLI rlg(U/K)

Next, consider the commutative diagram with exact rows:

(12.5.4)
0 — PHE(U/K) — PYHE(U/K) —— By V(X)) —— 0
0 —— P{HE(U/K) —— P*HE (U/K) —— By "1(X,) —— 0.

We obviously see that the morphism P, uHﬁg(U /K) — PY¥ U/K) is in-
jective. Hence the morphism Eh Mx,) — Eg_l’l(Xf) is injective, and, in
fact, an isomorphism by (12.3) as above. By the diagram (12.5.4) again, the

morphism PYH! (U/K) — P H" (U/K) turns out to be an isomorphism.

rlg(

rig rig

Repeating this argument, we obtain P = PY (Vk € 7). O
DEFINITION 12.6. — We call the filtration on Hr}ig(U/K) induced by the spec-
tral sequence (12.1.1) the weight filtration on rlg(U /K). We denote it by

{Pe, i} or simply by {Pj}.

PROBLEM 12.7. — Does there exist a condition of (X,,D,) which assures
that the submodule PkH{})g erys((Xey Do) /W) of Hl}(‘)g erys(Xoy Do) /W) de-

pends only on U/k? For the case ¢ = 1 and p > 3, the answer is yes
by [1].
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Next, we prove some fundamental properties of the weight filtration on rigid
cohomology.

PROPOSITION 12.8. — Let V — V' be a ring homomorphism of complete

discrete valuation rings with perfect residue fields of mized characteristics.
Let K' be the fraction field of V'. Then Py x @k K' = Py g (k € Z).

Proof. — Let W' be the Witt ring of the residue field of V'. Let K be the
fraction field of W'. By the construction of the weight filtration ((12.1.1)),
it suffices to prove that Py i, ®k, Ky = Py ;. This equality follows from
(12.1.1) and the base change theorem of crystalline cohomologies (see [5, V
Proposition 3.5.2]). O

COROLLARY 12.9. — 1) The filtration on Hﬁg(U/K) induced by the canonical
identifications

(12.9.1)  H}E(U/K) = H"((X,,D.)/W) . = H"(X.,WQ%, (log D.)) ;.

and by the filtered compler (WQY, (log D, ), { PkWQ, (log D.)}rez) on X, co-
incides with P.

2) If U is the complement of an SNCD D on a proper smooth scheme X
over K, then the weight filtration P on Hﬁg(U/K) = H"((X,D)/W)k co-
incides with the weight filtration defined by the filtered zariskian complex
(Czar(O(X,D)/W)7P) (see (33)73))

Proof. — 1): Follows immediately from (7.7), (11.7), (12.1), (12.5) and (12.6).

2): Consider the constant proper hypercovering (U,, X,) = (U, X) of (U, X).
Then it is split. By (11.7) we have an isomorphism Hﬁg(U/K) —
H"((X,D)/W)k. (This isomorphism is nothing but Shiho’s comparison
theorem [82, Corollary 2.3.9, Theorem 2.4.4, Theorem 3.1.1].) Thus 2) follows
from the definition of the weight filtration on Hﬁg(U /K). O

THEOREM 12.10 (Strict compatibility). — Let f: U — U be a morphism
of separated schemes of finite type over k. Then the induced morphism

f*H (U/K)— H! (U /K) (heZ)

ig rig

by f is strictly compatible with the weight filtration.

Proof. — (The proof is similar to [72, (2.18.2)] and slightly easier than that
of [loc. cit.].) By (12.8) we may assume that V = W.
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Fix a nonnegative integer h and a positive integer N satisfying the inequality
(2.2.1). Let U and U are proper schemes over « fitting into the commutative
diagram (9.5.1). Let

(U:7X:) — (U-;X.)

v, U) — (U.T)
be a commutative diagram such that the vertical morphisms above are
gs proper hypercoverings. Set D, := X, \ U, and D, := X!\ U.. Let
fo: (X.,D.) — (X,,D,) be the natural morphism of simplicial log schemes
over k. As in the explanation between (12.2) and (12.3), there exists a subring
A1 of k which is smooth over a finite field I, and there exist a model

GosN: (Xl<n» Do) — (Xasn, Du<n)

of fo<n over the spectrum S; = Spec(A;). Furthermore, there exists a for-
mally smooth scheme S = Spf(A) over Spf(W(IF,)) such that S®yyr F, = Si.
We fix a lift F: S — S of the Frobenius of S;. Then W can become an A-
algebra. By (8.1) it suffices to prove that the induced morphism is strict:

ge<n': Rhf(X.gN,DogN)/S*(O(X-SMD-SN)/S)K
— R flay_ /56 (O(ag ) ) /8 )
Hence (12.10) follows from (8.5) and (8.6). O

THEOREM 12.11. — Let U be a separated scheme of finite type over k. Let h

be a nonnegative integer. Then the following hold:
1) P_lﬂﬁg(U/K) =0 and Pthﬁg(U/K) = Hgg(U/K).
2) If U is proper over k, then PhHﬁg(U/K) = Hr}ig(U/K).

Proof. — 1): Follows from the spectral sequence (12.1.1).
2): We can take D, = ¢ in the notation (12.1.1). O

The following is a generalization of [15, (2.2)]:

THEOREM 12.12. — Let U be a separated scheme of finite type over k. If U
is smooth over k, then P,_1H! (U/K) = 0.

rig
Proof. — If k is a finite field, then (12.12) follows from [15, (2.2)].
We reduce (12.12) in the case of a general perfect field of characteristic
p > 0 to the case above as follows. Let U be a compactification of U/k. Fix
a nonnegative integer h and fix an integer N satisfying the inequality (2.2.1).
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Let (U,, X,) be a gs proper hypercovering of (U, U). Set D, := X, \ U,. Let
the notations be between (12.2) and (12.3) and as in the proof of (12.10). Let
{Ps,s}rez be the weight filtration on

R (X oy Dacn) /55 (O (X ey Dac)/5) Owiz,) Ko(Fy),

where Ko(F,) is the fraction field of W(F,). By (8.1) it suffices to prove that
Py,_1,¢ = 0 by shrinking S. Because P, g (k € Z) is a convergent isocrystal
((5.7), 1)), it suffices to prove that the stalk (P,_1 ), for any closed point z
is equal to 0 (see [74, (3.17)]). Since x(x) is a finite field, (Py_1,5)z = 0 by
[15, (2.2)]. O

THEOREM 12.13 (cf. [25, (8.1.25)]). — Let U® (i = 1,2) be a separated
scheme of finite type over k. Then the induced isomorphism

(12.13.1) P Hi(U'/K) @k HL,(U?/K) = H, (U x, U?/K)
i+j=h

by the canonical isomorphism (10.18.1) is compatible with the weight filtrations.

Proof. — We may assume that V = W.

Let j°: U" — U' (i = 1,2) be an open immersion into a proper scheme
over k. Set U2 :=U! x,U? and U'? := U x,, U2. Let (U}, X?) (i = 1,2) be
a good proper hypercovering of (U?, U*) which has the disjoint union of the
members of an affine simplicial open covering of (U?, X?) over (U*, U?). Set

Di :XZ\Uzv (i=1,2),
XP=XxIx,Xx2 UP=U!x,U?
D12 X12 \ U12.
By (11.10) we have a canonical isomorphism
Rrrig(UlQ/K) — RF((X}Q, D.12)/W)K
By Eilenberg-Zilber’s theorem and by (11.15), we have the commutative dia-

gram:

(12.13.2)
RT((X,,D,)/W)k @k RU((X?,D2)/W)k —— RT((X.?,D.;?)/W)k

:T T:

~

RPrig(Ul/K) Rk RPrig(U2/K) — RFrig(Uw/K).
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Hence we can identify the Kiinneth isomorphism (10.18.1) with the Kiinneth
isomorphism in cosimplicial log crystalline cohomologies in the upper horizon-
tal isomorphism in (12.13.2). Therefore (12.13) follows from (2.2), (5.10), 1),
(11.6) and (10.1). O

COROLLARY 12.14. — Let U be a separated scheme of finite type over k. The
cup product
(12.14.1) H (U/K) @k HE(U/K) — HEY (U/K)

18 strictly compatible with the weight filtration on Hr'ig(U/K).

Proof. — The proof is the same as that of [25, (8.2.11)]: (12.14) imme-
diately follows from (12.13) and (12.10) for the diagonal closed immersion
U—Ux,U. O

In the rest of this section, we prove the analogues of propositions in [25,
8.2].

PROPOSITION 12.15. — Let X be a proper scheme over k. Let m: Y — X
be a surjective morphism over k from a proper smooth scheme over k. Let h
be an integer. Then the following sequence is exact:
(12.15.1) 0 = HE(X/K)/Py 1 HEy(X/K) —— HE(Y/K)
p3—p] h h
—— H:, (Y xx Y/K)/P,_1H,

rig ig(Y XX Y/K)

Proof. — (The proof is almost the same as that of [25, (8.2.5)].) Let Y, be a
split proper hypercovering of X such that Yy =Y and such that Y, is smooth
over k. Let §;: Y7 — Yy (i = 0,1) be the standard face morphism. Using
(12.11), 2) and the Es-degeneration of the spectral sequence (12.1.1), we have
the exact sequence

(12.15.2) 0— H!

rig

(X/K)/Py1Hiy(X/K)

o 55§
—— H! (Y/K) —— Hl (V1/K).

The morphism 65 — 6] factors through the morphism

Py —pi HE,(Y/K) — HE (Y xx Y/K) /Py Hi (Y xx Y/K)

since Py,_1 Hrfﬁg

(Y1/K) =0 ((12.12)). Now we see that (12.15.1) is exact. [
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PROPOSITION 12.16. — Let w: Y — U be a morphism over k from a proper
scheme over k to a separated smooth scheme of finite type over k. Let
7: U — X be an open immersion into a proper smooth scheme over k such
that the image j(U) is the complement of an SNCD on X. Then the images

U/K) and H" (X/K) have the same image in Y/K) (h€Z).

r1g( rig r1g(

Proof. — By (1.0.11), there exists the following spectral sequence (cf.[65

(3.1)], [69, (8.7), (9.3)]):
El_k7h+k = Hh_k((D(k)/W)CryS7 OD(k)/W 7z wcrys(D/’%))( )
= H"((X,D)/W).

Hence the natural morphism Crys(X /W) — grt Hh ((X D) /W) is surjective,
and by (12.9), 2), the morphism Crys(X/W)K — gr? rlg(U/K) is surjective.
By using (12.10), (12.11), 2) and (12.12), the rest of the proof is the same as
that of [25, (8.2.6)]. O

PROPOSITION 12.17. — Let X — X i> Y be a composite morphism of
separated schemes of finite type over k. Assume that X is proper and smooth
over Kk, that X 1is proper over k, that Y is smooth over k, and that 7 is
surjective. Then

Ker(f*: HAy(Y/K) — Hl,(X/K)
= Ker((fm)": Hlf,(Y/K) — H}W(X/K)).
Proof. — By using (12.10), (12.11) , 2), (12.12) and (12.15.2), the proof is the
same as that of [25, (8.2.7)]. O

In §17 below, we shall endow the rigid cohomology with compact support
with the weight filtration by using Berthelot’s Poincaré duality (see [8, (2.4)]).
Though the following, which is an analogue of [25, (8.2.8)], logically depends
on this fact, we include it here for convenience:

PROPOSITION 12.18. — Let X = X - Y be a composite morphism of
separated schemes of finite type over k. Assume that Y is proper and smooth
over k, that v is a closed immersion of pure codimension c, and that X isa
resolution of X. Set q:=1om and U :=Y \ X. Then the sequence

(12.18.1) HY (X /K)(—¢) 2 HE(Y/K) — HE(U/K)

rig rig
is exact. Here (—c) means the usual Tate twist, which shifts the weight filtra-
tion by 2c. Moreover, the exact sequence (12.18.1) is strictly compatible with
the weight filtration.
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Proof. — By (17.13.1) in §17 below, the excision exact sequence
(12.18.2) .- — H" (U/K) — H" (Y/K) — H! (X/K) — ---

rig,c rig rig
(see [6, (3.1) (iii)]) is strictly compatible with the weight filtration. By the
same argument of the proof of [25, (8.2.8)], (12.18) follows from (12.17),
(12.18.2) and Berthelot’s Poincaré duality (see [8, (2.4)]). O

REMARK 12.19. — [25, (8.2.8.1)] is mistaken in the cohomological degree of
H*(X,Q) and the Tate twist is forgotten in [loc. cit.]. Because the definition
of the weight filtration on the singular cohomology with compact support
is missing in [loc. cit.]; we cannot use the duality of the weight filtration in
[loc. cit.].

REMARK 12.20. — Let Y be a smooth scheme over a field x of characteris-
ticp > 0. Let E be an SNCD on Y. Set V:=Y \ E. Let j: V < Y be
the natural open immersion. Let ¢ # p be a prime number. Recall the étale
orientation sheaf wéf)(E//@)(—k) (k € N) of E® (see [72, (2.20)]):

k
@ (E/5)(~k) = u™ (AM(E)/OD)) |y

where u is the canonical morphism 1~’ét — Ear. Let 8% : E(k) 5V be the
natural morphism. By Grothendieck’s absolute purity, which has been solved
by O.Gabber (see [31]), we obtain

R*5.(2/0%) = 0¥ (Z/0) g @2 @ (B/R)(—k))  (n € N).

Let & be a field of characteristic p > 0. Let U be a separated scheme of finite
type over k. Let U — U be an open immersion into a proper scheme over
. Then, by using a good proper hypercovering (U,, X,) of (U, U), by using
Gabber’s purity and by using the standard specialization argument in ¢-adic
cohomologies (cf. the proof of (12.5)), we can endow H2 (U ® ksep, Qr) (h € Z)
with a weight filtration which is shown to depend only on U ® ksep and £.
Note that the analogous explanation in [50, Introduction] is not perfect since
Gabber’s purity is not mentioned. Statements in the /-adic case which are
analogous to those about weights in §12 and later sections hold by a standard
specialization argument.

13. Slope filtration on rigid cohomology
Let U be a separated scheme of finite type over a perfect field s of charac-

teristic p > 0. Let U — U be an open immersion into a proper scheme over x.
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Let W be the Witt ring of x and K the fraction field of W. By [86, (5.1.1)]
or (11.8), Hﬁg(U/Ko) is an F-isocrystal; hence it has the slope filtration. In
this section we construct the slope spectral sequence of Hﬁg(U /Kp).

Let (U,, X,) be a good proper hypercovering of (U, U) which has the disjoint
union of the members of an affine simplicial open covering of (U,, X,) over
(U,U). Set D, := X, \ U,. By (12.9.1) we have

(13.0.1) H},(U/Ko) = H"(X,, W, (log D.)) . .
Hence we have the following spectral sequence
(13.0.2) EY = HI (X,, WOy (log D.)) . = H (U/Ko).

DEFINITION 13.1. — We call (13.0.2) the slope spectral sequence of Hfizj(U/Ko).

THEOREM 13.2 (Slope decomposition). — There exists the following canoni-
cal isomorphism:
(13.2.1) H (X, WO, (log D)) o = Hyl (U/Ko)jiira)-

In particular, H (X, WQ_(log D,))k, depends only onU/k. Moreover, there
exists the following canonical decomposition

h
(13.2.2) H}, (U Ko) = @ H" (X, Wi, (log D.)) . -
1=0
Proof. — (13.2) immediately follows from (7.9) and (11.7). O

The following is the compatibility of the weight filtration on Hgg(U /Ko)
with the slope filtration on it.

COROLLARY 13.3. — One has the equality
(13.3.1) P H" (X, W, (log D.)) e
= H}},(U/Ko)ji i1y N PeHP (U] Ko).

In particular, Pth_i(X,,WQfX. (log D,))k, depends only on U/k.
Proof. — (13.3) follows from (5.6), 1), (7.10) and (12.9), 1). O

REMARK 13.4. — We shall give the range of the slopes of Hr}ig(U/Ko) in §16
below.

PROBLEM 13.5. — Does there exist a condition of (X,, D,) which assures that
the submodule P,H"(X,, WY (log D,)) of Hh(X.,WQf'X. (log D,)) depends
only on U/k?
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P. Berthelot, S. Bloch and H. Esnault have proved the following impressive
theorem:

THEOREM 13.6 ([10]). — Let X be a proper scheme over . Then there exists
a functorial morphism

Hy(X/Ko) — H"(X,W(Ox)),, (h€N)
which induces an isomorphism Hﬁg(X/Ko)[o,l) == HMX,W(Ox))k,-
Combining (13.6) with (13.2), we have the following mysterious corollary:

COROLLARY 13.7. — Let X be a proper scheme over k. Let X, = X be a
good proper hypercovering of X which has the disjoint union of the members of
an affine simplicial open covering of X, over X. Then the natural morphism

H"(X,W(0x)) o, — H" (X, W(Ox,)) ., (hEN)

Ko

s a functorial isomorphism.

The aim in the rest of this section is to give an interesting example (13.12)
below: an example of a good proper hypercovering X, — X of a proper scheme
over s such that H'(X, W(Ox)) = &" but H'(X,,W(Ox,)) = 0 in the case
where k is algebraically closed.

Let k be a perfect field of characteristic p > 0. Let W, be the Witt ring
of k of length n > 0. Let X be a proper scheme over « and let X, be a good
proper hypercovering of X. Then we have two spectral sequences

(13.7.2) EY = H(Xi, Wa(Ox,)) = H" (X, Wa(0Ox.)).

Consider the complexes

(13.7.3) 0 — HY (Xo/Wy)

crys

-0t P-0'+0%
— H o (Xi/Wp) ——— Hgo( X2/ W),

crys crys
(13.7.4) 0 — H°(Xo, Wy (Ox,))

80—81 80—81+82
———— HY(X1,W,(0x,)) —— H"(X2,W,(Ox,)).

Here 0' := 6, where 6;: Xp11 — Xy (0 < i < £+ 1) is a standard face
morphism. Assume that X, is split. Then there exists a family {N,, }men of
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closed and open subschemes of X,,,’s (N, C X,;,) such that
Xm = H H Nfa
0<t<m [m]—[¢]

where the subscripts [m] — [¢] means a surjective non-decreasing morphism
[m] — [¢]. We have the natural morphism

Bm: Ny, — coskﬁ_l(X,Sm_l)m (m € N).

For a nonnegative integer m and an m-truncated simplicial scheme Y,<,,
over X, we have a standard face morphism 5;: coskfi(Y,Sm)mH —
coskX (Yo<rn)m = Yo (0 < i < m +1). In the projective limit
ko, = i
cosky, (Yo<m)r Al%n Yy

mr]
over X (see (6.1.3)), we often denote the corresponding scheme to a morphism
v: gl = [r] (¢ <m,r € N) by Y, (7).

Let vo: [2] — [1] and 71: [2] — [1] be the surjective non-decreasing func-
tions determined by the equations vp(1) = 0 and (1) = 1, respectively. Set
Ni(v0) = N1(71) = Ni. Then we have the direct sum

Xo = No [ NMi(vo) [T M) [ Va-
The complexes (13.7.3) and (13.7.4) are equal to
(13.7.5) 0 — H2_.(Ng/W,)

crys

-0 o 0
— H, (NO/WTL) EBI—Icrys(‘Nvl/yvn)

crys

80—81+82 0 0
— Hepys(No/Wn) & Hepys(N1(0)/Wn)

crys
D H((:)rys(Nl(’yl)/Wn) D ngys(N2/Wﬂ)7
(13.7.6) 0 — H°(No, W,(On,))

80—81
—— HO(No, Wa(Ony)) @ HO (N1, Wa(Ony))

80—81+82 0 0
— H (NO?WH(ONO)) ©H (Nl(’VO)?Wn(ONﬂ’yo)))

S5, HO (Nl('}/l)y WTL(ONl("/l))) D HO (N27 WTL(ONQ))a
respectively. Then the following holds:

LEMMA 13.8. — 1) The morphisms 9° — 0! in (13.7.5) and (13.7.6) are
equal to

a— (0, (6B1)"(a) — (8151)" (a))
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for a € HS. .(No/W,) and a € H°(Nog, W, (Oy,)), respectively.

crys

2) Let &' (i = 0,1) be the pull-back of the composite morphism
N — X1 25 N,
Then the morphisms 0° — 0" + 0% in (13.7.5) and (13.7.6) are equal to
(a,b) — (a, ' (a),d%(a), c) ,

where
2
e = 3" (~1)1{(82) (@) + (8,52)"(b)}
=0
fOT’ a € H((:)ryS(NO/W ) b e H((;)ryS(Nl/Wn) and a € HO(N()’W"(ONO))’ b€

HO(N1,W,(Onp,)), respectively.

Proof. — Because the proof of 1) is simpler than that of 2), we give only
the proof of 2). Recall the definitions of the standard degeneracy morphism
Sit Xom = X1 (0 < i < m) and the standard face morphism §;: X411 —
X (0 <i < m+1) as in the proof of [35, VP (5.1.3)]) (and (6.9)).

The degeneracy morphism

S0 NO:X0—>X1:N0HN1

is equal to the natural inclusion map Ny < Ny ][] Ni.

Let cosky (X,<1)o — coski' (X,<1)2 be the corresponding morphism to the
map [2] — [0]. Then the restriction of §;: Xo — X1 to Ny (C X3) is equal
to the composite morphism

&
N() = X() = COSk{((X.Sl)o — COSk{((X.Sl)Q — COSk{((X,Sl)l = Xi.

For any morphism [1] — [2], the composite morphism [1] — [2] — [0] is the
unique morphism. Hence the morphism Ny — X; corresponding to the map
[1] — [0] is equal to sp: Nog — X1 = No [[ N1.

Next we make the restrictions

50‘]\71(7]-)7 51‘]\71(%‘)7 52‘]\71(%'): Nl(/}/]') — Xy (.7 =0, 1)

to Ni(v;) explicit. For simplicity of notation, we denote &;|x;, () (1=0,1,2)
simply by &;. Let X1 = cosky (X,<1)1 — coski' (X,<1)2 be the corresponding
morphism to the map vp: [2] — [1]. Set

oi=o0r:[1] — 2] (0<i<?2)
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in the proof of (6.9). Then the composite morphisms [1] 2 [2] % [1]
(1 =0,1,2) are the following morphisms
Y000 : 00— 0,1 +—1, 901 :0—0,1—1, ~p02:0—0,1+— 0.

Hence dp, 61: Ni(v0) — X are the natural inclusion Ny (y9) = N1 — No [[ N1.
Set also o; := o}: [0] — [1] (0 < i < 1) in the proof of (6.9). Since Yoo =
([1] = [0] =5 [1]), d2: Ni(v0) — X1 is equal to the composite morphism

Ny © X1 2 Ny =% X
Similarly, we see that d1,02: N1(y1) — X; are the natural inclusion Ny <
No [ N1 and dp: Ni(y1) — X is equal to the composite morphism

Ny C X1 2% Ny =% X,
Therefore the morphisms (13.7.5) and (13.7.6) are equal to

(a,b) — (a —a+a,(b—b+d"(a)),(@°a) —b+b),c)
= (a,@’l(a),8’0(a),c). O

PROPOSITION 13.9. — Assume that k is algebraically closed and that
dimX = 1. Assume also that the augmentation morphism By: Xog — X
and the morphism B1: N1 — Xo Xx Xo are homeomorphisms as topqlggz'cal
spaces. Assume, furthermore, that By and (1 are birational. Let E5 and

(E;j)<1 be the E;j-terms of the spectral sequences (13.7.1) and (13.7.2),

respectively. Then EX® =0 = (EL%) 1. Especially
HY (X./W,) = Ker(BS* — E3°),

crys

H' (X, Wa(Ox.)) = Ker (B9) <1 — (E3)).

Proof. — Since [y is homeomorphic and birational and since « is algebraically
closed, we can identify X x x Xg with Xg as topological spaces by the diagonal
morphism Xy — Xo xx Xo (see [37, (3.4.9)]). Then the morphism

5;2X0%X0><XXO—>X0 (’L:O,l)

is the identity of the topological space, and hence we can identify §;: N; —
X1 — Xo with 81: N1 = X xx Xo = X as a morphism of topological spaces.
Let ~;: [0] — [2] be a map defined by ~;(0) = ¢ (0 <14 < 2). Then, by (6.1.3),
we have

(13.9.1)  cosky (Xo<1)2
= lim (Xo(70), Xo(71), Xo(72), X1(d0), X1(61), X1(32)).
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Because (1: N1 — Xo xx X is homeomorphic and birational, one has
coskyt (Xe<1)2 = X1 as topological spaces and because the morphisms
50,01 Xo = Xo xx Xo — Xo are the same as a morphism of topologi-

bl
cal spaces, the three morphisms coski (X,<1)2 — X1 (i = 0,1,2) are the
same. Therefore ¢ = (§(52)*(a + b) in the notation of (13.8), 2). Because
Bo: No — cosk{((X.Sl)g is surjective, 0(52: No — X is also surjective. Hence

Ker (0" — 0" + 0% HOyo(X1/Wa) = Hoys(X2/Wa)) = 0.
By the same argument, we see that

Ker(0° — 0" + 0%: H(X1,Wh(0x,)) = H° (X2, Wy (0Ox,)) = 0. O

LEMMA 13.10. — Let Y be a scheme over a perfect field k of characteristic

p > 0. Then the following hold:

1) Assume that'Y is quasi-compact, quasi-separated and smooth over k and
that HY,yo(Y/Wy,) = 0 for a positive integer ng. Then Hlyo(Y/Wyn,) = 0
(n € ZZI)'

2) Assume that HY(Y,W,,(Oy)) = 0 for a positive integer ng. Then
H (Y, Wi (Or)) = 0 (n € Z>y).

Proof. — 1): Follows immediately from the following triangle (the proof of
[12, (7.16)]) and the induction on n:
+1
RUerys(Y/Whno) — Rl erys(Y/Whng) — Rl erys(Y/Win—1yn) — -

2): Follows immediately follows from the following exact sequence and the

induction on n:
v (n=1)n
0— WnO(Oy) — 0 WnnO(Oy) — W(n—l)nO(OY) — 0. |

COROLLARY 13.11. — Let the notations and the assumptions be as in (13.9).
Then the following hold:

1) Assume that Xo is smooth over r and that Hl (Xo/Wh,) = 0 for a
positive integer ng. Then Hclrys(X./WnnO) =0 (n€Z>).

2) Assume that H'(Xo,Wn,(Ox,)) = 0 for a positive integer ng. Then
HYN X, Wing(0x,)) =0 (n € Zx1).

Proof. — The Corollary follows immediately from (13.9) and (13.10). O

ExaMPLE 13.12. — Let xk be an algebraically closed field of characteristic
p > 0. Let X be a proper integral curve over k of genus 0. Let X be the nor-
malization of X. Assume that the morphism X3 — X is a homeomorphism.
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We identify the points of Xy with those of X. Then, for a point @ of X, we
obtain a natural inclusion Ox g — Ox, . For a closed point @ of X, let g
be a uniformizer of the discrete valuation ring Ox, . Recall that X has only a
closed point P “de rebroussement ordinaire” (see [79, §6]) if Ox, o = Ox ¢ for
Q # P and Oxp = {f € Ox,,pP | f = Co+02t2p+63t?1’3—|—"' (ci € K)}.
Let n be a positive integer. Assume that X has only a closed point P
de rebroussement ordinaire. Then, by [loc. cit.], H (X, W, (Ox)) ~ k" and
HY(X,W(0Ox)) ~ &Y. On the other hand, let X, be a split proper hyper-
covering of X such that N7 is the normalization of Xg X x Xg. Then N7 is
homeomorphic to Xox x Xgo. Indeed, the localization ring of XX x Xg at (P, P)
is isomorphic to klt, t’](t7t/)/(t2 — 12,13 —1/3). Blow up Xo xx Xo at (P, P) and
let T' be the strict transform of Xy X x X by this blow up. Then the relations
t' =ut, > —t”? =0 and t3 — "> = 0 means that t = 0 or v = 1. Hence the
fiber of T at (P, P) consists of one point, at which it is nonsingular because
the localization ring is isomorphic to x[t];). Furthermore, it is clear that the
morphism N; — Xg x x Xp is birational. By (13.11), H(X,,W,(0Ox,)) = 0
and consequently H(X,, W(Ox,)) = 0.
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PART III. WEIGHT FILTRATIONS AND
SLOPE FILTRATIONS ON RIGID
COHOMOLOGIES WITH CLOSED SUPPORT
AND WITH COMPACT SUPPORT

14. Mapping fiber and mapping cone in log crystalline cohomology

In this section we generalize results in §2, §3, §5 and §7 to results on the
mapping fibers and the mapping cones of the induced morphisms of log crys-
talline cohomologies and cohomologies of log de Rham-Witt complexes by
a morphism of smooth multisimplicial schemes with multisimplicial relative
SNCD’s.

First we work in homological algebra. Let the notations be as in §2. Let
p: (M,P) — (N, P) be a morphism in CF(A*) = CF(A*"*) (r-points). Here
P’s are increasing filtrations. Let MF(p) := (M, P) ® (N, P)[—1] be the map-
ping fiber of p. Then

S(MF(p)) = s(M, P) & (s(N, P)[~1]).
We define the diagonal filtration dymr(L, P) on s(MF(p)) as follows:

(1401) 5MF(L,P)kS(MF(p)) = @ Pljr-i-kMtS fan) @ Pljr-i-k-i-lNLS_l-
t>0,s t>0,s

Denote by (n) (n € Z) the shift of a filtration in [24, (1.1)]:
(14.0.2) Py((M, P)(n)) := PrynM

(in [loc. cit], it is denoted by [n]). The morphism p induces the following
morphism

(14.0.3) p(ly: (M,P) — (N, P)(1).
By (14.0.1) we have
(14.0.4) Snir (L, P)is(ME(p)) = 3(L, P)is(MF(p(1))).
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Hence we have the following triangle:

(140.5) - — (s(MF(p)), uir (L, P)) — (s(M),5(L, P))

5 (s(V), 8(L, P)) (1) —— - -

By the definition of dyr (L, P), we have
(14.0.6) grkMF(— )S(MF(p)) = @ gr£+kMt ® @ gr£+k+1Nt’ L
t>0,s t>0,s

Since the morphism p: gr£+kM'§' — gri_irkHNt' is zero,

(14.0.7)

onr (L, P . ¢
grkMF(_ )S(MF(/))) = @gr£+kMt -t ® @gr£+k+th [—t, —1].
>0 £20

Assume that the two filtrations 6(L, P)’s on s(M) and s(N) are exhaustive
and complete, that grfr M te and grfr N te are quasi-isomorphic to objects
of CT(A®) and that the spectral sequence arising from the two filtrations
0(L,P)’s on s(M) and s(N) are regular and bounded below. Then we have
the convergent spectral sequence:

(14.0.8)  E7M = @@t (gr] M) @ @ H T erf e N
t>0 t>0

= H"(s(MF(p))).
Let

d(M): @H " (grp M) — D H T (g 1y MY)
£>0 10

be the boundary morphism arising from the exact sequence

0 — gl &P)s(M) — §(L, P), /5(L, P)y_os(M) — g &P s(Mr) — 0,

Let

d(N): PH" 5 (er] NP — P H o (er] N
£>0 £>0

be the analogous boundary morphism for (N, P). Then the boundary mor-
phism

d: El—k,h+k El—k+1,h+k
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between the Ej-terms in (14.0.8) is equal to

(14.0.9) (d(M) p >:

0 —d(N)
Dt M) © DH V)
£>0 £>0

N @ Hh‘”“(gri%_lMt’) o @ ayh—t, (gr£+th')-
>0 >0

Next we give the analogues of the above for the mapping cone.
Let MC(p) := (M, P)[1] ® (N, P) be the mapping cone of p. We define the
diagonal filtration dyc(L, P) on s(MC(p)) as follows:

(14.0.10)  duc(L, P)es(MC(p)) :== @ P sx 1M o @ Pr kNP,
t>0,s t>0,s

The morphism p induces the following morphism

(14.0.11) p(—=1): (M,P)(—1) — (N, P).
By (14.0.10) we have
(14.0.12) Suic(L Ps(MC(p)) = (L, P)es(MC(p(~1))).

Hence we have the following triangle:
(14.0.13) -+ — (s(M),d8(L, P)){(—1) — (s(N),5(L, P))
— (s(MC(p)), dmc (L, P)) — -~ .
By (14.0.10) we have
(14.0.14)  griveEPg(Mc(p))

= @gri-l-k—lM;.[_tr + ]-] D @gri-l-th.[_tr]‘
t>0 t>0

Hence, under the same assumptions in the case of the mapping fiber, we have
the convergent spectral sequence:

—k,h+k - . - .
(14.0.15) By SM = (UM @l M) @ DM (e N
t>0 t>0

= H"(s(MC(p))).
The boundary morphism

d: El—k,h+k El—k+1,h+k
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between the Ej-terms in (14.0.15) is equal to

(14.0.16) <_déM) d(’j’v)>:

@ Hh_é’“Jrl(gr,ZJrk_lMt‘) o @ 24h—t, (gr,§+kN?')
>0 >0

— @Hh_tr+2(gr£+k—2Mt') D @Hh—tﬂrl(griM_th')‘
£>0 £>0

The filtrations dvr (L, P) and dvc (L, P) are well-defined for the morphisms
of objects of DF(A*), that is, we have the functor

Mor (DF(A*)) 3 [o] — [(s(M€(p)). bnige(L, P))] € DF(A),
where §€ is a letter F or C.

Next we consider the decreasing stupid filtration on the mapping fiber and
the mapping cone. Let p: M — N be a morphism in C*(A®). Then p induces
a morphism

p: (M,0) — (N, 0)
of filtered complexes of A2-modules, where o’s are decreasing stupid filtrations.

Then we define decreasing stupid filtrations on s(MF(p)) and s(MC(p)) as
follows:

(14.0.17) o's(MF(p)) = € M¥a P N! (ieN),
120,521 t>0,s—1>1

(14.0.18) o's(MC(p)) = P M-"'e P N (ieN).
t>0,5+1>1¢ 120,521

Let p': M* — N* (i € Z) be the degree i-part of p. Then
(14.0.19)  aris(MF(p) = D M“[-t,[{-i} & P N"[-t, — 1]{~i}

t>0 >0
= s(MF(p'{—i}: M{—i} - N'{-i})),

(14.020)  gris(MC(p)) = @@ MY [~t, + 1){—i} & P NY[-t,]{~i}

£>0 £>0
= s(MC(p'{—i}: M'{—i} = N'{-i})).
Hence we have the spectral sequences:

(14.0.21) EVM =" (s(MF(pY))) = H" (s(MF(p))),
(14.0.22) By = HM T (s(MC(p'))) = H" (s(MC(p))).
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The Ej-terms of (14.0.21) and (14.0.22) fit respectively into the exact se-
quences

(14.0.23) e BYMT s HO T (s(MY)) — HE T (S(N)) — -

(140.24) oo B (M) — I (s(N) — B

Now we consider the mapping fiber and the mapping cone in log crystalline
cohomologies. Let (S,Z,v) and Sy be as in §3. Let

(14.0.25) pe: (Yo, E,UW,) — (X,,D,UZ,)

be a morphism of smooth r-simplicial schemes with transversal r-simplicial
relative SNCD’s over Sy which induces two morphisms

P(Ye,Fae)* (Y;’Eg) — (ngDg)’ P(Ye,Wa)* (Y;’Wg) — (X!,Z!).
Let fiy,.E.ow.)/s and [y, w,)/s be the structural morphisms of (Y., E, U

W,)/S and (Y,,W,)/S, respectively. Let f(x, p,uz,)/s and f(x, z,)s be the
analogous structural morphisms. Then p, induces two morphisms

(14.0.26)
og lo ,Z. .
plgc%ys: [Rf(ngzg)/S*(Ecrgs 7(0(X27D:UZ:)/S))’5(L’PD_ )]
lo, 7VV. (]
— [Rf(yyW!)/S*(Ecrgs _(O(Y!,E!UW!)/S))75(L7PE_)]
(14.0.27)
oo * log,Ze .
plgc%ysg: [Rf(X!,Z!)/s!*(Ecrgs 7(O(X37D3UZ3)/5))’PD7]
lo, ,Wo (]
— [Rf(Y!,W!)/S!*(Ecrgs '(O(YS,E‘!UWS)/S))apE_]’
Then
(14.0.28) Patiys = (3,0)(Pyiyse)-

By (14.0.5) and (14.0.13), we have the following:
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PROPOSITION 14.1. — There exist the following triangles:
(14.1.1) — (MF(p\%8%,), omr(L, P))

Pe crys

log,Ze .
— [Rf(xe.20)/5+(Eerys * (O(xu,Dauz0)/5))s 8(L, PP*)]

log,We .
— [Rftvawa)/su(Bergs * (Ova Bauwa)/s)), 6(L, PP2)](1) -,

(14.1.2) — [Rf(x,.z.)/5+(Borss " (O(x0,pauza)/5)) 8(L, PP2)] (~1)

— [Rftva )¢ (Borg (O, maoways))s (L, PP)]
— (MC(pl%8), buc (L, P)) =5

Pe oCIysS

By (14.0.8), (14.0.15) and (3.1.2), we have the following spectral sequences:

THEOREM 14.2. — There exist the following spectral sequences:
prkhtk _ h—2t, —k
1 @R f(D@,«Hc) Z\ t +k))/S*
t>0
(t,.+k) log
(O(D?TW’Z'D@TM))/S Sz weys(Di/S 2) (= (tr +K))

h—2t, —k—2
D @R totktl
f(E( W Bltr Fh+1))/S*

t>0
(t +k+1) lo
(O(E(t +k+1) W\ t - )/S Xz @ crys g(Et/S Wt)) ( - (tr +k+ 1))
h log *
(14.2.1) = H"(MF(p2%55)),
—kh+k h—2t, —k+2
Ey _@R f(DfT*’“‘”,Z\ (e 1))/ S
t>0
(© gz ol D8 (D, /s: Z)) (=t +k—1)

k—1
(Dgt’“+ ),Z|D(tr+k71))/5
h—2t, . —k
&b R k
gao (B w plirt0)/5x

(t,+k)lo
(O(E;(tﬁk),WIE(,_STM))/S Rz Werys g(Et/S Wt)) ( —(t, + k:))
t

(14.2.2) — H"(MC(p2%))-

DEFINITION 14.3. — We call (14.2.1) (resp.(14.2.2)) the preweight spectral
sequence of the mapping fiber (resp. mapping cone) of pi%gr;s with respect to D,
and E,. If Z, = = ¢, then we call (14.2.1) (resp. (14.2.2)) the preweight
spectral sequence of the mapping fiber (resp.mapping cone) of p.cr;s If S
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is a p-adic formal V-scheme in the sense of [74, §1], if So = Spec(Os/p)
and if X, and Y, are proper over Sy, then we call them the weight spectral
sequences of the mapping fiber and the mapping cone of plﬁ;gr;s with respect to
D, and E,, respectively. Furthermore, if Z, = W, = ¢, then we call them the
weight spectral sequence of the mapping fiber and the mapping cone of pl;lgr;s,
respectively

PROPOSITION 14.4. — 1) The natural exact sequence

(14.41) - — Hh(MF(plgocgr;s)) — Rhf(x,,D,uZ,)/S*(O(X,,D,uZ,)/S)
— R"fiy, paowa)/s(Ova Beuwa)/s) — ++-

is compatible with the preweight filtration with respect to omw(L,P), D,
and E, .

2) The natural exact sequence

(14.4.2) - — Rhf(X!,D!UZ!)/S*(O(X!,D!UZ!)/S)

— Rhf(Y,,E,uW,)/S*(O(Y,,E,UW,)/S)
— H"(MC(pler)) — -+

Pe crys

is compatible with the preweight filtration with respect to D,, E, and
5MC(L7P)

Proof. — We give the proof only for the mapping fiber. (Note that the trian-
gles in (14.1) do not show (14.4) because the preweight filtration depends on
the degrees of cohomologies.)

First the natural morphism

log,Ze .
[Rf(xe.20)/5+(Eerys " (O(xa,Dauz0)/5))s 8(L, PP2)]

log,We .
— [Rf(Yg,W,)/S*(Ecrgs _(O(YS,E‘!UW!)/S))’é(LaPE‘)]
induces the morphism

Rhf(x,,D,uZ,)/S*(O(X,,D,UZ,)/S) — Rhf(Y,,E,uW,)/s*(O(Y,,E,uW,)/S)

which is compatible with the preweight filtration with respect to D, and E,.
By the definition of dyp(L, P) in (14.0.1), the natural morphism

og * log,Ze .
(MF (0%, omp (L, P)) — [Rf(x. 2.)/5x(Berys * (O(x1,p0074)/5)): 0(L, PP*)]

induces the morphism

H"(MF(p2%5s)) — R f(xe.00024)/5+(O(x0 Da0Z4)/S)
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which is compatible with the preweight filtration with respect to dmr(L, P)
and D,.
Finally, by the definition of d\p(L, P) in (14.0.1), the natural morphism

log,We .
[Rf(Y!,W!)/S*(Ecris _(O(Y!,E!UW!)/S))a5(L7PE‘)] (1)

— (MF(p%85,), omr (L, P))[1]

p:crys
induces the morphism
R" fiv, maowa) /56 (O maowayrs) — HH(MF(py8))
which is compatible with the preweight filtration with respect to E, and
omr(L, P). O

THEOREM 14.5. — Let Ny,..., N, be nonnegative integers. Set
N :=(Ny,...,N;).

Let u, So and S{, be as in (3.8). Let us mean by’ the base change with respect
to u. Let §C be a letter F or C. Then the base change morphism

(14.5.1) Lu* [MFC(p25 o) Onze(L, P)] — [MFC(0' BN crys) Onze (L, P)]

!SN@Y}’S !SU@Y}’S

s an isomorphism.
Proof. — The Theorem immediately follows from (5.9) and (14.1). O

Let k be a perfect field of characteristic p > 0. Let V, K, W and Kj be as
in §10.

COROLLARY 14.6. — Let S be a p-adic formal V-scheme. Let §€ be a letter
F or C. Assume that X, and Y, are proper over Sy := SpecS(OS/p). Then
the image

Im(H" (Snge(L, P)eMFE(ps)) = H (MIFC(pEs)))

p eCrys P eCrys

prolongs to a convergent F-isocrystal on S/V. (We denote the image by
Pi[H" (MFC(paiya))))-

Proof. — The proof is the same as that of [72, (2.13.3)] by using (14.5). O

PROPOSITION 14.7. — Let S be a p-adic formal V-scheme. Assume that X,
and Y, are proper over Sy := Spec(Og/p). Then the Ea-terms of (14.2.1)
and (14.2.2) prolong to convergent F-isocrystals on S/V.
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Proof. — By [72, (2.13.10)], the Gysin morphism in (5.3.3) extends to a mor-
phism of convergent F-isocrystals on S/V. By (14.0.9), (14.0.16) and (5.3.3),
the boundary morphisms between the Ei-terms are morphisms of convergent
F-isocrystals on S/V. Hence we obtain (14.7) by [74, (3.7), (2.10)]. O

THEOREM 14.8. — Assume that Z, = W, = ¢ and that X, and Y, are proper

over Sy := Spec(Og/p). Let S be a p-adic formal V-scheme. Then the
spectral sequences (14.2.1) and (14.2.2) degenerate at Eo modulo torsion.

Proof. — By (8.3), (14.1.1) and (14.1.2), we have the nilpotent deformation
invariance of the mapping fiber and the mapping cone of log crystalline coho-
mologies tensorized with Q. By using (14.5) and (14.7) and by the same proof
of [72, (2.17.2)], we obtain (14.8). O

THEOREM 14.9. — Let S be a p-adic formal V-scheme. Set
So = Spec(Os/p).
Let

2
(v2,E2) 2 (X2,D2)

Pe
be a commutative diagram of proper smooth r-simplicial schemes over Sy with

r-simplicial relative SNCD’s over Sy. Let € be a letter F or C. Then the
induced morphism

(", 0*): MFE(pyerss )i — MFE(pZerss ) ic
1s strictly compatible with the weight filtration.
Proof. — The proof is the same as that of [72, (2.18.2)]. O

THEOREM 14.10. — Let the notations and the assumptions be as in (14.8).
The exact sequences (14.4.1) and (14.4.2) modulo torsions are strictly exact
with respect to the weight filtration.

Proof. — If k is a finite field, (14.10) is obvious. In the general case, we reduce
it to the case of finite fields as in [72, (2.18.2) (1)]. O

Now assume that S = Spf(W), where W be the Witt ring of a perfect field
of characteristic p > 0 and that Sy = Spec(k). Then, for each nonnegative
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integer i, we have the following morphism by the functoriality of log Hodge-
Witt sheaves with weight filtrations (see [69, (9.3) (2)]):

(14.10.1)  pl%s [RO(X,, WA, (log(D, U Z,))), (L, PP*)]
— [RL(Y,, Wy, (log(E, UW,))), 6(L, PP*)].
Hence we have the following morphism

log *i 5(L,PPe
(14.10.2) 80 (P prw) : grk(*

— gr) EPPIRD(Y,, WY, (log(E, UTW,)).

'RI (X, W, (log(D, U Z.)))

Using the Godement resolutions of WQ_ (log(D, U Z,)) and W, (log(E, U
W.,)), we see that the morphism p, in (14 0.25) induces a morphlsm

(14.103)  p%ay: [RD(X,, WX, (log(D, U Z,))), (L, PP*)]
— [R(Y,, WO, (log(E, UW,))),8(L, PP*)].

THEOREM 14.11. — Let §C€ be a letter F or C. Then the following hold:

1) There ezists the following spectral sequence
(14.11.1) B = HM (Mo ) = H" (MFE(p5aw))-
2) The Ey-term Hh_"(MF(pl(ingf\fv)) fits into the following exact sequence:
(14.112) - — H'(MF(p%5)) — H"(X,, W, (log(D, U Z,)))
— H"'(Y,, WG, (log(E, UW,))) —
3) The Ej-term Hh_i(MC(pL%gg\ﬁv)) fits into the exact sequence:

(14.11.3) s — H' (X, WY, (log(D, U Z,)))
— H"'(Y,, Wy, (log(E, UW,)))
—i log *i
— H'"(MC(p25) —
4) Assume that X, and Y, are proper over k. Then the spectral sequence

(14.11.1) degenerates at Ei modulo torsion. There exists the following
decomposition:

h
(1411.4) H" (M3C( ) = D H'™ (M3 ).
=0
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5) There exist the following spectral sequences

El—k,h+k _ @Hh—i—2§T—k (D(t k) WQZ () (logZ|D(t )
t=>0 (t,+k)
&7 Tzar (Dé/ﬁ))(_(tr—i_k))

i —k— t,+k+1 i
oy @Hh 7 2tr k 2(El§_ )’ WQ;£§T+k+1) (log W|E‘§@T+k+1))

t>0 t
oz wi T (E/R) (~(t, + k+ 1))
(14.11.5) _— Hh‘i(MF(pl;’ngiV)),

—k,htk ot — t,+k—1 ;
Bl :@Hh i—2t, k+2(D§_r )7WQZD(§T+,€_1)(IOgZ|D(§T+k71))
- t t

T el D)+ k- 1)

Z — k ’L
@@Hh 2 k(E(t+) waQ (t +k) (10gW‘ t+k)
t>0
27w (B, /m))(—m k)

(14.11.6) = H" 7 (MC(p\ %))

6) Assume that Z, = W, = ¢ and that X, and Y, are proper over . Then
the spectral sequences (14.11.5) and (14.11.6) degenerate at Eo modulo torsion.

Proof. — 1): The stupid filtration on MS(’:(ploc‘lggW) immediately gives the
spectral sequence (14.11.1). Here we have calculated RI’s on the right hand
side of (14.10.3) by using the Godement resolutions of W (log(D, U Z,))
and WQy, (log(E, UW,)). )

2), 3): Follow immediately from the definition of the mapping fiber and the
mapping cone, respectively.

4): The proof is standard: see the proof of (7.3).

5): Follows from (14.0.8), (14.0.15) and the Poincaré residue isomorphism

Res gre W QXt (log(Dt U Zt))
W00 (5)(10th|D(Z)) ®z w (Dt//@)( ) (L eN)

in [72, (2.12.4.2)] (cf. [66, 1.4.5], [69, (9.3) (1))).
6): We obtain this assertion as in (7.10) by using (14.8). O

COROLLARY 14.12. — The slopes 0th(MF(plong*W))K0 (resp. Hh(MC(plodggW))Ko)
lie in [0, h] (resp.[0,h + 1]).
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Proof. — The Corollary follows immediately from (14.11.1), (14.11.2) and
(14.11.3). O

DEFINITION 14.13. — We call the spectral sequence (14.11.1) the slope
spectral sequence of H h(Mg(’:(pﬁggW)). We call the direct sum decompo-

sition (14.11.4) the slope decomposition of Hh(MSQ(plﬁjggw)). We call the
spectral sequences (14.11.5) and (14.11.6) the weight spectral sequences of
H'"™(MF (pl:agg\ﬁv)) and H h_i(MC(plg%gg\ﬁv)), respectively, and we denote by
P := {Py}kez the induced filtrations.

Next, we prove the Kiinneth formula of the mapping fiber and the mapping
cone of the induced morphism of log crystalline cohomologies by a morphism
of smooth multi-truncated multisimplicial schemes with multi-truncated mul-
tisimplicial relative SNCD’s.

Let (S,Z,~) and Sy be as in §3. Let Y be a quasi-compact smooth scheme
over Sp. Assume that S is quasi-compact. Let (X!, D! UZ!) and (Y}, B UW})
(1 = 1,2) be smooth r-simplicial schemes with trz;nsvérsal_r-simpli(;ial relative
SNCD’s over Sy. Let p': (Y, E: UW!) — (X!, D! U Z!) be a morphism of r-
simplicial log schemes which induces two morphisms ij; : (Y], EL) — (X!, DY)
and p%w (Y], W) — (X1, Z%) of log schemes. We assume that the underlying
structural morphisms X! — Sg and Y — Sy (i = 1,2) are quasi-compact and
quasi-separated. Set i i

(Y2, EPUW?) = (Y, E} UW]}) xg, (Y2, E2UW}),
(XY,?,DEP uZW}?) = (X],D}uZ)) xg, (Y2, E2 UW}),
(YX)?,EDP UWZ}?) = (Y, E} UW]) xg, (XZ,D2 U Z2),

(X2, DUzl = (X),DlUZ))xs, (X2, D}V Z2),

(14.13.1) Y2 W) = (VW) xs, (YEWD),
(XY,2, ZW}2) = (X}, Z)) xs, Y2, WD),
YX2WZ)2) = (Y, W]) xs, (XZ,22),

(X212,Z!12) = (Xj,Zj) X 8, (Xf,zf).

Here E}? := (E] x5, Y2)U(Y,! x5, E2), DE?? := (D] x5, Y2) U (X] x5, E?)
and so on are analogous unions of direct products.
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We have the following four morphisms of log schemes:

14.13.2
14.13.3
14.13.4
14.13.5

A/_\AA
~— ~— ~— ~~—

(pl’id) (Y12 E12 U W12) (XY12 DE12 U ZWlQ),
(id,p2) (Y:Q E12 U le) (YX12 ED12 UWZI ),
(p',id): (YX)?, EDPP UWZ)*) — (X2, D)* U Z)?),
(id, p*): (XY, DE* U ZW?) — (X2, D}* U Z)?).

Hence we have the four morphisms:

log, ZW )2

(14136) (pl’ ld)* : [Rf(XY!12,ZW!12)/S* (ECI‘yS - (O(XY!12,DE;2UZW!12)/S))’

§(L, PPE)]

log, W2
B [Rf(YSIZ,WSIQ)/S* (Ecrys B (O(Y;Q,E;QUWSIQ)/S)) 5

5(L, PP,
log, W Z12

(14137) (1d7 p2)* [Rf(YX!lQ,WZ!lz)/S* (Ecrys B (O(YX;Q,ED;QUWZ;Q)/S))7

(14.13.8)

(14.13.9)

3(L, PEP)]

log, W }2
— [Rf(Y!12,W!12)/S* (ECI‘yS - (O(Y!12,E;2UW!12)/S)) 5

5(L, PP,

vk lo 7Z.12
(p",id)*: [Rf(xg2,21)55 (Eors ® (O(xi2,p2uz12)/5))

S(L, PP

log, W Z}2
— [Rf(yxgl?,vvz;?)/S* (Berys * (O(ngQ,ED;2uwzg2)/s))7

§(L, PEP<)],

. " log,Z4?
(id, p*)*: [Rf(x12,282)/54 (Eerys * (O(xs2,p120212)8))

3(L, PP")]

log, ZW )2
— [Rf(XY;?,ZW!lQ)/S*(EcryS B (O(XY,H,DE;?LJZW!H)/S))’

5(L, PPE)].
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Consider the two morphisms:

(14.13.10) (pt,id)* @ (id, p?)*

log,Z}2

12
: [Rf(X!127Z!12)/S*(Ecrys - (O(XSIQ,D;QUZ;Q)/S))Jé(L,PD! ):|

log, W Z}2 15
- [Rf(YX?’WZéQ)/S*(EcrgS * (O xp2.eppuwzizys)), 0(L, PEP*)]

log, ZW 2 12
D [Rf(XY!12,ZW!12)/S*(ECT§S - (O(XY;Q,DE;QUZW!H)/S))v5(L’PDE! )]s
(14.13.11) (id, p*)* + (p*,id)*

log, W Z}2 15
: [Rf(yxg2,wzg2)/s*(Ecr§s - (O(YX!H,EDg?uWZ!H)/S)),5(L,PED’ )]

log, ZW 2 12
® [Rf(XY!12,ZW!12)/S*(ECT§S ) (O(XY;Q,DE;QUZW!H)/S))v5(L’PDE! )]

log,W,? 12
— [Rf(Y;Q,W!lQ)/S*(ECrgS - (O(YSH,E;QUW;Q)/S));5(L,PE! )]

First we take the mapping fiber of (14.13.11):

log, W Z12 12
[Rf(YX!12,WZ!12)/S*(ECY§S i (O(ngZ,EDgzuwzgz)/S)),5(L,PED’ )]

log, ZW}2

12
® [Rf(Xy;Q,ZWE)/S*(Ecrys (O(XY;Q,DE‘;QUZW!H)/S))?5(L=PDE! )]

log, W22 12
® [Rf(Y;Q,W!lQ)/S*(EcrgS : (O(Y;?,E;QUWSH)/S))’5(L7PE! I [-1].

Next, by using the morphism (14.13.10), we have the complex
(14.13.12)
log, Z4*

12
[Rfx2, 71286 (Berys * (Oxa2,pi2uzizy/s)) (L, PP27)]

log, W Z 12 12
D [Rf(YX!lQ,WZ!m)/S*(EcrgS - (O(YX;Q,ED§2UWZ!12)/S))J5(L7PED! HD=1]

log,ZW}2 12
@ [Rf(XY!m,ZW!m)/S*(Ecr%S B (O(XY!H,DE;QUZW!l?)/S))a5(L7PDE’ N [-1]

® [Rf(yg2,wg2)/s*(Eiiiéwgu (Oya2, mr2owizy/s)), 0(L, PE))(2)-2].
DEFINITION 14.14. — We denote the complex (14.13.12) by
(14.14.1) [Rf(xp2 (xvi2oy xi2))/s+ (B (O(xi2 (xvaeuy x12))8))s (L, P®)].
If Z, = W, = ¢, then we denote this complex by
(14.14.2)  [Rf(x12 (xvizuy x12))/5x (Berys (O(x12 (xvizuy x12))/5)): 0 (L, P)].

THEOREM 14.15. — Let p; (resp. pa) be the first (resp. second) projections for
the last four objects in (14.13.1). Then the following hold:
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1) Let h be a nonnegative integer. Let N be a nonnegative integer satisfying
(2.2.1). Then the cohomology H" of the N-truncated simplicial version of
the compler (14.14.1), that is, in the case « = o and « < N, is canonically
isomorphic to

th (Lpt (MF(plloogS*N,crys)’ 5MF (L7 P)) ®([§S Lp; (MF(pIQO-gS*N,cryS)’ 5MF (L7 P))) :

2) Assume that the four complexes appearing in (14.13.12) as direct factors
are filteredly quasi-isomorphic to filtered bounded complexes. Then the complex
(14.13.12) is canonically isomorphic to

LpT (MF(plloggé:ys% 5MF(L7 P)) ®([§S Lp; (MF(pl;!gé:ys% 5MF(L7 P)) .

This isomorphism is compatible with the base change of (S,Z,~).

Proof. — (14.15) follows from the filtered log Kiinneth formulas (5.10.1),
(5.10.2) and Eilenberg-Zilber’s theorem. O

THEOREM 14.16. — Let V, K, S and Sy be as in (5.4). Let k and h be two
integers. Let R be the complex (14.14.1). Assume that X} and Y] (i = 1,2)
are proper over Sy. Then the following hold:

1) The weight filtration
PHM(R) i = Im(H"(8(L, P®),R) — H'(R)) . (k€ Z)
prolongs to a convergent F-isocrystal on S/V.
2) Assume that Z, = W, = ¢. Then the following spectral sequence
(14.16.1) B M = O H T (o] RE) = H'(R)
t>0
degenerates at FEo. This spectral sequence prolongs to that of convergent F'-

isocrystals on S/V.

Proof. — 1): The proof is the same as that of [72, (2.13.3)] by using the base

change theorem for the N = (NVy,..., N,)-truncated version of the complex
(14.13.12) (Ny,..., N, € N).
2): The proof is the same as that of [72, (2.17.2)]. O

REMARK 14.17. — The corresponding object to (14.14.1) for the mapping
cone is:
log,Z3?

12
(14.17.1) [Rf(X;2,Z;2)/S*(Ecrys B (O(X!12,D;2UZ!12)/S))75(L7PD! {=2)[2]

log, W Z12 12
ea[Rf(yxgm,WZ!H)/S*(Ecrgs ) (O(YX§2,ED;QUW2;2)/S))75(L,PED’ =D
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log,ZW}2 12
@[Rf(xy;2,zw;2)/s*(Ecrgs * (Oxvg2,pEruzwi?)s))s 8(L, PPP)[(=1)[1]

log, W }2 12
@[Rf(Yglz,Wgz)/S*(ECgS B (O(Y!12,E;2UW!12)/S))75(L7PE’ ))-

The obvious analogues of (14.15) (for N such that N —2 satisfies the inequality
(2.2.1)) and (14.16) for the complex (14.17.1) hold.

We conclude this section by stating the following Kiinneth formula of coef-
ficients:

THEOREM 14.18. — Let (T,J,6) be a fine log PD-scheme. Let Z be a quasi-
compact fine log scheme over SpecT(OT/j). Let h be a nonnegative integer.
Then the following hold:

1) Let N be a nonnegative integer satisfying the inequality (2.2.1). Let
f XZ<N — 7 and g Y<N —Z (i=12)

be log smooth and mtegml morphzsms from fine N-truncated simplicial log

schemes Assume that fZ and g are quasi-compact and quasi-separated. Let
: Y-ZS N X-S N be a morphism of fine N-truncated simplicial log schemes
over Z. Set

Y<N —Y <N XZY<N7 YX.<N —Y.lgN XZX.2§N7

XY2y=XlyxzYiy, Xiy:=XlcyxzXin

- 12
Let fY.lgN, fYX32<N, fXY:%N and fX.12SN be the structural morphisms of Y 2y,

YX}%N_, XY}SQN_ and X}%N to Z, respectively. Let B;SN (resp. CZ.'SN) be a
flat quasi-coherent crystal of (QXi<N/T-m0dules (resp. Oyi<N/T-m0dules). Set

o=V o=, BN = oY R By,

o<N <N <N .<N o<N <N
BOiEN =BV ressN, BiEN = BV R ByEN

Le t)\.<N B.<N N Rpéi;%*(0.<N) be a morphism in Dt (OXigN/T)' Then

(Rfllog

.<NCI‘yS*

MPOGY) @b, RIS, 0y MEOSY)

NCTyS*
is canonically isomorphic to the following cohomology:

(14.18.1) H"{RfE log BizY) @ RIS B:i=M)[-1]

NCTys* ( XlQ_Ncrys* ( 12

®R f10g

Y12Ncrys* (

BCi™)[-1 ]@Rfl"g ey (O3 [=20]
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2) Let N — 2 be a nonnegative integer satisfying the inequality (2.2.1). Let
the notations and the assumptions be as in 1). Then

HURI TS o MCOTY) @8, RIGE L MCOS=)}

NCTYS* o< NCTYS*

1s canonically isomorphic to the following cohomology:

(14.18.2) ”Hh{R g,

N CTyS*

(Biz")2l @ beilchryS*(CBSN)[l]

®Rf

Y12Ncrys* (

BOENM & RIS .. (C15 )}

3) Let r be a positive integer. Let f°: X: — 7 and g¢*: Y; — Z (i=1,2)
be log smooth, integral morphisms from fine r-simplicial log schemes. Assume
that f* and 5’ are quasi-compact and quasi-separated. Let p': Y] — X be a
morphism of fine r-simplicial log schemes over Z. Let B;, C;, \; and so on are

the obvious analogues of 1). Assume that Rf1Og ery . (Bl2); Rflo)g(mcrys*(C’Bﬁ),
Rflof,lgcrys*(Bsz) and Rf10g ety .. (C1y) are bounded above. Then the complex

RfE MF(A)@OZ/TRfQIOg MF(A3)

CryS* Crys

s canonically isomorphic to the following complex:

R, (B},) @ RfS (CB3y)[—1]

XlQCrys* YXlQCrys*
1 . 1 .
ORSf °§mcry5*(301—2)[ 1] @ Rf% Fcryen (C12)[=2]-
The complex

R\ MCON) ©6, . R  MCOS)

X! o CTyS* Xgcrysx

s canonically isomorphic to the following complex:

BRIy (B12) 2] © RES (CBi,)[1]

crys* Y X, 12crysx

@RfIO%’chrys*(BCi)[ ] D Rflog crys*(0122)'
Proof. — 1), 2): Follow from Kato’s log Kiinneth formula (see [51, (6.12)])
and Eilenberg-Zilber’s theorem as in (5.10), 1).
3): Follows from Kato’s log Kiinneth formula (see [51, (6.12)]) and
Eilenberg-Zilber’s theorem as in (5.10), 2). O
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15. Mapping fiber and mapping cone in rigid cohomology

In this section we define the weight filtration on the mapping fiber and the
mapping cone of the induced morphism of rigid cohomologies by a morphism
of separated schemes of finite type over a perfect field x of characteristic p > 0.
We also calculate the slope filtrations on the mapping fiber and the mapping
cone by the mapping fiber and the mapping cone of the cohomologies of the log
de Rham-Witt complexes of proper smooth simplicial schemes with simplicial
SNCD'’s over k, respectively.

Unless stated otherwise, the base field k is a perfect field of characteristic
p>0. Let V, W, K and K{ be as in §10.

Let p: V — U be a morphism of separated schemes of finite type over k.
Then we have a morphism (V, V) — (U, U) of pairs over x ((9.5.1)). By (9.2)
and (9.4), 2), there exist good proper hypercoverings (U,, X,) and (V,,Y,) of
(U, U) and (V, V), respectively, which have the disjoint unions of the members
of affine simplicial open coverings of (U,,X,) and (V,,Y,) over (U,U) and
(V, V), respectively, and which fit into the following commutative diagram:

(V.,Y.) —2— (U., X.)

(15.0.1) l l

Set D, := X, \ U, and E, :=Y, \ V,. Let F€ be a letter F or C. Then, by the
functoriality in (11.6), 3), we have the isomorphism

(15.0.2) MFE(plig) := MFC(p}iy: RLwig(U/K) = Rlyig(V/K))
— MFC(pi%s: RT(X., D.)/W)x — R ((Y., E)/W)K).

In fact, by (9.11), 1), we see that the isomorphism (15.0.2) is independent of
the choice of the commutative diagram (15.0.1).

By (15.0.2), (14.2) and (14.8), we have :
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THEOREM-DEFINITION 15.1. — There exist the following spectral sequences:

(15.1.1) By = H' 2R (DI )W) apys, O+
t>0
Xz wci;_sk (Dt/W)) ( - (t + k))K

@ @Hh—2t—k:—2((Et(t-i-k-i-l)/w)cryS’ 1)
>0

Et(t+k+1)/w
®7 WEE(EYW)) (= (t+k+1))
= Hh (MF(p;g)) )

(15.1.2) By = @ H2F2 (DI /W)ars, O e
t>0

W
Rz @t V(D W) (= (t+k = 1))

I, k
@@Hh A k((Et(t+ )/W)crysaoE(tHv)/W

t>0
Xz wci;_sk (Et/W)) ( - (t + k))K
— 1M (MC(y).

The spectral sequences (15.1.1) and (15.1.2) degenerate at Es.

We call the spectral sequences (15.1.1) and (15.1.2) the weight spectral se-
quences of Hh(MF(pfig)) and Hh(MC(pjig)) with respect to p,, respectively.

THEOREM 15.2. — The weight filtrations on Hh(MF(pfig)) and Hh(MC(p;“ig))
with respect to p, are independent of the choice of p,.

Proof. — Using (9.11), 1), (15.1) and variants of (12.3) for the mapping fiber
and the mapping cone, we can prove (15.2) as in (12.5). O

DEFINITION 15.3. — We call the well-defined filtration in (15.2) the weight
filtration on Hh(MF(p’rkig)) and Hh(MC(p’rkig)), and we denote them by

P ={Py}rez.
PROPOSITION 15.4. — The weight filtrations on
HMMF (p}y,)) and  H"(MC(p,))

are compatible with the extension of complete discrete valuation rings of mized
characteristics with perfect residue fields.
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Proof. — As in (12.8), (15.4) immediately follows from (15.1.1) and (15.1.2)
and the base change theorem of crystalline cohomology (see [5, V Proposition
3.5.2]). O

THEOREM 15.5 (Strict compatibility). — Let

v o

Vv 25U
be a commutative diagram of separated schemes of finite type over k. Let F€
be a letter F or C. Then the induced morphism

(u*,v*): H'(MF€(ps,)) — H"(MFC(p},)) (h€Z)

rig

18 strictly compatible with the weight filtration.

Proof. — By using (9.11), the proof is similar to (12.10). O
THEOREM 15.6. — The exact sequences

(15.6.1) -+ — H"(MF(p},)) — H},(U/K) — HE(V/K) — -

and

(15.62) -+ — H} (U/K) — H},(V/K) — H"(MC(p},)) — -+

are strictly exact with respect to the weight filtration.
Proof. — The Theorem follows from (14.10) as in (12.10). O

Next, we consider the slope filtration on the mapping fiber and the mapping
cone. Assume that V = W. We have the isomorphism
5oz M) TMEE( iy AICX., WS, (o8 D)k,

— RT (Y., WQ4, (log E.)) k)
by (15.0.2) and (7.7.1).

The following theorem is an immediate consequence of results in (14.11).

THEOREM 15.7. — Let §€ be a letter F or C. Assume that YV = W. Then
the following hold:
1) There ezists the following spectral sequence

(15.7.1) EY" T = H' (M) e, = H" (M€(p}s,))-

This spectral sequence degenerates at F1.
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2) There exists the following isomorphism:
h—1 log *i h *
(15.7.2) H" 7 (MF(p i) g, = (H (MSQ:(prig)))W 1)

3) There exists the following slope decomposition

h
% —q log %1
(15.7.3) HM(MF€(p},)) = D H (MFC(p2aw) Ko
i=0
4) There exist the following spectral sequences

—k,h+k
(15.7.4)  E;™'F

= @ H" DI WAL @n @l (D/R) (=t + k),
£20 | t |
@ @ Hh_z_2t_k_2(Et(t+k+1) 9 WQZE§t+k+1)
t>0
@z DU (B /1) (= + b+ 1))

= Hh(MF(Pfig))[z',z’H),

_ —i—2t— k— i
(15.75) BN = @@ EM RO ol o
t>0
@z @D/ R)) (—(t + b — 1))k,

& @D HH B WA 0wt (B/) ({6 + )y
>0 ‘
= Hh(MC(p;kig))[i,i—i-l)'

These spectral sequences degenerate at Fo.
5) The following equality holds:

(15.7.6) P H" ™ (MFC(0l%0)) e,

= P,H" (MFC€(pyig)) N " (M%Q:(p:ig))[z’,i—i-l)
PROPOSITION 15.8. — The slopes of Hh(MF(p;g)) (resp. Hh(MC(p’rkig))) lie
in [0, h] (resp. [0, h + 1]).

Proof. — The Proposition immediately follows from (14.12). O

16. Rigid cohomology with closed support

In this section we endow the rigid cohomology with closed support with
the weight filtration. We prove that the generalized Kiinneth isomorphism
of the rigid cohomology ((16.15), 1) below) is strictly compatible with the
weight filtration and that the Gysin morphism in rigid cohomology is strictly
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compatible with the weight filtration. We determine the possible range of
weights of the rigid cohomology with closed support. We also determine the
possible range of slopes of it. These determinations are generalizations of works
of Chiarellotto (see [15]) and Chiarellotto-Le Stum (see [17]), respectively. As
a corollary of the existence of the weight filtration and the calculation of the
slope filtration on the rigid cohomology with closed support, we prove the
variant of Serre-Grothendieck’s conjecture as to the existence of the desired
functions in the Introduction.

Unless stated otherwise, the base field k is a perfect field of characteristic
p > 0in this section. Let U be a separated scheme of finite type over x and Z a
closed subscheme of U. Let V' be the complement of Z in U and let p: V — U
be the open immersion. Set d := dim U, ¢ := codim(Z,U) and dz := dim Z. If
U is smooth over &, then d = c+dy (see [43, II Exercise, (3.20) (d)]). Assume
that U is of pure dimension. Let us recall the definition of RI'ig z(U/K):

(16.0.1) RDvigz(U/K) := MF (p},: RDvig(U/K) = RTig(V/K)).

As an immediate application of (15.1), (15.2), (15.4) and (15.7), we obtain
the following:

THEOREM 16.1. — Let U < U be an open immersion into a proper scheme
over k. Let V be the closure of V in U. Let the notations be as in (15.0.1).
Then the following hold:

1) There ezists the following spectral sequence

(16.1.1) El—k,h—i-k _ @Hh—%—k((l)gt—i—k)/w)crys’ O
>0

D

2z Wit (De/W) (= (t+ k)

o @Hh—2t—k—2((Et(t+k+1)/w)crys’ 1)
>0

E.t(t+k+1)/w
®z DT (EYW)) (= (t+k+1))

= H}', ,(U/K).

The filtration P := {Py}rez on H§g7Z(U/K) induced by the spectral sequence
above is well-defined. The filtration P is compatible with the base change of
complete discrete valuation rings of mized characteristics. The spectral se-

quence (16.1.1) degenerates at Fs.
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2) There exists the following spectral sequence

—k,h+k i— t+k
(16.0.2) By = @ HM (DI el
t>0
©z @ (Di/8) (= (E+F)) o,

@@Hh i—2t—k— 2(E(t+k+1) WQZ eraen
t>0
®z @i (E, /ff))(—(t +k+1))k,

rlg Z(U/KO)[i,i-‘rl)'
This spectral sequence degenerates at Fo.

3) Let P := {Py}rez be the filtration on HQ&Z(U/KO)[Z-J-H) induced by the
spectral sequence (16.1.2). Then the following formula holds:

—q log *i
Pth (MF (pongW))Ko = Hrlg Z(U/KO)[Z i+1) N PkHrlg Z(U/KO)
DEFINITION 16.2. — 1) We call the filtration P on

Hggz(U/K) (resp. Hggz(U/K)[i i+1) )

the weight filtration on H}, h ,(U/K) (resp rig, Z(U/K) [i,i41))-

2) Let k be an integer. We say that Hj, h (U/K) is of weight > k (resp. < k)
it P, 1HrfigZ(U/K) = 0 (resp. HrfigZ(U/K) HﬁgZ(U/K)). We say that
HggZ(U/K) is of pure weight k if H ,(U/K) is of wezght >k and < k. We

rig,Z
call a vector v of H? (U/K) is of weight < k if v € P,H! ,(U/K).

rig,Z rlg Z

By the spectral sequence (16.1.1) and by the purity of the weight (see [54],
[16, (1.2)] (cf.[69, (2.2) (4)])), we see that, if x is a finite field, then the
deﬁmtlons in (16. 2) about Hr}ig 4(U/K) are usual ones using the eigenvalues
of the Frobenius endomorphism.

Let h be a nonnegative integer. Let X be a proper smooth scheme over
a perfect field k of characteristic p > 0. By considering the constant simpli-
cial scheme X as a gs proper hypercovering of X, we see that rlg(X /K) =
HE (X/W)k is of pure weight h (this purity also immediately follows from

crys

(12.11), 2) and (12.12)).

THEOREM 16.3. — Let u: (V,W) — (U,Z) be a morphism of separated
schemes of finite type over k with closed subschemes. Then the induced mor-
phism

(1631) rlg Hng Z(U/K) — Hrlg W(V/K)
1s strictly compatible with the weight filtration.
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Proof. — By (9.5.1) there exists a morphism (V, V') — (U, U) over , where V
and U are proper schemes over « including V and U as open subschemes, re-
spectively. Let W and Z be the closures of W and Z in V and U, respectively.
By (14.9) and (15.0.2), we obtain (16.3) (cf. the proof of (12.10)). O

LEMMA 16.4. — Let C be an additive category. Let
fo (B A} — (F° {Fg}) and g: (F*, {F}}) — (G*.{G}})

be filtered morphisms of filtered complexes of objects of C. Set h := go f. Then
the following hold:

1) The morphism
(id, g): MF(f) = (E* {E}}) @ (F* {F}¢})[-1]
— (B°{E}}) @ (G°.{G}}) [-1] = MF(h)
is a morphism of filtered complexes of objects of C.

2) The mapping cone MC((id, g)) is canonically isomorphic to MF(g) in
KF(C). In particular, there exists the following triangle

+1

(16.4.1) — MF(f) — MF(h) — MF(9) —— .

3) Let the notations be as in the beginning of §14. Let p: M — N and
o: N — L be a morphism in C(A*%). Then the morphism

s((id,0)): s(MF(p)) — s(MF (o 0 p))

is a morphism of complexes of A-modules, and the mapping cone MC(s((id, 0)))
is canonically isomorphic to s(MF (o)) in KF(A).
Proof. — 1): Tt is immediate to check.

2): For simplicity of notation, we omit to write the filtrations. There exists
a natural injection

v: MF(g) = F* & G*[—1]
— (EB*a F*[-1))[1] @ (E* & G°[-1]) = MC((id, g))
of complexes of objects of C. It is straightforward to check that ¢ is indeed a
morphism of complexes of objects of C. Furthermore, there exists a natural

morphism 7: MC((id, g)) — MF(g) of complexes of objects of C defined by
the following formula

EM e FIoRI oG s (2,y, 2,w) — (y+f(z),w) €FIpGT Y (qen).

It is straightforward to check that 7 is indeed a morphism of complexes (the
boundary morphism d: F4T' @ FIe E1¢ GI — E1T2 g Fitl g BItl g GY
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is given by the formula “d(z,y, z,w) = (—dz,dy — f(x),dz + z, —dw + g(y) +
h(z))”. Since m o = id, it suffices to prove that the composite morphism
id — ¢ o 7 is homotopic to zero. A family

Efl o Flo Ele Gt
5 (z,y, z,w) — (2,0,0,0) e "B @ FI g ET 1 G172 (¢qe7)
of morphisms gives an homotopy from id — ¢ o 7 to the zero morphism.

3): Follows from 1) and the proof of 2). O

The following is a slight generalization of [9, (2.5)] and another proof of
[loc. cit.] itself.

COROLLARY 16.5. — Let T be a closed subscheme of Z. Set U' := U\ T and
7' :=Z\T. Then there exists a triangle

1
(165.1) — RTygr(U/K) — Rlyig 7(U/K) — RTyiy 21(U'JK) ——

In particular, there exists the followz'ng exact sequence
(1652) i HrlgT(U/K) — H, rlg Z(U/K) — H, rig, Z/(U//K)
Proof. — By considering the following two morphisms
[ RTyig(U/K) — RT\ig(U'/K),

9: RLyig(U'/K) — RTyg((U'\ 2)/K) = RTyie (U\ 2)/K).
(16.5) immediately follows from (16.4.1). O
THEOREM 16.6. — The following hold:

1) The ezxact sequence

(16.6.1) - — H}, ,(U/K) — H} (U/K) — H},(V/K) —
(cf. ]9, (2.3.1)]) s strictly exact with respect to the weight filtration. More

generally, the exact sequence (16.5.2) is strictly exzact with respect to the weight
filtration.

2) Let U’ be an open subscheme of U which contains Z as a closed sub-
scheme. Then the isomorphz’sm

(1662) rlg Z(U/K) —> rlg Z(U /K)

(cf. ]9, (2.4.1)]) is an isomorphism of weight-filtered K -vector spaces.
3) If Z = Zy U Zy, then the isomorphism

(1663) rlg Z1 (U/K) © H, rlg ZQ(U/K) —> rlg Z(U/K)
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(cf. ]9, (2.4.2)]) is an isomorphism of weight-filtered K -vector spaces.

Proof. — 1): The former statement of 1) is a special case of the strict exactness
of (15.6.1). We prove the latter statement of 1) as follows.

Let U < U be an open immersion into a proper scheme over k. Set U” :=
U\ Z. Let U" and U’ be the closures of U” and U’ in U, respectively. By
(9.2) and (9.4), 2), there exist gs proper hypercoverings (U,, X,), (U!, X])
and (U”, X!") of (U, U), (U, U,) and (U”, U”), respectively, which fit into the

commutative diagram

(Uil,X:,) L (Ui,X:) L (U.,X.)

(16.6.4) l l l
u", "y 2= U, U) —2— (U,D).
Set D, := X, \U,, D, := X!\ U! and D! := X!\ U!. Then we have the

commutative diagram
RI((X., D)/ W)k~ RI((X., Dl)/W)k —— RU((X!, DY)/ W)
RTy(U/K)  —2—  ROG(U'/K) —2Z— R ((U'\ Z')/K)
= Rl (U"/K).
Consider the morphism (id, o7): MF(p}) — MF (o} o p¥). Then we have the

weight filtration on MC((id, o)) by (14.0.10). By the obvious generalization
of (14.10) (by the proof of [72, (2.18.2) (1)]), the exact sequence

oo — HMMF(p})) — H"(MF(07 0 p})) — H"(MC((id, 07))) — ---

is strictly compatible with the weight filtration. Again, by the proof of [72,
(2.18.2) (1)], the canonical isomorphism

H"(MF(c})) — H"(MC((id, 0}))) (h € Z)

is an isomorphism of weight-filtered vector spaces. Now we have proved the
latter statement of 1).

2): Consider the commutative diagram:
U\zZ -S> U
(16.6.5) ml lm
U\Z —— U.
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The assertion 2) immediately follows from (15.5).

3): Let U; (resp. Us) be the complement of Zy (resp. Z1) in U. Then we have
natural morphisms (U;, Z;) — (U, Z;) and (U;, Z;) — (U, Z) (i = 1,2). Hence
we have the following isomorphism by (16.6.2) and the following morphism:

(16.6.6) ah, , (U/K) = H}, , (Ui/K) «— H, ,(U/K).

By (15.5) the two morphisms in (16.6.6) are strictly compatible with the weight
filtration; by (15.5) the natural morphism

Hy 7,(U/K) — Hy 7(U/K)

is also strictly compatible with the weight filtration. Thus 3) follows. ]
The following is a generalization of [15, (2.3)] and (12.12).

THEOREM 16.7. — Assume that U is smooth over k. Then the following hold:
1) The weights of Hﬁgz(U/K) lie in [h,2(h — c)].
2) (cf.[25, (8.2.9)]) The weights of Hﬁgz(U/K) is less than or equal to 2d.

Proof. — 1): By (15.0.2) and by the proof of (12.12), we can reduce 1) to [15,
(2.3)].
2): If k is a finite field, the same proof as that of [15, (2.3)] works; we leave

the detail to the reader. In the general case, we have only to use (15.0.2) and
the proof of (12.12). O

REMARKS 16.8. — 1) The third term of the following exact sequence

te(X'/K) — H, (U1 /K) — Hyn g, yig(X'/K) — -+

T

in [15, p.690] have to be replaced by H;';C{Uhrig(X’/K).
2) By using recent results (17.5) below, we have another proof of (16.7) by

(16.6), (17.8) below and the proof of [15, (2.3)].

The following is a slight correction of [17, (2.1.1)] since “une variété al-
gébrique” in [17] is not necessarily connected (see [17, Convention)):

LEMMA 16.9 (cf. [62, (8.3.13)]). — Let e be the cardinality of the geometric
irreducible components of Z. Assume that Z is of pure dimension dz. Then
there exists the following canonical isomorphism

(16.9.1) H2 (7/K) =5 K°(—dy).

rig,c
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Hence the trace morphism Trz: H2%(Z/K) — K (cf.[8], [6, pp. 21-23]) is

rig,c

an underlying morphism of the following morphism
(16.9.2) vzt H32 (Z/K) — K(—dz).

Proof. — We may assume that Z is reduced. Let T" be the set of the singular
points of Z. Set Z°:= Z \ T. Then, by the exact sequence

(16.9.3) - — H}, (2°/K) — H}, (Z/K) — H}, (T/K) —

rig,c rig,c
[6, (3.1) (iii)] and by the vanishing of the rigid cohomology with compact
support [8, (1.1)], we have a canonical isomorphism

(16.9.4) H>Z (7°/K) = HY (Z/K).

rig,c rig,c
Hence we may assume that Z is smooth and affine by taking a dense affine
open set of Z. By [9, (5.7) (ii)], rlg(Z/K) = K°. Hence, by the Poincaré
duality [8, (2.4)], H*%(Z/K) = K®. The compatibility of the Frobenius in

rig,c
(16.9.1) is obtained by the proof of [17, (2.1.1)]. O
REMARK 16.10. — The trace morphism is defined for a separated scheme

Z of finite type over k because the rigid cohomology with compact support
of Z is defined (see [6, pp. 21-23]), because there exists an exact sequence [6,
(3.1) (iii)] and because the vanishing theorem for the rigid cohomology with
compact support holds (see [8, (1.1)]).

By (11.8) and the exact sequence (16.6.1), we see that HﬁgZ(U/K) is an

F-isocrystal over k (see [87, (8.1.1) (3)]). The following 3) is a generalization
of the latter part of [17, (3.1.2)]:

THEOREM 16.11. — Let k be a perfect field of characteristic p > 0. Then the
following hold:

1) The slopes of HY, ,(U/Ky) lie in [0, h].
2) If U is smooth over k, then the slopes of H

rlg z
rlg h (U/Ky) lie in [c,h — .
3) Under the assumption in 2) the slopes of H}}, h (U/Ky) lie in [h —d,d].
Consequently, the slopes of Hyj, h (U/Ky) lie in [max{c, h—d}, min{h—c, d}].
Proof. — 1): This is a special case of (15.8).
2): If Z is smooth over k, then we may assume that U and Z are of pure

dimensions. In this case, 2) immediately follows from 1) and the following
Gysin isomorphism

(16.11.1) G HY, 7(U/Ko) — HL *(Z/Ko)(—c).

rig
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Note that we do not need to assume that Z and U are affine by [8, (2.4)] (see
also (10.19), 2)) and (16.9) (cf. [17, (2.1.3)]). In the general case, we have only
to consider the reduced scheme Z..q, remove the singular locus of Z,.q and to
proceed by induction on the dimension of Z as in [15, p.691].

3): We give only a sketch of the proof of 3) because the following argument is
well-known (see [9, (3.3)] (cf. [15, I (2.5)], [17, (3.1.2)])). Follow the argument
of the inductions of two types in [9, (3.3)]: consider the following statements
for any natural number h:

For any perfect field x of characteristic p > 0 and for any separated

(a)g smooth scheme U of finite type over x of dimension d, the slopes
of Hﬁg(U/KO) lie in [h — d, d].

For any perfect field x of characteristic p > 0 and for any closed
immersion Z < U from a separated scheme of finite type over k of
dimension < d to a separated smooth scheme of finite type over x,
the slopes of Hﬁgz(U/Ko) lie in [h —d,d].

(a)o is clear as in [15, I (2.5)]. (b)p is also clear as in [15, I (2.5)]. The
proof of the implication (b)q—; = (a)q is obtained by a standard method
using de Jong’s alteration theorem (see [50, (4.1)]), the base change theorem
n [87, (8.1.1) (2)] or (16.1) and the slope decomposition of the crystalline
cohomology of a proper smooth scheme over x (see [47, IT (3.5.4)]).

Next, let us prove the implication (b)g_1,(a)q = (b)4. Let dz (resp.d) be
the dimension of Z (resp. U). The key point for the proof of this implication is
the Gysin isomorphism (16.11.1); as in 2), we may assume that Z is smooth.
Then, by the inductive hypothesis, the slopes of Hzg_zc(Z /Kp)(—c) lie in [h —
2c — dz + ¢,dz + c]. Hence the slopes of Hﬁgz(U/K) lie in [h —d,d]. O
REMARKS 16.12. — 1) The proof of (16.11) shows a generalization of [25,
(8.2.4) (i), (ii)] by an easy way.

2) In the statement (b), in [15, I (2.5)], we have to assume that dim Z < n.

Let us also consider the case of a certain coefficient.

PROPOSITION 16.13. — Let the notations be as in (15.0.1) and (11.14).
Let B, and Cg,., be locally free F'-isocrystals in the log convergent topoi
((X/.,\B.)/V)IC%%V and ((}7.,\5.)/]))10%%\,, respectively. Let B and C be overcon-
vergent F-isocrystals on U/Ky and V /Ky satisfying the condition in (11.14).

Let X3 : Boyow — Rp28,u(Co) be a morphism of F-isocrystals and let
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X: B = Rpyig«(C) be a morphism of overconvergent isocrystals. Assume that
the following diagram

RUyig(U/ Ko, B) +—— RU(((X., D)/ W)&s, Z(x.00) (Blony))

Al J/E()\lc?)grw)

RTyig(V/Ko,C) «—— RT(((Ya, B)/W)eiSs, Eqva ) (Ce

conv ) )

is commutative. Then the following morphism is an isomorphism:

—_—~—

(16131) MSQ:(E()‘L%%V) RF(((XO7 D.)/W)log :(X.,D.)(B;onv))

crys? —

P

— RO(((Ye, B /W)eEs Eve.20) (Coony))
— M€ (A: RIig(U/Ko, B) — Rlyig(V/Ko, C)).

Proof. — The Proposition immediately follows from (11.15). O

Next we generalize Kedlaya’s Kiinneth formula in [55, (1.2.4)] as stated in
the last sentence in [55, (1.5)] (Kedlaya’s Kiinneth formula is a generalization
of Berthelot’s Kiinneth formula in [8, (3.2) (i)]). To generalize Kedlaya’s
Kiinneth formula above, we need the following lemma.

LEMMA 16.14. — Let U = U'UU? be an open covering of a separated scheme
of finite type over k. Let U — U be an open immersion into a proper

scheme over k. Set U2 := U'NU?. Let U',U? and U be the closures
of UL, U? and U in U, respectively. Let C be an overconvergent isocrys-
tal on (U,U)/K. Fori = 1,2, let C; (resp.C12) be the restriction of C to
(UL, UY/K (resp. (U2, U'?)/K). Let

0: RTyig(U'/K,C1) @ RTyiu(U? /K, Cy)—RT i (U2 /K, C12)
be the natural morphism. Then the natural morphism

RTig(U/K,C) — RTy4g(U'/K,C1) @ RTyi(U?/K, Cs)

defined by “x — (—x|y1, x|y2) 7 induces an isomorphism

(16.14.1) RT,ig(U/K,C) — MF(0).
Proof. — Tt suffices to prove that the morphism (16.14.1) induces an isomor-
phism

H!(U/K,C) = H"(MF(0)).
By [87, (6.3.2)] we have the Mayer-Vietoris exact sequence:

(16.14.2)  --- — H" (U/K,C) — H! (U'/K,Cy) @ H!

2
rig rig rig(U /K7 02)
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rig
~ h
h (U/K,C) > H"(MF()) by the five

lemma. O

— H! (U)K, Cyp) — - -+
Hence we obtain the isomorphism H”

THEOREM 16.15 (Kiinneth formula). — Let U* (i = 1,2) be a separated
scheme of finite type over a mot necessarily perfect field k of characteristic
p > 0. Let Z° be a closed subscheme of U'. Let U" < U’ be an open immer-

sion into a proper scheme over k. Let C; be an overconvergent F'-isocrystal
on (U, U%)/Ky. Set

U?:=U' %, U% and Z"%:=27"x,27°
Then the following hold:
1) The following canonical morphism is an isomorphism:
(16.15.1) RTyi, 1 (UKo, C1) @Ky RL i 22(U?/ Ko, Ca)
— RT\iy 712(U"? /Ko, C1 K Co).

2) Assume that k is perfect. Then the induced isomorphism on the coho-
mologies by the isomorphism (16.15.1) for the trivial coefficient is compatible
with the weight filtration.

Proof. — 1): We may assume that r is perfect by the proof of [86, (5.1.1)].
Let V? be the complement of Z% in U%. Let V¢ be the closure of Vin U'. Set
VU2 .=Vix, U? UV2.=U'%x,V? V2.=vlx,V2%

Then (VU'2) N (UV*'2) = V!2 and the complement of Z12 in U'? is (VU'2)U

(UV'2). Let B; be the restriction of C; to (V, V7). Set
Cho = C1 K Cy, BCiy:= B KCy, CBiy:=Ci KBy, Bis:=BiK DBy
By (16.14) we have the canonical isomorphism
(16.15.2)  RTy (VU UUV'?) /Ky, C12)

= {RTyg(VU" /Ko, BC12) ® RTyig(UV'? /Ko, CBi2)}

@ RIyig(V'? /Ko, Bra)[-1].
Hence we have the following isomorphism
(16.15.3) RT i, 712(U? /Ko, C2)
= RTyig(U'?/Ko,C1 ¥ Cs) @ { RTyig(VU? /Ko, BC12)[1]
@ RIyig(UV'? /Ko, CB12)[—1] & RIyig(V'? /Ko, B12)[-2]}.
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By the Kiinneth formula ((10.18)), this complex is isomorphic to
MF (RLyig(U' /Ko, C1) — RIyig(V' /Ko, By))
® ko MF (RTyig(U? /Ko, C3) — RTyig(V? /Ko, Bs)),
which is isomorphic to RFrig,Z1(U1/K0, C1) @k, RFrigZz(Uz/Ko, Cy).

2) Let (U?, X?) and (VZ,Y?) be good proper hypercoverings of (U?, U?) and
(V?, V%) which have the disjoint unions of the members of affine simplicial
open coverings of (U?, X!) and (V!,Y?) over (U, U?) and (V?,V?), respec-
tively, fitting into the commutative diagram (15.0.1). Set D! := X!\ U¢ and
E!:=Y!\V}. Let the notations be as in (14.13.1) for the case Z! = W} = ¢.
Then, by (11.7.1), the right hand side on (16.15.3) for the trivial coefficient is
equal to

RD((X!2,D!2)/W) .. @ {RD((Y X2, ED%)/W) . [1]
& RT((XY.2, DE!2)/W) . [-1] @ RU((Y.2, E2) /W), [~2]}.

By (10.1), (11.15) and (14.18), 3), this complex is isomorphic to

1 pl 1 gl
@x, ME(RD((X2, D2) /W), —> RU((YZ.E2/W),.).
Now, as in the proof of (12.13), 2) follows from (14.15). O

Next we prove that the Gysin morphism with closed support in rigid coho-

mology is strictly compatible with the weight filtration ((16.19) below).

Let Z be a separated scheme of finite type over x. Until (16.19), assume
that there exists a closed immersion

(16.15.4) Z——U

into a separated smooth scheme of finite type over x of pure dimension d and
that Z is of pure codimension c in U.
The following is a slight generalization of [9, (5.7)]:
PROPOSITION 16.16 (cf. [9, (5.7)]). — The following hold:
1)
(16.16.1) Hl, ,(U/K)=0 (h<20).

2) Let e be the cardinality of the geometric irreducible components of Z.
Then

(16.16.2) HE ,(U/K) = K°.
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Proof. — 1): We proceed by the descending induction on the codimension of
Z in U. If Z is a 0-dimensional scheme, then 1) follows from (16.6.2) and [9,
(5.7) (i)]. Let U’ be an open subscheme of U. Set T := U'°NZ and Z' := Z\T.
By (16.5.2) and (16.6.2), we have the following exact sequence

(16.16.3) HQ&T(U/K) — Hﬁgz(U/K) — Hﬁg,z/(U’/K).

By the same argument as that in the proof of (10.1) and by [9, (5.7) (i)], we
may assume that H" _,(U'/K) =0 for h < 2c. By the inductive hypothesis,

rig,Z’
HggT(U/K) =0 for h < 2c. Hence H" ,(U/K) =0 for h < 2c.

rig,Z

2): By a standard argument of e.g., [64, VI (9.1)] (cf. [9, (5.7)]), by (16.16.1)
and by (16.5.2), we may assume that U is an open subscheme of U which is a
closed formal V-scheme which is formally smooth around U. In this case, 2)

is nothing but [9, (5.7)]. O

LEMMA 16.17 (cf. [76, (7.13)]). — Let e be the cardinality of the geometric
irreducible components of Z. Then the canonical isomorphism

K° 5 HZ ,(U/K)

T

in (16.16.2) is an underlying isomorphism of the following isomorphism

(16.17.1) K®(—c) = H3, 7(U/K)

as F'-isocrystals.

Proof. — By the exact sequence (16.5.2) and by a standard argument of e.g.,
(64, VI (9.1)] (cf. ]9, (5.7)]), we may assume that U and Z are smooth and
affine, and, furthermore, they are liftable by the argument in [15, p.691]. In
this case, by the proof of [15, I (2.4)], we have (16.17). O

THEOREM 16.18. — Assume that x is perfect. Then the rigid cohomology

HrQi‘éZ(U/K) is pure of weight 2c.

Proof. — We may assume that K = K. Let j: U < U be an open immersion
into a proper scheme over k. Let V be the complement of Z in U. Let
V be the closure of V in U. Then, by (9.2) and (9.4), 2), there exist a
morphism p,: (V,,Y,) — (U,, X,) from a gs proper hypercovering of (V, V) to
that of (U, U) fitting into the commutative diagram (15.0.1) for the morphism
(V,V) = (U,U). Set D, := X,\ U, and E, :=Y, \ V,. Let

log * RP((X.,D.)/W) — RF((K7E0)/W)

Pectys
be the induced morphism by p,. Then H" (U/Kq) = H"(MF(p285))k, (see

rig,Z
(15.0.2)).
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Let N be an integer satisfying the inequality (2.2.1) for h = 2¢. As in §12,
let A1 be a smooth subring of x over a finite field F, such that the truncated
morphism pe<n: (Ye<n, Fe<n) = (Xo<n, Do<n) is defined over A;. Let pfl<1N
be a model of p,<n over A;. Let A be a formally smooth lift of A; over W(IE“:I)
Fix an endomorphism F4 of A which is a lift of the Frobenius endomorphism
of A;. Then we have a natural ring morphism A — W(A;) (see [61, VII
(4.12)]). Thus W(= W(k)) becomes an A-algebra. Let = be a closed point of
Spec(A1). Let Ky(k(x)) be the fraction field of the Witt ring W(k(x)) of the
residue field k() of z. Let pfl<1N(a:) be the reduction of pfl<1N at x. If Spec(Ay)
is small enough, then the natural morphisms -

(16.18.1) P H" (MF(p2 2" ) ®4 Ko

— PH"(MF (087 1)) ©w Ko = PuH"(MF(pl%8)) @ Ko,

(16.18.2) PuH"(MF(p2 %" ) ®a Ko(k(z))
— Pth(MF(pAllog* (a:))) ®W(n(r)) Ky (/i(:L’))

o< N,crys
are isomorphisms for all A < 2¢ and for all k € Z ((8.1)). The isomorphisms
(16.18.1) and (16.18.2) are compatible with the Frobenius action. Since A;
is reduced, the morphism A — W(A;) is injective by [72, (2.15.1)]. Con-
sequently the composite map A — W is injective. Hence the Frobenius on
HQC(MF(p:qgl}\?i:ys)) @w(r,) Ko(Fy) acts on p°Fa by (16.17). Because

P H" (MF(p22 87 ) @y, Ko(Fy)

o< N,crys

is a convergent isocrystal ((14.6)), it suffices to prove that

(16.18.3) Pae_1 H?(MF(p/2 02" (2))) ®wz,) Ko(Fy) =0

o< N,crys
and

o< N,crys
A1 log *
(16.18.4) = H>*(MF(p,2 057 (%)) @ww,) Ko(Fy)

by [74, (3.17)]. Let o, € Aut(W(k(x))) be the lift of the p-th power isomor-

phism of x(z). Then the Frobenius action on H 2C(l\/[F(pfg }\?gc;:ys(a:))) QWw(F,)

Ko(F,) is po, by (16.17). Hence we have (16.18.3) and (16.18.4).
Now we finish the proof of (16.18). O
PROPOSITION 16.19. — The Gysin morphism
(16.19.1) Hlty 7(U/K)(—c) — HEF(U/K)
1s strictly compatible with the weight filtration.
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Proof. — Let cy(Z) € HﬁgZ(U/K) be the fundamental class of Z. Let

A: (Z,U) = (Z %, Z,U x,, U) be the diagonal closed immersion. Because
the Gysin morphism (16.19.1) is equal to the following composite morphism

(16192) Hng Z(U/K)( ) 1d®C—U()>‘E[r1g Z(U/K) KK Hrng(U/K)

CHLS, /(U % U/K) = HAH(U/K).

Hence (16.19) follows from (16.18), the Kiinneth formula (16.15), 2) and (16.3).
O

Next we prove the variant of the Serre-Grothendieck’s conjecture of virtual
Betti numbers of a separated scheme of finite type over k as to the existence
of the desired functions in the Introduction (see [33, Partie II, A, II (469)]).

Let us consider the following Grothendieck group GF2(Kj) of bifiltered finite
dimensional Ky-vector spaces:

> The generators of GF9(Kj) are classes
[Hv P) F] = [Hv {Pk}kEZ) {FZ}ZGZ] s

of triples (H, { Py }rez, {F*}icz)’s, where { Py, }rez (vesp. {F'};cz) is an increas-
ing (resp. decreasing) filtration on a finite dimensional Kj-vector space H.

> The relation in GF2(K)j) is
[H3, Py, F3] = [Hy, Py, F1] + [Ha, Py, Fy]
if the following sequence is exact for all k € Z and all ¢ € Z:

(16.19.3) 0 — (PN F{)Hy — (P3N Fi)Hz — (Pyy, N Fy)Hy — 0.
PROPOSITION 16.20. — The sequence (16.19.3) is exact if and only if the
following sequence is exact for all k € Z and all i € Z:

(16.20.1) 0 — grl grp Hy — grlp gry > Hy — gty grf? Hy — 0.

Proof. — More generally, consider a complex (E*, {PyE*}rez, {QrE*}kez)
with two increasing filtrations of Kg-vector spaces such that there exist in-
tegers ko and k; such that Py, E* = Qp,E* = E* and P, E* = Q, E* = 0.

We have only to prove that (P, N Q;)E* is exact for all k,i € Z if and only if
gngrII:E' is exact for all k,7 € Z. Since

erert B* = (P N Q)E*/ (Pt N Qi) E" + (PN Qs 1) E")
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and since the following sequence
0— (Pk—l N Qi_l)E' — (Pk—l N QZ)E' (&) (Pk N Qi_l)E'
— (Pk:—l N QZ)E“ + (Pk N Qi_l)E“ — 0

is exact, the implication = is clear. We obtain the converse implication with-
out difficulty by the double induction. O

Set
Bi(H,P,F) :=grfH, grp,(H P, F):=gwH, H,"":=grpery H.
By (16.20) we have well-defined morphisms of Grothendieck’s groups:

(16.20.2) Bf: GFy(Ko) — G(Ko) (k € Z),
(16.20.3) gr,: GFa(Ko) — G(Ko) (i € Z),
(16.20.4) HF' GFy(Ko) — G(Ko) (ki € Z).

The dimension dimg, from finite dimensional vector spaces over Ky to nat-
ural numbers extends to the isomorphism
(16.20.5) dimg,: G(Ko) — Z.
Set
(16.20.6) h’; = dimg, oBg, f; = dimg, ogrﬁp h;’k_i = dimg, ng’k_i.
Next let us consider a geometric case.
Let U be a separated scheme of finite type over k. Let Z be a closed
subscheme of U over £. Then HY, ,(U/Kjy) (m € Z) has the weight filtration P
(see (16.1)) and the slope filtration F' (see (15.1)). Henceforth we omit to write

the weight filtration and the slope filtration for an element of GF2(Ky). We

have integers hk(H, ,(U/Ko)), fi(HD, ,(U/Ko)) and by "(HZ, ,(U/Ky)).

Moreover, let us consider an element
[Huig,z(U/Ko)] := > (—1)"[H 2(U/Kp)].
meN

DEFINITION 16.21. — We call the integers

hl;([Hrig,Z(U/KO)])7 f;([Hrig,Z(U/KO)])a h;{k_i([Hrig,Z(U/KO)])
the virtual Betti number, the virtual slope number and the virtual slope-Betti
number of (Z,U)/k. We denote them by h];7Z(U), ;Z(U) and hgkz_i(U),
respectively. If Z = U, then we denote them simply by h’; (U), fi(U) and
h;’k_i(U ), respectively.
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THEOREM 16.22 (cf. [33, Partie I, A, IT (469)]). — Let CS(k) be the set of
isomorphism classes of separated schemes of finite type over k with closed
subschemes over k. Then the maps
(16.22.1) hk: CS(k) — Z,
(16.22.2) hoE=t: CS(k) — Z
satisfy the following equalities:

1) Let U be a separated scheme of finite type over k. For a closed subscheme
Z of U,
(16.22.3) WEE=HU) = BN (U) + hEFHU N\ Z).
More generally, let T be a closed subscheme of Z. Set U' := U\ T and
Z':=Z\T. Then

i,k—1i i,k—1i i,k—1i

(16.22.4) h, 7 U) = hy T U) + hy 7 .

2) For a proper smooth scheme X over k,
h" (X)) = (—1)F dimpg, H (X, W) i,

hl;;(X) = (_1)k dimKo Crys(X/W)Ko
3) Let U be a separated scheme of finite type over k and let Z be a closed

subscheme of U. Let U' be an open subscheme of U which contains Z as a
closed subscheme. Then

(16.22.5)

(16.22.6) hyH(U) = by (U).
4)
(16.227) RS, (Ui xeUs) = Y WIS (U)h2g2 " (Us).
11+i2=1
k1+ko=k
5)
(16.22.8) =Y wliU
€L

Proof. — 1): By (16.6), 1) and the slope decomposition (15.7.3), the exact
sequence (16.6.1) is strictly exact with respect to the weight filtration and the
slope filtration. The graded objects of the weight filtrations of the graded
objects of the slope filtrations of the exact sequence (16.6.1) are also exact
(cf. (16.1.2)). Hence the first formula in 1) follows. Analogously we obtain the
second formula in 1) by using the exact sequence (16.5.2).
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2): The second formula in 2) immediately follows from the simple remark
after (16.2). The first formula in 2) follows from the slope decomposition of
the crystalline cohomology (see [47, II (3.5.4)]).

3): The formula (16.22.6) immediately follows from (16.6.2).
4): The formula (16.22.7) immediately follows from (16.15), 2).
5): The formula (16.22.8) follows from the definition of hgkz_i(U ) O

Let £ be a prime number which is prime to p. Denote U ®j, Ksep by U

Ksep *

By (12.20) we can construct an analogue h'g’Z(U) of h’;Z(U) for the f-adic
cohomology Hét,step (Ukeep» Qr) ((£,p) = 1).

THEOREM 16.23. — Let k be a perfect field of characteristic p > 0. Then
(16.23.1) hi 7(U) = hE ,(U).

Proof. — If k is a finite field, then (16.23.1) is obvious by the Weil conjecture
for the ¢-adic cohomology and the crystalline cohomology of a proper smooth
scheme over k (see [26, (3.3.9)], [54], [16, (1.2)] (cf. [69, (2.2) (4)])).

In the general case, we can reduce (16.23) to the case above by using the
spectral sequence (16.1.1), the analogue of (16.1.1) for the ¢-adic cohomol-
ogy, the specialization argument of Deligne-Illusie (see [46, (3.10)], [69, §3])
and the standard specialization argument in the ¢-adic cohomology (cf. (12.3)
and (12.4)). O

Consider the finite field case K = IF;, where ¢ is a power of p. Let a be an
algebraic number of pure weight i (i € N) with respect to ¢q. Let v be a p-adic
discrete valuation of Q,(«) normalized as v(¢) = 1. The algebraic number
a is of slope > i if v(a) > i. The Frobenius F' acts on H&ZF (UFq,QZ) and
HQ,ZF (Ug,» Qy). Set !

q
(16.23.2)  Fil'HY » (Ug ,Qy)
q
= {the principal subspace of H(?t Z (UFq,@g)
q
where the eigenvalues a’s of F' are of slope > z}

Using the filtration Fil and the weight filtration on
Hf 7 (Ug,, Qo) = H 7. (Ug,, Qo) ©q, Qy
q q

we can define an analogue hz”kZ_i(U ) of the virtual slope-Betti number h;f}_i(U )
as in (16.20.6) (cf. [26, III (3.3.7)]). Then the following holds:

THEOREM 16.24. — If K is a finite field, then hy' ' (U) = hy' " (U).
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Proof. — The Theorem follows from (16.1.1), from the ¢-adic analogue of
(16.1.1), from [16, (1.3)] (cf. [69, (2.2.6)]). O

We would like to conjecture the following:

CONJECTURE 16.25. — Let s be a not necessarily perfect field of character-
istic p > 0. Let f: V — U be a morphism of separated schemes of finite type
over k. Let §€ be a letter F or C. Let £ # p be a prime number. Then

(16.25.1) dimg H"(MFE(f*: Rlyig(U/K) — Rlyig(V/K)))
— dimg, H" (MFE(f*: RTe(U @y sops Qr) = RTet(V @5 Koep, Q1))
If s is perfect, then
(16.25.2) dimg P H" (MFE(f*: RTyig(U/K) — RIyig(V/K)))
= dimg, P H" (MFC(f*: RT&t(U @x Fsep, Qe) = RTet(V @5 isep, Q1))
with k € Z.

PRroOPOSITION 16.26. — The following hold:

1) Let k be a not necessarily perfect field of characteristic p > 0. Let the
notations be as in (16.25). The formula (16.25.1) holds for §€ = F and h =
0,1. The formula (16.25.1) holds for §¢€ = C and h = 0.

2) If k is perfect, then the formula (16.25.2) holds for §€ =F and h =0, 1.
The formula (16.25.2) holds for §&€ = C and h = 0.

Proof. — Here we prove only 2) for the case h = 0,1 and §€ = F. We leave
the rest to the reader.

By (11.6), by (14.2) and by the base change theorems of crystalline and
l-adic cohomologies, we may assume that x is algebraically closed. Let the
notations be as in (15.0.1). Consider the spectral sequence (15.1.1). In this
proof we denote simply by H *(DEtJrk))(—t — k) the crystalline cohomology

group

H (D™ [ W)erys, O ey @2 0558 (De/W)) (= (4 K) -

Set h = 0. Then the nontrivial term of the Ej-terms of (15.1.1) is only
EY = H 0(D(()O)). Set h = 1. Then the nontrivial terms of the Ej-terms of
(15.1.1) are only B2 = HO(D{V)(~1), E9* = HY(D{”), B = HO(D\”) &
H O(E(()O)). The boundary morphisms d{°: EY® — Ei0 and di°: E{® — E?°
are defined over Q. The boundary morphism d}': E9 — E}! is induced from
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the morphisms of Albanese varieties; hence the dimensions of Egl in the p-
adic case and the f-adic case are equal. Finally, consider the part £ 12—

HO(D(()l))(—l) — H2(D((JO)) of the boundary morphism
dy: Bt — B = (D) © HO(DY)(-1) @ HO(Bg) (1)

in the p-adic case. The crystalline cohomology H O(D(()l)) has a natural Q-
structure Hg and the most nontrivial part of dl_12 is induced by the following
composite morphism

Hg — NS(D{”) ®2 Q — NS(DV)) @7 Q,— H2(D{).
By the argument in the proof of [70, (8.3)], we see that the natural morphism
(NS(Dy”) @2 Q) g, K — H* (DY)

is injective. Therefore EY? has a natural Q-structure Fp and F,'? =
Ker(Hg — Eg) ®g K. We also obtain an analogous much simpler fact in
the (-adic case.

Thus we obtain 2) for the case §¢€ =F and h =0, 1. O

17. Rigid cohomology with compact support

In [80] Shiho has recently proved the relative versions of his comparison
theorems in [82] (see (17.5) below). In this section, by using the relative
versions, we endow the rigid cohomology with compact support with the weight
filtration and prove several basic properties of the weight filtration.

Unless stated otherwise, the base field x is a perfect field of characteristic
p > 0 in this section.

First we note that there is an announcement in [6, pp. 21-23] that the rigid
cohomology with compact support of a separated scheme of finite type over s
is defined.

Let U be a separated smooth scheme of finite type over xk of pure dimen-
sion d. Then, by the same proof as that of [8, (2.4)], we have a canonical
isomorphism

(17.0.1) H! (U/K) =5 Homg (H* "U/K), K).

rig,c rig

Here note that U is not necessarily an open subscheme of a proper scheme
U which is a closed subscheme of a p-adic formal V-scheme which is formally
smooth around U.
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By (16.9.2), the trace morphism Try: Hﬁ‘é J(U/K) = K(—d) is compatible
with the Frobenius. Endow K (—d) with an increasing filtration P defined by

the formulas
PyK(—d) = K(—d), Py 1K(—d)=0.

Because Hfl‘é "(U/K) has the weight filtration, HomK(Hfl‘é "U/K), K(—-d))
also has the weight filtration.
U/K) with Homy (H24 " (U/K), K(—d)), we have

Thus, identifying rlgc( rig
(U/K).

the weight filtration P on H,

rlg c

PrOPOSITION 17.1 (cf. [26, IIT (3.3.4)]). — Let U be a separated smooth
scheme of finite type over k of dimension d. Let h € [0,2d] be an integer.

Then the weights of rlgc(U/K) lie in [0, h).

Proof. — The Proposition immediately follows from (16.7). O

Using the range of the slopes of the rigid cohomology of a separated smooth
scheme of finite type over x ((16.11)), we can reprove [17, (3.1.2)] (= the
following) for the rigid cohomology with compact support of the scheme; see
also [26, IIT (3.3.8)].

PROPOSITION 17.2 (see [17]). — Let U be a separated scheme of finite type
over k of dimension d. Let h € [0,2d] be an integer. Then the slopes of
U/K) lie in [max{0,h — d}, min{h, d}].

rlg c(

Proof. — Let Z be a closed subscheme of U and V' the complement of Z in U.
Then there exists the following exact sequence (see [6, (3.1) (iii)]):

(17.2.1) - — H}, (V/K) — H}, (U/K) — H}, (Z/K) —

rig,c

Since dim Z < d, we may assume that U is smooth over k by a standard
argument of the induction on dimU. We may also assume that U is of pure
dimension. Then (17.2) follows from the duality

rlg C(U/K) HomK(Hr%lé h(U/K)vK(_d))
and from (16.11), 3). O
PROPOSITION 17.3. — Let f: V — V' be a finite étale morphism of smooth

affine schemes over k. Then the trace morphism

h
Trf rig, C(V/K) - Hr1g C(V,/K)

[8, (1.4)] is strictly compatible with the weight filtration.
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Proof. — The Proposition immediately follows from (12.10) and the formula
Try = fi (see [8, (2.3) (ii)]). O

Let (X,D) be a proper smooth scheme with an SNCD over k. Let
HM(X,D)/W) (h € N) be the log crystalline cohomology with compact
support of (X, D) over W. Set U := X \ D. By [85], [82, Theorem 2.4.4,
Corollary 2.3.9, Theorem 3.1.1] and [8, (2.4)], we obtain

(17.3.1) H!((X,D)/W),. = H}, (U/K).

rig,c

PROPOSITION 17.4. — The weight filtration on Hﬁg’C(U/K) in this book is
equal to the weight filtration on HM((X,D)/W)k in [72, (2.11.15.1)] under
the canonical isomorphism (17.3.1).

Proof. — We may assume that X is of pure dimension d. (17.4) immedi-
ately follows from the definition of the weight filtration on Hﬁg,c(U /K), from
(12.9), 2) and from the fact that the Poincaré duality

H!(X,D)/W) . = Homg (H**"((X,D)/W)k, K(—d))
is compatible with the weight filtration (see [72, (2.19.1)]). O

The following are relative versions of Shiho’s comparison theorems (see [82,
Theorem 2.4.4, Corollary 2.3.9, Theorem 3.1.1]) for the trivial coefficients. In
[71] Shiho and I have recently proved that the morphism (17.5.1) below is
a functorial isomorphism (see [71]). In [80] Shiho has also proved that the
morphism (17.5.2) below is a functorial isomorphism.

THEOREM 17.5. — Let S be a formally smooth p-adic formal W-scheme. Set
S1:=S®wk. Let f: (X,D) — S1 be a proper smooth scheme with a relative
SNCD over S;. Set U := X \ D. By abuse of notation, denote also by f
the structural morphism U — Sy. Let sp: Sk, — S be the specialization map
defined in [4, (0.2.3)]. Let Rhf(Xﬁ)/sKO*(lC(X,D)/SKO) be the relative log naive
convergent cohomology of (X, D)/Sk, and let R" fig.(U/Sk,) be the relative
rigid cohomology of U/Sk, (see [19, (10.6)]). Then the following hold:
1) (see [71], [80]) The canonical morphism

(17.5.1) Rhf(X,D)/sK «(Kx,0)/8x. ) — Rhf(X,D)/S*(O(X,D)/S)Ko (heZ)
0 0

s a functorial isomorphism.
2) (see [80]) The canonical morphism

(17.5.2)  R"f(x.0)/55,+(K(x.D)/55,) — PR frigs(U/SK,) (b € Z)

(cf. (11.4)) is a functorial isomorphism.
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For the proof of the theorem (17.7) below, we recall the following GAGA
in the rigid analytic geometry: we need only (17.6), 1) in this book; we state
(17.6), 2) only for our memory. (Though (17.6) is contained in [3, (3.3.4) (ii),
(3.4.9), (3.4.11)] (see also [27, (4.10.5)]), we give the proof of the GAGA for
the completeness of this book.)

PROPOSITION 17.6 (GAGA). — Let K be a complete field with respect to a
nontrivial non-archimedian absolute value. Then the following hold:

1) Let f: X — Y be a proper morphism of schemes of locally of finite type
over IC. Let F be a coherent Ox-module. Let i: X., — X be the canonical
morphism of ringed spaces defined in [7, 0.3.3]. Set Fay := F @;-1(0y) OXon-
Then the canonical morphism

(Rhf*(]:))an — Rhfan*(}—an) (heZ)

18 an isomorphism.
2) Let X be a proper scheme over KC. Then the functor

{coherent (’)X—modules} SFr— Fan € {coherent Ox.. —modules}

gives the categories of equivalence.

Proof. — 1): The proof of is the obvious analogue of the proof of [41, XII
(4.2)] and [78, 13].

In the case where f is projective, we may assume that X is the projective
space Py (r € N). Set X := Xa, and 9 := Y. We may assume that 2
is an affinoid space. As in [loc. cit.], we have to prove that fun.(Ox) = Oy
and R"f.n.(Ox) = 0 (h € N). Consider the usual covering of X consisting of
(r + 1)-pieces o, ..., 4, of r-dimensional unit balls over 2 (see [14, (9.3.4)
Example 3]). Then the covering {l;}7_, is a Leray covering of X, that is,

H' (45 NNy, 0%) =0

for any h € Z>; (0 < ji,...,5s < r) by Tate’s acyclicity theorem (see
(84, (8.2), (8.7)]). Hence H"(X,0%) is isomorphic to the Cech cohomol-
ogy H"({4;}7_,O0%). Since (P} )an := (P )an Xspm(k) Yan (see [7, (0.3.4)])
and since the completed tensor product is an exact functor for Banach mod-
ules over K (see [27, p.8]), we may assume that 9 = Spm(K). Let R
be the valuation ring of K. Let m be a nonzero element of the maximal
ideal of R. Set R, := R/7"*! (n € N). Then (Pl )a is the Raynaud
generic fiber of (P;)" (see [7, (0.3.5)]), where * means the 7-adic comple-
tion. For x:=n or nothing, let Upy,...,Ur. be the usual covering of P .
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Then H"(Py ,Opy, ) = H"({(Ujx)}j—0: Orp, ) = Ry if h=0and = 0if h > 0
by [39, (2.1.12), (2.1.13)]. Hence, by [39, 0, (13 2. 3)]

Hh({(Uj) j= —0, 0 ) LHh( ] O’OPT ):R
if h=0and =0 if h > 0. Because
H"(X,0x) = H" ({8} 20, Ox) = H"({(U;)"}; 20, Oy )n) @R K,

we see that fans(Ox) = K and R fon(Ox) = 0 (h € N). (Instead of using
[39, 0, (13.2.3)], one may use a more difficult fact “Note added in proof” in
[88, p.104] and [30, (1.2.6)] as a very special case: Hh((]P)TR)/\7O(]P>’}F%)/\) =
HM (P, Opr) (see [39, (4.1.7)] for the case where R is noetherian).)

The rest of the proof in the projective case is the same as that of [78, 13,
Lemme 5].

In the case where f is proper, the proof is the same as that of [41, XII
(4.2)]: by using Chow’s lemma, we can reduce the proof to the projective case.

2): As in the proof of [41, XII (4.4)], we have only to prove 2) in the
projective case by using Chow’s lemma and 1). In the projective case, the
proof is the same as that of [78, 16, Lemme 8|: we have only to use Kiehl’s
finiteness theorem (see [60]) (cf. [88, p. 103]) for the cohomology of a coherent
sheaf on a rigid analytic projective space. ]

THEOREM 17.7. — Let U be a separated smooth scheme of finite type over k
of pure dimension d. Let Z be a smooth closed subscheme of U. Then the
following composite morphism of the cup product with the trace morphism

(17.7.1)  HE, (Z/K) ok HEU/K) — H2 (U/K) =% K(~d)
induces an isomorphism
(17.7.2) HZMUJK) = Homg (Hpy (Z/K), K (—d))

of weight-filtered vector spaces over K.

Proof. — By the same proof as that of [8, (2.4)], the pairing (17.7.1) is perfect.
Hence we have the canonical isomorphism'

First we prove that this isomorphism induces the followmg morphism
(17.7.3)  P.HZ }(U/K) — PyHomg (Hp, (Z/K), K(=d)) (k € Z).

Let ¢ be the codimension of Z in U. We may assume that Z is of pure
dimension dz. Then dy = d — c.

MEMOIRES DE LA SMF 130/131



17. RIGID COHOMOLOGY WITH COMPACT SUPPORT 227

For the time being, we do not need to assume that Z and U are smooth
over k. Let U < U be an open immersion into a proper scheme over x. Let Z
be the closure of Z in U.

There exists a smooth subalgebra A; of x over a finite field F, such that
the closed immersion Z < U is defined over A;. Let Z < U be a model
of Z < U over A;. We may assume that the compactification Z — Z has
a model Z < Z over A;. Let Spec(A) be a smooth lift of Spec(A4;) over
Spec(OW(FFy)). Let A be the p-adic completion of A. Let Ko(Fy) be the fraction
field of the Witt ring W(F,) of F,. Set

AKo(]Fq) = A ®W(]Fq) K()(Fq) and A\KO(]Fq) = ‘A\@W(Fq) K(](Fq)

Fix a lift ¢: A — A of the Frobenius endomorphism of A;. Then we have
a natural morphism A — W(A;) (see [61, VII (4.12)]), and W becomes an
g—algebra by the composite morphism A W(A1) — W. This morphism is
injective as noted in the proof of (16.18).

We have the rigid cohomology Hﬁg(U/EKO(Fq)) (see [19, (10.6)]) and, in
fact, the rigid cohomology Hﬁgz(u /A\KO(Fq)) with support on Z. We also
have the rigid cohomology HﬁgC(Z / A Ko(F,)) With compact support.

Let h be a fixed nonnegative integer. Let N be a positive integer satisfying
(2.2.1). Let

(Ze<Ny Zo<N) —— (Us<n, Xo<n)

(17.7.4) l l

(2,Z) ——  (U,D)
be a commutative diagram such that the vertical morphisms are N-truncated
gs proper hypercoverings. Let V' be the complement of Z in U and V the
closure of V' in U. Let
(Vien,Yecn) —— (Ui<n, Xo<n)

(17.7.5) | |

V,V) —— (UD)
be a commutative diagram such that the left vertical morphism is an N-
truncated gs proper hypercovering. Then we may assume that the diagrams
(17.7.4) and (17.7.5) are defined over A;. Here we can take the same model
of (Us<n, Xe<n) in (17.7.4) and (17.7.5) over A;. Set Do<n := Xo<n \ U<y
and F,<y = Yo<n \ Vi<n. Let us mean the models of (N-truncated) schemes
in (17.7.4) and (17.7.5) over A; by calligraphic letters. Then, by using the
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models of schemes, (17.5), Tsuzuki’s proper descent (see [86, (2.1.3)]) and the
argument in the proof of (11.6), we have the following canonical isomorphism

HE (U] Ay e,) — H"(MF(RTyig U/ Afey(,)) = Rluig(U\ 2)/Axye,))
5 H"(MF(RT((Xo<n, Do<n)/A) @i,y Ko(Fy)
— RU((Vo<n Eaxn)/A) @,y Ko(Fy))).

Hence we have the following spectral sequence by (14.2.1):

(17.7.6) BN = @@ HMH (DY [ D arys, O 7

t>0
Rz, wcl;;_sk (Dt/A)) ( - (t + k))Ko(Fq)

o k N
@@Hh 2t—k 2((5(t+ +1)/A)Crys,(9€t(t+k+1)/g@
>0 -~
@z Wiy T (E/A) (= (E+E+1) ey e,)
= Hﬁg,Z(u/XKO(Fq))'

Consequently, we have a weight filtration P on ng =(U /AK0 y) and the
cohomology Hrng(u /AKO )) prolongs to a convergent F- 1socrystal on

Spf(//l\)/W(IF‘q) by [74, (2.10)7 (3.7)]. If we take a small spectrum Spec(A4;),
then we see that the base change morphism

(17.7.7) PeHlly 2 U/ Ar,y(5,) © 3, ., Ko — Pellliy 7(U/Ko)

is an isomorphism by using the weight spectral sequences of ng ZU/ U/A Ko(Fy))
((17.7.6)) and Hﬁg’Z(U/KO) ((16.1.1)) and by Deligne’s remark (see [46,
(3.10)], (cf.[69, §3], [72, (2.14), (2.15)])). In particular, the base change
morphism

Hﬁg,Z(u/A\Ko(Fq)) D Ao e Ko — H}t, ,(U/Ky)
is an isomorphism. By (16.1), 1) the base change morphism
Hyy 7(U/Ko)x — Hyiy 7(U/K)
is also an isomorphism. Hence the base change morphism
(17.7.8) Hito U/ Ary5,) @3, ) K — Hiig 2(U/K)

is an isomorphism.
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By the exact sequence

(1779) i Hrlg C(Z/A\KO(Fq ) rlg(Z/AKo(Fq )

— Hr}ig((Z\Z)/AKo(]Fq)) —

and by the base change of rigid cohomologies in (17.7.8) for special cases U = Z
and U = Z \ Z, the base change morphism

(17.7.10) Hil o2/ Ago(,) O, K — Hlig o Z/K)

is an isomorphism. By (17.7.9) and by [74, (2.10)] we see that Hrlg c(Z/EKo(Fq))
prolongs to a convergent F-isocrystal on Spf(A ) /W(F,).

From now on, we use the smoothness of Z, U, Z and U. Let = be a
closed point of Spec(A;). Let Z(z) and U(x) be the fibers of Z and U at =z,
respectively. Set

k(z) == Ay /m.
Let W(x) be the Witt ring of x(x) and Ko(z) the fraction field of W(z).
Because Hrlg U/ A Ko(F,)) 18 a convergent F-isocrystal on Spf(A)/W(F,) and
because H" _(U(x)/Ko(k(x))) = 0 for h > 2d and for any closed point = of

rig,c

Spec(A1) (see [8, (1.1)]), we see that

Hﬁg,c(u/A\Ko(Fq)) =0

for h > 2d as in the proof of (16.18). Hence there exists a smooth affine
subscheme U’ of U such that H24 U] Akyr,) = H% (U'/Akyr,)) by the

rig,c rig,c
following exact sequence for an open subscheme U” of U:

T Hrfig c(u”/AKo ) — H (U/A\Ko(Fq))

rig,c

— il (UNU" ARy (5,) — -

rig,c

Now we follow the argument in [8, (1.2)]. Let U’ be a smooth lift of U’ over
Spec(A) and let U’ be a compactification of U’ over Spec(A). Let

z:i,Ko(]Fq) = Zjil OW(F,) Ko(Fq) and L?’KO(Fq) = L?/ QW(F,) K()(Fq).

Let w be the dualizing sheaf of 171(0( F,) Over Spec(AKO(Fq)). Because w has
coherent cohomologies (see [42, VII (3.4) (a)] and [20, (3.3.1)]), the natural

morphism RT (U’ Ko(Fq)»W)an — RD((U' Ko(F,))an,Wan) i an isomorphism by
GAGA ((17.6), 1)).
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As in [8, (1.2)], by using the trace morphism in [42, VII (3.4)] and [20,
(3.6.13)], we have the following composite morphism

d 7] d~
(17711) H}Zx{’[((u Ko(]Fq))an7 Q(UIKO(]Fq))an/(AKO(]Fq))an

;> H](Z),{/[ ((JKQ(Fq))ana wan)

— HO (U ko) Jans wan) +— HOU' ko) @)an

Tran
I (AKO (Fq) )an .

Let U’ be the p-adic completion of u'. Restricting the morphism (17.7.11) to

~

the open analytic space Spf(A) g, r,) of Spec(Ag,#,))an and noting that

o~

U'koFy) = U Ko(Fg))an X Spec(Asey e,))an SPHA) Ko(F,)

(see [7, (0.3.5)]), we have the morphism

(17.7.12) Try: H]%{/[(Z/?,Ko(qu)’ ==

- ) — A\KO(IE‘ )-
i q
ulKO(Fq)/ Ko(Fg)

Set U := U @4 K and U’ := U' @4 k. Because the composite morphism

Hib (U Y, )

i) — Hip(Uid)an: Ay i) — K

is zero (see [8, (1.2)]) and because we have the commutative diagram

(17.7.13)

~

Hify (U2, %" ) —— HipyU o), %) —— Aoy
Ko(Fq) Ko(Fq)

l l In

d—1
Hﬁ]/[((u}()amg(u}()an/[{) H]%/[((u}{)anﬂgil],{}()an/[{) K7

the upper horizontal composite morphism is zero. Hence we have the following
trace morphism

Hx (U/EKO(JFQ)) = H3! (U//EKO(JFQ))

rig,c rig,c
2d 2/ . Ty o
= Hiyp(U 1o () = ) —— Ak (F,)-
Ko(Fq)
By the Grothendieck base change of the trace morphism (see [20, Theorem
3.6.5]), the morphism
~ —~ TI“M(?U?) ~
h 2d—h
Hyig o(Z2/ Ao (r,)) ®2K0(Fq) Hrig,Z U/ AKyFy) — AKo(F,)
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is a morphism of convergent F-isocrystals. As in the proof of [74, (3.12)], we
have

(17.7.14) H, (2/Ag,,)) = Homy

rig,c

( 312, h(u/AKo(]Fq )s A\Ko(Fq)(_d))

by Berthelot’s Poincaré duality in rigid cohomology (see [8, (2.4)]).
By the Grothendieck base change of the trace morphism again, we have the
following commutative diagram

Aky(®g)

HX (U Agyr,) @5 Ko — Agyr,)(—d) @5 Ko

rig,c
(17.7.15) :l H
Tr
1 (U] Ko) - Ko(—d).

Hence we have the following commutative diagram
(17.7.16)
(H}y (2/AKo,) D A e HZG 2 U/ Ay (r,)) ® ey 10— Ko(=d)

H, (Z)Ko) @K, Hig 7 (U/Ko) —— Ko(—d).

By the formula (17.7.14) for the special case Y = Z, we have a weight filtra-
tion on Hrlg (Z/Ak,y¥,))- Because the morphism (17.7.7) is an isomorphism,
we see that the base change morphism

PHE, (2/Agy,) © 3 Ko — PHE, (Z/Ko)

I‘lg C( I‘lg C(

is an isomorphism by (17.7.15) for Y = Z and U = Z.

Now, to prove the existence of the morphism (17.7.3), it suffices to prove
that, if k + ¢ < 2d, then Try(aUb) = 0 for a € PkHifé;(U//TKO(]Fq)) and
be Pg rig, C(Z/AKO(]Fq))'

Let M (A1) be the set of the maximal ideals of A;. Then, by [72, (2.15.3)],
the natural morphism A — Hnerma)W(A1/m) is injective. Hence it suffices
to prove that the image of Try(a Ub) in W(A1/m) ®z, Qp is zero. Let z €
Spec(A71) be the closed point corresponding to m. We may assume that the
base change morphisms

Ko(z) — P H> ( (z)/Ko(z)),

Pksz h(u/A\KO(Fq)) ®A\K rig, Z(x)

rig,Z 0(Fq)

PﬂHrig,C(Z/A\Ko(Fq))®AKO KO(x)HPfHﬁgC( (z)/Ko(z))

(Fq)
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are isomorphisms. Because the base change isomorphisms above are compat-
ible with the Frobenius, we see that Tr;/(a Ub) = 0 in Ky(x) by the yoga of
weight. Hence we obtain the morphism (17.7.3).

If k is a finite field, then (17.7.3) is an isomorphism since (17.7.2) is com-
patible with the Frobenius.

Now we consider the general case. We have only to prove that the di-
mensions of both sides of (17.7.3) are equal since the morphism (17.7.3) is

injective.

Since HQ&C(Z/K) = HomK(Hfifng_h(Z/K), K(—dz)), we have only to prove
that
(17.7.17) dimg P H3E ) (U/K) = dimg Py_s H30? "(Z/K).

For any closed point x € Spec(A;) and for all h € Z, we may assume that

(17.7.18) dimg P Hp}, 7(U/K)

= dimKo(n(x))Pkaig,z(x) (U(x)/Ko(/i(x))) s
(17.7.19) dimg P H}},(Z/K)

= dim,(o(a)) PrH i (Z(2) /Ko (k(2))) (€€ Z)

as in (12.4). Since x(x) is a finite field, we have

(17.7.20) dim KO(K(I))PkHI?iﬁé;L(I) (U(z)/Ko(r(x)))
= dim gy (u(o)) Pe—2e Hig? " (2(2)/ Ko (k(2))).

Therefore the morphism (17.7.3) is an isomorphism. We finish the proof. [

COROLLARY 17.8. — Assume that Z is of pure codimension c¢. Then the
Gysin isomorphism
(17.8.1) Gz HE*(Z/K)(—c) = H}, 4 (U/K)

s an isomorphism of weight-filtered K -vector spaces.

Proof. — Because
Hyig *(Z/ K) (=) = Homy (Hfg [ (Z/ K), K(=d))
and
H}, 7(U/K) = Homg (HZ "(Z/K), K(=d)),
(17.8) is clear. O
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COROLLARY 17.9. — 1) The function h;,’k_i: CS(k) — Z in (16.22.2) satis-
fies the following equality

i,k—i i—c,k—i—c
(17.9.1) h'y (U) = hy k=4 2)

if U and Z are smooth over k and if Z is of pure codimension ¢ (¢ € N) in U.
Consequently the function h’;: CS(k) — Z in (16.22.1) satisfies the equality

(17.9.2) hk ,(U) = hi=2(Z)
under the same assumption.

2) Let SCS(k) be the set of isomorphism classes of separated smooth
schemes of finite type over k with closed subschemes over k. If the embedded
resolution of singularities holds for any variety with any closed subscheme
over K, then (16.22.4), the first formula in (16.22.5), (16.22.6) and (17.9.1)
characterize the function h;;k_i|scs(ﬁ). An obvious analogous characterization
for the function h’;|scs(n) holds.

Proof. — 1): This immediately follows from (17.8.1).

2): We prove the assertion only for h;’k_i\scs(,{). Because hgkz_i(U ) =
h;’k_i(U) - h;’k_i(U \ Z) by (16.22.3), we have only to characterize h;’k_i(U)
for a smooth scheme U over k. Embed U into a proper scheme U such that
dim(U \ U) < dim U. Because we assume that the embedded resolution of
singularities holds for any variety over x, we have the following commutative
diagram

U -S>+ Xx

I

U -5 T,
where X is a proper smooth scheme over x and the complement D := X \ U
is an SNCD on X. Then h;,’k_i(U) = h;,’k_i(X) - h;”kD_i(X), and because
h;,’k_i(X ) is characterized by the first formula in (16.22.5), we have only to
characterize h;”kD_i(X ). If D is smooth over x, then

et (X) = hi (D)

by (17.9.1). By the first formula in (16.22.5), h;_l’k_i_l(D) is characterized.

Hence h;kgz(X ) is characterized. Consider the general SNCD D again. Let Dy

be a smooth irreducible component of D. Set E' := D\ Dy and U’ := X \ D;.
100 = 00+ 1 )
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by (16.22.4); we have only to characterize h;’fjg_,i(U’). Let D' be the closure of
E'in X. Set Z' := D'\ E’. Then

ik—i ik—i ik—i ik—i ik—i
hp7D, (X) = hp,Z’ (X)+ hp,E' (X\Z)= hp,Z’ (X)+ hp,E, U

by (16.22.4) and (16.22.6). By the induction on the number of the irreducible
components of D' and Z’ (or by the induction on the dimension dim Z’),
h;’kD_,Z(X ) and h;lfz_,l(X ) are characterized. Therefore h;”]g/’(U ') is character-
ized. O

COROLLARY 17.10 (see cf. [21, Exemple 3.3]). — Let X be a proper smooth
scheme over k and let Y be a smooth closed subscheme of X. Then
grPHE (X \Y)/K) = 0 for j # h, h +1 and P,H! (X \Y)/K) =

n(HI (X/K) — HE (X \Y)/K)).

rig
Proof. — (17.10) immediately follows from the strict exactness of the Gysin
exact sequence (16.6.1), (17.8) and the purity. O

Let Z be a separated scheme of finite type over k. Assume that Z is a closed
subscheme of a separated smooth scheme U of finite type over k. Assume that
U is of pure dimension d (we may assume this for the definition of the weight
filtration on the rigid cohomology with compact support below). By the proof
of [8, (2.4)], we have an isomorphism

(17.10.1) H}, (Z/K) = Homg (H3E M (U/K), K).

Because Hﬁg‘;(U/K) has the weight filtration, HomK(Hfi‘éth(U/K), K(—d))

has the weight filtration. Thus, under the following identification

(17.10.2) H}, (Z/K) = Homg (H3L [ (U/K), K(—d)),

we have a weight filtration P on HQ&C(Z/K).

THEOREM 17.11. — The weight filtration P on HQ&C(Z/K) by the formula
(17.10.2) is independent of the choice of U.

Proof. — Let Z — U’ be another closed immersion into a separated smooth
scheme of finite type over x of pure dimension d’. Then, by using the diagonal
closed immersion Z < U x, U’, we may assume that we have a morphism
w: U — U’ such that the composite morphism Z < U — U’ is also the given
closed immersion. By the same proof as that of [8, (2.4)], we see that the
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natural morphisms

22 U/K)(d) — Homg (HE, (Z/K), K),

rig,Z rig,c
HEg 7" (U'/K)(d) — Homy (Hf, (Z/K), K)
are isomorphisms. Because the cohomology Hﬁg’C(Z /K) is contravariant for
the proper morphism idyz, we have a natural isomorphism
(17.11.1) HZJ(U/K)(d) = HZ (U K)/(d).

It suffices to prove that the isomorphism (17.11.1) is an isomorphism of weight-
filtered K-vector spaces.

First we consider the case where Z is smooth over k of pure dimension.
Let dz be the dimension of Z, and let ¢ and ¢’ be the codimensions of Z in U
and U’, respectively. By the obvious commutative diagram

7 S5 U

[

Z:Z

I b

z S U
and the contravariance of the rigid cohomology Hgg’C(Z/K ) with respect

to idz, we see that the morphism (17.11.1) is the following composite mor-

phism
Gy
(17.11.2) Hiy 7 (U/K)(d) —— Hi? ™" (Z/K)(dz)
G /
L B R) ).

By (17.8), the morphism (17.11.2) is an isomorphism of weight-filtered K-
vector spaces.

By induction on dim Z for a separated scheme Z of finite type over x, we
prove that (17.11.1) is an isomorphism of weight-filtered K-vector spaces.

We may assume that Z is reduced and then that there exists a non-empty
dense open smooth subscheme Z° of Z.

If dim Z = 0, then Z is smooth over x. Hence (17.11.1) is an isomorphism
of weight-filtered K-vector spaces by (17.8).

Set T':=Z\ Z° U°:=U\T and U’ := U’ \ T. Then, by the contravari-
ance of the rigid cohomology with compact support with respect to a proper
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morphism, we have the following commutative diagram

- Hi(U/K)(d) —— Hi 7 (U/K)(d)

D —— HANUR)(d) —— H2 MU K)(d)

—— Hi 7 (U°/K)(d) —— -

|

—— HX MUK (d) —— -

whose horizontal lines are strictly exact with respect to the weight filtration
((16.6), 1)). Since dim T < dim Z, the morphism

HXMU/K)(d) = B MU'/ K)(d)

is an isomorphism of weight-filtered K-vector spaces. Hence, by the five
lemma, we see that (17.11.1) is an isomorphism of weight-filtered K-vector
spaces. O

DEFINITION 17.12. — We call the well-defined weight filtration on HQ&C(Z/K)
given by the formula (17.10.2) the weight filtration on HﬁgC(Z/K).
PROPOSITION 17.13. — Assume that Z is a closed subscheme of a separated
smooth scheme of finite type over k. Set V :=U \ Z. Then the sequence
(17.13.1) - — H} (V/K) — H}, (U/K) — HE, (Z/K) — -

(see [6, (3.1) (iii)]) s strictly exact with respect to the weight filtration.
Proof. — By the duality (17.10.2), the exact sequence (17.13.1) is equal to

(17.13.2) co— HAMNV/K)* (=d) — HXEMU/K)* (—d)
— HEg }(U/K) (—d) — -+

The exact sequence (17.13.2) is strictly exact with respect to the weight filtra-
tion by (16.6), 1). O

The following is a p-adic version of a very special case of [26, III (3.3.4)];
see also [33, Partie II, IIT 3].

PROPOSITION 17.14. — Let Z be a separated scheme of finite type over k of
dimension dz. Assume that Z is a closed subscheme of a separated smooth
scheme of finite type over k. Let h € [0,2dz] be an integer. Then the weights
of HﬁgC(Z/K) lie in [0, h].

MEMOIRES DE LA SMF 130/131



17. RIGID COHOMOLOGY WITH COMPACT SUPPORT 237

Proof. — The upper bound immediately follows from (16.7), 1). If Z is smooth
over k, the lower bound follows from the duality

H! (Z/K) =5 Homg (H>27"(Z2/K), K(—dz)).

rig,c rig

and from (16.7), 2). The lower bound in the general case follows from the
induction on the dimension dz and from the exact sequence (17.13.1). O

In [8, (3.2) (ii)] we need not assume that X; and X, are smooth, which is
a special case of Kedlaya’s Kiinneth formula (see [55, Theorem 1.2.4]):

PROPOSITION 17.15. — Let Z; (i = 1,2) be a separated scheme of finite type
over k. Assume that Z; is a closed subscheme of a separated smooth scheme U;
over k. Then the following hold:

1) The Kiinneth morphism
(17151) RFrig,c(Zl/K) [S4)7¢ RFrig,c(Zg/K) — RI‘ri&C(Zl Xk ZQ/K)

s an isomorphism.
2) The induced isomorphism by (17.15.1)

(Zy/K) =5 H (21 % Z2/K)

rig,c

(17152) P HE (Z1/K) ok H
hi1+ho=h

is compatible with the weight filtration.

Proof. — 1): Set Z19 := Z1 X4 Zy and Ujg := Uy x,; Us. We have only to
prove that the morphism

(1715.3) P (Hf (Z1/K) @k H}?

rig,c(ZQ/K)) —>Hrh (Zl Xk Z2/K)
hi1+ha=h

ig,c

is an isomorphism. We may assume that U; (i = 1,2) is of pure dimension d;.
By the construction of the trace morphism in rigid cohomology (see [8, (1.2)])
and the commutative diagram in [5, VII Proposition 2.4.1], we have the fol-
lowing commutative diagram

20 (UK @k H22 (Us/K) —"s HADR) (1, /K)

(17.15.4) Try, @Tro, l lTrU12

K(—d) @k K(—d>) —— K(—dy —do).
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Hence the following diagram
(17.15.5)
®h1+h2 rlgc(Zl/K) K HI}‘iéC(Z2/K) —_—

By hyn HED 2 (U1K (—dy) @k HE2ZM (Un /K ) (—da) ——

H! (Z13/K)

rig,c

Hfi(gclefzdz)_h(Ul2/K)*(—d1 — dy).

is commutative. The lower horizontal morphism in (17.15.5) is an isomor-
phism by (16.15), 1). Hence the upper horizontal morphism in (17.15.5) is an
isomorphism.

2): This follows from the definition of the weight filtration on the rigid
cohomology with compact support, the commutative diagram (17.15.5) and
(16.15), 2). O

As in the rigid cohomology with closed support in §16, we obtain the Serre-
Grothendieck formula of the virtual Betti numbers of a separated scheme of
finite type over x which is embeddable into a separated smooth scheme over
r as follows (see [33, Partie II, A, II (469)]).

Let Z be a separated scheme of finite type over x. Then Hyj, h (Z/Kp) has the
slope filtration F'. Assume that Z is a closed subscheme of a separated smooth
scheme of finite type over x. Then Hr}ig (Z/Ky) has the weight filtration P
(see (17.11)). Asin §16, for an element [H, P, F| of GF2(Kp), we omit to write
P and F. Consider

[Heig,o(Z/Ko)] =Y (=1)"[H}, (Z/Ko)].
heN

DEFINITION 17.16. — We call the integers
hk([ rig, C(Z/KO)])a fl([ rig,c (Z/KO)]) th Z([ rig, C(Z/KO)])

the virtual Betti number, the virtual slope number and the virtual slope-Betti
number of Z/k for the rigid cohomology with compact support. We denote
them by Y (Z), fi.(Z) and h5R=4(Z), respectively.

For a variety V over k, we say that the resolution of singularities in the
strong sense holds for V if, for any open smooth subscheme V° of V, there
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exists a proper morphism g: V — V such that V is smooth over x and such
that g induces an isomorphism g~(V°) = V°.

THEOREM 17.17 (cf. [33, Partie II, A, IT (469)]). — Let ES(k) be the set of
isomorphism classes of separated schemes of finite type over k which are closed
subschemes of separated smooth schemes over k. Then the maps

k.
(17.17.1) hy o ES(k) — Z,
(17.17.2) hik= ES(k) — Z
satisfy the following equalities:

1) Let Z be a separated scheme of finite type over k which is a closed sub-
scheme of a separated smooth scheme over k. For a closed subscheme Z' of
Z,

ik—i _ pik—i ik—i
(17.17.3) WK Z) = B2+ hEEU(Z )\ 2).

2) For a proper smooth scheme X over k,

(17.17.4) hokE=H(X) = (1) dimg, HFH(X, W )k,
hl;,c(X) = (_1)k dimKo H(I:Crys(X/W)KO'

3)

(17.17.5) hyo(Z) = bk (2).
1€EZ

4) Let Z; (i = 1,2) be a separated scheme of finite type over k which is a

closed subscheme of a separated smooth scheme over k. Then

(17.17.6) Wh™H(Zy xp Zo) = Y BT Z)REZR TR (Zy).
i1+10=1
k1+ko=k

5) If the resolution of singularities in the strong sense holds for any vari-
ety over k, then (17.17.3) and the first formula in (17.17.4) characterize the
function h;,’fz_l. An obvious analogous characterization for h’;,c holds.

Proof. — Except 5), the proof is similar to that of (16.22): to obtain 1), we
have only to use the strict exactness of the excision exact sequence (17.13.1)
instead of (16.6.1). The proofs of 2) and 3) are similar to (16.22), 2) and 5),
respectively. The proof of 4) is given by using (17.15), 2) instead of (16.15),
2). We prove 5) as follows.
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Let Z be a separated scheme of finite type over . Let g;’ff;_i: ES(k) — Z be
a function satisfying the equations (17.17.3) and the first formula in (17.17.4).
Then, by (17.17.3), we may assume that Z is reduced. Let Z° be an open
smooth subscheme of Z such that dim(Z \ Z°) < dim Z. Because

G Z) = g ZO) + gk (Z )\ 2°),

we have only to characterize g;,’,’é_i(Zo) by induction on dim Z. By Nagata’s
embedding theorem (see [67]) and the assumption, we may assume that
Z° is an open subscheme of a proper smooth scheme Y over k such that

dim(Y \ Z°) < dimY. Then, because
g (Z2°) = gy (V) = g™ (Y \ 2°)
= (=1 dim, H* (Y, W )i, — gl (Y 2°9),
the induction on dim Z characterizes the function g;’fz_i. O

In an obvious way, we define an analogue h’ZC(Z ) of h'gc(Z ) for the ¢-adic
cohomology H¢, (Zy,.,,Q¢) ((¢,p) = 1) for any base field &.

ét,c
THEOREM 17.18. — Let k be a perfect field of characteristic p > 0. Then
(17.18.1) hi(Z)=h(2Z) (Z € ES(x)).

Proof. — The Theorem is reduced to (16.23) by the strict exactness of
(17.13.1) with respect to the weight filtration, by that of the ¢-adic analogue
of (17.13.1) and by the duality of the rigid cohomology and the duality of the
f-adic cohomology of a separated smooth scheme of finite type. O

i k—1

If the base field k is finite, then we can define an analogue h;’ . of the

virtual slope-Betti number h;',’fz_i by measuring the slopes of the eigenvalues of
the Frobenius on the ¢-adic cohomologies with compact supports as in (16.23.2)
(cf. [26, IIT (3.3.7))).

THEOREM 17.19. — If k is a finite field, then hé’ﬁ_i = h;;ff;_i.
Proof. — The Theorem is reduced to (16.24) as in (17.18). O

PROPOSITION 17.20. — Let f: U — V be a proper morphism of separated
schemes of finite type over k. Assume that U and V are closed subschemes of

separated smooth schemes of finite type over k. Then the pull-back
f* HE (V/K) — HE, (U/K)

rig,c rig,c

1s strictly compatible with the weight filtration.
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Proof. — By the proof of (17.7), we can reduce (17.20) to the case where the
base field « is a finite field. In this case, (17.20) is clear. O

COROLLARY 17.21. — Let f: U — V be a finite étale morphism of affine
schemes over k. Assume that U and V are smooth over k. Then the trace
morphism

Try: H) (U/K) — H}: (V/K)
(see [8, (1.4)]) is strictly compatible with the weight filtration.

Proof. — By [8, (2.3) (ii)], Try = f. Hence (17.21) immediately follows from
(17.20). O

PROPOSITION 17.22. — Let Z be a separated scheme of finite type over k
which is a closed subscheme of a separated smooth scheme over k. The canon-
ical morphism

h h
(17.22.1) Hy, (Z/K) — Hyi,(Z/K)
(see [6, (3.1) (i)]) is strictly compatible with the weight filtration.
Proof. — The proof is the same as that of (17.20). O

REMARK 17.23. — We leave the reader to the analogues of results in §§14-17
over the complex number field.
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