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This manuscript complements the Hirsch-Pugh-Shub (HPS) theory on persis-
tence of normally hyperbolic laminations and implies several structural stabil-
ity theorems.

We generalize the concept of lamination by defining a new object: the strat-
ification of laminations. It is a stratification whose strata are laminations. The
main theorem implies the persistence of some stratifications whose strata are
normally expanded. The dynamics is a Cr-endomorphism of a manifold (which
is possibly not invertible and with critical points). The persistence means that
any Cr-perturbation of the dynamics preserves a Cr-close stratification.

If the stratification consists of a single stratum, the main theorem implies the
persistence of normally expanded laminations by endomorphisms, and hence
implies HPS theorem. Another application of this theorem is the persistence, as
stratifications, of submanifolds with boundary or corners normally expanded.
Several examples are also given in product dynamics.

As diffeomorphisms that satisfy axiom A and the strong transversality con-
dition (AS) defines canonically two stratifications of laminations: the stratifi-
cation whose strata are the (un)stable sets of basic pieces of the spectral de-
composition. The main theorem implies the persistence of some “normally AS”
laminations which are not normally hyperbolic and other structural stability
theorems.
Résumé. — Ce travail s’inscrit dans le prolongement de celui de Hirsch-Pugh-
Shub (HPS) sur la persistance des laminations normalement hyperboliques, et
implique plusieurs théorèmes de stabilité structurelle.

On généralise le concepte de lamination par une nouvelle catégorie d’objets :
les stratifications de laminations. Il s’agit de stratifications, dont les strates
sont des laminations. On propose alors un théorème assurant la persistance
de certaines stratifications dont chaque strate est une lamination normalement
dilatée. La dynamique est un Cr-endomorphisme d’une variété (qui n’est donc
pas forcément inversible et qui peut avoir des points critiques). La persistance
signifie que toute Cr-perturbation de la dynamique préserve une stratification
Cr-proche.

Quand la stratification est formée d’une unique strate, le théoreme principal
donne la persistance des laminations normalement dilatées par un endomor-
phisme, et implique ainsi le théorème de HPS. Une autre application de ce
théorème est la persistance des variétés à bord ou à coins normalement dilatés.
Beaucoup examples sont donnés facilement en dynamique produit.

Aussi les difféomorphismes vérifiant l’axiome A et la condition de transver-
salité forte (ATF) possèdent deux stratifications de laminations canoniques :
celle dont les strates sont les ensembles stables (resp. instables) de ses pièces ba-
siques. Ainsi, notre théorème implique la persistance de certaines laminations
“normalement ATF” qui ne sont pas normalement hyperboliques et d’autres
théorèmes de stabilité structurelle.
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PERSISTENCE OF STRATIFICATIONS OF NORMALLY
EXPANDED LAMINATIONS

Pierre Berger

Abstract. — This manuscript complements the Hirsch-Pugh-Shub (HPS) theory on
persistence of normally hyperbolic laminations and implies several structural stability
theorems.

We generalize the concept of lamination by defining a new object: the stratification
of laminations. It is a stratification whose strata are laminations. The main theorem
implies the persistence of some stratifications whose strata are normally expanded.
The dynamics is a Cr-endomorphism of a manifold (which is possibly not invertible
and with critical points). The persistence means that any Cr-perturbation of the
dynamics preserves a Cr-close stratification.

If the stratification consists of a single stratum, the main theorem implies the per-
sistence of normally expanded laminations by endomorphisms, and hence implies HPS
theorem. Another application of this theorem is the persistence, as stratifications, of
submanifolds with boundary or corners normally expanded. Several examples are also
given in product dynamics.

As diffeomorphisms that satisfy axiom A and the strong transversality condition
(AS) defines canonically two stratifications of laminations: the stratification whose
strata are the (un)stable sets of basic pieces of the spectral decomposition. The main
theorem implies the persistence of some “normally AS” laminations which are not
normally hyperbolic and other structural stability theorems.

c� Mémoires de la Société Mathématique de France 134, SMF 2013
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Résumé. — Ce travail s’inscrit dans le prolongement de celui de Hirsch-Pugh-Shub
(HPS) sur la persistance des laminations normalement hyperboliques, et implique
plusieurs théorèmes de stabilité structurelle.

On généralise le concepte de lamination par une nouvelle catégorie d’objets : les
stratifications de laminations. Il s’agit de stratifications, dont les strates sont des
laminations. On propose alors un théorème assurant la persistance de certaines stra-
tifications dont chaque strate est une lamination normalement dilatée. La dynamique
est un Cr-endomorphisme d’une variété (qui n’est donc pas forcément inversible et
qui peut avoir des points critiques). La persistance signifie que toute Cr-perturbation
de la dynamique préserve une stratification Cr-proche.

Quand la stratification est formée d’une unique strate, le théoreme principal donne
la persistance des laminations normalement dilatées par un endomorphisme, et im-
plique ainsi le théorème de HPS. Une autre application de ce théorème est la persis-
tance des variétés à bord ou à coins normalement dilatés. Beaucoup examples sont
donnés facilement en dynamique produit.

Aussi les difféomorphismes vérifiant l’axiome A et la condition de transversalité
forte (ATF) possèdent deux stratifications de laminations canoniques : celle dont les
strates sont les ensembles stables (resp. instables) de ses pièces basiques. Ainsi, notre
théorème implique la persistance de certaines laminations “normalement ATF” qui ne
sont pas normalement hyperboliques et d’autres théorèmes de stabilité structurelle.
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INTRODUCTION

0.1. Motivations

In 1977, M. Hirsch, C. Pugh and M. Shub [15] developed a theory which has been
very useful for hyperbolic dynamical systems. The central point of their work was to
prove the Cr-persistence of manifolds, foliations, or more generally laminations which
are r-normally hyperbolic and plaque-expansive, for all r � 1.

We recall that a lamination is r-normally hyperbolic, if the dynamics preserves the
lamination (each leaf is sent into a leaf) and if the normal space to the leaves splits
into two Tf -invariant subspaces, that Tf contracts (or expands) r-times more sharply
than the tangent space to the leaves. Plaque expansiveness is a generalization (1) of
expansiveness to the concept of laminations. The Cr-persistence of such a lamination
means that for any Cr-perturbation of the dynamics, there exists a lamination, Cr-
close to the first, which is preserved by the new dynamics, and such that the dynamics
induced on the space of the leaves remains the same.

A direct application of this theory was the construction of an example of a robustly
transitive di↵eomorphism (every nearby di↵eomorphism has a dense orbit) which is
not Anosov. Then their work was used for example by C. Robinson [28] to prove
the structural stability of C1-di↵eomorphisms that satisfy axiom A and the strong
transversality condition.

Nowadays, this theory remains very useful in several mathematical fields such as
generic dynamical systems, di↵erentiable dynamics, foliations theory or Lie group
theory.

Nevertheless, this theory is not optimal from several viewpoints.
There are laminations which are not normally hyperbolic but are persistent. For

example, let S be the 2-dimensional sphere and let N be a compact manifold. Let L
be the lamination structure on N ⇥ S whose leaves are the fibers of the canonical
projection N ⇥ S ! S. Let f be the north-south dynamics on S. Let F be the
di↵eomorphism on N ⇥ S equal to the product of the identity of N with f . One

1. For instance a normally hyperbolic lamination, whose leaves are the fibers of a bundle,

is plaque-expansive.



8 INTRODUCTION

can easily show that for any di↵eomorphism F 0 close to F in the C1-topology, there
exists a lamination structure L0 on N ⇥S which is preserved by F 0 and is isomorphic
to L by a map close to the identity. Here the lamination L is C1-persistent, but is
not 1-normally hyperbolic.

Furthermore, in his thesis, M. Shub [30] has shown that for a manifold M and
a C1-endomorphism f , every compact set K which is stable and expanded by f
is then structurally stable (any C1-perturbation of f preserves a compact subset,
homeomorphic and C0-close to K, such that via this homeomorphism the restriction
of the dynamics to these compact sets are conjugate). By an endomorphism we mean
a di↵erentiable map, not necessarily bijective and possibly with some singularities.

Also, M. Viana [35] has used a persistent normally expanded lamination of (co-)
dimension one to build a robustly non-uniformly expanding map. However, up to our
knowledge, it has not been proved that a r-normally expanding and plaque-expansive
lamination, by an endomorphism, is Cr-persistent. Yet, this result seems fundamental
for the study of endomorphisms, and should be helpful in order to reduce the gap
between the understanding of endomorphisms and of di↵eomorphisms (structural
stability, existence of new non-uniformly expanding maps, . . . ).

Finally, since Mañe’s thesis [19], we know that a compact C1-submanifold is (1)-
normally hyperbolic if and only if it is C1-persistent and uniformly locally maximal
(i.e. there exists a neighborhood U of the submanifold N such that the maximal
invariant subset in U of any C1-perturbation is a submanifold C1-close to N). How-
ever, a uniform locally maximal submanifold N can be persistent as a stratified space
without being normally hyperbolic. For example, assume that a planar di↵eomor-
phism has a hyperbolic fixed point P with a one-dimensional stable manifold X. We
suppose that X without {P} is contained in the repulsive basin of an expanding fixed
point R whose eigenvalues have same modulus. The set S, equal to the union of X
and {R}, is homeomorphic to a circle. We may even define a stratification structure
with X and {R} as strata. One easily shows that for any C1-perturbation of the
dynamics, there exists a hyperbolic fixed point P 0 close to P whose one-dimensional
stable manifold X 0 punctured by P 0 belongs to the repulsive basin of a fixed point
R0 close to R. In particular, there is a stratification (X 0, {R0}) on S0 := X 0 [ {R0}
which is preserved by the perturbation of the dynamics, such that X 0 is C1-close to X,
{R0} is close to {R} and S0 is C0-close to S.

For these reasons, it seems useful and natural to wonder about the persistence of
stratifications of normally expanded laminations, in the endomorphism context. As
the concept of stratification of laminations is new, we are going to define all the above
terms. Then we will give several applications of the main theorem of this work. At
the end of this introduction, we will formulate a more transparent special case of the
main theorem suitable for most of the presented applications.

0.2. Stratifications of normally expanded laminations

We recall that a lamination is a second-countable metric space L locally modeled
(via compatible charts) on the product of Rd with a locally compact space. The
maximal set of compatible charts is denoted by L.

MÉMOIRES DE LA SMF 134



0.2. STRATIFICATIONS OF NORMALLY EXPANDED LAMINATIONS 9

Let (L,L) be a lamination Cr-embedded into a Riemannian manifold M , with
r � 1. Let f be a Cr-endomorphism of M , preserving (L,L): f sends each leaf of L
into a leaf of L. Let TL be the subbundle of TM |L whose fibers are the tangent spaces
to the leaves of L. We say that f r-normally expands (L,L) if there exist � > 1 and
a continuous positive function C on L such that for any x 2 L, any unitary vectors
v0 2 T

x

L and v1 2 (T
x

L)?, any n � 0, we have
�

�p � Tfn(v1)
�

� � C(x) · �n ·
�

1 + kTfn(v0)kr
�

,

with p the orthogonal projection of TM |L onto TL?.
When L is compact, it is consistent with the usual definitions of normal expansion

by replacing C with its minimum.

A first result is:

Theorem 0.2.1. — Let (L,L) be a lamination Cr-embedded into a Riemannian
manifold M . Let f be a Cr-endomorphism of M which is r-normally expanding
and plaque-expansive at (L,L). Let L0 be a precompact open subset of L whose clo-
sure is sent by f into L0. Then the lamination structure induced by (L,L) on L0 is
Cr-persistent.

In particular, this theorem implies the Cr-persistence of compact r-normally ex-
panded and plaque-expansive laminations. Actually, this theorem is a particular case
of the main theorem. A direct proof of theorem is given in [5].

Let us define the stratifications of laminations.

Following J. Mather [21], a stratified space is the data of a second countable metric
space A with a locally finite partition ⌃ of A into locally closed subsets, satisfying
the axiom of the frontier:

8(X, Y ) 2 ⌃2, cl(X) \ Y 6= ? =) cl(X) � Y.

The pair (A,⌃) is called stratified space with support A and stratification ⌃.

Following H. Whitney, R. Thom or J. Mather, we can endow a stratified space with
a geometric structure. In such a way, we define a laminar structure on (A,⌃) as a
lamination structure on each stratum, such that if the closure of a stratum X intersects
a stratum Y , then the dimension of X is at least equal to the dimension of Y . Then ⌃
is called a stratification of laminations. A (stratified) Cr-embedding of this space into
a manifold M is a homeomorphism onto its image such that, its restriction to each
stratum X is a Cr-embedding of the lamination X into M . We often identify the
stratified space (A,⌃) with its image by the embedding i.

Example 0.2.2. — A Whitney’s stratification is a laminar stratification whose strata
are single leaves.

Example 0.2.3. — Let f be an endomorphism of a manifold M . Let K be a compact
subset of M , f -invariant (f�1(K) = K), nowhere dense and expanded. Then K
endowed with its 0-dimensional lamination structure and M \ K endowed with its
manifold structure form a stratification of normally expanded laminations on M .
This example will be useful for many results.
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Example 0.2.4. — Given a di↵eomorphism that satisfies axiom A and the strong
transversality condition, if we denote by (⇤

i

)
i

the basic sets and X
i

:= W s(⇤
i

) the
canonical lamination on the stable set of each ⇤

i

(whose leaves are stable manifolds),
then the partition (X

i

)
i

is a stratification of normally expanded laminations.

Given a manifold M , a stratification of laminations ⌃ on A ⇢ M and an endomor-
phism f of M , we say that f preserves (A,⌃) if f preserves each stratum X 2 ⌃, as
a lamination.

A stratification of laminations (A,⌃) preserved by f 2 Endr(M) is Cr-persistent,
if for any endomorphism f 0 Cr-close to f , there exists a stratified embedding i0

of (A,⌃) into M which is Cr-close to the canonical inclusion and such that f 0

preserves the stratification (A,⌃) embedded by i0, and for each stratum X 2 ⌃,
every point i0(x) 2 i0(X) is sent by f 0 into the image by i0 of a small plaque of X
which contains f(x).

The aim of this memoir is to present and prove a general theorem providing, for
any r � 1, the Cr-persistence of stratifications of r-normally expanded laminations,
under some extra geometric conditions.

Let us illustrate by some applications of the main theorem on persistence of strat-
ifications of laminations.

0.2.1. Submanifolds with boundary

Theorem 0.2.5. — Let (M, g) be a Riemannian manifold and let N be a compact
submanifold with boundary of M . Let r � 1. Let f be an endomorphism of M which
preserves and r-normally expands the boundary @N and the interior N̊ of N . Then the
stratification (N̊ , @N) on N is Cr-persistent. In other words, for any endomorphism
f 0 Cr-close to f , there exist two submanifolds @N 0 and N̊ 0 such that:

. N̊ 0 (resp. @N 0) is preserved by f 0, di↵eomorphic and Cr-close to N̊ (resp. @N)
for the compact-open topology;

. the pair (N̊ 0, @N 0) is a stratification (of laminations) on N 0 := N̊ 0 [ @N 0;

. the set N 0 is the image of N by an embedding C0-close to the canonical inclusion
of N into M .

Remark 0.2.6. — Usually, N 0 is not a submanifold with boundary.

Let us generalize the above result to a larger context.

0.2.2. Submanifolds with corners. — We recall that a compact manifold with
corner N is a di↵erentiable manifold modeled on Rd

+. We denote by @0kN the set of
points of N which, seen in a chart, have exactly k coordinates equal to zero. The pair
(N,⌃ := {@0kN}) is a stratified space.

Theorem 0.2.7. — Let i be a Cr-embedding of N into a Riemannian manifold
(M, g). Let r � 1. Let f be a Cr-endomorphism of N , which preserves and r-
normally expands each stratum @0kN . Then the stratification ⌃ on N is stable for
Cr-perturbations of f . In other words, for every endomorphism f 0 Cr-close to f ,
there exist submanifolds (@0kN 0)

k

such that:
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. for each k, @0kN 0 is preserved by f 0, is di↵eomorphic and close to @0kN in the
Cr-compact-open topology,

. the family (@0kN 0)
k

is a stratification (of laminations) on

N 0 :=
[

k

@0kN 0;

. the set N 0 is the image of N by an embedding C0-close to the canonical inclusion
of N into M .

The last theorem is not an obvious consequence of the main theorem. The appli-
cation is chosen in details in [6].

The main theorem easily provides the persistence of many stratifications of nor-
mally expanded laminations in product dynamics, as in the following examples.

0.2.3. Invariant laminations of the Viana map in C⇥ R
Let

V : C⇥ R �! C⇥ R, (z, h) 7�! (z4, h2 + c).

The map z 7! z4 expands the unit circle S1 and preserves the interior of the unit
disk D. We endow S1 and D with the lamination structures of dimension 0 and 2
respectively.

Let c 2 ]� 2, 1
4 [, then the map h 7! h2 + c sends an open interval I into it self and

expands its boundary @I.

We stratify the filled cylinder C := cl(D⇥ I) by the laminations:

. X0 := S1 ⇥ @I of dimension 0;

. X1 := S1 ⇥ I of dimension 1, whose leaves are ({↵}⇥ I)
↵2S1 ;

. X2 := D⇥ @I of dimension 2;

. X3 := D⇥ I of dimension 3.

Let ⌃ be the stratification of laminations on C defined by these strata. We notice
that V preserves and 1-normally expands this stratification.

The persistence of this stratification, for C1-perturbations of V , follows from the
main theorem.

In other words, for every endomorphism V 0 C1-close to V , there exists a homeo-
morphism i0 of C onto its image in C ⇥ R, C0-close to the canonical inclusion such
that for each stratum X

k

2 ⌃:

. the restriction i0|X
k

is an embedding of lamination, C1-close to the canonical
inclusion of X

k

in C⇥R; in particular i0 is continuously leafwise di↵erentiable;

. the lamination i0(X
k

) is preserved by V 0, and for x 2 X
k

, V 0 � i0(x) belongs to
the image by i0 of a small plaque of X

k

containing V (x).
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0.2.4. Products of hyperbolic rational functions

Let

f : bCn �! bCn, (z
i

)
i

7�!
�

R
i

(z
i

)
�

i

.

We assume that for each i, R
i

is a hyperbolic rational function of the Riemann
sphere bC. It follows that its Julia set K

i

is expanded and the complement X
i

of K
i

in bC is the union of attraction basins of the attracting periodic orbits.
Let ⌃ be the stratification of laminations on bCn formed by the strata (Y

J

)
J⇢{1,...,n},

Y
J

being of real dimension twice the cardinal of J and with support:

Y
k

=
Y

j2J

X
j

⇥
Y

j2J

c

K
j

.

The leaves of Y
J

are in the form
Q

j2J

C
j

⇥
Q

j2J

c

{k
j

}, with C
j

a connected component

of bC \ K
j

and k
j

a point of K
j

.
The stratification of laminations ⌃ is r-normally expanded, for every r � 1. The

Cr-persistence of ⌃ follows from the main theorem.
A similar result exists on Rn for products of real hyperbolic polynomial functions.

0.3. Structure of trellis of laminations and main result

We construct, in section 2.3, a very simple example of a stratification of normally
expanded laminations which is not persistent. Therefore, some new conditions are
necessary to imply the persistence of stratifications of laminations.

The hypotheses of the main result on persistence of stratified space (A,⌃) require
the existence of a tubular neighborhood (L

X

,L
X

) for each stratum X 2 ⌃: this is a
lamination structure L

X

on an open neighborhood L
X

of X in A, such that each leaf
of X is a leaf of L

X

.
Existence of a similar structure was already conjectured in a local way by

H. Whitney [36] in the study of analytic varieties. It was also a key ingredient in
the proofs by W. de Melo [22] and by C. Robinson [28] of the structural stability of
di↵eomorphisms that satisfy axiom A and the strong transversality condition defined
in example 0.2.4.

A Cr-trellis (of laminations) on a laminar stratified space (A,⌃) is a family of
tubular neighborhoods T = (L

X

,L
X

)
X2⌃ such that for all strata X  Y :

. each plaque P of L
Y

included in L
X

is Cr-foliated by plaques of L
X

;

. every L
Y

-plaque P 0 ⇢ L
X

close to the same plaque P has its foliation by L
X

-
plaques di↵eomorphic and Cr-close to the one of P .

Example 0.3.1. — The stratification in example 0.2.3 admits a trellis structure.
Let L

K

be a neighborhood of K in M endowed with the 0-dimensional lamination
structure L

K

. Then ((L
K

,L
K

), X) is a trellis structure on (M, (K, X)).
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Example 0.3.2. — The canonical stratification (@N, N̊) of a manifold with bound-
ary N admits a trellis structure: Let L

@N

be the lamination structure on a small neigh-
borhood L

@N

of the boundary @N whose leaves are the subset of points in N equidis-
tant to the boundary. Then ((L

@N

,L
@N

), N̊) is a trellis structure on (N, (@N, N̊)).

A Cr-embedding i of (A,⌃) into a manifold M is T -controlled if i is a homeo-
morphism onto its image and the restriction of i to L

X

is a Cr-embedding of the
lamination L

X

, for every X 2 ⌃.

We can now formulate a special case of the main theorem:

Theorem 0.3.3. — Let r � 1 and let (A,⌃) be a compact stratified space supporting
a Cr-trellis structure T . Let i be a T -controlled Cr-embedding of (A,⌃) into a
manifold M . We identify A, ⌃ and T with their images in M . Let f be a Cr-
endomorphism of M preserving ⌃ and satisfying for each stratum X:

(i) f r-normally expands X and is plaque-expansive at X.

There exists a neighborhood V
X

of X in L
X

such that:

(ii) each plaque of L
X

included in V
X

is sent by f into a leaf of L
X

;

(iii) there exists ✏ > 0, such that every ✏-pseudo-orbit (2) of V
X

which respects L
X

is
included in X.

Then for f 0 Cr-close to f , there exists a T -controlled embedding i0, close to i, such
that for the identification of A, ⌃ and T via i0, properties (i), (ii) and (iii) hold with f 0.
Moreover, for each stratum X 2 ⌃, each point i0(x) 2 i0(X) is sent by f 0 into the
image by i0 of a small X-plaque of x containing f(x). In particular, the stratification
of laminations ⌃ is Cr-persistent.

Remark 0.3.4. — This result has also a version which allows A to be non-compact
and/or i to be an immersion. In the immersion case, the plaque-expansiveness
condition is not required.

Remark 0.3.5. — We have also a better conclusion: for every stratum X there
exists a neighborhood V 0

X

of X in L
X

such that, for every f 0 Cr-close to f , each point
i0(x) 2 i0(V 0

X

) is sent by f 0 into the image by i0 of a small plaque of L
X

containing f(x).

The main di�culty to apply this theorem is to build a trellis structure that satis-
fies (ii).

Nevertheless, thanks to the formalism, the following proposition provides many
trellis structures which imply the persistence of these stratifications, via the main
result.

2. An ✏-pseudo-orbit (x
n

)
n

2 V

N
X

respects L
X

, if for all n � 0, the points f(x
n

) and x

n+1 belong

to a same plaque of L
X

of diameter less than ✏.
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Proposition 0.3.6. — For r � 1, let (A,⌃) and (A0,⌃0) be compact stratified
spaces endowed with Cr-trellis structures T and T 0 respectively. Let i and i0 be Cr-
embeddings T and T 0-controlled of (A,⌃) and (A,⌃) into manifolds M and M 0 re-
spectively. Let f 2 Endr(M) and f 0 2 Endr(M 0) satisfying properties (i), (ii) and (iii)
of theorem 0.3.3.

Then the partition ⌃⇥⌃0 on A⇥A0, whose elements are the products of a stratum
of ⌃ with a stratum of ⌃0, is a stratification of laminations which is preserved by the
product dynamics (f, f 0) of M ⇥ M 0. Moreover, if (f, f 0) r-normally expands this
stratification, then properties (i), (ii), and (iii) are satisfied for (f, f 0) and ⌃ ⇥ ⌃0.
In particular this last stratification is Cr-persistent.

For instance, by using this proposition and example 0.3.1, we get the proof of the
persistence of examples 0.2.3 and 0.2.4.

Remark 0.3.5 was not useful for the aforementioned applications. However it is
useful to prove theorems on structural stability or persistence of laminations which are
not hyperbolic. For example, we needed this remark, together with a trellis structure
built by de Melo on the stratification of laminations defined in example 0.2.4, to show
the following:

Theorem 0.3.7. — Let s be a C1-submersion of a compact manifold M onto a
compact surface S. Let L be the lamination structure on M whose leaves are the
connected components of the fibers of s. Let f be a di↵eomorphism of M which
preserves the lamination L. Let f

b

2 Di↵1(S) be the dynamics induced by f on the
leaves space of L. We suppose that:

— f
b

satisfies axiom A and the strong transversality condition,

— the L-saturated subset generated by the non-wandering set of f in M is 1-
normally hyperbolic.

Then L is C1-persistent.

Such a result is actually generalized to AS bundles whose bases are “AS compact
subset” of a surface [4].

This memoir is the main part of my PhD thesis under the direction of J.-C. Yoccoz.
I would like to thank him for his guidance. I would like to thank also C. Bonatti,
M. Viana, P. Pansu, E. Pujal, F. Paulin, C. Murollo, and D. Trotman for many dis-
cussions. I am grateful to the anonymous referee for many valuable suggestions and
corrections. Finally, I thank P.-Y. Fave for drawing Figures 3, 4 and 5 of this memoir.

0.4. Plan

The first chapter is mostly geometric. We introduce the definitions and the termi-
nologies necessary for all the other chapters.

In the first section of this chapter, we recall the definitions of laminations, their
morphisms and the topologies on these spaces.
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In the second section of this chapter, we introduce the stratification of laminations.
We present how they are related to other kinds of stratifications (analytic and dif-
ferentiable) and we show some simple properties of them. Then this section proves
that the di↵eomorphisms satisfying axiom A and the strong transversality condition
define canonically two stratifications of laminations. At the end of this section, we
define stratified morphisms and endow the space of morphisms with a topology.

In the third section of this chapter, we introduce the trellis of laminations structure.
Then we define the morphisms of this structure and endow the space of morphisms
with a topology. Finally, in this chapter, we show how the trellis structure are linked
to other works in dynamical system, di↵erentiable geometry or analytic geometry.

The second chapter explains the main result on persistence of stratifications of
normally expanded laminations.

In the first section, we restrict the study to the laminations. First, we define
the preservation and persistence of laminations, embedded or immersed. Then we
define the r-normal expansion of an immersed or embedded lamination and gives
some related properties. Finally, in this section, we state theorem 2.1.10 on Cr-
persistence of r-normally expanded immersed laminations. After defining the plaque-
expansiveness, we give corollary 2.1.18 on Cr-persistence of r-normally and plaque-
expansive embedded laminations. Both are the restrictions of main theorem 2.2.11
and its corollary 2.2.9, to the case where the stratification consists of a unique stratum.

The second section of this chapter contains the main result. First, we define
the preservation and the persistence of stratifications of laminations, embedded or
immersed. Then it presents main theorem 2.2.11 via its corollaries 2.2.2, 2.2.9, and
some easy applications.

In the third section, we motive the geometrical hypotheses of the main theorem on
persistence of stratifications of laminations, by giving a counter example of a compact,
normally expanded stratification which is not persistent and does not admit a trellis
structure.

The fourth section provides some applications of the main result. We begin by giv-
ing the statement of the result on the persistence of normally expanded submanifolds
with boundary or corners as stratifications. The full proof of this application is in [6].
Then we give an extension of Shub’s theorem on conjugacy of repulsive compact set.
Further, we show proposition 0.3.6 which implies some examples of persistent strat-
ifications of laminations in product dynamics. Finally, we state a conjecture on the
persistent of “normally AS laminations”. A partial case is the persistence of AS bun-
dle over a surface. Although this result is a consequence of the main theorem, we
prove it in [4].

The third chapter is the proof of the main result. Appendix A provides some
analysis results needed in this work. Appendix B consists of the proof of the existence
of an adapted metric to the normal expansion of a lamination by an endomorphism.
In Appendix C, we adapt and develop some results on the plaque-expansiveness to the
endomorphism context. In Appendix D, a negative answer to a question of Hirsch-
Pugh-Shub about preservation of immersed laminations. This justifies how we defined
the preservation of a lamination.
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CHAPTER 1

GEOMETRY OF STRATIFICATION OF LAMINATIONS

In this chapter, we introduce the laminar stratified space. The laminar stratified
space is a natural generalization of laminations and stratifications. We know that
laminations and stratifications occur in dynamical system as persistent and preserved
structures (as in Hirsch-Pugh-Shub theory or in Morse-Smale theory).

We will state and illustrate the main result on persistence of stratification of
laminations in chapter 2. In this chapter, we only deal with the geometry of this
structure, recalling or defining some definitions and properties.

Throughout this chapter we denote by r a positive integer or the symbol 1.

1.1. Laminations

1.1.1. Definitions. — Let us consider a locally compact and second-countable
metric space L covered by open sets (U

i

)
i

, called distinguished open sets, endowed
with homeomorphisms h

i

from U
i

onto V
i

⇥ T
i

, where V
i

is an open set of Rd and T
i

is a metric space.
We say that the charts (U

i

, h
i

)
i

define a Cr-atlas of a lamination structure on L
of dimension d if the coordinate changes h

ij

= h
j

� h�1
i

can be written in the form

h
ij

(x, t) =
�

�
ij

(x, t), 
ij

(x, t)
�

,

where �
ij

takes its values in Rd, the partial derivatives (@s
x

�
ij

)r
s=1 exist and are

continuous on the domain of �
ij

, and  
ij

(. , t) is locally constant for any t.
Two Cr-atlases are equivalent if their union is a Cr-atlas.
A (Cr)-lamination is a metric space L endowed with a maximal Cr-atlas L.
A plaque is a subset of L which can be written in the form h�1

i

(V 0
i

⇥ {t}), for a
chart h

i

and a connected component V 0
i

of V
i

. A plaque that contains a point x 2 L
will be denoted by L

x

; the union of the plaques containing x and of diameter less
than ✏ > 0 will be denoted by L✏

x

. Given any compact K of L, for ✏ small enough,
L✏
x

is homeomorphic to an Euclidean ball, for every x 2 K. The leaves of L are the
smallest subsets of L which contain any plaque that intersects them.

We say that a subset P of L is saturated if it is a union of leaves.
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If moreover it is a locally compact subset, this subset is L-admissible. Then the
charts (U

i

,�
i

) of L restricted to U
i

\ P define a lamination structure on P . We will
call this structure the restriction of L to P and we denote this structure by L|P .

Similarly, if V is an open subset of L, the set of the charts (U,�) 2 L such that
U ⇢ V forms a lamination structure on V , which is denoted by L|V .

A subset P of L which is L|V -admissible for a certain open subset V of L
will be called L-locally admissible, and we will denote by L|P the lamination struc-
ture L|V |P .

We recall that the locally compact subsets of a locally compact metric space are
the intersections of open and closed subsets.

Examples 1.1.1

— A manifold of dimension d is a lamination of the same dimension.

— A Cr-foliation on a connected manifold induces a Cr-lamination structure.

— A locally compact and second-countable metric space defines a lamination of
dimension zero.

— If K is a locally compact subset of S1, then the manifold structure of the
circle S1 induces on S1⇥K a C1-lamination structure whose leaves are S1⇥{k},
for k 2 K.

— The stable foliation of an Anosov Cr-di↵eomorphism induces a Cr-lamination
structure whose leaves are the stable manifolds.

— Let M be the cylinder S1 ⇥ R. Let ⇡ be the canonical projection of R onto
S1 ⇠= R/Z. Let

L :=
�

(✓, y) 2 M : y = arctan(✓), ⇡(✓) = ✓
 

[ S1 ⇥ {� 1
2⇡, 1

2⇡}.

The compact space L is canonically endowed with a 1-dimensional lamination
structure which consists of the leaves S1 ⇥ {� 1

2⇡}, S
1 ⇥ { 1

2⇡}, and a last one
which spirals down to these two circles.

Property 1.1.2. — If (L,L) and (L0,L0) are two laminations, then L ⇥ L0 is en-
dowed with the lamination structure whose leaves are the product of the leaves of (L,L)
with the leaves of (L0,L0). We denote this structure by L⇥ L0.

Property 1.1.3. — If L and L0 are two lamination structures on two open subsets L
and L0 of a metric space A such that the atlases L|L \ L0 and L0|L \ L0 are equivalent,
then the union of the atlases L and L0 is an atlas on L [ L0.

1.1.2. Morphisms of laminations. — A map f is a Cr-morphism (of lamina-
tions) from (L,L) to (L0,L0) if it is a continuous map from L to L0 such that, seen
via charts h and h0, it can be written in the form:

h0 � f � h�1(x, t) =
�

�(x, t), (x, t)
�

where � takes its values in Rd

0
, @s

x

� exists, is continuous on the domain of �, for all
s 2 {1, . . . , r} and  (. , t) is locally constant.
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If, moreover, the linear map @
x

�(x, t) is always one-to-one, then the morphism f
is an immersion (of laminations).

An embedding (of laminations) is an immersion which is a homeomorphism onto
its image.

The endomorphisms of (L,L) are the morphisms from (L,L) into itself.

We denote by:

— Morr(L,L0) the set of the Cr-morphisms from L into L0;

— Imr(L,L0) the set of the Cr-immersions from L into L0;

— Embr(L,L0) the set of the Cr-embeddings from L into L0;

— Endr(L) the set of the Cr-endomorphisms of L.

We denote by TL the vector bundle over L, whose fiber at x 2 L, denoted by T
x

L,
is the tangent space at x to its leaf. If f is a morphism from L into L0, we denote
by Tf the bundle morphism from TL to TL0 over f induced by the di↵erential of f
along the leaves of L.

Remark 1.1.4. — If M is a manifold, we notice that Endr(M) denotes the set of
Cr-maps from M into itself, possibly non-bijective and possibly with singularities.

Example 1.1.5. — Let f be a Cr-di↵eomorphism of a manifold M and let K be
hyperbolic compact subset of M . We suppose that K is endowed with a local product
structure: there exists ✏ > 0 such that for x, y 2 K nearby the local unstable manifold
Wu

✏

(x) intersects W s

✏

(y) transversally at a unique point [x, y].
Then the union W s(K) of stable manifold of points in K is the image of a canonical

Cr-lamination (L,L) immersed injectively. Moreover if every stable manifold does not
accumulate on K, then (L,L) is a Cr-embedded lamination.

Proof. — We endow M with an adapted metric d
M

to the hyperbolic compact set K.
For small ✏ > 0, we recall that W s

✏

(x) is equal to the set of points whose trajectory is
✏-distant to the trajectory of x 2 K. Let

W s

✏

(K) :=
[

x2K

W s

✏

(x).

For ✏ small enough, the closure of W s

✏

(K) is sent by f into W s

✏

(K).
For ✏ > 0 small enough, for every x 2 K, there exists a continuous family of

embeddings (p
y

)
y2T

from W s

✏

(x) onto W s

✏

(y), where T := Wu

✏

(x)\K. From the local
product structure, the following map is a homeomorphism onto a neighborhood U
of x:

W s

✏

(x) ⇥ T �! U.

Also its inverse is a chart of the canonical Cr-lamination structure L0 on W s

✏

(K).
Let C be the subset W s

✏

(K) \ f2(cl(W s

✏

(K))). For i > 0, we denote by C
i

the
set f�i(C) and by C0 the set W s

✏

(K). The union
S

n�0 C
n

is consequently equal
to W s(K). Moreover, for k, ` � 0, if C

k

intersects C
`

then |k � `|  1.
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Let us now construct a metric on W s(K) such that (C
n

)
n

is an open covering and
such that the topology induced by this metric on C

n

is the same than the one of M .
For (x, y) 2 W s(K)2, we denote

(x, y) := inf
n

n�1
X

i=1

d
M

(x
i

, x
i+1); n > 0, (x

i

)
i

2 W s(K)n, such

that x1 = x, x
n

= y, 8i, 9j : (x
i

, x
i+1) 2 C2

j

o

.

We remark that d is a distance with announced properties. The metric space L is
therefore W s(K) endowed with this distance. We remark that if every stable manifold
does not accumulate on K, then the topology on L induced by this metric and the
metric of M are the same. In other words L is embedded.

For i > 0, the open subset C
i

supports the Cr-lamination structure L
i

whose
charts are the composition of the charts of L0|C with f i. As f is a di↵eomorphism,
for any i, j, the restriction of L

i

and L
j

to C
i

\C
j

are equivalent. By property 1.1.3,
the structures (L

i

)
i�0 generate a Cr-lamination structure L on L.

1.1.3. Riemannian metric on a lamination. — A Riemannian metric g on a
Cr-lamination (L,L) is an inner product g

x

on each fiber T
x

L of TL, which depends
Cr�1-continuously on the base point x. It follows from the existence of partitions
of unity (see proposition A.1.2) that any lamination (L,L) can be endowed with a
certain Riemannian metric. (1)

A Riemannian metric induces — in a standard may — a metric on each leaf. For
two points x and y which belong to a same leaf, the distance between x and y is
defined by:

d
g

(x, y) = inf
�2Mor([0,1],L);
�(0)=x, �(1)=y

Z 1

0

p

g(@
t

�(t), @
t

�(t))dt.

1.1.4. Equivalent classes of morphisms. — We will say that two morphisms f
and f 0 in Morr(L,L0) (resp. Imr(L,L0) and Endr(L)) are equivalent if for every x 2 L,
the points f 0(x) and f(x) belong to a same leaf of L0. The equivalence class of f will
be denoted by Morr

f

(L,L0) (resp. Imr

f

(L,L0) and Endr

f

(L)).
Given a Riemannian metric g on (L0,L0), we endow the equivalence classes with

the Cr compact-open topology. Let us describe elementary open sets which generate
the topology.

Let K be a compact subset of L such that K and f(K) are included in distinguished
open subsets endowed with charts (h, U) and (h0, U 0). We define (�, ) by h0�f�h�1 =
(�, ) on h(K).

1. As the tangent bundle is only continuous when r = 1, we cannot define the geodesic flow along

the leaves. Nevertheless, there exists a C

1-lamination structure, compatible with the C

1-structure.
For such a structure, we can define the geodesic flow for another regular metric. To show it we can

adapt the proof of theorem 2.9 in [16] with the analysis techniques of Appendix A.1.1.
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Let ✏ > 0. The following subset is an elementary open set of the topology:

⌦ :=
n

f 0 2 Morr
f

(L,L0) : f 0(K) ⇢ U 0, and s.t. if �0 is defined by

h0 � f 0 � h�1 = (�0, ), we have max
h(K)

�

r

X

s=1

k@s
x

�� @s
x

�0k
�

< ✏
o

.

For any manifold M , each space Imr(L, M), Embr(L, M) and Endr(M) contains
a unique equivalence class. We endow these spaces with the topology of their unique
equivalence class.

In particular the topology on Cr(M, M) = Endr(M) is the (classical) Cr-compact-
open topology.

Given a lamination (L,L) Cr-immersed by i into a Riemannian manifold (M, g),
we define the Cr-strong topology on Imr(L, M) by the following (partially defined)
distance:

8(j, j0) 2 Imr(L, M), d(j, j0) := sup
(x,u)2TL
kuk=1

r

X

s=1

d
�

@s
T

x

Lj(us), @s
T

x

Lj0(us)
�

,

where (L,L) is endowed with the Riemannian distance i⇤g and TM is endowed with
the Riemannian distance induced by g.

1.2. Stratifications of laminations

Throughout this section, all laminations are supposed of class Cr.

1.2.1. Stratifications. — The concept of stratification occurs in several mathe-
matical fields. Its definition depends on the fields and on the authors. One of the
most general definitions was formulated by J. Mather [21] (2):

Definition 1.2.1. — A stratification of a metric space A is a partition of A into
subsets, called strata, that satisfy the following conditions:

1) each stratum is locally closed, i.e, it is equal to the intersection of a closed
subset with an open subset of A;

2) the partition ⌃ is locally finite;

3) (condition of frontier) for any pair of strata (X, Y ) 2 ⌃2 satisfying Y \ cl(X) 6=
?, we have Y ⇢ cl(X). We write Y  X and X is said incident to Y .

The pair � = (A,⌃) is called the stratified space of support A and of stratifica-
tion ⌃.

Property 1.2.2. — The stratification equipped with the relation  is a partially
ordered set.

2. In this article, the object of the definition is called a prestratification. This corresponds in

fact to the stratifications defined here.
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22 CHAPTER 1. GEOMETRY OF STRATIFICATION OF LAMINATIONS

Proof. — The reflexivity and the transitivity are clear. To show the antisymmetricity,
we choose two strata (X, Y ) 2 ⌃ such that X  Y and Y  X. This means that
X ⇢ cl(Y ) and Y ⇢ cl(X), hence cl(X) is equal to cl(Y ). As X and Y are locally
closed, these two strata cannot be disjoint and as ⌃ is a partition of A, these two
strata are equal.

1.2.2. Analytic and di↵erentiable stratifications. — Among the fields involv-
ing stratifications, we can mention analytic geometry and di↵erential geometry. Let
us precise the definitions of stratifications for both of these fields:

— In analytic geometry, we recall that an analytic variety is the zero set of an
analytic map from Cn to Cm. We define an analytic stratified space as a space
whose support is an analytic variety and whose strata are analytic manifolds
such that:

8(X,Y ) 2 ⌃2, if X  Y then dim(X)  dim(Y ).

Such a definition is equivalent to the one of H. Whitney [36] in the context of
analytic geometry.

— In di↵erential geometry, following the works of J. Mather [21] and R. Thom
[33], C. Murolo and D. Trotman [25] define stratifications as stratified spaces
whose strata are endowed with a connected manifold structure (whose topology
is compatible with the one of the support) which satisfy:

8(X, Y ) 2 ⌃2, if X < Y then dim(X) < dim(Y ).

Such a stratified space is called here a di↵erentiable stratified space. This object
occurs notably in singularity theory or in the study of a smooth generic map
zero set (see [33], [21]).

1.2.3. Stratifications of laminations. — Similarly, we introduce the concept of
(Cr)-laminar stratified space: a stratified space (A,⌃) whose strata are endowed with
a structure of lamination (compatible with the topology of A) satisfying:

8(X,Y ) 2 ⌃2, if X  Y then dim(X)  dim(Y ).

As an analytic or di↵erentiable stratified space defines a canonical structure of a
laminar space, we will abuse of language by using stratified space to refer to a laminar
stratified space, in the rest of this work.

In general, di↵erentiable stratified spaces are used with extra regularity conditions:
either by supposing them embedded, with a certain regularity, into a manifold, or by
endowing them with a supplementary geometric structure.

Let us begin by defining the embedding which allows us to introduce some examples
of stratified spaces. In section 1.3 we shall introduce a supplementary geometric
structure, the trellis of laminations which exist on certain stratified spaces.

An embedding i of a stratified space (A,⌃) into a manifold is a homeomorphism
onto its image, whose restriction to each stratum is an embedding of laminations.

The embedding i is a-regular if for all strata (X, Y ) 2 ⌃2 such that X  Y ,
and for any sequence (x

n

)
n

2 Y N which converges to a point x 2 X and such that
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the sequence of subspaces (T i(T
x

n

Y ))
n

converges to a subspace E, then T i(T
x

X) is
included in E.

When a stratified space is embedded, we often identify the stratified space with
its image by the embedding. If the embedding is a-regular, we will say that (in this
identification) the stratification (of laminations) is a-regular.

The a-regularity condition is due to H. Whitney who showed that every analytic
variety supports an a-regular (analytic) stratification [37]. This definition is also
standard in the study of di↵erentiable stratified spaces.

Example 1.2.3. — Given a submanifold with boundary, the connected components
of the boundary and the interior of the submanifold endowed with their canonical
manifold structure define a (a-regular) (di↵erentiable) stratification.

Example 1.2.4. — The set {0}⇥R[R⇥{0} supports a (di↵erentiable) stratification
with two strata: a first stratum being {0} and the second being {0}⇥R⇤ [R⇤ ⇥ {0}.
This stratified space is canonically (a-regularly) embedded into R2.

Example 1.2.5. — Given a manifold M and a compact subset K with empty in-
terior, the set K endowed with its 0-dimensional lamination structure and the set
M \ K endowed with its canonical manifold structure define an a-regular laminar
stratification on M .

Example 1.2.6. — Let S1 be the unit circle and let D be the unit open disk of the
complex plane C. Let A be the topological subspace cl(D) ⇥ {1} [ {1} ⇥ S1 of C2.
We stratify A by four strata: the first is the 2-dimensional lamination supported by
D⇥{1}, the others are 0-dimensional and supported by respectively S1⇥{1}\{(1, 1)},
{1} ⇥ S1 \ {(1, 1)} and {(1,1)}. This stratified space is canonically (a-regularly)
embedded in C2.

Proposition 1.2.7. — Let f be a di↵eomorphism that satisfies axiom A and the
strong transversality condition (3). Let (⇤

i

)
i

be the spectral decomposition of the
nonwandering set ⌦. Let W s(⇤

i

) be the union of the stable manifolds of ⇤
i

’s points.
Then the family (W s(⇤

i

))
i

defines a stratification of laminations on M , where the
leaves of W s(⇤

i

) are stable manifolds.

Proof. — We recall that each basic piece ⇤
i

is a hyperbolic compact subset disjoint
from the other basic pieces. As the periodic points are dense in the nonwandering set,
there exists a local product structure on ⇤

i

. It follows from proposition 9.1 of [31]
that:

W s(⇤
i

) :=
[

x2⇤
i

W s(x) =
�

x 2 M : d(fn(x),⇤
i

) ! 0, n ! 1
 

.

As the subset L(f) of the accumulation points of orbits is included in the nonwander-
ing set, it follows from lemma 2.2 of [31] that the manifold M is the disjoint union of
the subsets (W s(⇤

i

))
i

.

3. See section 2.4.6 for the definition.
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Let us now show the frontier condition:

cl
�

W s(⇤
i

)
�

\ W s(⇤
j

) 6= ? =) cl
�

W s(⇤
i

)
�

� W s(⇤
j

).

First we recall that if W s(⇤
k

) intersects Wu(⇤
`

) by the strong transversality
condition and the transitivity of ⇤

k

, the closure of W s(⇤
k

) contains W s(⇤
`

). We
write then ⇤

k

� ⇤
`

. Moreover, the strong transversality condition implies the nocycle
condition which states that � is an order on (⇤

`

)
`

.
We now suppose that the closure of W s(⇤

i

) intersects W s(⇤
j

). If i is not equal to j,
it follows from lemmas 1 and 2, p. 10 of [31], that the closure of W s(⇤

i

) intersects
Wu(⇤

j

) \ ⇤
j

. Let x be a point which belongs to this intersection. As (W s(⇤
k

))
k

covers M , there exists j1 such that x belongs to W s(⇤
j1). By the above reminder,

the closure of W s(⇤
j1) contains W s(⇤

j

). Moreover, the closure of W s(⇤
i

) intersects
W s(⇤

j1). And so on, we can continue to construct (⇤
j

k

)
k

. As the family (⇤
i

)
i

is
finite and there are nocycle, the family (⇤

j

k

)
k

is finite. Thus, we obtain:

cl
�

W s(⇤
i

)
�

= cl
�

W s(⇤
j

n

)
�

� · · · � cl
�

W s(⇤
j1)
�

� W s(⇤
j

).

This proves the frontier condition.
To finish, it only remains to show the existence of the canonical lamination structure

on each W s(⇤
i

) (which implies that W s(⇤
i

) is locally closed). It follows from the
nocycle condition and the fact that L(f) is included in ⌦ that there exists an adapted
filtration to (⇤

i

)
i

(see theorem 2.3 of [31]). In other words, there exists an increasing
family of compact subsets (M

i

)
i

such that:

f(M
i

) ⇢ int(M
i

) and ⇤
i

=
\

n2Z
fn(M

i

\ M
i�1).

Let U := M
i

\ M
i�1. As each point x 2 f�n(M

i�1) has its orbit which will belong
eventually to M

i�1 (which does not contain ⇤
i

), we have:

W s(⇤
i

) \ U = W s(⇤
i

) \ M
i

\
[

n�0

f�n(M
i�1).

Thus, W s(⇤
i

) \ U is f -stable:

f(W s(⇤
i

) \ U) ⇢ W s(⇤
i

) \ U.

By replacing (M
i

)
i

by (fn(M
i

))
i

, the set W s(⇤
i

) \ U may be an arbitrarily small
neighborhood of ⇤

i

. Hence, for any small ✏ and small U , we way suppose that each
point x of W s(⇤

i

) \ U can be ✏-shadowed by a point y of ⇤
i

(⇤
i

is endowed with a
local product structure). It follows that x belongs to the local stable manifold W s

✏

(y)
of y. Consequently:

W s(⇤
i

) \ U ⇢
[

y2⇤
i

W s

✏

(y).

In other words, W s(⇤
i

) does not auto-accumulate. Thus, example 1.1.5 shows that
W s(⇤

i

) is endowed with a lamination structure whose leaves are the stable manifolds
of ⇤

i

’s points.
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Remark 1.2.8. — In the above proposition, the strong tranversality condition hy-
pothesis cannot be replaced by the nocycle condition. In figure 1, we illustrate the
stable manifolds of a Morse flow (given by the vertical gradient). Its time one map is
an axiom A map which satisfies the nocycle condition. There are two saddle points
whose stable manifolds are one dimensional but their closure intersect each other at
a single point.

Figure 1. Axiom A di↵eomorphism without cycle whose stable manifolds

do not form a stratification.

Remark 1.2.9. — In [7], the above proposition was generalized to any axiom A
endomorphism which satisfies the strong transversality condition. Its inverse limit
of is the union of its unstable manifolds which supports a laminar stratified space
structure.

Property 1.2.10. — Let (A1,⌃1) and (A2,⌃2) be two stratified spaces. Then the
pair (A1 ⇥ A2,⌃1 ⇥ ⌃2), with:

⌃1 ⇥ ⌃2 =
�

X1 ⇥ X2 ; X1 2 ⌃1 and X2 2 ⌃2

 

,

is a stratified space of support A1 ⇥ A2. Moreover, if p1 and p2 are embeddings of
(A1,⌃1) and (A2,⌃2) into manifolds M1 and M2 respectively, the map p := (p1, p2)
is an embedding of (A1 ⇥ A2,⌃1 ⇥⌃2) into M1 ⇥ M2. This embedding is a-regular if
and only if p1 and p2 are a-regular.

Proof. — To check that ⌃1 ⇥ ⌃2 defines a stratified space is elementary: for all
(X1 ⇥ X2, Y1 ⇥ Y2) 2 (⌃1 ⇥ ⌃2)2, we have

X1 ⇥ X2 \ cl(Y1 ⇥ Y2) 6= ? () X1 \ cl(Y1) 6= ? and X2 \ cl(Y2) 6= ?.

Then, for each i 2 {1, 2}, we have X
i

⇢ cl(Y
i

) and dim(X
i

)  dim(Y
i

). This implies
that X1 ⇥ X2 ⇢ cl(Y1 ⇥ Y2) and dim(X1 ⇥ X2)  Y1 ⇥ Y2.

The proof of the statement on a-regularity is left to reader.

Let (A,⌃) be a stratified space and U an open subset of A. The set ⌃|U of the
restrictions of strata X 2 ⌃ that intersect U , to U \ X, defines a stratification of
laminations on U .
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1.2.4. Stratified morphisms. — Let (A,⌃) and (A0,⌃0) be two Cr-stratified
spaces.

A continuous map f from A to A0 is a (Cr)-stratified morphism (resp. stratified
immersion) if each stratum X 2 ⌃ is sent into a stratum X 0 2 ⌃0 and the restriction
f |X is a Cr-morphism (resp. immersion) from the lamination X to X 0. We will also
say that f is a (Cr)-morphism (resp. immersion) from (A,⌃) to (A0,⌃0).

In the particular case of di↵erentiable stratified spaces, we are consistent with the
usual definition of stratified morphisms.

A stratified endomorphism (A,⌃) is a stratified morphism which preserves each
stratum.

We denote respectively by Morr(⌃,⌃0), Imr(⌃,⌃0) and Endr(⌃) the set of Cr-
stratified morphisms, immersions and endomorphisms.

Two stratified morphisms f and bf are equivalent if they send each stratum X 2 ⌃
into a same stratum X 0 2 ⌃0 and if their restrictions to X are equivalent as laminar
morphisms from X to X 0. We denote by Morr

f

(⌃,⌃0) the equivalence class of f
endowed with the topology induced by the following product:

C0(A, A0) ⇥
Y

X2⌃
f(X)⇢X

02⌃0

Morr
f |X(X, X 0).

The aim of this work is to show the persistence of some a-regular normally ex-
panded stratifications. However, the regularity of these stratifications is not su�cient
to guarantee their persistence: there exist compact di↵erentiable stratifications which
are normally expanded but not persistent (we will give such an example in section 2.3).
We are going to introduce a stronger regularity condition: to support a trellis struc-
ture. For di↵erentiable stratified spaces, other authors have introduced other intrinsic
conditions (see [21], [33], [25]).

1.3. Structures of trellis of laminations

Throughout this section, unless stated otherwise, all laminations, laminar stratified
spaces and morphisms are supposed to be of class Cr, for r � 1 fixed.

We need some preliminary definitions:

Definition 1.3.1 (coherence and compatibility of two laminations)
Let L1 and L2 be two subsets of a metric space L, endowed with lamination

structures denoted by L1 and L2 respectively. Let us suppose that, for example,
the dimension of L2 is at least equal to the dimension of L1.

The laminations L1 and L2 are coherent if, for all x 2 L1\L2, there exists a plaque
of L1 containing x and included in a plaque of L2.

The laminations L1 and L2 are compatible if, for all x 2 L1 \ L2, the leaf of L1

containing x is included in a leaf of L2.

Example 1.3.2. — Let L1 := R⇥{0}, L2 := (�1, 1)2 and L3 := R⇥(�1, 1) be three
laminations embedded in R2, each of them formed by a single leaf. The laminations
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L1 and L3 are compatible (and so coherent) whereas the laminations L1 and L2 are
coherent but not compatible.

Definition 1.3.3 (foliated lamination). — Let (L1,L1) and (L2,L2) be two lami-
nations of dimension d1  d2 respectively. We will say that L1 is a foliation of L2

if L1 = L2 and if, for every x 2 L2, there exists a neighborhood U of x and a chart
(U,�) which belongs to L1 and to L2. This means that there exists open subsets U1

and U2 of Rd1 and Rd2�d1 respectively, such that:

�

� : U ! U1 ⇥ U2 ⇥
transversal space of L2

z}|{

T2
| {z }

transversal space of L1

�

2 L1 \ L2.

We note that the laminations L1 and L2 are then coherent.

Remark 1.3.4. — In this definition, if the lamination L2 is a manifold, then L1 is
a (classical) Cr-foliation of dimension d1 on this manifold.

Remark 1.3.5. — Unlike laminations, a C1-foliation is not di↵eomorphic to a C1-
foliation. For instance, the suspension of a Denjoy C1-di↵eomorphism defines a C1-
foliation which is not di↵eomorphic to a C2-foliation.

Example 1.3.6. — Let K be a locally compact set and let L1 = L2 be the product
Rd2 ⇥ K. Let L2 be the canonical lamination structure of dimension d2 on L2. Let
d1 be an integer less than d2, let � be a continuous map from K to Di↵r(Rd2 ,Rd2))
and let L1 be the lamination structure on L1 whose leaves are:

�

�(k)(Rd1 ⇥ {t}) ⇥ {k}, (k, t) 2 K ⇥ Rd2�d1
 

.

Then L1 is a Cr-foliation of L2.

Property 1.3.7. — Let (L,L) be a lamination immersed into a manifold M . We
identify (L,L) with its image in M . Let F be a Cr-foliation on an open neighborhood
of L, whose leaves are transverse to the leaves of L. Then the connected, transverse
intersections of plaques of L with plaques of F form the plaques of a lamination L t F
on L which is a Cr-foliation of L.

Proof. — As the statement is a locale property, it is su�cient to prove it in a
neighborhood of every point x 2 L. Via a local chart of F , we identify a neighborhood
U of x to Rn and F to the foliation associated to the splitting Rn�d⇥Rd, whose leaves
are of dimension d. We can suppose that, in this identification, T

x

L is the vectorial
subspace Rd

0 ⇥ {0} of Rn, with d0 � n � d.
We can suppose U small enough such that the intersection of the leaves of L with U

can be identified to a continuous family of Cr-graphs from Rd

0
to Rn�d

0
. Let (⇢

t

)
t2T

be such a family of Cr-maps. We note that the following application is a chart of L:

�0 : Rn \ L �! Rd ⇥ T, (u, ⇢
t

(u)) 7�! (u, t).

Thus, for all t 2 T and v 2 Rn�d, the intersection of the plaque of L:
�

(u1, u2, ⇢t(u1, u2)) : (u1, u2) 2 Rn�d ⇥ Rd+d

0�n
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with the plaque {v}⇥ Rd+d

0�n ⇥ Rn�d

0
of F , is:

�

(v, u2, ⇢t(v, u2)) : u2 2 Rd+d

0�n

 

.

The chart �0 sends this intersection onto {v}⇥ Rd+d

0�n ⇥ {t}. Let

 (v, u) 2 Rn�d

0
⇥ Rd+d

0�n 7�! (u, v) 2 Rd+d

0�n ⇥ Rn�d

0
.

Finally, we define

� : Rn \ L �! Rd

0+d�n ⇥ Rn�d ⇥ T,
�

u, ⇢
t

(u)
�

7�!
�

 (u), t
�

which is a chart of L and of L t F . We conclude that the lamination L t F is a
foliation of the lamination L.

Definition 1.3.8 (tubular neighborhood). — Let (A,⌃) be a stratified space and
let X be a stratum of ⌃. A tubular neighborhood of X is a lamination (L

X

,L
X

) such
that:

— the support L
X

is a neighborhood of X included in the union of strata incident
to X;

— the leaves of the stratum X are leaves of L
X

;

— the lamination (L
X

,L
X

) is coherent with the other strata of ⌃.

Definition 1.3.9 (trellis structure). — A (Cr)-trellis (of laminations) structure on
a stratified space (A,⌃) is a family of tubular neighborhoods T = (L

X

,L
X

)
X2⌃

satisfying, for all X  Y , that the lamination L
X

|L
X

\ L
Y

is a Cr-foliation of the
lamination L

Y

|L
X

\ L
Y

.

Throughout the rest of this chapter, all the trellis structures are supposed to be of
class Cr. We will not mention their regularity.

Remark 1.3.10. — If (A,⌃) is a single lamination (L,L), then (L,L) is also the
unique trellis structure on the stratified space (A,⌃).

Example 1.3.11. — Let (X0, X1, X2) be the canonical stratification on the filled
square: the lamination X0 is the subset of vertices, the lamination X1 is one-
dimensional and supported by the edges and finally the lamination X2 is two-
dimensional and supported by the interior.

Let L
X0 be the 0-dimensional lamination structure on a neighborhood of the ver-

tices. Let L
X1 be the 1-dimensional lamination structure on four disjoint neighbor-

hoods of each edge, whose leaves are parallel to the associated edge. Then the family
((L

X0 ,LX0), (L1,L1), X2) forms a trellis structure on (A,⌃). We illustrate this struc-
ture in figure 2.

Example 1.3.12. — Let I be an open interval of R. We denote @I its boundary.
Let C be the closed and filled cylinder in R3 defined by

C :=
�

(x, y, z) 2 R3; x2 + y2  1 and z 2 cl(I)
 

.

The cylinder C supports the stratification of laminations consisting of the following
strata:
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Figure 2. A trellis structure on the filled square

— the 0-dimensional lamination X0 supported by S1 ⇥ @I;

— the 1-dimensional lamination X1 supported by S1 ⇥ I whose leaves are vertical;

— the 2-dimensional lamination X2 supported by D⇥ @I;

— the 3-dimensional lamination X3 supported by the interior of C.

This stratification is canonically a-regularly embedded into R3.

Let us construct a trellis structure on this stratified space. Let L
X0 be an open

neighborhood of X0 in C. We endow L
X0 with the 0-dimensional lamination struc-

ture L
X0 . Let L

X1 and L
X2 be two disjoint open subsets of C \ X0 containing respec-

tively X1 and X2. We endow L
X1 with the 1-dimensional lamination structure L

X1

whose leaves are vertical. We endow L
X2 with the 2-dimensional lamination struc-

ture L
X2 whose leaves are horizontal. Finally, we define (L

X3 ,LX3) as equal to the
lamination X3. We notice that T := (L

X

i

,L
X

i

)3
i=0 is a trellis structure on the strat-

ified space (C,⌃).

The figure 2 also illustrates a section of such a trellis structure by a plane containing
the axis (O

z

).

Example 1.3.13. — With conventions of figure 2, figure 3 gives a trellis structure
on the canonical stratification of a cube, that is, the simplicial splitting into vertex,
edges and faces.

Let T be a trellis structure on a stratified space (A,⌃) and let U be an open subset
of A. Then the family of restrictions of the laminations (L,L) 2 T to U forms a trellis
structure on (U,⌃|U). We denote by T |U this trellis structure.

Remark 1.3.14. — Given a trellis structure on a stratified space (A,⌃), the foliation
condition implies the coherence between the tubular neighborhoods.

The following property implies in particular that every tubular neighborhood is
compatible with every stratum.

Property 1.3.15. — Let (A,⌃) be a stratified space and let (L,L) be a lamination
such that L is included in the union of strata of dimension at least equal to the
dimension of L. If the lamination L is coherent with each stratum of ⌃, then for
each stratum X 2 ⌃, the set X \ L is L-admissible.
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Figure 3. A trellis structure on a cube.

Proof. — The coherence implies that the leaves of L intersect the leaves of each
stratum of ⌃ in an open set. This is why the partition ⌃ of A induces a partition of
each leaves into open sets. By connectedness, each leaf is contained in a unique leaf of
a stratum of ⌃. This implies that the subset X \ L is L-saturated for every stratum
X 2 ⌃. As the intersection of two locally compact subsets is locally compact, the
subset X \ L is L-admissible.

Property 1.3.16. — Let (A,⌃) be a stratified space which admits a trellis structure.
Then A is locally compact.

Proof. — The family of the supports of the tubular neighborhoods is an open covering
of A. As each of these supports is locally compact, it follows that A is locally
compact.

Let M be a manifold and let (A,⌃) be a stratified space endowed with a Cr-trellis
structure T . A stratified embedding i from (A,⌃) into M is (Cr)-T -controlled if the
restriction of i to each tubular neighborhood (L

X

,L
X

) of T is a Cr-embedding of the
lamination L

X

into M . In other words, a T -controlled Cr-embedding of (A,⌃) in M
is a homeomorphism onto its image such that the r-first partial derivatives of p along
the leaves of each tubular neighborhood (L

X

,L
X

) exist, are continuous on L
X

and
the first one is injective.

Figure 4 represents a T -controlled embedding into R3 of the stratified space defined
in example 1.3.12 (not equal to the canonical inclusion).

A controlled embedding into the space R3 of the cube, endowed with its trellis
structure defined in figure 3 is represented in figure 5.

Property 1.3.17. — Let M be a manifold and let (A,⌃) be a stratified space en-
dowed with a trellis structure T . Then any T -controlled embedding is a-regular.
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Figure 4. Controlled embedding of an exotic stratification on the cylinder.

Figure 5. Controlled embedding of a cube.

Proof. — Let X  Y be two strata of ⌃. Let (x
n

)
n

2 Y N be a sequence which
converges to x 2 X. Then, for n large enough, the point x

n

belongs to L
X

and
T i(T

x

n

Y ) contains T i(T
x

n

L
X

) which converges to T i(T
x

X).

We will remark in sections 1.3.2 and 2.3, that there exist stratified spaces which
cannot support any trellis structure. However, the following proposition gives su�-
cient conditions for a stratified space to admit a trellis structure.
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Proposition 1.3.18. — Let (A,⌃) and (A0,⌃0) be two stratified spaces. If each of
these stratified spaces admits a trellis structure, then there exists a trellis structure on
the product stratified space (A ⇥ A0,⌃⇥ ⌃0).

Proof. — We have already seen in property 1.2.10 that (A⇥A0,⌃⇥⌃0) is a stratified
space whose partial order  on ⌃⇥ ⌃0 satisfies

8X ⇥ X 0, Y ⇥ Y 0 2 ⌃⇥ ⌃0, (X ⇥ X 0  Y ⇥ Y 0) , (X  Y and X 0  Y 0).

We now apply the following lemma for the stratified space (A⇥A0,⌃⇥⌃) equipped
with this partial order.

Lemma 1.3.19. — For every stratified space (A,⌃), there exists a family of open
subsets (W

X

)
X2⌃ such that W

X

is a neighborhood of X and intersects W
Y

if and
only if X and Y are incident.

Proof. — Let X be a stratum of ⌃ and let � be the subset of ⌃ consisting of strata
which are not comparable to X. We note that

X \ cl
�

[

Y 2�
Y
�

= X \
�

[

Y 2�
cl(Y )

�

=
[

Y 2�

�

X \ cl(Y )
�

= ?.

Consequently, for any point x 2 X, the distance between x and
S

Y 2� Y is positive.
We define

W
X

:=
[

x2X

B
�

x, 1
2d(x,

S

Y 2�Y )
�

.

We remark that the open set W
X

is a neighborhood of X.

Let Y be a stratum of �; we denote by ⌥ the subset of ⌃ which is not comparable
to Y . Let x 2 X and y 2 Y ; we have then x 2

S

Z2⌥ Z and y 2
S

Z2� Z; this implies

B
�

x, 1
2d(x,

S

Z2�Z)
�

\ B
�

y, 1
2d(y,

S

Z2⌥Z)
�

= ?.

Consequently W
X

and W
Y

are disjoint.

By using this lemma with the product stratification ⌃⇥⌃0, we can define an open
family (W

X⇥X

0)(X,X

0)2⌃⇥⌃0 satisfying W
X⇥X

0 � X ⇥ X 0 and

W
X⇥X

0 \ W
Y⇥Y

0 6= ? =) X ⇥ X 0  Y ⇥ Y 0 or X ⇥ X 0 � Y ⇥ Y 0.

We denote by (L
X

,L
X

)
X2⌃ and (L

X

0 ,L
X

0)
X

02⌃0 the trellis structures on the
stratified spaces (A,⌃) and (A0,⌃0).

Let L
X⇥X

0 be the open neighborhood (L
X

⇥ L
X

0) \ W
X⇥X

0 of X ⇥ X 0, that we
endow with the laminar structure L

X⇥X

0 := (L
X

⇥ L
X

0)|L
X⇥X

0 .
As X and X 0 are restrictions of respectively (L

X

,L
X

) and (L
X

0 ,L
X

0) to admissible
subsets, the stratum X ⇥ X 0 is the restriction of L

X⇥X

0 to an admissible subset.
Moreover, if L

X⇥X

0 and L
Y⇥Y

0 have a non-empty intersection, then W
X⇥X

0 and
W

Y⇥Y

0 have also a non-empty intersection. Therefore, X ⇥ X 0 and Y ⇥ Y 0 are
comparable. We suppose for instance that X ⇥ X 0  Y ⇥ Y 0. This is equivalent to
suppose that X  Y and X 0  Y 0. The lamination

(L
X

\ L
Y

,L
X

|L
X

\ L
Y

)
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is a Cr-foliation of the lamination (L
X

\ L
Y

,L
Y

|L
X

\ L
Y

) and

(L
X

0 \ L
Y

0 ,L
X

0 |L
X

0 \ L
Y

0)

is a Cr-foliation of the lamination (L
X

0 \ L
Y

0 ,L
Y

0 |L
X

0 \ L
Y

0). As the product of
Cr-foliated laminations is a Cr-foliated lamination, the restriction

(L
X⇥X

0 \ L
Y⇥Y

0 ,L
X⇥X

0 |L
X⇥X

0 \ L
Y⇥Y

0)

is a foliation of the lamination of (L
X⇥X

0 \ L
Y⇥Y

0 ,L
Y⇥Y

0 |L
X⇥X

0 \ L
Y⇥Y

0).

Therefore Tprod := (L
X⇥X

0 ,L
X⇥X

0)
X⇥X

02⌃⇥⌃0 is a trellis structure on the product
stratified space.

1.3.0.1. Structure of the union of strata of the same dimension. — The following
property sheds light on the geometry of the union of strata of the same dimension.

Property 1.3.20. — Let (A,⌃) be a stratified space endowed with a trellis struc-
ture T . Let (d

p

)
p�0 be the strictly increasing sequence of the di↵erent dimensions of

strata of ⌃. Then, it holds for each p � 0:

1) The union of strata of dimension d
p

constitutes a lamination X
p

. Every stratum
of dimension d

p

is the restriction of X
p

to an admissible subset.

2) The union of tubular neighborhoods of strata of dimension d
p

forms a lamination
(L

p

,L
p

).

3) X
p

is the restriction of L
p

to an admissible subset.

4) For all q  p, the subset cl(X
p

) \ X
q

is an X
q

-admissible subset.

5) The subset cl(X
p

) is included in
S

qp

X
q

.

Proof. — 2) Let ⌃
p

⇢ ⌃ be the subset of the d
p

-dimensional strata. For all strata X,
Y 2 ⌃

p

, the lamination L
X

|L
X

\L
Y

is a Cr-foliation of L
Y

|L
X

\L
Y

of codimension 0.
Then the restrictions of the laminations L

X

and L
Y

to L
X

\ L
Y

are generated by a
same atlas and so are equal. It follows from property 1.1.3 that the set of the charts
of L

X

for all X 2 ⌃
p

generates a lamination structure L
p

on L
p

:=
S

X2⌃
p

L
X

.

1)–3) First of all, by local finiteness of ⌃, the set X
p

is locally compact. Moreover,
all the tubular neighborhoods of strata that belong to ⌃

p

are coherent with the strata
of ⌃ and their union constitutes an open covering of L

p

. So, the lamination L
p

is
coherent with ⌃. Property 1.3.15 implies that for X 2 ⌃

p

the support of X = X \L
p

is L
p

-admissible. Thus, a leaf of L
p

which intersects X is contained in X, and so equal
to a leaf of X. Since L

p

contains X
p

, X
p

is canonically endowed with the lamination
structure L

p

|X
p

and 1)–3) are satisfied.

4) The frontier condition implies that

cl(X
p

) \ X
q

=
[

X2⌃
p

Y 2⌃
q

cl(X) \ Y =
[

X2⌃
p

Y 2⌃
q

YX

Y.

As each stratum of ⌃
q

is X
q

-admissible and as the stratification is locally finite,
cl(X

p

) \ X
q

is X
q

-admissible.
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5) The frontier condition implies that

cl(X
p

) =
[

X2⌃
p

cl(X) =
[

X2⌃
p

[

YX

Y ⇢
[

qp

[

X2⌃
q

X =
[

qp

X
k

.

Remark 1.3.21. — In example 1.2.6, the pair (A, (X
p

)
p

) is not a stratified space. (4)

Question 1.3.22. — Given a compact subset C of Rn which is the union of two
disjoint locally compact subsets A and B, does there exist an (abstract) stratification
on C such that A and B are unions of strata?

1.3.0.2. Morphisms
�

T
A

, T
A

0
�

-controlled. — Let (A,⌃) and (A0,⌃0) be two stratified
spaces admitting a trellis structure T and T 0 respectively.

A (Cr)-morphism (resp. immersion)
�

T , T 0�-controlled is a stratified morphism f
from (A,⌃) to (A0,⌃0) such that, for every stratum X 2 ⌃, there exists a neigh-
borhood V

X

of X in L
X

such that the restriction of f to V
X

is a morphism (resp.
immersion) from the lamination L

X

|V
X

into the lamination L
X

0 , where X 0 is the
stratum of ⌃0 which contains the image by f of X. In other words, every plaque
of L

X

contained in V
X

is sent into a leaf of L
X

0 , the r-first derivatives of f along such
a plaque exist, are continuous on V

X

(resp. and the first one is moreover injective)
and f is continuous.

The neighborhood V
X

of X is adapted to f , and the family of neighborhoods
V := (V

X

)
X2⌃ is adapted to f (and to (T , T 0)).

If (A0,⌃0) is a manifold M , then M is also the only trellis structure on the stratified
space M . In this case, we will say that this Cr-morphism is T -controlled.

The T -controlled embeddings from (A,⌃) to M are the T -controlled are immersions
which are homeomorphisms onto their images.

A T -controlled endomorphism is a stratified endomorphism f of (A,⌃) which
is (T , T )-controlled. This means that each stratum X is sent by f into itself and
that there exists a neighborhood V

X

of X in L
X

such that the restriction f |V
X

is a
morphism from the lamination L

X

|V
X

to L
X

.
We denote by Morr(T , T 0), Imr(T , T 0) and Embr(T , T 0) the sets of (T , T 0)-

controlled Cr-morphisms, immersions and embeddings respectively. We denote by
Endr(T ) the set of T -controlled Cr-endomorphisms.

Throughout the rest of this chapter, all controlled morphisms are supposed to be
of class Cr.

Property 1.3.23. — Let (A,⌃), (A0,⌃0), and (A00,⌃00) be stratified spaces admitting
a trellis structure T , T 0 and T 00 respectively.

— The identity of A is a T -controlled endomorphism.

4. However, if the frontier condition is replaced by the following more general condition:

“ for every pair of strata (X,Y ) such that cl(X) intersects Y , the subset cl(X) \ Y is Y -admissible

and dimY is at least equal to dimX”,

it appears that all that is proved in this work remains true and that (A, (X
p

)
p

) is still a stratified

space. Moreover (L
p

,L
p

)
p

is also a trellis structure on (A, (X
p

)
p

).
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— The composition of a (T 0, T 00)-controlled morphism with a (T , T 0)-controlled
morphism is a (T , T 00)-controlled morphism.

Proof. — The identity of A is clearly a controlled endomorphism. Let us prove that
the composition of two controlled morphisms is a controlled morphism.

Let f 2 Morr(T , T 0) and f 0 2 Morr(T 0, T 00). Each stratum X 2 ⌃ is sent by f
into a stratum X 0 2 ⌃0 which is sent by f 0 into a stratum X 00. Let V

X

and V
X

0 be two
neighborhoods of X and X 0 adapted to respectively f and f 0. Then the neighborhood
V
X

\ f�1(V
X

0) of X is adapted to f 0 � f .

1.3.1. Equivalent controlled morphisms. — Let T and T 0 be two trellis struc-
tures on the stratified spaces (A,⌃) and (A0,⌃0) respectively. Two morphisms f and bf
of Morr(T , T 0) (resp. Imr(T , T 0), resp. Endr(T 0)) are equivalent if, for each stratum

X 2 ⌃, there exists a stratum X 0 2 ⌃0 such that f and bf send X into an X 0 and
there exists a neighborhood V

X

of X in L
X

such that the restrictions f |V
X

and bf |V
X

are equivalent morphisms of laminations from L
X

|V
X

to L
X

0 . This means that every

point x 2 V
X

has a plaque sent by f and bf into a same leaf of L
X

0 .
Given a family of tubular neighborhoods V = (V

X

)
X

adapted to f , we denote
by Morr

fV(T , T 0) (resp. Imr

fV(T , T 0), resp. Endr

fV(T 0)) the set of T -controlled

morphisms bf such that V is also adapted to bf and such that, for every X 2 ⌃
sent by f into a certain stratum X 0, the restrictions of f and bf to V

X

are equivalent
morphisms of laminations from L

X

|V
X

to L
X

0 .

We endow Morr
fV(T , T 0) with the topology induced by the product topology of

Y

X2⌃
f(X)⇢X

02⌃0

Morr
f |V

X

(L
X

|V
X

,L0
X

0).

We equip the set of families of neighborhoods adapted to f with the following partial
order:

V  V 0 () 8X 2 ⌃, V
X

⇢ V 0
X

.

Property 1.3.24. — Let T and T 0 be two trellis structures on two stratified spaces
(A,⌃) and (A0,⌃0) respectively. Let f be a (T , T 0)-controlled morphism and let V  V 0

be two families adapted to f . Then the topology of Morr
fV0(T , T 0) is equal to the

topology induced by Morr
fV(T , T 0).

Proof. — By definition of these topologies it is clear that the topology of
Morr

fV0(T , T 0) is finer than the topology induced by Morr
fV(T , T 0). So it is

su�cient to prove that the topology of Morr
f |V 0

X

(L
X

|V 0
X

,L0
X

0) is coarser than the

topology induced by Morr
fV(T , T 0), for every X 2 ⌃. As a compact subset of V 0

X

is a
finite union of compact subsets in (V

Y

)
Y�X

, the topology of Morr
f |V 0

X

(L
X

|V 0
X

,L0
X

0)
is coarser than the topology induced by the product

Y

Y�X

f(Y )⇢Y

02⌃0

Morr
f |V

Y

(L
Y

|V
Y

,L0
Y

0)
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which is also coarser than the topology of Morr
fV(T , T 0).

This last property implies that the spaces (Morr
fV(T , T 0))V are only di↵erent by

plaque-preserving conditions. If (A0,⌃0) is a manifold M , then the trellis structure T 0

consists of the single manifold M . Plaque-preserving conditions are then obviously
always satisfied. Consequently, the space Morr

fV(T , T 0) depends neither on f nor
on V. That is why we abuse notation by denoting by Morr(T , M) this topological
space.

Remark 1.3.25. — The topology of Morr
fV(T , T 0) is finer than the topology in-

duced by Morr
f

(⌃,⌃0). Actually, the topology induced by the compact-open topol-
ogy of C0(A, A0) is coarser than the topology of Morr

fV(T , T 0). This is because, on
the one hand, V is an open cover of A and the canonical inclusion of C0(A, A0) in
Q

X2⌃ C0(V
X

, A0) is a homeomorphism onto its image. And on the other, for any stra-
tum X 2 ⌃ sent by f into a stratum X 0 2 ⌃0, the topology of Morr

f |V
X

(L
X

|V
X

,L0
X

0)
is finer than the topology Morr

f |X(X, X 0).
Usually, the topology of Morr

fV(T , T 0) is strictly finer than the topology induced by
Morr

fV(⌃,⌃0). For example, let us consider the unit closed disk cl(D) of the complex
plan C, which supports the canonical (di↵erentiable) stratification ⌃ formed by the
unit disk D and the unit circle S1. This stratified space admits the trellis structure T
consisting of the tubular neighborhood D of D and the lamination (LS1 ,LS1) whose
leaves are the circles centered in 0 and of radius ⇢ 2 ] 12 , 1]. Let (✓, ⇢) be the polar
coordinates on cl(D). The set of (T ,R)-controlled functions f on cl(D) such that
sup

x2LS1
k@
✓

f(x)k < 1 is an open subset of Morr(T ,R). But, in every open subset O

of Morr(⌃,R), there exists a sequence of functions (f
n

)
n

2 (Mor(T ,R) \ O)N such
that sup

n�0, x2LS1
k@
✓

f
n

(x)k = 1.

1.3.2. Geometric structures on stratified spaces. — In this section, we recall
other works defining structures similar to trellis. These structures are almost always
weaker than the trellis structure, because they were used in a topological context.

The study of such structures come back as far as the work of H. Whitney on the
study of the singularities of analytic varieties [36].

Conjecture 1.3.26 (H. Whitney, 1965). — Every analytic variety V of Cn supports
an analytic stratification such that, for every point p of a stratum X, there exists a
neighborhood U of p 2 V , a metric space T and a homeomorphism

� : (X \ U) ⇥ T �! U

such that, for every t 2 T , the restriction �|X \ U ⇥ {t} is biholomorphic onto its
image, the di↵erential on these restrictions are continuous on (X \ U) ⇥ T and the
lamination generated by the chart ��1 (and of the same dimension as X) is coherent
with all the strata.

In other words, H. Whitney conjectured the existence of a stratification that admits
locally a tubular neighborhood, with holomorphic leaves, for each stratum.
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Later, R. Thom and J.N. Mather were also interested in these structures for the
study of the singularities of di↵erentiable maps. They introduced di↵erentiable strat-
ified spaces (A,⌃) with extra intrinsic regularity conditions which in some cases allow
to proof that their stratifications are locally trivial: for every point x 2 A which
belongs to a stratum X 2 ⌃, there exists a neighborhood U of x in A, a neighbor-
hood V of x in X, a di↵erentiable stratified space (A0,⌃0) and a homeomorphism
h : V ⇥ A0 ! U such that the strata of ⌃|U are the images by h of strata of the
product stratified space (V ⇥ A0, X|V ⇥ ⌃0).

In 1993, D. Trotman adapted the Whitney’s conjecture to di↵erentiable stratified
spaces. (5) To formulate his conjecture, let us recall that an embedding p of a dif-
ferentiable stratified space (A,⌃) into Rn is b-regular if for all strata (X, Y ) 2 ⌃2

with Y < X, for all sequences (x
i

)
i

2 XN and (y
i

)
i

2 Y N which converge to y 2 Y ,
if (T

x

i

X)
i

converges to ⌧ and the unitary vector in the direction of ��!x
i

y
i

2 Rn converges
to �, then � is included in ⌧ .

It is well known and easy to show that b-regularity implies a-regularity.

The Trotman’s conjecture is the following:

Conjecture 1.3.27 (D. Trotman 1993). — Let (A,⌃) be a di↵erentiable stratified
space b-regularly embedded by p into Rn; then for every stratum X 2 ⌃ and point
x 2 X, there exists a neighborhood U of x and a tubular neighborhood (L,L) of
X|U \ X in the stratified space (U,⌃|U) such that the restriction p|L is an embedding
of (L,L).

Unfortunately, we will see in part 2.4.1 that there exist b-regular stratifications
that are persistent but not b-regularly persistent.

In the spirit of this conjecture, in his PhD thesis C. Murolo [25] defines the “sys-
tème de contrôle feuilleté, totalement compatible et a-régulier” which is the data of
compatible tubular neighborhoods (L

X

,L
X

)
X2⌃, on a di↵erentiable stratified space.

In another context, for surface di↵eomorphisms that satisfy axiom A and the
strong transversality condition, W. De Melo [22] built a real trellis structure on the
stratification of laminations (W s(⇤

i

))
i

defined in property 1.2.7. (6) This construction
allowed him to prove the structural persistence of surface C1-di↵eomorphism that
satisfies axiom A and the strong transversality condition. In a local way, this idea
was improved by C. Robinson [28] to achieve the proof of the Palis and Smale’s
conjecture [32]: every C1-di↵eomorphism of compact manifold that satisfies axiom A
and the strong transversality condition is C1-structurally stable (7).

5. This an adaptation because H. Whitney shows that every analytic variety supports a b-regular

analytic stratification [37].
6. Actually, he requires the existence of a ”system of unstable tubular families”. This structure

is a family of compatible tubular neighborhoods. Even if the foliation’s condition is not required, he
proves it. Actually, he is just interested in finding topological properties. The present work can be

used to show smoother property of the conjugacy homeomorphism: to be an stratified endomorphism.
7. Actually, he requires the existence of “compatible families of unstable disks”. Even if the

algorithm builds, locally, a trellis structure, for the same reason as W. De Melo, he only requires to

have locally a “system of unstable tubular families”.

SOCIÉTÉ MATHÉMATIQUE DE FRANCE 2013
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We will see that there exist a-regular stratifications that do not admit trellis
structures and are not even locally trivial.

But beyond the local obstructions, there exist also global topological constrains,
that prevent stratified spaces to admit trellis structures.

For instance, let us consider the stratification on the tangent bundle of the sphere,
consisting of two strata: the first being the image of the zero section endowed with the
structure of 2-manifold (that we identify with the sphere S2) and the second being the
complement of this image, endowed with its structure of 4-manifold. For the sake of
contradiction, let us suppose that this stratification admits a trellis structure. Then
there exists a lamination on a neighborhood of the sphere in the tangent bundle, such
that the sphere is a leaf. As the sphere is simply connected, the holonomy along the
leaves is trivial. Therefore we can transport a small non-zero vector of the tangent
bundle by holonomy, to define a vector field on the tangent bundle without zero. But
it is well known that such a vector field does not exit on the 2-sphere.

MÉMOIRES DE LA SMF 134



CHAPTER 2

PERSISTENCE OF STRATIFICATIONS OF
LAMINATIONS

Throughout this chapter, all manifolds considered are of class C1. The regularity
classes of laminations, stratifications or trellis structures will be not mentioned if they
are not relevant.

In section 2.2.2, we state the main result on persistence of stratifications of normally
expanded laminations. In section 2.4, we give various applications of this result.
Before dealing with stratifications of laminations, we study the restricted case of
laminations (which is a stratification consisting of only one stratum), hoping that the
new definitions and the main result will be more understandable.

2.1. Persistence of lamination

2.1.1. Preserved laminations. — A lamination (L,L) embedded by i into a
manifold M is preserved by an endomorphism f of M if each embedded leaf of L
is sent by f into an embedded leaf of L.

This is equivalent to suppose the existence of an endomorphism f⇤ of (L,L) such
that the following diagram commutes:

M
f������! M

i

x

?

?

?

x

?

?

?

i

L
f

⇤

������! L

The endomorphism f⇤ is the pullback of f via i.
When the lamination is only immersed by i, these two definitions are not equivalent.
A lamination (L,L) immersed by i into a manifold M is preserved by an endomor-

phism f of M if there exists a pull back of f in (L,L) via i. That is an endomor-
phism f⇤ of (L,L) such that the following diagram commutes:

M
f������! M

i

x

?

?

?

x

?

?

?

i

L
f

⇤

������! L
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The leaves of a lamination (L,L) immersed by i into a manifold M is preserved by
an endomorphism f of M if each immersed leaf of L is sent by f into an immersed of
leaf of L.

Clearly, if f preserves an immersed laminations, then it preserves its leaves.
In Appendix D, we give three examples of a di↵eomorphism preserving the leaves

of an immersed lamination, but not the lamination. In the last example, this happen
whatever is the immersion; it is a negative answer to a question of [15].

2.1.2. Persistence of laminations. — Let r be a fixed positive integer. Let (L,L)
be a lamination Cr-embedded by i into a manifold M . Let f be a Cr-endomorphism
of M which preserves L. Let f⇤ be the pull back of f . Then the embedded lamination
(L,L) is Cr-persistent if for any endomorphism f 0 Cr-close to f , there exists an
embedding i0 Cr-close to i such that f 0 preserves the lamination (L,L) embedded
by i0 and such that each point i0(x) of i0(L) is sent by f 0 into the image by i0 of a
small plaque containing f⇤(x). This implies that the pullback f 0⇤ of f 0 is equivalent
and Cr-close to f⇤.

Let (L,L) be a lamination immersed by i into a manifold M . Let f be a Cr-
endomorphism of M which preserves L. Let f⇤ be a pull back of f in (L,L). Then
the immersed lamination (L,L) is Cr-persistent if for any endomorphism f 0 Cr-close
to f , there exists an immersion i0 Cr-close to i, such that f 0 preserves the lamination
(L,L) immersed by i0 and pullback to (L,L) to an endomorphism f 0⇤ equivalent
and Cr-close to f⇤. In other words, for every f 0 2 Endr(M) close to f there exists
i0 2 Imr(L, M) and f 0⇤ 2 Endr

f

⇤(L) close to i and f⇤ such that the following diagram
commutes:

M
f

0

������! M

i

0

x

?

?

?

x

?

?

?

i

0

L
f

0⇤

������! L

In the above definitions the topology of Endr(M), Imr(L, M), Embr(L, M)
and Endr

f

⇤(L) are described in section 1.1.4.

2.1.3. Lamination persistence theorems. — Up to now the following result was
the most general theorem showing that hyperbolicity implies persistence of lamina-
tions.

Theorem 2.1.1 (Hirsch-Pugh-Shub [15]). — Let (L,L) be a compact lamination
Cr-immersed by i into a manifold M , for r � 1. Let f be a Cr-di↵eomorphism
of M such that:

— f preserves L and is r-normally hyperbolic at L;
— a pull back f⇤ of f leaves invariant L (f⇤(L) = L).

Then the immersed lamination is Cr-persistent. If moreover i is an embedding and f
is plaque-expansive at (L,L) then the embedded lamination is Cr-persistent.

We recall the definition of normal hyperbolicity and plaque-expansiveness in sec-
tions 2.4.6 and 2.1.3.3 respectively.
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A first consequence of the main result is an analogous theorem of the above:
we allow f to be an endomorphism, that is to be possibly non-bijective and with
singularities, but we suppose f normally expanding instead of normally hyperbolic.

Theorem 2.1.2. — Let (L,L) be a compact lamination Cr-immersed by i into a
manifold M . Let f be a Cr-endomorphism of M which preserves and r-normally
expands L. Then the immersed lamination is Cr-persistent. If moreover i is an
embedding and f is plaque-expansive at (L,L) then the embedded lamination is Cr-
persistent.

Let us describe this theorem.

2.1.3.1. Normal expansion. — Let (L,L) be a lamination and let (M, g) be a Rie-
mannian manifold. Let f 2 End(M) be preserving the lamination (L,L) immersed
by i 2 Im(L, M). Let f⇤ be a pullback of f in (L,L).

We identify, via the injection given by i, the bundle TL ! L to a subbundle of ⇡ :
i⇤TM ! L. Thus, L is endowed with the Riemannian metric i⇤g. By commutativity
of the above diagram, the endomorphism i⇤Tf of i⇤TM ! i⇤TM , over f⇤, preserves
the subbundle TL. The action of the endomorphism i⇤Tf to the quotient i⇤TM/TL
is denoted by

[i⇤Tf ] : i⇤TM/TL �! i⇤TM/TL.

We notice that the quotient i⇤TM/TL is the normal bundle of L. We endow this
bundle with the norm induced by the Riemannian metric of M : the norm of a
vector u 2 i⇤TM/TL is the norm of the vector i⇤TM which is orthogonal to TL
and represents u.

Definition 2.1.3. — For every r � 1, the endomorphism f r-normally expands the
lamination (L,L) (immersed by i over f⇤), if there exist a continuous function C on L
and � < 1 such that for all v 2 i⇤TM/TL \ {0} and n � 0:

max
�

1, kT
⇡(v)f

⇤n

kr
�

· kvk < C(x) · �n ·
�

�[i⇤Tf ]n(v)
�

�.

Remark 2.1.4. — Usually, one supposes L to be compact and C to be constant.
This is consistent with this definition, by replacing C by its maximum on L.

Definition 2.1.5. — If the function C is bounded, we say that f uniformly r-
normally expands the lamination (L,L).

Property 2.1.6. — Let (L,L) be a lamination immersed by i into a manifold M and
1-normally expanded. Then, for all x, y 2 L with the same images by i, the spaces
T
x

L and T
y

L are sent by T i to the same subspace of T
i(x)M . Thus, we can abuse

the notation by denoting T
i(x)L the subspace T i(T

x

L). Moreover, for every compact
subset K of L, the section of the Grassmannian z 2 i(K) ! T

z

L is continuous.

Proof. — By normal expansion at x, the vectors of T i(T
y

L) \ T i(T
x

L) grow ex-
ponentially faster than those of T i(T

x

L) and by normal expansion at y, the vec-
tors of T i(T

x

L) \ T i(T
y

L) grow exponentially faster than those of T i(T
y

L). Then
the vectors of T i(T

y

L) \ T i(T
x

L) grow and decrease exponentially faster than those
of T i(T

x

L) \ T i(T
y

L). Therefore the spaces T i(T
x

L) and T i(T
y

L) are equal.
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For any compact subset K of L, the continuity of the map z 2 i(K) ! T
z

L follows
from the compactness of K: given a sequence (z

n

) 2 i(K)N which converges to some
z 2 i(K), there exists a sequence (x

n

)
n

2 KN sent by i to (z
n

)
n

. By compactness
of K, we may suppose that (x

n

)
n

converges to some x 2 K. Therefore, by continuity,
x is sent by i to z and we have

lim
n!1

T
z

n

L = lim
n!1

T i(T
x

n

L) = T i(T
x

L) = T
z

L.

Remark 2.1.7. — The above definition of r-normal expansion is equivalent to the
following: there exists � > 1 and a continuous positive function C on L such that for
every x 2 L, for all unitary vectors v0 2 T

i(x)L and v1 2 (T
i(x)L)?, for any n � 0, it

holds:
�

�p � Tfn(v1)
�

� � C(x) · �n ·
�

1 + kTfn(v0)kr
�

,

with p equal to the orthogonal projection of TM |i(L) onto TL?.

Proposition 2.1.8. — Let r � 1. Let (L,L) be a lamination immersed by i into a
Riemannian manifold (M, g). Let f 2 End(M), i 2 Im(L, M), and f⇤ 2 End(L). If
f r-normally expands the immersed lamination L over f⇤, for every compact subset
K of L stable by f⇤ (f⇤(K) ⇢ K), there exist a Riemannian metric g0 on M and
�0 < 1 such that for the metric i⇤g on TL and the norm induced by g0 on i⇤TM ,
it holds for every v 2 (i⇤TM/TL)|K \ {0}:

max
�

1, kT
⇡(v)f

⇤kr
�

· kvk < �0 ·
�

�[i⇤Tf ](v)
�

�.

We say that g0 is a metric adapted to the normal expansion of f on K.

We will prove this proposition in Appendix B.

The following gives a useful geometrical property equivalent to the 1-normal ex-
pansion.

Property 2.1.9. — Let (L,L) be a lamination immersed by i into a manifold M .
Let f 2 End1(M) which, for some r � 1, r-normally expands (L,L) over f⇤ 2
End1(L). Let K be a compact subset of L sent into itself by f⇤. Then there exist
� > 1, a Riemannian metric on M adapted to the r-normal expansion of L over K
and an (open) cone field C on i(K) such that, for every x 2 i(K):

1) T
x

L? is a maximal subspace of T
x

M contained in C
x

;

2) Tf(cl(C(x))) is included in C(f(x)) [ {0};
3) kTf(u)k > � · kuk for every u 2 C(x).

We will also prove this property in Appendix B.

2.1.3.2. Persistence of immersed laminations. — The following result is a particular
case of main theorem 2.2.11.

Theorem 2.1.10. — Let r � 1 and let (L,L) be a lamination Cr-immersed by i
into a manifold M . Let f be a Cr-endomorphism of M preserving this immersed
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lamination. Let f⇤ be a pullback of f and let L0 be a precompact open subset of L
such that

f⇤� cl(L0)
�

⇢ L0.

If f r-normally expands (L,L), then the immersed lamination (L0,L|L0) is Cr-
persistent. Moreover, there exists a continuous map

f 0 7�!
�

i(f 0), f 0⇤� 2 Imr(L, M) ⇥ Endr

f

⇤(L)

defined on a neighborhood V
f

of f , such that i(f) is equal to i and such that the
following diagram commutes:

M
f

0

������! M

i(f 0)

x

?

?

?

x

?

?

?

i(f 0)

L0 f

0⇤

������! L0

Furthermore, o↵ a compact neighborhood W of L0 which does not depend on f 0 2 V
f

,
the maps i(f 0) and f 0⇤ are equal to i and f⇤ respectively.

Remark 2.1.11. — We remark that, every map f 0 2 V
f

, close enough to f normally
expands the lamination (L0,L|L0) immersed by i(f 0) over f 0⇤. Hence the hypotheses
of the theorem correspond to open conditions on the elements involved.

Remark 2.1.12. — In the above theorem, the existence of W and the continuity of

f 0 7�!
�

f 0⇤, i(f 0)
�

2 Endr

f

⇤(L) ⇥ Imr(L, M)

imply its continuity in the strong topology: for any ✏ > 0, for any f 0 close enough
to f and for every x 2 L, the points i(x) and i(f 0)(x) are ✏-distant and the points
f⇤(x) and f 0⇤(x) belong to a same plaque of L with diameter less than ✏. Similarly,
the r-first derivatives of i(f 0) and f 0⇤ along the leaves of L are uniformly close to
those of i and f⇤, for f 0 close to f .

Example 2.1.13. — Let f1 be a Cr di↵eomorphism of a manifold N1. Let K be
a hyperbolic compact subset. Then, by example 1.1.5, W s(K) is the image of a
lamination (L1,L1) Cr-immersed injectively, whose leaves are the stable manifolds.
Let E

u

be the unstable direction of K and

m := min
u2E

u

\{0}

kTf(u)k
kuk > 1.

Let M2 be a compact Riemannian manifold. Let f2 be a Cr-endomorphism of M2

whose di↵erential has norm less than r

p
m (hence f2 has possibly many singularities

and is not necessarily bijective).
Thus, the product dynamics f := (f1, f2) on M := M1 ⇥ M2 r-normally expands

the Cr-immersed lamination (L,L) := (L1⇥M2,L1⇥M2) over an endomorphism f⇤.
Thus, for any precompact subset L0 of L, whose closure is sent into itself by f⇤ (there
exist arbitrarily wide such subsets), the lamination (L0,L|L0) is Cr-persistent.
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2.1.3.3. Plaque-expansiveness

Definition 2.1.14 (Pseudo-orbit). — Let (L,L) be a lamination and let f be an
endomorphism of (L,L). Let ✏ be a positive continuous function on L. An ✏-pseudo-
orbit which respects L is a sequence (1) (x

n

)
n�0 2 LN such that, for any n � 0, the

point f(x
n

) belongs to a plaque of L containing x
n+1 with diameter less than ✏(x

n+1).

Definition 2.1.15 (Plaque-expansiveness). — Let ✏ be a positive continuous func-
tion on L. The endomorphism f is ✏-plaque-expansive at (L,L) if the following con-
dition is satisfied: for any positive continuous function ⌘ on L less than ✏, for all
⌘-pseudo-orbits (x

n

)
n

and (y
n

)
n

which respect L, if for any n the distance between x
n

and y
n

is less than ⌘(x
n

), then x0 and y0 belong to a same small plaque of L.

Remark 2.1.16. — Usually, one supposes L to be compact and ✏ to be constant.
This is consistent with this definition by replacing ✏ by its minimum.

Remark 2.1.17. — We do not know if the normal expansion implies the plaque-
expansiveness, even when L is compact. But in many case this is true (see Ap-
pendix C).

2.1.3.4. Persistence of embedded laminations. — The following result is a particular
case of corollary 2.2.9 of the main theorem.

Corollary 2.1.18. — Let r � 1 and let (L,L) be a lamination embedded by i into a
manifold M . Let f be a Cr-endomorphism of M preserving this embedded lamination.
Let f⇤ be a pullback of f and let L0 be a precompact open subset of L such that

f⇤� cl(L0)
�

⇢ L0.

If f r-normally expands (L,L) and if f⇤ is plaque-expansive, then the embedded
lamination (L0,L|L0) is persistent. Moreover there exists a continuous map

f 0 7�!
�

i(f 0), f 0⇤� 2 Emr(L, M) ⇥ Endr(L)

defined on a neighborhood V
f

of f , such that i(f) is equal to i and such that the
following diagram commutes:

M
f

0

������! M

i

0

x

?

?

?

x

?

?

?

i

0

L0 f

0⇤

������! L0

Furthermore, o↵ a compact neighborhood W of L0 independent of f 0 2 V
f

, the maps
i(f 0) and f 0⇤ are equal to i and f⇤ respectively.

Remark 2.1.19. — We remark that, every map f 0 2 V
f

, close enough to f , nor-
mally expands the lamination (L0,L|L0) embedded by i(f 0) and is plaque-expansive.
Thus, the hypotheses of the corollary correspond to open conditions on the elements
involved.

1. In the di↵eomorphism context, as in Hirsch-Pugh-Shub’s theorem, sequences are indexed by Z.
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Example 2.1.20. — Let P := x 7! x2 + c be expanding on a compact subset K.
For instance, c can be a Collet-Eckmann parameter or a hyperbolic parameter. Let
f := (x, y) 2 R2 7! (x2 + c, 0). The one dimensional embedded lamination K ⇥ R is
r-normally expanded by f for any r � 1. As this lamination is a bundle, f is obviously
plaque-expansive at this lamination. Let R > 0 and let

L0 := K ⇥ ] � R, R[.

Then this lamination is Cr-persistent. This means that, for any Cr-perturbation f 0

of f , there exists a Cr-embedding i0 of K ⇥ ] � R, R[ into R2 such that f 0 sends
i0({k}⇥ ] � R, R[) into i0({P (k)}⇥ ] � R, R[), and i0 is Cr-close to i: i0 is uniformly
C0 close to i, the r-first partial derivatives of i with respect to its second coordinate
exists, are continuous and are uniformly close to those of i.

2.2. Main result on persistence of stratifications of laminations

2.2.1. Problematics

2.2.1.1. Embedded stratifications of laminations. — Throughout this section, we de-
note by r a fixed positive integer.

Let (A,⌃) be a stratified (laminar) space Cr-embedded by i into a manifold M .
We can identify the space (A,⌃) with its image in M .

A Cr-endomorphism f of M preserves the stratification (of lamination) ⌃ if f
preserves each stratum of ⌃ as an embedded lamination.

The stratification ⌃ is Cr-persistent if every endomorphism f 0 Cr-close to f pre-
serves a stratified embedding i0 of (A,⌃), Cr-close to i and such that the image by f 0

of every point i0(x) 2 i0(A) belongs to the image by i0 of a small plaque contain-
ing f(x) (of the stratum containing x). This is equivalent to require the existence of
an endomorphism f 0⇤ 2 Endr

f

⇤(⌃) close to the restriction f |A 2 Endr(⌃) such that
the following diagram commutes:

M
f

0

������! M

i

0

x

?

?

?

x

?

?

?

i

0

A
f

0⇤

������! A

In particular, this implies also that the dynamics induced by f 0 and f on the leaves
space of each stratum X are the same.

By“close”we meant close for the topologies of Emr(⌃, M) or Endr

f

⇤|A(⌃) described
in 1.2.4.

If the embedding i is furthermore a-regular and the embedding i0 is also a-regular,
for every f 0 close to f , we say that the a-regular stratification ⌃ is Cr-persistent

Our problematics are to found su�cient conditions implying the Cr-persistence of
stratifications of laminations.

As we are dealing with endomorphisms, the normal expansion and the plaque-
expansiveness of each stratum appear to be good hypotheses.
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If we reject the hypothesis of plaque-expansiveness, we shall consider the immer-
sions of stratifications of laminations.

2.2.1.2. Immersed stratifications of laminations. — A stratified (laminar) space
(A,⌃) Cr-immersed by i into a manifold M is Cr-preserved by an endomorphism f
of M , if there exists an endomorphism f⇤ 2 Endr(⌃) such that the following diagram
commutes:

M
f������! M

i

x

?

?

?

x

?

?

?

i

A
f

⇤

������! A

Such an endomorphism f⇤ is the pullback of f (into (A,⌃) via i).
This immersed stratified space is Cr-persistent if, for any Cr-endomorphism f 0 close

to f , there exist an immersion i0 close to i and an endomorphism f 0⇤ 2 Endr

f

⇤(⌃) close
to f⇤ such that the following diagram commutes:

M
f

0

������! M

i

0

x

?

?

?

x

?

?

?

i

0

A
f

0⇤

������! A

2.2.2. Main result. — Unfortunately, we will see in section 2.3 an example of an
embedded (di↵erentiable) compact stratified space, which is normally expanded but
not persistent. Therefore some extra hypotheses are required.

We suspect the topology of the stratified space to play a main role.
That is why throughout this section, we fix r � 1 and we denote by (A,⌃) a

stratified space endowed with a Cr-trellis structure T (such a structure does not exist
in the aforementioned example). Moreover M will refer to a Riemannian manifold.

A hypothesis of the main result needs to generalize the notion of pseudo-orbits.

Definition 2.2.1. — Let (L,L) be a lamination, V an open set of L, f a continuous
map from V to L, and ✏ a continuous positive function on V . A sequence (p

n

)
n

2 V N

is an ⌘-pseudo-orbit of V which respects L if p
n+1 and f(p

n

) belong to a same plaque
of L with diameter less than ✏(p

n+1), for every n � 0.

We now state a useful corollary of main theorem 2.2.11.

Corollary 2.2.2. — Let i be a T -controlled Cr-embedding of (A,⌃) into M . We
suppose that A is compact. We identify (A,⌃) with its image by i in M . Let f be a
Cr-endomorphism of M preserving (A,⌃). We suppose that for every X 2 ⌃:

(i) f r-normally expands the lamination X;

(ii) f is plaque-expansive at X.

There exists a continuous function ⌘ on a neighborhood V
X

of X satisfying:

(iii) each plaque of L
X

included in V
X

is sent by f into a leaf of L
X

;

(iv) every ⌘-pseudo-orbit of V
X

which respects L
X

is contained in X.

MÉMOIRES DE LA SMF 134



2.2. MAIN RESULT ON PERSISTENCE OF STRATIFICATIONS OF LAMINATIONS 47

Then the stratification of laminations (A,⌃) is persistent. Moreover, there exists a
family of neighborhoods (V 0

X

)
X2⌃ adapted to f such that, for every f 0 nearby f (for

the Cr-compact-open topology), there exists a T -controlled Cr-embedding i0 of (A,⌃)
into M , close to i, which is preserved by f 0 and satisfies for every X 2 ⌃:

(i) f 0 r-normally expands the lamination X embedded by i0;

(ii) f 0 is plaque-expansive at the lamination X embedded by i0.

There exists a continuous function ⌘0 on V 0
X

satisfying:

(iii) for every x 2 V 0
X

, the endomorphism f 0 sends i0(x) into the image by i0 of the
leaf of f(x) in L

X

;

(iv) every ⌘0-f 0-pseudo-orbits of V 0
X

, which respects the plaques of the lamination
L
X

embedded by i0, is contained in X.

Remark 2.2.3. — Hypothesis (iii) says that the restriction f |A is a T -controlled
endomorphism and that the family (V

X

)
X

is adapted to f |A.

Remark 2.2.4. — The fact that i0 is a T -controlled Cr-embedding i0 of (A,⌃)
into M , close to i, means that:

— i0 is an homeomorphism of A onto its image in M , C0-close to the embedding i;

— for each stratum X, the restriction of i0 to L
X

is an immersion of the lamination
(L

X

,L
X

) and the r-first partial derivatives of i0 along the plaques of L
X

are
close to those of i for the compact-open topology.

Remark 2.2.5. — Conclusion (iii) says that:

— the pullback f 0⇤ of f 0 via i0 is T -controlled,

— the family of neighborhoods V 0 = (V 0
X

)
X2⌃ is adapted to the pull back f 0⇤ of f 0;

— the endomorphism f 0⇤ belongs to the equivalence class Endr

f |A V0(T ) of f |A.

Moreover, as f 0 is close to f and i0 close to i, the pull back of f 0 via i0 is close to f |A
in the topology of Endr

f |A V0(T ).

Remark 2.2.6. — Conclusions (i), (ii), (iii) and (iv) imply that the hypotheses of
this corollary correspond to open conditions on the elements involved. Moreover, as
(V 0

X

)
X2⌃ does not depend on f 0 Cr-close to f , conclusion (iii) appears to be very

useful for the proof of the structural stability of non-hyperbolic compact subsets or
the persistence of non-normally hyperbolic laminations (see sections 2.4.6 and 2.4.3).

Let us now give some easy applications of this corollary.

Example 2.2.7. — Let

f : R2 �! R2, (x, y) 7�! (x2, y2).

For any r � 1, the endomorphism f r-normally expands the canonical stratification ⌃
on the square [�1, 1]2 formed by the vertices X0, the edges X1 and the interior X2.
Moreover f is obviously plaque-expansive at each stratum of this stratification. Let
T = (L

X

i

,L
X

i

)3
i=0 be the trellis structure built in example 1.3.11. We suppose that
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L
X1 is disjoint from the diagonals of the square. Let V0, V1 and V2 be equal to

respectively

L0 \ f�1(L0) \ [� 1
2 , 1

2 ]2, V1 \ f�1(V1) \ [� 1
2 , 1

2 ]2, L2 = X2.

For these settings, hypotheses (i), (ii), (iii) and (iv) are satisfied.
Thus, by corollary 2.2.2, this stratification is Cr-persistent: for f 02Endr(R2)

close to f , there exists a homeomorphism i0 from [�1, 1]2 onto its image in R2,
whose restriction to each stratum X0, X1, X2 is a Cr-embedding and such that f 0

preserves the stratification (i0(X0), i0(X1), i0(X2)) of i([�1, 1]2). But, as we will see
in section 2.4.1, generally i([�1, 1]2) is not di↵eomorphic to [�1, 1]2.

In fact, in section 2.4 we will systematize this example by showing, on the one hand,
the persistence of the canonical stratification of submanifolds with corners normally
expanded and, on the other, the persistence of some product stratifications.

Example 2.2.8 (Viana map). — Let

V : C⇥ R �! C⇥ R, (z, h) 7�! (z2, h2 + c).

We fix c 2 ] � 2, 1
4 [. Therefore the map h 7! h2 + c preserves an open interval I and

expands its boundary @I. Thus, the endomorphism V preserves the stratification ⌃ of

C :=
�

(z, h) 2 C⇥ R; |z|  1 and h 2 I
 

formed by the strata

X0 := S1, X1 := S1 ⇥ I, X2 := D⇥ @I, X3 := D⇥ I

of dimension respectively 0, 1, 2 and 3. We endow (C,⌃) with the trellis structure
T = (L

X

i

,L
X

i

)3
i=0 described in example 1.3.12.

The endomorphism 1-normally expands each stratum of ⌃ (see [9] for estimation
which implies the 1-normal expansion of X1). Thus, hypothesis (i) of corollary 2.2.2
is satisfied.

As all the strata are bundles, V is plaque-expansive at each of these laminations
(see Appendix C). Thus, hypothesis (ii) is also satisfied.

We notice that V |C is T -controlled, hence hypothesis (iii) is satisfied.
Eventually, for an adapted family of tubular neighborhoods small enough, hypoth-

esis (iv) is also satisfied (for any functions ⌘).
Therefore, by corollary 2.2.2, the a-regular stratification ⌃ is C1-persistent.
In other words, for every endomorphism V 0 C1-close to V , there exists a homeo-

morphism i0 of cl(D⇥ I) onto its image in C⇥R, C0-close to the canonical inclusion,
such that for each stratum X

k

2 ⌃:

— the restriction i0|X
k

is an embedding of the lamination, close to the canonical
inclusion of X

k

in C⇥ R;

— the lamination i0(X
k

) is preserved by V 0 and, for x 2 X
k

, the point V 0 � i0(x)
belongs to the image by i0 of a small plaque of X

k

containing V (x).

An artistic view of such a perturbation of this stratification is represented figure 4.

MÉMOIRES DE LA SMF 134



2.2. MAIN RESULT ON PERSISTENCE OF STRATIFICATIONS OF LAMINATIONS 49

More sophisticated applications of this corollary will be given in section 2.4.

The above corollary is an immediate consequence of the following corollary of
theorem 2.2.11 (for A compact and A0 = A). Now A is not supposed to be compact.
We now use the notations explain in 1.3.1.

Corollary 2.2.9. — Let i be a T -controlled Cr-embedding of (A,⌃) into M . Let
f be a Cr-endomorphism of M preserving (A,⌃). We suppose that:

(i) f |A is T -controlled;

(ii) f r-normally expands each stratum X;

(iii) for every stratum X, there exits a positive continuous function ⌘ on a neigh-
borhood V

X

of X in A such that every ⌘-pseudo-orbit of V
X

, which respects the
plaques of L

X

, is contained in X;

(iv) f is plaque-expansive at each stratum X.

Let A0 be a precompact open subset of A such that f⇤(cl(A0)) is included in A0.
Then there exist a neighborhood V

f

of f in Endr(M), a family of neighborhoods V 0

adapted to f |A0 and a continuous map

V
f

�! Emr(T |A0, M), f 0 7�! i(f 0)

with i(f) = i and such that (f 0, i(f 0)) satisfies the above properties (i), (ii), (iii)
and (iv) for the stratified space (A0,⌃|A0) endowed with the trellis structure T |A0.
Moreover, for every x 2 V 0

X

, the endomorphism f 0 sends i0(x) into the image by i0 of
a small L

X

-plaque containing f(x). In particular (V 0
X

)
X

is adapted to f 0|i0(A).
In particular, the stratification (A0,⌃|A0) is persistent.

Remark 2.2.10. — The continuity of the map f 0 7! i(f 0) means that for f 0 close
to f 00 in V

f

, for any stratum X 2 ⌃|A0, any compact subset K ⇢ A0 \ L
X

, the
elements i(f 0)(x) and @s

T

x

L
X

i(f 0) are uniformly close, for x 2 K and s 2 {1, . . . , r},
to respectively i(f 00)(x) and @s

T

x

L
X

i(f 00).

The following theorem is the main result of this memoir.

Theorem 2.2.11. — Let f be a Cr-endomorphism of M , let i be a T -controlled
Cr-immersion of (A,⌃) into M and let f⇤ be a T -controlled Cr-endomorphism such
that:

(i) the following diagram commutes

M
f������! M

i

x

?

?

?

x

?

?

?

i

A
f

⇤

������! A ;

(ii) f normally expands each stratum X immersed by i|X and over f⇤|X;

(iii) for every stratum X 2 ⌃, there exist an adapted neighborhood V
X

of X and
a continuous positive function ⌘ on V

X

, such that every ⌘-pseudo-orbit of V
X

which respects L
X

is contained in X.
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Let A0 be a precompact open subset of A such that f⇤(cl(A0)) ⇢ A0. Then there
exist a neighborhood V

f

of f in Endr(M), a family of neighborhoods V 0 adapted to
f⇤|A0 and a continuous map

V
f

�! Endr

f

⇤|A0V0(T |A0) ⇥ Imr(T |A0, M), f 0 7�!
�

f 0⇤, i(f 0)
�

with i(f) = i and such that (f 0, i(f 0), f 0⇤) satisfies the above properties (i), (ii) and
(iii) for the stratified space (A0,⌃|A0) endowed with the trellis structure T |A0. In
particular, f 0 preserves the stratification of laminations ⌃|A0 immersed by i(f 0) and,
for every X 2 ⌃|A0, each point x 2 V 0

X

is sent by f 0⇤ into a small plaque of L
X

containing f⇤(x). In other words, the immersed stratification ⌃|A0 is persistent.

Remark 2.2.12. — The continuity of the map f 0 7! f 0⇤ means that for f 0 Cr-close
to f 00 in V

f

, for any stratum X 2 ⌃|A0, any compact subset K ⇢ V 0
X

, the elements
f 0⇤(x) and @s

T

x

L
X

f 0⇤ are uniformly close, for x 2 K and s 2 {1, . . . , r}, to respectively
f 00⇤(x) and @s

T

x

L
X

f 00⇤.

Questions 2.2.13

— The counterexample in 2.3 shows that the existence of a trellis structure, at least
locally, seems to be important. However, is it necessary that such a structure
controls f⇤ (or i) to imply the persistence of an embedded stratification? In
proof of theorem 2.2.9, this hypothesis is used only in the lemma of 3.5.7.
Without this hypothesis this theorem would be much easier to apply to several
cases.

— When i is a controlled embedding, is hypothesis (iii) always satisfied? Under the
hypotheses of theorem 2.2.11, is this hypothesis necessary? This problem could
be a first step to the construction of a counterexample of a normally expanded
embedded lamination, but not plaque-expansive.

— Given an a-regular stratification of normally expanded laminations, does the
existence of a (local) trellis structure is linked to extra dynamic conditions?
For example, given a di↵eomorphism that satisfies axiom A and the strong
transversality condition, the stratification (W s(⇤

i

))
i

(see 1.3.2) admits locally
a trellis structure.

2.3. A normally expanded but not persistent stratification

Let us present, for all r � 1, an example of an a-regular compact di↵erentiable
stratification with r-normally expanded strata, but not topologically persistent. This
means that there exists f 0 C1-close to f , which does not preserve the image of
each stratum by any homeomorphism C0-close to the canonical inclusion of the
support. We will notice that this stratified space cannot support a trellis structure
(even locally).

Let S1 be a circle embedded into R3 and r-normally hyperbolic for a di↵eomor-
phism f of R3. We suppose that the strong stable dimension is 1. According to [15],
the union of the strong stable manifolds of the circle is an immersed manifold, that
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Figure 1. Stratification of normally expanded laminations, which is not persistent.

we denote by W s. We suppose that the point 0 2 R3 is fixed by f and that the
restriction of f to ] � 1, 1[3 is equal to

f | ] � 1, 1[3 : ] � 1, 1[3 �! R3, (x, y, z) 7�! (x + x3, 2y, 2z).

Thus, the point 0 is topologically repulsive for f . We suppose that W s without
the circle S1 is contained in the repulsive basin of 0. Therefore, W s is a manifold
embedded into R3.

Let us suppose that the restriction of f to the circle S1 has a repulsive fixed point
and that the stable manifold of this point (in R3) intersects ] � 1, 1[3 at ] � 1, 1[ ⇥
{0}2 \ {0}.

Then the union of 0 with this stable manifold is a circle X di↵erentially Cr-
embedded into R3. Let Y be the submanifold W s \ X.

We may suppose that the intersection of W s with
⇥

� 1
2 � 1

8 ,� 1
2

⇤

[
⇥

1
2 , 1

8 + 1
2

⇤

⇥
⇤

� 1, 1
⇥

2

is an union of graph of maps from [� 1
2 � 1

8 ,� 1
2 ] [ [ 12 , 1

8 + 1
2 ] into ] � 1, 1[2.

Thus, the partition ⌃ := (X, Y ) on A := X [Y is an a-regular stratification of R3,
r-normally expanded by f . We draw in figure 1 how this stratification looks-like.

If this stratified space (restricted to a neighborhood of 0) could admit a trellis
structure, then a small neighborhood of 0 in A would be homeomorphic to the product
of a neighborhood of 0 in X with the intersection of A with a plan transverse to X.
This last product can be a segment, which is not homeomorphic to any neighborhood
of 0 in A, because a segment does not contain any surface.

We suppose, for the sake of contradiction, that the stratification (X, Y ) is topolog-
ically Cr-persistent. This means that for every di↵eomorphism f 0 Cr-close to f there
exists a homeomorphism h, C0-close to the canonical inclusion, such that h(X) and
h(Y ) are f 0-stable.

We build now a family of C1-perturbations of f which contradicts this persistence
hypothesis. Let ⇢ be a C1-function with support in ] � 1, 1[ and such that its
restriction to ]� 1

2 , 1
2 [ is equal to 1. For any small t � 0, let f

t

be the di↵eomorphism
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of R3 equal to f on the complement of ]�1, 1[3 and such that its restriction to ]�1, 1[3

is equal to

f
t

|] � 1, 1[3 : ] � 1, 1[3 �! R3, (x, y, z) 7�! f(x, y, z) + (�t · ⇢(x) · x, 0, 0).

We notice that f0 is equal to f . For t small enough, let (X(t), Y (t)) be the f
t

-stable
stratification given by the persistence hypothesis.

Let us prove that the stratum X(t) is equal to X for t small enough. We note
that each di↵eomorphism (f

t

)
t

preserves and 0-normally expands X. Thus, there is a
neighborhood V of X such that, for t small enough, the intersection

T

n�0 f�n

t

(V ) is
equal to X. But, for t small enough, the stratum X(t) is included in V . By f

t

-stability
of the stratum X(t), we have

X(t) ⇢
\

n�0

f�n

t

(U) = X

since the stratum X(t) is compact, this stratum is a close subset of X. Since this
stratum has the same dimension as X, this stratum is an open subset of X(t).
Therefore, by connectedness, X(t) is equal to X.

For every r 2 ]0, 1
2 [ small enough, the set Y only intersects the faces {�r}⇥]�r, r[2

and {r} ⇥ ] � r, r[2 of the cube [�r, r]3. The same is satisfied by Y (t), for t small
enough.

We can also suppose that t is less than r2 < 1
4 . This implies that the interval

] �
p

t,
p

t [ is sent into itself by the map

�
t

: x 7�! x + x3 � t · ⇢(x) · x.

We notice that the restriction f
t

|] � 1, 1[3 is equal to (x, y, z) 7! (�
t

(x), 2y, 2z).
The compact set X[Y is locally connected and the closure of Y contains X. Since

these properties are invariant by homeomorphism, they are also satisfied by X(t)
and Y (t).

Thus, there exists a path � included in ]�
p

t,
p

t [⇥ [�r, r]2 \Y (t) and containing
0 2 X = X(t) in its closure. We are going to show that the f

t

-orbit of � intersects
another face of the cube [�r, r]3 than {�r} ⇥ ] � r, r[2 and {r} ⇥ ] � r, r[2. As
Y (t) is f

t

-stable, this would imply that Y (t) intersects another face of [�r, r]3 than
{�r}⇥ ] � r, r[2 or {r}⇥ ] � r, r[2. This is a contradiction.

As � is included in the repulsive basin of X, there exists a first integer n such that
fn

t

(�) intersects the complement of ] � r, r[3. Since the set ] �
p

t,
p

t [ is �
t

-stable
and r is less than 1

2 , it follows that fn

t

(�) is included in ] �
p

t,
p

t [ ⇥ ] � 1, 1[2 and

intersects ] �
p

t,
p

t [⇥(] � 1, 1[2 \ ] � r, r[2). As 0 is a fixed point of f
t

, it belongs to
the closure of fn

t

(�). By connectedness, there exists a point of fn

t

(�) whose second
or third coordinate are equal to �r or r. But

p
t is less than r, so the path fn

t

(�)
intersects the boundary of [�r, r]3 at faces di↵erent to {�r}⇥]�r, r[2 or {r}⇥]�r, r[2.
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2.4. Consequences of the main result (theorem 2.2.11)

2.4.1. Submanifolds with boundary

Theorem 2.4.1. — Let (M, g) be a Riemannian manifold and let N be a compact
Cr-submanifold with boundary of M . Let f be a Cr-endomorphism of M which
preserves and r-normally expands the boundary @N and the interior N̊ of N . Then
the stratification (N̊ , @N) on N is Cr-persistent.

Remark 2.4.2. — In other words, the above theorem concludes that, for any map
f 0 Cr-close to f , there exist two submanifolds @N 0 and N̊ 0 such that:

— N̊ 0 (resp. @N 0) is preserved by f 0, di↵eomorphic and close to N̊ (resp. @N) for
the compact-open C1-topology;

— the pair (N̊ 0, @N 0) is a stratification (of laminations) on N 0 := N̊ 0 [ @N 0;

— the set N 0 is the image of N by an embedding C0-close to the canonical inclusion
of N into M .

Idea of proof. — We build a trellis structure on (N, (@N, N̊)) which satisfies prop-
erties (iii) and (iv) of corollary 2.2.2. As other properties (i) and (ii) are obviously
checked, the corollary implies the Cr-persistence of the stratification. Details of this
proof are in [6].

Remark 2.4.3. — Usually, N 0 is not a submanifold with boundary.

2.4.2. Submanifolds with corners. — The above theorem can be generalized to
submanifold with corners.

We recall that a compact manifold with corners N is a di↵erentiable manifold mod-
eled on Rd

+. A subset N of manifold M (without corner) is a submanifold with corners
if there exist charts (�

↵

)
↵

of M whose restrictions to respectively (��1
↵

(Rd ⇥ {0}))
↵

form an atlas of manifold with corners (for a fixed integer d). For example, a cube,
a product of manifolds with boundary or a generic intersection of submanifolds are
endowed with canonical structures of manifold with corners.

We denote by @0kN the set of points in N which, seen in a chart, have exactly k
coordinates equal to zero. The pair (N,⌃ := {@0kN}) is a stratified space.

Theorem 2.4.4. — Let N be a compact Cr-submanifold with corners of a mani-
fold M , for r > 1. Let f be a Cr-endomorphism of M , which preserves and r-normally
expands each stratum @0kN . Then the stratification ⌃ on N is Cr-persistent.

Remark 2.4.5. — In other words, the above theorem concludes that, for every
endomorphism f 0 Cr-close to f , there exist submanifolds (@0kN 0)

k

such that:

— for each k, @0kN 0 is preserved by f 0, is di↵eomorphic, and is Cr-close to @0kN
for the compact-open topology;

— the family (@0kN 0)
k

is a stratification (of laminations) on

N 0 :=
[

k

@0kN 0;
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— the set N 0 is the image of N by an embedding C0-close to the canonical inclusion
of N into M .

Idea of proof. — We build a trellis structure on (N,⌃) which satisfies properties (iii)
and (iv) of corollary 2.2.2 (this is not easy). As the other properties (i) and (ii) are
obviously satisfied, the corollary implies the Cr-persistence of the stratification. The
complete proof is in [6].

Remark 2.4.6. — Usually, N 0 is not an embedded submanifold with corner.

2.4.3. Extension of the Shub’s theorem on conjugacy of repulsive compact
set. — The same corollary 2.2.2 implies a complement of M. Shub’s celebrated
result [30] on the structural stability of expanded compact sets for endomorphisms:
the conjugacy between the compact set and its continuation can be extended to a
homeomorphism of the ambient space, which is still a conjugacy in the neighborhood
of the compact set. C. Robinson already proved a similar result for locally maximal
hyperbolic sets of di↵eomorphisms.

Corollary 2.4.7. — Let r � 1, let M be a compact Riemannian manifold, let f
be a Cr-endomorphism of M , and let K be a compact subset of M that satisfies

f�1(K) = K.

Moreover, we suppose that f expands K, that is, for every x 2 K, the di↵erential T
x

f
is invertible with contracting inverse. Then there exists a neighborhood V

K

of K such
that, for every f 0 Cr-close to f , there exists a homeomorphism i0 of M close to the
identity such that

8x 2 V
K

, f 0 � i0(x) = i0 � f(x).

Moreover the restriction i(f 0)|Kc belongs to Di↵r(M\K, M\i(f 0)(K)) and is Cr-close
to the identity (for the compact-open topology).

This corollary is, in a way, the (regular) analogous theorem for endomorphisms of
the following (see [28, thm. 4.1]):

Theorem 2.4.8 (Robinson 1975). — Let f be a C1-di↵eomorphism of a compact
manifold M . Let K be a compact subset of M which is f -invariant and which has
a local product structure. Then there exists a neighborhood V

K

of K such that,
for f 0 C1-close to f , there exists a homeomorphism h from V

K

onto its image,
satisfying h � f = f 0 � h. Moreover, when f 0 is C1-close to f , then h is C0-close
to the canonical inclusion.

To show corollary 2.4.7, we will use the following lemma, which will be useful in
other context.

Lemma 2.4.9. — Let M be a Riemannian n-manifold and let f be a C1-
endomorphism of M . Let A be a compact subset of M , which is the union of a
compact subset K with an open subset X disjoint from K, and such that

K ⇢ cl(X), f(K) ⇢ K, f(X) ⇢ X
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Let us suppose that f is expanding on K. We regard K as a 0-dimensional lamination
and X as an n-dimensional lamination. Then (A, (K, X)) is a stratified space whose
canonical embedding is preserved and normally expanded by f , and there exists a
trellis structure on it such that hypotheses (i), (ii), (iii) and (iv) of corollary 2.2.2 are
satisfied.

Remark 2.4.10. — As K is a 0-dimensional lamination (and M a C1-manifold),
the trellis structure is of class Cr and f r-normally expands the strata K and X, for
every r � 1.

Proof of lemma 2.4.9. — Let us denote by f⇤ the restriction f |A. Let L
K

be a
neighborhood of K in A endowed with the 0-dimensional lamination structure L

K

.
We recall that X is endowed with the n-dimensional lamination structure. Then
(L

K

, X) forms a trellis structure on the stratified space (A, (K, X)), which obviously
controls f⇤ and so satisfies hypothesis (iii).

As a ball next to K and included in X has its image by f next to K, included in X
but containing a ball of larger radius, there is none orbit of f in a neighborhood V

K

of K which is not included in K. We can suppose V
K

included in f�1(L
K

)\L
K

. As the
pseudo-orbits of V

K

which respect L
K

are orbits of f in V
K

and, as \
n�0f

⇤�1(V
K

) is
equal to K, hypothesis (iv) of corollary 2.2.2 is satisfied. Moreover, an endomorphism
which is expanding on a compact set is necessarily expansive, thus f is plaque-
expansive at each stratum K and X. That is why hypothesis (ii) is satisfied.

Proof of corollary 2.4.7. — The boundary @K of K is f invariant since f is open. We
endow the compact subset @K with the 0-dimensional lamination structure. Let X
be the open subset M \ K of M , endowed with the lamination structure of the same
dimension as M . Put A = @K t (M \ K) = M \ int K

We remark that (A,⌃ := {@K, X}) is a stratified space whose strata are normally
expanded. It follows from lemma 2.4.9, that hypotheses (i), (ii), (iii) and (iv) of
corollary 2.2.2 are satisfied, for a trellis structure T on (A,⌃). This corollary provides
a Cr-neighborhood V

f

of f and a neighborhood V 0
@K

of @K such that, for f 0 Cr-close
to f , there exists Cr-embedding i0 from (A,⌃) into M , close to the identity, such that
conclusion (iii) holds: for any x 2 V

@K

, the map f 0 sends i0(x) into the image by i0 of
the leaf of f(x) 2 L

@K

. As this leaf is 0-dimensional, we have obtained the conjugacy:

8x 2 V
@K

, f 0 � i0(x) = i0 � f(x).

By shrinking V
f

, we can extend i0 to K with the conjugacy provided by Shub theorem,
since by expansiveness, and the extension of i0 to V

K

= V
@K

[K is injective. We note
that V

K

= V
@K

[K is a neighborhood of K in M and that i0 is actually an embedding
onto M .

As i0 is a stratified embedding Cr-close to the identity, i0 is C0 close to the identity
and the restriction i0|Kc is Cr-close to the identity of Kc for the compact-open
topology.

2.4.4. Product of stratifications of laminations. — The following proposition
provides several examples of persistent stratifications in product dynamics.
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Proposition 2.4.11. — Let M , (A,⌃), T , f , i and f⇤ be respectively a manifold, a
stratified space, a trellis structure on (A,⌃), an endomorphism of M , a T -controlled
immersion and a T -controlled endomorphism that satisfy hypotheses (i) and (iii) of
theorem 2.2.11.

Let M 0, (A0,⌃0), T 0, f 0, i0, and f 0⇤ be respectively a manifold, a stratified space, and
a trellis structure on (A0,⌃0), an endomorphism of M 0, a T 0-controlled immersion and
a T 0-controlled endomorphism that satisfy hypotheses (i) and (iii) of theorem 2.2.11.

We denote by (f, f 0) and (f⇤, f 0⇤) the product dynamics on M ⇥M 0 and on A⇥A0.
We denote by (i, i0) the immersion of the product stratified space (A⇥A0,⌃⇥⌃0) into
M ⇥ M 0.

Then there exists a trellis structure Tprod on the product stratified space such that
(f⇤, f 0⇤) and (i, i0) are Tprod-controlled and satisfy hypotheses (i) and (iii) with (f, f 0).

Moreover if i and i0 are embedding and if f and f 0 are plaque-expansive at each
stratum of respectively ⌃ and ⌃0, then (f, f 0) is plaque-expansive at each stratum
of ⌃⇥ ⌃0.

Remark 2.4.12. — Normal expansion is not a property preserved by product dy-
namics.

Proof. — Let ⌃ ⇥ ⌃0 be the product stratification on A ⇥ A0 defined in 1.2.10 and
let Tprod be the trellis structure defined in 1.3. Let us show that this structure
controls (f, f 0). For each strata (X,X 0) 2 ⌃ ⇥ ⌃0, there exist neighborhoods V

X

and V
X

0 of X and X 0 adapted to respectively f⇤ and f 0⇤. This means that the re-
strictions f⇤|V

X

and f 0⇤|V
X

0 are morphisms from L
X

|V
X

and L
X

0 |V
X

0 to respectively
L
X

and L
X

0 . Then the products dynamics (f⇤, f 0⇤) of A⇥A0 restricted to V
X

⇥ V
X

0

is a morphism from the product lamination L
X

|V
X

⇥ L
X

0 |V
X

0 to L
X

⇥ L
X

0 . Let

V
X⇥X

0 := (V
X

⇥ V
X

0) \ L
X⇥X

0 \ (f⇤, f 0⇤)�1(L
X⇥X

0)

be the adapted neighborhood of X ⇥ X 0. The product dynamics (f⇤, f 0⇤) restricted
to V

X⇥X

0 is a morphism from the product lamination L
X⇥X

0 |V
X⇥X

0 to L
X⇥X

0 , since
the lamination L

X⇥X

0 is a restriction of L
X

⇥ L
X

0 .
Thus, the endomorphism (f⇤, f 0⇤) is Tprod-controlled.
Let us check hypothesis (iii) of theorem 2.2.11. Let X ⇥X 0 be a stratum of ⌃⇥⌃0.

Let ⌘ and ⌘0 be the functions on respectively V
X

and V
X

0 provided by hypothesis (iii).
Let ⌘prod be the function on V

X⇥X

0 defined by

⌘prod : (x, x0) 2 V
X⇥X

0 7�! min
�

⌘(x), ⌘0(x0)
�

.

Let (x
n

)
n

be an ⌘prod-pseudo-orbit of V
X⇥X

0 which respects L
X⇥X

0 . By projecting
canonically to A and A0, we obtain an ⌘-pseudo-orbit of V

X

which respects L
X

and
an ⌘0-pseudo-orbit of V

X

0 which respects L
X

0 . Hypothesis (iii) implies that these two
last pseudo-orbits belong to respectively X and X 0. Therefore, the pseudo-orbit (x

n

)
n

belongs to X ⇥ X 0. Thus, hypothesis (iii) is satisfied.
We show similarly the plaque-expansiveness.
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2.4.5. Example of persistent stratifications of laminations in product dy-
namics

2.4.5.1. Product of quadratic hyperbolic polynomials. — Let

f : Rn �! Rn, (x
i

)
i

7�! (x2
i

+ c
i

)
i

.

We choose (c
i

)
i

2 [�2, 1
4 ]n, such that the endomorphism f

i

: x 7! x2 + c
i

has an
attractive periodic orbit for each i. Therefore, the trace of the (non filled) Julia set
is an expanding compact set K

i

.
According to Graczyk-Światek [14] and Lyubich [18], this is the case for an open

and dense set of parameters (c
i

)
i

2 [�2, 1
4 ]n.

The map x 7! x2 + c
i

normally expands the stratification of laminations ⌃
i

formed
by the 0-dimensional lamination supported by K

i

and the 1-manifold X
i

supported
by R \ K

i

without its unbounded connected components.
It follows from lemma 2.4.9 that f is a product of maps f

i

which satisfy hypotheses
(i), (ii), (iii) and (iv) of corollary 2.2.2 with the stratification ⌃

i

.
We note that the product stratification

Q

⌃
i

is formed by the strata (Y
J

)
J⇢{1,...,n},

with Y
J

the lamination of dimension the cardinal of J and of support
Y

j2J

X
j

⇥
Y

j2J

c

K
j

.

The leaves of Y
J

are in the form
Q

j2J

C
j

⇥
Q

j2J

c

{k
j

}, with C
j

a connected component
of X

j

and k
j

a point of K
j

.
Since f r-normally expands the product stratification

Q

⌃
i

, by applying (n � 1)-
times proposition 2.4.11 and finally corollary 2.2.2, we show the Cr-persistence of this
a-regular stratification of laminations, for every r � 1.

Figure 2 is a numerical experimentation of the persistent stratification of a C1-
perturbation of f , for n = 2 and c1 = c2 = �1. The curves form the one-dimensional
strata which spiral at each intersection at an exponential speed, that is why this
spiraling is imperceptible.

Figure 2. Numerical experimentation of the example 2.4.5.2
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In dimension two, it is actually J.-C. Yoccoz who remarked the persistence of such
a family of curves which spiral at the crossing points. It is this example which motives
the presented theory.

2.4.5.2. Products of hyperbolic rational functions. — Let

f : bCn �! bCn, (z
i

)
i

7�!
�

R
i

(z
i

)
�

i

.

We assume that R
i

is a hyperbolic rational function of the Riemann sphere bC for
each i. It follows that its Julia set K

i

is an expanded compact subset. The com-
plement X

i

of K
i

in bC is the union of attraction basins of the attracting periodic
orbits. The map R

i

normally expands the stratification of laminations ⌃
i

consisting
of the 0-dimensional lamination supported by K

i

and of the 2-dimensional lamination
supported by X

i

.
We notice that the product stratification

Q

i

⌃
i

consists of the strata (Y
J

)
J⇢{1,...,n},

where the stratum Y
J

is of (real) dimension twice the cardinal of J and with support
Q

j2J

X
j

⇥
Q

j2J

c

K
j

. The leaves of Y
J

are of the form
Q

j2J

C
j

⇥
Q

j2J

c

{k
j

}, with C
j

a connected component of bC \ K
j

and k
j

a point of K
j

.
For the same reason as above, the a-regular stratification ⌃ is Cr-persistent, for

every r � 1.

2.4.6. Lamination normally axiom A. — In the di↵eomorphism context, we
would love to unify two remarkable theorems, that we are going to recall.

The first is the following:

Theorem 2.4.13 (see Hirsch-Pugh-Shub [15]). — Let (L,L) be a compact lamina-
tion embedded into a manifold M . Let f be a di↵eomorphism of M which leaves
invariant and preserves (L,L). If f is r-normally hyperbolic and plaque-expansive
at L then the embedded lamination is Cr-persistent.

We recall that a di↵eomorphism leaves invariant a lamination (L,L) if it preserves
it and if f(L) = L. The definition of plaque-expansiveness in the di↵eomorphism
context is written in section 2.1.3.3.

Let us be more precise about normal hyperbolicity.

Definition 2.4.14. — Let (L,L) be a compact lamination embedded into a mani-
fold M . Let f be a di↵eomorphism of M leaving invariant (L,L). The di↵eomorphism
f is r-normally hyperbolic to (L,L) if there exist two subbundles Es and Eu of the
restriction of tangent bundle of M to L, such that:

— Es and Eu are Tf�invariant;

— Es � TL� Eu = TM |L;

— there exists � < 1 satisfying for all x 2 L, u 2 T
x

L \ {0} and v 2 Eu(x):
⇢

kT
x

f |Esk  � · min
�

1, kT
x

f(u)kr/kukr
�

,

� ·
�

�T
x

f(v)
�

� � max
�

1, kTf |T
x

Lkr
�

kvk.
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Hence for a zero dimensional lamination K, the normal hyperbolicity of K means
that K is hyperbolic. Moreover the persistence of K means that K is structurally
stable. But there exist structurally stable di↵eomorphisms, that is di↵eomorphisms
whose C1-perturbations are C0-conjugated to them, which are not Anosov. Thus,
the Hirsch-Pugh-Shub theorem is not optimal. Fortunately, the identification of C1-
structurally stable di↵eomorphism is done, and leads up to the following definition:

Definition 2.4.15. — A di↵eomorphism satisfies axiom A and the strong transver-
sality condition (AS) if:

— the nonwandering set ⌦ is hyperbolic;

— the periodic points are dense in ⌦;

— the intersection of stable and unstable manifolds of points are transverse.

The work of Smale [32], Palis [26], de Melo [22], Mañe [20], Robbin [27] and
Robinson [28] have concluded to the following theorem:

Theorem 2.4.16. — The di↵eomorphisms C1-structurally stable of a compact man-
ifold are exactly the AS di↵eomorphisms.

In order to generalize the above two theorems in only one conjecture, let us
introduce a last definition:

Definition 2.4.17. — Let (L,L) be a compact lamination, preserved by a di↵eo-
morphism f of a manifold M . We denote by ⌦(L) the smallest L-saturated com-
pact subset, which contains the nonwandering set of f |L. The lamination L is r-
normally AS if:

— there exist ✏ > 0 and a neighborhood U of ⌦(L), such that every ✏-pseudo-orbit
of U which respects L is included in ⌦(L);

— the lamination ⌦(L) is r-normally hyperbolic and plaque-expansive;

— the stable set of each leaf of ⌦(L) (which is an immersed manifold) intersects
transversally the unstable set of every leaf of ⌦(L).

This is our conjecture:

Conjecture 2.4.18. — Every compact r-normally AS lamination is Cr-persistent.

Example 2.4.19. — Let f be an AS di↵eomorphism of a manifold M . Let N be a
compact manifold. Let L be the lamination on M ⇥N whose leaves are written in the
form {m}⇥ N , for m 2 M . Let F be the dynamics on M ⇥ N equal to the product
of f with the identity of N . Then the lamination L is normally AS. This conjecture
would imply that this lamination is persistent. We can do the same example with a
non trivial bundle.

By using main theorem 2.2.11, we have proved in [4] the following theorem:

Theorem 2.4.20. — A compact 1-normally AS lamination, whose leaves are the
connected components of a C1-bundle over a surface is C1-persistent.
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Remark 2.4.21. — This theorem provides non-trivial lamination which are persis-
tent but not normally hyperbolic.

The above theorem can be written in the following equivalent form:

Theorem 2.4.22. — Let s be a C1-submersion of a compact manifold M onto a
compact surface S. Let L be the lamination structure on M whose leaves are the
connected components of the fibers of s. Let f be a di↵eomorphism of M which
preserves the lamination L. Let f

b

2 Di↵1(S) be the dynamics induced by f on the
leaves spaces of L. We suppose that:

— f
b

satisfies axiom A and the strong transversality condition;

— the L-saturated subset generated by the nonwandering set of f in M is 1-
normally hyperbolic.

Then L is C1-persistent.
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CHAPTER 3

PROOF OF THE PERSISTENCE OF STRATIFICATIONS

3.1. Preliminary

3.1.1. Statements and notations. — Along all this chapter, we work at least
under the hypotheses of theorem 2.2.11 with the following notations:

— we denote by n the dimension of M ;

— we denote by V = (V
X

)
X2⌃ the family of neighborhoods adapted to f⇤;

— we denote by ⌃0 := {X1, . . . , XN

} the set of strata of ⌃ which intersect cl(A0),
indexed such that, for any integers i  j of {1, . . . , N}, if X

i

and X
j

are incident
then X

i

 X
j

;

— we denote by d
j

the dimension of X
j

. To make lighter the notations, we de-
note by (L

j

,L
j

) the tubular neighborhood (L
X

j

,L
X

j

) and by V
j

the neighbor-
hood V

X

j

.

— Given a compact subset C, we denote by V
C

an open and precompact neigh-
borhood of C, and by (V 0

C

, bV
C

) a pair of open subsets that satisfies

C ⇢ V 0
C

⇢ cl(V 0
C

) ⇢ V
C

⇢ cl(V
C

) ⇢ bV
C

We recall that if L
j

intersects L
k

, then X
j

and X
k

are incident and, if j  k, then
we have d

j

 d
k

.

3.1.2. Construction of an adapted filtration. — We denote by K the com-
pact cl(A0).

Property 3.1.1. — There exists a family of compact sets (K
p

)
p=1,...,N+1 which

satisfies:

3.1.1.1 K = K1 � K2 � · · · � K
N+1 = ? and f⇤(K

p

) ⇢ int(K
p

), 8p � 0, such
that, for all p  N , with C

p

:= cl(K
p

\ K
p+1), we have:

3.1.1.2 the compact set C
p

is included in the adapted neighborhood V
p

.

3.1.1.3 For any x 2 C
p

, any u 2 T i(T
x

L
p

)?, the orthogonal projection of T
x

f(u)
onto T i(T

f

⇤(x)Lp

)? is nonzero.
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Remark 3.1.2. — For all p 2 {1, . . . , N}, the compact set K
p

is equal to
S

N

j=p

C
j

.
It follows from 3.1.1.2 that K

p

is included in
S

j�p

X
j

.

Figure 1. Compact sets (C
k

)

k

for the simplicial stratification of a square,

endowed with the trellis structure drawn figure 2.

Proof. — To make lighter the notation, we are going to work along this proof with
the topology induced by M on K. Also we abuse notation by denoting ff⇤ its
restriction f⇤|K.

We will prove the existence of an open neighborhood S
p

of
S

jp

X
j

\ K (in the
topology induced by K), that satisfies

(1) ? = S0 ⇢ S1 ⇢ · · · ⇢ S
N

= K and f⇤�1�

cl(S
p

)
�

⇢ S
p

such that cl(S
p

\ S
p�1) can be chosen arbitrarily close to X

p+1 \ K \ S
p�1 (the open

subset S
p�1 being fixed) and satisfies

(2)
\

n2N
f⇤�n

(S
p

) =
[

jp

X
j

\ K.

We define then K
p

:= K \ S
p�1, for p � 1. Let us show that (1) and (2) are

su�cient to prove this property:

Proof of 3.1.1.1. — The first part is obvious by the first part of (1).
The compact set K is sent by f⇤ into the interior of K and, following the second

inclusion of (1), we have

K
p

= K \ S
p�1 ⇢ f⇤�1�

int(K)
�

\ f⇤�1�

cl(S
p

)
�

= f⇤�1�

int(K) \ cl(S
p

)
�

=) f⇤(K
p

) ⇢ int(K) \ cl(S
p

) = int(K
p

).

Proof of 3.1.1.2. — The compact set C
p

is equal to cl(S
p

\ S
p�1), which can be

chosen arbitrarily close to the compact set X
p

\K
p

= X
p

\K \S
p�1, which is included

in V
p

.
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Proof of 3.1.1.3. — By normal expansion, for any x 2 K \ X
p

\ S
p�1, any

u 2 T i(T
x

L
p

), the orthogonal projection of T
x

f(u) onto T i(T
x

L
p

)? is nonzero.
By compactness, statement 3.1.1.3 is then satisfied if C

p

is nearby X
p

\ K
p

.

Proof of (1) and (2). — Let us construct, by induction on p 2 {0, . . . , N}, the
subset S

p

which satisfies (1) and (2). For the rest of the proof, we deal with the
topology induced by K.

Let p be an integer that satisfies the induction hypothesis. Let U := (K\V
p+1)[S

p

.

Following (2), every orbit which starts in U \K without eK := K\(
S

jp+1 X
j

) leaves

definitively S
p

and, by theorem 2.2.11 (iii), leaves also V
p+1. As the set f⇤�1

( eK) is

equal to eK, we have
\

n�1

f⇤�n

(U) = eK.

Let V0 be a compact neighborhood of eK in U . We have also
\

n�1

f⇤�n

(V0) = eK.

By compactness, there exists M � 0 such that
T

M

n=1 f⇤�n

(V0) is included in V0. We
now define

V1 :=
M

\

n=0

f⇤�n

(V0).

The compact set V1 has its preimage by f⇤ which is included into itself. The decreasing
sequence of preimages of V1 converges to eK. Moreover, V1 is a neighborhood of eK

(for the topology induced by K). We would like the preimage f⇤�1

(V1) to be included
into the interior of V1. This requires the construction of a new neighborhood.

There exists M 0 > 0 such that f⇤�M

0
(V1) is included in the interior of V1. We

chose a family of open subsets (V i)M
0�1

i=0 that satisfies

int
�

f⇤�M

0

(V1)
�

=: V 0 ⇢ cl(V 0) ⇢ V 1 ⇢ cl(V 1) ⇢ V 2 ⇢ · · ·⇢ V M

0�1 := int(V1).

Let us define the following open neighborhood of eK in V0:

V2 :=
M

0�1
[

n=0

f⇤�n

(V n)

We easily check that the preimage by f⇤ of cl(V2) is included in V2, and that
\

n�0

f⇤�n

(V2) = eK

Let us define S
p+1 := V2 [ S

p

, which is a neighborhood of eK and satisfies (1).

Moreover, f⇤�k

(S
p+1) is equal to f⇤�k

(V2)[f⇤�k

(S
p

), thus
T

n�0 f⇤�n

(S
p+1) is equal

to K \ (
S

`p+1 X
`

), which is (2). The hypothesis is satisfied with cl(S
p+1 \ S

p

)

arbitrarily close to K \ X
p+1 \ S

p

, by replacing S
p+1 by f⇤�n

(S
p+1) [ S

p

.
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3.1.3. Uniformity of exiting chains. — Let (L,L) be a lamination, let V be a
subset of L and let f⇤ be a continuous map from V to L. A ✏-pseudo-chain of V
which respects L is a sequence (p

n

)m
n=0 2 V m+1 such that, for all n 2 {0, . . . , m � 1},

the points p
n+1 and f⇤(p

n

) are in a same plaque of L of diameter less than ✏. We say
that (p

n

)m
n=0 2 Lm+1 starts from p0, arrives to p

m

, and is of length m.

Property 3.1.3. — Let p 2 {1, . . . , N} and let ⌘ be the function on V
p

associated
to X

p

in hypothesis (iii) of theorem 2.2.11. For every open subset V , precompact in V
p

,
and every real ⌘0 2 ]0, inf

V

⌘[, we have
[

j�0

int(U
j

) = V \ X
p

with U
j

the subset of points x 2 V
p

such that there is no ⌘0-pseudo-chain of V , which
respects L

p

, starts from x and of length j.

Proof. — It is su�cient to prove that, for every x 2 V \ X
p

, there exists j � 0 such
that x belongs to the interior of U

j

. Let W be a compact neighborhood of x included
in V \X

p

. Let W
n

be the subset V consisting of the arriving points of ⌘0-pseudo-orbits
of V , of length n, starting from x0 2 W , and which respects L

p

.
If for n large enough, the subset W

n

is empty, then x belongs to the interior
of U

n

. Otherwise, we show a contradiction: there exists then a family ((xk

i

)Nk

i=0)k of
⌘0-pseudo-chains of V which respect L

p

, start from W , and such that (N
k

)
k

converges
to the infinity. We complete (xk

i

)Nk

i=0 to a family (xk

i

)
i2N 2 V N with xk

i

:= x for
every i > N

k

. As V is precompact in V
p

, by diagonal extraction, a subsequence
converges to an ⌘-pseudo-orbit of V

p

which respects L
p

and starts at x0 2 W . As x0

belongs to V
p

\ X
p

, this ⌘-pseudo-orbit is included in V
p

\ X
p

. This contradicts
hypothesis (iii) of theorem 2.2.11.

3.2. Proof to corollary 2.2.9

Let V
A

0 be a neighborhood of cl(A0), such that f⇤(cl(V
A

0)) is included into A0. By
applying theorem 2.2.11 with V

A

0 instead of A0, we may suppose that f 0 7! f 0⇤ is a
continuous map from V

f

to Endr

f

⇤V0(T |V 0
A

). Nevertheless, we continue to use all the
notations and statements of the preceding sections.

Let (K
p

)
p

be the compact sets family provided by property 3.1.1. Let us show, by
decreasing induction on p, that by taking V

f

su�ciently small, the map i(f 0)|K
p

is
injective, for every f 0 2 V

f

. Therefore, the restriction i(f 0)|K is a homeomorphism
onto its image and i(f 0)|A0 is a T |A0-controlled embedding.

For p = N , we first remark that K
N

is a compact subset of X
N

. Let ✏ > 0 be less
than the minimum on K

N

of the plaque-expansiveness function of X
N

. By taking ✏
su�ciently small, we may suppose that restricted to any X

N

-plaque intersecting K
N

and with diameter less than ✏, the map i(f 0) is injective, for every f 0 2 V
f

.
We notice that the following map is continuous:

� : V
f

�! R+, f 0 7�! min
(z,z0)2K

2
N

d(z,z0)�✏

d
�

i(f 0)(z), i(f 0)(z0)
�

.
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As �(f) is positive, by taking V
f

su�ciently small, we may suppose that � is positive
on V

f

. Let (x, y) 2 K2
N

and f 0 2 V
f

be such that i(f 0)(x) = i(f 0)(y). By commuta-
tivity of the diagram, this implies that, for every n � 0, the points i(f 0)(f 0⇤n

(x)) and
i(f 0)(f 0⇤n

(y)) are equal. It follows from 3.1.1.1 and from the continuity of the exten-
sion of f 0 7! i(f 0) that, by taking V

f

su�ciently small, the points f 0⇤n

(y) and f 0⇤n

(y)
belong to K

N

, for every n � 0. As �(f 0) is positive, this implies that the points f 0⇤n

(y)
and f 0⇤n

(y) are ✏-distant. By taking V
f

su�ciently small, (f 0⇤n

(x))
n

and (f 0⇤n

(y))
n

are ✏-pseudo-orbits which respect the lamination X
N

. By plaque-expansiveness and
injectivity of the restriction of i(f 0) to the ✏-X

N

-plaques, x and y are equal. This
implies that the restriction of i(f 0) to K

N

is injective, for every f 0 2 V
f

.
We suppose the injectivity shown on K

p+1. By proceeding as in the step p = N ,
one shows that the restriction of i(f 0) to the compact set K

p

\ X
p

is injective, for
every f 0 2 V

f

. Let (x, y) 2 K2
p

and f 0 2 V
f

be satisfying:

i(f 0)(x) = i(f 0)(y).

For V
f

su�ciently small, we may suppose that, for every f 00 2 V
f

, the compact sets
i(f 00)(K

p

\ X
p

) and i(f 00)(K
p+1) are disjoint, and f 00⇤(K

p

) is contained in K
p

.
If x belongs to X

p

, by commutativity of the diagram, we have

8n � 0, i(f 0) � f
0⇤n

(x) = i(f 0) � f
0⇤n

(y)

=) 8n � 0, f
0⇤n

(y) 2 K
p

\ K
p+1 ⇢ C

p

.

By the compactness of C
p

in V
p

, for V
f

su�ciently small, the sequence (f 0⇤n

(y))
n

is an ⌘-pseudo-orbit which respects L
p

, with ⌘ the function on V
p

provided by hy-
pothesis (iii) of theorem 2.2.11. Therefore, following this hypothesis (iii), y belongs
to X

p

\ C
p

. Thus, x and y are equal.
Let us treat the case where nether x nether y belongs to X

p

. We fix a compact
neighborhood V

C

p

of C
p

in V 0
p

, and we note that:

1) By taking V
f

su�ciently small, it follows from the local inversion theorem and
from the compactness of V

C

p

that there exists ✏ > 0 which does not depend on f 0 2 V
f

,
such that the restriction of i(f 0) to any plaque of L

p

, with diameter less than ✏ and
nonempty intersection with V

C

p

, is an embedding.

2) By taking ✏ and then V
f

su�ciently small, it follows from 3.1.1.3 that there
exists ✏ > 0 such that for any pair (x0, y0) 2 V 2

C

p

satisfying f 0⇤(x0) = f 0⇤(y0) and
d(x0, y0) < ✏, the points x and y belong to a same plaque of L

p

whose diameter is less
than ✏. We can suppose moreover that the open set V

C

p

contains the ✏-neighborhood
of C

p

.

3) We notice that the following map is continuous:

� : V
f

�! R+, f 0 7�! min
(z,z0)2K

2
p

d(z,z0)�✏

d
�

i(f 0)(z), i(f 0)(z0)
�

.

As �(f) is positive, by taking V
f

su�ciently small, for every f 0 2 V
f

, the real number
�(f 0) is also positive.
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Since i(f 0)(x) is equal to i(f 0)(y), by commutativity of the diagram, for every
n � 0, the point i(f 0) � f 0⇤n

(x) is equal to i(f 0) � f 0⇤n

(y). It follows from 3) that,
for n � 0, we have d(f 0⇤n

(x), f 0⇤n

(y)) < ✏.
By tacking V

f

su�ciently small, it follows from hypothesis (iii) and 3.1.1.2, as

neither x nor y belongs to X
p

, that there exists a minimal integer M such that f 0⇤M

(x)

and f 0⇤M

(y) belong to K
p+1. Using the induction hypothesis, the point f 0⇤M

(x) is

equal to f 0⇤M

(y). Moreover, by definition of M , the points f 0⇤M�1

(x) and f 0⇤M�1

(y)
belong to the ✏-neighborhood of C

p

and so to V
C

p

. Using 2) then 1), we have

f 0⇤M�1

(x) = f 0⇤M�1

(y).

By decreasing induction, using 3), then 2), and finally 1), we have

8n  N, f 0⇤n

(x) = f 0⇤n

(y).

Thus, x and y are equal.

3.3. Fundamental property of dynamics on K
p

The following fundamental property implies main theorem 2.2.11, and will be shown
by decreasing induction on p.

Fundamental property 3.3.1. — For every p 2 {1, . . . , N + 1}, there exist:

— a real ⌘0 > 0 and a neighborhood V
f

of f 2 Endr(M), both arbitrarily small;

— an open neighborhood A
p

of K
p

, which is precompact in
S

q�p

X
q

and whose
closure is sent by f⇤ into int(K

p

);

— a family of neighborhoods Vp := (V
X

)
X2⌃|A

p

adapted to f⇤|A
p

;

— a continuous map

V
f

�! Endr

f

⇤|A
p

Vp

(T |A
p

) ⇥ Morr(T , M), f 0 7�!
�

f 0⇤
p

, i
p

(f 0)
�

that satisfy:

1) f⇤
p

= f⇤|A
p

and i
p

(f) = i;

2) the following diagram commutes

M
f

0

������! M

i

p

(f 0)

x

?

?

?

x

?

?

?

i

p

(f 0)

A
p

f

0⇤
p������! A

p

;

3) the restriction of i
p

(f 0) to A
p

is an immersion;

4) for every j � p, the subset V
X

p

j

is a neighborhood of C
j

, and for all x 2 V
X

p

j

and f 0 2 V
f

, the point f 0⇤
p

(x) belongs to the set (1) L⌘
0

jf

⇤(x).

1. We recall that L�

jy

denote the union of the plaques of L
j

containing y 2 L

j

and of diameter

less than � > 0.
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The link between ⌘0 and V
f

is the following: ⌘0 will be chosen small enough, then V
f

will be chosen small enough regarding to ⌘0.

3.4. Fundamental property implies main theorem 2.2.11

Let us show that, for p = 1, the above property implies theorem 2.2.11. For
every j � 1, we denote by X 0

j

the stratum of ⌃|A0 associated to X
j

.
As cl(A0) is a compact subset included in A1 sent by f⇤ into A0, by taking ⌘0 and V

f

su�ciently small, we may suppose that, for all f 0 2 V
f

, we have

d
�

A0c, f 0⇤
1 (A0)

�

> ⌘0.

Therefore, it follows from fundamental property 3), that we can define the following
continuous map:

V
f

�! Endr

f

⇤|A0V0(T |A0) ⇥ Imr(T |A0, M),

f 0 7�!
�

f 0⇤ := f 0⇤
1 |A0, i(f 0) := i1(f

0)|A0�

with V
X

0
j

:= V
X

1
j

\ A0 and V 0 := (V
X

)
X2⌃|A0 for j � 1.

Conclusion (i) of theorem 2.2.11 is a simple consequence of fundamental prop-
erty 2).

Conclusion (iii) of theorem 2.2.11 for the stratum X 0
p

can be shown by induction
on p � 1.

For every p � 1, by restricting V
X

1
p

, we may suppose that V
X

1
p

\K
p

is precompact
in V

p

. We may also suppose that ⌘0 is less than the minimum on V
X

1
p

\ K
p

of the
function ⌘ associated to X

p

in hypothesis (iii).
The step p = 1 is then obvious. We now consider p > 1.
As K

p

is sent by f⇤ into its interior, by taking V
f

and ⌘0 su�ciently small, every
⌘0-f 0⇤-pseudo-orbit of V

X

0
p

, which respects L
p

, and starts in V
X

0
p

\ K
p

is included
in K

p

, and by hypothesis (iii), is necessarily included in X
p

.
In the other hand, by taking V

f

su�ciently small, it follows from 3.1.1.1 that we
have

(3) A0 \ K
p

⇢ int
�

f 0⇤�1

(A0 \ K
p

)
�

and we can show that

(4)
[

n�0

f 0⇤�n

(A0 \ K
p

) � V
X

0
p

.

Because, otherwise there exists x 2 V
X

0
p

having its f 0⇤-orbit which does not inter-
sect K

p

. Let q < p be maximal such that the orbit of x intersects C
q

. The point x
cannot belong to X

q

; so its orbit leaves necessarily C
q

, by the hypothesis of induc-
tion, fundamental property 4) and the choice of ⌘0. On the other hand, the orbit of x
intersects K

q

, so eventually lands in K
q

but does not intersect K
p

. Therefore its orbit
intersects C

q

0 with p > q0 > q. This is a contradiction with the maximality of q.
By (3) and (4), we can build a continuous and positive function ⌘00 on V

X

0
p

,
which is less than ⌘0 and such that: for all n � 1, x 2 f 0⇤�n

(A0 \ K
p

) \ V
X

0
p

, and
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x1 2 V
X

0
p

\ L⌘
00(x)

pf

0⇤(x), the set V
X

0
p

\ L⌘
00(x1)

pf

0⇤(x1)
is included in f 0⇤�n+1

(A0 \ K
p

) \ V
X

0
p

.

Such a function ⌘00 satisfies conclusion (iii) of theorem 2.2.11, because all ⌘00-pseudo-
orbits of f 0⇤ in V

X

0
p

belong eventually to V
X

0
p

\ K
p

.
Only the proof of conclusion (ii) remains. By fundamental properties 2), 3), and 4),

the lamination X 0
p

, is immersed by i(f 0) and preserved by f 0 2 V
f

, for every p � 1. By
continuity of f 0 7! (i1(f 0), f 0⇤) and the r-normal expansion, we may restrict V

f

such
that the endomorphism f 0 uniformly r-normally expands the lamination X1

p

over the
compact set X

p

\K
p

. It follows from (3) and (4), that the endomorphism f 0 r-normally
expands the immersed lamination X 0

p

. Thus, conclusion (ii) of theorem 2.2.11 is
satisfied.

3.5. Proof of fundamental property

We proceed by decreasing induction on p.
By taking A

N+1 := ?, V
f

:= Endr(M), and i(f 0) := i for every f 0 2 V
f

, step
p = N + 1 is obviously satisfied. Let us suppose the fundamental property satisfied
for p + 1  N .

The proof proceeds by a graph transformation which needs a tubular neighborhood
to be defined.

In appendix A.2.2, we will show the following:

Proposition 3.5.1. — There exists a lifting F
p

: x 2 L
p

7! F
px

of i|L
p

into
the Grassmannian of n � d

p

-plans of TM which is T |L
p

-controlled and C0-close to
x 7! T i(T

x

L
p

)?.

By lifting we mean that F
px

⇢ T
i(x)M , for every x 2 L

p

. As F
px

is close to
T i(T

x

L
p

)?, we assume it in direct sum with T i(T
x

L
p

).
Let F

p

be the union
S

x2L

p

F
px

endowed with a natural vector bundle structure
over L

k

. We endow this bundle with the norm induced by the Riemannian metric
on M .

We denote by exp the exponential map associated to a complete Riemannian metric
on M . Let ✏ 2 C1(M,R+

⇤ ) be a positive function less than the injectivity radius of
the exponential map. Let

Exp : i⇤TM �! M, (x, v) 7�! exp
i(x)

✓

✏ � i(x) · v
p

1 + kvk2

◆

.

For all p 2 {1, . . . , N} and x 2 L
p

, let F
px

be the submanifold Exp(F
px

) and let F⌘

0

px

be the submanifold Exp(B
F

px

(0, ⌘0)).

Naively, the idea of the proof is, for every f 0 2 V
f

, to glue i
p+1(f 0) with its pull

back given by the following graph transformation:

Lemma 3.5.2. — By restricting ⌘0 and then V
f

, there exist an open precompact

neighborhood bV
C

p

of C
p

in V
p

such that, for any small neighborhood cA
p

of K
p

, there
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exist a neighborhood V
i

of i| bA
p

2 Morr(T | bA
p

, M) and a continuous map

S0 : V
f

⇥ V
i

�! Morr(T |bV
C

p

, M)

satisfying:

1) the morphism S0(f, i| bA
p

) is equal to i|bV
C

p

, for all x 2 L
p

and f 0 2 V
f

;

2) the preimage of i0(L⌘
0

pf

⇤(x)) by f 0 intersects F⌘

0

px

at a unique point S0(f 0, i0)(x),

for all f 0 2 V
f

and i0 2 V
i

.

Let f 0⇤
i

0 (x) 2 L⌘
0

pf

⇤(x) be defined by f 0 � S0(f 0, i0)(x) = i0
�

f 0⇤
i

0 (x)
�

.

3) If i0 is a controlled immersion around f 0⇤
i

0 (x), then S0(f 0, i0)(x) is a controlled
immersion around x.

Figure 2. Definition of S0

3.5.1. Proof of lemma 3.5.2. — A small neighborhood bV
C

p

of C
p

is precompact

in V
p

. We may suppose ⌘0 > 0 and the compact neighborhood cl(bV
C

p

) small enough

such that, by 3.1.1.3, the restriction of f 0 to F⌘

0

px

is a di↵eomorphism onto its image,
and this image intersects transversally at a unique point the image of the plaque

L⌘
0

pf

⇤(x) by i0, for all x 2 cl(bV
C

p

), i0 Cr-close to i and f 0 Cr-close to f . Writing this
intersection point in the form

f 0(v) = i0(x0),

we define (see figure 2)

f 0⇤
i

0 (x) := x0 2 L⌘
0

pf

⇤(x), S0(f 0, i0)(x) := v 2 F⌘

0

px

.

Such a map S0 satisfies conclusions 1) and 2) of lemma 3.5.2. Let us show that S0

takes continuously its values in the set of morphisms from the lamination L
p

|bV
C

p

into M .

3.5.1.1. Well definition and continuity of

(f 0, i0) 2 V
f

⇥ V
i

7! S0(f 0, i0) 2 Im(L
p

|bV
C

p

, M)

Let x 2 cl(C
p

) and let (U
y

,�
y

) 2 L
p

|bV
C

p

be a chart of a neighborhood of y := f⇤(x).
We may suppose that �

y

can be written in the form

�
y

: U
y

�! Rd

p ⇥ T
y

where T
y

is a locally compact metric space. Let (u
y

, t
y

) be defined by

�
y

(y) =: (u
y

, t
y

).
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We remark that Rd

p is Cr-immersed by  := u 2 Rd

p 7! i � ��1(u, t
y

).

As we saw, the endomorphism f , restricted to a small neighborhood of i(x), is
transverse to the above immersed manifold, at z := f � i(x). In other words,

Tf(T
x

M) + T (T
u

y

Rd

p) = T
z

M.

Thus, by transversality, there exist open neighborhoods V
u

y

of u
y

2 Rd and V
i(x)

of i(x) 2 M such that the preimage by f |V
i(x) of  (V

u

y

) is a Cr-submanifold.
Moreover, such a submanifold depends continuously on f and  , with respect to
the Cr-topologies.

More precisely, there exist neighborhoods V
u

y

of u
y

, V
f

of f 2 Endr(M), V
 

of
 2 Cr(Rd

p , M), and V
i(x) of i(x) such that, for all f 0 2 V

f

and  0 2 V
 

, the map
f 0|V

i(x) is transverse to  0|V
u

y

and the preimage by f 0|V
i(x) of  0(V

u

y

) is a manifold
which depends continuously on f 0 and  0, in the compact-open Cr-topologies.

There exist neighborhoods V
t

y

of t
y

in T
y

and V
i

of i 2 Imr(T , M), such that

 
i

0
,t

: u 2 Rd 7�! i0 � �(u, t)

belongs to V
 

, for all t 2 T
y

and i0 2 V
i

.
Thus, the preimage by every f 0 2 V

f

, restricted to V
i(x), of the plaque L

t

:=
��1
y

(V
u

y

⇥ {t}), immersed by i0 2 V
i

, depends Cr-continuously on f 0, i0 and t0.
Let (U

x

,�
x

) be a chart of a neighborhood of x. Let us suppose that �
x

can be
written in the form

�
x

: U
x

�! Rd

p ⇥ T
x

where T
x

is a locally compact metric space. We define

(u
x

, t
x

) := �
x

(x) and x
t

:= ��1
x

(u
x

, t), 8t 2 T
x

.

For V
i(x) and then ⌘0 > 0 and U

x

small enough, the manifolds (F⌘

0

px

0)
x

02L⌘

0
px

t

are open

subsets of leaves of a Cr-foliation on V
i(x), which depends Cr-continuously on t 2 T

x

.
We may suppose U

x

small enough to have its closure sent by f⇤ into ��1
y

(V
u

y

⇥ V
t

y

).

For all ⌘0 > 0 and then V
i

and V
f

small enough, each submanifold F⌘

0

px

0 intersects

transversally at a unique point the submanifold f 0�1|V
i(x)

�

i0(L
t

0)
�

, where t0 is the
second coordinate of �

y

� f⇤(x0) and x0 belongs to U
x

. As we know S0(f 0, i0)(x0) is
this intersection point.

In other words, S0(f 0, i0)|L⌘0
x

t

is the composition of i with the holonomy along the

Cr-foliation (F⌘

0

px

0)
x

02L⌘

0
px

t

, from i(L⌘0
px

t

) to the transverse section f 0�1|V
i(x)(i

0(L
t

0)),

where t0 is the second coordinate of �
y

� f⇤(x
t

).
Thus, the map S0(f 0, i0) is of class Cr along the L

p

-plaque contained in U
x

. As
these foliations and manifolds vary Cr-continuously with x0 2 U

x

, the map S0(f 0, i0)
is a L

p

|U
x

-morphism into M .
These foliations and manifolds also depend Cr-continuously on x0 2 U

x

, i0 2 V
i

,
and f 0 2 V

f

. Thus, the map

S0 : (f 0, i0) 2 V
f

⇥ V
i

7�! S0(f 0, i0)

is continuous into Morr(L
p

|U
x

, M).
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As, C
p

is compact, we get a finite open covers of C
p

by such open subsets U
x

on which the restriction of S0 satisfies the above regularity property. By taking V
i

and V
f

small enough to be convenient for all the subsets of this finite covers, we get
the continuity of the following continuous map:

S0 : (f 0, i0) 2 V
f

⇥ V
i

7�! S0(f 0, i0) 2 Morr(L
p

|bV
C

p

, M)

where bV
C

p

is the union of the open covers of C
p

.

As S0(f, i) = i is an immersion and S0 is continuous, by restricting a slice bV
C

p

,
and by restricting V

f

and V
i

, we may suppose that S0 takes its values in the set of

immersions from L
p

|bV
C

p

into M .

3.5.1.2. Well definition and continuity of

(f 0, i0) 2 V
f

⇥ V
i

7! S0(f 0, i0) 2 Mor(T |bV
C

p

, M)

We regard now the T -controlled properties of i0 and f⇤. This supplementary regularity
will imply that S0(f 0, i0) is T |bV

C

p

-controlled without restricting V
i

and V
f

.
We recall that S0(f 0, i0) has been defined by transverslality on a finite union of

distinguish open sets U
x

for L
p

.

As bV
C

p

⇢ L
p

is included in the union of the strata (X
j

)
j

, for every j > p, the
set U

x

\ X
j

is included in the union of distinguish open sets U
j

for the foliation of
laminations L

p

|L
p

\ L
j

of L
j

|L
p

\ L
j

.

This means that the restriction of the L
p

-chart �
x

of U
x

restricted to U
j

is equiv-
alent to a chart:

�
j

: U
j

�! Rd

p ⇥ Rd

j

�d

p ⇥ T
j

which is also a chart of L
j

.
Also, we can suppose such U

j

included in the adapted neighborhood V
j

. Fur-
thermore, by property 1.3.15, we can suppose that U

j

is L
p

|U
x

-saturated: all the
L
p

-plaques included in U
x

and intersecting U
j

are included in U
j

.
We recall that the distinguish open subset U

x

was sent into the distinguish open
subset U

y

by f⇤, with all the room needed to make work the transversality argument
defining S0|U

x

. Remember that �
y

: U
y

! Rd

p ⇥ T
y

denotes a L
p

chart of U
y

.
Let  be the continuous map from Rd

j

�d

p⇥T
j

to T
y

equal to the second component
of the morphism:

�
y

� f⇤ � ��1
j

: Rd

p ⇥ Rd

j

�d

p ⇥ T
j

�! Rd

p ⇥ T
y

.

As U
j

is included in the adapted neighborhood V
j

, the image of U
j

by f⇤ is included
into L

j

.
By Property 3.1.1.3, for every t 2 T

j

, the union
S

v2Rd

j

�d

p

L
 (v,t) is a L

j

-plaque,

with L
t

0 := ��1
y

(Rd

p ⇥ {t0}) for every t0 2 T
y

.
As every i0 2 V

i

is T -controlled, the following union is a Cr submanifold of
Rd

j

�d

p ⇥ M :
[

v2Rd

j

�d

p

{v}⇥ i0(L
 (v,t)).

We recall that for x0 2 U
x

, i0 2 V
i

, t0 2 T
y

and f 0 2 V
f

, the map f 0 is transverse to
i0(L

t

0) at a neighborhood of S0(f 0, i0)(x0). Consequently, for every t 2 T
j

, v 2 Rd

j

�d

p ,
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the product of the identity of Rd

j

�d

p with f 0 is transverse to {v} ⇥ i0(L
 (v,t)) at a

neighborhood of S0(f 0, i0)(x0). This implies that:

M
i

0
,f

0
,t

:=
[

v2Rd

j

�d

p

{v}⇥ f 0�1
�

i0(L
 (v,t))

�

,

intersected with neighborhood of i0(x0) is a Cr-submanifold of dimension d
j

.
As f 0�1

�

i0(L
 (v,t))

�

is transverse to F
px

0 , the above union is transverse to {v} ⇥
F

px

0 , for every v 2 Rd

j . By control of N
p

|bV
C

p

, the family

F
t

:=
�

{v}⇥ F
px

0
�

{(v,x0)2Rd

j

�d

p⇥U

j

: �
y

(x0)2Rd

p⇥{v,t}}

is a Cr foliation, for every t 2 T
j

.
By holonomy along F

t

from M
i

0
,f

0
,t

to
S

v2Rd

j

�d

p

{v} ⇥ i � ��1
j

(Rd

p ⇥ {v, t}), we

get that S0(f 0, i0) restricted to ��1
j

(Rd

j ⇥ {t}) is of class Cr.
As moreover this foliations and the transverse sections vary continuously with

t 2 T
j

, f 0 2 V
f

, i0 2 V
i

, the map:

(f 0, i0) 2 V
f

⇥ V
i

7�! S0(f 0, i0)|U
j

2 Mor(L
j

|V
j

, M)

is well defined and continuous.
As we did not have to shrink V

i

nor V
f

, we can do the same argument for every
j � p and U

j

to get the continuity and well definition of

(f 0, i0) 2 V
f

⇥ V
i

7! S0(f 0, i0) 2 Mor(T |bV
C

p

, M)

By using tools defined later, we will proof in section 3.6 that conclusion 3) holds.

In order to satisfy statements 2) and 4) of the fundamental property, we have to
pay attention on the way we glue i

p+1(f 0) and i0
p

(f 0) := S0(f 0, i
p+1(f 0)), for f 0 close

to f .

We shall begin by studying the combinatorial topology.

3.5.2. Topological study. — This is the “gluing area”:

Lemma 3.5.3. — Let � be the compact subset C
p

\ K
p+1. There exists an open

neighborhood V� of �, arbitrarily small which is precompact in bV
C

p

\ A
p+1 and such

that:

(i) f⇤(cl(V�)) is included in int(K
p+1 \ V�);

(ii) f⇤(cl(A
p+1)) is disjoint from cl(V�).

Proof. — As � is included in K
p+1, the open subset A

p+1 is a neighborhood of �.

Since � is included in C
p

the open subset bV
C

p

is a neighborhood of �. Thus, a small

neighborhood of � is included in bV
C

p

\ A
p+1.

As � is included in K
p+1, the endomorphism f⇤ sends � into int(K

p+1), by 3.1.1.1.
Moreover, � is included in C

p

⇢ cl(Kc

p+1). Thus, a small neighborhood V� of �
satisfies (i).

Since� is included in cl(Kc

p+1) and since, by the induction hypothesis, f⇤(cl(A
p+1))

is included in int(K
p+1), a small neighborhood V� of � satisfies (ii).
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Let V 0
� be an open subset of A that satisfies

� ⇢ V 0
� ⇢ cl(V 0

�) ⇢ V�.

Property 3.5.4. — For each j � p, there exist two precompact open neighborhoods
V 0
C

j

and V
C

j

of C
j

, that satisfy cl(V 0
C

j

) ⇢ V
C

j

, such that with

A
p

:=
[

j�p

V 0
C

j

and A0
p+1 :=

[

j>p

V
C

j

,

we have:

3.5.4.0 A
p

and A0
p+1 are neighborhoods of K

p

and K
p+1 respectively; moreover,

A0
p+1 is included in A

p+1;

3.5.4.1 f⇤ sends cl(A
p

[ V
C

p

) into int(K
p

) and

f⇤ sends cl(A
p+1) into int(K

p+1) \ cl(V
C

p

[ V�);

3.5.4.2 cl(V
C

j

) ⇢ V
X

p+1
j

, for every j > p, and cl(V
C

p

) ⇢ bV
C

p

,

3.5.4.3 for any x 2 bV
C

p

, any u 2 T i(T
x

L
p

)?, the orthogonal projection of T
x

f(u)
onto T i(T

f

⇤(x)Lp

)? is nonzero;

3.5.4.4 the intersection cl(V
C

p

) \ cl(A0
p+1) is included in V 0

�;

3.5.4.5 we have V
C

p

[ A0
p+1 [ int(Ac

p

) = A.

Figure 3. This new figure summaries all the new notations with: A
p

⇢
bA
p

= A0
p+1 [ V

C

p

, A
p

=

S
j�p

V 0
C

j

and A0
p+1 =

S
j>p

V
C

j

Proof. — Since the union of compact subsets (C
j

)
j�p

is equal to K
p

and since the
union of compact subsets (C

j

)
j�p+1 is equal to K

p+1, we easily get statement 3.5.4.0.
When the neighborhoods (V

C

j

)
j�p

are small, the neighborhoods A
p

and A0
p+1 are

close to respectively K
p

and K
p+1. Thus, for (V

C

j

)
j>p

small enough, the subset A0
p+1

is included in the open set A
p+1 given by the inductive fundamental property.
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The first part of 3.5.4.1 follows from 3.1.1.1 for (V 0
C

j

)
j�p

and V
C

p

small enough.
The second part of 3.5.4.1 is true for V

C

p

and V� small enough, by the fundamental
property which states that the compact subset cl(A

p+1) is sent into the interior
of K

p+1.
Inclusions 3.5.4.2 is a consequence of fundamental property 4), for (V

C

j

)
j>p

small
enough.

Inequality 3.5.4.3 is a consequence of 3.1.1.3, for bV
C

p

and V� small enough.
To obtain statement 3.5.4.4, we fix V 0

�, then we take neighborhoods (V
C

j

)
j�p

small
enough.

Statement 3.5.4.5 is obvious.

We fix now definitively (V
C

j

)
j�p

, (V 0
C

j

)
j�p

, bV
C

p

, V�, and V�0 .

3.5.3. Gluing lemma. — The idea of the proof is to glue i
p+1(f 0) to i0

p

:=
S0(f 0, i

p+1(f 0)) over V�, and then to reapply lemma 3.5.2 and so on. We will prove
then that such a sequence converges to a certain controlled morphism i

p

(f 0).
In order to satisfy fundamental property 4), we have to take care on the way of

gluing. We must connect i
p+1(f 0)(x) to i0

p

(f 0)(x) along the submanifold

i
p+1(f

0)(L⌘
0

jx

), 8j > p, x 2 V
C

j

\ bV
C

p

and f 0 2 V
f

.

The above intersections are well transverse by taking ⌘0 and then V
f

su�ciently
small.

Let us show that i0
p

(f 0)(x) belongs to i
p+1(f 0)(L⌘

0

jx

). It follows from conclusion 2)

of lemma 3.5.2, that the point i0
p

(f 0)(x) is sent by f 0 into i
p+1(f 0)

�

L⌘
0

pf

⇤(x)

�

.

By taking ⌘0 smaller, the distance d(f⇤(V
C

j

), Lc

j

) is greater than 2⌘0. Thus, by

coherence of tubular neighborhoods, the plaque L⌘
0

pf

⇤(x) is included in L⌘
0

jf

⇤(x).

(5) =) f 0�i0
p

(f 0)(x)
�

2 i
p+1(f

0)
�

L⌘
0

jf

⇤(x)

�

.

By transversality, the component of f 0�1(i
p+1(f 0)(L

jf

⇤(x))) containing i0
p

(f 0)(x) is
a manifold of dimension d

j

. By fundamental property 2) and property 3.5.4.2:

i0
p

(f 0)(x) 2 i
p+1(f

0)(L⌘
0

jx

).

This is the gluing lemma:

Lemma 3.5.5. — By taking ⌘0 > 0 smaller and then V
f

smaller, there exist a neigh-
borhood G of the graph of i|V� and a continuous map

� : V
f

�! Morr
�

(T ⇥ M)|G ⇥ [0, 1], M
�

such that, for all f 0 2 V
f

and (x, y) 2 G:

1) �(f 0)(x, y, 0) is equal to i
p+1(f 0)(x);

2) for every t 2 [0, 1], the point �(f 0)(x, y, t) belongs to i
p+1(f 0)(L⌘

0

jx

), if x belongs
to V 0

C

j

;
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3) if y belongs to i
p+1(f 0)(L⌘

0

jx

) for every j > p such that x belongs to V 0
C

j

, then
�(f 0)(x, y, 1) is equal to y.

Lemma 3.5.5 will be proved in section 3.6.7.

Let us proceed with the gluing lemma. Let ⇢ 2 Morr(T , [0, 1]) be a function with
support in V� and equal to 1 on V 0

�. By taking V
f

su�ciently small, we may define

i0(f 0) : A �! M, x 7�!
⇢

�(f 0)
�

x, i0
p

(f 0)(x), ⇢(x)
�

if x 2 V�,

i
p+1(f 0)(x) if x 2 V c

�.

Since the support of ⇢ is included in V�, by statement 1) of lemma 3.5.5, the map i0

is continuous from V
f

into Morr(T , M).
By statement 3) of lemma 3.5.5, the morphism i0 is equal to i0

p

on cl(V 0
�) and

to i
p+1 on the complement of V�.

Property 3.5.6. — By restricting ⌘0 and then V
f

, we may suppose that, for all
f 0 2 V

f

, j > p and x 2 V 0
C

j

:

3.5.6.1 the point f 0 � i0(f 0)(x) belongs to i0(f 0)
�

L⌘
0

jf

⇤(x)

�

;

3.5.6.2 the point i0(f 0)(x) belongs to i
p+1(f 0)(L⌘

0

jx

).

Proof. — Statement 3.5.6.2 is an obvious consequence of conclusion 2) of lemma 3.5.5,
let us show statement 3.5.6.1.

For every x 2 V 0
C

j

\ V�, the points i0(f 0)(x) and i
p+1(f 0)(x) are equal. It follows

from fundamental property 2), that the points f 0 � i
p+1(f 0)(x) and i

p+1(f 0) � f 0⇤
p+1(x)

are equal. Since x belongs to A
p+1, by restricting V

f

, the point f 0⇤
p+1(x) never belongs

to V�, thus the points i
p+1(f 0) � f 0⇤

p+1(x) and i0(f 0) � f 0⇤
p+1(x) are equal. Finally, by

fundamental property 4) and property 3.5.4.2, the point f 0⇤
p+1(x) belongs to L⌘

0

jf

⇤(x).
Hence

f 0 � i0(f 0)(x) = f 0 � i
p+1(f

0)(x) = i
p+1(f

0) � f 0⇤
p+1(x)

= i0(f 0) � f 0⇤
p+1(x) 2 i0(f 0)(L⌘

0

jf

⇤(x)).

By statement 2) of lemma 3.5.5, for all x 2 V�\V 0
C

j

and f 0 2 V
f

, the point i0(f 0)(x)

belongs to i
p+1(f 0)(L⌘

0

jx

)(x). Moreover, the points i0(f)(x) and i(x) are equal. Thus,

by taking V
f

su�ciently small, f 0 sends i0(f 0)(x) into i
p+1(f 0)(L⌘

0

jf

⇤(x)).

By the first statement of lemma 3.5.3, the image of cl(V�) by f⇤ is disjoint
from cl(V�). Thus, on a neighborhood of f⇤(V�), the morphism i0 is equal to i

p+1.

Therefore, for ⌘0 and V
f

small enough, the images of L⌘
0

jf

⇤(x) by i0(f 0) and by i
p+1(f 0)

are equal.

Therefore, i
p+1(f 0)(L⌘

0

jf

⇤(x)) = i0(f 0)(L⌘
0

jf

⇤(x)) contains the image by f 0 of the

point i0(f 0)(x), for any x 2 V� \ V 0
C

j

.

Let us show, for all f 0 2 V
f

, q > p, and x 2 A
p+1 \ L

q

, that the di↵erential
@
T

x

L
q

i0(f 0) is injective. By fundamental property 3), it is su�cient to check this
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for x 2 V�. By fundamental property 3) and property 3.5.6.2, it is su�cient to prove
that @

T

x

L
j

i0(f 0) is injective for every j > p such that x 2 V 0
C

j

. For f 0 = f , the mor-

phism i0(f 0) is equal to i, thus @
T

x

L
j

i0(f 0) is injective. Since V 0
C

j

is precompact in L
j

and since the map i0
p

|L
j

is continuous from V
f

into Mor1(L
j

, M), by restricting V
f

,
the di↵erential @

T

x

L
j

i0(f 0) is always injective.

3.5.4. Definition of (ik)
k

. — Let bA
p

be equal to A0
p+1[V

C

p

. By property 3.5.4.5,
bA
p

is a neighborhood of cl(A
p

). Let

M
p

:=
�

j 2 Morr(T | bA
p

, M) : j(x) 2 F
px

, 8x 2 L
p

 

,

Mf

0

p

:= {j 2 M
p

, j|A0
p+1 = i0(f 0)|A0

p+1}.

Let M be the following set
Y

f

02V

f

{f 0}⇥Mf

0

p

endowed with the topology induced by Endr(M) ⇥ Morr(T | bA
p

, M).

We notice that (f 0, i0(f 0)| bA
p

) belongs to M, for every f 0 2 V
f

.

We are going to define i
p

, by induction and by using the following lemma proved
in section 3.6:

Lemma 3.5.7. — There exists a neighborhood V
f,i

of (f, i) 2 M such that the fol-
lowing map is well defined and continuous:

S : V
f,i

�! V
f,i

, (f 0, j) 7�!
�

f 0, S
f

0(j)
�

,

where S
f

0(j) is equal to i0(f 0) on A0
p+1 and equal to S0(f 0, i0) on V

C

p

. Moreover S
satisfies, for all (f 0, j) 2 V

f,i

:

1) For every x 2 V
C

p

, the point S
f

0(j)(x) is the unique intersection point of F⌘

0

px

with the preimage by f 0 of j(L⌘
0

pf

⇤(x)).

Let f 0⇤
j

(x) 2 L⌘
0

pf

⇤(x) defined by

f 0 � S
f

0(j) = j � f 0⇤
j

(x).

2) For all k � p and x 2 V
C

p

\X
k

, if @
TX

k

j is injective at f 0
j

(x), then @
TX

k

S
f

0(j)
is also injective at x.

3) For the distance (2) defining the strong topology of Cr-morphism from the im-
mersed lamination L

p

, for every � > 0, there exist a neighborhood V
f

0 of f 0 2 V
f

and M > 0 such that for every f 00 2 V
f

0 , we have

diamL
p

�

j|V
C

p

: (f 00, j) 2 SM

f

00(V
f,i

)
 

< �.

2. See section 1.1.4.
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For V
f

su�ciently small, we can now define, for all k > 0, the continuous map

ik : f 0 2 V
f

7! Sk

f

0
�

i0(f 0)
�

2 Morr(T , M).

We are going to prove that, for every f 0 2 V
f

, the sequence (ik(f 0))
k

converges to

a morphism i1
p

(f 0) 2 Morr(T | bA
p

, M). Then i
p

(f 0) will be equal to i1
p

(f 0) on A
p

and

to i on the complement of bA
p

.

3.5.5. Convergence of (ik)
k

to i
p

. — Let us describe the values of ik
p

on V
C

p

, for
every f 0 2 V

f

.
By conclusion 1) of lemma 3.5.7, for every x 2 V

C

p

, the point

ik(x) = S
f

0
�

ik�1
p

(f 0)
�

(x)

depends only on ik�1(x1), where x1 := f 0⇤
i

k�1(f 0)(x) is ⌘0-close to f⇤(x) in a plaque

of L
p

. By 3.5.4.1, the map f⇤ sends cl(V
C

p

) into int(K
p

), thus we may suppose that x1

belongs to K
p

.
If moreover x1 belongs to A0c

p+1, then x1 belongs to K
p

\A0
p+1 ⇢ V

C

p

. Then, we can
iterate this process which constructs an ⌘0-pseudo chain (x

i

)nx

i=0 of f⇤, which respects
the plaques of L

p

, defined by

(6)

⇢

x0 = x,
x
i+1 := f 0⇤

i

k�i�1(f 0)(xi

) and f 0 � ik�i(f 0)(x
i

) = ik�i�1(f 0)(x
i+1)

that we stop when i is equal to k or x
i

belongs to A0
p+1. Therefore, we have

x0 = x, . . . , x
i

2 K
p

\ A0
p+1, . . . , xn

x

2 A0
p+1 \ K

p

or n
x

= k.

We are going to prove that

(7) 8x 2 V
C

p

, ik(f 0)(x) = Sn

x

f

0

�

i0(f 0)
�

(x).

For n
x

= k, this equality is the definition of ik.
For n

x

< k, by 3.5.4.4, the point x
n

x

belongs to A0
p+1 thus, ik�n

x(f 0)(x
n

x

) =

i0(f 0)(x
n

x

) and so ik(f 0)(x) = i0(f 0)(x).

We remark that n
x

does not change for a greater k and that x 7! n
x

is upper semi
continuous since A0

p+1 is open and the maps f 0⇤
i

j(f 0) are continuous.

Also, for every x 2 bA
p

\X
p

, the sequence (ik(f 0)(x))
k

is eventually locally constant,
by hypothesis (iii) of the theorem, for ⌘0 and then V

f

su�ciently small.
Let us now define i

p

. It follows from conclusion 3) of lemma 3.5.7 and from the

description of the values of (ik)
k

, that this sequence converges in C0(V
f

, C0( bA
p

, M)),
to a certain map i1

p

.
Let r 2 Morr(T , [0, 1]) be equal to 1 on the ⌘0-neighborhood of A

p

and to 0 on a

neighborhood of the complement of bA
p

(we may reduce ⌘0 if necessary). Let

i
p

:= f 0 2 V
f

7�!


x 2 A 7!
⇢

Exp(r(x) · Exp�1
i(x)(i

1
p

(x))) if x 2 bA
p

i(x) otherwise

�

.
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3.5.6. Properties of i
p

. — Let us begin by showing that i
p

is a continuous map
from V

f

into Morr(T , M). As the restriction of i1
p

to A0
p+1 is a continuous map

from V
f

into Morr(T |A0
p+1, M), and as i and r are T -controlled Cr-morphisms, the

restriction of i
p

to A0
p+1 is a continuous map from V

f

into Morr(T |A0
p+1, M).

It follows from conclusion 3) of lemma 3.5.7 that the restriction of i
p

to V
C

p

is
continuous from V

f

into Morr(L
p

|V
C

p

, M).
By taking ⌘0 small enough, we may suppose this constant less than inf

V

C

p

⌘, where
⌘ is the function on V

p

provided by hypothesis (iii) of the theorem. We define U
j

as the interior of the subset of points in V
C

p

which are not the starting point of any
⌘0-pseudo-chain of V

C

p

which respects L
p

and with length j. By property 3.1.3, the
sequence of open subsets (U

j

)
j

is increasing and its union is equal to V
C

p

\ X
p

. It
follows from the description of the values of (ik)

k

that, for k > j, the morphism ik(f 0)
and i1

p

(f 0) are equal on U
j

. Thus, i
p

is continuous from V
f

into Morr(T , M).

Let us prove that i
p

satisfies fundamental property 3): the restriction of i
p

(f 0)
to A

p

is an immersion, for every f 0 2 V
f

.
By definition of i

p

, on a neighborhood of A0
p+1\A

p

, the map i
p

(f 0) is equal to i0(f 0).
We recall that A0

p+1 is included in A
p+1 and that we showed that i0

p

(f 0)|A
p+1 is an

immersion. Thus, i
p

(f 0)|A0
p+1 is an immersion.

Let us now study the restriction of i
p

(f 0) to V 0
C

p

\A0
p+1 which is equal to A

p

\ A0
p+1.

Let x 2 (V 0
C

p

\ (X
p

[ A0
p+1). We regard as before the pseudo-chain (x

k

)nx

k=0 which
respects the plaques of L

p

and which is associated to x. We will show by decreas-
ing induction on k 2 {0, . . . , n

x

} that, when x
k

belongs to X
`

, the tangent map
@
T

x

k

L
`

Sn

x

�k

f

0 (i0(f 0)) is injective.

The case k = n
x

follows from the fact that i0(f 0)|A0
p+1 is an immersion.

Let us suppose that @
T

x

k

L
`

Sn�k

f

0 (i0(f 0)) is injective. We recall that x 7! n
x

is upper
semi-continuous and so for x0 nearby x, n

x

0  n
x

and so:

S
n

x

0�k

f

0

�

i0(f 0)
�

(x0) = Sn

x

�k

f

0

�

i0(f 0)
�

(x0).

Therefore, it follows from conclusion 2) of lemma 3.5.7, that the di↵erential of
Sn�k+1
f

0 (i0(f 0)) along T
x

k�1L` is injective.
Thus, the restriction of i

p

to A
p

\X
p

is an immersion. As A
p

\X
p

is precompact in

L
p

\ bA
p

, by continuity of i
p

and by restricting V
f

, i
p

|A
p

is a T -controlled immersion.

3.5.7. Construction of a family of adapted neighborhoods Vp

For j � p, by 3.5.4.2, we may suppose ⌘0 small enough such that

(8) d
�

f⇤(V 0
C

j

), Lc

j

�

> 2⌘0,

and that the close subset cl(L⌘
0

jf

⇤(x)) is a compact subset included in L2⌘0

jf

⇤(x) which

depends continuously on x 2 cl(V 0
C

j

), in the space of nonempty compact subsets of A

endowed with the Hausdor↵ distance.

We can now define Vp := (V
X

p

k

)N
k=p

by

V
X

p

j

:=
�

x 2 L
j

\ A
p

; 9k 2 {p, . . . , j} : x 2 V 0
C

k

and cl(L⌘
0

kf

⇤(x)) ⇢ L
j

 

.
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We remark that, for every j � p, the subset V
X

p

j

is open. Let us show that V
X

p

j

contains Xp

j

:= X
j

\ A
p

. Let x be a point of Xp

j

. As (V 0
C

k

)
k

covers A
p

, there
exists k 2 {p, . . . , N} such that x belongs to V 0

C

k

. Since, V 0
C

k

⇢ L
k

intersects X
j

, the
integer k is not greater than j. Moreover, f⇤(x) belongs to X

j

and the compact subset

cl(L⌘
0

kf

⇤(x)) is included in L2⌘0

kf

⇤(x). Thus, by property 1.3.15, cl(L⌘
0

kf

⇤(x)) is included

in X
j

, itself included in L
j

. Therefore, x belongs to V
X

p

j

. This shows that Xp

j

is

contained in V
X

p

j

.

Finally, we notice that V
X

p

j

contains V 0
C

j

and hence C
j

, for every j � p. Therefore,

a part of fundamental property 4) is shown.

3.5.8. Construction of f 0 7! f 0⇤
p

. — Since for every k � 0, the morphism ik+1(f 0)

is equal to S
f

0(ik(f 0)), by conclusion 1) of lemma 3.5.7, for f 0 2 V
f

, x 2 V 0
C

p

and k � 0,
we have

f 0 � ik(f 0)(x) 2 ik(f 0)(L⌘
0

p

f

⇤(x)
).

By taking the limit, as k approaches the infinity, we get

(9) f 0 � i
p

(f 0)(x) 2 cl
�

i
p

(f 0)(L⌘
0

pf

⇤(x))
�

⇢ i
p

(f 0)(L2⌘0

pf

⇤(x)).

On A0
p+1, the maps i

p

and i0 are equal.
Moreover, for j > p, the compact subset cl(V 0

C

j

) is contained in A0
p+1 which is sent

into K
p

, by 3.5.4.1. Thus, on a neighborhood of the compact subset f⇤(cl(V 0
C

j

)) the

map i
p

and i0 are equal. By the fact 3.5.6.1, we deduce for all x 2 V 0
C

j

and f 0 2 V
f

:

(10) f 0 � i
p

(f 0)(x) 2 i
p

(f 0)(L⌘
0

jf

⇤(x)).

Therefore, by restricting V
f

, (9) and (10) imply that for all j � p, x 2 V 0
C

j

,
and f 0 2 V

f

,

(11) f 0 � i
p

(f 0)(x) 2 i
p

(f 0)(L⌘
0

j

f

⇤(x)
).

For x 2 V 0
C

j

, let f 0⇤
p

(x) be the point of L⌘
0

jf

⇤(x) such that:

f 0 � i
p

(f 0)(x) = i
p

(f 0)
�

f 0
p

(x)
�

.

This point is unique since i
p

embeds the ⌘0-plaques L0
jf

⇤(x). Also this definition does

not depend on j (at the intersection points of (V 0
C

j

)
j

).
For every j � p, x 2 V

X

p

j

, let p  k  j be such that x belongs to V
C

0
k

.

As i
p

(f 0) Cr-embeds L⌘
0

kf

⇤(x), it embeds the plaques of an L
j

-distinguished set con-

taining L⌘
0

kf

⇤(x).

For x0 nearby x, one of these plaques, denoted by L
f

⇤(x0) contains f⇤(x0). Let L
jx

0

be a small plaque of x with compact closure sent into L
f

⇤(x0) by f 0⇤
p

.
We notice that f 0⇤

p

|L
jx

0 = (i
p

(f 0)|L
jf

⇤(x0))
�1 � f 0 � i

p

(f 0)|L
jx

0 is a composition of
Cr-maps and so is of class Cr.
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Moreover these maps depend continuously on x0 around x, and so f⇤
p

is locally
a L

j

-Cr morphism from V
X

p

j

into L
j

|L
j

\ A
p

. In other words, f 0⇤
p

is a morphism

T |A
p

-controlled and Vp is adapted to f 0⇤
p

.
As these maps depend furthermore continuously on f 00 nearby f 0, the following

map is continuous:

f 0 2 V
f

7�! f 0⇤
p

2 EndVp(T |A
p

).

3.6. Proof of lemma 3.5.7 and injectivity of TS0(f 0, i0) in lemma 3.5.2

3.6.1. Proof of the injectivity of TS0(f 0, i0) and TS(f 0, i0) in lemmas 3.5.2
and 3.5.7. — As both proof are equal, we only do the one of TS0(f 0, i0). Let us
prove, for every j � p and x 2 X

j

\ bV
C

p

, that the partial derivative @
T

x

X

j

(S0
f

0(i0)) is
injective when @

T

f

0⇤
i

0 (x)Xj

(i0) is injective, for all f 0 2 V
f

and i0 2 V
i

.

As we have already seen that S0(f 0, i0) is an immersion of L
p

|bV
C

p

into M , it remains
to prove that, for u 2 T

x

X
j

\ T
x

L
p

, the vector T (S0(f 0, i0))(u) is nonzero, for j > p.

By the same argument as above, the map f 0⇤
i

0 is T |bV
C

p

-controlled, equivalent to

f⇤|bV
C

p

and Cr-close to it.

By definition of S0, we have for every x0 2 bV
C

p

,

f 0 � S0(f 0, i0)(x0) = i0 � f 0
i

0
⇤
(x0).

This implies that

@
T

x

X

j

�

f 0 � S0(f 0, i0)
�

= @
T

x

X

j

�

i0 � f 0
i

0
⇤�

.

Thus, it is su�cient to prove that the vector T
�

i0 � f 0
i

0
⇤�(u) is nonzero. As we

assume that @
T

f

0⇤
i

0 (x)Xj

(i0) is injective, it is su�cient to prove that Tf 0
i

0
⇤(u) is nonzero.

As f 0
i

0
⇤ is equivalent to f⇤, by holonomy Tf 0⇤

i

0 (u) does not belong to T
f

0⇤
i

0 (x)Lp

3 0,

for every u 2 T
x

X
j

\ T
x

L
p

for x 2 X
j

\ bV
C

j

p

.

3.6.2. Definition of S
f

0

For f 0 2 V
f

, let

S
f

0 : i0 2 V
i

\Mf

0

p

7�!


x 7�!
⇢

i0(f 0)(x) if x 2 A0
p+1 \ V

C

p

S0
f

0(i0)(x) if x 2 V
C

p

�

,

where S0
f

0 := S0(f 0, .) was defined in lemma 3.5.2.

By definition, the restriction to V 0
� of i0(f 0) is equal to the one of i0

p

(f 0). Since the
image by f⇤ of V� is disjoint from cl(V

C

p

[ V�), by restricting V
f

, for f 0 2 V
f

and

i0 2 V
i

\Mf

0

p

, the maps i0
p

(f 0) and S0
f

0(i0) are equal on V 0
�. Thus, i0(f 0) and S0

f

0(i0)
are equal on A0

p+1 \ V
C

p

⇢ V 0
�.

Therefore, the values of S
f

0 are in Mf

0

p

.

Let eK
p

be the compact set cl(V
C

p

\ X
p

). Let U be a small open neighborhood

of i( eK
p

) in M on which there exists a continuous extension � of the section of the
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Grassmannian of d
p

-plan of TM |i( eK
p

) defined by (3)

�(y) = T i(T
x

L
p

), if x 2 eK
p

and y = i(x).

We endow M with an adapted metric satisfying property 2.1.9, for the normally
expanded lamination X

p

over the compact subset eK
p

. In particular for all x 2 i( eK
p

),
u 2 �(x), v 2 �(x)? \ {0}, we have

� ·
�

�T
x

f(u)
�

�

r

<
�

�p � T
x

f(v)
�

�,

with p the orthogonal projection of T
f(x)M onto �?

f(x).

Also, by restricting U , there exist � > 1 and a open cone field C over U of i( eK
p

)
such that the following property holds:

— For each x 2 eK
p

, the space T i(T
x

L
p

)? is a maximal vector subspace included
in C(x);

— there exist � > 0 and � < 1 satisfying for all x 2 U and u 2 cl(C(x)) \ {0} with
norm less than �,

v := exp�1
f(x) �f � exp(u) 2 C(f(x)) and �kvk > kuk,

with exp be the exponential map associated to the adapted metric.

3.6.3. The C0-contraction. — Let U⇤ ⇢ V
C

p

\V� be a neighborhood of X
p

\ bA
p

,
whose closure is sent by i into f�1(U) \U . For V

i

and V
f

small enough, any f 0 2 V
f

and i0 2 V
i

satisfy
S0(f 0, i0)(U⇤) ⇢ U \ f 0�1(U).

Consequently, for ⌘0 > 0, � > 0 and then V
i

and V
f

small enough, for all f 0 2 V
f

,

(i0, i00) 2
�

V
i

[ S0
f

0(V
i

)
�2

, and x 2 U⇤, we have:

— for every u 2 C
i

0(x) with norm less than �, the vector exp�1
f

0(x) �f
0 � exp(u)

belongs to C
f

0(x) and has norm greater than kuk/�;

— the following number is equal to 0 if and only if i0(x) is equal to i00(x):

d
x

(i0, i00) := sup
u2cl(C

i

0(x))

kuk<�

�

kuk; exp(u) 2 i00(L�
px

)
 

;

— the number d
x

(i0, i00) is also equal to

sup
u2cl(C

i

0(x))

kuk<kTf |Uk·�

�

kuk; exp(u) 2 i00(L�+2⌘0

px

)
 

.

By definition of S0 and f 0⇤
· , the map f 0 sends S0

f

0(i0)(x) to i0 � f 0⇤
i

0 (x). For every

u 2 C
S

0(f 0
,i

0)(x) with norm less than �, if exp(u) belongs to S0
f

0(i00)(L�
px

), then it is

sent by f 0 into i00(L�+⌘
pf

⇤(x)) ⇢ i00(L�+2⌘
pf

0⇤
i

0 (x)
). Thus, we have

(12) d
x

�

S0
f

0(i0), S0
f

0(i00)
�

 �d
f

0⇤
i

0 (x)(i
0, i00).

3. It follows from property 2.1.6 that such a section is well defined.
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If d denote the Riemannian distance on M , we notice that d
x

and

d1
x

: (i0, i00) 7�! d(i0(x), i00(x))

are uniformly equivalent on U⇤. Therefore, the map

d0 : (i0, i00) 7�! sup
x2U

⇤

�

d
x

(i0, i00) + d
x

(i00, i0)
�

defines a semi-distance on V
i

\S0
f

0(V
i

), for every f 0 2 V
f

. Moreover, this semi-distance
is equivalent to the semi-distance

d1(i0, i00) = sup
x2U

⇤
d1
x

(i0, i00).

In fact, the equivalence is uniform for f 0 2 V
f

, since d
x

and d1
x

do not depend
on f 0 2 V

f

.
As S

f

(i) is equal to i, by (12), for any i0 2 V
i

, we have

d0
�

i, S0
f

(i)
�

= d0
�

S0
f

(i), S0
f

(i0)
�

 �d0(i, i
0).

Thus, for any ✏ 2 ]0, �[, the intersection of the ✏-ball centered at i with SN

f

(Mf

0

p

\V
i

)
is sent by S

f

into the ✏/�-ball centered at i, with respect to the d0-distance.
By continuity of f 0 7! S

f

0 , by restricting V
f

, for every f 0 2 V
f

, the intersection
of V

i

with the ✏-ball centered at i has the closure of its image by S0
f

0 included in the
✏-ball centered at i.

Moreover, by equation (12), the map S0
f

0 is �-contracting on V
i

, for any f 0 2 V
f

,
with respect to the semi-distance d0.

3.6.4. The 1-jet space. — Contrarily to what happened in the C0-topology, the
map S

f

is usually not contracting for the C1-topology. However, we are going to
show that the backward action of Tf on the Grassmannian of d

p

-plans of TM is
contracting, at the neighborhood of the distribution induced by TX

p

.
The bundle of linear maps from � into �?, denoted by P 1, is canonically homeo-

morphic (via the graph map) to an open neighborhood of � in the Grassmannian of
d
p

-plans of TM |U . In this identification the zero section is sent to �.
We endow P 1 with the norm subordinate to the aforementioned adapted Rieman-

nian metric of M .
By normal expansion, for U small enough and f 0 close enough to f , for every x 2 U

sent by f 0 to a certain y 2 U , for any ` 2 P 1
y

small enough, the preimage by T
x

f 0 of
the graph of ` is the graph of a small `0 2 P 1

x

.

Let us show the following lemma:

Lemma 3.6.1. — For all ✏ > 0, then U and then V
f

small enough, for all f 0 2 V
f

,
x 2 U \ f 0�1(U) and ` 2 P 1

f

0(x) with norm not greater than ✏ > 0, then the norm of

�
f

0
x

(`) := `0 2 P 1
x

is less than ✏. Moreover, the map �
f

0
x

is �-contracting.

Proof. — Let ⇡
v

and ⇡
h

be the orthogonal projections of TM |U onto respectively �?

and �. Let Tf 0
h

:= ⇡
h

� Tf 0 and Tf 0
v

:= ⇡
v

� Tf 0 which are defined on f 0�1(U). For
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any vector e0 2 �(x), the point (e0, `0(e0)) is sent by T
x

f 0 to
�

Tf 0
h

�

e0, `0(e0)
�

, T f 0
v

�

e0, `0(e0)
��

.

Let e := Tf 0
h

(e0, `0(e0)). By definition of `0, the point (e0, `0(e0)) is sent by T
x

f 0 to
(e, `(e)).

Therefore, we have `(e) = Tf 0
v

(e0, `0(e0)) and `(e) = ` � Tf 0
h

(e0, `0(e0)).

=) Tf 0
v

�

e0, `0(e0)
�

= ` � Tf 0
h

�

e0, `0(e0)
�

=) (Tf 0
v

� ` � Tf 0
h

)
�

`0(e0)
�

= (` � Tf 0
h

� Tf 0
v

)(e0).

By normal expansion, for ✏, U and V
f

small enough, the map (Tf 0
v

� ` � Tf 0
h

)|�? is
bijective. Consequently:

`0(e0) = (Tf 0
v

� ` � Tf 0
h

)�1
|�?(` � Tf 0

h

� Tf 0
v

)(e0).

Hence, the expression of `0 = �
f

0
x

(`) depends algebraically on `, and the coe�cients
of this algebraic expression depend continuously on f 0 and x via some trivializations.

When f 0 is equal to f and x belongs to i( eK
p

), the map

�
fx

: `0 7�! (Tf
v

� ` � Tf
h

)�1
|�?(` � Tf

h

)

is �-contracting for ` small, by normal expansion.
Thus, for U small enough, for all x 2 U \ f�1(U) and ` 2 B

P

1
f

⇤(x)
(0, ✏), the partial

derivative @
`

0�
fx

has a norm less than �. Therefore, by restricting a slice U , for V
f

small enough, the partial derivative @
`

0�
f

0
x

has a norm less than � and hence �
f

0
x

is
a �-contraction on cl(B

P

y

(0, ✏)), with y = f 0(x).

As, for x 2 i( eK
p

), the map �
fx

vanishes at 0, for U and V
f

small enough, the norm
�
f

0
x

(0) is less than

(1 � �) · ✏.
Consequently, by �-contraction, the closed ✏-ball centered at the 0-section is sent

by �
f

0 into the ✏-ball centered at 0, for all x 2 f 0�1(U) \ U and f 0 2 V
f

.

3.6.5. Proof of the lemma 3.5.7 when r = 1. — Let us begin by proving the
existence of a neighborhood V

f,i

sent by S into itself.
Following the arguments of sections 3.5.6, for V

i

and V
f

small enough, there exists
N > 0 such that the subset V

C

p

\U⇤ is included in U
N

(4). In particular, the restriction
of SN

f

0 (i0) to U⇤c does not depend on i0 but only on f 0, for (f 0, i0) in the domain of SN .
For ✏ > 0 and then V

f

small enough, the set

V f

0
✏ :=

�

i0 2 Mf

0

p

; i0 = SN

f

0 (i0(f 0)) on U⇤c; d0(i, i
0) < ✏,

and T i(T
x

L
p

|U⇤) 2 B
P

1
x

(0, ✏), 8x 2 U⇤ 

4. U

N

is the set of points x 2 V

C

p

such that there is no any ⌘

0-chain of V
C

p

which respects L
p

,

which start at x, and with length N .
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is nonempty and included in V
i

. Therefore, by the two last steps and by the equality
of S and S0 on U⇤ ⇢ V

C

p

\V�, the map S
f

0 sends V f

0
✏ into it self. Thus, the following

neighborhood of (f, i) 2 M is sent by S into itself:

V
f,i

:=
[

f

02V

f

0kN

{f 0}⇥ S�k

f

0 (V f

0
✏).

We remark that, for any f 0 2 V
f

, the restriction of d0 to V f

0
✏ is a distance,

which is equivalent to the distance defining the strong C0-topology, for which S
f

0 is
�-contracting. By restricting V

i

and V
f

, and hence V
f,i

, we may suppose that the set

F :=
[

(f 0
,i

0)2V

f,i

i0(U⇤) [ f 0 � i0(U⇤)

has its closure included in the interior of U .
Let r 2 C0(U, [0, 1]) be equal to 1 on F and with compact support in U . Let

r� : V
f

⇥ cl
�

B�0
P

1(0, ✏)
�

�! cl
�

B�0
P

1(0, ✏)
�

,

(f 0,�) 7�!
⇥

r · �
f

0 : x 7! r(x) · �
f

0
x

�

� � f 0(x)
�⇤

,

where �0P 1 is the set of the continuous sections of the bundle P 1 ! U .
For every f 0 2 V

f

, the map r�
f

0 is still �-contracting and hence has a fixed
continuous section �

f

0 , which depends continuously on f 0 2 V
f

. Thus, for every
f 0 2 V

f

, there exists a neighborhood V
f

0 of f 0 2 V
f

, such that,

k�
f

0 � �
f

00k1 < �, 8f 00 2 V
f

0 .

By uniform continuity of �
f

0 , there exists e > 0 such that

8(x, y) 2 U2, if d(x, y) < e then d
�

�
f

0(x),�
f

0(y)
�

< �.

Let N 0 > N be such that �N
0�N ✏ is less than � and e. Thus, for every f 00 2 V

f

0 ,

the diameter of r�N
0

f

00 (B(0, ✏)) is less that � and the C0-diameter of {i0 2 V
i

: (f 00, i0) 2
SN

0
(V

f,i

)} is less than e.

For N 00 > N 0 large enough, for all f 00 2 V
f

0 and ((f 00, i00), (f 00, i0)) 2 SN

00
(V

f,i

)2,
we have for every x 2 V

C

p

:

— either f 00k(i00(x)) and f 00k(i0(x)) belong to F , for all x 2 {0, . . . , N 0}, hence
T i00(T

x

L
p

) and T i0(T
x

L
p

) belong to r�N
0

f

00 (B(0, ✏));

— either i00(x) is equal to i0(x) and T i00(T
x

L
p

) and T i0(T
x

L
p

) are equal.

In the first case, d(T i00(T
x

L
p

), T i0(T
x

L
p

)) is not greater than

d
�

T i00(T
x

L
p

),�
f

00(i00(x))
�

+ d
�

�
f

00(i00(x)),�
f

0(i00(x))
�

+ d
�

�
f

0(i00(x)),�
f

0(i0(x))
�

+ d
�

�
f

0(i0(x)),�
f

00(i0(x))
�

+ d
�

�
f

00
�

i0(x)), T i00(T
x

L
p

��

=) d
�

T i00(T
x

L
p

), T i0(T
x

L
p

)
�

 5�.

The last inequality concludes the proof of conclusion 3, when r = 1.
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3.6.6. General case: r � 1. — As we deal with the Cr-topology, we shall gener-
alize the Grassmannian concept as follows:

For x 2 U , let Gr

x

be the set of the Cr-d
p

-submanifolds of M , which contain x,
quotiented by the following r-tangent equivalence relation: two such submanifolds N
and N 0 are equivalent if there exits a chart (U,�) of a neighborhood of x 2 M , which
sends N \ U onto Rd

p ⇥ {0} and sends N 0 \ U onto the graph of a map from Rd

p

into Rn�d

p , whose r-first derivatives vanish at �(x).

Notice that for r = 1, this space is the Grassmannian of d
p

-plans of T
x

M .
As we are interested in the submanifolds “close” to the embedding of the small

L
p

-plaques by i, we restrict this study to the manifolds whose tangent space at x
complements �(x)?.

The preimage of such submanifolds by the map exp
x

is a graph of some Cr-maps
` from �(x) to �(x)?.

Moreover, their r-tangent equivalence class can be identified to the Taylor polyno-
mial of ` at 0:

`(u) = T0`(u) +
1

2
T 2
0 `(u

2) + · · · + 1

r!
T r

0 `(u
r) + o

�

kukr
�

where u belongs to �(x) and the k-th derivative T k

0 ` belongs to the space
Lk

sym(�(x),�(x)?) of k-linear symmetric space from �(x)k to �(x)?. We notice

that we abused of notation by writing uk instead of (u, . . . , u).
The map `(u) :=

P

n

k=1
1
k

T k

0 `(u) is an element of the vector space

P r

x

:=
r

M

k=1

Lj

sym

�

�(x),�(x)?
�

.

Conversely, any vector ` 2 P r

x

writen in the form

` : u 2 �(x) 7�!
r

X

k=1

`
k

(uk)

is the class of the following Cr-d
p

-submanifold:

exp
��

(u + `(u)); u 2 �(x) and kuk < 1
2r

i

(x)
 �

,

where r
i

is the injectivity radius of exp.

The linear map `1 from �(x) to �(x)? will be called the linear part of `. We notice
that `1 belongs to P 1

x

.
We denote by P r the vector bundle over U , whose fiber at x is P r

x

.
By normal expansion, for U small enough and f 0 close enough to f , for any point

x 2 U sent by f 0 into some y 2 U , any ` 2 P r

y

whose linear part is small enough,
the preimage by f 0 of a representative of l is a representative of vector �

f

0
x

(`) 2 P r

x

,
which depends only on `.

There exists a canonical norm on the bundle P r over U , and hence on the con-
tinuous section �0P r. By the previous section, it is su�cient to prove the following
lemma:
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Lemma 3.6.2. — The map:

r� : V
f

⇥ cl
�

B�0
P

r (0, ✏)
�

�! cl
�

B�0
P

r (0, ✏)
�

,

(f 0,�) 7�!
⇥

r · �
f

0 : x 7! �(x) · �
f

0
x

(� � f 0(x)
⇤

has an iterate which is contracting.

We recall that r is a continuous function equal to 1 on F and with support in U .

Proof. — Let us show the contraction of �
f

0
x

for some equivalent norm. Let `0 :=
�
f

0(`). Let Jr

x

f 0 be the r-jet map of f 0 at x (see [23]).
We recall that that the r-jet Jr

x

f 0 of f at x is a vector of
r

Y

j=1

Lj

sym(T
x

M, T
f

0(x)M)

such that, if we denote by f 0
j

its component in Lj

sym(T
x

M, T
f

0(x)M), we have

exp�1
f

0(x) �f
0 � exp

x

(u) =
r

X

j=1

f
j

(uj) + o
�

kukr
�

, for u 2 �(x).

By definition of `0 := �
f

0
x

(`), for any u0 2 �(x), there exists u 2 �(f 0(x)) such that

(13) Jr

x

f 0�u0 + `0(u0)
�

=
�

u + `(u)
�

+ o
�

kukr
�

.

We recall that ⇡
v

and ⇡
h

denote the orthogonal projection of TM |U onto respec-
tively �? and �. By (13), we have

u := ⇡
h

� Jr

x

f 0�u0 + `0(u0)
�

+ o
�

ku0kr
�

,

`(u) = ⇡
v

� Jr

x

f 0�u0 + `0(u0)
�

+ o
�

ku0kr
�

.

Thus, we have

(14) ` � ⇡
h

� Jr

x

f 0�u0 + `0(u0)
�

= ⇡
v

� Jr

x

f 0�u0 + `0(u0)
�

+ o
�

ku0kr
�

.

We have

(15) Jrf 0
x

(u0 + `0(u0)) =
X

I2R

f 0
|I|

h

Y

k2I

`0
k

(u0k)
i

+ o
�

ku0kr
�

,

where R is the set
S

r

k=1{0, . . . , r}k, `00(u00) is equal to u0, and for I 2 R, |I| is the
length of I.

Let f
kv

and f
kh

be the linear maps ⇡
v

� f
k

and ⇡
h

� f
k

respectively, for every
k 2 {0, . . . , r}. It follows from equations (14) and (15) that

(16) `
⇣

X

I2R

f 0
|I|h

h

Y

k2I

`0
k

(u0k)
i⌘

=
X

I2R

f 0
|I|v

h

Y

k2I

`0
k

(u0k)
i

+ o
�

ku0kk
�

.

On the one hand, we have

(17)
X

I2R

f 0
|I|v

h

Y

k2I

`0
k

(u0k)
i

=
r

X

m=1

⇣

X

I2R, ⌃I=m

f 0
|I|v

h

Y

k2I

`0
k

(u0k)
i⌘

+ o
�

ku0kr
�
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with, for every I 2 R, ⌃I equal to
P

j2I

j plus the number of times that 0 belongs
to I. On the other, we have

`
⇣

X

I2R

f 0
|I|h

h

Y

k2I

`0
k

(u0k)
i⌘

=
r

X

a=1

`
a

⇣

X

I2R

f 0
|I|h

h

Y

k2I

`0
k

(u0k)
i⌘

a

as
⇣

X

I2R

f 0
|I|h

⇥

Y

k2I

l0
k

(u0k)
⇤

⌘

a

=
X

(I
↵

)
↵

2R

a

Y

↵

f 0
|I

↵

|h

h

Y

k2I

↵

`0
k

(u0k)
i

.

Thus, the polynomial map `
�

P

I2R

f 0
|I|h

⇥

Q

k2I

`0
k

(u0k)
⇤�

is equal to

(18)
r

X

m=1

X

(I
↵

)
↵2A

2R

⇤
P

↵

⌃I

↵

=m

`|A|

⇣

Y

↵2A

f 0
|I

↵

|h

h

Y

k2I

↵

`0
k

(u0k)
i⌘

with R⇤ :=
S

r

a=1 Ra. By identification, it follows from equations (16), (17), and (18)
that for every m 2 {1, . . . , r}

X

(I
↵

)
↵2A

2R

⇤
P

↵

⌃I

↵

=m

`|A|

⇣

Y

↵2A

f 0
|I

↵

|h

h

Y

k2I

↵

`0
k

(u0k)
i⌘

| {z }

`

0
m

only occurs for (I
↵

)
↵

=((m))

`

m

only for (I
↵

)
↵

2{{0},{1}}m

=
X

I2R

⌃I=m

f 0
|I|v

h

Y

k2I

`0
k

(u0k)
i

.

| {z }

here `0
m

only occurs for I=(m)

Thus, there exists an algebraic function � such that f 0
1v � `0m(u0m) is equal to

X

(i
↵

)M
↵=12{0,1}m

`
m

⇣

m

Y

↵=1

f 0
1h � `0

i↵

(u0i
↵)
⌘

+ `1 � f 0
1h � `0

m

(u0m) + �
�

(`
i

)
i<m

, (`0
i

)
i<m

, (f
i

)r
i=1

�

.

Since the linear par `1 of ` is small, we have

`0
m

= (f 0
1v � `1 � f 0

1h)�1
|�?

h

�
�

(`
i

)
i<m

, (`0
i

)
i<m

, (f
i

)r
i=1

�

+
X

I2{0,1}m

`
m

�
Y

k2I

f 0
1h � `

k

i

.

For x 2 i( eK
p

) and f 0 = f , we have f 0
1h|�? = 0. Thus,

X

I2{0,1}m

`
m

Y

k2I

f 0
1h � `

k

= `
m

� (f1h)m.

It follows from the r-normal expansion that the map

C : `
m

7�! (f 0
1v � `1 � f 0

1h)�1
|�? � `

m

� (f1h)m

is �-contracting, when `1 is small.
By induction, the map `0

s

is an algebraic function of only (`
k

)
ks

and (f 0
k

)
js

,
for s  m. Thus,

`0
m

= C
m

(`
m

) + �
�

(`
i

)
i<m

, (f
i

)
i

�

.
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This implies that for an equivalent norm on P r, the map �
fx

is contracting, for U
small enough and then f 0 Cr-close to f . Thus r� is contracting for an equivalent
norm. This concludes the lemma proof.

3.6.7. Proof of gluing lemma 3.5.5. — For every j > p, let us admit the following
lemma:

Lemma 3.6.3. — There exist an open neighborhood G
j

of the graph of i| cl(V
C

j

) and
a continuous map

�
j

: V
f

0 �! Morr
�

(T ⇥ M)|G
j

⇥ [0, 1], M
�

, f 0 7�!
⇥

(x, y, t) 7! �
jf

0(x, t)(y)
⇤

such that for every f 0 2 V
f

and x 2 cl(V
C

j

):

(a) for every t � 1/N , �
jf

0(x, t) is a retraction of G
jx

:= G
j

\ ({x} ⇥ M) onto

i
p+1(f 0)(L⌘

0

jx

);

(b) the map �
jf

0(x, 0) is equal to the identity of an open set of M ;

(c) the restriction of �
jf

0(x, t) to i
p+1(f 0)(L⌘

0

jx

) is the identity for every t 2 [0, 1].

Let (r
j

)
j>p

be a partition of the unity subordinate to the covering
⇣

V
C

j

\
[

p<k<j

cl(V 0
C

k

)
⌘

j

of A0
p+1. By restricting V

f

, we can define for all (x, y) in a neighborhood G of the
graph of i|V�, t 2 [0, 1], and f 0 2 V

f

, the point

�
f

0(x, y, t) := �
Nf

0
�

x, r
N

(x)
�

� · · · � �(p+1)f 0
�

x, r1(x)
�

�  
f

0(x, y, t),

with  
f

0(x, y, t) := Exp
�

t ·Exp�1
i

p+1(f 0)(x)(y)
�

and �
jf

0(x, 0)(y) = y, for all (x, y) 2 G,

t 2 [0, 1], and f 0 2 V
f

. We notice that, by (b), �
f

0 is a (T ⇥ M)|G ⇥ [0, 1]-controlled
Cr-morphism which depends continuously on f 0 2 V

f

.

Let us check properties 1), 2) and 3) of lemma 3.5.5.

1) The point  
f

0(x, y, 0) is equal to i
p+1(f 0)(x). Since i

p+1(f 0)(x) belongs obviously

to i
p+1(f 0)(L⌘

0

jx

), for each j such that V
C

j

3 x, by (c), we get 1).

2) Let (x, y) 2 G be such that x belongs to V 0
C

j

, for some j 2 {p + 1, . . . , N}.
Therefore r

k

(x) is equal to zero, for every k > j. Thus, the sum
P

p<kj

r
k

(x) is
equal to 1. Consequently, there exists k 2 {p + 1, . . . , j} such that r

k

(x) is greater
than 1/N . Therefore, by (a), the point

z := �
kf

0
�

x, r
k

(x)
�

� · · · � �1f 0
�

x, r1(x)
�

�  
f

0(x, y, t)

belongs to i
p+1(f 0)(L⌘

0

kx

).

By coherence of the tubular neighborhoods, z belongs to i
p+1(f 0)(L⌘

0

jx

), for all
m > k such that x belongs to V

C

m

.
By (c), the point �

mf

0(x, r
m

(x))(z) is z. Consequently, �
f

0(x, y, t) is equal to z

which belongs to i
p+1(f 0)(L⌘

0

jx

).

3) This last property is obvious, by definition of  and (c).
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It remains to prove lemma 3.6.3.

Proof of lemma 3.6.3. — In the beginning of section 3.5, we defined a tubular neigh-
borhood (F

jx

)
x2L

j

of L
j

. Remember that bV
C

j

is a neighborhood of cl(V
C

j

). For every

x 2 bV
C

j

, any y 2 M close to i(x) belongs to the foliation (F
jx

0)
x

02L⌘

0
jx

. Also for f 0

close to f , the submanifold i
p+1(f 0)(L⌘

0

jx

) is a transverse section to this foliation and

the leaf of y intersects i
p+1(f 0)(L⌘

0

jx

) at a unique point ⇡
j

(f 0)(y).
This defines a map ⇡

j

(f 0) : G
j

! M from a neighborhood G
j

of the graph

of i|bV
C

j

. By smoothness of the foliation (F
jx

0)
x

02L⌘

0
jx

, the map ⇡
j

(f 0)|G
j

\L⌘
0

jx

⇥M is

of class Cr. As this foliation and manifold depend continuously on x, the map ⇡
j

(f 0)
is a Cr-morphism from L

j

⇥ M |G
j

into M .
As the transverse sections depend continuously on f 0, the map f 0 7! ⇡

j

(f 0) 2
Mor(L

j

⇥ M |G
j

, M) is continuous.
The well definition and the continuity of f 0 7! ⇡

j

(f 0) 2 Mor(T ⇥ M |G
j

, M) is
proved like in 3.5.6.

Let ⇢ be a dump function equal to 0 on [1/N,1) and to 1 on R�.
Put �

jf

0(x, t)(y) = exp(⇢(t) exp�1
⇡

j

(f 0)(x,y)(y)), with exp the exponential function

associated to the Riemannian metric of M . We note that �
jf

0(x, t) satisfies the
requested properties.
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APPENDIX A

ANALYSIS ON LAMINATIONS AND ON TRELLIS

A.1. Partition of unity

A.1.1. Partition of unity on a lamination

Property A.1.1

1) Let L be a second countable locally compact metric space. There exists an
increasing sequence of compact subsets (K

n

)
n�0 whose union is equal to L and

such that, for every n � 0, the compact subset K
n

is included in the interior of
K

n+1.

2) Let (L,L) be a lamination. There exists a locally finite open covering (V
i

)
i

of
L, such that each open subset V

i

is precompact in a distinguish open subset.

Proof. — 1) By local compactness of L, for every x 2 L, we can define the supre-
mum r

x

of r 2 ]0, 1[ such that the ball B(x, r) is precompact. As L is second count-
able, there exists a family (x

i

)
i2N dense in L. Thus, for each x 2 L, there exists a

point x
i

at a distance less than 1
8r

x

from x. Therefore, the ball B(x
i

, 1
4r

x

) is included
in B(x, 1

2r
x

). As the last ball is precompact, the ball B(x
i

, 1
4r

x

) is also precompact;
this implies that r

x

i

� 1
4r

x

. We remark that x belongs to the ball B(x
i

, 1
8r

x

) which
is included in B(x

i

, 1
2r

x

i

). Thus, the family of precompact balls (B(x
i

, 1
2r

x

i

))
i

is a
covering of L.

Let K
n

:=
S

0in

cl(B(x
i

, 1
2r

x

i

)). The family of compact subsets (K
n

)
n

is in-
creasing and its union is equal to L. For every n � 0, the family (K

n

\ int(K
n+p

))
p�0

is a decreasing sequence of compact subsets whose intersection is empty:
\

p�0

K
n

\ int(K
n+p

) = K
n

\
[

p�0

int(K
n+p

) ⇢ K
n

\
[

i�0

B
�

x
i

, 1
2r

x

i

�

= ?.

Consequently, there exists p � 0 such that K
n

\ int(K
n+p

) is empty; in other words
K

n

is included in the interior of K
n+p

. Thus, by considering a subsequence of (K
n

)
n

,
we may suppose that K

n

is included in the interior of K
n+1.

2) Let (K
n

)
n

be the sequence of compact subsets given by 1). We denote by C
n

the compact subset K
n

\ int(K
n�1) (with K�1 := ?). For each n � 0 and x 2 C

n

,
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there exists rn
x

> 0 such that B(x, rn
x

) is disjoint from K
n�2, included in K

n+1 and
with (compact) closure included in a distinguish open subset of L. By compactness
of C

n

, there exists a finite family (x
i

)
i2I

n

of points of C
n

, such that (B(x
i

, rn
x

i

))
n

covers C
n

. Thus, the family (V
i

)
i

:= (B(x
i

, rn
x

i

))
n�0, i2I

n

is a locally finite covering
of L such that each open subset V

i

is included in a distinguish open subset.

Proposition A.1.2. — Let (L,L) be a Cr-lamination, for some r � 1.

1) For all ⌘ > 0 and x 2 L, there exists a nonnegative function ⇢ 2 Morr(L,R)
whose support is included in B(x, ⌘) and such that ⇢(x) is positive.

2) Given a locally finite open covering (U
i

)
i2I

of L, there exists (⇢
i

)
i

2
Morr(L,R+)I such that

P

i

⇢
i

= 1 and such that the support of ⇢
i

is in-
cluded in U

i

. We will say that (⇢
i

)
i

is a partition of unity subordinate to
(U

i

)
i

.

3) The subset of morphisms from the lamination (L,L) to R is dense in the space
of the continuous functions on L endowed with the C0-strong topology.

Proof. — 1) Let (U,�) 2 L be a chart of a neighborhood of x, which can be written
in the form

� : U �! V ⇥ T

where V is a open subset of Rd and T a metric space. We denote by �1 and �2
the coordinates of �. We can suppose that �1(x) = 0. Let ⇢1 2 C1(V,R+) be
a nonnegative function with compact support, such that ⇢1(0) is nonzero and the
preimage by � of supp(⇢1) ⇥ {�2(x)} is included into the ball B(x, ⌘).

By compactness, there exists a neighborhood ⌧ of �2(x) in T such that the preimage
by � of supp(⇢1)⇥⌧ is included in the ball B(x, ⌘). Let ⇢2 be a nonnegative continuous
function on T , with support in ⌧ and nonzero at �2(x). We define then

⇢ : y 7�!
⇢

⇢1 � �1(y) · ⇢2 � �2(y) if y 2 U,

0 otherwise.

We note that the function ⇢ satisfies the requested properties.

2) Let us begin by admitting this statement when I is finite. Let (K
n

)
n

be a
sequence of compact subsets of L, given by property A.1.1.1. Let K�1 := K�2 := ?.
Thus, for each n � 0, there exists a function r

n

2 Morr(L, [0, 1]) equal to 1 on
K

n

\K
n�1 and 0 on K

n�2[Kc

n+1. Let (U
i

)
i2I

n

be a finite subcovering of the covering
(U

i

)
i2I

of K
n+1 \ K

n�2. Thus, there exists (⇢n
i

)
i2I

n

a partition of unity subordinate
to the open covering (U

i

)
i2I

n

of
S

i2I

n

U
i

. Let

⇢
i

:=

P

{n: I
n

3i} r
n

· ⇢n
i

P

n

r
n

2 Morr(L,R+),

whose support is in U
i

and satisfies

X

i

⇢
i

=

P

n

r
n

P

i2I

n

⇢n
i

P

n

r
n

=

P

n

r
n

P

n

r
n

= 1.
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Consequently (⇢
i

)
i

is a partition of unity subordinate to (U
i

)
i

. It is now su�cient to
prove the existence of a partition of unity when I is finite.

Let us show, by induction on the cardinality of I, that it is su�cient to prove this
proposition when the cardinality of I is equal to 2. If the cardinality of I is k +1 > 2,
by the induction hypothesis, there exists a partition of unity (r0, rk+1) subordinate
to (

S

jk

U
j

, U
k+1) and a partition of unity (r

j

)k
j=1 subordinate to (U

j

)k
j=1 on the

restriction of L to
S

jk

U
j

. Then we note that ((r0 · r
j

)k
j=1, rk+1) is a partition of

unity subordinate to (U
j

)k+1
j=1 .

We now suppose that the covering (U
j

)
j

is constituted by only two subsets U1

and U2. Let us define two close subsets F1 and F2 included in respectively U1 and U2

such that the union of F1 with F2 is equal to L.
If, for example, U1 is equal to L, we choose F1 := L and F2 := ?. If neither U1

neither U2 is equal to L, we define

F1 :=
�

x 2 L; d(x, U c

1 ) � d(x, U c

2 )
 

,

F2 :=
�

x 2 L; d(x, U c

1 )  d(x, U c

2 )
 

.

Obviously, these two subsets cover L. Suppose, for the sake of contradiction, that F2

is not included in U2. Thus, there exists a point x which belongs to U c

2 \ F2 and so
satisfies

d(x, U c

1 )  d(x, U c

2 ) = 0.

Consequently x belongs to the intersection of U c

1 with U c

2 which is empty, this is a
contradiction. In the same way, we prove that F1 is included in U1.

Let us now construct two nonnegative functions r1 2 Morr(L,R) and r2 2
Morr(L,R) which are nonzero at all points of respectively F1 and F2, and have their
support included in respectively U1 and U2.

The following functions will then satisfy statement 2):

⇢1 :=
r1

r1 + r2
and ⇢2 :=

r2
r1 + r2

·

Let us construct r1 for example.
It follows from property A.1.1, that there exists an increasing sequence of compact

subsets (K
n

)
n

whose union is equal to L, and such that for any n � 0, the interior of
K

n+1 contains K
n

. Let C
n

:= K
n

\ int(K
n�1), with K�1 = ?. Let D

n

:= C
n

\ F1.
For every x 2 D

n

, there exists ⌘n
x

> 0 such that the ball B(x, ⌘n
x

) does not intersect
K

n�2 and is included in K
n+1\U1. Let ⇢n

x

be the function given by the first statement
of this proposition with ⌘ = ⌘n

x

. We denote by Un

x

the subset of points at which this
function is nonzero. We note that the family of open subsets (Un

x

)
x2D

n

is a covering
of the compact subset D

n

. Hence, there exists a finite subcovering (Un

x

i

)
i2I

n

. We
remark that the family (Un

x

i

){n�0, i2I

n

} is a locally finite covering of F1 and of union
included in U1. Thus, the following function is appropriate:

r1 :=
X

n�0, i2I

n

⇢n
x

i

.
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3) Let f 2 C0(L,R) and ✏ > 0. Let us construct a function f 0 2 Morr(L,R)
satisfying

sup
x2L

�

�f(x) � f 0(x)
�

�  ✏.

Let (U
i

)
i

be a locally finite covering of L by precompact distinguish open subsets.
For each i, let �

i

: U
i

! Rd ⇥ T
i

be a chart. We denote by �
i1 and �

i2 its
coordinates. Let (⇢

i

)
i

2 Morr(L,R)N be a partition of unity subordinate to (U
i

)
i

.
Let W

i

:= U
i

\ ⇢�1({0}) which is precompact in U
i

.
Let r 2 C1(Rd,R+) be a function whose support is included in the unity ball and

whose integral is equal to 1.
For each i, let ✏

i

> 0 small such that the following function is well defined:

f
i

: W
i

�! R, x 7�! 1

✏d
i

Z

B(0,✏
i

)
f
�

��1
i

�

�
i1(x) + y,�

i2(x)
��

· r
⇣ y

✏
i

⌘

dy

and satisfies sup
W

i

|f
i

� f | < ✏.

From the classical properties of convolutions, the following function satisfies all the
required properties:

x 7�!
X

{i; x2U

i

}

⇢
i

(x) · f
i

(x).
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A.1.2. Partition of unity controlled on a stratification of laminations

Proposition A.1.3. — Let (A,⌃) be a stratified space endowed with a Cr-trellis
structure T , with r � 1.

1) For all ⌘ > 0 and x 2 A, there exists a nonnegative function ⇢ 2 Morr(T ,R)
whose support is included in B(x, ⌘) and such that ⇢(x) is positive.

2) For any ⌘ > 0 and any function ⇢0 continuous on A, there exists a Cr-T -
controlled function ⇢ on A such that

sup
x2A

�

�⇢(x) � ⇢0(x)
�

�  ⌘.

3) Given an open covering (U
i

)
i2I

of A, there exists (⇢
i

)
i

2 Morr(T ,R+)I such
that the support of ⇢

i

is included in U
i

and
P

i

⇢
i

= 1. We say that (⇢
i

)
i

is a
partition of unity subordinate to (U

i

)
i

.

Proof. — Let us show statement 1) and 2) in the same times. We will replace all
the propositions about the sign of the constructed functions by, respectively, the
propositions about the distance to ⇢0 of the constructed functions.

We denote by (X
p

)
p

and (L
p

,L
p

)
p

the laminations forming from ⌃ and T , by
property 1.3.20. We are going to construct, by induction on k � 0, a continuous
function ⇢

k

on A such that:

— for j  k, ⇢
k

|L
j

is a morphism from L
j

to R;

— for j  k, the restriction to X
j

of ⇢
k

is equal to the one of ⇢
j

;

— ⇢
k

is nonzero at x, nonnegative on A and with support included in
B(x, (1 � 2�k�1) · ⌘) (resp. sup

A

|⇢
k

� ⇢|  (1 � 2�k�1) · ⌘).
For the step k = 0, we simply choose a continuous function ⇢0 on A, nonnegative,

with support included in B(x, 1
2⌘) and such that ⇢0(x) > 0 (resp. for the step k = 0,

we chose the function ⇢0 given in the hypotheses).
We suppose the induction hypothesis satisfied for k � 0. By property A.1.1, there

exists a locally finite open covering (W
i

)
i

of L
k+1, such that each open subset W

i

is
precompact in a distinguish open subsets of L

k+1. By splitting each of these open
subsets into smaller, we may also suppose that the diameter of W

i

is less than the
distance from W

i

to the complement of L
k+1.

For each j  k+1, we fix a Riemannian metric on (L
j

,L
j

). For any open subset W
in L

j

and � 2 Morr(L
j

|W,R), we define

k�kMorr(L
j

|W,R) := sup
x2W

⇣

r

X

s=1

k@s
T

x

L
j

�k
⌘

,

where the s-linear norm k . k is subordinated to the induced norm by the Riemannian
metric on T

x

L
j

and to the Euclidean norm on R.
We chose then a partition of unity (�

i

)
i

2 Morr(L
k+1,R+)N subordinate to (W

i

)
i

.
For each i, we define

✏
i

:=
⌘

2k+2+i

· min

✓

1,
diam(W

i

)

k�
i

kMorr(L
k+1|W

i

,R)
, diam(W

i

)

◆

> 0.
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For each i, we apply the following lemma shown at the end:

Lemma A.1.4. — There exists a function ⇢0
i

2 Morr(L
k+1|Wi

,R) such that:

1) If the closure W
i

is included in L
j

, for any j  k, we have then

||⇢
k

|W
i

� ⇢0
i

||Morr(L
j

|W
i

,R) < ✏
i

And, in the case of the first statement, we have moreover

2) the support of ⇢0
i

is included in the ✏
i

-neighborhood of the support of ⇢
k

|W
i

;

3) the function ⇢0
i

is nonnegative, and if W
i

contains x, then ⇢0
i

(x) is positive.

Let

⇢
k+1 : y 7�!

n

P

i

�
i

(y) · ⇢0
i

(y) if y 2 L
k+1,

⇢
k

(y) otherwise.

In the first statement case, ⇢
k+1 is a nonnegative function which is positive at x. As

for each i the support of ⇢0
i

is included in the ⌘

2k+2 -neighborhood of ⇢
k

, the support
of ⇢

k+1 is included in the ⌘

2k+2 -neighborhood of the support of ⇢
k

, so in B(x, (1 �
2�k�2) · ⌘).

In the second statement case, for y 2 L
k+1, the number |⇢

k+1(y) � ⇢(y)| is less
than
�

�⇢
k

(y) � ⇢(y)
�

�+
�

�⇢
k

(y) � ⇢
k+1(y)

�

�  (1 � 2�k�1)⌘ +
X

i

�
i

(y) · ✏
i

 (1 � 2�k�2) · ⌘

and for y 2 Lc

k+1, the number |⇢
k+1(y) � ⇢(y)| is equal to |⇢

k

(y) � ⇢(y)| which is less
than (1 � 2�k�2) · ⌘.

Now, let us show that, for j  k + 1, the function ⇢
k+1|Lj

is a Cr-morphism
from L

j

to R.
By local finiteness of the covering (W

i

)
i

, the map ⇢
k+1|Lk+1 belongs to

Morr(L
k+1,R). Thus, for j  k, the function ⇢

k+1|Lk+1 \ L
j

belongs
to Morr(L

j

|L
k+1 \ L

j

,R). Moreover, for y 2 L
k+1,

�

�⇢
k

(y) � ⇢
k+1(y)

�

� 
X

i

�
i

(y) ·
�

�⇢0
i

(y) � ⇢
k

(y)
�

� 
X

i; x2W

i

✏
i


X

i; x2W

i

⌘ · diam W
i

2i+2
,

(19) =) |⇢
k

(y) � ⇢
k+1(y)|  ⌘ · d(y, Lc

k+1).

Hence, the function ⇢
k+1 is continuous.

For any i  k and x0 2 L
i

\ L
k+1, there exists r > 0 such that the ball B(x0, r)

is included in L
i

. If any W
j

intersects B(x0,
1
2r), then the closure of W

j

is contained
in L

i

. Thus, for every y 2 B(x0,
1
2r) \ W

j

, the number k@
TL

i

(⇢
k

� ⇢
k+1)(y)k is less

than
X

{j; W
j

3y}

s

X

k=0

Ck

s

�

�@s�k

TL
i

�
j

(y) · @k
TL

i

(⇢0
j

(y) � ⇢
k

(y))
�

�

| {z }

 ⌘

2k+2+j

diamW

j

.
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As diam W
j

 d(y, x0), we have

(20)
�

�@
TL

i

(⇢
k

� ⇢
k+1)(y)

�

�  ⌘
s

X

k=0

Ck

s

· d(y, x0).

From equations (19) and (20), the restriction ⇢
k+1|Li

is a Cr-morphism from L
i

into R, for each i  k.
As ⌃ is locally finite, the family (L

k

)
k

is also locally finite. Thus, the sequence
(⇢

k

)
k

is locally eventually constant. Let ⇢ be the limit of (⇢
k

)
k

. Therefore, this
sequence satisfies, for any k � 0, that ⇢|L

k

belongs to Morr(L
k

,R). Hence, for all
X 2 ⌃, the restriction of ⇢ to L

X

is a Cr-morphism from L
X

to R. Consequently, ⇢ is
a T -controlled Cr-morphism. Moreover, the first (resp. second) statement is checked.

3) We do exactly the same proof as for proposition A.1.2.2, by replacing ‘L’ by ‘A’
and ‘Morr(L,R)’ by ‘Morr(T ,R)’.

Proof of lemma A.1.4. — Let (U,�) be a chart of L
k+1 such that the closure of W

i

is
included in U . Let d

k+1 be the dimension of L
k+1, let V be an open subset of Rd

k+1

and let ⌧ be a locally compact metric space, such that

� : U�!V ⇥ ⌧, x 7�!
�

�1(x),�2(x)
�

.

Let r 2 C1(Rd

k+1 ,R+) be a function with support included in the unity ball,
nonnegative on this ball and with integral on Rd

k+1 equal to 1. For any x0 2 W
i

,
let

⇢0
i

(x0) =
1

µd

k+1
·
Z

y2B(0,µ)
⇢(z) · r

⇣ y

µ

⌘

dy,

with z := ��1
�

�1(x0)� y,�2(x0)
�

and µ > 0 small enough for � to be well defined. It
follows from the classical properties of convolutions that the function ⇢0

i

is a morphism
from L

k+1|Wi

to R.
Let us prove 1). For this end, we now assume that x0 belongs to W

i

⇢ cl(W
i

) ⇢ L
j

.
By taking µ small enough, the point z (defined above) always belongs to L

i

.

=) @s
T

x

0L
i

⇢0
i

=
1

µd

k+1
·
Z

y2B(0,µ)
@s
T

z

L
i

(⇢ � z) · r
⇣ y

µ

⌘

dy, 8s 2 {1, . . . , r}.

As, for µ > 0 small and y 2 B(0, µ), the map x 7! z is Cr-close to the identity, the
function x 7! ⇢ � z is Cr-close to ⇢. Therefore, by taking µ su�ciently small, we have

�

�⇢|W � ⇢0
i

�

�

Morr(L
i

|W ),R) < ✏
i

.

In the first assertion case, for µ small enough, conclusions 2) and 3) are then
clear.

A.2. Density of smooth liftings of a smooth map

Throughout this section, we denote by G and M two Riemannian manifolds and
p : G ! M a C1-bundle.

Given a family of numbers (r
k

)n
k=1 2 [0, 1]n and given a family of points (m

k

)n
k=1

of a same fiber G
x

of G and next to each other, using the Riemannian metric we may
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define [17] the centroid cent{(m
k

)n
k=1, (rk)

n

k=1} 2 G
x

of the family of points (m
k

)n
k=1

weighted by the masses (r
k

)n
k=1 respectively. This centroid is a C1-map from the

product of the product bundle Gn over M , with [0, 1]n, to G. The centroid does
not depend on the indexation in {1, . . . , n}. Finally, if we add some points with zero
masses, the centroid remains the same.

A.2.1. Density of smooth liftings of a morphism of a lamination. — Let
(L,L) be a lamination and let i be a morphism from (L,L) to M .

Proposition A.2.1. — The subset of liftings of i in G which are Cr-morphisms
from (L,L) to G is dense in the space of the continuous liftings of i endowed with the
strong C0-topology.

Proof. — Let N be a continuous lifting of i and let ✏ be a positive number. Let us
show the existence of a lifting N 0 2 Morr(L, G) of i such that

sup
x2L

d
�

N(x), N 0(x)
�

 ✏.

By property A.1.1, we may construct a locally finite covering (U
k

)
k

of L, such
that for each k, N(U

k

) is included into a precompact distinguish open subset V
k

of
the bundle G. This means that there exists a trivialization �

k

of class C1 from V
k

onto p(V
k

) ⇥ Rd:
�
k

: V
k

⇠�! p(V
k

) ⇥ G
x

k

,

with x
k

2 p(V
k

).
As N is a lifting of i, for each k, there exists a continuous map F

k

from U
k

into G
x

k

,
such that

�
k

� N |U
k

: U
k

�! p(U
k

) ⇥ G
x

k

, x 7�!
�

i(x), F
k

(x)
�

.

By proposition A.1.2.2, there exists a partition of unity (⇢
k

)
k

subordinate to (U
k

)
k

and formed by functions in Morr(L, [0, 1]).
Thus, by proposition A.1.2 3), there exists for each k, a morphism F 0

k

2
Morr(L|U

k

,Rd) close enough to F |U
k

such that:

— the following morphism of laminations is well defined:

N 0 : L ! G, x 7�! cent
�

(F 0
k

(x)){k; x2U

k

}, (⇢k(x)){k; x2U

k

}
 

;

— for each x 2 L,
d
�

N 0(x), N(x)
�

 ✏.

Finally, we note that N 0 is a lifting of i.

A.2.2. Density of smooth controlled liftings of a controlled morphism. —
Let (A,⌃) be a stratified space endowed with a trellis structure T and let i be a
T -controlled morphism into M .

Proposition A.2.2. — The subset of Cr-liftings of i into F which are T -controlled
is dense in the space of continuous liftings of i endowed with the strong C0-topology.

Proof. — We do exactly the same proof as in proposition A.2.1, by replacing ‘L’
by ‘A’, ‘L’ by ‘T ’, and proposition A.1.2 by proposition A.1.3.
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APPENDIX B

ADAPTED METRIC

In this chapter we prove the following proposition and property stated in section
2.1.3.1, where some notations used below are defined.

Proposition 2.1.8. — Let r � 1. Let (L,L) be a lamination immersed by i into a
Riemannian manifold (M, g). Let f 2 End(M), i 2 Im(L, M), and f⇤ 2 End(L). If f
r-normally expands the immersed lamination L over f⇤, for every compact subset K
of L stable by f⇤ (f⇤(K) ⇢ K), there exist a Riemannian metric g0 on M and �0 < 1
such that for the metric i⇤g on TL and the norm induced by g0 on i⇤TM , it holds for
every v 2 (i⇤TM/TL)|K \ {0}:

max
�

1, kT
⇡(v)f

⇤kr
�

· kvk < �0 ·
�

�[i⇤Tf ](v)
�

�.

Property 2.1.9. — Let (L,L) be a lamination immersed by i into a manifold M .
Let f 2 End1(M) which r-normally expands (L,L) over f⇤ 2 End1(L), for some
r � 1. Let K be a compact subset of L sent into itself by f⇤. Then there exist � > 1,
a Riemannian metric on M adapted to the r-normal expansion of L over K and a
(open) cone field C on i(K) such that, for every x 2 i(K):

1) T
x

L? is a maximal subspace of T
x

M contained in C
x

;

2) Tf(cl(C(x))) is included in C(f(x)) [ {0};
3) kTf(u)k > � · kuk for every u 2 C(x).

Proof of proposition 2.1.8. — The existence of an adapted metric when f is a dif-
feomorphism has been proved recently by Nikolaz Gourmelon [13]. In the following
proof, we adapt some of his ideas.

Let B the compact set i(K) of M and let F be the vector bundle TM |B ! B.
Let F 0 be the vector bundle over B whose fiber at y 2 B is T i(T

x

L) if x is sent by i
to y. By property 2.1.6, F 0 is a well defined continuous vector bundle even if i|K is
not injective. We endow F with the norm induced by the Riemannian metric of M .

We denote by T the restriction of Tf to the bundle F , which is a morphism of this
bundle over f . As T preserves the subbundle F 0, this morphism defines a morphism,
denoted by [T ], on the quotient bundle F/F 0 over B.
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For x 2 B and n � 0, we define

m
�

[T ]n(x)
�

:= min
u2(F/F

0)
x

kuk=1

�

�

�[T ]n(u)
�

�

�

.

By r-normal expansion and compactness of B, there exist N > 0 and a < 1 such
that for every x 2 B,

max
�

1, kTN |F 0
x

kr
�

< a2N · m
�

[T ]N (x)
�

.

Therefore, there exists a function r on B, continuous and greater than 1, such that
for every x 2 B

1

a
N

q

�

�TN |F 0
x

�

�

r

< r(x) < a · N

q

m
�

[T ]N (x)
�

We denote by R
n

the continuous function on B defined by

R
n

:= x 7�!
n

Y

i=0

r
�

f i(x)
�

.

We use now the following lemma proved at the end:

Lemma B.0.3. — There exists c > 0 such that, for all x 2 B and n � 0, we have

kTn|F 0
x

k
r

p

R
n

(x)
 c · an and

m([T ]n(x))

R
n

(x)
� c�1 · a�n.

So there exists M � 0 such that, for every x 2 B, m([T ]M+1(x))/R
M+1(x) is

greater than 1/r(x). For every (x, u) 2 F , let u1 be the orthogonal projection of u
onto F 0

x

and let u2 be the equivalence class of u � u1 in (F/F 0)
x

. By lemma B.0.3,
the following Euclidean norm is well defined and depends continuously on (x, u):

k(x, u)k0 2 :=
1
X

n=0

kTn(x, u1)k2

R
n

(x)
2
r

+
M

X

n=0

k[T ]n(x, u2)k2

R
n

(x)2
·

We remark that we have

kT (x, u1)k0 2 =
1
X

n=0

kTn+1(x, u1)k2

R
n

(f(x))
2
r

= r(x)
2
r ·

1
X

n=1

kTn(x, u1)k2

R
n

(x)
2
r

 r(x)
2
r ·

�

�(x, u1)
�

�

0
.

Hence, the norm induced by k . k0 of T |F 0
x

is less than r

p

r(x).
If u2 2 (F/F 0)

x

is nonzero, we have

�

�[T ](x, u2)
�

�

0 2
=

M

X

n=0

k[T ]n+1(x, u2)k2

R
n

(f(x))2
= r(x)2 ·

M+1
X

n=1

k[T ]n(x, u2)k2

R
n

(x)2

= r2(x) ·
✓

k(x, u2)k0 2 +
k[T ]M+1(x, u2)k2

R
M+1(x)2

� k(x, u2)k2

r(x)2

◆

> r2(x) ·
�

�(x, u2)
�

�

0 2
.
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Therefore, the real number k[T ](x)�1k0�1 is greater than r(x) > 1.

It follows from the two last conclusions that for every x 2 B,
�

�[T ](x)�1
�

�

0 · max
�

1,
�

�T |F 0
x

�

�

0r�
< 1.

By compactness of B, there exists an upper bound �0 < 1 such that for x 2 B, we
have

�

�[T ](x)�1
�

�

0
. max

�

1,
�

�T |F 0
x

�

�

0r�
< �0.

We extend the Euclidean norm k . k0 on F = TM |B to a continuous Riemannian
metric g00 on TM . We chose then a C1-Riemannian metric g0 on M , close enough
to g00 to have, with the norm induced by g0 on i⇤TM :

8v 2 (i⇤TM/TL)|K \ {0}, max
�

1, kT
⇡(v)f

⇤kr
�

· kvk < �0 ·
�

�[i⇤Tf ](v)
�

�.

Proof of lemma B.0.3. — Let

C := max
x2B

�

kT |F 0
x

k, k[T ](x)�1k, r(x)
�

> 1 and c := C4N · a�2N .

For every n 2 N, let q 2 N and p 2 {0, . . . , N � 1} be such that n = q · N + p.
For x 2 B, we have

R
n

(x) =
N�1
Y

i=0

q�1
Y

j=0

r
�

f i+jN (x)
�

·
p

Y

k=0

r
�

fqN+k(x)
�

.

The first inequality of this lemma, when q � 2, is obtained by the following calculus:

r

p

R
n

(x) �
N�1
Y

i=0

q�2
Y

j=0

N

q

kTN |F 0
f

i+jN (x)k

a
�

N�1
Y

i=0

N

q

kTN(q�1)|F 0
f

i(x)k

aq�1

) r

p

R
n

(x) �
N�1
Y

i=0

N

q

�

�Tn|F 0
x

�

�

aq�1 · C2
� C�2N · a2N kTn|F 0

x

k
an

� c�1 · kT
n|F 0

x

k
an

·

If q  1, then n < 2N and r

p

R
n

(x) � 1 � c�1
�

�Tn|F 0
x

�

�/an.
The second inequality of this lemma, when q � 2, is obtained by the following

calculus:

R
n

(x) 
N�1
Y

i=0

q�2
Y

j=0

⇣

a · N

q

m
�

[T ]N (f i+jN (x))
�

⌘

· CN+p

=) R
n

(x) 
N�1
Y

i=0

⇣

aq�1 · N

q

m
�

[T ]N(q�1)(f i(x))
�

⌘

· C2N

=) R
n

(x) 
N�1
Y

i=0

⇣

aq · C2 · N

q

m
�

[T ]n(x)
�

⌘

· a�N · C2N  c · an · m
�

[T ]n(x)
�

.

If q  1, then n < 2N and R
n

(x)  C2N  c · an · m([T ]n(x)).
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Proof of property 2.1.9. — We endow M with an adapted Riemannian metric to the
normal expansion of f on K. Let x 2 i(K), let u 2 T

y

L be a unitary vector and
let v 2 T

y

L? be small. Then we have

tan\
�

T
x

f(u + v), T
f(x)L?� =

kp? � T
x

f(v)k
kp

T

� T
x

f(v) + T
x

f(u)k
,

where p
T

and p? are respectively the orthogonal projection of T
x

M onto T
x

L
and T

x

L? respectively. We have,

kp
T

� T
x

f(v) + T
x

f(u)k
kp? � T

x

f(v)k � kT
x

f(u)k
kp? � T

x

f(v)k � C

with C = sup kp
T

T
x

f(v)k/kp?T
x

f(v)k. Thus, by 1-normal expansion

tan\
�

T
x

f(u + v), T
f(x)L?� � ��1 · kukkvk � C =

tan\(u + v, T
x

L?)

�
� C.

Thus, for ✏ > 0 small enough, properties 1) and 2) are satisfied by the following cone
field:

C
x

:=
�

(u + v) 2 TM : u 2 TL, v 2 TL? and kvk > ✏kuk
 

.

Let ⌘ > 0 and let g0 be the following inner product on TM |i(K):

g0 := ⌘ · g|TL + g|TL?.

For every w 2 C(x), we have

g0(w) = ⌘ · g(u) + g(v),

where u 2 T
x

L and v 2 T
x

L? satisfy w = u + v.
By normal expansion, we have the existence of �0 > 1 which does not depend on x,

such that

g0(Tf(w)) = ⌘ · g
�

p
T

� Tf(v) + Tf(u)
�

+ g
�

p? � Tf(v)
�

� �0 2g(v).

As ✏ · kuk < kvk, we have

g0(Tf(w)) � (�0 2 � ⌘/✏2)g(v) + ⌘ · g(u).

Thus, for ⌘ > 0 su�ciently small, (�02 � ⌘/✏2) is greater than 1 and we get conclu-
sion 3). We can extend g0 to a Riemannian metric on M . We notice that g0 is as
much adapted as g to the Cr-normal expansion.
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APPENDIX C

PLAQUE-EXPANSIVENESS

The definition of the plaque-expansiveness in the di↵eomorphism context and the
endomorphism context are di↵erent and recalled in section 2.1.3.3.

The plaque-expansiveness is satisfied in all the known examples of compact lam-
ination normally expanded or hyperbolic. Nevertheless, we do not know if every
compact lamination, normally expanded or hyperbolic are plaque-expansive. More-
over, we do not know if this hypothesis is necessary for a lamination to be persistent
(as an embedded lamination).

C.1. Plaque-expansiveness in the di↵eomorphism context

In the di↵eomorphism context, up to our knowledge there exist essentially two
results, both were proved in [15]. In order to state the first result, let us recall that
a lamination (L,L) embedded into a manifold is locally a saturated subset of a C1-
foliation if for every x 2 L there exists a C1-foliation F , on a neighborhood U of x,
such that L|U \ L is equal to F|U \ L.

Property C.1.1 (Hirsch-Pugh-Shub). — Let (L,L) be a compact lamination em-
bedded into a manifold M . Let f be a di↵eomorphism normally hyperbolic to this
lamination. Then f is plaque-expansive if (L,L) is locally a saturated subset of a
C1-foliation.

The second result was generalized in [29] and require the definition of the Lyapunov
stability :

Definition C.1.2. — Let f be a di↵eomorphism of a manifold M preserving a
compact lamination (L,L) embedded into M . The di↵eomorphism f is Lyapunov
stable along L if for every small ✏ > 0, there exists � > 0 such that, for all x 2 L
and n � 0, the plaque (1) fn(L�

x

) is included in L✏
f

n(x).

1. Recall that we denote by L�

x

the union of the plaques whose diameter is less than � and which

contains x.
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We remark that if the restriction of f to the leaves of L is an isometry then f is
Lyapunov stable along L.

Proposition C.1.3 (Rodriguez Hertz-Ures). — Let (L,L) be a compact lamination
embedded into a manifold M . Let f be a di↵eomorphism of M which preserves (L,L).

— If f is Lyapunov stable along L and normally expands this lamination, then f
is plaque-expansive.

— If f is normally hyperbolic on this lamination and if f and f�1 are Lyapunov
stable along L, then f is plaque-expansive.

C.2. Plaque-expansiveness in the endomorphism context

In the endomorphism context, we have generalized a little bit the above result:

Proposition C.2.1. — Under the hypotheses of theorem 2.1.10, we suppose more-
over that the lamination (L,L) is embedded. Let L0 := L|L0. We suppose that there
exist A > 0 and � > 0 such that, for every x 2 L0, the subset L0A

x

is precompact in the
leaf of x, and we have for any n � 0

fn(L0�
x

) ⇢ L0A
f

n(x).

Then f is plaque-expansive at (L0,L0).

Proof. — This proof uses several ideas from [29], in particular the one where we
consider the forward iterates of pseudo-orbits.

As L0 is precompact, we may suppose that the metric of M satisfies property 2.1.9
for the compact subset K = cl(L0). We denote by exp the exponential map associated
to this metric. Thus, there exists a cone field over L0 in TM |L0 such that, for
each x 2 L0, T

x

L? is a maximal vector subspace included in C(x) and satisfies
moreover: there exist a small ✏0 > 0 and � > 1 such that, for all x 2 L0 and u 2 C(x)
with norm less than ✏0, we have

(21) v := exp�1
f(x) �f � exp

x

(u) 2 C
�

f(x)
�

and kvk � �kuk.

By precompactness, for ✏0 > 0 su�ciently small, there exists ⌘ > 0 such that for every
(x, y) 2 L02 satisfying y = exp

x

(u), with u 2 C(x) of norm in [✏0/ sup
L

0 kTfk, ✏0],
we have

(22) d(L0A
x

,L0A
y

) > ⌘.

Let p 2 N such that �p · ⌘ > ✏0. We can also suppose that � is less than
✏0/sup

L

0 kTfkp.

Fact C.2.2. — There exists a small ✏ 2 ]0, ✏0[ such that, for every pair of ✏-pseudo-
orbits (x

n

)
n

and (y
n

)
n

which respect L0 and satisfy

d(x
n

, y
n

) < ✏ and y
n

/2 L0✏
x

n

, 8n � 0,

there exists a sequence (z
n

)
n

2 L0N such that, for every n � 0, z
n

belongs to the
intersection of exp

x

n

(B
C(x

n

)(0, �)) with a small plaque containing y
n

(but not x
n

).
For ✏ > 0 small enough, fp(z

n

) belongs to L0�
z

n+p

and fp(x
n

) belongs to L0�
x

n+p

.
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We have proved this proposition if there do not exist such pseudo-orbits (x
n

)
n

and (y
n

)
n

. We suppose, for the sake of contradiction, that there exist such se-
quences (x

n

)
n

and (y
n

)
n

, and so (z
n

)
n

.
The fact C.2.2 implies that, for all k � 0 and j � 0, the sequences (fk(x

pn+j

))
n

and (fk(z
pn+j

))
n

are A-pseudo-orbits of fp which respect L0.
For k � 0, let M

k

:= sup
n

d(fk(x
n

), fk(z
n

)). The number M0 belongs to
]0, ✏0/ sup

L

0 kTfkp[. Moreover, if M
j

< ✏0 for every j  k, by (21) and the fact C.2.2,
the number M

k+1 belongs to [�M
k

, sup
L

0 kTfkM
k

]. Thus, there exists k0 � 0 such
that M

k0+p

belongs to ]✏0/ sup
L

0 kTfk, ✏0] and M
j

is less than ✏0 for j  k0 + p.
Hence, there exists n0 � 0 such that

d
�

fk0+p(x
n0), f

k0+p(z
n0)

�

2
h ✏0
sup

L

0 kTfk , ✏0

i

.

Therefore, by (22), we have

d
�

fk0(x
n0+p

), fk0(z
n0+p

)
�

> ⌘.

Consequently, as �p⌘ is greater than ✏0, we have

d
�

fk0+p(x
n0+p

), fk0+p(z
n0+p

)
�

> ✏0

This contradicts M
k0+p

 ✏0.

Remark C.2.3. — Under the hypotheses of theorem 2.1.10, if the leaves of L are
the connected components of the fibers of a bundle, then f⇤ is plaque-expansive at L0,
by proposition C.2.1.

The following is equivalent, in the endomorphism context, to property C.1.1:

Property C.2.4. — Under the hypotheses of theorem 2.1.10, we suppose moreover
that (L,L) is embedded. We denote by L0 the lamination L|L0. If L is locally a
saturated subset of a C1-foliation, then f is plaque-expansive at (L0,L0).

Proof. — We suppose that M is endowed with a metric which satisfies property 2.1.9
for the compact subset K = cl(L0). We denote by exp the exponential map associated
to this metric. Thus, there exists a cone field C on L0 in TM |L0 such that, for
each x 2 L0, T

x

L? is a maximal vector subspace included in C(x) and which satisfies
moreover: there exist ✏0 > 0 and � > 1 such that, for all x 2 L0 and u 2 C(x) with
norm less than ✏0, we have

(23) v := exp�1
f(x) �f � exp

x

(u) 2 C
�

f(x)
�

and kvk � �kuk.

Moreover, for ✏0 small enough, by the C1-foliation hypothesis, there exists a number
C > 0 such that, for all (x, y) 2 L02, if y belongs to exp(C(x) \ B

T

x

M

(0, ✏0)), the
distance d(L✏0

x

,L✏0
y

) is greater than Cd(x, y). Let p � 0 such that C�p > 2. Then
there exists ✏1 2]0, ✏0[ small enough such that for every ✏1-pseudo-orbit (x

n

)
n

which
respects L0, the sequence (x

np

)
n

is an ✏0-pseudo-orbit of fp which respects L0.
There exists ✏ 2 ]0, ✏1[ such that, for every pair ((x

n

)
n

, (y
n

)
n

) of ✏-pseudo-orbits
of f , which respects L0 and satisfies

d(x
n

, y
n

) < ✏, 8n � 0,
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there exists z
n

2 L02✏
y

n

such that z
n

belongs to exp(C(x
n

) \ B(0
x

n

, ✏0)), the distance
d(z

n

, x
n

) is less than ✏1 and (z
n

)
n

is an ✏1-pseudo-orbit of f⇤ which respects L0.
Consequently, the sequences (z

pn

)
n

and (x
pn

)
n

are ✏0-pseudo-orbits of fp which
respect the plaques of L0, such that z

pn

belongs to exp(C(x
pn

) \ B(0
x

pn

, ✏0)) and
such that the distance d(z

pn

, x
pn

) is less than ✏0.
Thus, the distance d(fp(z

pn

), fp(x
pn

)) is greater than �pd(z
pn

, x
pn

). Moreover,
the distance d(fp(z

pn

), fp(x
pn

)) is less than d(z
p(n+1), xp(n+1))/C. Therefore, the

distance d(z
p(n+1), xp(n+1)) is twice greater than d(z

pn

, x
pn

). We conclude that
d(z

pn

, x
pn

) is greater than 2nd(z0, x0) and less than ✏0, this implies the equality of x0

and z0. Thus, x0 belongs to L0 2✏
y0

.

Remark C.2.5. — Under the hypotheses of theorem 2.2.11, if for each stratum
X 2 ⌃|A0 the hypotheses of the proposition or the above property are satisfied on a
precompact subset L0 of X, such that

(24)

⇢

f⇤� cl(L0)
�

⇢ L0, cl(L0) ⇢ int
�

f⇤�1�

cl(L0)
��

,
S

n�0 f⇤�n

|A0

�

cl(L0)
�

= X,

we can reduce and extend the plaque-expansiveness constant on L0 to a continuous
positive function ✏ on X, for which f⇤ is plaque-expansive at X (as in section 3.4).
We note that there always exists an precompact open subset satisfying condition (24):
for example we can take int(K

p

) \ X 0
p

for the stratum X 0
p

, with the notation of the
demonstration of theorem 2.2.11.
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APPENDIX D

PRESERVATION OF LEAVES AND OF LAMINATIONS

We now give examples of di↵eomorphisms preserving the leaves of immersed lami-
nations but not the laminations.

Example D.0.6. — Let (L,L) be the circle S1 and let i be the immersion from S1
into R2 represented below:

Figure 1

Let f be the di↵eomorphism of R2, preserving i(S1) and such that f |i(S1) is
homotopic to the symmetry of axis (BE). One notes therefore that f does not pull
back to S1. (1)

Example D.0.7. — Let T2 be the torus which is the quotient R2/Z2. Let f be the
di↵eomorphism of T2, whose lift in R2 is the linear map, with matrix

h 2 1
1 1

i

.

Let i : T2 ! T2 be a 2-covering map of T2. Hence i is an immersion, but there does
not exist any pullback of f into T2 via i.

Proof. — We suppose, for the sake of contradiction, that there exists an endomor-
phism f⇤ of f . As f fixes the point 0, f⇤ preserves the fiber i�1({0}) that we denote
by Z/2Z.

1. Actually this example is similar to the example P70 of [15], but we allow f to be a di↵eomor-

phism.
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Given two integers (a, b), we denote by hol(a,b) the automorphism of the fiber Z/2Z
obtained by holonomy along a closed path of T2 pointed in 0 and tangent to the
vector (a, b). By commutation of the diagram, we have for any integers a, b

(25) hol
A(a,b) �f⇤ = f⇤ � hol(a,b) .

We remark that f⇤
Z/2Z is either an automorphism or a non-bijective map. If f⇤|Z/2Z

is non-bijective, we may suppose that f⇤ sends Z/2Z onto {0}. The above equation
implies that

hol
A(a,b)(0) = 0, 8(a, b) 2 Z2.

But this is not possible because the covering is connected.

If f⇤
Z/2Z is an automorphism, as Aut(Z/2Z) ⇠= Z/2Z is commutative, equation (25)

implies
hol

A(a,b) = hol(a,b), 8(a, b) 2 N2.

As T2 is connected, we have three possibilities for the morphism hol:

— hol(1,0) = +1 and hol(0,1) = +1. Then hol
A(0,1) = 1 + 1 = 0 is not equal to

hol(0,1) = 1.

— hol(1,0) = +1 and hol(0,1) = +0. Then hol
A(1,0) = 2 + 0 = 0 is not equal to

hol(1,0) = 1.

— hol(1,0) = +0 and hol(0,1) = +1. Then hol
A(1,0) = 0 + 1 = 1 is not equal to

hol(1,0) = 0.

Both above examples standardize the following question of Hirsch-Pugh-Shub (see
[15, p. 70]):

Question D.0.8. — Let N be a manifold immersed by i into a manifold M and
let f be a di↵eomorphism of M which preserves the leaves of N .

Does there exist any immersion i0 from N into M , whose image is the same as the
image of i and such that f pullback to N via i0?

Negative answer to this question D.0.8. — The idea of the proof is to use example
D.0.7, by obliging i to be a 2-covering. To do it, as an algebraic geometer, we
blow up T2 at the fixed point 0 of the di↵eomorphism f of T2. Hence, we obtain
a di↵eomorphism f# of the connected sum M# := T2 # P2(R). As there exists a
2-covering of the torus by the torus, there exist a 2-covering of M# by the manifold
cM# := T2 # P2(R) # P2(R). Such a covering is an immersion from cM# to M#,
whose image is obviously f#-invariant.

Any immersion j from cM# onto M# is a 2-covering. Indeed, the compact manifold
cM# has finite volume and so the map j is a k-covering. As the Euler constant of cM#

is equal to �2 which is twice the Euler constant of M#, the map j is a 2-covering
(since a triangulation of M# small enough has all vertices, edges or faces which are

k-times lifted in cM#).
To reply to the question, it is su�cient to prove that there does not exist any

2-covering map from cM# onto M#, such that f# pullback to cM#.
We suppose, for the sake of contradiction, that there exists such a 2-covering map j.
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The point 0 2 T2 was blowing up to a circle S1 and a small neighborhood of 0 was
blowing up to a Mœbius strip. The preimage by j of this strip is either two disjoint
Mœbius strips or an annulus. In the first case, the restriction of j to each of these
strips is a homeomorphism. In the second case, the restriction of j to the annulus is
a 2-covering.

In the first case, we can blow down M# and cM# at the circle S1 and its preimages
by j. Hence, we make up a pull back of f in a 2-covering of the torus T2. Then,
example D.0.7 implies a contradiction. However in the second case, we cannot blown
down at the preimage of S1. Let us use a little trick in the second case.

Let bS1 be the circle which is the unique preimage of S1. We cut along bS1 the
surface cM#. This makes a surface cM 0# with two boundaries B1 and B2. Each of
these boundaries is a 2-covering of S1 via the immersion j0 from cM 0# onto M#,
canonically made up from j. We now identify the points of B1 (resp. B2) which have
the same image into S1 via j0.

This constructs a new surface cM 0# sent 2-1 onto M#, for which the preimage of a
small neighborhood of S1 consists of two Mœbius strips.

The argument of the first case conclude the proof if we show that M̂ 0# is connected.
In order to do so, we remark that cM# \ S1 must be connected. Otherwise cM# \ S1
would be the disjoint union of two surfaces which project onto M# \ S1 and so

homeomorphic to the punctured torus. It comes that cM# would be the connected
sum of two tori, this is a contradiction.
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