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ABSTRACT ANALOGUES OF FLUX
AS SYMPLECTIC INVARIANTS

Paul Seidel

Abstract. — We study families of objects in Fukaya categories, specifically ones whose
deformation behaviour is prescribed by the choice of an odd degree cohomology class.
This leads to invariants of symplectic manifolds, which we apply to blowups along
symplectic mapping tori.

Résumé (Analogues abstraits du flux comme invariants des variétés symplectiques)
Nous étudions des familles d’objets dans des catégories de Fukaya, en particulier
celles dont le comportement infinitésimal est determiné par une classe de cohomologie
de degré impair. Cette étude aboutit a des invariants des variétés symplectiques ; nous
en tirons des conséquences pour les éclatements de tores d’applications symplectiques.
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INTRODUCTION

Motivation

An interesting invariant of a closed symplectic manifold M is its flux group, a sub-
group of H'(M;R) obtained from the topology of loops of symplectic automorphisms
[74, Section 10.2]. This can be effectively studied using Floer cohomology, one of the
notable insights being that the flux group is always discrete [80]. Now consider the
following question:

Are there flur-type subgroups in H?*=1(M;R), for k > 1, which can be
nontrivial for manifolds with H*(M;R) = 0¢

The last clause excludes one obvious direction, which is to take the subgroup formed
by the image of [w¥,] under all the maps H?*(M;R) — H?*~1(M;R) induced by loops
of symplectic automorphisms (this reproduces the flux group for k£ = 1, but it vanishes
if HY(M;R) = 0, by the rigidity theorem [61]). Really, what the question is aiming
for is a formalism in which higher degree differential forms replace the closed 1-forms
in their usual relation to symplectic vector fields, so anything related to symplectic
automorphism groups can’t really be the answer. This clarification may make the
whole endeavour seem quixotic.

Still, if one looks at it from the point of view of quantum cohomology QH™ (M),
the situation is less clear-cut. Passage to quantum cohomology generally reduces the
grading to Z/2, putting all odd degree cohomology formally on an equal footing (but
degree one classes retain a more direct connection to geometry, because the quantum
product with such a class remains equal to the classical cup product; this is by a
version of the divisor axiom). In that vein, it turns out that one can give a partially
positive answer to the question above, at least if one is willing to settle for an invariant
which is somewhat more obscure, lacking the simplicity and geometric elegance of the
flux group.



2 INTRODUCTION

The examples

As an application, we consider a particular pair of 28-dimensional simply-connected
symplectic manifolds (the following is only an outline of the construction, omitting
many details and assumptions). Let K be a K3 surface, and T' C K a symplectically
embedded two-torus. Take K7, the product of seven copies of K, and blow up the
12-dimensional submanifold T2 x K?2. Denote the outcome by B%V. This has a
more interesting cousin B, defined in the same way but where the blowup locus is a
product of T" and the symplectic mapping torus of a certain automorphism of K x K
(embedded into K7 by using the h-principle).

It is known that the symplectic automorphism group of K has many connected
components which are not detected by classical topological means (see for instance
[94], or [97] for a mirror symmetry viewpoint). Based on that, one can ensure that
B* ig diffeomorphic to B, and that their symplectic structures are deformation
equivalent. Nevertheless, for a specific choice of automorphism, we will show:

B and BYY are not symplectically isomorphic.

The construction of these manifolds is similar to that of the first known examples of
distinct but deformation equivalent symplectic structures [73], which were also based
on blowing up. That paper used (roughly speaking) a bordism-valued refinement of
Gromov-Witten theory as an invariant. Because such refinements are hard to define
and compute, we can’t say how they would behave in our situation. In any case, the
approach taken in this paper is quite different.

The invariant. — Let’s temporarily go back to the simpler case of symplectic
mapping tori. The symplectic mapping torus of an automorphism f is a symplectic
fibration over T" which has trivial monodromy in one direction, and monodromy f in
the other direction. Let’s say for concreteness that T = R? /Z? has coordinates (p, q),
and that the monodromy is trivial in g¢-direction, and f in p-direction. The sym-
plectic mapping torus contains plenty of Lagrangian submanifolds fibered over trivial
circles {p} x S'. If one then moves such a Lagrangian submanifold by the time-one
map of the symplectic vector field d,, the effect is the same as applying f fibrewise.
For suitable examples of f, this allows one to show that [dg] does not lie in the flux
group, which distinguishes the mapping torus from the trivial one (a similar approach
was used in [92]).

To make a more abstract version of the argument, we consider families of objects
in the Fukaya category whose deformation is driven by the class [dg]. The idea of in-
troducing families of Lagrangian submanifolds into Floer cohomology theory is due to
Fukaya [33], [30]. Generally speaking, it shows much potential for leading to funda-
mental insights as well as applications, but also encounters considerable foundational
difficulties. Here, we bypass these issues by choosing a more constrained version of
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the notion of family, which has a straightforward basis in algebraic geometry, but is
somewhat harder to connect to symplectic geometry.

The outcome is an invariant of a symplectic manifold M, which also depends on
the following auxiliary data. Take an element A\ of the (universal single-variable)
Novikov field, and an idempotent z in QH 0(J\/[ ). To these we associate an appropriate
version of the Fukaya category Fuk(M), . and its completion (split-closed triangulated
envelope) Fuk(M )Kezrf Additionally, choose an elliptic curve S over the Novikov field,
together with a nonzero algebraic 1-form on it. Given a class in odd degree quantum
cohomology, © € QH 1(M ), one can then ask whether it is periodic, which means
whether objects of the Fukaya category can be extended to families over S with
deformation behaviour prescribed by x.

In particular, we can apply this idea to symplectic mapping tori and recover some
of the results ordinarily proved using flux. More interestingly, we can exploit existing
ideas about the behaviour of Fukaya categories under blowups [100], and thereby
arrive at the result stated above. The main point is that the relevant part of the
Fukaya category of B"1V is well-understood, allowing us to prove that certain classes
are periodic. The Fukaya category of B is not known to the same extent, but partial
computations are enough to determine that certain classes x are not periodic, since
that only requires finding a specific Lagrangian submanifold which can serve as a
counterexample.

To conclude this discussion, we should mention that the basic idea is by no means
new in homological algebra. From that elevated vantage point, what we are doing
(in a rather ad hoc way) is to study algebraic one-parameter subgroups (the elliptic
curves § which appeared above) inside the derived Picard group [110], [55] of the
Fukaya category. The idea is to think of elements of Hochschild cohomology as vector
fields on an abstract “moduli space of objects”, and that we are asking which vector
fields integrate to “periodic flows”. On an informal level, it is clear that this provides
an algebraic counterpart to the geometric ideas underlying flux.

Structure of the paper

Chapter 1 sets up the algebraic theory of families of objects, much of it straight-
forward. The key to uniqueness results for families is the discussion surrounding
Lemma 1.16, which is then further developed for our intended applications in Sec-
tion 1.11. An abstract version of our invariant is introduced in Definition 1.25. Chap-
ter 2 discusses the simplest example of the two-torus T'. Of course, its Fukaya category
has already been studied exhaustively, starting with [85]. Still, we devote some energy
to it in order to prepare for the case of symplectic mapping tori, which is the topic of
Chapter 4 (following some preliminaries on Floer cohomology and Fukaya categories,
in Chapter 3).

SOCIETE MATHEMATIQUE DE FRANCE 2014



4 INTRODUCTION

At first, it will seem that our computations lead us further from the intended goal,
since we choose Lagrangian submanifolds whose Floer cohomology is largely indepen-
dent of the choice of automorphism used to construct the mapping torus. However,
we eventually do manage to recover some information about that automorphism, by
a double covering trick which appears in Section 4.5. Finally, most of Chapter 5 is
general discussion of blowups. The detailed construction of the manifolds B and BV
is carried out in Section 5.6.
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CHAPTER 1

FAMILIES OF OBJECTS

Suppose that we are given an A,.-category A, and a class in its degree 1 Hochschild
cohomology HH'(A, A). This class determines one in H'(hom (X, X)) for every ob-
ject X, hence an infinitesimal first order deformation of X. Deformations coming from
Hochschild cohomology have additional properties, for instance (in characteristic 0)
they can be extended to arbitrarily high orders in a formal parameter. However, in-
stead of looking at the infinitesimal theory, we want to consider global deformations.
For the sake of illustration, take the parameter space to be the affine line. One then
looks for families X = {X,} depending on one algebraic variable s, whose fibre at the
origin is fixed, Xy = X, and whose first order deformation behaviour at any value of s
is the element of H'(hom4 (X, Xs)) induced by our Hochschild class.

We are mainly concerned with the uniqueness of such families. This, while not
totally straightforward, turns out to be much easier than existence issues. An ele-
mentary parallel would be the question of integrating a vector field. Indeed, one might
think of the original Hochschild cohomology class as determining a vector field on the
“moduli spaces of objects in A” (making this rigorous requires machinery far beyond
that deployed here; interested readers are referred to [103]).

We work over an algebraically closed field R of characteristic 0. While the condition
of algebraic closedness is perhaps mostly for the sake of familiarity, the restriction on
the characteristic is crucial, since we will be using differentiation (and in particular
Lemma 1.4). Sign conventions for A..-algebras and associated structures usually
follow [93]. Those for twisted complexes are specifically as in [93, Remark 3.26].

All categories are assumed to be small.

1.1. A -categories

Fix an A..-category A over R. This is assumed to be Z-graded, strictly unital,
and proper. The units (identity endomorphisms) are denoted by ex € homY (X, X).
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Write H(A) for the associated cohomology level category, and H?(A) for the version
where only morphisms of degree 0 are allowed. Properness means that the morphisms
in H(A) are graded vector spaces of finite total dimension. Two objects of A are called
quasi-isomorphic if they become isomorphic in H°(A).

There are various canonical formal enlargements of A. Possibly the simplest one
is the A-category of twisted complexes A™, introduced in [15] and [58]. One can
carry out this enlargement in two steps. First, consider the additive envelope A%,
whose objects are formal expressions

(1.1) X=PF ®X'[-0
il

where I is a finite set, the X* are objects of A, formally shifted by degrees ¢* € Z,
and the F' are finite-dimensional vector spaces. Morphisms in A% can be thought of
as matrices, whose entries are morphisms in A tensored with maps of vector spaces.
Correspondingly, the A,.-products combine those of A with composition of linear
maps and matrix multiplication (with auxiliary signs due to the shifts). In the second
step, one defines a twisted complex to be an object X € Ob A% equipped with an
additional differential. This differential §x € homle (X, X) is an endomorphism
which is strictly decreasing with respect to some filtration of X by sub-objects, and
which satisfies the generalized Maurer-Cartan equation

(1-2) M}q@(‘sX)‘f‘Mi@((SXﬁX)"‘”':O-

A™ is an A..-category with the same general properties as A, and which contains A
as a full subcategory. It is closed under shifts and mapping cones, and is character-
ized up to quasi-equivalence as the minimal enlargement with this property. In our
formulation, it also admits a canonical operation of tensoring a given object with a
finite-dimensional vector space.

REMARK 1.1. — Suppose that we allow only trivial 1-dimensional spaces F? = R.
The resulting objects, which can be written more concisely as

X =P x'[-0
iel
form a full A-subcategory, which is quasi-equivalent to all of A% (and if one equips

them with a differential, the same holds for A™). We prefer the form (1.1) since it is
better suited to later generalizations.

There is a different approach to formal enlargements, through A.,-modules [54].
Write C' for the differential graded category of complexes of R-vector spaces whose
cohomology is of finite total dimension. A (right) A-module with finite cohomology
is an Aso-functor A°P? — C. Concretely, such a module M assigns to each X € Ob A

MEMOIRES DE LA SMF 137



1.1. Ao.-CATEGORIES 7

a graded vector space M (X), together with structure maps
par + M(Xo) — M(Xo)[1],
pas s M(X1) ®homa(Xo, X1) — M(Xo),

(1.3) "
1y M(X2) ® homa (X1, X2) ® homa(Xo, X1) = M(Xo)[-1],

satisfying the A.,-module equations (see [54] or [93, Section 1j]), and such that
(M(X), u};) belongs to ObC for all X. We require M to be strictly unital, which
means that p3,(m,ex,) = m, and ul,(m,aq—1,...,a1) = 0 whenever d > 3 and
one of the a; is a unit. Such modules form an A, -category A™°¢ (this is in fact a
differential graded category, but we prefer to view it as an A..-category with trivial
higher order products, which entails slightly different sign conventions).

A morphism b € hom gmea (Mo, M1) consists of

bl Mo(Xo) — My (Xo)[|bll],
(1.4) b? : Mo(X1) ® hom 4 (Xo, X1) — M (Xo)[|b] — 1],

Again, we require strict unitality, which means that
bd(m, Ad—1y-+ -y al) =0

whenever one of the a; is a unit.
The Yoneda embedding (see [32] or [93, Section 11]) is a canonical A-functor

A — Amod,

On objects, it maps Y to the module YV°* with Y¥°*(X) = homa(X,Y) and
M%,yon = Mi. The first level map on morphisms is

hom 4 (Yo, Y1) — hom gmea (Yy™", Y1),
(15) { yon yon,d d+1
a— o, @ aq,...,a1) = py (a,aq,. .., a1).
LEMMA 1.2. — The map (1.5) is a quasi-isomorphism.
Proof. — Consider the map in inverse direction, taking a module homomorphism b

to the element a = b'(ey, ). Composing the two in one way yields the identity map on
hom 4 (Yo, Y1). The other composition is chain homotopic to the identity: an explicit
homotopy is

L { h s hom gmea (Y5, Y7") — hom gmea (Y5, YY) [—1],
1.6

h(b)d(ad, coar) = bd+1(ey0, ad,...,a1).

SOCIETE MATHEMATIQUE DE FRANCE 2014



8 CHAPTER 1. FAMILIES OF OBJECTS

In other words, the Yoneda embedding is cohomologically full and faithful.
Moreover, it canonically extends to a cohomologically full and faithful A.-functor
A — Amed The easiest way to see this is to think of it as the composition

(17) AW (Atw)mod SN Amod.

where the first arrow is the Yoneda embedding for A™, and the second is restriction of
modules from A™ to A. Since objects of A generate A™ by definition, the restriction
functor is a quasi-equivalence, so (1.7) is again cohomologically full and faithful.

1.2. Idempotent splittings

Suppose that we have an object Y of A together with an endomorphism in the
category H?(A) which is idempotent. One can always lift it to a homotopy idempotent,
which is a sequence p = {p?} of elements p? € homa(Y,Y)'~% (d > 1) satisfying the
equations

d—1 d
(18) Z Z M2<pkr’-._’pk1) — { p even,

r ki+-+k.=d 0 d odd

for any d > 1, and such that p! represents our original idempotent. This is proved
in [93, Section 4], but it is maybe useful to summarize the argument in more ele-
mentary language. The choice of p', p? is straightforward, and the remaining process
is inductive. Suppose that p!,...,p? ! have been chosen satisfying the respective
equations. Take the sum of all the terms on left hand side of (1.8) which have r > 2.
These give rise to a cocycle of bidegree (d,2 — d) in the following periodic complex of
graded vector spaces:

(19) e > HOIHH(A) (Y, Y)

[a)=[(=1)* b3 (p"a) =% (a,p")]

HOHlH(A) (Y, Y)

[a]=[(=1) """ (p' @) —pd (a,p")+a]

HOIHH(A)(Y,Y) e JR

Since that complex is acyclic, we can modify p~! by adding a pli-cocycle, so that the
same sum of terms represents the zero class in Homz_(j)(Y, Y’), and then choose p
so that (1.8) holds.
The homotopy idempotent can then be used to define an A,.-module
M = (Y; p)y0n7

which in the category H°(A™°Y) is the direct summand of YY°" associated to the
Yoneda image of [p!] (hence, independent of the choice of the homotopy idempotent
up to quasi-isomorphism). It consists of the spaces

(1.10) M(X) =homa(X,Y)[q]

MEMOIRES DE LA SMF 137



1.3. HOCHSCHILD COHOMOLOGY 9

where ¢ is a formal variable of degree —1, and has differential

. - o 0 j even,
(1‘11) :u“}\/[(aq]) = Z :u“AJrl( k 7"‘7pk17a)q] kl kr+ { j*l .
>0 aq 7 odd.

kit tke <j
We refer to [93, Section 4] for full details, including the definition of the remaining
maps pd,. By the same kind of argument as in (1.7), idempotent summands of objects
in A" (or indeed in A™°?) can also be represented in A™°4,
One defines APf the category of perfect modules, to be the full subcategory
of A™°d consisting of all objects that are quasi-isomorphic to an idempotent sum-
mand of an object in A™. It is easy to see that AP is again proper.

1.3. Hochschild cohomology

Let CC(A, A) be the (reduced) Hochschild complex of A, and HH (A, A) its coho-
mology. A Hochschild cochain ¢ is a sequence of multilinear maps

(1.12) g% :homa(X4-1,X4) ® -+ ® homa(Xo, X1) — homa(Xo, X4)|[|g| — d],

where d > 0, which vanish if one of the inputs is an identity morphism. The Hochschild
differential is

(1.13)  (09)4(aq,...,a1)

_Z (‘g‘ 1) Jaxf+---Flasl= Z)Mj_jﬂ(ad,n~,9j(ai+j,-~-,ai+1)’-~-,a1)

+§: |g|+\a1|+ Hlai|—i d a+1( d,.-.,uﬂ‘(aiﬂ‘,.-.,ai+1),--.,a1).

We need to remlnd the reader briefly of the (partial) functoriality properties of
Hochschild cohomology. Let G : A — A be a (strictly unital) A.-functor. Then
there are canonical chain maps

(1.14) CC(A,A) & co(A,A) &- cc(d, A),

where the middle term is the Hochschild cochain complex of A with coefficients in
the A-bimodule A. If G is cohomologically full and faithful, the left hand map is a
quasi-isomorphism. Less obviously (it is a form of Morita invariance), if G is a quasi-
equivalence, the right hand map is also a quasi-isomorphism. Informally one can
think of these two maps as follows. If we deform the A.-structure on either A or A
infinitesimally, there will be a term measuring the failure of G to be an A..-functor for
the deformed structure, which is the image of the corresponding deformation classes
in HH(A,A).

We also need to know about the behaviour of Hochschild cohomology under formal
enlargement. Thinking again in terms of deformation theory, one expects deforma-
tions of A to induce ones of A*™. This can indeed be made rigorous, leading to a
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10 CHAPTER 1. FAMILIES OF OBJECTS

canonical map
(1.15) '™ CC(A,A) — CC(A™, A™).

To make this (partially) more explicit, take a Hochschild cochain g, and extend it in
the obvious way to a cochain ¢g® on A®. Then the image g™ = I'"™(g) has leading
term

(1.16) g™ = g® 0 4¢P (6x) + ¢P % (6x,0x) + - € homflw (X, X).

Maybe more obviously, restriction to the full subcategory A C A™ yields a map in
reverse direction to (1.15). These two maps are inverse quasi-isomorphisms (strict
inverses in one order, and inverses up to homotopy in the other), which is one form
of the derived invariance of Hochschild cohomology.

Let’s look at the analogous question for A.,-modules. As before, a deformation
of A induces a deformation of A™°¢ but one which remains within the class of dg
categories with curvature. In fact, the product ,ui‘md does not actually change, since
its definition does not involve p%. Concretely, this means that we have a map

(1.17) rmed . 0C(A, A) — CO(A™ed] Amed)
such that g™°d = I'™°d(g) has only two nontrivial components

(1.18) {g““’dvo € hom?!_, (Mo, M),

gmod,l : hom gmoa (Mo, My) — homAmod(Mo,M1)[|g| — 1].

These are given by

(ngd’O)d<m, ad—1y--- 7a1)
= Z(*l)* ,LL(]iVIT)jJrl (m, . ,gj(aiJrj, . ,ai+1), ceay 0,1),
ij
1.19
( ) (ngd’l)(b)d(m7 ad—1,..-,a1)
- Z(—l)* bd_j'H(m, ce ,gj(ai+j, e ,ai+1), ce ,al),
j

with « = (lg| = 1)(laita] + -+ + |ag-1| + [m| +d —i = 1) + |g]..

There is a restriction map from the Hochschild complex of A™°4 to that of its full
subcategory AP, One can accordingly restrict (1.17) and get a map reerf . Another
manifestation of derived invariance of Hochschild cohomology says that T'P*f is a
quasi-isomorphism. Next, AP'f contains a full subcategory quasi-isomorphic to A,
and by restriction and the argument from (1.14), one gets a further map from the
Hochschild cohomology of AP to that of A®™.
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1.3. HOCHSCHILD COHOMOLOGY 11

The situation can be summarized in the commutative diagram

(1.20)

:

HH(AmOd, Amod)

where the vertical arrows are restriction maps. Other than derived invariance (which
we will not discuss further, but see [56, Section 5.4]), the only nontrivial point in this
diagram is that the map I'™°? is compatible with restriction. To understand that, we
have to look at (1.14) for the Yoneda embedding;:

(1.21) CC (A, A) — CC(A, A™°Y) «— OC(A™ed) gmed),

Take g € CC(A, A), and consider its image under the first map in (1.21). For sim-
plicity let’s look only at the constant term of this, which consists of an endomorphism
b € hom gmoa (Y¥°R,Y¥°") for each Y, given by

(1.22) v ag,...,a1) = p5 (% aa, ..., a1).

On the other hand, we can take gm°d € CC(A™°4, Am°d) and pull it back
to CC(A, Am°d) as in the second map in (1.21), which leads to another cochain
CC(A, Am°d) with constant term

(123) gd(ada s 7a1) - - Z (71)*Iu‘1d47j+1(ad7 cee 7gj(ai+j7 cey ai+1)7 s 7a1)7
itj<d
where x = (|g| — 1)(Jaj1] + -+ + |ag| +d — 7).
Assuming that g is a Hochschild cocycle, we can write

(1.24) bd(a,ad_l,...,al) —bd(a,ad_l,...,al)

= Z(—l)(lgl_l)(‘a”lHmHade_i)M:’_l (gd_i(ad, Qi) .., a1)
i<d
' + Z(,l)\ngal|+---+|ai|7i+(lglfl)(\a1\+~~~+|ad\*d)
tJ gd_j+1(ad’-~-alii1(ai+j,-~-aai+1)a-~-,a1)~
This difference is the coboundary of another endomorphism of YY" of degree |g| — 1,
given by (ag,...,a;) = (—1)l9llarltFlaal=d)+1gd(q,  q;). The general computa-
tion is similar.
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12 CHAPTER 1. FAMILIES OF OBJECTS

1.4. Bimodules

Aso-bimodules have already made a brief appearance before, but we will now con-
sider them in a little more detail. Let A and A be A-categories over R, with the
usual unitality and properness assumptions. An (A,Z)—bimodule with finite cohomol-
ogy P assigns to any pair of objects (X,)?) € ObA x ObA a graded vector space
P()~( , X)), which comes with structure maps

(1.25)  pM" homa (X1, Xo) ® -+ @ homa (X0, X1) ® P(Xy, Xo)
® homz (X;—1, X;) ® - - - © homy (Xo, X1)
— P(Xo, Xs)[1 — s — ]
for all s,t > 0, satisfying analogues of the A,.-module equation. We assume that the
cohomology groups H(P(X, X), M%\uo) are of finite total dimension, and also impose
strict unitality properties. As.-bimodules form an A..-category (A, A)™°¢ (just like
in the case of modules, this has vanishing higher order compositions, hence could

be considered a dg category). In the special case A = A, we use the terminology
A-bimodule instead of (A, A)-bimodule.

ExaMPLE 1.3. — The standard example is the diagonal A-bimodule, which has
P(X,Y) = homu(X,Y) with uﬂ”t = p5T (this also indirectly illustrates our sign
conventions). We usually just write P = A. Another example is the one which
appeared in (1.14): if G : A — A is an Aoo-functor, one can define an A-bimodule
P(X,Y) = homz(GX,GY), with structure maps similar to the diagonal one but
plugging in multiple copies of G. We again denote this by P = Z, but always make
sure to mention that the pullback to an A-bimodule is intended.

One traditional use of bimodules is as “kernels” defining “convolution functors”
between categories of modules. The tensor product of an A-module M and an (A, A)-
bimodule P is an A-module M = M ®4 P, given by a bar construction

(126)  A(X) = @M(X,) ® homa (X1, X))
® -+ ® homa (Xo, X1)[1] ® P(X, Xo),
where the sum is over all » > 0 and objects (X, ..., X,). The induced differential is
(1.27) p(m@a, @ ® a1 ®p)
Z(_1)\PH‘|‘““*‘““*"“”‘iﬂ’;\;i“(m, Ay oy Qip1) A, Q- Qa1 QP

7 .
+ Z(_l)\p\+la1\+~~~+[aiIfzm
ij @ @ (iggy ey Qip1) QA Q- Qag @p

+Zm® ®ai+1 ®M§‘Dl|0<aia"'?alap)'
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There are similar formulae for u]‘é , d > 1, which are in fact simpler since they involve

only ;f;lld_l. Naturality of the tensor product with a fixed P is expressed by a map

hom gmed (Mo, My) — hom e (Mo, M)
for Mk = M}, ® o P. This takes b to b ®4 ep, given by
(1.28) (b@aep)(mo®@ar- @a; @p)
= Z(_l)\pHIm\+m+|az~|—ibr—i+1<m0, Uy i) @ A ® - Q P,

with vanishing higher order terms. The resulting convolution A..-functor (in fact a dg
functor, since it has no higher order terms) between module categories will be denoted
by Kp. So far, we have skirted the issue of whether M ® 4 P is really an object of A™°4
as defined, meaning whether it satisfies the cohomological finiteness condition. This
fails in general, but it will hold if M is perfect (based on the fact that XY°" @4 P is
quasi-isomorphic to the A-module P (-, X), which has finite cohomology by assumption
on P). Hence, we always get a functor Kp : AP — Amod If P s itself right perfect,
which means that P(., X) is itself a perfect A-module for any X, then K p takes APt
to Aperf,

Let’s suppose, for the sake of concreteness, that P is right perfect. There are
natural chain maps

(1.29) CC(A, A) — hom 4 3o (P, P) <— CC(A, A).

(
Informally, one can think of these as follows. Given an infinitesimal deformation of
either A or Z, they measure the failure of P to remain a bimodule with respect to
the deformed structure. This may remind the reader of (1.14), and indeed one can
define a map (represented by the dashed arrow below) which fits into a homotopy
commutative diagram

CC(A, A) ——— hom 4 1 yuea (P, P) ¢———— CC(4, 4)
|
(1.30) ererf | ererf

(Kp)« M (Kp)*

Cc(Aperf’ Aperf) Cc(Aperf’Aperf) CC(E perf’gperf).

1.5. Connections

Fix a smooth affine algebraic curve § over R, with ® = RI[S] its ring of functions.
Recall that &R -modules correspond to quasi-coherent sheaves on §; finitely generated
modules to coherent sheaves; projective modules to vector bundles; and rank 1 pro-
jective modules to line bundles. We will mostly use the algebraic language as it is
more elementary, but the reader is encouraged to keep the geometric viewpoint in
mind.
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14 CHAPTER 1. FAMILIES OF OBJECTS

Denote by Q}{ the module of Ké&hler differentials, which is a rank 1 projective
module, and comes with its canonical derivation d : R — Q%{ A connection on an
R-module F is a map

Ve F — Q@ F
satisfying the Leibniz identity with respect to d. An equivalent viewpoint is as follows.
For any ¥ there is a canonical short exact sequence of modules

(1.31) 0= Q @F — JY(F)— F =0,

where J1(F) is the one-jet module [6]. Connections correspond to splittings of this
sequence. F admits a connection if and only if its Atiyah class

At(F) € Exty (F,Q% ® F),

which is the extension class of (1.31), vanishes. In particular, projective modules
always admit connections (this can also be proved directly). In the other direction,
one has [10, Lecture 2]:

LEMMA 1.4. — Let F be a finitely generated R -module which admits a connection.
Then it is necessarily projective. O

Let R(S) be the field of rational functions on our curve, which is the quotient field
of R. Tautologically, all projective modules of the same rank become isomorphic after
tensoring with R(S). However, it is intuitively clear that the situation for modules
with connections is quite different, which is indeed confirmed by:

LEMMA 1.5. — Let F be a finitely generated R -module with a connection. Then, if
f € F ®g R(S) is a rational solution of V¢ (f) =0, it automatically lies in F itself.

Proof. — Suppose that f # 0, and choose a point on our curve. Take a function r € R
which vanishes (to order 1) at this point. There is a unique m € Z such that r™ f
takes a nonzero finite value at our point. By assumption

(1.32) Ve (r™f) =m(r—tdr)r™f.

Since connections are local operations, the left hand side is regular locally around our
point; but the right hand one has a pole, unless m = 0. O

One can extend the notion of connection to the derived category (see for instance
[69], [50]), as follows. Any complex of modules ¥ sits in a short exact sequence
generalizing (1.31).

Define a homotopy connection to be a splitting F — J!(F) in the derived category.

If this exists, it induces connections on all the cohomology modules #*(F). The
obstruction to the existence of a homotopy connection is the morphism completing
the short exact sequence to an exact triangle in the derived category, which we again
call the Atiyah class

At(F) € Hompg) (F, Q% ® F1]).
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1.5. CONNECTIONS 15

To get a more hands-on description, assume that each of the modules #? forming our
complex already comes equipped with a connection.
We call this a pre-connection on F, and denote it by ¥ ¢.

Its failure to commute with the differential ds gives rise to a chain map
(1.33) at(Vy): F — Qg @ F[1], at(Vy)(f) = (iday ® dg)(Vsf) = Vg (def),
which is the boundary homomorphism for (1.31), hence represents At(¥).

We call at(¥ #) the Atiyah cocycle of ¥ .

Suppose that o, F1 are complexes of modules, with %, consisting of projective
modules. Then we have a short exact sequence [24, Thm VI.10.11]

(1.34) 0 — Ext'(H(%), H(#))[-1] — H (hom(%o, 1))

In particular:

LEMMA 1.6. — If o is a complex of projective R -modules, and F1 an acyclic complex
of R-modules, then hom(%o, F1) is again acyclic. O

In the terminology of [101], this means that (unbounded) complexes of projective
R-modules are K-projective.

LEMMA 1.7. — Let F be a complex of projective R -modules, and ¢ : F — F a chain
map which is chain homotopic to its square, and which induces an isomorphism on
cohomology. Then c is chain homotopic the identity.

Proof. — Consider (1.34) with 5o = % = ¥. Left composition with ¢ induces
isomorphisms on the left and right terms of that sequence, hence also on the middle
one. Since the identity and ¢ become homotopic after composition with ¢, they must
have been homotopic in the first place. [l

Lemma 1.6 has implications for homotopy connections, as follows. Take a complex
of projective modules ¥, and assume that At(F) = 0. Then the map at(¥ ¢) must
be nullhomotopic, which means that one can modify the given pre-connection ¥ ¢ so
that it becomes compatible with the differential. The result should then be properly
called a connection on the complex ¥, and we reserve the notation V¢ for those.

REMARK 1.8. — We want to briefly consider the extension of the theory to non-affine
bases. Let § be a smooth quasi-projective curve over R, and Q} the line bundle of
differentials. For any quasi-coherent sheaf ¥ we have an analogue of (1.31), which
can be used to define connections and Atiyah classes At(F) € Exty(F, QL ® F). The
same holds for complexes, except that projective resolutions do not exist, and need to
be replaced by injective quasi-coherent ones, which do. The analogue of Lemma 1.6
says the following: if F is a complex of injective quasi-coherent sheaves, and Fo an
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16 CHAPTER 1. FAMILIES OF OBJECTS

acyclic complex of quasi-coherent sheaves, the complex of vector spaces hom(Fo, F1)
s again acyclic.

Let %o, F1 be complexes of injective quasi-coherent sheaves, and fom( %o, F1) the
complex of hom sheaves. By choosing pre-connections as in (1.33), one sees that
At(hom(Fo, F1)) is the difference between left multiplication with At(%;) and right
multiplication with At(%y) (compare [69], which gives a similar formula for the Atiyah
class of a tensor product). Now fix some v € H'(S,Q}), and restrict attention to
complexes F with bounded coherent cohomology, and such that

(1.35) At(F) =7 ®idy.

For any two such complexes, At(fom(Fo, F1)) = 0. By applying Lemma 1.4, it then
follows that the cohomology sheaves H(hom(Fy, F1)) are vector bundles. This is a
simple illustration of the ideas that will play an important role later on (starting with
Lemma 1.16).

REMARK 1.9. — All we have said so far generalizes to higher-dimensional smooth
varieties. The higher-dimensional analogue of Lemma 1.4 can be derived from the case
of curves, which is indeed what happens in [10]. The generalization of Lemma 1.6
to higher-dimensional affine varieties is [23, Satz 3.1] (there is a spectral sequence
which replaces (1.34), and which can be used to generalize Lemma 1.7). For injective
quasi-coherent sheaves on affine quasi-projective varieties, one has [60, Example 3.10].
However, we have no real use for higher-dimensional bases in the present paper.

1.6. Families of objects

Take an A.-category A as before, and denote by 4 the constant family of A..-
categories over S with fibre A. This has the same objects as A, and its morphisms
and A..-structure are obtained by extending constants to K in the obvious way:

(136) hom,q(XO,Xl) - R@R hOHlA(Xo,Xl).

Objects of 4 can be thought of as constant families. To get more interesting
ones, we again have to introduce formal enlargements. First, there is an additive
enlargement A%, whose objects are finite formal sums
(1.37) X=P 7 & X[~

i€l
where the F¢ are finitely generated projective &-modules, the X* are objects of A,
and the o% integers. The A,.-structure is extended to such sums exactly as for A®.

One then defines a family of twisted complexes to be a pair (X,dx) where
X €0bAa®, and 6y € homye(X,X) is strictly decreasing with respect to some
filtration of (1.1), and satisfies the analogue of (1.2).

MEMOIRES DE LA SMF 137



1.6. FAMILIES OF OBJECTS 17

The Aso-category A™ of twisted complexes obtained in this way allows the op-
erations of shifts, mapping cones, and tensoring with a finitely generated projective
R -module.

Let C be the dg category of complexes of projective ®-modules with bounded
finitely generated cohomology.

A family of A-modules with finite cohomology is an Ao-functor A°PP — (.

Concretely, such a family is given by a graded projective ®-module M (X) for each
X € Ob(A), with structure maps as in (1.3) but which are &-linear, hence extend to

(1.38)  pd, : M(Xy) ® homa(Xq_1,X4) ® --- @ homg(Xo, X1) — M(X0)[2 — d].

We impose the same strict unitality conditions as before. Such modules form an A..-
category over R, denoted by A4™°4. The following statement is well-known in the case
of A-categories over a field, see for instance [54, Section 4], but slightly less so in
the current framework:

LEMMA 1.10. — If the chain complexes (M (X),uh,) are acyclic for all X, M is

quasi-isomorphic to zero in A™°9.

Proof. — The length filtration of hom gmea (M, M) gives rise to a spectral sequence,
whose starting page is

(1.39)  EY*= [[ H(Hom(M(X,)®homa(X, 1,X,)
Koy Xp ® -+ ® homy (Xo, X1), M(Xo))).

Even though that spectral sequence does not converge in general, one can apply
comparison and vanishing arguments to it. Since

M(Xp) ® homA(prlyXp) ® te ® hOInA(X(),Xl)

is a complex of projective R -modules, and M (X)) is acyclic, it follows from Lemma 1.6
that the F; page vanishes. O

One has a Yoneda functor 4 — 4™°4 as well as its extension 4™ — 4™°4 which
are cohomologically full and faithful for the same reason as before. Moreover, given
Y € ObA"™ and an idempotent endomorphism on the cohomology level, one can
find an object of 4™°Y representing the associated direct summand of the Yoneda
image Yo",

To see that, one goes through the construction in Section 1.2, which defines a homo-
topy idempotent p over R as well as an associated family of modules M = (9, p)¥°". A
noteworthy technical point is that M (X) = homge (X, 9)[q] is still a complex of pro-
jective R-modules for any X, and has finitely generated cohomology since H (M (X))
is a direct summand of H(homge (X, ).

One then defines the full A..-subcategory of perfect families of modules,

f d
gperf — gmo ;
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18 CHAPTER 1. FAMILIES OF OBJECTS

to consist of all objects quasi-isomorphic to direct summands of families of twisted
complexes. This category is proper, in the sense that hom gpert (Mo, M1) is a chain
homotopy retract of a bounded complex of finitely generated projective ®-modules.
In particular, the cohomology H (hom gpe (Mo, M1)) is itself bounded and finitely
generated over R in each degree.

For any point of S, with associated map X — R, we can define restriction A..-
functors

(140) ﬂtw — Atw, /leod SN Amod, /(leerf SN Aperf.

The first one takes an X as in (1.37) and passes to the fibres F* = R®g F* to get an
ordinary twisted complex. The second one is similarly given by M (X) = R@g¢ M(X).
In either case, the morphism spaces again get specialized to the given point, which is
unproblematic from a homological algebra viewpoint since they consist of projective
R-modules for 4™, and at least of flat ®-modules for 4™°? (see for instance [18,
p. 122, Exercise 4]). Clearly, the first two functors in (1.40) are compatible with
Yoneda embeddings, which ensures that the third one is well-defined.

1.7. Twisted complexes with connections
Let X be an object of 4™, written as in (1.37). A pre-connection on X is a pair
Yy = ({Vsi} ax)
consisting of an ordinary connection Vi on each ®-module ¥, together with an
element
ax € homY.. (X, Q ®X) =Qf ® hom%... (X, X).

This becomes more meaningful if one writes it as a formal expression

(1.41) Yy = @v:}'i & exi[—oi] + ax

(recall that due to sign conventions, the identity for the shifted object X¢[—c?] is

exi[—gi] = (71)aiexi). There is some redundancy in this description: given elements

fi € Hom(ﬂ-’i,Q}{ ® Fi), one can change Vgi — Vi + £, and simultaneously oy —

ax—, fi® €xi[—oi], and the result is still considered to be the same pre-connection.

With that in mind, pre-connections form an affine space over hom%tw (X, Q%{ ® X).
Now we include the differential dy in our discussion.

Its compatibility with a pre-connection is measured by the deformation cocycle
1.4 { def(Vx) € hompe (X, Q% ® X),
- def(WX) = _(Gai,j vHom(fi,fj) X idhOmA(Xi[_a-iLXj[—g'j])) (6)() + /L}th (Oéx).
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1.7. TWISTED COMPLEXES WITH CONNECTIONS 19

Here, Viom(gi ¢4y is the connection induced by Vi and V;. The formula becomes
clearer if one thinks in terms of components

(1.43) {ag'j € Hom(7F", Q% ® F7) ® homa(X*, X7)[o" — 07],
. 53‘(1' EHOm(:}’i”.}'j)®homA(Xi’Xj>[a_i_O_j].

Then, the components of the deformation cocycle are
(144)  def(Vx)”" = —(VHomw 73) ® id)(fV‘i) (—1)7 ph(ad)
Z/m ax ’51@2 ﬂ(éikaaéﬂci)"‘"'

LEMMA 1.11. — def(¥x) is a cocycle, whose cohomology class Def(X) (the deforma-
tion class of X) is independent of the choice of pre-connection.

Proof. — There is a simple trick which facilitates these computations, namely to
temporarily forget that morphisms are supposed to be ®-linear. In this weakened
sense, one can consider ¥ x itself as a morphism from X to Q}{ ® X, and then the
formula (1.42) actually represents

(1.45) e (601 9xs ¥x — ox) + pae (Vx — ax, 6x) + e (ax) = e (Vx)
R

(this takes into accounts cancellations which arise from the fact that the components
of ¥ x — ax are multiples of the identity exi|_q). The desired statements now follow
directly. O

Take two families of twisted complexes X = @,c; F @ Xi[-0t] (k = 0,1)
equipped with pre-connections ¥y, , written in the analogous way. This induces a
pre-connection on the chain complex hom gew (Xg, X1), namely

(1.46) ¥ hom g (Xo,x1) (8) = GB (VHom(TO 7y @y (xi x9) )(a)
) R o 8) — (8, 0z0).
By a computation similar to the one in Lemma 1.11, this gives a formula for the
Atiyah cocycle (1.33) of the chain complex hom gew (Xg, X1):
(1.47)
at( Whomﬂtw (X0,X1) )(‘1) = N}nw ( Whomﬂtw (X0,X1) (‘1)) - Whomﬂtw (Xo0,X1) (qutw (a))
= e (def(Vx1), a) + pae (a, def (¥ xo)).

From here on, the obvious development would be the following one. Define a con-
nection on X to be a pre-connection for which (1.42) vanishes. If Xy and Xy carry
connections, (1.47) implies that homgw (Xo, X1) carries a connection. However, fam-
ilies with vanishing deformation class are close to constant ones and therefore not
terribly interesting.
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Instead, we want to introduce a relative version, as follows. Let CC(A4,4) be
the (reduced) Hochschild complex of the constant family 4, and HH (4, 4) its co-
homology. More relevant for us is a twisted version, with coefficients in the bimod-
ule Q;{ ® A. The effect of twisting is fairly trivial, both on the cochain and cohomology
level:

(148) CC(A,Q% ®4) = Qg ® CC(4,4), HH(A,Qx ® A) = Qp ® HH (A4, A).
As before, there is a chain map I''™V between the twisted Hochschild chain complex

and its analogue for 4%,

DEFINITION 1.12. — A cohomology class
hl € HH' (2,9 © 2)

is called a deformation field. Let X be a family of twisted complexes. We say that X
follows the deformation field if the image v = '™ (v) satisfies

(1.49) Def(X) = [y"™°] € H' (hom g (X, Qg ® X)).

In almost every situation where we use deformation fields, a choice of cocycle
representative v is assumed to have been made (the resulting theory is always inde-
pendent of that choice up to quasi-isomorphism). If X follows [y], we can choose a
pre-connection whose deformation cocycle is exactly ™0, Call these relative connec-
tions, and denote them by V. Given two objects X} with relative connections, we
can introduce a modified version of (1.46), namely

(1'50) vhomﬂ:w (Xo,Xl)(a) = Y7hom,¢:w (Xo,Xl)(a) + 'ytw’l(a)-

This is an actual connection, since the cocycle equation for 'V says that

(1.51) fhee (VN (@) = A (e (2) = =1 (Y70, 8) — pen (3,7™0),

which one can add to (1.47) to get the desired property.

We would like to study the behaviour of (1.50) under composition of morphisms
in 4'™. Let’s temporarily forget about Hochschild cohomology and just assume
that we have families of twisted complexes X; (k = 0,1,2) equipped with pre-
connections. Along the same lines as in (1.47) one finds that for any pk..-cocycles
a,, € homgew (X1, Xi) (k=1,2),

(1.52) = NV hom o (xo.x2) (o (a2, a1))
+ M,%ltw ( Whomﬂgw (X1,X2) (112), al) + M?th (112, Whomﬂgw (xo,xl)(tll))
= :u%tw (def(vxz)v az, al) + :u%tw (112, def(le), al)
+ e (32, a1, def (W x,)) + (coboundary).
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Assuming that the X, follow [y] and come with relative connections, one adds the
correction terms from (1.50) and gets

(153) = Vhom g (Xo.xa) (Waiw (32, 31))
+ 10w (Vhom e (1,3) (82), 1) 4 1500 (82, Viom g (xo0,201) (1))
= —phe (YW (a2, @m)) + (same coboundary as before),
which means that the cohomology level connections act as derivations with respect to
the product.

We have to confess that the framework introduced above, even though natural and
accessible, is not satisfactory, for two reasons. The first (technical) reason is that the
definition of pre-connection (1.41) makes sense only under the assumption of strict
unitality, which we have imposed so far but will want to relax eventually. The second
(conceptual) reason is that families of twisted complexes are far too restrictive to be
useful in general — as one can see by observing that if X is such a family, its fibre at
any point of § represents the same class in the K-theory of A", With this in mind,
we will now switch to As-modules and carry out the corresponding developments
there.

1.8. Modules with connections
Let M be a family of A-modules. A pre-connection ¥ ar is a sequence of maps
¥ac : M (Xo) = Qg & M(Xo),
(154 Wi o M(X1) © homa(Xo, X1) — Qk ® M(Xo)[~1],
Var : M(X2) © homa (X1, X2) ® homa(Xo, X1) — Qk © M (Xo)[~2],

where the maps m — (—1)!" W;\{ (m) are connections in the standard sense; and the
higher order terms W;{, d > 1, are R-linear. Clearly, pre-connections form an affine
space over homYumea (M, Qz OM) = Q% ® homymea (M, M). The deformation cocycle
(1.55) def(¥ ar) € hom gumea (M, Qg @ M)

of a pre-connection is obtained by applying f15..qa to (1.54). This makes sense even

though W;{ is not K -linear. The same observation shows that:

LEMMA 1.13. — The deformation cocycle def(Xqr) is closed, and its cohomology
class Def (M) is independent of the choice of pre-connection. O
EXAMPLE 1.14. — Suppose that our pre-connection has vanishing higher order terms

W;{ =0, d > 1, hence is just given by a family of connections

Var(x)y (m) = (1) %75, (m)
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on the graded ®-modules M (X ). Then the deformation cocycle is
(156)  def(¥ar) (m aa1,....ar) = (idgy ® o) (Vagxg) (m). . 1)
— Var(xo) (e (m, aa, ... ar))

for m € M(Xy4), a, € homy(Xg_1,Xx). This is just the covariant derivative of the
module structure of M, measuring its failure to be compatible with the connections.

Given two families of modules M, (k = 0,1) equipped with pre-connections ¥ a7, ,
consider the map

157) {Whomﬂmod(MOaMl) : hom gmoea (Mo, M1) — Q}{ ® hom gmoa (Mo, M1),
¥ hom,gmoa (340,261) (6) = (= 1)1 im0 (V 31, B) = pimoa (idag, ® 6,¥ a,)-
Spelled out, this means that ¢ = Whomﬂmod(Mo,Ml)(E) is given by
L (m) = (~1)/7 DL (61 (m) — (—1)" (idey @ 61)(The, (m),
A(m,a) = (1)L (82 (m,a)) + (~1)1F I3, (64(m),a)
— (=) dgy @ 6Y) (Wi, (ma))

__|m\iQl 2 1 m),a),
. (1" (dgy ® 6) (T, (m),a)

Amyaq 1, ... a1) = (=D)F0maaadl gl (6(m aq y,... a1))
— (—1)"(idgy @ 6%V, (m),aa—1, ..., a1)

+ (terms involving the higher order parts

of the pre-connections on Mo, M1).

This shows that (1.57) is a pre-connection on the chain complex of hom’s. It follows
from the definition and the As.-equations on 4™°9 that

(1-59) ’u}qud ( Whom"'md (Mo,M1) <6)) - Y7homﬂmod (Mo,fMl) <M}4‘“°d (E))
= 1 moa (Aef (W ag1), 6) + 13moa (6, def(Vag0)).
Given a deformation field represented by v € CC 1( A4, Q}{ ® 4), write

,ymod _ FmOd (’Y)
In parallel with Definition 1.12, we say that a family of modules M follows [] if
(1.60) Def(M) = [y"°°] € H' (hom gmoa (M, Qg @ M)).

If this holds, one can equip M with a relative connection V a7, by which we again mean
a pre-connection whose deformation cocycle is exactly 740, Given two modules
equipped with relative connections, one can modify (1.57) to get an actual connection
on that chain complex, as in (1.50):

mod,1

(1.61) Vhom gumoa (M0,M1) = ¥ hom gumoa (Mo, M1) T 7
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Moreover, by essentially the same computation as in (1.53), these connections satisfy

(1'62> - vhomﬂnlod (X0,X2) (/’Fﬂ“‘” (52’ 51)) + MZ“‘Dd (vhomﬂnlod (X1,X2) (62)’ 51)
4 12 (B2, Viom o o0 (61)) = (coboundary)
for any cocycles b, € hom gmoa (Mp—_1, My).
ADDENDUM 1.15. — Unsurprisingly, all these notions are compatible with their
counterparts from Section 1.7 via the Yoneda embedding. If 9 = @, 7' @ Y'[—0"] is

a family of twisted complexes with a pre-connection ¥4 as in (1.41), then the family
of modules 9¥°" inherits a pre-connection:

(1.63) Y ovon(a) = (=)D, Vyi @ id)(a) + p(ay, a)
for a € 97°"(X) = homgew (X, ) = @, F* ® homu (X, Y")[—0?], and

d
(164) W?/yon(ad,adfl, e ,al) = ‘udﬂ—i_l(ozfy, Ady Qg —1y -+« al)

where a5 € homgew (X4,9), and a, € homa (Xg—1, Xg) for k=1,...,d — 1.
The deformation cocycle of ¥qyvon is the image of that of ¥4 under the Yoneda

functor. One can take this comparison further to relative connections, but we will not
need that.

We want to highlight one simple consequence:

LEMMA 1.16. — Suppose that Mo, M1 are families of modules (as always, with finite
cohomology) following [y], and where My is perfect. Then H(homgmoea (Mo, M1)) is
a finitely generated graded projective R -module.

Proof. — Finite generation follows from the fact that M is perfect. On the other
hand, the module carries a connection, hence Lemma 1.4 applies. O

By construction, relative connections on a given family M form an affine space
over the space of cocycles inside hom%pcrf(M , Q;i ® M). If we change the relative
connections on My (k = 0,1) to Vi, = Var, + ¢, the induced connection on the
morphism spaces changes to

(1.65)  Viom, e (26090, (B)
= Viom goa (360,36,) (B) + (=11 iZca (e1, B) = pifmea (idey, ® 6, o).

In particular, if we are only interested in the connection on the cohomology level,
relative connections which differ by coboundaries yield the same result, so the space
of relevant choices is an affine space over Hom o (gperty (M, Q;i QM).

If M is a family of modules with a pre-connection ¥ ar, and ¥ a finitely generated
projective R -module with its own connection V#, the tensor product F ® M inherits
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a pre-connection, defined by

" 1
Virgar (f @ m) = (~D)I"(Vyf) @ m+ f @ Vi (m),
W(;@M (f@ m,aq—1, .. .,al) :f®Y7§l‘4(m, ag—1, .- - ,al) for d > 1.

(1.66) {

The associated deformation cocycle is
def(W¢®M) = idgr (24 def(WM)

In particular, if M follows a given deformation field [y], then so does F ® M. One
could generalize this slightly by allowing ¥ to be a complex of projective ®-modules
with a pre-connection, in which case the associated Atiyah cocycle would appear in
an additional summand in (1.8).

1.9. Functoriality

Let G: A — A bea (strictly unital) Aso-functor. We want to study the action
of G on families of objects, over a fixed base space S. For expository reasons, we
temporarily return to the framework of twisted complexes. It is well-known (to the
man on the street) that G induces an A.o-functor

G A A

The same formulae applied to families define an A, -functor G : 4% — Z'v,
A pre-connection (1.41) on X € Ob 4% induces one on its image X = G"(X):

(1.67)  Vi=@P Vs ®eaxn-on + 6™ ax), def(Vg) = G™ (def(Vx)).

If X (k = 0,1) are families with pre-connections, and X}, their images under G*™
equipped with the induced pre-connections, then for any cocycle a we have

Whomﬁtw(yo,)?l) (gtW,l(a)) = gtw,l(vhomﬂgw(xo,xl) (tl))

(1.68) gt (def(Vx,), a) — gtw,Q(a, def(Vx,)) + (coboundary).

ASSUMPTION 1.17. — Let [] and [3] be deformation fields for 4 and 4, respectively.
Suppose that there is a § € CC°(4, Q%i ® 4) such that
(1.69) 98 =G"(7) - G«(7):

In the definition of 8, we consider 4 as an 4-bimodule by pullback through G.
As in (1.15), 8 induces a cochain 'V € C’CO(/@‘“W,Qii ® A%™), which satisfies the
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analogue of (1.69). Concretely, this means that

P (B™0) = 70 = g™ (70) € homz. (6™ (Xo), 6™ (X)),

pie (BN (@) + 15 (G (@), B°)

(1.70) DI (870, 6 (@) 4 B (b ()
=G @) = 6 (M (@) - 6™ 0) — 6 ™),

A first consequence of (1.70) is that if X follows [7], then X = G"(X) follows [5].
Indeed, if Vyx = ¥ x is a relative connection with respect to ~, then

(1.71) Vi =Vgz+p™0

is a relative connection for 4. Suppose that X (k = 0,1) are families with relative
connections, and we equip their images Xj, with the induced relative connections as
n (1.71). From (1.68) and (1.70) it then follows that for any cocycle a,

(1.72)  Viom Go.i) (6771 (@) = 6™ (Viom s (x0,x1)(2)) + (coboundary).

This explains the sense in which, under Assumption 1.17, the cohomology level con-
nections on hom spaces are functorial.

Let’s turn to the corresponding question for A..-modules. Take ;1, considered as
an (A,Z )-bimodule by G-pullback on the left side only. This is right perfect, since
A(.,X) = G(X)¥", hence gives rise to a convolution functor

(1.73) GPert = |5 o APt gpert,

In the same way, one can define an analogue GP*f = K5 acting on families. Suppose
that M is a perfect family of modules carrying a pre-connection ¥ 4,. Then there is
an induced pre-connection on M = GP™ (M) = M @ A:

Wg% (m®ar®~-~®a1®a) Z WT Z+1(m,a,.,...,ai+1)®ai®"'®a7
(1.74) S W2 =0 foralld>0,
def(V57) = GP1 (def (W ar)).

If My, (k=0,1) are families with pre-connections, and M}, their images under gPerf
equipped with the induced pre-connections, the following simpler analogue of (1.68)
holds:

(1.75) ¥ hom zpert (90, i) (GPH(B)) =GP (Whom e (30,901 (B))-

Now suppose again that Assumption 1.17 holds. Write

,yperf c Ccl(ﬂperf7 Q%{ ® ﬂperf>

SOCIETE MATHEMATIQUE DE FRANCE 2014



26 CHAPTER 1. FAMILIES OF OBJECTS

for the element induced by 7 as in (1.17), and similarly for 4P¢*f. Then, there is a
corresponding element Pt € CCO(grerf, Q}{ ® Aret) which satisfies

(176) 8Bperf _ (gperf)*(;yperf) _ ferf(,yperf).

ef by a direct formula, it seems more reason-

Instead of attempting to define [P
able to argue by restriction to the images of the Yoneda embeddings 4™ — gref
4™ — grerf This restriction induces quasi-isomorphisms on the relevant Hochschild
complexes, and it essentially reduces this situation to the previously discussed case of
twisted complexes. (1.76) also has similar consequences as before: if Var = ¥qs is a

relative connection for ~, then
(177) vﬁ[ — Wﬂ + ﬁperf,O

is a relative connection for 4, and moreover these relative connections satisfy a sim-
plified version of (1.72):

L v (3101 (G (B) = G (Vhom s (340,911 (6)-

hom zpert
Thinking in terms of modules naturally accomodates a generalization, in which
we do not start with a functor G, but instead with a general right perfect (A,Z )-
bimodule P, and its convolution functor Xp for families. As in (1.30), we then have
a homotopy commutative diagram

CC(A, Q% ® A) —— hom 4 gymea (P, @ P) +—— CC(4, 0} © A)

o | | |

OC(ﬂperf, Q;{ ® /qperf) — OC(ﬂperf, Q;{ ® ﬁperf) — Oc(ﬁperf, Q%{ ® ﬂperf)’

where P is considered as a constant family of bimodules over ® (the general theory
of such families will be our next topic of discussion, but it is easy to see what we
mean in this special case). The natural analogue of Assumption 1.17 in this context
is therefore:

ASSUMPTION 1.18. — Suppose that we have deformation fields [y] and [§] for 4
and 4, respectively, whose images in H' (hom 4 7ymoa (P, Qi ® P)) agree.

If this is the case, one can apply the same argument as before to Kp, meaning that
relative connections on perfect families of modules can be pushed forward, and the
analogue of (1.78) will hold.

1.10. Existence

In our discussion of functoriality, we have used the tensor product of a family of
modules and a fixed bimodule. The other combination, where the module is fixed
but the bimodule varies, is also useful. A family of bimodules with finite cohomology
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over S associates to any (X, X) € ObA x ObA a complex P(X,X) of projective
R -modules, which comes with structure maps as in (1.25), and such that the coho-
mology of (EP()?,X),MOQJHO) is bounded and finitely generated in each degree. Such
bimodules form an A, -category over ®, denoted by (4, 4)™°9. The elementary the-
ory of families of modules, as developed in Section 1.6, carries over to this situation
without any complications.

Let P be a family of (A,Z)-bimodules. A pre-connection ¥ p is a sequence of maps

(1.80) WM homa(X,_1, X,) ® - - - ® homa(Xo, X1) ® P(X;, Xo)
® hom (X't_l,)?t) ®---®homyz ()?0,)?1)
— Qk ® P(Xo, X)[1 — 5 — 1],

where the maps p s (—1)I7! Wg?mo (p) are connections in the standard sense, while

all the other terms are ®-linear. Each pre-connection has a deformation cocycle

(1.81) def(Vp) € homy 7)mea (P, g ® P),

to (1.80). As usual, the cohomology class Def(?)
represented by (1.81) is independent of the choice of pre-connection.

Take a perfect A-module M. Then M = M ® 4 P, defined as in (1.26), is a family
of A-modules with finite cohomology. If we assume in addition that P is right perfect

obtained by applying ,u(l A

)mod

(in the appropriate sense for families), then M is again a perfect family. Moreover, a
pre-connection on P defines one on M, formally defined by taking the identity on M
and tensoring it with ¥». We have an obvious correspondence between deformation
cocycles:

(1.82) def(Vz) = enr @4 def(V o),
where e is the identity endomorphism. Now suppose that our target category A

comes with a deformation field represented by 7 € CCl(ﬁ,Q%é@ﬂ). In a slight
generalization of (1.79), we have a canonical chain map

(1.83) CC(A,Q & A) — hom 4 gymea (P, U © P).

As usual, we say that P follows 7 if its deformation class is the image of [§] under
(1.83), and define the notion of relative connection by requiring equality on the cocycle
level. It follows from (1.82) and the explicit formula for (1.83) that if 2 follows [¥],
then so do all the families M = M ®4 P. The induced connection on the space of
morphisms between two such families is given by (1.61), which one can write as
~ ; ~

(1.84) vhomjnlod(ﬂ07ﬂ1)<6 ) = (—1>| ‘M%mod (eM1 Ra¥p, b )

— Wmoa (idoy ®a b,en, ®A V) + bl ().

In particular, if b =10 ®4 ep, then the first two terms cancel, while the last one
vanishes by inspection of (1.19). The application we are aiming for is this:
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COROLLARY 1.19. — Take an A -category A with a deformation field [y]. Suppose
that there is a family of A-bimodules P which is right perfect, follows [y], and whose
fibre at some base point s € S is quasi-isomorphic to the diagonal bimodule. Then,
for any M € Ob AP™ | there is a perfect family of modules M which follows ], and
with M s quasi-isomorphic to M. Moreover, any two such families satisfy

(1.85) HO (hom’qperf<M0’ Ml)) 2R ® HO(hOmApcrf (Mo, Ml)),

and (for a suitable choice of relative connection) the induced connections on these
morphism spaces are trivial.

Proof. — Define M = M ®4 P. By our previous discussion, this follows [y] and has
the required behaviour at the fibre over s. Moreover, if we make the obvious choice
of relative connections, for each morphism [b] € H(hom gpert (Mo, M7)) we have a
covariantly constant section [b®ep] € H(hom gpert (Mo, M 1)), which specializes to [b]
at the point s. This establishes the remaining part of the statement. O

1.11. Uniqueness

As before, we work with a fixed deformation field [y]. As an aid to intuition, we
will increasingly use geometric language. Take two points s, s’ € S. One can envisage
a process of moving objects of APt along the deformation field from s to s’. Namely,
start with some object M, and suppose that there is a perfect family of modules M fol-
lowing [7], whose fibre at s is quasi-isomorphic to M. Then, take the fibre M’ = M .
Generally speaking, no such family may exist, making it impossible to carry out the
process at all. However, assuming existence, there is a good uniqueness statement at
least for a certain class of objects M. Suppose from now on that the following holds:

AssUMPTION 1.20. — HO(hom gpers (M, M)) is a commutative ring. Moreover, the
ideal of nilpotent elements in that ring has codimension 1.

ProproSITION 1.21. — If M satisfies Assumption 1.20 and can be moved along the
deformation field from s to s’, the outcome M' is unique up to quasi-isomorphism
(which means independent of the family M).

The proof is based on a number of elementary observations. For the sake of brevity,
let’s write

H = HO (hom gpers (M, M)).

Choose a relative connection Vgr on our family, and write V4 for the induced con-
nection on #.

CLAIM. — % is a commutative R-algebra.
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Proof. — By (1.62), the image of the commutator map
(1.86) Hg H—H, 2Qy— zy—yx

is a subsheaf of A invariant under V-, which therefore must be locally free. By
looking at the point s, one sees that this sheaf must be zero. O

Note that, because of the commutativity and (1.65), V4 is actually independent
of the choice of relative connection on M.

CramM. — Consider the ideal H™!' ¢ # of nilpotent elements. Then H™! is preserved
by Vg, and #H /H™! is the trivial line bundle.

Proof. — Choose a tangent vector field £ on §. For any element h € A and any
m > 0, we have

(1.87) m (™) € ml (Vo ch)™ + hAH.

Choosing h € H™! and m large, one sees that H™! is closed under V,;. By the same
reasoning as before, H/#H™! must be a line bundle. But the identity endomorphism
yields a nowhere vanishing section, which provides a trivialization. O

Now suppose that we have two perfect families M and M _ both following [7]
and whose fibres at s are quasi-isomorphic to the same object M, which still satisfies
Assumption 1.20. Working on the cohomology level as before, we denote by #, the
endomorphism rings of these objects, by #! the ideals of nilpotent endomorphisms,
and by H_ ., respectively H, _, the space of morphisms from M to M _, and vice
versa. We choose relative connections on M, equipping all these morphism spaces
with the induced connections.

CrAIM. — The multiplication maps
(1.88) Ho @ H —
(1.89) HVQH | — H

both have the same image, which we denote by ﬂ-[fi_}_. This is preserved by the con-
nection, and A, /H™ is a line bundle.

Proof. — Let’s first define ﬂ-[_“filr to be the image of the first map (1.88). By com-
patibility with connections, H_ | /ﬂ-[j‘i must be locally free, hence in view of the
behaviour at the point s a line bundle. Now take (1.89) and compose it with projec-
tion to #_ 1 /H™!. Again by the same argument, the composition vanishes identically,
hence the image of (1.89) is contained in that of (1.88). Running the argument the
other way yields the required equality. O

Let’s define AP C #{, _ in the same way. It follows directly from the definition
that the composition Hy_ @ H_ 4 — #, takes H,_ @ H"| and HM @ H_ | to HM,
and the same is true in the other order.
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CLAIM. — Multiplication induces isomorphisms

{ (Hy— ) HM) @ (Hoy JH) — A /AP,

(1.90) . N N
(g JHEY) @ (Ho— [HPT) — HJHE

Proof. — We already established the well-definedness of these maps. Both sides are
line bundles and carry connections, which are compatible with the maps, and at the
fibre at s we get isomorphisms. O

CrAIM. — There is a line bundle ¥ such that M _ is quasi-isomorphic to F @ M ;..

Proof. — Since we are free to tensor M, with a line bundle, we may assume without
loss of generality that (#_y/#H™!) is the trivial line bundle. By (1.90), the same must
then be true for (#,_/HPM!). Choose trivializations and lift them to sections of H_ .
and H; _, respectively (recall that we are working over an affine curve, so there is no
problem in doing this). The product of these in either order yields invertible elements

of H, and H _. O
The last-mentioned claim clearly establishes Proposition 1.21.

REMARK 1.22. — Here is a slightly weaker uniqueness statement, which does not
require Assumption 1.20. Suppose that M, and M _ are perfect families follow-
ing [y], and whose fibres at s are quasi-isomorphic to M. The composition maps
Hy QH  — H, and H_, @ H,_ — H_ are onto. Specializing to any other fi-
bre ', one finds that M 4 is quasi-isomorphic to a direct summand of a finite direct
sum of copies of M _ o, and vice versa.

We want to take a similar approach to morphisms. Let M) (k = 0,1) be ob-
jects of AP and B C HomHO(Aperf)(Mo, M) a one-dimensional subspace. Suppose
that My (k = 0,1) are perfect families which follow [v], and with My s = M.
Choose relative connections on them. Suppose also that there is a line bundle B C
Hom gogperey (Mo, M 1) whose fibre at s equals B, and which is invariant under the
induced connection (if such a B exists, it is unique). We can then restrict the given
data to the fibre s', yielding B’ C Hom yo(aperry (Mg, M7).

We say that B’ is obtained from B by parallel transport.

Obviously, this can’t be unique unless Proposition 1.21 applies to both objects My,
but in fact we will need more than that:

ASsSUMPTION 1.23. — Both M}, satisfy Assumption 1.20, and the two following mul-
tiplication maps have the same image :

(1.91) { B® HOHlHO(Aporf)<M0, My) — HOHIHO(Apcrf)<M0, Ml),

HOmHO(Apcrf)(Ml, Ml) ® B — HOmHO(Apcrf)(Mo, Ml)
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PROPOSITION 1.24. — Suppose that (Mg, My, B) satisfy Assumption 1.23, and
that parallel transport to s’ yields (M}, M1, B"). Then, this is unique up to quasi-
isomorphism (independent of the choice of families, and of the relative connections).

We can apply some preliminary simplifications. One can change any of the fami-
lies My, by tensoring it with a line bundle ¥ (equipped with a connection), and then
take the corresponding line bundle 71 ® ;" ® B C Hom yo(grert)(Fo @ Mo, F1 @ M1).
This does not affect the outcome of parallel transport. With this and the results
of the previous proof in mind, the choice of families is indeed irrelevant, so we can
consider some fixed choices M.

CLAIM. — The two multiplication maps
(1.92) { B @ Hom go(gperty (Mo, Mo) — Hom o (goerry (Mo, M1),
Hom go(gperty (M1, M1) @ B — Hom go(gersy (Mo, M 1)
have the same image. O

The proof is routine. We denote the image by J.

CrAM. — The image 7 is preserved by the connection, and this remains true if we
change the relative connections on M.

Proof. — The first statement is obvious from the definition and the corresponding
property of B. The second one follows from this and (1.65), because left and right
multiplication with endomorphisms of M, preserves 7. |

Now, suppose that we have made different choices of relative connections Vas, +
and Vg, +, leading to two different line bundles B4, and associated subbundles 7.

CramM. — In fact, 74 = J_.

Proof. — Choose one of the two connections on Hom yo(gperr) (Mo, M 1) arising from
our choices. Both 7, and J_ are invariant under this connection, and they agree at
one point. [l

Specializing to the fibres at s’, this means that B’ is contained in the image
of the multiplication map Hom yo(gpersy (M7, M1) ® B, — Hompogperry (Mg, M),
and vice versa. Hence, one can write B’ = 2’ | B, and B, = 2/, B’ for some
o 2!, € Hompogperry(M7, My). Since the endomorphism ring is commutative
and B’ = !, _a’ B/, none of the 2/ ,, 2/, can be nilpotent. Arguing as in the
proof of Proposition 1.21, they must then be invertible. What we have shown is that
B’ can be obtained from B’ by applying automorphisms of the M;, which is indeed
what was claimed in Proposition 1.24.
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1.12. Periods

Fix a smooth elliptic curve § over R, together with a differential § € HO(S, Q})

Given any nonempty affine open subset § C S, we consider the 1-form 6 = 0.

WORKING DEFINITION 1.25. — A class [g] € HH'(A, A) is called periodic if the
following holds. For every X € Ob AP there is a subset § as before, as well as a
perfect family M over S which follows [y] = 0®[g], and whose fibre at some point s € §
is quasi-isomorphic to X. Moreover, given any two objects (X, X1), one can choose
families (Mo, M 1) as before with quasi-isomorphisms M, s = X}, so that the bundle
of cohomology level morphisms is trivial:

(1.93) H° (hom gpert (Mo, M1)) = R @ H® (homa(Xo, X1)).

In addition, one should be able to choose relative connections on the families so that
the induced connection is trivial, which means compatible with a trivialization (1.93).
The subset of periodic classes is denoted by

(1.94) Per(A,5,0) C HH'(A, A).

Note that this is really an invariant of AP up to quasi-isomorphism. By pulling
back a given family X by the n-th power map § — S (defined by taking s to be the
origin) for some n € Z, one gets a family which follows the restriction of n[(6|5) ® g].
This proves that (1.94) is closed under multiplication by integers.

REMARK 1.26. — The notion introduced above is called “working definition” in view
of its numerous shortcomings. These deserve some discussion, even though they do
not stand in the way of our immediate application.

The first and most obvious point is the object-by-object approach we’ve taken.
This violates categorical common sense and manners, and is likely to be the reason
why we can’t prove that the set of periodic classes is an abelian group. However, it
is not difficult to envisage a more universal approach, based on Corollary 1.19; it is
maybe more appropriate to think of it as an A..-version of the derived Picard group
[109], [110], [55].

The next point is the use of a priori undetermined open affine subsets § C .S, which
essentially means that we are working (Zariski) locally around the base point s. This
reflects the insufficient technical sophistication of our definitions of families, which are
not local over the base. This is a major inconvenience, but does not lead to a decisive
loss of information (see Lemma 1.5).

There is one more issue which is conceptually by far the most important one.
Asking for families parametrized by an elliptic curve amounts to a double periodicity
requirement, but single periodicity seems a more fundamental notion. Instead of a
“torus” one would then want a “thin annulus” as a parameter space. This makes
sense in analytic geometry, either over C or over a non-archimedean field. Such a
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theory would require extensive reworking of the foundations. On the other hand,
if successful, it might allow substantial simplifications and extensions of the main
arguments in this paper, bringing them in line with existing ideas about convergence
in Floer cohomology [33], [30].

The techniques from Section 1.10 can be used to show that a given Hochschild
class is periodic. On the other hand, if one wants to show that [g] is not periodic, the
arguments from Section 1.11, in combination with the following trick, can be useful.

ASSUMPTION 1.27. — Suppose that for some § C § we have a smooth affine curve §
together with a morphism S — S, and two points §1 € S whose image is the
same s €. S. Let 6 be the pullback of 6. Suppose also that we have perfect fam-
ilies Mo, M1 on S following 6 @ [9]. Equip them with relative connections, and
suppose further that B C Hom HO( ﬂpcrf)(ff\;[ 0,M1) is a line bundle preserved by the
induced connection. By restriction to the fibres at 54, we get objects My 4+ and M 4,
as well as morphism subspaces By. We require that (Mg 1, M 4+, By) should satisfy
Assumption 1.23.

LEMMA 1.28. — In the situation above, assume additionally that (Mo 4+, My 4, By)
is not isomorphic to (Mo, My, B_). Then [g] is not periodic (for the original S
and 0).

Proof. — Assume that [g] is in fact periodic. Then we can find families M and M
over some open subset §, whose fibre at some point s is My 4 and M; 4, respectively.
A priori, the open subset and the point do not have to coincide with those that
appeared in the statement of the Lemma. However, that discrepancy can be removed
by using the group structure of the elliptic curve S (which yields translations acting
transitively on points, and preserving ), and by making the open subsets smaller if
necessary. Having resolved that issue, we continue the discussion: by definition, the
families can be chosen so that Hom go(gperty (Mo, M1) is the trivial bundle and carries
the trivial connection. This allows one to find a line bundle B inside that morphism
space, which is compatible with the connection and has fibre By at s. Now pull back
those families to §. Comparison with (9\7[0, M, B) shows that Proposition 1.24 is
violated, since the two choices of families are isomorphic at s but not at s_. |

1.13. Relaxing the assumptions

To conclude the abstract part of our discussion, we want to enlarge the existing
framework in two minor ways. The first one is to pass from Z-gradings to (Z/2)-
gradings. We then need a version of Lemma 1.6 for Z/2-graded complexes ¥y and 77,
but that is unproblematic: the argument from [24] goes through as before, yielding
the required analogue of (1.34).
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The other generalization is to allow A.-categories A which are only cohomologi-
cally unital (but still proper). The first effect of this is on twisted complexes, where
we have to prove:

LEMMA 1.29. — A™ and A" are cohomologically unital.

Proof. — Let X be a twisted complex written as in (1.1). There is a spectral sequence
(convergent after finitely many steps) which leads to H(hom e (X, X)) and starts
with

(1.95) By = @ Hom (F', F7) @ H(homa(X", X7))[o" — o7].

ij
Moreover, this spectral sequence is multiplicative, which implies that the identity
element in the F; page always survives. This yields a degree zero endomorphism [ux],
with the property (by a spectral sequence comparison theorem) that the maps

{ [a] — [ux] - [a] : H (homaw (Y, X)) — H(homaw (Y, X)),

(1:26) lal > fa] - [ux] + H (homgew (X,Y) — H (homzee (X, V)

are isomorphisms for any Y. In particular, there is an [ex] which satisfies [ex]-[ux] =
[ux], and then automatically also [ux] - [ex] = [ux]. One easily checks that this is
the required cohomological identity. This argument extends to families without any
problems. O

REMARK 1.30. — In the case of families of twisted complexes,
P (5 ex) : homguw (X, 97) — hom g (X, )

induces the identity on cohomology, and is chain homotopic to its own square (by
the A-equations). Therefore, it is actually chain homotopic to the identity, by
Lemma 1.7, and the same holds on the other side. This is a slightly stronger prop-
erty than cohomological unitality, and generally more appropriate for A, -categories
defined over a ring.

Unfortunately, the theory of pre-connections on twisted complexes does not gen-
eralize to the cohomologically unital context in an obvious way, so we’ll have to be
careful to use that only for strictly unital A..-categories.

The situation for modules is slightly different, since unitality requirements enter
into the definition of the objects and morphisms themselves. Given a cohomologically
unital A, one defines A™°? by taking cohomologically unital modules with finite co-
homology as objects, and arbitrary module homomorphisms as morphisms. If A was
strictly unital, this would yield a category quasi-equivalent to the previously consid-
ered version using strictly unital modules and homomorphisms [63, Section 3.3]. The
same construction for families defines 4™°4, and Lemma 1.10 still holds.
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REMARK 1.31. — The cohomological unitality condition on a family of modules M
says that if ex € hom%(X , X) is a representative for the cohomology unit in A, then
par(c ex) s M(X) — M(X) induces the identity on cohomology. Arguing as in
Remark 1.30, one sees that this map is in fact chain homotopic to the identity, which
would again be the more natural condition in general (but as we’ve seen, turns out
to be equivalent in our context).

LEMMA 1.32. — The Yoneda embeddings A — A™°% and 4 — 4™ are quasi-
isomorphisms.

Proof. — Take the same maps
(1.97) homy (Yo, Y1) — hom gmoa (Y5, ¥7™") — hom a (Yp, Y1)

as in Lemma 1.2, using any representative ey, for the cohomological unit. Composition
in the given order is the endomorphism a +— p?(a, ey, ), which by definition acts as
the identity on cohomology. Take the composition in the opposite order and add the
coboundary of the homotopy (1.6). The outcome is the map

(1.98)  : ot gmod (Y™™, Y7°™) — hom gmea (Y™, Y7M),

k(b)) (ag, ... a1) =Y (1)l Flaaltd=ittpitt
i (W (evys agy - -y @is1), iy a1).

By looking at the length filtration (1.39), one sees that this is a quasi-isomorphism.

The same thing applies to constant families. [l

REMARK 1.33. — As before, for a strictly unital A we now have two versions of 4™°9,
one defined in a strictly unital context, and the other by treating A as cohomologically
unital. Unfortunately, the previously quoted result from [63] does not immediately
extend to this context, since it relies on minimal models for modules, which only
exist over a field (and the alternative approach from [93, Section 2] has not been
extended to modules so far). It seems highly plausible that the two versions are still
quasi-equivalent, but we will allow ourselves to sweep the issue under the rug. In fact,
in all our applications what counts are the subcategories of perfect families 4P,
where this problem does not arise (because in both contexts they are split-generated
by constant families).

Finally, in the cohomologically unital context, one similarly wants to adjust the
notion of bimodule, and use the full Hochschild complex instead of the reduced one.
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CHAPTER 2

THE TWO-TORUS

In this section we consider a specific finite-dimensional algebra, together with its
Ao-deformations. The algebra occurs geometrically in connection with degree 2 line
bundles on elliptic curves, and its A.,-deformations yield one possible model for the
derived category of coherent sheaves on such curves. In view of homological mirror
symmetry (see [58] for the general statement, and [85], [59], [31], [4], [65] for the case
relevant here), the same structure describes the Fukaya category of the two-torus.

Our aim is to construct a particular family of objects, which in terms of the elliptic
curve is the tautological family of structure sheaves of its points, and in terms of the
Fukaya category is a family of parallel lines on the torus (the connection between the
two could be made directly via SYZ transformations, as in [59], [33]). The point of
the exercise is to see how this fits in with the technical notions of family given in the
previous section. This is not entirely straightforward, since the K-theory class varies,
which precludes a description as family of twisted complexes.

Initially, we will work over an arbitrary field R of characteristic 0. Later on, when
considerations become more geometric, we will re-introduce the added assumption
that R be algebraically closed. In the last parts, we will specialize this further to the
simplest (one-variable) Novikov field from Floer theory, namely

R:{u200hmo+clhml+"', }

(2.1) where ¢, € C, mj € R, and lim my = 400
k— o0

Note that, since the coefficient field C is algebraically closed, so is R [38, Appendix].
The sign conventions used in constructing the Fukaya category of the two-torus follow
(93, Section 13].

2.1. Koszul algebras

Let W be a finite-dimensional graded R-vector space. A quadratic algebra is an
associative unital graded R-algebra of the form A = TW/.J, where TW is the tensor
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algebra, and J C¢ W ® W is a graded linear subspace. Let J- C WY @ WV be the
orthogonal complement of J with respect to the canonical pairing

WYeW'eW oW — R,
(2.2) {

wy @ wy @ wy @ wy — (—1)12lwy (we)wy (wy).
The quadratic dual of A is defined as
A =T(WY[-1])/J*[-2].
The Koszul complex is the graded vector space A' ® A with differential

(2.3) @z Y ()Pl @ wa,

where {w,} is a basis of W, and {w) } the dual basis.

One says that A is a Koszul algebra if the Koszul complex is acyclic.

There is also a more abstract formulation. Consider the abelian category of graded
left A-modules, and in it the simple module R. We then have a bigraded group
Ext’y (R, R[j]), where 7 is the cohomological grading and j the internal one, inherited
from the grading of A itself. For instance,

R j=0,

0 ) =
Ext} (R, R[j]) = {0 otherwise,

(2.4) Ext (R, R[j]) = (W),
Ext (R, R[j]) = (J7).

In our case A has an extra grading by pathlength, and this induces another grading on
each Ext’y (R, R[j]). For low values of i, one sees from (2.4) that Ext’ is concentrated
in path length i. Then, A is Koszul if and only if the same holds for all ¢ (the original
reference is [87]; for more recent expositions in slightly varying degrees of generality,
see [9], [29], [1]).

ADDENDUM 2.1. — Even though we have kept track of some signs arising from the
grading of W, these are actually irrelevant for the purpose of determining whether A is
Koszul or not, as the following trick shows. Let A be the algebra obtained from A by
multiplying the given grading of W by 2. The category of graded A-modules embeds
fully and faithfully into that of graded A-modules in the same way, which we denote
by M M. This doubles the amount of shift,

(2.5) M) = M2,
Using that and any projective resolution, one sees that
P Ext’y (M, N[L4]) if j is even,
(2.6) Ext’; (M1, N[j]) = ’ .
0 otherwise.
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Moreover, the isomorphism is compatible with path length. Hence, A is Koszul if and
only if A is. Once one has done this change, it is clear that the same will hold even if
one changes the grading to be trivial (concentrated in degree zero), since the Koszul
complex is not affected by even changes in the grading.

The Hochschild cohomology of a Koszul algebra A can be computed [44] as the
cohomology of A' ® A with a modified differential

(2.7) T ®r— Z(—l)‘m‘x!wl ® W — (—1)(|w"‘+1)(‘m‘+|x!lex! ® TWw,.

More precisely, the Hochschild cohomology of any graded algebra A is a bigraded
vector space HH'(A, A[j]), where again i is the cohomological grading, and j the
internal one. For Koszul algebras, i + j corresponds to the natural grading of A' ® A,
whereas i measures path lengths in the A' factor of (2.7).

EXAMPLE 2.2. — Take a free algebra A = R(w), where w has odd degree d. The
Koszul dual is a truncated polynomial algebra A' = R[w"]/(w")?, where w" has even
degree 1 — d. The Hochschild cohomology has a basis consisting of 1 ® w® with 4
even, and w¥ ® w' with 4 odd. This contrasts with the case of even d, where the
differential (2.7) vanishes.

It is useful to consider this example in the context of Addendum 2.1. In the category
of graded A-bimodules, we have

(2.8) HH' (A, Alj]) = Ext’yg s0m0 (4, Alf])

where the shifted space A[j] has the bimodule structure which is given by ordinary
multiplication on the left side, and twisted multiplication (—1)7!*/zy on the right side.
If we take A and double its given grading to ;1, the category of graded A-bimodules
embeds into that of A-bimodules in the obvious way. However, this embedding fails
to be compatible with shifts, so that the analogue of (2.5) for the groups (2.8) holds
only if j is even.

2.2. A Hochschild cohomology computation

Consider the graded path algebra associated to the quiver
(2.9) . .

where w1, wy have degree 0, and w3, w, degree 1. Composition of paths will be written
from right to left, so the path wsw; means going first along w; and then ws.
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DEFINITION 2.3. — The graded algebra Q) is the quotient of the path algebra of (2.9)
obtained by imposing the relations

(2.10) waws +wawy =0, wiws +wowz =0, wsw; = waws = 0.
Here’s an alternative description. Let e1, es € @ be the idempotents associated to
the length 0 paths. Take V = R?. One can identify
eaQer =V using wi, wy as a basis,
e1Qes =V using ws, wy as a basis,
(2.11) e1Qe; = A"V = AV @ A%V using e1, q1 = wsws as a basis,
eaQes = A"V = A"V @ A%V using es, g2 = wiwy as a basis.
where of course A’V = R. With respect to these identifications, both nontrivial
multiplications
(2.12) e1Qes ®eaQQer — e1Qer,  e2QQe; ® e1Qea — eaQes
equal the ordinary wedge product V@ V — A2V,

The entire theory of Koszul algebras can be carried out over any semisimple base
algebra, such as Ry = Re; @ Reg (as already noticed in [9]). With respect to the
exposition in Section 2.1, the main change needed is that all tensor products should
be taken over the base algebra. Our original description (2.10) shows that @ is
quadratic in these terms, and in fact:

LEMMA 2.4. — The graded algebra Q is Koszul.

Proof. — Consider the Z/2 action on V', where the nontrivial element acts by —Id.
It follows from (2.12) that
(2.13) Q=ANV)xZ/2

as an algebra over R[Z/2] = Ry. Of course, this isomorphism is not compatible
with the grading of () and the natural grading of the exterior algebra. However,
by Addendum 2.1 the discrepancy is irrelevant for deciding whether @ is Koszul
or not. On the other hand, the Koszulness of A(V) x Z/2 is well-known, being a
minor variation on the basic case of the exterior algebra itself (for the dual case of
polynomial algebras twisted by finite groups, see [43, Section 2.7]). O

The quadratic dual Q' of Q (again, taken over Ry) is based on the quiver

(2.14) ° °
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where wy, wy have degree 0, and wy, wy degree 1. This is actually isomorphic to (2.9)
but we avoid making the identification, and in any case the relations defining Q' are
different:

(2.15) wywy —wijwy =0, wjw] —wyws = 0.

As in (2.13), if one forgets the grading then Q' = Sym (V") x Z/2.

LEMMA 2.5. — HH'(Q, Q|2 — i]) vanishes for i > 5, and HH'(Q,Q[3 — i]) vanishes
fori>17.

Proof. — We need to adapt the previous discussion slightly to the framework over Rs.
The relevant complex computing the Hochschild cohomology is now
(2.16) (Q' ®r, Qg = P €Q'e; ®r e;Qei,

i,j=1,2
where the differential (2.7) remains the same as before. Ifi is even, any path in Q' of
length i has degree %z’, which implies that HH*(Q, Q[j]) = 0 for i+ j < %z If i is odd,
the minimal degree of a path of length i in Q' is %(z — 1), but the paths having this
minimal degree all lie in e2Q'e;, whereas e; Qes is concentrated in degree 1. Therefore,
HH'(Q,Q[j]) =0fori+j < (i+1). O
LEMMA 2.6. — One has HH*(Q,Q[—1]) = 0, and HH*(Q, Q[-2]) = Sym* (V).
Proof. — The HH? case can be carried out by an explicit calculation, which we
omit (software for doing such calculations is available from the author’s homepage).

For HH* we can follow a more conceptual path. The argument from Example 2.2
shows that

(2.17) HHY(Q,Q[-2]) = HH*(A(V) x Z/2,A(V) x Z/2[-4]).
The Hochschild cohomology of A(V') X Z/2 is isomorphic (with a suitable adjustment
in the bigrading) to that of its Koszul dual Sym(V">) x Z/2. The particular group

(2.17) corresponds to the length 4 piece of the center of the Koszul dual, which is just
Sym*(VV). O

2.3. Deformations

An A.-deformation of ) is an Ao-structure {u*} which respects the grading and
Ry-bimodule structure, and whose starting terms are

(2.18) pr(z) =0, p?(z2,x1) = (—1)"lzo,.

In particular, {*} is necessarily cohomologically unital. As part of the higher order
product structure, we then have maps

{:“?12121] s e1Qez @ e2Qer @ e1Qer ® e2Qer = VO — Rey 2 R,

(2.19) L y
Ki21219] * €2Q€1 ® e1Qe2 ® e2Qer ® e1Qez = V=" — Rey = R.
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where the identifications (2.11) have been applied. Suppose that > = 0. In that
case, because of the A-equations, the two order 4 expressions in (2.19) must have
the same symmetric part, which we denote by

(2.20) p(v) = M?12121] (v,v,v,v) = M?21212] (v,v,v,v) € Sym4(Vv).

PRrROPOSITION 2.7

(i) Aso-deformations of Q satisfying u> = 0 are classified up to isomorphism by
(2.20): any polynomial can occur, and it determines the isomorphism class of the
deformation.

(il) Any Ao -deformation of Q is isomorphic to one which is strictly unital, and
has 13 =0, u® = 0.

Proof. — Most of this follows from Lemmas 2.5 and 2.6, together with the general
classification theory of Ao-deformations [53] (compare also the discussion in [89, Sec-
tion 3]). The vanishing of HH*(Q, Q[—1]) tells us that any A..-deformation is equiva-
lent to one with i = 0. For general reasons, u* then defines a class in HH*(Q, Q[—2]).
We know that this group is isomorphic to Sym*(V¥), and one can check (by explic-
itly comparing the standard Hochschild complex with the one coming from Koszul
duality) that this isomorphism takes [u*] to the polynomial p defined above. Since
HH*(Q,Q[2 — i]) vanishes for all i > 4, [*] determines the isomorphism class of the
Ago-deformation completely. The obstructions to existence lie in HH (Q, Q[3 — 1i])
for ¢ > 7, which vanish in our case. The last statement follows by inspection of the
inductive procedure in which the previously mentioned obstruction groups appear:
the first component beyond p* which appears is p®, which is introduced to solve the
Ao-associativity equation

(2.21) w2 (x7,u6(:176, .. .,xl)) + (fl)lwl‘_l,u2 (u6(x7, . ,xz),xl)
+ ,uﬁ(x7, ... ,xg,u2(x2,x1))
+ -t (*1)'“‘+"'+|I5|_5,u6(,u2(177,:176), o T1)
=—uM 7, .. ox5, 1t (4, 1)

(fl)lm‘+|I2|+‘13|_3u4(u4(x7, ce.yT4), T3, .. .,xl)). O

DEFINITION 2.8. — For a given p, we denote by Q, the A -structure obtained by
equipping Q with the higher order products from Proposition 2.7.

This @, is an A-algebra over Ry, or equivalently an A..-category with two ob-
jects X1, Xo. By construction, it is strictly unital and has ,u%p = ,u“zgp = 0. Of course,
it is unique only up to A..-isomorphism.

ADDENDUM 2.9. — There is also an A.-isomorphism Q, = @2, for any v € R,
obtained (for suitable choices on both sides) by multiplying the degree k part of the
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algebra with v*. In particular, if R is algebraically closed (or at least contains square
roots), knowing p up to nonzero multiples is sufficient to determine the A..-algebra.

Let’s briefly consider the Hochschild cohomology HH*(Q,, @,) (unlike that of a
graded algebra like @, this carries a single grading). The length filtration of the
Hochschild complex yields a spectral sequence, starting with

EY = HH'(Q,Qlj)).

Here is a picture of all the nonzero entries in the lines i +j = 1 and i + j = 2 of
the Fs page, obtained by the same techniques as Lemmas 2.5 and 2.6:

j=2 0
j=1|A2(V)@ A2(V) 0
(2.22) j=0 End(V) Sym?(V")
j=-1 0 0
j=-2 0  Sym*(VY)
i=0 i=1 i=2 i=3 i=4

Since u%p vanishes, the first potentially nontrivial differential is d? : Eij — Ei+3’j _2,
which is the Gerstenhaber bracket with u‘ép. In (2.22), this occurs as

d® : End(V) — Sym*(V"),

which can be interpreted as the action of linear vector fields on the polynomial p,
d*(Z) = Lzp. Moreover, since pg, = 0, the next nontrivial differential is d°, which
vanishes in (2.22) (this requires a bit of thought, since the higher differentials are
related to the ,u’g?p by a nonlinear “zigzagging” procedure: for instance, p* itself could
yield a nontrivial contribution to d®). One concludes in particular:

LEMMA 2.10. — Suppose that there is no nontrivial linear vector field which acts
trivially on p. Then HH'(Q,p, Qp) = A2(V) @ A%(V) is two-dimensional. O

ADDENDUM 2.11. — Inspection of the argument above allows one to approximately
determine the form of two generators [¢1], [g2] of HHl(Qp, Qp). Each of them is rep-
resented by a Hochschild cochain whose leading order term g is a nontrivial element
of (exQex)t = A2(V), let’s say the standard elements ¢; = wzws = —waw; (for k = 1)
and g2 = wyws = —wows (for k = 2). Moreover, the next order term g} can be chosen
to be zero.

2.4. Some twisted complexes

Q@ can be thought of as a linear graded category with two objects X; corresponding
to the vertices of the quiver, so that for instance homg (X1, X2) = e2Qe1 = V. The
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Aso-deformation @), can the be viewed as an A.-category with the same objects.
The aim of the following discussion is to understand how the choice of p affects the
structure of the formal enlargement Q;W (and Qge’f). For that, it is useful to require R
to be algebraically closed, which we will do from now on.

For any nonzero v € V', consider the twisted complex C,, = Cone(v : X7 — Xa).
We have
AO(V) @ A2(V)[-1] %

V[-1] ANV e A2(V)[—1])'

The matrix notation here stands for taking the direct sum of the four graded vector

spaces involved. Taking into account the fact that ,ubp and u‘ép vanish, the differential
on (2.23) is

(2.23) homg (G, C) = (

1
,J’Q;W

(2.24) (‘T” “712) —

T21 T22

( T1a AV 0 )

7”0/\171171722/\1) U/\LE12

and the product is

Y1 Y12 r11  T12 #QQ;W
(o ) @ Gt ) —
Y21 Y22 T21 T22
Y11 ANx11 + Y12 Axar Y11 Axi2 + yi2 A X2
(2.25) (

Y21 AN x11 + Y22 A 21 Yoo A T2 + Y21 A X2
< ,uézp <y12,U,.’I]12,'U) :uégp (U’912ava$11)>
/f%Qp (y22,v, 12, 0) + Hégp (v, Y12, T22,v) + /f%Qp (v, 911, %12, V) u‘égp (v, Y12, 0, T12)

Representative cochains for a basis in the cohomology of ,uéztw are
P

-1 0 0 v v Av* 0 0 0
2.26 =( ) tz( ) =( ) =( )
(2.26) “=\o 1 00/ ¢ 0 wvav) T 0

where v* € V satisfies v* A v £ 0. The first generator is the identity element, with
the sign due to convention. Some explicit products of the other generators are

—v AV 0 0 v*
oy (ust) = ( 0 o) = 3hgy (0 o) -9,

0 0)711(011*

2 _ 1
(2.27) bt = (i, 0 e) = B (o )+

g (1,0) = 0,

p (t,1) = p(v)e.
On the cohomology level, this implies that
(2.28) H° (hOmQ;w (Cy,Cy)) = R[t]/(t* — p(v)).

We have therefore shown:
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LEMMA 2.12. — C,, splits into two summands in Qgerf if and only if p(v) #0. O
This allows one to reconstruct p up to a scalar multiple from categorical data.

ADDENDUM 2.13. — Just like the A,-structure itself, a Hochschild cochain g
in CC(Qp,Qp) has components gﬁ.dmio] for d > 0 and g, ...,iq € {1,2}. The induced
cochain g™ as in (1.15) has in particular

tw,0 ~ tw,0 _ *gfl] 0 )
(229) g™ € homgu (Cy, Co), g (9[121] (v) gpy/
Suppose that p satisfies the assumptions of Lemma 2.10, and consider the genera-
tors g1, go from Addendum 2.11. The notation here is potentially confusing: g is a
whole Hochschild cocycle, whose components would be written as (gk){[iid...io]' Suppose
that v* is chosen in such a way that vAv* = (gk)([)k]. By comparing (2.29) with (2.27),
one sees that

(2.30) (91)"™" = —(g2)"™" = ugpew (u, t).

By carefully inspecting the argument leading to Lemma 2.12, we can sharpen it
to a criterion that determines p_on the nose, and also works in shghtly more general
circumstances. Suppose that Q is an A,.-category with objects Xl,XQ, together
with a fixed isomorphism H (Q) >~ ( on the cohomology level. We will use the
triangulated structure of HO(Q ™), following [93, Section 3] for the sign conventions
used in establishing exact triangles.

LEMMA 2.14. — Given v € V & HomHo@tw)(Xl,)?g), complete it to an exact tri-
angle

(2.31) X1 5 Xy — Cy — X4[1].

There is a unique (degree 0) endomorphism t of 6,, with the following two properties.
The composition

(2.32) Xo 5 Cy 5 Cy — Xu[1]

(where the first and last map are taken from the exact triangle) equals v; and t2 s a
multiple of the identity endomorphism. Moreover, that multiple is necessamly given
byt? = p(v), where Q, is the Ao -deformation of Q quasi-isomorphic to Q

Proof. — The object 6,, is unique up to (non-canonical) isomorphisms which com-
mute with the maps from X, and to X 1[1]. Hence, the statement is independent of
the specific choice of C,. Without loss of generality, we can assume that Qv = @) for
some p. By definition,

(0,6)(2) (76){1 ,0)

(2.33) X1 — X, Cy X1[1]
is an exact triangle. With this and (2.28), one checks easily that ¢ is the unique
endomorphism satisfying (2.32). O
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2.5. A perfect family

It is a natural next step to let the parameter v vary. For simplicity, we will use the
affine line (rather than the projective line) as a parameter space, setting v = (1, s2)
with so € R. Take the double cover of the affine line ramified at the zero-locus
of p(1,s3), and then remove the branch points. The outcome is a smooth curve §
whose ring of functions is

(234) R = R[5175I1752]/(5% 7p(1752))'
We equip this with the nowhere vanishing 1-form
(2.35) 0=—1s7"dsy € Q.

Let Q, be the constant family of A..-structures over § associated to ). Consider
the object of Q™ given by

C= COHe((l,Sz) : X1 — X2)

By the same computation as in (2.28), taking the natural choice v* = (0, 1) of gener-
ator linearly independent of v, we have

(2.36) H (homguy (€. €)) = Rt ul /(2 — 52).
After lifting the idempotent endomorphism
(2.37) 5(1+s7't) € H (homgu (C, €))

to a homotopy idempotent, one associates to this a family M of perfect modules,
which is a direct summand of the Yoneda image of C. Use the generator go from
Addendum 2.11 to define a deformation field

(2.38) y=-20®gs € HH'(Q,, 0% ® Qp).
LEMMA 2.15. — The family M follows [y] (in the sense of Definition 1.12).

Proof. — The deformation cocycle of C can be determined by applying (1.44) to
the trivial pre-connection. On the other hand, v*:°
dum 2.13. The result is

{ def(WC) = —832 ((5C)d82 =20® 81832 <6C) =20 ® su,

tw,0 __ 2
vy =20® MQ;)W (U, t).

can be computed as in Adden-

(2.39)

The corresponding elements for M, at least on the cohomology level, can be computed
by applying the projection (2.37) (it doesn’t matter on which side, since there are no
Homs from one summand of € to the other), which indeed yields the same result in
both cases:

(2.40) LA+ sy tut = L(s7 P+ t)u = 2(s1 +Hhu = 1(1 + 57 't)s1u. O

We could add any multiple of g1 + g2 to our deformation field and still obtain the
same result, in view of (2.30).
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2.6. Elliptic curves

The algebra @ from Definition 2.3 arises in the following algebro-geometric context.
Take some p € Sym? (V") which is simple, meaning that it has four distinct zeros. This
gives rise to a double branched cover 7 : Y,, = P(V'), which is a smooth elliptic curve,
embedded into the total space of the bundle Op(v)(Q). The sheaf 7, Oy, decomposes
into +1 eigenspaces for the action of the covering transformation. These can be
identified with

(2.41) (14 Oy, )+1 = Op(vy,
(2.42) (M Oy, )1 = Opv)(=2) = Qpyy @ AX(V),

where the second part is obtained by taking functions linear on the fibres of Op(y/)(2)
and restricting them to Y,. If Ei, Ey are locally free sheaves on P(V), we have
canonical isomorphisms

(243)  Exty (7" By, 7" Ey) & H*(Y,, 7" Ey @ 1" Ey)
= H*(Y,, 7" (B ® Ez))
= 1 (B(V), (E{ ® E2) & 7.0y,)
=~ H*(P(V), EY @ Ea) ® H*(P(V), EY ® Ey ® Q) @ A*(V)
= Extpyy(E1, B2) @ Exty ) (Ba, B1)Y @ A(V),
where the last isomorphism uses Serre duality on P(V). Consider in particular
Ey = Opvy, B2 = Opay(1) @ A*(V),

which has Homp () (E1, E2) = VY ®A?(V) = V by definition. The computation above
(with Ey and Es exchanged) shows that

Exty, ("B, Ey) 2 VY @ A*(V) =V
as well. Using this and similar arguments (compare [97, Section 3c|) one sees that:
LEMMA 2.16. — We have an isomorphism of graded algebras,

Ext”'{/p ("B @ Fy,m By & 1 FEs) = Q
(if one thinks of Q as defined in (2.11), the isomorphism is canonical). O

Let D’Coh(Y,) be a suitable dg enhancement of the standard bounded derived
category of coherent sheaves on Yj,. This category is closed under shifts, mapping
cones and direct summands (the last-mentioned fact follows from the characterization
of its objects as compact objects in a larger category [14, Thm 3.1.1]). Lemma 2.16
says that the subcategory of D’Coh(Y,) with objects 7* Ey, 7* E2 is quasi-isomorphic
to an A,-deformation of ¢, which by Lemma 2.7 can be chosen to be Q5 for some
polynomial p. We then have a cohomologically full and faithful A,-functor from Q5
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to DbCoh(Yp), taking X; to n*F;. Moreover, since the 7*FE; are split-generators
of D*Coh(Y,), this functor extends to a quasi-equivalence

(2.44) Qb = DCoh(Y},).

Unsurprisingly,

LEMMA 2.17. — The polynomial p in (2.44) is a nonzero constant multiple of p.
Proof. — Any A..-functor take cones to cones, up to quasi-isomorphism. In partic-

ular, C', maps to the cone of the morphism 7*F; — 7*F5 corresponding to v. That
cone, which we denote by év, is isomorphic to the structure sheaf of the scheme-
theoretic fibre 7=1([v]); more canonically, it can be written as that structure sheaf
tensored with the one-dimensional vector space V/Rv. If p(v) # 0, the fibre consists
of two closed points, hence has a nontrivial idempotent endomorphism. On the other
hand, there are four points for which p(v) = 0, and where the scheme-theoretic fibre
is a single fat point. Lemma 2.12 then yields the desired result. O

We can refine this observation slightly. One can compute geometrically that

(2.45) Homy, (C,,C,) = R @ (Rv)®?,
(2.46) Homy, (7% E,Cy) = R & (Rv)®?,
(2.47) Exty. (Cy, 7" E1) 2 (Rv)* & Rv.

In the ring structure of (2.45), the first summand is generated by the identity endomor-
phism, and the square of v®u in the second summand is exactly p(v) times the identity.
The action of v @ v on (2.46) by left multiplication is given by (1,0) — (0,v®v) (and
correspondingly (0,v®v) — (p(v),0), so as to satisfy the given relation). Both groups
(2.46) and (2.47) contain canonical elements, which are parts of the obvious exact tri-

angle involving C,,, and those are just the generators of the first summands (in the
case of (2.47), this is the generator of (Rv)" dual to v € Rv). Finally, the composition

(2.48) Ext}. (Cy, 7" E1) ® Homy, (7" B, Cy) — Bxty, (1" By, 7" Ey)

is given by the obvious maps (Rv)¥ @ (Rv)®? — Rv C V and Rv@ R — Rv C V.
By putting together those facts, one sees that taking ¢ = v ® v exactly satisfies
the assumptions of Lemma 2.14 (modulo tedious sign verifications, which we have
omitted), and therefore that:

LEMMA 2.18. — The constant from Lemma 2.17 is trivial, meaning that p =p. O

REMARK 2.19. — This geometric interpretation also throws some light on Lemma 2.10.
In view of the derived invariance of Hochschild cohomology, one has

(249)  HH(Q,,Q,) = HH*(D"Coh(Y,)) = HH(Y,) = EB H(Y,, NTY,),
i+j=d
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where T, is the tangent bundle. In particular, HHl(Qp,Qp) ~ HYY,, Oy,) ®
HO(Y,,Ty,) is indeed two-dimensional.

We make a slight digression, whose aim is to explain our original computations of
HH*(Q, Q) geometrically. One can associate to an arbitrary p € Sym®*(V") a sub-
scheme Y}, of the total space of Op(y(2), and Lemma 2.16 still holds. So does (2.44),
once one replaces the derived category of coherent sheaves with its subcategory of per-
fect complexes. In particular, we can set p = 0, in which case the “double branched
cover” Yy is the first order infinitesimal neighbourhood of the zero-section in Op(y)(2).
Using the action of R* by fibrewise rescaling, one can show that the resulting A..-
structure on @ is formal (this is a well-known idea, in a sense going back to [22], see
[96, Remark 7.6] and [65] for recent occurrences). Hence,

(2.50) D HE'(Q,Ql) = HE (),

i+j=d

where the right hand side can be written as the hypercohomology of a complex of
sheaves on P(V) (locally quasi-isomorphic to the Hochschild complex of the ring
R[t1,t2]/t3), making it easily amenable to computation. Moreover, the equivariant
version of the same Hochschild cohomology recovers the bigrading on the left hand
side of (2.50).

Identify V = R? with coordinates (vi,v2). Consider the affine chart for the to-
tal space of Op(y)(2) with coordinates (si,s2), which is such that so = vo/v1 for
the underlying point [v1 : v2] € P(V), and the section s; = 1 corresponds to the
quadratic polynomial v?. In this chart, Y, has equation 52 = p(1, s2). The object 6,,
constructed above, for v = (1, $3), is the structure sheaf of the ideal obtained by addi-
tionally setting so to a specific value, and its endomorphism t is multiplication by s1.
If p(1, s2) # 0, the idempotent endomorphism %(1 + sl_ltN) of C, singles out a direct
summand, which is the structure sheaf of the point (s1,s2). Applying Lemma 2.15 to
this, we get a perfect family of sheaves on Y, parametrized by the curve § from (2.34),
which is itself an affine open part of Y}, and such that the fibre of the family at (s1, s2)
is isomorphic to the structure sheaf of that point. This justifies calling it a “tautolog-
ical family”.

REMARK 2.20. — The canonical bundle of the total space of Op(y)(2) is the pullback
of Op(v)(—2) ® Qé(v) = Opv)(—4) ® A*(V))¥. Hence, fixing a symplectic form on the
vector space V' singles out a two-form with poles exactly along Y, whose residue is
then a nowhere vanishing 1-form on Y,. Returning to the identification V = R? and
taking the symplectic form to be the standard form dv; A dwvs, one finds that the
restriction of the associated 1-form to S C Y}, is precisely (2.35), since that satisfies
O Ad(s?—p(1,s2)) = dsy A dsa.
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2.7. A universal construction

We will now give an alternative construction of the tautological family (and re-
lated ones). Any N € ObD’Coh(Y, x Y,) defines a Fourier-Mukai functor Ky
from D®Coh(Y,,) to itself. Its action on objects is Kn(E) = (g2)«(¢; E ® N), where
qr : Y, x Y, =Y}, are the projections. To explain the interaction of this with the de-
scription (2.44) of the derived category, we find it convenient to reverse the directions
of the arrows, which means to consider the pullback functor

(2.51) D"Coh(Y,) — Qp°.

The image of an object I is a module M with H (M (X;)) = Homy, (E;, F). One shows
easily that (2.51) is cohomologically full and faithful, and in fact a quasi-equivalence
to the subcategory Qgerf of perfect modules, which is inverse to (2.44). There is a
similar pullback functor

(2.52) DPCoh(Y, x Yp) — (Qp, Qp)™° .
This maps N to a bimodule P whose cohomology is
H(P(XZ, X])) = HOHI;PXYP(EJ-V X Ei» N) = HOHl;P (El, (Q2)*<QIEJ & N))

For instance, the structure sheaf of the diagonal maps to the diagonal bimodule. Note
also that if we consider P(., X;) just as a right Q,-module, it is quasi-isomorphic to
the image of the sheaf (¢2).(¢i E; ® N) under (2.51). This implies that P is always
right perfect. Finally, the following diagram is commutative up to homotopy:

K
DbCoh(Y,) ——~— DPCoh(Y,)

(2.53) l . l

mod mod
R E— .
Q) Q)

In the top row of this, Ky is the Fourier-Mukai functor, whereas on the bottom row we
have the tensor product functor Kp. We will in fact only need to know commutativity
of this on the level of quasi-isomorphism classes of objects, which is somewhat easier
than the full statement.

The same observations hold for families. Let Q, be the constant family of A..-
structures over § with fibre @),,. There are functors

(2.54) DbCoh(§ x Y,) — Q™°,
(2.55) DCoh($ x Y, x Yp) — (Q, @)™,

of which the first is an equivalence to the subcategory of perfect families, and the
second one at least lands in the subcategory of right perfect families of bimodules.
Any object AL of D’Coh(S x Y, x Y,,) defines a functor

Ky : D*Coh(Y,) — D’Coh(S x ),
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which can be thought of as a family of Fourier-Mukai functors parametrized by S.
If 2 is the image of AL under (2.55), we have a tensor product functor

KLP . leod mod ,

already considered (except for the notation) in Section 1.10. The analogue of (2.53)
is

K
DPCoh(Y,) — 2 DPCol(S x Y,)

(2.56) l . J

Q;ﬂod meod7

where the vertical arrows are (2.54). So far the discussion has been essentially limited

to abstract nonsense, but now we want to draw some consequences more specific to
the case of elliptic curves.

Fix a point s € § C Y}, and give Y}, its unique structure of an elliptic curve with s
as the neutral element. The graph of the addition morphism X : Y}, xY,, = Y}, restricts
to a smooth subvariety {(s,y1,y2) € S x Y, x Y, : y2 = X(s,y1)}. Let AL be the
structure sheaf of that subvariety, and 2 its image under (2.55). This is a right perfect
family of @),-bimodules parametrized by S, whose fibre at s is quasi-isomorphic to the
diagonal bimodule.

LEMMA 2.21. — P follows the deformation field [y] from (2.38).

Proof. — At any point s € S, Ps is the graph of an autoequivalence of Qgerf. This im-
plies that the maps HH"(Qp, Qp) — H*(hom (g, ¢ ymed(Ps, Ps)) considered in (1.29)
are both isomorphisms. The same then holds in the entire family, which means
that (1.83) is an isomorphism. By definition, we have therefore shown that P fol-
lows some deformation field [§] € HH'(Q,, Q2 ® Q).

We will now argue indirectly, based on Corollary 1.19 and the Hochschild cohomol-
ogy computation in Lemma 2.10. The sheaf F/y = Oy, is invariant under translations,
which means that its Fourier-Mukai convolution with A yields a constant family.
By (2.56), this implies that X1 ®q, 2 is a constant family, hence that the component
'~y[01] € e1Qper must be zero. If we now take the skyscraper sheaf at the point s as our
starting object, the outcome of Ky is again a “tautological” family, meaning that the
fibre at any point of § is isomorphic to the skyscraper sheaf at that point. Any two
such families are isomorphic up to tensoring with line bundles over §. By comparing
this with Lemma 2.15, one sees that ’7?2] € e2Qyez must be equal to —26. O

COROLLARY 2.22. — The category @, has a nonempty set of periodic elements, in
the sense of Definition 1.25. More specifically, if [g2] € HH'(Qp, Qp) is as in Adden-
dum 2.11, then [—2gs] € Per(Q,,S,0). Here, S is the smooth closure of S (obviously
isomorphic to Yy), and 0 the extension of 0 to that closure.
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This is a direct consequence of Lemma 2.21 and Corollary 1.19. Now recall that
the category Qb ~ DPCoh(Y},) carries an action of SLy(Z) (in a weak sense, and
ignoring even shifts) [75, Remark 3.15]. This acts on Hochschild cohomology and also
maps families to families. From this, one gets the following:

COROLLARY 2.23. — The set
Per(Q,,S,0) C HH'(Q,, Q,)
contains my[g1] + ma[ge] for all my € Z, ms € my + 2Z. O

2.8. Theta functions

For the remainder of this section, we work exclusively over the field R from (2.1).
Elliptic curves over fields like R can be studied using methods of non-archimedean
analytic geometry. The comparison with ordinary algebraic geometry over R is pro-
vided by a suitable GAGA theorem (see [81], [20] for introductory accounts). We
will borrow the intuition from there, but otherwise proceed by direct computation,
avoiding abstract tools as much as possible.

Let F be the ring of Laurent series over R in one variable ¢, and which have “infinite
convergence radius” (the non-archimedean analogue of holomorphic functions on C*).
Explicitly, this means that

f(t) = coh™t"™ + e K"
(2.57) F={&<cC mpeR, n e,
klim my + Any = +oo for any A € R
—00

We will be particularly interested in the theta-functions (a standard reference is [76],
but our notation is a little different)

(2.58) Dop(t) = Y K
ienZ+k

where n is a positive integer, and k € Z/nZ. These functions satisfy

(2.59) O i (it) = K727, 1. (t) (periodicity),

2.60 (B ™) = B2 19, i (¢ fractional periodicity),
, et

(2.61) 19n7k(t_1) = Oy n—k(t) (symmetry).

The simplest example, ¥1 1(t) = 9(¢), is the common or garden Jacobi theta function.
On the next level n = 2, one has two functions v 1 (¢) and 92 2(t), which besides (2.60)
are related by the addition formula

(2.62) 1924(1019271(25) + 192,2 (’U,)192,2(t) = ﬁ(ut)ﬁ(u_lt).
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As a consequence of that formula, we have
05(h7 )21 (1) — 921 (R2)095(t) = —h~ Y 49(—1)2,
O 0(—h2 )01 (t) — P 1 (—hZ )Pao(t) = A~ 49(1)2,
05(1)09,1(t) — V9.1 (1)025(t) = B/ t0(—h2t)?,
Do.9(=1)02.1 (t) — Va1 (—=1)a(t) = K/t 9(h7 )2,
We will need the duplication formula [108, p. 488]
(2.64) I()I(—t)I(h2t)9(—h7t)

= $9(1)O(=1)9(h2 )9 (~h=¢?)

= L= VS 9(1)0(—1)9(h2) (Va1 (t) — Va3(E)).

We will also need an identity for the derivatives (in ¢-direction),

(2.63)

(2.65) t(92,2(8)02,1(t) — V51 (£)02,2(t)) = Va1 (£)0] 5(1) + Du3(8)0 1 (1)
= 03(1) (Va1(t) — Da3(t)).
DEFINITION 2.24. — The unit torus polynomial p € R[vy, vs] is

(2.66) p(’l}l, UQ) =C (19272<h%)’l}2 — 1927107,%)’1}1)

X (99,9(—h2 vy — P91 (—h2)v;)
X (19272(1)1)2 — 19271(1)1)1) (19272(—1)1)2 — 19271(—1)111)
= ¢ (02,2(h%)%03 — 02,1 (h?)%0?) (92,0(1)%03 — ¥2.1(1)%03),
where
(2.67) ¢ = —hY4(1)729(~1)"20(hF) 20 5(1)%.

One can associate to this polynomial a smooth elliptic curve over R, by the double
branched cover method from Section 2.6. For the most part, we will only look at the
affine part § = Spec(R) of that curve as in (2.34), and equip that with the 1-form 6
from (2.35) (this extends to a regular 1-form on the entire elliptic curve). We call this
the unit torus curve. Points of S have a transcendental parametrization by u € R*,
called the theta parametrization:

so = V2.1 (u) 192,2(U)_1,
(2.68) s1= —gush(u) = 3 utdaz(u) (9 5 (w21 (u) — 9 1 (w)2,2(u)),
= 302,2(w) 729 5(1) (94,1 (w) — Va3(w)).
The fact that these points satisfy the equation for § follows from the relations between
theta-functions listed above. Note that, due to the periodicity property, v and hFu
(k € Z) describe the same point (if we had set up the general machinery properly,

this would yield the Tate uniformization of the closure of §, which of course is the
original Y),, as a quotient RX/FLZ). To be precise, we have to exclude u = iz’hk"’%,
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which is where 95 o vanishes (these would be mapped to points at infinity) as well
as u = ih%k, which is where 941 — ¥4,3 vanishes, see (2.64) (those points would be
mapped to the branch points, which do not lie in § by definition). The involution

1

1 _ — _
u + hizu corresponds to (s1,52) — (=185 2,55 "), whereas u +— u~' corresponds to

(s1,82) + (—s1, 82). Note also that in this parametrization, the 1-form is § = = du.

ADDENDUM 2.25. — Suppose that we change variables from & to A% (an automor-
phism of the field R). Apply this to the coefficients of p and denote the resulting
polynomial by p, with its associated curve § and 1-form 6. Our claim is that then,
the projective closure of § is an étale double cover of that of S, and that the given
1-forms are compatible with the covering map. In fact, the covering transforma-
tion is the abovementioned involution (31, 82) + (—315,2,5, ). This is obvious set-
theoretically by comparing the theta-parametrizations, and one can derive from the
abstract theory (or at least in principle, check by hand) that the resulting map is
indeed algebraic.

2.9. A nonarchimedean model

Nonarchimedean analytic geometry appears naturally in the context of mirror sym-
metry, as shown for torus fibrations in [59]. Here, we will spell out a version of their
construction for the case of elliptic curves. The ring F from (2.57) comes with an
action of Z, generated by the translation

(2.69) (Tf)(t) = f(ht).

We want to consider equivariant T-modules, or equivalently (right) modules over the
semidirect product algebra F' x Z (whose generators are f(t) and 7, with relations
7f =T(f)r). For any d € Z one has the equivariant module F'(d), which is F itself
with the twisted Z-action generated by

(2.70) (T(d)f)(t) =t f(ht).

Hompyz(F(dy), F(dy)) is isomorphic to the subspace of those elements of F which
are invariant under T'(d; — dp). Similarly, using the projective resolution (the map is
left multiplication)

id—rt—¢

(2.71) F(d)={FxZ FxZ)

of F(d), one sees that Ext}.,(F(dg),F(dy)) is isomorphic to the space of coin-
variants for T(dy — dp). In fact, we have a subcomplex of the chain complex
Hom gz (F (do), F (dy)) which is quasi-isomorphic to the whole thing, and that
subcomplex is of the form

id—T(dy—do)
—_

(2.72) {F F}

(concentrated in degrees 0 and 1).

MEMOIRES DE LA SMF 137



2.10. THE TWO-TORUS 55

Consider Z; = F and Z, = F(2). Using the computational ideas which we have
just explained, one easily shows that

(273) EXt’;:‘xZ(Zl D ZQ, Zl D ZQ) = Q

is the graded algebra from Definition 2.3. Hence, the underlying cochain level algebraic
structure is quasi-isomorphic to @, for some p. One can use the subcomplexes (2.72) to
write down a relatively simple (if still infinite-dimensional) dga model. In principle,
the Homological Perturbation Lemma could be applied to that, as in [84], which
would give a way of determining p directly. However, there is also a more categorical
approach, in parallel with that from Section 2.6. By (2.59), an explicit basis of
Extp,z(Z1, Z2) is given by the functions

(2.74) Fr(t) = Vo (A7 28) =t 0 k41 (1),
(k=1,2). Given u € R*, consider the linear combination
(275) 192’2(U)f1 + 19271(U)f2 : Z1 — ZQ.

This is always injective. If u ¢ {£hz*F : k € Z}, its cokernel splits into a direct
sum of two nontrivial objects. This is a consequence of (2.62), which shows that
the map can be written as the product of two elements which generate distinct (and
Z-invariant) principal ideals. One can also check that this fails for the remaining
values of u, where the cokernel is indecomposable. By applying Lemma 2.12, it then
follows that the homogeneous polynomial p relevant to our situation must vanish at
the points (09 2(£h2 ), 09,1 (£h2)) and (¥.9(%1), 92,1 (£1)). Hence, it must be of the
form (2.66) for some nonzero constant c. One can adjust the isomorphism (2.73) to
make that constant equal to 1, which shows:

LEMMA 2.26. — The full subcategory of the (chain level) derived category of modules
over F' x Z with objects F(0), F(2) is quasi-isomorphic to Qp, where p is the unit
torus polynomial. O

2.10. The two-torus

Take the unit area (symplectic) two-torus
(2.76) T =R?*/Z%, wr=dpAdg

in coordinates (p,q); and equip it with the standard complex structure, as well as
the nonzero holomorphic 1-form dz = dp + idgq. The Fukaya category Fuk(T") is
a Z-graded, cohomological unitally A..-category over the field R from (2.1). This
is related by mirror symmetry to the derived category of an elliptic curve over R,
see [85], [4]. More directly, [59] relates it to the ring F' x Z described above. One
could use either of these theorems to derive the desired results, but we prefer to argue
by direct geometric computation. This means that our exposition is a little ad hoc,
which is hopefully forgivable in view of the relative simplicity of the target geometry
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(for more details of the approach to Fukaya categories used here, see Section 3.3 and
the references therein).

Objects of Fuk(T') are simple closed curves L C T, equipped with a grading with
respect to the complex 1-form dz (this excludes contractible curves), and with a local
coefficient system & — L whose fibre is R" for some r, and whose holonomy lies in
the subgroup

(2.77)  GLo(r, R) € {A = Ag + Ath™ +--- | Ay € GL(r,C),

A; € Mat(r,C), m; > 0 for i > 1} C GL(r, R).

REMARK 2.27. — The grading of L induces an orientation. In the general definition
of the Fukaya category, one requires an additional choice of Spin structure on L.
However, changing the Spin structure is the same as tensoring ¢ with a line bundle
having holonomy {+1}. Hence, it is enough to consider curves L with the trivial Spin
structure (that which is compatible with the trivialization of TL; equivalently, it is
the one which is nontrivial in Spin bordism), which is why that structure does not
appear explicitly in our formulation.

The space of morphisms between two objects (Lg,&p) and (L1,&1) is the Floer
cochain space CF*(Lg,L1). In the case where Ly intersects L transversally, one
can set it up so that generators correspond bijectively to points x € Ly N L. More
precisely, each such point has an absolute index deg(x) € Z, which depends on the
gradings. This has the property that (—1)d°&(®)+1 is the local intersection number.
Then, x contributes a copy of Hom(§p 4, &1..) to CF*(Lo, L1) in degree deg(z).

REMARK 2.28. — The general theory dictates that the contribution of =z is
Hom(&o 4, &1,2) ® 04, where o, is the orientation space, a 1-dimensional R-vector
space which can be identified with R uniquely up to sign. However, in the specific
case where the symplectic manifold is a surface, we know [93, Eq. (13.6)] that o, & R
canonically if deg(z) is even, and that otherwise, an orientation of (T'L1), determines
an isomorphism; in that case, we use the orientation of L given by the grading. This
is why orientation spaces do not appear explicitly here.

The first two objects relevant for our argument are
(2.78) Ly ={q¢=0}, Ly={q=-2p},

We equip them with gradings so that HF™(Ly, L) is concentrated in degree 0, and
so that the induced orientations are as shown in Figure 1. Both should carry trivial
local systems. Write wy, —wy € CFY(Ly,Ls) for the generators coming from the
two intersection points (1,0) and (0,0). We also write ws, w3 € CF'(Ls, L1) for the
generators coming from the same two points. By introducing a perturbed version of
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W1, Wy W2, W3

FIGURE 1

one of our two L; and counting triangles, one shows that each of the products

+ [wq] - [w1] € HF*(Ly, L) = HY(L1; R),
(279) + [wl] . [’U);d € HFl(LQ,LQ) = H1<L2;R>,
— [wa] - [ws] € HF" (Lo, La) =2 H"(La; R),
— [ws] - [we] € HFY(L1,Ly) = HY(L1; R)

equals the generator of H' given by our choice of orientations. Hence:

LEMMA 2.29. — The cohomology level product satisfies the relations (2.10). This
means that as a graded algebra,

2
P BF*(Li, L;) = Q. O

ij=1

Take any u € R*, written as u = i"™°a for some my € R and a € GLy(1, R). We
associate to this another object of the Fukaya category, as follows. The underlying
curve is

(2.80) L3, = {p =mo}.

It comes equipped with the grading such that HF*(Lq,Ls,), and then also
HF*(Ls, L3 ,,), is concentrated in degree 0 (the induced orientation is in nega-
tive g-direction). The rank 1 local system &, on Ls, should have holonomy a
when going around the curve in positive g-direction. Both chain level morphism
spaces CFO(Ll,Lgyu) and CFO(LQ,LS’u) are canonically isomorphic to the fibre of
this local system at the unique intersection points, which are (mg,0) and (mg, —2my),
respectively. We identify these with R as follows:

Pick an arbitrary isomorphism (£u)(me,0) = R. Then, choose
(2.81) (€u)(mo,—2mo) = R in such a way that parallel transport along
the path {(mo, —2mot) : 0 < ¢ < 1} is multiplication with A™3.
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Denote the resulting generators by 21, € CF°(Ly, Ls.,) and 22, € CF°(La, L3.,).
A triangle count (compare [85, Section 4]) determines the product

(282) { HF°(Lo, L3.,,) ® HF(Ly, Ly) — HF°(Ly, L3.,),

[Zz,u] fwi] = 192,1(U)[21,u]7 [ZZ,u] - we] = *192,2(U)[21,u],

where the negative sign comes from our choice of ws, rather than from any geometric
aspect of the computation.

The intersection point (mg,0) contributes a copy of (&) (m,,0) to CFl(Lg’u,Ll).
Take y1,, to be the generator dual to z1,. In the same way, we define a generator
Yo,u € CFl(L37u, Ls) dual to z2,. Then, the cohomology level products

(1] - [21,4) € HF' (L1, Ly) = H'(Ly; R),
(283) (21u] - [1,u] € HF (L34, L34) = H*(L3,u; R),
' [yo.u] - [22,u) € HF'(La, L) = H'(La; R),
(20.u] - [yo,u] € HF (L34, L3) = H*(L3,u; R)

each equal the generator of H' singled out by the given orientations. Using this,
(2.82), and the associativity of the product (on the cohomology level), one computes

(2 84) { HFO(L17L2) ® HFl(LB,uyLl) — HFl(Lg,u,Lz)v
| (] Ty ad = P2 ()2 o] - n,u] = D2 2(w)lp2l,
and
1 0 L
(2.85) {HF (La,us L1) © HF®(La, L3,y) — HF'(La, L),
Y1) - [22.0] = D2,2(u)[ws] + V2.1 (u)[wa].

From now on, assume that v ¢ {+hz* : k € Z}. Then Ls, and Lj -1 are
mutually orthogonal objects (which means that the Floer cohomology from one to
the other is zero). The computations above, together with (2.61), show that the
composition of any two of the following morphisms vanishes:

ﬂL19922((“))([:9111]-2-19)2119(71)[(7112)])
(1 1(u)—=94.3(u
(2.86) Ly Lo

[1] /
(1) =[y1.01]) ([22.)s [22,u1))

L3,u ® L3,u*1

LEMMA 2.30. — The diagram (2.86) is an exact triangle in the category H°(Fuk(T)"v).
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To prove this, we need one part of the higher order A..-structure, namely:
figar) © CF°(La, L) ® CFO(Ly, Ly) @ CF'(Lau, L)
(287) — CF°(L3.4, L3.4),
Bk (22,0, W15 Y1,0) = (—udly g (u) + b02,1(u)) €3,u,
Py (22,00 W2, Y1,u) = (Ul 5(u) —bV22(u)) €3
Here, we assume that CF*(Lj ., Ls,,) is minimal (has vanishing differential). The
element ez, € CFY(L3., L3.,) represents the unit element, U;, ,(t) is the derivative

of ¥,, 1 (t) with respect to the ¢ variable, and b € R is a constant depending on exactly
how one defines CF* (L3, L3 ,,) and the A-multiplications involving it.

REMARK 2.31. — It it maybe helpful to explain why, for general reasons, the ambi-
guity takes on the form described in (2.87). Different choices made in the setup of
the Fukaya category yield maps related by
(2.88) ﬂ%‘uk(T)(ZZ,ua w1, Y1,u) — ,U%uk(T)(ZZ,ua W1, Y1,u)
= ¢2 (u%uk(T)(Zz,u, wy), yl,u) + ¢2 (Zz,u, .u%‘uk(T)(wla ylu))
- 192,1 (u) (¢2 (Zl,ua yl,u) - ¢2 (ZZ,ua yQ,u))a

respectively

(2.89) Fpai(r) (22, W2, Y1,0) = i) (22,0 W2, Y1,0)
= ¢ (.u%‘uk(T)(ZZ,ua wa), yl,u) + ¢ (Zz,u, .u%uk(T) (w2, ylu))
- *192,2 (u) (¢2 (Zl,ua yl,u) - ¢2 (ZZ,ua yQ,u)) .

Here, ¢ are bilinear maps of degree —1, which appear as components of the A.-
isomorphism relating the Fukaya categories for the two choices of construction. These
are unknown a priori, but crucially the same expressions involving them appear
in (2.88) and (2.89). To establish the connection with the notation in (2.87), one
would write

(290) (5 — b) €3.u = ¢2(217u’ yl,u) - ¢2<Z2,U7 yQ,u).

To check (2.87) concretely, one can adopt a Morse-Bott approach (see Section 3.2
below for more explanations and references), in which generators of CF* (L3 y, L3.4,)
correspond to the unique minimum and maximum of a Morse function on L3 ,. Then
(2.87) is determined by counting triangles with sides on (Ls ,, L1, L2) and with an
additional marked boundary point which goes through the minimum point.

Figure 2 shows the universal cover T = R?2, with three triangles. If we choose the
minimum to be the white dot, the resulting coefficient in ,u%uk(T)(sz, W1, Y1,) 18

(2.91) co—hiu4hiu 43R 4 = —udy 1 (u).
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If we move the minimum to the black dot, the coefficient changes to

(2.92) = 2hTu 4 ORiuT 4 2Ri T 4 = —udy 1 (u) — 2,1 (u).

This ambiguity is of the form described in (2.87). One can check that the other p?
computation behaves compatibly with that.

N
)]
N
L

FIGURE 2.

Proof of Lemma 2.30. — Because the underlying chain complexes have trivial differ-
entials, one actually knows that the composition of any two maps in (2.86) is zero on
the chain level. Write v € CF%(L;, Ly) for the morphism appearing in (2.86). Then
the maps
(2.93) { (0, 22,u) € hompy(pyim (Co, L) = CF (L1, Ly ) ® CF%(La, Lz ),

' (¥1,u,0) € hom{ gy (L, Cv) = CF' (L3, L1) & CF°(Ls.u, L)
are cocycles. From (2.87) and (2.65) one sees that their composition in one direction
is
(2.94) M%uk(T)‘W ((O, z2,u); (Y1,us 0)) = M?ﬁuk(T) (22,u, 0, Y1,u) = €3,u-
The analogous properties hold for the maps
{ (07 ZZ,ufl) € hom%uk(T)tW (va L3,u*1 ),

<_yl,u*1 y O) € hom%uk(T)‘W (L3,u*1 ; Cv)

This shows that L3, @© Lz ,-1 is a direct summand of C,, but then a comparison of

(2.95)

the sizes of the endomorphism rings, with one side computed as in (2.28), shows that
the two must actually be quasi-isomorphic. Moreover, these quasi-isomorphisms fit in
with (2.86). O
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REMARK 2.32. — Suppose that v = —h™° for some mgy ¢ %Z, which means
that L3 ,+1 = L3 _j+me can be thought of as curves equipped with the nontrivial
Spin structure. From the well-known exact triangle associated to a Dehn twist, and
the Hamiltonian isotopy

(2.96) Lo =70, g TL, ,—my (L1),

one can derive the existence of a diagram involving the same objects as in (2.86).
This can be generalized as follows. For a € GLo(1, R), let 6, : Fuk(T)"™ — Fuk(T)"™
be the functor obtained by tensoring all objects with a flat R-line bundle on M which

has monodromy a in g-direction (and trivial monodromy in p-direction). Supposing
that u = —ah™° ¢ {+h%/?}, we have quasi-isomorphisms in Fuk(7T)",

(2.97) Lo ~0,-1 TLs, _pmo 0,2 TLy _emo (Ll),
~ 9a71 TL&?hmO 6{12 (COHe(L3’7h77nO [71} — Ll))
~0q-17L, my (Cone((Lg _g—2p-mo )[=1] = L1))

~ 0{1—1 (COHe(L377h7no [71} D L3,—a*2h*m0 [71] — Ll))
~ COHe(Lg’u[fl} D L3,u*1 [71} — Ll)

However, from this point of view it is not straightforward to write down explicitly the
maps involved in the exact triangle, in particular the counterpart of the horizontal
one in (2.86) (which would be given by counting holomorphic sections of a Lefschetz
fibration).

REMARK 2.33. — There is another geometric approach to Lemma 2.30. Instead of
Dehn twists, this (more direct) approach uses the relation between forming cones
in Fuk(7T)™ and the connected sum of Lagrangian submanifolds intersecting at a
point (for proofs of that relationship, see [36] and [13, Section 6]; for a discussion of
the specific example relevant here, see [8, Lecture 23]; the extension to Lagrangian
submanifolds with local systems is quite natural in this context).

By Lemma 2.29, we know that Fuk(7T) induces an A..-structure on @, which is
necessarily quasi-isomorphic to Q5 for some p.

LEMMA 2.34. — p is a nonzero constant multiple of the unit torus polynomial p.

Proof. — The considerations above show that the cones C, split into orthogonal
direct summands for all v = (92.2(u),¥a,1(u)) € V, as long as u ¢ +hz*. Hence p is
nonzero at all those points, by Lemma 2.12.

We can use a symmetry trick to derive a little bit of additional information from the
geometry. Consider translation by (%, 0), which is a free symplectic involution of T
preserving dz. This maps each L; to itself, hence induces an action on HF*(L;, L;).
The action on HF*(L;, L;) = H*(L;; R) is trivial, whereas that on HF*(Ly, L2) maps
wy — —we and vice versa. It is not hard to lift this to an action on Fuk(7T'), and
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there is an equivariant analogue of Proposition 2.7, which implies that p must be
invariant under (vi,vs) — (—v2, —v1). Another automorphism of the Fukaya cate-
gory is the tensor product operation #_; which already appeared in Remark 2.32.
This preserves both our L;. The induced action on HF*(L;, L;) is trivial, whereas
that on HF*(Ly, Lo) preserves one of the two generators, and reverses the sign of the
other one (exactly which one this is depends on how one trivializes the restriction
of the line bundle to our Lagrangian submanifolds). In the same way as before, this
implies that p is invariant under (vi,v2) — (—v1,v2). As a consequence, its order of
vanishing of at the four points (92,(£1), 951 (%1)), (9,2(£h2),¥9.2(£k2)) must be
the same. Since p is nonzero everywhere else, it must have simple zeros at all the four
points, which implies the desired result. O

LEMMA 2.35. — The constant from Lemma 2.34 is trivial, meaning that p = p.

Proof. — Consider the degree zero endomorphism of L3, & L3, -1 given by

[e3,u] © [—€3,u-1]
20} 3(1)(Pa,1(u) — Va,3(u))
€ HF(L3,, L3.y) ® HF (L3 -1, Ly 1)

(2.98) t=

Tts square is clearly a multiple of the identity, and by (2.85) we have

~ ﬂz’g(u)[wg] + ﬂz,l(u)[w

(2.99) (W1.0]: v ) E([22,0]s [22,01]) = ]

0 5(1) (a1 (w) = Va3(u))

which means that ¢ precisely satisfies the assumptions of Lemma 2.14. As a result,
we get the following information concerning p:

(1 Vaa(uw)y O s(1) (a1 (u) = Da3(u))t
(2.100) p(l,ﬂm(u)) = 43 RO
Ya,2(u) U2,1(u)
Xp(ﬂﬁ;g(l)(m 1(u) = Ja3(u )),192,3(1)(194,1@)*194,3(10))
_ V(1) (P (w) — Pas(w)* #
P 2( )4 [63,u] SP) [63,u*1]
4,3(1D)* (a1 (u) — Vas(u)®

4’[92,2 (u)4

In terms of the parametrization (2.68), this shows that s? = p(1, s2), which implies
that p = p. O

REMARK 2.36. — What does this say about the actual A..-products in the Fukaya
category? By definition, u‘ép(wg,wl,wg,wl) is given by the coefficient of v{ in
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p(v1,v2), which is
(2.101) - hiﬂ(l)ﬂw_l)_%(h%)_21921,3(”2192,1(5%)2192,1(1>2
= —LRE9(1)720(=1)"20(h)20, 4 (1)2 = —h¥ — 4kt £ ..

At least on the two leading orders we’ve written down, this agrees with the result of
counting holomorphic squares with vertices on (ws, w1, w3, w;) and which go through
an additional generic marked point of L;. However, a direct attempt to compute all
of u* directly in Fuk(T) is tricky, because the moduli spaces of constant holomorphic
discs mapping to points of L N Lo are not regular. This difficulty is avoided in the
approach we’ve chosen here.

COROLLARY 2.37. — Qgerf is quasi-equivalent to Fuk(T)Pert.

Proof. — From Lemma 2.35 we get a full and faithful functor Qgerf — Fuk(T)Pet,
The only additional fact needed is that the objects L1, Lo which are in the image
of this functor split-generate the Fukaya category. They clearly split-generate the
object L3, for generic u, by the previous argument. On the other hand, one can use
(93, Cor. 5.8] (together with suitable tensor product functors) to show that Li, L,
split-generate the Fukaya category. For alternative approaches, see [4] or the review
in Section 3.6 below. |

The Fukaya category comes with a canonical open-closed string map (which has a
long history going back to [58], see also Section 3.4 below)

(2.102) H*(T; R) — HH* (Fuk(T), Fuk(T)).

COROLLARY 2.38. — Let § = Spec(R) be the affine curve associated to the unit
torus polynomial p, and 0 its standard 1-form. There is a perfect family of modules
over Fuk(T) parametrized by S, which follows the image of

(2.103) 0@ [dq] € H(S,Q%s) @ HY(T; R)

under the open-closed string map. The fibre of this family associated to a point
(s1,82) € S is isomorphic to Ls ., where u € R*/h” satisfies (2.68).

Proof. — The constant term of the open-closed string map, for any object L, is the
standard map H*(T; R) — H*(L; R). We restrict this to the subcategory consisting
of the objects L1, Lo, so that it lands in HH*(Q,, Q,). With respect to the basis from
Addendum 2.11, [dp] € HY(T;R) maps to [g1] + [ge], and [dg] to —2[g2]. We take
the family M from Section 2.5 and carry it over to the Fukaya category through the
equivalence from Corollary 2.37. By construction this follows the deformation field []
from (2.38), which is indeed the image of (2.103).

By definition, the object of this family associated to a point (s1,s2) is the direct
summand of C(y ,,) associated to the projection %(e + s7't). Reversing the rescaling
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applied in (2.100), one finds that this is quasi-isomorphic to the direct sumand of C,,
associated to the projection

(2.104) (e + 02,0(u) 720 5 (1)2 (941 (u) — Da3(u))?s7 1)
= Lo+ 0 5(1) (Va1 (u) — Das(w))t.

Under the isomorphism Cy, , ()95, (u)) = L3,u® L3 41, t goes to the endomorphism t
from (2.98), so the corresponding projection is

(2105) %([eg,u] ©® [eg,ufl]) + 1921’3(1)(194,1(11,) — 194’3(11,)){: [eg,u],

which indeed picks out the summand Ls . (|
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CHAPTER 3

SYMPLECTIC AUTOMORPHISMS

The automorphism group of a symplectic manifold of dimension > 4 often has
many connected components which map to the identity component of the diffeomor-
phism group (see for instance [90], [94]). One way to detect this phenomenon is by
using fixed point Floer cohomology. Through the connection with the Lagrangian
Floer cohomology of graphs, this also provides interesting examples of Lagrangian
submanifolds in products. In this section, we discuss both versions of Floer theory
(with emphasis on computational methods that will be useful later in the paper), and
then consider some specific examples of automorphisms obtained as compositions of
Dehn twists.

We will work in a “symplectic Calabi-Yau” context, in which Floer cohomology
groups are defined over the Novikov field R (2.1) and carry absolute Z-gradings.
As a side-effect, this makes the definition of fixed point Floer cohomology technically
simpler. We will impose additional restrictions on Lagrangian submanifolds, which
rule out bubbling of holomorphic discs, hence permit a similar simplification to take
place in the construction of Lagrangian Floer cohomology.

3.1. Fixed point Floer cohomology

Let M?™ be a (connected) closed symplectic manifold, satisfying

ASSUMPTION 3.1. — ¢;(M) = 0. In fact, we want to fix a trivialization of the an-
ticanonical line bundle K;;' = A%(TM) (for some compatible almost complex struc-
ture).

The choice of trivialization allows one to define the notion of graded symplectic
automorphism [91]. Fixed point Floer cohomology [25], [90], [94] associates to each
graded symplectic automorphism f a Z-graded R-vector space HF*(f), whose Euler
characteristic is the Lefschetz number of f (up to a sign which depends on the choice
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of grading). This invariant comes with a rich structure of operations, among which
we list the basic ones.

> The pair-of-pants product. — This is an associative multiplication
HF"(f2) @ HF"(f1) — HF*(f21),

which comes with a two-sided unit element in HF*(id). The standard example is
f2 = f1 = id, where the canonical isomorphism [83] H*(M; R) = QH™*(M) = HF*(id)
identifies the pair-of-pants product with the small quantum product (in particular,
the unit is the standard one in H°(M; R) = R). As a consequence, any fixed point
Floer cohomology group HF*(f) inherits the structure of a QH*(M)-module [28],
[88].

> Duality. — There is a distinguished co-unit HF*"(id) — R (in terms of the
isomorphism with ordinary cohomology, it is the standard integration map). In com-
bination with the pair-of-pants product, the co-unit gives rise to a nondegenerate
pairing HF?"~*(f) @ HF*(f~') = R.

> Continuation elements. — Let {f;} be a Hamiltonian isotopy of graded sym-
plectic automorphisms, with fy = f and f; = id. This determines an element
Iy € HF *(f). The pair-of-pants product with such elements is used to prove
Hamiltonian isotopy invariance of general fixed point Floer cohomology groups.

> Conjugation isomorphisms. — These are canonical isomorphisms

Chopo t HF*(f1) — HF*(faf1f5 ).

Besides their general functoriality properties, which say that C', fafify? Ct,pp =
Ctyta,5, and Ciq 5 = id, we have the self-conjugation identity

(3.1) Cry=id.

This implies that Cy ym generates an action of Z/m on HF*(f™).

REMARK 3.2. — All these operations have chain map realizations on the level of the
Floer complexes CEF*(f), and the relations between them are given by appropriate
chain homotopies. Here is a more systematic way to approach the formal descrip-
tion of the theory [90], [94]. Write Aut® (M) for the group of graded symplectic
automorphisms, equipped with the Hamiltonian topology (in which only Hamiltonian
isotopies are continuous). Fixed point Floer cohomology can be viewed as a (1 + 1)-
dimensional TCFT (topological conformal field theory) with target space BAut® (M),
which means a TCFT for surfaces equipped with graded Hamiltonian fibrations. In
this framework, we view a symplectic automorphism as giving rise to its mapping
torus

(3.2) Zy=RxM/(t,x)~ (t—1,f(x)),
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which is an Aut® (M)-fibration over S' = R/Z; the TCFT associates to that fibra-
tion a chain complex, which is CF*(f). The fibrewise action of f yields an isomor-
phism Zy — Z Fafifs for which there is an associated chain map cy,, s, inducing
the previously introduced conjugation maps. This for instance explains (3.1): even
though the fibrewise action of f on Zy itself is nontrivial, it can be deformed con-
tinuously to the identity through rotations of the base, and this gives rise to a chain
homotopy between cy ¢ and the identity. Similarly, cf ¢m is chain homotopic to the
order m automorphism

(3.3) Zim —> Zgm, (t,x)+—> (t — %,f(x))

The actual definition of fixed point Floer cohomology is a mild generalization of
the better-known Hamiltonian Floer cohomology. For simplicity, assume that f has
nondegenerate fixed points. The graded R-vector space CF*(f) is the direct sum of
one-dimensional spaces o, = R associated to fixed points x. Each such point has an
absolute Conley-Zehnder index deg(x) € Z, which determines the degree in which o,
is placed. Take a family J; = (J;,) of almost complex structures, parametrized
by t € R and satisfying

(3.4) Jpi—1 = fu(Jrs).
The differential d : CF*(f) — CF**'(f) counts solutions of
(3.5) wiRXxR— M, u(s,t—1)= f(u(s,t)), Osu+ Jp(u)du=0

asymptotic to fixed points as s — +o00, with powers hZ(*) given by their energies

E(u) = / wrwpy.
Rx[0,1]

The technical trick is to avoid bubbling off of holomorphic spheres, which can be
done by a dimension-counting argument as in [47]. The outcome is independent
of the choice of almost complex structure up to quasi-isomorphism. These quasi-
isomorphisms are defined through continuation maps, and are “essentially canonical”
(which means unique up to chain homotopies, which can be extended to a system
of higher homotopies; this is what makes it possible to omit the almost complex
structures from a formal description as in Remark 3.2).

One special application is loop rotation. Suppose that we have chosen a fam-
ily Jf 4 of almost complex structures as in (3.4). Fix some constant ¢y € R, and
set Jy _(t) = Jp4(t —to). If us(s,t) is a solution of (3.5) for Jy 4, then u_(s,t) =
u+(s,t —to) is a solution of the corresponding equation for Jy_. This implies that
the associated differentials d4 agree. Note that on the other hand, we have a quasi-
isomorphism

(CF(f),ds) — (CF"(f),d)

defined through continuation maps, which means solutions of

(3.6) u:RXxR— M, wu(s,t—1)= f(u(s,t)), Ost + Jeont,s,e(w) Opu =0
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where Jeont = (Jeont,s,t) 18 a two-parameter family with the same periodicity (3.4)
in t-direction, and such that Jeont,s,t = Jf,+,+ for s > 0. There is a parametrized
moduli problem which involves varying to in an interval, and this yields a chain
homotopy showing that the continuation map is homotopic to the previously defined
isomorphism of Floer chain complexes. Suppose for instance that we take o = 1, in
which case J;,_ = f.Jy 4. Then, the argument we have just outlined explains (3.1).

Another part of the theory for which we’ll need an explicit expression is the struc-
ture of HF*(f) as a module over QH™(M ), sometimes called the quantum cap product.
Fix a Morse function h on M (whenever we do that, we also tacitly choose a Rie-
mannian metric, which is used to form Vh), and let CM™*(h) be the resulting Morse
cochain complex. Suppose that we have fixed the almost complex structure J¢ defin-
ing the Floer differential. Then, choose a family Jc,p, in a similar way as for Jeons, but
where now the behaviour on both ends s — oo is given by Jy. Choose also a family
heap,s, s € [0,00), of functions (with their associated metrics), such that hcaps = h
for s > 0. Then, consider pairs (u1,u2) as follows:

up :RXxR— M, wuy:[0,00) — M,
(37) ul(sv t— 1) = f(u1(57 t))a asul + Jcap,s,t(ul) 8tul - O,
duz/ds + Vheap,s(uz) =0, u1(0,0) = u2(0).
w1 should be asymptotic to fixed points of f at both ends, and us is asymptotic to

a critical point of h. A count of the number of solutions of (3.7) yields a chain map
representing the quantum cap product [88]:

(3.8) CM*(h) ® CF*(f) — CF*(f).

REMARK 3.3. — It is in fact possible to choose Jeap,s,c = Jy,¢ and hcap,s = h, and
this leads to the more familiar picture of “cutting down moduli spaces”. However, the
greater freedom allowed above is more natural, and also technically useful.

3.2. Clean intersections

For M as before (Assumption 3.1), we will consider Lagrangian submanifolds with
the following added properties and structure.

ASSUMPTION 3.4. — Each Lagrangian submanifold L is equipped with a grading
(and hence an orientation), a Spin structure, as well as a local coefficient system
with holonomy in (2.77). Moreover, it comes with a compatible almost complex
structure Jr, with the following property. The subset of points of L which lie either
on a non-constant Jy-holomorphic sphere CP! — M, or on the boundary of a non-
constant Jy-holomorphic disc (D,9D) — (M, L), has dimension < n — 3.
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Here, by a subset of dimension < k, we mean one that is contained in the image
of a smooth map from a (possibly noncompact and disconnected) manifold of dimen-
sion < k to L. Note that the assumption on Jr-holomorphic spheres is a generic
one (since the image of all such spheres is generically a subset of dimension < 2n —4
in M), but that on discs is not (assuming regularity, the boundary points of such discs
would be of dimension < n—2 in L, while we require one more dimension). Hence, in
order to check Assumption 3.4 in applications, one needs to know a Jy, for which the
pseudo-holomorphic discs can be controlled very specifically. An exception to this is
the low-dimensional situation n < 2, where the moduli spaces of pseudo-holomorphic
discs are generically empty.

The Floer cohomology of two submanifolds satisfying Assumption 3.4 is fairly
straightforward to define. To make later computations easier, we adopt a Morse-
Bott approach [86], [16], [12], [11], [52], [99]. A small amount of technicalities will
be included, but without any attempt at completeness or full justification. Take
(Lo, L1), each satisfying Assumption 3.4, and which have clean intersection [86]. We
also assume that Lo N Ly is in general position with respect to the subsets appearing
in Assumption 3.4. Choose a Morse function hr, 1, on LoNL;. The Morse-Bott type
Floer cochain complex is a modification of the Morse cochain space of that function,
more precisely:

(3.9) CF*(Lo, L) % P cm =4 (hy, 1, | C;Hom(&,4) | C @ oc),
c

where the direct sum is over connected components C' C Lo N L1; the dimension offset
deg(C) € Z is an absolute Maslov index, which depends on the gradings; & are the
given local systems on Ly, which we restrict to LoNL;; and there is an additional local
system oo — C' with holonomy 41, which depends on the Spin structures. Choose also
a family Jr, 1, = (Ji,0,,¢) of almost complex structures, parametrized by ¢ € [0, 1],
and such that Jr, 1,0 = Jros Jro, 00,1 = Jr,. To define the Floer differential, one
primarily considers holomorphic strips, which are non-constant solutions of

(3.10) {U:RX[O,I]HM,

u(R x {0}) C Lo, u(Rx{1}) C Ly, Ostt + Jry. 14,6 (w)0u = 0,

which are asymptotic to points of Ly N Ly as s — H+oco. However, these have to be
combined with Morse theory in an appropriate way, which we now set out to describe
(see the references above, especially [11], for other accounts of this).

DEFINITION 3.5. — A pearly chain T is a decorated graph of the following kind.
First, the graph itself has only two-valent vertices, and two ends, one of which is
singled out (and called the root, the other being the leaf). This determines an ori-
entation of the graph (from the root to the leaf). Each edge e is decorated with a
closed interval I, C R. This is unbounded below if and only if the edge contains the
root, and unbounded above if and only if contains the other end. In the bounded case
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we allow the length to become zero, meaning that I, is a point (while still thinking
of e combinatorially as an edge). Finally, each vertex v is equipped with the Riemann
surface S, = R x [0, 1].

Note that we allow one slightly exceptional case: namely, that T" has a single edge
which is infinite in both directions, with I, = R, and no vertices. It is convenient to
associate to T a topological space S7, obtained by compactifying each S, to

S, =8, U{s=+o0}

(the closed unit disc), then identifying the added points with the endpoints of the
intervals I. (compatibly with the orientations), and finally adding two more points at
infinity to the ends of the non-compact intervals. The two points added in the last
step will be denoted by Z, (corresponding to the root) and Z;.

DEFINITION 3.6. — A perturbation datum on a pearly chain is given by a fam-
ily he = (he,s) of functions on Lo N Ly (with their associated choices of metrics),
parametrized by s € I, for each edge e, subject to the following additional conditions:
> If e is the edge containing the root, then he s = hr, 1, for s <O0.
> If e contains the other end, he s = hr,.1, for s> 0.

> In the exceptional case I, = R, we ask that he s = hr,, 1, for all s.

Given such a perturbation datum and a choice of critical points x,z; of hr,. r,,
one considers continuous maps

w:Sr— M with a(z) =z,
which satisfy the following equations.

For any vertex v, the restriction of @ to S, = R x [0, 1] yields a smooth non-constant
map u, which solves (3.10). On the other hand, restriction to an interval I, yields

(3.11) Ue: e —> LoN Ly, due/ds+ Vhes(ue) =0.

Two maps which are related by a translation of the u, components are considered to
be the same. Similarly, in the exceptional case I. = R, we divide out by translation
acting on u. (which is then also required to be non-constant).

To define the differential on CF*(Lg, L1), one has to choose a perturbation datum
on every pearly chain, depending smoothly on the lengths. There are additional
consistency conditions beyond those in Definition 3.6, which appear in the limit when
the length of some edge goes to infinity. We will not formulate these in detail (but see
[93] for the general idea, and [99] for a case closer to the one discussed here). One
then considers the moduli space of solutions @ of the equations above, varying over
all pearly chains. For generic choice of perturbation data, a count of points in the
zero-dimensional strata, with appropriate signs and energies, defines the coefficient of
(20, 1) in the differential. Assumption 3.4 allows us to avoid bubbling of holomorphic
discs.
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REMARK 3.7. — One technical point deserves mention. Given connected compo-
nents Co, Cy C Lo N Ly, let

M (Cy, Cy) = space of solutions of (3.10) with limits in those components.

Standard transversality theory shows that for generic choice of Jp, 1, this is smooth
of dimension deg(Cy) — deg(C1) + dim(Cp) — 1. In particular, for Cy = C; the di-
mension is dim(Cp) — 1, and by a further application of transversality theory one can
achieve that the asymptotic evaluation map M (Co, Cp) — CZ avoids the diagonal.
This and similar arguments show that for generic choice of almost complex structures,
the fibre products M (Co, C1) x ¢, M(C1,Cs) are smooth of the expected dimension.
In particular, for Cyp = Cs that dimension is dim(Cp) — 2, and one can again arrange
that the asymptotic evaluation map M (Co, C1) X, M (C1, Cy) — CZ avoids the diag-
onal. One can iterate that idea to higher fibre products. This is important since those
products appear in our moduli spaces when the length of the intervals becomes zero
(transversality for positive lengths is much simpler, since one can choose the families
of functions h. essentially freely). Interested readers may want to consult [11, Sec-
tion 3.1.1], where an argument in the same spirit is used to address the corresponding
problem for monotone Lagrangian submanifolds.

ExampLE 3.8. — Take a graded symplectic automorphism f of M. Suppose that we
have chosen a family Jy as in (3.4). Write M~ for the same manifold but with the
sign of the symplectic form reversed. The diagonal A C M~ x M is Lagrangian, and
admits a distinguished grading. Set

JA == (7‘]]",%) X vaé

Then, holomorphic discs (D, 9D) — (M~ x M, A) correspond bijectively to holomor-
phic spheres CP' — M. Hence, the space of points of A lying on a non-constant disc
is generically of dimension < 2n — 4 (and the same holds for holomorphic spheres, for
even more trivial reasons). Similarly, the graph I' = T’y = {y = f(z)} is a graded
Lagrangian submanifold, which we can equip with

Jr = (=Jr1) x fo(Jpa) = (=Jp1) x Jy0.

A holomorphic strip (ug,uy) @ R x [0,1] — M~ x M which satisfies (3.10) (with
Lo =T, L; = A) for the family of almost complex structures

(3.12) Jr.ac = (*Jﬁl_%t) X Jf,%t
gives rise to a solution of (3.5). Namely, consider first
uy (25, 2t t< 3
(3.13) uw:R x[0,1] — M, wu(s,t) = { A ) 2
ug (25,2 —2t) t> 3.

This satisfies Jsu + Jy(u)0;u = 0, and has the boundary periodicity condition
u(s,0) = f(u(s,1)). By the removable singularity theorem, it extends to a solution
of (3.5). The same machinery runs (a little more easily) in reverse, producing (ug, u,)
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from u. Assuming that M is Spin so as to make the Lagrangian submanifolds fit into
our framework (one can avoid this assumption by being more careful about the role of
relative Spin structures in Fukaya categories, see [104]), and taking f to have nonde-
generate fixed points for simplicity, it is then easy to show that HF* (', A) = HF*(f).

3.3. The A, -structure

We will now carry out the corresponding construction of the A.-structure on
Lagrangian Floer cochains. Fix, once and for all, a set of Lagrangian submanifolds
in M. Each of them should satisfy Assumption 3.4; and any two should have clean
intersection. All Lagrangian submanifolds appearing in the following discussion are
assumed to be taken from this set. We suppose that for any two (Lo, L1), the Floer
complex CF*(Lg, L1) with its differential u%uk( Ay has already been defined, which
in particular means that functions hr, r, and almost complex structures Jr, 1, have
been chosen. Again, we refer to the previously quoted literature, in particular [99],
and additionally to [37], [95].

DEFINITION 3.9. — Fiz some d > 1. A pearly tree with d leaves is a decorated graph
of the following kind.

> The underlying graph T is a ribbon tree with (d+ 1) ends, one of which is singled
out (and called the root, the others being the leaves). Moreover, it is assumed that all
vertices v of T have valence |v| > 2. We orient the tree from the root to the leaves.

> Fach edge e is decorated with a closed interval I, C R, with the same properties
as in Definition 3.5.

> Each vertex |v| is decorated with a Riemann surface Sy, = D\{Zy0,. .., Zy jv|-1},
where D s the closed unit disc and the z,; are cyclically ordered distinct boundary
points.

For d = 1 this reduces to a pearly chain, up to the irrelevant issue of choosing
identifications between a two-punctured disc and Rx [0, 1]. Note that for each vertex v,
there is a preferred correspondence between ends of S, and edges adjacent to v,
which is compatible with the cyclic ordering and assigns the point at infinity Zz, g
to the edge oriented towards v (we call this end of S, its negative end, and the
others positive ends). Using that, we can construct a compact topological space St,
obtained by compactifying each S, to S, = D, identifying the endpoints of I, with
the Z, , and then adding points at infinity to the noncompact intervals. We denote
by Zo,...,Z4 € St the points added in the last step, starting with the root and
proceeding in the ordering given by a planar embedding of T'.

Let’s clear up few more book-keeping matters. Supposing that T' is embedded
properly in R2, we say that it is a labeled pearly tree if each component of R? \ T
comes with a Lagrangian submanifold (taken from our collection).
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One can in fact number these components by {0, ..., d}, compatibly with the cyclic
ordering and in such a way that the root separates the first and last component.
Therefore, a labeling of T" just corresponds to a choice of Lagrangian submanifolds
(Lo, ..., La4). Suppose from now on that such a labeling has been fixed. For any edge e
we then have a pair (L;, ,, L, ,), corresponding to the components of R? \ T' lying
to the left (i.1) and right (i) with respect to the orientation of e. By definition,
0 <eo < i < d. Similarly, for any vertex v, there is a canonical correspondence
between the boundary components of S, and connected components of R?\ T adjacent
to v. If we label the boundary components by 9o Sy, . . ., 0jy|-15u, S0 that the negative
end separates the first and last one, then this leads to having associated Lagrangian
submanifolds (L L ) for 0 <y o < -or <y fyj—1 < d.

iv,00 " o, |v|—1

DEFINITION 3.10. — A perturbation datum on a labeled pearly tree consists of the
following data.

> For each edge e, we want to have a family of functions he = (he,s) on L;, ;N L;, ,
parametrized by s € I.. If I. is noncompact, we ask that outside a compact subset,
he,s = hLie,o’

case I, = R, we'impase the same additional condition as in Definition 3.6).

L., is one of the previously chosen functions (and in the exceptional

> Next, take a vertex of valence |v| > 3. We then want to choose strip-like ends
on Sy, which means proper holomorphic embeddings

(3.14) €0,0 1 (—00,0] X [0,1] — Sy, €u1,. €y Jpj—1 : [0,00) X [0,1] — S,

giving preferred coordinates on its ends.

> Given those, we want to have a family (J,,.) of compatible almost complex struc-
tures parametrized by z € S,. If z € OS,, then J, . = JLiU N should be one of the
structures that come from Assumption 3.4. Moreover, on the strip-like ends
Jr,

Jr,

¢ k=0 and s <0,
+ k>0 ands> 0.

L

iy k?

L

(3.15) J'vav,k(syt) = { iv’07

iy k—17"0y k"

> Additionally, we want to have a 1-form K, on S, with values in the
space C°°(M,R) (which means a section of the pullback bundle T*S, — S, x M),
supported in a compact subset of the interior of S, .

Given such a perturbation datum and critical points zg € Crit(hg, 1,),
xy € Crit(hr,_, 1,) (1 < k < d), we can define an associated moduli space.
Points are (isomorphism classes of) continuous maps @ : St — M, with @(2;) = xy,
which satisfy the following equations. Let S, be the Riemann surface associated to a
vertex with |v| > 3. Restriction of 4 to that surface yields a smooth map

Uy Sy —> M,
(3.16) Uy(OrSy) C Ly, , for k=0,...,Jv| =1,
(du’v - Xl),z(“v)) 07 = Jv,z(’uv) o (duv - Xv,z(’uv))-
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Here, we have K, ., : TS, — C*(M,R) and consider the associated Hamiltonian
vector field, X, . : T'S, — C°°(M,TM), then evaluate that at the point u(z). We
extend that to |v| = 2 by identifying S, = R x [0, 1], and equipping that with J, s =
JLiv,o*L
the form (3.10) (in that case we again exclude constant solutions). Next, let I. be the

¢+ as well as K, = 0, which of course results in (3.16) being an equation of

iy, 10

interval associated to an edge. Restriction of @ to it yields a map
(3.17) e : le — Li, o N Ly, , duc/ds + Vhes(ue) = 0.

To define ,uguk( M)s one has to choose perturbation data for all decorated pearly trees,
depending smoothly on the moduli and lengths, and related by other consistency
conditions.

REMARK 3.11. — The addition of an inhomogeneous term X, to (3.16) is necessary
to achieve transversality in general. Concretely, the problem with setting K, = 0 is
that then, constant maps at points of L ;, M-+ +MLy., |, _, would always be solutions,
irrespective of the choice of .J,,. The dimension of the moduli space of constant maps
is dim(L;, , N -+~ N Ly, _,) + ([v] = 3), whereas its expected dimension is

dim(Liu,o n Liv,\v\—l) + deg(Liv,o N Liv,\v\—l)
- deg(Liv,o n Liv,l) — deg(Liv,wfz N Liv,\v\—l) + (|v| - 3)'

Here, the dimensions and degrees really refer to the connected components to which
our constant map belongs. One can show that the moduli space is regular if and only
if those two numbers agree.

EXAMPLE 3.12. — Consider a single L, and assume that there are no nonconstant
Jr-holomorphic discs with boundary on L, and no non-constant Jz-holomorphic
spheres intersecting L. To define the A..-structure on CF*(L, L), one can take all
the almost complex structures to be Jr, and all inhomogeneous terms to be zero. The
only solutions of (3.16) are constant maps at points of L, which are regular (Remark
3.11). The only contribution to 0-dimensional moduli spaces comes from trees T
with only trivalent vertices. Transversality can be achieved by varying the functions,
which recovers a version of the picture in [35]. In particular, if £ is the local coefficient
system on L, we have an isomorphism of rings

(3.18) HF*(L, L) = H*(L; Hom(¢, €)).

One can realize this more canonically by an open string analogue of the Piunikhin-
Salamon-Schwarz map [5].

3.4. The open-closed string map

We now want to give a similar description of the open-closed string map

(3.19) QH* (M) — HH* (Fuk(M), Fuk(}M)),
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or at least the part that lands in the subcategory consisting of Lagrangian subman-
ifolds in our fixed collection. Even though it would be possible (and maybe more
in tune with our general developments) to represent QH* (M) = H*(M; R) Morse-
theoretically, we prefer the simpler picture that comes from thinking of cohomology
classes as cycles. More specifically, fix a co-oriented submanifold G C M, and consider
the Poincaré dual class [G] € H*(M;Z).

DEFINITION 3.13. — A pointed pearly tree with d > 0 leaves is a decorated graph of
the following kind.
> The underlying graph T is a ribbon tree with (d + 1) ends, again with a distin-
guished root.
> FEach edge e is decorated with a closed interval I, C R, and each vertex |v| with
a Riemann surface S, = D\ {Zy0,..., 2y |v|-1}, as before.
The new ingredient is that for exactly one verter v, the surface S,, carries an ad-
ditional interior marked point z.. Moreover, this particular vertex can be univalent,
whereas for all others the condition |v| > 2 still applies.

We define labelings, and other book-keeping devices, as before.

DEFINITION 3.14. — A perturbation datum on a labeled pointed pearly tree consists
of the following data.
> For each edge e, we want to have a family of functions he = (he,s) on L;, ;N L;, ,
as usual.
> Next, take a vertex, which either satisfies |v| > 3 or is equal to v.. We then
want to choose strip-like ends, a family J, of almost complex structures, and a
1-form K, as before.

Given this, we can define an associated moduli space which combines gradient flow
lines and perturbed pseudo-holomorphic maps, where the component u,,, additionally
satisfies u,, (z.) € G. Counting solutions of this moduli problem yields a Hochschild
cocycle g which represents the image of [G] under the open-closed string map.

EXAMPLE 3.15. — Take a single Lagrangian submanifold L as in Example 3.12. As-
sume that G is transverse to L, and consider only the part of g involving only L,
which is an element of the Hochschild complex of the A.-algebra CF*(L, L). Again,
one can take all almost complex structures equal to Jr,, and all inhomogeneous terms
to be zero, so g can be expressed in purely Morse-theoretic terms. In particular, the
linear part g2 € CF*(L,L) = CM*(hy, 1) is just given by counting gradient half-lines
which start in GN L. This is the Morse-theoretic representative for [G]|L € H*(L; R).
As another consequence of the same observation, if L NG = @, all the gj‘-frw 7, vanish.

ExaMPLE 3.16. — We can generalize the last-mentioned observation as follows. Sup-
pose that G has (real) codimension 1. Suppose also that every Lagrangian subman-
ifold L in our collection satisfies the condition from Example 3.12, and additionally
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is disjoint from . Then, for a suitable choice, g is identically zero. Namely, given a
pointed pearly tree with d > 0 ends, one can forget z, and then collapse components
if necessary, so as to obtain an ordinary pearly tree. This allows one to lift the pertur-
bation data used to define the A .-structures to pointed pearly trees, giving a picture
whereby ¢ is obtained by cutting down moduli spaces by asking that the holomorphic
discs should go through G. However, because of the codimension and intersection
assumptions, this can never reduce the dimension to zero unless the moduli space is
empty.

3.5. Abelian coverings

The following material is not new (compare [89]) or difficult, but we will need the
statements in a specific form for later reference. The geometric situation is that we
have a finite covering of symplectic manifolds

(3.20) z: M —s M,

with abelian covering group I'. Both manifolds are supposed to come with trivial-
izations of their anticanonical bundles, related in the obvious way. We consider La-
grangian submanifolds LcM , equipped with additional structures which turn them
into objects of the Fukaya category, and also subject to the following conditions:

z|E is itself a covering (for some subgroup of I') of a Lagrangian
submanifold L = Z(Z ) C M. The grading of L is then automatically

(3.21) lifted from a grading of L. We impose the additional requirements
that the Spin structure on L should be the lift of one on L, and the
same for the almost complex structure Jz.

As part of the data, L carries a local system é , but we do not impose any additional
conditions on that. Let F C Fuk(]\?f ) be the full A.-subcategory whose objects are
Lagrangian submanifolds satisfying (3.21). When defining the A, -structure, one can
similarly lift all choices of Morse functions, almost complex structures, and inhomoge-
neous terms from M. The result is that F' comes with a strict action of T by covering
transformations, as well as with a pushforward functor Z : F — Fuk (M), which takes
L to Z(E) = L with the local coefficient system & = z,(£). The behaviour of this
functor can be fully described in terms of the I'-action. We have

(3.22) CF*(Z(Lo), Z(L1)) = @ CF* (Lo, v(L1)),
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and the A, -structure maps ,u%uk( M) are direct sums of

(3.23)  CF*(La—1,7a(La)) ®---® CF*(L1,72(L2)) ® CF*(Lo,m(L1))
= CF*(’Yl-n’Yd—l(Ld 1)s71 - ’Yd(Ld>>
® -+ ® CF* (1 (L1),mr2(L2)) ® CF* (Lo, m(L1))

a ~ ~
L, oFr (Lo, v+ +va(La))-

EXAMPLE 3.17. — Suppose that L > Lisa covering with group G C I'. There
is an obvious isomorphism of local systems Hom(z*g, z*g) ~ 2,6 ®z Z|G], hence
HF*(Z(L), Z(L)) = H*(L; Hom(z,£, 2,£)) = H*(L;€) ®z Z|G]. This describes the
decomposition induced by (3.22) (the summands for elements of I' \ G are zero).

This has implications for the open-closed string map as well. Let F be the diagonal
bimodule of Fuk(]\~4 ). We can twist it by applying v € T' to the left (but not the
right) actions, thereby obtaining another bimodule a 7, which can be thought of as
the graph of y~!. On the other hand, take the diagonal bimodule of Fuk(M) and pull
it back by Z (on both sides) to get a bimodule over Fuk(M). As a consequence of
the observations above, we have an isomorphism

(3.24) Z*Fuk(M) = (PF7,
yel

and the canonical bimodule map F — Z *Fuk(M) is just the inclusion of the v = e
summand. The open-closed string maps for M and M (the latter restricted to the
category F ) and the maps (1.14) associated to the functor Z fit into a commutative
diagram

QH" (M) ———  HH*(Fuk(M )Fuk( ))
L

(3.25) z* HH* (Fuk( ), Z*Fuk(M))

[z

QH* (M) ——— HH* (Fuk(M), Fuk(M)),
where the right column is as in (1.14) (with an unfortunate reversal of notation).

ADDENDUM 3.18. — There is also a functor in opposite direction, which is better-
behaved since it is defined on the whole Fukaya category, Fuk(M) — Fuk(M). It maps
any object L to its entire primage. As for morphisms, the Floer cochain complex
CF*(27Y(Lo),2(L1)) comes with a natural action of ', and the invariant part is
the image of CF*(Lg, L1) under pullback.
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3.6. Split-generators

Let O C APt be a full subcategory. One says that the objects of O split-generate
APef if the following holds: any object of AP up to quasi-isomorphism can be con-
structed by starting with objects of O and applying the following operations: shifts;
mapping cones; and taking direct summands with respect to idempotent endomor-
phisms. We will quote two abstract split-generation criteria for Fukaya categories
from the literature, the second stronger than the first. Both involve Hochschild co-
homology and the open-closed string map. More precisely, given O C Fuk(M), we
consider

(3.26) QH* (M) —— HH*(Fuk(M), Fuk(M)) — HH*(0, ).

THEOREM 3.19 (¢f. [4, Thm 7.2]). — Suppose that O is smooth [59, Def.8.1.12],
and that (3.26) is an isomorphism. Then the objects in O split-generate Fuk(M )Pert.

The next result is an analogue of [2] for compact manifolds, to appear in [3]; see
also [98, Section 13] for the special case of monotone symplectic manifolds.

THEOREM 3.20 (Abouzaid-Fukaya-Oh-Ohta-Ono). — Suppose that there is a linear
map HH*"(0,0) — R whose composition with (3.26) yields the integration map
QH?"(M) — R. Then the objects in O split-generate Fuk(M )Pt

Because QH?"(M) is one-dimensional, the condition in Theorem 3.20 is just
that (3.26) should be nonzero in degree 2n, but we prefer the formulation above,
which extends to non-Calabi-Yau cases and more accurately reflects the core of
the argument. Note that for a general M, there is no reason to suppose that the
conditions of either theorem above would hold even for O = Fuk(M) (no actual
counterexamples are known, but there are suggestions coming from mirror symmetry
for non-algebraic varieties). However, if they do hold for one set of split-generating
objects, then the same is true for any other such set.

EXAMPLE 3.21. — Take for instance the two-torus T'. As discussed in [4], two curves
intersecting in a point satisfy the criterion of Theorem 3.19, hence split-generate the
Fukaya category. As already pointed out in Remark 2.37, it then follows that the
same holds for the two curves from Figure 1, page 57.

EXAMPLE 3.22. — Let K C CP? be a smooth quartic surface, equipped with the
restriction of the Fubini-Study form. Classical Picard-Lefschetz theory shows that
the orthogonal complement [wi]t C Hy(K;Q) is spanned by Lagrangian spheres.
For completeness, we describe the argument briefly: let (K.).ccuoo} be a Lefschetz
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pencil of quartic surfaces, with K., = K. We have

@ * = Ov
(327)  H.(CP*\K;Q)= H**(CP* K;Q) = [wg]" *=3,
0 in other degrees.

The base of the pencil, C = Ky N K, is a smooth Riemann surface of genus 33
representing a multiple of [wg], and we have

Q *=0,
(3.28) H,(K\C)= H"*(K,C) =X [wg]* ® Hi(C;Q) =2,
0 in other degrees.

In particular, the image of Hy(K \ C;Q) — H2(K;Q) is [wx]t. Up to homotopy
equivalence, CP? \ K is obtained from K \ C by attaching 3-handles along a col-
lection of Lagrangian spheres in K \ C' (a basis of vanishing cycles of the pencil:
there are 108 of them, as an Euler characteristic computation shows). The fact
that He(CP? \ K;Q) = 0 shows that the homology classes of these spheres span all
of Hy(K \ B;Q). Hence, in K the same spheres span [wg]t. Choose Lagrangian
spheres (L1, ..., La;) whose homology classes form a basis for [wx]™*.

Homological mirror symmetry [89] says that Fuk(K )P is quasi-equivalent to

D’Coh(X), where the mirror X is a smooth K3 surface over R. We have
HH*(X,X)= H*(X,Ky') =R,

and the product HH?*(X,X)®? — HH*(X,X) is a nondegenerate quadratic form

(nondegeneracy is a consequence of Serre duality, thinking of HH*(X,X) =

Ext% x(Oa,Oa) as the endomorphism ring of the diagonal). The Hochschild-

Kostant-Rosenberg theorem implies that

(3.29) dim HH*(X, X) = dim (H*(X,0x) @ H'(X,TX) ® H'(X,Ky"))

=22 = dim Hy(K).
By combining these two facts, one sees that any isotropic subspace of HH 2 (X,X)is
at most of dimension 11. The same must then hold for the Hochschild cohomology

of Fuk(K).
Take the collection of spheres introduced above, and consider

(3.30) H?*(K;R) = QH?*(K) — HH”(Fuk(K), Fuk(K))
— @ HF*(Li, L) = @ H*(Li; R),

where the first arrow is the open-closed string map, and the second one the standard
map from Hochschild cohomology to the endomorphism ring of any object. Because of
the absence of holomorphic discs, (3.30) just consists of the ordinary restriction maps
on cohomology, hence is surjective (compare Example 3.15). This shows that the open-
closed string map in degree 2 is of rank 21 or 22; therefore, its image is not an isotropic
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subspace. Since the open-closed string map is a ring homomorphism, it follows that
QH*(K) — HH*(Fuk(K), Fuk(K)) must be nonzero, hence an isomorphism. This
implies that for any set of split-generating objects, the requirement of Theorem 3.20
is satisfied.

In fact, our previous argument shows that the kernel of the open-closed string map
in degree 2 is either zero or else spanned by [wg|. But the second case is impossible
since [wg]? is nontrivial, so the open-closed string map must be an isomorphism.
Since D*Coh(X) is smooth, so is Fuk(K), and the assumption of Theorem 3.19 holds
as well, allowing one to avoid Theorem 3.20.

EXAMPLE 3.23. — Again following [4], we point out that this strategy extends well
to products. For instance, take M = T x K to be the product of the two-torus and
the quartic surface. Consider the As-subcategory O C Fuk(M) of objects which
are themselves products. It turns out that O is quasi-isomorphic to the A, -tensor
product Fuk(T") ® Fuk(K). We will not enter into a full discussion of this fact here,
but there are several strategies of proof:

> A direct proof, which involves deforming the diagonals for the associahedra to
the boundary (matching the definition of the tensor product of A.-structures, see [68]
and references therein).

> Using quilted Floer cohomology [106], one can define an A,.-functor
(3.31) Fuk(M) — (Fuk(T™), Fuk(K))™*.
One compares this to the image of the (algebraically defined) Yoneda-type embedding
(3.32)  Fuk(T) ® Fuk(K) = Fuk(T~)°*" @ Fuk(K) — (Fuk(T"), Fuk(K))™".
The outcome is that the restriction of (3.31) to O is a cohomologically full and faithful

Aso-functor, whose image is quasi-equivalent to Fuk(T") ® Fuk(K).
> The version closest to [4] would replace (3.31) with

(3.33) Fuk(M) — fun (Fuk(7~), Fuk? (K))

where fun(. ,.) is the A, -category of A..-functors, and Fuk? (K) the extended Fukaya
category [71]. The rest of the argument would be structured as before. If one
wishes, one can avoid As.-tensor products, and instead work with suitable full A..-
subcategories of the categories on the right hand sides of (3.31) or (3.33) (which are
quasi-equivalent to the A, -tensor product; the difference is purely one of language).

As a consequence of this computation, O is again smooth; moreover, the associ-
ated open-closed string map is an isomorphism, which shows that O split-generates
Fuk(M). This can be used to prove homological mirror symmetry for the product (in
the parallel case of T' x T', this is the main result of [4]).
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3.7. Products of Dehn twists

We will now concentrate on constructing specific examples of automorphisms f
where the Z/m-action on HF*(f™) is nontrivial. The symplectic manifold M should
still satisfy Assumption 3.1. For technical simplicity, we assume that it is a four-
manifold (n = 2; higher-dimensional generalizations would have to use more advanced
methods, as in [78]). Take Lagrangian spheres Li,..., L, C M, equipped with an
arbitrary choice of grading, the unique Spin structure, and the trivial local coefficient
system. Because of our dimensional restriction, generically chosen almost complex
structures then satisfy Assumption 3.1. Consider the composition of Dehn twists

(3.34) f=r1,70, 7L,

which is naturally a graded symplectic automorphism of M.

PROPOSITION 3.24 (Perutz). — There is a spectral sequence converging to HF*(f),
with
QH" (M) = H*(M;R) p=0,
@, HF*(Li, L;) = @, H*(L;; R) =1,
(3.35) EY" = ®:,>..os HF*(Li,, Li,) © HF*(Li,_,, Li,) l<p<r
Q- ® HF*<Li1’Li2)[n(p - 1)]’
0 otherwise.

In fact, Perutz’s work [82] yields an explicit chain complex which computes HF*(f)
in terms of the Fukaya A.-structure and open-closed string map. An appropriate
filtration of that chain complex then gives rise to (3.35) (for which an alternative
approach is due to Ma’u [70]). One can rewrite the nontrivial columns EY*, p > 0, in
a way that highlights the cyclic symmetry:

(336) E{)* = ( @ HF*<LipaLi1) ® HF*<Lip—1,Lip)
ety PIERRNVY HF* (Lh ’ Liz))Z/p [n(p - 1)]7

where the direct sum is over cyclically decreasingly ordered p-tuples, and Z/p acts
by cyclically permuting these p-tuples (with additional signs). This point of view is
particularly convenient for considering conjugation invariance. Namely, the spectral
sequences computing HF*(f) and HF* (7, fTZ:) are related by an automorphism,
which converges to C, . On the E; level, that automorphism is just the obvious
relation between the expressions (3.36).

The class of examples of interest to us is where r = 2mand L1 = Ly = - - = Loy, 1,
Ly=1L4y="+-+= Loy, so that f = (71, 7,)™. Additionally, we ask that:
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ASSUMPTION 3.25. — HF*(Ly, L2) is concentrated in degrees [3n — k, in + k] for
some k > %n Moreover, both HFn/27k(L1,L2) and HFn/2+k(L1,L2) are nonzero,
and at least one of those spaces has dimension > 1.

The argument outlined above shows how the conjugation isomorphisms
Cryyp t HE™(f) — HF" (11, f71,),
1 HF*(T[QfTZ;) — HF*<TL1TL2fTE;7'El) = HF*<f)

TleTLQfTIjz 1

(3.37)

act on the F; pages of the respective spectral sequences. The composition of these
two isomorphisms defines the standard Z/m-action. In particular, this acts on the
last column

(3.38) E?™* = HF*(Ly, Lay) @ HF*(La, Ly)
® - @ HF*(Lam, Lam—1) [n(2m - 1)]
> (HF*(Ly, Ly) @ HF*(Ly, L)) ™ [n(2m — 1)]

by cyclically permuting the m tensor factors, up to (degree-dependent) signs. The
signs could in principle be determined by a more careful argument, but they turn out
to be irrelevant for our purpose.

LEMMA 3.26. — HF?>mU=k=n/2%n (0 7 ymY contains a copy of the regular repre-
sentation of Z/m, for any m > 1.

Proof. — The EY* column contributes only in total degrees > 0, the E1* columns
contribute in total degrees > 1, and the EI* (1 < p < 2m) columns contributes in
total degrees > p(1 — k — %n) + n. This means that the following piece, whose total
degree is 2m(1 — k — %n) + n, survives to E:

2m,2m(—k—4n)+n

(3.39) (HF3" " *(Ly, Ly) @ HF "% (Ly, 1,))*" C E}

By assumption, HF%n_k(Ll,LQ) ® HF%n_k(LQ,Ll) is at least two-dimensional.

If ay,as are linearly independent elements in it, then a; ® ag@m*l

and its images
under the Z/m-action are all linearly independent elements of (3.39), which proves

the claim. O

3.8. The quartic surface

Before continuing on to our concrete example, we have to agree on criteria for a
symplectic automorphism to be trivial from a topological viewpoint.

DEFINITION 3.27. — Let f be a symplectic automorphism of a closed symplectic man-
ifold M. We say that f is undistinguishable from the identity by topological means
if there is an isotopy from the identity to f inside the diffeomorphism group, with the
following additional properties.
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> First, by starting with Df and deforming it along the isotopy, we get an auto-
morphism of the symplectic vector bundle T M (taking each fibre to itself), and we ask
that this should be homotopic to the identity in the group of such automorphisms.

> Secondly, integrating wys along the isotopy yields a fluz-type class in H*(M;R),
and we also require that this should vanish.

For the rest of this discussion, we concentrate on the case of smooth quartic surface,
as in Example 3.22. There are quartic surfaces with a rational (Kleinian or du Val)
singularity of type (As). By smoothing out such a singularity and using Moser’s
theorem, we see that K contains an (As) chain of Lagrangian spheres, which we
denote by (V1, V2, V3). Consider the spheres

(3.40) Ly = ryy v, (Vo) = vy, (V2), Lo = 7_‘;117_‘;31(‘/2) = 7_‘;317—‘;11(‘/2).

Figure 3 shows a schematic picture of these Lagrangian submanifolds, in the style
of [57].

Vi Va V3

FIGURE 3
LEMMA 3.28. — 71,71, 15 indistinguishable from the identity by topological means.
Proof. — For any Lagrangian two-sphere, the Dehn twist and its inverse are isotopic

as diffeomorphisms, hence so are 77, = v, 7v, v, TV, ! an Land TL_; =Ty, ! Ty, ! TV, ! TVa TV, -
From an analysis of the simultaneous resolution of the (As) singularity as in [57, 94],
one obtains the following stronger fragility statement. Take a closed two-form £ such
that ka B # 0 for k =1,2,3. Then, there is a family of diffeomorphisms f,., defined
for small » > 0 and starting with fo = f, such that:
> f, preserves wg + r[3;
> for any r > 0, f, is isotopic to the identity in the symplectic automorphism group
of (K,wk +13). Moreover, the isotopies can be chosen to depend smoothly on r.

Using such an isotopy from f, to the identity, one shows that the second part of
Definition 3.27 holds, and the third part is trivial since H*(K;R) = 0. O

A straightforward computation using the relation between Dehn twists and alge-
braic twists [93, Cor. 17.17] shows that (for suitable choices of gradings)

R? =0,
(3.41) HF*(Ly,Ls)={ R +=1,2,

0 otherwise.
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This yields a concrete example where Lemma 3.26 applies. In particular, one sees that
TL,TL, has infinite order up to symplectic isotopy (a known result, compare [97]).
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CHAPTER 4

SYMPLECTIC MAPPING TORI

The symplectic mapping torus construction provides a way of obtaining interesting
examples of symplectic manifolds from automorphisms. A complete description of the
Fukaya categories of symplectic mapping tori is beyond the aim of this paper (but
see Section 4.6 for some conjectural discussion). Instead, we focus on a particular
class of mapping tori, and consider only the most obvious Lagrangian submanifolds,
which are fibered over circles in the (two-torus) base. For those submanifolds, ad hoc
methods parallel to those in Section 2.6 are sufficient to carry out the necessary Floer
cohomology computations. Under suitable additional assumptions, this will allow us
to show that the Lagrangian isotopy obtained by moving the circle around the base
can be encoded into a perfect family.

Concretely, the starting point for our considerations will always be a symplectic K3
surface K, by which we mean a closed symplectic four-manifold diffeomorphic to a K3
surface. Recall that this is simply connected, admits a perfect Morse function (one
without critical points of index 1 or 3) [46], and is Spin. The symplectic structure
necessarily has ¢;1(K) = 0 [102], and we choose a trivialization of the anticanoni-
cal line bundle in the unique homotopy class. We also suppose that a symplectic
automorphism f € Aut(K) is given which has nondegenerate fixed points as well
as nondegenerate 2-periodic points, and which is indistinguishable from the identity
by topological means (Definition 3.27). As part of the last-mentioned condition, f is
isotopic to the identity in Diff (K'), and we fix such an isotopy, as well as a grading of f.

4.1. Basic geometry

Consider K~ x K, where the sign of the symplectic form is reversed on the first
factor, as in Example 3.8. The symplectic mapping torus of f x f € Aut(K~ x K),
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which we denote by E/ = Ey, is

(4.1) {EZRxRxKxK/(p,q,x,y) ~(p,g—Lz,y) ~(p—1,q f(z), f(y)),
' wg =dpAdg —wk(x) + wi(y).

By definition, projection 7w : E — T = R?/Z? is a locally trivial Hamiltonian fibration,
with monodromy f x f in p-direction, and trivial monodromy in g-direction. Our
assumptions on f ensure that E is diffeomorphic to T' x K x K, in a way which
is compatible with the homotopy classes of almost complex structures, and which
maps [wg] to [dpAdg] x 1+ 1 X [wr-xx] € H*(T x K x K;R). Moreover, the grading
of f yields a trivialization of the anticanonical line bundle of E.

REMARK 4.1. — As a symplectic fibration over a surface, F is an object of the TCFT
with target space K~ x K discussed in Remark 3.2. Hence, there is an associated
numerical invariant (a priori an element of R, but which will actually turn out to be
an integer) counting its pseudo-holomorphic sections. This can be computed in two
different ways. On one hand, in terms of (3.2), E is obtained by gluing together the
two boundary components of Zyy s x [0,1] in the trivial way, which means that the
numerical invariant is the Euler characteristic of HF*(f x f). On the other hand, one
can think it as [0,1] x S x K~ x K with both ends glued together using a twist by
f x f, in which case the numerical invariant is the supertrace of the action of f x f
on H*(K~ x K; R). Both ways of course yield the same result, namely the square of
the Lefschetz fixed point number of f.

Consider the following Lagrangian submanifolds in E:
Ar={g¢=0, y=ua},
(4.2) Ay ={qg=—2p, y=u},
Az ={p=mo, y=zx}.

In the last line, the parameter u € R* is written as u = h"™°a with a € GLo(1, R). All
Lagrangian submanifolds in (4.2) fibre over loops in T', with fibre K. These fibrations
are actually trivial (tautologically so for As ,,, and by using the isotopy f ~ id in the
other cases). In particular, we can choose the product of the trivial Spin structures on
the underlying loop and the unique Spin structure on K. Moreover, our Lagrangian
submanifolds also admit gradings (we make a particular choice of gradings, which will
become clear in the Floer cohomology formulas below). On Ag, we use the local
system &,, pulled back from the underlying loop {mg} x S* C T, which has fibre R
and holonomy a in positive g-direction. The other two submanifolds carry trivial local
systems. The last ingredient needed in order to turn them into objects of the Fukaya
category is a choice of almost complex structures as in Assumption 3.4. Choose a
one-parameter family (J;,;) of almost complex structures on K as in (3.4), with the
additional (generic, for dimension reasons) property that there are no non-constant
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Jr.+-holomorphic spheres for any ¢t. We will use the same almost complex structure
on E for all three Lagrangian submanifolds (4.2):

(43) (JA)IMI@’»ZJ =1iX (7‘]f,p+%,r) X ‘]f,p+%,y'
Projection to T is (Ja,i)-holomorphic, hence there are no non-constant Ja-
holomorphic spheres. Similarly,

LEMMA 4.2. — There are no non-constant Ja-holomorphic discs with boundary on
any one of the submanifolds (4.2).

Proof. — By projecting to T, one sees that any disc must be contained in a fibre.
There, it is a map (D,0D) — K x K which is holomorphic for (—Jf’er%) X Jf7p+%,
and has boundary on the diagonal. By the doubling trick already mentioned in
Example 3.8, such discs correspond to J; , +%—holomorphic spheres in K. ([l

As a consequence, the Floer cohomology of each of our submanifolds with itself
is canonically isomorphic to its ordinary cohomology. The other Floer cohomology

groups are:
(4.4) HF*(A1,A2) 2 H(K;R)® H*(K; R),

(4.5) HF* (A2, Az ) = (§u)(mo,~2me) @ H* (K; R),
(4.6) HF*(A1,A34) = (&u) (mo,0) @ H* (K3 R).
Dually, one can write

(4.7) HF* (A9, Ay) 2 H*(K; R)[-1]® H*(K; R)[-1],
(4.8) HE™ (As.u, A2) = (§u) (mo,—2mo) @ H (K; R)[-1],
(4.9) HE" (Agu, B1) = (§u) (my,0) @ H (K R)[-1].

The proofs of these isomorphisms are straightforward in the Morse-Bott formalism
from Section 3.2. For instance, consider (4.4). One takes

(4.10) JAL A = JA

to be the constant family, in which case the same argument as in Lemma 4.2 shows
that there are no non-constant holomorphic strips, immediately reducing the situation
to ordinary Morse theory on Ay N Ay (to be precise, one has to check that the local
coefficient system oc on each component C' C A;NAs is trivial; but that is clear since
locally near C, the geometry splits as a product of base and fibre). The remaining
isomorphisms are proved in exactly the same way.

REMARK 4.3. — Generalizing (4.3), consider almost complex structures on E of the
form
(4.11) (Ja.0)p.gay =1 X (7‘]f79(p,q),w) X J5,6(p.a).0>

where 0 : R x S* — R satisfies 0(p + 1,q) = 0(p,q) + 1. If we take any one of the
Lagrangian submanifolds introduced above and equip it with some Jy, it becomes an
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object of Fuk(F). Different choices of 6 lead to canonically quasi-isomorphic objects:
one sees this by constructing Piunikhin-Salamon-Schwarz (PSS) elements in Floer
cohomology [89, Lemma 8.11]. The key ingredient is the fact that the space of
functions # parametrizing the almost complex structure (4.11) is connected.

For concreteness, consider the pair (A1, Ag) and, instead of (4.10), equip it with
the constant family of almost complex structures

(4.12) IAL 8006 = I

This is leads to a Floer cohomology group which we temporarily denote by
HF*(A1,A5)p. There are no nontrivial holomorphic strips for (4.12), hence the
Morse-Bott approach yields an isomorphism parallel to (4.4):

(4.13) HF* (A1, As)g = H*(K; R) © H*(K; R).

On the other hand, the previous PSS argument yields a canonical isomorphism
HF*(A1,A0)g & HF*(A1,Az). Moreover, a parametrized moduli space argument
shows that this isomorphism, (4.4), and (4.13) form a commutative diagram. In a
little less precise language, one can summarize this by saying that the isomor-
phism (4.13) is independent of #. The same applies to the other Floer cohomology
groups computed above.

Some of the products on Floer cohomology are also elementary, meaning that they
involve no actual count of nontrivial holomorphic maps. For instance, consider

HF*(AQ,AQ) (24 HF*(Al,Az) — HF*(Al,AQ),
{HF*<A1,A1) 029 HF*(Al,Ag) — HF*<A1,A2)

Each of these turns out to be the action of H*(A; R) on H*(A1NAg; R) by restriction
and cup-product. The proof again uses a constant family of almost complex structures
equal to Ja, a suitable choice of Morse functions on Ag, and the arguments from
Lemma 4.2; we omit the details. Note that by the cyclic symmetry of the product,
this also determines

(4.14)

(4.15) HF*(Ay,Ay) ® HF* (Do, Ay) — HF*(Ag, Ay),
(4.16) HF* (A, Ay) ® HF* (Do, Ay) — HF*(Ag, Ay),
(4.17) HF*(Ag, A1) @ HF* (A1, Ay) — HF*(Aq, Ay),
(4.18) HF*(Ay, Ay) ® HF* (Do, Ay) — HF*(Ag, Ay).

We conclude this preliminary discussion by introducing low-degree generators anal-
ogous to those in Section 2.10, namely

HF°(A1,A0) = R-[w1] ® R - [wy], HF'(Ag, A1) =R [ws] ® R - [wy],
(4.19) HF(A1,A3.) = R+ [214), HF (A3, Ay
HFO(A2a AB,u) = R : [ZQ,u]a HFl(A&u, AQ

)
)=

’ [92,11]
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(the notation [w;] indicates the cohomology class for some underlying choice of wy,
and we’ve inserted the dots to avoid confusion with polynomial rings). As before,
[w1] and [—ws] correspond to the class 1 € HY(K; R) under (4.4), for the components
lying over (%,0) and (0,0), respectively; [z1,,] and [22,,] are defined using (2.81); and
the other generators are fixed in such a way that the products

+ [wa] - [wr] € HF' (A, Ay), Y1) - [21,u] € HF' (A1, Ay),
(4.20) + [w1] - [wa] € HF'(Ag, Ay), [210) - [y1,u] € HF' (A0, A3.0),

— [wa] - [w3] € HF'(Ag, Ay), [Y2.u] - [22.4] € HF*(Ag, Ay),

— [ws] - [w] € HFY(Ay, Ay), [22,u] - [Y2,u] € HF*(As,., As.,)

all yield the generator of H'(S' x K;R) = H'(S'; R) obtained by orienting the
underlying loops in T2 as in Section 2.10. Moreover, from our computation of (4.14)
it follows that [w1] - [ws], [w3] - [w1], [w2] - [ws] and [wy] - [we] vanish. Hence,

LEMMA 4.4. — The subspace of @ijzl HF*(A;, Aj) consisting of elements of degree

<1 is a subalgebra, and in fact isomorphic to the algebra Q from Definition 2.3. 0O

4.2. Counting triangles

In parallel with our original discussion of the two-torus, we will also need to deter-
mine parts of the A, -structure which do involve counting holomorphic curves. First
of all, we need the counterpart of (2.82), which computes the product
(4.21) HF(Ag, As.) @ HF? (A1, Ag) — HF(A1, As ),

. [22,u] - [w1] = D21 (W)[21,);  [22,u] - [we] = —¥22(u)[21,4]-

One can use associativity and (4.20) to derive two more products from this, namely

)
{ HF0<A1, AQ) ® HF1<A37U, Al) — HFl <A37u, AQ),

(4.22)
[wi1] - [Y1.u] = V21 (u)y2,ul,  [we] - [y1,u] = —V2.2(u)[y2,u];
and
(423) { HF*(Az.,A1) @ HFY (A, Az,) — HF'(Ag, Ay),
. [Y1,u] - [22,u] = V2,2(u)[ws] + Da,1(u)[wal,

which are the analogues of (2.84) and (2.85), respectively. Next consider
(424) xr = ﬂgyg(u)[wl] + ﬂgyl(u)[wg] € HFO(Al, Az)

We know from (4.21) that [22,] - = 0, and from (4.22) that = - [y1,,] = 0. There-
fore one can form the Massey product ([z2 4], 2, [y1..]) (see [93, Remark 1.2] for the
sign conventions in effect here). Generally speaking, such a product takes values
in the quotient of HFO(A&U, A3 ) by the two subspaces [z2.,] - HFO(A;),,U, Ay) and
HF ' (A1, Az.) - [y1.4), but both vanish in our case, leading to a strictly well-defined
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Massey product, which we will show to be the following multiple of the identity
class [e3 u]:

(4.25) ([22,u), 2, [Y1,u]) = w(0h o (u)02,1(u) — 05 1 (u)P2,2(u)) €3 ]

To simplify the computation, one can arrange things so that that different homo-
topy classes of holomorphic triangles can be counted separately.

Let’s introduce a new formal variable e, which means that we use a version R,
of (2.1) where the coefficients ¢, are allowed to lie in Cle]. Mark a point * € T2 such
that the fibre 7= (%) is disjoint from the Lagrangian submanifolds under considera-
tion. We can then construct a version of the Fukaya category relative to that fibre,
where the € term in u% comes from pseudo-holomorphic maps which have intersec-
tion number r with 7=!(*). In order for this to be always > 0, the almost complex
structures have to be such that 7= () is an almost complex submanifold, and the in-
homogeneous terms should vanish quadratically near that fibre; both assumptions are
unproblematic as far as transversality is concerned. The outcome is an A.-category
over R., whose specialization to € = 1 recovers the relevant part of the Fukaya cate-
gory. Note that the choices we have used to define Floer cohomology groups already
satisfy those assumptions; hence, (4.4)—(4.9) remain valid for the larger coefficient
field. The same applies to more generally to the almost complex structures (4.11).

FIGURE 4

Suppose for concreteness that —% < mg < % (the remaining case can be dealt

with in a similar way), and choose * = (%,1). To define the product (4.21) one
should choose a family of almost complex structures (J,), where the parameter z is
in the three-punctured disc, as well as an inhomogeneous term. Suppose that we
set the inhomogeneous term to zero, and use a family almost complex structures in
the class (4.11), which is locally constant outside a compact subset of the parame-
ter space z. In addition, we want our family to have the following property: if we
trivialize the part of 7 lying over the triangle in Figure 4, then in that trivialization
J. =i x (=Jpe,) X Jpe., where 0, is constant (independent of z and of the point

(p,q) in the triangle).
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Let’s consider only the € term of (the R.-linear counterpart of) the second line
in (4.21). Because 7 is pseudo-holomorphic, all contributions come from pseudo-
holomorphic maps which project to the triangle from Figure 4. Those correspond
bijectively to (—Jf,9.) x Jf,6.-holomorphic maps from a three-punctured disc to K x K,
with boundary on the diagonal. But by the same argument as in Lemma 4.2, such
maps are necessarily constant. This determines the moduli space, and simultaneously
shows that it is regular, yielding a contribution of —1 = —h%" to the product (the
sign is a consequence of the convention used when defining ws). This contribution
then remains the same under small perturbations of the auxiliary choices , so the
potential lack of regularity of the higher €* spaces is not an issue.

On the face of it, this argument would seem to fail in general, since it relied
on the fact that the triangle in T" was embedded in order to construct the desired
almost complex structure. However, one can reduce the computation for any power €”
to the same kind of situation, by passing to a sufficiently large finite cover of F
(which depends on r) and using the additional freedom to change the almost complex
structure there, breaking its symmetry under the covering group. Formally, this
means we are using an e-enhanced version of the pullback from Addendum 3.18, but
remaining on the cohomology level. This allows us to easily compute the following
products in the e-enhanced framework:

(4.26)  [z24] - [w1] = 6_%192,1(u)h.—>h5 Z1u)s [22,0] - [w2] = =02 2(W) hoshe [21,0],

where h +— he is a substitution of variables, and dividing by €1 in the first line keeps
the powers of e integral. On the other hand, setting ¢ = 1 recovers our previous
situation by definition, which concludes our proof of (4.21). The strategy for (4.25)
is similar. One first passes to the e-analogue

([z2,u), V2,2 (W) pshewr] + 6_%192,1(U)h»—>h5[w2], (Y1),

which is well-defined as a consequence of (4.26). For any power €”, only finitely many
homotopy classes can contribute, and after passing to a suitable finite cover one again
has only constant maps in fibre direction, which means that the answer is the same
as for the two-torus itself, where one can derive it from (2.87).

Suppose now that u ¢ {£h2* : k € Z}. The computations above imply that the
following is an exact triangle in H°(Fuk(E)"™):

19,2,2(U)[w1]+192,1(u)[w2]
(4.27) A, Y 5 (1) (Fa,1(u)—04,3(u)) Ay
1]
(ly1.uls =ly1,u-1]) ([z2.u]; [22,u-1])
Az @ A:3,7r1

To spell this out a little more, one first proceeds as in Lemma 2.30 to show
that Az, @ Agz,-1 is a direct summand of the mapping cone of the horizontal
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map in (4.27). Temporarily denote that cone by C. There is a spectral sequence
converging to H* (hOmFuk(E)tw (C,C)), whose starting page is

(A2a Al p= _1,
(4.28) pra = I q<A1 1) @ HF(Ag,Ag) p=0,
. 1 HF1(Aq, Ag) p=1,
0 otherwise.

The differential d; : EP? — EPT19 is given by multiplying by the morphism used to
form the cone, with suitable signs. In particular, the subspace of elements in (4.28)
of total degree p + ¢ = 0 is four-dimensional; and the differentials E; L, E?’l,
EYY = B are both nonzero. This shows that HO(hompy( gy (5,5)) is of dimen-
sion < 2, which implies that C must be quasi-isomorphic to Az, © Az -1

LEMMA 4.5. — For a suitable choice of auziliary data, the differential on
2
P cre(aiA))
i,j=1

vanishes, and moreover, the subspace of elements of degree < 1 is an A -subalgebra.

Proof. — Choose a perfect Morse function hx on K. Choose also a perfect Morse
function hgi on the circle S' = R/Z, with minimum at py = i and maximum

at p; = %. When defining CF* (A1, Ay) in the Morse-Bott formalism from Section 3.2,
take the Morse function on A; = S! x K given by

(4.29) hay A, (p,z) = hg1(p) + constant - hy (x),

where the constant is small and positive (and correspondingly, we choose the product
Riemannian metric). The differential is obviously trivial. Moreover, we have that

(4.30) Ophay,a, >0 along {3} x K, 0pha,.a, <0 along {0} x K.

When defining the higher order A-structure on CF*(A1, A1) = CM*(ha, ,A,), We
proceed as in Remark 3.12, but take care that all the auxiliary families of Morse
functions appearing in the process still satisfy (4.30) (this is an open condition, hence
does not stand in the way of transversality arguments). As a result, if aq,..., a4 are
generators corresponding to critical points, at least one of which lies in {%} x K,
then udFuk(E)(ad,...,al) must be a linear combination of critical points also ly-
ing in {%} x K. In particular, take a to be the unique generator corresponding
to a critical point of index 1, which is the minimum of hyx placed in {%} x K.
Then udFuk( E)(a, ...,a) is a linear combination of critical points of index 2, which
moreover lie in {%} x K. But there are no such points, hence we have proved that
these particular As-products must vanish. Of course, all these considerations can be
applied to Ay as well.
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Similarly, when defining CF* (A1, Ag) and CF* (A9, A1), we choose minimal Morse
functions, so that u' = 0. Because of this minimality property, the product u? is
determined entirely by Lemma 4.4, which shows in particular that the product of
any two elements of degree 1 vanishes. Consider a higher product of elements of
degree < 1,

(431) .ug‘uk(E) : CFSl(Aidquid) Q- CFSl(AimAil) — CFSQ(AiovAid)

for some d > 2 and ig,...,iq € {1,2}, and where the i) are not all equal (since
that case has been dealt with before). If one of the inputs has degree 0, the output
automatically has degree < 1. The only remaining case is when all the inputs have
degree 1, which forces (ig,...,iq) = (2,...,2,1,...,1), but then the output would lie
in CF?(Ag, A1), which vanishes by minimality and (4.7). O

We have now obtained an embedding G* : Q — Fuk(E) which is compatible with
the multiplication p?, and which extends to an A..-functor G : Qp — Fuk(E) for
some a priori unknown polynomial p.

LEMMA 4.6. — p = p is the unit torus polynomial.

Proof. — Fix some u ¢ {j:h%k : k € Z}, and consider the morphism v € eaQe; =
homg (X1, X2) given by the same formula as the horizontal arrow in (4.27). Denote by
C, the cone of that morphism in Q%W. Because A.o-functors preserve exact triangles,
we have a commutative diagram in the category H®(Fuk(E)™),

= G(Xy) ——— GY(C,) ——— G(Xy)[1] ——
|
(4.32) H |=
3
AV Az @ Az Al

where the top row is the obvious exact triangle, the bottom one is (4.27), and the
dotted isomorphism is the only new ingredient. It follows from our previous analysis
of (4.28) that G induces an isomorphism

(4.33)  H° (homgu (Cy, Cy)) — HF(Ag,u, Az,0) ® HF(Ag -1, Ag,-1) = R2.

Consider the endomorphism # of Az @ Ag -1 given by the same linear combination
of identity elements as in (2.98). Using (4.23) one sees that this satisfies the analogue
of (2.99). Hence, its preimage under (4.33) satisfies the criteria from Lemma 2.14,
which shows that p(v1,ve) = p(v1,v2), exactly as in Lemma 2.35. O

We conclude this discussion by looking at the maps (1.14) on Hochschild cohomol-
ogy induced by G, and how they relate to the open-closed string map.

LEMMA 4.7. — The map
(4.34) H(G.): HE*(Q,,Q,) — HH" (Qp, G*Fuk(E))
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s an wsomorphism in degrees < 1.

Proof. — Tt is convenient to replace @, by its quasi-isomorphic image in Fuk(E) de-
scribed in Lemma 4.5. Denoting that by @, what we then have to look at is the effect
of the inclusion @ — Fuk(E). Any Hochschild cochain g € CC=H(Q, Fuk(E)) neces-
sarily takes values in the subspace of morphisms of degree < 1, which is precisely @,
so we have C’Cgl(@,@) = CCSl(@,Fuk(E)). This fails in degree 2, but at least we
have an injective map of cochains there, which is precisely what’s needed to prove the
desired statement. O

Recall that HH'(Q,,Q,) is two-dimensional, with generators [g1], [g2] which were
(partially) described in Addendum 2.11.

LEMMA 4.8. — The composition

(4.35) QH*(E) — HH* (Fuk(E), Fuk(E)) % gH*(Q,, G*Fuk(E))

sends [dp] € H'(E;R) to H(G.)([g1] + [g2]), and [dq] to H(G.)(—2[ga)).
Proof. — By construction, we have a commutative diagram

G, .
HH*(Qp, Qp) ————— HH*(Q,, Fuk(E)) +—C—— HH* (Fuk(E), Fuk(E))

Y J H(G) J /

( * *
€1Qp€1 D 62Qp62 —— HF (Al, Al) ® HF (AQ, AQ)

The vertical arrow on the left is an isomorphism in degree 1 (by Addendum 2.11), and
hence so is the one in the middle (using Lemma 4.7). On the other hand, composition
of the open-closed string map with the diagonal arrow in (4.36) just yields the ordinary
restriction map QH™(F) — H*(A1; R)® H*(Ag; R). The rest is diagram-chasing. O

We now consider the analogue of Corollary 2.38. Let § = Spec(R) be the affine
curve associated to the unit torus polynomial p, and 6 its standard 1-form. The image
of

(4.37) 0 ® [dg] € H(S,Q}) ® QH'(E)

under the open-closed string map is a deformation field, which we denote by [v], for
the constant family Fuk(E) of Fukaya categories over .

COROLLARY 4.9. — There is a perfect family of modules Ds which follows [vy], and
whose fibre at a point (s1,s2) € S is isomorphic to As,,, where u € R*/R% satis-
fies (2.68).

Proof. — Take the family from Corollary 2.38 and map it to Fuk(E) using G. As
a consequence of the general discussion of functoriality in Section 1.9, the image
family indeed follows (4.37) (the equality of Hochschild cohomology classes required
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in Assumption 1.17 comes from Lemma 4.8). By construction, the object of the family
at any point is a direct summand of a mapping cone. The triangle (4.27) identifies
that mapping cone with Ag, ® As ,-1, and one can follow the same computation as
in the case of the two-torus to show that the summand picked out by the projection
is indeed Ag . O

4.3. More Lagrangian submanifolds

E admits a (graded) symplectic automorphism F which is trivial on the base T,
and equals id x f in each fibre (this makes sense since it commutes with f x f). By
applying that automorphism to our given Lagrangian submanifolds, we get another
collection

Fl :F(Al):{qzoa y:f(x)}a
(4.38) [y = F(A2) ={q=—2p, y= f(z)},
1—‘3,u = F<A3,u) = {p =Mmp, Y= f(.’l?)},

These come with induced gradings and Spin structures. We equip each of these
Lagrangian submanifolds with the almost complex structure

Irpaay =X (=Jfpr1,2) X Jrpy-

Since that is the image under F of i X (—Jf pt1,2) X Jf.pt1,y, the previous computations
of Floer cohomology and its product structure carry over to (4.38). We will also need
to know how (4.38) and (4.2) interact. Unsurprisingly, the answers involve the fixed
point Floer cohomology of f:

(4.39) HF*(Ty,Ay) =2 H*(SY; R) ® HF*(f),

(4.40) HF*(T'y,Ay) = HF*(f) ® HF*(f),

(4.41) HF*(T'1, Az u) = (§u) (mo,0) @ HF*(f),

(4.42) HF*(Dy, A1) = HF*(f)[—1] & HF*(f)[-1],
(4.43) HF*(Ty,As) = H*(SY; R) ® HF*(f),

(4.44) HF* (T2, A3) = (§u) (mo,—2mo) @ HE"(f),
(4.45) HE™ (D30, A2) 2 (§u) (mg,—2me) @ HE™ ()[-1],
(4.46) HF* (T30, A1) & (§u) (m,0) @ HF(f)[-1],
(4.47) HF* (T34, As.) = H*(SY; R) @ HF*(f).

For each of these, we adopt a variant of the strategy in Example 3.8, which means
that we use the family of almost complex structures on E given by

(4.48) (Jr,a,t)p.gey =1 X (*Jf,pﬂ—%t,x) X Jf,p+§t,y-
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In all cases listed above, pseudo-holomorphic strips must be contained in a fibre. We
take such a strip (uz,uy) : R x [0,1] = 771(p,q) 2 K x K and transform it to a map
w as in (3.13), which then satisfies u(s,t —1) = f(u(s,t)) and Osu+ Jf pit(u)Opu = 0.
This makes the isomorphisms above obvious, with (4.39) and (4.43) requiring a little
thought (the case of (4.47) is much simpler, since 7 has trivial monodromy in ¢-
direction). Let’s consider briefly the first of the two. The intersection I'y NA; consists
of a circle C,, for each fixed point x of f. The Maslov index of C, equals the Conley-
Zehnder index of z. The local coefficient system oc, has fibre o, and its monodromy
is given by the natural action of Df, on o,. It is a nontrivial observation, but one
which is well-known as part of the mechanism underlying (3.1), that this action is
trivial. If we then choose hr, A, to be the same Morse function hg: on each circle,
we get an isomorphism of graded vector spaces

(4.49) CF* (D1, Ay) = OM* (hg1) @ CF*(f).

Using the previous observation about pseudo-holomorphic strips, it is not hard to see
that this is compatible with the Floer differential. The other case (4.43) is parallel.

REMARK 4.10. — Another way to see where the potential difficulty in (4.39) lies is
to consider for a moment a more general family of Lagrangian submanifolds fibred
over the same base circle, namely

(4.50) I"={¢=0, y=f"(2)}

for some m > 1. The intersection points of " N A; in each fibre 771(p,0) corre-
spond to fixed points of f™ (which we assume to be nondegenerate). However, this
correspondence depends on p € R, rather than only on its image in R/Z: as we move
around the circle, there is nontrivial monodromy which acts by f on the set of these
points. Moreover, even for points which are fixed by f? for some p|m, the induced
action on o, (where x is considered as an m-periodic point) can be nontrivial; this is
the same phenomenon as the “bad orbits” in Symplectic Field Theory. Finally, while
the moduli spaces of holomorphic strips fibre over S! x {0}, that fibration can also
be nontrivial. In fact, what one gets is a chain homotopy

(4.51) CF*(IT", Ay) ~ Cone(id — cs gm : CF*(f™) = CF*(f™)),

where ¢y ym is the chain map underlying the generator of the Z/m-action on HF* (™).

We will also need to know two related products, namely

(452) HF*(Al, A37u) X HF*(Fl, Al) — HF* (Fl, A37u),
(453) HF*(Fl, Ag’u) ® HF*(Fg,u, Fl) — HF*(Fg,u, Ag,u).
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After using (4.6), the analogue of (4.9) for the I' Lagrangian submanifolds, as well as
(4.39), (4.41), (4.47), and cancelling the §, factors, these maps can be written as

(4.54) H*(K;R)® H*(SY; R) ® HF*(f) — HF*(f),
(4.55) HF*(f)® H*(K; R)[-1] — H*(S"; R) ® HF*(f).

LEMMA 4.11. — The first map (4.54) vanishes on the H*(S*; R) summand, and on
the H°(SY; R) summand it reproduces the quantum cap module structure of HF*(f).
The second map (4.55) takes values in the H*(S'; R) summand, and again reproduces
the quantum cap structure.

Proof. — To keep the notation simple, we consider only the first product (4.54) and
the case u =1 (so mo = 0 and &, is trivial). Define CF*(I';, A1) as in (4.49), taking
care that hg: has a single minimum at (0,0) (and a single maximum elsewhere), and
using the family of almost complex structures Jr A from (4.48). Next, the intersection
Ay N Az, = K is the diagonal in the fibre at (0,0). We choose a Morse function
ha,,As. = hi on K in order to define CF* (A, As,,), and use the constant family of
almost complex structures Ja. Finally, the intersection I'; N Ag ,, is transverse, and
we use the same family Jp a for it as before. To form the quantum cap product (3.8),
we use the same Morse function hg, as well as a two-parameter family of almost
complex structures of the form

(456) Jcap,s,t = Jf,z/)(s,t)a

where 1 : R? — R is a function satisfying (s, t + 1) = (s, t) + 1 for all (s,t),
U(s,t) =t for |s| > 0, and ¥ (s, t) = 0 for (s,t) close to (0,1). This leaves enough
freedom to achieve the required transversality properties.

FIGURE 5.

The pearly trees that can, in principle, contribute to the product are shown
in Figure5. Consider for a moment the simplest such tree, which has just one
trivalent vertex. The Riemann surface associated to that vertex can be written as
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Sy = (R x [0,1]) \ {(0,1)}. We choose the perturbation datum on S, to have trivial
inhomogeneous term, and the following family J, of almost complex structures:

(4.57) (Jostdpawy = 8% (I prpdsi-10a) X pprodsioy:

Importantly, near (s,t) = (0,1) this reduces to Ja. Solutions of the associated equa-
tion (3.16) are all contained in the fibre over (0,0). Moreover, in analogy with (3.13),
they correspond bijectively to maps u, : R? — K solving the pseudo-holomorphic
part of (3.7). Choose the families of Morse functions on the two semi-infinite edges
of our pearly tree to be constant equal to hAr, A, and hay,A;., respectively. The
associated gradient (half-)flow line of hr, o, must necessarily be constant, whereas
the other one yields the Morse-theoretic part of (3.7). Regularity is easy to check.

It remains to exclude contributions from more complicated pearly trees. The maps
associated to the two-valent vertices in the upper branch of Figure 5 are Floer dif-
ferentials for the pair (A, As,), but as we have seen before there are none, since
they would correspond to non-constant J fé-holomorphic spheres in K. On the lower
branch we equip all the finite length edges with the same constant family of Morse
functions. But then, all the associated gradient flow lines are necessarily constant,
which means that the length of the edge is a free parameter. After a necessary but
easy regularity consideration, it follows that this cannot occur in zero-dimensional
moduli spaces. O

4.4. More families

We now return to the situation from Corollary 4.9. By exactly the same argument
(or otherwise by using the functoriality under F'), one has a family Gs with fibres
I's ., and which otherwise has the same properties as Ds.

LEMMA 4.12. — The constant families D1 = R®@r A1, G1 = R&rT1 also follow [v].
Moreover, one can choose relative connections on them in such a way that the induced
connection on

(458) H*<homfuk(E)(gla@1)) = R@R HF*(Fl,Al)
1s trivial.

Proof. — The class [dg] is dual to the hypersurface {q = %}, which is disjoint from
both A; and I'y. As an instance of Example 3.16, it follows that [¢g] vanishes on the
subcategory with these two objects. If we then choose trivial relative connections, the
result is obviously true. O

Without changing the notation, we will now apply the Yoneda embedding and
consider D; and G; as objects of Fuk (E)P'f. Lemma 4.12 still holds in this context.
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COROLLARY 4.13. — Fizx a one-dimensional subspace By C HFd_l(f). Then, for
suitable choices of relative connections, there is a line bundle

B C HO (homqu(E)perf (gg, Dy [dD)

imvariant under the induced connection, whose restriction to any fibre agrees with

B = H'(S'; R) ® By under the isomorphism (4.47).

Proof. — Consider the double product (composition of two ordinary products in the
Fukaya category; the ordering is irrelevant by associativity)

(459) HO (homfu,'i(E)perf (@1, @3)) X H* (homfuk(E)perf (gl, @1 ))
® Hl (homfuk(E)perf (g:;, gl))
— H* (homfuk(E)pcrf <g3, @3)) [1} .

We choose relative connections on G; and 2 as in Lemma 4.12. Consider the subbun-
dle R @ H°(S'; R) ® By of H* (hom gy (gypert (G1, D1)) = R @ H*(SY)® HF*(f), which
is of course preserved by the connection. The leftmost and rightmost factors on the
LHS of (4.59) are line bundles. Hence, the image of our subbundle under (4.59) yields
a subbundle B C H%(homg, (pywers (Gs, Ds)) which, because of the compatibility of
the product with the connections (1.62), is itself preserved by the connection. At any
point of S, (4.59) can be written as a map

(4.60) H*(SY R) ® HF*(f) — H*(SY; R) @ HF*(f)[1].

From our computation of (4.52) and (4.53), we know that this is the identity on
HF*(f) times the cup-product with a nonzero class in H*(S*; R). This shows that B
has the desired property. O

This allows one to apply parallel transport at least to a certain part of
HFd(Fg’u,Ag’u) (probably, the same holds for the entire Floer group, but we
will not consider this point here). The next issue is uniqueness, which can be dealt
with by using Proposition 1.24 based on the following observation:

LEMMA 4.14. — Any 1-dimensional subspace
B C HF (T34, As[d]) = HF* (T3, A3.)
satisfies Assumption 1.23.

~

Proof. — Assumption 1.20 for each object is obvious, since HF™(As.,,As.) =
H*(As,; R) as a ring, and the same for I's ,,. The products in (1.91) are part of the

Floer product structure
L6l HF* (T30, A3u) @ HF*(T'3.4,T3,4) — HF*(T'3.4, Az 4),
( ' ) { HF*(Ag’u, AS,U) X HF* (Fg’u, AS,U) — HF* (Fg’u, AS,U)-

One can determine this explicitly in the manner of Lemma 4.11, but we prefer to
take a shortcut which bypasses computation. Namely, as part of the open-closed
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string map we have a map QH*(E) — HF*(As,,As,,), which in this case agrees
with the ordinary restriction map (in particular is surjective; compare Examples 3.15
and 3.22), and the same for I's ,,. In fact, by assumption on f our two Lagrangian
submanifolds are diffeomorphic, and the restriction maps are the same. One combines
this restriction map with (4.61) to yield both a left and a right action of QH*(E) on
HF*(T'3.4,As,). One can prove geometrically as in [96, Fig.1] (or alternatively,
derive from the fact that this is part of a map landing in Hochschild cohomology)
that these two actions coincide up to Koszul signs. This leads directly to the required
property. O

ADDENDUM 4.15. — The reader may have noticed that, in view of Assumption 1.23
as originally stated, we only needed to prove the required properties for the degree 0
parts of HF*(As ., Az ) and HF*(T's 4,3 ,,), which is much easier. The real point
of the argument above, which will become relevant only later, is that it still yields the
desired result if we reduce the grading of the Fukaya category to Z/2.

4.5. A double covering trick

Let z : E — E be the double cover associated to (1,0) € H(T;Z/2) = H(E;7/2).
Concretely,

(4.62) E=RxRx K xK /(p,q,2,y) ~ (p.q—1,2,9) ~ (b — 2,0, f*(2), F*(y)),

with the symplectic form wj pulled back from E. This is the mapping torus of f2 x f2,
except that the area of the base T has been multiplied by 2. Fukaya category com-
putations for E largely follow those for F, so we will only summarize the results.
We have Lagrangian submanifolds Al, A2, Ag, « (fibrewise equal to the diagonal) and
Fl,Fg,Fg " (ﬁbrew1se equal to the graph of f2) defined analogously to (4.2), (4.38).
To clarify, A2 is now fibered over the path {¢ = —p} in T hence does not project
to As (and the same holds for fg) On the other hand, for u = h™°a we still take A3 ,,
to be fibered over {p = my} (and correspondingly for fgu)

As in (4.47) there are canonical isomorphisms
(4.63) HF* (T34, As.) = H*(S'; R) @ HF*(f?).

Recall from Section 3.5 that z gives rise to a functor Z, defined on a full subcategory
F C Fuk(E) (that contains all the Lagrangian submanifolds occurring in our discus-
sion), and which lands in Fuk(E). In particular, Z(ﬁg,u) = Ag .y, whereas Z(fg’u) is
the analogue of I's ,, defined using the graph of f? in each fibre. Our functor gives an
isomorphism

(4.64) HF*(Z(T3.4), Z(A3,)) = HF* (T34, Az.) = H*(SY; R) @ HF*(f?).

Note that Z(T's,) and Z(As.,,) only depend on the class of u in R* /h%. However:
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LEMMA 4.16. — Passing from u to hu changes the second isomorphism in (4.64) by
composition with the involution Cy f2.

Proof. — Consider the diagram of isomorphisms
(4.65) HF*(Z(Ts3.4), Z(A3.4))
T T
HF* <f37u7 33,u) HF* <f3,hua AS,hu)

| |

H*(SY R) @ HF*(Tj2, A) —— H*(S%; R) ® HF*(Tj2, A)

| |

Cy s
H*(SY; R) ® HF*(f?) L H*(SY; R) ® HF*(f?)

The top horizontal arrow is the action of the covering transformation for z : E - FE,

(4.66) (P, @2 y) — (p— L., f(2), f(y)).

The commutativity of the top triangle follows from the definition of Z. The top down-
wards pointing arrows, on the left and right, are isomorphisms (4.64). The middle
horizontal arrow is the identity on H*(S*; R), combined with the action of f x f on La-
grangian Floer cohomology in K x K. The commutativity of the square in the middle
of the triangle then follows by comparing (4.66) and (4.64). The bottom downwards
pointing arrows, on the left and right, are the isomorphisms between Lagrangian Floer
cohomology and fixed point Floer cohomology from Example 3.8. Inspection of that
isomorphism shows that the bottom square in the diagram commutes. O

To take into account the difference in the areas of the base T', we take the square
unit polynomial p and make a substitution i +— #2. This yields a new polynomial p
and associated algebraic curve § = Spec(R.), with its 1-form 6. In fact, we had already
considered these in Addendum 2.25, where it was pointed out that (after removing
finitely many points) S is an étale double cover of §, and 0 the pullback of 0. We
consider the parametrization of the set of points of S by u € R* /R*” which under the
covering map induces (2.68). With these slight modifications, the previous argument
goes through, yielding perfect families D3 and G35 over FcC Fuk(E ) which follow the
image of 6 ® [dg] under the open-closed string map, and whose fibres at any point u
are isomorphic to Ag’u and fg’u, respectively. We now use (3.25), as well as the
discussion of functoriality from Section 1.9, to push these families down to E. The
outcome are perfect families Z(D3) and Z(G3) over Fuk(E) which follow 6 ® [dq],

and whose fibres at u are isomorphic to Z(As,,) and Z(f37u).

ASSUMPTION 4.17. — For some d € Z, Cy j» : HF(f2) — HF"(f?) is not +Id.
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Supposing from now on that this is the case, we can choose a one-dimensional
subspace By C HFd_l(fQ) which is not preserved by Cy ;2. Let’s temporarily go
back to E. The analogue of Lemma 4.13 says that there is a line bundle B con-
tained in Ho(homﬁk(ﬁ)pcrf(ég, D3[d])) invariant under the induced connection on
that space, whose restriction to any fibre agrees with B = H!(S'; R) ® By under
isomorphism (4.63). Applying Z to this, and using the compatibility of induced con-
nections with functors shown in (1.78), we find that the image line bundle Z(B) is
still invariant under the induced connection.

LEMMA 4.18. — Take two points 5+ € S corresponding to u and hu (for any u such
that both make sense, which means excluding the finitely many branch points). Then,
the triples

(467) (2(63)5i7Z(@3[d])§i72(@)§i)

are not mutually isomorphic in H°(Fuk(E)Pet).

Proof. — At 54, the relevant triple consists of the objects Z(’fg’u) and z(ﬁg’u)[d]
together with the subspace of HF?(2(T's,,), 2(As.4)) corresponding to B under the
isomorphism (4.63). The same holds at §_ but where the isomorphism is twisted
by C} ¢2, as a consequence of Lemma 4.16. Hence, our statement reduces to the

following:

CLAIM. — There do not exist invertible elements

(4.68) {v € HF(2(Ts,u), 2(Ts,)) = H(2(T'3.); R) = HO(S" x K; R),
' § € HF'(2(As,), 2(As.)) = H(2(As.,); R) = HO(S' x K3 R),

satisfying 6 By = Cy r2(B).

But that is obvious because both HF° groups only contain multiples of the identity.
O

ADDENDUM 4.19. — The Claim above, and therefore Lemma 4.18, continues to hold
even if we allow § and  to have additional terms of higher even degree. This is because
the subspace B itself is concentrated in a single degree.

Both points 54+ € S map to the same point s € §. This, together with the analogue
of Lemma 4.14, triggers Lemma 1.28, which shows that:

COROLLARY 4.20. — If Assumption 4.17 is satisfied, the image of [dq] in
HH' (Fuk(E), Fuk(E))

is not a periodic element (for the elliptic curve with 1-form obtained as the closure
of S and 9). O
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Let’s have a brief “straight man” counterpart of the previous discussion, concerning
the case where the symplectic automorphism is the identity, giving rise to the trivial
mapping torus B = T'x K~ x K. Arguing as in Example 3.23, one finds that there
are quasi-equivalences

(4.69) Fuk(E")Pe! = (Fuk(T) ® Fuk(K ™) @ Fuk(K))*"
=~ (D'Coh(Y,) ® D’Coh(X) ® DCoh(X))"
=~ DPCoh(Y, x X x X),

erf

where Y, and X are the mirrors of T and K, respectively (the fact that one of the
copies of K has reversed sign of the symplectic form does not affect the statement,
since wx and —wpg are related by an involution, as one can see by taking K a real
quartic). One can construct a family of bimodules exactly as in Section 2.7, and use
that to derive the following analogue of Corollary 2.23: for my € Z, ms € my + 27,

(4.70) mi[g1] + malge] € Per(DPCoh(Y, x X x X),5,0),

where [g1], [g2] are the classes pulled back from HH*(Y,,Y,) & HH"(Qp,Q,). Under
mirror symmetry, the generators [g1]+ [g2] and 2[gs] of the lattice in (4.70) correspond
to [dp] and [—dg] (compare Lemma 4.8), hence:

COROLLARY 4.21. — Any element in the image of
Hl(EtriV; Z) o~ ZQ — HHl (Elk(EtriV), F\uk(Etriv))
is periodic (for the same elliptic curve as in Corollary 4.20). (|

As a consequence, we see that if f satisfies Assumption 4.17, then E is not symplec-
tically isomorphic to E'1V. Of course, this is by no means the most direct argument
available (see the Introduction), but it has the advantage of belonging to the general
framework of Fukaya categories.

4.6. An algebraic viewpoint

Let A be a proper A.-category over R, together with a functor G : A — A. The
naive mapping torus category A is defined as follows. Objects are of the form
X(d), where X is an object of A strictly fixed by G, meaning that G(X) = X, and
d € 7Z an integer. The definition of the morphism space comes from (2.72):

(471) hOmAtoms (X()(do),Xl(dl)) = hOHlA(Xo,Xl) ® F@ hOHlA(Xo,Xl) ® F[—l],

where F' is as in (2.57), and the tensor product is over R. It may be more intuitive
to (arbitrarily) choose a basis and write hom (X, X1) = C(Xo, X1) ®c R. Then,
elements of hom4 (Xo, X1) ® F can be thought of as series a(t) = cogh™°t"™ 4 - - - | with
the same convergence condition as in (2.57), but coefficients ¢; € C(Xp, X1).
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REMARK 4.22. — Because of the definition as a tensor product, we have the addi-
tional condition that for any a(t), the coefficients ¢, which occur may span only a
finite-dimensional subspace of C'(Xo, X;1). This is somewhat unnatural in terms of
the topological nature of the ring F. However, if A is strictly proper (has finite-
dimensional morphism spaces), this point is obviously irrelevant, and of course any
proper A-category is quasi-isomorphic to a strictly proper one.

Elements of (4.71) can be written as pairs (a(t), b(t)), where |b(t)| = |a(t)]—1. The
differential is

(4.72)  plhiors (a(t), b(t))
= (4 (a(®)), ma (b(1)) + (=D a(t) + (- 1) *leB =P G (a(h1))).

ExaMPLE 4.23. — Consider a single object X fixed by GG. There is an obvious long
exact sequence

(4.73) -+ = H(hom grorus (X (d), X (d))) — H (homa(X, X)) ® F

id—H(G")®T
%H(homA(X,X)) QF — .-
where T is as in (2.69). If we restrict the second map in (4.73) to series in ¢ with
vanishing constant term (in ¢), it is actually an isomorphism. Hence, we have the
simpler long exact sequence

(4.74) -+ — H(hom geoms (X (d), X (d)))

id—H(GY)
_

— H(homa(X, X)) H(hom (X, X)) — ---

The composition of (ag(t),br(t)) € hom gtorus (Xg—1(dk—1), Xi(d)) (K = 1,2) is
given by
(4.75)  prons ((a2(t), b2 (1), (ar (), 01 (1))
= (Walaz(t), ar (1)), (=1)*1 742 (az (1), ba(2))
+ i (ba(), 110G (aa (Rt))) + (1) Helitem 0 G2 (ay (Rt), ar (h)));
and similarly for the higher order structure maps.
LEMMA 4.24. — Suppose that X € Ob A is fized by G. Let ), be the Ao -category

associated to the unit torus polynomial. Then there is an A -functor Q, — At°™s
which maps the two objects of Qp to X (0) and X (2), respectively.

Proof. — After replacing our original category and functor by quasi-isomorphic ones,
one can assume that both are strictly unital (with the functor still acting in the same
way on objects). Think of R itself as an A.-category with a single object Z. The
embedding R — A mapping Z to X induces one R'*™ — Aterus. Consider the full
subcategory of R'™S with objects Z(0), Z(2). This is a dg model (actually the one
mentioned in Section 2.9) for the full subcategory of the derived category of modules
over F' x Z with objects F(0), F(2). Lemma 2.26 then completes the proof. O
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The proposed correspondence with geometry goes as follows. If A is the Fukaya
category of some compact manifold, and G is given by the action of a (graded) sym-
plectic automorphism, then AT should conjecturally be quasi-isomorphic to a full
subcategory of the Fukaya category of the associated symplectic mapping torus. Ob-
jects X (d) correspond to Lagrangian submanifolds in the mapping torus obtained by
taking an invariant Lagrangian submanifold in the fibre and moving it along a line
in the base which goes through (0,0) and has slope —d. Looking back to our pre-
vious discussion, A; and Ay from (4.2) as well as I'; and I’y from (4.38) are of this
type. Example 4.23 shows that the algebraic model correctly computes the self-Floer
cohomology. Lemma 4.24 would be the algebraic counterpart of the Fukaya category
computations in Section 4.2.

REMARK 4.25. — The framework introduced above is naive, since it asks for strictly
fixed objects. To make it more flexible, one could consider A,,-modules over A ® F'
which are equivariant with respect to G ® T (this would also allow one to include
objects corresponding to Lagrangian submanifolds such as Az, and I's ).
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CHAPTER 5

BLOWING UP

The topic of this section, namely the behaviour of Fukaya categories under blowups,
is of interest from many perspectives, among which our intended application plays only
a minor role. Interested readers are referred to [100], from which we have stolen as
much as we could (concretely, Sections 5.3-5.5 follow [100, Section 4.5] closely). On
a technical level, we will freely use and combine a wide range of results, notably:
the full-fledged construction of Fukaya categories [39], and split-generation results
in that context [3]; degeneration techniques [51], [67]; Lagrangian correspondences
[105], [71]; and the h-principle [45]. Necessarily, the exposition can’t be self-contained
to any extent.

Generally speaking, the passage to Z/2-graded Fukaya categories and the intro-
duction of bounding cochains allows us to include many more objects than in the
approach from Chapter 3 (see Remark 5.2 for a precise statement of the relation-
ship). There will be a temporary departure from this framework in Section 5.3, when
we consider the toy model of blowing up a point in flat space (which happens to be
monotone, allowing us to retreat to a simpler version of Floer theory).

5.1. Fukaya categories

Fix a closed symplectic manifold M. Let R>9 C R be the subalgebra of formal
series involving only nonnegative powers of A. This comes with a homomorphism
R>¢p — C extracting the constant term, and we write R~ for its kernel. For any
A € R~ there is an associated Fukaya category Fuk(M )y, which is a proper Z/2-
graded A.-category. We will give an impressionistic sketch of the construction, which
is due to [39] (see [79], [34] for more thorough expository accounts).

One first associates to M a filtered curved Ao -category FO(M). Objects of FO(M)
are Lagrangian submanifolds L. C M equipped with a Spin structure and a local
coefficient system & with structure group GL,.(C), for some r. The morphism space
between any two objects is a finitely generated free Z/2-graded module over Rx>g.
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If we consider a single object, then
(51) hOmpo(M) (L, L) ®RZU C

is an A.-algebra (the curvature vanishes since it has no A" term) quasi-isomorphic to
the standard one underlying the cohomology with local coefficients H*(L; Hom(&, £)).
For simplicity we will assume that FO(M) is strictly unital.

REMARK 5.1. — The finite-dimensionality of morphism spaces is convenient for ex-
pository reasons, since it allows one to worry less about convergence and complete-
ness (in the h-adic topology). A Morse theory model as in Section 3.2 naturally
yields finite-dimensional morphism spaces. On the other hand, one can start with
an infinite-dimensional space of cochains (like the singular cochains used in [39]) and
then obtain finite-dimensional models a posteriori by applying a version of the Ho-
mological Perturbation Lemma [39, Thm W]. Strict units are not an a priori feature
of either approach, but can be added by first introducing a homotopy unit through
additional moduli spaces [39, Section 7.3], and then constructing a strict unit from
that [39, Section 3.3]. We should point out that from a more abstract viewpoint,
unitality is not really the crucial ingredient (see Remark 5.3 below).

Objects of Fuk(M)y are weakly unobstructed Lagrangian submanifolds. By this
we mean objects of FO(M) together with a bounding cochain o € homllvo(M) (L, L),
which vanishes if we tensor with C, and which satisfies the following inhomogeneous
Maurer-Cartan equation:

(5.2) pron + Eroan (@) + Bhoan (@, ) + -+ = Xer, € hompe (L, L)

(in the terminology of [39, Section 3.6], this would be a “weak bounding cochain”).
The morphism spaces, also called Floer cochain groups following the traditional ter-
minology, are defined by

(53) CF*(L(), Ll) = hOHlFuk(M))\(Lo, Ll) = hOHlpo(M) (Lo, Ll) ®RZU R.
The A-structure is obtained by deforming that on FO(M), as in the construction
of twisted complexes. For instance, the differential on (5.3) is
(5.4) /l%uk(M)A (a) = :ull?O(M) (a) + :uIQTO(M) (o1, a)

+ troan (@, a0) + Hpoar (a1, a1, a)

+ .U%O(M) (a1, a,00) + :u%O(M) (a, 0, 0) + -+

REMARK 5.2. — Consider the situation where ¢;(M) = 0 and A = 0. Let L be
a Lagrangian submanifold satisfying Assumption 3.4. Then the A.-structure on
hompo(ary(L, L) is a trivial deformation of that on (5.1) (the technical details of
this are subtle, but our applications only really involve the simpler case when Jr,

has no holomorphic spheres or discs). If we restrict (5.2) to o which have degree 1,
it reduces to a version of the Maurer-Cartan equation governing the deformation
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theory of the local coefficient system & [42]. Hence, any deformation of £ to a local
coefficient system with structure group (2.77) gives rise to a solution (unique up to
gauge equivalence), hence produces an object of Fuk(M)y. These observations have
the following noteworthy consequence.

Let Fuk(M) be the Fukaya category according to the more restricted definition
used in Chapter 3. Then, after reducing the grading of Fuk(M) to Z/2, there is a
cohomologically full and faithful A.-functor Fuk(M) — Fuk(M)o.

Even though FO(M) has curvature, its Hochschild cohomology is still well-defined
as usual, and we have a canonical open-closed string map

(5.5) H*(M; R>o) — HH*(FO(M),FO(M)).
From this one derives, in a way similar to (1.15), maps
(5.6) QH* (M) — HH" (Fuk(M)x, Fuk(M)y).

Concretely, fix some class in H*(M; R>g), and let gro € CC*(FO(M),FO(M)) be
a Hochschild cocycle representing its image under (5.5) (this cochain is defined by a
generalization of the procedure sketched in Section 3.4). Then, the image of the same
class under (5.6) is represented by a cochain g whose constant term is

(5.7) 9° = gro + gro(@) + gio(a, ) + -+ € CF*(L, L).

REMARK 5.3. — For (5.4) to square to zero, we do not really need the fact that the
left hand side of (5.2) is a multiple of the unit, but only that it is strictly central. More
generally, one can associate a Fukaya category to any A € HV°"(M; R>?) (called “bulk
deformations” in [39, Section 3.8]; the special case of H® corresponds to the previously
discussed construction). We will not pursue this further.

REMARK 5.4. — There are partial results about what kinds of Lagrangian subman-
ifolds can occur as objects of Fuk(M), for different values of A. Let’s temporarily
restrict to a symplectic manifold M which is monotone (and monotone Lagrangian
submanifolds L, with trivial bounding cochains o« = 0). This allows one to work
over C instead of R (and therefore to take A € C). In this context, Auroux, Kontse-
vich and the author [7, Thm 6.1] showed that ¢1(M) —X-1€ QH*(M) = H*(M;C)
maps to zero in HF*(L, L) under the open-closed string map. Therefore,

(5.8) { One has Fuk(M), = 0 unless A is an eigenvalue of quantum multipli-
' cation with ¢;(M).

There is a consequence of this, which is weaker but of independent interest. Take
the dual open-closed string map HF*(L,L) — QH*""(M), which is such that the
composition

(5.9) QH*(M) — HF*(L,L) — QH*T"(M)

SOCIETE MATHEMATIQUE DE FRANCE 2014



110 CHAPTER 5. BLOWING UP

is small quantum multiplication with the Poincaré dual class PD([L]) € QH"(M).
The previous statement implies that

(5.10) S~ (e (M), PD(IL)), z)) :)\/M PD([L)) Uz
A

for all z (here, (x1, ..., 2,)4 is our notation for the n-point genus zero Gromov-Witten
invariant: A € Ho(M;7Z), and the x; are cohomology classes). One can separate the
left hand side of (5.10) into pieces which each sum over classes A with ¢;(M)(A) =k
a fixed integer. Then, for degree reasons, only the £ = 1 summand can be nontrivial.
Using the divisor axiom and the fact that ¢;(M) U PD([L]) = 0, one can therefore
rewrite (5.10) as

M
(5.11) > (PD([L),z), = )\/M PD([L]) Uaz.
A
Equivalently, the two-point Gromov-Witten invariants define an endomorphism ®
of QH* (M) by Poincaré duality, and then (5.11) says that

(5.12) o(PD(L])) = A PD([L)]).

Note that (5.13), unlike (5.8), imposes a restriction on A only if L is nontrivial in
homology. This limitation can’t be removed: even in a simple example such as
M = CP!' x CP!', the map ® is degree-decreasing and hence nilpotent, while the
quantum product with ¢; (M) has eigenvalues {£4,0}. Indeed, Fuk(M )y contains the
antidiagonal, whose homology class is nonzero, but Fuk(M )14 are also nontrivial, and
contain nullhomologous Lagrangian tori.

It should be mentioned that (5.12) is known to generalize. Namely, given a gen-
eral (not necessarily monotone) M, consider the endomorphism ® of QH* (M) =
H*(M; R) defined by

(5.13) / O(w1) Umg = Y B Wy, mo) ).
M A

Then, a special case of [39, Thm 3.8.11] says that if L is an object of Fuk(M)y, the
analogue of (5.12) holds for (5.13). However, the corresponding generalisation of (5.8)
is unknown. Rather than trying to address that question, we’ll allow arbitrary A and
then formally cut down the resulting category.

5.2. Projections

Let A be an As-category (Z/2-graded and cohomologically unital), and Q4 €
HH O(A,A) a Hochschild cohomology class which is idempotent with respect to the
natural ring structure. We want to project the category A accordingly, which will give
rise to a new category A,. The simplest way to go about that is as follows. Q4 de-
termines, for any X € Ob A, an idempotent endomorphism QY € H°(homa (X, X)).
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After lifting that to a homotopy idempotent py (compare Section 1.2), one gets a
(perfect) module (X, p4)¥°". Choose one such py for each X, and define A, to be
the full A,-subcategory of the module category of A with objects (X, p4)¥°™.

Here is another approach, which turns out to be equivalent but yields additional
properties. Let Q_ be the complementary idempotent. Fix modules (X, p4 )Y and
their complementary counterparts (X, p_)¥°", and consider those as well as the stan-
dard Yoneda images XY°". Let Ay be the full subcategory of the module category
of A containing all those objects, and then pass to the quotient category A4 /A_ in
the sense of [26], in which all the objects (X, p_)¥°® become quasi-isomorphic to zero.
This comes with a canonical quotient functor Ay — Ay /A_.

LEMMA 5.5. — The quotient functor restricts to a quasi-equivalence
(5.14) Ay — A /AL

Proof. — Since XY = (X, py)¥°" @ (X, p-)¥°" by construction, the objects XY°"
and X*" become quasi-isomorphic in the quotient, so (5.14) is essentially onto. Note
that for any two objects Xy, X7 we have

{ H<homAi ((Xo’p07+)y0n’ (Xlﬁply—)yon)) =0,
H(homy, ((Xo,po,—)¥", (X1,p1,4)7")) = 0.

By general nonsense [26, Thm 1.6.2 (ii)], this implies that (5.14) is cohomologically
full and faithful. O

(5.15)

So far, it may not have been evident why we have included the Yoneda images
themselves in A.. The point is that we can combine the Yoneda embedding and the
quotient functor to get a canonical functor A — Ay /A_. From the proof of Lemma 5.5
it follows that on the cohomological level, this is projection to the part of the morphism
space singled out by @Q4:

(516) H(hOIHAi/A7 (X(})lon,Xilon)) = Qg_H(hOmA(X(),Xl))
= H(hOIIlA(X(),Xl))Qg_

Here is an even simpler way to describe the resulting situation. Let A be the category
with the same objects as A, but where

(517) hOHlA (Xo,Xl) = hOIIlAi/A7 (Xgon’Xilon) b hOHlAj:/A+ (Xgon’Xi/on)’

with the obvious choice of A.-structure. Then, the functor A — Ay /A_ and its ana-
logue for the complementary quotient combine to yield a quasi-isomorphism A — A.
If we allow ourselves to replace A by Z, the situation is that we have a category whose
morphism spaces are split into two parts compatibly with all compositions, and the
projection just throws away one of those parts. In particular, there are canonical
isomorphism

(5.18) HH*(A,A) =~ HH*(A,A) =~ HH*(A,,Ay) & HH*(A_, A_).
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We will now apply this to Fukaya categories, with modified notation. Take an
idempotent ¢ € QH 0(M ). Tts image under (5.6) is an idempotent in Hochschild
cohomology, and we denote the outcome of the resulting projection by Fuk(M)y 4.
The following result is a modified version of Theorem 3.20, and can be proved by

adapting arguments from [3] (for a more detailed exposition in the monotone case,
see [98, Cor. 3.7]).

THEOREM 5.6. — Let O C Fuk(M)y 4 be a full Ax-subcategory. Suppose that there
is a linear map HH® (O,0) = R such that the following diagram commutes:

(5.19) QH(M)q ———— HH®(0,0)
fM\ R /
Then the objects in O split-generate Fuk(M)ﬁ?;f. O

5.3. A toy model

Consider CP” blown up at a point as a toric symplectic (and Kihler) manifold.
We denote this by B*Y. It is characterized symplectically by its moment polytope,
which is
(5.20) {teR" i t1,.. ., 20,6 <t +-+t, <€}
for some 0 < & < e. The preimage of {t; +---+t, = €} under the moment map is the
hyperplane at infinity, denoted by H'Y. The preimage of {t; + -+ + ¢, = &} is the
exceptional divisor, denoted by DY, In particular,

(5.21) c1(B*) = —(r — 1)PD([D*]) + (r + 1) PD([H"*]).
Write
Btoy _ Etoy \Htoy.

This is non-compact, but because the divisor we remove has positive normal bun-
dle, doing pseudo-holomorphic curve theory in its complement is unproblematic. We
denote by Z € Hy(B*) the class of a line lying in D*Y, and by

u=—PD([D']) € prt(Btoy)

the negative Poincaré dual of the exceptional divisor. With this sign convention,

(5.22) u(Z) =1,

(523) C1 (Btoy) = (T - 1)“7
(524) [mey] =27 u,

(5.25) u" = —PD([point]),
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where in (5.23) and (5.24) we've mapped u to H?(B'*Y). It follows that B' is
monotone:

(526) e (Btoy) _ (T2;61> [wBtOY} c H2 (Btoy; R)

We will take advantage of the resulting possible simplification and omit the formal pa-

rameter /2, which means working with quantum cohomology and Floer theory over C.
Let’s first look at the small quantum product. B*¥ is a line bundle over D', and
the fibres are Poincaré dual to u"~! € H?*"~2(B'Y), as one can see from (5.25). The

contribution of lines lying inside the exceptional divisor is
(527) Lt (urfl * ’LL) urfl _ <ur71’u7ur71>§t0y _ <ur71,ur71>§coy -1
oy

Comparison with (5.25) yields
(5.28) u sy u = —u.

In principle, the multiples dZ, d > 1, could also contribute to the quantum product.
But the virtual dimension of the associated moduli space of three-pointed holomorphic
spheres is 2r 4+ (2r — 2)d = (2 + 2d)r — 2d, while the image of the evaluation map
is contained in a subspace (CP"~1)3 of smaller dimension 6r — 6. Hence the virtual
fundamental cycle maps to zero under evaluation.

Suppose from now that € > —-54, and consider the Lagrangian torus Oty C Bt¥
which is the fibre of the moment map over the point (6/(r—1),...,d/(r—1)) in (5.20).
For another description, recall that B*Y \ D' is U(1)"-equivariantly symplectically
isomorphic to the open subset

(5.29) {zeC" 5 < iz’ <€}

with the standard (constant) symplectic form. In this isomorphism, C** corresponds
to the Clifford torus with all radii equal to 1/26/(r —1). We can use areas of discs
in (5.29) to show that C* is monotone as well, meaning that the analogue of (5.26)
holds in H?(B'*Y, C*"¥;R).

Following [19] (see [48] for physics motivation, [7, §4] for an exposition, and [38]
for generalizations), it is convenient to formulate results about the Floer cohomology
of C* in terms of the superpotential

(5.30) Wi HY(C';C") — C, 2+ Y naz?
A

Here, the sum is over A € Hy(B'*,C*); ny € Z is the number of pseudo-
holomorphic discs in class A going through a generic point of C*; and 294 € C* is the
pairing of the cohomology class z with the boundary homology class dA € H;y (C*).
To fix the signs, we equip C*® with the trivial Spin structure (the one compatible
with the rotation-invariant framing; or equivalently, the unique one which is invariant
under the action of SL,(Z)). The domain of W should be thought of as the moduli
space of flat C*-bundles on C**, and the superpotential is obtained by counting discs
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weighted with their boundary holonomy. Equip C*¥ with the bundle ¢ correspond-
ing to some point z, and consider the spectral sequence [77] going from H*(C'*¥;C)
to HE*(C'Y,C%Y). Part of the differential of this sequence is the map

(5.31) HYC'™;C) — H°(C'";C)=C, wr— dW,(zw) = ZnA w(DA) 294,
A

Because the spectral sequence is multiplicative [17], there are only two possible out-
comes. Either (5.31) is nonzero, in which case the Floer cohomology vanishes. Or else
it is zero, in which case the spectral sequence degenerates. From now on let’s focus
exclusively on the second case, which happens exactly when z is a critical point of W.
In that situation, we have an isomorphism H*(C*Y;C) = HF*(C*, C*), which is
canonical up to composition with automorphisms of H*(C*;C) of the form Id + R,
where R decreases degrees by at least 2. In particular, the degree 0 and 1 parts

(5.32) HO(C*;C) — HF°(C*, C'™),
(5.33) HY(C';C) — HF'(C*, C'"),

are strictly canonical. The multiplicative nature of the spectral sequence ensures that
(5.32) yields the unit e in Floer cohomology, and (5.33) generates Floer cohomology
as a ring. The relations between these generators are determined by the Hessian of
W at z:

(5.34) w-w = (D*W), (2w, zw) e = ZnAw(aA)ZzaA e.

A
Being a toric fibre, C' is contractible in B'*Y, hence the restriction map in ordi-
nary cohomology vanishes. However, the specialization of the open-closed string map
H*(B*Y;C) — HF*(C',C'Y) has quantum corrections [40]. In degree 2, the
outcome is as follows:

(5.35) H?(B';C) — HF(C',C*), vi— > nav(A)z"%e,
A

where we have chosen an arbitrary lift of v to H?(B'Y C') to define the pair-
ings v(A) (vanishing of (5.31) ensures that the choice of lift doesn’t matter).

It remains to spell out the data in our particular case, again following [19]. Think-
ing of C* as a torus orbit yields an identification H*(C'¥) 22 Z". The numbers n
are +1 for unit vectors A = (0,...,1,...,0) as well as for A = (1,...,1), and vanish
otherwise, yielding the Hori-Vafa mirror superpotential

(5.36) W21, h2r) =21+ -+ 20+ 21 2.

There are (r — 1) critical points (z1,...,2:) = (A,...,\), where \*~! = —1. Each
of them is nondegenerate, which in view of (5.34) means that the Floer cohomology
rings are complex Clifford algebras. More precisely, using the generators (5.33) one
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gets a canonical isomorphism
(5.37) Clwy, . .., wp)/{w? for all i, wiw; + wjw; + 2 for all i # j}
— HF*(C*™Y, "),

where C(wy,...,w,) is the free Z/2-graded algebra with the w; as odd generators.
Finally, the open-closed string map (5.35) is given by

(5.38) U—r —21 - 2p = Ne.

One checks that this is compatible with the ring structure (5.28). It also agrees with
the general statement from [7, Thm 6.1] (see also Remark 5.4), which says that the
critical value of the superpotential, in our case (r — 1)\, must be an eigenvalue of
quantum multiplication with the first Chern class.

ADDENDUM 5.7. — Suppose that r is even. Then the Clifford algebra (5.37) can
be (non-canonically) thought of as the total endomorphism algebra of a Z/2-graded
category with 237 objects, any two of which are isomorphic up to a shift. It is
convenient to first diagonalize the underlying quadratic form by using the modified
basis elements

- 1 1
(5.39) wi:wiJF(*;JFTi ﬁ)(w1+'~+wr),

which satisfy w? = X\ and w; w; +w; w; = 0 (i # j). Then the identity endomorphisms
of our objects can be taken to be the minimal idempotents

|V S Y S
(5.40) p= (L i @) - —(1 £ wr>.

5.4. The blowup

Let M be a symplectic manifold, and i : N < M a symplectic submanifold (as
usual, both are assumed to be connected) of codimension 2r. Let B be the result
of blowing up that submanifold, with size § > 0. We will always suppose that ¢ is
sufficiently small, making the existence and uniqueness of B unproblematic. Write
D C B for the exceptional divisor, and v = —PD([D]) € H?*(B) for its negative
Poincaré dual. The pushforward H*(D) — H**2(B) and the pullback H*(M) —
H*(B) are both injective, their images are disjoint, and together they span H*(B).
Using Leray-Hirsch one then writes

(5.41) H*(B) = H*(M)® H*(D)[-2] = H*(M) ® uH*(N)® --- ®u" *H*(N).
With respect to this decomposition,

(5.42) [wp] = [wn] + 278 u,

(5.43) a(B)=aM)+ (r—1u.
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ASSUMPTION 5.8. — Both M and N have zero first Chern class, and N has trivial
(as a symplectic vector bundle) normal bundle. The (real) dimensions satisfy

(5.44) dim(M) > 2 dim(N),
(5.45) dim(M) — dim(N) = 0 mod 4.

N admits a compatible almost complex structure for which there are no non-constant
pseudo-holomorphic spheres. For B we require a weaker kind of condition, namely
that the Gromov-Witten invariants (1, ..., 2,)5 for genus 0 curves in any homology
class A € Hy(B) should vanish, unless A is a multiple of the class of a line in the fibre
of the projective bundle D — N.

The aim of these restrictions is to simplify (drastically) the analysis of the topology
and Gromov-Witten theory of the blowup. The exception is (4.45), which is there
only so that we can apply (a generalization of) Addendum 5.7 later on.

As a consequence of the assumptions, D is diffeomorphic to CP™~! x N, and the
local structure near it is described by B x N. This first of all simplifies the structure
of the cohomology ring of B somewhat. Take the given ring structures on H*(M) and
H*(N), and the restriction map i* : H*(M) — H*(N). These define a ring structure
on H*(M)®uH*(N)[u]. To get the ring structure on (5.41) one imposes the relations

(5.46) u"v = —iy(v) € H (M)

for v € H*(N). This is easily seen by arguing Poincaré dually in terms of intersec-
tions. Note that since i*iy vanishes, multiplying (5.46) by u yields u"*! = 0 (for a
discussion of cohomology rings of blowups going beyond the case of trivial normal
bundle, see [41], [62]).

LEMMA 5.9. — In terms of (5.41), the (small) quantum product xxy can be described
as follows. If x ory lie in H*(M; R), the product agrees with the classical cup product.
The same is true if v € W H*(N; R), y € u*H*(N; R) with j +k < r. Finally, we
have a modified version of (5.46):

(5.47) wxu" "o = —iy(v) — B*uw.

Proof. — Take an almost complex structure which, near D, is the product of the
standard (toric Kéhler) structure on B and a compatible almost complex structure
on N with no pseudo-holomorphic spheres in it.

Let A be a multiple of the class of a line in the fibre of D — N. Suppose that A is
represented by a stable genus zero pseudo-holomorphic curve in B, whose irreducible
components represent classes A},..., A/ A ... A”. The notation is such that the
components representing A} are those which lie inside D, and therefore inside a fibre
of D — N. Hence, they satisfy [war](A;) = 0. The remaining components are not
contained in D, hence satisfy

Al-D=—u(AY) >0 and [wn](AY) = [ws](A)) —2mdu(A)) > 0.
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If we assume that s > 0, this is a contradiction to [was](A) = 0. Hence, when com-
puting Gromov-Witten invariants for a class like A (which are the only nonvanishing
ones, by assumption), all the relevant stable pseudo-holomorphic spheres are those
contained in fibres of D — N. But their contribution is as in the previously discussed
toy model case (5.28), with the formal parameter i2(%) re-inserted. O

Multiplying (5.47) by u, but this time with respect to the quantum product, yields
the counterpart of (5.28):
r4+1

(5.48) Ur--xd=ux(uxu"") = 1% = K2y x u.

Hence, the operator of quantum multiplication with u has eigenvalues 0 as well as A,
where

(5.49) A= P,
The generalized eigenspaces are
(5.50) Ey =ker(uxux-) = {v+ R2™ 0y 1i* (v) : v € H*(M;R)},
(5.51) Ey) =ker(A —ux*-)

={—i@) + XN uv + N 2P+ + A" s v e HY (NS R) ).
Each of these is a subalgebra. In particular, (5.51) is isomorphic to H*(N; R) as a
ring, with the unit element being the idempotent

1
RSV

We also need to consider the (genus zero, with no descendants) relative Gromov-
Witten invariants of the pair (B, D). In general, such invariants have the form

(5.52) (=) + XN T+ N2 4 AT

B,D
(5.53) <(u1,w1),...,(um,wm),vl,...,vn>54 ) eQ
where m > 0, p1, ..., um > 0 are the intersection multiplicities with D at the marked

points, wi,...,wy, € H*(D;Q), vi,...,v, € H*(B;Q), and A € Hy(B) is a class
such that A- D = py + -+ + py. The virtual dimension formula says that in order
for (5.53) to be nonzero, we must have

(5.54) dim(B) + 2¢1(A) + 2(m +n) — 6 = Z vi| + Z (Jwj| + 2415),

where the 241; term takes into account the constraint imposed by having intersections
with D of multiplicity u;. Equivalently, (5.54) can be written as

(655 dim(B)+2(4) 6= 3 (jul = 2) + 3 (gl + 205~ 2).

The divisor axiom shows that (5.53) vanishes if |v;| < 2 for any 4, so we exclude that
situation from now on, which means that the right hand side of (5.55) is nonnegative.
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In our case, because of (5.43) and Assumption 5.8, we have

(5.56)  dim(B) + 2¢;(A) — 6
= (dim(N) = 2) + (2r —2)(1 - A-D) —2 < (2r — 2)(2— A- D) — 2.

By comparing this with (5.55), one sees that the only possibly nontrivial invariants
(5.53) have A- D =1, hence m =1 and py = 1.

LEMMA 5.10. — >, h”B(A)«l,w))(AB’D) =0 for any w.

Proof. — The proof follows the strategy of [72] (see also [49] for similar arguments
in a symplectic setting), which is to compare the relative invariants of (B, D) with
the absolute invariants of B through degeneration to the normal cone and defor-
mation. A symplectic cut [66] allows us to write B as the symplectic sum of two
pieces (B'°ft, D) and (Br&, Dright). The first of these is symplectically deforma-
tion equivalent to (B, D) itself, but with the cohomology class of the symplectic form
changed to

(5.57) [wrtett] = [wp] + 2m(e — d)u.

The other piece is B'8" = Bt x N containing D"8" = HY x N,

To keep the notation compact, we will mostly omit the homology classes of pseudo-
holomorphic curves. In that case, the convention is that we sum over all classes with A
weights given by symplectic areas. Choose a basis {w;} of H*(D'8": Q) and the
corresponding Poincaré dual basis {w]} , so that ), w; ® w; represents the Poincaré
dual of the diagonal. In view of the restrictions on relative Gromov-Witten invariants
observed above, the symplectic sum formula [51], [67] takes on the form

(558) <uw>B - Z hwsright (Aright) <uw>f::§;]:
Aright. Dright —(
(Blcft 7Dloi‘t) N (Bright ’Dright)
:Z<(1,wi)> ((1,wy), uw)
' (Beft pleft) (Beft pleft) N N (Brisht prishty
+ Z<(1’wi1)> ' <<1’wi2)> ' <<1vwi1)’(1’wi2)’uw> '
1,92

Here, we think of uw as being represented by (minus) the Poincaré dual of w inside D.
Degeneration moves such a cycle into B*igbt\ Dright and therefore the simplest term
corresponds to curves in B"&" which do not intersect D", The other terms measure
configurations consisting of a curve in B8 with an arbitrary number of “tails” in B'eft
(see Figure 6).

Assumption 5.8 ensures that the left hand side of (5.58) vanishes, since it implies
that only curves lying inside D contribute to (uw)?, and the contribution there is the

same as to <uw)Bright.

MEMOIRES DE LA SMF 137



5.4. THE BLOWUP 119

B left

FIGURE 6.

It is unproblematic to assume that e = (r + 1)/(r — 1), which slightly simplifies
the situation since B'*® becomes monotone. The lowest energy contribution to the
relative invariants of (B*i&ht  Drieht) comes from rational curves which are lines in the
ruling of BYY. Denoting the class of those lines by A& one finds that

(Bright Dright)
’
Aright - Z] .

(5.59) ((1,w)), uwy)
Using that one rewrites (5.58) as

P series whose terms are monomials of degree > 0
(5.60) 0= <(1,w)>(B P 1 in the ((1,wi))(Blcft*D1Cft), with coefficients con-
taining only > 0 powers of A

If we assume that (1, .)(BM’D “") is nonzero, this immediately leads to a contradiction
by looking at the lowest possible power of /i which occurs. Deformation invariance
shows that the relative Gromov-Witten invariants of (B, D) and (B, D'*f) agree.
Of course, the symplectic areas change, but because of (5.57) they change in the
same way for all the homology classes of curves involved in ((1,w))ZP) (in fact,
the last step is not even needed for our applications, since the relative invariants
of (B!, D'*t) is what will really be relevant). O

REMARK 5.11. — Readers familiar with the general symplectic sum formula
from [51] will recall that in the general formulation given there, there is a mid-
dle term (the S-matrix). However, it is known [51, Prop. 14.10] that this is trivial
in genus 0, which is the only case considered here. In fact, an alternative proof of
Lemma 5.10 could be given using the equality between relative and absolute genus 0
Gromov-Witten invariants from [51, Prop. 14.9].

From now on, we will assume for technical convenience that N is Spin (the reason is
the same as in Example 3.8). Using the local model B*Y x N C B, we now introduce
a Lagrangian correspondence

(5.61) C=C"xANCB*xNxN~ CBxN".
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LEMMA 5.12. — Take X\ as in (5.49). By a suitable choice of local coefficient system
and bounding cocycle, C' can be made into an object of Fuk(B x N_)(T,l)k, m such
a way that the following holds. We have a canonical ring isomorphism

(5.62) HF*(C,C) = HF*(C*Y,C") ® H*(N; R)

=~ Rwy, ..., w.)/{w? for all i, wiw; + wjw; + 2\ for all i # j+ @ H*(N; R).
Moreover, specializing the open-closed string map yields a ring homomorphism
(5.63) QH*(B) ® QH*(N) — HF*(C,(C),

which can be partially described as follows. On the factor QH*(N) = H*(N; R) we
Just have the obvious inclusion; and elements of the form uv € uH*(N; R) C QH*(B)
are mapped to \v.

Proof. — Recall that, up to a suitable notion of homotopy [39, Chap. 4], the curved
Ao-algebra

(5.64) hompopxn-)(C, C)

is independent of auxiliary choices (like almost complex structures) made in defin-
ing FO(B x N7). This is proved in [39, Section4.6] by using parametrized
moduli spaces, and the same argument allows one to degenerate B x N~ to
(B x N7)U (B"&" x N7), where C goes to

O x Ay C (B x N™) =B x N x N™.

In parallel with (5.58), The resulting curved A, -structure consists of that inherited
from C* C B'¥ and correction terms involving relative Gromov-Witten invariants
of (Bleft, D). To be precise, the A..-structure involves actual cycles representing
the invariants from Lemma 5.10. However, again up to homotopy, the specific choice
of cycles is irrelevant, so one can take them to be empty. The structure of (5.64) up
to homotopy determines the possible bounding cycles, as well as the endomorphism
algebras of the resulting objects of the actual (unobstructed) Fukaya category [39,
Thm 4.1.3]. With that in mind, (5.62) follows from the computations in the model
case (5.37) (one uses the same flat C*-bundles).

The same argument applies to the first order infinitesimal “bulk” deformations
induced by cycles in B, as long as those cycles can be moved entirely into B*i& x N
when degenerating, which is true for all the elements considered in the statement of
the lemma. The resulting computation is simple, and we leave it to the reader. O

ADDENDUM 5.13. — Consider again just the part of (5.63) concerning QH™(B). Us-
ing the ring structure we deduce that
,

(5.65) i(1) = =T - w0 —h*0u — =X — B2\ = 0.

Furthermore, the image of the idempotent ¢ from (5.52) is the identity element
in HF°(C, C).
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5.5. A correspondence functor

Pick some A as in (5.49), and suppose that C' has been made into an object of
Fuk(B x N7)(.—1)) following Lemma 5.12. Take the idempotent ¢ € QH"(B) which
defines the projection to the corresponding eigenspace (5.52), and let p € HF™(C, C)
be one of the idempotents from (5.40).

LEMMA 5.14. — The formal direct summand of C associated to p gives rise to a
cohomologically full and faitful functor

rf rf
(5.66) Fuk(N)p™" — Fuk(B)P™) .

For brevity, denote these two categories by Ax and Ap. The induced maps on
Hochschild cohomology and open-closed string maps fit into a commutative diagram

QH™(N) ————— pHF"(C,C)p +———— QH"(B)q

S | |

HH*(AN, AN) —_— HH*(AN, AB) — HH*(AB, AB)
where the maps in the top row come from (5.63).

Proof. — Parts of this statement come from the general theory of Fukaya categories
and Lagrangian correspondences, and do not need specific proofs. Given that ¢ maps
to the identity in HF*(C,C), the correspondence C gives rise to a functor taking
values in a module category:

(5.68) Fuk(N)o — Fuk(B)}9,

and this fits into a commutative diagram analogous to (5.67). As pointed out in [100],
any decomposition of C' into formal direct summands, such as the one provided
by p, yields a corresponding decomposition of this functor. The two additional facts
that need to be proved are first of all that the functor takes values in the subcate-
gory F‘uk(B)g’f;f, and that it is full and faithful. There are general results which ensure
that the first property holds under suitable assumptions [107], [64], and which also
make it easy to determine the action of the functor on Floer cohomology groups.
However, they do not apply exactly to the situation under discussion, and we will
instead argue as in Lemma 5.12.

It is convenient to introduce a quilted version Fuk® (B)(r—1)a of the Fukaya category,
as in [71] but tailored to our specific application. As objects, this admits objects
of Fuk(B)—1)» as well as generalized Lagrangian submanifolds of a specific kind,
namely pairs consisting of our fixed Lagrangian correspondence C' and an object
of Fuk(N)p. Morphisms are defined by (chain complexes underlying) quilted Floer
cohomology [106]. We can again use ¢ to project to a piece of the quilted category,
and denote the result by F‘leﬁ(B)(r,l)M. By construction, (5.68) can be factored as
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follows:
(5.69) Fuk(N)o — Fuk?(B)(r_1)x,q — Fuk(B)(%), -

The second arrow is a Yoneda-type functor, which is full and faithful when restricted
to the subcategory Fuk(B)_1)x,q C Fukﬁ(B)(,,,l)A,q. What we want to show is that
the first arrow takes any Lagrangian submanifold to an object that’s quasi-isomorphic
to one in Fuk(B)(—_1)x,q-

Let’s temporarily turn to a simpler geometric situation, which is

C'Y x Ay C B*™ x Nx N™.

We have an analogue of (5.69), and the first part of it maps any object Lo of Fuk(N)g
to the generalized Lagrangian submanifold (C'Y x Ay, Lg) in Fuk® (B x N)r—1)rq-
In particular, if Ly is any object of Fuk(B'¥ x N)(r—1)a, then the quilted Floer
cohomology can be expressed in terms of ordinary Floer cohomology as

(570) H(homFuku(BmyXN)(,,,U)\ (Ll, (Ctoy % AN,LO))) o HF* (Lla Ctoy X LO)

This is fairly straightforward, involving only re-folding strips and changing their
widths (but not the deeper analytic degeneration arguments from [107]); see Figure 7
on the next page. The same thing holds for morphisms in the other direction, and
these isomorphisms are compatible with products. From this, one easily concludes
that (C*¥ x Ay, Lo) is quasi-isomorphic to C* x L.

If one now looks at the original picture (5.69) and applies the degeneration ar-
gument from Lemma 5.12, the outcome is that the computations carried out inside
B x N could in principle be deformed by contributions lying in B'*, but that these
in fact vanish, ensuring that the argument above remains valid. If instead of C one
now uses its direct summand defined by p, the resulting functor no longer lands in the
actual Fukaya category, but in its idempotent completion, which then allows a formal
extension as in (5.66).

The proof that the resulting functor is cohomologically full and faithful uses the
same kind of argument, the concrete input being that pHF*(C*¥,C*Y)p = R. O

ADDENDUM 5.15. — Suppose that we have a full Ay-subcategory Oy C Fuk(N)g
which satisfies the assumptions of Theorem 5.6, meaning that there is a linear map

(5.71) HH*(ON,ON) — R
whose composition with the open-closed string map yields f N+ Let

rf
Op C Fuk(B)}™
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Ctoy X AN

Lo L, splitting the right strip

into factors

N B%Y x N

Ctoy
removing the diagonal,
shrinking the strip
N N By~
Ctoy LO X Ctoy Ll
N
4
BY~ folding
FIGURE 7.

be its image under the functor induced by (C,p). By restricting (5.67) we get a
commutative diagram

QH"™(N) ——— pHF*(C,C)p +——— QH"(B)q

S R

HH*(ON,ON) i) HH*(ON,OB) <i HH*(OB,OB).

Take V € QH™(N), and associate to it z € QH*(B)q = E}, as in (5.51) but addition-
ally dividing by the nonzero constant (1 — r)\"h?™. Crucially,  has a nonzero top
degree component (with respect to the ordinary grading of cohomology) if and only
if v does. Lemma 5.12 (see also Addendum 5.13) shows that v and x have the same
image in HF*(C, C). Hence, if we combine (5.71) with the maps in (5.72) to define a
map

(5.73) HH*(Op,0p) — R,
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the assumptions of Theorem 5.6 are satisfied. This shows that the image of our functor
split-generates, which means that the functor induces a quasi-equivalence

erf ~u erf
Fuk(N)p*" = Fuk(B)P™,

5.6. The examples

Let K C CP? be a quartic surface, containing a smooth elliptic curve T C K.
We equip K with the Fubini-Study form rescaled in such a way that 7" has area 1.
Take a symplectic automorphism f of K as in Lemma 3.28, and form the symplectic
mapping torus of f x f asin (4.1), calling the result E. We will compare this to the
same process applied to the identity map, which gives E' = T x K? (the sign of
the symplectic form does not matter, see the discussion at the end of Section 4.5).
Define N = T x E and N"V = T x E"V = T2 x K2, with the product symplectic
structures as usual. Lemma 3.28 implies that N and N'V are diffeomorphic, and
that the diffeomorphism preserves the cohomology classes of symplectic forms as well
as the homotopy classes of almost complex structures. In fact, inspection of the proof
of that lemma shows that the following more precise result holds:

LEMMA 5.16. — There are closed 2-forms v € Q*(N), vV € Q*(N™V), as well as
a family of diffeomorphism g, : N — NYV_ defined for small v > 0, such that

triv triv)

gr(wnY +ry"™) = wn 41y

(on the level of cohomology, this implies that our diffeomorphisms map [wi] to [wn],
and [y"] to [y]). O
In fact, ¥V is pulled back from projection NV — E%IV (and correspondingly
for 7). Embed N"V symplectically into M = K7 by identifying it with
T? x K? x {point}®.
Denote that embedding by V. Since T C K represents a nonzero homology class,
[y'"1V] is in the image of i'"V>*. Fix a closed two-form § on M such that

itriv,* [5] _ [,_ytriv].

LEMMA 5.17. — There is a symplectic embedding i : N — M which (as a smooth
embedding) is isotopic to i"V o g. In fact, the embedding has the following sharper
property. There are isotopies
(574) { QS;.riv . Ntriv N Ntriv7 QS;.riv,*(w}\l;iv + Titriv’*d) _ w};\?iv + T,_ytriv,

¢r: N — N, dr(wy +1ri*0) = wn + 1y

defined for small r > 0, and starting at the identity for r = 0; such that for any r > 0,
the two embeddings

(5.75) P10 6p, " 0 Y 0 g, 1 (N wi +77) — (M,way +79)
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are isotopic (through symplectic embeddings for these forms).

Proof. — Consider first the map

(5.76) i og.: N — M,
for some r > 0. This satisfies ("' 0 g,.)*[was] = [wxn]. Moreover, the symplectic form
(Y 0 g ) Wy = grwnv

can be deformed (through symplectic forms) to

triv triv)

(W™ +ry™) =wy + 17,

and from there back to wy. Hence, the derivative of (5.76) can be deformed (through
injective vector bundle map) to an embedding of symplectic vector bundles. In other
words, the map (5.76) is formally symplectic. Applying the h-principle for symplec-
tic immersions [45, (3.4.2.A)] (see also [27, (16.4.3)]) then yields symplectic immer-
sion i : N — M. Since dim(M) > 2dim(NNV), one can assume (after a generic pertur-
bation) that ¢ is actually an embedding.

The existence of ¢, and ¢ follows from Moser’s argument (restricting to small r).
For any given r > 0, we now have the two symplectic embeddings (5.75). By construc-
tion, these are isotopic in the formally symplectic sense. The parametrized version of
the previously used h-principle (see the references above, or [21] for a more specific
exposition) shows that they can be deformed into each other through symplectic im-
mersions. As before, since dim(M) > 2dim(N) + 1, a small perturbation will turn
these immersions into embeddings. (|

Let B be the result of blowing up M along N (embedded through the map i we
have just constructed) with small parameter § > 0, and BV the same with N"1,
Lemma 5.17 implies that B is symplectically deformation equivalent to BV,

LEMMA 5.18. — Both blowups B and B satisfy Assumption 5.8.

Proof. — Let Ji be the given (integrable) complex structure on K, for which 7' ¢ K
is a holomorphic curve. By standard transversality methods, we can find another
compatible almost complex structure .Ji which agrees with Ji2* in a neighbourhood
of T, and which has no non-constant Jx-holomorphic spheres. Equip K® with the
product structure induced by Jr. Then T? x {point}? is a complex submanifold, and
if we choose the point to lie on T" as well, then Jg is integrable near that submanifold.
We can therefore carry out the blowup process following the local algebro-geometric
model. Having done that, take the product with two more copies of K equipped
with Jg. The outcome is that we get an almost complex structure Jpgeiv on the blowup
and a pseudo-holomorphic blowdown map (BY, Jguiv) — (K, Jg)7. Hence, all the
pseudo-holomorphic spheres must be contained in the fibres of this map, which means
that they lie in multiples of the homology class Z of a line in the exceptional divisor.
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This implies the vanishing of Gromov-Witten invariants as required in Assumption 5.8.
The rest of the requirements for B are obvious.
, ¢ inherits the property that the

Because of the deformation linking it to i1

normal bundle is trivial. Since B is deformation equivalent to B!V, it has the same
Gromov-Witten invariants. The absence of pseudo-holomorphic spheres in N is easy
to arrange, see Section 4.1. O

Choose some A as in (5.49). The subspace E\ C QH™(B) has an intrinsic charac-
terization as the eigenspace of (r — 1)\ for quantum multiplication by ¢1(B). Tt is also
an algebra with identity element ¢ as in (5.52). Take A" H3(B;Z) = A"'uH'(N;Z),
project it to E) by taking its quantum multiplication with ¢, and denote the out-
come by

I'y C QH'(B).

Consider the associated Fukaya category Fuk(B),_1)x4. Let & = Spec(R) be the
curve associated to the unit torus polynomial, with its standard 1-form 6. We also
have their closures § and 6.

PROPOSITION 5.19. — The tmage of I'x under the open-closed string map is not
contained in the set Per(F‘uk(B)(r,l)A,q,S', 0) of periodic elements.

Proof. — Corollary 4.20 implies that there is a class in H'(IN;Z) whose image is
not contained in Per(Fuk(N )o0,S,0). More precisely, this is not quite the result as
originally stated, but has the following minor differences. First of all, the grading of
the Fukaya category has been reduced to Z/2, which means that we have to check
whether the uniqueness results from Section 1.11 are applicable. However, that was
already taken care of in Addenda 4.15 and 4.19. The second difference is that we
are considering the product of the symplectic mapping torus with an additional copy
of T', which correspondingly means that we have to take the product of the Lagrangian
submanifolds under consideration with a fixed circle in T

This requires the same kind of check, but the argument from Lemma 4.14 goes
through as before, and similarly for Addendum 4.19. The third difference is that the
Fukaya category Fuk(NN)o contains more objects than our original version Fuk(V)
(see Remark 5.2), but that is clearly irrelevant for this argument.

We can now use the full and faithful functor from Lemma 5.14 to transfer this re-
sult to B. By our computation of (5.63), any class v € H'(N;Z) C QH'(N) and its
counterpart A~ uv * ¢ € T'y have the same image in HH"(Fuk(N)o, Fuk(B)—1)x,q)-
As explained in Section 1.9, this allows one to map families that follow a given defor-
mation field. The rest of the argument carries over without any changes. o

We now consider the analogous construction for B¥V, defining the idempotent
¢ € QH(B') and subgroup 'YV ¢ QH'(B"1) as before.
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PROPOSITION 5.20. — The image of Fg\'i" under the open-closed string map is con-
tained in the set Per(Fuk(B™Y)._1)y guiv, S,0).

Proof. — As before, the first step is to establish a version of Corollary 4.21 for
Fuk(N%V)g, the key additional consideration being that we are now working with
a larger Fukaya category than before. However, one can use Theorem 5.6 and the
argument from Example 3.23 to show that Fuk(N'V), is split-generated by the sub-
category Fuk(N"1V) (with its grading reduced to Z/2). One takes the family of bimod-
ules used in the proof of Corollary 4.21, reduces its grading to Z/2 as well, and then
extends it to a family of bimodules over Fuk(N"V),. When carrying over the results
to BV, one uses Addendum 5.15 for split-generation, and the same computation as
in Proposition 5.19. O

We explained the intrinsic characterization of E) and g above, and that also yields
an intrinsic characterization of I'y. Comparing the two Propositions above shows
that, as announced in the Introduction,

COROLLARY 5.21. — B and BY are not symplectically isomorphic. (]
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