MEMOires

de la SOCIETE MATHEMATIQUE DE FRANCE

A STABILITY CRITERION FOR
HIGH-FREQUENCY OSCILLATIONS

Numéro 142
Nouvelle série

Yong LU
2 01 5 Benjamin TEXIER

SOCIETE MATHEMATIQUE DE FRANCE

Publié¢ avec le concours du Centre National de la Recherche Scientifique




Comité de rédaction

Charles FAVRE
Daniel HUYBRECHTS
Yves LE JAN
Laure SAINT-RAYMOND
Wilhem SCHLAG

Jean BARGE
Emmanuel BREUILLARD
Gérard BESSON
Antoine CHAMBERT-LOIR
Jean-Frangois DAT
Jean-Marc DELORT

Raphaél KRIKORIAN (dir.)

Diffusion
Maison de la SMF AMS
B.P. 67 P.O. Box 6248
13274 Marseille Cedex 9 Providence RI 02940
France USA

smfO@smf .univ-mrs.fr WWW.ams.org

Tarifs 2015
Vente au numéro : 30 € ($45)
Abonnement  Europe : 136 €, hors Europe : 153 € ($231)
Des conditions spéciales sont accordées aux membres de la SMF.

Secrétariat : Nathalie Christiaén

Mémoires de la SMF
Société Mathématique de France
Institut Henri Poincaré, 11, rue Pierre et Marie Curie

75231 Paris Cedex 05, France
Tel : (33) 01 4427 67 99 e Fax: (33) 01 40 46 90 96
revues@smf.ens.fr e http://smf.emath.fr/

©) Société Mathématique de France 2015

Tous droits réservés (article L 122-4 du Code de la propriété intellectuelle). Toute représentation ou
reproduction intégrale ou partielle faite sans le consentement de I'éditeur est illicite. Cette représentation
ou reproduction par quelque procédé que ce soit constituerait une contrefacon sanctionnée par les articles

L 335-2 et suivants du CPI.

ISSN 0249-633-X
ISBN 978-285629-812-1

Directeur de la publication : Marc PEIGNE




MEMOIRES DE LA SMF 142

A STABILITY CRITERION FOR
HIGH-FREQUENCY OSCILLATIONS

Yong Lu

Benjamin Texier

Société Mathématique de France 2015

Publié avec le concours du Centre National de la Recherche Scientifique



Yong Lu
Mathematical Institute, Charles University, Prague.
E-mail : luyong@karlin.mff.cuni.cz

Benjamin Texier

Institut de Mathématiques de Jussieu-Paris Rive Gauche UMR CNRS 7586,
Université Paris-Diderot.

E-mail : benjamin.texier@imj-prg.fr

2000 Mathematics Subject Classification. — 35103, 35B35, 35Q60.

Key words and phrases. — high-frequency oscillations, hyperbolic systems, res-
onances, Duhamel representation, pseudo-differential operators, Klein-Gordon
systems, Raman amplification, Brillouin amplification.

Research of both authors was partially supported by the Project “Instabilities in
Hydrodynamics” funded by the Mairie de Paris (under the “Emergences” program)
and the Fondation Sciences Mathématiques de Paris. B.T. thanks Kevin Zumbrun
for interesting discussions. Both authors thank Jeffrey Rauch for his comments on an
earlier version of the manuscript.

June 2, 2015



A STABILITY CRITERION FOR HIGH-FREQUENCY
OSCILLATIONS

Yong Lu, Benjamin Texier

Abstract. — We show that a simple Levi compatibility condition determines stability
of WKB solutions to semilinear hyperbolic initial-value problems issued from highly-
oscillating initial data with large amplitudes. The compatibility condition involves the
hyperbolic operator, the fundamental phase associated with the initial oscillation, and
the semilinear source term; it states roughly that hyperbolicity is preserved around
resonances.

If the compatibility condition is satisfied, the solutions are defined over time in-
tervals independent of the wavelength, and the associated WKB solutions are stable
under a large class of initial perturbations. If the compatibility condition is not satis-
fied, resonances are exponentially amplified, and arbitrarily small initial perturbations
can destabilize the WKB solutions in small time.

In the unstable case, the key observation is that resonances correspond to weakly
hyperbolic frequencies; the amplification proof then relies on a short-time Duhamel
representation formula for solutions of zeroth-order pseudo-differential equations.

Our examples include coupled Klein-Gordon systems, and systems describing Ra-
man and Brillouin instabilities.
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Résumé (Un critere de stabilité pour des oscillations haute fréquence)

Nous prouvons qu’une condition de compatibilité de type Levi détermine la sta-
bilité de solutions WKB de systémes hyperboliques issues de données rapidement
oscillantes. La condition de compatibilité fait intervenir I'opérateur hyperbolique, la
phase fondamentale associée aux oscillations initiales, et le terme source semi-linéaire ;
la condition de compatibilité est satisfaite quand ’hyperbolicité est préservée au voi-
sinage des résonances.

Si la condition de compatibilité est satisfaite, les solutions sont définies sur des in-
tervalles de temps indépendants de la longueur d’onde, et les solutions WKB associées
sont stables sous 'effet d’une grande classe de perturbations initiales. Si la condition
de compatibilité n’est pas satisfaite, les résonances sont exponentiellement amplifiées
et des perturbations initiales arbitrairement petites peuvent déstabiliser les solutions
WKB en temps trés court.

Dans le cas instable, nous observons que les résonances correspondent & des fré-
quences faiblement hyperboliques ; I’analyse de 'amplification se base sur une formule
de représentation de Duhamel en temps court pour les solutions d’équations pseudo-
différentielles d’ordre zéro.

Nous illustrons nos résultats par des systémes de Klein-Gordon couplés, et des
sytémes décrivant les amplifications Raman et Brillouin.
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CHAPTER 1

INTRODUCTION

We study highly-oscillating solutions to semi-linear systems of the form

1 1
(1.1) Opu+ — Agu + Z Ay u = %B(u,u),
1<j<d

in the small wavelength limit ¢ — 0. The unknown u depends on time ¢ € R} and
space x € RY; it takes values in RY. The first-order differential operator is symmetric

hyperbolic, in the sense that Ay € RYV*Y is skew-symmetric, and the A; € RV*N are
symmetric. The source term is B(u,u) € RV, where B : RY x RV — R is bilinear;

it has a large prefactor 1/4/¢ which blows up in the limit £ — 0.

Thus in (1.1) we are considering large perturbations of symmetric hyperbolic sys-
tems. In other words, the regime in (1.1) is supercritical: we are considering the
propagation, over times O(1), of solutions with amplitude O(1) to systems (1.1) with
characteristic frequencies O(1/¢) and large O(1/,/) source terms.

The underlying physical problems concern the propagation of light, and relevant
data are highly oscillating, of the form

(1.2) u(e,0,z) = Rea(x)e™ ™/ + eKo(e, x),

where a has a high Sobolev regularity, k is a given wavenumber in R?, and ¢¥¢ is a
small, real perturbation that is smooth in  and may depend singularly on ¢.

In this setting, the existence and uniqueness of local-in-time solutions to (1.1)-(1.2)
for fixed € > 0 in smooth Sobolev spaces H®, with s > d/2, is classical. The a priori
existence time is only 0(51/ 2). Indeed, the symmetric hyperbolic operator conserves
Sobolev norms, so that an energy estimate leads to a differential inequality of the form
(%) 3 < e~12y2 where y(0) is an appropriate Sobolev norm of the datum, typically
a semiclassical norm in which derivatives appear as €d,., so that the fast oscillations
are bounded: y(0) = O(1); from (x) we deduce an existence time O('/2).



2 CHAPTER 1. INTRODUCTION

We consider the situation in which (1.1) admits a family of WKB approxzimate
solutions which are defined over time intervals independent of €, and examine their
stability with respect to small initial perturbations.

That is, given an approximate solution u, issued from the highly-oscillating da-
tum wu,(0,2) = Rea(x)e’™*/¢ with an existence time T, that is uniformly bounded
from below as € — 0, given an initial perturbation % ¢, possibly with a very small
amplitude %, we examine the question whether the exact solution to (1.1) issued
from (1.2) is defined over time intervals independent of ¢ and stays close to u,.

Our answer to the above question takes the form of a scalar stability index, which
involves the initial wavenumber k, the initial amplitude a, the source term B, and
the hyperbolic operator. The associated stability condition is a Levi condition, after
E. E. Levi [33], in the sense that it involves both the principal and subprincipal
symbols (A and B, respectively).

Our examples include systems describing the Raman and Brillouin instabilities,
and coupled Klein-Gordon systems.

1.1. Background

The class of problems (1.1) originates in Joly, Métivier and Rauch’s article on the
Maxwell-Bloch equations (see [25], and paragraph 6.3 of Dumas’ survey [17]). There
these authors considered Maxwell-Bloch systems in the critical regime of geometric
optics, that is

1 .
(1.3) Oy + EAOU + Z Ajal.ju = B(u,u), u(e,0,z) = Re &(x)elk'm/s.
1<j<d

By critical, we mean here that (1.3) is a regime in which nonlinear effects ought to
be detected in the small wavelength limit &€ — 0 in time O(1). Indeed, the nonlinear
source has prefactor O(1), and the amplitude of the datum is O(1).

Joly, Métivier and Rauch observed that for Maxwell-Bloch systems in the scal-
ing (1.3), the limiting equations are linear transport equations. They called trans-
parency this phenomenon, and explained how it originates in compability conditions
involving the hyperbolic operator, the oscillations in the datum, and the source B.

Following Joly, Métivier and Rauch, it was verified by the second author that
the Euler-Maxwell equations satisfy a form of transparency [47, 49|, and by the
first author that the Maxwell-Landau-Lifschitz equations also are transparent in one
spatial dimension [34]. Cheverry, Gueés and Métivier showed in [8] that for systems of
conservation laws, linear degeneracy of a field implies transparency. Jeanne showed
in [22] that the Yang-Mills equations provide another example of a physical system
exhibiting transparency properties.
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1.2. RESONANCES, TRANSPARENCY, AND WKB SOLUTIONS 3

These results imply in particular that for the aforementioned physical systems,
relevant regimes are supercritical, meaning that the appropriate scalings (of the ob-
servation time or the amplitudes) lead to systems with large nonlinear source terms,
as in (1.1).

Being a compatibility condition bearing on a nonlinear term, transparency is anal-
ogous to the null form conditions which imply global existence for nonlinear wave
equations, as in the classical work of Klainerman [27]. The link between transparency
and null forms is one of the topics covered by Lannes in his Bourbaki review [30].

As formulated in [25], the two main questions in the analysis of the high-frequency
limit in supercritical regimes are:

(a) does there exist WKB approximate solutions?

(b) are WKB solutions stable with respect to initial perturbations?
If the answer to question (a) is positive, then typically the leading terms of WKB
solutions satisfy limiting equations that are much simpler than the original system.
If the answer to question (b) is positive, then the limiting equations can be used to
describe the original system, in particular in numerical simulations.

The article [25] shows existence and stability of WKB solutions to Maxwell-Bloch
equations in a supercritical regime (different from (1.1); we briefly comment on the
difference in Remarks 6.24 and 6.26 in the Appendix). Later on existence and stability
of some supercritical WKB solutions was shown for Yang-Mills in [22], for Euler-
Maxwell in [49], for systems of conservation laws in [8], for Maxwell-Landau-Lifshitz
in [34].

The present work all but completes the analysis of systems in the scaling (1.1), as
we exhibit a scalar index, which when positive implies instability and when negative
implies stability.

1.2. Resonances, transparency, and WKB solutions

We introduce here the notions of resonance and transparency, which play a preem-
inent role in Joly, Métivier and Rauch’s article [25] and the present work.

Consider the initial-value problem (1.1)-(1.2) with ¢ = 0. Under an appropriate
polarization condition bearing on the initial amplitude a, the spatial oscillations in the
datum are propagated in time by the hyperbolic operator in (1.1), at some temporal
frequency w = w(k). Thus we posit the ansatz

(1.4) u(e, t,x) = up,—1(t, x)e_i(k'm_“t)/s + ug 1 (t, x)ei(k'm_“’t)/g +O0(V5e),

for an approximate solution u to (1.1)-(1.2). The bilinear term B(u,w) in (1.1) will
create harmonics of the fundamental phases +(w, k), so that the O(/€) term in (1.4)
will likely include oscillations e*(F*=«t/¢ with ¢ € {—2,0,2}, in addition to the

SOCIETE MATHEMATIQUE DE FRANCE 2015



4 CHAPTER 1. INTRODUCTION

fundamental harmonics {—1,1}. A refinement of (1.4) is then
(1.5)

ule,t,m) = Y ugp(t,@)ePF TN 4 e N "y (1 x)e 1T TeNE 4 Oe).
pE{—Ll} |q|§2

We inject (1.5) into (1.1) and sort out oscillating frequencies and powers of . Thus

conditions

(1.6) (= ipw+ Ao+ A(ipk) Juo,, =0, p e {~1,1},

and

(1L7) (~igwtAotAligh) Jur g+ (+A@) Juoy = > Bluogsuo)s lal <2.

q1+q92=q
with notation

A(@) ::ZAjej, for any € = (e1,...,eq) € RY,
J

imply that (1.5) is an approximate solution to (1.1), with a remainder of size O(e).
In the case Ay # 0, the family of matrices —ipw + Ag + A(ipk), for p € Z, is not 1-
homogeneous in (w, k). As a result, only a finite number of these matrices is singular,
for instance only those corresponding to p € {—1,0,1}. Then, equation (1.6) holds
with non-trivial ug, only if for all (¢,), uo,(¢,2) is pointing in the direction of a
element of the kernel of —ipw + Ay + A(ipk) :

(1.8)

Uo,p(t, ) = (uop(t, x), €p)ép, ép € ker ( —ipw + A + A(ipk:)), pe{-1,0,1}.

Condition (1.8) is the polarization condition (). The mean mode for the initial da-
tum (1.2) vanishes identically. In our context, no mean mode is created by the nonlin-
earity (?): ug o(t,z) = 0. At this stage (1.6) is solved and we turn to (1.7). For ¢ = 0,
denoting ITI(0) the orthogonal projector onto the kernel of the skew-symmetric matrix
Ap, we find

I1(0) (B(U0,1,Uo,—1) + B(UO,—lauO,l)) =0.
With the polarization (1.8), the above condition takes the form

(1.9) I1(0) (B(é’l,eil) + B(é’,ha)) —0.

The compatibility condition (1.9) was called transparency by Joly, Métivier and Rauch
(Assumption 2.1 in [25]). This condition is a necessary condition for the existence of
WKB solutions for general data (1.2) ®). Under (1.9), a WKB approximate solution

1. For Maxwell’s equations, with u = (B, E), condition (1.8) takes the explicit form wBg +1 =
k x Eog,+1, corresponding to polarization of light.

2. We show in Appendix 6.6 that this is a consequence of the bilinearity of B, assumption (6.47)
on the set of characteristic harmonics, and transparency in the form (6.48). The creation of a mean
mode is called rectification; it was studied in depth in [29, 13].

3. The case in which (1.9) does not hold is briefly discussed in Remark 6.25 on page 120.

MEMOIRES DE LA SMF 142



1.2. RESONANCES, TRANSPARENCY, AND WKB SOLUTIONS 5

can be constructed, and the leading amplitudes u +1 are seen to satisfy nonlinear
transport equations. This is explained in detail in Appendix 6.6.

The central question of the present work is whether such WKB solutions are stable
under small initial perturbations. This is a perturbative analysis: the question is
whether small data generate solutions to

(1.10) Ov + 1on + A(0z)v = i(B(ua, ) + B(v,u,)) + e,
€ Ve

ar, is the consistency error of the WKB solution.
In this discussion we assume an infinite order of approximation K, = o0, so
that eXer, = 0. We denote B(uy)v = B(ug,v) + B(v,u,) in the following. In ug,
the important term is the leading term g, so that in (1.10) we may simplify B(u,)
into B(e~"%ug_1 + €?ug;), with 6 := (k-2 — wt)/e. The solution to (1.10) is then
given by

which grow in time. Here £

1t . ,
(L11)  w(t) = L(t)v(0) + \f/ Lo(t—t)B(e " uo 1 (') + e uo 1 (') v(t') dt’,
0
where L. (t) := exp ( - E(AO + A(an))). Assuming a smooth spectral decomposition

(1.12) Ag + A(i€) = >IN (OTI,(9),
J
where \; are real eigenvalues and II; orthogonal projectors, the solution (1.11) then
appears as the sum, over p, i, j, of
(1.13)

) 1 t )
e~ EDV/ETL (e D)o (0) + 7z / e it ))‘i(sD)/EHi(eD)B(e”’euo,p)ﬂj (eD)v(t') dt’,
0

in which the first term is the free evolution under the solution operator of the initial
perturbation. The goal is to bound the second term in (1.13), that is the Duhamel
term encoding the accumulated response of B(u,), considered as a linear source.
In (1.13), the operators \j(eD) and II;(eD) are Fourier multipliers in semi-classical
quantization *). There holds, by linearity of B,

IL;(eD)B(e™ug ) = T (e D + pk) B(uo ),
so that the Duhamel term in (1.13) takes the form

1 . Lo,
761(pk~a:7t)\i(5D+pk))/5 / ot (7pw+)\i(€D+pk))/6Hi (€D+pk)B(Uo’p(t/))H]‘ (ED)U(t/)dt,.
€ 0

In the following we overlook the unitary prefactor ') in front of the integral. For
short times ¢ < /e, it makes sense to approximate ug, by its datum a or a*, and v

4. Notations pertaining to symbols and pseudo-differential operators are set up in Appendix 6.1,
where also classical results on action and composition of such operators are recalled.

SOCIETE MATHEMATIQUE DE FRANCE 2015



6 CHAPTER 1. INTRODUCTION

by the free evolution term in (1.11) ®). Thus we are looking at
1t ”
%/ it (—w-&-k,-(aD—&-k))/eHi(ED + k)B(a)e—zt )\j(eD)/eHj(ED)U(O) dt/,
0

where we let p = 1 for definiteness. For ' = O(/€), up to operators which are O(,/2)

—it'\;(eD)/e

and regularizing, the function B(a) and the Fourier multiplier e com-

mute (9 and we arrive at

I
(1.14) 7 / et (Cwt A EDFR) =X DD/ (e D + k) B(a)TL (e D)v(0) dt'.

€Jo
The question is whether we can bound (1.14) uniformly in e. This would provide
short-time uniform bounds for the solution v to (1.10), and thus would represent a
first step in a proof of stability of the WKB solution.

The key frequencies are ¢ such that the phase in (1.14) is stationary. These are the

resonances, defined as the solutions £ € R? to

(1.15) —wAH N(ETE) = X(€) =0.

Far from these resonant frequencies, we can integrate by parts in time in the Fourier
formulation of (1.14) and gain a factor . Near resonant frequencies, unless the inter-
action coefficient I1;(§ + k) B(a)II;(§) is small, the integral is ~ (1/4/€), which could
lead to an amplification by e/ V& of v.

For systems in u = (u,up) € RN*(N=N) and triangular source terms

5000 =y )

this sketch of analysis was made rigorous in [12], following [25] (7). That is, smallness
of the interaction coefficients at the resonances was seen as a sufficient condition for
stability of the WKB solutions.

1.3. A criterion for stability

As discussed just above, previous analyses [25, 11, 12, 49, 34] gave only sufficient
conditions for stability of WKB solutions in supercritical regimes. We give here a
condition that is almost necessary and sufficient (®). The first step in our analysis is a
reduction to 2 x 2 interacting systems. Then, depending on symbolic spectrum of the
propagator, we either symmetrize the interacting system and prove stability, or use a
Duhamel representation in order to prove instability.

5. In other words, we are considering the first Picard iterate for (1.10).

6. For a precise statement, we refer to estimate (6.6) in Appendix 6.1.

7. The scaling in [12] is actually slightly different from (1.1), and yet another scaling was consid-
ered in [25]. Remark 6.24 expands on this point.

8. The degenerate case I' = 0 (with notation introduced in (2.11)) is not covered by our analysis,
hence an “almost” necessary and sufficient condition.
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1.3. A CRITERION FOR STABILITY 7

Reduction to 2 X 2 interacting systems. The resonance relation (1.15) appears only
implicitly in the sketch of analysis given in Section 1.2 above. We make it play an
explicit role by introduction of the variables

v; = op.(xiy) (e k=D eop (L)), vj = op. (xi;1L,),

where % is the perturbation variable, defined by u =: u, + %, the 1I; are the spectral
projectors introduced in (1.12), and y;; is a frequency cut-off that is supported in
a neighorhood of the resonant set {\;(- + k) = w + X;(-)}, which we assume to be
bounded.

The question of the stability of u, reduces to the question of the growth in time
of (v;,v;), for all relevant couples of indices (,j). We denote V the total variable,
that is the collection of relevant couples (v;,v;).

Our first key observation is that under a mild partial transparency condition for
the resonances (formulated as Assumption 2.8(ii), page 23), the normal form of the
time-evolution system in (v;,v;) has the following features:

— it is decoupled from the system in the other components of the solution (cor-

responding to resonances (¢, j'), with (¢, j") # (4, 7)),

— it has non-oscillating sources, and

— resonances {\;(- + k) = w + A\;(-)} appear as the locus of weak hyperbolicity.
This normal form of the system in (v;,v;) is

i+ k) —w) —Ebij 5
—V/ebji oy ] >Uij =4

where ﬁ,-j is the (i, j)-component of the total solution U after the change of variable
to normal form:

- 1
(116) atUij + gOpE (

U= (Id+ ﬁopE(Q))_IV(t, x), for some appropriate symbol @,
and the interaction coefficients are
bij = 1L (€ + k) B(uo,1(t, ©))IL;(€), bji :=11;(&) B(uo,—1(t, x))IL;(§ + k).

Here we are using notation ug 41, A;, A; from Section 1.2 and op,(-) from Appendix 6.1.
In equation (1.16), the source f = f(u) is bounded in w.

System (1.16) is nominally 2N x 2N. However, if the projectors II;,II; have rank
equal to one, then the matrix of the propagator has rank two, essentially making (1.16)
a 2 X 2 system.

Spectrum of the symbol of the propagator. The eigenvalues of the symbol of the
propagator in (1.16), a 2 x 2 complex matrix, is

i

SOCIETE MATHEMATIQUE DE FRANCE 2015



8 CHAPTER 1. INTRODUCTION

Thus it appears that the crucial quantity is the sign of the trace of the product of the
interaction coefficients at the resonance:

Signtrbijbij at 5 such that )\Z(g + k) — W — Aj(f) =0.

If the sign of positive, then real eigenvalues occur in (1.17), meaning a loss of hy-
perbolicity around the resonance. Otherwise, eigenvalues are purely imaginary. In
the latter case, signtrb;;b;; < 0, the propagator in (1.16) can be symmetrized. For

L 1 0
scalar b;; and bj;, a symmetrizer is indeed (

. Uniform estimates, hence
0 —bj;/ bjz‘) ’

stability, follow.

Duhamel representation and instability. In the case of real eigenvalues in (1.17),
indicating instability, the task ahead is to convert a spectral information at the level
of symbols into bounds for the corresponding system of pseudo-differential equa-
tions (1.16).

This is achieved with the Duhamel representation formula introduced by the sec-
ond author in [46]. This representation extends the Fourier analysis of the above
Section 1.2 (of which a good example is (1.13)) by incorporating the zeroth-order
source terms b;; and bj; into the propagator. Since resonances are points of weak
hyperbolicity, and since at such points the stability analysis must include lower-order
terms, the source terms b;; and b;; indeed belong in the propagator.

The instability occurs in time O(y/¢] Ine]). Indeed, the source term in (1.1) or (1.16)
has a O(1/y/€) prefactor. Hence a potential growth ~ e!B/VE If we start from a
small ~ ¢ initial perturbation, then the instability is recorded only when the time
exponential e'B/VE reaches a fraction of the size of the initial perturbation e, mean-
ing an instability time of order /¢|Ine].

For this reason in the unstable case we rescale in time

Uij(t, ) := Uy (Vet, ),
so that U;; solves
where b;;,b;; and f are evaluated at (y/ct, x).

We then localize around resonant frequencies. Since the resonant set is assumed

to be bounded, this means multiplying the equation to the left by op.(x), where x is

a smooth, compactly supported frequency cut-off that is identically equal to one in a
neighborhood of the resonances. Then V' := op,(U;;) solves

(1.18) OV + %ops (X < Z(A(_;gkb)] w) ;/fjb” )) V= \efy,

where b;;,b;; and fy are evaluated at (\/et,x), and fy enjoys the same bounds as f.
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The representation formula of [46] states that the solution operator to (1.18) is well
approximated, in time O(|In¢|), by the para-differential operator op?(Sp), where Sp
is the finite-dimensional solution operator, defined for all (z,£) by

1 Z()\l(f‘i’k) *W) 7\/51)”(\/5@17,5) _
(L1g) ST X (s g™ )m=o
So(r;T,2,&) =1d.

That is, the solution to (1.18) admits the representation
¢
(1.20) V= op (Sa(05)V(0) + VE [ ot (Sultst) (e at
0

where f ~ f,. Appendix 6.2 is devoted to a proof of (1.20).

A key consequence is that in time O(]Ine|) bounds for (1.18) can be deduced from
bounds on Sy : the approximation result of [46] simplifies the analysis of an ordinary
differential equation in infinite dimensions (namely, (1.18) () into the analysis of a
family of ordinary differential equations in finite dimensions (namely, (1.19)).

Bounds for Sy do not derive trivially from consideration of the spectrum (1.17),
since the resonant locus is at a distance O(/¢) from the singular locus

{f € Rd, Q(Etr bijbji)l/Q = )\1(6 + k‘) —w — )\J(f)},
where eigenvalues (1.17) coalesce. In particular, the eigenprojectors are not uniformly
bounded in € near the resonances, and bounds for (1.19) cannot be derived by simply
diagonalizing the system. Appendix 6.3 is devoted to a precise derivation of these
bounds in the unstable case of a positive trace.

From (1.20), armed with optimal bounds for Sy, meaning a lower rate of exponential
growth that is arbitrarily close to the upper rate of growth, the task ahead is to derive
lower bounds for the free component of the solution op¥(So(0;t))U;;(0), and upper
bounds for the time-integral term in (1.20).

Lower bounds for op¥ (S (0;¢))U;;(0) with a maximal rate of growth are achieved
by a careful choice of the initial perturbation U;;(0). Essentially, we choose to initially
excite frequencies that grow at the highest rate. This is the purpose of Section 3.1.4

t
in the proof of Theorem 2.7. Upper bounds for / op? (So(t';1)) f(t') derive from
0

bounds for op?(Sp), which are deduced from bounds on Sy via Calderén-Vaillancourt
type theorems. Details are given in Sections 3.1.3 and 3.1.5 in the main proof. The
comparison of lower bounds with upper bounds in Section 3.1.6 concludes the proof.

There is a specific difficulty associated with the large prefactor (1/4/¢) in (1.19).
This prefactor implies indeed that Sy has large variations in & : 9¢ Sy ~ So/+/e. This

9. The propagator in (1.18) is indeed bounded L? — L?; this is a consequence of the Calderén-
Vailancourt theorem [5, 9], of which a very simple proof is given in [21]. A precise statement is
given in Appendix 6.1.
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is problematic in view of Calderén-Vaillancourt type theorems, which typically assert
boundedness of pseudo-differential operators given boundedness of the symbols and
their (z, )-derivatives. We overcome this issue by using a result from Hérmander [20]
(formulated as Proposition 6.7 in Appendix 6.1) which gives operator bounds involv-
ing spatial L' norms of the symbols, and no &-derivatives. This requires a spatial
localization step, since the symbols that we handle are a priori not L' in space.

1.4. On the class of initial perturbations

A salient feature of our analysis in the stable case is that we allow for initial pertur-
bations ¢ (g, ), which do not necessarily depend on (g, x) periodically through k - z/e.
In particular, we give a geometric optics result for a class of perturbations which is
much larger than the class of perturbations allowed in a number of results of the JMR
school [23, 15, 24, 25, 29, 13, 11, 16, 12].

In these references, WKB solutions u, and initial perturbations ¢ which are 27-
periodic in the fast variable (k-2 —wt)/e allow for a representation of the solution in
the form of a profile, that is a map u of (¢,z,0) with a 27-periodic dependence in 6,
the trace of which over § = (k- & — wt)/e is equal to the original solution:

k-x—wt
€ ) ’
This representation de-singularizes the initial datum, which for profiles appears as

u(0,z,0) = Re (a(x)e”) + X ¢(z,0),

where ¢ is 27r-periodic in 0, by assumption. In particular, the leading term Re ae®
is bounded in H*(R¢ x Ty). The drawback is that the equation in u is more sin-
gular than the original system (1.1), since it features the singular differential opera-

u(t,x) = u(t, T,

1
tor —(—wdy + Z kjA;0y). This operator, however, contributes zero to L? estimates
€ ,

i
in (z,0), by symmetry.

By contrast, in the present work we do not insist on a periodic dependence in
the fast variable k - x/e for the initial perturbation ¢ in (1.2). In particular, ¢(e, x)
may take the form ¢g(xz/e), where ¢¢ is only assumed a high Sobolev regularity. In
this context, e-uniform Sobolev estimates may be derived only for e-weighted norms,

defined as
1/2
com ([ sl rlaora)

and an important tool is the Sobolev product estimate

(1.22) [uvlle,s < C(Julevlle,s + |(e82) ul o [v]L2),

(1.21) lu

which can be proved by approximating the product wv by the para-product of v
by u. Details are given in Appendix 6.1.3. In our use of (1.22), u is the approximate
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solution u,, with a periodic dependence in (k-2 —wt)/e, and v is the solution to (1.1),
with a priori a singular dependence in x via x /¢, just like the initial perturbation. In
particular, |uy|pe and |(£0;)%uq|Le are both bounded uniformly in e, implying the
bound

lugvlle,s < Clug)|lvle,s, for s> 0.

By comparison, the Moser-type estimate

(1.23) Juvlle,s < C(Julpe<lv

e,s T |”|L°° ||u |6,s)
would here give only

e < Cua)(v]les + [v]r) < e™¥2C(uq)||v]|cys,  for s > d/2,

||ugv

since the Sobolev embedding H® < L, for s > d/2, has a large norm when H? is
equipped with (1.21):

(1.24) |U|Loc < C’d7357d/2||u||575, s > d/27 Cd,s > 0.

However, for semi-linear terms of the type v? (or B(v,v)) where v is the solution,
both (1.22) and (1.23) lead to =42 losses, via (1.24). This is the main drawback of
our approach: while it allows for quite general perturbations, it requires smallness
of these, typically in the form of the lower bound K > (1 + d)/2, in order to prove
stability.

1.5. Overview of the results

We give five theorems:

e the first, Theorem 2.7 (page 20), states that stability of WKB solutions is deter-
mined by a scalar index, which when positive indicates instability, and when negative
indicates stability. The degenerate case of a vanishing stability index covers different
possible situations with regard to stability, one of them treated in [49]. For a dis-
cussion of the precise meaning of stability /instability in our context, see in particular
Section 2.2. Theorem 2.7 is formulated under the strong assumption that there be
only one non-transparent resonance (Assumption 2.6). The reason for this assump-
tion is that it simplifies the exposition of our main ideas by allowing for relatively
simple notation.

e In Theorem 2.9 (page 24), we allow for several non-transparent resonances, with
the same conclusions as in Theorem 2.7. This is the framework that is encountered
in many examples, in particular the coupled Klein-Gordon systems described in Sec-
tions 1.7 and 5.2, 5.3. The proof (Section 4.1) relies on the same ideas as the proof
of Theorem 2.7, the extra difficulty being only notational.

The last three results are variations on Theorem 2.9 and its proof:

e We first remark, in Theorem 2.11, that all non-transparent resonances are ampli-
fied. That is, we can observe an instability even though we initially turn on a resonance
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12 CHAPTER 1. INTRODUCTION

that is not associated with the maximal rate of growth. Here our assumptions are
weakest, in particular are essentially only local in frequency, but the amplification is
accordingly weaker.

e Next we remark that instability occurs in asymptotically vanishing balls, provided
that we give up a little on the amplification rate. This is Theorem 2.12.

e Finally, in Theorem 2.13 we prove that if arbitrarily small perturbations of
the WKB datum generate exact solution that persist and are bounded uniformly
in (g,t,z) over time intervals T\/e|Ine|, with T large enough, then the amplifica-
tion goes from O(eX) to O(eX"), with K arbitrarily large and K’ arbitrarily small,
in time O(y/g|Ine]). Of course, if small perturbations do not generate solutions over
such asymptotically small time intervals, or if these solutions are unbounded, then
this means instability, in another form, for the WKB solution.

1.6. On related instability results

The article [25], cited in Section 1.1 as the main inspiration of the current work,
contains limited instability results. In Section 10 and 11 of [25], Joly, Métivier and
Rauch show that under a condition (Assumption 10.3 in [25]) that is very simi-
lar to our instability condition I' > 0 below, WKB solutions are unstable. They
do so for linear equations, and, most importantly, for constant amplitudes, that is,
for WKB solutions of the form @e’**/¢ where @ € RY is fixed. This allows an
analysis by Fourier transform. For the solution u, there holds |u|r> > |u|r2(B.),
with B. = {¢ € RY |e€ — &| < hy/E}, where & is a distinguished resonant fre-
quency and h > 0 is small. This reduces the analysis to our Lemma 6.16.

For systems of conservation laws, under the strong assumption of a constant eigen-
value, Cheverry, Gues and Métivier prove an instability result for high-frequency
WKB solutions. This assumption is (6.5) and Hypothese 6.1 in [8]; constancy is in u,
in the context of [8] eigenvalues are 1-homogeneous in £. Then Cheverry studied in [7]
the viscous relaxation of these instabilities.

We note that our approach to instabilities in nonlinear equations differs funda-
mentally from the approach of Grenier in his classical work [18], in which Grenier
formulated spectral assumptions bearing on linear differential operators. By contrast,
our spectral assumptions are formulated for symbols of linear pseudo-differential op-
erators. In particular, our spectral assumptions are, at least theoretically, readily
verifiable, since they bear on spectra of matrices. The key Lemma that allows us
to transpose the spectral information at the symbolic level into estimates for cor-
responding systems of partial differential equations is the Duhamel representation
Theorem 6.14, drawn from [46].

The article [32] also uses the Duhamel representation of [46], to prove a strong
Lax-Mizohata result for weakly non-hyperbolic quasi-linear systems.
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1.7. Examples

Our first class of examples (Section 5.1) are three-wave interaction systems, of the
form

by _
Oyur + 10, u1 = —=Ugus,

NG

b
(125) Oitin + co0ptn = %ﬂlu&

b3
Ouz + c30,u3 = —=uiusy,

VE

and
C1 bi _

Oruy + ?6xu1 = Uaus,

b
(1.26) Byuis + %am = s,

Oruz + c30,u3 = bsuqus.

We show in Section 5.1.2 how these systems are derived in the high-frequency
limit from the Euler-Maxwell equations describing laser-plasma interactions. Sys-
tems (1.25) and (1.26) can be used to describe Raman and Brillouin scattering,
respectively.

In the case babs > 0, for any ¢y, ¢a, 3, our instability results apply to the reference
solutions

(a(z —¢1t),0,0) for (1.25), and (a(ex —c1t),0,0) for (1.26),
and give a description of the growth of the Raman and Brillouin waves ug.

Our second class of examples (Sections 5.2 and 5.3) comprises coupled Klein-
Gordon systems of the form

0 9, 0 0 0 0 1
ou+ | 0, 0 0 Ju+-1 0 0 aowo | u=—=B(u,v),
£ Ve
0 0 0 0 —agpwg 0
(1.27)
0 00 0O 1 0 0 0 1
ov+ | 60 0 0 Jo+—-| 0 0 wy |v= 732(u,v),
0 0 0 N0 —w 0 c

where (u,v) = (uy,us, us, v1,v2,v3) € RIT2 x R¥*2 5 € RY. The parameters satisfy
0 < wp, 0 < ap, and 0 < By < 1. The eigenvalues (as in (1.12)) are

{o y/adwd + [E[2, 4/ + o3¢ 2}
The characteristic varieties for ag = 1 and «g # 1, depicting the branches of eigen-
values as functions of &, are pictured on Figure 4 page 89 and Figure 5 page 95,

respectively.
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If ap = 1, the masses (corresponding to threshold frequency wg) are equal. In
the context of laser-plasma interactions, the masses are both equal to the plasma
frequency, and systems (1.27) are simplified Euler-Maxwell systems. This case is
covered in Section 5.2. The case of different masses is covered in Section 5.3.

In both cases, we give examples of bilinear terms B' and B? to which our results,
stability or instability of WKB solutions, apply.

1.8. Open problems

We conclude this introduction with a list of open problems, listed in what we
perceive as an increasing level of difficulty:

Allow for rank-two interaction coefficients. It would be interesting, especially in
view of the extension of our results to the Euler-Maxwell equations (see Section 5.1.2),
to handle rank-two interaction coefficients. This would mean extending the bounds
of Appendix 6.3 to symbolic flows defined by interaction matrices of the form

ifi1 0 —\ebs,

—Vebj,  —Veby, tH2
Weaken the partial transparency condition (2.18). In our first class of Klein-Gordon
examples (Section 5.2), condition (2.18) is satisfied only in one space dimension.
We note that condition (2.18) is used only in the proof of Proposition 4.2 (normal
form reduction) which decouples the components of the solution associated with non-
transparent resonances. Given a specific set of non-transparent resonances, we could

probably make appropriate coordinatization choices so as to forgo, or at least weaken,
condition (2.18).

Consider larger initial perturbations. We take into account the presence of high
frequencies ~ 1/e by measuring L? norms of e-derivatives. The main drawback of
this approach is a very poor control of sup norms, as already seen in (1.24). By

—d/2 evenifa

using (1.24), we are essentially uniformly bounding a(x) sin(x/¢) by Ce
is smooth and compactly supported.

This raises the question: Does there exist a Banach algebra of distributions in which
high-frequency families {¢(x,x/€)}ocec1, with ¢ € C°, are uniformly bounded, and
in which good pseudo-differential bounds are available?

The minimal requirements for pseudo-differential bounds would be inclusion of the
space of pseudo-differential operators of order zero into the space of linear bounded
operators from the Banach algebra to itself, and stability under composition.

The space FL!' of distributions with L' Fourier transform satisfies the first two
conditions (algebra, uniform bounds for oscillating families), but not the third
(pseudo-differential bounds). The Sobolev space H® equipped with the semi-classical
norm || - || s satisfies the last two conditions, but is not a Banach algebra.
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In the absence of a positive answer to the above question, we perform in Sec-
tion 3.1.5 estimates in both FL! and H?, so as to combine the advantages of both
functional settings. This gives an existence time T (2.12), that approaches the “op-
timal” existence time T, = K/(7]a|r=), using notation introduced in Section 2. The
optimal character of T., is seen on Theorem 2.13: this existence time allows for
the amplification exponent K’ to be arbitrarily small, hence for the instability to be
almost Lyapunov.

Allow for more singular scalings. Laser pulses typically propagate in one spatial
dimension x and have large transverse variations in transverse directions y : they have
the form

a(z,y) sin((kx — wt)/e) sin(y/Ve),

where a is a slowly varying amplitude. A corresponding scaling would be, instead
of (1.1), the more singular
(1.28) Opu + (EAO + %A(Gy) + Aam)u = %B(u, u),
with data oscillating in 2 at frequencies ~ 1/¢. In this scaling, the Zakharov equations
with non-zero group velocity were formally derived from the Euler-Maxwell equations
in [48]. A stability analysis of WKB solutions to (1.28) would lead to considera-
tion of symbolic flows of interaction matrices as in (1.19). The important difference
would an /e-semiclassical scaling of the relevant pseudo-differential operators, with
the catastrophic consequence

% (0p=(M50) — 0p /2 (M)op /2(S0)) = 0p (M, So) + VE( ),
meaning an error O(1), instead of O(y/€), in the first step of the construction of a
solution operator. Then, op \/5(50) would not appear as an approximation of the solu-
tion operator. What would constitute a good approximation of the solution operator,
then ?
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CHAPTER 2

ASSUMPTIONS AND RESULTS

For the family of systems (1.1), reproduced here:

1 1
Oru + — Aou + Z Aj0,u = ﬁB(%“)’
1<j<d

we make the following assumptions.

ASSUMPTION 2.1 (Smooth spectral decomposition). — We assume that the matri-
ces Aj, for 1 < j <d, are real symmetric, that the matriz Ag is real skew-symmetric,
and that the family of hermitian matrices {AO/H— Zlgjgd fjAj}geRd has the spectral
decomposition

(2.1) Aofit Y GA = > NOIL(E),

1<j<d 1<j<J
for some fized J, where \; are smooth eigenvalues and I1; are smooth eigenprojectors,
satisfying bounds, for all B € N, for some Cg >0 :

(22) 19O < Cal1+ (g2, 10T ()] < C(1+ (€)1,

We do not assume that eigenvalues do not cross; indeed, for physical systems, cross-
ing does typically occur at least for £ = 0 : examples are given in Sections 5.1, 5.2, 5.3
of Chapter 5 and Appendix 6.7. The smoothness condition in Assumption 2.1 means
that at coalescence points, there is an ordering of the eigenvalues so that regularity is
preserved. Bounds (2.2) mean that \; € S* and II; € S°. The classical classes S™ of
pseudo-differential operators of order m are introduced in Appendix 6.1.

Assumption 2.1 is discussed in Appendix 6.5. There we give, in particular, a
sufficient condition for bounds (2.2) to hold.

AssuMPTION 2.2 (WKB approximate solution). — For some K, € N, some T, > 0,
all € > 0, there exists u, an approximate solution to (1.1), in the sense that there
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holds in [0,T,] :

1 1
(2.3) Otig + = Aotta + Y A0y g = 73(%, uq) +efert.
‘ 1<55<d ‘

The approximate solution has the form of a WKB expansion
(2.4)
Ug (e, t,x) = e R emOD/Eyy (¢ @) + et BTt Sy (t @) + Veva(e, t,x) € RY,
where
~ the phases (w,k) and (—w, —k) € R are characteristic for the hyperbolic
operator, in the sense that

1 .
(25) (at + *AO + Z Ajaz]) (eil(k'w—wt)/aé*il) _ 0, é',l _ (51)*7
c 1<5<d
where €_1 and €1 are fized, unit vectors in CVN and (€1)* denotes component-by-

component complex conjugation, and the leading amplitudes ug +1 are polarized
along €41, in the sense that

(2.6)  woa(t,z)=g(t,x)ér, ug—_1=g(t,x)e_q, g€ C’l([O,Ta],Hsf‘(Rd)),

where g* denotes complex conjugation of the amplitude g € C,
~ there holds va, s € CO([0,T,], H® (R?)), with

(2.7) 5218 (‘ S|1ip |(€02)" (Va, 5) | Loe (f0,17,22) + |-7:(Ua77"2)\L°°(0,Ta],L1)> < 00.

We give in Appendix 6.6 sufficient conditions for Assumption 2.2 to hold true.
An example of non-oscillating data, corresponding to (w, k) = (0,0), is described in
Section 5.1.

We note that it suffices for v, and rf to be trigonometric polynomials in 6, as
is typically the case in WKB expansions, in order for the above uniform bound
on |F(vg,r8)|r1 to hold.

NOTATION 2.3. — Given @ € RN, we denote B(i@) : RY — RY the map defined by
B(@)v := B(d,v) + B(v, ).
DEFINITION 2.4 (Resonances, interaction coefficients). — Given (i, ) € {1,...,J}?,
with J as in Assumption 2.1, we define the set of resonant frequencies associated
with (7,4) by
Ry ={€eR w=N(E+k) -}
The families of matrices
IL(€ + k) BEDIL;(€) € CVN and  11;(€) BE-1)IL(¢ + k) € TV,

indexed by ¢ € R?, are called the interaction coefficients associated with (4, 7).
The scalar function § — \;(§+k)—\;(§) —w is called the resonant phase associated
with (i, §).
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We often say the (i,7) resonance, and the (i,7) interaction coefficients.
We note that auto-resonances, i.e. resonances associated with (i,4), for 1 <i < J,
are taken into account in this definition. We also note that R;; # R;; in general.

We introduce the property of transparency:

DEFINITION 2.5 (Transparency). — An interaction coefficient II;(- + k)B(€1)II; is
said to be transparent if the associated resonant phase can be factored out, that is if
for some C' > 0, there holds for all £ € R? the bound

(2.8) L (€ + k) B(en)IL; (§)] < ClA(§ + k) —w — A;(E)].

Similarly, an interaction coefficient IT; B(€_1)II;(- + k) is said to be transparent if for
some C' > 0, there holds for all £

(2.9) 1L () B(e_)ILi(§ + k)| < CIA(€ + k) —w — A;(E)].

If both interaction coefficients associated with resonance (4, j) are transparent, then
the resonance is said to be transparent.

We can now state our main, and provisory, assumption:

ASSUMPTION 2.6. — We suppose
(i) (boundedness) the set Riz is nonempty and bounded,
(ii) (partial transparency) for all (i,7) # (1,2), the (i,j) resonance is transpar-
ent;
(iii) (rank-one coefficients) for all & in an open set containing Ri2, the ranks of
the (1,2) interaction coefficients are at most 1.

Assumption 2.6(i) is discussed in Appendix 6.7; there we show in particular that As-
sumption 2.6(i) satisfied as soon as the eigendecomposition (2.1) is smooth at infinity,
and A; and A2 non asymptotic at infinity, that is |A;(§)| = ¢;|¢] + o(|¢]) with ¢1 # ca.

Assumption 2.6(ii) is here only to simplify the exposition; we will see in Section 2.3
that our results fully extend to the case of several non-transparent resonances, under
a mild partial transparency condition.

Assumption 2.6(iii) is satisfied as soon as (but not only if) A; and g are simple
eigenvalues.

2.1. Main result

We denote T" the trace of the product of the (1,2) interaction coefficients:

(2.10) (&) == tr i (€ + k) B(en)H2(&) B(e— 1)1 (§ + k).
In the context of Assumption 2.6, the stability index is

—— Cx
(2.11) I' := max ( Jnax ReT(€), Jnax |\smF(§)|)7
so that
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— if T' > 0, then for some £ € Rqa, there holds I'(§) ¢ (—o0,0].
~ I T <0, then for all £ € Rya, T'(§) € (—00,0).
In the unstable case, corresponding to I' > 0, the limiting observation time 7Ty and
amplification exponent K are

K K —d/2 ) v|a| e
2.12) T, ::max( — >7 Ky :=min ( K 1—7A),d 2),
(212) To Blofals:” al~ 0 (K (- mpns )

where
(213)  |Blo = max max ([0 (6 + k) B(&)Ha(6)]. [Ma(§)BE-DILE + )] ),
and

(2.14) v = ‘ grg%ﬁ e (I‘(f)l/Q) ’

In the definition of | B|g above, we denote | Z| the norm of a matrix Z € CV*¥ deriving
from the L> norm in CV : | Z| := max|, =1 | Zu|, where |u] = |u1, ..., uyn| := max; [u;].
These norms in finite dimensions are used throughout the paper.

THEOREM 2.7. — Under Assumptions 2.1 (regularity of the spectral decomposi-
tion), 2.2 (existence of WKB solutions) and 2.6 (resonances and transparency), the
sign of index T' determines stability of the WKB approzimate solution u, with respect
to initial perturbations, as follows:

e IfT > 0, then for some initial perturbation ¢(e,-) € C2° such that
S (I 6 lles + 10(E, )]z ) <00
for all s, the solution u to (1.1) issued from the initial datum
(2.15) u(0,2) = ua(0,2) + X p(e, )
satisfies:
forany K >0, if K, +1/2 > K, for any K' > Ky, for some T < Ty, some gy > 0,
for all € € (0,¢0), u € CO([0, T\/z|Ing|], H*(R?)) for d/2 < s < s, and

(2.16) sup  sup e [(u— wa)(8)| 2B, = 00,
0<e<ep 0<t<T/e|In¢|

for some xy € R%, some p > 0.

o IfT < 0, then for any ¢(e,-) € H*® such that supg.q ||@(e, )|le,s < o0 for
all s < sq, the solution u to (1.1) issued from the initial datum (2.15) satisfies:

forany K > (d+1)/2, if K, > (d+1)/2, for someey >0, some C(T,) >0,
for all e € (0,20), u € CO([0, T,], H*(R?)), for d/2 < s < s,, and

(2.17) o (e = ua) () l.s < C(Ta)l[(u = ua)(0)|e.s-
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In the above Theorem, we use the semiclassical Sobolev norm ||-||;, s defined in (1.21)
on page 10. The time T, is any existence time for the WKB solution u,, such that the
bounds stated in Assumption 2.2 hold, the index s, is the Sobolev index of regularity
of ug, and Tj is the limiting observation time defined in (2.12).

Theorem 2.7 is proved in Sections 3.1 and 3.2.

2.2. Comments
On our assumptions:

e Assumption 2.1 asserts regularity of the spectral decomposition, and bounds
at infinity. We show in Appendix 6.5 that these conditions at infinity follow from
smoothness of the spectral decomposition of an associated “short-wave” operator.

e In Assumption 2.2, the polarization condition (2.6) and the bound (2.7) on the
correctors and remainder are standard. What is not clear, however, is that sys-
tem (1.1) admits WKB solutions at all. Indeed, as noted by Joly, Métivier and
Rauch [25], and briefly discussed on page 4 above, in the context of supercritical
geometric optics, for WKB solutions to exist the large source term must satisfy com-
patibility conditions, which are similar to, and weaker than, transparency in the sense
of Definition 2.5. In the context of (1.1), these conditions are given in Appendix 6.6.
Also, in Proposition 6.22, we give sufficient conditions for Assumption 2.8 to imply
Assumption 2.2.

e Point (i) of Assumption 2.6 is typically easy to check, and discussed in Ap-
pendix 6.7. Point (ii) is too strong (indeed in examples there is typically more than
one non-transparent resonance); this is remedied in Assumption 2.8. In theory, the
verification of a transparency condition is a simple matter; see our computations in
Section 5.2 in the case of coupled Klein-Gordon equations. In practice, the compu-
tations are sometimes involved, see in particular [49] in the case of Euler-Maxwell.
Point (iii) simplifies the linear algebra in Appendix 6.3. As mentioned in Section 1.8,
it would be interesting to handle two-dimensional eigenspaces, especially in view of
the extension of our results to the Euler-Maxwell system in three space dimensions,
for which the longitudinal modes are two-dimensional.

On the nature of the instability and parameters Ty and Ky :

e The smaller the amplification exponent K defined in (2.12), the stronger the
amplification. There holds Ky = K — Tpy|a|p~ : that is, the limitation on the ampli-
fication exponent is the existence time Ty. An existence proof up to time K/(vy|a|p)
would allow for Ky = 0, corresponding to an O(1) deviation; this observation is
exploited in Theorem 2.13 below.

e For the existence part in Theorem 2.7, two approaches are combined in the proof.
This explains why Tp in (2.12) is the maximum of two quantities.
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We first use the constant-coefficient nature of the hyperbolic operator in (1.1), and
the semilinear nature of the source term in the right-hand side of (1.1). Such equations
are amenable to estimates in FL!, the Banach algebra of functions with Fourier
transforms in L'. The key is that the FL' norm controls the L norm. Combined
a priori estimates in FL! and H® yield the existence time K/(|Blo|a|1), where |Blo
is defined in (2.13). Details are given in Section 3.1.5.1. Here we note that v < |B|o.
Indeed, if the trace I'(§) is positive, then I'(§) is the only non-zero eigenvalue of the
product of the interaction coefficients. In particular, the modulus |T'(£)| is bounded
from above by the norm of the product of the interaction coefficients: |I'(€)| < | B3,
which implies v < |B|g. We could hope for the better existence time K/(vy|a|p1).
The issue here is that we are unable to use the precise Duhamel representation of
Section 3.1.3. Indeed, this representation introduces pseudo-differential operators,
the action of which cannot be easily estimated in FL'. Remark 3.15 expands on this
point.

In a second approach, we perform Sobolev estimates. A control of the L® norm
is then given by Sobolev embedding. An issue here is that in semiclassical norms
this embedding has a large ~ e~ %2 norm. Hence, via the Duhamel representation of
Section 3.1.3, in which we use Theorem 6.14, the existence time (K — d/2)/(v|a|pe=).

e In accordance with the above two comments, the amplification exponent K is
the minimum of two positive quantities. The first is equal to a fraction of K, which
goes to 0 as |a|p= /||, — 1 and v — | Blo.

In general, however, and in particular as K becomes larger, for a given system and
a given initial amplitude, the amplification factor will be equal to d/2. That is, even
though the deviation from u, is small (~ £%/2), the amplification in Theorem 2.7, on
top of being localized in space and asymptotically instantaneous in time, is absolute,
meaning that the perturbation grows from O(¢%) to O(eX"), with K/K' — oo
as K — oo. In other words, the flow at ¢ = 0 is not Holder continuous: the ra-
tio [u — UalL2(B(xo,p)) /(¥ — ua)(0)|2 5 is unbounded in the limit e — 0, with a Hélder
exponent o« = K’ /K which tends to 0 as K — oo. Still, the instability is weaker than
a Lyapunov instability, which would correspond to Ky = 0.

On the initial perturbation in the unstable case:

In the unstable case, we pick the initial perturbation that will lead to a maximal
amplification. In the more general context of Theorem 2.13, these initial perturbations
are precisely described in (2.27) below. Essentially, u(0) — u,(0) has an ¢ prefactor,
oscillates at frequency (o + k)/e, where { is a distinguished resonant frequency, is
spatially localized around a point at which |a| is maximum, and is pointing in an
eigendirection of the product of the interaction coefficients.

On the stability result and the class of initial perturbations:
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A relative weakness of our stability result is that initial perturbations are
small ~ & with K > (1 + d)/2, where 1/2 accounts for the large prefactor
in (1/y/)B(u,u), while d/2 accounts for the Sobolev embedding (1.24); this point
was briefly discussed in Section 1.8.

A strong point, however, is that stability is meant here with respect to a large class
of initial perturbations, as mentioned in Section 1.4 above. We allow indeed initial
perturbations of the form p(z/e), where ¢ is smooth, as opposed to perturbations
in the form of profiles, that is, with a dependence in x/e that is identical to the one
in u4(0). In particular, the perturbations that we use in the unstable case are allowed
in the stable case.

We finally note that, by Sobolev embedding, the stability estimate (2.17) implies
the pointwise estimate |(u — ug)(t, 2)| < C(T,)eX /2.

2.3. Extensions

We give here four results that complement Theorem 2.7.

2.3.1. Several non-transparent resonances. — We announced that the role of
Assumption 2.6 was only to simplify the exposition. Here is a more general, and more
satisfactory, version of Assumption 2.6, in which we do not assume that the set of
non-transparent resonances is reduced to a singleton:

AsSSUMPTION 2.8. — We suppose
(i) (boundedness) The resonant set R = URij is bounded.
0.
(i) (partial transparency) For some subset Ro C R : given (i,j) € R\ Ro,
the (i,7) resonance is transparent; given (i,7) € Ro, the (i,7) interaction coeffi-
cients are transparent on a neighborhood of
(2.18)

Rij ((Ri’i — k) U (Rjj/ + k)), for all 7', j" with (i/,i) € Ry and (j,]/) € Ro,
and on a neighborhood of

(2.19)
Rij (R URJ-,]), for all ' # j, all j' # i, with (i,i’) € Ro and (§',5) € Ro.

Besides, Ry does not contain auto-resonances: for all 1 < i < J, (i,i) ¢ Ro.

(iii) (rank-one coefficients) For all (i,j5) € Ro, for all & in an open set con-
taining R;;, the ranks of the (i,j) interaction coefficients are at most 1; except
for (i,7) € Ro such that one interaction coefficient is identically equal to zero,
in which case we make no assumption on the rank of the other coefficient.
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In condition (ii), transparency of an interaction coefficient over a frequency set
means factorization of the phase, as in (2.8) or (2.9), for & restricted to the frequency
set in question.

We note the inclusions

Rij mRii/ C {)\j = )\i/}, Rij ij'j C {)\l( + k) — >\j’(' + k)}

Thus condition (ii) in Assumption 2.8 means that, while we allow for an arbitrarily
large subset Ry of non-transparent resonances, we cannot allow for some (4, j) inter-
action coeflicient to be non-transparent in all of the resonant set R;; : we need to
assume transparency at these exceptional frequencies in R;; which correspond to a
translate of another non-transparent resonance involving A; or A; (condition (2.18)) or
to a coalescing point in the spectrum involving A; or A; and another branch associated
with a non-transparent resonance (condition (2.19)).

Given a resonance (i,7) € Ro, we let
Li;(€) == tr L (€ + k) B(e1)IL; (§) B(e-1)IL;(§ + k).
The stability index is

2.20 r.= ( Re T, (€), SmTy; )
(2.20) (e max | max fte (&) grg%isjldm Nl

The observation time T and amplification rate Ky are defined as in (2.12), with |B|o
defined by

(2.21) |Blo := max max maX(IHi(ﬁJrk)B(é’l)Hj(f)I : |Hj(€)B(5—1)Hi(f+k)‘)7

and ~ defined by

2.22 ‘= max v, ,,::‘ max Re (T (€)1/2 ’
( ) v (i) €0 Vij Vij ey ( i5(£) )
THEOREM 2.9. — The conclusions of Theorem 2.7 still hold when Assumption 2.6 is

replaced by Assumption 2.8, with stability index T' defined in (2.20).

Theorem 2.9 is proved in Section 4.1.

2.3.2. All non-transparent resonances are amplified. — Next we modify the
partial transparency condition of Assumption 2.8 into a separation condition. The re-
sult (Theorem 2.11 below) states that any non-transparent resonance that is separated
from other resonances gives rise to an amplification.

Recall that the notation MR, introduced in Assumption 2.8, denotes the set of reso-
nant indices.

ASSUMPTION 2.10. — We suppose
(i) (boundedness) The resonant set R is bounded.
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(ii) (separation) For any resonant pair (i,7) that is distinct from (1,2), there
holds

(2.23) (Riz+ak) (\Riy =2, 0<lg <L

(iii) (rank-one coefficients) For all & in an open set containing Ri2, the ranks
of the (1,2) interaction coefficients are at most 1.

The separation condition (2.23) asserts non-intersection of resonant sets, a much
stronger property than the partial transparency condition of Assumption 2.8, but
only relative to the (1,2) resonance. With regard to other resonances, we make no as-
sumption besides boundedness of resonant sets and separation from R, as prescribed
by (2.23).

In the context of Assumption 2.10, the limiting observation time is

K-1/2 K-(d+1)/2 1
Té::min(max( A/ , (d+1)/ ), ),
|BllalL | Blla| L~ 2(|B[ = mz2)lal L~
and the amplification exponent is
(2.24) K} = K — T{mzla|p=,

with 12 defined in (2.22).

THEOREM 2.11. — Under Assumptions 2.1, 2.2 and 2.10, if y12 > 0, then the WKB
solution u, is unstable, in the sense of Theorem 2.7, where Ty and Kq are replaced
with Ty and K|, defined above.

Theorem 2.11 is proved in Section 4.2.

The limiting time T} is the minimum of two quantities. The first looks very much
like (but is smaller than) the limiting time Ty in Theorems 2.7 and 2.9. The main
difference is that we have |B| here in the denominator in 7j), where we had |B]o,
possibly much smaller than |B|, in the denominator in Ty (2.12). The second term
in the definition of T} is independent of K and, for K large enough, smaller than the
first. The point is that the instability here is only relative to the initial size of the
perturbation: there holds for K large enough (depending on B and a):

(2.25)
“up sup |u(t) = wa(t)|L2(Blao.0)) _ o, Ty = 1 ,

0<e<e0 0<t<Ty+/2| lne| [lu(0) — ua(o)”s,s 2(|B| — v12)lal e
and the way that the above diverges to co is quantified by K. In other words, the
flow is not Lipschitz continuous from || - [|c s to || - ||2(B(x0o,p)) at t = 0.

The important point in Theorem 2.11 is that we do not assume maximality of
the growth rate v12. That is, in order to record an Hadamard instability, it is not

necessary to initially activate unstable frequencies with the larger rate of growth.
An interesting feature of Assumption 2.10 is that, given boundedness of R, the
separation condition (ii) is local in frequency, and bears only on the eigenvalues of the
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hyperbolic operator. The assumption of boundedness of R is not local, but typically
easily verified by asymptotic expansions of the eigenvalues at infinity, as discussed in
Appendix 6.7.

2.3.3. Improved spatial localization. — Next we remark that we can improve
on the radius of the instability ball in the statement of Theorem 2.7, at the price of
a smaller amplification rate. That is, introducing the observation time

K-1/2 K—(d+1)/2
Té’::max( A/ ) (d+1)/ >,
|Blolalzs Yal L~
and the amplification exponent
d
(2.26) Kl =K+ % — T vla|pe,

we have the following result, with stability index I'" defined in (2.20).

THEOREM 2.12. — Under Assumptions 2.1, 2.2 and 2.8, in the unstable case T' > 0,
the conclusion of Theorem 2.7 still holds with p = P, for any 8 < 1/d, with eq = £0(3),
if To and Ky are replaced with Tf) and K{ as above.

Theorem 2.12 is proved in Section 4.3. Note that the observation time Tj is
strictly smaller than Tp (2.12), hence the amplification exponent K is strictly greater
than Kjy. That is, the deviation estimate is better localized, but we are able to follow
the solution only on a shorter time interval, meaning a smaller magnitude of the
deviation from u,,.

2.3.4. A greater deviation estimate. — As noted in Section 2.2, the limitation
on the amplification exponent Ky in Theorems 2.7 and 2.9 is the upper bound Tj on
the existence time. In our final result, we assume a better existence time, and from
there deduce a greater deviation estimate.

In the context of Assumption 2.8, the maximum ~ of the coefficients ~;;, for (i, j)
ranging over the set Py of non-transparent resonances is attained at (ig,jo). We
consider the same datum as in Theorems 2.7 and 2.9, that is

(2.27) w(0,2) := ug(0,z) + X e &t/ 2, L (2)Eyjo,

where
— & is such that v = ’ maxger, ;, Jte (Tiojo (5)1/2)‘ is attained at &.
— g is such that |a|p~ is attained at xg.

~ Qigjo € C2(RY) is a spatial truncation around o (precisely defined in Section
4.1.3).

— €,j, generates the range of matrix II;, (o + k) B(€1)IL;, (o) B(e—1)IL;, (o + k).
K
Let T, :=

Y0alpe
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THEOREM 2.13. — Under Assumptions 2.1, 2.2 and 2.8, in the unstable case T' > 0,
forany K >0, if K, +1/2 > K, ford/2 < s < s4:

— either for some T < Ty, for any € small enough, the initial-value problem

(1.1)-(2.27) does not have a solution u € C°([0,T\/z|Inel], H*(R?)),

— or for some T < T, for any g9 > 0, the solution u to (1.1)-(2.27) satisfies

sup sup lu(t, )| L= = oo,
0<e<eo 0<t<T/e|Iln¢|
— or for any K' > 0, for some T < T, there holds the deviation estimate

(2.28) sup sup £ (U — ua) (t)| 12(B(ao,c8)) = 00
0<e<ep 0<t<T/e|In¢|

for some xy € R%, some 3 > 0, some g > 0.

The proof (Section 4.4) shows that 5 — 0 as K’ — 0 : the localization becomes
less precise as the amplification becomes larger.
Theorem 2.13 states that, with (v —ug)(0) given in (2.27), in particular compactly
supported and O(e¥) in L* and | - ||..s norms, where K and s are arbitrarily large:
— either the solution to (1.1)-(2.27) is not defined in time [0, T/¢| In £[], meaning
a catastrophic collapse of the existence time around wu, (if we consider u, as a
solution, with an existence time T, > 0, independent of ¢),
— or the solution is defined in time [0, 7/¢|In¢|] but is unbounded, meaning in
particular that |u — ug|pe is unbounded, in the limit ¢ — 0,
— or the deviation |u — u,| goes from O(e¥), as measured in || - ||.s norm,
to O(eX"), as measured in an L2(B(zo,¢”)) norm, over a time interval of
length O(y/z|In¢e|), with K’ arbitrarily small.
In conclusion, under the assumptions of Theorem 2.13, in the case I > 0 the WKB
solution can certainly be deemed unstable, although there is some imprecision as to
the terms of the instability.
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CHAPTER 3

MAIN PROOF

3.1. Proof of Theorem 2.7: instability

Under the assumptions of Theorem 2.7, we suppose I' > 0, and proceed to prove
instability of .

3.1.1. Overview of the instability proof. — Section 3.1.2.1 contains the first
important change of variable, in which resonances appear explicitly as crossing points
for the eigenvalues of the propagator. In Section 3.1.2.2, we perform a normal form
reduction; this essentially reduces the linear source term B(u,) to the pair of interac-
tion coefficients associated with resonance (1,2). Then in Section 3.1.2.3, we localize
the analysis around a distinguished point (xg,&p), with £, € Ri2, in the cotangent
space. In Section 3.1.3, we use the Duhamel representation formula of Appendix 6.2
in order to describe semi-explicitly the component of the solution associated with res-
onance (1,2). Section 3.1.4 is devoted to the derivation of lower bounds for the action
of the solution operator on the datum. In Section 3.1.5, we give existence results and
upper bounds in time O(y/e|Ing|). These are based on the representation formula,
and also on FL' and Sobolev bounds. The comparison of lower bounds with upper
bounds in Section 3.1.6 concludes the proof.

3.1.2. Preparation. — By symmetry of the hyperbolic operator, for ¢ > 0 the
solution w to (1.1) issued from (2.15) is defined over a short time interval [0, T'(¢)], for
some T'(¢) > 0. It has a high Sobolev regularity: u € C°([0,T(¢)], H*+(R?)), where s,
is the Sobolev regularity index introduced in Assumption 2.2. The perturbative un-
known 1, defined by

(3.1) U =:uq + u,
solves

N . 1 " o K, e
(3.2) Ot + EAOU + lg;dAjamju = %B(ua)u + %B(u, ) —etary,
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with the datum (e, 0,z) = e (e, x). In (3.2), the term 7¢ is the WKB remainder
introduced in Assumption 2.2, and we used Notation 2.3 for B(-).
The goal is to choose ¢ so that @ grows exponentially in time.

It is understood in this proof that Sobolev indices s are strictly smaller
than s, — d/2, where s, is the Sobolev index of regularity of u,. We need
s > d/2 in order to prove short-time existence (since the system is semilinear), but
the deviation estimate (2.16) is expressed in a localized L? norm.

We frequently use the notation a < b to indicate that an inequality a < Cb holds
true, with a constant C' > 0 depending only on fixed parameters, such as dimensions,
in particular not on a, b, nor on €.

3.1.2.1. Projection and frequency shift. — We decompose 4 according to the eigen-
modes of the hyperbolic operator and shift the component associated with II; as we

define U = (Uy,...,Uy) € RN by
(3.3) Uy := e Pop ()i, Uj:=op. (I )i, 2<j<J,

with notation
(3.4) 0:= (k- -z—wt)/e.

The projectors II; () are eigenprojectors of A(i§)+ Ao (Assumption 2.1), and op, (II;)
are the associated Fourier multipliers (6.1). The perturbation unknown @ can be
reconstructed from U via

(3.5) i=e'U + Y U
2<5<J

From (3.2)-(3.3), we find that U = (Uy,Us |Us, ..., Uy) € R*V x RU=2N golves

1 . 1
(3.6) oU + gops(zA)U = \—EopE(B)U + F.

The symbol of the propagator is the diagonal matrix
(37) .AZ: diag ()\1)+1 —w,)\2|)\3,...,)\J),

with the notation Ay +1(§) := A1 (£ + k), where k is the spatial frequency of the WKB
datum. More generally, we will often use the notation

(3.8) 04, €) = 0 (2, € + ph).
In the symbol A, the frequency shift is caused by the fast spatial oscillation in the
definition of Uj : there holds indeed the identity

op.(0)(ePv) = e?Pop_(04,)v, for all o, p, v.

The symbol of the singular source term is

B B1,9) ‘B[l,Q,J] 7
Biyia | B
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where the top left block is

™11 Byll e'@=VOT], 4, B,II
By g = Z ( l_(p+1)01,+(p+1) ptil+1 " L4+pPpti2 ) € R2V*2N,
p—z1 \ € a4 (p1) Bplli 41 e'P’1y 1p Bplly
using notation II; 1 4(§) := II;({ + ¢k), for ¢ € Z, in accordance with (3.8), and
(39) BP = B(“O,P)a pe {_17 1}7
where ug 11 are the leading amplitudes in the WKB solution, introduced in (2.4).
The other blocks in the source are
By =Y ( SO 4y Bpll .. P 1 Bylly ) € REVX(J-2)N
o p==%1 elp‘gH?HrpoHB e eweHZerBpHJ 7

ei(p+1)9H37+(p+l)BpH17+1 eip9H3,+poH2
Buaz = ) : . S

==+1 i 1)6 ip0
b elptl) HJ,+(p+1)BpH1,+1 e'P1Ly 4pBplla

and
— Z I . B H-) R(J=2Nx(J=2)N_
o P_:|:1<e O ) acigies ©

In (3.6), the remainder F' is the sum of
— the quadratic term

e 1/2 (e Pop, (1) B, 1), 0, (T5) B(i, @), ..., op. (T1,) B(i, i) ),
— the projected WKB remainder
g (e_wope(ﬂl)rz, op. (Ix)re, ... ,opE(l'IJ)rf;>7
— the contribution of the higher-order WKB terms v :
(e op. (I1) B(v5 )i, 0p. (T2 B(v5 )i .. op. (L) B(v5)t),

— and remainder terms arising from compositions of pseudo-differential opera-
tors; these terms have the form

g™/ ?ein? (Opa (Hi7+QQ)BQ3Opa (Hj,+Q4 )u — OP¢ (Hi7+qz BQ3HJ,+Q4) u) )

where ¢; € Z and B, is defined in (3.9).
From this description of F, we deduce the following bound:

LEMMA 3.1. — There holds for s > 0 the bound

IF|le,s S (1+ ™2 | poe)[Jit]| s + €5,
and the bound

|F|pr S (1+ e Y2 Falp) | Falp + eXe.

In Lemma 3.1 we are using the semi-classical Sobolev norms || - ||.,s introduced
in (6.2).

SOCIETE MATHEMATIQUE DE FRANCE 2015



32 CHAPTER 3. MAIN PROOF

Proof. — By (6.3) and (6.14), the quadratic terms satisfy for s > 0 :
e 2 |op (1) B, )|, S e /il p e,
By (6.3) and the product law (6.15),
lJop- (M) Bv2)al|, , < lvale=llille.s + [(e03)ve| e [l 2,
and with (2.7), this gives
llope (1) B(vg )tlles S [lélle.s-

By the commutator estimate (6.6), given v € H*, if s, is large enough then

Hope(Hi7+Q2)B¢13U — OP¢ (HirHJQB%)’UH&S S E|u07i1|HS“ |U||8,S’

¢,s and find

We apply this bound to v = op, (Il 44, )%, satisfying ||v||..s < @
||€iq19571/2 (ope (ILi, 445 ) Bgs0Pc (11,44, )t — 0D, (Hi,+qz quHj,+q4)a) Ha,s < 51/2”“”6,5-
The bound in FL' is found similarly, using |B(w,@)|zz1 S |Ful2,, and (6.7). O

The point of the change of variable (3.3) is that Ri2 = {w = A1 41 — A2} is now
included in the locus of coalescing eigenvalues of symbol A.

We will see in the next paragraph that, under Assumption 2.6, in the source term B
only the top left block Bj; ) matters.

3.1.2.2. Normal form reduction. — The resonant set R12 introduced in Definition 2.4
is bounded by Assumption 2.6, hence compact by continuity of the eigenvalues.
For h > 0, to be chosen small enough below (), we consider the neighborhood R,
of R12, corresponding to resonant phases bounded by h:

(3.10) Ry ={€eR:, |M(E+k) —Xa(é) —w| <R},

We let xp be a smooth cut-off function in frequency space, such that 0 < xo < 1,
with xo = 1 on a neigborhood of R%,, and xo = 0 further away from the (1,2)
resonant locus, for instance on R\ R24.

The top left block in the symbol B of the singular source term decomposes as

6[1’2] — B’I” + B’n?”’

with the notation

0 Iy 41 B0 )
3.11 B = : .
(3.11) ( LB, 4, 0

The following proposition will imply that the operator with symbol

Do < (1—=x0)B" +B"" Bz, )
B2 By )’

1. This will be done in Section 3.1.6, at the end of this proof; see Remark 3.18 on page 51.
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can be eliminated from the evolution equation (3.6) in U, up to negligible uniform
remainders, defined as follows:

DEFINITION 3.2. — By uniform remainder, we mean any family Ry = Ro(e,t) of
linear bounded operators H®* — H?®, for t € [0,T,], where T, is an existence time
for u,, with semi-classical Sobolev norms that are bounded in € and ¢ : for some C' > 0,
for all v e H®, alle > 0, all t € [0,T,], there holds ||Rov|e,s < C|v]e,s-

PROPOSITION 3.3. — Under Assumption 2.6, there exists Q € S°, with 9,Q € S°,
such that

(3.12) €[k, 0p (Q)] + [op. (iA), 0p. (Q)] = 0p. (D) + £ Ry,

where Ry is a uniform remainder.

Proof. — The source D contains oscillations in e, with [¢| < 2. We denote
D = ZWSZ e"D,. Accordingly, we look for @ in the form

(313) Q(Evtv‘rag) = Z eiéte(tvxag)v Qf(taxvé-) € RJNXJNa
[f]<2
where the symbols @y are tensor products:
(3.14)  Qult,x,€) = ket )Qu(€), Ky scalar, kg € CH([0,T,], H), Qq € S°.

Such symbols @ satisfy Q € S°, 3;Q € S°, and, by (6.3) and (6.15), the associated
operators op,(Q) are uniform remainders.

In the coordinatization (3.6), the variable U belongs to CV/| so that we are looking
for the Fourier coefficients @, of @ in the form of CV/*N/ matrices, which depend
on (g,t,z,§). We will denote Z(; ;) € CN*N the (i,7) block of a matrix Z € CN/*NJ,
In particular, we will use notation (Q¢) ;) € CN*N to denote block (4,7) of Qy.

With @ in the form (3.13), there holds
e[00p.(Q)] = Y eiw( — ilwQe + 6opg(3tQé))-
lej<2
The symbol A being diagonal, there holds
[op- (A), 0P (Q)](1.5) = 0Pc (1i)opP. (Qij) — 0P (Q(i.5))opP- (1)

= 3 (o, (111,+0)0p. ((Q0)i.5) — 0P (Qe)ig)ope (7)),

[£]<2
where the 11; are the diagonal entries of A, so that
(3.15) p1 = A41 — W, = 2A;, forj>2.
By (3.14),
b, (i +0)0P: ((Qr)i,5) = 0pe (i, +¢) (reop. ((Qe) i gy )
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and with the commutator estimate (6.6) and the assumed regularity of xg,

ope (15, +2) (koD (Q0))(1.5)) = 0Pe (i +£(Qe)ig) + R,
where Ry is a uniform remainder. This implies
[op. (A), 0. (A1) = Y eiqeops<(m,+q - Mj)(Qq)(i,j)) + ¢ Ry,
lg|<2

where Ry is a uniform remainder.
From the above, we deduce that in order to solve (3.12), it is sufficient to solve

(3.16) i —Lw pire— 1) (Q)agy = Py, <2, 1<i,j<NJ.
We consider equation (3.16) for all possible values of ¢, using the definition of B in
Section 3.1.2.1:
e For ¢ =0, equation (3.16) reduces to the system
i()q 11— w— )\2)( 0)(1,2) = (1 = x0)I1, 11 B1Tl>  (top left block),
(A2 = A1 g1+ W)(Qo)(gﬂl) = (1—x0)IaB_1I0; 41 (top left block),
i()\l 11— )(Qo)(u) =11y 41 B1115, 3<j<.J (top right block),
()\ — A1+ w)(Qo)(j71) =1I;B_II; 41, 3<j<J (bottom left block).

.

The first two equations involve the (1,2) resonance relation. On the support of 1— o,
the phase A\; 11 —w—Ag is bounded away from zero. Thus we can divide the right-hand
sides by the phase and thereby define (Qg)(1,2) and (Qo)(2,1) as an element of S°. The
last two equations involve the (1, j) resonance relation. The phase A\; +1 —w—\; might
vanish for some ¢ € R, but the transparency assumption (Assumption 2.6(ii)) ensures
that this phase factors out in the right-hand sides, so that we can solve for (Qo)(1,j)
and (Qo)(j,1) in S°.

e For || = 1, equation (3.16) reduces to
i()\1,+(€+1) —bw — )\1’4_1)(@@)(171) = H17+(5+1)B4H17+1 (tOp left blOCk)7
Z'()\iﬁ_g —bw — )\j)(Qé)(i,j) = II; 4 B,I1;, 2<4,5<J (all blocks)
The first equation involves the (1,1) resonance relation, and the second involves

the (i,7) resonance relation. We use again Assumption 2.6 to solve for the corre-
sponding coefficient of @ in S°.

e For |{| = 2, equation (3.16) reduces to
i()\l,—l +w — )\j)(Q—l)(17j) = Hl,_lB_lﬂj, 2 S] § J,
i(Aj42 —w = A1) (@) 1y =42 Bill 41, 2< 5 <

In both equation we find the (j, 1) resonant phase as a prefactor in the left-hand side
and an interaction coefficient associated with (7, 1) in the right-hand side; both phase
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and interaction coefficient are translated by +w. For instance, the first equation can
be written

—i(A(E+w) = Ai(§) —w)(Q1(t,x, €+ k) a,5) = T () B(uo,—1(t, ))& + k),
which we can solve for (Q_1)(1 ;) € SO by Assumption 2.6. O
REMARK 3.4. — With @ defined in the above Proposition, there holds Q(; ;) € S -1

unless A; and A; are bounded, or ¢ = j. In both these cases, Q(; ;) € S0, Indeed, the
symbol A; (€ + k) — A\;(§) is typically bounded in £, as shown in Lemma 6.20.

By estimates (6.3) and (6.15), with the symbol @ given in Proposition 3.3 is
associated an operator op,(Q), which is a uniform remainder, in particular satis-
fies |lopo(@)v]le,s S ||vle,s, for all v € H®. For ¢ small enough, Id 4+ /eop,.(Q) is
invertible for all t. We consider the change of variable

(3.17) 0(t) = (14 + VEop. (QUVED) ) U(VED),

corresponding to a normal form reduction and a rescaling in time.

COROLLARY 3.5. — The equation in U is

(3.18) at0+%op€(¢,4)0 = op.(B)U + VeE,  B:= ( XO(f)BT(O\/Et,z,f) 8 )

where B” is defined in (3.11), and F satisfies the same bounds as F in Lemma 3.1.

Proof. — By definition of U and (3.6), there holds

o0 = 14+ Q- %opswo +op.(B(VEL) ) (14 + QU

— (1d+ Q)™ (=0p. ((AQ)(VED) U +VEF),
where Q is short for \/zop, (Q(v/zt)). There holds
op. (i4)(Id + Q) = (Id + Q)op, (iA) + v [op. (iA4), 0 (Q(VED))],
so that
(Id + Q)™ "op (iA4) (Id + Q) = op.(i4) + vz(Id + Q) op, (iA4), o (Q(v/1))].
Besides,
(Id + Q) 'op.(B(vet))(1d + Q) = (Id + Q) 'op.(B(Vet)) + VeRo,

where Ry denotes a uniform remainder, in the sense of Definition 3.2. The equation
in U thus appears as

. 7 .
815U —+ %Ops (A)U

= (14 + Q)" (0p.(B(VEH) — [op. (i4), 0p. (Q(VER))] — £0p (hQ(VE) ) U + VEF,
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with the source

F:=RU - (Id+ Q) 'F.
By Proposition 3.3, the leading term in the right-hand side in the equation in U
reduces to (Id + Q) 'op.(B). Now, expanding the inverse of Id + Q in Neumann

series and using the fact that op.(Q) is a uniform remainder, we see that there holds
the identity (Id + Q)™ =1Id + /2Ry, so that

(Id + Q)™ 'op.(B) = op.(B) + vzRo.

Thus the above equation in U reduces to (3.18). Since op.(Q) is a uniform remainder,
there holds ||Ul|cs < |U]lcs < llif|es and [|(Id + Q)" Flcs < ||F)lc.s, hence the
bound [|Flle,s S [[Fle,s- =

REMARK 3.6. — Note that we do not really need Q bounded, only 1/eQ small. In
this sense we could approach the resonance much closer. We will do exactly so in
Appendix 6.3, specifically in the proof of Lemma 6.17, where we derive bounds for
the symbolic flow.

3.1.2.3. Space-frequency localization. — By the assumed polarization condition (see
equation (2.6) in Assumption 2.2), there holds

tr (I3 (€ + k) B(uo1 (0, 2))a(€) B(uo,—1 (0, 2))ILi (€ + k)) = |a(z) *T(€),
where a is the leading amplitude in the initial datum (1.2), and T is introduced

in (2.10).
By continuity and decay of a at spatial infinity, there exists zo € R? such that

(3.19) 0 < |a(xo)| = sup |a(z)].
z€R

By compactness of R12 and positivity of the stability index I' (defined in (2.11)), the
function Re F(§)1/2 is not identically zero on R15. Then, for some &, € Ri2,

(3.20) 0 <~ =| max Re (F(ﬁ)l/Q)‘ is attained at &o.
£ER12

NOTATION 3.7. — Given two cut-offs 01,05 € CX(RY), with 0 < 01,05 < 1, we
denote

01 < 0

to indicate that 0y is an extension of 01, in the sense that (1 — 63)0; = 0. In other
words: 05 =1 on the support of 0.

We denote g, ¢, ¢1 smooth spatial cut-offs, and xg, x, x1 smooth frequency cut-
offs, such that ¢; € C°(R%), x; € Cfo(Rg), with 0 <¢; <1,0<x; <1, ¢; =1 on
a neighborhood of zg, x; = 1 on the neighborhood R, of the resonant set Ris, and

Yo=Y <Y1, Xo=X=<X1-
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We will further (see in particular Propositions 3.14 and 3.17 and Remark 3.18) choose
the support of x; to be small enough, and the support of ¢y to be large enough.
Corresponding small parameters are h > 0 for the frequency truncations (as in the
first paragraph of Section 3.1.2.2) and 6,, > 0 for the spatial truncations (see the
proof of Proposition 3.14 below).

We let
(3.21) V = op. (x) (¢U),
and
(3.22) W = (W1, W2) = (0p. (x) (1 = 9)0), (1= 0p.(x))0):
so that
(3.23) U=V + W+ Wa.

LEMMA 3.8. — The system in (V,W) is

1
oV + %opg’(M)V = eFy,
(3.24)

Lo

with symbols

v A 3 _ (A0 _( =wo)xiB 0
M = ix1 A — Vep1 B, A.—(O A)’ D.—< 0 N

and source terms Fy, Fy satisfying the same bound as F in Lemma 3.1.

Proof. — There holds

(]

0V = ——=op.(x) (#op. (A)T) + 0p. (x) (#op.(B)U) + vzop. (x) (¢ F).
Using the identity op.(x) = op.(x1)op.(x), we compute
op. (x) (pop:(A)U) = op.(xX) [, 0P (A)]U + [op.(x), 0. (A)](¢U) + op. (x1.4)V.
Similarly, using the identity p1¢0 = ¢,
op. (x) (op. (B)U) = op.(x) (#1le, op. (B)]U) + [op. (x), ¢1]op. (B) (¢U)
+ ¢1lop- (x), op. (B)(U) + pr0p. (B)V.

Commutators being O(e) (in the sense of Proposition 6.6), the leading order term in
the above right-hand side is the fourth term o;op,_(B).

We now use the tensor product structure of every entry of B in order to express
the operator op, (¢1B) as a para-differential operator. Going back to the definition of

symbol B in (3.18) and B” in (3.11), we denote
Biy = g(t, x)Il1, 41 B(€1)1>
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the top right entry of B”, and similarly Bis the corresponding entry in B :
p10p.(Bi2) = ¢1(2)g(Vet, x)op, (xoll1, 41 B(€1)la).
By Remark 6.4,
o1(x)g(vet, z)op. (xolly 41 B(&1)z) — op? (ng(ﬁt)X0H1,+1B(51)H2))
= (p1@)g(vat,2) — op? (p19(v/2t,2) Jop. (xoIl1 41 B(E)IL2),
hence, by Proposition 6.8,
H( p10p. (Bi2) — op¥ (p1B12) )VHES Sellerg(Vet)le,

with V := op_(xoIl1 +1B(€1)2)V. By (6.5), [V|r= < |V|L2, since xo is smooth and
compactly supported.
The same is true of course for the other entry of B, and we arrive at

(3.25) H( p10p.(B) — opf(wll’g’))VHE .S SellVge.

Gathering the above results, and using op.(x1.A) = op?(x1.A) (Remark 6.4), we
obtain (3.24)(i), with the source term

Fy = Veop.(x)(¢F) — é (ops(x)[%ops(A)}U + [op. (x), op. (A)] (U ))
+ op. (x) (¢1p. 0p.(B)]U) + [0p.(x), p1]op. (B) (¢U) + ¢1[op. (x), op.(B)](¢U)
+2772(p10p.(B) — op! (¢1B) ) V.

The fact that Fy satisfies the same bound as F' and F follows from (3.25) and the
elementary results of Appendix 6.1.1.

VLo,

The equation in W7 is derived in the same way, the only difference being the use
of (1 —po)(1 —¢)=(1-¢) in place of 10 = . o

Finally, the equation in Wj involves the source term op,.(1 — x)op.(B)U. The
symbol (1 — x)B vanishes identically, by (1 — x)xo = 0 and definition of B in (3.18).
Hence, by estimate (6.6), there holds op, (1 — x)op.(B) = eRo, where Ry is a uniform
remainder (in the sense of Definition 3.2 page 33). O

System (3.24) is the prepared system, in which

— the symbol M is the key term; it involves the diagonal hyperbolic operator A in
a neighborhood of the (1, 2) resonance, and the interaction coefficients associated
with (1,2) via B",

— the source term in the right-hand side of the equation in W; will be made
small, by choice of a spatial cut-off ¢g with a large support, exploiting decay at
infinity of the leading profile of the WKB solution;

— the equation in W5 is non-singular, a consequence of the normal form reduction
of Section 3.1.2.2.
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3.1.3. Duhamel representation. — In this Section we use Theorem 6.14 from
Appendix 6.2 and write an integral representation formula for the variable V' intro-
duced in (3.21). From this representation we derive an upper bound for || V|| s.

The symbol M of the propagator in the equation (3.24)(i) in V is

iX1H1 —VEbia 0 0
—ebar  ixipe 0 e 0
(3.26) M(e,t,z,§) = ix1.A— Vep1B = 0 0 ixiAs o0
0 0 0 ceeAXTIAg
where
— the cut-offs functions ¢y, x1 were introduced just below Notation 3.7 on
page 36,

— the shifted eigenvalues pq = Ai(- + k) — w and ps = Ay were introduced in
(3.15),

— the NV x N extra-diagonal blocks are
(327) bz == xo(&)pr(@)g(Vat, 2)b5(),  bar = xo(&0)er(2)g(Vet, @) by (€),

where

(3.28)  b(€) =I(E+k)B(EN2(€), by (€) :=T2(§) B(e- 1) (€ + k),
are the interaction coefficients associated with resonance (1,2), in the sense of
Definition 2.5.

By regularity of the eigenprojectors (Assumption 2.1) and the approximate solution
(Assumption 2.2), Assumption 6.9 is satisfied, where z, is the maximum of all |z|
with x in the support of ¢;.

The symbolic flow Sy of M is defined as the solution to the initial-value problem

1
NG

PROPOSITION 3.9. — For allT >0, all0 <7 <t <T|lne¢|, a € N¢, there holds

|09 So(T,t)] < |Ine|™ exp ((t — T)’}/+),

(3.29) OSo+ —=MSy =0,  Sp(r,7)=1d.

where

(3.30) vt = |a|pe ! max Jte (F(§)1/2)|,
EeR),

12

and |Inel* denotes |Ine|N" for some large constant N* > 0 depending on all param-
eters, but not on € nor on T,t.

Note that v is 1-homogeneous in a, while ~, defined in (2.14), does not depend
on a.
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Proof. — The proof is postponed to Appendix 6.3. It uses elementary linear alge-
bra, rendered non-trivial by the fact that the resonant frequencies are asymptotically
close to crossing points in the spectrum of M, and a non-stationary phase argument
analogous (and complementary) to the normal form reduction of Section 3.1.2.2. [

Proposition 3.9 verifies that the flow of M defined in (3.26) satisfies Assump-
tion 6.10.

Thus, Theorem 6.14 from Appendix 6.2 page 106 applies, and the unique solution
to (3.24)(i) satisfies the representation

(3.31) V = opZ(S(0;¢))V(0) + \/E/t op! (S(t'; 1)) Fy (') dt’,
0

where S(t';t) = Zogngg Sq, the leading term Sy being the symbolic flow (3.29),
and the correctors Sy, for 1 < g < qo, being defined in (6.19). The order go of the
expansion is a function of I and T, as seen on equation (6.29) page 107. The source
term Fy can be expressed in terms of Fyy and the datum V/(0), as in (6.26). The
bound (6.27) implies

(3'32) ||FV||E,S < ||FV||E,S + ||V(0)||s,s~
Proposition 3.9 and Lemma 6.12 imply that op? (S(#';t)) satisfies the bound
(3.33) lop? (S(t's )05 < [el*e=7 |ol.s,  ve H".

From there, we deduce the bound, for s > 0 :

V#)lles <

~

¢
e el V() s + £/ Inel* / B (1) e
0
According to Lemmas 3.1 and 3.8, there holds
(3.34) 1Pl S (L4 2l 2] o) (VED s + 5.
Going up the chain of changes of variables (3.21)-(3.22), (3.17), (3.5), we see that

(3.35) la(vet)le,s S NV, W)(B)lle,s-

Since by assumption K < K, + 1/2, we conclude that
(3.36)
V(©lles S

~

X ln€|*et7+
t
+e'2|Inel* / (1 4 V2 () oo ) | (V, W) ()| s .
0
3.1.4. Lower bound. — We now choose the datum
(3.37) w(0, x) = e et™ EoTR/E b0 (1),

where g is the spatial truncation introduced just below Notation 3.7 on page 36, and
the fixed vector €, satisfies

(3.38) o = My (& + k) B(e1)a(§o) B(e—1)1 (& + k)éo, |eo| = 1.
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The matrix ITy (§o+ k) B(€1 )2 (&) B(€—1)I11 ({0 + k) has rank one by assumption (rank
at most one by Assumption 2.6(iii), and at least one by I" # 0), so that by (3.38) the
vector € is defined as the unitary generator of its image.

LEMMA 3.10. — With the choice (3.37), the datum for V is
V(0) = leiwéo/ey, 4 5K+1/2T~/05, Vo := @o(x) (é’o, 0,..., 0), sup ||1~/O€||5,8 < 00.
0<e<eg

Proof. — We denote in this proof f§ any family of H® maps such that

sup | f5le,s < o0
0<e<eo

With this notation, given a Fourier multiplier P € SY and f € C2°, there holds
(3.39) op.(P)f = P(0)f +<f;.
With the choice (3.37), there holds
U1(0) = eXemm/2op_(IIy) (e TR/ o) = e e™ 0/ op_(TT1 1 (¢y 1)) Poo-
This implies, by (3.39),
U1(0) = X ei®80/2 00 ()T (Eo + k)& + ef5 = eXei™ /50y (z)ey + £fF,

the second equality by Iy ({9 + k)éy = €y. Next we compute, for j > 2, using (3.39)
again,

op, (IT;) (" (€0 Th)/e g = et (o RI/= oy (2)IT; (&0 + k)éo + e ;.-
This gives U;(0) = ef§, since II;(& + k)éy = 0 for j > 2. From there, we obtain
01(0) = U1(0) — VERoU(0) = eXe™ /gy ()éo + VESS,
and

Vi(0) = e™op. (x) (pe™ /o) & + "1/ f§ = ¥ op. (x 1) o0,
since o = g, and then with (3.39),

Vi(0) = e 5 x (€o) o (w)do + X2 f5.
Since x(&) = 1, we obtained the first component of V' (0). We conclude with
V;i(0) = op.(x) ((ef§ — VEROU(0))) = Vefs, =2
O

LEMMA 3.11. — For the datum V(0) described in the above Lemma, there holds for
small enough p > 0, for some C(p) > 0:

_ . ot
(3.40) ‘opg’(S(O;t))V(O)‘Lz(B(%,p)) > C(p)e’ (e” — 12| Inel*et” ),

where ¥~ :=~ min |a(x)|, with v as in (2.14).
|[z—z0|<p
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We recall that notation |lne|*, introduced in the statement of Proposition 3.9,
denotes |Ing|N", for some N* > 0 independent of ¢, t.

Note that the lower rate of growth v~ in (3.40) is 1-homogeneous in a, just like
the upper rate of growth v (3.30) and unlike coefficient v (2.14).

Proof of Lemma 3.11. — By Lemma 3.10, the datum V(0) decomposes as a leading
term and a remainder eX*+1/2V. By (3.33), there holds

lop? (S(0; ) (" TH/2V )12 S 12 el

We turn to the action of op? (S) on the leading term e?*0/¢V; in V(0). By Remark 6.2,
op(S(050) (¢ /W) = el [ S8 010,260 + =6) Vafe) de,

where S(0;¢,2,¢) := (]—"711/)*5‘(0;25)) <§’€>’ with S(0;t,2,€) = S(0;t,ex,&). This
gives

opf(S(O;t))(e”fO/EVo) = 6”'5‘3/55(0;t,x,§0)vo(x) + eV,
where the remainder f/'o is the sum VO = %1 + %2 :

= 3 [es ([ 088) 0t ergyar ) BTRE) e

la|=1
VOQ—Z .7: (05 ¢)(y, &) (/850t$ 57y§0)d7>dyv()()
la|=1
There holds

Vor|2(B(xo.0y) < P72 fuﬂil |0¢S (-, &) Lo (B0, VOl pr1asa+ -
S

By Remark 6.3 and Lemma 6.11,
0S| < |S|p + 0S| pe S e V2 Inel*e.
By Remark 6.3 and Proposition 3.9,

Vo2l 12(B(ao,p) S sup [0:5(05 1, €o) Vol 25w 1) S [Inel"e o
S

It remains to bound from below the function S(0;¢,x,&y)Vy on B(xg, p). Note that
here £ is frozen at &y, so that the regularity issues of Appendix 6.3 do not come into

play.
The symbolic flow S is defined just above Lemma 6.13 on page 105 as

S(O;t) =5y +51/2(Sl 4+ 6’1071/23%).
Lemma 6.11 implies the uniform bound

V2| Sy + - 072G, | < eV Inel*e".
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According to Section 6.3.2, and especially (6.37) on page 111, the leading term Sy
decomposes as

So(0;t,2,&) = exp (tM(O,x,ﬁo)/\@) + 61/22, where |X] < etr"
We are left with the matrix exponential exp (tM(0,z,&)/+/€), where M is given
explicitly in (3.26). At & = &, there holds 1 = pe, so that

exp (EM(0,, &) /VE) = diag (e"2(E)/VE exp (1N1()), (¢ (€)/VF)

- 0 b12(0, 2, &)
M“)"(Em(o,x,so) T )

where b1y and by, are defined in (3.27). Tt has rank two, by Assumption 2.6(iii), and
spectrum

35;’9)'

The matrix M is

{0’ +tr (ElQ(Oa Z, EO)BQl(Ov €, 50)1/2} = {0’ i|a(x)| (PY + ia) }’

where o := Sm (F(§0)1/2). (For a detailed computation, see the paragraphs just above
the statement of Lemma 6.16 in Appendix 6.3 on page 109.) By definition of z and &
in Section 3.1.2.3 on page 36, there holds v # 0, and |a(z)| # 0 locally around xg. As
a consequence, locally around xg the matrix M has a smooth spectral decomposition

VI(z) = a(2)(y + i) (P4 (2) - P_(2)),
with rank-one projectors. The ranges of the eigenprojectors (eigenspaces of M ) are

Ran Py (x) = {c(€o, :EZW%), s (C}.

In particular,

- o\ —1/2
(341)  Pu(@)(@,0) = (14 (b21(0,2,60)y al@)|7)*) T (@,0).

This gives for x close to xg :
| exp (tM () Vo(2)| > C(x)e" ™7 — |P_(x)(&, 0)|,
where C'(z) # 0 in a neighborhood of g, and the result follows by

1/2
(3.42) < / e?tal@)y da:) > C(p)et
B(zo,p)
with C(p) = O(p?). O

REMARK 3.12. — In (3.41) we see that PyVy = (x,0). For op?(S(0;))V, which, at
a given (t,z), is a vector in CV/ :

op? (S(0:)V(0) = ((op? (S(0; )V (0))1, 0p¥ (S(056)V/(0))a, .. ) € TV XV,

this implies that the leading term is (op? (S(0;¢)V(0));. This observation will be useful
at the end of Section 3.1.6.
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3.1.5. Existence over logarithmic times and upper bound. — We denote
(3.43)
(V(0),W(0)), with V(0) as described by Lemma 3.10, and [|[W(0)||..s = O(e¥),

the datum derived from u(0) (3.37) in the coordinates (V,W) of the prepared sys-
tem (3.24).

We prove here existence and uniqueness of a solution (V,W) to (3.24) issued
from (3.43), over the interval [0,Ty+/c|Ine|), where the limiting time Tp is defined
in (2.12).

The difficulty is in the treatment of the L norm.

In a first part (Section 3.1.5.1), we perform estimates in FL! norm on the prepared
system (3.24) and combine these with Sobolev estimates on W from (3.24) and the
upper bound (3.36) for V' that we derived from the Duhamel representation (3.31);
here we use the bound |u|gs < |G]f1.

In a second part (Section 3.1.5.2), we only use Sobolev estimates on W from (3.24)
and the upper bound (3.36); there we use the Sobolev embedding |u|p= < e~%?|ju|. s,
for s > d/2.

3.1.5.1. In FL' and H®. — An observation time T} is given, such that
K

3.44 T < im—s

34 " [Blofalrs

where notation |B|o is introduced in (2.13).

LEMMA 3.13. — If oo = 1 on a large enough ball around xq, and if € is small

enough, then the initial value problem (3.24)-(3.43) is well-posed in FL' over the
interval [0,T1|1nel], and there holds the bound

(3.45) sup  |FV, W)t < ™,
0<t<Ti|Ine|

for some 1 = n1(e,Ty) > 0, with m — 0 as Ty — K/(|Blola|r1) and € — 0.
Above, FL! is the Banach algebra of maps u with Fourier transform @ in L*.

Proof. — While a para-differential formulation of (3.24) was useful for the Duhamel
representation of Section 3.1.3, we return here to a purely pseudo-differential formu-
lation of (3.24). This simply means changing op? (M) into op.(M) in the left-hand
side, an operation that takes one term out of the source Fy, (namely, the term in the
third line of the definition of Fy in the proof of Lemma 3.8).

Being symmetric hyperbolic and semilinear, the initial-value problem (3.2)-(3.37)
is locally well-posed in FL'. Since the prepared system (3.24) derives from (3.2)
via Fourier multipliers, and since Fourier multipliers operate in FL! (as evidenced
by (6.4)), the initial-value problem (3.24)-(3.43) is also locally well-posed in time.

From (3.37), we infer, via (6.4), that there holds |(V,W)(0)|zz: < X, on top of
the bounds given in Lemma 3.10 and (3.43).
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The local-in-time existence theory (based on the Cauchy-Lipschitz theorem)
gives a notion of maximal existence time, which we denote T,(g). The func-
tion t — |F(V,W)(t)|1: is continuous over [0, T} (¢)). Consider the set

Ji={t € (0. T(e) N (0, T1VE mel), V¢ € (0,0), [F(V,W)(E)]e <™},

where 0 < 71 < K will be appropriately chosen below, depending on T7.
We are going to prove that, for € small enough, J is non-empty, open and closed
in (0, 77v/2|Ine|]. This will prove well-posedness over [0, T} /€| In €], by connectedness.
By |F(V,W)(0)|p: = O(e¥) < ™ and continuity of ¢t — |F(V, W)(t)|11, we see
that J is not empty. The fact that J is closed follows immediately from its definition.
Now given ¢ € J, there certainly holds (¢t — ¢,t] C J for some ¢ > 0. Therefore we
only have to prove that [¢t,¢ + ¢) N (0,T1v/¢|lne|] C J for some ¢ > 0.
After applying the Fourier transform to both equations in (3.24) and factorizing
the oscillations, we find, for a given ¢t € J :

t
V(1) = e~ it0aAEO/VEY (o) 4 / efz'(tft’)(xlA)(sax)/\/E( F(op(p1B)V) + \@pv) at’.
0
and

t
W(t) = e tAEO/2Ti (0) + / e IO/ (F (op, (D)W) + By ) dt',
0

The symbols A and A are diagonal and real, so that |e®A(&)] < 1, [e*A©)] < 1.
Besides, by Young’s convolution inequality, and recalling that the norm in use in C
is the sup norm,

[op-(e1B)V| < [Blol1lualiio(v/Z)|oa V],
where | B|g is defined in (2.13), and similarly
|0 (D)W | 111 < (1 = wo)uo(vet) iz [BIIW| L.
There holds over [0, T1|Inel] :
lto(Vet)|pr < la|pi+Cove|lnel,  [(1—po)uo(vet)|rrr < [(1=o)alzr1+Cove|Inel,

where Cy > 0 is independent of €, ¢, and depends on d;ug, which according to Assump-
tion 2.2 belongs to C°H*«, hence to FL'. As ¢y — 1 (the function identically equal
to 1), there holds |¢1]r: — 1 and |(1 — ¢g)a|zL: — 0. In particular, for any d,, > 0,
we can choose ¢q, ¢1 such that

[B1lrr < 1+ 6, |(1 = wo)alFrr < gy

Thus we obtain

t t
V(#)lzr S €™ + [Blo(1+ 8, ) (]2 + Covel ln6|)/ IV(t’)Ilet’Jr\@/ By [padt’,
0 0

t t
|[W(t)| 1 §€K+|B|(5WO+CO\/E‘ 1n€|)/ ‘W(tl)|L1 dt/-i-\@/ | Fw |1 dt’.
0 0
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With the FL! bound for (Fy, Fyy) derived from Lemma 3.1 and |i| s < |V, W|xp1,
a consequence of (6.4), this yields, using t € J and K, +1/2 > K :

(7, W)l S el + (1Blo(1 +040)(alzs + Cov/el nel) +™ )

t
< [ I
0
for d,, small enough (depending on B and |a|z1). We now let
(346) 2771 =K — |B|0‘CAI|L1T1.
Then, for € small enough, and J,, small enough, depending in particular on 77, there

holds

3 N R
5771 < K — ‘B|0|(1|L1T1 — (5711 + CO\/a 1H€||B|0(1 + 5¢0) +5@0|B|0|G‘L1>T1.

With the above bound in |(V, W)|,: and Gronwall’s lemma, this implies, for & small
enough,
(3.47) \F(V, W) ()| <e®/2m e

Then, by continuity of t — |F(V,W)(t)|p1, we obtain |F(V,W)(t + {)|x < ™
if ¢ and e are small enough. This concludes the verification that J is open in the
interval (0,71+/¢|1lnel). The bound (3.47) is then valid over [0,77+/2|Ine|], and this
is (3.45). O

PrOPOSITION 3.14. — If w9 = 1 on a large enough ball around xg, and if € is small
enough, the solution (V,W) to system (3.24) issued from (3.43) is defined over the
interval [0,T1|1nel], and there holds the bound

(3.48) [V, W) () ]le.s S 5[ Inele?”.

The observation time 77 is introduced at the beginning of this Section, and the
amplification rate 4T is defined in (3.30). The spatial cut-off ¢q is introduced just
below Notation 3.7 and intervenes in the equation (3.24)(ii) in W.

Proof. — We compute 2Re (A*0, W, A*W )2, where A® is the Fourier multiplier de-
fined by A® := op_(1+ |- [*)®/?), and W solves (3.24)(ii). By symmetry, the contri-
bution of A is zero, so that

(3.49) 0 (IW2.0) < 2(1A°0p (D)W |2 + /| Fyw |lo,s) [ W s
By (6.6),
(3.50) lope (D)A* W2 S (1 = wo)uolzee [Wlle,s < g [We.s,

where 6,, > 0 can be made arbitrarily small by letting ¢o = 1 on a very large ball
around x, since ug decays at spatial infinity. The commutator is estimated by (6.8)
(here, we use again the fact that every entry of D is a tensor product Dy (z)D2(£)):

(3.51) (A%, op (D)W |, < ellttallzrs [[W]e,s-1-

~
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By Lemma 3.13, there holds for ¢t < Tj|In¢] :
(3.52) [a(Vet) | < |Fu(Vet)|p S IFV, W) ()| <™,

where 1 is defined in (3.46). A bound for Fy is given in Lemmas 3.1 and 3.8.
With (3.52), this bound is

1Fwlles S (14 2EM) |V, W + e
We obtained, for € small enough,

t t
WIS+ b [ IWEIE dt +em [ IVW)EIE, dt
(3.53) 0 0

t
LKt/ / W () "
0

Going back to the upper bound (3.36) for V' and exploiting (3.52), we see that there
also holds

t
(3.54) IVE)|les S Xl +5’71|1n5|*/ eIV W) ()| e .
0

From (3.53) and (3.54), and K, + 1/2 > K, we find that the scalar quan-
tity y(t) := maxyep,q |V (#)|e,s + [[W(t')||c,s satisfies the bound

¢ ¢
y(t) SEth'ﬁ“ngrﬂ +/ 5%1/(75/) dt'—i—Em‘lnd*/ e(t—y)‘y*y(t/) dt'.
0 0

By application of the Gronwall Lemma of Appendix 6.4, this gives (3.48), under extra
conditions on the small constant ¢, implying conditions on the support of ¢q, which
are 171 — 0,011 > 0 and vyl|a|ge > 0y -

The fact that the a priori bound (3.48) translates into a bound from below for
the existence time follows from a classical continuation argument, similar to the one
detailed in the proof of Lemma 3.13. O

REMARK 3.15. — It would be tempting to use FL' bounds in conjunction with the
Duhamel representation (3.31) of V, instead of FL! bounds for the equation (3.24)(i)
in V| in the hope of obtaining a better estimate on the existence time, one that would
involve v|a|;1 instead of |B|o|a|r:. This would require FL! — FL! estimates on
pseudo-differential operators which, as far as we know, are not known to exist.

REMARK 3.16. — Going back to the proof of Proposition 3.14 and using in (3.53)
the bound (3.48), we see that W enjoys the better upper bound

N
< elmT1000/2 4 KA =T1000)/2| I g|*e1" | t < Ti|lnel.

~

W (#)lle.s

This will be useful in Section 3.1.6.
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3.1.5.2. In H°. — We revisit here the estimates of the proof of Proposition 3.14, and
give a slightly different existence result. We now consider an observation time 75 such
that

(3.55) Ty < K-dj2
Yal L

Recall that h > 0 intervenes in the upper rate vy defined in (3.30); it plays the role
of a security distance from the resonance. By continuity, there holds v+ — |a|p=~~ in
the limit A — 0.

PRrROPOSITION 3.17. — If w9 = 1 on a large enough ball around xg, and if € is small
enough, the solution (V,W) to (3.24) issued from (3.43) is defined over [0, T3] Inel],
and there holds the bound

(3.56) IV, W) (0)lle,s S 5[ nefet”.

~

Proof. — We go back to the proof of Proposition 3.14. Instead of appealing to
Lemma 3.13 to gain control of the L> norm of %, we use the Sobolev embedding

(3.57) | pee < Coae™¥?|0]lcs,  Coa>0, veH s>d/2,

and control of ||@]s,s by ||V, W]|c s, as in (3.35), as follows:

Local-in-time well-posedness in H* is granted by symmetric hyperbolicity, the semi-
linear nature of the nonlinearity, and s > d/2. Let Ti(e) be the maximal existence
time (® in H*. Consider the set

J = {te 0, T..(2)) N (0, Tov/e| Inel], VH € (0,8), |a(t)|p~ gem},

where 75 > 0 will be chosen appropriately below, depending on T5.

We now prove that, given ¢t € J, for some ¢ > 0 there holds [¢t,t + () C J. Just like
in the proof of Lemma 3.13, this will imply T, (e) > T2+/¢|lne| by a connectedness
argument.

From (3.57) and Lemmas 3.1 and 3.8, for ¢ € J we deduce for the source term Fy
the bound

[Fiwlles S (1472 [V W]l + 5
Combined with estimates (3.49)-(3.50)-(3.51) in W, this gives the bound, for t € J :

t t
W ()12 §€2K+6¢0/0 W ()12 s dt’+€"2/0 IV W2 < dt

t
+ sKaH/?/ W (#) s .
0

2. The fact that notation Ti(e) was already used, with a different meaning, in the proof of
Lemma 3.13 should not be a factor of confusion, since this use of Tk (e) is confined to the present
proof. Same for J below.
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By (3.36), for t € J :

1V (t)

t
o S mele”” w e el [TV it

0
By application of Lemma 6.18 we deduce from the above bounds the inequality

(3.58) IV, W ()]s S e¥nel*e™”,  te

for é,, small enough (depending on 72, T> and ). By (3.57) and (3.35), this implies
|iu(t)| oo < eB79/2) ln,»5|*et“’+7 teld
We let
2ny = K —d/2 — Toyla|pe.
Then, if h is small enough, there holds (3/2)ny < K — d/2 — Toy™. This implies,
for £ small enough, the upper bound [1(t)|p= < /272 and we conclude as in the

proof of Proposition 3.14: the bound (3.58), which we now know to be valid over the
interval [0, T2+/|Inel], is the bound (3.56). O

3.1.6. Endgame: proof of the deviation estimate (2.16). — Let T" < Tp be
given, where the limiting observation time 7} is defined in (2.12). By Propositions 3.14
and 3.17, the solution (V, W) to the prepared system (3.24) is defined over [0, T|Ine|].

Consider first the case
_ K
|Blola|z:’

and the bounds of Section 3.1.5.1 apply.

Ylalp= )

3.59 T — e
(3.59) b Blolals

so that Ky = K(l

From the Duhamel representation (3.31) and the bound (3.33) for the action of
op.(9), we find the lower bound

[V(T|ne|) S(0;T|Ine|)V

| LB Z [P O] L2501

(360) T|Ineg| P
—C\/§\1n5|*/ T el=t 0 | By (¢ ot
0

From the upper bounds (3.32) and (3.34) for Fy, and (3.35) and Proposition 3.14, we
deduce

VEI By (1)] 2 S 5712 4 Xt 4 (17 1 il Vat) )X e

By Lemma 3.13, there holds |u(v/et)|p~ < €™ for t < T, under condition (3.59).
Together with K, + 1/2 > K, this implies that the above upper bound in Fy takes
the form

(3.61) VEIFy (8)|pe < e 4 eftmetr”

We now use in (3.60) the lower bound for op.(S(0;¢))V(0) given in Lemma 3.11 and
bound (3.61). This shows that |V (T'|Ine|)|12(B(ay,p)) is bounded from below by

C(p)eX=T7 — Cllne|*cX+/2-T7" _ CT|Inel*eXtm-T7",
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Up to a multiplicative constant, we can rewrite this lower bound
eK-Tv (1 —C|In s|*e"1_T(7+_77)>.

The smaller the exponent K — T+, the better the above lower bound. Under (3.59),
there certainly holds

Ko< K-Tv",
since v~ < ~la|pe. However, for any K’ > Ky, by choosing p small enough in
Lemma 3.11, and by choosing Ty — 7" small enough, we can achieve

(3.62) Ko< K-Ty <K'

Besides, given T' < Tp, we can choose h in (3.10) and p small enough, possibly even
smaller than above, so that, for € small enough, the minimal amplification rate v~
defined just below (3.40) and the maximal amplification rate ™ defined in (3.30) are
close enough so that

m

t e
(3.63) 7T <

where 7; is defined in (3.46). This implies
S 1
|L2(B(wo,p)) =9

for Ty — T, h, p, and & small enough. Now with (3.23),

(3.64) |V(T|Inel) C(p)e—"17",

|U(T|Ine] |V (T|ne] W(T|Ine|)|r2(ra)-

) 22 (Beowy) 2 ) 2250 ~ |

By Remark 3.16 page 47, there holds

W (T|Ine))| g2 < eK+0m—Tideo)/2=Trs.

If we now make sure, by choice of h, p, that

771 - 6(,0(] Tl

+ _ —
(3.65) =T < o7,

then the exponent K — T+~ in the lower bound for V(T'|ln¢|) is strictly smaller than

the exponent K + (11 — 0,,71)/2 — T in the upper bound for W (T'|In¢l), and the

above shows that |U(T'|In¢|)|12(B(x,,p)) €njoys the same lower bound (3.64) as V.
Still going up the chain of changes of variables, we arrive by (3.17) at

Ul 22(B(zop)) 2 1UlL2(B(z0.0)) — €/ * | RoU 2z

Since |RoU|p2 < |V, W]z, it suffices to use Proposition 3.14 again. This time there
is no need to further shrink our parameters, and we obtain that U satisfies the same
lower bound as V.

Finally, by Remark 3.12, the leading term in V(T|lne|) is the first compo-
nent Vi(T|lnel) € C¥, in the sense that all other components are smaller by a

MEMOIRES DE LA SMF 142



3.2. PROOF OF THEOREM 2.7: STABILITY 51

factor €'/2, so that Vi(T|lne|) enjoys the lower bound (3.64). The same is true
for U, (T|In¢|), and finally for Uy, which shows that

(3.66) (Ve | L2(B(ag.p) = CeX 71T

The lower bound (3.66) implies the deviation estimate (2.16), and concludes the proof
of the instability statement in Theorem 2.7, in the case (3.59).
In the case
K K —d/2
|Blolalz Y0alpe
we use the bounds of Section 3.1.5.2 instead of the bounds of Section 3.1.5.1, and
arrive at (2.16) in exactly the same fashion as above.

, sothat Ky=d/2,

REMARK 3.18. — The choice of parameters is made in the following order: un-
der (3.59), given K’ > Ky, we choose T} so that (3.62) holds for all p < po(T1).
Associated with this T3, we have 7; defined in (3.46). Depending on 7, 71 and 7,
we choose ¢q so that the conditions on d,, that are formulated in the proofs of
Propositions 3.14 and 3.17 hold. Then, we choose h and p < po(71), so that (3.63)
and (3.65) hold. From there, the final deviation estimate (2.16) holds if € is small
enough, depending on all the other parameters.

3.2. Proof of Theorem 2.7: stability
We assume I' < 0 and define a perturbation unknown by
(3.67) u=:u, +e"u, with (1+d)/2 <rx <min(K, K,).
In a first step, we follow closely the analysis of Section 3.1. The unknown u satisfies

1 1
a . *A . Aaw . " . n—l/QB .’. _ _K.—r E.
U+ 5 ol + 122(1 0,0 7 (ug)t+e (0, 1) — ¢ re

By the change of variables (3.3), we arrive at (3.6), and verify as in the proof of
Lemma 3.1 that the source term F' satisfies the bound

s S (14" 2 i poe) [t s + ™77
By the Sobolev embedding |i|z~ < Ce™%2|1]|.s, and (14 d)/2 < &, this yields
(3.68) 1Flle.s S (1 llalles)llle,s + €%,

Then we perform a normal form reduction as in Section 3.1.2.2. By Assumption 2.6,
Proposition 3.3 page 33 holds true. This gives a symbol @, by which we define

U(t) := (Id + vEop.(Q(t))) ‘U (1),

corresponding to (3.17) without the rescaling in time. Indeed, we prove here stability
in time O(1), whereas the instability analysis of Section 3.1 takes place in short
time O(y/g|Inegl).
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As in Corollary 3.5, we find that the equation in U is

. 7 . 1 - . < X()BT 0
U + — U=— B)U + F B =
U+ Lop.(AU = ~-op.(B)U + F. (% o)
where A is defined in (3.7) page 30, B" in (3.11) page 32, and F satisfies bound (3.68).
The compactly supported frequency cut-off xg, introduced in Section 3.1.2.2 page 32,
is identically equal to one in a neighborhood of the resonant set Rqs.

3.2.1. Symmetrizer. — By Assumption 2.2, there holds ug: = g(t,x)éi,
and wp,_1 = g(t,xz)*€é_1, with ¢ € C and constant vectors €4,. In particular,
the symbol B, defined in (3.11) page 32, appears as

W:( 0 mm%yg)

g(t, ) "Dy (€) 0 ,

where b}, and by, (3.28) are the interaction coefficient associated with resonance (1,2).
Since T < 0, going back to the definition of T" in (2.10)-(2.11), we see that I'(§) < 0 on
the whole resonant set R1o. In particular, if the support of x; is small enough (that
is, contains R12 and not much more), there holds

(3.69) [(€) = trbfyby, (€) <0, for all £ in the support of xi.

LEMMA 3.19. — Let C1a,Co1 : £ € Q — C12(£),Ca1(€) € CVN*N be smooth families
of matrices defined in a bounded open set Q C R?, and such that

(3.70) rank C1o =rankCo; =1  and tr C12Co # 0, ceq.
Then, there exists smooth scalar maps c12, co1 and a block-diagonal, smooth family of

P,
change of basis P = ( o 0

such that tr C1oCs1 = c12¢01, and, given complex
0 P227

numbers v1o,v91 € C:
(3.71)

0 v12C12 (0 Ci ~ VijCij 0
=P ~ P. Ci; = 7
< V21021 0 > (021 0 ) ’ * < 0 OC(N—l)x(N—l) ),

with
(3.72) 235 |08 P(&)| + [0¢ P~ (&) < o0, a e N

Proof — In a first step, we work with fixed £ € Q. Given a vector z € CV, we
denote 2 = (7,0) € C?V and zy = (0,x) € C?V.

By rank C15C5; < rank Co; = 1 and tr C12Cy; # 0, there holds rank C12Co = 1,
and for some A3 # 0 and some e € CV, there holds C15C21e = Aise. The vector e
generates the range of Cys.

By symmetry, the same holds for C3Cis : for some vector f € CN, there
holds Co1C1of = Aoy f, with A3 # 0. The vector f generates the range of Co;.
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Besides, rank 012021 = rank 021 implies dim ker 012021 = dim ker 021 =N — 1,
hence equality of the kernels: ker Cy; = ker C12C5;. Denoting {ay, - ,an_1} a basis
of ker Cyy1, we find that {e,ay, -+ ,an_1} is a basis of CV, since e ¢ ker Cy;. Then
the family {e?,d?, - - 7a§v71} is a basis of CV x {0}.

Similarly, denoting {b1,--- ,by_1} a basis of ker C13 = ker Cy1Ca, since f does
not belong to ker Co, the family {f,bi,...,by_1} is a basis of CV, and the fam-
ily {f¢,b14, -+ ,bn—14} is a basis of {0} x CV.

Consider now Caie and Ciaof € CV. The vector Core belongs to the range of Caq,
hence it is colinear to f. There cannot be Cy1e = 0, since then C15C51e = 0, which does
not hold. Hence Csie = co1 f, for some co1 # 0. Similarly, Ciof = ¢i2e, with ¢15 # 0.

In particular, 0120216 = C12C21€, SO that tr 012021 = C12C21.

0 v12C12 )7 there holds the iden-
v21Co1 0

tity Qag = 1/21(07021ai) = 0, and similarly, szﬁ = 1/12(012()1‘,0) =0. Besides, there
holds Qeﬁ = 1/21(0’ C21€) = V21€21fu7 and thi = V12(012f7 0) = V120126ﬁ-
The above implies that for the matrix P defined by columns as

Then, given the matrix C := <

(3.73) P = col (eu, ag, e ,afl_l, fabigs - bn1p)

there holds (3.71).

The trace of C15C5; is bounded away from 0 on the compact Q. It is also equal
to A12. This means that the image and kernel of C15C5; are strictly separated over
the domain €, implying smoothness of the projection onto the kernel and parallel
to the image. This, in turn, implies existence of a smooth basis of the kernel (see
Kato’s treatise [26], Section I1.4.2). Since ker C12C5; = ker Coy, this means that we
can choose the a; to vary smoothly over ). Similarly, we can choose the b; to vary
smoothly over €.

We can also choose e and f to vary smoothly in &, since these are eigenvectors
associated to simple eigenvalues. Then P is smooth, and everywhere invertible, with
determinant bounded away from 0 on €. This gives regularity of P~! by the coma-
trix formula, which translates into estimate (3.72). Finally, the ¢;; are smooth by
consideration of (3.71). O

Assumption 2.6(iii) ensures that the rank condition (3.70) is satisfied by the ma-
trices C12 = bfy, Co; = by;. Thus we apply Lemma 3.19 to these matrices, with
coefficients v15 = g(t, ), vo1 = g(t,x)*, and suppy; = Q. This gives a change of
basis P. We coordinatize

U =: (U12,W3) € CN x CU=DN,
and let

VO = op. (i P )0, W i=op.(1—x1)0i2, WO = (W, W),
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so that

Ua = op.(P)V®) + Wl(s).
Here the exponent (s) indicates that these local unknowns are used only in this stabil-
ity proof, and distinguishes these from unknowns V, W7, W5 in the instability proof.
This is relatively heavy notation, but we will not carry it very far.

LEMMA 3.20. — There holds
1
815‘/(5) + gOpé.(M]_Q)V(S) — FV;

(3.74) !
8tW(S) + gOpg(ZA)W(g) = FW7
where
My, = < iM41—w)  —VEgxobi2(§) > b < mij 0 >
*\/gg*XObQI(g) A2 ’ Y 0 Ocv—1)x(v—1) ’

with m;;(€) such that
[(§) = tr 1 (§ + k) B(e1)Ha(§) B(e-1)I11 (€ + k) = mi2(§)mai(§).

The diagonal Fourier multiplier Ay is

A 0 .
A, ::( Y ) Aay = diag(Ng, ..., \).

The sources Fy and Fy satisfy bound (3.68).
Proof. — The change of basis P being block-diagonal (3.73), there holds
P< A1,+(1) w AOQ ) _ ( A1,+6 w AOQ )P.
Besides, by estimate (6.6):
op. (x1P)op. (xoB") = op.(xoPB") + R,

where Ry is a uniform remainder in the sense of Definition 3.2, so that
op. (x1P)op. (xoB")U12 = 0p. (xoPB' P~ )V top. (xaPB")W;” +eRo (V) + 7).
But then

op. (xoPB )W¥ = op. (xoPB")op. (1 — x1)U12 = eRoU,
since xo(1 — x1) = 0. By Lemma 3.19, there holds for £ in the support of x; the
identity

0 b
PB P! = < b 0 >

The above verifies the form of the equation in V). For the equation in Wl(s), we use

op. (1 — x1)op.(xoB") = op.((1 — x1)x0B") + Ry = R,
by (6.6) and (1 — x1)x0 = 0. O
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The symmetrizer is defined as the Fourier multiplier

Idy 0
)= < 0 —miy(§)mai(§)~'ldy
where mJ, denotes complex conjugate of mi2. We then choose any extension to all
of Rg so that S is smooth, real diagonal, with diagonal entries bounded and bounded
away from zero. We note that since miame; € R, there holds m7,/mq; € R, so that,
in particular, S* = S.
The coefficients m;; are bounded on the support of x;. Besides, by (3.69) and the
fact that I' = miameo1, they are bounded away from zero on the support of y;. This
implies the bounds

) ,  for £ € supp x1,

(3.75) lulr> < lop.(SY?)ulL2, uwe L?
and
(3.76) lop.(S)ulle,s < llulle,s, we H.

The fact that S is a symetrizer is expressed in the following lemma:
LEMMA 3.21. — There holds for all w € H® the bound
(377 Re(op.(S)op.(Muz)u+ (0p.(S)op.(Mi2)) w, u) | S eljullfe.

Recall that if z € C, then z* denotes complex conjugate, if z € CV*N_ then z*
denotes complex transpose, and if z is linear bounded L? — L?, then z* denotes the
adjoint operator. We use the latter in (3.77), and all three in the forthcoming proof.

Proof. — We compute

op.(S)op. ( i1 —w) 0 ) ops< g —w) 0 >0p5(5),

0 )\2 0 Z>\2
and
iMgr—w) 0 _ _ i(A41—w) O .
Opa < O AQ - OpE 0 )\2 ) OpE(S) - Ops(s)a

so that the diagonal entries of Mj5 contribute nothing to (3.77). Next we compute
0P (—1miamay Jop. (Xog b21) = g*op.(xobiz) + Ro,
via (6.6) and definition of b;;. This implies

0 gXxob12 ) . ( 0 gxobi2
- €

3.78)  op.(S)o
319) onSon. (0 I

) + ERo.

Besides, using (6.6) once more,

*

0 gxobi2 ) < 0 gXob3, >
0 =0 + Ry,
Pe ( 9" Xob21 0 Pe\ 9" xobis 0 0
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so that

0 gXobi2 )* « < 0 —gXob12 )
3.79) o op.(S)* =0 + eRy.
( ) Pe < g*X0b21 0 ps( ) Pe Q*XobTQ 0 0

With (3.78) and (3.79), the contribution of the extra-diagonal entries of M2 to the
left-hand side of (3.77) has the form eRe (Rou,w)r2. This concludes the proof. O

3.2.2. Uniform bounds. — We use the Fourier multiplier A* = op_ ((1+]-[?)%/?),
and compute

8t(|0pE(Sl/2)AsV(S)’22> — 2Re (op.(S)A* 9V, ATV
Following (3.74), the above right-hand side decomposes into two terms. The first is

—f§Re< S)op. (M12)A* V), Aév(s))L2

T: (0P5<S>OPE<M12>ASV“> + (0p.(S)op. (Miz)) ATV, ATVE)
and, by Lemma 3.21, is controlled by ||V ||2 . The second term is

|23 (0p.(SA*Fy, AVO) | S IV IV

S (@ alle ) lles + =) Ve,

the first inequality by (3.76) and the second by estimate (3.68). Gathering the above
estimates and using ||i]|. s < |[V®, W), s and K, — x > 0, we obtain

L2

(3:80) 0u(|op. (82N VO[2,) S IV ey + [V, W2
Besides, from (3.74) we deduce
(381 AWIZ) SHEw llesWPles S IWO s + IVE, WO,

From (3.80)-(3.81) and the lower bound (3.75), we deduce the stability estimate
VO WS, <eX7r0(T,),  0<t<T,.

The stability estimate (2.17) then follows from ||i]. s < |[|[V®), W®) || ,, and definition
of 4 in (3.67).
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CHAPTER 4

OTHER PROOFS

4.1. Proof of Theorem 2.9
The differences with the main proof (Sections 3.1 and 3.2) are essentially notational.

An issue that we face right away as we consider more than one non-transparent
resonance is the definition of the frequency-shifted and projected variable U. Consider
indeed the case of a set Ry of non-transparent resonances equal to

Ro = {(L 2)7 (27 3), (3> 1)}

It is easy to see that shifted and projected variables, following (3.3), are not appropri-
ate. That is, if we let U; = e~*op_(I1; )i and Us = op,(I3)u to account for the (1,2)
resonance, and then Uz = e®op_(Il3)% to account for the (2,3) resonance, then the
frequency shifts in U; and Us are not suitable for the (3, 1) resonance.

We overcome this issue by localizing the definitions of the projected variables (Sec-
tion 4.1.1). This is relatively straightforward, but notations are heavy.

Then, by taking advantage of the partial transparency hypothesis (Assump-
tion 2.8(ii)), all couplings are eliminated, except for those describing non-transparent
resonances. This is done in Section 4.1.2.

No further difficulty arises, and the estimates, both in the stable and unstable case,
are similar to the estimates in Sections 3.1 and 3.2.

4.1.1. Coordinatization. — The perturbation variable « is defined by

U =:Uq + ™1,
with £ = 0 in the unstable case, as in (3.1), and (1 4+ d)/2 < £ < min(K, K,,) in the
stable case, as in (3.67).

Associated with (7,7) € Mo, we define smooth frequency cut-offs y;;, ng, such
#
j
that the support of ng is a small neighborhood of R;;. All truncations are compactly

that x;; < x;, (in the sense of Notation 3.7 page 36), with x;; = 1 on R,;, and such
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supported (owing to Assumption 2.8(i)) and take values in [0, 1]. The normal form
reduction of Section 4.1.2 will require the supports of ij to be not much larger
than Rz]

Let 4 such that (i, j) € Mo for some j. We let I, = {j € [1,J], (i,7) € Ro}. A local
variable associated with resonance (i, ) is defined by
(41) uj; = OpE(XU)e_ZBOpE(Hl)U, JE Iz+
We let I, = {j" € [1,J], (j/,i) € Ro}, so that if i is such that (j’,i) € Ry for some
index j', then I is not empty. A local variable is defined by
(4.2) ui = op.(xji)op.(I)u, — j' €1 .
We now let
(4.3) v; = 0p, (1 =Y )1 — Y. Xj'i)Opg(HiW,

jert Jer;
where (xi;)—1 = x4;(- — k), in accordance with (3.8), so that
(4.4) op. (I;)u = v; + Z eieu;-"j + Z (O
jer jrel;

and of course u is then reconstructed by summation of (4.4) over ¢ € [1,J]. By

convention, sums over empty sets are equal to zero.

REMARK 4.1. — If (1,2) € Ry, then the variables that describe the (1,2) resonance
are uj, and uy;. Indeed, 2 € I;" and 1 € I, . Thus uf, and uy, will play here the role
played by variables U; and Us in Section 3.1.2.1.

We now introduce a more compact notation. Variables are indexed by resonant
indices (i, j), the position + or — in the resonance (meaning first or second term: ¢
or j in (4,7)), and also the nature of the variable: “inner” variables are denoted by
the letter v and “outer” variables are denoted v.

We introduce the set of indices

(4.5) A= {(i,out), i € [1,7]} | {(i,,p.in), (i,5) € Ko, p € {+,—}}.
The associated local variables are (uy)aes :
u, a=(i,j,+,in)
U, =
v, = (i,out).

We denote x, the truncation in u,; this is the truncation that appears in (4.1) or
(4.2) or (4.3), explicitly:

Xija a:(i,j,—i—,in),
Xjis O‘:(ia.ﬁfain)a

1= Z (Xij)-1 — Z Xji, o= (i,out).

jer j'er;

MEMOIRES DE LA SMF 142



4.1. PROOF OF THEOREM 2.9 59

‘With the notation

[ = (i), for some (i,5),
“7 10, otherwise,

it appears from (4.1)-(4.2)-(4.3) that there holds

(46) Uy = Op, (XﬁaHimLéa)uav Xa = ng'

The derivation of the coupled system satisfied by the u, is essentially identical to
the computations of Section 3.1.2.1. We find

1 . 1
(4.7) Opuy + —op,(ipa)uy = —= Z Z op.(Bpag)us + Fq,
c Ve p=+1p€A

where
— the symbols of the propagators are
Xi41 —w, a=(i,7,+,in),
o= { Ais € {(i,j,—,in), (i,out) };
— using (4.4) and (4.6), we find that the symbols of the coupling terms are

(4.8) Bpap = ei(piéa+5ﬁ)0Bpaﬁv Bpap = Xa,+(p—6a+5ﬂ)X,ﬁGHi:-i-(p-i-%)BPHi’,-&-M’

for p € {-1,1}, (o, 8) € A x A, where B, is defined in (3.9) page 31;
— as in Lemma 3.1 page 31, the source term F satisfies

(4.9) IFalles S (1+ e 2 poe) ]| e s + 57"

4.1.2. Normal form reduction. — The goal is to derive from (4.7) a reduced sys-
tem in which non-resonant and non-transparent coupling terms do not appear. This
is done by a change of variables that is very much similar to the one conducted in
Section 3.1.2.2, and now described in some detail. The difference with Section 3.1.2.2
is that in the current context of several non-transparent resonances, a partial trans-
parency assumption bearing on non-transparent resonances (Assumption 2.8(ii)) has
to be introduced in order for the normal form reduction to go through as before.

Recall that Ry denotes uniform remainders in the sense of Definition 3.2. Here in
a slight misuse of notation we also denote Ry any symbol such that the associated
pseudo-differential operators are uniform remainders in the sense of Definition 3.2.

PROPOSITION 4.2. — Under Assumption 2.8(ii), given (a, ) € A x A, p € {—1,1},
equation

(4.10) i(_£w+“a’+[ —[,l,g)ang = Bpap + Ry, {=p—64+ 03

has a solution Quus € S° except if (a) p = 1, a = (i,j,1,in), B = (j,i,—1,1n)
with (i,7) € Ro, or (b) p=—1, a = (i,5,—1,in), = (4,4,1,n), with (j,7) € Ro.
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Proof. — Following (3.28), we denote b;;- and by, the interaction coefficients associated
with a given resonance (i, 7) :

(411) b;; = Hi+1B(€1)Hj, bj_Z = HjB(g_l)Hi7+1.

We let a = (4,],q,in) or a = (i,out), and 8 = (¢/,5',¢’,in) or f = (¢, out). On the
complement of the support of Bp,g a trivial solution to (4.10) is Qeap = 0, so that it
is sufficient to consider (4.10) for frequencies such that X, 4 (p—s5.+s,) 7 0 and Xﬁﬁ £ 0.
We go over most cases in detail. In all cases Assumption 2.8(ii) is invoked. We call
“phase” the scalar —fw + po, ¢ — B in factor of the unknown Qqs, and “source” the
right-hand side B, in the homological equation (4.10).

e “in-in” coupling terms: here « = (i,7j,q,in), 5 = (¢,j',¢,in). There are four
subcases.
ee If ¢ = ¢’ = 1, then the source terms and phases for p =1 and p = —1 are
Biog = g(t,x)Xij,Jrlngj,bZ,,H, with phase (A; +1 —w — A\i/)+1, and
B 1ap = g(t, )" Xij,1Xj by, with phase —(Ay 11 —w — i),
respectively. We recall notation from (2.6): ug1 = g(t, )€1, uo—1 = g(t,x)*e_1.
If (4,1") ¢ Ro, meaning that (i,4') is a transparent resonance (or is not a resonant

pair), then by definition the phase (\;+1 —w — A;i/)41 factorizes in the interaction

coefficient b

sir +1- This implies that the symbol

-1
(4.12) glt, ) (N1 —w — )\i’)+1 Xij,+1X§’j’b;/,+l
is bounded, belongs to SY, and provides a solution to (4.10).
Otherwise (i,i') € PRo. By definition of the truncations associated with non-
transparent resonances, the phase \; 11 —w — Ay is bounded away from zero over the
support of 1 — x;;7. Thus for p = 1 it suffices to solve (4.10) for the source terms

Xii',+1B1apg = 9Xii/,+1Xij,+1X§fj/bZ/,H7 with phase (A;, 11 —w — Air)41.
We now invoke the transparency condition (2.18) from Assumption 2.8. Indeed,
by (2.18), the interaction coefficient b;;,7 41 1s transparent on the support of X/, 1 Xg/ Iz
if the supports of these cut-offs are tightly cut around the corresponding resonance
sets. Again, this implies that (4.12) is bounded, belongs to S° and solves (4.10).
In the case p = —1, the same argument applies.

ee If g =1, ¢ = —1, then the source terms are

Biap = QXijxg-fifb;E/, B_1ap = g*Xij,—2X§"i'bi_i'7_1-

Again, if (4,7") ¢ Ro (for p = —1, if (¢/,4) ¢ Ro), the corresponding equation (4.10) is
solved by dividing the source by the phase. Thus it suffices to solve (4.10) for
+

Xii' Biag = gXii/Xinﬁ-/i/b with phase A\; 11 —w — Ay/;

Xiti,~1B-1ap = 9Xi/i,-1Xij,—2X§wbi_if,_l, with phase —(Air 41 —w — Aj)—1,
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assuming (¢,4") € Ry in the case p =1 and (¢',4) € Ry in the case p = —1.

For Biag (p = 1), we use (2.19) if 5/ # i or ¢/ # j. Indeed, given £ € Ry, if in
addition & belongs the support of x;;, then & belongs to a neighborhood of R;;. Since
frequencies that belong to R;i» N R;; necessarily belong to {\; = A;}, we can indeed
use the partial transparency condition (2.19).

The remaining case for p = 1is (¢, j') = (j,). Then, there holds o = (¢, 7, 1,in) and
B8 =(j,i,—1,in). But then (i,4") ¢ Ro, otherwise we would be in excluded case (a).

For B_1,3, we use (2.18) again.

In the remainder of this proof, upon consideration of an interaction coefficient,
we will always assume that the relevant resonance, that is (i,4') if p = 1 and (', 1)
if p = —1, is non-transparent. Otherwise the reduction is trivial, meaning that we do
not need to appeal to the partial transparency conditions (2.18) and (2.19) and may
simply solve (4.10) by dividing the source by the phase, without having to consider the
form of the truncation functions.

ee If g = —1, ¢ =1, then the source terms are
Biag = 9Xjit2X b 10 Boias = 97XGiXh i
It suffices to solve for
Xiir 41B1ap = 9Xiir 41X, 42X ;008 1, with phase (A; 41 —w — Air)41;
XiriB_1ap = Q*Xi'inixg/j/b;-u with phase —(\ir 11 —w — X)),

For the first source term (p = 1), we use (2.18). For the other source term (p = —1)
we use (2.19) unless (i, j') = (4,4), in which case « = (i, 7, —1,in) and 8 = (5,4, 1,1n).
Then, (j,1) ¢ Ro, otherwise we would be in excluded case (b). Hence the interaction
coeflicient b, = b;i is transparent on the support of y;/;.

ee If ¢ = ¢’ = —1, then the source terms are
Biap = ngz-,ﬂxg/i,b;, B_10p = g*xjixg-/i,b;-,ﬁl.
It suffices to solve for
Xii' Blag = gxii/xji,+1x§/i/b$,, with phase A; 11 —w — Air;
Xiti,—1B-1a8 = g*Xi’i,71in,71X§'/i/b;i/7717 with phase —(Ai/ 41 —w — A\j)—1,
For both terms (2.18) applies.

e “in-out” coupling terms: we consider first uj; /vy coupling terms, that is corre-
sponding to « = (i, j,¢,in), 8 = (¢, out).

ee If ¢ =1 and p = 1, the source and phase are

#
9Xij (1 - Z (Xirj7) -1 — Z Xj’i’) b, and A1 —pw — A

J'Eery jrely;
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Since we may assume (4,i’) € Ry, there holds 7 € I, and the phase is bounded away
from zero on (1 — x;i)f. Therefore it suffices to solve for the source terms

gXii,X’l—ng’j”flbz’zi/, jl I~ I,j;7 and gX'“"XZJX‘g/rL/b:’;/, j/ c I’;’ j/ # i
Conditions (2.18) and (2.19) apply to the first and second terms above, respectively.

ee If ¢ =1 and p = —1, the source and phase are
#
9" Xij,—2 (1 =D Xeper— ) Xj/z’/) by and - — (A1 —w = Ai) 1
JEr J'El;

We apply the same reasoning as in the previous case: we may assume ¢ € Ij , SO
that the phase factorizes in the source term over the support of 1 — y;/;, and as a
consequence it suffices to solve for the source terms

Q*Xz'%,—1Xij,—2X5/j/7_1bi_i/,_1a j' eI}, j' #1i, and Q*Xi’i,—lXij,—ZXE'/i/bi_i/,_l, jel;.
Conditions (2.19) and (2.18) apply to the first and second terms above, respectively.

oo If ¢ = —1 and p = 1, the source and phase are
#
ngi,+1(1 - Z (Xirj7) -1 — Z Xj’i’) b, and A1 —w— Mg
Jerf; J'Eelr;
Here i € I, so that in the above source term, we can multiply by x;» and neglect

the term (1 — x;)*. The remaining source terms are
9Nt Xjir 1 Xeryr b, G € IE,and XXX b, 5T € I, 5 A .
Conditions (2.18) and (2.19) apply to the first and second terms above, respectively.

ee I[f g = —1 and p = —1, the source and phase are
#
Q*in,—l(l _ Z (Xi’j/)*l — Z Xj’i’) bi_i’,fl and — (>\i’,+1 — W — )\1‘),1.
Jery 3 m

By the same arguments as above, it suffices to handle the source terms
g*Xi/iv_1in7_1X§/jl,—1bi_i/,—17 j’ S I;',_ j/ 7§ i, and g*xi/i7—1inv_1X§/i/bi—i/,—l, j/ c 117

Conditions (2.19) and (2.18) apply to the first and second terms above, respectively.

+

Next we turn to v;/u;;

and 8= (¢,j',¢,in) :

, coupling terms, corresponding to indices o = (i,out)

ee If ¢ =1 and p = 1, the source and phase are

9<1 =D X — Y in,+2>X§fj/bZ/,+1 and  (Aj41 —w— A)q1.
jer jer;

By the same arguments as above, it suffices to handle the source terms

Xt 41 X5 1 X 0 1, GE LT, G A0, and gxi pixgiraXh bl 1, GET
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Conditions (2.19) and (2.18) apply to the first and second terms above, respectively.

+

ee The other three terms associated with v; /u;; i couplings are entirely similar.

e “out-out” coupling terms and phases are, in the case p =1:

g(0=> i = D i) (1= D Xeio1— D X)Wy iy —w = Air,

jert jeI; jery Jel;
and in the case p = —1:
* f, —
g (1= Xij—2— > Xiie1) (1= D Xijm1— > Xgr) by 15 v —w=Ai) 1.
jerft jeI; JEL) jrel;

Employing the same arguments as in the “in-out” case, we are reduced to considering
the source terms, for p =1

9Xiir (Xigs FXGai+1) (Xirjr —1X550 )by g1 € LEN{i'}, ja € I, j1 € I, gy € 1;\{i}.

To the terms involving j; and jj, condition (2.19) applies. To the terms involving js
and ji, condition (2.18) applies. The case p = —1 is handled in the same way. O

REMARK 4.3. — At first sight it might like look condition (2.18) is too strong for our
purposes, since it involves intersections of only two resonant sets, while the interaction
coefficients B, involve three frequency cut-offs. A look at (4.12) shows however that
we cannot do with less than (2.18). Indeed, given (i,i") € o, for the normal form
reduction to go through the symbol in (4.12) has to be bounded for all values of j, j’
(such that (¢,7) and (¢, j") € Ro), including j =7’

System (4.7) has size N x |A|, where |A] is the cardinal of A defined in (4.5). We

let
Qo) = Z (i+8a=0200y, o (=p+03s—6a,
pe+l

where Q/q 3 is given by Proposition 4.2 for relevant indices, meaning all p, o, 3 at the
exclusion of cases (a) and (b), and Quap := 0 otherwise. We then form a large ma-
trix Q € CNVIAXNIAl by assembling the N x N blocks Q(a,5), and, similarly to (3.17),
let

(4.13) U= (Id+ﬁOpE(Q(ﬁt)))_lU(\@t), U= (Ua)acs, U=t (8a)acs.

It can then be checked, exactly as in the proof of Corollary 3.5, that U solves the
reduced system

1 N NS .
(4.14) Oy, + %ops(wa)ua = op.(Bag)ug + VeF,
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where the only remaining source terms correspond to constructive interactions be-
tween non-transparent resonances, that is

Biag, if a=(i,j,1,in), 8= (j,i,—1,in), with (7, j) € Ro,
(4.15) Baﬁ =< B_yap, ifa=(i4,—1,in), 8 = (j,4,1,in), with (j,i) € Ro,

0, otherwise.
According to (4.8), if o = (4,7,1,in) and 8 = (4,4, —1,in), then By,4 simplifies into
Bmﬁ = X?jHi,JrlBlHja
and if a = (i,7,—1,in) and 8 = (4,4, 1,in), then B_1,4 simplifies into
B_1as = X;ILB_AT1 41

In particular, in (4.14) there are no fast oscillations in the source. System (4.14) is
the reduced system, analogous to system (3.18) in the case of one non-transparent
resonance.

4.1.3. Space-frequency localization. — We now isolate the family, indexed by
the set Ry, of 2N x 2N subsystems in (4.14) that correspond to non-zero coupling
terms Eag, just like the subsystem corresponding to resonance (1,2) was naturally
isolated from the rest of (3.18).

We let U;; = (11;;7 ﬂj_z)’ and
(4.16)
Vij i= op.(xij) (#iUi3), Wij1 = op. (xi3) (1 = ¢35)Ui;), Wijz = (1 = 0p.(xi)) Ui

so that, just like in (3.23), U;; = Vi; +W;;1+Wija. The spatial cut-off ¢;; is identically
equal to one in a large neighborhood of x; it is associated with truncations gpgj, <p§j
such that <p',’»j < @i < gogj.

We then verify exactly as in Lemma 3.8 that, with this further coordinatization,

the reduced system (4.14) takes the form of the prepared system

1 .
0 Vij + %Opg}(Mij)Vij =VeFy,, (i,5) € Ro,

1
HW + %ops(iA)W = op. (D)W + eFw,

(4.17)

where
— the interaction matrices M;; are

i(Ai41 — w) _\/g(pgngiHrlBlHj )

418)  My(e,t,2,8) =X *
(4.18) i( ) I\ VRl g T BT 4 A
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— the variable W is the collection of all u,, for which the source terms Baﬂ are
all equal to zero ), and all (W;;1, Wijs), for (i,5) € Ro,

— the Fourier multiplier A is diagonal and purely imaginary,

— the source term D depends linearly on (1 — SDE-j)u&i]. In particular it can be
made arbitrarily small, by choosing the support of cp';j large enough, since ug, 41
are decaying at infinity,

— the source terms Fy;; and Fw are bounded as was F, in (4.9).

In (4.17), we see 2N x 2N interaction systems, indexed by (i,j) € Ro, that are
weakly coupled with a large system in W. The system in W is symmetric hyper-
bolic with very small linear and nonlinear source terms. The coupling terms between
the subsystem indexed by Ry and the system in W are the source terms F' in the

right-hand sides. We call these coupling terms weak because of the /2 prefactors.
System (4.17) is the prepared system, analogous to system (3.24).
4.1.4. Conclusion. — From (4.17), the estimates are as in the case of one non-

transparent resonance.

Assumption 2.8(iii) allows for large-rank interaction coefficients for those reso-
nances (i,7) € Ro for which one interaction coefficient is identically zero. In such
cases, the bounds for the symbolic flow are trivial. Indeed, equation (3.29) page 39

reduces to ~
9,5 + e ( Xl —.\@bij ) S =0,
Ve 0 EX 1M
a triangular system of ordinary differential equations. The corresponding bounds are
(4.19) 2S(r ] S 1+ (E =),

where r is the rank of b:;

For the other pairs (¢,j) € PRo, we have an amplification coefficient v;; defined
in (2.22). With ~;; are associated an upper rate of growth 'yi‘;-, defined as in (3.30), and,
unless v;; = 0, a lower rate of growth ~;;, defined as in the statement of Lemma 3.11.
Both depend on how tightly we cut around the resonance. This is quantified by
parameters h > 0 (in frequency space) and p > 0 (in physical space).

In the unstable case T' > 0, we isolate (ig, jo) such that

V= Yiojo = WAX ij > 0.
The other components have slower (maybe not strictly slower) rates of growth.

Given (7,7) € Ro, if v;; > 0 we use the Duhamel representation formula as in
Section 3.1.3, and this gives an upper bound for V;; that is analogous to (3.36).

1. Corresponding, by definition of Bag in (4.15), to all a such that for all 8, there holds condi-
tion (e, B) # ((i,4,1,1n), (4,4, —1,in)), for any (i,7) € Ro, and («, B) # ((4, 4, —1,in), (§,4, 1,in)), for
any (j,1) € Ro.
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Given (i,7) € Ro, if v;; < 0, then we use a symmetrizer to estimate V;; as in
Section 3.2, and if ;; = 0, we simply use bound (4.19).
This gives upper bounds as in Propositions 3.14 and 3.17:

—K * +
(4.20) 1(Vij) 5.5y e30s W) (E)le,s S €57 [Inel"e,

where k intervenes in the definition of « in the first line of Section 4.1.1. The upper
rate of growth v is defined from v by (3.30). The above estimate is valid for T' < T,
where T is defined in (2.12).

By an appropriate choice of the initial datum (namely, (2.27)), we derive a lower
bound for the distinguished variable V;
Section 3.1.6.

In the stable case T' < 0, all resonances (i,7) € Rq are symmetrizable. We define

ojo as in Section 3.1.4, and conclude as in

a symmetrizer by blocks, and proceed as in Section 3.2.

4.2. Proof of Theorem 2.11

4.2.1. Preparation. — The perturbation variable is defined by
(4.21) u=:uq +'/%a,

The '/2 prefactor will provide the necessary cushion as we follow the growth of a
component of the solution that might not have maximal growth. There holds the
bound ||u(0)||..s = O(eX~1/2).

We use the coordinatization of Section 4.1.1, leading to system (4.7) in the vari-
able U := (uq)aca. The source F, satisfies (4.9) with x = 1/2; explicitly

(4.22) |Folrz < 1+ |i|peo)|i|pe + eem1/2,

~

In the present context, the non-transparent resonance (1,2) plays a distinguished
role. The associated variables are (uj5,uy;) € C2V, as defined in (4.1)-(4.2). We now
eliminate from the system in U all the coupling terms B,,s which involve u or us;,
at the exception of the crucial interaction coefficients b}, and b3, :

PROPOSITION 4.4. — Under Assumption 2.10(ii), equation
(4.23) i( = lw+ pa o — p3)Quap = Bpap + Ry,  L=p—64+0p

has a solution Quap € S° for a = (1,2, +,in) and all (p, B) unless Bpap = Xiobly,
and also for o = (2,1,—,1in) and all (p, B) unless Bpag = X§2b51~ In (4.23), Ry is
such that op.(Ro) is a uniform remainder in the sense of Definition 3.2.

Proof. — We revisit the proof of Proposition 4.2. We are going to use the separation
condition (2.23).

In a first step, « = (1,2,+,in) and 8 = (¢,j',¢',in) are given. There are
four corresponding coupling terms. For p = 1 and ¢ = 1, the source has prefac-
tOr Xij,+1Xi'j’ Xii’,+1, which vanishes identically by the separation condition (2.23).
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The same holds, with a different combination of cut-offs, for indices p = 1 and ¢ = —1,
and for indices p = —1 and ¢ = —1. The remaining term is X‘hbﬁ.

Next 8 = (i/,out) is given, with the same «. Here the reduction is non trivial:
we use the fact that any phase is bounded away from its corresponding resonant set
to reduce the analysis to frequency sets which are intersections of supports of cut-
offs functions, as in the proof of Proposition 4.2. After this is done, we find in the
case p = 1 products X, xij(Xi'j,—1 + X;j7ir), with 5”7 # 4, in factor of the source. By
separation, these products vanish identically. The case p = —1 is similar.

The case &« = (2,1, —,in) is treated in the same way, by examination of the corre-
sponding cases in the proof of Proposition 4.2: all “in-in” coupling terms are trivial,
save for by, and all “in-out” coupling terms are trivial, except on frequency sets over
which the phase is bounded away from zero. O]

With Proposition 4.4, we define a change of variable Q as we did in Section 4.1.2,
and from there define U by (4.13). The variable Ujs = (i}, 15,) describing reso-
nance (1,2) satisfies

- A + B 5
(424) 8tU12+ (225} X12g(\/gtax>b12 >U12 — \EF127

1
f( —Xi29(VEt,x) by ifh2

while the other variables in U, which we denote (Uy)qarear, satisfy

(4.25) Oy + \[ops(zua o = Y Y op.(Bparp)ig + VeFy

p=+1p3cA’

where A’ is the set of indices alien to the (1,2) resonance:
A=A\ {(1,2,+,in),(2,1,—,in)}.

Equations (4.24) and (4.25) are coupled only via the source terms F.
Next we introduce unknowns Vi, Wia 1, Wia 2 that are local to the (1, 2) resonance,
as in (4.16), and arrive at the prepared system:

0:Via + \[OPE Y (My2)Vig = VeFy,,,
(4.26)

W + ope(zA)W = op.(D)W + /e Fw,

f
analogous to (4.17), where
- W = ((ua/)a/@y, Wig1, Wig2), so that U can be reconstructed from (Vi2, W)
(as in (3.17) and (3.23)), and there holds ||[Vizle.s + [[W/le,s S [|U|le.s;
— the interaction matrix M5 is defined in (4.18), with (¢,7) = (1,2);
— the Fourier multiplier A is diagonal and purely imaginary;
— the important difference with (4.17) is in the source D, which here is

D1 0 ( (1-¢3s)Bia 0 )
D = , Do = ,
( 0 Zp:il(Bpa’B/)a/,ﬂ’GA/ ) 2 0 0
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where Bis is defined as B in (3.18). The point is that D is not small: there
holds (?)

(4.27) | D(t, ,&)| < [uo(Vet, z)||BI.
— the source terms Fy,, and Fy satisfy bound (4.22).

4.2.2. Upper bounds. — The estimates for (4.26) differ from the analogous ones
conducted in Section 3.1.5 only in the estimate (4.27) for D.

PROPOSITION 4.5. — Given

K-1/2 K—(d+1)/2)
[Bllalgr * [Bllalge /7

if € is small enough, then the solution to (4.26) issued from ||(Vi2, W)(0)]c.s = O(eX),
with s > d/2, is defined over [0, T|Ine|], with the estimate

(4.29) |(Vig, W) () |lc.s S €B871/2|Ingl*etlBllaleee

~

(4.28) T < max (

Proof. — We follow Section 3.1.5.
First step: FL' estimates. We follow the proof of Lemma 3.13. Modulo differences
in notation, the only change is in the bound for D. Here we have, using (4.27):

lop. (D)W |1 < |Bllio(VEL) |1 [W]p.
This leads to

t
(Vao, W)(Olr S X2 el + (1B (16, (alos +OE™)) [ 1(Via, W)@
0

having assumed the bound |V12, W|L1 < ™ up to time t. Above d,, > 0 can be made
arbitrarily small. By the same argument as in the proof of Lemma 3.13, this shows
that the above bound propagates: there holds supy<;<r || |(Viz, W)(t)[ 71 < ™,
for any Ty < (K —1/2)/(|B||a|L1), for some ny = n1(Ty).

Second step: Sobolev estimates based on FL' estimates. We follow the proof of
Proposition 3.14. In the present context, the only significant difference is that instead
of (3.50), we have here

lop? (D)A*W |2 < | Bllug(Vet)| = [W]ls-
With the above first step, the source satisfies
(4.30) 1Fwlles S [IVig, Wlle s 4 €51/,
This implies the upper bound

t t
W2, < eV 4 (1Bllal +61/2|1n€|)/ ||V12,W||§,S+EK”/ IW(#).s dt'.
0 0

2. Multiplicative constants do matter here, since upper bounds translate into growth rates.
In (4.27), | - | denotes the sup norms in CN and CN*Y in accordance with notation set up on
page 20.
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The estimate for Vi is identical to the estimate in V (3.54). Just like in
the proof of Proposition 3.14, this implies, via Lemma 6.18, the bound (4.29)
K—-1/2
| Bl
with max(éo,'yo) = |B| \a|Loo.

for t < . Here we are using Lemma 6.18 with §p = |B||a|p=, Y0 = 712, and

Third step: Sobolev estimates based on the L — H® embedding. In the proof
of Proposition 3.17, we replace €7 with C(T3) > 0 in the definition of J. Indeed, in
Proposition 3.17, the role of 12 > 0 was to guarantee smallness of the nonlinear terms.
Here so long as 4 is bounded, the nonlinear terms are small, since (4.21) implied the
better estimate (4.30). This gives, exactly as in the proof of Proposition 3.17, the

K—(d+1)/2
bound (4.29) for ¢ < M O
|Bllalp=
4.2.3. Conclusion. — The lower bound is exactly as in the main proof (Sec-

tion 3.1.4). Starting from (3.60) with Vio in place of V, this gives
V(T ne])| 12(B(ag.py) = C(p)eX TNz — C|Inel*eK+1/2- Tk

(4.31) T|inel -
- CVe| lnE|*/ eI el=t0v | By, ()| 2t
0

The source Fy,, satisfies estimate (4.30). With Proposition 4.5 and its proof, this
gives

[Py (1)1 < X772 IneretiPlilam 4 et/
so that [Via(T|Ine|)|12(B(z,p)) is bounded from below by

1/9 Ty ot _ -
EK 1/2 T'ym_cllnE'*EK T’le—CHnE‘*EK T|Bl|l|al|r ,

up to a multiplicative constant. We now impose for the final observation time the
upper bound

1
(4.32) 5~ T(B| = m2)lalz= >0,

corresponding to T' < Tp, with notation introduced in (2.25). For T satisfying (4.28)
and (4.32), for h, p, c and e small enough, there holds the lower bound

Vi (T Ie])| p2(Bag,py > CF1/27 T2,

Hence the limiting amplification exponent K, satisfies K; > K — Tyia|a|pe, corre-
sponding to (2.24). The end of the proof, going up the chain of changes of variables
from Vis to 1, is identical to Section 3.1.6.
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4.3. Proof of Theorem 2.12

We posit here u =: u, + £'/%4, as in (4.21), and then follow closely the proof of
Theorem 2.9. The ¢!/2 factor in the definition of @ modifies the estimates for the
source terms F|, as in the proof of Theorem 2.11. This gives an existence time
K—-1/2 K—(d+1)/2>
|Blla[rr © ylalpe ’

T) = max (

with v defined in (2.22). Indeed, the numerators are as in (4.28), since the ansatz is
as in (4.21), and the denominators are as in Ty (2.12), since the assumptions are the
same as in Theorem 2.9. On [0,7v/|ln¢l], the upper bounds are identical to (4.20),
K=1/2)

except for the size O(e of the initial datum:

_ w it
(4.33) 1(Vig) .iyemos W) les S 5712 el

~

with v = 75/, (2.22), where V;; and W are defined exactly as in Section 4.1.3. The
estimate for the source term Fy, . is identical to (4.30):

(4.34) |Fy,

2

o2 SN(Vij) i gremo, Wiz + e

Now the difference is in the lower bound, which we consider on a small
ball B(zg,e%). We follow the proof of Lemma 3.11, until we arrive at (3.42).
In the present context, we replace (3.42) with

1/2
/ tha(a:)'y dr > Csﬁd/26t7|a|L°°,
B(IQ,EB)

for € small enough. Since by assumption 3d/2 < 1/2, this term is indeed the leading
term in the lower bound for the action of the solution operator on the initial datum,
and there holds

. o
(4.35)  [opY (S(0:£)Vigjo (O] 12 0 ey ZCgK(gﬁdﬂetv — 12| Inefret )

From (4.33), (4.34) and (4.35), via an integral representation of V; ;, (Section 3.1.3),
we deduce as in (3.60) and (4.31) the lower bound

|‘/iojo (T| 1n5‘)|L2(B(zo,55)) > C€K+Bd/2_1/2_T’Y‘a‘Lm - C| 1n5|*5K—T7+-

Since § < 1/d, given an observation time T' < T{/, as soon as h is small enough, the
exponent K + 3d/2 —1/2 — Tla|p= is strictly smaller than the exponent K —Ty",
yielding a deviation estimate. The lower bound for the amplification exponent is
od
K+ ? - 6/7|a|L°°7

corresponding to K{ given in (2.26).
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4.4. Proof of Theorem 2.13

We assume that given T' < T, for € small enough, the solution to (1.1)-(2.27)
is defined over [0, T/z|In¢[], belongs to C°([0, Tv/2|Ine|], H*(R?)), and is uniformly
bounded in (g,t,2). From there, we proceed to prove the deviation estimate (2.28).

Let K’ > 0 be given. The smaller K, the better the amplification in (2.28). In
particular we may assume K’ to be smaller than 1/2. We posit

u=:ug + ¥ 'u,
and, following the proof of Theorem 2.9, we arrive at a system that is identical

to (4.17). The upper bound for the source terms is here

1Fv s Fwlles < (145712 | o) | Vi, W]
for t € [0,T/e|Inel], for all T' < T

Next we follow the proof of Proposition 3.17 in order to derive an upper bound.
The control of L* is here a priori given, so that we can forgo the Sobolev embedding.

In particular, the above estimate for the source term simplifies into
1Fvy, Fiwlle,s < (14 V/2H5 (D) i 2 + 57,
for some C(T) > 0. This gives
(Vi) . yemos W)l S XK [ mel*e”, ¢ e[0,Ty/E|nel], for all T < T,

~

K,—K'
s tETT,

where v = v;,, (2.22). For the lower bound, we consider small balls with radius b,
as in Section 4.3. We arrive at

‘Viojo (T‘ ln€|)‘L2(B($O,8B)) > CstK’+Bd/27TW|a|Loo _ C| 1H€‘*€K7K/+1/27T7+

()| p2dt.

T|Ine
- OVEmel [Ty
With the above upper bound for Fy,,, this gives
[Vigjo (T Ine|)|L2(B(ao,e)) = CeK—K'+8d/2=Tlalroe _ 0| gt K —K'+1/2-T7"
- C| ln€|*5K_T7+.

Since K’ < 1/2, among the last two terms in the above upper bound, the biggest is
the second one. For T, — T small enough, and p, h and 3 small enough, there holds

0<K—K'+pd/2—Tvla|p~ < K —Ty",

and we conclude as in the other cases.
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CHAPTER 5

EXAMPLES

5.1. Raman and Brillouin instabilities

We consider here systems

1
—B(u,u),  A)= Y Ao,
\/E 1<j<d

where A satisfies Assumption 2.1, and B is bilinear CY x CY — C¥. We analyze the
stability of special solutions of the form

(5.2) uq(t,z) =a(n -z —71t) € CV,
with
(5.3) TespAn), a(y) =(aly),e)e, €cKerA(n)—rld, B(€€e)=0,

(5.1) Oyu + A(0z)u =

where (,-) denotes the Hermitian scalar product in C.

The systems (5.1) and solutions (5.2) that we are considering here are not exactly
typical of our main framework (1.1)-(1.2). We chose however to present our applica-
tion to the Raman and Brillouin instabilities first, since these are connected to the
Euler-Maxwell equations, which later on will be relevant for Klein-Gordon systems
(Sections 5.2 and 5.3).

The untypical features of (5.1)-(5.3) are as follows:

— the hyperbolic operator in (5.1) is non-dispersive, in the sense that Ay = 0.
As a consequence, the symbol A(§) is 1-homogeneous in &.

— The datum for (5.2) is not highly-oscillating, and the reference solution is

complex-valued. The reason is that the solution u to (5.1) describes a vector of

complex envelopes of highly-oscillating fields. That is, systems (5.1) and solu-

tions (5.2) can be thought of as resulting from a WKB approximation, and the
stability analysis is performed on the limiting system.

The solutions (5.2)-(5.3) satisfy Assumption 2.2, with v, = 0, S = 0, if a has a

large Sobolev regularity. Here (w,k) = (0,0) : the reference solution is not highly
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oscillating. In particular, in this context, resonances (Definition 2.4 page 18) are
crossing points on the variety:

Rij = {5 S Rd? )\Z(g) = )\](5)};

where A\; and A; are eigenvalues of A. By homogeneity of A, the eigenvalues are
I-homogeneous in &. In particular, if ¢ € S?! is a resonant frequency, then the
whole line defined by ¢ is resonant. As a consequence, the resonant set is bounded
(Assumption 2.8(i)) only if eigenvalues cross only at £ = 0.

A variant of (5.1) is given by systems
(5.4) Opu + éA(@I)u = éB(u, u),
with the same assumptions on A and B. We posit the ansatz
(5.5) u(e, t,z) = v(e, e 1/2, 51/236).

Then, u solves (5.4) if and only if v solves (5.1). Special solutions to (5.1) of the
form (5.2) correspond to special solutions of (5.4) of the form

(5.6) Ug (e, t,x) = a(51/2 (n-z— T;t))

Note that an instability in short time O(y/¢| Ing]) for (5.1) translates into an instability
in shorter time O(e|lng|) for (5.4), expressing the fact that (5.4) is more singular
than (5.1).

5.1.1. Three-wave interaction systems. — We consider here specifically
Byur + 10 B
uy + €10, u1 = —=UgUs,
tu1 + C10zUL NG 2U3
bo
5.7 Osus + Cco0pus = —=TUqus,
(5.7) tU2 + C20,U2 NG 1U3
Oz + c30pUs = —=uju ,
tu3 + c307U3 NG 1U2

where t € Ry, z € R, u; € C, with velocities ¢; € R and coefficients b; € R. The
reference solution (5.2)-(5.3) is explicitly

(5.8) ug(t,z) = (a(z — c1t),0,0) € R?,
corresponding to € = (1,0,0) € C3, (1,n) = (c1,1).

THEOREM 5.1. — The assumptions of Theorem 2.7 are satisfied by (5.7)-(5.8), with
stability index sgnI' = sgn babs. In the case babs > 0, this implies instability of arbi-
trarily small initial perturbations of (a(x),0,0) in time O(y/e|lnel), in the sense of
Theorems 2.7, 2.12 and 2.13.
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Proof. — Assumption 2.1 is trivially satisfied, since the hyperbolic operator is in
diagonal form. Assumption 2.2 is obviously satisfied by the exact solution (5.8).
Eigenvalues cross only at £ = 0. As noted above, this implies that the only resonance
is £ = 0, and Assumption 2.6(i) is satisfied. The linearized source B(u,) is block-

diagonal
0 0 0
Blug)=1| 0 0 ba |,
0 b3a 0

and (2, 3) is the only non-transparent resonance, so that Assumption 2.6(ii) is satisfied.
The trace of the product of the (rank-one, satisfying Assumption 2.6(iii)) interaction
coefficients is I'yz = bobs|a|?, implying the result. O

As an example of systems (5.4), we consider

C1 bi _
Opur + ?3:6“1 = _laus,

b
(5.9) Ogua + %23@“2 = fﬂlu?ﬂ

Oz + c30,uz = byuqug,

corresponding to scaling (5.4), where, as in (5.7), t € Ry, z € R, ¢; € R, b; € R,
and u; € C, with reference solution

(5.10) uq (g, t, ) = ﬁ(a(alﬂ(az — clt/s)),0,0) e C3,

corresponding to (5.6) with € = (1,0,0) € C3, (1,7) = (c1,1).

THEOREM 5.2. — If bobs > 0, then the solution (5.10) to system (5.9) is un-
stable under small initial perturbations of the form eX+1/2¢(e,e'/%x), satisfying

bound supg..q ||0(e,)|lc,s < oo. The amplification occurs in time O(e|lne|), in
L2(R%) norm.

Naturally, the above “amplification” is meant in the sense of Theorems 2.7 and 2.13.
There are three notable differences with Theorem 5.1: the form of the admissible
perturbations and the time intervals and radii of the balls over which the instability
may be recorded. From our general analysis, we can also deduce a stability result in
the case babs < 0; its time range, however, is only O(,/2).

Proof. — Given the datum
€'/ (a(e!/%2),0,0) + "1/ 2g(e, 1/ 20),

we posit the ansatz, similar to (5.5):

U1 51/21]1
uy | = eY?vy | (7Y%t %2).
U3 U3
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Then (v1,v2,v3) solves (5.7), and Theorem 5.1 applies. The instability occurs
in time O(y/e|lne|) for the corresponding system in the scaling (5.1), hence in
time O(e|Inel) for (5.9). It occurs in small balls B(zq, p) or B(zg,&?) for (vi,ve,v3),
hence in large balls B(zg,c~/?p) in the scaling (5.9). O

We can find more than one change of variables leading from (5.9) to (5.7). In
particular, we can prove instability of reference solutions of amplitude O(1) to (5.9),
assuming slow variations in space, as follows. Consider the family of solutions to (5.9):

(5.11) Uq (e, t,x) = (a(sx - clt),0,0)
THEOREM 5.3. — The stability of solution (5.11) to (5.9) under perturbations of the
form eX¢(e,ex), with supg.. 1 ||6(,)||e,s < 00, and ¢ = (¢1, b2,/ 2¢3), is deter-
mined by the sign of babs. Instability occurs in time O(\/e|lne|) and is measured in
norm L?(R?).

(In)stability is meant in the sense of Theorems 2.7 and 2.13.

Proof. — Given the datum

(a(gx) + ¢1(e,ex), Pa(e, ex), 51/2¢3(€,5x)),

we posit the ansatz

Uy U1
uy | = Vg (t,ex).
us 81/2U3

Then (v, v2,v3) solves (5.7), and Theorem 5.1 applies. The instability occurs in small
balls for (v1,v2,v3), hence in large balls in the scaling (5.9). O

REMARK 5.4. — We note that for homogeneous (z-independent) fields w;, the con-
dition bybs > 0 implies spectral instability of the equilibrium (a,0,0). In Section 9.2
of [38], Rauch observes that for (5.7) or (5.9) with e = 1, in the case of coefficients
satisfying by < 0, bs > 0, bg > 0, the quantity a1|u1|%2 + a2|uQ\2L2 + a3|u3|%2, with
a1b1+asbs+asbs = 0, is conserved, implying Lyapunov stability of the trivial solution,
in contrast with instability of the progressing wave (5.8) as given by Theorem 5.1.
Section 9.2 of [38] also contains a blow-up result in the case b; > 0.

5.1.2. Derivation of three-wave interaction systems from Euler-Maxwell.
— The Euler-Maxwell equations describe laser-plasma interactions [6, 14, 44]. In
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the non-dimensional form introduced in [48], they are

B+V xE=0,

1 10;
OFE -V x B = E((l + e + f(ne))ve — 29—(1 +n; + f(ng))vi,

1
Opve + 0 (ve - Vv = —0.Vn, — E(E + 0.ve X B),
One + 0.V - ve + 0. (ve - V)ne =0,

(EM)

16;

0v; + 0;(v; - V)v; = —a%0;Vin,; + 7

(E+9'L'U’L X B))

where (B, E) € RS is the electromagnetic field, (ve,v;) € RS are the electronic and
ionic velocities, and (n.,n;) € R? are the electronic and ionic fluctuations of density
from a constant background. The function f is f(x) = e* —1—x. The small parameter
with respect to which the WKB will be performed is

1
€= ——,
wpetO
: . dme?ng . .
where wp, is the electronic plasma frequency wp. = and to is the duration
Me
of the laser pulse. The other parameters are
_ 1 ’YeTe _ 1 'Yilri _ T;
96 - 5 02 - = ) @ = ==,
c\ me c\ m; T,

with —e the charge of the electrons, 4+e the charge of the ions, m. and m; the
masses, ng the background density, ¢ the speed of light, v, and ~; the specific heat ra-
tios, T, and T; the temperatures. For plasmas created by lasers, the parameters 6., 0;
and « are typically small, and € is even smaller. Since the mass of the ions is much
larger than the mass of the electrons, there holds 6; < 0..

In the right-hand side of the Ampére equation in (EM), we find the current density,
and in the right-hand sides of the equations of conservation of momentum, we find
the pressure terms in Vn and the Lorentz forces in v x B.

We denote x € R the direction of propagation of the laser pulse, and coordinatize

(x,y) = (xaylayZ) € RSa M = (Mvay) = (MZE’My1,My2) € (CS'

The hyperbolic operator in (EM) splits into transverse and longitudinal components.
We denote

Ul = (BymBy27Ey13Ey27U€ylvva2)7 u| = (BzaEzavemanevvizani)'
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Then, (EM) takes the form
1
(O +AL+ EAJ_O)UJ_ = I (u),

1
(9 + Ay + —Ajo)uy = Fy(u),

where F|, Fj| contain all nonlinear terms: convection, current density and Lorentz
force. The transverse and longitudinal hyperbolic operators have the form (1.1)
with Ag # 0. The transverse eigenvalues iw are the eigenvalues of A, (ik) + Ao,
where
k= (k,0,0) € R
they satisfy
coNaf 2 g2 07\?
(5.12) (—iw) (w By - 07) ~0.
e
The longitudinal eigenvalues iw are the eigenvalues of AH(Z'E) + Ajjo; they satisfy
. 02
(5.13)  (—iw)? ((w2 — a?K202)(w? — 1 — k262) — (w — k29§)0—2> = 0.
e
The above longitudinal dispersion relation takes the alternate form
1 02 1
w? — k202 " 02 w2 — k2a20%’
which we will find useful in Section 5.1.2.5.
We denote (t) the branches of non-trivial solutions of (5.12). We denote (¢) and
(s) the branches of non-trivial solutions to (5.13). The (t) branches correspond to

(5.14) 1=

electromagnetic waves with a transverse polarization, typically light sources. The
waves corresponding to the (¢) branches are called electronic plasma waves. They
encode part of the response of the plasma to an incident light source. The (s) branches
comprise acoustic waves.

These satisfy the following expansions in the limit ; — 0 :

2 _ 202 2 2 _p2p2(, 2 1 4
(5.15) Wy = 1+ K262+ 00,2, Wiy = k62 (a®+ W> Lo,
locally uniformly in k. For large k,
1 1
(5.16) wiey = 0.k + O(E), we) = Eabik + O(E).

The characteristic variety for the Euler-Maxwell equations, meaning the collection of
all branches of solutions w(k) to (5.12) and (5.13) is pictured on Figure 1.

REMARK 5.5. — The proof by Guo, Ionescu and Pausader [19] of existence of small,
global solutions to the Euler-Maxwell equations is based on an interesting reformula-
tion of (EM) as three coupled dispersive equations (system (3.9) in [19]) with disper-
sion relations given by two Klein-Gordon modes and an acoustic mode, in agreement
with Figure 1.
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(t)

(s)

A\

b

FIGURE 1. The characteristic variety for the Euler-Maxwell equations.

5.1.2.1. Polarization and compatibility conditions. — Given f = (w,k), we de-
note II(3) the orthogonal projector onto the kernel of the total operator
—iw 4+ A (ik) + Ao 0
0 —iw + A” (ik) + AHO ’

We denote 3, a transverse phase, and 3 a longitudinal phase. The transverse
polarization condition II(3, )u = u is explicitly (with 5, = (w, k)):
(5.17)
1 1 6;

u) = 0, (ByuByz) = kwil(E?Jz?iEyl)ﬂ Vey; = %Eij Viy; = 71])7976 Y5

The longitudinal polarization condition II(3))u = u is explicitly (with g = (w, k)):

’U,J_:O, BmZO,

—1 —10,
Vey = —( —w + iw_1k26‘3) E,., Viy = ( —w + iw_1a2k29i2) H—ZEI7
e
5.18 k6, -1
( ) Ne = — ( — 1w+ iw*1k203) FE.,
w
2]@07, 91 -1
n; = @ —(—iw—l—iw*lazk%?) E,.
w 0O,
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The transverse compatibility condition II(8, )u = 0 is explicitly (with 8, = (w, k)):

k 1 91' k 1 91‘
(519) ;BUQ = Ey1 - a(ve — Gfevi)yl, _;Bm = Ey2 — E(Ue — gvl)yz.

The longitudinal compatibility condition IT(3))u = 0 is explicitly (with 3 = (w, k)):

iw kO, 0; w ka?6;
(5.20) w? — k262 (Tne + Uel) 0. w? — k20202 ( it U”) + B =0.
5.1.2.2. Initial data and ansatz. — We consider initial data with two oscillating
phases:
(5.21) u(e,0,z,y) = Re (al(x, y)etkre/e 4 ag(x,y)eik”/e),

where the amplitudes a1 and as satisfy polarization conditions

II(G1)ar = a1, II(B2)as = as,

where 31 and [3; are transverse phases. In accordance with (5.21), we consider the
two-phase ansatz

kix —wit kox — w2t>

U(G,t,$7y) :u<€,t7957y, )
€ €

where u is 27-periodic in both fast variables:

u(e,t,z,y,01,02) = Z eip191+ip202uplp2 (e,t,2,y).

pP1EZ
p2€Z

Each amplitude u,, p, is decomposed into powers of ¢ :

(5.22) u(e, t,x,y,01,02) = GZ Z e Oitipabagiy, o (L, x,y).
J=20 p1€Z
p2€Z

We inject (5.22) into the equation in u and sort out powers of e. We will see that
a formal solution that is consistent at order 2 has leading terms which solve the
three-wave interaction systems.

REMARK 5.6. — It was shown in [48] that for the Euler-Maxwell equations, the
weakly nonlinear regime of geometric optics leads to linear transport equations. The
weakly nonlinear regime is precisely the one we consider with the ansatz (5.22). (By
constrast, the scaling in (1.1) corresponds to higher amplitudes for Euler-Maxwell,
namely u = O(y/€).) However, we derive in Section 5.1.2.5 below nonlinear transport
equations, namely the three-wave interaction systems of Section 5.1.1. The discrep-
ancy with [48] simply comes from the fact that we are looking at two-phase expansions
here, while the result of [48] holds for single-phase expansions. The Euler-Maxwell
equations are less transparent when two phases are considered, since there are more
potential couplings. For instance, the fundamental phase corresponding to Fourier
modes (1,0) is produced by the bilinear interaction (1,0) = (0,0) + (1,0), but also
by (1,0) = (1,1) 4+ (0,—1). As seen in Section 5.1.2.5 below, transparency implies

MEMOIRES DE LA SMF 142



5.1. RAMAN AND BRILLOUIN INSTABILITIES 81

/ (t)

— B 0

A\

B

FIGURE 2. Resonance associated with the Raman instability.

the cancellation ug 0,0y = 0, so that the interaction (1,0) = (0,0) 4 (1,0) is not
constructive, but the interaction (1,0) = (1,1) + (0, —1) is constructive, as seen on
equations (5.28)-(5.29).

5.1.2.3. Choice of phases. — The phases 1 and (35 are chosen to be transverse, and
such that

(5.23) B =P+ Do

is a longitudinal characteristic phase. We let

B1 = (w1, k1), B2= (w2, ko), B=wk).

In particular, in the following the notation 8 does not denote a generic characteristic
phase, but the longitudinal characteristic phase resulting from 3y + (5.

By symmetry, —0;, —(32 and —f also are characteristic phases. We assume that
the phases pg, pf1 and pfs, for p ¢ {—1,0,1}, are not characteristic, corresponding
to the typical situation for a given (k1, k2).

If G is an electronic plasma wave, then the resonance (5.23) is associated with
the phenomenon known as Raman instability (“scattering of light from optical
phonons” [3], paragraph 8.1). This case is examined in Section 5.1.3. The corre-
sponding (t)(t)(¢) resonance is pictured on Figure 2.
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(t)

B> - B 0

B

FIGURE 3. Resonance associated with the Brillouin instability.

If 5 is an acoustic wave, then in (5.23) we are looking at the Brillouin instability
(“scattering of light from acoustic phonons” [3], paragraph 8.1). This case is examined
in Section 5.1.4. The corresponding (t)(t)(s) resonance is pictured on Figure 3.

The notation w; ,, p,, introduced in (5.22), denotes the (p1,p2) Fourier mode of
the profile u;, which is the O(e?) term in the expansion of u into powers of €. In the
following, we often use the slightly different notation

(5:24)  wjps = Wipos  Ujpss T Ujops  Ujps = Ujpp, P E{=1,0,1}.
5.1.2.4. WKB equations: O(1). — The equations for the terms O(1) are
(—w+ AL (k) + Aio)ug, =0, (—iw+ AH (ik) + AllO)UOH =0,

corresponding to the dispersion relations for the phases 3, 31, 82 and the polarization
conditions for the amplitudes:

(525) H(p/Bj)uO,pﬁj = uO,pﬁja H(pﬁ)uo,pﬁ = U0,pB; j S {17 2}7 pE {_1707 1}7

explicitly given by (5.17) and (5.18) for p € {—1,1}. In accordance with Sec-
tion 5.1.2.3, these are the only non-trivial harmonics. In (5.25) we used nota-
tion (5.24).

We note that (5.25) for p = 0 implies Epo = 0 : the mean mode of the leading
amplitude in the electric field vanishes identically.
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5.1.2.5. WKB equations: O(e). — The equations for the terms O(e€) are
(—w+ AL (k) +Aio)u; =F1y, (—iw+ A” (ik) + A”O)uo” = Fl”.

We project onto the kernels. The compatibility conditions

(5.26) (pB1)Fiips, =0, IH(pP2)FiL s, =0,
give the evolution equations in wug g, and ug ,g,, and the compatibility condition
(5.27) H(pﬁ)Flﬂ,pﬂ = 0

gives the evolution equations in ug ,3. There are two types of terms in these evolution
equations: transport operators at the group velocities, and bilinear coupling terms.
We consider in succession the mean mode (0,0), the transverse modes pB; and pfs,
and the longitudinal modes pg, with p = £1.

Mean mode. The Lorentz force terms are transparent: there holds, given ugy and
phases as described in Sections 5.1.2.2 to 5.1.2.4:

(VeO X BO)(O,O) =0, (ViO X B()) (0,0) =0.

From there, and Eyg = 0 (Section 5.1.2.4), we find by direct computation on the
Euler-Maxwell equations that the mean mode is constant. Given the form of the
datum, we infer ug 90y = 0 : the mean mode of the leading amplitude vanishes
identically.

Transverse modes. The nonlinear terms satisfy a form of transparency. This was
first observed in [48] (see Proposition 2.1 from that reference). Given ug and phases
as described in Sections 5.1.2.2 to 5.1.2.4:

(veozikzveoy + (Voo X Bo)y) L =00 ge{n2pe{-11),
pPj

. 0; )
(Vz'OszViOy - ei(vio X BO)y)pﬁ =0, je{1,2}, pe{-1,1}.
e 2

This implies that only the current density contributes to the evolution equations (5.26)
for the transverse amplitudes ug g, With (5.19), and the specific form of F;; and Fy|
as given by the Euler-Maxwell equations, we find that these equations are

kj 0;
OEoyps, + JjawEOy»Pﬁj = (neoveOy - ;enioViOy)pgj , pe{-11}h

By the form of the transverse dispersion relation (5.12), the ratio k;/w; is the group
velocity (D

ki _ de

w;  dk k=t

1. We further comment on the form of the transport equations in geometric optics on page 118.
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The coupling terms are made explicit, in terms of the electrical amplitudes, by use of
the polarization conditions (5.17) and (5.18). We obtain

ky 1/ kb, 03 a2k,
(5:28)  OiEoy, + - 0:-Foy,s = *( k202 93w - a2k232)EOzﬁE0y B

wo
and

ko 1/ kb, 03 ok
(5:29)  OiEoy,p, + ~0Ouoy 5, = 071( 02 PR — a2k292)E02 Eoy.,-

By symmetry, Eo,,—g, = EOy,ﬁj'

Longitudinal modes. Next we turn to the equation (5.27) in ug pg, for |p| = 1. The
convective terms are transparent:

(UGOx'ik( 1o >> — 0, <vm~z‘k< Hio )) —0.
Veoz B Viox B

The current density terms also are transparent:

f
(neOVeOa: - *niovi()z) =0.
B

Oe
Thus the only nonlinear term in the longitudinal equation comes from the Lorentz
force. Just like for the transverse equations, in order to spell out equation (5.27), we
use the compatibility condition (5.20) together with the explicit expression of Fy as
read on the Euler-Maxwell equations. We find

w? + k202 n 0? w? + a2k26?

( n 07 0? o?0?w
(5.30) e’ 62 i2

)@E()x s+ 2k<92 g i—;)axEOx,g

= Lorentz force term,

with notation
e:=w? — k%0, i=w? - k2?62

From (5.14), we compute by term-by-term differentiation

1 92 92 02 202 dw 0) dw( )
s ) w(G G5, b st
=2k G+ g e e ) YT @ dk
Together with (5.14), this shows that, for p = 1, (5.30) is a transport equation at
group velocity:

w? + k207 02 w? + ak?07\
8tE0z,g+w’(k)8zE0z,g = (1+ o2 +@ 2 )

The S-harmonics of the electronic Lorentz force term is

X (Lorentz force term).

VeOy,81 X BOyZ)ﬂZ - UeOyzﬁlBOylﬁz
(veoxBo) 5 = veo,8, X Bo,g, Tveo,8, X Bo,g, = 0
0
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With the polarization (5.17), the & component of the S-harmonics of the electronic
Lorentz force appears as

k

iwlwg

(Eoyl ,B81 E0y2”32 + Eoyl ,B81 Eoyzﬁz) :

Taking into account the ionic component of the Lorentz force, and the compatibility
condition (5.20), the longitudinal transport equation finally takes the form
(5.31)

8tE0rc,ﬁ + w/(k)arEOm,ﬂ

kw 0. 912 0;
= WiWs (wQ — k262 + 972w2 _ k2a29.2) (E0y1ﬂ1 E0y17/32 + E0y2751 E0y2752)'

In the case of one spatial transverse dimension y € R, or Ey,, = 0, the system of
equations (5.28)-(5.29)-(5.31) fall into the category of three-wave interaction systems
as described in Section 5.1.1.

REMARK 5.7. — What about stability of the WKB expansion that was sketched
here? Correctors can be constructed in a classical way, implying consistency of the
WKB approximation in the sense of (2.3). Short-time stability of small initial per-
turbations then follows by Sobolev estimates for the singular equations satisfied by
the profiles, since the regime is weakly nonlinear.

REMARK 5.8. — In paragraph 2.2 of Boyd’s treatise [3], three-wave interactions sys-
tems such as (5.28)-(5.29)-(5.31) are derived from Maxwell’s equations, under the
assumption of an ad hoc expansion for the nonlinear polarization encoding the non-
linear response of the medium. Another derivation, this time from the three-level
Maxwell-Bloch equations, is given in Section 12 of [25], by means of a similar two-
phase expansion in a weakly nonlinear regime. In [2], Schrodinger-Bloch systems
were derived in the high-frequency limit from three-level Maxwell-Bloch systems,
and formal arguments were given to further derive three-wave interaction systems
from Schrodinger-Bloch systems. In [41], three-wave interaction systems are rigor-
ously derived from the gravity-capillary water-wave system. Another derivation from
Euler-Maxwell is given in [10].

5.1.3. Raman. — The Raman instability corresponds to a growth of the electronic
plasma waves. Here [ belongs to the (¢) branch of the variety. With (5.15), if the
spatial transverse dimension is equal to one, or Ey,, = 0, the three-wave interaction
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system (5.28)-(5.29)-(5.31) is

k ko, i
atEﬁl + iaﬂﬁEﬁl = ( + 0(012)) Eﬁ2Eﬁa
w1 W2
k k6. _
(5.32) O, + 20,85, = (= +002)) £, B
w2 w1
k62 kwb,
O Es + ( <+ 0(0?)> 0.Ep = ( e + O(@?)) Es, Eg,,
w wWiw2

locally uniformly in k, where Ejs, stands for Eoy, s,, and similarly Eg = Eog g.

We consider in (5.32) the parameters k and w,w,ws to be fixed, 6. to be small,
and 6; to be even smaller than 6. For the solution U = (Eg,, Eg,, E3) to (5.32), we
posit the ansatz

U(e,t,x) = V(032,63 %x).

Then, V solves the 3-wave interaction system (5.7), with ¢ = 6., and there

holds sgn babs = sgn hl > 0. Theorem 5.1 asserts instability of the reference solu-
w2

k
tion V,(t,x) = (a(x — ¢1t),0,0), with ¢; = —-, under initial perturbations of the
w1

form eX¢(e, ), in time O(,/Z|Ing|), in small balls B(z, p).
In the scaling of (5.32), this translates as instability, in the sense of Theorem 2.7,
of the reference solution
Uat,2) = (B, (022 (x - ﬁt)) 0,0)
a\™ B1\Ye y Uy )
w1
under initial perturbations of the form 6X¢(d., 02/ 2a:)7 satisfying the uniform
bound supgg_ <1 [|#(fe,-)||o.,s < o0. The instability occurs in long time O(6,!|In6.|)
and is recorded in norm L?(R%).
The coupling in (5.32) is weak, implying that instability are recorded only in long
time, for which our analysis applies only if initial perturbations are slowly varying

n x.

As shown in particular in Section 3.1.6, the amplification is maximal for the com-
ponents of the solution associated with the unstable resonance. Here, this means
in particular that small perturbations of the initially null electromagnetic plasma
field E3 are amplified, corresponding to the Raman instability.

REMARK 5.9. — The two-dimensional model of Colin and Colin [10] is a refinement
of system (5.32) for the description of Raman scattering.

5.1.4. Brillouin. — The Brillouin instability corresponds to a growth of the acous-
tic waves. Here [ belongs to the (s) branch of the variety. With (5.15), if the spatial
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transverse dimension is equal to one, or Ey,, = 0, the three-wave interaction sys-
tem (5.28)-(5.29)-(5.31) is

k1 —1 9 _
) — 0, FEg = : Fs FE
OrEg, +wlaa: 5 (kaee +O(91)) 5, Es,
o 1 2\ -
33 O Es + 220, E, — 02)| By Es,
(5.33) 2 52+w23 55 (wlkoeJrO( z)) 5 Ep
-1 6;
atE[j -+ (91(1 -+ 0(912)) 8IE5 = < — o+ 0(912)) EﬁlEﬁw
wWiws9 66

1
1+ k202
We consider in (5.33) the parameters k and w,w,ws to be fixed, 6. to be small,
and 0; to be even smaller than 6,; for instance

(5.34) 0. =e'/2, 0; =e.
For the solution U = (Eg,, Eg,, Eg) to (5.32), we posit the ansatz
Ule,t,z) = V(e/2t,e 1/ 2x).

1/2
where a := <a2 + > , and Eg; stands for Eoy, s,, similarly Eg = Eo. g.

Then, V solves the 3-wave interaction system (5.9), with e defined in (5.34), and

w «

92‘04
sgn bobs = sgn Yo sgn ( + 0(91)) > 0.

wWo
Theorem 5.2 applies. In the scales of (5.33), it asserts instability of the reference
solution

ﬁ(Eﬁl (- fj—lt), 0, 0)

1
under initial perturbations of the form X ¢(e, x), in time O(y/2|In¢|), in L(B(zo, p))
or L?(B(zg,£”)) norms.

Theorem 5.3 also applies. It asserts instability of the reference solution

Ky
<Eﬁ1 (\/‘g(w - ;t)) 0, 0)
under initial perturbations of the form eX¢(e,e'/?x), with ¢3 = O(¢'/?), in
time O(|In¢|), as measured in L?(R%).

The proof of Section 3.1 shows that small perturbations of the initially null acoustic
field E3 are amplified, corresponding to the Brillouin instability.

5.2. Coupled Klein-Gordon systems with equal masses

Our second class of examples comprises coupled Klein-Gordon systems in R, with
equal masses and different velocities. Our motivation here is the Euler-Maxwell sys-
tem describing laser-plasma interactions, which, when linearized around zero, pre-
cisely gives two such Klein-Gordon systems and an acoustic system, as we saw in
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Section 5.1.2 above. This form of the linearized Euler-Maxwell system induces us to
think that high-frequency instabilities in the full Euler-Maxwell could be captured by
the model systems that we now describe.

We denote

1 1
8,5 =+ Al(ax) + gLO’ 8t + Al(eoax) + gLo

the Klein-Gordon operators, with 0 < 6y < 1, implying different velocities, and

0 -0, 0 0 0 0
(535) A1(8T) = (91 0 0 y Lo = 0 0 wo |,
0 0 O 0 —wo O

where wy > 0, and z € R%. Expressed in terms of the unknown U = (u,v) € R(@+2)
with u = (u1,ug2,u3) where u; € R% uy € R, ug € R, and v = (v1, v, v3) € RIFIFL
the coupled systems have the form

1

(8t + Al(ag;) + Lo)u = %Bl(U, U),

1
(8¢ + A1(000:) + Lo)v = %32((], U),
where B! and B? are bilinear R2(@+2) x R2(d+2) _, R2(4+2) The eigenvalues A(¢) of
matrix A1 (&) 4+ Lo/i are

(5.37) M) = y/Jwd + €17 = =Aa(9),

and a multiplicity-d null branch. Similarly, the eigenvalues of matrix A;(0o€) + Lo/i
are

(5.38) A2(8) = y/wi + 3117 = —As(9),

and a multiplicity-d null branch. We denote A5 = 0 the null branch for the whole

(5.36)

system, with total multiplicity 2d. The eigenvalues are depicted on Figure 4. There are
two fast Klein-Gordon branches, corresponding to (5.37), and two slow Klein-Gordon
branches (slow since 6y < 1), corresponding to (5.38).

Thus we see that in approximating Euler-Maxwell by a system of the form (5.36),
disregarding the specific form of the right-hand side of (5.36), we are simply approx-
imating the speed of sound by zero and neglecting convective terms.

We will show that for these Klein-Gordon operators, some bilinear coupling
terms B!, B? allow for non-trivial WKB solutions that are unstable, which we believe
to be the situation for Euler-Maxwell (in the case of highly-oscillating data; non-
oscillating data are known to generate stable WKB solutions [49]). In Euler-Maxwell,
it is the current density in the Ampere equation and the Maxwell-Lorentz force in the
equation of conservation of momentum that couple the Klein-Gordon and acoustic
systems, as we saw in Section 5.1.2.
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B, B

€]

FI1GURE 4. Coupled Klein-Gordon with equal masses.

For definiteness we will perform computations on the following explicit expressions
for these coupling terms: coordinatizing

U = (uy,us,us,v1,v2,03), U' = (u}, ub, uy, vi,vh,v4),
we let
1 0
BYU,U") = B uzvh + vauh + vzvh |,
0
(5.39) 1 ;
B*(U,U") = 3 —ugub + vovi + v3v)h
0
We denote

100 = (" o) 2= (0 L) Pe= ()

Then equation (5.36) takes the form (1.1).

For system (5.36), we check that Assumption 2.1 is satisfied (a simple property of
the Klein-Gordon operators), that for most initial wavenumbers Assumption 2.2 is
satisfied as well (the result of WKB computations performed in Section 5.2.2), and
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finally, in Section 5.2.3, that Assumption 2.8 is satisfied in one space dimension d = 1,
with T' > 0.

Thus the conclusions of Theorems 2.9, 2.12 and 2.13 apply, proving instability of
the WKB solutions described below, if d = 1.

5.2.1. Verification of Assumption 2.1: smooth spectral decomposition. —
The spectral decomposition is

Ar(€) + Lo/t = M(§)Pr(§) = M (&) P5(§) +0 - P5(8).

The eigenvalues are separated, implying regularity of both eigenvalues and eigenpro-
jectors (see for instance Theorem 1.8 in Chapter 2 of [26]).

It remains to prove bounds (2.2). By Lemma 6.19 in Appendix 6.5, these follow
from a regularity result at infinity. The associated symbol at infinity is

0 w 0
Aso(@,2) = Ay (0) —taLo=| ® 0 —izwy |, (@,z) € ST x R.
0 2xwo 0
It has simple eigenvalues :l:((I;2 + :c%;g)l/ 2, and a multiplicity-three null eigenvalue.

Given @ € S?7!, the eigenvalues are separated in a neighborhood of 2 = 0. Hence the
spectral decomposition of A, is smooth at (@,0), for all @ € SY~!, and Lemma 6.19
applies, implying bounds (2.2) for A(d,) + Lo. Naturally, this also applies to the
operator A;(090.) + Lo, hence to the total operator A(9,) + Ao.

5.2.2. Verification of Assumption 2.2: WKB expansion. — We select a char-
acteristic temporal frequency w € R associated with the initial wavenumber k € RY,
such that the following conditions are satisfied:

— The phase 8 = (w, k) belongs to the fast positive Klein-Gordon branch on the

w=/ws + k|2

— The only harmonics of 3 on the fast Klein-Gordon branches are p € {—1,1} :

variety:

pw® =wp + k] = pe{-1,1}.

— No harmonics of § belongs to the slow branches on the variety:
p*w? # Wi+ p*02lk|?, forallpec Z.
— There are no auto-resonances: the equations in ¢ € R?
ME+E) = Fw+ A (E), (€ + k) = w+ Xo(€)

have no solution.
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While this may seem like a lot of requirements on the fundamental phase, a look
at Figure 4 should suffice to convince the reader that for most phases 3 on the fast
positive Klein-Gordon branch, these assumptions are satisfied.

The zeroth harmonics p = 0 belongs to the variety. With the above, this implies
in particular that condition (6.47) on page 115, describing {—1,0,1} as the set of
characteristic harmonics of the fundamental phase (w, k), is satisfied.

By Proposition 6.21 in Appendix 6.6, in order to verify Assumption 2.2, it then
suffices to check that the weak transparency condition (6.48) is satisfied.

In this view, borrowing notation from Appendix 6.6, we denote II(ps3) the or-
thogonal projector onto ker(—ipw + A(ipk) + Ap). For |p| = 1, these kernels are
one-dimensional, generated by €; and €_; = (€;)*, with notation

(5.40) gy = %( - % 1, Z%O,OCM) € C2(d+2)
so that
AU = (U,6)6, (AU = (U, &),
denoting (-, -) the Hermitian scalar product in C*(4*+2), The orthogonal projector TI(0)
onto the six-dimensional kernel of A(0) + Ag/i is

TL(0)U = (u1,0,0,v1,0,0),
implying, for B given by (5.39), the identities
I(0)B =0, B(I(0)-,)=0, B(-II0))=0,
which yield (6.48).

5.2.3. Verification of Assumption 2.8: resonances and transparency. — We
verify here the conditions (i) boundedness, (ii) partial transparency, and (iii) rank-one
interaction coefficients of Assumption 2.8.

By the form of the characteristic variety, and the choice of 3, resonant pairs are

R:={(1,2), (1,5), (2,5), (3,4), (5,3), (5,4)}.
A resonant frequency is pictured on Figure 4, corresponding to a (1,2) resonance,
which we may denote 81 = 8+ [a, or A1 (£ + k) = w + A2(&).

(i) Boundedness of JR. Here we apply Lemma 6.27 page 121, as we may since
the assumptions of Lemma 6.19 have been verified in Section 5.2.1. The asymptotic
branches on the variety are obviously distinct (Figure 4).

(ii) Partial transparency. From the definition of B in (5.39) and € in (5.40), we
see that ) )
iw
3(51)U = ﬁ (0@@4—2, 70’03, 0, OCd, —U2, 0),
1 —iw
B(é_l)U = \ﬁ (Ocd+2, TO’Ug, O, O(Cd, —Uu2, O) .
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An element in the image of II5(£), the orthogonal projector onto the kernel of the
matrix A(§) + Ao/i, has the form
e —i00E -
Us(©) = (w0, 51, g, Z0E 1),

7”1707 (Ul,vl)ECG.
wo

In particular, for all U € C2(4+2) B(&.1)U belongs to the orthogonal of the range
of II5(&), so that

The other projectors are
1
IL; (U = 72(U7 Q;(8)) ;(9),
where ) ¢
L A ZUJO s _
Q](&)_\/i< )\J’l )\] OC+>5.] 14
and

0 1w .
Qj’ (5) (OCd+2 AO§ 3 ]-7 T?) y .7,
J

From there, we compute

() Blex)s(€') =0, II3(€)B(ex1)5(&) = 0.
Together with (5.41) this implies that resonances (2,5) and (5,3) are transparent.
Besides,

e ) -

o) (226, Ble_)(e)) = (¢ e1>94<5>) -5
(91(§+k ) = 906 Ul:
(94(5) B, U5§+k> 905*’“

Thus

Ro := {(1,2), (1,5), (3,4), (5,4)},

a subset of R which does not contain auto-resonances. The associated resonant sets

are
Rm:{5:1/w3+|§+kz2:w+\/w§+9§§|2},
Ris ={¢: k| = |k},

(5.43) 15 =1{§: €+ k| = |k}

Ras = { /ol 1€ = o+ /g + G5l + 2}
Rsa = {&: [&] = [Kl},
where we recall w = /w3 + |k|2.
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We now turn to the verification of condition (2.18) in the partial transparency
condition Assumption 2.8(ii). The only relevant intersection here is

Rus () (Raa + k) = (€ 2 €+ kl = [k} () ({& £ |€ — kI = k]}) = {0}.

The ratio interaction coefficient over phase is

(Ql(f + k), B(é'l)Us(é)) G VW €+ K2+ \/wg + |k[?

M(E+E) —w 4w €2 + 26 - k

This ratio is bounded in a neighborhood of £ = 0 only in one space dimension. Hence
Assumption 2.8(i) holds in one space dimension only.

We finally turn to the verification of condition (2.19). There holds
Ri2 ang, C {)\2 = )\5} = J.
Similarly, by (5.43)(iii)(-iv),
Raa ﬂ Rss = .

(iii) Rank-one coefficients: the eigenvalues A;, for j € {1,2, 3,4}, are simple eigen-
values, implying that the interaction coefficients have rank at most one. The kernel,
associated with A5 = 0, has multiplicity 5, but by (5.41) the interaction coefficients by,
and bF, are identically zero. This verifies Assumption 2.8(iii).

5.2.4. Stability index. — There holds
IL (€ + k) B(e)Ilz(§) B(e- 1) (§ + k)
= ((€+ k), BE@E)22() ) (), BE- DR+ k) )&+ k),

so that the trace of the product of the (1,2) interaction coefficients is equal to

Piz(6) = (Qu(€ + k), BEQ(E) ) (2(6), BE-)U(E+F) ),

and with (5.42)(i) and (5.42)(ii) we find

w2
Besides,
Pau(6) = 0 T15(6) = Dsa(€) = 0
34(5) - ma 15(5) = 54(5) =Y

This gives I' > 0, implying instability.
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5.3. Coupled Klein-Gordon systems with different masses

Our third class of examples is made up of coupled Klein-Gordon systems with
different velocities and different masses. As we will see, the assumption that masses
are different implies a much smaller resonant set than in our previous example.

Borrowing notation from Section 5.2, in particular (5.35), we consider systems

1 1
Opu+ A1 (0x)u + gaOLou = %33(@ U),

1 1
at'U + Al (906m)’l) + ELOU = %Bél([]7 U)
We assume here o > 1, in contrast with (5.36). We consider the bilinear forms B3
and B* defined by

0
1
B3(U,U") = 5 ugvh + vsuh + vgvi |,
0
(5.44)
BYU,U") = 5 ugth + ugvh +vouh |, € {-=1,1},
0
with

o 2(d+2 /I / / / o 2(d+2
U= (Ul,UQ,Ug,’Ul,UQ,’Ug) cC ( )a U = (Ul,UQ,U3,’l)1,U2,U3) cC ( )

For the rest, in particular ¢, x, Ay, Ly and 6y, the notations are borrowed from Sec-
tion 5.2.
The spectral decomposition is

A +A0/Z Z)\

with eigenvalues

AL(€) =y agwd + €17 = =Ma(8),  A2(8) = /Jwi + 051517 = —As(E), As(§) =0

The verification of Assumption 2.1 goes exactly as in Sections 5.2.1. In the upcom-
ing Sections, we check that Assumptions 2.2 and 2.8 are satisfied, then verify that
there holds sgnI'" = sgn ¢. Stability ensues if ¢ = —1, and instability if . = 1.

5.3.1. Verification of Assumption 2.2: WKB expansion. — We select a fun-
damental phase 8 = (w, k) € R'*? as follows:
— The phase 3 belongs to the slow positive Klein-Gordon branch on the variety:

w=/wi + 62|k|2.

— The only harmonics of 3 on the slow Klein-Gordon branches are —1 and 1.

— No harmonics of § belong to the fast branches on the variety.
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B

-

F1GURE 5. Coupled Klein-Gordon with different masses.

— There are no auto-resonances.
For more details, and comments on these conditions, see Section 5.2.2. In addition,
we restrict the range of k as we assume
1
(5.45) k| < = (af — D)wg.
0
It is easy to verify that condition (5.45) implies that there are no (1,5) resonances,
and no (5,4) resonances.
Denoting II(ps) the orthogonal projector onto ker(—ipw + A(ipk) + Ap), we find
the identities

H(O)U = (ulvoa 07 U1707O)7 H(ﬂ)U = (U7 é’1)6’15 H(iﬁ)U = (U7 64—1 )5—17
for any U = (uy, ug, us, vy, va, v3), where

~ Ook  iwoy
5.46 = (0 -—)1,—
( ) €1 ( Cd+2, w0 o )7 €
Then, as in Section (5.2.2), there holds

I(0)B =0, B(I(0),-)=0, B(-II(0)) =0,

and condition (6.48) is satisfied. By Proposition 6.21, Assumption 2.2 is then satisfied.
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5.3.2. Verification of Assumption 2.8: resonances and transparency. — By
the form of the characteristic variety, and choice of § (in particular, condition (5.45)),
resonant pairs are

R= {(172)7 (275)7 (374)7 (573)}'

A (1,2) resonant frequency is pictured on Figure 5.

(i) Boundedness of fR. The asymptotic branches on the variety are obviously distinct
(Figure 5). Lemma 6.27 then implies boundedness of fR.

(i) Partial transparency. From the definition of B in (5.44) and ¢} in (5.46), we
see that

- 1 W
B@Ww = s (0% jo(u3 +v3),0, 004, —LuQ,o),
N - 1 —iwo
B(e_l)U— \/E(OC(L, - (U3 +’U3),0,0cd,—LUQ7O).

An element in the image of II5(£), the orthogonal projector onto the kernel of the
matrix A(§) + Ao/i, has the form

7’0170a (Ul,’Ul) € (CQd.

—i§ - uy —160¢ - Ul)
0wo wo ’

Us(€) = (ur.0.

In particular, for all U € C2(%+2) B(¢.,)U belongs to the orthogonal of the range
of TI5(&), so that

The other projectors are
1
IL; (U = E(Uv Q;(6)) 92;(6),
where
1 § i()zow() .
Q&)= —( —=,1 2 =1,4;
](f) \/5( )\ja ’ )\] aOC‘H' )7.] y Xy
and )
5 in .
Qi (€) i= (Opass, —=2,1, =2, j' =2,3.
g ( © Ay ,\j,)

From there, we compute
(5.48) (&) B(€x1)5(¢) =0, TI3(§)B(esw1)5(E") = 0.

Together with (5.47) this implies that resonances (2,5) and (5,3) are transparent.
Besides,
—wi -

(216, BE):(6) ) = sy’ (2(6). BEpm(©) =5

In particular, the (1,2) resonance is non-transparent: (1,2) € Rg. Similarly, the (3,4)
resonance belongs to Ry.

MEMOIRES DE LA SMF 142



5.3. COUPLED KLEIN-GORDON SYSTEMS WITH DIFFERENT MASSES 97

The partial transparency is automatically satisfied because the sets in (2.18)
and (2.19) are all empty, a direct consequence of the form of SRy (in which no index
appears more than once).

(iii) Rank-one coefficients: the eigenvalues \;, for j € {1,2, 3,4}, are simple eigen-
values, implying that the interaction coefficients have rank at most one.

5.3.3. Stability index. — Computing as in Section 5.2.4 and using (5.48), we find

dwAa(€) Ts4(¢)

w

[12(8) = = Lm7

implying sgnI" = sgn ¢.
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CHAPTER 6

APPENDIX

6.1. Symbols and operators

Given m € R, we denote S™ the set of matrix-valued symbols a € C¥(RZ; O (Rg)),
such that for all & € N with |a| < 3, for all 8 € N?, for some C,p > 0, for all (z,£),

10500 a(w,€)] < Cap(&)™ V1, () = (1 + ¢}/

That is, we consider symbols with a finite, but large, spatial regularity s, in connection
with the finite Sobolev regularity s, of the approximate solution wu,, postulated in
Assumption 2.2.

We call S™ the space of classical symbols of order m. Given a € S™, the associated
family of pseudo-differential operators in semi-classical quantization is denoted op_(a)
and formally defined by their action on functions or distributions u in the variable x :

(6.1) op.(a)u := /em'ga(m,sf)ﬁ(f) dg, e>0.

The semi-classical Sobolev norms || - || s are defined by
(62 Jull2, = [ L+ 1P ) de.

6.1.1. Estimates for Fourier multipliers. — Fourier multipliers are pseudo-
differential symbols (by extension, the associated operators) which do not depend on .
FEzxamples of Fourier multipliers in the text are given by the eigenprojectors I1; and the
eigenvalues \j. The interaction coefficients B, b;;, the normal form @, and the inter-
action matriz M all depend on (x,&), but as tensor products M(x,&) = My (x)Mz(§)
they are handled just like Fourier multipliers.

Given a Fourier multiplier a € SY, the associated operators op,(a) map H® to H*,
for all s, and for all u € H?,

(6.3) lop(a)ulle.s S lalz=llulles, @ = a(§).
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Also, denoting | - |#r1 the L' norm of the Fourier transform: |u|zp: := |@|z1, there
holds, by Young’s convolution inequality, the bound

(6.4) ‘a(“j)OPe(b)“’le < |blrelalFo[ulFLr, b=0b(&) € L™.
Pointwise estimates follow from Hausdorff-Young and Cauchy-Schwartz:
(6.5) lop.(a)u[r= < Clalrzlulzz,  a=a(§).

Given a Fourier multiplier a € S, and f € H¥"%/27 for some 1 > 0, there holds for
allu e H?,

(6.6) [lopc(a), flull, , < e|Val=llfllgerarziallulles,  a=a(8),

and

(6.7) |7 ([op-(@), flu)| | S Vale |0 Flusllr,  a= a(e).

Similarly, for the Fourier multiplier A® := op_((-)*), given f € H*T%2% for
some 17 > 0, there holds for all u € H*~ ! :

(6.8) |[A®, flul e S ellfllmerarzenllulle,s—1-

6.1.2. Estimates for pseudo-differential operators. — Genuine pseudo-

differential operators arise in the proof via S, the flow of M. Essentially, S is the
exponential exp(tM), hence cannot be written as a function of x times a Fourier
multiplier.

We first introduce para-differential symbols, which are regularized pseudo-
differential symbols. Then we give an action result (Proposition 6.5) and a composi-
tion result (Proposition 6.6), before giving a comparison result (Proposition 6.8).

Given ¢g € O (R%), 0 < ¢9 < 1, and real numbers 0 < A < B < 24 such that

po =1 for [¢] < A, and ¢y =0 for |£| > B.
We let
05 (&) == d0(2778) — o (27V71E),  forj>1,
so that for j > 1, ¢; has support included in the annulus C; := {4271 < |¢| < B27},

and is constant equal to one in the annulus éj = {B2971 < |¢| < A27}.
The function ¢ : R? x R? — R defined for N > 2 by

b(,8) = s N n)gr(8).

k>0

is called a Bony admissible cut-off [1]. It satisfies

Ll <27,
v {o, ol 2 2"-(g)
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DEFINITION 6.1. — Given a Bony admissible cut-off ¢ and a € I'}', we call para-
differential symbol associated with a the symbol

a’(,€) = F (0,9~ ) ) (@) = (F (- 9) xa(- ) @),
where convolution takes place in the spatial variable x. The smooth func-
tion F1y(-,€)(x) is the inverse Fourier transform of ¢ in its first variable 7.
The pseudo-differential operator op¥(a) = op(a¥) is said to be the para-differential
operator associated with a in classical quantization.

We define the para-differential operator (precisely, the e-dependent family of oper-
ators) associated with a in semi-classical quantization by

(6.9) op?(a) := hZtop¥(a)h., with a(z,§) := a(ex, §),
where

(heu)(z) = eu(ex),  ||heullas = [ulle,s-
REMARK 6.2. — Note that the maps a — @ and a — a¥ do not commute:

_ N\ _ -~
op?(a) = hz'op((a)”)he # h_ Yop(a?)h. = op.(a?),
so that the para-differential operator associated with a in semi-classical quantization
is not op_(a¥). The classical symbol of op?(a) is

(@0.8) = a@&) = (Flwa) (2.2€) = [ F 0l )ale - ey, 26) d,
in the sense that op?(a) = op, (a).
REMARK 6.3. — An admissible cut-off ¢ satisfies the bound
10 F~H@59) (-, )l L1 ey < Ca(©) ™71 o, B € NY, Cag > 0.

REMARK 6.4. — By property ¥(0,£) = 1 of the Bony admissible cut-off, pseudo- and
para-differential operators agree for Fourier multipliers:

opf(a) =op.(a),  a=a(§).

For tensor products a(x, &) = aj(x)as(€), there holds (ajaz)? = aVay, so that

op(a) = op!(a1)op.(az) = op¥(ar)op? (as), a1 = ar(x), az = az(€).
PROPOSITION 6.5. — Given m € R, a € S™, there holds for s € R, all uw € H5T™
the bound
||opg}(a)u||g’s S Mgfd(a)Hu”E,s+m7

where
(6.10) M(a) = sup (O IMaroa(z, o).

(z,6) R xR?

|| <k, |B| <K'
Proof. — See for instance Theorem 4.3.5 of [35]. O
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PROPOSITION 6.6. — For all mi,ms € R, all v € N*, with r < §, given a; € S™
and ay € S™2, there holds

op? (a1)op? (az) = op! (a1fza2) + " RY (a1, az),
with the notation

a1ﬁ£a2 = Z ‘al( a) 85 alﬁaazy

lee|<r
and the bound, for d* =2d+r+1, for all s € R, all uw € HoTmitm2=r,

|17 (@, az)ull, , S (Mg ()M (a2) + M (a0)M (02) )l s oms s
Proof. — See for instance Theorem 6.1.4 of [35], or Proposition B.21 of [36]. O

The need for a different action result, one which involves a smaller number of ¢-
derivatives, was evoked in Section 1.3 in the introduction.

PROPOSITION 6.7. — Given a € S°, there holds for s >0, r € N withr < s, u € H®
the bound
(6.11)

lopt (@ulle,s S > & sup [02Mal-, €)1 ey l[ulle,s + "M 4(a)

d
0<|aj<d+1  S€R
0<|p|<r—1

with norms My, defined in (6.10).

Proof. — Theorem 18.8.1 in Hérmander’s treatise [20] asserts the bound, for b € S°
and u € L?:

lopy (b)ulre < Z sup [07b(+, &)[ L1 (raylulr2.
la|<d+1 $ER?

If s = 0, it suffices to apply the above to b = a, with notation drawn from Remark 6.2.
In the case s > 0, we introduce a commutator:

lon? (a)ulle.s < lop¥ (a)A*ulr2 + |[A®, 0pY (a)]u| ..

For the first term in the above upper bound, we use the result for s = 0. For the
commutator, we use Remark 6.4 and Proposition 6.6:

[[A%, 0pZ(@)]ul o = |[opZ (()*),0p¢ (@) Ju[ o < |op¥ (()*fea)ulre +€"|RY(()°, a)ulrz.
There holds
op! (92 (92 a)u = op? (()~C—1Dog () 0za) Aol
so that, by (6.11) for s =0:
JopY (9¢ (-)*0ga)ulre S Y sup |95 a(-,€)

|18]<d+15§€R?

Besides, by Proposition 6.6, |RY ((-)*, a)u|r> S M2 4(a)ullc s O

MEMOIRES DE LA SMF 142



6.2. AN INTEGRAL REPRESENTATION FORMULA 103

We finally give two para-linearization estimates:

PRrROPOSITION 6.8. — Forallr € N*, s > r, given a € H®, there holds for all u € L™,

(6.12) [(a —op¥(a))ull, , < 1(e82)" alle,s—rlul o,

and for all u € L?,

(6.13) | (a - op\f‘f(a))uHeys < (edy)%alpe ulpz.

Proof. — For (6.12), see Proposition 5.2.2 in [35]; for (6.13) see Theorem 5.2.8 in [35].
O

6.1.3. Product laws in weighted Sobolev spaces. — The need for product laws

arises from the semilinear nature of the equations (1.1).
Given u,v € H® N L, with s > 0, there holds
(6.14) [uvlle,s < C(Julzevlle,s + o]z [lulle,s),

where C' > 0 does not depend on u,v. Estimate (6.14), used in connection with the
Sobolev embedding H® — L, for s > d/2, gives a product law in || - || 5. A problem
with (6.14) is that the Sobolev embedding has a large norm ~ e~%2 when H® is
equipped with || - ||cs.

A way around this difficulty is given by the following estimate:

(6.15) [Juv

es S C(|U|L°° [olle,s + |(531)SU|L°°‘U‘L2)7

where C' > 0 does not depend on u,v. Estimate (6.15) is a direct consequence of
Proposition 6.5 and estimate (6.13) in Proposition 6.8.

6.2. An integral representation formula

We adapt to the present context an integral representation formula introduced
in [46]. Consider the initial value problem

(6.16) Dy + %op’f(M)u —f u(0) e B,

where f € L>([0, Ty|Ing|], H*(R?)), for some T, > 0. For the matrix-valued, time-
dependent family of symbols M = M (e, t,z,§), we assume the following:

ASSUMPTION 6.9. — The family of symbols M (e,t,x,£) € S is constant in x outside
the ball {|z| < x.}, for some x, > 0 which does not depend on (e,t,£). Besides, there
holds the uniform bounds

(050 Met.2.6)| < Cop <00, afeN,

uniformly in € € (0,&0), t € [0, Ty|Inel], and (z,£) € R*?.
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Above and below, multi-indices « for z-derivatives are restricted to || < §, where 5
is the spatial regularity index introduced in Appendix 6.1.

We define the flow Sy of e='/2M as the solution to the following system of linear
ordinary differential equations, 0 < 7 <t < Ty|lng| :

1
%MSO(T; t) =0, So(r;7) =1d.

For Sy we assume an exponential growth in time:

(6.17) O So(T;5t) +

ASSUMPTION 6.10. — There holds for some v+ > 0, for all v,
(6.18) |09 So(T,t)] < |Ine|™ exp ((t — T)’}/+),

uniformly in 0 < 17 <t < T,|Ine|, where |Ine|* = |Ine|V* for some N, > 0 indepen-
dent of (e,7,t,2,§).

In (6.18), we do not assume that z-derivatives of Sy lead to losses in powers of ¢,
in spite of the 1/y/¢ prefactor in front of M in (6.17). This assumption is tailored
for our application to M defined by (3.26), in which a-dependent terms have a /e
prefactor.

We introduce correctors {S;}1<q<q,, defined as the solutions of the triangular sys-
tem of linear ordinary differential equations

1 _j)lel
Sy + —=MS,+ )

| 3 xPq+1 2|a| )
(6'19) f 1< <[(g+1)/2] | |

Sq(1;7) =0.
LEMMA 6.11. — Under Assumptions 6.9 and 6.10, there holds, for all ¢ € [0, qo],
all «, B, the bounds, for 0 <7 <t < T,|lne|:
(110207 5y (r:0)] < &2 el exp((t — 7)v7).
Proof. — By (6.17) and (6.19), there holds for ¢ > 1
(6.20) S, (rit) = | |, / So(t's )02 M (£, 41 ajo (7: ') d.
1<\a|<[(q+1)/2]

From there, we see immediately that the bound [0S,| < exp((t —7)y*), which holds
true for ¢ = 0 by Assumption 6.10, propagates from ¢ to ¢ + 1. The case || > 0 is
proved similarly by induction. The loss of half a power of ¢ with each £-derivative
comes of course from the prefactor 1/+/¢ in front of M in (6.17). O

LEMMA 6.12. — Under Assumptions 6.9 and 6.10, there holds, for all ¢ € [0, qo],
all uw € L2, the bound

(6.21) lop? (Sy(rst)ulles S [el*e® ™ ull.s,  0<7<t<TInel.
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Proof. — We start with ¢ = 0. Let ¢, € C®(R%), with 0 < ¢, < 1, and such
that ¢, = 1 on {|z| < x,}, where z, is introduced in Assumption 6.9. Then, the
symbols (1 — ¢, )M, and consequently (1 — ¢,)Sy are independent of z. We can thus
apply estimate (6.6) for Fourier multipliers to bound the action of (1 — ¢,)Sy :

lope (1 = @) So)ulle,s < llulle.s,

since |(1 — ¢4)So| < 1. For ¢,.Sy, we use Proposition 6.7:

cs S D 7 sup |05 (0050) (5 )l ey e, s
loj<d+1 ~ §€R?
[B]<r—1

HOP?(W*SOW

+ ETMg,d* (p«S0) lulle,s—r-
For the L' norms, we use compactness of the support of ¢, and Assumption 6.10:

102 (9250) (-, E) |1 ray S sup 02 Solzee < [Inel* exp ((t —7)7F).

lo’ <]

We bound the remainder with Lemma 6.11:
&M 4. (pxS0) S & /| In e[*et=",

If r is large enough, then r — d./2 =r/2 —d —1/2 > 0, and we conclude that (6.21)
holds for ¢ = 0.

From (6.20), we see that the correctors Sy, for ¢ > 1, vanish identically outside
the ball {|z| < z,.}. Thus it suffices to consider ¢,S,, and we use Proposition 6.7
again. 0

We let

Si= > &S,

0<g<qo

The following Lemma expresses the fact that op?(S) is an approximate solution op-
erator:

LEMMA 6.13. — Under Assumptions 6.9 and 6.10, there holds

(6.22) op? (9,8) = op (M)op? (S) + ps,

where for 0 <7 <t <Ty|lnel|, for all s € R and u € H* :

(6.23) lps (T3 t)ulle,s S /472 el exp ((t = 7)7F) ulle,s—1-
Proof. — By definition of S and (6.19),

(6.24) —0yop? (S) =T +1I,
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with the notation
Lm 30 c-D20p8(MS,),

0<q<qo
(_Z‘)\al N o
I := > e?/? ! op? (35 Mo; Sq+1—2\a|)7
0<q<qo ’

1<]al<[(g+1)/2]

where by convention a sum over the empty set is zero. By Proposition 6.6,

—i)lel
bt (MS) —op!(ont(s)— Y Do (oparegs,)
1<|a]<[(go—q+1)/2] '

AH{(a0—q+1)/2) pv

1+[(go—g+1)/2] (M’ Sq)’

so that
la
= optnopt(s)- Y ol CO T ope (genraes,) s,
0<g<qo—1 | |
1< <[(g0—gq+1)/2]
with
P
Z 2(1+9)/2+[(90— q+1)/2JR1+[(q0 q+1)/2](M75q)~
0<g<qo

Changing variables in the double sum, we find

Nlal
I:E—l/2opg)(M)Op1€/J(S) _ Z g4 /2( ) opy (85 MOoY Sq r41— 2\a|>
1<q'<qo o
1<]al<[(¢"+1)/2]
hence
(6.25) [+ 11 = e Y20p¥ (M)op?(S) — ps.

Identities (6.24) and (6.25) prove (6.22). From Proposition 6.6 and Assumption 6.9,
we deduce, for ¢:=1+[(qo —gqg+1)/2] :
1R (M. Sq)ulle,s S M3 aas14q(Sa)ulles—a,
and with Lemma 6.11 this implies
1Ry (M, Sy)ulle,s S e 00D exp (¢ = 7)7") Julle,s—g,
whence (6.23) follows. O

The following theorem gives an integral representation formula for a solution
to (6.16) in terms in op?(9) :

€

THEOREM 6.14. — Under Assumptions 6.9 and 6.10, the initial value problem (6.16)
has a unique solution u € C°([0, T Ine|, H*(R?)), which satisfies the representation

(6.26) uzopg’(S(O;t))u(O)—k/o op? (S(t';))(Id + e Ry) (f + e Ra(-)u(0)) (¢') dt,
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for some ¢ > 0, where for allv e L*H?®, all we H?,

(6.27) [[(R1v)(?)

les S mel*  sup  Jo()]es,  [IR2()w
0<t/<T,|Ine¢|

|€,S S/ ‘1n€|*||w £,89

uniformly in 0 <t < Ty|Ing|.

The parameter ( is defined in (6.29) below. There we see that the larger T; and ™+,
the larger ¢p needs to be. In other words, given an observation time T, the spatial
regularity that we need for M is a function of |M|p. Indeed, spatial regularity is
connected with qg, since the proof is essentially a Taylor expansion at order gy, and
the growth rate vt is connected with the L norm of M : think of M as being
independent of ¢; then S = exp(—tM//), and v+ indeed appears as the sup of M.

Proof. — Let g € L*>(]0,Ty|Ine|, H*). By Lemma 6.13, the map

t
wim op? (S )ul0) + [ ol (S(Ei 0ot dt
0
solves (6.16) if and only if there holds for all 0 <t < T|ln¢|,

(6.28) (Id+r)g(t) = £(t) = ps(0;t)u(0),

where r is the linear integral operator

t

T veL®H® — (t — / ps(T;t)v(T) dT) € L>*H?,
0

and pg is the remainder in Lemma 6.13. We now choose the index gy that appears in
the definition of S such that

(6.29) ¢i= %0 —(d+2) - Tiy" > 0.

Then, by estimate (6.23), for all0 < ¢ < T, |In¢|, the operator r maps L (0, Ty |Ine|, H®)
to itself, with the bound

les

(6.30) sup [|r0)(D)les S sup o

0<t<T(e) 0<t<T(e)
In particular, for € small enough the operator Id+r is invertible, with inverse (Id+r)~!
bounded as an operator from L ([0, Ty|Inel|], H?) to itself, uniformly in . As a con-
sequence, we can solve (6.28) in L*([0,T|Inel|], H?), and obtain the representation
formula (6.26), with

Ry = (Id+7)"' —1d, eSRy(t) := —pg(0;1).

Bound (6.27) follows from (6.30) and (6.23). Since M € S°, op?¥ (M) is linear bounded
from H® to H?, hence uniqueness is a consequence of the Cauchy-Lipschitz theorem.
|
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6.3. Bounds for the symbolic flow
We give here a proof of Proposition 3.9 page 39, which we reproduce below:

PROPOSITION 6.15. — For allT > 0, all0 <7 <t <T|ln¢|,a € N9, the solution Sy
to

1
(6.31) OrSo + %MSO =0, So(r,7) =1d,

with M defined in (3.26), satisfies the bound
105 So(7,8)] < |Inel exp(ty™),

where the growth rate v is defined in (3.30): v = |a[L~ | max Jte (F(ﬁ)l/z) |.
EGRIQ
In a first step (Section 6.3.1), we approximate M by its value M (g,0,z,£) at t = 0.
Then the solution to (6.31) is a matrix exponential. The general case follows by a
simple perturbation argument (Section 6.3.2).

6.3.1. The autonomous case. — The matrix M (e, 0, z,£) is block-diagonal:
ify —Vebiz 0 - 0
—\/€ba ift2 o - 0
Meomg=| O 0 Do 0
0 0 0 - i\

denoting 1 = M (- + k) — w, p2 = A9, as in (3.15), and
bia(z,€) == @1 (x)a(z)x0(£)bi5(E), ba1(z, &) = p1(x)a(x) x0(£)bs; (§)-

Above, bf, and b;; € CV*N are the interaction coefficients associated with reso-
nance (1,2), as in (3.28), a is the initial amplitude (1.2), and ¢, and o are spatial
and frequency cut-offs, respectively, as defined on page 36.

We prove in this Section the bound:

(6.32) |exp (— e V2tM (e,0, z, )| < [Inel*exp(tr™).

By reality of Aj, and the fact that the truncated interaction coefficients vanish
identically outside supp ¢ x supp xo C supp 1 x Rl it suffices to prove the bound
(6.33) |exp(—e~ Y2t Mp)| < exp(ty™), (z,€) € supp 1 x RY,, 0<t < T|lng|,

where M is the top left block of M(e,0,x,¢§) :

Moo (1 —VeEb c C2Nx2N
0 —\/ebay 1ft2 '
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The top left block of M, being a multiple of the identity, we can compute the char-
acteristic polynomial of My by blocks:

det(zId — My) = det ((m —ipr)(z — ipe)ld — Ebglblg), z e C.

The characteristic polynomial of My has a zero at x if and only if (z—iu1 )(x—ipg) is an
eigenvalue of ebaby2. The ranks of bys and be; are at most one (Assumption 2.6(iii)),
implying that the rank of by1b12 is at most one. Then the only possible nonzero
eigenvalue for bo1byo is its trace tr(bi2bey), and the spectrum of M, appears as

7

1 1/2
5 (11 + po) + 3 (45trb12b21 — (p1 — ,u2)2) ,

with respective algebraic multiplicities N — 1, N — 1, one and one.

(6.34) iy, g, et =

LEMMA 6.16 (Near the resonant set). — If |u1(€) — p2(€)| < /2|Inel|?, then there
holds the bound

|exp(—e ™2 tMp)| < | Ine|"exp(ty ™),
for (x,€) € supppy x RYy, and 0 <t < T|Ineg|.

Proof. — Substracting iu11d, we equivalently bound the exponential of

. 0 b
1277 _ 12
=M <b21 ie =12 (py — m)) '

In the space-frequency domain under consideration, the entries of &1/ 20,
are O(|Inel?). The eigenvalues of e~ '/2Mjy are 0, ie=V/? (s — p1), e /2 (ps — ipr),
as given in (6.34). In particular, in the relation of unitary similarity to an upper
triangular matrix (Schur decomposition): ¢~ '/2My = Q*UQ, the real parts of the

1/2

diagonal entries of the upper triangular matrix U are equal to 0 or Ree™"/“p. Since

the norm of e=*/2Mj controls the norm of U, and since entries of U are controlled by
the norm of U, the entries of U above the diagonal are O(|Ing|?). Let the 2N x 2N
diagonal matrix

Q. = diag (1, |Inel*, |Ine|®, ..., |Ing[*CN-D),
Then, the matrix

U= QEUle

is upper triangular, with the same diagonal entries as U, and with entries above the
diagonal which are O(|Ing|~2). There holds moreover

|exp(—s_1/2tM0)| = }exp(tU)| < |1n6|*| exp(tU)|.

Above | -| denotes the sup norm of the entries of a matrix in C2V>*2V_ Let || - || denote
the canonical Hermitian norm in C?V, and also the associated norm in C2NV*2N,
Let z(t) = exp(tU)z(0). Then z solves z’ = Uz, and

Oh||z||> = (Drz, 2) + (2,0:2) = 2(ReUz,2), 2RelU :=U 4 U*.
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so that .
FOl2l* < [ReT[|211%,
implying, by Gronwall’s lemma, for some C' > 0,

’ exp(tf])| < Cexp (tH?Re m

):

where |- | denotes the sup norm in C2V>*2V_ Given z € C2V with ||z|| = 1, there holds
- . N 2
IReUz|> = Y (RelUa)?= Y ((%e )5z + O] lne\_Q)) ,
1<i<2N 1<i<2N
so that

IRe Uzl|* < max(Re U)sil|x|* + O(| Ine|~2),

and this implies
[Re U|| < max(ReU); ; + O(|Ing|~2).

The diagonal entries of Re U are the real parts of the diagonal entries of U, that is
the real parts of the eigenvalues of e~'/2Mj. Here ; and ps contribute zero. Thus it

suffices to bound from above Ree~/2j. Based on the explicit formula

1
Re (a +ib)V/? = 5((a2+b2)1/2+a)1/2, a,b €R,
we observe that
Re 571/2[1,:|: S metr(blgbzl)l/Q.

Since trbiaba1 = (1(x)x0(£))?|a(x)|*T'(€), with T defined in (2.10), the result follows
from the bound Re (trbiobo1)/? < 4. O

LEMMA 6.17 (Away from the resonant set). — If |u1 (&) — p2(€)| > |lngl?, then
for (z,€) € suppp1 x Riy, and 0 <t < T|Ine|, there holds

(6.35) |exp(—e /2t My)| < 1.

Proof. — We use a non-stationary phase argument that is analogous to the normal
- —itp1 /€

form reduction of Section 3.1.2.2. Consider Sy := ( € 0 e_itl(l/\/g ) So. A

column (y1,y2) € RY x RN of S solves the system
Y+ e—it(m—uz)/ﬁbmyQ =0, yh+ e—it(;tz—m)/ﬁbmyl —0.
Integrating in time and then integrating by parts, we find
€ it —
_ L (6 i =12) Ve (1) — blgyg(O))
i(p1 — p2)
t
5
- L/ brabory (') dt’.
i(p2 — p1) Jo
This implies the bound, for z;(t) := maxjo 4 |y,

21(t) < |y1(0)| + Cllne| 2 2o(t) + Ct| Ine| 221 (t).

y1(t) = y1(0)
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In a time interval [0, 7| Inel], this gives 21 (t) < |y1(0)|+|Ine|222(t). By symmetry, we
find the same bound for z,. We conclude that the symbolic flow is uniformly bounded
in €,t,z,¢ in the frequency domain under consideration. O]

Conclusion: Lemmas 6.16 and 6.17 imply bound (6.33), which in turns implies
bound (6.32).

6.3.2. The general case. — Here we use a perturbative argument to show that
the bound (6.32) for exp(tM(e,0,x,&)/+/€) carries over to a bound for 9%Sy. This
will prove Proposition 6.15.

It suffices to bound [0%Sy| on the compact set (z,&) € supp g1 X Ry, since M is
diagonal with purely imaginary entries outside of it.

By assumption on g (Assumption 2.2), we may Taylor expand M at ¢ = 0 : there
holds M = M(0) + eMy, with M(0) = M(e,0,2,§), and |M;| < |Ine|*, uniformly
in e,t, 2, in the domain under consideration. The equation in 055y is

(6.36) D:0%Sy + e V2 M(0)82 Sy = —e/2 M9 Sy — e~/ [0%, M]S,.

In the right-hand side of (6.36), the first term involves the unknown 995y but is
small. The second term is bounded in € since [0, M| = O(y/¢), and involves only
lower-order derivatives 9% Sy, with |o/| < |a|. From (6.36) and definition of Sy (6.31),
we deduce the implicit integral representations

t

(6.37) So(T;1) :S(T;t)fel/Q/ S(t';t) M (t")So(T; ),

where S(7;t) := exp ( —e V2t - T)M(e,(),ac,ﬁ)), and for |a| > 0:
t
0% Sy(T;t) = —51/2/ S(t'; )M (t")0 S (73 1")
(6.38) T
b2 / S(t':)[0%, M(£)]So(r: ) dt'

We factor out the exponential growth by consideration of

Sp(rit) :=exp ((t — 7)) So(73),

and define similarly S”(7;¢t) := exp ((t — 7)7y+)S(7;1), so that, by bound 6.32, there
holds |S”(7;t)| < C|Ine|*. This gives for t < T|Ine| the bound

t
1S5(7t)] §C|ln6|*(1—|—51/2/ Sa(mstat),

from which we immediately deduce |S}(7;t)| < C(T1)|Ine|*. Finally, assuming induc-
tively the bound

|09So(T5t)| < Co|lnel” exp ((t _ 7)’Y+),
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for |a| < ap and some C,, > 0, we deduce from (6.38) with 0 < || = « the bound
t
9258| < 61/20|1n5|*/ 008 dt’ + C|nel",

implying [02S2| < C|Ine|*, which concludes the proof.

6.4. A Gronwall Lemma

Consider the integral inequality in y : [0,T|Ine|] — R4 :

t t
(6.39) y(t) < e0yo + o / y(#) dt + £ / =0y (¢ dt,
0 0

where g > 0, dg > 0 and ng > 0. This type of inequality is typical of situations
in which we perform mixed-type estimates: the second term in the right-hand side
comes from an L? “energy” estimate (as in Section 3.1.5), while the third term comes
from a semi-group estimate (as in Section 3.1.3).

LEMMA 6.18. — If inequality (6.39) holds for allt € [0,T|In¢l], then under the con-
dition

(640) o — Tbo > 0,

there holds, for € small enough, the bound

(6.41) y(t) < C(yo, do) exp (t max(yo, do)), C(yo,00) > 0.

The proof is elementary and based on three applications of the standard Gronwall’s
lemma.

t
Proof. — We let z :=y — 50/ y(t') dt’, so that, by Gronwall’s lemma,
0

y(t) < efPz(t), zZ(t) = I[I(l)ai( z,
it

and

Z(t) < yoeo + e /t et=t 0600 5(¢) dt’
We now let w(t) := e "10z(¢), so that i
w(t) <yo+e™ /lt et ow(t’) dt
and, with Gronwall’s lemma i
w(t) < yoexp (%e”")

Under condition (6.40), for € small enough and ¢t < T'|Ineg|, this gives w(t) < 2yo.
Hence

t
y < 2ype™° +/ doy(t') dt’,
0
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from which we deduce (6.41) by another application of Gronwall’s lemma. O

6.5. On regularity of the spectral decomposition

Coalescing eigenvalues of smooth matrices are typically not smooth; the canoni-
1

cal example being ( 2 0

) . In some cases, however, there is an ordering of the

. - . 0 1
eigenvalues so that regularity is preserved, an example being ( 2> ) ) . A sym-
x

X

0
metric example is given by ( ) . The smoothness condition in Assumption 2.1
x

should be understood with this latter example in mind. Besides this smoothness con-
dition, Assumption 2.1 states that the eigenvalues \; and eigenprojectors 1I; of the
family Ag/i + A(£), where A(§) = >, §;A;, satisfy bounds (2.2) page 17, which we
reproduce here: for all § € N?, some Cs>0:

(642) 19N (€)] < Ca(1+ )DL < Ca(1 + [¢F) 71V,
Consider the family of matrices A (w,r) = A(w) — izAg, with (w,z) € S¥~! x R.

LEMMA 6.19. — If for all w € S, the family Ay, has smooth eigenvalues and
eigenprojectors in a neighborhood of (w,0) in ST=! x R, then bounds (6.42) hold.

Proof. — By the assumed smoothness of A; and II;, we only need to prove
bounds (6.42) for large |¢|. There holds
1
Aofic+ A = [€l Al 2). withw= . 0 = 0.

Thus, denoting A° and II7° the eigenvalues and eigenprojectors of Ao, there holds
the correspondence

(6.43) Ai(€) = [EAT (w, ), TI;(§) =117 (w, @).

By assumption, the eigenvalues of A, have Taylor expansions at all orders in x
at (w,0), with coefficients that are smooth in w :

(6.44) AX(w, ) = A% (W) + 2AF (W) + -+ + &A%, (w, 2),

and smooth remainders S\;fn Via (6.43), these translate into (6.42) for A;. Similarly,
the Taylor expansions of the II7 around at (w, 0) translate into large-frequency bounds

for O?Hj. O]

In one space dimension, Rellich’s theorem [39, 40] ensures that analytic family of
symmetric matrices have analytic eigenvalues and eigenvectors, so that the assump-
tion of Lemma 6.19 is always satisfied. In dimension greater than one, eigenvalues
are Lipschitz (a consequence of the characteristic polynomial being hyperbolic; see
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Brohnstein [4], or Kurdyka and Paunescu [28]), but eigenvectors may fail to be even
continuous, as shown by Example 6.1 in [28]:

’I‘% 12
2 s
1o Ty
for which the eigenvectors are (x1,z2) and (29, —21).

We conclude this paragraph by noting that under a smoothness condition at in-
finity, we have an asymptotic expansion for the eigenvalues. This will be useful in
Appendix 6.7, where we discuss existence of resonances at infinity.

LEMMA 6.20. — Under the assumption of Lemma 6.19, the eigenvalues \; have
asymptotic expansions
1
(6.45) 7O = i@l +0 (15 )-
Proof. — Indeed, since A; are real symmetric and Ay skew-symmetric, the transpose

matrix of Ao (w,x) is equal to As(w, —x). But then the determinant of a matrix is
equal to the determinant of its transpose, so that A (w,z) and A (w, —z) have the
same eigenvalues. That is, there is an ordering of the eigenvalues of A (w,-) so that
the eigenvalues are even in z. In their Taylor expansions (6.44) at = 0, only even
powers of x appear. Via the correspondence (6.43), this means in particular only odd
powers of |{|™! in the asymptotic expansion of );, implying (6.45). O

6.6. On existence of WKB approximate solutions

We give here sufficient conditions for Assumption 2.2, stating that the family of
systems (1.1) admits WKB approximate solutions, to hold true.

We first remark on conditions (2.5), reproduced here:

(6.46) (Ao+ D Ajd,,)(eFFrmehleg,) =0, &= (&)
1<j<d

In (6.46) we state that (i) the matrix Ao/i + A(k) = Ao/i+>_; k;A; has real eigen-
value w, (ii) the matrix Ag/i — A(k) has eigenvalue —w, and (iii) these eigenvalues
are associated with respective eigenvectors €1 and €_; that satisfy the component-by-
component conjugation relation €_1 = (€1)*.

Points (ii) and (iii) are consequences of point (i), and the structure of the differ-
ential operator. Indeed, from the equality (Ag/i + A(k))é) = wey € CV, applying
component-by-component complex conjugation we find

(—Ao/i+ A(K))(e1)" = w(er)”,

which by linearity of A(-), translates into points (ii) and (iii).
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A characteristic phase 3 = (w, k) € R'*% is given, satisfying (6.46), such that k # 0.
For some jo € [1,J], there holds w = A, (k). (The eigenvalues \; are introduced in
Assumption 2.1). We assume that

(6.47) det (pw + Ao/i + A(pk)) =0 < pe{-1,0,1},

meaning in particular that higher harmonics of the fundamental phase are not char-
acteristic. We now show that Assumption 2.2 holds under the weak transparency
assumption
(6.48) (p3) Y B(M(pB)u, M(pBv) =0,  pe{-1,0,1},

p1+p2=p
for all u,v € CV, where TI(w’, k') denotes the orthogonal projector onto the kernel of
the skew-hermitian matrix w’ 4+ Ao + A(ik’). If 8, for p € {—1,0, 1}, is a simple point
on the characteristic variety, meaning that the branch £ — X;;(£) in the spectrum of
the family (Ag/i+ A(f))geRd does not change multiplicity at k, then II(5) = IL;, (k).
We do not want to exclude the case of coalescing eigenvalues, however, especially at
the phase pf = (0,0), since it is frequently met in applications (see for instance the
examples given in Section 2.3 of [47]).

PROPOSITION 6.21. — Given (w, k) satisfying (6.46), conditions (6.47) ) and (6.48)
imply Assumption 2.2.

Proof. — The goal is to construct u, satisfying (2.3), in the form (2.4), such that the
polarization conditions (2.5)-(2.6) and the bounds (2.7) hold. From (2.4), we see in
particular that we are considering highly-oscillating data:

(6.49)  ua(e,0,2) = e */2g(0,2)* 1 + e "/°g(0,2)é1 + VEva(e,0,2), k#0.
We introduce notation borrowed from [25]:
L(B30p) := —wdy + Ag + A(kdg) = —wdp + Ao+ Y k;A;00,
1<j<d
and
L1(0,0z) »= 0r + A(0z),

and look for an approximate solution u, in the form of a profile:

uq (e, t, ) = [ua(s, iz, 0)] 0=(k-z—wt) /e

where u,(e,t,z,0) is 2m-periodic in the fast variable 6. Then, for u, to satisfy (2.3)
it suffices that its representation u, satisfies

1 1
(6.50) gL(ﬂag)ua + L1(0y,0p)ug = %B(um u,) + efore,

1. Condition (6.47) is introduced here only as a matter of notational simplification; without any
additional difficulty we could allow for a larger set of characteristic harmonics.
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for some remainder r} with a trace g satisfying bound (2.7). We look for a solution
to (6.50) in the form of a WKB expansion:

(6.51) u, = up + £/%u; +euy + ~~~+5K”uQKa,

where each uy is a profile and in particular can be expanded in Fourier series in 6.
We denote wuy, = ugp(t, ) the p-th Fourier coefficient in 6 of the k-th profile uy,
and assume that the coefficients up _; and wug; of ug satisfy the polarization condi-
tions (2.5)-(2.6).

From (6.50) we derive a cascade of WKB equations, which are sufficient conditions
for (6.51) to solve (6.50). The first, comprising terms of order O(1/¢), is

(6.52) L(B8%)ug = 0.

Decomposing in Fourier series, we find that (6.52) is equivalent to

(6.53) L(ipB)ug,p, =0, p € Z.

Under condition (6.47), equation (6.53) is equivalent to

(6.54) uop =0,p ¢ {-1,0,1}, II(pB)uop = uoyp, pe€{-1,0,1},

where we recall that notation IT was introduced just below (6.48). In agreement
with (6.49), we let ugo = 0. Then, conditions II(£8)ug+1 = up +1 are implied by
conditions (2.5)-(2.6).
Thus (6.53) is satisfied, and we move on to the equation at order O(1/1/€) :
L(pag)lll = B(UQ, 1,10)7
or, at the level of the Fourier coefficients:
(6'55) L(pﬁ>u17p = Z B(UOJH ) u07p2)'
p1+p2=p
For |p| > 2, the above right-hand side is identically zero, and since by (6.47) for
such p the matrix L(ipf) is invertible, we solve (6.55) by uq, = 0. For p € {—1,1},
the right-hand side of (6.55) is identically zero as well, since ug o = 0, so that (6.55)
reduces to the polarization conditions

(6.56) urp = IL(pB)u p, pe{-1,1}.
For p € {—2,0,2}, projecting with II(p3) onto the kernel of matrix L(ip3), we find
(6.57) TI(pP) Z B(uo,p, , to,p,) = 0.

P1+p2=p

By the polarization (6.54) and the assumed transparency (6.48), identity (6.57) holds.
The matrix L(ip3) being skew-hermitian, there holds C = ker L(ip3) @ ran L(ip3),
and we can define a partial inverse L(ip3)(~1) by

L(ipﬁ)(*l)(x +y)==z2, x€kerL(ipf), yecranL(ips), y= L(ipp)z,
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so that
L(ipp)~V L(ipB) = 1d — I(pB).
If p € {—1,0,1}, then L(ipB)~Y = L(ipB)~', the actual matrix inverse. Multiply-
ing (6.55) to the left by L(ipB)(~", we then find
(6.58) (1 —TI(pp))urp = L(ipf) " D Bluop uop):  p€{~2,0,2}.
P1+p2=p

At this stage, equation (6.55) is solved. The II(pk)us p, for |p| <1, are still undeter-
mined.
The equations at order O(1) are

L(ﬂag)UQ —+ Ll(at, az)ug = B(UO, 111) —+ B(lll, uo),
corresponding to equations
(6.59) L(ipB)uz,p + L1(9, 0z )uo,p = Z B(uo,py s w1,p;) + B(ut,p, , to,p, )
p1+p2=p
for the Fourier coefficients.

For |p| > 3, the above right-hand side is identically zero, and we solve (6.59)
by u2,, = 0. For |p| = 2, equation (6.59) reduces to

U2,p = Z L(Z‘pﬂ)il(B(qu)uuLm) + B(u17p17u07p2))7 lp| =2.

[p1+p2|=2

In particular, the coefficients ug 2 and ug o are determined as soon as II(pB)uq 1
and w1 are determined. For p = 0, projecting (6.59) onto the kernel of L(ip3), we
find that necessarily

> THO0) (Bl 1) + Bty p0)) =0,
p1+p2=0

an identity which holds indeed by (6.48), (6.54) and (6.56). For p = 0, the other
component is

(1 - H(O))UZO = Z L(O)(_l) (B(UO,puul,m) + B(ul,pqu,Pz)) :
p1+p2=0
Finally, for |p| = 1, projecting (6.59), we find
TL(p3) L1 (00, 0 U (pB)uo, = > T(pB) (Bltto 1) + Blutr o) ).
[p1+p2|=1

Only uq, 42 and u ¢ contribute to the above right-hand side. By transparency (6.48),
we see that actually only (1 — IT(£243))us 42 and (1 — II(0))u; o contribute to the

above right-hand side. With (6.58), we obtain
(6 60) H(ﬁ)L1<at, 3I)H(ﬂ)11,071 = H(pﬂ)B(UO,—l) L(Qik)le(qu, UQJ)
' +TI(pB) B(uo.) L(0)™V (B(uo,) uo,—1),s
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and a similar equation in 4, —1. In (6.60), we used Notation 2.3: B(u)v = B(u,v) +
B(v,u).

The operator II(p3) L1 (0, 0.)II(pf) is a transport operator at group velocity, or a
family of transport operators, depending on whether pg is a simple point on the char-
acteristic variety or not. If § is a simple point on the variety, meaning that there is no
change in multiplicity for the branch \;, at 3, then the operator II(3)L1 (0, 0, )II(5)
is the scalar transport operator

Hjo (k)Ll(atvax)Hjo (k) = (af + (vﬁ/\jo)(k) : a??)Hjo (k)

If there is a change in multiplicity for A;, at 3, meaning that several eigenvalues
coalesce at (3, then II(8)L1(0, 0. )IL(F) is a family of transport operators , with
velocities given by the directional derivatives of the branches that intersect at 3 (2).
In both cases, simple or coalescing eigenvalues, equation (6.60) is hyperbolic with
a cubic nonlinearity, and can be solved locally in time for smooth Sobolev data.
The other component of (6.59) for [p| =1 is

(=8 uzy = > Llipk) ™ (Bt t12) + Bl o) ).
[p1+p2|=1

Summing up, we see that at this stage:
— the leading term ugy = uo,,le*w + u0716i6 in (6.51) is completely determined,
with amplitudes ug 11 solving semilinear hyperbolic equations (6.60);
— the first corrector u; = Z\p\gz ePPuy , is known, except for TL(pB)uy ,, [p| < 1,
for which we have no information so far;
— the second corrector us = Z\p\gg eipoulp is known, except for us 42, which
will be determined by II(£/5)u1 +1, and for II(pB)us,p, |p| < 1, for which we
have no information so far.
We can go on with the expansion up to any order 2K,. The components II(pS)us .
for |p| < 1, are determined by the equation at order O(y/e) : they satisfy linear
transport equations

II(pB3)L1(0s, 0x)IL(pB)us,p = (Fl(uo)ll1)p7

where a typical term in the source F} is

I1(p8) B (TL(p8)ur,p L(0) "V Bluoa, o, -1)).

2. In the case of separated eigenvalues, these facts are proved in [31, 15]; in the case of coalescing
eigenvalues, these facts are proved in [29, 47]. The article [47] contains unified proofs for both
simple and coalescing cases, and also for higher-order operators, such as Schrodinger, that arise in
three-scale approximations.
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Similarly, the components II(pB3)us,, are determined by the equations at order O(e);
more generally, the components II(p3)u,, are determined by the equations at or-
der O(ee/ 2), they satisfy linear tranport equations, with source terms which are poly-
nomials in the Fourier coefficients of the lower-order profiles uy, with 0 < ¢ < £. In
particular, these equations can be solved over any interval of existence for (6.60).
By construction, the correctors v, and the remainder r{ are trigonometric polyno-
mials in 6, so that bounds (2.7) hold. This completes the proof of Proposition 6.21. [

Condition (6.48), introduced by Joly, Métivier and Rauch [25], can be linked to
transparency in the sense of Definition 2.5:

PROPOSITION 6.22. — Assuming
— condition (6.47) describing the set of harmonics of the fundamental phase;
and denoting jo, j1 the indices such that A\, (k) = —\;, (—k) = wo;
— assuming that &, and €_1 generate the kernels of iw + Ao + A(k) and —iw +
Ao + A(—ik) respectively;
— denoting J the set of indices j such that \;(0) = 0, and assuming that the
resonances (jo,j) and (j,j1) are transparent, for all j € T,

then weak transparency (6.48) holds.

Proof. — There holds Il;, (k) = II(8), I}, (—k) = II(—f), and IL(0) = >_, 7 I1;(0),
so that the weak transparency condition (6.48) is implied by conditions

I1;(0) (B(gl, €-1)+ B(é_1, é’1)) =0,
(6.61) Iy, (k) (B(&, 115(0) ) + B(IL;(0) -, &) ) =0,
I, (—k) (B(E-1,11(0) ) + B{L,(0) -, &-1)) = 0.

With Notation 2.3, conditions (6.61) take the form (%)
(6.62)
HJ(O)B(é’*l)Hjo(k) =0, Hjo (k)B(gl)HJ(O> =0, Hjl <_k)B(€71)HJ (O) =0.

Since j € J, the (trivial) resonance

occurs at £ = 0. Similarly, the trivial resonance
(6.63) w = X5(0) = Ay, (—k) = 0= Xy, (k)

occurs at £ = —k. The first two conditions in (6.62) can then be seen as a (partial)
transparency condition for the resonances (jo,j), with j € J. By partial we mean
here that under (6.62) the bounds of Definition 2.5 hold a priori only at £ = 0. The

3. The lack of symmetry between €1 and €_1 in (6.62) is only apparent: it suffices indeed to
reformulate the first condition in (6.62) as IT;(0) B(€1)I1;, (—k) = 0, associated with resonance (6.63),
to restore symmetry.
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third condition in (6.62) is a (partial, i.e., only at £ = —k) transparency condition for
resonances (j,j1), with j € J. Since by assumption the resonances (jo, j) and (j, j1)
are transparent, condition (6.62) holds, implying (6.48). O

Propositions 6.21 and 6.22 lead to sufficient conditions for Assumption 2.8 to imply
Assumption 2.2, as follows:

COROLLARY 6.23. — Under (6.46)-(6.47), if €+, generate the respective kernels of
the matrices tiw + Ay + A(xik), and if eigenvalues \; such that A\;(0) = 0 are
not involved in non-transparent resonances, meaning that for such j, for all j', there
holds (j,7') ¢ Ro and (j',j) ¢ Ro, then Assumption 2.8 implies Assumption 2.2.

Proof. — This is an immediate consequence of Propositions 6.21 and 6.22. O]

REMARK 6.24. — In different settings, weak transparency conditions such as (6.48)
may not guarantee existence of WKB solutions. One possible obstruction is a lack of
well-posedness of the limiting equations.

For instance, the regime considered by Joly, Métivier and Rauch in [25] is

1 1
(6.64) O+ —Aou + 1;dAjam_ju = —B(u,u).
This is a more singular regime than (1.1), on which we further comment in Re-
mark 6.26 below. In particular, in the context of (6.64) the profile equations
in IT;, (pk)uo , are typically quasi-linear, when (6.60) was semi-linear. For triangular
source terms B, Joly, Métivier and Rauch give sufficient conditions, in the form of
transparency conditions, for these quasi-linear profiles equations to be well-posed.
This is Assumption 2.2 in [25], and it is strictly stronger than their weak transparency
assumption (Assumption 2.1 in [25]) guaranteeing existence of a WKB cascade, and
strictly weaker than the conditions that guarantee stability (Assumption 2.5 in [25]).
Another example is given in [49]. There, the second author considered quasi-linear
Euler-Maxwell systems in the scaling
1 1 ~
6.65 ou+ —Ag + — A0y u+ Ai(w)0y.u = —
(6.65) . \[ZZ() NG
and proved stability of WKB solutions with leading amplitudes solving the Zakharov
system describing Langmuir turbulence. In particular, for (6.65) just like for (6.64),
and as opposed to (1.1), the well-posed character of the limiting equations is far from
trivial. For the Zakharov system, local-in-time well-posedness in smooth Sobolev
spaces was first proved by Schochet and Weinstein [42] and Ozawa and Tsutsumi [37].

B(u, u),

REMARK 6.25. — For some physical systems, the weak transparency condition (6.48)
is actually not satisfied. This was proved for Maxwell-Bloch by Joly, Métivier and
Rauch [25], and by the second author for Euler-Maxwell [48]. WKB solutions can
then sometimes be constructed for a restricted set of initial data.
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Consider for instance the situation in which after spelling out one component of
(6.48), we arrive at condition

(6.66) n9,0v0,1 = 0,

where n and v are components of the solution w (with n representing for instance
variation of density and v velocity, as in Euler-Maxwell). Here we are using notation
introduced in the proof of Proposition 6.21, so that ng o denotes the mean mode of the
leading term in the variation of density. Equation (6.66) can be solved by ngo = 0, if
compatible with the datum, for instance in the case of highly-oscillating initial data
in velocity, with O(e) initial variations of density.

In such situations, the limiting system often involves both vy ; and n,, meaning
a coupling between leading order terms and corrector terms: the term en; o, which
vanishes in the limit € — 0, in particular cannot be measured, has a measurable effect
on the leading term vy ;. This is akin to the ghost effect that was studied in depth by
the Kyoto school [43, 45] for rarefied gas dynamics.

REMARK 6.26. — We finally comment on the link between the specific regime in
Joly, Métivier and Rauch’s article, as described in Remark 6.24 above, absence of
transparency as described in Remark 6.25, and our supercritical regime (1.1).

From (1.1), imagine that the hyperbolic operator is block-diagonal, like for instance
system (5.36) from Section 5.2. This is the case for the Maxwell-Bloch equations.
Suppose then that in the coordinate system u = (u1,us) in which the hyperbolic
operator is block-diagonal, the source B has the form

)= (Bl )

and assume that B; does not satisfy the weak transparency condition (6.48). Then,
rescaling @ = (@, Uo) := (u1,uz/1/€), we find (6.64), with (1/¢)B replaced by

i( Bz(ﬁ?aﬂl) )+ ( Bl(ﬂg’%) )

The regime is now more singular, but the source is more transparent, and has a
triangular structure, as in [25].

6.7. On structure of the resonant set

LEMMA 6.27. — Under the assumption of Lemma 6.19, the set R comprising all res-
onant frequencies is bounded as soon as the asymptotic branches on the characteristic
variety are distinct: ¢; # ¢j for i # j, with notation borrowed from Lemma 6.20.

SOCIETE MATHEMATIQUE DE FRANCE 2015



122 CHAPTER 6. APPENDIX

Proof. — If the resonant set is unbounded, then some R;; has an accumulation point
at infinity. By Lemmas 6.19 and 6.20, this gives an equality

e + =w+cj|e+0(|2),

along a sequence [{| — oo, implying ¢; = ¢;. O

6.7.1. Euler-Maxwell. — We verify that the assumptions of Lemma 6.27 are sat-
isfied by the Euler-Maxwell equations (EM) of Section 5.1.2. First we check that the
assumption of Lemma 6.19 is satisfied. Here A (w) is block-diagonal:

0 wx 0 0 0 0

—wx 0 0 0 0 0
0 0 0 6w 0 0
Aco(w) = 0 0 fw 0 0 0
0 0 0 0 0 oa?bw
O 0 0 0 6w O

In particular, the eigenvalues of Ao (w) are { +|w|, +bc|w|, +ab;|w|}. Given w on the
sphere, the eigenvalues are separated, since §; < 8, < 1, and a < 1. By Rouché’s theo-
rem, smoothness is preserved under small perturbations. In particular, the eigenvalues
of Aso(w)—izAg are smooth, with respect to w and x, locally around (w, 0) € S¥~ xR.
This verifies the assumption of Lemma 6.19.

Next the asymptotic description of the eigenvalues of (EM) in (5.16), or a look at
Figure 1, shows that the separation assumption at infinity is satisfied.

Hence Lemma 6.27 applies: the resonant set for Euler-Maxwell is bounded.

6.7.2. Maxwell-Landau-Lifschitz. — We conclude this Appendix by giving an
example in which the assumptions of Lemma 6.27 do not appear to be satisfied. The
Maxwell-Landau-Lifschitz equations are

OE—V x H =0,
(6.67) OH+V x E=M x H,
M = —M x H.

For the linearized equations around the family of constant solutions
(EaHaM) = (O’aMOaMO) € Rgv
with « € R, coordinatizing My = (1,0, 0), the characteristic variety has equation
X3(X0 = 202+ AT + (JE2(6 + [€]?) — 262)2% — €2k - €0) ) = 0.

The one-dimensional Maxwell-Landau-Lifshitz are transparent in a strong sense; this
was shown by the first author in [34].
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FIGURE 6. The characteristic variety for the Maxwell-Landau-Lifschitz equations.

In one space dimension, the variety is pictured on Figure 6. The asymptotic
branches are not distinct, meaning that we cannot apply Lemma 6.27 in order to

prove boundedness of the resonant set.

In three space dimensions, numerical calculations by the first author show existence
of resonances for large values of ||, meaning that Assumption 2.8(i) is probably
not satisfied by (6.67). Moreover, these resonances are non-transparent, suggesting

instability.

6.8. Notation index

: inequality up to a constant, p. 30
,+) : scalar product in CV, p. 91
| : sup norm in CN,CN*N p. 20

Il - lle,s : weighted Sobolev norm, p. 10

S
(-
E

=< : binary relation for cut-offs, p. 36
A : real diagonal symbol, (3.7) p. 30
A : real diagonal symbol, p. 37

B(-) : linearized source term, p. 18

B, : avatar of B, (3.9) p. 31
B : avatar of B, (3.11) p. 32
B : avatar of B, (3.18) p. 35

bfj . interaction coefficients, p. 39 and

~ : maximal growth coefficient, p. 24
vij + growth coefficient, p. 24
~~ : lower growth rate, p. 41
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~T : upper growth rate, p. 39

T : stability index, p. 19 and 24

I" : traceofinteraction coefficients, p. 19
g : leading WKB amplitude, p. 18

0= (k- -z—wt)/e, p.30

CHAPTER 6. APPENDIX

II; : eigenprojectors, p. 17

... : spatial cut-offs, p. 36 and 64
X... : frequency cut-offs, p. 36 and 57
R : resonant frequencies, p. 23

Ry : non-transparent resonant frequen-

|Ingl* : arbitrary power of |Ine|, p. 39 e b 23. _
Ry : uniform remainder, p. 33
Rij .
R, : neighborhood of (1,2) resonant
frequencies, p. 32
So(0;t) : symbolic flow, p. 40 and 104

04p : frequency-shifted symbol o, p. 30

Aj : eigenvalues, p. 17 o .
(4, 7) resonant frequencies, p. 18

pj « shifted eigenvalues (3.15), p. 33

I, : shifted eigenvalues, p. 59

&o : frequency argmax, (3.20) p. 36

op? : para-differential operator, p. 101

op, : pseudo-differential operator, p. 99 xg : spatial argmax, (3.19) p. 36

6.9. Parameter list

Temporal parameters:
— T, the final observation time, is defined in (2.12) page 20.
— T is an observation time for mixed FL'-H* estimates, defined in (3.44) page
44.
— Ty is an observation time for purely H® estimates, introduced in (3.55) page
48.
— T, in Appendix 6.2 is arbitrary.
— T in Appendix 6.3 is arbitrary.

Localization parameters:
— h > 0 is a security distance from the resonance (Section 3.1.2.2 page 32).
— p > 0 is the radius of an observation ball in the unstable case (Theorem 2.7
page 20).
a 6<Po
introduced in the proof of Lemma 3.13 page 45. There holds ¢g — 1 as d,, — 0.
The smaller d,,, the smaller the errors associated with (spatially) non-localized
terms.

> 0 controls the size of the support of the spatial truncation ¢g. It is

— z, in Appendix 6.2 corresponds to the radius of the support of ¢q in the main
proof.

Amplitude parameters:
— K, measures the consistency of the WKB approximation (defined in (2.3)
page 18).
— K measures the size of the initial perturbation in (1.2).
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— K is the amplification exponent in the main result, introduced in (2.12) page
20.

— K{ and K{J, introduced respectively in (2.24) page 25 and (2.26) page 26, are
the amplification exponents in Theorems 2.11 and 2.12.

— 11 controls the size of the FL! norm of the solution for times < T7j. It can be
made arbitrarily small (in statement of Lemma 3.13 page 44).

— 1o controls the size of the L norm of the solution for times < T5. It can be
made arbitrarily small (in proof of Proposition 3.17 page 48).
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