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ROLLING OF MANIFOLDS AND
CONTROLLABILITY IN DIMENSION THREE

Yacine Chitour, Petri Kokkonen

Abstract. — We present the rolling (or development) of one smooth connected
complete Riemannian manifold (M, g) onto another one (]\/4\ , g) of equal di-
mension n > 2 where there is no relative spin or slip of one manifold with
respect to the other one. Relying on geometric control theory, we provide an
intrinsic description of the two constraints “without spinning” and “without
slipping” in terms of the Levi-Civita connections V9 and V9 by defining cor-
responding vector fields distributions in the appropriate state space. We then
address the issue of complete controllability for that rolling problem. We first
establish basic global properties for the reachable set and investigate the asso-
ciated Lie bracket structure. In particular, we point out the role played by a
curvature tensor defined on the state space, that we call the rolling curvature.
When the two manifolds are three-dimensional, we give a complete local char-
acterization of the reachable sets and, in particular, we identify necessary and
sufficient conditions for the existence of a non open orbit. In addition to the
trivial case where the manifolds (M, g) and (M, g) are (locally) isometric, we
show that (local) non controllability occurs if and only if (M, g) and (M, g)
are either warped products or contact manifolds with additional restrictions
that we precisely describe.
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Résumé (Roulement de variétés et commandabilité en dimension trois)

Nous présentons le roulement (ou développement) d’une variété rieman-
nienne connexe (M, g) sur une autre (]\/Z , 9) de dimension égale n > 2, lorsqu’il
y a pas de glissement ni spin de 'une par rapport a l'autre. Nous donnons
une description intrinséque des contraintes « sans glissement » et « sans spin »
a Daide des connections de Levi-Civita V9 and V9 afin de définir la distribu-
tion associée a (R) dans l'espace d’état approprié. Nous donnons les premiéres
propriétés globales pour les ensembles atteignables et nous étudions la struc-
ture d’algebre de Lie correspondante. En particulier, nous caractérisons le réle
crucial joué par un tensor courbure dans l’espace d’état que nous appelons
courbure de roulement. Lorsque les deux variétés sont de dimension 3, nous
donnons une caractérisation compléte de la structure locale des ensembles at-
teignables et en particulier/gelles des orbites non ouvertes. En plus du cas trivial
ou les variétés (M, g) et (M, g) sont (localement) isométriques, nous montrons
que la non commandabilité locale a lieu si et seulement si (M, g) et (]\//.7 , ) sont
des produits tordus ou des variétés de contact avec une description précise.

MEMOIRES DE LA SMF 147



CONTENTS

1. Introduction ....... ... .
Acknowledgements ........ ...

2. Notations ... ...

3. State Space, Distributions and Computational Tools .........
3.1, State Space . ...
3.2. Distribution and the Control Problem ...........................
3.3. Lie brackets of vector fields on @ .......... ... ... . ... .

4. Study of the Rolling problem (R) ........................... ...
4.1. Global properties of a Dr-orbit ........... ... i ..
4.2. Rolling Curvature and Lie Algebraic Structure of Dg ............
4.3. Controllability properties of Dr and first results .................

5. Rolling problem (R)in 3D .......................................
5.1. Statement of the Results and Proof Strategy .....................
5.2. Proof of Theorem 5.1 ... ... e
5.3. Proof of Theorem 5.3 ... ... . e

A. Fiber Coordinates and Control Theoretic Points of View ...
B. The Rolling Problem Embedded in RN ........................

C. Special Manifolds in 3D Riemanniann Geometry .............
C.1. Preliminaries .. .......oueor e
C.2. Manifolds of class Mg ....................o i
C.3. Warped Products ....... .o
C.4. Technical propositions .......... ...,

Bibliography ........ ...






CHAPTER 1

INTRODUCTION

We study the rolling of a manifold over another one. Unless otherwise pre-
cized, manifolds are smooth, connected, oriented, of finite dimension n > 2,
endowed with a complete Riemannian metric. The rolling is assumed to be
without spinning nor slipping and we refer to it as the rolling (R) since it is
possible to have another rolling problem just assuming a no-slipping condition
(cf. [23)).

When both manifolds are isometrically embedded into an Euclidean space,
the rolling problem (R) is classical in differential geometry through the notions
of “development of a manifold” and “rolling maps”, see [41] and references
therein.

To get an intuitive grasp of the problem, consider the rolling problem (R)
of a 2D convex surface S; onto another one S, in the euclidean space R®. The
most classical such example is the so-called plate-ball problem, i.e., a sphere
rolling onto a plane in R3, (¢f. [21] and [32]). The two surfaces are in contact,
i.e. they have a common tangent plane at the contact point and, equivalently,
their exterior normal vectors are opposite at the contact point.

If v :[0,7] — S; is a C*! regular curve on S, one says that S; rolls onto Sy
along « without spinning nor slipping if the following holds. The curve traced
on S; by the contact point is equal to v and let 5 : [0,7] — S be the
curve traced on Sy by the contact point. At every time ¢ € [0,7] the relative
orientation of Sy with respect to S is measured by the angle 0(¢) between 5(t)
and ‘?(t) in the common tangent plane at the contact point and let ) be the
state space of the rolling problem (which is therefore five dimensional since
a point in @ is defined by fixing a point on Si, a point on Sy and an angle
in S, the unit circle). The no-slipping condition says that ﬁ(t) is equal to (t)
rotated by the angle A(¢) and the no-spinning condition characterizes 4(t) in
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term of the surface elements at y(t) and 7(t) respectively. Then, once a point
on Sy and an angle are chosen at time ¢ = 0, the curves 4 and 6 are uniquely
determined.

The most basic issue in geometric control theory linked to the rolling prob-
lem (R) is that of controllability, i.e. to determine, for two given points qinit
and ¢gna in the state space @Q, if there exists a curve v so that the rolling
of S onto S5 along  steers the system from ¢init t0 Gfinal- If this is the case
for every points qinit and ggna in @, then the rolling of S7 onto 59 is said to
be completely controllable.

If the manifolds rolling on each other are two-dimensional, the controllabil-
ity issue is well-understood thanks to the work of [2], [7] and [27] especially.
For instance, in the simply connected case, the rolling (R) is completely con-
trollable if and only if the manifolds are not isometric. In the case where the
manifolds are isometric, [2] also provides a description of the reachable sets in
terms of isometries between the manifolds.

In particular, these reachable sets are immersed submanifolds of @ of di-
mension either 2 or 5. In case the manifolds rolling on each other are isometric
convex surfaces, [27] provides a beautiful description of a two dimensional
reachable set: consider the initial configuration given by two (isometric) sur-
faces in contact so that one is the image of the other one by the symmetry
with respect to the (common) tangent plane at the contact point. Then, this
symmetry property (chirality) is preserved along the rolling (R). Note that if
the (isometric) convex surfaces are not spheres nor planes, the reachable set
starting at a contact point where the Gaussian curvatures are distinct, is open
(and thus of dimension 5).

From a robotics point of view, once the controllability is well-understood,
the next issue to address is that of motion planning, i.e., defining an effective
procedure that produces, for every pair of points (qinit, ¢final) in the state
gana SO that the rolling of S7 onto S along Vg, qna
steers the system from g¢init t0 ¢final. In [9], an algorithm based on the con-
tinuation method was proposed to tackle the rolling problem (R) of a strictly
convex compact surface onto an Euclidean plane. That algorithm was also

space (), a curve 7y, ..,

proved in [9] to be convergent and it was numerically implemented in [4] (see
also [26] for another algorithm).

The rolling problem (R) is traditionally presented by isometrically embed-
ding the rolling manifolds M and M in an Euclidean space (cf. [33], [41],
[19]) since it is the most intuitive way to provide a rigorous meaning to the
notions of relative spin (or twist) and relative slip of one manifold with respect
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CHAPTER 1. INTRODUCTION 3

to the other one. However, the rolling model will depend in general on the em-
bedding. For instance, rolling two 2D spheres of different radii on each other
can be isometrically embedded in (at least) two ways in R?: the smaller sphere
can roll onto the bigger one either inside of it or outside. Then one should
be able to define rolling without having to resort to any isometric embedding
into an Euclidean space. To be satisfactory, that intrinsic formulation of the
rolling should also allow one to address at least the controllability issue.

Let us first provide an intrinsic definition of the state space ). For n > 3,
the relative orientation between two manifolds is defined (in coordinates) by
an element of SO(n). Therefore the state space @ is locally diffeomorphic to
neighborhoods of M x M x SO(n) and thus of dimension 2n-+ in(n—1). There
are two main approaches for an intrinsic formulation of the rolling problem (R),
first considered by [2] and [7] respectively. Note that the two references only
deal with the two dimensional case but it is immediate to generalize them to
higher dimensions. In [2], the state space @ is given by

Q:{A:T‘QCM—)T‘5]\/4\|Ao—isometry, x e M, EGM},

where “o-isometry” means positively oriented isometry, (see Definition 3.1 be-
low) while in [7], one has equivalently

Q = (Foon(M) x Foon(M))/A,

—~

where Foon(M), Foon(M ) are the oriented orthonormal frame bundles of
(M, g), (J/W\ , 9) respectively, and A is the diagonal right SO(n)-action.

The next step consists of using either the parallel transports with respect
to V9 and V7 (Agrachev-Sachkov’s approach) or alternatively, orthonormal
moving frames and the structure equations (Bryant-Hsu’s approach) to trans-
late the constraints of no-spinning and no-slipping and derive the admissible
curves, i.e., the curves of @) describing the rolling (R), (¢f. Eq. (13) below).
Finally, one defines either a distribution or a codistribution depending which
approach is chosen.

In the present paper, we adopt the Agrachev-Sachkov’s approach and we
construct an n-dimensional distribution Dr on @ so that the locally absolutely
continuous curves tangent to Dy are exactly the admissible curves for the
rolling problem, (cf. Definition 3.17 below). The construction of Dy comes
along with the construction of (local) basis of vector fields, which allow one
to compute the Lie algebraic structure associated to Dg. (See also [28], [16]
for alternative constructions of of the rolling problem (R).) Note also that the
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4 CHAPTER 1. INTRODUCTION

precise definition of the rolling (R) has been extended to the case of manifolds
with different dimensions in [31].

We now describe precisely the results of the present paper. In Section 2,
are gathered the notations used throughout the paper. The control system
associated to the rolling problem (R) is presented in Section 3 by giving a
precise definition of the state space ) and of the set of admissible controls,
which is equal the set of locally absolutely continuous (la.c.) curves on M
only. We thus obtain a driftless control systems affine in the control (¥)g and
also provide, in Appendix A, expressions in local coordinates for these control
systems.

In Section 3, we construct the rolling distribution Dg and we provide (local)
basis of vector fields for Dr. We show that the rolling (R) of M over M is
symmetric to that of M over M i.e., the reachable sets are diffeomorphic. The
controllability issue turns out to be a delicate one since, in general, there is no
“natural” principal bundle structure on mg s : ¢ — M which leaves invariant
the rolling distribution Dg. Despite this fact, we prove that reachable sets are
smooth bundle over M (cf. Proposition 4.2) and have an equivariance prop-
erty of the reachable sets of Dr with respect to isometries from M and M.
We deduce from that complete controllability for the rolling problem (R) as-
sociated to a pair of manifolds M and M is equivalent to that of the rolling
problem (R) associated to their universal Riemannian coverings. Therefore, as
far as complete controllability is concerned, one can assume without loss of
generality that M and M are simply connected.

We then compute the first order Lie brackets of the vector fields generating
Dr and find that they are (essentially) equal to vector fields given by the
vertical lifts of

(1) Rol(X,Y)(A) := AR(X,Y) — R(AX, AY ) A,

where X,Y are smooth vector fields of M, ¢ = (z,7;A) € @ and R(-,"),
and }A%( ,.) are the curvature tensors of g and g respectively. We call the
vertical vector field defined in Eq. (1) the Rolling Curvature, (cf. Definition 4.9
below). Higher order Lie brackets can now be expressed as linear combinations
of covariant derivatives of the Rolling Curvature for the vertical part and
evaluations on M of the images of the Rolling Curvature and its covariant
derivatives.
In dimension 2, the Rolling Curvature is (essentially) equal to

EM(z) - KM (2),
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CHAPTER 1. INTRODUCTION 5

where KM (), K M (.) are the Gaussian curvatures of M and M respectively.
At some point ¢ € Q where KM (2) — KM (Z) # 0, one immediately deduces
that the dimension of the evaluation at ¢ of the Lie algebra of the vector fields
spanning Dp is equal to five, (the dimension of @)) and thus the reachable set
from ¢ is open in Q. From that fact, one has the following alternative:

(a) there exists ¢y € @Q so that KM — K M = 0 over the reachable set
from ¢, yielding easily that M and M have the same Riemannian covering
space (cf. [2] and [7]);

(b) all the reachable sets are open and then the rolling problem (R) is
completely controllable.

In dimensions n > 3, the rolling curvature cannot be reduced to a scalar
and it seems difficult compute in general the rank of the evaluations of the
Lie algebra of the vector fields spanning Dr. We however can derive an easy
sufficient condition for complete controllability, reminiscent of the 2D case:
if, for every point ¢ € @, the vertical part of T,() belongs to the tangent
space at ¢ of the reachable set from ¢, then (X)pg is completely controllable,
cf. Proposition 4.18 (see also [16] for a similar result). Moreover, in the case
where one of the manifolds (let say (]\/4\ , §)) is of constant (Gaussian) curvature,
a key simplification occurs namely the state space () carries the structure of a
principal bundle compatible with D (cf. [14]). One can further show that the
constant curvature assumption to get a principal bundle structure for rolling
is (essentially) a necessary condition (cf. [10]). In that situation, the orbits
obtained by rolling along loops of (M, g) become Lie subgroups of the structure
group of mg ar : @ — M which can be realized as holonomy groups of either
certain vector bundle connections (that we call rolling connections) when the
curvature of the space form is non-zero, or of an affine connection (in the sense
of [22]) in the zero curvature case. Note that in the latter case, the rolling (R)
is nothing else but the development of a manifold onto its tangent space which
was used first by Cartan in [8] in order to define the (affine) holonomy group
of the affine connection. By studying the rolling connections, one is able to
prove precise controllability results (cf. [14], [12], [11], [13]).

Section 5 collects our results for the rolling (R) of three-dimensional Rie-
mannian manifolds. We are able to provide a complete classification of the
possible local structures of a non open orbit, and to each of them, to charac-
terize precisely the manifolds (M, g) and (]\/4\ , §) giving rise to such orbits.

SOCIETE MATHEMATIQUE DE FRANCE 2016



6 CHAPTER 1. INTRODUCTION

Roughly speaking, we show that the rolling problem (R) is not completely
controllable i.e. Op,(qo) if and only if the Riemannian manifolds (M, g)
and (]\/4\, g) are locally of the following types (i.e., in open dense sets):

(i) isometric,

(ii) both are warped products with similar warping functions or

(iii) both are of class Mg with the same 5 > 0.

Here, the manifolds of class Mg are defined as three-dimensional Rieman-
nian manifolds carrying a contact structure of particular type, as described
in [1] and that we recall in Appendix C.1. The possible values of the orbit
dimension d of a non open orbit Op,(qo) (i.e. d = dim Op,(qo)) are corre-
spondingly in (i) d = 3, (ii) d = 6 or d =8 and finally (iii) d = 7 or d = 8,
where the alternatives in (ii) and (iii) depend on the initial orientation Ay.
Consequently, it follows that the possible orbit dimensions for the rolling of 3D
manifolds are

dim Op, (q0) € {3,6,7,8,9},

where dimension d = 9 corresponds to an open orbit (in Q). Note that we do
not answer here to the question of global structure of (M,g), (M, §) when
the rolling problem (R) is not completely controllable. We finally gather in a
series of appendices several results either used in the text or directly related
to it.
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CHAPTER 2

NOTATIONS

For any sets A, B,C' and U C A x B and any map F': U — C, we write
Us={beB|(a,b)eU} and U’={ac Al (ab)eU}.
Similarly, let
F,:U, — C, Fy(b):= F(a,b) and F’:U”— C, F’(a):= F(a,b).

For any sets V1,...,V, the map pr, : Vi x---xV,, = V; denotes the projection
onto the i-th factor. For a real matrix A, we use Aé» to denote the real num-
ber on the i-th row and j-th column and the matrix A can then be denoted
by [A;] If, for example, one has A;- = a;; for all 7, j, then one uses the notation
A; = (aij)z- and thus A = [(am);] The matrix multiplication of A= [Az] and
B = [B;] is therefore given by AB = [( Dok A}CB]’“);] Suppose V, W are finite
dimensional R-linear spaces, L : V — W is an R-linear map and F' = (v;)&mV,
G = (w;)mW are bases of V, W respectively. The dim W x dim V-real matrix
corresponding to L w.r.t. the bases F' and G is denoted by Mg (L). In other
words, L(v;) = >_; Mpc(L)jw; (corresponding to the right multiplication by
a matrix of a row vector). Notice that, if K : W — U is yet another R-linear
map to a finite dimensional linear space U with basis H = (u;)#%U | then

Mpg(KolL)= Mgu(K)Mpa(L).

If (V,g), (W,h) are inner product spaces with inner products g and h, one
defines L's» : W — V as the transpose (adjoint) of A w.r.t g and h i.e.,
g(LTohw,v) = h(w, Lv). With bases F' and G as above, one has Mpg(L)T =
M p (L), where T on the left is the usual transpose of a real matrix i.e.,
the transpose w.r.t standard Euclidean inner products in RV, N € N.
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In this paper, by a smooth manifold, one means a smooth finite-dimensional,
second countable, Hausdorff manifold (see e.g. [25]). By a smooth submanifold
of M, we always mean a smooth embedded submanifold. For any smooth map
7w : . — M between smooth manifolds &£ and M, the set

™ ({z}) = 7 ()

is called the 7-fiber over x and it is sometimes denoted by E Iz when 7 is clear
from the context. The set of smooth sections of 7 is denoted by I'(m). The
value s(x) of a section s at x is usually denoted by S|y A smooth manifold M
is oriented if there exists a smooth (or continuous) section, defined on all
of M, of the bundle of n-forms man @ A"(M) — M where n = dim M. If
not otherwise mentioned, the smooth manifolds considered in this paper are
connected and oriented. For a smooth map 7: E'— M and y € E, let V|, (7)
be the set of all Y € T’ E such that m.(Y) = 0. If 7 is a smooth bundle, the
collection of spaces V|, (7), y € E, defines a smooth submanifold V' (7) of T'(E)
and the restriction mpg) : T(E) — E to V(7) is denoted by /(). In this
case Ty (y) is a vector subbundle of m(g) over E. For a smooth manifold M,
one uses VF(M) to denote the set of smooth vector fields on M i.e., the set
of smooth sections of the tangent bundle 7y : T(M) — M. The flow of a
vector field Y € VF(M) is a smooth onto map ®y : D — M defined on an
open subset D of R x M containing {0} x M such that %‘I)y(t, Y) =Y 0,1y
for (t,y) € D and ®y(0,y) =y for all y € M. As a default, we will take D to
be the maximal flow domain of Y.

For any distribution D on a manifold M, we use VFp to denote the set of
vector fields X € VF(M) tangent to D (i.e., X |, € D, for all z € M) and
we define inductively for k > 2,

VF}, = VF), ! + [VEp, VE§ '],
where VFL, := VFp. The Lie algebra generated by VFp is denoted by Lie(D
D

and it equals | J, VF%,. For any maps 7 : [a,b] — X, w : [¢,d] — X into a set X
such that v(b) = w(c) we define

(1), t € [a,0],

wiyilebtd=d =X (W) = {w(t—bJrc), tebb+d—d.

A map v : [a,b] — X is a loop in X based at xp € X if v(a) = v(b) = xo.
In the space of loops [0,1] — X based at some given point xg, one defines an

[

of concatenation, by

wey =t w(dt)) U (t—v(3t).

operation

MEMOIRES DE LA SMF 147



CHAPTER 2. NOTATIONS 9

If N is a smooth manifold and y € N, we use Q,(N) to denote the set of all
piecewise C''-loops [0,1] — N of N based at y.

Given a smooth distribution D on a smooth manifold M, we call an abso-
lutely continuous curve c¢: I — M, I C R, D-admissible if c it is tangent to D
almost everywhere (a.c.) i.e., if for almost all ¢ € I it holds that ¢(t) € D), -
For xg € M, the endpoints of all the D-admissible curves of M starting at xq
form the set called D-orbit through zy and denoted Op(xg). More precisely,

(2) Op(zo) = {c(1) | ¢:[0,1] — M, D-admissible, ¢(0) = zo}.

By the Orbit Theorem (see [3]), it follows that Op(x¢) is an immersed smooth
submanifold of M containing xg. It is also known that one may restrict to
piecewise smooth curves in the description of the orbit i.e.,

Op(zo) = {c(1) | ¢:[0,1] = M piecewise smooth
and D-admissible, ¢(0) = zo}.

We call a smooth distribution D’ on M a subdistribution of D if D' C D. An
immediate consequence of the definition of the orbit shows that in this case,
for all xg € M, Op/(x9) C Op(xp).

Ifn:FE— M,n:F — M are two smooth maps (e.g. bundles), let C°(m,n)
be the set of all bundle maps m — 7 i.e., smooth maps g : ¥ — F such
that 7o g = m. For a manifold M, let my : M x R — M be the projection
onto the first factor i.e., (z,t) — x (i.e., mp, = pry). fn: E—- M, n: F — M
are any smooth vector bundles over a smooth manifold M, f € C°°(m,n) and
u,w € 771 (x), one defines the vertical derivative f at u in the direction w by

Q (W) (1) = (D f)(w)(w) = S| -t tw).

Here w — (D, f)(u)(w) = v(w),(f) is an R-linear map between fibers
a7 (z) = n ().

In a similar way, in the case of f € C°°(FE) and u,w € 7~ !(x), one defines
the m-vertical derivative

v(w) 1, (F) = Duf(w)(w) = < Fluttw)

at u in the direction w. This definition agrees with the above one modulo the
canonical bijection C*°(FE) = C*(idg, 7, ). This latter definition means that
v(w), can be viewed as an element of V|, () and the mapping w — v(w),
gives a (natural) R-linear isomorphism between 7~!(x) and Vi, (m) where
m(u) = z. If w € I'(m) is a smooth m-section, let v(w) be the m-vertical
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10 CHAPTER 2. NOTATIONS

vector field on E defined by v(w),, (f) = v(w, ), (f), where 7(u) = 2 and
f € C*(E). The same remark holds also locally.

In the case of smooth manifolds M and M, z € M, T € M, we will use
freely and without mention the natural inclusions (C) and isomorphisms (=):

T, MT‘ MCT‘( V(M xM)=T M&T M,

An element of T') (MXM ) =T, (M )@T‘ ( ) with respect to the dlrect

sum splitting is denoted usually by (X,X)7 where X € T'|, M, X € T\E
Sometimes it is even more convenient to write

X+ X :=(X,X)
when we make the identifications (X,0) = X, (0,X) = X. Let (M, g), (]\/4\, 9)
be smooth Riemannian manifolds.
Amap f: M — M is a local isometry if it is smooth, surjective and

—

is an isometric linear map for all x € M. A bijective local isometry f : M — M
is called an isometry and then (M, g), (M, g) are said to be isometric. In this
text we say that two Riemannian manifolds (M, g), (]\//f , ) are locally isomet-
ric, if there is a Riemannian manifold (N, h) and local isometries F': N — M
and G : N — M which are also covering maps i.e. if they are Riemannian cov-
ering maps. One calls (N, h) a common Riemannian covering space of (M, g)
and (]\//f , 9). Notice that being locally isometric is an equivalence relation in
the class of smooth Riemannian manifolds (the fact that we assume F,G to
be Riemannian covering maps, and not only local isometries, implies the tran-
sitivity of this relation).

The space M = M x M is a Riemannian manifold, called the Riemannian
product manifold of (M, g), (]\/4\ , ), when endowed with the product metric
g := g @ g. One often writes this as (M, g) x (]\/4\, g). Let V, v,V (resp.
R, R, R) denote the Levi-Civita connections (resp. the Riemannian curvature
tensors) of (M,g), (]/\4\, 9), (M = M x ]\/4\,57 = g @ g) respectively. From
Koszul’s formula (cf. [25]), one has

(4) V(X,)?)(Y,i}) = (VXY;%)??%
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when XY € VF(M), XY ¢ VF(]\//.T) and hence from the definition of the
Riemannian curvature tensor

(5) R((X,X),(Y,Y))(Z,Z) = (R(X,Y)Z,R(X,Y)Z),

where X,Y, 7 € T, M and )?,EA/,Z € T‘E]\/i\. For any (k,m)-tensor field T’
on M we define VT to be the (k, m+ 1)-tensor field such that (see [39], p. 30)

(6) (VT)(X1, ..., X, X) = (VXT)(X1,..., Xm),
X1, X, X € T), M.
The parallel transport of a tensor Ty € Tfflw(o) (M) from ~v(0) to y(t) along

an absolutely continuous curve v : I — M (with 0 € I) and with respect to
the Levi-Civita connection of (M, g) is denoted by

(Pvg)g(’Y)To-

In Levi-Civita’s notation V9 (resp. parallel transport PV"), the upper index g
(resp. VY) referring to the Riemannian metric g (resp. the connection V9) is
omitted if it is clear from the context. Let (v,7) : I — M X M be a smooth
curve on M x M defined on an open real interval I containing 0. If

(X(t), X (1)) : I — T(M x M)

is a smooth vector field on M x M along (7,7) i.e., (X(t), X (t)) belongs to
T\ (vt 700 (M x M) then one has

(7) Vimzm!
if the covariant derivatives on the right-hand side are well defined.

If (N, h) is a Riemannian manifold we define Iso(N, h) to be the (smooth Lie)
group of isometries of (N, h) (cf. [39], Lemma I11.6.4, p. 118). It is clear that
the isometries respect parallel transport in the sense that for any absolutely
continuous 7 : [a,b] — N and F € Iso(N, g) one has (cf. [39], p. 41, Eq. (3.5))

(8) Fely © (PVh)Z(V) = (PVh)Z(FOV) © ¥ (a) -

The following result is standard.

X, X) = (V4 X, Vs X)

THEOREM 2.1. — Let (N, h) be a Riemannian manifold and for any absolutely
continuous 7 : [0,1] — M, v(0) = yo, define

AZ)h(y)(t):/O (PY) (y)3(s)ds € T, N, te0,1].

Then the map AzYoh Dy A%h (7)(.) is an injection from the set of absolutely
continuous curves [0,1] — N starting at yo onto an open subset of the Banach
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12 CHAPTER 2. NOTATIONS

space of absolutely continuous curves [0, 1] — T\yo N starting at 0. Moreover,

the map A?ZJh is a bijection onto the latter Banach space if (and only if ) (N, h)
is a complete Riemannian manifold.

REMARK 2.2

(i) For example, in the case where v is the geodesic t — exp, (tY) for
Y eT, N,onehas A;Oh(fy)(t) =tY.

(ii) It is directly seen from the definition of AZ:L that it maps injectively
(piecewise) CF-curves, k = 1,..., 00, starting at yo to (piecewise) C*-curves
starting at 0. Moreover, these correspondences are bijective if (N, h) is com-
plete.
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CHAPTER 3

STATE SPACE, DISTRIBUTIONS AND
COMPUTATIONAL TOOLS

3.1. State Space

3.1.1. Definition of the state space. — After [2], [3] we make the follow-
ing definition.

DEFINITION 3.1. — The state space Q = Q(M, ]\7) for the rolling of two n-
dimensional connected, oriented smooth Riemannian manifolds (M, g), (M, g)
is defined as

Q:{A:T‘xM%T‘EJ\/J\]withAo—isometry, e M, fe]\/f},

where “o-isometry” stands for “orientation preserving isometry” i.e., if (X;)"_,
is a positively oriented g-orthonormal frame of M at x then (AX;), is a
positively oriented g-orthonormal frame of M at Z.

The linear space of R-linear map A : T’ PR M — T‘ M is canonically isomor-
phic to the tensor product T* B M ® T‘ M. On the other hand, by usmg the
canonical inclusions T M C T™ |, )(MXM) Tz M C T\, )(MXM)

the space %, M @ T'; M is canonically included in THM x M )¢ the
space of (1,1)-tensors of M x M at (z,Z). These inclusions make
T"M&TM = |J 7" ,M&T ;M
(z,2)eMxM

z,T) )

a subset of T (M x M ) such that

B B - e _
Tremeril = Tri(axil) lremerai P 1 MOTM — M x M

is a smooth vector subbundle of the bundle of (1,1)-tensors

DOt T}H(MxM )
on M x M.
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The state space @ = Q(M, M ) can be described as a subset of T M ®TM as
Q={AeT"M&TM ;) |(2,3) €M x M,
IAX |5 = X|lg, VX € T, M, det(A) = 1}.

In the next subsection, we will show that 7q = 7., oTI|Q 1S moreover a

smooth subbundle of 7 It is also sometimes convenient to consider

‘T M@TM
the manifold T* M ® T'M and we will refer to it as the extended state space for
the rolling. This concept of extended state space naturally makes sense also in
the case where M and M are not assumed to be oriented (or connected).

A point A € T"M ® TM  with 7., o 77(A) = (,7) (or A € Q with
7Q(A) = (z,2)) will be usually denoted by (z,Z;A) to emphasize the fact
that A : T, M — Tz M. Thus the notation ¢ = (z,x; A) simply means
that ¢ = A.

3.1.2. The Bundle Structure of (). — In this subsection, it is shown
that m¢ is a bundle with typical fiber SO(n).

DEFINITION 3.2. — Suppose the vector fields X; € VF(M) (resp. X, €
VE(M )), i =1,...,n form a g-orthonormal (resp. g-orthonormal) frame of
vector fields on an open subset U of M (resp. U of M). We denote

F=(X;)L

7

1 and ﬁ:()?i)?zl
andfor:ceU,/x\eﬁwelet

Fi,o =it Fz =Xaz)is

T

A local trivialization 7 = TR R of @ over U x U induced by F, F is given by

T (UxU) = (U xU)xS0(n), (,3;4)~ ((=, DMy F (A)),

~

Where./\/lF‘zﬁ‘i (A)g = §(AX;, X j) since AX;), = >3, 9(AX; |, . Xj12)X |z

For the sake of clarity, we shall write M PP (A) as M, 5(A). Obviously
[AX |5 = [[X|lg for all X € T, M is equivalent to ATog A = idT‘ M and we
get

M p(A) My 5(A) = Mp p(AT97) M 5(A) = Mpp(idr a) = idge,

where T denotes the usual transpose in gl(n), the set of Lie algebra of n x n-real
matrices. Since det M, 5(A) = det(A) = +1, one has M, »(4) € SO(n).
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3.2. DISTRIBUTION AND THE CONTROL PROBLEM 15

REMARK 3.3. — Notice that the above local trivializations 7

PP of mg are just

the restrictions of the vector bundle local trivializations

(" anyrry) (U x U) — (U x U) x gl(n)

of the bundle e (M)@T (3T) induced by F, F and defined by the same formula
as Tp f- In this setting, one does not even have to assume that the local

frames F, F are g- or g-orthonormal. Hence mg is a s smooth subbundle of

T vigrar With @ a smooth submanifold of T"M & T M.

One has the following simple proposition.

PROPOSITION 3.4. — Let ¢ = (x,7;A) € Q and B € T*(M) ®T(]\/E)‘(gC 7) -
Every mg-vertical tangent vector (i.e., an element of Vi, (7q)) 1is of the form
v(B),, for a unique B € T*M@T]\/i‘(l, ) and v(B),, is tangent to Q if and
only if

G(AX,BY) + §(BX, AY) =0,
for all X,Y €T, M or simply B € A(so(T'|, M)).

We use T to denote the (g, g)-transpose operation T, in the sequel.
The proposition says that V‘ q( ©) is naturally R-linearly isomorphic to
A(so(T'), M)).

3.2. Distribution and the Control Problem

3.2.1. From Rolling to Distributions. — Each point (z,Z;A) of the
state space Q = Q(M ,]\/4\ ) can be viewed as describing a contact point of
the two manifolds which is given by the points x and Z of M and M , respec-
tively, and an isometry A of the tangent spaces T‘ M, T‘ - M at this contact
point. The isometry A can be viewed as measuring the relative orientation
of these tangent spaces relative to each other in the sense that rotation of,
say, T‘ = M corresponds to a unique change of the isometry A from T‘ .M
to Tz M. A curve t — (v(t),7(t); A(t)) in @ can then be seen as a motion of
M against M such that at an instant ¢, ~(t) and 7(t) represent the common
point of contact in M and M respectively, and A(t) measures the relative
orientation of coinciding tangent spaces T (1) M, Tﬁ(t) M at this point of
contact.

In order to call this motion rolling, there are two kinematic constraints that
will be demanded (see e.g. [2], [3, Chapter 24], [9]) namely
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16 CHAPTER 3. STATE SPACE, DISTRIBUTIONS AND COMPUTATIONAL TOOLS

(i) the no-spinning condition;

(ii) the no-slipping condition.

In this section, these conditions will be defined explicitly and it will turn out
that they are modeled by certain smooth distributions on the state space Q.
The subsequent sections are then devoted to the detailed definitions and analy-
sis of the distribution Dng and Dy on the state space @, the former capturing
the no-spinning condition (i) while the latter capturing both of the condi-
tions (i) and (ii).

The first restriction (i) for the motion is that the relative orientation of the
two manifolds should not change along motion. This no-spinning condition
(also known as the no-twisting condition) can be formulated as follows.

DEFINITION 3.5. — An absolutely continuous (a.c.) curve

(9) ¢:1—Q, t— (y(t),3(t); A1),

defined on some real interval I = [a,b], is said to describe a motion without
spinning of M against M if, for every a.c. curve [a,b] — TM; t — X(t) of
vectors along t — ~y(t), we have (see also [28] for a similar definition)

(1) VipX(t) =0 = Vi, (AWX (1)) =0 for ace. t € [a,b].

Note that Condition (10) is equivalent to the following: for a.e. ¢ and all
parallel vector fields X(.) along x(.), one has

(V040 A@0) X (1) = 0.

Since the parallel translation P¢(y) : Ty M — T, M along v(.) is an
(isometric) isomorphism (here X () = P}(v)X(0)), then (10) is equivalent to

(11) \% A(t) =0 for a.e. t € [a,b.

(6 (1)

The second restriction (ii) is that the manifolds should not slip along each
other as they move i.e., the velocity of the contact point should be the same
w.r.t both manifolds. This no-slipping condition can be formulated as follows.

DEFINITION 3.6. — An a.c. curve

q: 1 —Q, t— (7(t),7(t); A1),

defined on some real interval I = [a,b], is said to describe a motion without
slipping of M against M if

(12) At)5(t) =7(t) for ae. t € [a,b].
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3.2. DISTRIBUTION AND THE CONTROL PROBLEM 17

DEFINITION 3.7. — An a.c. curve

q: 1 —Q, t— (v(t),7(t); A1),

defined on some real interval I = [a, b], is said to describe a rolling motion i.e.,
a motion without slipping or spinning of M against M if it satisfied both of
the conditions (10),(12) (or equivalently (11),(12)). The corresponding curve
t— (y(t),7(t); A(t)) that satisfies these conditions is called a rolling curve.

It is easily seen that t — q(t) = (y(t),7(t); A(t)), t € [a,b], is a rolling curve
if and only if it satisfies the following driftless control affine system

¥(
(13) (D)r A1) = A)u(?), for a.e. t € [a, b],
\Y

where the control u belongs to U(M), the set of measurable T'M-valued
functions u defined on some interval I = [a,b] such that there exists a.c.
y : [a,b] = M verifying u = ¢ a.e. on [a,b]. Conversely, given any control
u € U(M) and qo = (z0, To; Ap) € @, asolution ¢(.) to this control system ex-
ists on a subinterval [a, V'], a < b" < b satisfying the initial condition ¢(a) = go.
The fact that System (13) is driftless and control affine can be seen from its
representation in local coordinates (see Eqgs. (54)—(56) in Appendix A).

We begin by recalling some basic observations on parallel transport. As is
clear, if one starts with a (1,1)-tensor Ay € Tll‘(xo 7o) (M x M) and has an

a.c. curve t — (y(t),7(t)) on M x M with ~7(0) = zp, 7(0) = T, defined on an
open interval I 3 0, then the parallel transport A(t) = P}(v,7)Ao exists on [
and determines an a.c. curve in T (M x M ). But now, if Ap rather belongs
to the subspace T*M ® TM or Q of TLH(M x M ), it will actually happen that
the parallel translate A(t) belongs to this subspace as well for all ¢ € I. This
is the content of the next proposition, whose proof is straightforward.

~

PROPOSITION 3.8. — Let t — (y(t),7(t)) be an absolutely continuous curve
in M x M defined on some real interval I 5 0. Then we have

Ay e T*M @ TM = A(t) = PL(v,7)Ag € T*"M @ TM, Vtel,

A €Q = Alt)=PF(1.7)A€Q, Vtel,

and

(14) Py(7,7)A0 = Pi(7) 0 Ago P(v), Vtel.
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18 CHAPTER 3. STATE SPACE, DISTRIBUTIONS AND COMPUTATIONAL TOOLS

Let T(M x M) x

uct vector bundle 7

(T*(M) ® T( )) be the total space of the prod-

TorMxiT) X Mx3T Tr(MyeT(3T) OVer M x M. We will de-
fine certain [lift operations corresponding to parallel translation of elements of
"M @ TM.

M><M

DEFINITION 3.9. — The No-Spinning lift is defined to be the map

Prns:T(Mx M) x,, = (T"(M)@T(M)) — T(T*(M)® T(M)),

such that, if ¢ = (z,7; A) ET*(M)®T(M) XeT, M, X €Tz M and
t— (y(t),7(t)) is a smooth curve on in M x M defined on an open interval
containing 0 such that 4(0) = X, 5(0) = X, then one has

(15)  Zxs((X,X)sq) = S| FinA)A € T, (T°(M) © T( ).

The smoothness of the map Zng can be easily seen by using local triv-
ializations. We will usually use a notation .Zng(X )|, for & Ns(X, q) when

X €Tz (MxM)and g = (2,3; A) € T*(M) @ T(M ).

In partlcu/lir, when X € VF(M >iM), we get a lifted vector ﬁild on
T*(M)®T(M) given by g — Zns(X)|,. The smoothness of Zng(X) for
X € VE(M x M) follows immediately from the smoothness of the map #ns.
Notice that, by Proposition 3.8, the No-Spinning lift map #Zng restricts to

Dns: T(M x M) x,, =Q— TQ,

where T'(M X ]/\Z) X
X

vxii @ is the total space of the fiber product

Tr(mxdy M= Q-
DEFINITION 3.10. — The No-Spinning (NS) distribution Dyg on T*M @ TM

is a 2n-dimensional smooth distribution defined pointwise by

(16) Dns|y = 2N (T} (gzy (M x M)

lg>

with ¢ = (z,7;4) € T*"M ® TM. Since DNS‘Q C TQ (by Proposition 3.8)
this distribution restricts to a 2n-dimensional smooth distribution on ) which
we also denote by Dng (instead of Dng 0 ).

The No Spinning lift .#Ng will also be called Dys-lift since it maps vectors
of M x M to vectors in Dns. The distribution Dng 1s smooth since #ng(X )
is smooth for any smooth vector field X € VF(M x M ). Also, the fact that
the rank of Dng exactly is 2n follows from the next proposition, which itself
follows immediately from Eq. (15).
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PrOPOSITION 3.11. — For every ¢ = (z,z;A) € T"M ® TM and X in
T\(z) (M x M), one has

(T nrerin)« (Zns(X)), ) = X,
and in particular (7Q)«(LNs(X ) )=X ifqgeq.

Thus (7., M®TM) (resp. (mg)«) maps DNS\(;E 7.4) isomorphically onto
T\ (MXM) for every (z, 73 A) € T*M®TM (resp. (z,7; A) € Q) and the
inverse map of (7 T*M@TJ/\/[\)*\DNS‘(I (resp. (TI'Q)*‘,DNS‘q ) is X = Zns(X)),-

The following basic formula for the lift Zng will be useful.

THEOREM 3.12. — For X € T|(z2) (MX]\//.?) and A € T'(7 . yrori7), we have
(17) «ZNS()?)\A‘(M) ZA*()?)—V(%?A)\A‘(M) ,
where v denotes the vertical derivative in the vector bundle — and A,

e e T*M&TM’
is the map T(M x M ) — T(T*M @ TM ).

Proof. — Choose smooth paths v : [-1,1] = M and 7 : [-1,1] — M such

that (7(0),7(0)) = X and take an arbitrary f € C®°(T*M ® TM) Define
A(t) = P{(v,9)A| (s, - Then
Zrs(X) i) = 4(2).

Also, it is known that (see e.g. [39], p.29)
(18) PO A wam) = Aea) TV A+TEFQ),

with ¢ = F(t) a C*-function | — 1,1 = T, M ® T‘EJ\//.T. Moreover, with
I1(t) = P}(~,7), one has

- o~ 0 FA Gwawy) — FAOA 7))
(A*(X) _ A*(a))f _ %g% | (v(1) A (1)) : | (2,2)
i FAIR)A| 2y + IO Ve A+ I F(t) = () A, 5))
50 t
1 ["d _
=i 4 f(H(t)A‘ o) +sH(t)VXA+32H(t)F(t))ds
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We shall write Eq. (17) from now on with a compressed notation
LNs(X) |4 = Au(X) = (Vg A) 4

REMARK 3.13. — If A € F(WT*(M)®T<A7)) and ¢ := Aj, 3 € Q (eg. if
A € T'(mq)), then on the right hand side of (17), both terms are elements
of T, (T"M @ TM ) but their difference is actually an element of T Q.

As a trivial corollary of the theorem, one gets the following.

~

COROLLARY 3.14. — Suppose t — q(t) = (7v(t),7(t); A(t)) is an a.c. curve on
T*M @ TM or Q defined on an open real interval I. Then, for a.e. t € I,

Ins (V1 7®) 14y = AW = (V5005004 1o

REMARK 3.15. — The controllability of the control system associated to the
distribution Dysg is studied more thoroughly in [23]. In particular, it is shown
there that the orbits of Dng can be completely characterized in terms of the
holonomy groups of (M, g) and (]/\4\ ).

3.2.2. The rolling distribution Dr. — We next define a distribution
which will correspond to the rolling with neither slipping nor spinning. As
regards the rolling of one manifold onto another one, the admissible curve g(.)
must verify the no-spinning condition (10) and no-slipping condition (12) that
we recall next. Since ¢(.) is tangent to Dng, we have A(t) = Pl(x, 7)A(0),
and the no-slipping condition (12) writes A(t)5(t) = (). It forces one to
have, for a.e. t,

q(t) = Zns (Y(6), AB)Y(1) |40y
Evaluating at ¢ = 0 and noticing that if gy := ¢(0), with g9 = (zo, Zo; Ag) € Q
and §(0) =: X € T, M are arbitrary, we get
q(0) = Lns (X, Ao X),

q "
This motivates the following definition.

DEFINITION 3.16. — For ¢ = (z,7;A) € Q, we define the Rolling lift or
Dr-lift as a bijective linear map

gRIT‘zMXQ‘(I, —>T‘qQ,

7)

given by
(19) gR(X7Q):gNS(X7AX)‘q
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This map naturally induces 2R : VF(M) — VF(Q) as follows. For X €
VE(M) we define Zr(X), the Rolling lifted vector field associated to X, by

Lr(X): Q= TQ), a— LX),

where ZR(X),, = (X, q).

lq

The Rolling lift map .# allows one to construct a distribution on @ (see [6])
reflecting both of the rolling restrictions of motion defined by the no-spinning
condition, Eq. (10), and the no-slipping condition, Eq. (12).

DEFINITION 3.17. — The rolling distribution Dr on @ is the n-dimensional
smooth distribution defined pointwise by

(20) DR‘q :.,%R(T‘xM)‘q,
for g = (z,7; A) € Q.

The Rolling lift R will also be called Dg-lift since it maps vectors of M to
vectors in Dy. Thus an absolutely continuous curve

t—q(t) = (v(8),7(t); A(t))

in @ is a rolling curve if and only if it is a.e. tangent to Dy i.e., (t) € Dr )
for a.e. t or, equivalently, if ¢(t) = ZR(ﬁ(t))‘q(t) for a.e. t.

Define mg p = pry omg : Q@ — M and notice that its differential (7g ar)«
maps each Dg (,7:4) > (xz,x; A) € @Q, isomorphically onto T,M. Similarly one

defines Toir = Pr2omq Q — M.

PROPOSITION 3.18. — For any qo = (z9, To; Ao) € Q and absolutely continu-
ous

v:[0,al — M a>0,
such that v(0) = x, there exists a unique absolutely continuous q : [0,a'] — Q,
qt) = (v(t),7(t); A(t)), with 0 < @’ < a (and o' mazimal with the latter

property), which is tangent to Dr a.e. and q(0) = qo. We denote this unique
curve q by

t— 4dDr (7? QO)(t) = (7<t)7 ;Y\DR (77 CIO)(t); A'DR (7? QO)(t))7

and refer to it as the rolling curve along ~ with initial position qg. In the case
that M is a complete manifold one has a’ = a.

Conversely, any absolutely continuous curve q : [0,a] — Q, which is a.e. tan-
gent to Dg, is a rolling curve along v = mg v oq i.e., has the form gpg (7, ¢(0)).
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Proof. — We need to show only that completeness of (]\//.7 , g) implies that
a’ = a. In fact, X(t) = Ay fg PY(v)%(s)ds defines an a.c. curve t )/(\'(t) in
Tz, M defined on [0,a] and the completeness of M implies that there is a
unique a.c. curve 5 on M defined on [0, a] such that X (t) = f(f PY(F)7(s)ds
for all t € [0,a]. Defining A(t) = Pt(J) o Ago PP(v), t € [0,a] we notice that
t— (y(t),7(t); A(t)) is the rolling curve along v starting at gp that is defined
on the interval [0, a]. Hence ¢’ = a. O

REMARK 3.19. — It follows immediately from the uniqueness statement of
the previous theorem that, if v : [a,b] - M and w : [¢,d] — M are two a.c.
curves with v(b) = w(c) and go € @, then

(21) 4pr (W U, q0) = ¢pg (W, 4Dg (7, 00) (b)) U gDy (7, q0)-

On the space Q,(M) of piecewise differentiable loops of M based at z one
has

4ps (W 7, 90) = g (W, 4pr (7, 90) (1)) - 4Dy (7, 0),
where v, w € Qg (M).

In the case where the curve v on M is a geodesic, we can give a more precise
form of the rolling curve along v with a given initial position.
PROPOSITION 3.20. — Consider qo = (o, Zo; 4o) € Q, X € T, M and
v:[0,a] — M, ~(t) = exp,, (tX),
a geodesic of (M, g) with v(0) = zg, 7(0) = X. Then the rolling curve
4pr (V- 00) = (7:7Dr (7, 00); App (7, 90)) ¢ [0,a"] — Q,

0 < d < a, along v with initial position qy is given by

DR (7, 90)(t) = expz, (tAcX),

Apg (7,90)(t) = Py (Apr (7, 00)) © Ao 0 P (7).
Of course, ' = a ifM\ is complete.

Proof. — Let 0 < a/ < a such that 7(t) := expz,(tAgX) is defined on [0, a'].

Then, by proposition 3.8, ¢(t) := (y(t),7(t); A(t)) with
A(t) := P§(7) 0 Ago P)(y), tel0,d],

is a curve on @ and A(t) is parallel to (v,7) in M X M. Therefore ¢ — q(t) is
tangent to Dns on [0, a’] and thus

q(t) = Lns (W(t)ﬁ'(t)) lq(t) -
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Moreover, since v and 4 are geodesics,
A3 (1) = (P§(A) 0 Ao) (PP (7)) = P§(A) (A X) =7 (8),
which shows that for t € [0,d/],
q(t) = Lns (Y1), AF(®)) |,y = LR(TB)) | -

Hence t — ¢(t) is tangent to Dy i.e., it is a rolling curve along ~ with initial
position ¢(0) = (7(0),7(0); A(0)) = (zo, Zo; Ao) = go. O

REMARK 3.21. — If y(t) = exp,, (A0 X) and qo = (w0, To; Ag), the statement
of the proposition can be written in a compact form as

ADR (71 QO)(t) = P(g (8 = %(wo,fo) (S(Xv AOX)))A07
for all ¢ where defined.

The next proposition describes the symmetry of the study of the rolling
problem of (M, g) rolling against (M, g) to the problem of (M, g) rolling
against (M, g).

PROPOSITION 3.22. — Let Z/);{ be the rolling distribution in @ = Q(]\/i, M).
Then the map

Q= Q; ufa, B A) = (3,447
is a diffeomorphism of QQ onto @ and
L1« Dr = Z/DE.
In particular, 1(Opg (q)) = Op=(¢(q))-

Proof. — Tt is obvious that ¢ is a diffeomorphism (with the obvious inverse
map) and for an a.c. path ¢(t) = (v(t),7(t); A(t)) in Q,

(coq)(t) = ((1),7(t); A()™)
is a.c. in @ and for a.e. t,

7(t) = A7 (1), A(t) = Py(F) 0 A(0) o P(7)

is equivalent to

J(t) = A@) (), AM) = Fi(y) 0 A0) o P(F).

These simple remarks prove the claims. O
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REMARK 3.23. — Notice that Definitions 3.16 and 3.17 make sense not only
in @ but also in the space T"M ® T M. It is easily seen that D defined on
T*M @ TM by Eq. (20) is actually tangent to @ so its restriction to @ gives
exactly Dr on @ as defined above. Similarly, Propositions 3.18, 3.20 and 3.22
still hold if we replace @ by T*M ® TM and @ by T*M @ TM everywhere in
their statements.

3.3. Lie brackets of vector fields on @

In this section, we compute commutators of the vectors fields of T M QTM
and @ with respect to the splitting of T(T*M ® T™M ) (resp. T'Q) as a direct
sum Dng @ V(7 y10r57) (tesp. Dng @ V(mg)). The main results are Propo-
sitions 3.35, 3.35 and 3.37. These computations will serve as preliminaries for
the Lie bracket computations relative to the rolling distribution Dy studied
in the next section. It is convenient to make computations in 7*M ® TM and
then to restrict the results to Q.

3.3.1. Computational tools. — The next lemmas will be useful in the
subsequent calculations.

LEMMA 3.24. — Let (x,7;A) € T*M&TM (resp. (x,7; A) € Q). Then there

exists a local T,y o p-section (resp. mq-section) A around (z,T) such that

A‘(w@ =A and VgA=0

Proof. — Let U be an open neighborhood of the origin of T‘(x@ (M x ]\7),

where the g-exponential map exp : U — M X M is a diffeomorphism onto
its image. Parallel translate A along geodesics t — exp(tX), X € U, to get
a local section A of T*(M) ® T(M\) in a neighborhood of 7 = (z, ). More
explicitly, one has

A =Py (t — & (t(expr) " () A,
forye U.If (x,7; A) € Q, this actually provides a local mg-section. Moreover,

we clearly have Vi A = 0 for all X € T\ (zz) (M % M).
O

Notice that the choice of A corresponding to (x,x; A) is, of course, not
unique.
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The proof of the following lemma is obvious and hence omitted.

LEMMA 3.25. — Let A be a smooth local 7TT*M®TM -section and A‘(x ) = = A.

Then, for any vector fields X,Y € VF(M x M) such that
one has
Here [V, V] is given by Vi o Vg — Vi 0 Vg and is an R-linear map on
the set of local sections of wp., .57 around (z, ).
We next define the actions of vectors
Ixs(X), €T, (T"M@TM), X €T, (MxM),
V(B)‘q EV‘Q(T‘—T*M(@TJTJ\)’ BGT‘QZ*M@T‘%M
on certain bundle maps instead of just functions (e.g. from C*°(T* M ®TM ))-

Recall that if n : E— N is a vector bundle and y € N, u € E|, = n~(y), we
have defined the isomorphism

Uniw By — Vi) vy, 0)(f) = a‘o

We normally omit the index 7 in v,), when it is clear from the context, and

flu+tv), VfeC=(E).

simply write v instead of v, and it is sometimes more convenient to write
v(v)), for v, (v). By using this we make the following definition.

DEFINITION 3.26. — Suppose B is a smooth manifold, n : £ — N a vector
bundle, 7: B — N and F': B — E smooth maps such that n o F' = 7. Then,
for b€ B and V € V|, (1), we define the vertical derivative of F' as

_— —1

This is well defined since FV € V), (n). In this matter, we will show the
following simple lemma that will be used later on.

LEMMA 3.27. — Let N be a smooth manifold, n : E — N a vector bundle,
7: B — N a smooth map, O C B an immersed submanifold and F : O — E
a smooth map such that no F'=1,.

(i) For every by € O, there exists an open neighborhood V' of bo i O, an
open nezghborhood 1% ofbgin B s. t. V C V and a smooth map F:V > E
such that n o F and F\V =F,. We call F a local extension of F
around by.

_T\V
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(ii) Suppose T : B — N s also a vector bundle and F is any local extension
otharound bo as in case (1). Then ifv € B, ) is such thatv, (v) € T, O,
one has

where on the right hand side one views t — ﬁ(bg + tv) as a map into a fired
(i.e. independent of t) vector space E‘F(bo) and the derivative % s just the

classical derivative of a vector valued map (and not a tangent vector).

Proof. — (i) For a given by € O, take a neighborhood W of yo := 7(bo)
in N such that there exists a local frame vy, ..., v of n defined on W (here
k =dim E — dim N). Since no F' =7, it follows that

Zfz )ijrp . YETTHW)NO,

for some smooth functions f; : 77 }(W)NO — R, i = 1,...,k. Now one can
choose a small open nelghborhood V of by in O and an open neigborhood 1%
of by in B such that V C vV C =Y W) and there exist smooth f1,..., fr :
V 5 R extending the functions fl‘v, i.€. fl‘v Nfl\v fort=1,...,k. To
finish the proof of case (i), it suffices to define F' : V' — E by

k
= fib)vij,gy, VDEV.
i=1

(i) The fact that t — F(by + tv) is a map into a fixed vector space B by
is clear since

F(by+tv) € E\n(ﬁ(b0+tv)) = E‘T(bg.g_tv) = E\T(bo) .

Since F|y, = ﬁ\v and v, (v) € T, V, we have Fiv, (v) = ﬁ*y‘bo (v).
Also, t = by + tv is a curve in F |7 (bo) and hence in E, whose tangent vector
at t = 0 is exactly v}, (v). Hence

Z/‘F(bo) (V\bo (U)F):F*V\bo (U):F*V\bg( dt‘ bo+tv)

Here on the rightmost side, the derivative =: T is still viewed as a tangent
vector of E at F(by) i.e. t — F(by + tv) is thought of as a map into E. On
the other hand, if one views t — F (bo + tv) as a map into a fixed linear
space E| (bo) * its derivative =: D at t = 0, as the usual derivative of vector
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valued maps, is just D = V| F(bo) ~1(T). In the statement, it is exactly D whose

expression we wrote as % 10 F (bo + tv). This completes the proof. OJ

REMARK 3.28. — The advantage of the formula in case (ii) of the above lemma
is that it simplifies in many cases the computations of 7-vertical derivatives
because t — ﬁ(bo + tv) is a map from a real interval into a fized vector space
E, F(bo) and hence we may use certain computational tools (e.g. Leibniz rule)
coming from the ordinary vector calculus.

Let O be an immersed submanifold of T*"M ® T ]\7 and write

TO = T \roriT |0 -
Then if

T:(’)—)TTIZ(MXM\) with WTk(MX]/W\)OT:W@

(i.e. T € O%®(mo, and if

”T,'g(Mx]\A/[)))
q=(2,7;A) €O and X € T|(zz) (M x ]\/Z)

are such that Zng(X)),
take the derivative Zng(X )‘ ¢ I'- Our main interest will be the case where
k=0, m=1,ie TF(M x ]\/4\) =T(M x ]\/4\), but some arguments below
require this slightly more general setting.

€ T‘ q O, we next want to define what it means to

First, for a moment, we take
O=T"M&TM.

Choose some local 7., .+7-section A defined on a neighborhood of (z,z)

such that Z‘(x@) = A and define

(23)  Zns(X)), T = Ve (T(4) ~ v(Vg A), T € Th 0z (M x M),

which is inspired by Eq. (17). Here as usual, T(A) = T o A is a locally defined
(k,m)-tensor field on M x M. Note that this does not depend on the choice
of A since if W € F(WT,gn(ij\?)) and if we write

(Tw)(@) = T (@)@ )

SOCIETE MATHEMATIQUE DE FRANCE 2016



28 CHAPTER 3. STATE SPACE, DISTRIBUTIONS AND COMPUTATIONAL TOOLS

as a full contraction for ¢ = (z,7;A) € T"M ® T]\/j, whence T'@ belongs to
C*(T*M ® TM ), we may compute (where all the contractions are full)

(Zxs(X),, T) S(T(A))@ - (;OT(AHVXZ))W

€l
Il

=V (T(A)w) —T(q)Vgm — (;ito (T(A+tVxA)w)
— Ve (To)(A) - % (D) A+ V5 A) - T(0) V@
(24) (gNs(Y)‘qT)w:st(X)‘q(TCU)—T(q)ﬁyw,

for all w € I'(m and where #ns(X) o on the right hand side acts as

T,;n(sz\?))
a tangent vector to a function Tw € C(T*M ® TM ) as defined previously.

The right hand side is independent of any choice of local extension Aof A
(i.e. Aj(, 7 =A), it follows that the definition of ZNS()?)‘Q T is independent

of this choice as well. Now if © ¢ T*M @TM is just an immersed submanifold,
we take the formula (24) as the definition of Zxg(X) P T.

DEFINITION 3.29. — Let O C T*M ® TM be an immersed submanifold and
q=(z,7;A) € O, X € T\(x,%) (M x M) be such that fNS(X)\q €er,,0.

Then for T : O — Tk (M x M ) such that T oT = o, we define

(Mx]\//\[)

D%NS(X)MT

to be the unique element in 7% | (2,7) (M x M ) such that Eq. (24) holds for every

wel(r , and call it the derivative of T with respect to £xs(X) g

™ (M x M ))
We now to provide the (unique) decomposition of any vector field of T*M ®
TM defined over O (not necessarily tangent to it) according to the decompo-

sition T(T*M ® TJ\//I) = Dns @ V(”T*M®TJ/\/1\)'

PROPOSITION 3.30. — Let X € C*(ro, 7, be a smooth bundle

(T*MRTM ))
map (i.e. a vector field of T*M @ TM along O) where O C T*M @ TM is a
smooth immersed submanifold. Then there are unique smooth bundle maps

T € C™(ro,m} and U € C®(T0, T p pyporii)

(sz\?))
such that

(25) X, =2xs(T(@)), +v(UW@),, 9€0.
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Proof. — First of all, there are unique smooth vector fields
xh xv e o (7T(9,7TT(T*M®Tﬁ)),
of T*M @ TM along O such that
Xh\q € Dnsjgr A% € Vi (M prgrar)s
for all ¢ € © and X = X" + XV. Then, we define
T(q) = (T porip)«X ", and Ulg) = v, ~(XY),),

where ¢ = (z,7; A) € O and V|, 1s the isomorphism

T*‘$M®T‘5M—>V‘Q(WT*M®TJ/W\)’ B’—>V(B)‘q
This clearly proves the claims. O
REMARK 3.31. — The previous results shows that to know how to compute

the Lie brackets of two vector fields X',) € VF(O) where O C T"M ® TM is
an immersed submanifold (e.g. O = @), one needs, in practice, just to know
how to compute the Lie brackets between vectors fields of the form

q— Zxs(T()) ), Zns(S(0),  ar—v(U@),.v(V(2),
where X, :fNS(T(q))‘q +V(U(q))\q and YV, Zst(g(Q))\q +V(V(Q))\

as above.

q

REMARK 3.32. — Notice that if O ¢ T*M®TM is an immersed submanifold,
q = (x,f;A) €0, X € T‘qO and T € COO(Wo,WTk(MX]/\/[\)>,

define the derivative XT € T (M x M ) by decomposing
X = D%NS()?)M +v(U)

then we may

lq
for the unique X €T (47 (M x J\/Z) and U € (T*M@TM\)‘(QC@.

T,T

We finish this subsection with some obvious but useful rules of calculation,
that will be useful in the computations of Lie brackets on O C T*M & T M
and we will make use of them especially in section 5.

LEMMA 3.33. — Let O C T*M @ TM be an immersed submanifold,
q=(z,7;4) €0, T € C®(m0, Trk (vrxiry)» £ € CT(0), h e CF(R),
X € T\(z2) (M x ]/\4\) such that £ns(X)
Ue(T"M xTM ),z such that v(U)

1q € T‘qO and finally

lq ET‘qO.
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Then
(i) Zns(X)), (FT) = (Zns(X) |, F)T(q) + F(q)Lns(
(ii) Lns(X), (ho F) =1 (F(q))ZNs(X), F
(111) v(U),,(FT) = (v(U )\qF)T() F(qv ( )lq
(iv) v(U)), (ho F) =N (F(q)v(U)),

T .0 — TM C T(M x M) is such that T(q) € T, M for all ¢ =
(x,x;A) € O and one writes

>
s

)iq

o~

()T(): 0 —TM CT(M xM); q=(z,7;A) — AT(q),
(see Remark 3.34 below), then
(v) Zns(X), ()T()) = ALxs(X), T €T ; M,
(vi) v(U),, (()T() =UT(q) + Av(U) |, T € T ;
where Lns(X )‘q v(U), T €T, M. Finally, if Y € VF(M) s considered
as a map O — TM (@', 2" A') = Y|, and if we write

X=XX)eT,Ma&T ;M
then

(Vii) st(X)‘qY = V)(Y.

REMARK 3.34. — In the cases (v) and (vii) we think of 7" : O — T'M, to
adapt to our previous notations, as a map 7' : O — pri(T'M) where pr;
is the projection M x M — M onto the first factor. Here pri(mrar) is a
vector subbundle of Tor(MxiT) which we wrote, slightly imprecisely, as TM C

T(M x M) in the statement of the proposition. Thus T'(¢") € T, M for all
¢ = (2/,2'; A") € O just means that pri(npy) o T = 7o.

Proof. — Items (i)—(iv) are immediate to derive. We next turn to an argument
for the others. We take a small open neighborhood V' of ¢ in O, a small open
neighborhood V of qgin T"M ® TM such that V C V a smooth

T:V —TM
such that T‘V =T and T(q) € T\, M for all qd = (w’,f’;A’) € V. Such an

extension 1" of T is provided by Lemma 3.27 by taking by = ¢, 7 T M@TE?

n = pri(mrar) with pry @ M x M = M the projection onto the first factor (see
also Remark 3.34 above). Then taking

t— T(t) = (v(t),7(t); A(t))
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to be any curve in O with I'(0) = ¢, I'(0) = Zns(X )‘ , we have

Lns (X)), (7)) = Zns(X)), ((OT())
= Vg (A()T(A()) - (‘fto (A+tVgA())T(A+tVgA())
= (VA()T () + AV (T(A()) ~ (VxA() T(a)
— Aiof(AthVXA(.))
= AZns(X)), T = AZxs(X),, T,
where the first and the last steps follow from the facts that
((OTO)jy = (7)) and Ty =Ty
This gives (v).
To prove (vi) we compute

(), (OT() = v(U), ((VT(.)) :(‘:t (A+tU)T (A +tU)

- (a‘o(/u-tU))Tv(q) +A<iof(A+tU) =UT(q) + Av(U), T

=UT(q) + Av(U),,T.
Finally, we prove (vii). Suppose that Y € VF(M). Then the map
O—TM, (,72;A")— Y‘x,

is nothing more than Y o pry o mp where pry : M X M — M is the projection

onto the first factor. Take a local 7., , , T _section A with A‘ = A. Then
since Y opryomp =Y opr; o e T |0 Ve have

XNS()?)M (Yopr;omp) = Zns(X) P (Y opry o ﬂT*M@TJ/\/[\)

= v(xj)(Y 0PIy O M preorif © A) % ‘ (Yopryomp yrorir) (4 + tVgA).

But (Yopr;om =Y, = (¥,0)z forall (2/,2") and

T*M&TM °© A) (2!,

(Yopryomp yrorii) (4 + tVgA) = Y, for all ¢ and hence
,,Q”NS(X')‘Q(Yoprloﬂ@):v(XX)(Y,O)—O:VXY. O
3.3.2. Computation of Lie brackets. — We now embark into the com-

putation of Lie brackets.
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PROPOSITION 3.35. — Let O C T*M @ TM be an immersed submanifold,

T = (T,T), S = (S,S’\) S COO(TFO’T[—T(MXJ\//T))

with ZNS(T(Q))M ,.,?Ns(g(q))‘q €T, 0 forallq=(z,z;A) € O. Then, for
every q € O, one has

[xs(T(.)), Zns(S())] ), = Dns(Dxs(T(a))),
(26) +v(AR(T(q), S(q)) — R(T (¢),5(q))

~—

N

SN—
=y

with both sides tangent to O.

Proof. — We will deal first with the case where O is an open subset of

T*M & TM. Take a local T merir Section A around (z, T) such that

Aas =4 Ve =0

see Lemma 3.24.
Let f € COO(T*M®T]\//_7 ). By using the definition of .#ng and v, one obtains

Zns(T(A)), (Lns(SC)(S))

T(A)(Zns(S(A) 1)
—d Lns(5(A+ 1T A)

\A+ﬁT<A)K (f)
- T(A)(§(ﬁ) (f(Z ‘ F(A +tVS(A)A))

d =
2

(A + th(Z)A))‘

T 90 \Of(AJFtV:T(A)A + 5V§(A+ﬁfwﬁ)

We use the fact that Vg A=0foral X e T\(zz) (M x M ) and % and T(A)

commute (as the obvious vector fields on M x M x R with points (z, Z,t)) to
write the last expression in the form

T(A)(SAFA) ~ S| TANIA+1V 5 D)
~ &) WA+ 1955 D)
02 _
50| LA+ 5tV 50 (Vi) A))
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By interchanging the roles of T and S and using the definition of commutator
of vector fields, we get from this

[Ns(T (1)), Zns(S())] 1, ()

= [T(A), S(D)], (F(D) + 55| F(A+ stvm)(ﬁm)fl))

dtos
0? _ ~

= [T(Av)a E(K)] lq (f(ﬁ)) - V(Wf(g)» \Y (A)]g) lq (f)
Using Lemma 3.25, we get that the last line is equal to
(T(A), Sz (F(A)

I~ AR(T(A), 5(4)) + R(T(4),5(4))A),, (7).

~v(Virea, STV I

from which, by using the definition of .£Ng, linearity of v/(.) lq and arbitrariness
of f e C”(T*M@TJ\//.?), we get
[xs(T(1)), Zns(S(2)],
= Zns([T(A), S(A)])), +v(AR(T(A), S(A)) — R(T (A), S (A))A),-

Finally,

A) A) =0,

il SA+1 V) A)

E‘OS(

o)A = 2 T() =0,

[T(A),S(A) = V7 ()<§<A>> Vi (T(A
=Zns(T(9), 5 —£ns(5(9), T
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The claim thus holds in this case (i.e. when O is an open subset of 7% M ®TM ).
We let O C T*M ®TM to be an immersed submanifold and
T,5:0—T(MxM)
are such that, for all ¢ = (z,7;A) € O, T(x,7;A), S(z,7; A) belong to
T|(yz) (M x M) and ,,?NS(T(Q))M, .i”Ns(g(q))‘q belong to 1", O.
For a fixed ¢ = (x,7;A) € O, we may, thanks to Lemma 3.27 (taking

T = Trporinr 1 = Tr(xir) bo=qand F =T or F = S there) take a

small _open neighborhood V' of ¢ in O, a neighborhood V of q in @ such that
V' C V and some extensions

~ ~ —

T,S:V —T(Mx M)
of Ty, S|y with
T(a, @A), S (2,7 A) € Ty 0y (M x M)
for all (2/,7'; A') € V. Then since
Dxs(TO)y = Las(T )y and Zxs(S())y = Las(50) v
we compute, because of what has been shown already,
[Zns(T ), s (9)], = = [Zns(T )\VaZNS(S)\V]
= ((xs(T), Zxs(8)])y)
= Zxs(Lns(T(0))), S — Zxs(8(0), T)
+v(AR(T(q),5(9)) — R(T (9), S (9))A),
where in the last line we used that
T(q)=T(q) = (T(q).T(q)) and S(g)=5(q) = (S(q).5(q)).
Since Zns(T'(q))), € T|,0 =T,V by as-

lq

)

q

Take any w € I'(m

Tlgn(MxA?))' lq

sumption and since (Ew)‘v = (§LT))W, we have

Zxs(T(a))), (S@) = Lxs(T(9)) |, (SD)y -
But then Eq. (24), i.e. the definition of Zns(T(q))

sl
=
=
=
153
—+
=
@
=
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that is
Zs(T(@),5 = Zxs(T(@), 5

and similarly

Zxs(S(a)), T =2ns(S()), T

This shows that on @ we have the formula

[Zns(T ), Zxs(9)] ), = Lns(Dxs(T(a) 1, S — Lns(S(0) 1, T),
+v(AR(T(9). S(a)) = R(T (q), S (a))4),

q 9

where both sides belong to T‘ g O (since the left hand side obviously belongs
to T‘q O) O

PROPOSITION 3.36. — Let O C T*M @ TM be an immersed submanifold,
T = (T,’T) € COO(F@,TFT(MX]/\/[\)) and U € COO(F(/),WT*M@TM\)
be such that, for all ¢ = (z,7;A) € O,

.i”Ns(T(q))‘q €T,O0, V(U(q))‘q €T,0.

[(xs(T(),v(U ()], = —LNs(v(U(@),T)), +v(Ens(T(),U)),

with both sides tangent to O.

Proof. — As in the proof of Propos1t10n 3.35, we will deal first with the case
where O is an open subset of T*M ® TM. Take a local T perar SeCtion A
around (z, z) such that (see Lemma 3.24)

In some expressions we will write ¢ = A for clarity.
Let f € C°°(T*M ® TM ). Then st(T(A))‘q (v(U())(f)) is equal to

TA) U 5 (0) = 3|, CA+ T D) e, 50
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which is equal to T(A) (V(U(g))‘g (f)) once we recall that vT(A)E =0.In
addition, one has

V(U(A), (LxsTON) = S| Lus(T(A+1U(4) (f)

‘A—&-tU(A)
= jto T(A +2tU(A))(f(fT +tU(A)))
O, FA+ () + 5T ) (A 0(A)

~ 9s0tlo
= jto T(A +2tU(A)) (f(A +tU(A)))
0 _ ~
 9sot ‘o FA+tU(A) + stV 74004y (U(A))),

since V= T(A+U( A))ﬁ = 0. We next simplify the first term on the last line to
get

1 A+ () (F(A +10(A)))
= (W(U(0), T)(f(A) + T(A)(v(U(A)), 5 (f))

and then, for the second term, one obtains

‘ FA+UA) + 8tV 744y (U(A)))

888t

:g\of*\q’/<a\o (tU( )+Sth(A+tU( ))(U(A)))>\q
d
= G lo 10V (U@ + 5V (UA))]|

- dio <f*‘qV(U(A))\q + sf*\q”(VT(A)(U(g))) \q)
= L(Vw (UA), = (V) (UA), f.

Therefore one deduces

[(xs(T()),v(U())]), ()
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where the last line follows from the definition of .#Ng and the fact that
VV(U(A))‘ *A = 0. Finally, Eq. (23) implies

q

V) (U(A)) = ﬁT(q)(U(A)) — u(vT(q)A) lq U= .,%NS(T(A)) lq U.
=0

Thus the claimed formula holds in the special case where O is an open subset

of T*M ® T'M . More generally, let O C T*M @ T M be an immersed subman-

ifold, and
T=(TT):0—T(MxM)=TMxTM, U:0— T*MxTM
as in the statement of this proposition.

For a fixed ¢ = (x,x; A) € O, Lemma 3.27 implies the existence of a neigh-
borhood V of ¢ in O, a neighborhood V of ¢ in T*M ® T'M and smooth

T:V—TMxM), U:V-—>T"MeTM
such that %(m, T3 A) € Ty z) (M x M), Uz, 7;A) € (T*M®T]\/J\)‘(x’f)
and %\V = T\V’ U\V = U\V (for the case of an extension U of U, take in

TeMeri 1 = T (MxAT ) F =U, byp = q). In the same
way as in the proof of Proposition 3.35, we have

[Zns(T ), v(U)]), = [Zns(T), v(U))]
XNS(%(Q))M U =2xs(T(q)) 1qU-

Hence by what was already shown above,
[Zxs(T),v(U)] ), = ~Lxs(wU (@), 1), +v(Lxs(T(@)),U)),-
=v(U(q9), T and for that, it suffices

Lemma 3.27, 7 = =

q’

e

We are left to show that v(U(q)),
to show that

q

v(r U @), T) 17 = U @), T) 7
If f € C(T(M x M)), then

v(w(U(@),T) 7 f = (%*’/(U(Q)) o)t

I
—~
el
*
S
—~
S =
)
=
<
~—
~
|
X
—~
E\
-
\-/ —~
=)
~—
~—
o
N
S
S
bl

where at the third equality we used the fact that (f o T
v(U(q)) e €T, 0= T,V. This completes the proof. O

SOCIETE MATHEMATIQUE DE FRANCE 2016



38 CHAPTER 3. STATE SPACE, DISTRIBUTIONS AND COMPUTATIONAL TOOLS

Finally, we derive a formula for the commutators of two vertical vector fields.

PROPOSITION 3.37. — Let O C T*M @ TM be an immersed submanifold and
UV e C’OO(W@,WT*M@Tﬁ) be such that

v(U(a)) - v(V(@)), €T),0
forall g € O. Then

@) U)WV, =r(vU@),V = (V@) U),-

Proof. — We begin with the case where O is an open subset of T*M ® T™
and write ¢ = (z,7; A) € O simply as A. Let f € C°(T*M @ T'M ). Then,

AU(A), (AV) = S| AV A+ T, ()
2

Otos

‘Of(AthU(A) + sV (A+tU(A)))

= sl i Gl (00 (4 00)
— d(iof*lj(U(A) + SV(U<A))\qV) lq
= fw(w(UA), V), = v(UA) ), V), f

from which the result follows when O is an open subset of T*M ® TM. The
case where O is only an immersed submanifold of T*M ® T'M can be treated

by using Lemma 3.27 in the same way as in the proofs of Propositions 3.35
and 3.36. =

q

lq

As a corollary to the previous three propositions, we have the following,
whose proof is immediate.

COROLLARY 3.38. — Let O C T*M ® TM be an immersed submanifold
and X,Y € VF(O). Letting for q € O,

X, =2xs(TW@)), +v(U@) ), Yy =2Lxs(5@), +v(V(@)),.

to be the unique decompositions given by Proposition 3.30. Writing T = (T,T),
S =(S,8) corresponding to T(M x M ) =TM x TM, we get

[X’y]\q - (XNS<X\q§)\q +V(X\qv)\q) - (‘gNS(y\qT)\q +V(y\qU)\q)
+v(AR(T(q). S(q)) — R(T'(q). S (g)A),

(for the notation, see the second remark after Proposition 3.30).

q
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CHAPTER 4

STUDY OF THE ROLLING PROBLEM (R)

In this section, we investigate the rolling problem as a control system (X) g
associated to the distribution Dg.

4.1. Global properties of a Dr-orbit
We begin with the following remark.

REMARK 4.1. — Notice that the map mg v : @ — M is in fact a bundle.
Indeed, let F' = (X;); be a local oriented orthonormal frame of M defined
on an open set U. Then the local trivialization of mg 5 induced by F' is

TF : ﬂé}M(U) — U X FOON(]/W\), Tr(2, T A) = (2, (AXG |, )it1),

is a diffeomorphism. Note also that since mg as-fibers are diffeomorphic to

—

Foon(M ), in order that there would be a principal G-bundle structure for

—

TQ.M, it is necessary that Foon (M ) is diffeomorphic to the Lie-group G.

From Proposition 3.20, we deduce that each Dgr-orbit is a smooth bundle
over M. This is given in the next proposition.

PROPOSITION 4.2. — Let gy = (xo, To; Ag) € Q and suppose that M is com-
plete. Then

TOpg (a0).M *= TQM|0p, (q0) * OPr(d0) —> M,
is a smooth subbundle of g .

One defines similarly

o~

T Opg (a0) T = T Q1T Opy (g0) * OPr(0) — M.
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Proof of Proposition 4.2. — First, surjectivity of TOpy (40),M follows from
completeness of M by using Proposition 3.18. Since DR‘ g C T lq Opy (qo) for
every q € Op,(qo) and (mg,a)« maps Dg, isomorphically onto T, o (a) M,
one immediately deduces that TOp, (q0),M is also a submersion. This implies
that each fiber (WODR(qo),M)_l(m) = Opg(q0) N Wé’lM((E), x € M, is a smooth
closed submanifold of Op, (qo). Choose next, for each x € M, an open convex

U, CT B M such that exp, U, is a diffeomorphism onto its image and 0 € U.
Define

Tyt Wé}M(Ux) — U, X ﬂ'é}M(m’),
q=(y, 75 4) — (v, (2,7 (Ve ) (1); Apg (9,2, 0) (1))
where
Yy [0,1] = M,y (t) = exp, (1 — 1) exp, ' (y))

is a geodesic from y to x. It is obvious that 7, is a smooth bijection. Moreover,
restricting 7, to Opg(qo) clearly gives a smooth bijection

Opy (q0) N 754 (Us) — Un x (Opg (q0) N 75y ().

The inverse of 7,, 7"

o Up % WélM(l') — ﬂ'é}M(Um) is constructed with a

formula similar to that of 7, and is seen, in the same way, to be smooth.
This inverse restricted to U, x (Opg(q0) N WélM(LL“)) maps bijectively onto
Opyg(q0) N ﬂélM(Uz) and thus 7, is a smooth local trivialization of Op (qo)-
This completes the proof.

O

REMARK 4.3. — In the case where M is not complete, the result of Propo-
sition 4.2 remains valid if we just claim that TOpy (a0),M is a bundle over its
image M° := mg m(Opg (o)), which is an open connected subset of M. Write

M° = 7rQ7]\7[(ODR(qO)).
Then using the diffeomorphism
LQ = QM M) — Q:=Q(M,M), (2,7;4)— (T,2;A7")

(Proposition 3.22) one gets

= _ _ A -1
TO0pp (0),M — TQAM Oy (g0) — TQM %Y |05 (ua0)) © 10Dy (a0)

QM |05 (c(a0)) © “10pg(a0) = TO5(q0)), M © 1O (@0)*
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4.1. GLOBAL PROPERTIES OF A Dg-ORBIT 41
from which we see that 7, — is also a bundle over its image MP since
Dr (q0)7M
Hopy (g * OPa(@0) — O (u(a0))
is a diffeomorphism and since by the previous proposition and the above re-
. . . oo o .
mark ﬂ-(’)ﬁg(b(qo)), 77 is a bundle over its image, which necessarily is M °. Notice
also that if M is complete, then M° = M.

The next proposition can be useful in case one of the manifolds has a large
group of isometries. We do not provide an argument for this proposition since
it is immediate.

PROPOSITION 4.4. — For any Riemannian isometries
F €1so(M,g) and F EISO(M\, 9)

of (M,g), (]/\4\, g) respectively, one defines smooth free right and left actions

P

of Iso(M, g), Iso(M, g) on Q by

qo - F = (FY(x0), Zo; Ao o F | F=1(x0) ):

F - qo := (z0, F(%); F\*‘go o Ayp),
where qo = (xo, To; Aog) € Q. We also set

FoqF:=(F-q) F=F-(q-F).
Then for any Q@ = (xo,/a’fo;Ao) € Q, ac v:[0,1] - M, v(0) = z9, and
F €lso(M,g), F €Iso(M,g), one has
(28) F -4y (v,00)(1) - F = ap (F ™" 07, F - q0 - F)(1),
for all t € [0,1]. In particular,

F - Op,(q0)  F = Opy(F - qo - F).
We derive the following consequence.

COROLLARY 4.5. — Let qo = (x0, Zo; Ao) € Q and v,w : [0,1] — M be abso-
lutely continuous such that v(0) = w(0) = zg, ¥(1) = w(1). Then assuming that

qpg (75 90): qpg (W, q0), qDR(w_l.%qo) exist and if there exists F € Iso(M, g)
such that

~

F-q0o=qps(w'v,q)(1),
then

F - qpp (w,q0)(1) = gy (v, 90)(1).
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Proof. — One has
4pg (7, 90)(1) = gpg (w-w™" -7, 0)(1)
= (qpg (@, apg (W™ ¥, 40) (1)) * gpg (W™ - 7, 0)) (1)
= (4ps (@, F - q0) - apr (W' -7, 00)) (1) = apy (w, F - qo)(1)
= F - gpg (w, 00)(1). O

PROPOSITION 4.6. — Let w: (Mi,91) — (M, g) and 7 : (]\/4\1, gi) — (]\/4\, 9)

be Riemannian coverings. Write Q1 = Q(My, M 1) and (Dr)1 for the rolling
distribution in Q1. Then the map

1I: Ql — Q, H(fEl, EL‘\l;Al) = (Tr(‘rl)’%(al);%"‘\’il o Al e} (ﬂ-*\xl )—1)
is a covering map of Q1 over QQ and
I1,(Pr)1 = Drg.

Moreover, for every q1 € Q1 the restriction onto O(py), (q1) of Il is a covering
map Oy, (q1) = Opy (l(q1)). Then, for every q1 € Q1, one has

H(O(DR)1(Q1)) = Opy (H(Q1))
and one has Opy), (q1) = Q1 if and only if Opg (I(q1)) = Q.

As an immediate corollary of the above proposition, we obtain the following
result regarding the complete controllability of (Dg).

— —~

COROLLARY 4.7. — Let w: (My,g1) = (M, g) and 7 : (M1,91) — (M, g) be
Riemannian coverings. Write

Q=Q(M,M), Dr and Qi =Q(M;, M), (Dr)i

respectively for the state space and for the rolling distribution in the respective
state space. Then the control system associated to Dy is completely controllable
if and only if the control system associated to (Dg)1 is completely controllable.
As a consequence, when one addresses the complete controllability issue for
the rolling distribution Dr, one can assume with no loss of generality that
both manifolds M and M are stmply connected.

We now proceed with the proof of Proposition 4.6.

Proof. — 1t is clear that II is a local diffeomorphism onto (). To show that
it is a covering map, let ¢ = (21, Z1; A1) and choose evenly covered w.r.t m,
7 open sets U and U of M, M containing 7(x1), 7(Z1), respectively. Thus
7 (U) = Uje; Ui and F10) = Uieffji where Uy, i € I (vesp. U, i € 1)
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are mutually disjoint connected open subsets of M (resp. M 1) such that
(resp. 7) maps each U; (resp. U;) diffeomorphically onto U (resp. U). Then

I (o, (U x U)) =i (r x7) U xU)) = | mohUixUy),
iel, jel
where Wéll(Ui x U ;) for (i,7) € I x T are clearly mutually disjoint and con-

nected. Now if for a given (i,j) € I x T we have
(y1, Y1, B1), (21,21;Ch) € Wéll(Ui X ﬁj)

such that II(yy, y1; B1) = I(z1,21,C1), then y1 = 21, y1 = z1 and hence
By = (4, which shows that II restricted to Wéll(Ui X (7]) is injective. It is
also a local diffeomorphism, as mentioned above, and clearly surjective onto
Wél(U X (/j), which proves that 71'(51((] x U) is evenly covered with respect
to II. This finishes the proof that II is a covering map.

Suppose next that qi(t) = (y1(¢),71(t); A1(t)) is a smooth path on @ tan-
gent to (Dr)1 and defined on an interval containing 0 € R. Define

q(t) = (v(t),7(t); A(t)) == (I q1)(t).
Then
A(t) = 71 (1) = T Ar (DA (1) = A(D)mAn (1) = A(B)F(E),

o 0 PUE1(0) 0 41(0) 0 P(11) o (e )
(t)) o %*‘;Y\l(t) 0 A1(0) o (my |1 (£) )to P(v)
(1)) © A(0) 0 PP (),
which shows that ¢(¢) is tangent to Dg. This shows that I1,(Dgr); C Dr and
the equality follows from the fact that II is a local diffeomorphism and the
ranks of (Dr); and Dy are the same i.e., equal to n.

Let ¢1 = (x1,%1;A1). We proceed to show that the restriction of II

gives a covering Opy), (q1) — Opy(Il(q1)). First, since I1,(Dr)1 = Dr and
II: Q1 — @ is a covering map, it follows that

(O py), (q1)) = Opy (1(q1)).

Let g :=1I(q1) and let U C @ be an evenly covered neighborhood of ¢ w.r.t. II.
By the Orbit Theorem, there exists vector fields Y,...,Y; € VF(Q) tan-
gent to Dr and (uq,...,uq) € (L'([0,1]))? and a connected open neighbor-
hood W of (uy,...,uq) in (L'([0,1]))? such that the image of the end point
map endy, . y,)(¢, W) is an open subset of the orbit Opy (¢) containing ¢ and
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included in the Il-evenly covered set U. Let (Y;)1, for i = 1,...,d, be the
unique vector fields on @)1 defined by

LY =Y, i=1,....d
Since I1.(Dr); = Dg, it follows that (Y;); are tangent to (Dg); and also,
Mo end((vy),,....(vo)) = end(y;,....y,) © (IL x id).
It follows that end(y;),... (v,),)(¢1, W) is an open subset of Op.), (q1) con-
tained in 1171 (U) for every ¢} € (H\O(DRh(ql) )~ 1(q). Since end((y;),,...(Ya)1)
is continuous and W is connected, it thus follows that for each ¢) €
(H\O(DR)I((M) )~1(q), the connected set end((Y1)1,...,(Yd)1)(qiv W) is contained in

a single component of II~*(U) which, since U was evenly covered, is mapped
diffeomorphically by II onto U. But then IT maps end(y,),, . v,).) (a1, W)
diffeomorphically onto endy; . v,)(q, W). Since it is also obvious that

(0, @) (03, v (0, W)

= U end((yl)lr--a(yd)l)(qi’W)’

/ -1
Q1€(H‘O(DR)1(Q1>) (@)

we have proved that end(ylw,yd)(q, W) is an evenly covered neighborhood of ¢
in Opg(q) w.r.t H\O<DR)1(<11) .

Finally, let us prove that for every q; € @1, the following implication holds
true,

Opg ((q1)) = Q = Oy, (1) = Q1,

(the converse statement being trivial). Indeed, if Op, (II(¢1)) = @, then, for
every ¢ € @, Op,(¢) = @ and, on the other hand, the fact that II restricts
to a covering map Opy,(q1) — Opy(Il(¢1)) = Q for any ¢ € Q1 implies
that all the orbits (’)(DR)I(q’l), ¢y € Q1, are open on Q1. But @ is connected
(and orbits are non-empty) and hence there cannot be but one orbit. In par-

ticular, O(py), (q1) = Q1. O]

4.2. Rolling Curvature and Lie Algebraic Structure of Dy

4.2.1. Rolling Curvature. — We compute some commutators of the vec-
tor fields of the form R (X) with X € VF(M). The formulas obtained hold
both in Q and T*M ® TM and thus we do them in the latter space.

The first commutators of the Dg-lifted fields are given in the following

theorem.
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—

ProposITION 4.8. — If X,Y € VF(M), q = (z0,70;A) € T*(M) @ T (M),
then the commutator of the lifts Zr(X) and ZR(Y) at q is given by
(29) [R(X), Z(Y)] g = (X, Y])\q

+v(AR(X,Y) - R(AX, AY)A), .

Proof. — Choosing T'(B) = (X,BX), S(B) = (Y,BY) for B € T*(M) ®
T (M ) in proposition 3.35 we have

LZR(X), Zo(Y)]|, = Lns(Lus(X,AX), 5 — Lxs(V, AY)|, T,

+V(AR(X,Y) — R(AX, AY)A), .

By Lemma 3.33 one has
Ins(X,AX) |, S = Dns(X,AX) |, (Y +()Y)
= Zns(X,AX)|, Y + A%xs(X,AX)|, Y
=VxY + AVyY,
SO
Lns(Lns(X, AX)|, S — Zns(Y, AY), T) P
= Zns(VxY + AVxY — Vy X — AVy X) |,
= ZR(VxY —Vy X)),
which proves the claim after noticing that one has VxY — Vy X = [X,Y] by
torsion freeness of V. O

Proposition 4.8 justifies the next definition.

DEFINITION 4.9. — Given vector fields X,Y, Z1,...,Z; € VF(M), we define
the Rolling Curvature of the rolling of M against M as the smooth mapping

Rol(X,Y) : —

Trs MoTM T*M&TM’

by
(30) Rol(X,Y)(A) := AR(X,Y) — R(AX, AY)A.
Moreover, for ¢ = (z,2;A) € T"M ® T]\/J\, we use Rol, to denote the linear
map
NPT\ M — T M&T ;M
defined on pure elements of A?T 1o M by
(31) Roly(X AY) = Rol(X,Y)(A).
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Similarly, for £ > 0, we define the smooth mapping

VFRl(X,Y, Z1,. .., Z) —T

C s MeTM T* MQTM’

by
(32) VFROl(X,Y, Z1,. .., Z;)(A)
= AVFR(X,Y, (), Z1, ..., Zy)
— VFR(AX, AY, A(.),AZy, ..., AZ}).

Restricting to ), we have

Rol(X,Y), VFRol(X,Y, Z1,. .., Z)(A) € C*®(ng,T
such that, for all (z,7; A) € @,

Rol(X,Y)(A), VFRO(X,Y, Zi, ..., Z)(A) € A(so(T, M)).

T* MTM ),

REMARK 4.10. — With this notation, Eq. (29) of Proposition 4.8 can be writ-
ten as

[ “R(X), (V)] = A&(X,Y])), +7(Rol(X,Y)(4)),

lq q
Recall that using the metric g, one may identify

with A2T B M as we usually do without mention. In order to take advantage
of the spectral properties of a (real) symmetric endomorphism, we introduce
the following operator associated to the rolling curvature.

DEFINITION 4.11. — If ¢ = (z,7; A) € Q, let
Rolg : A*T |, M — AT, M
be the (real) symmetric endomorphism defined by

(33) Rol, := ATRol,.

4.2.2. Computation of more Lie brackets

PrOPOSITION 4.12. — Let X,Y,Z € VF(M). Then, for ¢ = (x,z;A) in
T*M @ TM, one has

[ZRr(2), v(Rol(X,Y)(.))] P
= —Zxs(Rol(X,Y)(4)Z) |, + v(V'Rol(X,Y, Z)(A)) P

+v(Rol(VzX,Y)(A)) PR v(Rol(X,VzY)(4)) "
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Proof. — Taking T(B) = (Z,BZ) and U = Rol(X,Y) for B € T*M ® TM
in Proposition 3.36, we get
[ ZR(Z),v(Rol(X,Y)(.))],
= —Zns(v(Rol(X, Y)(A),, (Z + (.1)Z)) P
+v(LNs(Z,AZ) 1 Rol(X, Y)(.)) PE
By Lemma 3.33 one has
I/(Rol(X, Y)(A)) P (Z + ()Z) =Rol(X,Y)(A)Z,

while by taking a local WT*M®TA7—section As. t. E‘(m@ =A, vﬁ‘(m) =0,

one gets
Zns(Z,AZ)), Rol(X,Y)(.)
= Vziaz(Rol(X,Y)(A))
= VI!Rol(X,Y, Z)(A) + Rol(VzX,Y)(A) + Rol(X,VzY)(4). O

By Proposition 4.8, the last two terms (when considered as vector fields on
T*M @ TM) on the right hand side belong to VFQDR.
Since for X, Y € VF(M) and ¢ = (z,Z; A) € Q we have

V(ROI(X, Y)(A)) lq € Opy (q)

by Proposition 4.8, it is reasonable to compute the Lie-bracket of two elements
of this type. This is given in the following proposition.

PROPOSITION 4.13. — For any q = (z,2;A) € Q and X, Y, Z, W € VF(M)
we have

[v(Rol(X, Y)(.)), »(Rol(Z,W)(.))] |,
= <R01(X, Y)(A)R(Z,W) — R(Rol(X,Y)(A)Z, AW)A
— R(AZ,Rol(X,Y)(A)W)A — R(AZ, AW)Rol(X,Y)(A)
— Rol(Z, W)(A)R(X,Y) + R(Rol(Z, W)(A)X, AY) A
+ R(AX,Rol(Z,W)(A)Y)A + R(AX, AY)Rol(Z, W)(A)) o

Proof. — We use Proposition 3.37 where for U,V we take

U(A) =Rol(X,Y)(A) and V(A)=Rol(Z, W)(A).
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First compute for B such that v(B)|, € V|, (Q) that

v(B),U=v(B), (A~ AR(X,Y) - R(AX, AY)A)

q
- (;ito (A+{B)R(X,Y) — R((A+ tB)X, (A +{B)Y)(A + tB))
= BR(X,Y) — R(BX,AY)A — R(AX,BY)A — R(AX, AY)B.

So by taking B = V(A) we get

v(V(A)),,U = Rol(Z,W)(A)R(X,Y) — R(Rol(Z,W)(A)X, AY)A
— R(AX,Rol(Z,W)(A)Y)A — R(AX, AY)Rol(Z,W)(A),

and similarly for v(U(4)), V. O

For later use, we find it convenient to provide another expression for Propo-
sition 4.13 and, for that purpose, we recall the following notation. For A, B
in s0(T', M), we define

[A,Blso := Ao B —BoA€so(T, M)
Then, one has the following corollary.

COROLLARY 4.14. — For any q = (z,2; A) € Q and X, Y, Z,W € VF(M) we
have
(34) u‘q_1[u(Rol(X,Y)(.)),y(Rol(Z,W)(.))]‘q

= A[R(X,Y),R(Z,W)],, — [R(AX,AY),R(AZ, AW)] A

— R(Rol(X,Y)(A)Z, AW)A — R(AZ,Rol(X,Y)(A)W)A
+ R(AX,Rol(Z,W)(A)Y)A + R(Rol(Z, W)(A)X, AY)A.

4.3. Controllability properties of D and first results
Proposition 4.8 has the following simple consequence.

COROLLARY 4.15. — The following cases are equivalent:

(i) The rolling distribution Dr on Q is involutive.

o~

(i) For all X,Y,Z €T, M and (z,z;A) € T*(M) @ T(M )
Rol(X,Y)(A) = 0.

(iii) (M,g) and (]/\4\, g) both have constant and equal curvature.
The same result holds when one replaces Q by T*M & TM.
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Proof. — (i) < (ii) follows from Proposition 4.8.
(i) = (iii). We use
O(X,y) = g(R(va)K X) and U(X Y) (E()?ai})?a)?)v

to denote the sectional curvature of M Wrt orthonormal vectors X,Y
in T‘ .M and the sectional curvature of M w.r.t. orthonormal vectors
X YeT, . B M respectively. The assumption that Rol = 0 on @ then implies

(35) oO(XY) = 0(Ax,AY), V(r,T;A)€Q, XYerl| M

If we fix x € M and g-orthonormal vectors X, Y € T ., M, then, for any
7€M and any g-orthonormal vectors X Y €T B M we may choose A
in Q, (,3) such that AX = X AY =Y (in the case n = 2 we may have to

replace, say, X by —X but this does not change anything in the argument
below). Hence the above equation (35) shows that the sectional curvatures
at every point T € M and w.r.t every orthonormal pair X Y are all the
same, i.e. o(xy). LThus (M , 9) has constant sectional curvatures i.e., it has a
constant curvature. Changing the roles of M and M we see that (M, g) also
has constant curvature and the constants of curvatures are the same.

(iii) = (ii) Suppose that M, M have constant and equal curvatures. By a
standard result (see [39] Lemma I1.3.3), this is equivalent to the fact that there
exists k € R such that

RX.Y)Z =k(g(Y,2)X —g(X,2)Y), XY, Z¢€ T,M, zeM,
RX.Y)Z=k(§(Y.2)X -§(X.2)Y), XY Z€T; M, Z€M.
On the other hand, if A€ Q, X,Y, Z € T‘z M, we would then have
R(AX,AY)(AZ) = k(G(AY, AZ)AX — §(AX, AZ)(AY))
=A(k(g(Y,Z2)X — g(X,Z)Y) = A(R(X,Y)Z).
This implies that Rol(X,Y)(A) = 0 since Z was arbitrary. O

In the situation of the previous corollary, the control system (X)p is as far
away from being controllable as possible: all the orbits Opg(q), ¢ € Q, are
integral manifolds of Dg. The next consequence of Proposition 4.8 can be seen
as a (partial) generalization of the previous corollary and a special case of the
Ambrose’s theorem. The corollary gives a necessary and sufficient condition
describing the case in which at least one Dr-orbit is an integral manifold of Dgy.

COROLLARY 4.16. — Suppose that (M, g) and (]/W\, q) are complete. The fol-
lowing cases are equivalent:
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(i) There exists a qo = (x0, To; Ag) € Q such that the orbit Opg(qo) is an
integral manifold of DR.
(ii) There exists a qo = (x0, To; Ao) € Q such that

Rol(X,Y)(A) =0, V(x,7;4) € Op,(q), X,Y €T, M.

(iii) There is a complete Riemannian manifold (N,h) and Riemannian cov-
ering maps F : N — M, G : N — M. In particular, (M, g) and (M, q)
are locally isometric.

Proof. — (i) = (ii). Notice that the restrictions of vector fields Zx (X ), where
X € VF(M), to the orbit Op, (qo) are smooth vector fields of that orbit. Thus
[(ZRr(X), ZR(Y)] is also tangent to this orbit for any X, Y € VF(M) and hence
Proposition 4.8 implies the claim.

(ii) = (i). It follows, from Proposition 4.8, that DR‘ODR(%) , the restriction
of Dg to the manifold Opy (¢o), is involutive. Since maximal connected integral
manifolds of an involutive distribution are exactly its orbits, it follows that
Opyg(qo) is an integral manifold of Dg.

(i) = (iii). Let N := Opy(qo) and h:= (mgm |y )*(9) i.e., for ¢ = (z,Z; A)
in Nand X,Y € T‘wM, define

h(gR(X)\q a'iﬂR(Y)\q) = g(X> Y)

If F .= QM| N and G := ToifIN» We immediately see that F' is a local
isometry (note that dim(N) = n) and the fact that G is a local isometry
follows from the following computation: for ¢ = (z,7; A) € N, X, Y € T, M,
one has

(G ZR(X),,). Cu(La(Y),)) = GAX, AY)

= 9(X,Y) = h(AR(X)|,, L), )-

lg>
The completeness of (NN, h) can be easily deduced from the completeness of M
and M together with Proposition 3.20. Proposition I1.1.1 in [39] proves that
the maps F, G are in fact (surjective and) Riemannian coverings.

(iii) = (ii): Let @p € M and choose zg € N such that F(z9) = z¢. Define
To=G(z) € M and Ag := Gy o (Fiy )~! which is an element of Q| (z0,70)
since F, G were local isometries. Write qo = (9, Zo; 4p) € Q.

Let v : [0,1] — M be an a.c. curve with «(0) = x. Since F' is a smooth

covering map, there is a unique a.c. curve I' : [0,1] — N with v = F oI and
I'(0) = zo. Define 7 = G o I' and A(t) = G|y © (Fejpq )y"teq,telol].
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It follows that, for a.e. ¢t € [0, 1],
A(t) = Gujpgy D(1) = A@)F().

Since F, G are local isometries, vw(t)ﬁm)A(.) =0 for a.e. t € [0,1]. Thus

t— (4(6),7(1); A(t))
is the unique rolling curve along ~ starting at gy and defined on [0, 1] and
therefore curves of @ formed in this fashion fill up the orbit Op,(qo). More-
over, since F,G are local isometries, it follows that for every z € N and
XY €T p,y M, Rol(X, Y)(Gy, o (Fy, )~1) = 0. These facts prove that the
condition in (ii) holds and the proof is therefore finished. O

REMARK 4.17. — If one does not assume that (M, ¢g) and (]\/Z , g) are complete
in Corollary 4.16, then (iii) in the above corollary must be replaced by the
following:

(iii)" There is a connected Riemannian manifold (N, h) (not necessarily com-
plete) and Riemannian covering maps F' : N — M° G : N — M° where
M®°, M° are open sets of M and M and there is a zp € N such that if
qo = (z0, To; Ap) € Q is defined by Aj := G*‘ZO o(F,, )7t then

| 20
MO = 7TQ7M (ODR(QO)) and ]/\ZO = WQ}]\//[\(ODR(QO))‘

In particular, M®°, M° are connected and (M°,g), (]\/4\ °,9) are locally iso-
metric. Indeed, the argument in the implication (i) = (iii) goes through except
for the completeness of (IV,h), where N = Opg,(qo) (connected). Proposi-
tion 4.2 and Remark 4.2 show that

F=moum N N — M°, G:WQ,]\/Z\N ‘N — M°

are bundles with discrete fibers. Now it is a standard (easy) fact that a bundle
m: X — Y with connected total space X and discrete fibers is a covering map
(this could have been used in the above proof instead of referring to [39]).

On the other hand, in the argument of the implication (iii) = (ii) we did
not even use completeness of (N, h) but only the fact that F/: N — M is a
covering map to lift a curve v in M to the curve I' in (). In this non-complete
setting, we just have to consider using curves v in M° and lift them to N
by using F' : N — M°. Indeed, if ¢ = (z,Z; A) € Opg(qo), there is a curve
v :10,1] = M such that gpg (7, q0)(1) = ¢. For all ¢ one has

Y(t) = mq.n (¢pr (7, 90) (1)) € Q.0 (Opy (90)) = M®,

so v is actually a curve in M°.
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Finally, notice that the assumption in (iii)’ that M° = To 77Oy (q0))
follows from the others. Indeed, making only the other assumptions, it is first
of all clear that if ¢ and v are as above, then

To (1) = 7TQJ\7(QDR(%QO)(1)) = G(r(1)) € M°,

S0 WQyﬂ(ODR(qo)) C MP°. Then if # belongs to M°, one may take a path
5 :[0,1] — M° such that 7(0) = Zo, ¥(1) = 7 and lift it by the covering
map G to a curve I'(t) in N starting from zg. Then if y(¢) := F(T'(t)), t € [0,1],
we easily see that ¥ = 3p, (7, qo), whence ¥ =7(1) € 7TQ7J’\Z(O'DR(QQ)).

On the opposite direction with respect to having the rolling curvature equal
to zero, one gets the following proposition (cf. [16] for another proof).

PROPOSITION 4.18. — Suppose there is a point qy = (xg, To; Ag) € Q and
€ > 0 such that for every X € VF(M) with || X||y < € on M one has

V\‘RfR(x)(tqo) (1Q) C T(Opy(a0)), [t <e

Then the orbit Opy (qo) is open in Q. As a consequence, we have the following
characterization of complete controllability: the control system (X)gr is com-
pletely controllable if and only if

(36) Vg€ Q, V,,(rq) CT),O0p,(q).

Proof. — For the first part of the proposition, the assumptions and
Lemma 4.20 given below imply that for every X € T |2y M we have

Zxs(Y,Y) |, €T, Opg(0)

for every Y € X1+, Y € Ao X . But since X is an arbitrary element of T‘xo M,
this means that Dxgs |, C T'|,, Opr (q0) and because T}, @ = Dns |, @ V), (7Q),
we get

T4 Q= T4 (ODR<qO))'

This implies that Op, (o) is open in Q. The last part of the proposition is an
immediate consequence of this and the fact that () is connected. O

REMARK 4.19. — The above corollary is intuitively obvious. Assumption
given by Eq. (36) simply means that there is complete freedom for infinitesi-
mal spinning, i.e., for reorienting one manifold with respect to the other one
without moving in M x M. In that case, proving complete controllability is
easy, by using a crab-like motion.
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We end this section by providing a technical lemma needed for the argument
of the previous proposition. It is actually a consequence of Proposition 3.36.

LEMMA 4.20. — Let qo = (x0,Z0;A0) € Q. Suppose that, for some X
in VE(M) and a real sequence (t,)22, s.t. t, # 0 for all n, limy, o t, = 0,
we have, for everyn >0,

(37) V\ @ o (x) (tnq0) (TFQ) - T(ODR (QO))~

Then £ns(Y, Y) w0 €T 140 O@R (qo) for everyY € T, M that is g-orthogonal
to X‘xo and every Y € T‘ %o M that is g-orthogonal to AOX\aco' Hence the
orbit Opy, (qo) has codimension at most 1 inside Q.

Proof. — Letting n tend to infinity, it follows from (37) that V| (7mq) C
T, Opg(q0)- Recall, from Proposition 3.4, that every element of V| (7q) is

of the form v(B),, , with a unique B € Agso(T'|, M). Fix such a B and define

a smooth local section S of so(T'M) — M defined on an open set W > zg by
g‘z = Pol (t > eXPy, (t expgol(m)))(AgB).

Then clearly, §‘IO = AOTB and Vy S =0forall Y € T, M and it is easy to
verify that g‘ € so(T'), M) for all z € W. We next define a smooth map

U:ng'(Wx M) —T"MeTM, U,z A4)=AS|,.
Obviously v(U(z,7; A)) € V), 5.4) (mq) for all (z,z;A). Then, choosing in
Proposition 3.36, T'= X + (.)X (and the above U) and noticing that

v(U(Ao)),, T = U(A0)X = BX,
one gets
(38)  [LR(X),v(U()] | = —ZNs(BX) )y, +v(Vix.a0x) (U(A))4,
where A‘(I 50 = Ag. By the choice of S and A, we have, for all Y = (Y,?)
in Ty 50 M % M,

Vi(U(A)) = V5(AS) = (V5 A) ) A 50 VY S =0,

S
and hence the last term on the right hand side of (38) actually vanishes.

By definition, the vector field ¢ — ZR(X),, is tangent to the orbit Opy (qo)
and, by the assumption of Equation (37), the values of the map

q=(z,%;A) — v(U(A)) lq
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are also tangent to Opy (qo) at the points ® &, (x)(tn,q0), n € N. Hence
(@200)) 1) VU Doy xtmgo) € Lo O (90)
and therefore,
L (X), (U ())]
= lim (((I)ZR(X))_t")*V(U('))\Q%R(X)(tmtm) —v(B) 4

n—o00 tn

i.e., the left hand side of (38) must belong to 7', Opy(go). But this implies
that

Zns(BX)| 4y € T4y Opr (0),
fo rall B such that v(B) € V| (7q), i.e.
ZNs (A0s0(T |, M)X) |0 € T4 Or (90)-
Notice next that 50(T‘x0 M)X is exactly the set X0 L of vectors of T, M
that are g-perpendicular to X |20 ° Since Ag € @, it follows that the set
Apso(T'|,, M)X is equal to AgX |, L which is the set of vectors of Tz, M
that are g-perpendicular to AgX |z - We conclude that
Ixs(Y))y = R(Y)),, — Zns(AoY)),, €T}y Opr(a0)
forall Y € X‘xOL.

Finally notice that since the subspaces
X1t x {0}, R(X,40X) and {0} x (4oX)*
of T\ (20,70) (M x M ) are linearly independent, their £ ng-lifts at go are that

z0,T
also and hence these lifts span a (n —1)+14(n—1) = 2n—1 dimensional sub-
space of T' . Opy (qo). This combined with the fact that V| (7q) is contained

in T Opg(qo) shows
dim Opg (q0) =2 2n — 1 +dim V), (7g) = dim(Q) — 1

lq0 lq0

i.e., the orbit Opg(qo) has codimension at most 1 in . This finishes the
proof. O
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CHAPTER 5

ROLLING PROBLEM (R) IN 3D

As mentioned in introduction, the goal of this chapter is to provide a local
structure theorem of the orbits Opy(go) when M and M are 3-dimensional
Riemannian manifolds. Recall that complete controllability of (X)g is equiva-
lent to openess of all the orbits of (X) g, thanks to the fact that @ is connected
and (X)pg is driftless. In case there is no complete controllability, then there
exists a non open orbit which is an immersed manifold in @) of dimension at
most 8. Moreover, as a fiber bundle over M, the fiber has dimension at most 5.

5.1. Statement of the Results and Proof Strategy

Our first theorem provides all the possibilities for the local structure of a
non open orbit for the rolling (R) of two 3D Riemannian manifolds.

THEOREM 5.1. — Let (M,g), (]\7, g) be 3-dimensional Riemannian mani-
folds. Assume that (X)g is not completely controllable and let Opyg(qo), for
some qy € @Q, be a non open orbit. Then, there exists an open and dense
subset O of Opyg(qo) so that, for every q1 = (z1,71; A1) € O, there are neigh-

borhoods U of x1 and U of 1 such that one of the following holds:
(a) (U,g,y) and (U,§,# ) are (locally) isometric;
g

are both of class Mg for some B > 0;
B

~

(b) (U.gy) and (U
(c) (U,g‘U) and ((7, ’g\‘ﬁ ) are both isometric to warped products (I x N, hy),

U
U

I x N,?LA or some open interval I C R and warping functions f, F
f
which moreover satisfy either

(c-A) f=For
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(c-B) there is a constant K € R such that for all t € 1
1 t " t
7w e P,
f(t) 1)

For the definition and results on warped products and class Mg, we refer
to Appendix C.3 and Appendix C.2 respectively.

REMARK 5.2. — Regarding Item (c-A) above, what we actually establish in

studying the appropriate case (see Proposition 5.27 below) is that ! ((t)) ((t))

for every t € I. Then by integrating the previous equation, one derives first
that there exists a positive constant C' such that f = C’]? and then one gets
the conclusion of the theorem by eventually taking C' f as warping functlon
over I x N. Finally, the constant factor C' can be absorbed into the metric h.

Note that we do not address here to the issue of the global structure of
a non open orbit for the rolling (R) of two 3D Riemmanian manifolds. For
that, one would have to “glue” together the local information provided by
Theorem 5.1. Instead, our second theorem below shows, in some sense, that
the list of possibilities established in Theorem 5.1 is complete. We will exclude
the case where Op, (qo) is an integral manifold since in this case this orbit
has dimension 3 and (M, g), (]\/4\ , g) are locally isometric, see Corollary 4.16
and Remark 4.17.

THEOREM 5.3. — Let (M,g), (]\/4\, g) be 3D Riemannian manifolds, qo =
(0, Zo; Ao) € Q and suppose Opg(qo) is not an integral manifold of Dgr. If
one writes

M?® == mqu(Opy (1)), M° =7, 77 (Opy(a0)),
then the following holds true.

(a) If (M, g), (]/\/[\, g) are both of class Mg and if E1, Ey, E3 and El, Eg, By
are adapted frames of (M, g) and (]/W\, q), respectively, then one has:
(A) If AOEQ\&?O = :I:EQ‘EO s then dim ODR(QO) = 7,‘
(B) If AoEs,, # iEg‘fo and if (only) one of (M°,g) or (]\70, g) has
constant curvature, then dim Op, (qo) = 7;

(C) Otherwise, dim Opy, (go) = 8.
(b) If (M,g) = (I x N, hy), (]\/4\, §) = (Ix N,/ﬁf) are warped products, where
1, TCR are open intervals, and if xo = (ro,yo), To = (70, Yo), then one
has
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(b-A) If AO%\(ro,yo) = %‘(?0@0) and if there/\em'sts C > 0 such that, for
every t such that (t 4+ ro,t + 7o) € I x I, it holds

~

f(t+ro) = Cf(t+ 7o),
then dim Opy (qo) = 6. . o
(b-B) Suppose there is a constant K € R such that Lo = L)
N ~ f(r) (7)
forall (r,7) €I x 1.
o _ 40 flro) _ 4 F(F0)
(b—Bl) If AOW‘(TOJJO) — im‘(?()y@\()) and f(TO) — :i: f(?o) ) wlth
+-cases correspondingly on both cases, then dim Opy (qo) = 6.
(b-B2) If (only) one of (M°,g), (M°, g) has constant curvature, then
one has dim Opy, (qp) = 6.
(b-B3) Otherwise dim Op, (qo) = 8.
Here (r,y) — %\(ny)’ (7,7y) — %\(?@) , are the vector fields in I x N

~ ~

and I X N induced by the canonical, positively oriented vector field r
2 , on LI CR.

REMARK 5.4. — Similarly to Remark 5.2, we have the following. Regarding
Item (b-A) above, what we actually assume (see Proposition 5.32 below) is
that, for every ¢ such that (¢t + ro,t + 79) € I x I, it holds

-~

fl(t+mro)  f(t+ 7o)

-~ 9

flt+ro)  f(t+ 7o)
which is equivalent to the condition on the warping functions given in

item (b-A).

From now on(M, g), (Z\/f\ , g) will be connected, oriented 3-dimensional Rie-
mannian manifolds. The Hodge-duals of (M, g), (M, g) are denoted by « := «ps

and 3 := .57, respectively.

As a reminder, for gy = (2o, To; Ao) € Q, we will write

TOpy (90) * = TQ|Opy, (q0) - Opp(g0) — M x M,
TOpg (q0),M * = PI1 ° TOp_ (qo) * ODR(QO) — M,

TOpy (qo),M * = P20 TOpy (q0) * Opy(q0) — M,

where pry @ M X M = M, pry : M X M — M are projections onto the first
and second factor, respectively.
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5.2. Proof of Theorem 5.1

We fix for the rest of the paragraph a non open orbit Op,(qo), for some
go € Q. By Proposition 4.2, one has that dim Op,(¢) < 9 = dim @ and, by
Corollary 4.14, one knows that the rank of Rol, is less than or equal to two,
for every ¢ € Op, (o).

For j = 0,1,2, let O; be the set of points of Op,(qo) where rank Rol, is
locally equal to j, i.e.,

Oj = {q = (.%',53\;14) c ODR(QO) ‘
there exists an open neighborhood O

of ¢ in Opg(go) such that rankRoly = j, V¢’ € O}.

Notice that the union of the O;’s, when j = 0,1, 2, is an open and dense subset
of Op, (qo) since each O; is open in Op,(qo) (but might be empty). Clearly,
Item (a) in Theorem 5.1 describes the local structures of (M, g) and (M, §)
at a point ¢ € Op. The rest of the argument consists in addressing the same
issue, first for ¢ € O2 and then g € O;.

5.2.1. Local structures for the manifolds around q € O;. — Through-
out the subsection, we assume, if not otherwise stated, that the orbit Op, (¢o)
is not open in @ (i.e., dim Op, (o) < 9 = dim Q) and, in the statements in-
volving Os, the latter is non empty. Note that Oy is also equal to the set of
points of Opy, (go) where rank Rol, is equal to 2.

PROPOSITION 5.5. — Let gy = (x0, Zo; Ao) € Q so that the orbit Opg(qo) is
not open in Q. Then, for every g = (x,x; A) € Oq, there exist an orthonormal
pair X, Yy € T‘xM such that if Zy = «(Xa AYa) then X, YA, Z4 is

a positively oriented orthonormal pair with respect to which R and Rol are

written as
0 K(z) 0 0
R(XaNYs)=| —K(zx) 0 0], «R(XaAYy) = 0 ,
0 0 0 —K(x)
0 0 0 —Ki(z)
RYaNZy)= 1[0 0 Ki(x) ]|, «RYaNZy)= 0 )
0 —Ki(z) 0 0
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0 0 —Kyz) 0
R(ZA/\XA) = 0 0 0 , *R(ZA/\XA) = | —-Ky(z) |,
Ky(z) 0 0 0
Rol, (XA AYy) =0,
_ 0 0 —a(q)
Roly(YaAZa)=| 0 0 KiYq) | ,
alg) —Ki(q) 0
o —K1°'(q)
Rol,(YaNnZy) = —a(q) ,
0
. 0 0 —K3g)
Rolg(ZaNXa) = 0 0 a(q) ,
5°(q) —alq)
- —a(q)
Rolg(Za A Xa) = | —KF(q) |,
0

where K, K1, Ko are real valued functions defined on M.

Consequently, with respect to the orthonormal oriented basis AX 4, AY A, AZ 4

0
ATRAXANAYD)A=| 0 |,
—K(x)
. — K1 (x) + K*'(q)
(39) ATR(AYANAZQ)A = o(q) ’
0
. a(q)
0

Before pursuing to the proof, we fix some additional notations provided in
the following remark.

REMARK 5.6. — By the last proposition, —K;i(x), —Ka(x), —K(z) are the
eigenvalues of R‘ , corresponding to eigenvectors «Xa,+Ya,«Z4 given by
Proposition 5.5, for ¢ = (x, T; A) € O,. Recall that

QM, M) — Q(M,M), q=(z,7;A) — §=(7,2; A7)
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is a diffeomorphism which maps Dy to Z/)E, where the latter is the rolling dis-
tribution on Q(]\/i\ ,M). Hence this map maps Dg-orbits Opy (¢q) to ﬁ{-orbits
(’)5;(21\), for all ¢ € Q. So the rolling problem (R) is completely symmetric
w.r.t. the changing of the roles of (M g) and (]\//f g). Hence Proposition 5.5
gives, when the roles of (M 9), (M g) are changed, for every ¢ = (x z;A)
in Oy vectors XA,YA, Za € Tz M such that Rol ((ATXA) (ATYA)) 0
and that 2 X A, YA A, *AZ 4 are eigenbasis of R B with elgenvalues which we call
—K1(%),—K4(%), —K (%), respectively. The condition Rol ¢(XaAYq) =0im-
plies that K (z) = K (&) for every ¢ = (1‘ 77 A) € Oy and also that AZ4 = Z4,
since *(XA/\YA) Za, (XA/\YA) ZA

We divide the proof of Proposition 5.5 into several lemmas.

LEMMA 5.7. — For every q = (z,x; A) € O and any orthonormal pair (which
exists) Xa,Yq € T‘x M such that

Rol(XaAY4) =0 and Xa,Ya,Zag:=«(XaAYy)

is an oriented orthonormal basis of T‘xM, one has with respect to the basis
Xa,Ya, Za,

0 Ka na Ba
R(XAANYa)=|—-Ka 0 —pa), RXaAYa)=| na [,
-na Ba 0 —Ka
0 —fa &a —K}
RYaANZs)=| Ba 0 K}l . «R(YANZy) = &a ,
—éa —Kj 0 Ba
0 -nma —Kj &
R(ZANXA)= | na 0 —€a |, «R(ZANXy) = —Ki ,
K% ¢4 0 nA
Rol, (X4 AYa) =0,
- 0 0 —a o ~K!
ROIQ(YA VAN ZA) =10 0 KFOI ) *R01q<YA A ZA) = - )
a —KPUoo 0
- 0 0 —K3! - —a
Rolq(ZA /\XA) = 0 0 « , *Rolq(ZA /\XA) = —K2R01
K¥ —a 0 0
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Here na, Ba,€a,a, KFOI, K2R°1 depend a priori on the basis Xa,Ya, Za and on
the point q but the choice of these functions can be made locally smoothly
on Oy i.e., every q € Oz admits an open neighborhood Of in Oz such that the
selection of these functions can be performed smoothly on OY.

Proof. — Since rankRol, = 2 < 3 for ¢ € Oq, it follows that there is a
unit vector wy € /\QT‘xM such that Rol,(wa) = 0. But in dimension 3, as
mentioned in Appendix, one then has an orthonormal pair X4,Ys € T‘ .M
such that wq = X4 A Y4. Moreover, the assignments ¢ — wa, Xa, Y4 can be
made locally smoothly. Set Z4 := «(X4AY}). the fact that R\(ﬁq is a symmetric
map implies that

g(Roly(Ya A Za), Xa AYa) = g(Roly(XaAYa),YaAZa) =0,

g(Roly(Za A X4), XaAYa) = g(Roly(XaAYa), ZaAXa)=0. O

As a consequence of the previous result and because, for X,Y € T' B M, one
gets

ATR(AX NAY)A = R(X AY) — Roly(X AY),
then we have that, w.r.t. the oriented orthonormal basis AX 4, AY4, AZ 4

of T\% M
4 . 6A

sATR(AXANAYN)A = na |,

_KA

o —K}) + K

(40) 2 ATR(AYANAZHA = éa+a )

Ba

. €A+«

2ATR(AZy NAXA)A = | —K3 + K

nA

The assumption that rankRol, = 2 on O3 is equwalent to the fact that
for any choice of X4, Y4, Z4 as above, Rol ¢YaNZy) and Rol o(ZaNXy) are
linearly independent for every ¢ = (z, x; A) € Oy i.e.

(41) E1*°(g) K3 () — a(q)* # 0.

We next show that, with any (non-unique) choice of X 4, Y4 as in Lemma 5.7,
then ng = B4 =0.
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LEMMA 5.8. — Choose any XA, YA, Za = «(XaAYa) as in Lemma 5.7. Then,
for every q = (x,x; A) € Oy and any vector fields X, Y, Z, W € VF(M),

(42) [V(ROI(X/\Y)(.)),V(ROI(Z/\W)(.))]‘q

belongs to v(span{-X4, Ya}) g CT,0p(q0). Moreover, 7q o, is an sub-

mersion (onto an open subset of M x M), dim V| (Opg(qo)) = 2 for all g € Oz
and dim Opy (qo0) = 8.

Proof. — First notice that by Lemma 5.7
Roly,(+X4)\ (—KP!' -« X4
Rol,(+Ya)) \ —a —K}!) .Yy
for ¢ = (x,%; A) € Oy and since the determinant of the matrix on the right

hand side is, at ¢ € Oz, KF'(q) K} (q) — a(q)? # 0, as noticed in (41) above,
it follows that

X4, +Ys € span{Roly(+X4),Roly(:Ya)}.

Next, from Proposition 4.8 we know that, for every ¢ = (z,7; A) € Op,(qo)
and every Z, W € T‘xM

v(Roly(Z AW)) s €V, (W@DR(qO)) C T,0p(40)-
Hence, v(Roly(+X4)), v(Roly(+Ya)) € V\q(TrODR(qo)) for every g € O3 and then
(43) v(AXa), v(AYa) €V (Top (40))>

for all ¢ = (z,7; A) € Oz. We claim that TOp, (40) |0, 1S @ Submersion (onto

an open subset of M x M ). Indeed, for any vector field W € VF(M) one has
(W), € T|,0px(q) for ¢ = (z,7;A) € Oz and since the assignments
q+— X4, Y4 can be made locally smoothly, then also

[XR(W), I/(A*XA)] lq € T‘q ODR(QO)-

But then Proposition 3.36 implies that

(TOpg a0) ) ([ZROV), (A Xa)] )
= (WODR(QO))*( — gNS(A(*XA)W)‘q + V(A*ER(W)MX())M)
= (0, —A(X )W),

where we wrote X ) as for the map ¢ — X 4. Similarly,

(T0py (a0)  (ZR(W), v(AYa)] |, ) = (0, —A(Ya)W).
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This shows that for all ¢ = (x,%;A) € Oy and Z, W € T, M, we have
(0, —AGCX)W), (0, —AGYA)W) € (Top, (40))+T){Or(90) C T, M x T); M.
Because X4, «Y4 are linearly independent, this implies that

{O} X T\i M c (T"ODR(qo))*T\q ODR(QO)‘

Finally, because Zx (W), € T'|, Opg(qo) for any ¢ = (z, z; A) € Opy(qo) and
any W e T, M, and (WODR(qo)>*-$R<W> g = (W, AW), one also has

(VV, 0) = (VV? AW) - (07 AW) € (WODR(QO))*T‘q ODR(qO)7
which implies
T‘a; M x {0} - (WODR((IO))*T‘Q ODR(qO)

This proves that TOpg (@) |05 = TQ |0, is indeed a submersion.

0

Because O is not open in @ (otherwise Opy(qo) would be an open subset
of @), it follows that dim Oy < 8 and since TOpy, (40) |03 has rank 6, being a
submersion, we deduce that for all ¢ € O3,

dimV,, (WO’DR(QO)) =dimOy — 6 < 2.
But because of (43) we see that dim V), (W@DR(%)) > 2 i.e.
dimV), (W@DR(QO)) =2,
which shows that dim Oy = 8, hence dim Op,(qp) = 8 and
span{v(A.X4) g V(AYa)), } = Vi, (Opg(@0)), V= (z,7;A) € Os.

To conclude the proof, it is enough to notice that since for any X, Y, Z, W
belong to VF(M), and v(Rol(X AY)(A)),,v(Rol(Z A W)(A))|, belong to
V1, (Op (o)), then

la>
[V(Rol(X AY)(.)), v(Rol(Z AW)(.))] lg € Vg (Opgp(a0)). O

LEMMA 5.9. — If one chooses any X a,Ya, Za = «(XaAY4) as in Lemma 5.7,
then
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Proof. — Fix ¢ = (x,x; A) € Oy. Choosing in Corollary 4.14 XY € VF(M)
such that X |, = Xya, Y|, =Ya, we get, since Roly (X4 AYy) =0,
v, [P (ROLX AY)()), v(Rol(Z AW)(L))]|,
= A[R(XANYa),R(Z), AW |,)],,
— [R(AXANAYA),R(AZ|, NAW )] A

50

+R(AX 4, ARoly(Z,, AW |,)Y4)A
+ R(ARoly(Z|, AW |, ) X4, AY,4) A,

We compute the right hand side of this formula in two special cases (a)—(b)
below.

(a) Take Z,W € VF(M) such that Z|, = Ya, W, = Za. In this case,
computing the matrices in the basis «X 4, +Y4, +Z 4,

ATy 7 p(Rol(X AY)()), v(Rol(Z AW)(.))] ),
= [R(XaAYa),R(Ya N Za),,
~ AT[R(AXA NAY4), R(AYA N AZ )], A

+ ATE(AXA, Aﬁq(YA VAN ZA)YA>A
+ ATE(AI/D:O/IQ(YA NZA)Xa, AY4)A

Ba ~K} Ba — K} + KR
= na |A| a | —| na | A fata
—Ka Ba K4 Ba
+ ATR(AX 4, —KR'"AZ ) A+ ATR(aAZ 4, AY 1) A
BA KlRol
== na | A o
_KA
ata —K} + K}
+Kf{°1 —Ki—i—K;Ol —« Ea+
nA Ba

—aK A+ KR ey + o) — a(—K} + KR
= [ mako 4 KEICKS + K5 a(eq +a)
—afis + KlROIQA + KlROIaA —afiy

*

— *

2(K{°'na — aBa)
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By Lemma 5.8 the right hand side should belong to the span of +X 4, +Y4 which
implies
(44) Ky —afia = 0.

(b) Take Z, W € VF(M) such that Z|, = Za, W, = X4. Again, comput-
ing w.r.t. the basis +X 4, Y4, «Z4, yields
ATy, 7 (ROl(X, Y)(.)), v(Rol(Z,W)(.))] |,
= [R(X4,Ya), R(Za, X4)],,
— AT[R(AX 4, AY4), R(AZ4, AX 4)] A

+ ATR(AX 4, ARoly(Z4, X4)Y4)A
+ ATE(AP/{:)/LJ(ZA, Xa)Xa,AYy)A

Ba §a Ba 4+
= aqg | A —Ki - NA A —Ki + K2R°1
—Ky nA —K4 nA
+ ATR(AX 4, —aAZA)A+ ATR(KRVAZ 4, AY4) A
Ba a
= — nA A K2R°1
—K 4 0
o+ —K}l + KFOI
2 Rol Rol
ta|-K2+ KR | - K} Eata
nA Ba

—KAK + a(éa + o) — KON (=K + KI*)
=| aKa+a(—K3+ KR — KRley +a)
—BaKR! + ana + ana — KRBy
2(ama — BaK5)
Since the right hand side belongs to the span of +X 4, +Y4, by Lemma 5.8, we
obtain

(45) ana — K5 B4 =0,
Combining Equations (44) and (45) we get

KRl —o na\ (0
(% i) ()= )
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According to Eq. (41) the determinant of the 2 x 2-matrix on the left hand side
does not vanish, which implies that ny = 4 = 0. The proof is finished. O

LEMMA 5.10. — For every q = (z,x;A) € Osq, there are orthonormal

XA, Y, € T‘x M such that Xa,Ya,Z4 = «(Xa AYa) is an oriented orthonor-

mal basis ofT‘m M with respect to which in Lemma 5.7 one has
na=pPBa=8a=0,

i.e., +Xa,+Ya,+Za are eigenvectors of R‘x .

Proof. — Fix ¢ = (x,x; A) € Oy, choose any X4,Y4,Z4 = «(Xa AYy) as in

Lemma 5.7 and suppose {4 # 0 (otherwise we are done). By Lemma 5.9, one
has n4 = B4 = 0, meaning that «Z 4 is an eigenvector of R|,. Fort eR, set

()= () ) (7))

ZA(t) = (Xa(t) ANYA(t) = «(XaAYa) = Za,

Then clearly

and Xa(t),Ya(t), Za(t) is an orthonormal positively oriented basis of 1", M.
Since

Rolg(+Za(t)) = Rolg(+Z4) =0,
Lemma 5.9 implies that n4(t), 5a(t) = 0 if one writes na(t), Ba(t),£a(t) for
the coefficients of matrices in Lemma 5.7 w.r.t X a(t),Ya(t), Za(t). Our goal
is to show that £4(t) = 0 for some ¢ € R.

First of all «Z4(t) = +Z 4 is a unit eigenvector of R‘ , which does not depend
on t. On the other hand, R‘x is a symmetric map /\QT‘I M — /\2T‘m M, so
it has two orthogonal unit eigenvectors, say, u,us in (+Z4)*t = «(Z7). Thus
u1, U, «Z 4 forms an orthonormal basis of /\QT‘ . M, which we may assume to
be oriented (otherwise swap u1,u2). Then

span{uy,up} = «Z5 = span{+X 4, .Y}
and there exists tg € R such that X 4(tg) = u1, +Ya(to) = us Since
R, (+Xa(to)) = —K1-Xa(to), R, (+Ya(to)) = —K2:Ya(to),
we have €4(tg) = 0 as well as na(ty) = Sa(to) = 0. O
REMARK 5.11. — Notice that the choice of Z4 can be made locally smoothly
on Os but, at this stage of the argument, it is not clear that one can choose

X4, Y4, with €4 = 0, locally smoothly on Os. However, it will be the case
cf. Corollary 5.15.
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We now aim to prove, roughly speaking, that the eigenvalue —K must be
double for both spaces (M,g), (M, g) if neither one of them has constant
curvature.

LEMMA 5.12. — If the eigenspace at x1 € W@DR(qO),M(Og) corresponding to
the eigenvalue —K (1) of the curvature operator R is of dimension one, then
(M, g) has constant curvature K(x1) on the open set

-1
WODRGm%K?(”ODR(%)J4($1U

of M. The claim also holds with the roles of (M, g) and (]\7, g) interchanged.

Proof. — Suppose that at z; € ﬂ'oDR(qO%M(Og) the eigenvalue —K(x;) has
multiplicity 1. By continuity, the — K (.)-eigenspace of R is of dimension one
on an open neighborhood U of ;. Since this eigenspace depends smoothly on
a point of M, we may choose, taking U smaller around z; if needed, positively
oriented orthonormal smooth vector fields X , 17, Z on U such that

Z=XNY
spans the —K(.)-eigenspace of R at each point of U. Taking arbitrary
¢ = (', 7 A) € (mop, (40)1) " (U)N Oy

and letting X 4/, Y4, Z4 be the vectors provided by Theorem 5.7 at ¢, the
— K («')-eigenspace of R |, 15 also spanned by X 4 AY4s. By the orthonormality
and orientability, X4 A Y4y = X 2 A Y |2 from which Z o = Z Ao and

Rol(X |, AY |, )(A)) = Rol (X4 AYa)(A) =0.

Now fix, for a moment, ¢ = (z,7; A) € (WODR(qo),M)_l(U) N O2. By replacing
X by cos(t)X +sin(t)Y and Y by —sin(t)X + cos(t)Y on U for a certain
constant t = t, € R, we may assume that X‘x = Xa, Y‘I = Y4. Since, as
we just proved, for all (2/,7"; A") € (WODR(qo),M)_l(U) N O2, one has

Rol(X |,/ AY |, )(A) =0,

then the vector field v(Rol(X AY)(.)) € VF(WODR (qo),M) Vanishes identically
i.e. v(Rol(X AY)(.)) =0 on (FODR(QO),M)_l(U) N Oy. Therefore, the com-

putation in part (a) of the proof of Lemma 5.9 (replace X X, Y =Y,
Z — Y, W — Z there; recall also that £4 = 0 by the choice of X 4,Y4, Z4)
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gives, by noticing also that here K4 = K(z), K} = K1(z) and K% = K»(x),
0= A"y, " r(Rol(X,Y)(.), v(Rol(Y, Z)())]|,

—aKa + aKPol — a(—K} + KR
— KAKFOI + [(%101(_1(124 + K2R01) _ 042

0
CE(—K—l— K1>
= | KUK — K2 + K§') — o?
0

Similarly, the computation in part (b) of the proof of Lemma 5.9 (now replace
X—X,Y—Y,Zw— Z, W X there) gives,

0=A"v, " [p(Rol(X,Y)(.),»(Rol(Z, X)(.))],

—KAKR! 4 o2 — KRN (- K} 4+ K
= aK g+ a(—K3 + K — KBelg

0
K;{ol(_K_‘_Kl _ K{{ol) +a2
= a(K — Kj)
0

By assumption, — K (.) is an eigenvalue of R distinct from the other eigenvalues
—Ki(.), —K>2(.) on U. Hence we must have a(q) = 0. Since

0 # K1Y (q) K53 (q) — alg)® = K1 (9) K5 (q),

we have KT (q) # 0 and KE°!(q) # 0, hence
K(x) = Ki(2) + K{*(¢) =0 and  K(z) — K2(z) + K5 (q) =0

for g = (z,7;A) € (WODR(%%M)_I(U) N Os. Since ¢ = (z,7; A) was arbitrary
in (WODR(qo),M)_l(U) N Oz, we have proven that

a(g) =0,
— Ky (o) + K1 (q) = —K(),
— Ko (z) + ROI(Q) = —K(x),
)

for all ¢ = (z,7;A) € (W@DR(qO ) HU) N Os.
(39)

Looking at reveals that for every

q=(z,7; 4) € (Top, (g),m) " (U) N Oz,
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the three 2-vectors AX 4 A AYy, AYA NAZy and AZ4 N AX 4 are mutu-
ally orthonormal eigenvectors of R‘A all corresponding to the eigenvalue
—K(x), i ., (M, ) has constant curvature —K (z ) at Z. Since z1 € U, the
Riemanman space (M , g) has constant curvature —K(z1) at all points 7
in WODR(qo),J/\/Y((WO’DR(QO)»M)_I(xl) N 02)-

Finally, we argue that

S = 7-‘.ODR(qo),J/\/[\((WODR(QO)JW)il(glr"l) N 02)

is an open subset of M. Tt is enough to show that To 10, 511 — M is
I Ty

a submersion where O, := (W@DR (o), M) (1) N Oy is a submanifold of Os.

To begin with, recall that TQ|o, 18 an submersion onto an open subset of

M x M by Lemma 5.8. Let ¢ € Ox1 and write ¢ = (x1,7; A). Choose any

frame X1, X9, X3 of Tz M. Then there are W; € T‘q(ODR(qO)) i=1,2,3,

such that (mo).(Wi) = (0,X,). In particular, (wqa).(W;) = 0, so W; €
Vi, (WODR(q0)7M). But since T'|, Oz, =V, (ﬂ'ODR(qO) M), we have W, e T‘quc1

and thus X; = (WQJ\?)*/I/TZ € im(w TQ. N7 10, )«, which proves the claim and
finishes the proof. O

REMARK 5.13. — It is actually obvious that the eigenvalue —K(.) of R of
(M, g) is constant, equal to K(x1) say, in a some neighborhood of x1 in M,
if —K(x1) were a single eigenvalue of R, - Even more is true: One could
show, even without questioning whether —K(.) is a single eigenvalue for R
and/or R or not, that on 7Q,m(0O2) and WQJ\//\[(OQ) this eigenvalue is actually
locally constant (i.e. the function K(.) is locally constant). This fact will be
observed e.g. in Lemma 5.16 below.

LEMMA 5.14. — The following holds:

o~

1) For any q1 = (z1,%1; A1) € Oo, (J\/Z, g) cannot have constant curvature
at fl','\l.

2) There does not exist a q1 = (x1,%1;A41) € Oz such that —K(x1) is a
single eigenvalue of Rm .

This also holds with the roles of (M, g) and (]\/47, g) interchanged.

Proof. — 1) Suppose (]\7, g) has a constant curvature K at 71. Let E1, FEy, Es
be an oriented orthonormal frame on a neighborhood U of x; such that
By, 5 +Eay,, «Es),, are eigenvectors of R at 1 with eigenvalues —K; (1),
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—Ky(x1), —K(x1), respectively, where these cigenvalues are as in Proposi-

tion 5.5. As we have noticed, K = K(z1). Because R‘A = —Ki dAQTW1 i
one has

Rolg, (+B1) = (—Ki(z1) + K)-E |, |

ﬁ&ql(*Eg) = (—Ka(x1) + IA()*E2\$1 ;

Roly, (+E3) = (—K(z1) + f{)*Eg‘xl = 0.

Since rank lsn\o/lq1 =2, we have —K1 (1) + K # 0, —Ky(z1) + K #0.

Because the vector fields v(Rol(+E1)(.)), v(Rol(«E2)(.)) are tangent to the
orbit Op, (qo) on 04 := Oz N Fé}M(U ), so is their Lie bracket. According to
Proposition 3.37, the value of this bracket at g; is equal to

[V(ROI(*El)(.)),I/(ROl(*Eg)(.))] la
= (= Ky(z1) + K) (- Ka(21) + K )v(A.E3),, -

Hence v(Rol(+E1)(.), v(Rol(«E2)(.), [v(Rol(+E1)(.)), v(Rol(«E2)(.))] are tan-
gent to Opy (qo) and since they are linearly independent at ¢;, hence they are
linearly independent on an open neighborhood of ¢; in Opg(qo). Therefore,
from Corollary 4.18, it follows that the orbit Opy (o) is open in @, which is a
contradiction.

2) Suppose —K (1) is a single eigenvector of R, , where q = (21,213 A1)
belongs to Oy. Then, by Lemma 5.12, the space (]\/4\ , g) would have a constant

curvature in an open set which is a neighborhood of ;. By Case 1), this leads
to a contradiction. O

By the last two lemmas, we may thus assume that for every ¢ = (z,7; A)
in Oz the common eigenvalue —K(z) = —K(z) of R|,, R|; has multiplicity
two. It has the following consequence.

COROLLARY 5.15. — The assignments

¢ Xa,Ya, Za and g Ki(q), K5 (q), a(g)
as in Proposition 5.5 can be made locally smoothly on Os.
Proof. — Let 1 = (z1,%1; A1) € Oz. By Lemma 5.14, there are open neigh-
borhoods U 3 x; and U > T such that the eigenvalues — Ky () of R‘x and
—Ko(Z) of R‘A are both simple. Therefore the map ¢ — Y4 can be made

locally smoothly on Oy and this is also the case for the map ¢ — Zy since it
corresponds to the 1-dimensional kernel of Rol, and X4 = «(Ya4 A Z4). O
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LEMMA 5.16. — For every q1 = (x1,%1;A1) € Oa, there are open neigh-
borhoods U,U of x1,Z1 and oriented orthonormal frames Ey, Es, E3 on M,
E1, Eo, E5 on M with respect to which the connections tables are of the form

) 20 _Ehm (T 0 Thy
1 1 2

I'= ng,l) T Fg&l) c D= 1Ty Thy Ty |
F(172) 0 F(2,3) F%m) 0 1ﬂ%2,3)

and
V(i) =0, V(I({19) =0, VVe€Ey, L zeU,
V(F(QS)):O¢ ‘7(?%12))20, V‘//\YGEQ‘AL, ,/1'\6[7

Moreover, +E1, +Fs, «FE3 are ezgenvectors of R with ezgenvalues —K,—K>s(.),
—K on U and szmzlarly *El, *Eg, *Eg are eigenvectors ofR with eigenvalues
—K,—Ks(.),—K on U, where K € R is constant.

Proof. — As we just noticed, for every ¢ = (z,z; A) € O2, the common eigen-
value —K (z) = —K (%) of R, and ]TZ‘E has multiplicity equalAto two.

Fix ¢ = (561,55'\1;_41) € Oy and let FEq,Es, E3 (resp. El,EQ,Eg) be
an orthonormal oriented frame of (M, g) defined on an open set U > x;
(resp. U 3 1) such that U x U C 71Q(02) and that «Ey, «Ey, «E3 (resp.
1Eq,:E5,:E3) are eigenvectors with eigenvalues —Ki(.),—Ks(.),—K(.)
(resp. —K1(.),—Ks(.),—K3(.)) on U (resp. U) as given by Proposi-
tion 5.5. Since —K has multiplicity two on U (resp. —K has multiplicity
two on [7), we assume that Kq(.) = K(.) # Ka(.) everywhere on U, (resp.
K 1(.) = K (.) # K 2(.) everywhere on U ) without loss of generality. Recall
that K(z) = K (%) for all ¢ = (z,7;A) € Oy by Proposition 5.5 (and the
remark that follows it) and hence for all z € U, 7 € U, K(z) = K(%).
Taking U, U to be connected, this immediately implies that both K and K
are constant functions on U and U. We denote the common constant value
simply by K.

Let X 4,Y4, Z4 be chosen as in Proposition 5.5 for every ¢ = (x, x; A) € Oa.
Then, since «Y4 is a unit eigenvector of R‘ , corresponding to the single eigen-
value —Ks(z), we must have Ey |, = +Yj4 and since v(A.Yy4)|, is tangent to
the orbit Opy (qo), by Lemma 5.8, it follows that for every ¢ = (z, 7; A) € Oo,
the vector v(A«Ez, )|,
sition C.18 (given in Appendix), proves the claim for (M, g). Symmetrically
(working in Q(]\/Z ,M)) the claim also holds for (]\/4\ , g). The proof is com-
plete. O

is tangent to Opy(qo). This, together with Propo-
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We finally aim at proving that, using the notations of the previous lemma,
F% )( x) = F% )(A) for all (z,Z) € mQ(05), where O = Wél(U x U) N O
and U U are the domains of definition of orthonormal frames Eq, By, B3 and
El, Eg, E3 as given by Lemma 5.16 above.

To this end, we define § : O} — R (restricting to smaller sets U, U it
necessary) to be a smooth function such that for all ¢ = (z,Z; A) € O),

X4 = cos (6(q)) Ey + sin (6(q)) Es,
Za = —sin (0(q)) Er + cos (0(q)) Es,

where X 4, Z4 (and also Y4) are chosen using Proposition 5.5. Indeed, this is
well defined since X 4, Z4 lie in the plane YAL = Eg‘x L as do also F4 Iz Es Iz
for all ¢ = (z,z; A) € O). To simplify the notation, we write

co:=cos (0(g)) and sg:=sin (6(q))

as well as Féj’k) =T %j’k) (x), when there is no room for confusion. We will be
always working on O} if not mentioned otherwise. Moreover, it is convenient
to denote the vector field Eo of M by Y in the computations that follow (since
Ey|, is parallel to Yy for all ¢ € O}, this notation is justified). We will do
computations on the “side of M” but the results are, by symmetry, always
valid for M as well. We will make use of the following formulas which are
easily verified (see Lemma 3.33),

Lr(Xa)|, X0y = (LR(Xa),0 = col(3) — sari(”&l))ZA +T0)Y,
7104 )\q () = (ZR(Y),0 —T% 1) Za,

LR(Za) 14 X () = (LR(Za)), 0 + sar%&l) — CQF‘?&U)ZA + F%273)Y,
.ZR(XA)M Y = T (X4 + (2324,
(46)  Zw(Y),Y =0,
Lr(Za),Y = —F%Zg)XA — I‘%LQ)ZA,
fR(XA)\q Z(.) = (—fR(XA)\q 0+ CGF%:M) + 59F?3,1))XA - F%2,3)Y’
R(Y)) 20y = (=R(Y)|, 0+ T 1)) Xa,
Lr(Za)), 20 = (—Lr(Za)|,0 — 500 (5.1) + col'(5. 1) Xa + T, )Y

REMARK 5.17. — Notice that v(A.Z4),, is not tangent to the orbit Opy (qo)
for any ¢ = (z,Z; A) € O}. Indeed, otherwise there would be an open neigh-
borhood O C O} of ¢ such that for all ¢ = (2, 2"; A’) the vectors

V(A/*XA/)‘q/ s V(A,*Y)‘q/ s V(A/*ZA/) ‘q,
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would span V|, (mg) while being tangent to T, Opg(qo), which implies
Viy (mq) € T, Opg(qo). Then Corollary 4.18 would imply that Opy(go) is
open, which is not the case. We will use this fact frequently in what follows.

Taking U, U smaller if necessary, we may also assume that 6 is actually
defined not only on O) but on an open neighborhood O% of O3 in Q. We will
make this technical assumption to be able to write e.g. v(A+Z A)‘ o 0 whenever
needed.

LEMMA 5.18. — For every q = (z, ; A) € O} we have
v(AY), 0 =1,
Lr(Xa)),0= cer%g’l) + serigg’l),
Lr(Y)),0 =Tl — Do)
Moreover, if one defines for ¢ = (x,z; A) € O,
Fx|y o= 2ns(Xa)), — F%M)V(A*ZA) lg»
Fz)q +=2ns(Z4))q = F%273)V(A*ZA)\61’
then Fx, Fz are smooth vector fields on O tangent to the orbit Opy (qo)-

Proof. — We begin by showing that I/(A*Y)‘ .0 = 1. Indeed, we have for every
q = (z,%; A) € O} that §(AZ4, E4) = 0. Differentiating this w.r.t. v(A.Y)
yields

lq

0=G(A(-Y)Za, Eq) — v(A.Y)| 05(AX 4, E>)
= §(AX A, By)(1 - v(AY), 0).

We show that §(AXa, E) # 0, whence v(A.Y), 0 = 1. Indeed, if it were

the case, then AX4 € E3 and hence 2(AX 4) would be an eigenvector of R B
with eigenvalue — K. This would then imply that

Rol,(+X4) = R(.X4) — ATR(:(AX 4))A
= K. X7+ KAT (:(AX4)A=0.
Because, lf%;lq(XA AY) =0 as well, we see that Ef{\oJIQ has rank <1 as a map
/\QT‘IM — /\QT‘IM, which is a contradiction since ¢ € O) C Oy and Os

is, by definition, the set of points of the orbit where lf%\o/lq has rank 2. This
contradiction establishes the above claim.
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We next compute the Lie brackets

L (V) (()-X0)] ),

= —Ins(AGXQ)Y)|, +v(AZR(Y) |, X)),

= —ns(AZa) |, + (LR(Y) |, 0 — Tl ))W(AZa) |,
[LR(X (), v(()Y)]),
= —gR(V(A*Y) ‘qX()) lg — V(A*Y) ‘qegNS(A(*Y)XA) lq

+ v(A(co(=T(1 2 E1 + Ty 5 E3)
+ 56(—F%2,3)E1 - F%1,2)E3)))\q
= —BRW(AY) |, X)), +ZNs(AZ4)),
— T oy(AiXa)|, + Tioa(A:Za)|,

which sum is equal to
L (V) () X0] p, + [Zr(X( ), () D),

= (Zr(Y)),0 - F??),l) + F%2,3))V(A*ZA)

- Zr(v(AY) X))

lq
F%172)V(A*XA) ‘q .

lq la —
Since this has to be tangent to Opy (qo), we get that the v(A.Z4),,-component

vanished i.e.,
Lr(Y)j,0 =Tlg) — Do)
Next compute

[LR(X (), V()X (],
= —V(A*XA)‘q QfR(ZA)‘q — ZNs (A (+Xa)Xa ) \
=0

+ I/(A*((O?R(XA)‘Q 0— 09r%3’1) - 50P?3,1))ZA) + F%l,z)y)

q

)

q

and so we must have again that the I/(A*ZA)‘q -component is zero i.e.,
Zr(Xa)
Since Zns(AZ4) g = R(Za) g — LNs(Za)
be written as
[LR(X (), v(()Y)]),
= —Fz, + Z&(Za)|, — Lr(W(AY), X()) |, — Thg(4:Xa)),
= —Fz), —T{19V(A:X4)

0= COP%&I) + S@F?&l).

g0 R(X (), v((1)+Y)]}, can

lq°
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which proves that Iz, as defined in the statement, is indeed tangent to the
orbit on O). To show that Fx is also tangent to the orbit we compute

[ZR(Z()),v(()Y)]),
= —R(V(AY), Z0))), —V(AY) 0Lxs(A(Y)Z4),
+ v (Au=s0(~Ty ) B + Tly g Fi)
+ 00(_F%2,3)E1 - F%1,2)E3))> lq
= —R(V(AY), Z20))), — Ens(AXa)
Tl (AZa) |, — Tlagv(4:Xa)),
= FX‘(] - O%R(XA) ‘q - gR(V(A*Y)‘q Z()) ‘q — F%273)V(A*XA) ‘q
= Fx|, — Plygv(A4:Xa)

lq lq

lg>
which finishes the proof. O

LEMMA 5.19. — For all (z,7) € mg(O%) one has

F%2,3) (z) = IA1%2,3) ().

Proof. — We begin by observing that for all ¢ = (z, ; A) € O one has
J(AZy, Eg) = 0. Indeed, AZ4 and EQ‘A are eigenvectors of R‘A correspond-

ing to non- equal elgenvalues —K and —K 9(7), hence they must be orthogonal.
Since AZ 4 € EQW , there is a 0= 0( ), for all ¢ = (z, T; A) € O}, such that

AZy = —S§E1 +C§E3.
Because AX 4, AY € (AZ4)*, there exits also a b= g/i)\( ) such that
AXA—C (cp E1—|—s Eg)—i—s Eg,
AY = —s5(cq Ey+s- E3) —|—CAE2

Moreover, Lemma 5.18 along with Eq. (46) implies that Zr(Y')|, Z( ) simpli-
fies to

LR(Y)|, 20y = Tiaz (@) Xa.

Therefore, differentiating §(AZ4, E2) = 0 with respect to Zx(X4)
obtains

0=Zr(Y)), 3(()Z), E2)
= GAL(Y)|, Z() E2) + G(AZa, YV ay Es)

4> one
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(AX 4, Eo) + g(AZA,

|
)1

©T

)
Q)

~

We claim that sin(¢(q)) # 0 for ¢ = (x,7;A) € O), which implies that
I‘%Q’g)( x) — I‘(2 5 (@ Z) = 0 and finishes the proof. Indeed, sm(qﬁ( )) = 0 would
mean that AXy = (C§E1 + S§E3), thus AX, € EQ. By the argument at

the beginning of the proof of Lemma 5.18, this would be a contradiction. [

COROLLARY 5.20. — The following holds.

(i) If for some (x1, T1) € mg(04), one has F(23 (x1) #0 (orF(2 3)(x1) #0),
there are open neighborhoods U' > x1, U’ 3 %1 such that (U’,g), (U',§) are
both of class Mg for B = F%zyg)(xl) (or B = F%Z’?))(il)).

(ii) If for some (x1,Z1) € mo(O5), OneAhas F%Q’g) (1) =0 (orf%ag)(fl) =0),
there are open neighborhoods U’ > x1, U’ > Z1 such that U' x U’ C mg(04)

and isometries F' : (I x N,hy) = (U,g), F : (I x N, h~ ) — (U, 3), where
I C R is an open interval, such that
7 i
'O _ e fA(t)’ viel
f(t) 110

Proof. — Let U’,U’ be connected neighborhoods of z1, 71 such that U’ x U’
is contained in 7g(04) (recall that by Lemma 5.8, mg(0%) is open in M x M ).

(i) Set g = I‘é 3)(71) # 0. By Lemma 5.19, one has for every x € U’, T € U’
that

(2 3)( ) F(Q 3)(351) B, F%Q,g)(fﬁ) = f%z,;),)(f/ﬁ\l) =p.

By Proposition C.17 case (ii), it follows that (after shrinking U’, U’) (U, g) and
(U, g) are both of class Mg. This gives (i).

(ii) By Lemma 5.19, one has for every z € U’, # € U’ that
[y (Z) = Tlyg) (1) =0, Tiyg(@) =T (y4(F1) =0,
i.e. F%ZS) and f%2,3) vanish on U’,U’, respectively. Then Proposition C.17

case (iii) gives (after shrinking U’, U’) the desired isometries F, F'. Moreover,
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Eq. (58) in that proposition gives, since Fy = 5., Ea = 4,

_ A0 S0y S0

~dr f(r) O fr)’
B :((11f:(r)_’_(_.)i(7q)>_02:f/l\/(r)7
T f(r) f(r) (r)
where r € I. This proves (ii). O
5.2.2. Local structures for the manifolds around ¢ € O;. — In analogy

to Proposition 5.5 we will first prove the following result. In the results below
that concern Op, we always assume that Oy # @. For the next proposition,
contrary to an analogous Proposition 5.5 of Subsubsection 5.2.1, we do not
need to assume that Opg(qo) is not open. The subsequent result only relies
on the fact that O; is not empty.

PROPOSITION 5.21. — Let qo = (x9, To; Ao) € Q. Then for every q = (z,T; A)
in O1 there exist an orthonormal pair X ,Y4 € T‘mM such that if Zx :=
«(Xa ANYy) then Xa,Ya,Z4 is a positively oriented orthonormal pair with
respect to which R and Rol may be written as

0 K(x) 0 0
R(XaANYq)=|—-K(x) 0 0], +R(XaAYy) = 0 )
0 0 0 —K(x)
0 0 0 —K(z)
R(Ya N ZA) =10 0 K(z) |, *R(YA A ZA) = 0 ,
0 —K(x) 0 0
0 0 —Ko(x) 0
(47) R(ZyNXQ) = 0 0 0 , +R(ZaNXy) = |—Ksi(x)
Ks(x) 0 0 0

Rol,(XAAYA) =0,  Roly(YaA Zs) =0,

N 0 0 —K5(q)
Roly(Za A Xa) = 0 0 0 :
E3(g) 0 0 0
Roly(Za A Xa) = |-KRq) |,
0

where K, Ko are real-valued functions defined on M.
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With respect to X 4,Y4, Z4 given by the theorem, we also have

(
0
ATR(AXANAY)A = 0 7
—K(z)
_ —K(z)
(48) ATR(AYANAZ)A = 0 ,
0
. 0
*ATR(AZA/\AXA)A = *KQ(:L‘) +K§Ol(q)
0

\

Relevant observations regarding the previous proposition are collected next.

REMARK 5.22
The last proposition says that «X 4, +Y4, +Z 4 are eigenvectors of R‘ . » for every
q = (z,x;A) € Oy, with corresponding eigenvalues —K (z), —Ks(x), — K (z).
Changing the roles of (M, g) and (]\//f , ), the proposition gives that, for every
q=(z,7;A) € O, eigenvectc/)fs 2)/(\',4,/\:17,4, iz\é\are eigenvectors of E\f? with
corresponding eigenvalues —K (¥), —Ko(%), —K ().

(b) The eigenvalues K and K coincide on the set of points that can be
reached, locally, by the rolling. More precisely, Proposition 5.21 tells us that

_R’(g) =—-K(z), Y(z,z)emg(01),

and that this eigenvalue is at least a double eigenvalue for both R‘ , and R -

(¢c) The above at-least-double eigenvalue cannot be a triple eigenvalue
for both R, and E@ at the same time, for (z,7) € m(O1). Indeed,
if Ko(z)=K(z) and Ko(Z) = K(Z), then clearly this would imply that
Rol,; = 0, which contradicts the fact that ¢ € O7 implies rank Rol, = 1.

(d) It is not clear that the assignments ¢ — X4, Z4 can be made locally
smoothly on O;. However, it is the case for the assignment g — Y4. In addition,
for every ¢ = (z, z; A) € Oy, the choice of Y4 and Y 4 are uniquely determined
up to multiplication by —1. Indeed, +Y4 = Z4AX 4 is a unit eigenvector of ﬁ(iq
corresponding to the simple non-zero eigenvalue — K5°!(g) (it is non-zero since

~

rank Rol, =1, ¢ € O1). By symmetry, the same holds of Y 4 as well. Then
AYy ==4Y 4, Vq= (z,7;A) € Oy

We begin by the following simple lemma.
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LEMMA 5.23. — For every q = (x,2;A) € Oy and any orthonormal pair
(which exists) Xa,Ya € T, M such that

XA, YA, Zy = *(XA A\ YA)
is an oriented orthonormal basis of T‘x M and
Rolq(XA ANYy) =0, ROlq(YA NZy)=0,

one has with respect to the basis X 4,Ya, Z 4,

0 Kia «ag Ba
R(XaANYa)=|—-Ka 0 —0Ba], R(XANYy) = aq |,
—aa Pa 0 —K4
0 —Ba &a —K}
RYanZa)=| Ba 0 KL, RYaNZa)=| &1 |,
—&a4 K, 0 Ba
0 —ay _K,%l §a
R(ZA/\XA): oA 0 _§A s *R(ZA/\XA): — i ,
K?q éa 0 ay
RHQ<XAAYA):O, RHQ(YAAZA) =0,
- 0 0 —K3! - 0
R01q<ZA ANXa)= 0 0 0 , *ROIQ(ZA ANXa)= —K2R01
K&l 0 0 0
Moreover, the choice of the above quantities can be made locally smoothly
on Oq.
Proof. — We only need to prove the existence of an oriented orthonormal basis

Xa, Y4 and Z4 such that Roly,(Xa AYs) = 0, Roly(Ya A Z4) = 0. Indeed,
when this has been established, one may use Lemma 5.7, where we now have
KR’ (q) =0, a(q) = 0 because Rol,(Ya A Z4) = 0, to conclude.

Since for a given ¢ = (x, z; A) € Oy, ﬁq : /\QT‘x M — /\QT‘x M is symmet-
ric linear map that has rank 1, it follows that its eigenspaces are orthogonal and
its kernel has dimension exactly 2. Thus there is an orthonormal basis w1, ws, A
of /\2T‘$M such that Rﬁq(wi) =0,7=1,2. Taking X4 = w1, Z4 = w2 and
Y4 = X\ we get, up to replacing X 4 with —X 4 if necessary, an oriented or-
thonormal basis of T'| , M such that Rol(X4AYa) =0, Rol(YaAZ4) =0. O

As a consequence of the lemma and because

ATR(AX,AY)A = R(X,Y) — Rol,(X,Y)
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for X,V € T‘ .M, we have that w.r.t. the oriented orthonormal basis
Xa,Ya,Za,
o Ba
ATR(AX 4, AYN)A = aa |,
—Ka
_ —K}
(49) ATR(AY A, AZNA = €a |,
Ba
o £a
ATR(AZy, AX4)A = | —K7 + K}

\ A

The assumption that rank Rol, = 1 is equivalent to the fact that for every
q= (CL‘, faA) € Ola

(50) K3 (q) # 0.

This implies that Yy is uniquely determined up to multiplication by —1 (see
also Remark 5.22 above). Hence, in particular, for every ¢ = (z,z; A) € O,

I/(Rolq(/\2TM)(A)) g = span{v(A(Za A X4)) 1o+ = span{v(A.Ya), }.

We will now show that, with any (non-unique) choice of a pair X4, Y4 as in
Lemma 5.23, one has that ay =0 and K4 = K}l.

LEMMA 5.24. — If one chooses any
X, Ya,Zy = «(XaNYy)
as in Lemma 5.23, then
Ba=0, Ki=Kj, VYq=(z,7;4)€ Opy(qo)

Proof. — Fix q = (z,7; A) € O1. Choosing in Corollary 4.14 X,Y € VF(M)
such that X‘x =Xy, Y‘x =Yy, we get, since Rol, (X4 AYy) =0,
v, [P (ROL(X,Y)(), v(Rol(Z, W)()] |,
= A[R(XAAYa),R(Z), AW )],

— [R(AX4 N AY2), R(AZ |, N AW, )], A

+ R(AXA N ARoly(Z), AW |, )Ya)A
+ R(ARoly(Z |, AW |,)Xa, AY4)A.
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Since ¢’ = («/,2"; A") — I/(ROI(/\2T‘Z/ M)(A"),, = span{v(A".Ya/)} is a
smooth rank one distribution on Oq, it follows that it is involutive and hence
for all X|Y, Z, W € VF(M),

[V(Rol(X AY)(.)), v(RoL(Z AW)())] |, € span{v(A.Ya), },

where we used that Rol(A2T'M)(A) = span{A.Ya} as observed above.

We compute the right hand side of this formula in different cases. We begin
by taking any smooth vector fields X,Y, Z, W with X‘x = X4y, Y‘x = Yy,
Z‘x = Za, W‘I = X 4. One gets

ATy‘q “Hy(Rol(X,Y)(.)),v(Rol(Z,W)(.))] Y

= [R(XaAY4),R(ZaNXa)]
— [ATR(AX4 A AYA)A, ATR(AZ4 N AX 4)A]

+ ATR(AX4 ARol(Z4 A X4)(A)Y4)A
+ ATR(Rol(Z4 A X4)(A) X4 A AY4)A

Ba 0
A VAN —K2R°l
—K4 0

+ ATR(AX A ANO)A+ ATR(KRVAZA A AY ) A

(KAK§01 -K}

50

50

0 - K3 | €a
—BaK3! Ba
K3 (—Ka + K})
KReley € span{v(A.Y,) P }.
—2B4 K5

Because K°!(q) # 0, this immediately implies that
K4+ Ky=0, Ba=0.
This completes the proof. O

We will now rotate X 4,Y4, Z4 in such a way that we can set a4 equal to
Z€ro.

LEMMA 5.25. — For every q = (x,x; A) € Oy there are orthonormal X 4,Y4 €
T‘IM such that Xa,Ya,Z4 = «(Xa AYa) is an oriented orthonormal basis
ofT‘x M with respect to which in Lemma 5.23 one has ay = 0.
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Proof. — Fix q = (z,7; A) € Oy, choose any X4,Ya,Z4 = «(Xa AYy) as in
Lemma 5.23 and suppose ayq # 0 (otherwise we are done). For t € R, set

() = (i, = (3):

Ya(t) = «(Xa(t) AN Za(t)) = «(XaNZy) =Yy

Then clearly

and X4 (t),Ya(t),Za(t) is an orthonormal positively oriented basis of
T‘mM. Since Rol, is a symmetric map /\QT‘ZM — /\2T‘xM and since
«Xa, 24 are its eigenvectors corresponding to the eigenvalue 0, it follows
that «X4(t),«Za(t), which are just rotated «Xa,.Z4 in the plane that
they span, are eigenvectors of Rol, corresponding to the eigenvalue 0, i.e.
Roly(Xa(t) ANY4) =0, Roly(Ya A Z4(t)) =0 for all t € R.

Hence the conclusion of Lemma 5.23 holds for the basis X (%), Ya, Za(t)
and we write £4(t),aa(t), Ba(t), Ka(t), K}(t), Ki(t) for the coefficients
of the matrices of R given there w.r.t. X(t),Ya,Za(t). Then Lemma 5.24
implies that 84(t) =0, Ka(t) = K}(t) for all t € R. We now compute

aa(t) = g(R(Xa(t) ANYa)Za(t), Xa(t))

= g(R(Za(t) A Xa(t))Xa(t), Ya(t))

= —g(R(ZA A XA)YA, XA<t))

= —g( —aaXa+E&aZa,cos(t) X4+ sin(t)ZA)

= —a cos(t) + Easin(t).

Thus choosing tg € R such that
€a
t(tg) = —

cot(to) ax’

we get that aa(tp) = 0. As already observed, we also have [a(tg) = 0,
Kix(to) = K a(to) and Rolg(Xa(to) AYa) =0, Roly(Ya A Za(to)) = 0. O

Since aq and B4 vanish w.r.t X 4,Ya, Z 4, as chosen by the previous lemma,
we have that —K 4 is an eigenvalue of R‘ , With eigenvector X4 A Y4, where
q = (z,x;A) € O1. Knowing this, we may prove that even {4 is zero as well
and that (automatically) —K4 is a at least a double eigenvalue of R, . This
is given in the lemma that follows.

LEMMA 5.26. — If ¢ = (z,7;A) € O1 and X4,Ya,Z4 as in Lemma 5.25,
then &4 = 0.
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Proof. — Since for any ¢ = (z,7; A) € O1, —K 4 is an eigenvalue of R, we
know that its value only depends on the point x of M and hence we consider
it as a smooth function —K (x) on M. We claim that that —K () is at least a
double eigenvalue of R‘ . - Suppose it is not. Then in a neighborhood U of x we
have that —K (y) is a simple eigenvalue of R, for all y € U. In that case, we
may choose smooth vector fields X, Y on U, taking U smaller if necessary, such
that X AY, is a (non-zero) eigenvector of R, corresponding to —K(y)
and X‘x = Xy, Y‘I =Y. Write

For any (y, y; B) € O, we know that Xp A Yp is a unit eigenvector of R,
corresponding to —K(y) and hence, modulo replacing X by —X, we have
XpANYp =X, NY |, . Then, for all (y,y; B) € O with y € U, one has

v(Rol(X |, NY |, )(B))|(.5.3 = V(Rol(XpAYp)(B)) 0,

(v, 3:B) —
i.e., V(Rol(X AY)(.)) is a zero vector field on the open subset O of the orbit. If
we also take some smooth vector fields Z, W such that Z‘I = Z4, W‘x = X4,
we get by the fact that v(Rol(X AY)(.)) = 0 and from the computations in
the proof of Lemma 5.24 that

0=v, ' [#(Rol(X,Y)(.),(Rol(Z,W)(.))] P

K3 (—Ka + K}) 0
— K;iolgA — KQRolgA
—2B4 KR! 0

Since K£°!(q) # 0 we get £4 = 0. This implies, along with the results obtained
in the previous lemma (i.e. K = K}, B4 = a4 = 0), that w.r.t. the basis
Xa,Ya,Z4, one has

0 —K4
R(XANYy) = 0 , «R(YANZa) = 0 ,
—Ky 0

which means that X4 A Y4 and Y4 A Z 4 are linearly independent eigenvectors
of R, corresponding to the eigenvalue —K4 = —K (x). This is in contradiction
to what we assumed at the beginning of the proof. Hence we have that —K 4
is, for every g = (z, ¥; A) € Oy, an eigenvalue of R, of multiplicity at least 2.
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Finally, since we know that w.r.t. X 4,Y4, Z4,

0 —Ka
RXAANYA)=| 0 |, RYaNZa)=| &1 |,
~Ka 0
A
R(ZaNXa)=|-K% ],
0

and since R, is a symmetric linear map having double eigenvalue —K 4, then
there exists a unit eigenvector w of R‘ , corresponding to —K 4 which belongs
to the plane orthogonal to X4 AY4 (in /\2T‘$ M). Hence, w = cos(t)YaNZ s+
sin(t)Z4 A X4 for some t € R and

cos(t)
—Ky | sin(t) | = —Kaw = +R(w)
0
= cos(t)«R(YaNZa) +sin(t)«R(Za N Xa)
—K4 & — K4 cos(t) + €4 sin(t)
=cos(t) | &€ | +sin(t) | K3 | =| €acos(t)— K%sin(t) |,
0 0 0

where the matrices are formed w.r.t. X 4,Y4, Z4. From the first row, we get
€asin(t) = 0. So either €4 = 0 and we are done or sin(t) = 0, implying that
w=1:Y4 AN Z4 with 11 € {—1,+1} and hence

— K4
éa = *R(YA A ZA)
0 —Ka
= 1:|:*R(w) =-Ka(lypw) = —KA*(YA A ZA) = 0 ,
0
which gives £4 = 0 anyhow.

O
The previous lemma implies Proposition 5.21, since now —K4 = —K}l,

—K?% are eigenvalues of R, for every (z,x; A) € O1 and hence, defining
K(z):= Ka, Ks(z):=K3,

we obtain well defined functions K, Ko : M — R.
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The following proposition is the last result of this subsection. Notice that it
does need the assumption that Op, (¢go) is not open while the previous results
do not need this assumption.

PROPOSITION 5.27. — Suppose Opy (qo) is not open in Q. Then there is an
open dense subset O of Oy such that for every q1 = (x1,71; A1) € OF there
are neighborhoods U and U of x1 and T1, respectively, such that either

(i) both (U, g1 ), U, 9| ) are of class Mg or

(i) both (U, g ), U, 9| ) are isometric to warped products
(I N,hg), (IxN,hg)

and f'(r)/f(r) = J'(r)/F(r), for all 7 € I.

Moreover, there is an oriented orthonormal frame El,Eg,Eg (resp.
El, EQ,E3) deﬁned on U (resp. on U) such that «Fy, «E3 (resp. *El, *Eg)
are eigenvectors ofR with common eigenvalue —K (.) (resp. —IA(()) and one
has

A1E2‘CC1 — E2‘§?1 .

Proof. — Let ¢ = (x1,71; A1) € Op. As observed in Remark 5.22, either
R, or }A%‘il has —Ks(x1) or —I?g(fl), respectively, as a single eigenvalue.
By symmetry of the problem in (M, g), (]\/4\, g), we assume that this is the
case for R, . Hence there is a neighborhood U of z1 such that Kj(z) # K(z)
for all x € U Then, there is an open dense subset O] of O1 N 0, M(U ) such
that, for every q = (:v T, A) € O], there exists an open neighborhood Vofz
where either Ky = K on V or Ko(7 ) # [?(yj) for i € V. For the rest of the
argument, we assume that ¢; belongs to O].

By shrinking U around x; and taking a small enough neighborhood U
of 71, we assume there are oriented orthonormal frames E]_,EQ,E?, on U
(resp. El, Eg, E3 on U) such that «Fq,«Fs, «F3 (resp. El, Eg, E3) are
cigenvectors of R (resp. R) with ecigenvalues —K(.), —Ky(.), —K(.) (resp.
—K(.),—K3(.),—K(.)), where these eigenvalues correspond to those in
Proposition 5.21. Taking U, U smaller if necessary, we take Xa,Y,Za as
given by Proposition 5.21 for M and XA,?A, Z\A for M on Wél(U X ﬁ) Nnoj,
which we still denote by Of. Since Y4 and *Eg‘m are both eigenvalues
of R, , for ¢ = (xz,z; A) € O, corresponding to single eigenvalue — Ko (), we
moreover assume that Y4 = Fo Iz for all ¢ = (z,Z; A) € O}. Then because

v(Rolg(Za A X4)) g = —K§OI(Q)V(A*E2)M
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is tangent to the orbit Opy (o) at the points ¢ = (x,Z; A) € O}, we conclude
from Proposition C.18 (given in Appendix) that

F§2,3) 20 _2%1,2)
P=1Tuy Tey Tey |

Fhy 0 Thy

where I' and F’G ) are as defined there.

We will now divide the proof in two parts (cases I and II below), depending
whether (]\/4\ , 9) has, in certain areas, constant curvature or not.

Case 1. — Suppose, after shrinking U around z1, that Ko(Z) = K (Z) for
all 7 € U. We also assume that U is connected. This implies by Schur Lemma
(see [39 Proposition 11.3.6]) that K, = K is constant on U and we write
sunply K for this constant. Again by possibly shrinking U we assume that
(U g‘U ) is isometric to an open subset of a 3-sphere of curvature K.

Assume first that F%2,3) # 0 on U. Then Proposition C.17, case (ii), implies
that F(1 gy = 0on U and (11%2’3))2 = K (z) is constant on U, which must be K.
Hence if 8 := F12 (2.3) which is constant on U, then (U, g‘U) is of class Mg as
is (U, 9 ) and we are done (recall that M_g = Mpg) i.e., this is case (i). On
the other hand, if F(2 3) = =0 on U, then we have that (U, g‘U) after possibly
shrinking U, is isometric, by some F', to a warped product (I x N, hy) by
Proposition C.17 case (iii). At the same time, the space of constant curvature
(U g‘ i ) agam after shrinking U if necessary, can be presented isometrically

by certain F,asa warped product (I X N hs ), where N is a 2-dimensional

space of constant curvature. Because for all z € U we have K (z) = K, we get
that for all (r,y) € I x N, 7€ I,

) _
fy (7)

It is not hard to see that we may choose f such that f(()) = f(0) and f’(O) =
17(0), which then implies that f(r) = f(r), for all r € I. This leads us to
case (ii).

Case II. — We assume here that K o (z) # ( ) for all T € U. The same
way as for (M, g) above, this implies that ¥4 = Es|~ and that w.r.t. the

|z
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frame E’l, E’g, Eg, Proposition C.18 yields

o (Tesy 0 —Thy
I'= £%3,1) F%S,l) 5?3,1) )
Phy 0 Thy
WhereF( k)—g( j,Ek),lgij,k<3
We now claim that for all (z,7) € mg(0O}), we have

)
P%2,3)(5’3) = f%2,3)(55)’ F%m)(l’) = f%1,2)(§)'

By Remark 5.22, we have AY4 = :tiA/A for ¢ = (z,7; A) € O}, and so we get
AEQ‘ . = ZEE\Q‘/x\. Without loss of generality, we assume that the ‘+’ -case
holds here. In particular, if X € VF(M), one may differentiate the identity
AE, = E warit. Zr(X)), to obtain

AVxEy =VaxEs Vq=(z,7;A)c 0.

Since AEl,AEg,El,Eg € (AEy)*t = EQL, there exists, for every ¢ € O,
© = ¢(q) € R such that

As usual, we write below cos(p(q)) = ¢y, sin(¢(q)) = s,. We compute
AV, By = A(=T( 9 E1 + T (5.3 E3)
= (—cpl (1) = 56T (23)) E1 + (=500 (19) + oL (5.3)) B3,

and, on the other hand,

Taking X = F; above and using the last two formulas, we get
(ol {19y = 8T (a5) E1 4 (=550 (19) + ol (9.3)) E3 = AV, Es
=Vap E2 = (_%F%m) - Sch%2,3))E1 + (Ccpr%2,3) - Swrh,z))E&

from which

~ ~

cw(_r%m) + F%m)) + 3«;}@%2,3) - F%2,3)) =0.
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Next we notice that differentiating the identity AFE; = cngl + 3¢E3 w.r.t.
v(A-E»)|, gives

A(E2)Er = (v(A:Ey) |, ) (—5,E1 + ¢, E3),
which simplifies to
—AE3 = (v(AEs) P ¢) AFs,
and hence yields
V(A-Ep) |, o =—1, Vqg=(z,7;4) € O}.

Thus, if (¢,q) — ®(t,q) is the flow of v((.)+«E2) in O} with initial position at
t = 0 at g € O}, the above implies that p(®(t,q)) = ¢(q) + ¢ for all ¢ such
that |t| is small enough. Since sin and cos are linearly independent functions
on any non-empty open real interval, the above relation implies that

_F%m) (z) + f%l,z)(f) =0, 11%2,3) (z) — f%z,:s)(f) =0,

which establishes the claim.

We may now finish the proof of the proposition. Indeed, if I' %2 3) #0onU,
Proposition C.17 implies that I‘%Q 3) = B is constant and I‘%l 9 = 0 on U.
If 7 belongs to the open subset ijﬁ(O’l) of M, there is a q = (x,z;A) € O}
where (z,Z) € U x U, by the definition of O}. The above implies

f%m)(a?\) = F%m) (z) =0, f%z,s;)(f) = I‘%2,3) (z) = B.

Thus shrinking U if necessary, this shows that f% vanishes on U and f%z 3)

1,2)
is constant = 8 on U. We conclude that (U, g|;) and (U, g ) both belong
to the class Mg and we are in case (i).

Similarly, if I‘é 3) = 0 on U, the above argument implies that, after taking

smaller ﬁ, that f%z 3 = 0onU. Proposition C.17 implies that there is, taking

smaller U, U if needed, open interval I = IcC R, smooth functions f, f: I =
I — R, 2-dimensional Riemannian manifolds (N,h), (N,h) and isometries
F (I xNhy) = (Ugy), F:(Ix N,hf) — U such that

f/((:)) = F%m) (F(r,y)), Y(r,y)elxN,
)

I(;,,\

(7)

Kh)%

=T} (F(7,9)), Y(77§)elxN.

=)
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Clearly we may assume that 0 € I = I and F0,y1) = 1, ﬁ(O, Y1) = 71
for some y; € N, y1 € N. Since t — (t,y1) and t — (¢, 1) are geodesics in
(I x N,hg), (I x N,hf), respectively, y(t) := F(t,y1) and 7(t) = F(t, y1) are
geodesics on M and M. In addition,

7'(0) = E2|5, = A1Ea),, = A1 (0),

~

50 4(t) = Hpg (7, q1)(t) for all t. This means that

(F(tvyl)vﬁ(tv :/y\l)) = (V(t)’:)\/(t)) € 7T—Q(Oll)a
and therefore

G Pl (Pt 7)) = 2
f((t)) =Tl (F(t31) =Ty o) (F(t 51)) = J?((t))

for all ¢ € I = I. We then belong to case (ii) and the proof of the proposition

9

is concluded. O

We have studied the case where ¢ belongs to O1 U Os. As for the points
of Op, one uses Corollary 4.16 and Remark 4.17 to conclude that for every
g0 = (0, To; Ap) € Oy, there are open neighborhoods U > z( and U3 To such
that (U, |, ) and ((A], 9|7 ) are locally isometric. With the choice of the set O
as the union of Oy U O} U Oz, (where OF was introduced in Proposition 5.27),
one concludes the proof of Theorem 5.1.

5.3. Proof of Theorem 5.3

Only items (b) and (c) are addressed and they are treated in separate sub-
sections.

5.3.1. Case where both manifolds are of class Mg. — Consider two
manifolds (M, g) and (Z\/Z , g) of class Mg, B > 0 and oriented orthonormal
frames FE4, Es, F3 and El,EQ,Eg which are adapted frames for of (M, g)
and (Z\/Z , 9) respectively. We will prove that in this situation, the rolling prob-
lem is not completely controllable.

We define on @) two subsets

Qo:={q=(z,7;4) Q| AE275iE2}7
Qri={q=(2,5;4) € Q| AEQZ:I:EQ}.
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PROPOSITION 5.28. — Let (M, g), (]\/4\, g) be of class Mg for B € R. Then for
any qo = (xo, Zo; Ao) € Q1 one has Op(qo) C Q1. Moreover, Q1 is a closed
7-dimensional submanifold of Q) and hence in particular dim Opg (qo) < 7.

Proof. — Define
hihy:Q — R, hi(q) = G(AEL, E2), ha(q) = G(AEs, Es),
when ¢ = (z,7; A) € Q. Set h = (hy,hs) : Q@ — R?, then
Q1 =h(0).

We will first show that h is regular at the points of ()1, which then implies
that @1 is a closed submanifold of ) of codimension 2 i.e., dim@); = 7 as
claimed. Before proceeding, we divide ()1 into two disjoint subsets

Qf ={q¢=(2,7;4) € Q| AE; = +E’2},

QT ={q=(2,5;A) € Q | AE; = —E2},
whence Q1 = Qf U @7 . These are the components of ()1 and we prove
the claims only for Qf, the considerations for Q] being completely similar.

First, since for every ¢ = (x,7;A) € Qf one has AE, = E,, it follows that
AFE1,AE;5 € E%‘ and hence there is a smooth ¢ : Qf — R such that

AE, = cos(¢)E1 + sin(qﬁ)Eg : X 4,
AFE3 = —sin(qﬁ)El + COS(¢)E3 =: ZA.

In the sequel, we set

cy =cos (¢(q)) and sg=sin(d(q)).

For ¢ = (z,2; A) € Qf, one has

V(A.E3)| b1 = G(A(-Es)Er, Eg) = G(AE,, Es) = 1,
V(A*El)‘q hi = §(A(*E1)E1, E2) =0,

V(A*Eg)‘q hg = /g\(A(*Eg)Eg, EQ) = O,

V(A«EL) | he = G(A(-E1)E;3, E2) = —G(AEy, Ey) = —1,

which shows that indeed h is regular on Q. We next show that the vectors
Zr(Er)|, Zr(E2)|,, Zr(E3)), are all tangent to Q7 and hence to Q;. This
is equivalent to the fact that Zr(E;)|,h = 0 for i = 1,2,3. We compute for
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q= (z,7; A) € Qf, recalling that AF; = )A(A, AEy = EQ, AEs = Z\A,

Lr(E1)| 1 = §(AVE By, Eo) + §(AEL, Vg | E»)
= —T(31)9(AE3, E3) + G(X A, BegEs — BsyEr)
= _F%&l)/g\(Z\Aa E2) + g()?Aa BZ\A) = 07
Zr(Er)|, he = §(AV g, Es, Es) + G(AE3,V E2)

g(
= G(A(T (31 E1 — BE), E2)+9(ZA,52A)
(Fl XA—5E27E2)+5—0
L(B) |, = G(AVE,Er, Es) + §(AE, Vi E»)
= Th9(Za, B2) +0 =0,

L(Bs) |, h2 = G(AVE,Es, Es) + §(AEs, Vi E»)

= 1% (XA, B2) +0 =0,
I = §(AVg, i, By) + §(AE, Y, Eb)
G(A(BE; — 31)E3) E2) + G(X 4, —BsyE3 — Beg Er)
BEy 11 Za), E2) — BG(Xa,Xa) = 8- =0,
AV, B3, Es) + g(AEg,VA Ey)

=T 1)9(AE17E2)+9(ZA7 —BX 4)
=T1)3(X A, E2) +0=0.

g
=9

(
9(

Thus .,Z”R(El)‘q , LR (Es) P , 1 (Es) |, and hence Dy are tangent to Q7 , which
implies that any orbit Op, (¢) through a point ¢ € QIL, is also a subset of Qf.
The same observation obviously holds for ()7 and therefore the proof is com-
plete. O

Next we will show that if (M, g) and (]\/4\ , g) are of class Mg with the same
B € R, then the rolling problem of M against M is not controllable. We begin
by completing the proposition in the sense that we show that the orbit can be
of dimension exactly 7, if (M, g), (]\/4\ , g) are not locally isometric.

PROPOSITION 5.29. — Let (M,g) and (]\/J\, g) be Riemannian manifolds of
class Mg, B # 0, and let qo = (xo, To; Ao) € Q1. Then if Op,(qo) is not an
integral manifold of Dr, one has dim Op,, (qo) = 7.

SOCIETE MATHEMATIQUE DE FRANCE 2016



92 CHAPTER 5. ROLLING PROBLEM (R) IN 3D

Proof. — Without loss of generality, we assume that A0E2‘$OA = EQ‘EO.

Then Proposition 5.28 and continuity imply that AEQ‘ . = B2 B for all
q=(z,7;A) € Op,(qo) and hence that AEl‘m,AEg‘x € span{El‘f B3|z }.
This combined with Lemma C.8 implies
Roly(+E1) =0, Roly(+E) = ( — Kao(z) + K2(7))(+E2), Roly(+E3) =0,

for ¢ = (z,7;A) € Opy(qo), where —Ks(z), —I?z(f) are eigenvalues of R,
R‘a corresponding to eigenvectors *EQ‘I , iEg‘&? , respectively. Since Opy (o)
is not an integral manifold of Dy, there is a point ¢1 = (21, Z1; A1) € Op,(qo)
such that —Ky(z1) + Ko(Z1) # 0 (See Corollary 4.16 and Remark 4. 17). Then

there are open nelghborhoods U and U of 21 and T Ty in M and M , respectively,
such that —Ky(z) + Ko(Z) # 0 for all # € U, 7 € U. Define

0 := ' (U % U) N Opy(q0),

which is an open subset of Op,(go) containing ¢o. Because for all ¢ =
(x,z; A) € O one has

v(Rolg(+E3))
it follows that
V(A *EQ)

g €T1,0pu(q0) and  — Ky(x) + Ko(F) #0,

lq GT‘QODR((]O), Vq:(x,f,A)GO

Moreover, F%l 9 = 0 and F%Q 3) = [ is constant and hence one may use Propo-
sition C.20, case (i), to conclude that the vector fields defined by

Ll‘q = gNS(El)‘q — ﬁV(A*Eﬁ
Loy, = BZxs(E2),
L3\q = gNS(Eii)‘q — BV(A*EQ)

lq>

lg >
are tangent to the orbit Opy (o). Therefore the linearly independent vectors

j ( )‘q,gR(EQ) .,?R(Eg) I/(A*EQ) Ll‘q7L2‘q7L3‘q,

lq> lq > lq>

are tangent to Op, (qo) for all ¢ € O, which implies that dim Op,(qo) > 7.
By Proposition 5.28, we conclude that dim Opy (q0) = 7. O

We are left to study the case of an Dgr-orbit passing through some ¢y € Q.

PROPOSITION 5.30. — Let (M, g) and (J/\J\, g) be two Riemannian manifolds
of class Mg, B # 0, and let gy = (x0, To; Ao) € Qo. Write

M® := 7. (Opg (q0)), M°:= 7,151 (O (0)),

which are open connected subsets of M, M. Then we have:
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(i) If only one of (M°,g) or (]\70,’9\) has constant curvature, then
dim ODR (qo) =T.
(ii) Otherwise dim Opy(qo) = 8.

Proof. — As before, we let Eq, Fo, F3 and El, Eg, Eg to be some adapted
frames of (M, g) and (]\/4\ , ) respectively. We will not fix the choice of g in
Qo (and hence do not define M°, M °) until the last half of the proof (where
we introduce the sets Mo,Ml,]\//fo,]\/Il below). Notice that Proposition 5.28
implies that Op, (q0) C Qo, for every o € Qo.

The fact that AEy|, # :I:EQ‘A for q= (x,7;A) € Qo is equivalent to the
fact that the intersection (AE;- 12) N E+ 17 is non-trivial for all ¢ = (z, 7; A)
in Qg. Therefore, for a small enough open neighborhood O of qo inside Qg,
we may find a smooth functions 6, 9 : O — R such that this intersection is
spanned by AZ4 = ZA, where

Za:=—sin(0(q))Er |, +cos(0(q))E3,
Zy:=—sin(0(q))Ev; +cos (0(q)) B35 -
We also define
X4 :=cos (0(q)) Ex |z T sin (H(q))Eg‘I ,
Xa:=cos(0(q)) 15 +sin (0(q)) Es ;-
To unburden the formulas, we set
sy :=sin (7(¢)) and ¢ :=cos (7(q))

if 7: O — R is some function and the point g € O is clear from the context.
Since X 4, F» |24 Z 4 (resp. X A, E 2|7 A A) form an orthonormal frame for every

q=(z,7;A) € O and because A(Zy) = ZA, it follows that there is a smooth
¢ : 0" — R such that

AXA—CAXA—FS EQ—C(C E1—|—S E3)+S EQ,
AEQ—_S’\XA‘i‘C E2 (C E1+S E3)—|—C EQ,
AZA:ZA.

In particular, for all ¢ = (z,7; A) € 5, one has g(AZjy, Eg) = 0. Note that
for all g = (z,7; A) € O, since AsZ7 = :ZAA,

Roly(+Za) = R(:Z4) — ATR(:Z0)A = —K.Zs + KAT:Z,A =0,
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and hence, since ﬁ(ﬁq : /\2T‘x M — /\QT‘I M is a symmetric map,

Roly(:X4) = —KR(q). X4 — . By,
Roly(+E2) = —. X4 — K}(q). B,

for some smooth real-valued functions K1°!, KXl o defined on O.

We begin by considering the smooth 5-dimensional distribution A on the
open subset O of Qg spanned by

LR(EL) |y Lr(E2) |, Lr(Es) |, V(AEs)|, , v(A-X 0)

lq> lq > lq° lq -

What will be shown is that Lie(A) spans at every point ¢ € O a smooth
distribution Lie(A) |, of dimension 8 which, by construction, is involutive. We

consider VF%R,VFk ,Lie(A) as C*°(O)-modules. Since X4 = cypF1 + sgFs3, in
order to compute brackets of the first 4 vector fields above against v(A+X4)/,,
we need to know some derivatives of §. We begin by computing the following.

gR(XA)\q Z(.) = (_gR(XA)\q 0+ CHF%gvl) + SGF?;;J))XA — BE>,
D%R(EQ)‘ Z() (_gR(EQ)\qe—i_F%S,l))XA?
fR(ZA)\ Z) (*XR(ZA)\q 0 — 56F%3,1) + CQF:())B,I))XA'

q

q

Differentiating §(AZ4, E3) = 0 with respect to Zx(X4) g 8ives,

0= g(AfR(XA)\qZ(.),?) + G(AZA,V ax, Eo)
G(A(=ZR(XA)|,0+ col'(s ) + 5015 1)) Xa — BE2), E)

+ 9(AZa,cjegEs — s 8E)
= 55(=LR(Xa)|, 0+ col'(3.1) + 561 (3.1)) = Beg+ cps58 + czes B
(—fR(XA)\q 0+ cef%g’l) + 391“?371)).

lq

<)

£ 0 (because otherwise AE, = +F5), we get

In a similar way, differentiating g(AZa, Eg) = 0 with respect to Zr(Z4)
Zr(E3)|, , one finds

lq°

Zr(Za),

A —Sar(lg,l) + CQF?371)7
D%R(EQ)‘

qez
_ 2
L0=—B+T%.
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Finally, applying I/(A*Eg)‘ on the equation g(AZ4, Eg) = 0 gives,
= g(v(A- E2)\q((-)Z(.),E2)

= G(A(-E2)Za — (V(AEy)|,0)AX 4, E)

= (1 - v(AE)|,0)G(AX A, Eo),

and since §(AXa, Ey) = 537 0, v(A+E3)|,0 = 1. Using the definition of X4
and Z4, we may now summarize
B%R(El)‘qeir(:’) 1) gR(EQ)‘qGZ _5+F%3,1)7

By Proposition C.20 and the fact that 8 # 0, we see that VFZ contains the
vector fields given by

Ly, = Zxs(Er)), — Brv(AEL),,
Ly, = Zns(Bn),,
L3\, = Zxs(E3)|, — Brv(A:Es),,

i.€., Zg = ng. Computing

[Lr(E),v((.)-X())] |, = —s0-LR(E2)), +8952\q — soBv(A+E»)
[LR(B2),v(()X()]), = —ZR(Za)|, —soL1|, +coL3,,
[LR(E3), v((.)-X())] |, CafR(Ez)\q —cgLa), — coBv(A-En)|,,
A-E) X ] =

and since one also has

[LR(E1), LR (En)]|
(LR (E2), Zr(E3)]
[ LR (Fs3), Zr(Er)]

lq>

= 2R ([Br, Ba)) |, —s0 K1V (A X a) |, —spav(AEy)|
= ER([EQ, Eg]) lq —09K1 I/(A*XA)‘Q —C@&V(A*EQ)‘Q ,

= L (B3, B1])|, — av(A:Xa)), — K3°'v(AE,)

q
lq

lq lg>
we see using in addition Proposition C.20, case (ii) (the first three Lie brackets
there), that VF2A is generated by the following 8 linearly independent vector

fields defined on O by
Lr(EY)|,, Lr(E2)|, , ZR(E5)

We now proceed to show that Lie(A) = VFX. According to Proposition C.20
case (ii) and the previous computations, we know that all the brackets between

I/(A*EQ) V(A*XA) L1 \q y Lg‘q y L3‘q .

lq> lq > lq > lq> lq>
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Zr(Er), ZRr(E2), Zr(E3), v((.)+E2) and Ly, L and also [Ly, L] belong to
VFZ, so we are left to compute the bracket of v((.)+X(), L2 against L1, L3 and
also Lo against Zr(E1)|, , ZR(E2) |, LR(E3) |, V(AE2) |, v(()X ()|,

do that, we need to know more derivatives of 6. Since

[XR(El), I/((.)*Eg)] = gR(Eg) \q — Lg‘q,

we get
Ly, 0 = Zr(E3),,0 — Lr(Er)), (v (v((.)«E2)0)
=1
v(AE Lr(ENO) =T% ,
(AsB2) |, (LR(E1)0) = T3
=Tl

and similarly, by using [ZRr(E3),v((.)-E2)] = —ZRr(E1)|, + L1|,, one gets
Ll‘q 0= F%?) 1) On the other hand,

Ens(B2) 1y Z() = (= Lns(Ba) 0+ T31)) Xa,

and to compute Lg‘ 0= gNS(EQ)‘ 6, operate by Zns(FEs) |4 onto equation

9(AZ4, Eg) 0 to get Lo, 0 = F%?) 1)- With these derivatives of ¢ being
available, we easily see that

[L1,v((.)-X () ]\q =0,
(L1, L 2} lg = (F%?, 1y +B)Ls),
(L3, v(()+X())] |, =0,
[Ls ‘Zth = *(F%3,1) + B)L1),
[ZR(E )7L2]\q = BL3|, — (Ve E1) |,
(LR (Es ),Lz]\q =0,
[r(Es), La] |, = —BL1|, — Lk(Vi,Es),, .
[V((.)+En), L2]\q =0,
[v((.) X(‘)),Lg]‘q =0.

Hence we have proved that VF3 is involutive and hence
Lie(A) = VF%.

There being eight linearly independent generators for Lie(A) = VFZ, we con-
clude that the distribution D spanned pointwise on O by Lie(A) is integrable
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by Frobenius theorem. The choice of ¢y € Q¢ was arbitrary and we thus can
build an 8-dimensional smooth involutive distribution D by the above con-
struction on the whole Q. Since Dr C A C D, we have Op, (q0) C Op(qo)
for all gop € Qo and thus dim Opy (¢o) < 8.

We will show when the equality holds here and show when dim Op,, (g0) = 7.
Define

My={z € M| B*+ Ks(z)},

My = {l‘ eM ‘ Jopen V 5 x s.t. N = V, ﬁQ :Kz(xl)}’
Mo={7 €M | +EKy@))},

My ={ZeM|3open V>7stVi'eV, 2=Ky7)},

and notice that My U M; (resp. ]/\4\0 U ]/\4\1) is an open dense subset of M
(resp. M). At this point we also fix gy € Qo and write

M° =70 M (Opg(00)), M° = WQ,J\?(ODR(QO))
as in the statement of this proposition. Let

q = (r1,21;41) € 7TEgl(Mo x Mo) N Qo.

Take an open neighborhood O of q1 in Qo as above (now for ¢; instead of g
which we fixed) such that m(é) C My x My, and introduce on O the vectors
XA,ZA,)A(A,EA along with the angles 6,5, QAS, again as above. For g € 5,
one has

<@q(*XA)) B ( S(=F +Ka)  cpsp(=5 + Ka) > <*XA)

Roly(+E3) (8% + Ka)szeg —Ka+ 3352 - C%KQ By )’
Roly(+Z4) = 0.

The determinant d(q) of the above matrix is equal to

d(q) = _5%(_[{2 + 8% (—Ka + 8%,

so d(q) # 0 since q € O c ﬁél(Mg X ]/\/[\0) N Q. Since v(Rol(+E2)(A))
belongs to T'|, Opy(q1), we obtain that

v(Ai1-E2)|, €T, Opg(qr).

lq1

lq1

If @ = (v1,21;41) € ﬂél(MO X M\o) N Qo, then one can take a sequence
q, = (z,,7,; A})) € Op,(q1) such that g, — ¢ while Z;, € M. Since M,

and Qo are open, we have for large enough n that ¢, € Wél(Mo X ]/\4\0) N Qo,
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hence v (A} «E>)
have I/(Al *Eg)

g, €Ty Opg(q1) and by taking the limit as n — oo, we

lgn € T4y Opg(@1). Suppose next

q1 = (21,715 A1) € Ty (MOXMl)ﬁQo

Then Roly, (+E1) = Roly, (+E3) = 0, Roly, (+E) = (—Ky(x1) + %).Ey with
Ks(z1) # 2 and hence v(A-Ez), € T, Opg(q1). Thus we have proven
that

V(ABy), €T, Opy(q), Vg€ Qonmy (Mo x M).

lq

Changing the roles of M and M we also have
v((:E2)A) |, €T),0p,(a). Vg€ Qonmg' (M x Mo).

On Q, define two 3-dimensional distributions D, D as follows, for ¢ € @ let
D‘q be the span of

K1), = Zxs(AEy) |, + Br(A.Ey)
IAQ\q = Zns(AEy) |,
K3, = Zxs(ABs) |, + Br(A.Es)
and D‘q be the span of
Kl\q:"iﬂNS(A 1)\q_ﬁy(( E1)A IPE
Ky, = Zxs(ATEy),,
Ky, = Zxs(AT B3)|, — Br((: Bs)A) .
We claim that for any ¢1 = (x1,Z1; A1) € @ and any smooth paths
v :[0,1] — M, 7:[0,1]—>M

lq >

lq >

with v(0) = 21, 5(0) = Z; there are unique curves I', T : [0, 1] = Q of the same
regularity as o0y ~ such that I' is s tangent to D, T'(0) = q1 and 7o m(I'(t)) =~
QM(I‘(t)) = 7. The key
point here is that I, T are defined on [0,1] and not only on a smaller interval
[0, 7] with T < 1. We write these curves as I' = I'(y,q1) and T' = T'(, q1),
respectively. Notice that since (7, 77)+D = 0 and (7, M)*ﬁ = 0, one has

and similarly T is tangent to D, I'(0) = ¢ and 7

Q.M
o (Pha)®) =31, 7ou (TG a)t) =1, ¥t e[0,1].

We only prove the above claim for D since the proof for D is similar. Unique-
ness and local existence are straightforward. Take some extension of v to an
interval | —¢,1 + €[ =: I and write I'; := I'(7,¢q1). Consider a trivialization
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(global since we assumed the frames FEj, Ei, i = 1,2,3 to be global) of mg
given by

:Q — Mx M xSO0(n), (z,7;A4)— (2,7, M, 5(A),

where F' = (E1, Es, E3), F= (El, E, Eg) For every (s,C) € I x SO(n) one
has

O(C(v(s+ ), 2 (v(s), 1;C))(1)) = (V(s+ 1), T1, Bis,0(1)),

where B, cy(t) € SO(n) and ¢ in an open interval containing 0. On I x SO(n),
define a vector field

9 .
X = (a,B(&C)(O)).
If &(T'(y,q1)(t)) = (v(t), T1; C1(t)), then since
d

La(Ty(s) = L] PO+ 9)) = S| B+, D0, a)(5)) (1)

d I .
= a‘o (’7(t =+ 5)7 Z1, B(S,Cl(s)) (t)) = (’7(8)¢ 07 (pr2)*‘){\(5,01(5)) )7

we see that s — (s, (prg o ® oI'1)(s)) = (s,Ci(s)) is the integral curve of X
starting from (0, C1(0)). Conversely, if Aq(t) = (¢,C(t)) is the integral curve
of X starting from (0,C1(0)), then fl(t) = &~ 1(y(t), 71, C(t)) gives an inte-
gral curve of D starting from ¢; and WQ’M(fl(t)) = ().

Hence the maximal positive interval of definition of I'; is the same as that
of the integral curve A; of X starting from (0, Cy). If it is of the form [0, ¢o[ for
some tg < 1+, then, because [0,1] x SO(n) is a compact subset of I x SO(n),
there is a t; € [0,tp] with Ay(t1) ¢ [0,1] x SO(n) i.e. t; ¢ [0,1] which is
only possible if t; > 1, and thus tg > 1. We have shown that the existence of
I'i(t) =T'(vy,q1)(t) is guaranteed on the whole interval [0, 1].

Since for all ¢ € Qo N wél(Mo X ]/\4\), which is an open subset of @, one has
v(A-Ep)|, €T|,0pg(q), it follows from Proposition C.20 that

Ll‘q :st(El)‘q —ﬂl/(A*El)
Zz\q = Zns(E2),
Lg‘q :gNS(Eﬁ))‘q —ﬁl/(A*Eg)

q

lq°

la>
are tangent to the orbit Opy (¢) and hence so are ZRr(E1)|, — L1, = K1 g

Zr(E2)), — L= Ky, and % (Es)

lq
‘q —Lg‘q :Kg‘q 7;.6.,
Dy, €T, 0p,(q), Yq€Qonmy"(Myx M).
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A similar argument shows that
D, cT,,0py(q), Vg€ Qo ﬂﬂ'él(M x My).

Assume now that (M; x ]\/ZO) N7Q(Opg(q)) # @ and that My # @. Choose
any q1 = (1, Z1; A1) € Opy(qo) with (z1,Z1) € My x M and take any curve
v :10,1] = M with v(0) = z1, v(1) € My. Then since
7TQ7]/\4\(F(77 ql)(t>) = fla
we have mo(I'(v,q1)(t)) € M x My for all t € [0,1] and since also D, is
contained in 1", Opy (qo) for all ¢ € Opy(go) N Wél(M X ]/\/I\o), we have that
F(’Y?Ql)(t) S ODR (QO)7 vt e [07 1]

Indeed, suppose there is a 0 <t < 1 with I'(y, ¢1)(t) ¢ Op,(qo) and define
ty = inf {t € [0,1] | T(7,q1)(t) ¢ Opy(a0) }-

Clearly ¢t; > 0. Because g2 := I'(y,q1)(t1) € 7TC_21(M><]\/4\0), it follows that for |¢|
small one has I' (v, 1) (t1+t) € Op,(g2), whence if t < 0 small, I'(y, ¢1)(t1+t) €
Opyg (g2) N Opg(qo), which means that g2 € Opy,(qo) and thus for ¢ > 0 small
L(v,q1)(t1 +t) € Op,(qo), a contradiction. Hence one has

1Q(C(v,q1)(1)) € (Mo x Mo) N 7o (Opy (q0))-
In other words we have the implication:

(M1 XM\())QTFQ(ODR(QO)) + 9, My#9
— (Mo x M) N7 (Opg (o)) # 2.

By a similar argument, using D instead of D, one has that
(M()X]/W\l)ﬂﬂ'Q(ODR(qO)) #@, ]/\Zo#g
— (Mo x Mo) N7q(Opy(q0)) # 2.

Suppose now that there exists ¢ = (z1, 21; A1) € ﬂél(Mg X ]\/4\0) NOpy (qo)-
We already know that T'|, Opy(go) contains vectors

Lr(EN) |y LR(ER),, - ZLr(E3)
V(AE)|, v((: E2)A)
Lijg, L2y, Lajy,

lq1° lq1

lq1

MEMOIRES DE LA SMF 147



5.3. PROOF OF THEOREM 5.3 101

which are linearly independent since q; € (My x M 0) N7 (Opy(qo)). Indeed,

if one introduces X 4,74 and an angle ¢ as before, we have sin(¢(q1)) # 0

as q1 € Qo and
V((iEQ)Al) = I/(A1*(A{E2)) \Q1

= sin (qﬁ(ql))V(Al*XAl)‘ql + cos (¢(q1))v(A “E2) 4 -

Therefore dim Opy (¢o) > 8 and since we have also shown that dim Op (go) < 8,
we have that

(MO X ]/\Zo) N 7TQ<ODR(CIO)> # @ = dim ODR(qo) =38

lq1

Write Q° = 7 Lre x M ), which is an open subset of @ and clearly
Opg(q0) C QO. To ﬁnlsh the proof, we proceed case by case.

(a) Suppose (M\O, g) has constant curvature i.e. MonM° = @. By as-
sumption then, (M°, g) does not have constant curvature, which means that
Moy N M° 7& . -

At every q = (z,T; ) € @Q°, one has Rol ¢(+E1) = Roly(+F3) = 0 and
Rol ¢(+F2) = (= Ks(x) + %) +Ey and therefore

[LR(E1), ZR(ER)] |, = LR([E1, Bal) ),
[Lr(En), Zr(Bs)] |, = Lr([B2, E3))),,
[XR(EP,) gR(El)] .,%R([Eg, El]) lq -+ ( — KQ(J}) + 52)1/(A*E2)‘q .

From these, Proposition C.20 case (ii) and from the brackets (as above)

(L (E), L 2], = BLs), — AR(VEE),,,
[Lr(E3), Lo g = —BL1, — (Ve E3),,
[LR(E2), Lo] g =0,
[w((. )*Ez)aLth =0,
[L1.Ls] ), = (T4 + B)Ls),.
[LS"Z2]‘q = —(I¢ 1) T 8Ly,

we see that the distribution Don Q° spanned by the seven linearly independent
vector fields

.,%R(El), gR(EQ), $R<E3), I/((.)*Eg), Ll, ZQ, L3,

with Ll,ZQ,Lg as above, is involutive. Moreover D contains DR‘QO, which
implies Opy, (qo) = ODR‘QO (q0) C Og(q()) and hence dim Op, (qo) < 7.
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To show the equality here, notice that since My N M° # &, one has that
0:=mg L (Mo)NOpy (qo) is an open non-empty subset of Opy, (¢o). Moreover,
because Ky(x) # B2 on My N M°, we get that v(A. «E3), €T),0pg(qo) for

all ¢ € O, from which one deduces by Proposition C.20, case (i) that D‘ g s
contained in T', Opy (qo), which then implies dim Op,(go) > 7. This proves
one half of case (i) in the statement of this proposition.

b) If (M°,g) has constant curvature, one proves as in case a), by simply
changing the roles of M and M , that dim Op,, (qo) = 7. This finishes the proof
of case (i) of this proposition.

For the last case, we assume that neither (M °, g) nor (M °, 9) have constant
curvature i.e. we have M° N My # @ and Me ﬂMo #* .

c) Since M° N My # @, there is a ¢1 = (v1,%1; A1) € Op,(qo) such that
1 € My. If 71 € MO, we have (M x ]\70) N 7Q(Opyg (q0)) # @ and which
implies, as we have shown, that dim Opy (¢o) = 8.

Suppose then that 7; € M 1. Then one may choose a sequence ¢, =
(al,, 7] Al) € Op,(qo) such that ¢, — ¢ and Z), € M. Because My is
open, for n large enough one has (z,, 7,) € (Mo x M1) N 7Q(Opg (o). Hence
(MoXMl)mﬂQ(ODR(QQ)) + @and @ # M°NMy C M, which has been shown
to imply that (My x ]\/4\0) N71Q(Opy (q0)) # @ and again dim Opy, (qo) = 8.

The proof is complete. O

REMARK 5.31. — One could adapt the proofs of Propositions 5.28, 5.29
and 5.30 to deal also with the case § = 0. For example, Proposition 5.28 as
formulated already is valid in this case, but the conclusion when 8 = 0 could
be strengthened to dim Opy(go) < 6. However, since a Riemannian manifold
of class My is also locally a Riemannian product, and hence locally a warped
product, we prefer to view this special case § = 0 as part of the subject
of Section 5.3.2.

5.3.2. Case where both manifolds are warped products — Suppose
(M,g9) = (I x N,hy) and (M,3) = (I x N,h+ ), where I,T C R are open
intervals, (N, h) and (N, h) are connected, orlented 2-dimensional Riemannian
manifolds and the warping functions f, fare smooth and positive everywhere.
We write a— for the canonical, positively directed unit vector field on (R, s;)
and consider it as a vector field on (M, g) and (M , g) as is usual in direct
products. Notice that then % is a g-unit (resp. g-unit) vector field on M (resp.
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M) which is orthogonal to T, N (resp. T‘g]\Af) for every (r,y) € M (resp.
(r,y) e ]V) We will prove that starting from any point gy € Q = Q(M, ]\//T)
and if the warping functions f, fsatisfy extra conditions relative to each other,
then the orbit Opy (o) is either 6- or 8-dimensional. The first case is formulated
in the following proposition.

PROPOSITION 5.32. — Let (M,g) = (I x N,hy), (M,§) = (I x N,hz) be
warped products of dimension 3, with I,f C R open intervals. Also, let gy =
(zo, To; Ao) € Q be such that if one writes xog = (10, Y0), To = (T0, Yo), then

o 0
51 Ao~ =9
(51) Oar (r0,30) or |(Fo.y0)
holds and
/ ! T
(52) f'(t+ o) :fA(H'TO), Vte (I —ro)N (I — 7o).

flt+ro)  f(t+ 7o)
Then if Opg(qo) is not an integral manifold of Dr, one has dim Op, (qo) = 6.

Proof. — For convenience we write

n(r) = LOHT) S HTO) A (TR =

f(r+m0)  flr+ 7o)

Let v be a smooth curve in M defined on some interval containing 0 and such
that v(0) = xo and let (y(t),7(t); A(t)) = ¢pr(7,q0)(t) be the rolling curve
generated by 7 starting at gyp and defined on some (possible smaller) maxi-
mal interval containing 0. Write v(t) = (r(¢),y(¢)) and 7(t) = (7(¢),71(¢))
corresponding to the direct products M = I x N and M =T x N. Define also,

0
)= =m0, 8= 2| .
o) =70~ Fo, S0 =AW L] .

which are vector fields on M along ~. Notice that

=10 =9 (30, 52|, ) = 90 50)
=70 = (30 51 ) = 9(A080. 4| ) = 90,5 0).
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By Proposition 35, Chapter 7, p. 206 in [35], we have

o L) D
O3 = ot (40) - O3] ).

- et (30~ 1),

2 POINKY
Viodr = T (30) =705, ] )

Let p € C*°(R) and t — X(¢) be a vector field along v and consider a first
order ODE

{p(t) = g(5(1). X (1)),
Vi X = w(p(t) (7(t) — p(t) X (1))

By the above we see that the pairs (p, X) = ((,9) and (p,X) = ((,5)
both solve this ODE. Moreover, by assumption ((0) = 0 = ¢(0) and S(0) =

A(O)_I%‘io = %‘xo = S5(0) so these pairs have the same initial conditions
and hence (¢, 5) = (E, S) on the interval where they are both defined. Then,

0 0

r(t) —ro=7(t) — 7o, A(t)g"y(t) N E‘ﬁ(t) 7

for all ¢ in the interval where the rolling curve gpy (7, qo) is defined. Define

Q1 = {a= @ &) = (ny. (7 7):4) € Q|

rom=F o Ag =g )

By the above considerations, as long as the curve is defined,

qDR,(f% qo)(t) € Q*-t,-a
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which implies that Opg (qo) C Q. We show that Q7 is a 6-dimensional sub-
manifold of Q). Let

q= (.73, T; A) = ((T7y)7 (7/"\, g)vA) €Q

such that Aar\z = %‘5. Then for all « € R, X' € T\, N one has
0

X1+ o = X + o, —HA(X’M* ),
81"

— |Ax’|2 2A(AX’ < )
[AX2 +25(AX o) ) +a?
This implies that for all X’ € T,N
. 0
11 = AX'[2 and G(AX', | ) =
Thus AT‘yN J_ or |7 and also Aa lz L T‘AN by assumptlon Define

~ PR 0
of ={a=@.HA) = () R o)A eQlag| =2
and let ¢1 = (21,213 41) = ((r1,91), (71, 91); A1) € Qf. Choose a local ori-
ented h- and h-orthonormal frames X7, X} in N around L 11 and X, X%, in N
around 7. Let the correspondlng domains be U’ and U’. ertlng FE = gr,

Ey = 1X{,E3 1X2 on M and El—ar,Eg— XY, Eg= AX on M, we

see that Fq, F», E3 and El, Eg, E 3 are g- and g- orthonormal orlented frames
and we define

U V=7, (RxU') x (RxU')) — SO(3),

U(z, 73 A) = [(§(AE;, E)))]].
This is a chart of @ and clearly

YV NQH) = (R x U') x (Rxﬁ’)x{((l) A,)|A’eSO()}

This shows that Qf NV is a 7-dimensional submanifold of ) and hence Qf is
a closed 7-dimensional submanifold of @). Defining

F:QTHR7 F((ny)v(’?v Z/\)SA):(T_TO)_(?—?OL
we see that @* = F~1(0). Once we show that F is a submersion, it follows
that Q* is a closed codimension 1 submanifold of Qf (i.e. dim Q% =7—1 = 6)
and thus it is a 6-dimensional submanifold of Q. Indeed, let ¢ = (z, z; A) € Qf

and let v(t) be an integral curve of % starting from = and 74(¢) = Z a constant
path. Let q(t) = (v(t),7(t); A(t)) be the Dng-lift of (v,7) starting from gq.
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Then (t) = % (1) > 7(t) = 0 and since % is a unit geodesic field on M, one

has

d 5} 0
ol A= =
dtg< ®) or ‘v(t) " Or "'?(t) )
. 0 0 _ 0 o 0
- 9<A(t)vﬁ<t>§’ 5\%&)) * Q(A(t)%%%w)) =0
This shows that ¢(t) € Qi for all ¢ and in particular, gNS(%\m)\q = ¢(0)
belongs to T' P Qf. Then if one writes

~y(t) = (r(t),’yl(t)), (t) =x = (7, y ) = constant,

one has 7(t) = 1 and therefore

1 Fla) = 3| () = o)~ (7= 7)) = 1.

ie, Fns(£ 1)1
one could have uses the charts ¥ as above to prove this fact.) Since we have
shown that dim Q% = 6 and Op,(qo) C Q7 , it follows that Opy (o) < 6.

To prove the equality here, we will use the assumption that Opg(qo) is not

= 1, which shows that F is a submersion. (Alternatively,

an integral manifold of Dg. Take local frames F;, E’Z as above near x1 and 71,
where

a1 = (21, Z1; A1) = ((r1,31), (71, 91); A1) € Opy(q0).

-~ ~

The assumption that f/'(t +r9)/f(t +10) = f'(t + 7o)/ f(t+ 7o) for all t € J
easily imply that
O B )

firr) ~ Fusrg W

for all ¢t € J as well. Respect to the frames +F1, «Fo, +F3 and ;El, :Eg, 2 Es
one has (see Proposition 42, Chapter 7, p. 210 of [35])

—o(y)/ f(r)? + k(r —ro)? 0 0
Ry 0 Ko (r — 19) 0 :
0 0 Ko(r —19)
R —5(9)/F(7)? + k(7 — 79)? 0 0
Ri7g) = 0 Ko (7 — 7o) 0 :
0 0 /432(?— 7"\0)
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where o(y) and o( ¥ ) are the unique sectional curvatures of (N, h) and (]\Af ,E)
at points y, 7. Write

a(y) 5onoy__0(Y)
r—rg), —Kolr,y = +
Fry ) )= NGE

ar 17, We already know that AlEQ‘ and AlEg‘z are in

—Kz(r7y) = — /ﬁ(?— ?0).

Since Alg P

the plane span{E2 B E3 B } This and the fact that ry —rg = 71 — 7o imply
that

. K2($1)+K2( ) 0 0
Rol,, = 0 0 0],
0 00

w.r.t. «Ep 21 0 *Eg‘xl ,«Fs3 2y - Since Opy, (qo) is not an integral manifold of Dg,
it follows from Corollary 4.16 and Remark 4.17 that there is a ¢1 € Opy (qo),

where Rolq,1 # 0. Hence there is a nelghborhood O of q1 in Opy(qo) such that
Rol # 0. With respect to local frames E;, E as above (taking O smaller if
necessary), this means that Ko(z) # K (%) for all ¢ = (z, ; A) € O and since

v(Roly(+En)) |, = (— Ka(x) + K2(7))v(AE)

lq>
we have

v(A.E1)|, €T, Opy(q0), Yg€O.

lq
Hence applying Proposition C.20 case (i) to the frame F| := FEy, Fy := Ej,
F3 := Fs5 implies that the six linearly independent vectors (notice that we have

F%Q 3) = 0 in that proposition)

gR(Fl) D%R(FQ) XR(FP,) V(A*FQ) Ll‘q7L3‘q7

lq> lq > lqg > lqg >

are tangent to Opg (qo) at ¢ € O, where
Ly = Zns(F1), — F%L?) (x)v(AF3)
Ly = Zns(Fs)), + F%L?) (@)v(AF1)|,,

with F(l o) (¥) = 9g(VRF1F2) = g(Vg, B, Bv) = —f'(r)/f(r) if & = (r,y).
Hence dim Opy, (q0) > 6. O

lq>

REMARK 5.33. — The condition Rol,, # 0 in the I/)\roof of the previous propo-
sition was equivalent to the condition Ks(z1) # K2(Z1) which again means
that if 1 = (r1,11), 1 = (21, ¥1),

oyr) , o(y1)

Fr)? " Fr)?
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where o(y) (resp. o(y)) is the sectional curvature of (N, h) at y € N (resp. of
(N,h) at y € N).

REMARK 5.34. — To show that dim Op, (¢o) < 6 under the assumptions of
the proposition, we showed that if ¢ = (,7; A) € Q7 , then ¢py (7, q)(t) € Q7.
for any path v starting from z. For this we basically used the uniqueness of
the solutions of an ODE. Alternatively, one could have proceeded exactly in
the same way as in the proof of Proposition 5.28. To this end, one defines as
there hi,ho : @ — R and also F': ) — R as above as

hi(q) = G(AEL, E2), hag) = G(ABs, Es),  Flg) = (r—ro) — (F = o).

Write H = (h1,he, F) : Q — R?, Q* := H1(0) and Q = Q% U Q* where Q%
(resp. Q*) consists of all ¢ = (x,7;A) € QF where A% = +% (respec-
tively A% = —%). Then, for all ¢ € Q7

Hw(A-Er), = (0,-1,0), Hw(A.Es),, =(1,0,0),

0
H*£NS(§7 O)‘q = (07 07 1)7
which shows (again) that Q% is a 6-dimensional closed submanifold of @
(and so is Q*) while w.r.t. orthonormal bases Ei, Eo, E3, E1, E9, E3, where
Ey = %, Ey = %, one has for ¢ = (z,7; A) € Q% , since x = (r,y), T = (7, y)
withr —rg =7 — 79 =: t,

XR(El)\q hi = a(A(F%m)EZ - P%S,I)E?’)? E2) + g(AEx, _f%l,Q)AEl)

_ S0 PE) _ ftre) | FttTo)
for)  F(7F) ft+r0)  F(t+ 7o)

L(Br)| ha =T G(AEy, Eg) + G(AEs, —T'{; 5)AE) =0,
Li(Ey)| b1 = —T% 1) §(AEs, Eg) =0,

LR(Es) | he =Ty 1y G(AEL, E2) =0,

Zr(E3)|, I = ZRr(E3)|, he =0,

Lu(Br)) F = a(B)|, F = Za(Bs), F =0,

hence Dr |, C T, Q% for all ¢ € Q7. This obviously implies that Opyg(q) is
contained in Q% for all ¢ € Q% and thus dim Op, (¢) < dim Q% = 6.
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For the following proposition we introduce some more notations,
Qo:={a= (). (7.5 A) € QI AZ ) #25| _ }
Qf :={q=(2,7;4) € Q| A%‘(r,y) - +%\(?@) }’

Qri={a=(2.3:4) € Q| A

_ _ 0
(ry) ar|(7,9) }’

Qr:=0Qf UQy,
St = {q = ((ry), (7, 9); A) € QF | FHH = + fg))}’
sti={a= (). (794 € Qr | 5 = -LD4,
S1:=87UST.

We have that () decomposes into the disjoint union

Q= S1U(Q\S1) = 51U (Q1\51) U Qo.
PROPOSITION 5.35. — Let (M,g) = (I x N,hy) and (J\/f\, 9) = (I x N,ﬁf),

be warped products with I ,f C R open intervals and suppose that there is a
constant K € R such that

') e 7) V(r,7) eI xI.

f(r) (7’

Let qo = (x0, To; Ag) € Q and write
M?® = mq.m (Opyg (),

Me = 7rQ7M\(OpR(q0)). Assuming that Opy(qo) is not an integral manifold
of Dr, we have the following cases:

(i) If qo € Sl, then dim ODR(QO) = 6,‘

(i) If go € Q\S1 and if only one of (M°,g) or (]\//TO, g) has constant curva-
ture, then dim Opg (qo) = 6;

(iii) Otherwise dim Opy (go) = 8.

Proof. — As in the proof of Proposition 5.32 (see also Remark 5.34) it is
clear that )1 is a closed 7-dimensional closed submanifolds of ) and @7, Qf
are disjoint open and closed submanifolds of (1. Also, St, Sfr , 51 are closed
subsets of ()1. Let us begin with the case where ¢ € Sf. Writing xg = (r0,Y0),
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~

Zo = (70, Yo) and defining

wlt) = flt+70)  f(t+ 7o)
we see that for all t € (I —rg) N (f— 7o),
o o) (FE4To)\2 F+To) | P+ Fo)y?
wit) = ft+ro) (f(t+7"0)> F(t+ 7o) +<A(t+?o)> ’
=K =K

1.€.,

"t + To) f/(t
W'(t) = —w(t) (L ( + =
(t) (mm+m 7
This shows that w(t) = 0 for allt € (I—rp)N
of Proposition 5.32 have been met. Thus di

im
if go = (20, To; Ap) € S] and zg = (ro,y0), T
T

pr (o) = 6. On the other hand,
= (70, Yo), define

o~

FY@) = f(=),

and notice that
o: (Ix Nhg) — (I x N,hz,) = (MY, §")
given by (y, 7 )+ (¥, —7) is an isometry, which induces a diffeomorphism
®:Q— Q(M, M)
by (z,7;A) — (z,p(Z); Px|z © A) which preserves the respective rolling dis-
tributions and orbits:
®.(Dr|,) = DR|agg: P(Opn(a)) = Opy (®(q)).

the notation being clear here. But now ®(Ag) = ¢« (AO%) = — (4
since gy’ := ®(q0) = ((r0,%0), (=70, Yo); x © Ao),

~

(T (7o) _ Gl =70) _ o F(Fo—1) __Fi(7o) _ J'(r0)

9 _ 9
W—arand

— — =~

Fe(=7o) f(70) 1(7) (7o) f(ro)’
Thus ®(gg) belongs to the set S of Q(M M) (which corresponds by ®

to S; of Q) and thus the above argument implies that dim Opy(®(qo0)) = 6
and therefore Opy, (qo) = 6. Hence we have proven (i).

We next deal with the case where gy € Q\S;. Up until the second half of
the proof, where we introduce the sets My, M, ]\/4\0, J/W\l, we assume that the
choice of gy € Q\ 51 is not fixed (and hence M°, MP are not defined yet). So let
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q = (0, To; Ao) = ((ro,%0), (70, Y0); Ao) € Q\S1 and choose some orthonor-
mal frame X7, X3 (resp. X1, X3) on N (resp. N) defined on an open neighbor-
hood U’ of yg (resp. U’ of 7p) and consider them, in the natural way, as vector
fields on M (resp. M ). Moreover, assume that X7, %,X‘g, (resp. X1, %,Xg)
is oriented. Writing

E1:}X1, EQZST, EgZ}Xg, Elz}f(l, E2:§ X3,
we get p051tlvely oriented orthonormal frames of M and M defined on
U:=IxU'", U :=1x U’ respectively. Then we have, by [35], Chapter 7,
Proposition 42 (one should pay attention that there the definition of the
curvature tensor differs by sign to the deﬁmtlon used here) that with respect
to the frames «F1, «Fs, «F3 and El, *E27 *E3,

-K 0 0 —K 0
R=| o0 == o |, R=| o ,
0 0 -K 0 0 -K

where o(y) and &(y) are the unique sectional (or Gaussian) curvatures of
(N,h) and (N, h) at points y, y. Write

_ "2 . B 7
CKy = *J;;ﬂ and = Rqi= 02U ;z(f)

We now take an open neighborhood O of qo in @ according to the following
cases:

(a) If go € Qo, we assume that Oc Qo N ﬂél(U X [A])
(b) If go € QF\S1 (resp. g0 € Q7 \S1) we assume that

Oc To LU x U\ (S, UQy) (resp. OcC To YU x U)\(S; U Q7).

Write 60 =0n Qo. Thus in case (a) one has O = 50 > qo while in case (b)
one has O = 60 U (6 N (QT\S1)), as a disjoint union, and gy ¢ 50, the ‘4’
depending on the respective situation. Moreover, if the case (b) occurs, we
assume that gy € Q7 \S1 since the case where gy € Q7 \5; is handled in a
similar way. We will still shrink O around qo whenever convenient and always
keep in mind that Og = O N @y even after the shrinking. Notice that this
shrinking does not change the properties in (a) and (b) above. Moreover, [35],
Chapter 7, Proposition 35 implies that if I, [ are connection tables w.r.t.
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FEq, Ey, B3 and E’l, Eg, Eg, respectively,

1
0 0 T, 0 0 I'l 9
1 2 3 T Pl 72
I'= Fg:s y ey ey | U'={Tey ey Iy |
F(l %) 0 0 F%1,2) 0 0
and
Wl ) =0, YW € Ef, W(T{,) =0 VW e Ej,

since F%l 2) (r,y) = —J}/((:)) and f%l 2)(?, y) = —J}/((;). Actually one even has
F%?) ) = 0 and f%g )= 0, but we do not use this fact; one could for example

rotate E1, E3 (resp. E\, E 3) between them in a non-constant way, to destroy
this property. The fact that AEQ‘ % ZEEQ‘A for q= (z,7; A) € Qo is equiv-
alent to the fact that the intersection (AEjy i )N E2 |z 18 non-trivial for all
q=(z,7;A) € Qp. Therefore, by shrinking O around ¢ if necessary, we may

find a smooth functions 0, 0: Oo — R such that this intersection is spanned
by AZs = ZA, where

Za = —sin(0(q))Er|, +cos(0(q))Es,,
Zy:=—sin(0(q))E1|; +cos(0(q)) E3 5
We also define
X4 :=cos (0(q)) Er |z T+ sin (Q(Q))Eg‘x ,
Xa:=cos (eA(q))E% + sin (§(q))E3W

To unburden the formulas, we write from now on usually

sy :=sin (7(q)), ¢ :=cos (7(q))

if 7:V — R is some function, vV C Q, and the point q € V is clear from
the context. Since X4, Eg‘x , ZA (resp. XA, Eg‘x 7ZA) form an orthonormal

frame for every ¢ = (z,7; A) € Oo and because A(ZA) ZA, it follows that
there is a smooth ¢ : Og — R such that

AX g = C¢>XA + 8¢E\2 = C¢(C§E\1 + S@E\g) + S¢E2,

ALl = —S¢5(:A + C¢E2 = —8¢(C§E1 + S§E3) + C¢E2,

AZ 4 = Z\A.
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In particular, for all ¢ = (z,2; A) € 50, one has g(AZy, Eg) = 0. Formulas
in Eq. (46), p. 72 hold with I‘%Q’:,)) =0and Y = Es. Since they are very use-
ful in computations, we will now derive three relations, two of which simplify
Eq. (46), and all of which play an important role later on in the proof. Differ-

entiating the identity g(AZ4, E5) = 0 with respect to R(Xa),, Lr(E2)

lqg > lq

and ZR(Z4) 4> One at a time, yields on 60,

0= G(ALR(XA)Z( ), E2) + G(AZ4,Vax, Es)

= (—ZR(Xa)|,0 + coT(s1) + 5015 1)) G(AX A, E2)
+ :9\(214’ _Cd)f%LQ))?A)
= 3¢<—$R(XA)\(1 0+ 09r%3,1) + 391“%3’1)),

0= G(ALR(E2)Zy, E2) + G(AZA,V ap, E)

= (~ZR(Y)), 0 +T1)F(AXa, E2) + G(Za, 591 (15X 4)
= so(—Zr(Y)|, 0+ F%3,1))7

0= G(AL(Za)Z( ), E2) + G(AZA,V az, E>)

= (~Z0(Z4)|,0 — 50T (31) + col '3 1)) G(AX 4, E2)

+ 100 §(AEy, Eo) + §(Za, —T'{, ) Za)

= 3¢( - DE/ﬂR(ZA)‘q 0 — 39F%3,1) + C9F:())3,1)) + C¢>F%1,2) - F%l,2)'
Define

Mq) == Zr(Za) |, 0+ 500 (3.1) — T30y, q € O,
which is a smooth function on Oy. Since sin(¢(g)) = 0 would imply that
AE, = £ F, we have sin(¢(q)) # 0 on Og C Qp and hence we get
LR(Xa),0 = col 51y + 50001y LR(Ea)|,0 =Tl
S¢)\ — C¢F%172) - F%LQ)

These formulas, along with F%2,3) = 0, simplify Eq. (46) to

;

XR(XA)‘qX() —F(1’2)E2, gR(EQ)‘qX() 0,
Lr(Za) |, X() = Ma, Lr(Xa)|, B2 = —T{, 5 Xa,

(53) Zr(E2)|, B2 =0, Lr(Za)|, B2 = _F%1,2)ZA7
Zr(Xa), 20y =0, Zr(E2),Z() =0,
LlZa)), Z() = ~AXa+ T o B,
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at q € 50. We use these in the rest of the proof without further mention.
Notice that, for any ¢ = (z,7; 4) € (Q7\S1) N O, and any sequence (which
exist as Q1 N O is a nowhere dense subset of 5) n € 50, gn — ¢, we have
cos(¢(qn)) — cos(é(q)) = 1, hence 0 # sin(¢(g,)) — 0. Because

- f%l,2))(‘1)
— T 9)(8) #0,

)

lim (C¢F%172) - f%lyg))(Qn) = (C¢F%1,2)

= F%Lz) (z)
as q € Q7\S1, we get
Jim (sin (¢(gn))A(gn)) # 0, lim sin (¢(gn)) =0,

which implies that lim,, o A(g,) = £oo. In particular, we see that, even after
shrinking 5, one cannot extend the definition of # in a smooth, or even C!, way
onto O, since if this were possible, the definition of A above would imply that A
is continuous on O and hence the above sequences A(g,) would be bounded.
This fact about the unboudedness of A(q) as ¢ approaches (Q7\:S1)N O will be
used later. To get around this problem, we will be working for a while uniquely
on Oy. _
Define on Og a 5-dimensional smooth distribution A spanned by

Lr(B)|y Lr(Ba) |, Lr(Es) |, v(AEs) |, v(AX4)|,, € Oo.

lg> lg> lg> lg>
We will proceed to show that the Lie algebra Lie(A) spans at every point
of g € 50 a 8-dimensional distribution Lie(A)  ~ which is then necessarily
involutive.
Notice that we consider VF&, k = 1,2,... and Lie(A) as Cm(ag)—modules.
Since LR (X()), Zr(E2), Zr(Z(.)) span Dr on Oo, they generate the mod-

ule VFDR‘ - and hence Lie(DR‘é ). Moreover, the brackets

[(R(X(), ZR(E2)] |, = —T(1.9%R(Xa)),,
[Lr(E2), Lr(Z))] |, = ThioyZR(Za) |, — K1'v(A:X4)|, — av(AEy)
[(LR(Z(), Lr(X()] |, = MR(Za)), — av(AXa)|, — K3V(AEy)

lq>
lq lq°

along with the definition of X4, Z4, show that VF%R‘ _ C VFa.
Og

The first three Lie brackets in Proposition C.20 case (ii) show that VF%
contains vector fields Ly, L3 given by

Ll lq = D%NS(EI) lq —F%LQ)I/(A*E?,) Lg‘q = .,gNs(Eg) lq —|—F%172)I/(A*E1)

lq° lq >
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and also Lg‘ ¢ which in this setting is just the zero-vector field on 50. We
define

FX\q = Cng‘q —I—Sng‘q,

Fzy, = —soL1|, +cols|, — r(ll,Q)y(A*XA)

lq°

hence Fx, Fy € VFZA and one easily sees that they simplify to

Fx|, = Zns(Xa)|, — Tl gv(A:Za)
Fziy = Zns(Za))y-

lq°

It is clear that the vector fields
(X)), Lr(Ea), Lr(Z(), v((.)+Ea), v((.):X()), Fx, Fz,
span the same Cw(ég)—submodule of VF4 as do
LR(EL), LR(E2), Lr(E3), v((.)«E2), v((.)+X()), L1, Ls.

We now want to find generators of VFZA. By what we have already done and
said, it remains us to compute need to prove that the Lie-brackets between
the four vector fields

R(Xa),» ZR(E2)

R(Z4) v(A+Es)

lq > lq° lq > lq >

and v((.)«X()), - Since we will have to derivate X 4, it follows that the deriva-
tives of 6 will also appear. That is why we first compute with respect to all the
(pointwise linearly independent) vectors that appear above. As a first step,
compute

Fx |y Z0) = (=Fx )40 + colfs) + 50T (51)) X a,
Fz1,2) = Zns(Z4) ), 2
= (=Fz,0 = soU31) + col'(3.1)) Xa + T(1,5)Ea-

Knowing already -Zr(X4)
tity

0, 2r(Y),0,2r(Z4)|,0, we derivate the iden-

lq lq

G(AZ4, Eq) =0,
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w.rt. v(A«Es) | v(AXa)|,

tive of Ey with respect to these vanishes)

Fx g FZ‘ g which gives (notice that the deriva-

0=G(A(-E2)Za — v(A-By) | 0AX 4, E5)
= (1 — v(AE2))§(AX 4, Es) = s4(1 — v(A.E)),
0=G(A(-Xa)Za — v(A:X4)|, 04X 4, E5)
= —§(AEy, E9) — v(AX4) |, 0G(AX 4, E2)
= —cp — Spv(A-X4) |, b,
0= G(-T{A(Za)2Za, Ea) + (—Fx |0 + col'(s 1) + 561 (s.1)) G(AX 4, E)
= so(—Fx |, 0+ CGF%&U + 59F:())3,1)),
0= (=Fz,0 — soT(s.1) + ol 1)) G(AX 4, By) + Ty 5, G(AEy, Ey)
=s4(—Fz,0 — 59{%3,1) + CGF?S,I)) + %F%m)a

and since s, # 0 on 50,
V(A*EQ)‘q 0= 1,
v(A-X4), 0 = — cot(d),
FX‘q 0 = C@F%&l) -+ SQF?&D,
These simplify the above formulas to
Fx,2)=0,
Fz1,%() = ZNs(Za) 020 =— cot(p) X4 + F%LQ)EQ,
and moreover it is now easy to see that for g € 50,
Fx |, X()=T(9E Fx |, B2=-T{»Xa,
Fz,X() = cot(®)T (1924, Fz),Ba =T 9 Za.
The Lie brackets
[ZR(X(. )) v(()+X()] |,
= cot(¢)Lr(Za) |, — Lns(A(:Xa)X )|, + T 19V (AEr),
08(9)Lr(Z4) |4 + T (1.2)V(AE2)

lq°
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(LR (E2),v((.)+X())] Iq

= —gNS(A(*XA)EQ)‘q + I/(A*O)‘q = Fz‘q — gR(ZA)
[ZR(Z()),v(()-X()] ),

= —cot(¢p) LRr(Xa) lq — ZNs (A*(*XA)ZA) lq + I/(A*()\ZA)),

= —cot(¢) Lr(Xa) |, + Lr(E2)|, — (Lns(BEa)|, — AW(AZa), ),

[V(A*EQ), I/(()*X())] \q
= V(A[*E27 *XA]so)‘q + V(A*ZA)‘q =0,

lq°

show that if one defines

Fy‘q = .,%NS(EQ)‘q — )\V(A*ZA)

lq>

then one may write
[LR(Z()):v((.)-X())] |, = —cot(9)Lr(Xa)|, + LR(E2)|, — Fy),.
and hence we have shown that VFQA is generated by vector fields

(X)) LR(E2), R(Z()), v((.)+E2), v((.)«X(,), Fx, Fy, Fz,

which are all pointwise linearly independent on 60.

Next we will proceed to show that the VF2A generated by the above eight
vector fields is in fact involutive, which then establishes that Lie(A) = VFA.
At first, the last nine Lie brackets in Proposition C.20 (recall that we have

F%z 3 = 0) show that [Fz, Fx] and the brackets of ZRr(X()), Lr(E2),

Zr(Z(), v((.)+E2), with Fx and Fy all belong to VF} as well as do
[Fx, v ()X ()]
= —Zns(—cot(¢)Za) |, +v(A(Lns(Xa) |, X))
- F%1’2)V(A[*ZA, *XA]gg + V(A*ZA)‘(] X() - COt((b)A*XA) ‘q
= COt((;S)st(ZA)‘q + I/(A*FX‘qX(_))‘q
- F%1’2)V(A*E2)‘q + P%1,2) COt(¢)V(A*XA) lqg
= cot(¢)Fz|, + {1 9 cot(@)v(A:Xa)
[Fz,lj(()*X()>] lqg
= —Zns(cot(d) X)), + cot(qﬁ)I’%l’Q)u(A*ZA) = —cot(¢)Fx |,

Therefore, it remains to us to prove that the brackets of Fy with all the
other seven generators of VF4, as listed above, also belong to VF4. Since the
expression of Fy involves A, which was defined earlier, we need to know its

lq>

lq lq
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derivatives in all the possible directions (except in Fy-direction) as well as the
expression for Fy lq f. We begin by computing this latter derivative. As usual,

the way to proceed is to derivate 0 = g(AZ4, Eg) wrt. By, for which, we
first compute

Py, 20y = (=Fy |, 0+ T(31) X4,
and hence (notice that Fy |, Ey=0)
0= G(-AA(-Za)Za, Ea) + (—Fy |, 0+ I 1)) §(AX 4, Eo)
= 5¢(—Fy |, 0+ 1),
from where one deduces that Fy P 0 = (3 1) One then easily computes that
on Oy,
By, Xy=0, Fy,E2=0, Fy,Z=0.

To compute the derivatives of A, we differentiate the identity syA =
c¢1“%1’2) — IA“%LQ) proved above. Obviously, this will require the knowledge of
derivatives of ¢, so we begin there. To do that, one will differentiate the
identity cy = g(AE?, E 2) in different directions. One has,

and hence
—5¢Zr(Xa) |, 0= §(—F%1,2)AXA, E2) 4 §(AE2,Vax, E2),
= _3¢F%1,2) + g(AEy, _C¢f%1,2)XA)a
= _3¢F%1,2) + 3¢C¢f%1,2)7
—55L(Ea) |, & = §(ALR(E2) |, B2, E2) + G(AE,V AR, E2),
=0+ g(AEs, s¢f%172))/(:14) = —sif%m),
—56L0(Za) |, 0 = §(-Tl, 9 AZa, Eo) + G(AE2, Ty 5 Z4) =0,
—sgV(AE3)|, & = G(A(-E2)Es, Es) =0,
—sgv(AXa) |, & = G(A(-Xa)Es, Es) = §(AZa, Eq) =0,
9(— i ( 2)A< Za)Es — (1,2)AXA7 E2) =0,

Q)

—sobx | 0=
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—59F7,0 = G(-T{,.9AZa, E2) =0,
—55Fy 1,6 = G(—NA(-ZA) By + 0, E) = AG(AX 4, E2) = s5).
Because sy # 0 on 50, one also gets
L(Xa)|, 0 =Tlg) — ol 9,
Zr(E?) lq ¢ = 5¢P%1,2)=
Fy lq b ==
gR(ZA>‘q¢: V(A*EQ)‘q¢ = I/(A*XA)‘q¢: FX‘q¢ = FZ‘q¢ = 0.
Next notice that
gR(XA)‘q 11%1,2) = FX\q F%m) = XA(F%Lz)) =0,
Lr(Ba) ,Tlio) = Fy gDl = B2(0(1,9))s
gR(ZA)‘q F%m) = FZ‘qF%l,Q) = ZA(F%1,2)) =0,

because X4, Z4 € 152L and similarly, since X A, Z A€ EQL,

1

Finally, taking the derivative of the identity sgA = C¢F(172)

—f%m) and using
the previously derived rules,

cs(T{12) = ol {1,))A + 56Z0(Xa) A

= —3¢I‘%172) (F%m) — c¢f%1,2)) — 3¢E’2(f%1’2)),
s6Col (1A + 5oL ()|, A

= *Sif%m)r%m) + BTy ) — coEa(l1):
$6-Lr(ZA) |, A =0, ser(A-Ez)|, A =0,
sV (AxXa)|, A =0, s6Fx |, A =0,
— c¢)\2 +s5Fy |, A= 5¢I’%1,2))\ + C¢E2(P%1,2))a
soFz1,A =0,
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from which the last six simplify immediately to

gR(ZA)‘q)\:T/(A*EQ)‘Q)\:V(A*XA) )\:FX‘Q)\:FZ‘(])\:O,

lq
Fy |, A = cot(e) (E2(F%1,2)) + )‘2) + F%172))"

Next simplify Zx(F>) g A by using first sy = C¢F%1’2) — f%l,Z)’ and obtain

S¢$R(E2) lq A= —S¢C¢F%1,2))\ S¢F(1 Q)F%LQ)
+ C¢>E2(F%1,2)) — ¢y Eo(

=

1
(1,2))7

= _C¢F%1,2)(C¢F%1,2) - F%m)) - 5351“572)11%172)

+ C¢>E2(F%1 2)) - C¢>E2(F%1, ))

= Tl (12 + coB2(T(12) + co(— Es(T} (1,2) (F(1 2)%)

and then using —K = — E(T'! { 2)) + (f%u))Q, to deduce
SaﬁgR(E?)\q A= _F%l,2)r%l,2) + C¢E2(F%1,2)) — oK,
once more f%m) = c¢F%172) — SpA,
S¢-LR(E2) |, A = _P%1,2) (C¢>F%1,2) — 56A) + C¢E2(F%1,2)) — ek,
= cy(—K — (F%Lz))z + E2(F%1,2))) + 3¢F%1,2))\,

which finally simplifies, thanks to —K = _EQ(F%Lz)) + (F%m))2 and s4 # 0, to

XR(EQ)‘ )\ )\F(l 2)

Next we simplify 2R (X4) |¢ A by using the same identities as above when
simplifying Zr (E2)|, A yields

3¢$R(XA)\(1 A= _C¢(P%1,2) - C¢f%1,2)))‘ - 5¢>F%1,2) (F%Lz)

R R - C¢f%1,2)) - 5¢E2(f%1,2))7
= —A(spA + F%l 9) + Cirh 2N

- 5¢(F%1,2)) + 5¢F(1 2)(505)\ + F(1 2)) —56(K + (F(1 2)) )s
= —ng()\ + ( (172)) + K) - AP(LQ) + C¢)\F(1’2) + S¢F(172))\,
= —s4(\? + (F%m))z + K),

which implies, at last, that ZR(Xa)|, A= —(\ + (I(; ) + K).
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Finally, on 50, we compute Lie the brackets
[(LR(Xa), Fy]|, = Dns(—T(0Xa) |, — Lr(Lns(B2), X(),|
+V(AR(XA A By) — R(AXAN0)A) |,
— Zr(Xa)|, AW(AZ4)|,
— M — Dns(AGZa)Xa) = Lr(V(AZa) |, X () +v(A0),)
- _F%M)FX\Q — Lr(Fy ) X())|g +ALR(ER)) — MYy,
+ (=T 9)* = K = ZR(Xa) |, A = M) v(A:Za)

q

lq >

=0
[,,%R(Eg), Fy] \q = —,,?R(EQ)‘(] )\V(A*ZA)‘(I
— AM—Zns(A(+Za)Es) gt V(A*O)‘q )
= —ALR(Xa)|, + AFx|, + (AL(1.9) = LR(E2) |, A) ¥(A:Za)

lq>

=0
[Zr(Z4), Fy]|, = Zns(—T(19)Z4)|, + Lo (Lns(Ba) |, Z()
+V(AR(Zs N Ey) — R(AZo NO)A),
— Lr(Za)|, W(AZA)|,
— M = LNs(A(ZA)Za) |, + LRW(AZA) 1, Z()1,)
— AW (A(=AX4 +T(, 5 Ba)) |,
= ThoFz, + LR(Fy |, Z))), + Kv(AXa)),
— LR(Za) |, AW(AZA) |, — AW(A(=AX4 + () 5 Bs)
=0
[V(()+Ea), Fy] |, = —V(AsE2) |, A(AZA)|,
— M\ (A[+Ea, «Zalso — V(A:En)| 04X 1) |,
= —v(A:Ey) |, \W(A-Z4)), =0,

lq lq lq°

lq
()X, By, = —v(ADNs(B2) |, X() g — V(AXa) |, AW (AZA)|,
- )\V(A[*XA, *ZA]EU — V(A*XA)‘q QA*XA)

— )\V( — A*I/(A*ZA)‘(]X()))‘(]

:—V<A*Fy‘qX()) V(A*XA)‘q)\V(A*ZA)‘q
—— —_———

lq

lg —
-0 =0

— MW(A.(— By + cot(¢) X)),
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[Fz, Fy]j, = Zxs(—TgyZa — Zns(B2) 1, 2() |,
+V(AR(ZA N Ez))|, — Fz,W(AZa)|,
— )\( — gNs(Z/(A*ZA)‘qZ(_)) + V(A*FZ‘qZ(.))‘q)
= _F%l,2)FZ\q —gNs(Fy‘qZ(.)) —i—KV(A*XA)‘q
———

lq
=0
— Fz ) Av(AZa)|, — AW(Ax(=cot(¢)Xa + T 9 E2))|,
=0

and finally, noticing that
—AFx, F%L?)Fy\q = —ALxs(Xa)), + F%172)$NS(E2)

lg>
one has
[Fx, Fy||, = Zns(ns(Xa) ), B2 — Dxs(B2) |, X() |, +V(AR(XA A E2)) |,
— (X)), )\I/(A Za) |, + Ba(Ty 9)v(A:Za)),
- A(— s *ZA)‘qX(.))+Z/(A*-$NS(XA)‘QZ(.))‘q)

+ Fh 2) (A*XNS(EZ)M Z() g+ F%LQ)I/(A*ZA)M AV(A.Z4)|,

= T Zns(Xa)j, = Ls(Fy |, X)),
=0
+ V(A* (—)\FX‘q —+ F%lﬁ)FY\q )Z() ) ‘q
=0
+ (= K = Fx | A+ E2(Tfy ) v(AZa) |,
- _F%L?)Fx\q +(- K- Fxp A+ EQ(F%m)) - (F%1,2))2)V(A*ZA) lq

which, after using Fx|,A=0and Eq. (58), simplifies to

[Fx, Fy ]|, = _F%L?)FX\Q'

Since all these Lie brackets also belong to VF%, we conclude that VFZ is in-
volutive and therefore Lie(A) = VF4. Therefore the span of Lie(A) at each
point 50 is 8-dimensional subspace of T‘ g @, since VFQA is generated by eight
pointwise linearly independent vector fields. Since ¢g € Q\S1 was arbitrary and
since the choice of X4, Fo, Z4 in 50 are unique up to multiplication by —1,
we have shown that on Qg there is a smooth 5-dimensional distribution A
containing Dg |, such that Lie(A) = VFZ spans an 8-dimensional distribu-
tion D and which is then, by construction, involutive. We already know from
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the beginning of the proof that ¢ € S; implies that Op, (¢) C Si so, equiva-
lently, ¢ € Q\S; implies that Opg(q) C Q\S1. Hence we are interested to see
how D can be extended on all over \ S i.e. we have to see how to define it
on (1\S51. For this purpose, we define the Sasaki metric G on @ by

X =2xs(X, X)), +v(A2),, V=Dxs(V.Y), +v(AW),,
G(X,Y) = g(X,Y) + §(X,Y) + g(Z,W),
for ¢ = (z,2;A) € Q, X,Y, ZW € T, M, X YGT‘ M. Notice that any
vector X € T'|, Q can be written in the form .Zns(X, X)‘ v(A.Z),, for

some X, X , Z as above. Since D is a smooth codimension 1 distribution on (),
it has a smooth normal line bundle D+ w.r.t. G defined on Qo which uniquely
determines D. We will use the Sasaki metric G to determine a smooth vector
field A/ near a point gy € Q1\S; spanning D+. So let go € @1\S1 and assume,
as before, that ¢o € Q7 \51 the case of Ql \Sl being handled similarly. Take
the frames FEq, Eo, E3, El,EQ,Eg and O, O, X4,Z4 as done above (the
case (b)). Because cos(<b(q0))F( )(xo) F%1,2)( 0) # 0, one assumes, after

shrinking O around qo, that we have
€os (¢(Q))F%1,2) (z) — F%Lz)(f) #0

for all ¢ = (z,7;A) € 5, which then implies that A(g) # 0 on 50 Here to
say what is the value of cos(¢(q)) even at ¢ € @1\S1, we use the fact that
cos(¢(q)) = g(AEs, E5) for all g € 0 (though ¢(q) is not a priori defined). T
determine a smooth vector field ' € DL on Oy, we write
N‘ = algNS(XA)\q -+ angs(EQ)‘q + angs(ZA) Iq
+ blgNs(AXA)‘q -+ bg.iﬂNs(AEz)‘q -+ bggNs(AZA)‘q
+ v (AXa)|, +vov(AcEs) |, +v3v(AZa)

q

lg>
and since this must be G-orthogonal to D, we get

G(N, Zr(X4a)) = a1 + by, =GN, ZR(Eg)) = ag + by,
— GV, .,%R Z4)) = as + bs, = GV v(A.X4)) = v1,
= G(N,v(A-E)) = vy, =GN, FX) =aj — I’(1172)v3,
:G(/\/,Fy):ag—/\vg, OzG(./\f Fz) = as.

So if we set v3 = % and introduce the notation

LR(X)), = Zns(X,—AX) € Dxg,, ¢=(,54)€Q, XeT |, M

SOCIETE MATHEMATIQUE DE FRANCE 2016



124 CHAPTER 5. ROLLING PROBLEM (R) IN 3D

we get a smooth vector field N on 50 which is G-perpendicular to D and given

N, = )\(1(1)F%1 o (2)Lh(X )|, + Lh(Fs) + A(lq)u(A*ZA)q, g€ 04
_ A(q)< b LR (B, +V(AEs)),) + Zh(Es),
+ )\(q)( (12@3%( 3)|g — V(AEL)|, )

i.€.,
Ny, = Hil@) Xy, + Xop, + H3(q) X3,

where X1, X3, A5 are pointwise linearly independent smooth vector fields on %)
(and not only Og) given by

X1y, =TloZr(E)|, +V(AEs)
X2, = "gL(EQ)\q’
Xg‘q ( ) — I/(A*E1>

lq°

lq>
while Hy, Hs are smooth functions on 50 defined by

cos(6) sin(6)
== M=
Notice that 6 and A cannot be extended in a smooth or even C'-way from 5~0
to O, but as we will show, one can extend H;, Hs in at least C'-way onto O.
First, since A(q) — =oo while cos(6(q)), sin(f(q)) stay bounded, it follows
that Hy, H3 extend uniquely to on @1 by declaring Hy(q) = Hs(q) = 0 for
all g € on Q1. Of course, these extensions, which we still denote by Hi, Hs,
are continuous functions on O. B
The next objective consists of showing that Hy, Hs are at least C! on O.
For this purpose, let X € VF(O) and decompose it uniquely as

3

X = ZaZ,ZR +Zb$Ns i)+ D viw(()-E),

i=1 =1

with a;, b;,v; € C°°(5). We will need to know the derivatives of 8 and A
in all the directions on Og. These have been computed above by using the
frame X4, F, Z4 instead of Ep, o, E5 except in the direction of v(A+Z4) e
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As before, one computes (using that sg4 # 0 on 50 as usual),

V(A*ZA) 0207 V(A*ZA)‘q¢:1,

lq
V(AZa) | A = —T {1 9)(@) = Ag) cot(¢(q)).

One now easily computes that on 50,
X(Q) = (—ays9 + agcg)/\
+ (—blsgf%m) + bgC@F%LQ) — v1cg — v3Sg) cot(@) + Bi(q),
X(N\) = (—aicp — agsg)/\2 + (—blcgf%m) — bgsgf‘%m) + v1sg — v3cg) A cot (),
+aal'{} )\ + by cot(¢) Ba(T'(, o)) + Ba(q),

where

Bi(q) = (a1 + bl)r(1371) + (a2 + bQ)F%B,l) + (a3 + b3)r?371) + v,

Ba(q) = (—aico — azsp) (D(1,9))* + K) + (=bicg — b3sg) (I(; 2

+ (v1s9 — U3CQ)F%1’2).

Then
X (0 X(A
X(Hy) = —sg )(\ ) —cy ;2)
1 1
_ | cot(g) _ 260015  b2coF2(T'15)) cot(9)
=a; + (blr(Lg) + U3) 2\ - 2\ - A 2\
o 8931 B CQBQ
A A2
X (0 X(A
X(Hg) = C@E\) — Sp ;2)

1 1
B 1 cot (o) a250r(172) b359E2(F(172)) cot (o)
= asF (0l —v) == = = - ) By

CeBl SQBQ

A A2

Since sg\ = C¢F%1,2) — f%m), one has cot(¢)/\ = c¢/(c¢1“%1’2) — f%LZ))’ and

therefore as g tends to a point ¢; of Qf N 5, we have

cot(9) |
lim \ = =
o )
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Since By, By stay bounded as ¢ approaches a point of Qf ﬂa, we get for every
@1 = (z1,%1; A1) € QF NO that

bl (Q1)F%172) (.’Bl) + v3(Q1)

lim X(Hy) =a1(q1) + = —— =: DxHi(q1),
q—q1 F%l,?) (1;1) — F%1’2)(x1)

b3(q1)T(y 9y (1) — vi(q1)
lim X(H3) = as(q1) + (12) =: DxH3(q1)

g T (@) - f%m)(gl)

From these, it is now readily seen that H;, H3 are differentiable on on Qf
with X'\, (H1) = DaHi(q1), X, (H3) = DxH3(q1) and that Hy, H3 are C'-

functions on O. We therefore have that N is a well-defined C! vector field on ~5
and since D = N+ w.r.t. G on Oy, it follows that D extends in C''-sense on O.
Since ¢ € Qf\Sl was arbitrary and because the case o € Q7 \S1 is handled
similarly, we see that D can be extended onto the open subset Q\S7 of Q
as a (at least) C'-distribution, which is C° on @Qq. Since Dr|g\s, C D and
because ¢ € Q\S1 implies that Op,, (¢) C Q\S1 as we have seen, it follows that
for every go € Q\S1 we have Op, (qo) C Op(qo) where the orbit on the right is
a priori an immersed C'-submanifold of Q\S;. However, since D is involutive
and dimD = 8 on Q\Si, we get by the C'l-version of the Frobenius theorem
that dim Op(qp) = 8 and hence

dim Opy, (q0) < dim Op(go) = 8,
for every qp € Q\S1.
We will now investigate when the equality holds here. Define
My={x e M | Ky(z) # K},
My ={x e M |JopenV 5 uxst. Kya')=K Va' €V},
Mo={7 € M | Ka(7) # K},
1\71:{5;\6]\/4\ | Jopen V 3 7 s.t. Ko(3') = K V&' € V},

and notice that My U M; (resp. MouU ]\/4\1) is a dense subset of M (resp. M).
Here we also fix the choice of gy = (z9, To; Ag) € Q\S1 and define

M® = mq.u (Opg (), M° = 7TQJT/[\(ODR((]O))

as in the statement. Write also
o —1 o 170
Q° ==mgy (M° x M®)

and notice that Opy (qo) C Q°.
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We define on @) two 2-dimensional distributions D and D. For revery ¢y =
(r1,71; A1) € Q, take orthonormal frames FEi, Es, Es, El, Eg, E4 of M, M
defined on open nelghborhoods U, U of 1,71 with By = ar, E2 = 8 . Then,
for ¢ € 7, YU x U) N @, the 2-dimensional plane D, is spanned by

Ky, = Zxs(ATEv)), — Tl o (2)v((E3)A),
K3y, :"gNS(ATﬁg’)\q +f%

and lA)‘ 4 is spanned by
K1), = Zxs(AEy) |, + {19 (2)v(AEs) |, ,
K3 lq = gNs(AEg) lg — F%L?) (IL’)V(A*El) lq -

Obviously, different choices of frames Fj;, Ei, 1=1,2,3, give K1, K3, K 1, K 3

that span the same planes D,IA), since we have fixed the choice of Fy = %,

E 9 = % Exactly as in proof of Proposition 5.30, one can show that for every
a1 = ((ri,m), (71, 91); A1) € Q

and smooth paths v : [0,1] — N, 7 : [0,1] — N with 4(0) = y1, 7(0) =

there are unique smooth paths I',T" : [0, 1] — @ such that for all ¢ € [0, 1],

P(t) S D‘F(t) 9 F(O) = qla (T('Q’M o F)(t) = (Tl)’y(t))a

F(t) € D‘f(t) ’ F<O) = q1, (WQJ/W\ © F)(t) = (?17:)7(75))
< QJ/\/[\) D = 0 (resp. (mQ,m)« D = 0), one has TrQM(F(t))A: ir:\ (resp.
7Q, M(F(t)) = :1:1) for allt € [0,1]. We write theseasT' =T'(y,¢1), ' =T'(¥, ¢1)-
If £y = ar, E 9 = 8 , then by exactly the same arguments as in the proof of

~

Y1

Since (m

Proposition 5.30 we have
v(A.By), €T, Op,(q), Vg€ Qonmy' (Myx M),
v((:E2)A) |, €T),0py(a). Vg€ QoNmg' (M x Mo).

We next show how one can replace Qo by Q\S;. Take frames FEj;, E,
(1 =1,2,3), as above when defining D,ﬁ for some ¢; € Q1\S1. We assume
here without loss of generality that ¢; € QF\S; since the case ¢1 € Q; \S1
can be dealt with in a similar way. If hy, ho : Wél(U x U ) — R are defined as

hi(q) = G(AE1, E2), ha(q) = G(AEs, Es),
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we have Q1 N7y (U x U) = (h1,h2)~1(0) and (h1,ho) : 75 (U x U) - R?is a
regular map at the points of Q1 (see e.g. Remark 5.34 or the proof of Proposi-
tion 528) Since q1 € Qf\Sl, then:iﬂR(El)‘ql hl = F%l,?) (1‘1) - F%Lz)(fﬂ\l) 7& 0
and Zr(E3)|,, he = F%m)(:rl) - F%Lz)(ﬂv\l) # 0, which shows that Op, (¢1)
intersects Q] transversally at ¢; (hence at every point ¢ € Opy (q1)), by di-
mensional reasons (because dim@; = 7, dim@ = 9). From this, it follows
that Op, (1) N Q1 is a smooth closed submanifold of Op, (¢1) and that there
is a sequence ¢, = (z,,Z}; A},) € Opy(q1) N Qo such that ¢, — ¢1. If now
q1 € TFél(Mo X M) ﬁQl\Sl, then we know that for n large enough, ¢/, belongs
to Wél(M() x M )N Qo and hence v(A.E,) g €T Opy(q,) = Ty Opg(q1).
Taking the limit implies that v(A.E)|, € T, Opy(q1). Similarly, if g1 be-
longs to Wél(M x M) DQ/}\SL one has v((: E4)A),, € T\, Opg(q1). Hence
we have that if Fy = %, Ey = %, then

la1

V(ABy) |, €T, Op,(q), Vg€ (Q\S1) Ny (Myx M),
v((:E2)A) |, €T),0p,(a), Vg€ (Q\S1)Nmy' (M x My).
For every g € (Q\S1) N7y LMy x M ), which is an open subset of @, one

has v(A«Ez),, € T, Opg(q ) with Fy = % and hence by Proposition C.20,
case (i), it follows that

Ly, = Zns(Eh)
Ly, = Zns(E3)

- F%l,Q) (z)v(AE3)
+ T ) (@) (AE)

lq lqg >

lq lq°

are tangent to Op, (q), where Eq, By = %, FE5 is an orthonormal frame in an
open neighborhood of z1. But because IA(l‘q = A&R(F1),, — Ll‘q, IA(g,‘q =
Lr(Es3), — L3, . we get that

lq
lq

D, €T, 0p,(q), Vg€ (Q\S1) Ny (Mox M ).

Moreover, if ¢ = (z, (7,7 ); A) € (Q\S1) ﬂwQ (M x M) and if 5 : [0,1] — N
is any curve with 7(0) = ¥, then one shows with exactly the same argument
as in the proof of Proposition 5.30 that, for all ¢ € [0, 1],

L'(3,9)(t) € Opy(q) Nmg' (Mo x M ).
In particular,
Jg=(z,(7,7); A) € (Q\S1) N7y (Mo x M)
— {2} x ({F} x N) € 7q(Opy(q)).
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A similar argument shows that

Dy, CT,0p,(q), Yqe(Q\S1)Nrg' (M x M),
and that for all ¢ = ((r,y),z; A) € (Q\S1) ﬂwél(M X ]/\4\0) and v:[0,1] - N
with v(0) = v,

D(v,9)(t) € Opy(q) Ny (M x My), vt e [0,1].
In particular,

3q=((r,y), 7 A) € (Q\S1) N7y (M x M)

= ({r} x N) x {2} C 7q(Opy(q)).

Everything so far is similar to the proof of Proposition 5.30 and continues to
be so, with few minor changes (notably, here dim D = dim D = 2 instead of 3).
Suppose that (M x M) N7o(Opg(q0)) # @. Take

q1 = (1)1, fl;Al) S Wél(Ml X J/\Zo) M ODR((]O),

with z1 = (r1,y1). If o(y) is the unique sectional curvature of N at y, we have

o(yy) — (f'(r))?

f(ri)? =k

Ko(ri,y1) =

We go from here case by case.

(I) If N does not have constant curvature, there exists y € N with o(y2) #
o(y1) and hence

a(y2) = (f'(r1))*
K,
f(r)? s
i.e., (r1,y2) € My. Since ¢1 € Op,(q0) C Q\S1, we have by the above
that

((7“171/2), 31) € ({7“1} X N) x{Z1} C WQ(ODR(CH)) = WQ(ODR(CIO))a

and since ((r1,y2), 1) belong to My X ]\/4\0, we get that which implies
that (Mo X Mo) N WQ(ODR(QO)) #* 2.

(IT) Suppose that (IV, h) has constant curvature C i.e. o(y) = C forally € N.
We write Ka(r,y) = Ka(r) on M since its value only depends on r € [
and notice that for all € I,

diy _2f '(r)

dr f(r)
But K3(r1) = K, so by the uniqueness of solutions of ODEs, we get
Ks(r) = K for all » € I and hence (M, g) has constant curvature K.

Ko(r1,y2) =

(Ka(r) — K).
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Of course, regarding case (II), it is clear that if (M, ¢g) has constant curva-
ture K, then (N, h) has a constant curvature. Hence we have proved that if
(M, g) does not have a constant curvature and if (M; X ]/\/[\0) N 71Q(Opy (q0))
is not empty, then also (My x M 0) N7Q(Opy(q0)) # @. The argument being
symmetric in (M, g), (]\/4\ , ), we also have that if (]\/4\ , g) does not have a con-
stant curvature and if (M x 1\71) N7Q(Opg (q)) # @, then also (Mg x ]\/Zo) N
79 (Opy(qo)) # @. Notice that (M°, g) and (]\/4\0, g) cannot both have constant
curvature, since this violates the assumption that Op, (¢o) is not an integral
manifold of Dy (see Corollary 4.16 and Remark 4.17).

We can now finish the proof by considering, again, different cases.

a) Assume that (]\7 °, g) has constant curvature equal then to K. We have
Z/\ZU N ]/\ZO = .

If By = %, then Hence, ﬁcﬁq(*X) =0 for all ¢ € Q° = 7TC_21(MO x M°),
X € Ef while Rol,(+Ey) = (—Ks(z) + K).Ey. At 1 = (21,71:41) € Q°,
take an open neighborhood U of x1 and an orthonormal basis F1, Es, 3 with
E, = % and let D be a distribution on ﬂ'élM(U ) spanned by

LR(E), Lr(Es), Zr(Es), v((.)+E2), L1, Ls,

where L1, L3 are as in Proposition C.20. Obviously, one defines in this way a
6-dimensional smooth distribution Dy on the whole @° and the above from of
ﬁ(ﬁq, q € Q°, along with Proposition C.20, case (ii), reveal that it is involutive
(recall that F%2,3) = 0 there). Clearly, Dr C D; on Q° and since Opy (q0) C Q°,
we have Opy, (q0) C Op, (qo) and hence dim Op,, (go) < 6. Because (M°, g) does
not have constant curvature (as noticed previously), we have My N M° # &
and thus O := Op,(go) N Wé’lM(Mo) is a non-empty open subset of Opy (qo).
For every q = (z,7; A) € O, one has Rﬁq(*Eg) = (—Ks(z) + K)+E # 0 and
hence that v(A.Ez)|, € T, Opg(qo). Therefore, Proposition C.20, case (i),
implies that Dy, is tangent to Opg(qo). This gives dim Opg(qo) > 6 and
hence dim Opy, (qo) = 6.

b) If (M°, g) has constant curvature, then the argument of case a) with the
roles of (M, g), (M, g) interchanged, shows that dim Op(qo) = 6.

Hence we have proven (ii). For the rest of the cases, we may assume that
neither (M°,g) nor (M°,g) has constant curvature i.e. M° N My # &,

P

MOQMO#Q.
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Suppose (]\/49 X ]\70) N 71Q(Opg(q0)) # @ and let ¢ = (z1,71;41) €
wél(Mo x Mo) N Opy (qo). We already know that 7', Opy (go) contains
vectors

Ir(E )\ql Zr(E; )\ql ’ $R<E3)\q1 ’ V(A*E2)‘q1’
y((iEQ)A) e Ll\q1 , L3\q1 ) El\ql ) E3\q1 ’
where
El‘ql :gNS(El)‘ql +f%172)(§1)u((;E3)A1)\q1,
Ly, = Zxs(Es)j,, —Tho(@)v(GE)AL), -
If ¢1 € Qo. these vectors span an 8-dimensional subspace of T’ ™ Opy (%),

Indeed, by considering Xy4,, ZAl,)A(Al, 2,41 and angles ¢, 0, 0 as before,
one has sin(¢(q1)) # 0 and

v((E2)A1),, =v(A1(AT Ey)) |,

= sin (¢(q1))v(A1+Xa,) \ql + cos (o(q1))v(A1-E2),,, »

coLiy,, +soLs),, = Lxs(Xa)),, —Tag@)v(di-Za,)
—soLi|y, +coLs)y, =Lxs(Za)|, + r 2 (asl)z/(Al*XAl)
gLy, + 5Ly =Lxs(Xa))|, + Ty (@)v(A1Za,)

= coIns(A1Xay) |, — SoLNs(A1E2) |,

+ Ty (@)V(A1-Za,) 1y, »
— Ty (@)r(A(AT X 4))

lq1
lq1

lq1

lq1

‘fh ‘(11

= Zns(A1Zay),

= Ty o) (1) (Cor(A1:Xay) gy — S6v(A1E2) ) )-
On the other hand, if ¢; € @1, then since @ is transversal to Opy (qo)
at g1, we can replace ¢; by a nearby ¢} € ﬂél(Mg X Mo) N Opyg(90) N Qo
and the above holds at ¢}. Therefore dim Op,, (¢o) > 8 and since we have
also shown that dim Op, (¢o) < 8, we have the equality.

Since M° N My # @, there is a ¢1 = (z1,21; A1) € Op,(qo) such that

z1 € My. If 1 € M, one has that (My x J/\/f\o) N7Q(Opg(q0)) # @ and
hence case ¢) implies that dim Opy (q0) < 8. If 71 ¢ ]\/4\0, then 71 € ]\//Tl.
Therefore, we may find a sequence ¢}, = (z),, Z,; A,) € Opg(qo) such

that ¢/, — q1 and @, € M. So for n large enough, we have (2, 7",) €
(Mo x M1)N7Q(Opyg (q0)). Thus (M, g) does not have constant curvature
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and (My x ]\71) N7mqo(Opy (q0)) # @ which we have shown to imply that
(Mo x Mo) N7o(Op,(qo)) # @ from which the above case ¢) implies
that dim Opy, (qo) < 8.

The cases ¢) and d) above give (iii) and therefore the proof is complete. []

REMARK 5.36. — It is not difficult to see that Proposition 5.32 general-
izes to higher dimension as follows. Keeping the same notations as before,
let (M,g) = (I,s1) xg (N,h) and (M,§) = (I,s1) x5 (N, h), I,T C R, be
warped products where (N, h) and (N , ﬁ) are now connected, oriented (n—1)-
dimensional Riemannian manifolds. As before, let g9 = (x0, Zo; 4g) € Q be
such that if we write 29 = (0, %0), To = (70, Yo), then (51) and (52) hold true.
Then, the exact argument of Proposition 5.32 yields that the orbit Op, (qo)
has dimension at most equal to %n(n + 1). One can even have equality, if
the (n — 1)-dimensional manifolds (N,%) and (N ,ﬁ) are such that that the
corresponding lf%\(ﬁq(r) operator (in (n — 1)-dimensional setting) is invertible at
a6 = (vo, Yo; Ap) € Q(N, ]V), where Aj : %‘:; — %‘; is the restriction of Ag

~

and if we also assume that f(rg) = 1, f(r9) = 1, an assumption that can
always be satisfied after rescaling the metrics of (N, h) and (N, h).
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APPENDIX A

FIBER COORDINATES AND CONTROL
THEORETIC POINTS OF VIEW

In this section we describe equations of the control system (3)g in terms of
moving orthonormal frames. Let

F=(F,....F,), F=(Fy... Fp

be oriented orthonormal local frames of M and M defined on U and U re-
spectively. We assume moreover that

q(t) = (v(t),7(t); A1), telo1],
is an a.c. curve in Q sucht that v([0,1]) € U and 5(]0,1]) c U.

Define for every x € U and T € U the linear maps
I':T, M — so(n), F(X) =g(VxF;, F;),

L:T); M —so(n), [(X)]=3G(VgFi Fj).
Let A : [0,1] — SO(n) be given by A(t) = ./\/lFﬁ(A( ) [AZ( )] i.e.,

Taking v("y(t)ﬁ(t)) of this gives

(Vwam) A 5@ Vs 20) A Fa 40y

i.€.,
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Hence one sees that
q(t) = (v(t),7(t); A(t)) satisfies Eq. (10)
= Alt) = AT (3(t)) —T(3(1)A®).
We newt show how to interpret (X)g as an affine driftless control system in
ﬂ'él(U x U). Fix qo = (w0, To; Ag) € o Y(U x U). Note that there is an open

subset U C L([0,1],R") and a one—to—one correspondence between a.c. curves
v :10,1] = U with v(0) = x¢ and U given by

u'(t)
(54) ;y(t):(Fl"Y(t)7..7Fn"y(t)) E 5 (ul,...7un)€u.
u" (1)
The no-slip condition, Eq. (12) now becomes
u'(t)
u”(t)

and, by the above, the no-spin condition, Eq. (10), becomes

(56) AW =D (®)(ADT(Fip, ) ZA L(Fj 50 )A).
=1

Hence, the problem (X)p is equivalent on 7 LU x U) to the control system
defined by Eqgs. (54), (55) and (56) where the controls (u!,...,u") belong to

U c L([0,1],R")
and A(t) = M 5(A(t)) = [AL(1)]. TE v = (v1,.. ., v,) € R™ we write

n

sz v and F,v>:Zviﬁi.

i=1
With this notation, if we write u = (u!, ... u™), we write the system (54), (55)
and (56) more compactly as

’Y(t) = <}i\7(t) ,u(t)>,
7('5) = (F 504 A1), u(t)), o
At) = AT ((F | ut)) — T ((F 50 Al), u(t))) A(t).
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APPENDIX B

THE ROLLING PROBLEM EMBEDDED IN RY

In this section, we compare the rolling model defined by the state space

Q=Q(M,M),

whose dynamics is governed by the conditions (11)-(12) (or, equivalently,
by Dgr), with the rolling model of two n-dimensional manifolds embedded
in RY as given in [41] (Appendix B). See also [28], [19].

Let us first fix N € N and introduce some notations. The special Euclidean
group of RV is the set

SE(N) := RY x SO(N)

equipped with the group operation » given by

We identify SO(N) with the subgroup {0} x SO(N) of SE(N), while RY is
identified with the normal subgroup RY x {idg~} of SE(IV). With these iden-
tifications, the action « of the subgroup SO(N) on the normal subgroup R¥ is
given by

(p,A)»qg = Aq+p, (p,A)€SE(N), peRV.

Let M and M C RY be two (embedded) submanifolds of dimension n. For
every z € M, we identify T, M with a subspace of RV (the same holding in
the case of M\) i.e., elements of T' , M are derivatives ¢(0) of curves o : [ — M
with 0(0) = z (I 5 0 a nontrivial real interval).

The rolling of M against M without slipping or twisting in the sense of [41]
is realized by a smooth curves

G:I—SE(N); G(t)=(p(t),U(t))
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(I a nontrivial real interval) called the rolling map and o : I — M called
the development curve such that the following conditions (1), (2), (3) hold for
every t € I:

(1) () 3(t) = G)o(t) € M,

() o (010)-M) = Ty 1.
(2) Noslip: Clt).o(t) —
(3) No-twist: (a) U(t)U () IT‘ t)M c(T5 t)M) (tangential no-twist),
() U@)U(t)~ (T‘ ()./\/l) cTs ()M (normal no-twist).

The orthogonal complements are taken w.r.t. the Euclidean inner product
of RV, In condition (2) we define the action .” of G(t) = (U(t),p(t)) on RY
by the same formula as for the action ‘.” of SE(N) on RY.

We next consider two classical cases of rolling and interpret the no-twist
conditions in these cases.

ExaMPLE B.1

(i) Suppose N = 3, n = 2 i.e., M,M\ are surfaces of R3. Assuming that
they are oriented, there exist smooth normal vector fields N, N of M and M
respectively. For a given ¢, choose oriented orthonormal frame X,Y € T 15(t) M

and @,b,¢ € R such that U(t)U(t)~! € s0(3) can be written as
UBU®) ™ =a(N 5 %) +b(X x) +E(Y x),

where x denotes the cross product in R3 and for a vector V € R? we denote
by (V x) the element of s0(3) given by W € R? i V x W € R3. It is now easy
to see, by applying U(t)U(t)~" to )?, Y, that the tangential no-twist condition
(3)-(a) is equivalent to the fact that @ =0 i.e.,

Ut)U(t)™"  does not contain (N‘a(t) X )-component.
This is what is intuitively understood by “no spinning” since it is the (ﬁ 15(t) X))
component @ of U(t)U(t)~! that mesures the instantaneous speed of rotation

of M about the axis N 15 at the corresponding point of contact. Notice
also that

UMU()™'N 54 = —bY +2X €T 5y M,

so the normal no-twist condition (3)-(b) is automatically satisfied. This ex-
ample can be easily generalized to any case of oriented hypersurfaces, i.e.
when N =n + 1.

MEMOIRES DE LA SMF 147



APPENDIX B. THE ROLLING PROBLEM EMBEDDED IN R 137

(ii) Suppose now that N =3 and n =1 i.e. M, M are regular curves in R3.
Without loss of generality, we assume that ||6(¢)|| = 1, hence also ||&(t)|| = 1.
Let X,Y € &(t)* such that X,Y,5(t) is an oriented orthonormal frame in R>.
One may write U(t)U(t)"! € s0(3) as

UNUE) ™ =a(@(t)x) +b(Xx) +2(Y x).
Since then
UHUH) 6 =-bY +20X,
the tangential no-twist condition (3)-(a) is trivially satisfied. As for the normal
no-twist condition (3)-(b), one sees that it is equivalent to a = 0 i.e.,

U@ U()™"  does not contain (7 (t)x)-component.

Intuitively this means that the instantaneous speed of rotation @ of M about
the axis o (t) is zero at the point of contact, so M does not turn around M.

The two manifolds M and M are embedded inside RN by embeddings
v:M—RY and 7:M — RN
and their metrics ¢ and § are induced from the Euclidean metric sy of RY
i.e., g = t*sy and g = 7*sy. In the above setting, we take now M = (M),
M =7(M). For z € M and z € M, consider the linear orthogonal projections
PT:T |, RN — T M and P~:T| RN — T M,
PT.T RN — T ;M and P :T RN — T M"
For X €T, RY and Y € T'(mppw M ) (here RN |m s the pull-back bundle
of TRY over M), we use V%Y to denote P (V3¥Y) and one writes similarly
V)L?Y = PL(V;?Y) for X € T‘ERN and Y € I'(mygn | 7). We notice that,
forany z € M, X € T| M and Y € VF(M), we have
VY = 6(Vor0u (V) + VY,
and similarly on M. Notice that V4 and V+ determine (by restriction) con-
nections of vector bundles
Tppme : TMY — M and T L :TM*E — M.

These connections can then be used in an obvious way to determine a connec-
tion V- on the vector bundle

Trpmiyarms - (TME) @ TME — M x M.

SOCIETE MATHEMATIQUE DE FRANCE 2016



138 APPENDIX B. THE ROLLING PROBLEM EMBEDDED IN R

Let us take any rolling map G : I — SE(N), G(t) = (p(t),U(t)) and
development curve o : I — M and define z = 1! oo. We will go througth the
meaning of each of the above conditions (1)—(3).

(1) (a) Since o(t) € M, we may define a smooth curve  :=7" o5 in M.

(b) One easily sees that

Thus A(t) =7, o U(t) 014 ) M defines a map

z(t)
Ty M — T30y M,

which is also orthogonal i.e., A(t) € Q‘(m(t) (1) for all t. Moreover, if

B(t) :==U(t) ML > then B(t) is a map

7o

B —~L
and, by a slight abuse of notation, we can write
U(t) = A(t) @ B(t).

Thus Condition (1) just determines a smooth curve ¢ — (x(t), Z(t); A(t))
inside the state space Q = Q(M, M ).

(2) We compute

0=CG(t).o(t) =U(t)a(t) + p(t)
d )
= E(G(t) o(t) —U@#)o(t) =3(t) —U(t) o0t  06(2),
which, once composed with 77! from the left, gives 0 = Z(t) — A(t)i(t).
This is exactly the no-slip condition, Eq. (12).

(3) Notice that, on RY x RY = R?V | the sum metric sy @ sy is just soy.
Moreover, if v : I — RY is a smooth curve, then smooth vector fields
X : I — T(RY) along 7 can be identified with smooth maps X : I — RV

and with this observation one has: X (t) = nyjé)X .
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(a) Since U(t) = A(t) & B(t), we get, for t — X (t) € T 5 M, that

U@U )X (1)

ZA; (t) ( ) ( )Vf;l\;)(t)(U(_)_l)?(_))

= PT(v;(Vt)X(.)) +vL(t) X()
— U@ (PT(T35,(AC) R () + Vi (A0) X ()
= (Vs mAW)AD (@1 X (@)

+ (V£ X () = BOVE,(AO)K()),
from which it is clear that the tangential no-twist condition corre-
sponds to the condition that ﬁ(i(t) J?(t))A(') = 0. This means that
t— (z(t), z(t); A(t)) is tangent to Dng for all ¢ € I. Thus, the tangential
no-twist condition (3)-(a) is equivalent to the no-spinning condition,
Eq. (10).

(b) Choose ¢ — X1 (t) € T\50) M~ and calculate as above
UU @~ X ()
= PT(V X5()) + V4a(1)
() (PT (T2, (B() R () + T (B R ()

= (PT(V2, () = AWPT (Vi (B() X))

+ (Vi 20y BO)BO X (1),

and hence we see that the normal no-twist condition (3)-(b) corresponds
to the condition that

In a similar spirit to how Definition 3.5 was given, one easily sees that

t)
—U(t

this condition just amounts to say that B maps parallel translated normal
vectors to M to parallel translated normal vectors to M. More precisely,
if Xo € TML and X (t) = (PV" )6 (o) X is a parallel translate of Xy along
o w.r.t. to the connection V+ (notice that X (t) € T\ o) Mt for all t),
then the normal no-twist condition (3)-(b) requires that t— B(t)X(t)
(which is the same as U(t)X (t)) is parallel to t — & (¢) w.r.t the connec-
tion V- i.e., for all ¢,

B(t)((PY")b(0)Xo) = (P¥)h(3) (B(0) Xo).
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We formulate the preceding remarks to a proposition.

PROPOSITION B.2. — Let v : M — RY and 7 : M — RN be smooth embed-
dings and let g = 1*(sy) and g =1*(sn). Fix points xg € M, T € M and an
element By € SO(T‘L(%) ML,T‘?(%) /T/l\L) Then, there is a bijective corre-
spondence between the smooth curvest — (x(t), z(t); A(t)) of Q tangent to Dxs
(resp. Dr), satisfying (x(0),2(0)) = (xo, Zo) and the pairs of smooth curves
t— G(t) = (p(t),U(t)) of SE(N) and t — o(t) of M which satisfy the condi-
tions (1), (3) (resp. (1), (2), (3), i.e. rolling maps) and U(O)‘T‘g(O)ML = By.

Proof. — Let t — q(t) = (x(t), x(t); A(t)) to be a smooth curve in @ such
that (x(0),z(0)) = (o, To). Denote 0 = vox, 0 =7 o and let B(t) =
(PWL)};((U, 0))By be the parallel translate of By along t +— (o(t),0(t)) w.r.t
the connection V+. We define

Ut) = (T 0 At)o ;") @ B(t) : T yy M — T 5y M,
and p(t) = o(t) — U(t)o(t). Then, by the above remarks, the smooth curve
t — G(t) = (p(t),U(t)) satisfies Conditions (1), (3) (resp. (1), (2), (3))
if t — q(t) is tangent to Dng (resp. Dr). This clearly gives the claimed bi-
jective correspondence. O
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APPENDIX C

SPECIAL MANIFOLDS IN 3D RIEMANNIANN
GEOMETRY

C.1. Preliminaries

On an oriented Riemannian manifold (M, g), the Hodge-dual «j is defined
as the linear map uniquely given by

P AT M — AT MG (XA A X)) = X Ao A X,

with x € M, k =0,...,n =dimM and X,,...,X,, € T, M any oriented
basis. For an oriented Riemannian manifold (M, g) and « € M, let so(T"|, M)
be the set of g-antisymmetric linear maps 7', M — 1", M. and writes so(M)
as the disjoint union of so(T', M), x € M. If A, B € 50(T|, M), we define

[A,Blsp :=AoB—-BoA GSO(T‘xM).
Also, we define the following natural isomorphism ¢ by
¢: N2TM — s0(M); (X AY):=g(-, X)Y —g(-,V)X.

Using this isomorphism, the curvature tensor R of (M,g) at € M, is the
linear map given by

R:NT |, M= NT|,M; R(XAY):=¢ "(R(X,Y)),
where X,Y € T'|, M. Here of course R(X,Y), as an element of
™, MeT|, M,
belongs to 50(T‘ »M). It is a standard fact that R is a symmetric map when
/\QT‘ . M is endowed with the inner product, also written as g,
gXAY,ZNW) = g(X, 2)g(Y, W) — g(X, W)g(Y, Z).

For A, B € s0(T|, M), tr(AB) = g(¢~"'(A),¢~"(B)). The map R is the cur-
vature operator and we will, with a slight abuse of notation, write it as R.
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If dimM = 3, then *?\4 = id when .js is the map A?2TM — TM and
TM — N*TM. Let X,)Y,Z €T ‘xM be an orthonormal positively oriented
basis. Then

X AV)=2Z, u(YAZ) =X, m(ZAX)=Y.

In terms of this basis X, Y, Z one has

0 —a p 5
a0 =y =58
-8 ~v 0 e
LEMMA C.1. — If (M, g) is a 3-dimensional oriented Riemannian manifold

and x € M.

(i) Then each 2-vector & € /\2T‘xM is pure, i.e. there exvist X,Y € T‘wM
such that € = X NY.

(ii) For every X,Y €T, M one has
(@00 X), 6(arY)],, = SX AY).

C.2. Manifolds of class Mjg

We define and investigate some properties of special type of 3-dimensional
manifolds. Following [1] we make a definition.

DEFINITION C.2. — A 3-dimensional manifold M is called a contact manifold
of type (k,0) where k € C°°(M) if there are everywhere linearly independent
vector fields Fi, Fy, F3 € VF(M) and smooth functions ¢,vi,7y3 € C*(M)
such that

[F1, Fo) = cF3,  [Fy, 3] =cFy, [F3,Fi| = —7Fi + Fo — y3F3,

and —x = F3(71) — Fi(ys) + (n)* + (3)* — .
The frame F, Fy, F3 is said to be an (normalized) adapted frame of M and
¢, 71,73 the corresponding structure functions.

REMARK C.3. — More generally, one could say that a 3-dimensional contact
manifold M is of class (k,x) if its so-called first and second invariants are k
and , respectively, where k,y € C*(M), cf. [1].

One may define on such a manifold a Riemannian metric g in a natural
way by declaring F, F», F3 to be orthogonal. In order to see that a manifold
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defined in the above definition C.2 is indeed a contact manifold, it suffices to
define a 1-form a by

a(X)=g(X,Fy), XeTM,
and observe that
da(Fs, Fy) = —g([Fs, Fi], F2) = —1,

from which one can conclude that o A da # 0 (cf. [15], Definition 1.1.3 and
Lemma 1.1.7).

The structure of the connection table (see section C.4) of the Levi-Civita
connection and the eigenvalues of the corresponding curvature tensor are given
in the following lemma, which is a direct consequence of Koszul’s formula.

LEMMA C.4. — Let M be a contact manifold of type (k,0) with adapted frame
Py, Fy, F5 and structure functions c,vy1,7v2. If g is the unique Riemannian
metric which makes Fi, Fy, I3 orthonormal, then the connection table w.r.t.
Fy, Fy, F3 s

0 0
F=|m c—3 1],
o o0 3

Moreover, at each point, +Fy, «Fs, «F3 (with « the Hodge dual) are eigenvec-
tors of the curvature tensor R with eigenvalues —K,—Ks(.), —K, respectively,
where

K =1 (constant), Ks(z)=r(z)—32, x€ M.

To justify somewhat our next definition, we make the following remark.

REMARK C.5. — Notice that if 3 € R, 8 # 0 and gg := 87 2g then the Koszul
formula gives,

295(V Fy, Fr) = B %g([Fi, Fy], Fr) — B %9([Fi, Fy], Fy) — B %9 ([Fy, Fil, Fy)
=267"T(; 4,

because gs(F;, Fj) = 3728;;. Then, E; := BF;, i = 1,2,3, is a gg-orthonormal
basis and if (Fﬂ)%j,k) = 93(VE,Ej, Ei), then for every 1, j, k.

B Ts) i = B °98(Vi Ejs Br) = 95(Vi Fy, Fr) = 87T 1),

i.e. (Tp){;0 = BT 1)
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DEFINITION C.6. — A 3-dimensional Riemannian manifold (M,g) is said
to belong to class Mg, for B € R, if there exists an orthonormal frame
Ey,Ey, E3 € VF(M) w. r. t. which the connection table is

3 0 0
D= 1|Tsy sy Thy
0 0 B

In this case the frame Ey, E9, F3 is called an adapted frame of (M, g).

REMARK C.7. — For a given § € R, one can say that a Riemannian space
(M, g) is locally of class Mg, if every x € M has an open neighborhood U
such that (U, g‘U) is of class Mg. Since we are interested in local results, we
usually speak of manifolds of (globally) class Mg.

LEmMMA C.8. — If B # 0 and (M, g) is of class Mg with an adapted frame,
then +E1, «Eo, «E3 are eigenvectors of R with eigenvalues —f32, —K(.), — 32,
where
—Ky(z) = 8% + E3(F%3,1)) -k <F:(33,1))
+ (Tiz 1) + (Tl p)? = 28T, (z € M),
Proof. — Immediate from Proposition C.17, Eq. (60). O

Next lemma is the converse of what has been done before the above defini-
tion.

LEMMA C.9. — Let (M,g) be of class Mg,  # 0, with an adapted frame
Ey,Ey, Es. Then M is a contact manifold of type (k,0) with (normalized)
adapted frame F; := %Ei, 1=1,2,3. Moreover, forx € M, k and the structure
functions ¢, v1,vs are given by

2 1 3
c— m _ F(371) _ _F(3,1) . Ky N 3
26 3 71 26 ) 3 25 y 462 4
Proof. — From the torsion freeness of the Levi-Civita connection on (M, g)

and from the connection table w.r.t. Fy, Fo, E3, we get
[ElaEQ] = (6 + F%371))E31
(B2, B3] = (B+ F%3,1))E1,
(B3, E1] = —T'{3 ) E1 + 28Ey — T 1) E3.

From this and the fact that § # 0, the claims are immediate. O
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REMARK C.10. — (i) Note that the classes Mg and M_g are the same.
Indeed, if (M, g) is of class Mg and Ep, Es, E3 is an adapted orthonormal
frame, then (M, g) is of class M_g with a adapted frame Fi, Fy, F3 where
Fy = Es, F3 = Ej (i.e., the change of orientation of Fi, E3 plane moves
from Mg to M_g). It would then be better to speak of Riemannian manifolds
of class Mg with 8 > 0 or of class Mg,

(ii) If one has a Riemannian manifold (M, g) of class Mg, then scaling the
metric by A # 0 one gets a Riemannian manifold (M, A2g) of class M 3/x- This
follows from Remark C.5 above.

REMARK C.11. — If (M, g) is of class My, then since f = 0 and F%l 9 = 0,
one deduces e.g. from Theorem C.14 that (M, g) is locally a warped product.
Conversely, a Riemannian product manifold is locally of class M. Hence there

are many non-isometric spaces of class M.

To conclude this subsection, we will show that for every 8 € R there exist
3-dimensional Riemannian manifolds of class Mg which are not isometric. See
also [1].

ExampLE C.12
(i) Let M be SO(3). There exists left-invariant vector fields E1, Es, E5 such
that

[E1, B3] = E3, [Es, E3)=Ei, [E3, Ei]= Es.

Hence with the metric g rendering F1, Fo, F5 orthonormal, we get a space
(M, g) of class M 5. By the definition of k and Lemma C.9 we have k = 1
and Ky = %.

(ii) Let M be the Heisenberg group Hs. There exists left-invariant vector
fields E1, F5, F3 such that

[Eq, E9) =0, [Es E3]=0, [Es E1]=E>.

Then, M endowed with the metric for which Fq, Fy, E5 are orthonormal,
is of class My and k =0, Kg = —%.
(iii) Let M be SL(2). There exists left-invariant vector fields such that

|E1, B) = —Es, [E»,E3] = —FEi, [E3, Ei]=Es.

If g is a metric with respect to which E1, Fy, 3 are orthonormal, then M

7

is of class My, with k = —1 and Ky = —7.
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Note that if one takes the “usual” basis of sl(2) as a, b, ¢ satisfying,
[c,a] =2a, [c,b] =—=2b, [a,b]=0c,
then one may define e; = 3(a +b), ea = 1(a — b), e3 = 3¢ to obtain
le1,ea] = —es, ez, e3] = —e1, [es, e1] = ea.

None of the examples in (i)-(iii) of Riemannian manifolds of class Mg
with 8 = § are (locally) isometric one to the other. This fact is immedi-
ately read from the different values of Ky (constant). Hence by Remarks
C.10 and C.11, we see that for every 8 € R there are non-isometric
Riemannian manifolds of the same class Mg.

C.3. Warped Products

DErINITION C.13. — Let (M,g), (N,h) be Riemannian manifolds and f €
C>°(M). Define a metric hy on M x N

hy = pri(g) + (f o pry)’prs(h),

where pry,pr, are projections onto the first and second factor of M x N,
respectively. Then the Riemannian manifold (M x N, hy) is called a warped
product of (M,g) and (N,h) with the warping function f. One may write
(M xN,hy)as (M,g)xy(N,h)and hy as g@ ¢ h if there is a risk of ambiguity.

We are mainly interested in the case where (M, g) = (I,s1), where I C R
is an open non-empty interval and s; is the standard Euclidean metric on R.
By convention, we write % for the natural positively directed unit (w.r.t. s1)
vector field on R and identify it in the canonical way as a vector field on the
product I x N and notice that it is also a unit vector field w.r.t. hy.

Since needed in section 5, we state (a local version of) the main result of [18]
in 3-dimensional case. The general result allows one to detect Riemannian
spaces which are locally warped products. In our setting we use it (in the
below form) to detect when a 3-dimensional Riemannian manifold (M, g) is,
around a given point, a warped product of the form (I x N, hy), with I C R,
feC>(I),and (N,h) a 2-dimensional Riemannian manifold.

THEOREM C.14 (see [18]). — Let (M,g) be a Riemannian manifold of di-
mension 3. Suppose that at every point xg € M there is an orthonormal
frame E1, Eo, E3 defined in a neighborhood of xqg such that the connection table
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w.r.t. B, Es, B3 on this neighborhood is of the form
0 0 T,

I'= Fi&l) F%3,1) F:(33,1) )
F(LQ) 0 0

and moreover
X(T(2) =0, VX €E;.

Then there is a neighborhood U of x, an interval I C R, f € C(I) and a
2-dimensional Riemannian manifold (N, h) such that (U, g, ) is isometric to
the warped product (I x N,hy). If

F:(IxNhy)— (Ugy)

is the isometry in question, then for all (r,y) € I X N,

P — (P, P

(ry) - E2‘¢(Tyy) ’
C.4. Technical propositions

Since we will be dealing frequently with orthonormal frames and connection
coeflicients, it is convenient to define the following concept.

DEFINITION C.15. — Let (M, g) be a 3-dimensional Riemannian manifold.
If Fq, FEo, F5 is an orthonormal frame of M defined on an open set U, then

F{Lk) = 9(VEg, E;, E), we call the matrix
1 2 3
sy Tas Las
1 2 3
=1Tey ey Tey |
1 2 3
Fhoy Tho Thao

the connection table w.r.t. E1, Fs, F5. To emphasize the frame, we may write
I'= F(E17E27E3)'

REMARK C.16. — (i) Since E, Eo, E3 is orthonormal, one has F’O k) = —Fék i)
for all , 7, k. These relations mean that to know all the connection coefficients

(of an orthonormal frame), it is enough to know exactly nine of them. It is
these nine coeflicients that appear in the connection table.

(ii) Here it is important that the frame F, Fs, E3 is ordered and hence one
should speak of the connection table w.r.t. (Eq, F2, E3) (as in the notation
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I' =T'(g, ks E4)), but since we always list the frame in the correct order, there
will be no room for confusion.

(iii) Notice that the above connection table could be written as I' = [(Fiz);],
if one writes «1 = (2,3), «2 = (3,1) and .3 = (1,2) i.e.
NREAY
I'= F}{Q FEQ %
Il % T

(iv) One should notice that usually the Christoffel symbols I‘fi of a frame
Ey, Es, F5 are defined by

3
Ve, Ei =Y ThE.
k=1

The notation F{i k) introduced above differs from this by

J
)
We find this notation convenient and we only use it when dealing with 3-

dimensional manifolds.

_ 7k

PRrOPOSITION C.17. — Suppose (M, g) is a 3-dimensional Riemannian man-
ifold and in some neighborhood U of x € M there is an orthonormal frame
Ey, Es, E5 defined on an open set U with respect to which the connection table
is of the form

Cha 0 —Tiy
1 2 3
P=1Tuy ey Tey [

! 0 Il

(1,2) (2,3)
and V(F%M)) =0, V(F%m)) =0, for allV € Ey, Lyel.

Then the following are true:

(i) For everyy € U, +E; o *Eg‘y , *Eg‘y are eigenvectors of R with eigen-
values —K (y), —K2(y), —K (y), respectively (i.e. the eigenvalues of «Eq , and
«E3),, coincide).

(i) If I’%273) % 0 on U and if U is connected, it follows that on U the
coefficient I’%273) is constant, F%l,Z) =0 and K(y) = (F%273))2 (constant). Hence
(U, 9,1 ) is of class Mg, for B = P%273)'

(iii) If F%273) = 0 wn the open set U, then every y € U has a neighborhood
U" C U such that (U', g,y ) is isometric to a warped product (I x N, hy) where
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I C R is an open interval. Moreover, if
F:(IxNh)— U, 9,,)

is the isometry in question, then, for every (r,y) € I X N,

0
oy = Tl (F(ry), Py

or = E21pry) -

(ry)

Moreover, one has

(57) 0= _E2(F%2,3)) + 2F%1,2)F%2,3)v

(58) —K = —E3(T(19) + (T(19))* = (D(2.3))°

(59) —K = E3(P%3,1)) -k (F??),l)) + (F%3,1))2 + (F?3,1))2
(60) - 2F%2,3)F%3,1) + (F%m))z + (F%2,3))2-

Proof. — (i) We begin by computing in the basis «F1, «Fs, «F3 that

T2 Tl E3(T(y3) —Er(T( 5)
R(EsNE) = | Ty | A Tlsny | + [ BsTisp) | = [ Er(Ts )
iz Tl12) E3(T(, 5)) Ei(Ty3)
Ty 0 T2 0

+ 000 | T | =20 | Tow | 6y | Tey | = (K2
F%l,Z) 0 F%2,3) 0

where we omitted the further computation of row 2 and wrote it simply as — K>y
and use the fact that EZ-(F%LQ)) =0, Ei(l“%zg)) =0 for i € {1,3}. Thus -Ey |,
is an eigenvector of R‘y for all y € U. Since R‘ , is a symmetric linear map
/\2T‘y M to itself and «Fs P is an eigenvector for R‘y , we know that the other
eigenvectors lie in +Fo Iy which is spanned by +FE Iy «Fs Iy By rotating E1, E3
among themselves by a constant matrix, we may well assume that £} ly «Fs Iy
are eigenvectors of R, corresponding to eigenvalues, say, —Ki (y), —K3(y).
We want to show that Ki(y) = K3(y). Computing R, (E1 A E3) in the basis
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By, +E2,,«E3), gives (we write simply I ( j for F(] k) (y), etc.)

0
( 0 ) = R‘y(*Eg) = R‘y(El /\EQ)
()

—K3(y
P%z,s) 0 0 Es(T (23)
= F§3,1) A F%?),l) + El(r%:m)) — | E2(T (31)
L9 0 0 Ey(T (12)
Tlas) Tl
1 1 1 2 3
+ 11 2) F(3 y | = @y +TE0) | ey
1
T2 Lo
_ Ez(r%273)) + QF%LQ)F% 3)

= | BiT 1) = BaT(s 1) + Tl o) Dis 1y = (Clag) + T 1)) | -
_E2(F%1 2)) + (F%1,2))2 - (F%2,3))2

from where —K3(y) = Ez‘y( {a, 2)) + (11%172)(1;))2 - (F%273) (y))?. Similarly,
computing R, (E2 A E3) in the basis By, By, «F3,

—Ki(y)
0 :R‘y(*El):R‘y(EQ/\E:g)

0
0 T2 —E2(T(y ) 0
= r%al) A rﬁw + EQ(F?&I)) — Eg(r‘fg’l))
0 Llys) Ep(Tly3) 0
%23) _1;%1,@
2 1 1
Ty +Tes) | T (31) —Tug | Tey
1
Lli) Lo

_EQ(F(LQ)) - (F%273))2 + (F%Lz))Q
= | Ba(Cfs0) — Bs(T) — (T, D o)y ~Thaliey
EZ(F%Q,S)) (1 2)F%2 3)’
leads us to
—Ki(y) = — B2y, (Tl ) — (Dl @) + (Do) ®))”.
By comparing to the result of the computations of R, y(El A E3) and

R, (E> A E3) implies that Ki(y) = K3(y). In other words, if one writes K (y)
for this common value K;(y) = K3(y), one sees that Eg‘yL is contained in
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the eigenspace of R‘y corresponding to the eigenvalue —K (y). This finishes
the proof of (i).

(ii) Suppose now that F%Q 3) #% 0 on an open connected subset U of

FODR(QO)7M(O). Then since E; (F%ZS)) =0, E3(F%2,3)) = 0on U, one has, on U,

[E3, El](F%Q,S)) = E3(Er (F%2,3))) - EI(E3(F%2,3))) = 0.

On the other hand, [E3, F4] = —F%&l)El + QF%Q,B)EQ - F%371)E3, SO

0= [E3, E1](T(33))
= _F%&I)El (F%z,?,)) + 2F%2,3)E2(F%2,3)) - F?S,I)E3(F%2,3))
= 2F%2,3)E2(F%2,3))-

Since F%2,3) # 0 everywhere on U, one has EQ(F%ZS)) = 0 on U. Because
FE4, Ey, B3 span T'M on U, we have that all the derivatives of F%2,3) vanish on U
and thus it is constant. From the first row of the computation of R(E; A E2)
in the case (ii) above, one gets

0 = —E2 (F%273)) + 2F%1,2)F%2,3) = 2F%172)F%273)7

which implies F%l 9 = 0 on U. Finally from the last row computation of

R(E1 N E3) (recall that Ki(y) = K3(y) =: K(y)), one gets

-K(y) = —E2(F%1,2)) + (F%l,Q))Q - (F%2,3))2 = —(F%2’3))2.
This concludes the proof of (ii).
(iii) This case follows from Theorem C.14. O

We next provide two technical propositions which are needed to conclude
the proof of Theorem 5.1 and Theorem 5.3.

ProrosiTION C.18. — Let (M, g), (]\//.7, g) be two Riemannian manifolds of
dimension 3, qo = (xo,ZTo; Ap) € Q and suppose there is an open subset O
of Op,(qo) and a smooth unit vector field Ey € VF(mgm(O)) such that
v(A«E3)|, is tangent to Opg(qo) for all ¢ € O. If the orbit Opy(qo) is not
open in @, then for any x € g pm(O) and any unit vector fields Ey, Es such
that Ey, Es, E5 is an orthonormal frame in some neighborhood U of x in M,
the connection table associated to Eq, Fo, B3 is given by

Fizz) 20 _Fg%l,m
=116y ey Tey |
1 1
Fhgy 0 Tpy
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and

V(Tlyg) =0, V(T(1y) =0, YWeE,* yel,

where T = [(r{i);i],r{i w = 9V, i, By) and .1 = (2,3),.2 = (3,1),:3 = (1,2).

REMARK C.19. — In particular, this means that the assumptions of the pre-
vious proposition imply that the assumptions of Proposition C.17 are fulfilled.

Proof. — Notice that mg /(O) is open in M since TOpg (@0):M = TQ.M [0 (q0)
is a submersion. Without loss of generality, we may assume that there exist
Ey, E3 € VF(mg m(0)) such that Ey, Ey, E3 form an orthonormal basis.
We begin by computing in O the following Lie bracket,
[Q%R(EQ), V((.)*Eg)] lq = —gNs(A(*EQ)EQ)‘q + I/(A*VEQEQ)‘(]

~ AT B+ T By, = Vi,

whence V5 is a vector field in O and furthermore

[V2a V((-)*E2)] lg = V(A[*(_F%LQ)EI + F%2,3)E3)v *E2]so)\q
V(A«(=T} 9y B3 =T 3 E1)) |, = May,,

where Ms is a vector field in O as well. Now if there were an open subset O’ of O

the W@DR(qO)—Vertical vector fields where v(A+FE>) ‘/2‘ 0 Mg‘ g were linearly

independent for all ¢ € O’, it would follow that tl‘lgy form a basis of Vi, (7q)
for ¢ € O" and hence Vi, (mq) C T, (Opg(qo)) for ¢ € O". Then Corollary 4.18
would imply that Opy, (qo) is open, which is a contradiction. Hence in a dense
subset Og4 of O one has that v(A.E»)

which implies

PE ‘/2‘ q,Mg‘ , are linearly dependent

0 1 0
2 2
0 = det *Fgm) 0 11(22,3) = —(P%1,2))2 - (F%2,3))2’
_F(2,3) 0 _F(L?)

1.€.,
I =0 and TIfyz =0,
on WODR(qo),M(Od)' It is clear that ”ODR(qo),M(Od) is dense in WODR(QO)7M(O)

so the above relation holds on the open subset 7o, (q9), m(O) of M.
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Next compute

[XR(El), V(()*E2>] lq = gNs(AEg)‘q + V(A*(_F%LQ)EI + F%273)E3)) lq

= Lr(Bs))g — L3y
[XR(E:;), V(()*E2>] lq = —st(AEl) lg ~ V(A*(_F?Lg)El + F?Q’S)Eg)) lq
= —Zr(E1)|, + L1y,

where Ly, Ly € VF(O') such that

Ly, ::gNS(El)\q +v (A (_F?l 2)E1 +F:())23) ))\Q’

L3‘q :ZXNS(Eg)‘q - (A ( F(12)E1 +P(23)E ))‘q

Continuing by taking brackets of these against v(A.E3)|, gives

(L1, v(()+Ea)] |, = V(A(—T(19)E1 + (5.3 E3))),
+u@q4—r@mE1+réaEg*Eﬂw)
= V(A*(_(F%m) + F?2,3))E1 + (F%2,3) (1 2))E3)\ =: Ms,
(L, v(()«B2)] |, = v(A«(=T{ o) Br + Ty 5 E3)) |,
— V(A[«(=T{, 9)E1 + Ty 3 E3), «Easo)
= v(A((-T (1 2) T 11(2 3))E1+ (F(Q 3t 1ﬂ(1 o) E3)|, = M.

Since Z/(A*EQ)‘q,Ml‘q,Mgg‘q are smooth W@DR(qo)—Vertical vector fields de-
fined on O, we may again resort to Corollary 4.18 to deduce that

0 1 0
0=det [ ~(Tl1p +Tz) 0 Tog —Thy)
1
Tl +Tas 0 Thy +Ty

- _((F%Lz) + F:())Q,s))2 + (F%2,3) - F?l,z))Q)’

i.e., F?273) = —F%LQ), F?IQ) = F%2,3) on WODR(%%M(O). We will now prove that
derivatives of F%273) and F%172) in the Ejy-directions vanish on TOpy, (90), wm(0).
To reach this we first notice that

Ly lg = Zns(Er) lg — V(A*(F%2,3)E1 + F%1,2)E3))

lq°
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and then compute
[ LR(En), L1] |, = fNS(F%Lg)Ez - F%371)E3)\q — (Ve Ev)),
+V(AR(Ey A Ey) — R(AE; A0)A)|, + T 5 Zxs(AB,) |,
— (A (El(r(z 5)) B+ El(r%l,Q))Efi)) lq
—v(A. (F(Q 3) (F%I,Q)EQ - F%3,1)153)
T2 T B~ Loy ),
- F%172)$R(E2)\q - F(3 nlsjg = Zr(Ve By,
— V(AN(E1(T(g3)) Er + E1(T(; 2)E3)) |
So if one define Jy |, = v(A(E1(T(y4) B + E1(T{, 5))E3))
smooth vector field in O (tangent to Op,(qo)) and
[J1,v((1)+Bz] |, = v(A«(E1(T{y5)) B3 — Ex(T(9)E1)), -

Since v(A«Er),,
in O and Op,(qo) is not open, we again deduce that

g then Ji is a

Ji|, and [J1,v((.)<Es]|, are TOp,, (q0) Vertical vector fields

El(r%li%)) =0, I (F%m)) = 0.
In a similar way,

[LR(E3), L] |, = Lns(Ts B+ Tl gy E2) |, — ZR(ViEEs) |,
+v(AR(E3 A Es) — R(AE3 A 0)A)

+ F%l,z)gNS(AEﬁ\q
— v(A(—E3(T( 9)) 1 + E3(T(y3)E3)) |,
—v(A(-T %1,2)(F%2,3)E2 - F?g’l)Eg)
+ Do) (Tl 1) B + Ty o) Ea))

=Tl Ly, + Do Lr(B) |, — Lr(Ve,Es),

— v(Au(=E3(T}, 9)) E1 + E3(T{y ) E3))

lq

lq

lg>
so Jy|, = I/(A*(—Eg(F%LZ))El + E3(F%2’3))E3)) |, defines a smooth vector
field on O and

[J3,((.)+B2)] |, = v(A(=E3(T{1 ) Es — E3(Ty3)) En)) |, -

The same argument as before implies that E3(T'} 1, 2)) =0, E3(F%2 3)) = 0. Since

Ey is spanned by Ej, E3, the claim follows. This completes the proof. O
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We next provide a complementary result to Proposition C.18 which will be
fundamental for the proof of Theorem 5.3.

ProrosiTION C.20. — Let (M, g), (]\//.7, g) be two Riemannian manifolds of
dimension 3, qo = (xg, To; Ag) € Q. Assume that there is an open subset O of
Opg(qo) and a smooth orthonormal local frame Ey, Es, E3 € VF(U) defined
on the open subset U := mq p(O) of M with respect to which the connection
table has the form

Phay 0 Ty
1 2 3
=116y Tey Tay |
1 1
Fhgy 0 Ty

and that moreover, for all V € F» Iy Loand ally € U,
V(Tiyz) =0, V(I(14)=0.

Define smooth vector fields L1, Lo, L3 on the open subset 0= ﬂé}M(U) of Q
by

Ll\q = gNS(El)‘q - V(A*(P%z,:a)El + P%1,2)E3))

LZ‘q = F%273) (ZC).ZNS(EQ)M )

Ly, = Zns(Es) |, — v(A«(—T (19 E1 + Ty E3)) |, -
Then we have the following:

(i) If v(A-Ey),, is tangent to the orbit Opy(qo) at every point q € O, then
the vectors

Zr(E1)

lq>

Lr(E2) |, LRr(E3)),, v(AEd),,

lq > Ll\q’ Lz\q’ L3\q’

are all tangent to Opy (qo) for every q € O.
(ii) On O we have the following Lie-bracket formulas

(L (B1), v((.)B2)] |, = fR(E:s)\q —Ls|,,
(L (E2), v((-)-E2)] |,
[Lr(Bs),v((.)-E2)] |, = —LR(E1)), + L1,
(L, v((- )*Ez)hq
[Ls, v((.)-E2)]|, =
[Zr(E1), Ln] ——F(3 nLajg + T ZR(Bs)),
[ZR(B5), L], = DigLuyg = Lo Zr(Er))g
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[ (E2), Ll] l¢ = l1%1,2)111 lg — (F%2,3) + P?3,1))L3\q7
(E2), Ls] |y = (Tio) + T Ly + Ty Ls)gs
(E3), L], = 2La|, — {30y L3, — LR(ViE, Es)
o F%QvS)DgR(Eé) ‘q
— (Ko + (F%2,3))2 + (F%1,2))2)V(A*E2)\q ;
[ZR(EY), Ls] g = 212, +F%371)L1\q - fR(VE?)El)\q
+ D51y LR(E2)|,
+ (K2 + (F%m)) (I‘(2 3)) JW(A<E3)|,,
L3, L] g =2L2)4 - F%&I)I’l\q - F(371)L3\q
— (Ko + (F%2,3))2 + (F%1,2))2)V(A*E2)\q :
Proof. — 1t has been already shown in the course of the proof of Proposition
C.18 that the vectors gR(El)‘ ,gR(EQ) lq ,gR(Ey))‘q , (A*EQ)‘[] , Ly IE Lg‘q
are tangent to Opy (qo) for ¢ € O. Moreover, the first 7 brackets appearing in

the statement of this corollary are immediately established from the compu-
tations done explicitly in the proof of Proposition C.18. We compute,

[ZR(E2), L] |, = —Z&(VE E2)|, + Zns(—T50)EB3)),
+v(AR(Ex A Ey) — R(AEy A 0)A)
+ N (A((Tly 5 E1 + T, 9 E3)) Ea) |,
— v(Au(Cly 3 (—T31)Bs) + Ty o) (s 1) B1))) B
B V(A (E2(F%2 3))E1 + E2(F%1,2))E3)) lq

5 AN

[

lq

— —FR (Ve Ba), — T, Lg‘ + Kv(A.By),,
+ ns(A (0.3 B3 — T(1.9)E1))
V(A* 2 3)E+ E2(F(1 2))E3)) |,
= —LR(VE B2, — %) Ls), + LUl Es
— Tl By —TlagLls + gl

+ (2F%2,3)F%1,2) E2(F(2 g IV(A-E)|,
+(=B2(T(1 ) + K = (Tiyz)? + (Tf19) v (ABs), .
One knows from Eq. (58) that
-K = —E2(F%1,2)) + (F%1,2))2 - (F%2,3))27 —E2(F%2,3)) + 2F%1,2)F%2,3) =0
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and since also Vg, By = (1 2)E1 + F(Q 3)E3, this simplifies to

[XR(E% 1]q = *F(3,1)L3\q - (2,3)L3 +1ﬂ(1,2)Ll-

The Lie bracket [ZRr(E2),Ls], can be found by similar computations. We
compute [LR(E3), L1]), . We have, recalling that E; (F%2 3)) =0, Ei(F%zg)) =0
fori=1,3,

[ZR(Bs), L], = —ZR(VEEs)|, + s (Tioa Bz = Tl Bs)
+v(AR(Es A By, .
+ Zns (A(Tia ) Br + T ) ) Bs) |
- V(A*(F%Q 3) (F%g 3 L2 — F?3 1 Es)
+ T )Ty B + F(l 2)E2)> P
= —Zr(VE E3)|, + (- Ky— (T %2,3))2 —(T (172)) )U(A*Eg)‘q
— T Lsjg —Dlos)Lh(E2) ), +2La),.
The computation of L?fR(Eﬂ,Lghq is similar. We compute [Ls, L1] with

— R(AE5 A 0)

lq

the following four steps:
[Zxs(Es), Lns(Er)] ), = Zns(— T%3,1)E1 + 21“%273)152 — F?371)E3) P
+ v(AR(E3 A E1) — R(0 A0)A)
[Zns(B), v(()+(Lig g Br + T E3))] ),
= V(AT 3)(Tig3 Ba — Tis 1y E3) + T(1.9) (T3 1y B1 + T 0y E2)))

[ (()«(~T(1ayBr + Ty 5)E3)), Zns(E1)] |,
= —V(A(=T{, 9T (12 F2 — T{31)E3) + (4T3 1) E1 — Ty 3 E2))) ,
[’/((-)*(_F%m)El + F%2,3)E3))’ V((~)*(F%2,3)E1 + F%1,2)E3))] lq
= v(A[+(=T{1 ) B1 + Dy B3), «(Dia 5 E1 + U1 9)E3)] ) |,
- ((r%w))2 + (r%ng))Q)y(A*EQ)‘q .
Collecting these gives,
[Ls, L1]), = _F%371)L1\q - F?371)L3\q + QF%Z?))ZNS(EZ)M
— (K2 + (F%2,3))2 + (F%l,2))2)V(A*E2)\q . [

lq

lq>

)

)

lq
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