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BRACKETS IN THE PONTRYAGIN ALGEBRAS OF
MANIFOLDS

Gwénaél Massuyeau, Vladimir Turaev

Abstract. — Given a smooth oriented manifold M with non-empty boundary, we
study the Pontryagin algebra A = H.(£2) where € is the space of loops in M based at
a distinguished point of dM. Using the ideas of string topology of Chas-Sullivan, we
define a linear map
{-,-}:A®A— AQA

which is a double bracket in the sense of Van den Bergh satisfying a version of the
Jacobi identity. For dim(M) > 3, the double bracket {{—,—}} induces Gerstenhaber
brackets in the representation algebras associated with A. This extends our previous
work on the case dim(M) = 2 where A = Hy(2) is the group algebra of the funda-
mental group m1(M) and the double bracket {{—,—}} induces the standard Poisson
brackets on the moduli spaces of representations of 71 (M).

Résumé (Crochets dans les algébres de Pontryagin des variétés)

Etant donnée une variété M, lisse, orientée et & bord non-vide, nous étudions
lalgébre de Pontryagin A = H,(2) ou 2 désigne l'espace des lacets dans M basés en
un point distingué de dM. En utilisant les idées de la topologie des cordes de Chas et
Sullivan, nous définissons une application linéaire

{-,-}:A®A— AQA
qui est un crochet double au sens de Van den Bergh et satisfait une version de 'iden-
tité de Jacobi. Lorsque dim(M) > 3, le crochet double {{—,—}} induit des crochets
de Gerstenhaber sur les algébres de représentations associées a A. Ceci étend notre
précédent travail sur le cas dim(M) = 2 ou A = Hy(f2) est Palgébre de groupe du
groupe fondamental 71 (M) et le crochet double {{—, —}} induit les crochets de Poisson
habituels sur les espaces de modules de représentations de w1 (M).

(© Mémoires de la Société Mathématique de France 154, SMF 2017
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INTRODUCTION

A remarkable feature of an oriented surface ¥ discovered by Goldman [zu], [z1]
is a natural Lie bracket in the vector space generated by the free homotopy classes
of loops in 3. If ¥ is connected and closed, then Goldman’s Lie bracket arises from
a symplectic structure on the moduli space of representations of the fundamental
group n = 71 (X) in a Lie group G. This space Hom(xr, G)/G consists of the conjugacy
classes of homomorphisms 7 — G. The resulting symplectic structure incorporates
the classical Kéhler forms on the Teichmiiller space (G = PSL(2, R)), on the Jacobi
variety (G = U(1)), and on the Narasimhan-Seshadri moduli spaces of semistable
vector bundles (G = U(N) with N > 1). Goldman'’s construction also yields the
Atiyah-Bott symplectic structure determined by a compact Lie group and a non-
degenerate ad-invariant symmetric bilinear form on its Lie algebra. If ¥ is connected
and 9% # @, then similar methods yield a weaker structure, namely, a Poisson bracket
in the algebra of conjugation-invariant smooth functions on Hom(x, G), see [x7], [23].
This bracket extends to a quasi-Poisson bracket in the algebra of all smooth functions
on Hom(x, G), see [2]. Analogous results hold for the general linear group G = GLy
over any commutative ring provided Hom(r, GLy ) is treated as an affine algebraic
set and smooth functions are traded for regular functions, see [36].

Goldman’s Lie bracket for surfaces was generalized by Chas and Sullivan [g], [oa]
to manifolds of arbitrary dimensions. Chas and Sullivan call this area of study the
“string topology”. The present memoir exhibits new phenomena in string topology.
We consider the Pontryagin algebras of manifolds with boundary and construct a
bracket in the associated representation algebras. For surfaces, our bracket is the
quasi-Poisson bracket on Hom(m, GLy) mentioned above. In dimension > 3, the
representation algebras are graded, and our bracket is a Gerstenhaber bracket, i.c.,
it satisfies the axioms of a Poisson bracket with appropriate signs. In the rest of the
Introduction we focus on manifolds of dimension > 3.

We recall the concept of a representation algebra following [39], [3a], [x3]. Fix an
integer N > 1 and a field F which will be the ground field of the algebras. Given
an algebra A and a commutative algebra B, consider the set S = S(A, N, B) of all
algebra homomorphisms from A to the algebra Maty (B) of (N x N)-matrices over B.



8 INTRODUCTION

Each a € A and each pair of indices i, j € {1,..., N} determine a mapping a;;: S — B
which evaluates a homomorphism A — Matx (B) at a and takes the (i, j)-th entry
of the resulting matrix. These mappings are the “coordinates" on S, generating an
algebra of “polynomial" B-valued functions on S. These coordinates satisfy various
polynomial relations some of which are universal, i.e., hold for all B. By definition, the
N-th representation algebra Ay of Ais generated by the symbols {a;j|a € A,1 <i,j < N}
subject to those universal relations. One of the universal relations says that the gen-
erators commute, so that Ay is a commutative algebra. For every commutative al-
gebra B, the algebra Ay projects onto the algebra of polynomial B-valued functions
on S(A, N, B) described above. We view Ay as a universal form of these polynomial
algebras. If A is graded, then so is Ay .

Our construction of brackets in the representation algebras {Ax}n>1 is based on
the technique of Van den Bergh [gz]. He showed how to construct such brackets from
a linear map

{-.-}:AA— ARA

satisfying certain conditions. Van den Bergh calls such maps double Poisson brackets.
We use the term bibracket for the version of double brackets used here. Also, we
work in the graded setting and rather consider Gerstenhaber bibrackets satisfying a
graded version of the Jacobi identity. We show that a Gerstenhaber bibracket {—, —}}
in a graded algebra A induces a Gerstenhaber bracket {—,—-} in Ay for all N > 1.
In terms of the generators, the bracket {—, -} is defined as follows: for any a,b € A,
i, j,u,v € {1,..., N}, and any finite expansion

fla.bh =) % ®yacABA

a

we set

{aij > buv} = Z (xd)uj (y(l)iv-
The bracket {—, -} is invariant under the natural actions of the group GLy(F) and
the Lie algebra Maty (F) on An.

Consider now a smooth oriented manifold M of dimension > 3 with base point
*€0M + @.
Let €2 = Q, be the space of loops in M based at x. The graded vector space
A=H,(Q;F)

carries an associative multiplication induced by concatenation of loops. This turns A
into a graded algebra, the Pontryagin algebra of M. We define a so-called intersection
bibracket in A as follows. Pick an embedded path ¢ : I = [0,1] < M connecting
the point x to another point *’. Consider any singular cycles x : K — Q = Q, and
A:L — Q = Q. Let D be the set of all tuples (k € K,s € I, € L,t € I) such
that x(k)(s) = A(1)(z). Each tuple (k, s,,1) € D determines two loops in M based at *.
The first loop goes along ¢ from  to x’, then along the path A(Z) from " = A(7)(0)
to A(1)(r) = «k(k)(s) and then along the path (k) back to «(k)(1) = . The second
loop goes along the path «(k) from x = «(k)(0) to x(k)(s) = A(I)(¢), then along A(/)

MEMOIRES DE LA SMF 154
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to A(I)(1) = +” and finally along ¢! back to . Under appropriate transversality
assumptions on « and 4, the resulting map D — 2x is a singular cycle of dimension

dim(K) + dim(L) + 2 — dim(M).

Passing to homology classes and using the isomorphism A = H,(;F) ~ H.(Q';F)
determined by ¢, we obtain the intersection bibracket in A. Our main result is the
following theorem.

TrEOREM. — The intersection bibracket in the Pontryagin algebra is a well-defined Gersten-
haber bibracket. It is natural with respect to diffeomorphisms of manifolds preserving the
orientation and the base point.

The intersection bibracket generalizes to higher dimensions the bibracket of a sur-
face defined in [36]. By the general theory, the intersection bibracket in the Pontryagin
algebra A induces a Gerstenhaber bracket in Ay for all N > 1. If the manifold M is
simply connected and F is a field of characteristic zero, then the Milnor-Moore the-
orem identifies A with the universal enveloping algebra of the graded Lie algebra
m(M) = @,5, 7p(M) (with the degree shifted by 1 and the Whitehead bracket
in the role of the Lie bracket). In this case, the algebras Ay can be viewed as the
representation algebras of 7. (M).

Despite the simplicity of the underlying idea, a precise definition of the inter-
section bibracket requires considerable efforts. First of all, we introduce a version
of singular homology using manifolds with corners instead of simplices. Homol-
ogy theories based on manifolds with corners were implicit already in [g] and were
since considered by several authors, see, for example, [7] and [xx]. These theories
are insufficient for our aims and we develop our own approach. For any topological
space X, we define polychains in X as oriented manifolds with corners endowed with
additional structure including an identification of some faces, a map to X compatible
with this identification, and [F-valued weights assigned to the connected compo-
nents (these weights play the role of the coefficients of singular simplices in singular
chains). We define a reduction of polychains which eliminates redundant connected
components (like, for example, components of weight zero). Each polychain in X has
a well-defined reduced boundary. If it is void, then the polychain is a polycycle. The
polycycles in X considered up to disjoint unions with reduced boundaries form a
graded vector space H,(X), the face homology of X. The key theorem enabling our
construction of bibrackets says that the usual singular homology H.(X) = H.(X;F)
embeds in H,(X) as a direct summand.

Given a manifold M and a point * € dM as above, we define smooth polychains
in the loop space 2 = €, of M and show that any pair of face homology classes of 2
can be represented by transversal smooth polycycles. This allows us to carry out the
intersection construction outlined above and to obtain a linear map

T:H.(Q)® H.(Q) — H.(QxQ).

SOCIETE MATHEMATIQUE DE FRANCE 2017



10 INTRODUCTION

This map induces a linear map in singular homology
T:AQA— H.(Q2x0Q)

where A = H,(2). The Kiinneth theorem allows us to rewrite T as a map
{-.-}:A®A— AR®A

which turns out to be a Gerstenhaber bibracket. The assumption that the ground ring
is a field is used only in the Kiinneth theorem; most of the exposition is therefore given
over an arbitrary commutative ring. Moreover, our constructions can be generalized
by replacing loops based at * with paths in M having both endpoints in M. This leads
us to a notion of a path homology category of M and an extension of the intersection
bibracket to this category.

Given a smooth oriented manifold W with 0W = @, we can remove a small open
ball from W and obtain thus a manifold with boundary. The intersection bibracket
in its Pontryagin algebra and the induced Gerstenhaber brackets are invariants of W.
Under further assumptions on W, we obtain an Hy-Poisson structure [x3] on the
Pontryagin algebra of W itself.

This work suggests a number of questions. So far, we do not have a general method
allowing to compute the face homology, and we do not know whether the face homol-
ogy carries more information than the singular homology. Other questions concern
the intersection bibracket. Is it sensitive to the smooth structure of the manifold?
Can it be generalized to PL-manifolds or to topological manifolds? Is it homotopy
invariant and can it be defined in homotopy-theoretic terms (cf. [x2])? Note that the
technique of face homology allows one to define all the Chas-Sullivan operations [g].
It would be useful to formally identify the resulting geometric operations with those
in [rz]. Also, it would be interesting to provide algebraic models for the intersection
bibracket. For instance, we do not know how our geometric constructions are related
to the cobar constructions of [3] applied to the Poincaré duality model of [g1], see [3,
Section 5.5].

Organization of the memoir. — Chapters m and @ are purely algebraic.

In Chapter mwe define representation algebras and discuss brackets and bibrackets.

In Chapter @ we discuss bibrackets in unital algebras and categories, and we also
consider Hamiltonian reduction in this context.

Chapter g introduces the face homology.

In Chapter g we study transversality of polychains and define intersection opera-
tions in the homology of path spaces.

In Chapters g and B we construct the intersection bibracket and discuss its prop-
erties.

Acknowledgements. — Part of this work was done while G. Massuyeau visited
Bloomington, Indiana in spring 2013; he would like to thank Indiana University
for hospitality and support. The work of V. Turaev on this memoir was partially
supported by the NSF grants DMS-1202335 and DMS-1664358. The authors would
like to thank F. Eshmatov for an explanation of the paper [3].
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INTRODUCTION 11

Conventions. — Throughout the memoir, the letter K denotes a commutative ring
which serves as the ground ring of all modules and algebras. Thus, by a module
(respectively, an algebra, a linear map) we mean a K-module (respectively, a K-
algebra, a K-linear map). By the singular homology of a topological space we mean
singular homology with coefficients in K.

Given a smooth oriented manifold M and a smooth orientable submanifold N ¢ M,
an orientation of the normal bundle of N in M determines an orientation of N, and vice
versa, via the following rule: a positive frame in the normal bundle of N followed
by a positive frame in the tangent bundle of N is a positive frame in the tangent
bundle of M. If 0M # @, then the orientation of M induces an orientation of M using
the “outward vector first” rule.

SOCIETE MATHEMATIQUE DE FRANCE 2017






CHAPTER 1

ALGEBRAS, BRACKETS, AND BIBRACKETS

1.1. Algebras and brackets

We start by recalling some standard terminology.

1.1.1. Graded modules and graded algebras. — By a graded module we mean a Z-
graded module over K
A=(par.
pPEZ

An element a of A is homogeneous if a € AP for some p; we write then |a| = p and
call |a| the degree of a. By definition, the degree of 0 € A is an arbitrary integer. For
any d € Z, the d-degree |a|s of a homogeneous element a € A is

lala = la| +d.

A graded algebra is a graded module A endowed with an associative bilinear
multiplication such that

APAY c APT4 forall p,q € Z.

Note that if the product of k¥ > 1 homogeneous elements aj, . . ., ax of A is non-zero,
then the degree of this product is equal to

lar| + -+ |ax|.
Ifay---ar =0, then weset |a; - - - ax| = |ai| + - - - + |ak|. Similarly, for d € Z, we write

lay - - akla = lai| + - - + |lax| + d.

We do not require a graded algebra A to have a unit element.

If ab = (-1)l4I"?Ipa for some homogeneous a, b € A, then one says that a and b
commute.

For a graded algebra A, we denote by [A, A] the graded submodule of A spanned
by the vectors

ab — (=1)lalPlpq

where a, b run over all homogeneous elements of A. The graded algebra A is commu-
tative if [A, A] = 0.
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Factoring any graded algebra A by the 2-sided ideal generated by [A, A] we obtain
a commutative graded algebra Com(A).

Given graded algebras A and B, a graded algebra homomorphism A — B is a degree-
preserving algebra homomorphism from A to B.

We will consider any Zs(-graded module
=P
p=0

as a Z-graded module by setting A? = 0 for all p < 0.

1.1.2. Representation algebras. — Each graded algebra A determines an infinite
sequence of graded algebras Ay, A, ... as follows, cf. [3a], [x3], [az]. The graded
algebra

Ay with N>1

is defined by the generators a;;, where a runs over all elements of 4,7, j € {1,2,..., N},
and the following relations: foralla,b € A, k e K, and i, j € {1,2,..., N},
(1.1.1) (ka)l-j = kal-j, (a -+ b)ij = a;j + bij’ (ab)ij = ailblj.

In the latter formula and in the sequel we always sum up over repeating indices
and drop the summation sign. A typical element of Ay is represented by a non-
commutative polynomial in the generators with zero free term. The grading in Ay is
defined by |a;;| = p for all a € AP.

The construction of Ay is functorial: a graded algebra homomorphism

f:A— A
induces a graded algebra homomorphism
.];N : ZN — Z;V by fN(aij) = (f(a))ij foralla € Al je {1, . .,N}.

For N = 1 we have A; = Aand f; = f.

The importance of Ay is due to the following fact. For any graded algebra B, let
Maty (B) be the graded algebra of (N x N)-matrices with entries in B. (A matrix has
a grading p € Z whenever all its entries belong to B”.) Then there is a canonical
bijection
(1.1.2) Homg 4 (ZN, B) = Homgy4 (A, Maty (B))

which is natural in A and B. Here SA stands for the category of graded algebras
and graded algebra homomorphisms. The bijection (=) carries a graded alge-
bra homomorphism r : Ay — B to the map A — Maty (B) sending any a € A to
the (N x N)-matrix (r(a;j))i ;. The inverse bijection carries a graded algebra homo-
morphism s : A — Maty (B) to the graded algebra homomorphism Ay — B sending
a generator a;; to the (i, j)-th term of the matrix s(a) for all a € A. Consequently,
the endofunctor
GA — GA, Ar— Ay

MEMOIRES DE LA SMF 154



1.1. ALGEBRAS AND BRACKETS 15

is left adjoint to the endofunctor
GA — SA, Br— Maty(B).

SOCIETE MATHEMATIQUE DE FRANCE 2017



16 CHAPTER 1. ALGEBRAS, BRACKETS, AND BIBRACKETS

The commutative graded algebra
A N — COl’Il(A N)
is obtained from Ay by adding the relations
aijbi = (-1)! " byay

for any homogeneous a,b € A and any i,j, k1 € {1,...,N}. We call Ay the N-th
representation algebra of A. The construction of Ay is functorial: amorphism f : A — A’
in §A induces a morphism fy : Ay — A} in A, which in its turn induces a
morphism fy : Ay — A;\, in the category of commutative graded algebras CGA. For
any commutative graded algebra B,

Homeg (An, B) =~ Homg 4 (Ay, B) =~ Homg4 (A, Maty (B)).
Consequently, the functor
GA — CSA, A+ An
is left adjoint to the functor

CGA — SA, B+ Maty(B).

1.1.3. Brackets. — Let A be a graded module and d € Z. By a bracket in A we mean
a linear map
{(-.-}:A®A— A.
A bracket {—, -} in A:
> has degree d if {AP, A1} c AP+ forall p,q € Z;
> is d-antisymmetric if for all homogeneous a, b € A,

(1.1.3) {a,by = —(-1)lallblagp g},
> satisfies the d-graded Jacobi identity if, for all homogeneous a, b, ¢ € A4,
(1.1.4) (_1)|a|d'|C\d {a, {b,c}} + (_1)|b\d'|a|d {b, {c,a}} + (_1)|C\d'|b|d {C, {a,b}} —0.

A degree d bracket {—, -} in A satisfying (r13) and (=13) is called a d-graded Lie
bracket, and the pair (A, {—, —}) is called then a d-graded Lie algebra.

For example, any graded algebra A gives rise to a 0-graded Lie algebra of deriva-
tions in A. Recall that a derivation in A of degree k € Z is a linear map § : A — A such
that

§(AP) c APT* forany p € Z and
§(ab) = 8(a)b + (-1)*14la5(b)  for any homogeneous a € A and any b € A.

Derivations of A of degree k form a module Der*(A). The graded module

Der(A) = @ Derk(A)

kez
carries a 0-graded Lie bracket defined by

[61,62] = 6165 — (=1)k1k26,6,

for any derivations §; and 8 of A of degrees k; and k; respectively.

MEMOIRES DE LA SMF 154



1.2. BIBRACKETS 17

A bracket {—, -} in a graded algebra A satisfies the d-graded Leibniz rules if for all
homogeneous a, b, c € A4,

(1.1.5) {a,be} = {a,byc+ (-1)l¢lPlpgg e},
(1.1.6) {ab,c} = a{b,c} + (-1)PlI€la (g c}b.

A Gerstenhaber bracket of degree d € Z in a graded algebra A is a d-graded Lie
bracket {—, -} in A which satisfies the d-graded Leibniz rules. The pair (A, {—,-}) is
called then a Gerstenhaber algebra of degree d.

For example, any graded algebra A is a Gerstenhaber algebra of degree 0 with
respect to the bracket (called the commutator) defined by

{a,b} = ab - (-1)l4"PIpg

for homogeneous a, b € A and extended to all a, b € A by linearity.

1.2. Bibrackets

The rest of this chapter presents an extension of Van den Bergh’s [gz] theory
of double brackets in algebras to graded algebras. Such an extension is outlined
in [gz, Section 2.7] in the case of degree —1.

Fix throughout this section a graded algebra A and an integer d.

1.2.1. Conventions. — Any x € A®? = A ® A expands as a sum
x= Z X, ® x;,
o7
where x/,, x/] are homogeneous elements of A and the index a runs over a finite set. To
simplify notation, we will drop the summation sign and the index and write simply
x=x"®x".
Similarly, an element x of A® = A® A ® A will be written as

”nr

X ex"®x
with homogeneous x’, x”, x"" € A.

Unless explicitly stated otherwise, we endow A®? with the “outer” A-bimodule
structure defined by
axb=ax"®x"b

for any a,b € Aand x € A®2. We shall also use the “inner” A-bimodule structure
on A®2 defined by

(1.2.1) axx b= (=)l PIHIal W DI g g g

for homogeneous a,b € Aand any x € A®2,

SOCIETE MATHEMATIQUE DE FRANCE 2017



18 CHAPTER 1. ALGEBRAS, BRACKETS, AND BIBRACKETS

Given a permutation (iy, .. .,i,) of (1,...,n) with n > 1, we denote by
P

the graded permutation A®" — A®" carrying any a; ® --- ® a, with homogeneous
ai,...,a, € Ato

i1 -in

(—1)’a,~1 ® ai, R ® a;,
where t € Z is the sum of the products |a;, | - |a;,| over all pairs of indices k < [ such
that iy > ij.
For any d € Z, we similarly define the d-graded permutation

Pi1~~~in,d . A®n N A®n
using the d-degree |-|4 = || + d instead of |—]|.
1.2.2. Bibracketsin A. — A bibracket in A is a linear map

{-,-}:A®A— A®A.
A bibracket {{—, —}} in A has degree d if for any integers p, g,
far,athc P Aeal
i+j=p+q+d

A d-graded bibracket in A is a bibracket {{—, —}} in A of degree d satisfying the following
d-graded Leibniz rules: for all homogeneous a, b, c € A,

(1.2.2) fla, bl = {a,bhe+ (1)1 Plpfa, o),

(1.2.3) flab,c} = ax{(b,c} + (-1)"l1el f{a, c}} = b.

The following key lemma shows that a d-graded bibracket in A induces brackets
of degree d in all representation algebras {An}n.

Lemma 1.2.1. — Given a d-graded bibracket {{—, -} in A and an integer N > 1, there is a
unique bracket {—, -} in Ay satisfying the d-graded Leibniz rules (rr=5), (L28) and such
that

(12.4) {aij, b} = fa, b, {a, bY,
foralla,be Aand i, ju,v € {1,...,N}. The bracket {—, —} has degree d.
Proof. — We extend (r=z7) to a bilinear form

{-=,-} AN XAy — AN

satisfying (r=15) and (1A). To see that this form is well-defined, we need to verify the
compatibility with the defining relations of Ay. That the right-hand side of (r==7) is
linear in @ and b follows from the linearity of {{—, —}}. We now verify the compatibility
with the third relation in (z==m). Pick any homogeneous a, b,c € A and set x = {{a, b}
and y = {{a, c}}. Then

fa,bely = xc + (1)l blpy — x" @ x"c + (=1)1¢laPlpy" @ y77.
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Therefore, for any 7, j,u,v € {1,2,...,N},

{aij, (be)uw} = fa, beh,; fa, bel,
= x)(x" )iy + (=1) 1Pl (by"), v
= x) x5 e + (=D Plp, oy
= {aij, bu}yer + (1)1 Plb (i, e} = {aij, bucr ).
To check that {(ab);;, cuv} = {aibij, cuv}, set z = {{a, c}} and r = {{b, c}}. Then
{ab,c} = axt+ (-1)Plelag s p = (—1)I1aly @ g 4 (=1) P17 @ 77,
Therefore
{(ab)is cuv} = lab. ), ab. e},
= (=)"Mlgy (at”)i + (1) P11l (') 2
= (1) el e (<) b
= agt; 1y, + (1) PHle 2 by
= ay{bij, cuv} + (-1)PVl {ay e Y0y = {aubiy, cun )
The last claim of the lemma follows from the definitions. m]
1.2.3. Antisymmetric bibrackets. — Consider the linear involutions Py, and Po; 4

of A®? determined by the permutation (21) as in Section m=m: for homoge-
neous a, b € A, we have

Py(a®b) = (-1)"Plbea and Poyg(a®b) = (1)l Plipgaq,
Given f € End(A®?), the d-transpose of f is
fa = P21fPo1.a € End(A®?).
LemmA 1.2.2. — A bibracket {{—, —}} satisfies (m==2) if and only if its d-transpose {—, —}}a
satisfies (==3).

Proof. — Assume that a bibracket {{—,-}} in A satifies (==). Pick homoge-
neous a,b,c € Aand set x = {c,a}}, y = {c, b}}. Then

flab,cPa = (-1)*Pl¥lePy, (e, ab})

(=Dl tclaPyy (e, ab + (<1) 1 lagie, bY)
_1)Iabld~|cldp21(xr ®x"b+ (_1)|c|d~|a|ay/ ® y,,)
_)lablaclelat KBl g s (1) lblatlelatlay Ty g gy
_1)|ab|d'|C|dP21({{C’a}}) % b+ (_1)|b|d»|c\da « P21({{C’b}})

= (-1)Pllafa, Y% b+ ax {b,cha.

So, {—, —}}4 satifies (z==3). The converse is shown by a similar computation. m|

(
(
(
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20 CHAPTER 1. ALGEBRAS, BRACKETS, AND BIBRACKETS

A bibracket {{—, —}} in A is d-antisymmetric if
(= —Pa ==
By Lemma =2, a d-antisymmetric bibracket satisfies (===) if and only if it satis-

fies (z==73). Note for the record, that given a d-antisymmetric bibracket {—, -}} in A,
we have for any homogeneous a,b € A,

(1.2.5) {b,a}} = _(_1)\aId‘Ib|¢z+|{{a,b}}'l'l{{a,b}}"l{{a’ b} ® {a, b)) .

Lemma 1.2.3. — If in Lemma = the bibracket {—,—-}} is d-antisymmetric, then the
induced bracket {—, -} in Ay is d-antisymmetric, i.e., satisfies (I-13).

Proof. — Pick any homogeneous a, b € A and set x = {{a, b}}. Then
{buv aij} ) (= 1)lalar bla+ ¥y
uv > i vuj
— _(_]_)|a|zl"b|d x;jxi’\,) — _(_1)|a|d'|b\d{aij’ buv}. o
1.2.4. The Jacobi identity. — The bracket in Ay constructed in Lemma ==z may
not satisfy the d-graded Jacobi identity (r=T7). To compute the deviation from

this identity, we observe that any bibracket {{—,-}} in A induces a linear endo-
morphism {{—, —, -} of A®3, called the induced tribracket, by

2
(126) == -8 = D Phuo({-. ) @ida)(ida®f—. )P,
i=0

where P312, P312,4 € End(A®3) are as defined in Section m==m.

Lemma 1.2.4. — Let N > 1. If {{—,-}} is a d-antisymmetric d-graded bibracket in A,
then the associated bracket {—, —} in Ay satisfies, for any homogeneous a,b,c € A and any
p.q.r,s,u,ve{l,...,N},

{apg{brs.cun}} + (1)1 PN b feuy, apg}} + (-1)PHl ey, {apq . brs})
= {a.b. W, La. bWy Ha. b}
— (-n)Pllclaga, ¢, bY, fa, c, by, fa, e, bR
Proof. — It follows from the definitions that
fla,b,c) = fla, b, e} P @ fb. e} + (=1)1lPIPyis (b, fe, a}} ) ® fc. a}”)
+ (~1)lebllelap2 ) (e, fa. DY} ® fa.bY")
= {{a. {b.c}' Y © {a. {b. W} ® {b.c}”
+ (=1l belpgyy (€, e, al Y © (b e a}' B ® {{c.a}”)
+ (~1)laPHela P (e, fa. bR Y © fe. fa. bR} ® fa.bY”).
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Using the commutativity of Ay, we deduce that
(1.27) {a.b,cl la.b.chyfla, b,ch)y
= {{a. (0. BB, fa (b} B 0BT,
+ (=Dl Plp feay Y b e al B les adi,
+ (-0)lbtielafle, ga, bYW fe, ta, bYW Ha, b
Applying the transpositions b < ¢, r < u, and s < v, we obtain
(1.2.8) {{a,c,bl; {a.c. b} fa,c. b
= {{a. e, o0, Ha. e oYY} e DY
+ ()l e b ay Y e (b ay B dbsady,
+ (Dl o, fa, ey Y Mo Ha e Y Ha By

Equalities (=z7) and (C=3) allow us to expand the right-hand side of the for-
mula claimed in the lemma. We next expand the left-hand side of this formula.
Set x = {{b, ¢}} € A®? and observe that

{apq Abrss Cuv}} = {apq > x;sx;:)
= {apq, X;5 x5, + (=1) tla -lx,‘xblas{“pq S X/
= {{a. " Pigfla. XYy + (1)1 W fa, 2B fa Y
We rewrite the second summand as follows. Since {{—, —}} has degree d,

[fa. x" B fla. xR | = [{a. x" B {la. x"B"| = lal + |x"| + d = |ala + x"].
The commutativity of Ay implies that

(=Dl fax" Yt x "y, = (COFT a2y e xR
The d-antisymmetry of {{—, —}} allows us to compute x = {b, c}} from y = {{c, b}}: by
(z5), we have x’ ® x” = —(=1)Pla-lclat Iyl y” g 3/ Hence,

(DM a2 a2 pxs = (1) PRl fa, y Y fa v B v
As a result, we obtain that

(1.2.9)  {apg. {brss cun}t = fa, b, W Yo fa b} R Abs e,
= (=nPllelefla, e oy fa. fe. o)) e, bR

Cyclically permuting a, b, ¢ and the indices, we obtain
(1:220) {bys. {cuvs apg}} = {{bs e, aly' |, b, e, al B e aply

= (-nlelellafip, fa, ey B b la, c} W Hachy
(1211) {cuv, {apg. brst} = fle, ta, b} Y., fle, fa, B} B ta, b},

= (nllelalle, (b, ay' R fe. (0. ah' B, (b B,

The required formula directly follows from the equalities (r=z7)—(z=—m). m|
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1.2.5. Gerstenhaber bibrackets. — A Gerstenhaber bibracket of degree d in A is a d-
antisymmetric d-graded bibracket {{—, —}} in A such that the induced tribracket (L28)
is equal to zero. The pair (A, {—,-}}) is called then a double Gerstenhaber algebra
of degree d. This structure was first introduced by Van den Bergh [gz, Section 2.7]
for d = —1; see also [g] in the setting of differential graded algebras.

Lemma 1.2.5. — For any Gerstenhaber bibracket of degree d in A and N > 1, the
bracket {—, -} in Ay given by Lemma w="n is a Gerstenhaber bracket of degree d.

Proof. — This follows from Lemmas =, ;=z-3, and =24 The equality

{apq, {bVSacuv}} + (_1)|u|d‘|bc|{brs, {Cuv’apq}} + (_l)lab|'|c|d {Cuv, {aqu?rs}} -0

provided by Lemma =7 implies the d-graded Jacobi identity (=) in which a, b, ¢
are replaced with apg, b5, cuv, respectively. O

1.3. Equivariance

We show that the bracket constructed in Lemma == is equivariant under the
natural actions of the general linear group and the Lie algebra of matrices on the
representation algebra. We begin with terminology.

1.3.1. Lie pairs. — By a Lie pair we mean a pair (G,q) where G is a group and g
is a (non-graded) Lie algebra endowed with a (left) action of G on g by Lie algebra
automorphisms. The action is denoted by w - $w for w e gand g € G.

Givena Lie pair (G, g), by a (G, g)-algebra we mean a graded algebra A endowed with
an action of G and an action of g such that éwa = gw(g™'a) forallg € G,w € g, a € A.
Here an action of G on A is a group homomorphism from G to the group of graded
algebra automorphisms of A, and an action of g on A is a Lie algebra homomorphism
from g to the Lie algebra of derivations of A of degree zero, cf. Section g13.

1.3.2. Action on the representation algebras. — Fix an integer N > 1. Let

Gy = GLy(K)
be the N-th general linear group over K and let gy = Maty (K) be the Lie algebra of
(N x N)-matrices with Lie bracket

[, v] = uv —vu.
The pair (Gy,gn) is a Lie pair where G acts on gy by 8w = gwg™! for any g € Gy
and w € gy. The representation algebra Ay associated with a graded algebra A
in Section == is a (G, gn)-algebra. Here Gy acts on Ay as follows: for a matrix
8= (gk,l),ivl:l € Gy and a generator a;; € Ay, set

(1.3.1) gai; = (§7")ik &L aki-

In this formula, the numerical coefficients appear to the left of the generator ay;. It is
easier to remember (I=3m) in the equivalent form ga;; = (g ivaug j,and we will use
the latter form. Direct computations show that these formulas are compatible with
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the relations in Ay and define an action of Gy on Ay. We verify the compatibility
with the relation (ab);; = a;1by;:
g(ab)ij=(g " )ik (ab)gL; = (8 )ik akpbpiguL;
:(g_l)i,kakp5nqbqlgl,j = (g_l)i,kakngp,r(g_l)r,qbqlgl,j = (gair)(gbrj)-

The Lie algebra g acts on An as follows: for a matrix w = (wi)N

ri—1 € ON and a

generator a;; € Ay, set
(1.3.2) Waij = QikWk,j — Wi,kQkj-

This formula is compatible with the relations in Ap and defines an action of gy on Ay .
We verify the compatibility with the relation (ab);; = ai;by;:

w(aubij) = wlai)bi; + aigw(by;)
= aixwi,1bij — wikarxibyj + aitbywr,j — auwy by
= aibywi,j — wikar by = (ab)ixwr,j — wik(ab)rj = w(ab);j.
It is easy to check that these actions turn A ~ into a (Gw, gn)-algebra. Moreover, these

actions descend to the commutative graded algebra Ay = Com(Ay) and turn it
into a (Gy, gn)-algebra.

The next lemma shows that the bracket in Ay provided by Lemma == is equiv-
ariant under the actions of Gy and gy .

LemMa 1.3.1. — Let {{—, =} be a d-graded bibracket in a graded algebra A. For any N > 1,
the bracket {—, -} in Ay defined in Lemma == satisfies

(1.3.3) g{a,b} = {ga,gb} and w{a,b} = {wa,b}+ {a,wb}
forallg e Gy, wegnyanda,b e Ay.

Proof. — Pick g = (gk.1)k.1 € Gn.ltis easy to see thatif the identity g{x, y} = {gx, gy}
holds for all the generators of Ay, then it holds for any x,y € Ay. Given a,b € A and
i,ju,ve{l,...,N},

{gaij. gbuv} = (™ ikakigry- (8" usbsigrv}
= (g ")ikgri (8 us&rviar by}
= (¢ )ik (g usgivlla, b} {a. b}y,
= (& ustla. bW (g inlla, b7 &0
— (¢l{a, DY, (ella. bYY) = g({{a, bW, Ha. bYL) = glay buv ).
Similarly, given w = (wk1)x.; € 9n, it is enough to check the identity
w{x,y} = {wx,y} +{x,wy}
for the generators of Ay. Fora,b € Aand i, j,u,v € {1,...,N},
wiai. buvk = w(f{a. b}, a. bY,)
= w(fla. b}, a. b}, + fa. bR w(fia. bY7,)
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= {la. b} wi i a. bR, — wualla, bRy {a. DY,

+ fla, b}, fa, bR wey — fla, bR, jwixlla, DY,
= wi j{aik, buv} — wuidaij, biv} + wiv{aij, buky — wix{akj, buv}
= {aixWk,j — Wikakj, buv} + {aij, buk Wiy — Wi kbiw

= {wa;j, buy} +{aij, whyy}. O

1.4. The associated pairing and the trace
We study the pairing A® A — A induced by a bibracket in a graded algebra A and,
in particular, discuss its behavior under the trace maps.
1.4.1. The pairing (-, —). — A bibracket {{—,-}} in a graded algebra A induces an
associated pairing (—,—) : A® A — Aby
(a,b)y = fa,b}}' {a,b}}" € A for a,beA.

Lemma 1.4.1. — Let {—, -} be a d-antisymmetric d-graded bibracket in A. Then the
associated pairing (—, —) has the following properties:

(i) (-, —) has degree d and satisfies the d-graded Leibniz rule (=r=5),
(ii) {a, by = —(=1)lela1Pla(p a) (mod|[A, A]) for all homogeneous a, b € A,
(iii) ([A, A}, A) = 0and (A, [A, A]) C [A, A,
(iv) for any homogeneous a, b, c € A,
((a,b),¢) = (a,(b.c)) + (=1)1l Pl (p (a,c))
= m((=1) Pl (b, a,c} - {a.b,c})
where m € Hom(A®3, A) carries x ® y ® z to xyz for all x,y,z € A.
Proof. — Claim (i) is straightforward. To check (ii), set z = {{a, b}}. Then
(b, a)} = —(=1)alaPlatZ 110 g
by (==z5) and, modulo [4, 4],
(b,a) = _(_1)|a|d'|b\d+|Z'|'|Z"\Z“Z’ = _(_1)|a|d'|b\dzlz” — _(_1)|a|d'|b|d (a, b).

To check (iii), pick any homogeneous a,b,c € A and set x = {{a,c}}, y = {b,c}}.
We have

flab,c} = a={{b,c} + (-1)PHelefa, cfp b

_ (_1)|a|~|y'\y/ ®ay" + (_1)|b|~|cx"|dxfb®xu
so that

(ab, C> _ {{ab, c}}'{{ab, C}}” _ (_1)|a|<|y'|ylay// + (_1)|b\.|cx"|dxlbx//.
Transposing a and b, we also obtain

(ba, ¢y = (=1)PF¥ 1 by 4 (<1)lal e layr gy,
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Since {—, —}} has degree d, we have |[cx"|s = |ax’|(mod2) and |cy”|s = |by’|(mod2).
Therefore
{ab,c) = (—1)'“"|b|<ba, c).
Hence ([A, A], A) = 0. This equality together with (ii) imply the inclusion
(A [A A]) C [AA]

Wenow prove (iv). Set x = {b,c}}, y = {{a, c},y = {{c,al}, z = {{a, b}, 2 = {{b, a}.
Then

{2/ =2+ 2"+ ()l g e w2
= (-)FHENUY" e @ (2" e
+ ()TN a2 e 2 @ (2L e}
We deduce that
(14.1)  {((@b)c) = (2" ey = (=1 W g eprrgz” ey
()R e ey (e

By (i), we have
(1.4.2) (a,(b,cy) = (a,x'x")y = {a,x")x" + (—1)|“|d'|x'|x'(a,x">,
(1.4.3) (b, (@ cy) = (b,y'y") = (b, y)y" + (1) Pl 1y (b, y7).

By the definition of the tribracket (C=H),
fla.b.ch = fla. P @x" + (=11l 1P¢IPy, ({0, ) © 57)
+ (-1l PE ) (e, 2B @ 27)
={la. X’} @ x" + (-1 Pl ({0, 7Y (0.5} ©F")
+ (=D)lPTIlPE (e ) @ fle. ') @ 2”)
={la. X'} ® f{a. x'}" ®x"
+ (_1)\ald~|bC|+|bi’|d‘I9"\)~,” b, v} @ {b,7' R
+ (_1)\abl-\0|d+|{{c,z’}}'|'I{{c,z’}}"z"l{{C, W' @7 @ {c. Y
= 0. xY @ fa, XY © "
_ (_1)\ald'|bC|+|b|d'|y’|+\a|d~|C|dyf ® {b,y"} @ {b,y"}”
_ (_1)|ub|‘|6|d+|{{z’,c} "2 |+ elas 12 la e o’ @{, e} .
Therefore
(1.4.4)  mffa.b.c}} = (ax)x" — (=1)lalPlatiblab Iy p oy
= ()R e e
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Transposing a <> b, we obtain
(1.45)  mi{boa,cl} = (by)y" - (~1)lela Platiela ¥y 1)
— (_1)|C{{Z’,C}}” |d‘|2"|{{2” WL e
€ 1y - (=1)lala-lbla+lalaW 1 g 7y

+ (_1)|{{zo,c}}'|~\z'|+|a\d~|b|d Q2" W24, e}

Then (iv) follows from (Tz-1)—(TZ3). ]
1.4.2. The trace. — For a graded algebra A, consider the module
A=A/J[A A

with the grading induced by that of A. Lemma gz implies that the pairing
(-, —): A® A — A associated with {—, —}} induces a pairing

A®A— A
The latter pairing is also denoted by (—, —). It has degree d and is d-antisymmetric. If
the induced tribracket of {—, —}} is zero, then (-, —) is a d-graded Lie bracket.

Note that for any N > 1, the formula tr(a) = ¥ | a;; defines a linear map

tr: A — AN.
Clearly, tr([A, A]) = 0 so that tr induces a linear map A — Ay. This map is also
denoted by tr and is called the trace. The graded subalgebra of Ay generated by
tr(A) c Ay is denoted A, and is called the N-th trace algebra of A. We have

Al c ASY
where Ag” is the subalgebra of Ay consisting of the elements invariant under the
action of Gy = GLy(K). When A4 is finitely generated as an algebra and K is a field
of characteristic zero, Ajv = Ag” , see [33].
LemMA 1.4.2. — Under the conditions of Lemma [rz=1, the map tr : A — Ay carries the
pairing (-, ) in A into the bracket {—, -} in Ay induced by {—, —}}. As a consequence,
{AL, A} c Ay, forallN > 1.

Proof. — Pick any a, b € A and let 4, b be their projections to A. We have

{tr(a),tr(b)} = { Zaii,zbjj} = Z{aii,bjj}

L]

=Y a b bl = Y (Ha by {a. by,
i.j

j
= tr ({{a, b} {a, b}") = tr ((a, b)) = tr ((a@ b)). o

Note that for N = 1, the trace tr : A — A; = Com(A) is the canonical projection
and A} = A;.
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CHAPTER 2

BIBRACKETS IN UNITAL ALGEBRAS AND IN CATEGORIES

2.1. Bibrackets in unital algebras

We define a version of representation algebras in the unital setting.

2.1.1. Unital algebras. — A graded algebra A is unital if it has a two-sided
unit 14 € AY. Unital graded algebras and graded algebra homomorphisms carrying 1
to 1 form a category GA". Given a unital graded algebra A, we define a sequence of
unital graded algebras Xf, A;*, ...For N > 1, ;\vx is obtained from the algebra Ay
defined in Section mT= as follows. First, we adjoin a unit to Ay, that is consider
the unital graded algebra Ke ® Ay with two-sided unit e. By definition, X;[, is the
quotient of Ke @ AN by the relations (14);; = 6;je where ¢;; is the Kronecker delta

andi, jrunoverl,...,N.Forany B € Ob(9A+), the bijection (===2) induces a natural
bijection
(2.1.1) Homg 4+ (A}, B) = Homg 4+ (A, Maty (B)).

Similarly, let €GAT be the category of commutative unital graded algebras and graded
algebra homomorphisms carrying 1 to 1. Set

A, = Com(A]) € Ob(CSAN).
Then for any B € Ob(CSA"), we have a natural bijection
(2.1.2) Homgg 4+ (A}, B) = Homg 4+ (A, Mat (B)).

We call A}, the N-th unital representation algebra of A. From the viewpoint of algebraic
geometry, A}, is the “coordinate algebra” of the “affine scheme” whose set of B-points
is the set of algebra homomorphisms A — Maty(B) for any B € Ob(CSA"). Here
an “affine scheme” is a representable functor from €GA" to the category of sets. The
same graded algebra A}, can be obtained from Ay by adjoining a two-sided unit e
and quotienting by the relations

(1a)ij = dije
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where i, j run over 1,...,N. For N = 1, we have
AT =A and A] = Com(A).

Lemma 2.1.1. — Let {{—, —}} be a d-graded bibracket in a unital graded algebra A and let
{—., =} be the induced bracket in Ay, see Lemma w=n. Then there is a unique bracket {—,—}*
in AY, such that the projection Ay — Ay, is bracket-preserving. If {{—, =)} is a Gerstenhaber
bibracket of degree d, then {—,—}* is a Gerstenhaber bracket of degree d in AY,.

Proof. — Denote the projection Ay — A}, by p. Clearly, p is onto which implies the
uniqueness of {—, —}*. To prove the existence, we extend {—, -} to a bracket {—, -}’
in the algebra
Ay =Ke® Ay by {e, Ay} ={A}.e}' =0.

The latter bracket is easily checked to satisfy the d-graded Leibniz rules (z=r5), (=8).
Therefore, it suffices to verify that (14);; — §;je annhilates {—, —}” both on the left and
on the right for all i, j. The Leibniz rule (;=z3) for {—, —}} implies that {14, A}} = 0.
Therefore forany b € Aand u,v € {1,...,N},

{(1a)ij = 6ije. buv} = {(1a)ij, buv} — 6ij{e, by} = 0.
Since A}, is generated by the set {b,,, | b, u, v}, the d-graded Leibniz rules (=r5), (L18)
imply that {(14);; — d;je, A} }' = 0. Similarly, {A},, (14)i; — 6;je}’ = 0. The last claim
of the lemma follows from Lemma =z5. o

The constructions and results given for Ay and Ay in Sections 32 and easily
extend to A}, and A7

2.1.2. The case of universal enveloping algebras. — A rich source of unital algebras
is the theory of Lie algebras since their universal enveloping algebras are unital.
In the graded setting one starts with a 0-graded Lie algebra L = (L, {—,-}) as in
Section =13

The universal enveloping algebra U(L) of L is the quotient of the graded tensor
algebra @B, ., L®" by the 2-sided ideal generated by the vectors

a®b-(-1)"Plp® a - {a, b}

where a, b run over all homogeneous elements of L. The graded tensor algebra is
unital and so is U(L).

For any unital graded algebra V, the composition with the natural linear map
L — U(L) determines a bijection

(2.1.3) Homg 4+ (U(L),V) ~ Homg;. (L, V)

where Lie is the category of 0-graded Lie algebras and, on the right hand-side, V is
viewed as a graded Lie algebra with the commutator bracket. Section e==m yields for
each N > 1,a commutative unital graded algebra Ly = (U(L))},. By (z=r=2) and (z13),
for any B € Ob(CGA"), we have a natural bijection

(2.1.4) Homgg 4+ (Ly, B) ~ Homg;e (L, Maty (B)).
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Note that Ly is generated by the commuting symbols a;; where a runs over ho-
mogeneous elements of L and i, j run over 1,..., N, subject to the first two of the
relations (i=r=m) and the relation

{a,b}ij = auby; — (-1)1*1"P1pyay;

for all homogeneous a, b € L and all i, j. Lemma e=x=n shows how to obtain a bracket
in Ly from a bibracket in U(L).

2.2. Bibrackets in categories

We define representation algebras and bibrackets for graded categories. We follow
Van den Bergh [g2, Section 7] who did it for non-graded categories with finite sets of
objects.

2.2.1. Graded categories and associated algebras. — A graded category is a small cat-
egory C such that for any objects X, Y of C, the set Home (X, Y) is a graded module, the
identity morphisms of all objects are homogeneous of degree zero, and the composi-
tion of morphisms is bilinear and degree-additive. The latter condition means that for
any homogeneous f € Home(X,Y) and g € Home (Y, Z), the morphismgo f : X — Z
is homogeneous of degree | f| + |g].

With a graded category € we associate a graded algebra

A=A@) = (P Home(X.Y)
X,YeOb(@)

where & is the direct sum of graded modules. The product fg € A of f € Home(X,Y)
and g € Home (U, Z) isequal to go f if Y = U and to zero otherwise. For X € Ob(C), the
identity morphism of X represents an element of A denoted ex. Clearly, exex = ex
and exey = 0 for X # Y. If the set Ob(C) is finite, then 14 = Y xcon(e) ex isatwo-sided
unit of A; if the set Ob(C) is infinite, then A is not unital.

For each integer N > 1, we introduce a unital graded algebra @;{, Consider the
unital graded algebra Ke & Ay obtained by adjoining the two-sided unit e to the
graded algebra Ay associated with A = A(€) in Section =r=. Let E;{, be the quotient
of Ke® An by the 2-sided ideal generated by the set {(ex);; — 6;je}x,;,; where X runs
over all objects of € and i, j € {1,..., N}. The algebra E; has the following universal
property. For each unital graded algebra B, we consider the algebra Maty (B) of
(N x N)-matrices over B as a category with a single object. This category is graded:
a matrix is homogeneous of degree p if all its entries belong to B” c B. There is a
natural bijection

Hom9A+(é;(,, B) = Fun (€, Maty(B))

where GAT is the category of unital graded algebras and Fun(C, Maty (B)) is the set
of degree-preserving linear functors € — Maty (B). Note that such functors can be
interpreted as N-dimensional B-representations of C.
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The commutative unital graded algebra €5, = Com(éz\;) plays a similar role in the
category CSA" of commutative unital graded algebras: for any B € Ob(CGA™), there
is a natural bijection

(2.2.1) Homgg 4+(CY. B) = Fun (C, Maty (B)).

2.2.2. Double Gerstenhaber categories. — Let d be an integer. A d-graded bibracket in
a graded category C is a d-graded bibracket {—, —}} in the graded algebra A = A(C)
such that

{A,ex}} = f{ex, A} =0 forall X € Ob(C).
If such a bibracket in A is a Gerstenhaber bibracket of degree d, then the pair
(C, {—,—-}) is called a double Gerstenhaber category of degree d.

Lemma 2.2.1. — Let {—, =)} be a d-graded bibracket in a graded category C. Then
> forany X,Y,U,V € Ob(C),
{{ Home(X,Y), Home(U, V) }} € Home (U,Y) ® Home (X, V);
> for any integer N > 1, the bracket in Ay determined by Lemma w==n induces a bracket
{-,-}in G;(, satisfying the Leibniz rules (rr1), (C18);

> if (€, {—, —}) is a double Gerstenhaber category of degree d, then the pair (€}, {-,-})
is a unital Gerstenhaber algebra of degree d for all N > 1.

Proof. — Using the identity {A,ex}} = {{ex,A}} = 0 and the Leibniz rules
for {—, -}, we obtain that for any f € Home(X,Y), g € Home (U, V),

{f. el = llexfey.evgev}
=eyflexfer,gltey
=eu(ex {f. g} xex)ev
=eylex+({f.e @ {f.e}") xev)ev
=ey{{f.glt exr ® ex{f.g}}" ev € Home(U,Y) ® Home(X, V).

Other claims of the lemma follow from the definitions and Lemma =5. o

We conclude that a double Gerstenhaber category (C, {—,—}}) of degree d gives
rise to a system of unital Gerstenhaber algebras {C/, } 1 of degree d. Moreover, for
any full subcategory €’ of C, the algebra A’ = A(C’) may be viewed as a subalgebra
of A = A(C) in the obvious way. The first claim of Lemma ez implies that the
bibracket {—, —}} in A restricts to a bibracket in A’. In this way, ¢’ becomes a double
Gerstenhaber category of degree d. In particular, any object X of € determines a full
subcategory Cx of C consisting of X and all its endomorphisms. Then the restriction
of {{—.—} to the unital graded algebra Ax = A(Cx) = Ende(X) is a Gerstenhaber
bibracket of degree d, and we have (Cx)}, = (Ax)7%.

2.2.3. Remark. — In analogy with non-unital algebras, one can consider “categories
without identity morphisms”. However, such generalized categories do not appear
in our geometric context and we do not study them.
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2.3. Bibrackets in Hopf categories

We define Hopf categories and we introduce a class of bibrackets in Hopf categories
called reducible bibrackets.

2.3.1. Hopf categories. — Consider a graded category C and the associated graded
algebra A = A(C), see Section z==m. For X € Ob(C), we let ex € A’ c A be the
element represented by the identity morphism of X. We view A ® A as an algebra
with multiplication defined by

((11 ® ag)(bl ® bg) = (—1)‘“2"|b1|a1b1 ® as by
for any homogeneous ay, as, b1, b € A. A comultiplication in C is a degree-preserving
algebra homomorphism A : A — A ® A such that
(A®ida)A = (ida®A)A and A(ex) =ex ®ex forall X € Ob(C).

As a consequence, A must carry H = Home(X,Y) € A to H ® H for any objects X,Y
of €. The image of any a € H under A expands (non-uniquely) as a sum

Z agl) ® al@)

. . 1) (2
where i runs over a finite set and af ), af ) are homogeneous elements of H. We use

Sweedler’s notation, i.e., drop the index i and the summation sign and write simply
Afa) =aV @a?.
The condition that A is degree-preserving means that |a(Y)| + |a(?| = |a| for any
homogeneous a € A. That A is an algebra homomorphism means the identity
A(ab) = (_1)Ia(2)|~|b(1>\a(l)b(l) ® a@p®
for any homogeneous a, b € A.

An augmentation of C is a linear map & : A — K carrying the identity morphisms
of all objects to 1, carrying A” to 0 for all p # 0, and satisfying £(fg) = €(f)e(g) for
any morphisms f, g in € with target(f) = source(g). A counit for a comultiplication
A: A — A® Aisan augmentation

c:A— K
of € such that
(idA Qe)A =ids = (8 ® idA)A: A— A.
Clearly, if ¢ is a counit of A, then A is a split injection with left inverses id4 ®¢
and & ® id4. Also, € induces linear maps &in, £out : A — A such that

em(a) = e(a)ex and eout(a) = &(a)ey,

for all X,Y € Ob(C) and a € Home(X,Y). An antipode in C is a degree-preserving
linear map s : A — A carrying Home(X,Y) to Home (Y, X) for any X,Y € Ob(€) and
satisfying

a(l)s(a(z)) = gin(a) and a? = Eout (@),

for all a € A. It follows immediately that s(ex) = ex for any X € Ob(C).
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A graded category € endowed with a comultiplication A, a counit ¢, and an
antipode s is called a Hopf category. When € has a single object, we recover the
usual notion of a graded Hopf algebra. A Hopf category (C, A, &, s) is cocommutative
if A = P21 A and is involutive if s is an involution.

Basic properties of Hopf algebras (see, for instance, [z, Theorem II1.3.4]) generalize
to Hopf categories. We state the properties used in the sequel.

LemMma 2.3.1. — The antipode s of a Hopf category € is an antiendomorphism of the under-
lying algebra of A = A(C) in the sense that, for any homogeneous a, b € A,

s(ab) = (=1)14"Pls(b)s(a).

Also, s is an anti-endomorphism of the underlying coalgebra of A in the sense that, for any
ac€aA,

e(s(@) = e(a) and (s(a))V ® (s(a)® = (-1)}a" 11V 15(a?) @ 5(aV),

Finally, the cocommutativity of C implies its involutivity, and the latter is equivalent to any
of the following two properties:

(i) foralla € A, (-1)14V11a®15(a2)aV) = g, (a);
(i) forall a € A, (-1)laW 1?1425 = g, (a).
Proof. — In the proof we will use the following notation. Recall that the algebra A is

linearly generated by morphisms in €. Given two expressions linearly depending on
one or several elements a, b, . .. of A, we relate these expressions by the symbol

if they are equal for all g, b, ... and this equality follows from the axioms of a Hopf
category whenever a, b, . .. are morphisms in C.

Let C be the module of degree-preserving linear maps A ® A — A. Note that
the comultiplication in A induces a degree-preserving coassociative comultiplication
in A® A carrying a ® b witha,b € Ato

(-1)PVTHa®14(1) @ p1) & (a@ & b2)).
This comultiplication induces the convolution product = in C by
(f*g)a®b) = (~)P"H TV p(aW @ b1)g(a® @ b))
for any f,g € C and any a, b € A. We define elements /, r of C by
l{a®b) =s(ab) and r(a®b)=(-1)1""lg(b)s(a)

for any homogeneous a, b € A. To prove the first claim of the lemma we must show
that / = r. To this end we define m, u,v € C by

m(a®b) =ab, u(a®b)=eout(ab), v(a®Db)=é&(ab)
for any a, b € A. Observe that
(uxr)(a®b) = (~1)PPHa@ O L g (GMp0) (5(b3)s(a?)))
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Z (=1)lla® e(@WbpM) s(b®)s(a®)
= ()PP le(at > <b<1 >s<b<2>>s< )
= (-1)PHls(e(6™)p?) s(e(a)a®) = r(a @ b)
and
(Ixm)(a®b) = (~1)P V1115 (1MW) (4 p(2)
= 5((ab)V) ((ab)?) = out(ab) = u(a ® b).
Furthermore,
(1 + 1) ® ) = (<1) P11 (G040 (5(6) s 0 2))
— (=) MA@l (50 5(5®)) 5(a)
:< >'b"“<”' Wein(b)s(a®)
ein(b)s(a'?)
eim(b)s(a?)e(a™)
= a® (a(Z))g(a(B’)b)
= eim(@M)e(aPb) = g(ab) = v(a ® b)

and

DpM) g1 (@@ b?))

)t )

)bl))g( (2)p(2) )
WpD)e(a®)e(b?)
:s(a(l) (a (2) b(l) b(2))) l(a®Db).

(1+v)(a®b) = (=1)PV 114
(- 1)|b(”| la® | s(a (1
)

b |a®] ¢, 1
= (-1 s(a

Since * is an associative operation, we deduce that
I=Ilxv=Ilsmsr=uxr=r.

We now verify that s is an antiendomorphism of the unital coalgebra (4, A, ). For
this, we consider the module D of degree-preserving linear maps A — A® A, and we
equip it with the convolution product defined by

(f * £)(@) = f(aV)g(a®)
forany f,g € Dand any a € A. Let [, r,u,v € D be defined by
I=As, r=(s®s)Pul, u=Atou, V=~»2A&py.
We must prove that [ = r. Observe that, for any a € 4,
(5 1)(@) = Aou (@) ((s ® 5)P21AG?))
= ()1 o (@) © £ou (@) (s(@ ) @ 5(a))
= (_1)|a(3>|<|a(4’\ out (@M)s(a™) ® gout (a?)s(a®)
= (-1)la®aP 1Dl ,0)5(a®) @ £(a@)s(a®)
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= (-1)la® a1 g (W) 5(a®) @ 5(a@)
(~1)la®a®1a®1g4(3)) g s(e(a™)a?)

= (_1)|a(1)|~|a(2’\s(a(2)) ® s(aM) = r(a)

n
" (1+ A)(a) = Als(a®)) Aa®) = A(s(a®)a®) = u(a).
Furthermore,
(Axr)(a) = A>aM)((s ® s)P21A(a?))
_ (_1)|a<3)|~\a(4>l(a(1) ® a(2)) (s(a(4)) ® s(a(?’)))
= (-1)la®aP 1@ 54D @ ¢ 5(a))
= (-1)la? 1P 5(4®)) @ g1 (a)
ZaWs(a®) @ ein(@?) = v(a)
and

(1%v)(a) = As(a™) Agin(a?®)
— A(s(aM)ein (@)
= A(s(aM)e(a?)) = A(s(aVe(a?))) = I(a).
Using the associativity of *, we deduce that
l=lsv=IlxAxr=u*xr=r.
Also, s preverves the counit: for any a € A, we have
e(a) = e(em(a) = e(a®s(a®))
= e(aM)e(s(@?)) = e(s(e(aM)a?)) = e(s(a)).

We now prove the part of the lemma concerning the involutivity. If s* = id4, then
the condition (i) is satisfied:

(—1)|“<1)|'|“(2)|s(a(2))a(1) = s(s(a(l))a(Q)) = s(eout(a)) = €out(a).

Assume now that condition (i) is met and consider the convolution product * in
the module, E, of degree-preserving linear maps A — A. For any a € 4,

(s 5%)(@) = s(a)s(s(a®)) = (1)« s (s(a)a)
= s(eout(a)) = eout(a).
Thus, s * 5% = gout. It follows from the axioms of a Hopf category that
ida*s =& and e *f = f = f*e&out

for each f € E carrying the set Home(X,Y) into itself for all X,Y € Ob(C). Applying
this to f = s% and to f = id4 and using the associativity of *, we obtain

52 = gin * 82 = idg #s % 52 = idg *&out = id4 .

MEMOIRES DE LA SMF 154



2.3. BIBRACKETS IN HOPF CATEGORIES 35

This shows the equivalence between the involutivity and (i); the equivalence with (ii)
is proved similarly. Finally, if C is cocommutative, then the identity s * idg = &out
implies (i), so that A is involutive. m]

2.3.2. Bibrackets re-examined. — Bibrackets in a Hopf category (C, A, ¢, s) have a
useful reformulation which we now describe. Consider the associated graded alge-
bra A = A(C) and a d-graded bibracket

{-,-}:A®A— AQA
with d € Z. We define a linear map A = A({-,-}) : A® A > A® Aby
(2.3.1) Aa,b) = aWs({a®, pDW) © a6V} s (b))

for any a,b € A. Note that, if ¢ € Home(X,Y) and b € Home(U, V) with X,Y, U,V
in Ob(C), then A(a, b) € Home(X, U) @ Home (X, U).

Lemma 2.3.2. — Forany a € A and any homogeneous b, ¢ € A, we have
A(a, be) = Aa, bM) e(bP ) + (-1)PHlA(a, ) (s ® s)A(D)),
A(ab,¢) = Aa™, ¢)e(a'®b) + Ala) A(b, ).

Proof. — Since both sides of the first identity are linear in » and ¢, it suffices to
consider the case where b € Home(U,V) and ¢ € Home(W, Z) for some objects
U V,W,Z of C.If V # W, then both sides of the identity are equal to zero. If V =W,
then A(a, b6™M)e(b®c) = A(a, b)e(c) and

Aa.be) = aVs({a®, (be) DY) ® fa®. (be) VY "s((be)®)
= (-1)l? HelgMs(ga® , bW cMy) @ fa®, 6D MR s(c) s(b®)
= (—1)”’(2)|‘|C‘a(1)s({{a(2) DOR) @ fa®, bW cWs(c@)s(6?)
+maWs(fa®, Dy )s(b) @ fa®), DR s(c®))s(b?)
= &(c)A(a,b) + n2A(a,c) (s(b) ® s(b?))
where the signs 171,72 = +1 are computed by

nm = (_1)|b(2)|~\C|+Ib(1)|~|{{a<2),c(l)}}'IJrlb(l)I'\a(z) la

na = 1y - (—1) PO DY (_pyibliel,

The second identity is proved similarly with the key case being the one where a, b
are morphisms in C and the target object of a coincides with the source object of b.
Then A(a™), ¢)e(a'®b) = A(a,c)e(b) and

Aab,c) = (ab)Vs({{(ab)?, DY) & {(ab)?, VY s(c?)
= (_1)\a(2>l-lb“)Ia(l)b(l)s({{a@)b(?) DY) @ {a@b®, Wy s(c@)
- Ola(l)b(l)s({{b@) , c(l)}}’) ® aP{p?, c(l)}}”s(c(2))
+ 02aVbWVs({a@, VP b)) @ (a?@, DY s5(cP)
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= (@M @ aP)A(b, c)
+ Gga(l)b(l)s(b@))s({{a(2) , c(l)}}’) ® {a?, WY s(c?)
= A(a)A(b,c) + (-1)[a” 1 Plg(b) A(a, ¢) = Ala)A(b, c) + £(b)A(a, c)
where the signs 61, 62, 03 = +1 are computed by
6, = (_1)|a(2)\-Ib(1)|+|a<2)|~|{{b(2),c(1)}}’|’
0y = (_1)|a(2)\'Ib(1)|+|b(2>|~|6(1)\d+|b<2)I-\{{a(”»c(l)}}"l’
By = 0y - (—1)PPHHaD O] _ 1yl L ib] .
The bibracket {—, —}} may be recovered from the map A at least in the case where
the antipode s in € is invertible. Indeed, for any a,b € A,
(2.3.2) s(@M)A(a®, pM)p>
— s(a(l))a(2)s({{a(3) , b(l)}}’) ® {a®, bWy s(bP)p3)
= gout(@)s({a?, bVY) @ {a?, VY £ (bP))
= s(a(l))s({{a@) IY) e £a® bR (b))
= (s®ida)({a,b}).
If follows that, if the antipode s is invertible, then
{a, b} = (st @ida)(s(aP)A(a®, bV pP)
= (_1)|a<”|-|a(2’b<“\d (s ®@ida)(A(a®, b)) (V) @ b?).
2.3.3. Reducible bibrackets. — Let {—, —}} be a bibracket in a Hopf category
C=(CAz¢gs).
It induces, in the notation of the previous subsection, a bilinear pairing
A=A{-.-}):AxA— A by A= (e®ids)A.
Explicitly, for any a, b € A we have
(23-3) A(a,b) = &({a, bW ) fla, bR s(6@).
It follows from Lemma p=3-2 that, for any a € A and any homogeneous b, ¢ € A,
Aa, be) = A(a, bV ) e(bPc) + (1)1l 2 (a, ¢) s(b),
Aab,¢) = A(a™, c)e(a®b) + ai(b,c).
We call a bibracket {—, —}} in C reducible if A(A® A) c A(A). Then
A= (e®ida)A = (ida®e)A: AXA— A and A=AoA.

As a consequence, a reducible bibracket in a Hopf category with invertible antipode
is fully determined by the associated pairing A.
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LemMmA 2.3.3. — Suppose that the Hopf category C is cocommutative.
(i) If {—. -} is reducible, then, for any a, b € A,

{{s(a),s(b)} = (s®s)Pa1{{a, b};
(i) If {—. -} is d-antisymmetric, then (s ® s)A = —P21AP21 4;
(iif) If {—, -} is reducible and d-antisymmetric, then sA = —AP31 4.

Proof. — In the proof we will often use that s> = ids. We begin with (i). It easily
follows from Lemma p=37 that A(a,ex) = 0 = A(ex, a) for any a € A and X € Ob(C).
Hence, for any x, y € 4,

0= Ax gout(¥) = Alxs(y)y®)
= A s ey + (DPTITIA (D) (s @ 5)A (M)
= A(x,s(y)) + (_1)|y“>y(2)|<|y<3)|+|y<1)|-|y(2)|A(x,y(3)) (y(2) ® y(l))_
Therefore
(2.3.4) Ax.s(y)) = _(_1)\y(”y(2>|-|y<3)l+|y“)|~\y(2>IA(x,y(fi)) (y® & y1).
Similarly, for any x,y € A,
0= Aleout (x),y) = (=) IA(s(x2)x D), y)
= (=) IEPIA (5(x@), 3) £(xD) + (1) FVTREZIA (5(x @) A (xD), y)
= A(s(x),y) + (_1)|x“>|~|x<2)x<3>|+|x<2>|‘|x<3)|(s(x(s)) ® s(x®))A(xD, y),
and therefore
(2.3.5) A(s(x),y) = —(—1)"‘(1) e |'|x(3)|(s(x(3)) ® s(x(Q)))A(x(l), y).
We have
(s ®ida) {{s(a). s(B)} B2 5((s(a) V) A((s(a)) @, (5(5)) V) (s(5))
= (-l AR A (s(a M), s(5)) s(6V)

= Gssin(a<3>)(s( )« A(a® b<2>) « bV)
= 978(a(3))(s(a(2)) % A(a ), b )) " b(l))
=6y (s(a(Q)) ® A(a(l), b(2)) % b(l))
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where the signs 61, 05, . .. are computed by

01 _ _(_1)\a(1>|~|a(2)|+|b(1)|-\b(2)b<3)b(4)|+|b(2)b(3)|~|b(4)|+|b(2)|<|b<3)|
_(_1)\a(”|~|a<2)|+|b(1)|-\b(2>\+|b(1)b<2)|-\b(3>b<4)|+|b<3)|-\b(4>\
b
W 11a@ |+ 16D [ 1p 2 pB3) |1 15(2) |.|p(3)
0y = —(—1)la@ Ha® 1O 16 b ]
W1 0a@ |4+ 1p@) [ p3) W1 0a@ [+ 1D p @ ). 1p3)
93:_(_1>\a [la® | +]b2) || \:_(_1)|a [-la*)]+] [l I,
W1 4a@ 11D . 1p(2)
0, = _(_1)\a [la'®|+]6) |-t ,
95 _ (_1)|a(1)a(2)a<3)|‘\a(4)|+\a(1)|~|a(2)a(3)|+|a(2)|‘\a(3)|+\b(1)|~|b(2)|
o (_1)|a(3)|~|u(4)|+|u(1)a(2>|~|a(3)a(4)|+|a(1)|‘|u(2)|+|b(l)|~|b(2)|
- B
MW@ [ 1qg® D1 0a@ 1+ 1pWD [ p2)
O = (_1)|a a'P-a' |+|a' P |-|a'®) |+16 || I’
97 _ (_1)|a(1)|-|a(2>|+|b(1>|~|b(2)| _ (_1)|a(1>\-|a<2>a(3>|+|b(1>|-|b<2)|
gs = (=1)la 1a® HBD b

Therefore, using the cocommutativity of C, we obtain

s®id s(a),s — 5@y« A a(2), (D) 4 p2)
Besides, (s ®ida){{s(a). s(b)}} (@) * A( b)Y « b

(s ®ida)(s ® 5)Po1{a, b} = Poi(s®ida){a, b}
=2 p, (5(aM)A (@@, 51)p2)
= 5(aW) x (PyA(a?, pM)) 5 b
= s(aW)x A(a®, bW % b2

where the last equality uses the formula P2 A = A which follows from the reducibility
of {—,-}. We conclude that {s(a), s(b)}} = (s ® s)Pa1{{a, b}

We now prove (ii). If the bibracket {{—, —}} is d-antisymmetric, then for any homo-
geneous a, b € A,

AP314(a® b) = (-1)lelaPla A(p, a)
= (=1)lalaIPla b(l)s({{b(Q) , a(l)}}’) ® {6, aM " s(a®)
— le(l)s({{a(l) , b(2)}}") ® {{a(l) , b(2)}}’s(a(2))
— 921321({{(1(1) , b(2)}}'s(a(2)) ® b(l)s({{a(l) , b(2)}}”))
= 03P21 (s ® 5)(a@ ({aV . 6@ Y) ® fa . 6P Y s(bM))
= -Poi1(s®s)A(a,b)

where the last equality is a consequence of the cocommutativity of € and

6, = —(—1)d|b‘1)|+d\a(2>|+\a(1>|'|b<1)|+|a(2)|-\b(2’\+|a(2’\-|b<1)|+|{{a(1>,b("’)}}/{{a“),b(?) Bl
9
0y = _(_1)d|b“)|+d\a(2>I-HG(”|-|b“)|+|a<2)|-\b(2>\+|a(2>\-I{{a“),b(z)}}"l-s-l{{a“),b<2)}}’|~|b“)|
9
a®@ | 1a@® |+ |p@ . |pD)
0 = —(=1)la®11aV 1B pO]
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Finally, we deduce (iii) from (ii):
sA=s(e®ida)A = (e®ida)(s ® 5)A

= —(8 ® idA)PglAPQLd
= —(idA ®8)AP21’¢1 = _/lP21,d- O
2.3.4. Remark. — Reducible bibrackets are interesting from the algebraic viewpoint

because they induce brackets in more general representation algebras associated
with algebraic groups. This class of algebras includes the representation algebras
considered here and associated with the general linear groups. For more on this,
see [g7]. The bibrackets arising below in the geometric context are reducible.

2.4. Hamiltonian reduction of bibrackets

We formulate Hamiltonian reduction for Gerstenhaber bibrackets based on a no-
tion of an Hy-Poisson structure. In the non-graded case, the content of this section is
due to Crawley-Boevey [r3] and Van den Bergh [gz].

2.4.1. Ho-Poisson structures. — An Hy-Poisson structure of degree d € Z on a graded
algebra A is a d-graded Lie bracket (-, —) in the graded module

A=AJ[A A]
such that, for all homogeneous x € A, the map
(x,-):A— A
lifts to a derivation A — A of degree |x|; = |x| + d. If A is a commutative graded

algebra, then an Hy-Poisson structure of degree d in A is nothing but a Gerstenhaber
bracket of degree d in A.

LemMa 2.4.1. — Given a Gerstenhaber bibracket of degree d in a graded algebra A, the
induced bracket (—, =) in A is an Hy-Poisson structure of degree d on A.

Proof. — That (-, -) is a d-graded Lie bracket in A follows from Lemma rz-1. The
same lemma shows that the formula x — (x,—) defines a linear map A — Der(A)
which preserves the Lie bracket and carries AP to Der”™?(A) forall p € Z. This implies
the claim of the lemma. m|

THEOREM 2.4.2. — Let (—, —) be an Hy-Poisson structure of degree d on a graded algebra A
and let N > 1. Then there is a unique Gerstenhaber bracket {—, —} of degree d in the trace
algebra Aﬁv C Ay such that, for any a, beA,

{tr(a),tr(b)} = tr(a,b).

Proof. — The proof follows the same lines as in the non-graded case, see [x3, The-
orem 4.5]. The uniqueness of {—, -} is obvious because the image of the trace map
tr:A— Ay generates A’;. To prove the existence, consider the commutative graded
algebra S = S(A) freely generated by the graded module A (the symmetric alge-
bra of A). The d-graded Lie bracket (-, —) in A uniquely extends to a Gerstenhaber
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bracket (-, —)s of degree d in S. The map tr : A — Ay uniquely extends to a graded
algebra homomorphism T : § — A%, which is surjective. Therefore, it suffices to
prove the existence of amap {-, -} : A}, x A}, — A}, such that the following diagram
commutes:

Sx§— o8

{-.-}
Al x Al — T

In other words, we need to show that the pairing 7'(—,—)s : S x § — A%, annihi-
lates Ker(T). Since the bracket (—, —)s is d-antisymmetric, it suffices to show that

T(r.Ker(T)); =0 foranyre€S.

Since the bracket (—, —)s satisfies the d-graded Leibniz rule in the first variable and T
is an algebra homomorphism, it suffices to consider the case r € A. By the definition
of an Hy-Poisson structure, the map (r,—) : A — A lifts to a derivation § : A — A.
There is a unique derivation 65 : Ay — Ay such that 6y (a;;) = (6(a));; forany a € A
and i, j € {1,...,N}. Then, forany a € A,

on(tr(a)) = (51\/(2 a,-i) = Z (6(a))l.l. =tré(a) = tr(r,d)s.
It follows that the maps 6nT : § — Ay and T(r,—)s : § — A?V C Ay are equal

on A c S. Since A generates the algebra S and both these maps are derivations, they
must be equal. As a consequence, T (r, Ker(T))s = 0. o

Combining Lemma pz-1 and Theorem p7-3, we obtain that any Gerstenhaber
bibracket of degree d in A induces a Gerstenhaber bracket of degree d in AY,.
Clearly this bracket is the restriction of the Gerstenhaber bracket in Ay provided
by Lemma =5,

2.4.2. Moment maps. — Let A be a unital graded algebra equipped with a Gersten-
haber bibracket {—, —}} of degree d.

A moment map for {—, -} is an element u € A~ such that
{u,af =a®1pa-14®a
for all a € A or, equivalently,
fla,u =a®1s4-14®a

for all a € A. If d # 0, then there is at most one moment map. If d = 0, then for any
moment map u € A” and any k € K, the sum u + k1, is a moment map.

Lemma 2.4.3. — Let u € A~ be a moment map. The bracket (-, —) in A associated
with {—, -} induces an Hy-Poisson structure of degree d on B = A/AuA.
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Proof. — Letp: A —» Band h : B — B = B/[B, B] be the canonical projections.
Clearly, p carries [A, A] to [B, B] and induces a linear map p : A — B. Lemma rz-1(iii)
shows that the bracket (—, —) in A induces a pairing (-, -) : A® A — A. We claim that
there are linear maps u, v such that the following diagram commutes:

o id ®p < p®h - .
ARA———A®B—B®B
(2.4.1) <’>J/ MJ lv
A i B h B.

Such maps u, v are necessarily unique because p, p, i are onto. As a consequence, the
following diagram commutes:

AgiA—T" . p

A—" LB

Therefore v is a d-graded Lie bracket in B. Since (x,—) : A — A is a derivation for all
x € A and p is onto, the Lie bracket v is an Hy-Poisson structure on B.

It remains to verify the claim above. The definitions of the moment map u and the
bracket (—, —) in A imply that (A, u) = 0. Hence,

(A, AuA) c AuA = Ker p.
This inclusion implies the existence of u. By Lemma 77 (ii),
(AuA, Ay c AuA + [A, A] = Ker hp.
This implies the existence of v. mi

By Theorem gz, we obtain that under the assumptions of Lemma p73, the
bibracket in A induces Gerstenhaber brackets of degree d on the trace algebras
of B = A/AuA. As an exercise, the reader may extend Lemma p73 to the setting of
graded categories discussed in Section e=.
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CHAPTER 3

FACE HOMOLOGY

3.1. Manifolds with faces and partitions

We recall manifolds with faces and discuss partitions on such manifolds.

3.1.1. Manifolds with faces. — We start with a bigger class of manifolds with corners,
see [8], [xa], [z5], [B5], and [26]. An n-dimensional manifold with corners with n > 0,
or, shorter, an n-manifold with corners, is a paracompact Hausdorff topological space
locally differentiably (C*) modelled on open subsets of [0, )". For a definition in
terms of local coordinate systems and for further details, see [26]. The underlying
topological space of an n-manifold with corners K is an n-dimensional topological
manifold with boundary. The topological boundary of K is denoted by 9K (the symbol
0K has a different meaning in [26]). The dimension function dx : K — Z carries a point
of K represented by a tuple (x, .. ., x,) in a local coordinate system to the number of
non-zero terms in this tuple (this number does not depend on the choice of the local
coordinate system). For r > 0, the set

K, ={xeK:dkg(x)<r}
is a closed subset of K. It is clear that
KhcKyc---cK,.1=0KCK, =K.

Also, Ko = dy*(0) is a discrete set, and K, \ K,—_; is a smooth r-dimensional manifold
forallr > 1.

The set P(K) = 9K \ K,—» is an open subset of K and any x € dK belongs to the
closure of at most n — dg (x) connected components of P(K). We call K a manifold with
faces if K is compact and every x € dK belongs to the closure of precisely n — dk (x)
different components of P(K). This condition implies that the closure in K of any
component of P(K) is an (n — 1)-dimensional manifold with faces whose dimension
function is the restriction of dx. We call the closure of a component of P(K) a principal
face of K. We can now define recursively on n = dim K the notion of a face of K.
By definition, a face of K is a connected component of K, or a principal face of K, or a
face of a principal face of K. Clearly, K has only a finite number of faces, and each face
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of K is a connected manifold with faces. The union of faces of K of dimension < r is
equal to K, for all » > 0. The faces of K contained in 0K are said to be proper.

Every point x of K lies in the interior of a unique face Fy of K. If dx (x) > 1, then Fy
is the closure of the component of K, \ K,_; containing x for r = dg (X). If dx (x) = 0,
then F, = {x}. Note that F, is the smallest face of K containing x: any face of K
containing x contains Fy as a face.

For example, any compact smooth manifold M is a manifold with faces, and its
faces are the components of M and of dM. For any n > 0, an n-dimensional simplex
is a manifold with faces and its faces are the usual combinatorial faces. Finite disjoint
unions and finite products of manifolds with faces are manifolds with faces in the
obvious way. The empty set is considered as an n-manifold with faces for any n > 0.

Following [35], we call a map f from an n-manifold with faces K to an m-manifold
with faces L smooth if, restricting f to any local coordinate systems in these manifolds,
we obtain a map that extends to a C*-map from an open subset of R" to R™. (Such a
map f is said to be “weakly smooth” in [26].) A smooth map f : K — L is continuous
and its restriction to any face F of K is a smoothmap F — L. Amap f: K — Lisa
diffeomorphism if it is a bijection and both f and f~! are smooth. Diffeomorphisms of
manifolds with faces preserve the dimension function and carry faces onto faces.

We can define smooth (C*) triangulations of a manifold with faces repeating word
for word the standard definition of a smooth triangulation of an ordinary manifold
[38, Section 8.3] and requiring all faces to be subcomplexes. (The latter condition is
probably satisfied automatically but we prefer to spell it out.) The standard methods
of the theory of smooth triangulations [38, Section 10.6] apply in this setting and
show that all manifolds with faces have smooth triangulations.

A manifold with faces K is oriented if its underlying topological manifold is ori-
ented. The oriented manifold with faces obtained from K by inverting the orientation
is denoted by —K.

3.1.2. Partitions. — By a partition ¢ on a manifold with faces K we mean a partition
of the set of faces of K into disjoint subsets, called types, and a family of diffeomor-
phisms {¢r,G : F — G}(r,g) numerated by ordered pairs (F, G) of faces of K of the
same type such that

(a) ¢r,r = idF for any face F of K and ¢¢,u ¢r,c = ¢r,u for any faces F, G, H of K
of the same type;

(b) if F, G are faces of K of the same type, then ¢r g : F — G carries any face F’
of F onto a face G’ of G so that F’, G’ have the same type as faces of K and
vr.6 = ¢rGlr F — G

The diffeomorphisms {¢r G }(r,G) will be called identification maps. For example, every
manifold with faces K has a trivial partition such that two faces have the same type if
and only if they coincide.

Given a partition ¢ on K, we write

X~p Y
for points x, y € K if there are faces F, G of K of the same type such that x € F, y € G,
and ¢r g(x) = y. Clearly, x ~, y if and only if the faces Fy, F, have the same type
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and ¢r, r, (x) = y. Then ~, is an equivalence relation on K. The quotient topological
space
Ky, =K / e
may not be a manifold. For any set L c K, we denote by L, the image of L under the
projection K — K,,.
A smooth triangulation T of K fits a partition ¢ on K if the identification map
¢r,Gc : F — G is a simplicial isomorphism for any faces F, G of the same type.

LemMA 3.1.1. — For any partition ¢ on K, there exists a smooth triangulation T of K which
fits ¢ and projects to a triangulation, T,, of the quotient space K,,.

Proof. — We construct by induction on r > 0 a smooth triangulation 7" of K, sat-
isfying the following condition: all the identification maps between faces of K of
dimension < r are simplicial isomorphisms. The case r = 0 is obvious: we just
take TY = Kj. Given T""!, we construct 7" as follows: pick one r-dimensional face
of K in each type and extend 77! to the union of K,_; with these faces using the
theory of smooth triangulations [B8, Section 10.6]. The resulting triangulation of this
union uniquely extends to a triangulation 7" of K, satisfying the condition above.
Set n = dim K. Clearly, T = T" is a smooth triangulation of K that fits ¢.

Let 7" and T” be the first and second barycentric subdivisions of T, respectively.

Both 77 and T” fit ¢. We claim that:
(i) the projection 7 : K — K, is injective on each simplex of 7” and
(ii) the images under r of any two simplices of 7" (which by (i) are simplices) meet
along a common face.

Thus, the triangulation T” of K projects to a triangulation of K, and satisfies the
conditions of the lemma.

To prove (i), consider a simplex 7 of 7'. Since all simplices of T’ are faces of n-
simplices, it suffices to consider the case where dim(7) = n. Note that the restriction
of 1 : K — K, to the interior of any face of K is injective. Moreover, for any faces
F c G of K, the restriction of 7 to Int(F) U Int(G) is injective. Therefore, to prove
the injectivity of m |, it is enough to find a sequence of faces Fy ¢ F; C --- of K,
possibly with repetitions, such that v c |J; Int(F;). Let 0y € 01 C --- C o, be the
simplices of T whose barycenters are the vertices of 7 where dim(o;) = i for all i.
Let F; be the smallest face of K containing o;. The inclusions oj_; € do; C F; imply
that F;_; c F; for all i. Note that Int(o;) c Int(F;) since dF; is a subcomplex of T.
Thus, v ¢ U; Int(oy) € U; Int(F;).

To prove (ii), observe first that for any simplex A of 77, the set 77! (n(A)) is a
subcomplex of 7”. Indeed, this set is equal to Ur, ¢r,c (A N F) where F, G run over
all faces of K of the same type. Since T’ fits ¢ and both A and F are subcomplexes
of T’,so are the sets AN F, or.g(ANF),and n~(n(A)).

Consider any simplices 7, 2 of the triangulation 7”. Let A; and A, be simplices
of T’ containing 7, and 7, respectively. Set R = n(A1) N 7(Ay). Clearly, R is the
image of the set A; N7~ !(7(A2)) under r. By the above, the latter set is a subcomplex
of A;. Therefore, R is a subcomplex of the simplex 7(A;). We claim that R N 7(7y)
is a face of the simplex n(1;). This claim would imply that R N n(r1) = n(1) for
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a simplex 7y of T”. Since R C n(Az), we can assume (replacing if necessary 79 by
some ¢ G(70)) that 7o ¢ Al where A, is the barycentric subdivision of A,. Then

(1) Nm(re) = RNw(ty) Nw(1e) = w(70) N 7w(72)

is an intersection of two simplices of 7n(A}). Hence, it is a simplex of 7(A}) and
a face of 7(12). By symmetry between 7; and 7, the intersection n(7;) N7(12) is also a
face of n(1y).

To prove the claim above, we need only to show that any subcomplex R of an
arbitrary simplex A meets any simplex 7 of the first barycentric subdivision A’ along
a face of 7. Clearly, R N 7 is an intersection of two subcomplexes of A" and therefore a
subcomplex of 7. Set k = dimt and let oy C --- C oy be the faces of A whose
barycenters vy, . . ., v¢ are the vertices of 7. Let i be the largest integer such that v; € R.
Since R contains an interior point of ; and R is a subcomplex of A, we have o; C R.
Then R contains the face (vo, . . ., v;) of 7. Since RNt is a subcomplex of T not containing
Vitls. s Vi, wehave RN 1 = (vg,...,vi). O

3.2. Polychains, polycycles, and face homology

We introduce the face homology of a topological space X.

3.2.1. Polychains. — Given a partition ¢ on a manifold with faces K, we say that a
continuous map « : K — X is compatible with ¢ if

KoppGc =kK|p: F—X
for any faces F, G of K of the same type. Every such « is obtained by composing the

projection K — K, with a continuous map K, — X.
An n-dimensional polychain or, shorter, an n-polychain in X withn > 0is a quadruplet
X = (K, ¢, u,«)
where K is an oriented n-manifold with faces, ¢ is a partition on K, u is a map
7o(K) — K called the weight, and « : K — X is a continuous map compatible with ¢.
By convention, for every n > 0, there is an empty n-polychain @ whose underlying
n-manifold is the empty set.
A diffeomorphism of n-polychains X = (K, ¢,u, k) and X’ = (K’,¢’,u’,«’) in X is a
diffeomorphism f : K — K’ such that
(1) k=Ko f;
(2) faces F, G of K have the same type if and only the faces f(F), f(G) of K’ have
the same type and then f|; o ¢r,g = 9"}(F),f(G) ofir: F— f(G);
(3) W' (f(C)) = deg(f|c : C — f(C))u(C) for any connected component C of K
where deg denotes the degree of a diffeomorphism.
We say that n-polychains X and X’ in X are diffeomorphic and we write X = X" if there
exists a diffeomorphism of K onto X’. It is clear that = is an equivalence relation.
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By definition, the diffeomorphism class of a polychain X = (K, ¢, u, «) is preserved
if one simultaneously inverts the orientation of a component of K and multiplies the
corresponding weight by —1. Therefore the opposite polychain —-K = (=K, ¢, u, k) is
diffeomorphic to (K, ¢, —u, k).

Examples of polychains are provided by singular manifolds in X, that is pairs (an
oriented smooth compact manifold M, a continuous map « : M — X). Such a pair
determines a polychain (M, ¢, u, k) where M is viewed as a manifold with faces as in
Section g=x=, ¢ is the trivial partition, and u = 1 € K is the constant function on 7o (M).
As explained below, polychains in X may be also extracted from singular chains in X.
Thus, we can view polychains as common generalisations of singular manifolds and
singular chains in which the role of source spaces is played by manifolds with faces.

3.2.2. Reduced polychains. — A polychain X = (K, ¢, u, k) in X is reduced if any dis-
tinct connected components of K have different types with respect to ¢ and u(C) # 0
for any connected component C of K. We define two transformations of an arbitrary
polychain X = (K, ¢, u, k) in X whose composition turns X into a reduced polychain.

To define the first transformation, pick a representative in each type of connected
components of K, and let K c K be the union of these representatives. Clearly, K
is a manifold with faces which we endow with orientation induced from that of K.
Restricting ¢ and « to K, we obtain a partition ¢, on K, and amap x4 : Ky — X
compatible with ¢ . We define a weight u on K by

1 (C) = deglgc.c)u(C’)
Z

where C is a component of K lying in Ky and C’ runs over all components of K of
the same type as C. It is clear that (K, ¢, u, k) is a polychain in X whose distinct
components have different types. This polychain, denoted red, (X), is determined
by X uniquely up to diffeomorphism.

The second transformation of a polychain X = (K, ¢, u, k) removes from K all
connected components with zero weight and restricts ¢, u, « to the remaining manifold
with faces. The resulting polychain is denoted redy(X).

The two-step operation red = redg red transforms an arbitrary polychain into a
reduced polychain defined uniquely up to diffeomorphism. It is clear that a poly-
chain X is reduced if and only if red(X) = X.

3.2.3. Operations. — The boundary of an n-polychain X = (K, ¢,u,«) in X is the
(n — 1)-polychain

0K = (K%, % ud, k%)
in X defined as follows:

> The manifold with faces K9 is the disjoint union of all principal faces of K
endowed with orientation induced from that of K (see the Introduction for our
orientation conventions).

> Lett : K9 — K be the natural map identifying each component of K¢ with its
copy in K. Two faces F, G of K% have the same type if the faces «(F),((G) of K have
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the same type and
gogc = (L‘G)_ltpt(p)’t(g)L F > G.
> For any connected component P of K%, we set u%(P) = u(K") where K¥ is the
connected component of K containing the principal face ¢(P).
> Weset k9 = ki : K9 — X.

Theboundary of a polychain is well defined up to diffeomorphism, and diffeomorphic
polychains have diffeomorphic boundaries. The reduced boundary 8" X of a polychain X
is defined by

0"K = red(9X).

Lemma 3.2.1. — For any polychain X in X,
d'red(K) =0"K and 90"90"K = 0.
Proof. — The first identity is clear. The second identity follows from the first:
9"0"K = 3"red(dK) = 8" 0K = redgred; (00K) = @. mi

The disjoint union of two n-polychains X, X in X is defined in the obvious way
and is denoted X; U K5. Clearly,

red(ﬂ(l L j{g) = red(le) L red(Kg) and 8(9(1 L KQ) = 0K U oKy

so that Br(le ] fKQ) = 6’((]{1) L 6’(3{2)
For k € K and a polychain X = (K, ¢, u, k) in X, set kX = (K, ¢, ku, k). Clearly,

red(kX) = red (kred(X)) and 0(kK) = kdX

so that 0" (kX) = red(k9"XK). Note that the polychain (-1)X is diffeomorphic to the
polychain —X opposite to XK.

3.2.4. Face homology. — The diffeomorphism classes of n-polychains in X may be
added and multiplied by elements of K, but do not form a module because the
distributivity relation (k +1)X = kX LI X fails. Also, it is natural to throw in relations
identifying X with red(X) for all X. Quotienting the set of diffeomorphism classes
of n-polychains in X by the relations of these two types, we obtain the K-module of
n-polychains in X. These modules together with the boundary maps induced by 0
form the face chain complex of X whose homology is the face homology of X. However,
we prefer the following more direct definition of face homology.

We say that n-polychains X; and X in X are homologous, and write
Ky = Ko,
if there exist (n + 1)-polychains £1, £ in X such that
red(K;) L d" Ly = red(Kz) LI Ls.

Clearly, the homology relation ~ is an equivalence relation (weaker than the dif-
feomorphism relation =). The homology class of an n-polychain X in X is denoted
by (X). Note that (X) = (red(X)). If X; and K5 are homologous, then " X; = 9" Ko.
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A polychain X = (K, ¢, u, k) is a polycycle if 3" X = @. A polychain homologous to
a polycycle is itself a polycycle. In particular, if X is a polycycle, then so is red(X) and
vice versa. Let

H,(X) = {n-polycycles in X}/ ~
be the set of homology classes of n-polycycles in X. Note that the disjoint union of
polycycles is a polycycle, and multiplication of polycycles by elements of K yield
polycycles.

Lemma 3.2.2. — Disjoint union of polycycles together with multiplication of polycycles by
elements of K turn H,(X) into a module (over K).

Proof. — Clearly, the disjoint union of polychains is compatible with ~ and induces
a binary operation in H,(X). This operation is associative and commutative with @
representing the zero element. Thus, H,(X) is an abelian monoid.

To prove that H,(X) is a group, we use the cylinder construction on polychains.
Consider an n-polychain
X = (K, ¢u,k) inX.

We define the cylinder polychain

X = (K, %,u,x)
as follows. Set K = K x I where I = [0, 1] is viewed as a manifold with faces I, {0}, {1}

and endow K with the product orientation. Two faces F x J, G x J' of K x I are of the
same type if F, G are faces of K of the same type and J = J’ is any face of /; then

PFxJ,GxJ = YF,G X id; .

By definition, %(C x I) = u(C) for any connected component C of K, and k : K — X
is the composition of the cartesian projection K — K with « : K — X. It follows from
the definitions that

red(X) = red(X) and 0K = X u (-K) U oK.

Therefore

"X = red(0K) = red(X) U red(-X) Ured(dK) = red(X) U red(-K) L o7 (X).
If K is a polycycle, this gives 3" K = red(X) U red(-X). Therefore X U (-X) ~ @. We
conclude that H,(X) is an abelian group.

Given two homologous n-polycycles K; and K in X, pick (n+1)-polychains £+, £
in X such that
red(ﬂ(l) L C()r[q = red(Kg) L C()rLQ.
Then, for any k € K,
red (k(red(ﬂ(l) Ll 6’L1)) = red (k(red(ﬂCg) L 6r52)).

For eachi € {1,2},

red (k(red(XK;) L d"L;)) = red (kred(X;)) Ured(kd" L;) = red(kK;) L 8" (kL;).
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We deduce that kX; =~ kX,. Thus, the multiplication by k£ € K induces a well
defined map

H,(X) — Hu(X).
The axioms of a K-module are straightforward except the linearity in k. The latter
is a consequence of the following fact: if

XK1= (K,pu,k) and Ko = (K, ¢, us, k)
are n-polycycles in X (with the same K, ¢, x), then the n-polychain
X = (K, ¢, u1 + us, )
is a polycycle homologous to K LI Ks. To see this, consider the cylinder polychain
UKy =Ky UK,

(as defined above) and modify its partition by additionally declaring that, for any
face F of K, the faces (F x {0}); and (F x {0})2 of (K x I); U (K X I)3 have the
same type and the corresponding identification map is the identity map. This gives
an (n + 1)-polychain £ such that

redy (0L) = red4 (K1) Ured4 (K2) Ureds (-K) U (a polychain with zero weight).
Therefore
0" L = red(XK;) Ured(Ks) Lred(-X).
Hence, X is a polycycle homologous to K LI Ko. o

We call H,,(X) the n-th face homology of X (with coefficients in ).

The face homology extends to a functor from the category of topological spaces to
the category of modules: a continuous map f : X — Y induces a linear map

fo i Hy(X) — Hp(Y)

carrying the homology class of a polycycle K = (K, ¢, u, «) in X to the homology class
of the polycycle f.(X) = (K, ¢, u, fx)inY.

3.2.5. Deformations. — A deformation of a polychain X = (K, ¢, u, «) in X is a family
of polychains {X' = (K, ¢,u, k")},e; with the same K, ¢, u such that {«" : K — X},¢;
is a (continuous) homotopy of «” = k. By the definition of a polychain, the map «’ is
compatible with ¢ forall 7 € I.

LemMma 3.2.3. — If {K'},es is a deformation of a polycycle X, then X' is a polycycle
homologous to X = K°.

Proof. — Equality 0"X' = @ is a direct consequence of the assumption "X = @.
Consider the cylinder polychain X = (K, @, i, ) associated with X = (K, ¢, u, «) in
the proof of Lemma g=z2. Let k : K = K x I — X be the map determined by the

homotopy {«"};e; of k. Then R = (I?, @, U, k) is a polychain such that
"R = red(X"') Lred(-K°).
This implies that X° ~ K*. O
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LemMmA 3.2.4. — Let X, Y be topological spaces. If maps f,g : X — Y are homotopic, then
fo =g H(X) — H.(Y).

Proof. — Pick a homotopy {f'};e; between f = f and f' = g. For any polycy-
cle X = (K, ¢, u, k) in X, we have a deformation {(X, ¢, u, f'k)}+er relating the poly-
cycles fi(X) = (K, ¢, u, fx) and g.(X) = (K, ¢, u, g«). Lemma grz3 implies that these
polycycles are homologous. Hence, f. = g.. o

Lemma gz7 implies that a homotopy equivalence between topological spaces
induces an isomorphism of their face homology.

3.2.6. Cross product. — The cartesian product K x L of two manifolds with faces K
and L can be viewed as a manifold with faces in the obvious way. The faces of K x L
are the products F X G where F runs over faces of K and G runs over faces of L.
When K and L are oriented, we always provide K x L with the product orientation.
This construction leads to a cross product in face homology as follows.

Let X and Y be topological spaces. The cross product of a p-polychain X = (K, ¢, u, )
in X and a g-polychain £ = (L,y, v, 1) in Y is the (p + ¢)-polychain

KxL=(KXLoXpuXv,kXA)

in X x Y. Here ¢ x i is the following partition on K x L: for faces F, F’ of K and G, G’
of L, the faces F X G and F’ x G’ of K x L have the same type if, and only if, F has the
same type as F’ and G has the same type as G’, and then

(¢ XY)FxG,F'xG' = YF,F X UGG -

The weight u X v carries C x D to u(C)v(D) for any connected components C of K
and D of L. We also define the reduced cross product of X and £ by

KX L =red (KxL).
Note that
(3.2.1) Kx"L=Xx red(L) =red(K) X" L =red(K) x" red(L).

LEmma 3.2.5
(i) For any p-polychains K1, Ky in X and g-polychain L inY,
(K uXKy) x" L= (K x" L)u (K X" L).
(if) For any p-polychain X in X and for any q-polychain L inY,
O"(Kx"L)=(0"Kx"L)u(-1)P (K x"d"L).
Proof. — Clearly, (K1 LU XKs3) x L = (K1 x L) U (Kg x £) so that
(K1 uXKo)x" L=red ((K; UXKs) x L) =red(K; x L) Ured(Ky x L)

which proves (i). We now prove (ii). Let K and L be the oriented manifolds with faces
underlying X and £ respectively. A principal face of K x L has either the form P x D,
where P is a principal face of K and D is a component of L, or the form C xQ, where C
is a component of K and Q is a principal face of L. The orientation of PxD c (K x L)
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inherited from K x L coincides with the product orientation of P x D where P c 6K
inherits orientation from K. The orientation of C x Q0 c (K x L) inherited from K x L
differs from the product orientation of C x Q, where Q c JL inherits orientation
from L, by the sign (-1)?. So
(K xL)= (0K xL)u(-1)P (KX xdL).
Therefore
(KX L) = 0 red(XxL)=0"(KXxL)

=redd(K X L)

= (XK X"L)u (-1)P (KX x"dL).
We conclude thanks to (g=zm). m]
LemMma 3.2.6. — The cross product of polychains induces a bilinear map

(3.2.2) X : H (X)X H,(Y) — H.(X xY).

Proof. — Let X be a polycycle in X and £ be a polycycle in Y. Lemma g:=z3 (ii)
implies that X x” £ is a polycycle. This polycycle is the reduction of X x £, and
therefore X x £ also is a polycycle. We claim that assigning to (X, £) the homology
class (X x" £) = (KX x £) one obtains a well defined pairing (3=2=2). Let us prove the
independence of the choice of X in its homology class (the second variable is treated
similarly). Consider two homologous polycycles X; and X5 in X, and let P;, P2 be
polychains in X such that

red(ﬂCl) o Py
Lemma g==5 (i) implies that
(red(K1) x" L)L (0"P1 X" L) = (red(Kq) X" L)L (0" Py x" L).

For i € {1,2}, formula (g=zm) gives red(X;) X" £ = red(X; x” £). Since "L = g,
Lemma g=z5 (ii) gives 8" P; x” L = 9" (P; X" L). Therefore

lerﬁzxgxrﬁ.

1R

I‘ed(:Kg) U o Ps.

13

The linearity of (g=z=2) in the first variable follows from Lemma g==z=5 (i) and the
equality (kX) x L = k(X x L) for all £ € K. The linearity in the second variable is
proved similarly. O

3.2.7. Remarks
(1) A polychain derived from a singular manifold « : M — X (see Section g-zm)
is a polycycle if and only if 0M = @. The oriented bordism classes of n-dimensional
singular manifolds
k:M—X with oM =2
form an abelian group €2,(X), called the n-dimensional oriented bordism group of X.
Treating singular manifolds as polychains, we obtain an additive map

Qn(X) — H,(X).
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By Remark g=3:5.2 below, this map is not surjective for some n, X, and K = Z. Thus,
some face homology classes over Z are not representable by singular manifolds.

(2) For a topological pair (X,Y) and an integer n > 0, we define the n-th relative face
homology H,(X,Y) as follows. Given n-polychains X1, X in X, we write

Ky =y Ko
if there exist (n + 1)-polychains £1, L2 in X and n-polychains Ny, N3 in ¥ such that
red(Kq1) U 0" L1 Ue(N1) = red(Ka) L d" Lo Lt (Na)

where : : ¥ — X is the inclusion map. An n-polychain X in X is a polycycle relative to Y
if 3" is the image of an (n — 1)-polychain in ¥ under . Set

H,(X,Y) = {n-polycycles in X relative to Y}/ ~y .

The properties of the face homology of topological spaces stated above directly extend
to the face homology of topological pairs.

3.3. Face homology versus singular homology
In this section, we construct two natural transformations
[-]:H. — H, and (-):H,— H,
relating face homology to singular homology.
3.3.1. Preliminaries. — For an integer n > 0, the symbol A" denotes the standard
n-simplex that is the convex hull of the standard basis (eq, . . ., e,) of R+l We endow

A" with orientation induced by the order of its vertices, i.e. the orientation repre-
sented by the basis (ege1, e1€s, ..., e,-1€,) in the tangent space of A" at any point.

Each subset A = {ig,i1,...,i,} of {0,...,n} withig <i; <--- <i,and 0 < r < n de-
termines an affine map e4 : A” — A" carrying the vertices e, e1, . .., e, of A" to the
vertices e, e;,, . . ., ¢;, of A", respectively; the image of the map ey is the combinatorial

face of A" corresponding to A.
A singular n-simplex in a topological space X is a continuous map

A" — X.

A singular n-chain in X is a finite formal linear combination of singular n-simplices
with coefficients in K. The boundary of a singular n-simplex o : A" — X is the singular
(n — 1)-chain
(3.3.1) do = Z(—na -oce; whered=1{0,1,...,n}\ {a}.

a=0
The boundary of singular simplices extends to singular chains by linearity. The
modules of singular chains together with the boundary homomorphisms form the
singular chain complex C.(X) of X. Its homology is the singular homology H.(X) of X
(with coefficients in K).

SOCIETE MATHEMATIQUE DE FRANCE 2017



54 CHAPTER 3. FACE HOMOLOGY

3.3.2. The transformation|-]. — Consider an n-dimensional oriented manifold with
faces K. Each weight u : 79(K) — K determines a homology class

K1) = > u(C)[C] € @D Ha(C,C) = Hy(K,5K)
C C

where C runs over all connected components of K and [C] € H,(C, dC) is the fun-
damental class of C. We say that a partition ¢ on K is compatible with u if for any
principal face P of X,

(332) D deg(¢p.o)u(k?) =0
Q

where Q runs over all (principal) faces of K of the same type as P and K< is the
connected component of K containing Q.

LemMma 3.3.1. — Let ¢ be a partition on K compatible with a weight u : no(K) — K. Then
there is a unique homology class
Ky, u) € Hy(Ky)
whose image in H,(Ky, (0K),) is equal to the image of K, u] under the map
Hn(K’ aK) e Hn (qu’ (aK)W)
induced by the projection K — K.

Proof. — Consider the commutative diagram

Ha(0K) Ha(K) Ho(K, 9K) —2— H,_(9K)

Hy ((9K)y) —— Hy (Ky) —— Hy (Ko (0K)) —— Hoo1 ((0K),).

where the vertical maps are induced by the projection 7 : K — K, and each row is a
part of the long exact sequence of a topological pair. We have

H,((0K),) =0
since (0K),, is an (n — 1)-dimensional polyhedron. Hence, it is enough to show that
7.0.([K,u]) =0 € Hy_1 ((0K)y) -

Consider the commutative square

8.([K u]) € Hyr (0K) ——— s Hy 1 (0K, Kn_s)
Hoos ((0K)g) —— Hoo (0K)y, (Kn-2),)

where j and j, are the inclusion homomorphisms. Since (K,-2), is an (n — 2)-
dimensional polyhedron, Ker j, = 0 and it suffices to prove that

Jom0s([K,u]) =0
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or, equivalently, that 7. jd. ([K, u]) = 0. We have
3. (K, u)) = > u(C)a.([C]) = ) u(C)[oC]
C C
where the sum runs over the connected components C of K. Then
jo.([K.ul) = > u(C€) Y [P] =) u(k")[P]
C pPcC P

where P runs over all principal faces of K and K” is the connected component of K
containing P. Pick a face P; € i in each type i of principal faces of K. Then

7.jo. (K. u)) = D u(K")r.([P))

= > > uk?)m.((Q))

i Qei
= 3 w(KO) . (deg(¢r0) - (¢r0)-([Pi])
i Qei
= > X ulk®) deg(er, o). (IP]) = 0
i Qei
where at the last step we use the compatibility condition (g-3-2). o

It follows from the definitions that a polychain (K, ¢, u, «) in a topological space X
is a polycycle if and only if u and ¢ are compatible in the sense of (3-3:2). Therefore,
given an n-polycycle X = (K, ¢, u, k) in X, Lemma g-3-3 gives the homology class

(K, u) € Hy(Ky).

Since the map « : K — X is compatible with ¢, it induces a continuous map K, — X
denoted by «,. We define

(K] = (k¢ )+ ([Kg» u]) € Hu(X).

The homology class [X] can be represented by explicit singular cycles which are
best described in terms of locally ordered triangulations. A local order on a triangu-
lation T of a topological space is a binary relation on the set of vertices of T which
restricts to a total order on the set of vertices of any simplex of T'. For example, any total
order on the set of vertices of T is a local order on T. A triangulation endowed with a
local order is locally ordered. We say that a locally ordered smooth triangulation T’ of K
fits the partition ¢ if, for any faces F, G of K of the same type, the identification map
¢r,c : F — G is a simplicial isomorphism preserving the local order on the vertices.
To construct such a locally ordered triangulation one can take a triangulation T of K
provided by Lemma g3 and lift an arbitrary total order < on the set of vertices of
T, to T. More precisely, denote by 7 : K — K, the canonical projection and, for any
vertices a,b € T, declare that a < b if n(a) < n(b). Since any simplex of T projects
isomorphically onto a simplex of T, this gives a local order on T which, obviously,
fits ¢.
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Pick a locally ordered smooth triangulation 7' of K which fits ¢. Each r-simplex A
of T with r > 0 determines a singular simplex in K denoted by oA and obtained as the
composition of the affine isomorphism A" — A preserving the order of the vertices
with the inclusion A — K. We define the fundamental n-chain

(3.3.3) o=0(T,u)= ) eau(K*)oa € Cy(K)
A

where A runs over all n-simplices of 7, K is the connected component of K con-
taining A, ea = +1 if the orientation of A induced by that of K is compatible
with the order of the vertices of A and eo = —1 otherwise. Clearly, the image of o
in C, (K, 0K) is a relative n-cycle representing [K, u]. Projecting o to K,, we obtain a sin-
gular n-chain o, € C,(K,). The compatibility of ¢ and u implies that o, is an n-cycle.
Therefore [0,] € H,(K,,) satisfies the requirements of Lemma g-3-3 so that

(Kp» u] = [o7p].
It follows that [X] is represented by the singular n-cycle

(k) (0p) = Ke(0) = " enu(K™)koa € Ca(X).
A

LemMma 3.3.2. — The formula (X) — [X] defines a linear map
-] : Hy(X) — H,(X).
Moreover, [—] is a natural transformation from H, to H,,.

Proof. — It follows from the definitions that [X] € H,(X) depends only on the dif-
feomorphism class of X, that [X] = [red(X)], and that [kX] = k[X] for any & € K.
Moreover, [K; U K3] = [K1] + [K2] for any n-polycycles K1, Ko in X. Therefore, to
prove the first claim of the lemma, it is enough to show that [0£] = 0 for any (n + 1)-
polychain £ = (L, y, v, 1) in X. For this, pick a locally ordered smooth triangulation T
of L that fits ¢ and consider the singular chain

oc=0(T,v)= Z eav(L2)oa € Cuyr(L).
A

Here A runs over all (n + 1)-dimensional simplices of 7, €x is the sign determined
by the orientation of L and the order of the vertices of A, and L* is the component
of L containing A. Projecting o to L, we obtain a singular chain o, in L,. Next we
consider the n-polycycle 04 = (La, w0 19 ). The triangulation T of L induces a
triangulation T2 of L?. The local order on the set of vertices of T restricts to a local
order on the set of vertices of 79. Consider the fundamental n-chain r = o (7%, v9)
in L9 as defined before the statement of the lemma. Projecting 7 to the quotient
space (L?),0 we obtain a singular n-cycle 7,0 representing

[(L)ya,u’] € Ha((L?)ys).

The natural map ¢ : L? — L induces a map ¢, : (L?),0 — Ly carrying 7,0 to doy.
By definition, 12 = At : L? — X. Therefore

(/la)wﬂ = Ayly (La)wﬂ — X
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where 4y : Ly — X is the map induced by 1 : L — X. Hence,

[0£] = ((1%)y0)..([rya)) = (wt)s([7y2]) = (A)s([00y]) = 0.
To prove the second claim of the lemma, consider a continuous map f : X — Y.
For any n-polycycle X = (K, ¢, u, k) in X, we have
F([X]) = fi(ko)s (Koo u]) = (fKp)s (Koo t]) = ((fK)gp), ([Kepo u]) = [f*(:K)]
since f.(X) = (K, ¢, u, fx) by definition. mi

3.3.3. The transformation (—). — Let X be a topological space and let n > 0 be an
integer. We associate with each singular n-chain o in X an n-polychain P(o) in X.

Pick an expansion
o= Z kio,
i

where i runs over a finite set of indices, k; € K, and {o;}; are singular n-simplices
in X. Let K be the manifold with faces obtained as a disjoint union of copies (A");
of A" numerated by all i. We define a partition ¢ on K as follows: a face F of (A");
corresponding to a set A C {0,...,n} and a face F’ of (A"); corresponding to a
set A’ C {0,...,n} are declared to be of the same type if A and A’ have the same
cardinality r < n+ 1, and ojea = oyea : A™"! — X (where ea, eq are the maps
defined in Section g=3zm). Then we set
OF.Fr = eA/ez\l F— F’.
Clearly, the map « = []; 0y : K — X is compatible with ¢. We define a weight
u:my(K) — K
by u((A");) = k; for all i. The tuple (K, ¢, u, k) is an n-polychain in X depending on
the choice of the expansion o = }; k;0;. However, the polychain
P(o) = red(K, ¢, u, k)

does not depend on this choice. Indeed, any two expansions of ¢ may be related
by the following operations: replacement of ko, + los by (k + )0, for any k,1 € K
and any singular n-simplex o, in X; addition of a term Oc, for an arbitrary singular
n-simplex o, in X; the inverse operations. It is easy to see that P(o) is preserved under
these transformations. By definition, if o = 0, then P(o) = @.

The face homology class (P(c")) of the polychain P(o) will be denoted by (o).

LemMmA 3.3.3. — If o is a cycle, then P(o) is a polycycle. The formula [o7] — (o), applied
to singular n-cycles in X, defines a linear map

(=): Hn(X) — ﬁn(X)
Moreover, (—) is a natural transformation from H, to H,.

Proof. — We check first that for any singular n-chain o in X,
(3-3-4) 0" P(o) = P(do).
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Pick an expansion o = }; k;o; such that the simplices {o;}; are pairwise distinct
and k; # 0 for all i. Then the associated polychain (K, ¢, u, «) is reduced and
P(o) = (K, o, u, k).
A connected component P of 9P () = (K2, 9?2, u?, k?) is nothing but a principal face
of (A"); c K for some i = i(P) corresponding to the complement of a singleton
ap € {0,...,n}. By the definition of u%, we have
ua(P) = ki(p).
We compute red (dP(0)) as described in Section g=z. Pick a representative P for
each type of connected components of K9, and let K_‘z c K9 be the union of these
representatives. Restricting ¢? and «? to K¢ we obtain a partition ¢ on K¢ and a
compatiblemap «¢ : K¢ — X.The weightu? on K? is evaluated on each component P
of K¢ by
ul(P) =) deglepo)u’(Q) = D (-1)* " Ckig) = (~1)*" )" (=1)"Cki(g)
o Qo Qo

where Q runs over all components of K9 of the same type as P. Note that the total
coefficient of the singular simplex o;(pyez; : A"™! — X in do is

D (-1)Ckio).
0

Also, (-1)“7 is the degree of ez; : A"! — P (recall that A""! is oriented as in
Section g3y while P c d(A"); inherits orientation from (A"); where i = i(P)).
We conclude that the polychain red (8P (o)) consists of P(do") and eventually several
connected components of weight zero. Hence

" P(o) = red(dP(0)) = redgred (8P(0)) = P(do).
This proves (3734). The first assertion of the lemma follows.
Next we claim that, for any singular n-cycles o, 7 in X,
(3.3-5) Plo+ 1) = P(o) UP(7).
To see this, pick expansions o = }; kjo;, T = X i LT and let
K=(K,oux) L=(Ly,vA)
be the associated polychains, respectively. Consider the cylinder polychain
XuLl=Xul
(as defined in the proof of Lemma g=z2) and modify its partition by additionally

declaring that for any face F of (A"); C K correspondingto A c {0, ..., n} and for any
face Gof (A"); c Lcorrespondingto B C {0,...,n}suchthato;es = 7jep, the faces Fx

{0} and G x {0} of X LI £ are of the same type, and the corresponding identification
map is eBe;‘l x idgoy : F x {0} = G x {0}. The resulting (n + 1)-polychain, M, in X
satisfies

redy OM = redy (X) Ured; (L) Uredy (-R) U (a polychain with zero weight)
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where R is the polychain associated with the expansion }; k;o; + %, [;7; of o + 7.
Hence,

M= Ple)uP(r)u (-Plo+1))
and our claim follows.

If K has no zero-divisors, then P(ko) = kP (o) for any singular n-chain o in X and
any non-zero k € K. For an arbitrary K and all £ € K, we have

(3.3.6) P(ko) = red (kP(0)) = kP(c).
Equalities (332))-(33-6) imply that the formula [o"] - (P(o)) defines a linear map
(=) : Ha(X) — Hy(X).

To prove the last claim of the lemma, consider a continuous map f : X — Y. Let o
be a singular n-cycle in X, and let X = (K, ¢,u, k) be the n-polycycle associated to
an expansion }; k;o; of o. The n-polycycle associated to the expansion }; k;(fo;)
of f.(o) has the form X’ = (K, ¢’, u, f«) and differs from f.(X) = (K, ¢, u, f«) only in
the partition. Modifying appropriately the partition of the cylinder polychain f,(X),
we obtain an (n 4 1)-polychain M in X such that

redy OM = redy f.(X) ureds (-X’) U (a polychain with zero weight).
We deduce that "M = red f,.(X) U red(-X’) and
L(P(0) = £((5) = (£(K)) = (K') = (P(f(0)))- o

The next theorem implies that H,(X) is canonically isomorphic to a direct sum-
mand of H,(X).

THEOREM 3.3.4. — We have
(<o (=) = id : Hu(X) — Hy(X).

Proof. — Let o = }; k;0; be a singular n-cycle in X and let P(0) = (K, ¢, u, k) be the
corresponding reduced rn-polycycle. Then

[(oD] = [P@)] = (k)- ((Kgo)) = | D kicr| =[] € Ha(X).

Here the third equality is obtained by considering the tautological locally ordered
smooth triangulation T of K and the corresponding fundamental n-chain o (T, u)
(see the paragraph preceding Lemma g-3-2). o

3.3.4. Cross product re-examined. — The following lemma shows that the transfor-
mation [-] : H, — H, carries the cross product X in face homology to the standard
cross product X in singular homology.

SOCIETE MATHEMATIQUE DE FRANCE 2017



60 CHAPTER 3. FACE HOMOLOGY

Lemwma 3.3.5. — For any topological spaces X, Y, the following diagram commutes:

H.(X) X H.(Y) —~—— H.(X xY)

(3-3.7) HXHl l{—]

H.(X)x H.(Y) —=—— H.(X xY).

We first recall the definition of the map X : H.(X) x H.(Y) — H,(X xY) and then
prove Lemma g-33. Fix integers p,q > 0. Any p-element subset S of {1,...,p + g}
determines non-decreasing maps

a=as:{0,....p+q}—={0,...,p} and B=PBs:{0,....p+q}—={0,...,q}
such that (0) = B(0) =0and forany i =1,...,p+gq,

o a(i-1)+1,B8(-1)) ifies,
(ali).p()) = { (20~ D* LG D)
(@(i-1),B(-1)+1) ifig¢s.
Let wg € AP x A be the convex hull of the set {(eq(0), €5(0)): - - -+ (€a(p+q)s €8(p+a)) }-
LemMmA 3.3.6. — The set wg is an embedded (p + q)-simplex in AP x A? with vertices

+
{(eati es))}i=s -
The simplices {ws}s and their faces form a triangulation of AP x A4.

Proof. — This lemma is well known but we give a proof for completeness. For n > 0,
denote by A" the affine space formed by the points of R"*! with sum of coordinates 1.
The basis (eq,...,e,) of R"™! is an affine basis of A" and A" c A". Consider the
basis (vi,...,vp) = (e—oe_{, e1eas ..., e—pTeZ) of the vector space underlying A” and the
basis (Vp41,. .- Vptq) = (Fe{, e, .. .,eq,—leq)) of the vector space underlying A4.
Then (v1,...,vp4q) is a basis of the vector space underlying the product affine space
AP x A1,
Recall that a (p, ¢)-shuffle is a permutation s of {1, ..., p + ¢} such that
s(1)<s(2) <---<s(p) and s(p+1)<---<s(p+gq).

Any p-element subset S of {1, . . ., p+ ¢} determines a unique (p, g)-shuffle s such that

S=s({L,...,p}),

The first claim of the lemma follows from the fact that the basis (vs-1(1), . . ., V-1 (p+¢))
underlies the set of vertices of wg € A? x A4:

Vs1(1) Vs1(2) VsTlp+a) (

(3:38)  (€a(0)- €p(0)) F— (Ca(r)s €p(1)) ! o

Ca(p+q) €B(p+a))-
To prove the second claim, observe that given n + 1 affinely independent points

fo - .., fu in an n-dimensional affine space, an arbitrary point fy + 2", #; fi-1 f; of this
space (with 14,...,1, € R) belongs to the affine simplex spanned by fp, ..., f, if and
onlyif1>1t >--->1t, > 0. Therefore any point z € A” x A9 expands uniquely as

= (eOa eO) + 11 + e + Zp+qvp+q
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with
1>2z12---22,20 and 122zp412--22p4420.
By the same observation and (§-3:8), the inclusion z € ws for a p-element subset S
of {1,...,p + ¢} holds if and only if
(1) 2 Zs7h(2) 27 2 Ll (ptq)

where s is the (p, ¢)-shuffle determined by S. Therefore A” x A7 is the union of the
simplices {ws}s, and any two of these simplices meet along a common face. o

For each p-element subset S c {1,...,p + ¢}, we turn ws into a singular simplex
in AP x A4 by sending the ordered vertices ¢y < e; < --- < ep44 Of APT9 to
(3-3-9) (€a(0), €(0)) < (€a(1) €p(1)) <+ < (Ca(p+q) €B(p+q))
respectively. Summing up over all such S we obtain a singular chain
(3.3.10) Wpq = Y 85ws € Cpig(AP X AT)
S

where &g is the sign comparing the orientation in ws determined by the order of its
vertices (B-3g) with the product orientation in A? x A?. The Eilenberg-Zilber chain map

(3.3.11) EZ:Ci(X)®C.(Y) — Cu(X xXY)
is defined by
EZ(c®71) = (0 XT)u(wpq)
for any singular simplices o : A”? — X and 7 : A? — Y. Here
(X T1)w: Co(AP X AY) — C (X XY)

is the chain map induced by oo x 7 : A? x A9 — X x Y.

The cross product of singular homology classes x € H,(X) and y € H,(Y) is defined
by taking any cycles o € C,(X) and 7 € C4(Y) representing x and y respectively, and
letting x X y € H,14(X xY) be the homology class of EZ(o ® 7).

Proof of Lemma g35. — Let X = (K, ¢, u, k) be a p-polycycle in X and £ = (L,y, v, 1)
be a g-polycycle in Y. We must prove that

(3.3.12) (K x L] =[K]x[L] € Hyyqg(X xY).

Fix alocally ordered smooth triangulation T of K which fits ¢ and consider the funda-
mental p-chain Y; &;u(K')o; € C,(K) where i runs over p-simplices of 7, o; : AP — K
is the smooth singular simplex determined by i, &; is the sign comparing the orien-
tation induced by the order of the vertices of i to the orientation of K, and K is the
connected component of K containing i. Then

%) = | D (k) (ko o) | € Hy ()

i
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where the square brackets on the right-hand side stand for the homology class of a
singular cycle. Similarly, fixing a locally ordered smooth triangulation W of L which
fits ¢, we obtain

€)= D v (dom)]| e Hy(v)

where j runs over g-simplices of W, 7; : A9 — L is the smooth singular simplex
determined by j, £; is the sign comparing the orientation induced by the order of the
vertices of j to the orientation of L, and L/ is the component of L containing j. By the
definition of the cross product in singular homology,

(3.3.13) K] x [£] = [Z sigju(K' V(L' )EZ(ko; ® /lTj)]
L
= [ Z sigjesu(K)v(L') (ko x /lTj)a)S]
i.j.S
where S runs over p-element subsets of {1,...,p + ¢}.

For any simplices i, j as above, we push forward via o; x 7; the triangulation
of A? x A4 provided by Lemma (.3.§ to a triangulation of i X j ¢ K x L. This gives a
smooth triangulation Z of K X L. The set of vertices Z° of Z is the cartesian product
of the sets of vertices 7° and W° of T and W, respectively; we endow Z° with the
product of the binary relations on 7° and W° determined by the local orders on T
and W. This defines a local order on Z which fits the partition ¢ X .

The simplices of Z can be identified with the triples (i, j,S) as above, and the
corresponding singular simplices in K x L are the maps (0; X 7j)ws : APT4 — K x L.
(Here we use the fact that the order (3=3g) of the vertices of wyg is given by the product
binary relation on the set of vertices of AP x A4 determined by the natural orders
on the sets of vertices of AP and A9.) Let g; ; s be the sign comparing the orientation of
the simplex (i, j, ) induced by the order of the vertices to the product orientation
of K x L. Let (K x L)“S be the component of K x L containing the simplex (i, j, S).
Then

(3-3-14) [Kx L] = [ Z gij.s - (wxv)((Kx L)) ((kxA)o (o x Tj)a)s)].

7S
Clearly,

(uxv)((K x L)) = u(K")v(L7).
Note that &; ; s = &;gj&s since g;g; is the degree of the diffeomorphism

o XTj: AP X AT — i xj

with respect to the product orientation in A” X A? and the product orientationin K x L
restricted to i X j. Comparing (53-13) to (33-14), we obtain (3-3-12). O

3.3.5. Remarks

(1) Though we shall not need it in the sequel, note that the sign ¢ in (g-3710) can
be computed explicitly:
es = (-1)"
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where ng is the number of pairsi < jwithi € {1,...,p+¢}\Sand j € S.Indeed, in the
notation introduced in the proof of Lemma g3.6, the orientation of ws determined
by the sequence (B3:9) is represented by the (p + ¢)-vector

Vst (1) A AVs i (pig) = (Z1)"Vi A Avpiy
where s is the (p, ¢)-shuffle associated with S and m is the number of inversions in s.
Therefore e = (—1)™ and it remains to observe that m = ng.

The definition of ng may be also reformulated in terms of the maps o = ag
and 8 = Bs. Namely, ng is the number of pairs i < j such that

Bi)=pG-1)+1 and a(j)=a(j-1)+ 1.

This implies the following formula for ng used, for example, in [x5, Section 4 (b)]:

ns= > (Bl)-pl-1)(e()-ali-1)).
1<i<j<p+gq

(2) By a celebrated result of Thom, there are topological spaces X and integersn > 0
such that some n-dimensional singular homology classes of X with coefficients
in K = Z are not realizable by closed singular manifolds. For such X and n, the
natural map from the n-dimensional oriented bordism group 2, (X) to H,(X), carry-
ing a closed singular manifold

Kk:M—X

to k. ([M]), is not surjective. This map splits as a composition of the map
Qn(X) — H,(X)

described in Remark gz with the surjective map [-] : H,(X) — H,(X). Therefore,
for such X and n, the map 2, (X) — H,(X) is not surjective.

(3) The face homology seems to be difficult to compute. As a consequence, the
authors do not know whether the transformation [-] : H. — H. is injective, and,
equivalently, whether (=) : H, — H, is surjective. In fact, the authors even do not
know whether the face homology of a point is trivial in positive degrees.

(4) The constructions and results of this section easily extend to the face homology
of topological pairs (cf. Remark g=z7).

3.4. Smooth polychains

We reformulate face homology of the path spaces of manifolds in terms of smooth
polychains. We start by studying polychains in manifolds.

3.4.1. Polychains in manifolds. — Recall from Section g3 that a map « from an n-
dimensional manifold with faces K to a smooth m-dimensional manifold M (possibly,
with boundary) is said to be smooth if restricting « to any local coordinate systems in
K and M we obtain a map that extends to a C*-map from an open subset of R" to R"™.
If N c K is a union of (some) faces of K, then we call a map N — M smooth whenever
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its restrictions to all faces of K contained in N are smooth. Such a map N — M is
necessarily continuous. This terminology applies in particular to N = K.

LEmMA 3.4.1. — Let K be a manifold with faces. Any smooth map 0K — M extends to a
smooth map from a neighborhood of K in K to M.

Proof. — Using a partition of unity on K and local coordinates on M, we easily reduce
the lemma to the case where K = R’} = [0, )" withn > 0 and M = R. We need to
prove that every function

f:O0R} — R

whose restrictions to all proper faces of R’} are smooth extends to a smooth function
on IR’}r. We exhibit one such extension explicitly. For a subset S of the set {1,...,n}
and a point x = (xi,..., x,) € R’} denote by xs the point of R", whose i-th coordinate
is x; if i € S and zero otherwise. If S # {1,...,n}, i.e. if Sis a proper subsetof {1,...,n},
then xg € OR',. Set

(3-4.1) Fry=" D, (F)= (),

Sc{1,...n}

Each function x — f(xs) is smooth because it is a composition of f with the projection
of [F{{f‘1r onto its proper face. Therefore the function f: [R{'jr — R is smooth. Moreover,
it satisfies
f(x) = f(x) forallx € dR.

Indeed, pick i € {1,...,n} such that x; = 0 and observe that each term in (gz-1)
corresponding to S with i ¢ S cancels with the term corresponding to S U {i} pro-
vided the latter set is proper. This leaves only the term f(xs) = f(x) determined
by S ={1,....n}\ {i}. O

LemMmA 3.4.2. — Let k : K — M be a continuous map from a manifold with faces K to a
smooth manifold M. Then any homotopy of

Kok : 0K — M
to a smooth map extends to a homotopy of k to a smooth map K — M.

Proof. — Observe first that if
Ko : 0K — M

is smooth, then there is a homotopy of « rel K to a smooth map K — M. Indeed,
Lemma 771 yields an extension of «|gx : K — M to a smooth map U — M
where U is a collar of 9K in K. The latter map obviously extends to a continuous map
k" : K — M homotopic to k rel K. Since «’|; is smooth and K \ U is a compact subset
of the smooth manifold K \ K, there is a homotopy of «’ to a smooth map K — M,
and this homotopy may be chosen to be constant in a neighborhood of dK in U. The
resulting smooth map K — M is homotopic to « rel K.

To prove the lemma, take an arbitrary (continuous) extension of the given ho-
motopy of k|gx to a homotopy of «, and compose it with a homotopy rel 9K of the
resulting map K — M to a smooth map as in the previous paragraph. Next, using a
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collar of 9K in K, deform the composed homotopy of « into a homotopy satisfying
the conditions of the lemma. O

As an exercise, the reader may deduce from Lemma gz=3 (by an inductive con-
struction on the faces of K) that any continuous map K — M is homotopic to a smooth
map.

A polychain (K, ¢, u, k) in M is smooth if the map « : K — M is smooth. We explain
now how to deform arbitrary polychains in M into smooth polychains. For the notion
of a deformation of a polychain in M, see Section g-z5. We explain first how to extend
deformations. Let N c K consist of some faces of K. We say that a homotopy

{(k|n) : N — M}

rel
of x|y is compatible with the partition ¢ if

(kin)' 16 © er.c = (k|N)'|F
for any ¢ € I and any faces of the same type F,G C N.

LemMma 3.4.3. — Let X = (K, ¢, u, «) be a polychain in M and let N be a union of faces of K.
Let

{(k|n) : N > M}

be a homotopy of k| compatible with ¢ such that (k|x)' : N — M is smooth. Then there is a
deformation

tel

{X' = (K, p,u,&")}
of K® = XK such that X" is smooth and for all t € I,

K'\nv=(k|n) : N — M.

tel

Proof. — For any integer r, denote (as in Section g==1) by K, the union of all faces of K
of dimension < r. Recursively inr = 1,0, ..., we construct a homotopy (« g, )" of kg,
to a smooth map (K\Kr)l : K, — M. For r = —1, there is nothing to do since K_; = @.
The induction step goes as follows. For each type of r-dimensional faces of K, select a
representative face F so that if at least one face of the given type liesin N, then F ¢ N.
If F c N, then set (k|p)" = («|n)"|F for all 2. If F ¢ N, then by Lemma gz=2 there
is a homotopy of k| to a smooth map extending the homotopy of x on dF C K,_;
obtained at the previous step. The homotopy on the selected r-dimensional faces
uniquely extends to a homotopy of x on K, compatible with ¢. For r = dim(K), we
obtain the required deformation of «. o

LemMA 3.4.4. — For any polychain X = (K, ¢, u, k) in M, there is a deformation

{X' = (K, p,u, K’)}IE[

of K° = K such that X* is smooth and k' | = «|p forall t € I and all faces F of K on which «
is smooth.

Proof. — This is a special case of Lemma gz=3 where N is the union of all faces of K
on which « is smooth and {(k|y)}:¢s is the constant homotopy. m]
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We can now reformulate the face homology of M in terms of smooth polychains.
Note that if a polychain X in M is smooth, then so are the polychains red X, X,
and 0" XK. Disjoint unions of smooth polychains are smooth. Applying the defini-
tions of Section gz to X = M but considering only smooth polycycles and smooth
polychains we obtain smooth face homology HS (M).

THEOREM 3.4.5. — The natural linear map H:(M) — H.(M) is an isomorphism.

Proof. — Lemmas gz3 and g imply that any polycycle in M is homologous to
a smooth polycycle. This proves the surjectivity of the map in the statement of the
theorem. To prove the injectivity it suffices to show that, for any homologous reduced
smooth n-polychains X, Xy in M there are smooth (n + 1)-polychains R}, R} in M
such that

Ky U™ Ry = Ko™ RS,
By assumption, there are (n + 1)-polychains R, R2 in M and a diffeomorphism
f: Xiu 6r921 — Ky U GVIRQ.

Fori=1,2, set
(P, @iy uin ki) = K; L 0" R;

and let K; c P; be the union of the components of P; underlying X;. Lemma 523
yields a homotopy

{K : Py > M},

of k¥ = k; to a smooth map «{ in the class of maps compatible with the partition ¢,
which is constant on all faces of P; on which «; is smooth. In particular, this homotopy
is constant on K;. Consider the homotopy

Ky =kl ft Py — M},

of kY = k2. This homotopy is compatible with the partition ¢ and is constant on K
(because k1 = k2 f is smooth on f~!(Kz2)). Clearly, f : P; — P» is a diffeomorphism of
the smooth polychains

(Py, @1, u1, k) and  (Pa, @o, o, ks = k1 f71).

For i = 1,2, the polychain (P;, ¢;, u;, Kll) is obtained from X; L 3" R; by a deformation
which is constant on X; and transforms 9" R; into a smooth polychain.

To finish the proof, we need only to show that this deformation of 8" R; extends toa
deformation of R; into a smooth polychain. This is done in three steps. First of all, ap-
plying Lemma gz-3 to X = red dR; and taking for N the union of all connected com-
ponents of non-zero weight we obtain that our deformation of 9" R; = redg red; dR;
extends to a deformation of red; 0R; into a smooth polychain. The latter deforma-
tion induces a deformation of dR; into a smooth polychain. One more application of
Lemma g3 allows us to extend the latter deformation to a deformation of R; into a
smooth polychain R;. Then K; L 0" R] = Ko U 0" R),. O
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3.4.2. Polychains in path spaces. — Pick two points %, %" in a smooth manifold M
(possibly, x = *’ and M # @). A path in M from % to *’ is a continuous map
I =[0,1] > M carrying 0 to x and 1 to x’. Let

Q= Q(M, %, %)

be the space of such paths with compact-open topology; we call € the path space of M.
Note that a map o from a topological space K to (2 is continuous if and only if the
adjoint map & : K X I — M, carrying any pair (k € K,s € I) to o(k)(s) € M is
continuous; see, for example, [A8, Section 1.2.7].

Given a subspace X of ), we call a map from a manifold with faces K to X smooth
if the adjoint map K x I — M is smooth in the sense of Section gz-1. A polychain
K = (K, ¢, u, ) in X is smooth if k : K — X is smooth. The definitions of Section gz7
restricted to smooth polycycles and smooth polychains in X, yield the smooth face
homology H? (X) of X. In the next theorem, X = (.

THEOREM 3.4.6. — The natural linear map H? (Q) — H.(Q) is an isomorphism.

Proof. — We follow the lines of Section 2= with M replaced by (2. First, we show
that given a manifold with faces K, any smooth map
f:0K — Q

extends to a smooth map from a neighborhood of dK in K to (2. Indeed, the adjoint

map f : K x [ — M extends to a smooth map d(K x I) — M by sending K x {0} to *

and K x {1} to x’. By Lemma g7=1, the latter map extends to a smooth map
f:U—M

for some neighborhood U of (K x ) in K x . Clearly, U > V x I for a neighborhood V

of K in K. The map ?\VX 1 is adjoint to a smooth map V — Q extending f.

Lemmas gZ-234-4 remain true with M replaced by (2. The proofs above apply
with the only difference that Lemma g1 should be replaced by the result of the
previous paragraph. The proof of Theorem gz5 also works with M replaced by 2.
This gives the desired result. O

In the case where x, " € dM, the path space Q = Q(M, x, %) is homotopy equiva-
lent to a smaller space. Let
Q° = Q°(M, %, x")
be the subspace of () consisting of all paths @ : I — M from % to x’ such that
a (M) = 81. We call Q° the proper path space of (M, *, ').
LemMmaA 3.4.7. — The inclusion map Q° — Q is a homotopy equivalence.

Proof. — We begin with an observation in set-theoretic topology. Consider a topo-
logical pair Y c X and suppose that there is a homotopy

{fi 1 X > X}t

of the identity map f; = idx such that f;(X) c Y for all # > 0. Then the inclusion
¢ 1Y = X is a homotopy equivalence and its homotopy inverse g : X — Y is obtained
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from f; by reducing the image to Y. Indeed, the family {f; : X — X}, is a homotopy
between fy = idx and fi = tg. Since f;¢«(Y) C Y for all t € I, we have the family of
maps {f;¢t : Y — Y};. This is a homotopy between idy and gt.

Using a tubular neighborhood of dM in M, we can easily construct a (smooth)
family of embeddings

{Fs,t M — M}s,te]

such that Fy, = idp if s € {0,1} ort = 0, and F;,;(M) c Int M = M \ M for all other
pairs (s,¢). Givenrt € I and apath @ : I — M from x to ', we defineapatha; : I - M
by & (s) = Fy(a(s)) for all s € I. This gives a family of paths {a; };e; such that oy = a
and o; € Q°forallr > 0. The formula f; (@) = a; defines ahomotopy { f; : & — Q};¢; of
fo =idg such that f;(©2) c Q° for all 7 > 0. Now, the result of the previous paragraph
implies that the inclusion Q° < 2 is a homotopy equivalence. o

Lemma g7 implies that H.(Q°) ~ H.(R). The following theorem computes the
face homology of ©2° and 2 in terms of smooth polychains in 2°.

THEOREM 3.4.8. — The natural linear map H?(Q°) — H.(2°) is an isomorphism.

Proof. — Consider the homotopy {f;};er of fo = idq introduced in the proof of
LemmagzZzand set f = fi : 2 — Q° c Q. For any manifold with faces L and for any
map A : L — Q, the adjoint map f;1: L xI — M of f;Ais given by

FA(Ls) = FAD)(5) = AW (s) = Fus(A0)(s) = For (A, 5)).
Consequently, if 1 is smooth, then f;1 : L — () is smooth for all ¢ € I. We conclude
that for any smooth polychain £ in €, the polychain f,(£) in Q° is smooth.

By the surjectivity of the map in Theorem (4.6, any polycycle X in Q° is ho-
mologous in  to a smooth polycycle X’ in Q. Applying f, we obtain that f.(X)
is homologous in Q° to the smooth polycycle f.(X’). The homotopy {f;}; induces
a deformation of X into fi(X) in Q°. Therefore X is homologous to f.(X) in Q°.
Thus, X is homologous to f.(X’) in €°. This proves the surjectivity of the natural
map H:(Q°) — H.(Q°). To prove the injectivity, consider two reduced smooth n-
polycycles K, Ko in ° that are homologous in €2°. Then they are homologous in €2.
By the injectivity of the map in Theorem B4.8, there are smooth (n + 1)-polychains
L1, L2 in Q such that Ky Ld" L1 = Ky 10" Lo. Applying f we obtain

(K ua" (fu(Lr)) = £:(Ka) LA™ (fi(£2))
where f,.(X1), fi(£1), fi(K2), fi(L2) are smooth polychains in ©°. So,
(£(5K1)) = (£(K2)) € Hy(°).
The homotopy {f;}; induces a smooth deformation of X; into f,(X;) and therefore
(Ki) = (f(K;))y € HE(°) for i = 1,2. Hence (K;) = (Ko) € H2(92°). This completes

the proof of the injectivity of the natural map H?(Q°) — H,(Q°) and of the theorem.
m
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CHAPTER 4

OPERATIONS ON POLYCHAINS

Throughout this chapter, M is an oriented smooth n-dimensional manifold with
boundary, where n > 2. We fix points *;, %2, x3, x4 € M and assume, unless explicitly
stated to the contrary, that {x1, 2} N {*3, x4} = @ (possibly, x; = %9 and/or x5 = *4).
Fori, j € {1,234}, let

> i = Q(M, *;, %;) be the path space and

> (0 = Q°(M, i, %;) C €y be the proper path space of (M, ;, %;).

4.1. Transversality in path spaces

In this section, we study transversality of polychains in the proper path spaces )7,
and €23,.

4.1.1. Transversal maps. — The diagonal of M
diagy, = {(x,x)|[x e M} c M xM

is a smooth manifold diffeomorphic to M. We say that a smooth map g from a manifold
with faces N to M x M is weakly transversal to diag,, if g(N) does not meet d(diag,,)
and the restriction of g to Int(N) = N \ dN is transversal to Int(diag,,) in the usual
sense of differential topology. (The interiors of N and diag,, are smooth manifolds so
this condition makes sense.) The map g is transversal to diag,, if its restriction to any
face of N is weakly transversal to diag,,.

Fix manifolds with faces K and L. Consider smooth maps
k:K—Qf,, A:L—Q35,
andlet & : K x I — M, 1: L x I — M be the adjoint maps. The product map
RXA:KXIXLXT— MxM

carries a tuple (k € K,s € I,] € L,t € I) to the point (k(k)(s),A(1)(¢)). The latter
point can lie on diagy, only when s,7 € Int(I) = (0,1) and never lies in d(diag,,).
We say that « and A are transversal if the map & x A is transversal to diag,, in the
sense above. Note that the maps x and A are transversal in our sense if and only if
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they are transversal in the sense of [35], see Proposition 7.2.2 therein. (Our notion of
transversality is stronger than the one in [26], see Remark 6.3 therein.) If x and A are
transversal, then their restrictions to arbitrary faces of K, L are transversal. Clearly,
smooth homotopies of « and A that are sufficiently C*-small preserve transversality.

Lemma 4.1.1. — For any smooth maps k : K — Qf, and A : L — Q3,, there is an
arbitrarily C*-small smooth homotopy {«'};c1 of k° = k such that «* and A are transversal.

Proof. — Proceeding by induction on dim(L) > -1, we can assume that « is transver-
sal to the restrictions of A to all proper faces of L. All subsequent homotopies of « are
chosen to be small enough to preserve this property. Fix a smooth triangulation T
of KxI. Amap from a simplex e of T to M is smooth if it is smooth as a singular simplex
in M. A smooth map f : e — M is A-transversal if themap f X 1 : e X LXI — M x M
is weakly transversal to diag,.

We call amap g : K X I — M good if the adjoint map from K to the space of paths
in M takes values in Qf, = Q°(M, %1, x2). The map g is T-good if it is good and the
image of any simplex of 7 under g lies in a closed ball in M.

Consider the map & : K x I — M adjoint to . Clearly, & is good. Since

{*1,x2} N {3, %4} = @,

the set (K x 91) is disjoint from A(L x I). By continuity, there is a small § > 0 such that

the sets (K x [0,6]) and &(K x [1 - &, 1]) are disjoint from A(L x I). Subdividing T, we

can assume that £ is T-good and Ts = K x ([0,6] U [1 - 4, 1]) is a subcomplex of T For

any simplex e of T, the map |, is A-transversal because (£ x 1)(ex LxI) Ndiag,, = @.
Set p = dim(K). We shall construct p + 2 homotopies

K=Ky~ KL ™+~ Kpyo

in the class of T-good maps K x I — M such that for all » > 0 and any simplex e of T
of dimension < r —1, the map «; |, is A-transversal. Then, the restriction of «, 2 to any
simplex of T is A-transversal. For each face E of K, the product E X I is a subcomplex
of T. Therefore, the restriction of k,12 X A to E x I x L x I is weakly transversal to
diagy,. By the beginning of the proof, the same holds when L is replaced with any
of its proper faces. This shows that the smooth map K — 7, determined by «,, is
transversal to A.

The homotopies kK = kg ~» k1 ~» --- are constructed recursively. For r = 0, the
condition on «, is void, and we can take xp = k. Assume that we have required
homotopies kg ~» k1 ~ -+ ~» k. for some r > 0. Consider an r-dimensional sim-
plex e € T\ Ts. Clearly, e ¢ K x Int({). For € > 0, let U, denote the (closed) metric
e-neighborhood of de in K x Int(I). The inductive assumption implies that

*)

Since «; is good and e c K x Int(I), we have «,(¢) c Int(M). Since «, is T-good, one
has «,(e) c B for a closed ball B ¢ M. We can choose B so that «,.(e¢) c Int(B). We
identify B with the closed unit ball in Euclidean space with center 0. Pick a small
neighborhood S ¢ B of 0 € B so that «,(e) + s ¢ Int(B) for all s € S. Consider the

for a sufficiently small £ > 0, the restriction of the
map kXA to Ugx LI is weakly transversal to diagy,.
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smooth maps {f; : ¢ = B C M}es where f; carries any u € e to «(u) +s. It is obvious
that the family of maps

{fixAd:exLxI— MxM}

seS

is weakly transversal to diag,, in the sense that the adjoint map
exXLXIXS— MxM

is weakly transversal to diag,,. By the classical transversality theorem (see [z=z, Sec-
tion 2.3]),

(**) thesetS, = {s € § : themap f x Ais weakly transversal to diag,, }
is dense (and open) in S.

(This argument is adapted from that of Laudenbach [3z, Proof of Lemma 2.6].) In our
terminology, f; is A-transversal for any s € S;. For each s € S;, we define a map

gs:e—BCM

by gs(u) = k-(u) + h(u)s for all u € e where h : e — [ is a smooth function
carryingeNUg /o toO0and e\ Ug to 1. Then g; = x, one N U,/ and g5 = fy on e\ U,.
We deduce from (*) and (**) that, for all sufficiently small s € S,, the map g is
A-transversal. Pick such an s and consider the obvious linear homotopy «,|, ~ gs
constant on eNU, /,. Combining such homotopies corresponding to all r-dimensional
simplices e € T \ Ts and extending by the constant homotopy on 75 we obtain a ho-
motopy of , on the union of 75 with the r-skeleton of T. The latter homotopy extends
to a homotopy «, ~> k41 in the class of good maps K x I — M. Taking the vectors s
in this construction small enough, we can always choose the homotopy &, ~» k.41 so
that it proceeds in the class of T-good maps. Since this homotopy is constant on T
and on the (r — 1)-th skeleton of T, the A-transversality of . on the simplices of T
of dimension < r acquired at the previous steps is preserved during the homotopy.

By construction, «,41 is A-transversal on all r-dimensional simplices of T'. O
LeEmMA 4.1.2. — The homotopy in Lemma may be chosen to be constant on the union

of all faces E of K such that k| is transversal to A.

Proof. — The proof proceeds by induction on dim(K). If dim(K) = 0, then we take
the constant homotopy on all connected components of K on which « is transversal
to 2 and we take the homotopy provided by Lemma g=1=1 on all other components
of K. Let p be a positive integer such that the lemma holds for all K of dimension < p.
We prove the lemma for an arbitrary p-dimensional manifold with faces K. As above,
if k is transversal to A on some connected components of K, then we take the constant
homotopy on that components. Thus we can assume without loss of generality that «
may be transversal to A only on proper faces of K.

Let X be the set of all faces E of K such that kg is transversal to 1. By the definition
of transversality, if E € 3, then all faces of E also belong to . Set

== JE

EeX
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and note that |X| c dK by our assumption. All homotopies of « : K — €19, in the
following construction are arbitrarily C*-small smooth homotopies constant on [X].

We recursively construct p homotopies x = k-1 ~ kg ~ -+ ~» k,_1 such that
the restriction of «, to any face of K of dimension < r is transversal to A for all r.
Assume that we already have homotopies k = k_1 ~ kg ~ -+ ~ Kk_1 with the

required properties where 0 < r < p. Consider an r-dimensional face E of K not
belonging to 3. By the assumptions on «;_1, the restriction of «,_; to any proper face
of E is transversal to A. Since dim(E) = r < p, the inductive assumption guarantees
that there is an arbitrarily C*-small, smooth, constant on dE homotopy of «,_1|g
into a map E — (1], transversal to 4. Combining these homotopies over all E as
above together with the constant homotopy on |%| and extending to a small smooth
homotopy of k,_; on the rest of K, we obtain a homotopy «,_1 ~» «, with the required
properties.

Next pick a collar U = 9K x I ¢ K of 0K = dK x {0} in K. Set
V=K\UCcCK.
Then V is a manifold with faces and 0V = U NV = K. By the above,
K'=kp_1: K — Q3
is a smooth map whose restriction to all proper faces of X is transversal to 1. Therefore,
choosing the collar U sufficiently narrow, we can ensure that themap «’ | : U — €7, is
transversal to A. By Lemma 171, there is an arbitrarily C*°-small homotopy {«’ |y }ser
of %)y = «’}y such that «* |y is transversal to A. This homotopy extends to a small
homotopy {k'};e; of k% = «’ constant on a neighborhood of 4K in U. If the homo-
topy {k’|y}ser is sufficiently small, then the extension may be chosen so that «* | is
transversal to A for all ¢+ € I. Then «! |u is transversal to 4, and so, k't K - Q7
is transversal to A. The composite homotopy
K:K—l’\’)"”\’)Kp_lzK,:KO’\z)Kl

satisfies all the conditions of the lemma. m]
4.1.2. Transversal polychains. — We call smooth polychains X = (K, ¢, u, k) in Q3,
and £ = (L,¢,v, ) in Q3 transversal if the maps « : K — Q}, and 1 : L — €3, are

transversal. The following two lemmas show that any smooth polychain can be made
transversal to a given smooth polychain by a small deformation.

Lemma 4.1.3. — Let X = (K, ¢, u, k) and L = (L,y, v, A) be smooth polychains in Q3.
and 3, respectively. Let N be a union of faces of K. Let

347
{(K\N)t ‘N — Q(i?}tel

be a smooth homotopy of k| compatible with ¢ such that (k|n)' : N — €, is transversal
to L. Then there is a smooth deformation {X' = (K, ¢,u, k") }1ey of K° = K such that K* is
transversal to £ and forall t € 1,

K'\nv=(kn) : N — Q3.
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Proof. — We apply the same recursive method as in the proof of Lemma gz-3 with M
replaced by §7,. The homotopy of « on a representative face F is obtained in two
steps. First, we take an arbitrary smooth homotopy of «|r extending the homotopy
of k| obtained at the previous step. Then we compose with an additional smooth
homotopy rel 0F to a map F — (19, transversal to 1. The latter homotopy is provided
by Lemma f12. m]

Lemma 4.1.4. — Let X = (K, o, u, k) and £ = (L, 4, v, A) be smooth polychains in QS
and €)3,,, respectively. There exists an arbitrarily C*-small smooth deformation

(X' = (K.eu.t")},

of K such that the polychain K" is transversal to £ and k' | = kg for all t € I and all faces F
of K on which « is transversal to A.

Proof. — This is a special case of Lemma g3 where N is the union of all faces
of K on which « is transversal to 1 and {(«|x)’}; is the constant homotopy. That the
deformation {X'}, may be chosen arbitrarily C*-small follows from Lemmas g1
and T2, m]

We say that a pair of face homology classes (a € H, (929,).b € H. (£23,)) is transversely
represented by a pair (X, £) if X is a smooth reduced polycycle in €], representing a,
£ is a smooth reduced polycycle in €23, representing b, and X is transversal to £. The
following lemma will play a key role in the sequel.

LEmMA 4.1.5. — Every pair (a € ﬁ*(Q‘iz) be ﬁ*(Qf_fm)) can be transversely represented by
a pair of polycycles. Any two pairs of polycycles transversely representing (a, b) can be related
by a finite sequence of transformations (X, £) + (X, L) of the following types:
(i) L= Land K = KU Mor K = KL d"M where M is a smooth polychain in Q.
transversal to C;
() K=2Kand L = LUudNor L
transversal to XK.

1R

£ U 3" N where N is a smooth polychain in Q3,

Proof. — The first claim follows from Lemma gT7 and the surjectivity in Theo-
rem B.4.8. That we need only reduced polycycles follows from the fact that the reduc-
tion of a (smooth) polycycle gives a homologous (smooth) polycycle.

We prove the second claim of the lemma. Consider pairs of reduced polycycles
(X1, L) and (Ko, £) transversely representing (a, b). Since X; is homologous to Ko,
we have

XU 6’3%1 =Ko LU ar:RQ
for some (n + 1)-polychains R, Ry in Q,. The injectivity in Theorem (4.8 ensures
that Ry, R, can be chosen to be smooth. Then there are smooth polychains R/, R},
in €, transversal to £ such that Xy U 0"R] = Ky U 0"R). These polychains are
obtained from R;, Ry using the same method as in the proof of Theorem gz-5 with
the following replacements:

M ~ Qf,, “smooth” ~» “transversal to £", “homotopy” ~» “smooth homotopy",
Lemma gz-3 ~ Lemma gz13 and Lemma g1 ~ Lemma g13.
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The move (X1, L) — (K, £) expands as the composition of the following type (i)
moves:

(K1, L) — (Kqud" R, L) — (KU 0" R, L) +— (Ko, £).

(The middle move is a type (i) move corresponding to M = @.) A similar argument
shows that if two pairs of polycycles (X, £1) and (K, £4) transversely represent (a, b),
then the move (X, £1) — (X, £2) is a composition of type (ii) moves.

Consider now any pairs of polycycles (X1, £1) and (Ko, £2) transversely represent-
ing (a, b). By Lemma 13, there is an arbitrarily C**-small smooth deformation of K
into a polycycle X transversal to £;. We assume the deformation to be so small that X
is transversal to £, as well. By Lemma g=z3, X =~ X; represents a. By the previous
paragraph, each of the moves

(le,Ll) > (K,Ll) —> (K,LQ) > (:KQ,LQ)

expands as a composition of moves of types (i) and (ii). ]

4.2. Intersection of polychains

We define “intersection” for transversal polychains in 2], and €23,.

4.2.1. The intersection polychain. — Let X = (K, ¢, u, k) be a smooth polychain of
dimension p in O}, and let £L = (L, ¥, v, 1) be a smooth polychain of dimension ¢
in Q3,. Assume that X and £ are transversal in the sense of Section g1:2. We derive
from X and £ an “intersection polychain” in Q235 X Q4.

Let&: K xI— Mand 1:LxI— M be the adjoint maps of x and A respectively.
Set N = K x I x L x I and consider the map i x 1 : N — M x M. Since K, L and I
are manifolds with faces of dimensions p, g and 1, respectively, N is a manifold with
faces of dimension p + g + 2. The transversality of x and 1 implies that the set

D = (& x 1) (diagy,) € N

isempty if p+¢g+2 <nandisa (p + g + 2 - n)-dimensional manifold with corners if
p+q+2 > n.Inthelatter case each point of D has a neighborhood Vin N such that VND
is homeomorphic to R* x [0, c0)¥ for some integers u,v > O withu +v=p+g+2-n
and V is homeomorphic to R" x (V N D). These claims follow from the general
theorems about transversality and about submanifolds of manifolds with corners,
see [g5, Propositions 3.1.14 and 7.2.7]. Consequently, P(D) c P(N) so that we can
consider the commutative diagram of inclusion maps

70(P(D) N V) ———— mo(P(N) N V)
zl ) Jf
mo(P(D)) ——————— mo(P(N)).

The structure of V described above implies that i is a bijection between v-element
sets. Since N is a manifold with faces, j is an injection. Therefore j’ is injective which
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implies that D is a manifold with faces. The faces of D are the connected components
of the intersections of D with faces of N.

We now upgrade D to a polychain in {232 X Q14. First of all, we orient D as follows.
We use the orientation of diag,, ~ M and the product orientation of M x M to
orient the normal vector bundle of diag,, in M X M (see the Introduction for our
orientation conventions). Next, we pull-back this orientation of the normal vector
bundle along & x A to obtain an orientation of the normal vector bundle of D in N. The
latter orientation together with the product orientation in N = K x I x L x I induces
an orientation of D. We also equip D with the weight w : 7o(D) — K which, for any
connected components X of K and Y of L, carries all connected components of D
contained in X x I XY x [ tou(X)v(¥) € K.

Next, we define a continuous map k<1 : D xI — M X M by
_ A(y)(t*u),k(x)(s*xu)) f0<u<1/2
(k=) (x, 8, y, t,u) =
(k(x)(s = u), A(y)(t*u)) ifl/2<u<l
for any (x,s,y,t) € D € K x I x L x I and u € I, where we set
P [ 2lu for{ e Lue[0,1/2],
“Tl1-20-001-u) fortelLuecl1/21]

The key property of the operation * is that for any {,u € I, we have 0 < £*u < ¢
ifuel0,1/2]and ¢ < €+ u < 1ifu € [1/2,1]. For a fixed (x, s, y,t) € D, the point

(k<> A)(x,8,y,t,u) e M X M

moves along the path (A(y,t  u),(x,s = u)) from (%s,%;) to the diagonal point
(R(x, ), A(y,1)) as u increases from 0 to 1/2 and, next, it moves from that diago-
nal point to (x2, x4) along the path (£(x, s * u), A(y, ¢ * u)) as u increases from 1/2 to 1:
see Figure gz=-1 next page. Thus the map « <> 1 is adjoint to a continuous map

kwed:D— Q(M X M, (*3,*1), (*2, *4)) = Q392 X Q4

whose coordinate maps are denoted by k <1 : D — Qgz and k> 1 : D — Qy4.
figures-COLOR/diamond. pdf.{ps,eps} not found (or no BBox)

Ficure 4.2.1. The pair (4,») = (k®2)(x,5,y,t,u) € M x M for a fixed
(x,8,¥,t) € D and u running from 0 to 1.

Finally, we define a partition of D. Here we need the assumption that the images
of k and 1 liein O}, € Q15 and O, C 34, respectively. This assumption implies that

D c K xInt(I) x L xInt(I) c N.
Therefore each face F of D is contained in a unique smallest face
Np :AFXIXBFXI

of N, where Afr is a face of K and Br is a face of L. Note that the codimension of F
in D is equal to the codimension of Nr in N. We declare two faces F and F’ of D to
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have the same type if and only if A = Ar has the same typeas A’ = Ap» in K, B = Br
has the same type as B’ = B+ in L, and the diffeomorphism

pa,arXidy Xy g grXidy

Np=AXIXBXxI A’ X I X B X1 = Ng

carries F onto F’. By restriction, we obtain a diffeomorphism 6f r- : F — F’ for any
such F, F’. This defines a partition, 6, of D. Note that, for each face F of D, the faces
of D of the same type as F are in one-to-one correspondence with the pairs (A’, B’)
where A’ is a face of K of the same type as Ar and B’ is a face of L of the same type
as Bp.

LemMA 4.2.1. — The tuple D(K, L) = (D, 0, w, k<> Q) is a polychain in Qzz X Q14.
Proof. — We need only to show that the map x<>A1 is compatible with the partition 6.
Consider two faces F and F’ of the same type in D and set
A= Ap,B=Bp, A’ =Ap, and B’ = Bp.
For any (x,s,y,t) € F and u € [0, 1/2], we have
(k@A) (OF,F (x5, 3,1)) (u) = (k=) (pan (%), 5, ¥p,8/(y).1) (1)

= (Y. (9))(t ). k(@A (x)) (s *u))

= (A(y) (7 % u), k(x) (s *u))

= (k=a) (x,5,5,1) (u)
where the third equality follows from the compatibility of « with ¢ and of A with y.

A similar argument works for u € [1/2,1]. Thus, (k< A)0f p = (k<) |f. mi

4.2.2. Properties of D. — We study the behavior of the polychain D(X, £) under
the operations on X and £ introduced in Sections gzz and g=3.

LemMma 4.2.2. — Let X, X’ be smooth p-polychains in Q. and £, £’ be smooth g-polychains
in Q3, such that X, X" and £, L' are pairwise transversal. Then
(i) DKkXK, L) = D(K, kL) = kD(XK, L) for any k € K;
(ii) red D(red K, red L) = red D(K, L),
(iii) 0D(K, L) = (=1)"D(dK, L) U (=1)"PFHLD(K, 6L);
(iv) 0" D(K, L) = (-1)"red D(8" K, red L) U (=1)"PF red D(red K, 8" L);
(V) DKUXK,L)=DE,L)uDK,L), DK, LuL) =DXK L)uDXK L.
Proof. — Claims (i) and (v) are obvious. Claim (iv) easily follows from (ii) and (iii).
We prove (ii). It is clear that
red; D(red; (-),red;(-)) = reds D(—, -),
redg D(redg(—), redg(=)) = redg D(-, -).
Using the identities red red = red = red red, we conclude that
red D(red K, red £) = red redy D(red red; K, redgred L)
= redredp D(red; K, redy L)
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=redred; D(red; K, red; L)
=redred; D(K, L) = red D(K, L).

We now prove (iii). Let X = (K, ¢, u, k), L = (L, v, ) and D(XK, L) = (D, 6, w, k<>Q)
as in Section gzz-1. Consider the boundary polychain

ID(K, L) = (D?,62, w0, (k> 2)?)
as defined in Section g=z3, as well as the polychains
DK, L) = (*D,"8,"w, /<6<l>/l) and D(X,9L) = (D", 0", w", /<<>/la).
We verify that
(4.2.1) D? = (-1)"*D u (-1)"tPHip*,

Consider a principal face F of D. Since the codimension of F in D is equal to the
codimension of Np = Ap XIXBp XIin N = KxIxLx]I, the face N is a principal face
of N. Therefore either A is a connected component of K and Br is a principal face of L,
or, Ar is a principal face of K and Br is a connected component of L. We first analyze
the former case. Set

N =KxIxLoxI.

Then F ¢ D c N corresponds to a connected component F* of D* ¢ N* via the map
idg xid; x¢ xid; : N* — N where ¢ : L9 — L is the natural map as in Section g==3.
The orientation of F induced by that of dD c D may differ from the orientation
of F* induced by D", and we now compute this difference. Let e! be the trivial 1-
dimensional vector bundle equipped with the canonical orientation and let —&! be the
same bundle with the opposite orientation. Given a cartesian product of topological
spaces, let pr; denote the projection onto the i-th factor. Set

Nj. =K XIXBp X1,

which is a submanifold with faces of N* of codimension 0 containing F*. We can
also view Nj. as a submanifold of N of codimension 1, so that F* ¢ N}. corresponds
to F c N. Using the orientation conventions of the Introduction and using the letter T
for the tangent vector bundle of a manifold, we obtain the following orientation-
preserving isomorphisms of oriented vector bundles:

= pr;(TK) @ pry(T1) ® &' @ pry(TBr) @ pry(TI)
= (=1)PTe! @ pri(TK) @ priy(T1) ® priy(TBr) ® priy(T1).

Therefore =TNg
TN = (-1)PT'e! @ TN} |-

= (1)l @V F*@TF = (-1)"*'e! @ Vy-F* @ TF*
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where the letter Vstands for the normal vector bundle of a submanifold in the ambient
manifold. On the other hand, restricting the orientation-preserving isomorphism of
oriented vector bundles TN |p = VD & TD to F we obtain that

TN|p = VNDp ®@TD|p = VyD|p@c' ©TF = (-1)"e' ® VD & TF.

Since the orientations of Vy«F* = Vni F* and Vn D are both induced by the orientation
of the normal bundle of diag,, inx M x M, the bundle isomorphism VN F "= VnD|p
induced by the inclusion N;. C N is orientation-preserving. Combining with the
computations above, we deduce that

TF = (=1)"tPHITF*,

The case where Ar is a principal face of K and Bf is a connected component of L
is treated similarly. In this case, F corresponds to a connected component *F of *D,
and the orientation of F induced from that of D differs by (—1)" from the orientation
of *F induced by *D. This gives the diffeomorphism (g==1) of oriented manifolds with
faces, which is easily checked to be a diffeomorphism of polychains as in (iii). mi

4.3. The operation T

We introduce an operation T in the face homology of path spaces.

4.3.1. Definition and properties of X. — First, we show that the intersection opera-
tion defined in Section 3 induces an operation in face homology.

LemMma 4.3.1. — For any integers p,q = 0, the intersection (X,L) +— D(X, L) from
Section induces a bilinear map

H, (Q12) X Hy(Q34) — Hpigya-n(Q32 X Qua).

Proof. — Consider any face homology classes a € H,(2) and b € H,(Qs4). By
Lemmas 27 and g=-5, the pair (g, b) can be transversely represented by a smooth
reduced p-polycycle X in 27, and a smooth reduced g-polycycle £ in €23,. It follows
from Lemma =71, (iv) that the polychain D(X, £) in 32 X214 is a polycycle. Consider
another such pair (X, £) transversely representing (a, b). We claim that the polycy-
cles D(X, £) and D(X, £) are homologous. By Lemma g1, it suffices to prove this
claim in the following two cases:
> £ = £ and there exists a smooth (p + 1)-polychain M in Q2, transversal to £
such that K = K LU d"Mor K = K Lo M;
> X = X and there exists a smooth (g + 1)-polychain N in 3, transversal to X
such that £ = L U@ Nor £ = LUdN.
Assume for concreteness that £ = £ and K = K 118" M (the other cases can be treated
similarly). Since £ is a reduced polycycle, Lemma gz3.(iv) implies that

"D (ML) =(-1)"redD ("M, L) .
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This and Lemma gzz2.(v) imply that
red D(X, £) = red D(K U™ M, L) = red D(K, L) 1 d"D((-1)"M, L).
We conclude that D (X, £) is homologous to D (HVC ﬁ) Thus, the face homology class

(D(K, L)) € Hytgro-n(Qs2 X Q1)

of D (X, £) depends only on a € H,(12) and b € H,(234). This defines the pairing in
the statement of the lemma. The bilinearity of this pairing follows from assertions (i)
and (v) in Lemma gz3. m|

The pairing produced by Lemma g=3-1 induces a linear map
ﬁp (ng) ® ﬁq(Q34) — ﬁp+q+27n(932 X 914).
Taking the direct sum over all p, g > 0, we obtain a linear map of degree 2 —n
(431) :f : IF‘L(ng) ® ﬁ*(Q?A) — ﬁ*(Qgg X 914).

To stress the role of the tuple of base points (ki, %2, *3,%4) we will also de-
note this map by Yis34. Any permutation (s;, *j, %, *;) of (%1, %o, *3,%4) such
that {;, x;} N {*x, %} = @ yields a map

Tijns s Ho(Quj) ® Ho(Qus) — Ho(Quj X Q).
We now establish the following symmetry for T.

LEMMA 4.3.2. — Let p : Q32 X Q14 — Q14 X Q30 be the map permuting the two factors of
the cartesian product. For any a € H,,(Q12) and b € Hy(Q34) with p,q > 0,

p*T12,34(a ®b) = (—1)(”“)@“”"7’34,12(19 ®a).

Proof. — We assume that (a, b) is transversely represented by a smooth reduced p-
polycycle X = (K, ¢, u, k) in ], and a smooth reduced g-polycycle £ = (L,y,v, 1)
in Q3. Let

DK, L) =(D,0,w,kA) and D(L,K)=(D,0,w', 1<k).

Let q be the permutation map M x M — M X M, (my,mz) +— (mz,my). This map
preserves diag,, pointwise and preserves (respectively, inverts) the orientation of the
normal bundle of diag,, in M x M if n is even (respectively, odd). Let

h:KXIXLXI—->LXIXKXI
be the permutation map defined by (&, s,1,7) — (1,1, k, s). Clearly,
degh = (-1)P*D@+)  and  (Axk)h = q(k x 1).

Thus, h restricts to a diffeomorphism h|p : D — D’ of degree (-1)(P+h(a+1)+n,
This diffeomorphism carries the weight w to w’ and the partition 6 to #’. Also,

(A=) o hjp = po (k).
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Thus, hp is a diffeomorphism of the polychains p.D(X, £) and (1) P+ D@+ D+nD (£ K).
We conclude that

pTi234(a®b) = (p«D(K, L)) = (—1)(’7+1)(q+1)+n<D(L’ X))

= (_1)(p+1)(q+1)+n T34,12 (b®a). O

4.3.2. Computation of Y. — To evaluate T on a pair of face homology classes
in Qq9,34, we represent these classes by smooth reduced transversal polycycles
in Q7,,Q3, and take the face homology class of the intersection polycycle. We now
explain how to compute T from more general polycycles in 2,5, Q234

We say that polycycles (possibly non-smooth and non-reduced)
K= (K, oux)in Qs and L= (L, v,A)in Q34
are admissible if there exist open sets U ¢ K x Int(I) and V c L x Int(I) such that
(i) the maps k| : U — M and /i\v : V — M are smooth and their images do not
meet OM;
(ii) (R x A)~'(diagy,) c UxV;
(iii) for any face E of K and any face F of L, the restriction of k x Ato
(Int(ExI)NU) x (Int(FxI)NV)
is transversal to Int(diag,,) in the usual sense of differential topology.
If X and £ are admissible, then we can define the intersection polycycle D(XK, £)

in Qg9 X 14 repeating word for word the definitions of Section g=. The poly-
cycle D(X, £) depends only on X, £ and does not depend on the choice of U, V.

Lemma 4.3.3. — Let K and £ be admissible polycycles in (212 and $234 representing, respec-
tively, a € H,(Q12) and b € H.(Q234). Then

Y(a,b) = (D(X, L)).
Proof. — Let X = (K, ¢, u,x) and £ = (L, v, 1). The set
(R x ) Y(diagy,) c K xIxXLx1

is closed and, hence, compact. By (ii), there are compact sets A ¢ U and B C V such
that (£ x 1)'(diag,,) € A x B. Pick a small deformation of x and A into smooth maps
(in the class of maps compatible with the partitions). The deformation may be chosen
to be constant on some open neighborhoods U’ ¢ U, V' C V of A, B, respectively, and
to be so small that the condition (ii) with U X V replaced by U’ x V' is met during
the deformation. The condition (iii) with U,V replaced by U’,V’ is automatically
met during the deformation. By Lemma g===3, the face homology class (D (X, £)) is
preserved under such a deformation. Thus, without loss of generality we can assume
from the very beginning that the maps « and A are smooth.

Pick a small neighborhood W of dM in M such that &(U)UA(V) ¢ M\ W. The proof
of Lemma 327 and Theorem B:4.§ provides, for any i, j € {1,2,3,4}, a homotopy of
the identity map id : Q;; — €;; into a map fi; : ;; — QF; € Q;; such that smooth
polycycles in §2;; remain smooth throughout the homotopy. The homotopy acts on a
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path in M from x; to %; by pushing the interior points of the path inside M along a
1-parameter family of embeddings M < M. We can assume that these embeddings
are constant on M\ W and so, the homotopy fixes all points of the paths lying in M\ W.
Fori =1,j =2andi = 3,j = 4, these homotopies induce a smooth deformation of
polycycles

{:Kt}tel = {(K, @, u, Kt)}tep {Lt}tel = {(L,‘/’» Vv, /lt)}tel

where k¥ = k, 1° = A, k' = fiok, A1 = f34A. Our assumptions ensure that &' |, = K|y
and A’y = Ay for all t € I. Thus the set (& x A')7!(diag,,) does not depend on ¢,
and X', L' are admissible for all 7 € I. Then the polycycle D(X!, £!) is obtained from
the polycycle D(X?, £L%) = D(K, £) by deformation. Hence, by Lemma g==3,

(D(K', L)) = (D(X, L)).
The polycycles red(X') in 9, and red(£!) in Q3 transversely represent the pair (a, b).
We conclude that

T(a,b) = (D(red X', red £1))
= (red D(red XK', red £1))
= (red D(K', L)) = (D(K', L") = (D(K, L))
where the third equality is given by Lemma g2 (ii). m]

4.3.3. The Leibniz rule. — We formulate for T a Leibniz-type rule in the second
variable. (Since T is symmetric in the sense of Lemma =33, a Leibniz-type rule in the
first variable easily follows.) Pick a fifth base point x5 € M. Forany i, j, k € {1,...,5},
the concatenation of paths c : ;; X Qjx — Qi induces a bilinear concatenation pairing

(4.3.2) H.(Qij) X Ho(Qr) — Ho(Qu), (a,b) —> ab = c.(a x b).
Similarly, for any i, j, k,[,m € {1,...,5}, the map c : Q;; X Qjx — Qi induces bilinear
pairings

Ho (U % Q) X Ho () — He(Qm X Qux),  (x,a) > xa = (id xc).(x X a),

Ho () X Ho (g X Q) — Ho(Qux X Q) (a5 x) > ax = (¢ xid).(a X x).
LeMMA 4.3.4. — If x5 € OM \ {x1, %2}, then for any a € H,(Q2), b € Hy(Q4), and
¢ € H;(Qy5) with p, q,i > 0,

Ti235(a®be) = (-1)'T1z34(a® b)c + (1) P H9pT 5 45 (a @ c).

Proof. — Let K = (K, ¢, u, k), L = (L,y,v,1),R = (R, x,z p) be smooth polycycles
in Q9,,9Q3,, Q. representing a, b, ¢ respectively. Applying Lemma g7 twice (and
choosing homotopy there sufficiently small), we can assume that X is transversal to

both £ and R. Then bc is represented by the following polycycle in 235:
N=c.(LXR)=(LXRY X x,vX2zn)
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where 17 = ¢(1 X p) and the adjoint map 77 : L X R X I — M is computed by

it = |

The polycycles X and N are admissible in the sense of Section g-3-3: we can take

U=KxInt(I) and V=Nx(Int(I)\{1/2}).

A(L,2t) forie L,r e Rt €0,1/2],
p(r,2t=1) forleLreRte(l/21].

It follows from Lemma g3 that Ty935(a ® be) = (D(K,N)). Thus, to prove the
lemma, it is enough to show that

(4-3.3) D(K,N) = (=1) (id xc). (D(K, £) x R)
U (1)@ (¢ x id), (£ x D(K, R)).
To this end, we compare D(K,N) = (D, 0, w, k<) with
DK, L) = (D", 0, w', k1) and D(K,R)= ('D, 9, 'w, k<> p).
Consider the embedding
P : (KXIXLXI)XR— KXIxX(LXR)XI
defined by P’(k, s,1,t,r) = (k, s,1,r,1/2) and the embedding
P:LX(KXIXRXI)—— KXIX(LXR)XI
defined by P(l,k, s,r,t) = (k,s,Lr, (t + 1)/2). Note that P’ has degree (1)’ while P
has degree (~1)P+1)4. Consider also the cartesian projections
pr' i (KXIXLXI)XR— KXIXLXI,
'"pri LX(KXIXRXI)— KXIXRXI.

Clearly, (k x 7)P’ = (k x A) pr’. Therefore, the map P’ restricts to a diffeomorphism
D'XR— P'(D'’XR)c D

of degree (—1)'. Similarly, since (k X 7)’P = (x x p)’pr, the map P restricts to a
diffeomorphism
Lx’D— 'P(Lx'D)cD
of degree (—1)(P+1)a+14_Here we use the following general fact involving our orien-
tation conventions stated in the Introduction: if X, Y are oriented manifolds and S
is an oriented submanifold of X, then the bundle map Vxxy(S xY) — VxS in-
duced by the cartesian projection X x Y — X is an orientation-preserving isomor-
phism on each fiber, while the bundle map Vyxx(¥ x S) — VxS induced by the
cartesian projection ¥ x X — X is orientation-preserving if and only if the product
(dim X — dim S) - dim(Y) is even.
It is clear from the definition of N and the computations of degrees above that

P'U'P: (-1){(D"x R)u (-1)P*T"TV9(L x 'D) — D

is an orientation-preserving diffeomorphism. We claim that it transports the poly-
chain structures of (id xc¢), (D(X, £) x R) and (cxid), (£ x D(K, R)) into the polychain
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structure of D(K, N) up to deformation of the latter. This will imply (g=3-3) and the
lemma.

To prove our claim, we need to verify that P’ LI ‘P preserves the face partitions
and the weights and commutes with the maps to the path spaces up to deformation.
We start with the face partitions. Let F’, G’ be faces of D’ of the same type and let
H, J be faces of R of the same type. Then F’ x H and G’ x J are faces of D’ x R of the
same type. We claim that the faces F = P’(F’ x H) and G = P’(G’ x J) of D have the
same type. By Section gr=-1,

Op g F'— G
is the restriction of the diffeomorphism
PAp,Agr X id Xd/BF'vBG’ Xid : New = Apr X I X Bpr X [ —> Ag' X I X Bg» X I = Ng-

to F’ where Ng- (respectively, Ng') is the smallest face of K x I X L x I containing F’
(respectively, G’). The smallest faces Nr and Ng of K x I x (L X R) X I containing F
and G respectively are

Np = Ap XIX (B xH)Xx1I and Ng = Ag XIx(Bg xJ)XI.

Clearly, the diagram
(@A oA XIdXUB ., B~y XId)XxH, 7
Np x H — E Ng x J
Pi lp/
Ny PApAG XIAXWB L, B g XxH,s)xid h

commutes, so that the bottom diffeomorphism in that diagram carries F onto G. We
deduce that F and G have the same type in D and the identificationmap 6r,¢ : F — G
(which, by definition, is the restriction of the bottom diffeomorphism to F) satisfies

0r,G P’ |prxrr = P |g'xs © (0. X XH,1)-
This proves that P’ carries the partition 6’ X y on D’ X R to the partition 6 restricted to
P’(D’xR) c D. A similar argument shows that P carries the partition y x 9 on L x 'D
to the partition 6 restricted to 'P(L x ‘D) c D. It remains only to observe that a face
of D lying in P’(D’ x R) cannot have the same type as a face of D lying in 'P(L x D).
To see this, we use the fact that every face F of D determines a smallest face
NF:AFXIX(BFXCF)XI

of K xIx (LxR)xIsuchthat F c Nr and Ar, Br, Cr are faces of K, L, R respectively.
If F,G are faces of D of the same type, then Ar, Br, Cr must have the same type
as Ag, Bg, Cg respectively, and the diffeomorphism

VapAg X1AX(WBe.Be X XCp.Cco) X1d : Ne — Ng
carries F onto G. Since this diffeomorphism preserves the last coordinate and
P'(D"xR)c KxIx(LxR)x[0,1/2], 'P(Lx'D)cKxIx(LXR)x[1/21]
we deduce that F and G are both contained either in P’(D’ X R) or in P(L X ‘D).
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We next show that the diffeomorphism P’ LI ‘P preserves the weights. Let W’ be a
connected component of D’ and let Z be a connected component of R. The weight of
the connected component W’ x Z of D’ X R is

W X)W xZ)=w(W)z(Z) = u(U)v(V)z(Z)

where U and V are connected components of K and L, respectively, such
that W c Ux I xV x1.Clearly, P’(W x Z) c UxIx(VxZ)xIso that

w(P' (W' x Z)) = u(U) - (vx 2)(V % Z) = u(U)(V)z(Z) = (W x 2) (W x Z).

This proves that P’ carries the weight w’ x z on D’ x R to the weight w restricted
to P’(D’ x R). A similar argument shows that 'P carries the weight v x w on L X 'D to
the weight w restricted to 'P(L x’'D).

We now show that P’ LI’P commutes with the maps to {232 X {25 up to deformation.
The maps in question are kw5 : D — (32 X {215 and f U g where

(4.3-4) f = (idxc)((k«2) X p) : D" x R — Q32 X Qy5,
(4.3.5) g = (cxid)(Ax (k®p)) : LX D — Q39 X Q5.
We first compute (k<n)P’. Pick any (k, s,l,t) € D’ and r € R. For x € [0,1/2],
(k) (P'(k,s,1,t,r))(x) = (k = n)(k,s,1,r,1/2,x)
= (7L, r, (2/2) = x), K(k, s * x))
= (7(L, r, tx), K(k, 25x))
= (A(1, 2tx), ®(k, 25x))

= (AL 1 * x), K(k, 25x)).
Similarly, for x € [1/2,1], (A( )» k( )

(ken)(P'(k,s,L,1,7))(x) = (k = n)(k,s,L,r,1/2,x)
= (k(k, s = x), (L1, (t/2) * x))
= (k(k,s = x),7(L,r,1 = (2-1)(1-x))).

We separate two cases depending on whether or not 1 - (2 -7)(1 - x) < 1/2 or,
equivalently, on whether or not x < (3 —2¢)/(4 — 2t).

For x € [1/2, (3 — 2t)/(4 — 2t)], we obtain

(ko) (P (k, s, 1,1,7))(x) = (R(k, s % x), A(L,2 = 2(2 = 1) (1 = x))).
For x € [(3 —2t)/(4 - 2t), 1], we obtain

(k<en)(P'(k,s,1,1,r))(x) = (K(k,s % x), p(r,1 = 2(2 = 1)(1 = x))).
These computations show that the first coordinate map D’ X R — Q35 of (k<n)P’
is equal to (k < 2) o pr’ |prwg, which is also the first coordinate of the map f given
by (g=34). The second coordinate maps D’ x R — Q5 of (k<n)P’ and f may differ.
Nonetheless, they are homotopic in the following way. For any s, ¢, y € I, consider the
numbers
1 + y

1 1-1¢ 3 -2t
<

0< < by ==
WS Y Ty Sy S

=
q;
l\')l»—t
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and let
A,y - [0’ ay} - [0’ S]’ IBI,y : [ay’ bt,y} — [t’ 1]’ Yiy * [bt,y7 1] - [0, 1]

be the affine maps carrying the left/right endpoints of segments to the left/right
endpoints respectively. We define a continuous map e : D’ X Rx I x I — M by

k(k,a5y(x)) ifx €0,ay],
(4.3.6) e(k,s,L,t,r,x,y) =1 A(l, Bry(x)) if x € [ay, by,

P(ryy(x)) ifx € by, 1].
Observing thatag = 1/4,b;0 = 1/2and a; = 1/2,b,;1 = (3-2t)/(4 - 2t), we conclude
that e determines a homotopy between the second coordinate maps of f and (k<) P’
in the class of maps D’XR — €45. It remains to check that this homotopy is compatible
with the partition 8’ X y on D’ X R. Any faces F, G of D’ x R of the same type expand

as F = F'x H and G = G’ x J where F’, G’ are faces of D’ of the same type and H, J
are faces of R of the same type. Let

Npr = Ap» X I X Bpr X [ and Ng» = Agr X I X Bgr X I

be the smallest faces of K x I x L x I containing F’ and G’ respectively. The identifying
map (8’ X x)r,c : F — G is the restriction of the diffeomorphism

((YDAFUAG’ X idowF/,BG/ de) X XH,J * Npy x H — NG/ X J.

Since the maps «, 4, p are compatible with the partitions ¢, ¥, y respectively, we deduce
from (£-3-6) that for any (k, s,l,t) € F,r e H,and x,y € I,

e((@' X x)r.c(k, s, 1, t,r), x,y)
=e(@ap,ac (k). s ¥B 8o (st xu,a(r), X, y) = e(k,s,L,t,r,x, ).
Hence for each y € I, the map
D'xR— U5, (k,s,Lt,r) — (x > e(k,s,Lt,r,x,y))

is compatible with the partition 6’ x y. We conclude that the homotopy of f to («xwn)P’
determined by e is compatible with the partition 6’ x y. One similarly constructs
a deformation of the map (F=33) into (k<n)’P compatible with the partition. o

4.3.4. Change of base points. — Consider one more tuple (x], x5, x5, x}) of points
of dM such that {x}, *,} N {*}, ¥}} = @ and set (], = Q(M, ], %7). Section 31 yields
a linear map
T2 H(Q%) © AL () — H. (X Q4).
We compare Y’ to the map T: ﬁ*(ng) ® ﬁ*(934) — ﬁ*(Qw X 214) assuming that *;
and *lf belong to the same connected component of M for alli € {1,2,3,4}.
Choose a path ¢; : I — 0M from *; to x! for each i. The formula y g'l._l'ygj de-

fines a continuous map (s;, ;)% from Q;; to Q;7;». Homotopic paths yield homotopic
maps, and constant paths yield maps homotopic to the identity. Therefore (g;, ¢j)#
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is a homotopy equivalence with homotopy inverse (s; %, gj‘l ). The homotopy equiv-
alence (¢, sj)# induces an isomorphism in the face homology which we denote by
the same symbol:

(4-3.7) (i 6j)# = He(y) = ﬁ*(Q;j)‘

Similarly, the isomorphism H, (€;; X Q) — ﬁ*(% X € ,) induced by the homotopy
equivalence (g, s7)# X (Sk, s1)# is also denoted by (y, 6j) X (S, 61) -

LemMma 4.3.5. — Ifn > 3, then the following diagram commutes:
H.(Q12) ® H.(Q34) X H.(Q35 X Q14)

(438) (§1,§2)#®(§3,§4)#l2 2J(§3,S‘2)#X(S‘1,S‘4)#
7 ’ 7 ’ T 7 ’ ’
H.(Q,) ® H. () ————————— H.(Q, x Q).

Proof. — Since the isomorphism (¢;, ;)4 depends only on the homotopy classes
of the paths ¢;, ¢, and since composition of the paths leads to composition of the
corresponding isomorphisms, it is enough to consider the case where three of the
paths ¢;’s are constant. Assume for concreteness that x; = %/, %2 = x}, x3 = %,
and ¢1, 62, 3 are constant paths. The assumption n > 3 implies that deforming if
necessary the path ¢ = ¢4, we can ensure that ¢(1) C M \ {*1, *2}.

Let a € Hy(Q12) and b € H,(Q34). Consider smooth polycycles X = (K, ¢, u, «)
in O}, and £ = (L,y,v,1) in Qf, transversely representing the pair (a,b). The
class (1, ¢)x(b) € ﬁ(Q§4) is represented by the polycycle £ = (1, ¢) 4L in Q}, (butnot
in Q%,). The polycycles X and £’ are admissible in the sense of Section g=3:3: we can
take U = K x Int(I) and V = L x (0,1/2). Set

DK, L) = (D, 6,w,k>A) and D(K,L') = (D", 0, w' k)

where A’ = (1, ¢)gA. It is easy to construct a diffeomorphism f : D — D’ preserving
the orientation, the weight, and the face partition, and such that (k+A")o f is homotopic
to (idx(1,¢)%) o (k< 2) in the class of maps D — (32 x ], compatible with 6.
Lemma g33 implies that

T'(a® (1.6)4(b)) = (D(X. £)
= ((idx(1,¢)#)D(K. L))
= (idx(L ¢)#)(D(K. L)) = (1dx(L ¢)%)T(a,b).
This proves the commutativity of the diagram (£:3.5). o
4.3.5. Extension of Y. — Assuming that n > 3, we extend the definition of T to
all 4-tuples of points %1, %2, *3, x4 € dM. Deforming these points in M, we can

obtain points x|, 5, x4, %} € dM such that {*],x}} N {x}, x|} = @. Fori = 1,...,4,
pick a path ¢; : I — dM from *; to x/. Section g=3:1 yields a linear map

Y H.(Q,) ® ﬁ*(Qfm) — ﬁ*(Qfm x Q)
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where Qlfj = Q(M,x, *j’) for all i, j. Then we define

T = T12,34 : Ho(Q12) © Ho(Q34) — Ho (32 X Q14)

to be the unique linear map such that the diagram (£.:3.8) commutes. Lemma 35
implies that this map depends neither on the choice of the paths ¢1, ¢, 3, ¢4 nor on
the choice of the points %7, %5, %4, % If {1, %2} N{*3, x4} = @, then we can take ] = *;
and the constant path ¢; for all i, and recover the same map Y as before.

The properties of T established under the assumption {kq, 2} N {*3, %4} = @
remain true for arbitrary base points in dM. This easily follows from the definitions
and the fact that the concatenation pairing (g=3-2) is preserved under the change-of-
base-points isomorphism (g=3-7).

4.3.6. Renormalization. — We will use a renormalized version
(4-3.9) T = Tios4 0 H(Qu2) ® Ho(Q34) — Ha(Qz2 X Qua)
of T defined by

T(a®b) = (-1)PH"141T (4 @ b)

for any homogeneous a € ﬁ*(ng) and b € ﬁ*(934). The properties of Y can be
rephrased for T. In particular, Lemma g=33 yields the identity

(4.3.10) P Ti2s4(a®b) = —(~1)!*InPInTy, 15 (b © a)

where |-, = |-| + n is the n-degree. Also, for any %5 € dM (distinct from x; and %,
if n = 2) and any homogeneous a € H.(Q12), b € H.(34), ¢ € H.(Q45), Lemma g34
yields the Leibniz rule

(4.3.11) T12’35((1 ® bC) = T12’34(a ® b)C + (_1)|a ‘"'Ibl bY12745((1 ® C).
Finally, the diagram (:3.8) remains commutative with Y replaced by T.

4.4. The operation Y
We derive from T an operation T in singular homology. In this section we drop
the assumption {1, %2} N {*3, %4} = @ whenn > 3.
4.4.1. Definition and properties of Y. — Consider the linear map
(441) T = T12,34 : H*(ng) ® H*(Qg4) — H*(Qgg X 914)

defined by the commutative diagram

H.(Q12) ® Ha(Q34) ———— H.(Q32 X Q4)
<—>><<—>T J(H
H.(Q12) @ Hi(Q34) — — s H.(Q32 X Q14)
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Formula (g=3-10) and the naturality of the transformation [-] : H. — H, imply the
following antisymmetry of T: for any homogeneous a € H,(Q12), b € H.(234),

(4.4.2) p.T1g34(a ®b) = =(=1)1InPIn Yy, 1, (b ® a)
where p. : H,(Q32 X Q14) = H.(Q14 X Q32) is the linear map induced by the permu-
tation map p : Qgg X Ql4 - 914 X 932.

If n > 3, then the diagram (£:3.8) with T replaced by T and the naturality of the
transformations (—) and [-] imply that the following diagram commutes:

H.(Q12) ® H.(Q34) X H.(Q32 X Q14)
(4.4.3) (gl,m#@(gg,m#iz :l(§3,§2)#><(§1,§4)#
’ ’ T/ ’ ’
H.(Q)y) ® Ho(Qf) ———————— H.(Q, x Q).

Here, for every i € {1,2,3,4}, */ is a point of dM connected to x; by a path
§i: I — 0M, Y’ is the map (zz-1) determined by the base points */, %}, *%, %}, and,
foralli, j € {1,2,3,4}, (i, sj)# stands for the homotopy equivalence
Qij — Q' = Q(M, *l,*]) v gi_lygj
and for the induced isomorphism in singular homology.
The following crucial lemma will be proved in Section g7-3.

LEmMMA 4.4.1. — The following diagram commutes:

ng X ﬁ 934) —) H (932 X 914)

|-

912 X H 934) —> H. (932 X 914)

(4-4-4)

<;

4.4.2. The Leibniz rule for Y. — As in Section g=3-3 in the case of face homology, the
concatenation of paths induces three kinds of bilinear pairings in singular homology:

H,(Qj) x Ho(Qjx) — H.(Qx), (a,b) — ab = c.(axb),
H, (Qm % Qij) X Ho(Qjr) — He(Qm X Qire),
(4-4-5) (x,a) — xa = (id xc)«(x X a),

H. (i) X Ho (g X Q) — Ho( Qi X Q)
(a,x) — ax = (¢ xid).(a X x).

LEMMA 4.4.2. — For any x5 € M (distinct from x1 and % if n = 2) and any homogeneous
a € H.(Qi2), b € H(Q34), ¢ € Ho(Q5),
(446) T12,35(a ® bC) = T12,34(a ® b)C + (—1)'“\n'|h|bT12,45(a ® C).

Proof. — For any x € ﬁ*(Qij), y € ﬁ*(ij) with i, j, k € {1,...,5}, we have
(4-4.7) [ey] = [ea(x x y)| = el x y] = . ([x] x [y]) = [x][y]
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4.4. THE OPERATION Y 89

where we use the naturality of [-] and Lemma g=35. In particular,
be = [(B][(©)] = [B))].
We deduce that
Yi2,35(a ® be) = Tia35([(a)] ® [(b){c)])

= [T12,35({a), (b)(c))]
= [T1235((@), (B))(e) + (=1)!I1*1(6) T12 35 ((a). (c))]
= [Tizs (@) (0))]e + (=1) "1 P1[ T 1o 35((a). )]
= Tiz35(a, b)c + (1) InP1pY 15 55(a,c)

where the second, third, fourth and fifth formulas follow respectively from (gz3),
(z3-1m), (127), and the definition of Y. 0

4.4.3. Proof of Lemma ggz1. — We claim that, for all @ € H.(Qy2) and b € H.(34),
(4-4.8) [Y({[a)), b)] = [T(a b)] = [Y(a ([B]))].
This would imply similar equalities with T replaced by T. Therefore

Y ([al. [b]) = [T([a]) ([b))] = [T(a.([b)] = [T(a.b)].
which proves the commutativity of the diagram (gz-7).
We prove the first equality in (-4.8); the second equality follows by the symmetry

of T (Lemma E33). By Section g3, we can assume that {*, %2} N {*3, *4}= 2. We
need to prove that, for any smooth polycycle X = (K, ¢, u, k) in Qf, and any smooth
polycycle £ = (L,y, v, 1) in 3, transversal to X,

(44.9) [T, (£))] = [D(. £)].

Set p = dim(K). Pick a locally ordered smooth triangulation 7 of K which fits ¢.
The construction of such a triangulation in Section g3z (using Lemma g=r=1) shows
that we can further assume that (*) F N 7 is a face of 7 for any face F of K and any
simplex 7 of T (cf. the last paragraph in the proof of Lemma grm). Consider the
fundamental p-chain

oc=0(Tu)= Z eau(K2)oa € Cy(K)
A

determined by T as in Section g=3-7 (here A runs over all p-simplices of T'). Then «. (o)
is a smooth singular p-cycle in €2, representing the singular homology class

[X] € Hp ().
Next consider the smooth p-polycycle
X = (K¢ u' k")
in Qf, associated with the expansion

k(o) = Z eau(K2)koa

A
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90 CHAPTER 4. OPERATIONS ON POLYCHAINS

as in Section g33. By construction, K’ is a disjoint union of copies of the standard
p-simplex AP indexed by p-simplices A of T and «” = «{ where { = [[p 0a : K’ — K.
By the definition of the transformation (-) : H. — H.,

(1K) = ([ke(0)]) = (X" € Hp(Q2),
so that (Fz2g) is equivalent to

(4-4.10) [T, (L))] = [D(%, £)].
Lemma g1 yields a deformation of £ into a polycycle £ transversal to K’. Such
a polycycle £! is also transversal to K. By Lemma g=3, (£) = (L) so that
[T, (L)) = [T, L)
By Lemma g=3-1, the polycycles D(K, £) and D (X, L) are homologous so that
[D(K, £)] = [D(K, £1)].

Thus, in order to prove (F2-10), we may assume without loss of generality that £ is
transversal to KX’. We need to prove that
(4.4.11) [D(X', L)] = [D(K. £)].

Set D(X, L) = (D, 0, w, k<), D(X’, L) = (D’,0’,w’, k'« 1) and

C={¢xidyxidy xidj : K’ X IXLXT — KxXIxXLXI.

It follows from the definition that D’ = ¢~ (D). Thus D’ is obtained by cutting D into
pieces, each “piece” being a connected component of D N (A x I X L x ) where A is
a p-simplex of T. The map {|p' : D’ — D is the obvious gluing map. It is surjective
and its restriction to every connected component of D’ is injective.

Consider the equivalence relations ~¢ on D and ~¢ on D’ defined by the partitions
(see Section gr=2). We claim that if some points di,d> € D’ satisfy {(d1) ~¢ {(d2),
then d; ~¢' d3. We now check this claim. Assume that fori = 1,2,

di = (kl,s,l;;t) e D' c K'xIXxLxI, andset k; ={(k])e€K.
By assumption, there exist faces F;, F> of D of the same type such that
g(d,) = (ki, S,l,',l) eF; fori=1,2

and Of, , : F1 — Fycarries {(d1) to {(d2). Fori = 1,2,let A; and B; be faces of K and L
respectively such that A; X I x B; x I is the smallest face of K X I x L X I containing F;.
Then k; € A;, I; € B;, A1 has the same type as A3, By has the same type as By, and

Panas (ki) = ko, ¥p, B, () = L.
To proceed, let A; ~ AP be the connected component of k; in K’, and let
o =o0p, AP — K

be the corresponding singular simplex (which is a simplicial isomorphism onto a
p-simplex of the triangulation 7). Then k; € A; N o (4;). By the assumption (*) above,
A; N o;(A;) is a face of the p-simplex o;(4;). Since T fits ¢, the sets

71 = 01 (A1) N@aya, (A2 N o2 (A2)), T2 = 02(A2) N, a, (A1 No1(A1))
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4.4. THE OPERATION Y 91

are faces of the p-simplices o (A1), 02(A2) containing ki, ko respectively.

The map ¢a,,4, : A1 — As restricts to a simplicial isomorphism ¢15 : 71 — 12 pre-
serving the order of the vertices and carrying k; to k2. Setr = dim(r1) = dim(72). Then
7/ = o7 !(7;) is an r-dimensional face of the p-simplex A; containing k/ for i = 1,2.
The map

Plo = 05 120711 1 T] — T
is an order-preserving simplicial isomorphism and ¢/, (k]) = k}. Since A, Ay are
copies of the standard p-simplex AP, their faces 7/, 7, correspond to certain (r + 1)-
element subsets Si, S of the set {0, .. ., p}. Since k@4, 4, = k|4,, we have

(ko1) o es, = (ko) o es, : A" —> 2,
By the definition of X', the latter equality implies that the faces 7/, 7; of K’ have the
same type and ¢/, , = ¢/, : 7{ — 75. Consider now the map
12
O = (¢, ., xidxyp, g, Xid) : 7{ X IX By X I — 15 x I X By X I.
12

We have
O(d1) = (¢12(k1), 8. ¥, B, (L), 1) = do.
Let G; be the connected component of d; in D’N (7] xIxB;xI). The equality ©(d,) = d
implies that ©(G1) = G». Thus, G1 and G, are faces of D’ of the same type, and the
identification map G’Gl’ G, = O\, carries d; to ds. This proves thatd; ~¢ do as claimed.
Consider the canonical projections 7 : D — Dg and n’ : D" — D,,. The previous
claim implies that there exists a unique map g such that the diagram

Dy al D
gl T(D'
D), « "  p

commutes. The map g is continuous because n’ is continuous and [, are quotient
maps. Set

S=¢OD)=DnTP!
where TP7! is the (p — 1)-skeleton of T. Clearly, D c S. Consider the commutative
diagram

H.(Dg, (AD)g) «——— H.(D,dD) 5 [D, w]

] J

[Do. W] € H.(Dy) ——— H.(Dg, Sa) «—=—— H.(D,S) > (£1).([D".w'))

g{ g{ T({D/)*

[D,,.w'| € H.(D),) — H.(D},, (dD")¢') «—— H.(D",dD’) 5 [D’,w’]

where the unlabelled arrows are the inclusion maps. The definition of X’ implies that
the weight u” : 79(K’) — K of X’ is the composition of {4 : 79(K’) — mo(K) with
the weight u : 19(K) — K of X. Using the definition of the operation D, we deduce
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92 CHAPTER 4. OPERATIONS ON POLYCHAINS

that the weight w’ : mo(D’) — K is the composition of ({|p/)# : mo(D’) — mo(D)
with the weight w : m9(D) — K. This fact and the definition of [D’, w’], [D, w] imply
that ({|p/) ([D’,w’]) is the image of [D,w] in H.(D,S). By Lemma g=31, the image
of [Dg,w] in H, (Dg, (0D)g) is equal to m,([D, w]). Using this fact, the uniqueness in
Lemma g=3m, and a simple diagram chasing we obtain that

(4-4.12) 8+([Do, w]) = [Dy. w'] € H.(Dy).
Next, we verify that
(4-4.13) (K> )gg = (k>A)g : Dg — Q32 X Q4.

Given d = (k,s,1,t) € D, we have grn(d) = n’(k’,s,1,t) for any k’ € {7} (k) ¢ K’. Then
(K" )eg(n(d)) = (K'w)(k',s,1,1) = (k) (k,s,1,1) = (k> )g(n(d))

where we use the equality «’(k’) = «(k). Since 7 : D — Dy is onto, we conclude
that (Fz2=13) holds. This and (gz=12) imply (FZ=11):

[DEC )] = ((kw2)o). (Do, W])
= (= )e),8-([Do w])
= (=)o), ([Dgw]) = [D(X", £)].
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CHAPTER 5

THE INTERSECTION BIBRACKET

Throughout this chapter, M is an oriented smooth n-dimensional manifold with
non-void boundary, where n > 2.

5.1. Construction of the intersection bibracket

We introduce the path homology category of M and define the intersection
bibracket in this category.

5.1.1. The path homology category. — Let C = C(M) be the graded category whose
set of objects is dM and whose graded modules of morphisms are defined by

Home (x, %) = H, (Q(M, %, x"))

for any x, x" € M. Composition in C is the pairing (f=7-5) defined via concatenation
of paths. For x € 9 M, the identity morphism of x in C is the element of Hy(2(M, x, %))
represented by the constant path in x. We call C the path homology category of M.
By Section =, this category determines a graded algebra

(5.1.1) A=A@) = P H.(UM*+)).

*, %’ €OM

The subcategory C° of € formed by all objects and morphisms of degree 0 can
be formulated in terms of paths in M: for any x,x" € dM, the module of mor-
phisms Homeo (x, x’) is freely generated by the set of homotopy classes of paths
from x to %" in M. Thus the category C° is the linearization of the fundamental
groupoid 1 (M,dM) of M based at M, and the algebra A(€°) is the corresponding
groupoid algebra. Clearly, A(C”) embeds in A as a subalgebra.

5.1.2. The intersection bibracket. — Assume that n = dim(M) > 3 and

The cross product in the homology H. () of the
(5.1.2) loop space Q2 = Q(M, x, %) based at x € M induces
an isomorphism H,(2,) ® Hy () = H. (2% X Q).
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By the Kiinneth theorem, the condition (51=2) holds if K is a principal ideal domain
and H.(Qy) = H.(Q;K) is a flat K-module (this occurs, for instance, when K is a
field); it also holds for any K if H.(2;Z) is a free abelian group. Then the cross
product induces an isomorphism

32,14 + Hi(Q32) ® Hy(Q14) — Ho (32 X Q14)

for any choice of base points %1, x2, x3, x4 € dM. Composing the inverse isomorphism
with the map T2 34 defined in Section gz=1, we obtain a linear map

(@32,14) V12,34 0 Ho(Q12) ® Ho(Q34) — Ho(Q32) ® Ho(Q14).
The direct sum of these maps over all 4-tuples of points in dM is a linear map
{--}:A9A— AB®A

called the intersection bibracket of M. We can now state our main result.

THeOREM 5.1.1. — Under the assumptions above, (C,{{—.,—}) is a double Gerstenhaber
category of degree d = 2 — n.

Proof. — That the bibracket {{—,-}} has degree d follows from the fact that the
intersection polychain of a p-polycycle and a g-polycycle has dimension

p+q+2-n=p+q+d foranyp,q.

The d-antisymmetry of {—, —}} follows from the formula (gz-3) and the following
well-known fact:

For any topological spaces X and Y such that the cross product induces an isomor-
phism H,(X) ® H,(Y) — H.(X xY), the isomorphism

H.(X)® H.(Y) — H.(Y) ® H.(X)

induced by the interchange of factors X XY — Y x X and the cross product isomor-
phisms, carries a ® b to (—1)*/"?lp ® a for any homogeneous a € H.(X), b € H.(Y);
see, for example, [x5, Section 4(b)].

The bibracket {{—, —}} satisfies the first Leibniz rule (===2) as easily follows from
Lemma pz2 using the associativity and the naturality of the cross product in sin-
gular homology. By Lemma == and the d-antisymmetry, the bibracket {—, -} also
satisfies the second Leibniz rule (r===3). Therefore {{—, —}} is a d-graded bibracket in A.

It is obvious from the definitions that {—, —}} annihilates the identity morphisms
of all objects. It remains only to prove that the associated tribracket is equal to zero;
we postpone the proof to Section g==2. o

Since d = 2 — n < 0, the restriction of the intersection bibracket in € to €° is equal
to zero. Moreover, the morphisms in €° represented by paths in dM annihilate the
bibracket in € both on the right and on the left.

Theorem =1 and Lemma e imply that for every integer N > 1, the associated
representation algebra €}, is a unital Gerstenhaber algebra of degree 2 — n.
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5.1.3. The Pontryagin algebra. — We now fix a base point x € dM. By the Pontryagin
algebra of M, we mean the unital graded algebra

Ay = Endey) (%) = Ho(€2x) where Q, = Q(M, *,x).

Multiplication in A, is the Pontryagin product given by ab = c.(a x b).
Pontryagin algebras have been extensively studied since Serre’s thesis [gu]. They
can be explicitly computed using the Adams-Hilton model [m] or the techniques of
rational homotopy theory (at least, in the simply connected case). We only mention

the relation with the homotopy groups, and refer to [a5] for a detailed exposition.
Consider the boundary homomorphism
(91' : 71','(M) = ﬂ'i(M, *) —> 71','_1(9*) = ﬂi_l(Q*, e*)

for the path space fibration of M where i > 1 and e, € Q, is the constant path at *.
Since the total space of that fibration is contractible, 9; is an isomorphism for all i.
Composing §; with the Hurewicz homomorphism ;-1 (4) — H;—1(4), we obtain
an additive map d; : m;(M) — A! called the connecting homomorphism. For i = 1,
this homomorphism extends to a ring isomorphism K[z (M, *)] =~ AY. For i = 2,
this homomorphism induces an isomorphism from K ®z m2(M) onto H; (Q44) c AL
where Q7! is the connected component of (2, formed by all null-homotopic loops.

The group 71 (M, %) acts on A, by graded algebra automorphisms: the action of
any g € w1 (M, %) is the automorphism a — a8 = gag™' of A, where g is viewed as an
invertible element of A}. The inclusion dM C M allows us to consider the induced
action of 1 (0M, %) on A,.

TueorReM 5.1.2. — If n = dim(M) > 3 and the condition (g=I=2) is satisfied, then the
restriction of the intersection bibracket {—, —}} in the category C(M) to A, is a w1 (OM, %)-
equivariant Gerstenhaber bibracket of degree 2 — n.

Proof. — Clearly, A, = A(C4) where C, is the full subcategory of € determined by
the object x. Therefore our claim is a consequence of Theorem =g and the results
stated at the end of Section e===. We only need to check the equivariance. Leta, b € A,
and let ¢ be a loop in dM based at x representing g € m1 (0 M, x). We deduce from the
commutativity of the diagram (g=2-3) that

T(a*@b*) =T ((¢7 ¢ yla) (¢ a(b) = ((s7 6 g x (67 67 )g) Y b).
Using the naturally of the cross product, we conclude that

{{a®, %) = (Ha,b}")* ® ({{a,b}")*. o

By Theorem pr2 and Lemma p=rm, the intersection bibracket in A, induces a
natural structure of a Gerstenhaber algebra of degree 2 — n in the commutative unital
graded algebra (A,)f for all N > 1. We call (A,)}; the N-th representation algebra
of M. The action of 711(dM, %) on A, induces an action of (M, *) on (A,)y by
graded algebra automorphisms, and the Gerstenhaber bracket in (A, )}, is 71 (0M, x)-
equivariant. The isomorphism classes of the double Gerstenhaber algebra A, and
the Gerstenhaber algebras {(A4)},}» depend only on the connected component of *
in oM.
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5.1.4. The induced Lie bracket. — We keep notation of Section gr=3 and let A, be
the quotient of A, = H.(Q) by the submodule [A,, A4] spanned by the vectors
ab — (=1)l4I"%1pq where a, b run over all homogeneous elements of A,. Under the
assumptions of Theorem p1=7, the intersection bibracket {{—,-}} in A, composed
with the multiplication of A, induces a (2 — n)-graded Lie bracket (-, —) in A,,
see Section [Z-1.

The Lie bracket (—, —) can be computed using the map

Cy - H*(Q* X Q*) - H*(Q*)

induced by the concatenation of loops. Namely, if & : A, — A, is the natural projec-
tion, then for any homogeneous a, b € A,,

(h(a),h(b)) = h({a,b} {a,b}"’) = he.Y(a ® b)
= (-)PPIelne, ([ ((a) @ (b))]).

The resulting expression may be used as the definition of (-, —) avoiding the use
of {—,-}}. This gives a (2 — n)-graded Lie bracket in A, over an arbitrary com-
mutative ring K. The Jacobi identity for (-, —) may be deduced from Lemma
below. Presumably, the Lie bracket (—, —) is related to the operation discussed in [28,
Remark 3.2.3] using Chas-Sullivan’s techniques.

5.1.5. The simply connected case. — Suppose that the manifold M is simply con-
nected and the ground ring K is a field of characteristic zero. The classical Milnor-
Moore theorem (see [x5, Theorem 21.5]) asserts that, the Pontryagin algebra

A* = H*(Q*)

is fully determined by n.(M) = @pzo 7p(M) and the Whitehead bracket [—, —|wn
in 7,(M). More precisely, consider the graded module

L, = @ K ®7 ﬂp(Q*)

p=0

(obtained from 7.(M) by tensorizing with KK and shifting the degree by 1), and
equip L, with the bracket defined by

k®a,l®p]=ki® (1)’ )t q11([0,11(@). 951 (B)wn) €K @ mpiq()

for any k,l € K, a € 7,(4), B € 71g(2). Then L, is a O-graded Lie algebra and
the Hurewicz homomorphism L, — A, extends to an isomorphism of the universal
enveloping algebra U(L) onto A,. Moreover, under this isomorphism, the standard
comultiplication in U(L) carrying any @ € L, to @ ® 1 + 1 ® & corresponds to the
comultiplication in A, induced by the diagonal map Q. — €, x Q. Note that, by
the Poincaré-Birkhoff-Witt theorem for graded Lie algebras [x5, Theorem 21.1], the
natural linear map L, — U(L,) is injective so that L, can be treated as a submodule
of U(Ly) =~ A,.

Recall from Section e== that the 0-graded Lie algebra L, gives rise to represen-
tation algebras {(L.)n}n>1. The Milnor-Moore isomorphism U(L.) =~ A, induces
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an isomorphism (L,)y = (Ax)7 for all N > 1. In this way, the algebras {(L.)n}n>1
acquire a structure of Gerstenhaber algebras of degree 2 — n.

5.1.6. The 2-dimensional case. — The case n = 2 (so far ruled out in this section by
the assumptions of Section p-1=3) has been extensively studied by several authors and
gave the original impetus to this work. We briefly discuss this case.

A connected oriented surface M with M # @ is an Eilenberg-MacLane space
K(n, 1) where r is the fundamental group of M. For any points %1, x; € dM, the
space ()(M, %1, x2) is homotopy equivalent to the underlying discrete set of 7. There-
fore, in the notation of Section p=r=1, we have C = €% and A = A(€Y) is the groupoid
algebra of 1 (M, dM).

For any points 1, g, x3, 4 € M such that {*1, 2} N {*3, %4} = @, Section gz-7
yields a linear map

Y1934 : Ho(12) ® Ho(Q34) — Ho(Q32 X Q14) = Ho(Q32) ® Ho(Q14)

(the latter equality holds for all K). This construction extends to arbitrary 4-tuples
of points in dM by slightly pushing these points in the positive direction along 0 M
and proceeding as in Section g35. After an appropriate normalization, this yields
a 0-antisymmetric o-graded bibracket of degree o in the groupoid algebra A. This
bibracket is quasi-Poisson in an appropriate sense, cf. [2], [g2], [36]. For x € oM,
the restriction of this bibracket to the group algebra A, = K[r1(M, %)] is the double
bracket {{—, —}}* studied in [36, Section 7]. It is closely related to the homotopy inter-
section form in K[ (M, x)] introduced in [g1]; see also [zg] for a similar operation.
The associated Lie bracket (-, —) in A, was first introduced by Goldman [z].
Lemma ez implies that for every integer N > 1, the above bibracket in A induces
a bracket in the associated representation algebra C;,. This bracket is quasi-Poisson
(and not Poisson), cf. [36]. Note that €}, is the coordinate algebra of the affine scheme
(over K) that associates to any unital commutative algebra B the set of groupoid ho-
momorphisms 71 (M, M) — GLy(B). Indeed, through linear extension of groupoid
homomorphisms, the latter set may be identified with the set of linear functors from C
to the category Maty (B) considered in Section z==u. We conclude by applying (z==-m).

5.2. The Jacobi identity

We conclude the proof of Theorem prq by proving that the tribracket associ-
ated with the intersection bibracket is equal to zero. We resume notation of Chap-
ter g, i.e., fix points %y, %2, %3, %4 € dM such that {x,x2} N {*3, %4} = @ and, for
any i, j € {1,2,3,4},let Q;; = Q(M, x;, %) be the path space and Q;.’]. = Q°(M, *;, %) be
the proper path space of (M, %;, ;). We start by developing a parametrized version
of the theory of polychains in path spaces.

5.2.1. Parametrized versions of Y, Y, and Y. — Let Z be an arbitrary topological
space. Givena polychain £ = (L,y, v, 1) inQ3,xZ, welet 1’ and 1" be the compositions
of A : L — Q,xZ with the projections to 23, and Z, respectively. We call the polychain
L smooth if the map A’ : L — Q3, is smooth in the sense of Section g7-3. Applying
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the definitions of Section gzz7 but considering only smooth polychains in Q3, x Z,
we obtain smooth face homology H: (9253, X Z). The proof of Theorem 4.8 easily adapts
to this setting and yields that the natural linear map

HS (95, X Z) — H.(Q5y X Z) = H,(Q34 X Z)
is an isomorphism. This computes the face homology of Q234 x Z in terms of smooth
polychains in 03, x Z.
We say that smooth polychains X = (K, ¢, u, k) in Q7, and £ = (L,¢,v,4)in Q5, X Z
are transversal if the maps
k:K—Q], and A':L— Q3,

are transversal in the sense of Section g=T=1. A pair (a,b) € Hy,(Q12) X Hy(Q34 X Z)
with p,q > 0 is transversely represented by a pair (X, £) if K is a smooth reduced
p-polycycle in 27, and £ is a smooth reduced g-polycycle in 23, X Z transversal to X.
Adapting the proof of Lemma g=T5, we obtain that any pair (g, b) as above can be
transversely represented by a pair of polycycles, and, furthermore, any two such pairs
of polycycles can be related by a finite sequence of transformations (X, £) ~ (X, £)
of the following types:

(i) £L=Land X = Kud Mor K = KU M where M is a smooth (p+ 1)-polychain

in Qf, transversal to £;
(i) K =Kand £ = Lud Nor L = LU N where N is a smooth (g -+ 1)-polychain
in Q3, X Z transversal to X.

We next adapt the construction of the intersection polychain. Consider smooth
transversal polychains K = (K, ¢,u, ) in Q}, and £ = (L,y,v, 1) in Q, X Z. Since the
polychain £ = (L,y, v, 2") in 3, is smooth and transversal to X, Section g-z-1 yields
an intersection polychain D (K, £’) = (D, 6, w, k<2”) in Q39 X Q4. We lift D(K, L) to a
polychain in Q35 x Q14 X Z as follows.

Lemma 5.2.1. — Let pr: K X I x L x I — L be the cartesian projection. The tuple
DZ(XK, L) = (D, 6,w,d)
with § = (k= A’, A" o pr |p) is a polychain in Qs X Q14 X Z.

Proof. — We need only to check that the map 1" o pr | : D — Z is compatible with
the partition 6. Let F, G be two faces of D of the same type and let

Np = Ap XIXBpxXI, Ng=AgXIXBgXI

be the smallest faces of K xIx L xI containing F, G, respectively. Since 1" is compatible
with the partition ¢ of L, we have for any (k, s,[,7) € F

A pr(0r,G(k s, 1,1)) = A" pr(pap,ag (k). s, ¥By s (1):1)

=" (Y. (1))
— (1) = A pr(k, s, 1, 1). .

The next claim is a parametrized version of Lemma g=3-1 and is proved similarly.
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LemMma 5.2.2. — For any integers p, q > 0, the intersection (X, L) — DZ(X, L) induces a
bilinear map Hp(ng) X Hq (Qg4 X Z) e Hp+q+2—n(Q32 X 914 X Z)

The direct sum over all integers p, ¢ > 0 of the pairings produced by Lemma
is a linear map of degree 2 — n

T12,34Z : ﬁ*(ﬂlg) ® ﬁ*(934 X Z) —> ﬁ*(de X 914 X Z)
As in Section 3.6, a normalized version of this map
T12,34Z : ﬁ*(ng) ® ﬁ*(QgA X Z) —> ﬁk(ng X 914 X Z)
is defined by
Tio3az(a®b) = (—1)|bl+"|a‘ T12,34z(a ® D)

for any homogeneous a € ﬁ*(ng) and b € ﬁ*(934 x Z). We also define an opera-
tion Y19 347 in singular homology by the commutative diagram

—~ —~ T ~
H*(ng) ® H*(Q34 X Z) 1237 H*(Qgg X Ql4 X Z)
(52.1) <ﬂMﬁT JH
T
H*(ng) ® H*(Q34 X Z) -z - H*(Qgg X Q14 X Z)

The proof of Lemma gz=1 extends to this setting and gives the commutative diagram

Y1234z

ﬁ*(ng) ® ﬁ*(934 X Z) ﬁ*(Qgg X Q14 X Z)

(5.2.2) [—]X[—]j lH

Y1234
H*(ng) ® H*(Qg4 X Z) i H*(Qgg X Q14 X Z)
The following two lemmas will help us to compute le’ 34z and Y19,347.

LemMa 5.2.3. — Forany a € H.(Q1), any b € H,(Q34) and any homogeneous ¢ € H.(Z),
we have B B
YTizs1z(a® (bxc)) = (-1)1T1534(a ® b) x c.

Proof. — 1t suffices to consider the case where a and b are homogeneous. Let
K= (K, oukx) and L= (Ly,v,A)

be smooth polycycles in 7, and )5, representing a and b respectively, and such
that X is transversal to £. Let N = (N, x, z,7) be a polycycle in Z representing c. Then

712’34(61 ® b) Xc = <D(ZK,L) X N>
By the definition of Y1234z,
Tiosiz(a® (bxc)) = (D#(K, L xN)).
Therefore, it is enough to show that

(5.2.3) D(K, L) x N = (1)1 DZ (K, L x N).
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We set D(X, L) = (D, 6, w, k< 2) so that
D(K, L)X N = (DXN,0X x,w Xz (k) X1).
We also set
DZ(K, LxN) = (DZ, 6%, w?, 52) with 6% = (k< (Apry).npry |pz)

wherepr; : LxN — Land pry : KxIX(LxN)xI — N are the cartesian projections.
The map

(KXIXLXI)XN—KXIX(LXN)xI, (ks 1t,n)+— (ks1nt)

restricts to a diffeomorphism f : D x N — D? of degree (—1)3m(V) = (-1)l¢l. For any
point (k, s, 1, t,n) in D X N, we have

67 f(k,s.L,t,n) = 67 (k,s,L,n,t) = ((k2)(k,s,1,1),n(n))
(k) x 1) (k, s, 1,1, n).

Furthermore, the diffeomorphism f carries the partition 6 x y to 64 and the weight
w X z to the weight w#. Hence, f is a diffeomorphism of polychains (5:z3). o

LemMA 5.2.4. — Forany a € H,(Q12), b € H.(Q34) and ¢ € H.(Z), we have
T12’34z(a ® (b X C)) = T12,34(a ® b) Xc

Proof. — 1t suffices to consider homogeneous a, b, c. By Lemma =35, we have
bxc = [(B)] x[{c)] = [(b) x (c)].
We deduce that
Y1231z (a ® (bx c)) = T1z34z([(a)] ® [(b) X (c)])
= [T12,34Z(<a> ® ((b) x <C>))]
= (=1)lbI+leltnlal [T12,34Z(<a> ® ((b) x (c)))]
= (—1)|b|+n|a| [T12,34(<Cl> ® (b)) x <C>]
= (=) [T 54 (¢a) ® (0))] x [(0)]
=Tios4(a®b) xc

where the second, fourth and fifth equalities follow from (gz=2), Lemma p-z3 and
Lemma B35 respectively. mi

Given two topological spaces Y and Z, a straightforward generalization of the
constructions above and of Lemma gz yields a bilinear map

’Y\y12’34z : ﬁ*(y X ng) ® ﬁ*(Q34 X Z) e ﬁ*(Y X 932 X 914 X Z)
A normalized version Ym 34z of this map is defined by

Tyi234z(a ® b) = (=1)PHaIYy 15 507 (a ® b)
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for any homogeneous a € H. (Y x Q;2) and b € H,(Q34 X Z). The corresponding map
in singular homology is defined by the commutative diagram

~ —~ T p —~
H, (Y X 912) ® H*(Qg4 X Z) Yz H*(Y X 932 X 914 X Z)
(52.4) <>x<>T J[—]
T 12,2 A
Ho (Y xQ12) ® Ho(Qau X Z) — — =22 5 H (Y X Q30 X Qg X Z).

Then, again, we have the commutative diagram

Tyi2,342

ﬁ* (Y X ng) ® ﬁ*(Q?A X Z)
(5.2.5) HXHJ
H, (Y X ng) ® H*(Qg4 X Z)

ﬁ*(Y X 932 X 914 X Z)

|-

H*(Y X 932 X 914 X Z)

Yyi12,342

Finally, Lemma =7 generalizes to the identity
(526) TYl2’34z((C X a) ® (b X d)) =cX T12,34(a ® b) X d
for any a € H,(Q2), b € H.(Q34) and c € H.(Y), d € H.(Z).
5.2.2. Half-smooth polychains. — We compute the intersection operations of Sec-
tion gz via so-called “half-smooth” polychains. Let Z be a topological space.
A g-polychain

L= (Ly,v,(2,2"): L — Q3, X Z)
is half-smooth if the restrictions of the map A’ : L x I — M (adjoint to 1’) to the
manifolds with faces L x [0,1/2] and L x [1/2, 1] are smooth. Furthermore, £ is half-

transversal to a smooth p-polychain X = (K, ¢, u, ) in 9, if for any face E of K, any
face F of L, and any of the three sets J = [0,1/2], [1/2, 1], {1/2} the map

KXV EXIXFXJ— MxM
is weakly transversal to diagy, in the sense of Section g=r1. Then the set
D(J) ={(k,s,L,t) e KXIXLXJ : &(k,s) = A(L,1)}
inherits from K x I X L x J a structure of a manifold with faces, and we have
(5.2.7) D(J) c K xInt(I) x L x (J NnInt(1)).
Set
D~ =D([0.1/2]). D =D(1/21]) DY?=D({1/2}).
It is clear that D'/2 = D~ N Dt = 9D~ N D" and
dimD™ =dimD* =p+g+2-n dimDY?=p4+g+1-n.

Since £ may be non-smooth, we cannot consider the intersection poly-

chain DZ(X, £). (A priori, the set D~ U D does not have a structure of a manifold

with faces.) Instead, we turn the disjoint union D~ LI D™ into a polychain which will
serve as a substitute for DZ (X, £). The inclusion (gz) allows us to use the same
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construction as in Section == in order to upgrade D~, D*, and D'/? to polychains
in 3, x Qf, X Z denoted, respectively,

DT =D (K, L), DN =DT(K L), DY?=DV3X L).

As can be checked from our conventions, the oriented manifold D!/2 has the ori-
entation inherited from (—1)PT4T1*"§D~ or, equivalently, the orientation inherited
from (=1)PT4+"3D*. The inclusions D'/? ¢ D* are compatible with the polychain
structures (except for the orientations): they map faces of D'/? diffeomorphically
onto faces of D*, map faces of the same type onto faces of the same type, com-
mute with the identification diffeomorphisms of the faces, commute with the maps
to 3, x 7, X Z, and the induced maps in 7y commute with the weights. Also, a face
of D* having the same type as the image of a face F of D'/2 must be the image of
a face of D'/2 of the same type as F. These facts allow us to form a (p + ¢ + 2 — n)-
polychain D" = D" (X, L) in Q, x Q3, X Z by taking the disjoint union D~ U D+
and declaring that the images of any face of D'/? in D~ and D* have the same type
and the identification diffeomorphism between them is the identity map. We shall
sometimes write
D~ u Dt
1/2

for this polychain D".

Lemma 5.2.5. — Let X be a smooth p-polycycle in 25, and let £ be a half-smooth q-polycycle
in Q3 x Z half-transversal to K. Then D" (X, £) is a polycycle in 5, x Q5, X Z and

[:f12,34z(<9<>, <L>)] = [Dh (K, L)) € Hptgr2-n(Q232 X Q14 X Z).

Proof. — Lemma gz2 directly extends to smooth polychains X, X’ in Q], and half-
smooth polychains £, £”in 23, X Z half-transversal to X, X’; one should only replace D
by D". This implies the first claim of Lemma p-=5.

There is an arbitrarily small deformation {£’ = (L, ¢, v, ("), 2”))}rer of L = £
into a smooth polycycle £'. We can assume that the restrictions of the maps

() Lx[0,1] — M
to Lx[0,1/2] and L x[1/2,1] are smooth maps smoothly depending on ¢ € I. Asin the
proof of Lemma g==3, we derive from the deformation {£’};¢; a (¢ + 1)-polychain R
in 3, x Z such that "R = red(£') U red(—£). The assumptions on the deformation
imply that R is half-smooth. Taking the deformation small enough, we can ensure
that R is half-transversal to X. By the assumption "X = @ and the generalized
version of Lemma g-z3,
(=1)"PHL" DM (K, R) = red D" (red K, red (L) Lred(~L))
= red D" (red K, red £') U ( - red D" (red K, red L))
=red D"(X, L) U (- red D"(K, L)).

Therefore _
(D", L)) = (D"(I, L)) € Hprgro-n(Qs2 X Qs X Z).
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Projecting to singular homology, we obtain the equality
[D"(K, £)] = [D"(K, £Y)] € Hpygro-n(Q32 X Q4 X Z).

Since the polycycle £! is smooth, the manifold with faces underlying D" (X, £!)
is obtained by cutting out the manifold with faces underlying D% (X, £!) along a
smooth compact oriented proper submanifold of codimension 1. This easily implies
the equality [D"(K, £1)] = [DZ(X, £1)]. Thus,

[T12,34z(<9<>, LNl = [T12,34Z(<9<>: (L] = [D4(x LY] = [DM(K, £)]. o
5.2.3. A Jacobi-type identity for Y. — As in Section g3, the operations

Yio34z, Yiz3az, TYio34z

generalize to all tuples %1, xg, %3, x4 € M. We pick two extra points x5, xs € dM. For
Z = Qgg, the maps T12347, T12,34Z, T 12,34z will be denoted respectively by

Ti23456, Y12,3456, Y12,3456-

Given a permutation (i, j, k, [, m, n) of (1,2, 3,4, 5,6), we can accordingly renumber the

points x4, . .., % and consider the corresponding maps Y;j ximn, Yijkimn, Lijkimn-
We now establish a Jacobi-type identity for Y;; kimn-
Lemma 5.2.6. — Consider the permutation maps
P231 : Q36 X Q52 X Qg — D52 X Qg X Q36, (X, 3, 2) ¥ (3,2, %),
Pa12 ¢ Q214 X Q36 X Q52 — Q52 X Qg X Q36, (5,9, 2) — (5, %, ).

Forany a € Hy(Q12), b € Hy(Q34) and ¢ € Hy(Qs6) with p, q,r > 0, we have the following
equality in Hp+q+r+472n(952 X 914 X 936):

T12,5436(a ® T3456(b ® ¢))
+ (=1)PHED@H) (h219), T 341652 (b ® Ts6,12(c ® a))
+ (=1) PO (p331), Ts6,3214(c ® T1234(a ® b)) = 0.
Proof. — Set & = (—=1)"@+1+P" The definition of Y3456 and (g==2) imply that
12,5436 (a ® Ts456(b ® ¢))
= T12,5136([(a)] ® [T3456((D) ® (c))])
= [T12,5436({@) ® T3456((b) ® (c)))]
= (—1)(r+nq)+(q+r+"+"p) [T12,5436(<a> ® T34,56(<b> ® <C>))]
= g(—1)9FPintr) [T12,5436(<a> ® T3456((b) ® ONIE
Using the naturality of the transformation [-], we also obtain that
(=1)PFEH) (p315), Va4 1652 (b ® Ts6,12(c ® @)
= (=)@ [(1a15), Taa 1652 ((B) ® Ts6,12({c) ® (a)))]
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= (=1)PHm(@tr)+ptnr)+(r+ptning) [(p312)*f34’1652(<b> ® Ts612((c) ® (a)))]
= g(-1) T9(ntp) [(P312)*T34,1652(<b> ® Ts612((c) ® (a)))]
and
(1) PFDTHM) (521), Ts6.3214 (¢ ® T12,34(a ® b))
)P r+n) [(P231)+T56,3214({c) ® T12,34((a) ® (D)))]
)(p+q)(r+n)+(q+np)+(p+q+n+nr) [(p231)*f56’3214(<c> ® T12,34(<a> ® (b}))]
(=1)ptr(nta) [(p231)*T56,3214(<C> ® T1934({a) ® (b))].

Thus, it is enough to prove the following identity in H, (Qs52 X Q14 X 36), where
a € Hy(Q2), b € Hy(Q34) and ¢ € H-(€256) are now any face homology classes:

(528) (_1)q+p(n+r) [T12’5436 ((l ® T34,56 (b ® C))]
+ (=1)rFalntp) [(p312)*f34,1652(b ® Ts612(c ® a))]
+ (~1)ptrnta) [(p231)*T56,3214(C ® Tio34(a® b))| =o0.

Slightly moving the points *i,...,%s in dM, we can assume that they are
pairwise distinct. Let X = (K, ¢,u,«) be a smooth p-polycycle in Qf, represent-
ing a, let L= (Ly,v,4) be a smooth g-polycycle in 13, representing b, and
let N = (N, x, z,n) be a smooth r-polycycle in QZ, representing c¢. We will assume
that X, £, N are pairwise transversal in the sense of Section g=r-1. This assumption
and other transversality conditions imposed below in the course of the proof are
always achieved by a small deformation of X, £, N.

= (-1
= (-1

Let Dy = D(L, N) be the intersection polycycle as defined in Section g=z-m. Recall
thatits underlying manifold with faces, Dy, consists of all tuples (I, i, n,i) € LXIXNXI
such that A(L, ) = 7j(n,i). Let (cb, bc) stand for the underlying continuous map

A< Dpe — Q2 X Q5

of Dyc. The map ch = A <n : Dp. — Q¢ carries a point (I, h, n,i) to the path I — M
which runs from x5 to 7(n,i) along 7(n,—) in the first half-time and then runs
from A([, h) to *4 along A(,—) in the second half-time. (Here and below, the time
parameter of paths always increases along subintervals of 7 with constant speed.)
The map bc = A»>n : Dy — Q5 carries (I, h,n,i) to the path I — M which runs
from %3 to /i(l, h) along /i(l, —) in the first half-time and then runs from 7(n, i) to %g
along 77(n, —) in the second half-time. Thus the paths cb(l, h, n,i) and bc(l, h, n,i) are
obtained from the paths 7j(n, —) and A(1, —) by switching direction at the intersection
point A(, h) = 7j(n, i), see Figure gz next page.

Weset I° = Int(1) = (0,1), Z = Q5 and view Dy, as a polycycle in 7, x Z. It is half-
smooth in the sense of Section g==3. Slightly deforming the map « : K xI — M adjoint
to x, we can assume Dy, to be half-transversal to X in the sense of Section g=z2. In the
sequel, we consider the associated (p + g +r +4—2n)-polychains D_, = D™ (X, D)
and D/, =D (K, Dp) in 02, x Q7 X Z.
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*5 *2
C
*3 b *4
b
*1 *6

Ficure 5.2.1. The polycycle Dy, in 22, X Q5.

On the one hand, the manifold with faces D_, ~underlying the polychain D,
consists of all tuples

(5.2.9) (k,s,Lhynit) e KXI°XLxI°xNxI°x(0,1/2]
such that A(L, h) = 7j(n, i) and &(k, s) = 7j(n,i * t). The map
(5.2.10) (ca,a(ch),bc) : D, — Qoo X Q] X Z = Q25 X Q7 X Q3¢

underlying D_, _is schematically shown in Figure g=z-z next page where one switches
direction at the dotted intersections. The first coordinate

- o
ca: Dabc - Q52

sends any point (g=z3) to the path / — M which goes from %5 to 7j(n, i xt) along 77(n, —)
in half-time and, next, goes from «(k, s) to %o along k(k, —) in half-time. The map

a(ch) : D, . — Qf,

carries a point (5=z3g) to the path I — M which goes from %, to «(k, s) along k(k, —) in
half-time, next, goes from 77(n, i * t) to 7j(n,i) along 7j(n, -) in time [, 1~ 77 ] and,
finally, goes from A(L, h) to x4 along A(l,—) in time [1 — 17 1] The map

bc: D

abe Q;G

sends a point (5=zg) to the path I — M which goes from %3 to A(I,h) = 7j(n,i)

along (1, -) in half-time and, next, goes from 7j(n, i) to x¢ along 7j(n, —) in half-time.
On the other hand, the manifold with faces D}, . underlying the polychain D},

consists of all tuples

(5.2.11) (k,s,L,hynit) e KXI°XLXI°XNXI°x[1/2,1)
such that A(1, h) = 7j(n,i) and &(k,s) = A(L, h * t). The map
(5.2.12) ((cb)a,ab, be) : DY, — QF, x QF, x Q54
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is computed similarly to (g=z1g) and is schematically shown in Figure g===z. We only
note that the map (cb)a : D;Lbc — 3, carries a point (gz7) to the path I — M which
goes from 3 to 7j(n, i) along 7j(n, —) in time [0, |, next, goes from A(Z, i) to A(l, h = 1)
along A(l,-) in time [+, 1] and, finally, goes from &(k, s) to %2 along &(k, -) in the
remaining half-time.

Consider also the polychain Diﬁ = DY2(K, Dp) in Q2, x Q3, x Z. Its underlying
(p + g + r + 3 — 2n)-manifold with faces

1/2
abc

D' =D, ND

abc

consists of the tuples (k, s, [, b, n, i, 1/2) such that (k, s) = A(I, h) = 7j(n, i). The under-
lying map 12
abc

(ca,ab,cb) : D
is the restriction of the maps (g=z-1g) and (5==13), see Figure gz,

*5 v *9 *5 *9 *5 *2

*3 *4 *3 *4 *3 *4

o o o
— (5, X Q74 X Q36

*1 *xg X1 *6 *1 *6

FiGure 5.2.2. The polychains D;bc, Dtllfc and D;rbc.

Cyclically permuting a, b, ¢, we similarly obtain polychains D, D2 D and

7’ “bca’ ~ bca
Db @ié 2b, Dja - Lemma gz allows us to rewrite (5:2.3) as the identity

(5'2'13) (_1)q+p(n+r) [ggbc 1L/)2 D;Lbc] + (_1)r+q(n+l7) (p312)* [gl;ca 1L/J2 ®an]

+ (=Pt (posy ), [ DL, 1% Dipl =0

in H.(Q52 X Q14 X Q36). The idea of the proof is to show that the six polychains on the
left-hand side of (g=z-13) cancel each other pairwise.

We first explain how to relate the polychains D7, ~and D . Observe that the
manifold with faces D underlying D} consists of all tuples

(5.2.14) (Lhni' k,s,t')e LXI°XNXI°XKxI°%x[1/2,1)
such that 7j(n, i") = &(k, s) and A(, h) = 7j(n,i’ * t'). We define a smooth map
F:KXI°PXLXI°XNXI°x(0,1/2] — LXI°XNXI°XKxI°x[1/2,1)

by the formula
F(k,s,l,h,n,it) = (I, h,ni'(i,1), k, 5,1 (i,1))
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where i’ : I° x (0,1/2] = I°and ¢’ : I° X (0,1/2] — [1/2,1) are given by

1-i
2 dir
Observe that the functions i, " satisfy the equations i” =i xt and i = i’ * ¢’. It easily
follows that the transformation (i’,¢’) : 1°x(0,1/2] — I°%x[1/2,1) is a diffeomorphism,
so that F is a diffeomorphism carrying D7, onto D, .The resulting diffeomorphism

(5.2.15) i"(i,t) = 2it and t'(i,1) =1

. D +
Fabe : Dy, D, .,

is compatible with the partitions and the weights of the polychains D_, , D/ .
Moreover,

(5.2.16) (ca, a(cb), bc) = pa12((ac)b, be, ca)Fape = D,

o o o
abe > $25p X {21y X Q34

up to homotopy of the second coordinate map compatible with the partitions. The
1/2 1/2

map Fyp carries Dahc bea

tion

c D, . diffeomorphically onto D,/ C D;rca via the permuta-

(k,s, 1, hyn i, 1/2) — (I, hyn,i, k,s,1/2)

and (F-2:16) holds on D;ﬁ as an equality of maps (no homotopy needed). One easily
constructs a homotopy of the map

a(cb) : D,
/2

into ((ac)b) o Fype constant on Dihc. Since the left-hand side of (g==z173) is preserved
under such a homotopy of a(cb), we can assume that (§:2:16) is an equality of maps.
We prove now that

— Oy

(5.2.17) deg Fape = (—1)tFprtantp+atr),

1/2

The diffeomorphism F,p,. carries the open subset R” = D_, \ D "

open subset R* = D, '\ D;ﬁ 2a of D}, and deg Fup. is equal to the degree of the

restricted diffeomorphism R~ — R*. Clearly,

of D~, onto the
abc

R =D, NX

be Where X

be he =K XI°XLXI°XNxI°x(0,1/2),
RT =D NnX' where X =LxI°xNxI°xKxI°x(1/21).

bca bca bca

Consider the maps

Xop S MY (kosdhomict) s (&(k, ), fi(n,i 0, AL B). (1)),
+ ~
X5 S M (L ks 1) e (R s), im0, A(L B, im0’ 5 1)),

Since N is transversal to both X and £, the map G~ is transversal to diag,, x diag,, in
the following sense: for any faces A, B, C of K, L, N respectively, the restriction of G~
to the interior of A X I° x B x I° x C x I° x (0,1/2) is transversal to the interior of
diagy, x diag,, (in the usual sense of differential topology). Similarly, the map G*
is transversal to diagy, x diag,,. Observe that G- = G F| x-,. and that the inverse
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images of diag,, x diag,, under the maps G-, G" are, respectively, the sets R~, R*. We
identify

(5.2.18) Vs (diagy, x diagy,) = priy Va2 (diagy,) @ priy Va2 (diag,,)
where pr;; : M* — M? is the cartesian projection defined by
prij(mls ma, ms, m4) = (mi, mj)~

As above, V2 (diag,,) carries the orientation induced by that of diag,, ~ M using our
orientation convention, and we give to (5:2.18) the product orientation. Pulling back
the latter orientation along G~, we obtain an orientation on the normal bundle of R~
in X, ; this oriented normal vector bundle is denoted by V". The normal bundle

of R* in X" is oriented similarly and denoted by V*. Let T~ be the tangent bundle
of R~ with the orientation induced by that of V. Similarly, let 7" be the tangent
bundle of R with the orientation induced by that of V. Clearly, the diffeomorphism

(1) : 1° % (0,1/2] — I° x [1/2,1)

defined by (5:zT5) is orientation-reversing. Hence deg F = (—~1)'*(P+1(4+") and
since F carries R~ onto R" and induces an orientation-preserving map V- — Vt, we
have

(5.2.19) Frp (TT) = (=)t e Hblatn =,

Next, consider the following isomorphisms of oriented vector bundles over R~,
where T stands for the tangent bundle, V stands for the normal bundle, and pr
denotes the appropriate cartesian projection:

T(KXIXLXIXNXIXI)g-

=pr'T(KXI)|g-@pr" T(LXIXNXI)g-®pr"T(I)g-

= pr* T(K x1I)|g- ® pr’* (Vexixnxi (Dbe) ® T(Dpe)) |r- @ pr* T(I) g
(=1)"P*D pr* Vi gt (Dpe ) g- ® pr' T(K X I X Dpe X 1) |g-
(=1)"P+Y pr* Vi rsnsa (Do) IR- ® Vixixp, xi(R™) ®@T(R")

(=1)"P Vixixpy.xi (R™) ® pr* Vixixnxi (Dpe) |g- ®T(R7).

1

IR

IR

V-
It follows that 7~ = (-1)"PT(R™). Similarly,
T(LXIXNXIXKXIXI)g+
=pr'T(LXI)|g+ ®pr'T(NXIXKXI)|g+ ®pr'T(I) g+
= pr* T(L x I)|g+ ® pr* (VNsixkxi (Dea) ® T(Dea)) g+ ® pr* T(I) g+
= (=1 pr*Vnygsgss (Dea) g+ @ pr T(L X I X Deg X I) g+
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= (=1)" 9D pr* Yyt (Dea) IR+ ® VixixD oxi (RT) ®T(RT).

(nmvr
Here the sign (-1)" accompanying V* is the degree of the permutation map
M? — M?,  (m1,ma) —> (ma,my).

It follows that T+ = (-1)"4T(R™"). Formula (gz-1g) and the computations of 71,7~
imply (Fz17)-
Cyclically permuting a, b, ¢, we obtain diffeomorphisms

Fyca : Dyoy — D:Tab,

Feap : D, — D7,
such that
(5.2.20) deg Fpeq = (—1)Fantrntlat)(r+p)
(5.2.21) deg Foap = (_1)1+rn+pn+(r+1)(p+q).

To conclude the proof, we set

1/2
abc

1/2
bca

1/2
cab’

ubD*, and DY?=DtnD =D’ uD’’uD

cab

u Di

bca

D* = D*

abc

Clearly, FeapFpcaFape = id on Di{fc. Therefore any triangulation of D(llfc extends

uniquely to a triangulation, T71/2, of D/? invariant under Fpe U Fpeq U Feap. (All tri-
angulations in this argument are supposed to be locally ordered and to fit the given
partitions, cf. Sections gz and g3:2.) Subdividing, if necessary, T'/? we can assume
that it extends to a triangulation, 7~, of D™. Transferring T~ along the diffeomorphism

FachFbcal—'Fcab:D_—>D+

we obtain a triangulation, 7+, of D™ also extending T1/2, We use the triangulations 7~
and T to represent the left-hand side of (5==13) by a (p + ¢ + r + 4 — 2n)-dimensional
singular chain. According to (5=T17), (F-==zzg) and (Fz=1), every singular simplex
contributed by a top-dimensional simplex of 7~ cancels with the corresponding
singular simplex in 7. Therefore the singular chain in question is equal to zero and
so is the left-hand side of (F=z173). mi

5.2.4. Proofof Theorem =1 (the end). — Let {—, —, —}} € End(A®?) be the tribracket
induced by the intersection bibracket {—, -}} in A = A(€). Pick any points %1, ..., %g
in M and any homology classes a € H,(Q12), b € Hy(Q34) and ¢ € H(256). We need
to show that the tensor

(5222)  {a,b,c} = {a. {b.cY P} ® {b,c}”
+ (=1) PGP (b, fe,al' B ® fc,a}”)
+ (~1)PHDTFEIPo (e, la, b)Y B ® Ha, b))
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vanishes, where P31, P231 € End(A®3) are the graded permutations defined in Sec-
tion m=m. For any i, j, k, L u,v € {1,...,6}, let

Wijkl * H*(Qij) ® H*(le) — H*(Qij X le),
Wijkluv - H*(Qij) ® H*(le) ® H*(qu) — H*(Qij X Qg X qu)

be the linear maps induced by the cross product. By definition of the intersection
bibracket and Lemma =7,

@s2.14,36({a, {b, B} @ {b,c}) = wsa1a({a, {b, c}'R) x {b, c}”
=Tio54(a® {b,c}}’) x {b,c}”
= T125436(a ® ({{b, Y}’ x {b,c}}"))
= T12.5136(a ® @s4,36({b, c}))
= T12,5436 (@ ® Y3456(b® ).

Cyclically permuting a, b, ¢, we also obtain

@s2,14,36 P312 ({0, {{c.a} B ® {{c.a}}”)
= (p312)«@14,36,52 ({0, f{c.al}' B ® {c.a}}”)
= (p312)+«Y34,1652 (b ® Ts612(c ® a)),
@s2,14,36 P231 ({{c, {{a, b} B © {a, b}}”)
= (p231)-@36,52,14(fc, {{a, bR} ® {a, b}")
= (p231)«Ys6,3214(c ® T12,34(a ® b)).

Combining the last three identities, formula (5==zzz) and Lemma F.2.6, we obtain
that @s9,14.36 ({a, b, c}}) = 0. We conclude that {a, b, c}} = 0.

5.3. Computations and examples

We compute T for spherical homology classes of complementary dimensions and
for 0-dimensional homology classes. We use these results to determine the intersec-
tion bibracket in two examples.

5.3.1. Intersection of spheres. — Assume that n = dim(M) > 4. We compute the
operation T on the loop homology classes arising from spheres of complementary
dimensions. Let us fix a base point s, in the k-sphere S* for every k > 1. For x € M,
we let

(M, x) = [(8% s), (M, x)]
be the k-th homotopy group of M at x. For x,y € dM, we set

(M, x,y) = o (UM, x, y)).
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Consider base points x, x” in M and integers p, ¢ > 2such that p+q = n = dim(M).
Let Y7 , be the following composition:

ap(M, %) xng(M,%x") — — — _Tie

apxa{ T~

T )
prl(ﬂ*) ® qul(Q*/) — Ho(Qurae X Quwr) = Kz (M, %/, %)] @ K 71 (M, %, %")].

Here Qy = Q(M, %, %), Quw = QM, %, %x"), 9, : n.(M,x) — H._1(Qy) is the con-
necting homomorphism of Section g-13, and similar notation applies with x and *’
exchanged. The following lemma computes Y7 , when x # *".

LEmMMA 5.3.1. — Assume x # x’. Let
a@: (8P, sp) — (M, %) and pB: (859 5,) — (M, %)
be continuous maps such that

a_l(ﬁM) = {sp}» ,8_1(8M) = {Sq}
and a|sr\ (s}, Blsa\ (s, ) are transversal smooth maps. Then

(531  Tro(el[8) = (1" S sl ) [Byert @ lausy

()
Here: the sum runs over all (x,y) € SP x 8% such that a(x) = B(y); €(x, y) is the sign of the
product orientation in a.(TySP) ® B.(TyS?) = Ty (x)M with respect to the orientation of M;
@y is the composition of a with a path from s, to x in SP and By, is the composition of  with a
path from s, to y in S9.

Proof. — For k > 1, let by : I¥ — S* be a continuous map such that 7 (81%) = {si},
hic |t (1%) is smooth and the quotient map hy : I*/dI* — S is a degree 1 homeomor-
phism. Then ah,, : IP = IP~! x I — M is adjoint to a continuous map w, : IP~! — Q,
which carries 177! to the constant path e,. Let
@ P71 )OIPT — Qy
be the quotient map. Then
dp ([]) = (@a). (1P~ /01771]) = [X]

where K = (IP"1,0,_1, 1, w,) is the polycycle in Q, with weight 1 and with parti-
tion 6,,_; defined as the product of p — 1 copies of the partition of I identifying {0}
to {1}. Similarly, 9, ([8]) = [£] for £L = (197,01, 1, wp).

The polycycles K and £ are admissible in the sense of Section g3 where
*1 = kg =Kk, k3 = x4 = */, U = Int(IP7}) x Int(1) and V = Int(1971) x Int(I). We
can therefore consider the intersection polychain D(X,£) and by Lemma 33,

it represents T((K) ® (L)). Then, using Lemma g2-1, we get
175 (la], [8]) = Y(([K) [£]) = (-1l VDY ((K) © (£))]

= (-1)7t PO D(K, L)].
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The intersection polycycle D(X, £) is o-dimensional, and its points bijectively corre-
spond to the pairs (x, y) € S? x§? such that a(x) = B(y). Such a pair (x, y) contributes

£(x,y) (ﬁy&x, a’xﬁ_y) € Qe X Qs

to D(X, £) where ay, By are paths as in the statement of the lemma, @, is the compo-
sition of @ with a path from x to s, in S”, and B, is the composition of g with a path
from y to s, in S9. Here &(x, y) is the sign of the linear isomorphism

N T MxM
T(x,y) (SP X S‘I) % (z.2) ( X )

T(Z’Z) (M x M) T(z,z) diagM

= vmxm (diagys ) (z.2)»

where z = a(x) = B(y), T(x,y)(S? x §7) = TSP & T, 87 has the product orientation
and vy« (diagy, ) has the orientation induced from that of diag,, ~ M. The linear
map T, (M x M) = T,M & T,M — T,M defined by (u,v) — u — v induces an
orientation-preserving isomorphism vasxas (diagy, ) z,z) — 7. M. Composing with the
linear isomorphism above, we obtain the map

@ @ (—p) TSP o Ty89 — T M

whose degree is (-1)7¢(x, y). Therefore &(x, y) = (—1)7&(x, y). Thus,

17 (0] [B) = (1" " o, 3)[(Byn )]
(x.y)
= (_1)n(P+1)+1 Z e(x,y) [Byd'x] ® [axﬁy]-
(%)

Since p > 2, the path a, is well defined up to homotopy rel 41 and @, is homotopic to
ay’. Similar claims hold for g since ¢ > 2. This yields (531). m]

If we consider a single point x in the boundary of M, then we can similarly compute
the linear map

Y7 =05, mp(M, %) X1y (M, %) — K[m (M, %)] ® K [ (M, )].
Fix a path ¢ : I — dM from * to a different point ' € dM, and consider maps
a: (8P, sp) — (M,%x) and B:(5%s5,) — (M, %)
satisfying the conditions of Lemma g=3-1. Transporting 8 along ¢!, we obtain a map
1B (8%, 54) — (M. %).
Applying Lemmas g-7=2 and p=3-1, we obtain that
(532 T(alls"B) = (Gl 1 < JI8)s™)
=¢T(3p [B])s™
= gT**f([ } [ﬁ})g_l
= (-1 )n(l’+1)+1 Z s(x,y)[gﬁya; | ® [a’xﬁyl —1].

(xy)
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This computation implies that the map Y” is determined by the pairing
(aug @ id) XY™ : 7, (M, %) X 1y (M, %) — K[m1 (M, %)],
where aug : K[ (M, x)] — K is the addition of coefficients. Note that
(5.33) (ang ®id) T ([a]. s B)) = (<14 S sl y) [y 7.
()

The pairing on the right-hand side is the well known “geometric intersection" of
spherical cycles or the “Reidemeister pairing”, see [gu] or [#3, Section 5].

5.3.2. Intersection of arcs with spheres. — Assume that n = dim(M) > 3. We fix
three points 1, x2, x3 € dM and consider the map T’1r2’3 defined by the following
composition:

T (M, %1, %) X 1 (M, *3) - — R

- 12,3

51 xanlJ/ - =~ -
~4

Hy($12) ® Hy2(233) — L Hy(s5 X 3) = K [711 (M, 3, %2) | ®K [7r1 (M, %1, %3)].

As in the previous sections, ;; = Q(M, x;,%;) for any i,j € {1,2,3}. Lemma g3
easily adapts to this setting and yields the following computation of 17, ;.

LemMA 5.3.2. — Let a € ), and let
ﬂ : (Snil, sn—l) —> (M, *3)

be a continuous map such that B (M) = {s,-1}. Assume that %, # x3, %o # %3 and that
@|(0,1), B|sn-1\{s,_, } are transversal smooth maps. Then

TTo5(le) [8]) = = D &(x.y) [Byaa] @ [ouBy ).
(%)

Here: the sum runs over all (x,y) € [0,1] X S"~* such that a(x) = B(y); e(x, y) is the sign of
the product orientation in . (T [0, 1]) & B.(TyS" ™) = To(x)M with respect to the orientation
of M; aoyx (respectively ay1) is the path running along « from x1 to a(x) (respectively
from a(x) to x2) in the positive direction and By, is the composition of B with a path from s,
toyin S" L,

Lemma p-3-2 can be adapted to the cases where x; = x5 and/or x; = *3. Besides,
we can similarly define an operation

Tilr,23 : ﬂn,Q(M,*l) Xﬂ'l(M,*g,*g) e K[ﬂl(M,*g,*l)] [0z K[ﬂ'l(M,*l,*g)]

and compute it as in Lemma p-32.
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5.3.3. A simply connected example. — Fix 2g integers p1, qu, . .., pg, g¢ = 2 such that
p1+q1 =+ =pg + gg = n. Consider the closed smooth n-manifold

534) W= (SPx ST o (575 x %)

with the product orientation on each summand, and assume that M = W \ Int(D)
where D is a closed n-ball smoothly embedded in W. Fix a point x € dM and consider
the Pontryagin algebra A, = H.({%) where Q. = Q(M, x, x). We now compute the
intersection bibracket in A,.

For an appropriate choice of D, of the base points {sx € S}, and of the balls along
which the connected sums are performed in (573:73), the sets

Xi =8P x{sq,} CSP'x 8% and Y; = {sp,} xS c §P' x §7

are embedded spheres in M, for alli = 1,...,g. Since M is simply connected, these
spheres define certain elements x* € m, (M,%) and y* € n,(M,x), respectively.
Consider the corresponding elements of the Pontryagin algebra

Xi = épi (xln) € A’i’;l, yi = 56]i (yln) € Aziil'

Since M deformation retracts to a wedge of 2g spheres isotopic to X1,11, . .., Xg, Yg, it
follows from [g, II1.1.B] (or, alternatively, from [m, Corollary 2.2]) that x1, y1, . . ., Xg, Vg
freely generate the unital graded algebra A,.

In particular, if K = Z, then A, is a free abelian group. Therefore condition (5-13)
is satisfied for any ground ring K. Hence the intersection bibracket {—, -}} in A, is
defined for any K, and is fully determined by its values on the generators. These

values can be computed from the formula (53=2): forany i,j =1,...,g,
(5-3:5) {xi, v = 6ij(_1)qi(pi+1)+1 1®1, {y,xp= 51‘1(—1)”"Jrl 1®1,
(5.3.6) {xio 3 =0, {yi,yiB=0.

Here we use the assumption that the spheres X;, ¥; have codimension > 2 in M and so
can be made disjoint from the interiors of arcs connecting them to x. As a consequence,
we observe that the bibracket {—, —}} is a graded version of the bibracket associated
by Van den Bergh [gz] with the (double of the) quiver O, having a single vertex and g
edges.

The graded module A, = A, /[Axs Ax] i freely generated by words in the letters
X1, Y1 - - - Xg, Vg, SUbject to the cyclic relations

[wi |- [wa|

wiwe = (—1) Wowy

for any words wy, wo where |w;| is the sum of the degrees of the letters appearing
in w;. The (2 — n)-graded Lie bracket (—,—) in A, induced by {-,-} is a graded
version of the necklace Lie bracket associated to Qg, see [g], [a9g].

For any integer N > 1, the Gerstenhaber bracket {—, -} in (A*)x induced
by {-,-}} can be computed from (535), (53:8). In particular, (A,)] = Com(A,)
is the unital commutative graded algebra with free generators x;, yi,. .., xg, yg in

degrees |x;| = p; — 1, |yil =¢i — 1,and foranyi,j=1,...,g,
{xl.’ y]} — (_1)‘1i(l7i+1)+16ij’ {y]’ xi} _ (_1)pi+16ijs {xi’ x]} — O, {)’i» y]} =0.
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Thebracket {—, —} is a graded version of the standard Poisson bracket in the symmetric
algebra of a free module of rank 2g equipped with a symplectic form.

5.3.4. A non-simply connected example. — Let n > 3. We compute the intersection
bibracket in the Pontryagin algebra of the exterior of a ball in W = S§* x §"~. We
endow W with the product orientation and set

X=8'%{s,_1}cW and Y ={s;}xS"tcw

where s; € S! and 5,01 € S"! are the base points. As above, assume that
M = W\ Int(D) where D is a closed n-ball smoothly embedded in W \ (X UY).
Pick a point x € dM = 4D and connect it to the point s = (s1,5,-1) € Int(M) by a
pathy : I — M such thaty~!(XUY) = {1}. Up to homotopy relative to the endpoints,
there are two such paths; we take the path y such that a positive tangent vector
of y followed by a positively oriented basis of T, ,$""! yields a positively oriented
basis of T, M, see Figure g=3-1 below. Transporting X and Y along y, we obtain certain
homotopy classes x™ € 71(M,*) and y” € m,_1(M,*). Consider the corresponding
elements
x=0,(x") €Al and y =20, ,(y") e AV?
of the algebra A, = H.(Q,). Note that x is invertible in A} ~ K[r; (M, x)]. We claim
that the unital graded algebra A, is generated by x*!' and y subject to the only
relation xx~! = 1. Indeed,
Av = P xH ()
ieZ
where Q! is the connected component of €2, consisting of null-homotopic loops.
The space Q%! can be identified with the loop space of the universal cover of M.
This cover has the homotopy type of a wedge of countably many copies of $"*
since M deformation retracts to X UY = S' v §"~1. Therefore, the unital graded
algebra H,(Qu"!) is freely generated by the elements {x'yx~"};cz, and the claim above
easily follows.

FIGURE 5.3.1. The manifold M = (S x §"71) \ Int(D).

In particular, if K = Z, then A, is a free abelian group. Therefore the intersection
bibracket {{—,-}} in A, is defined for any ground ring K. To determine {{—,-}}, it
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suffices to compute its values on the generators x, y. For degree reasons,

(5:3.7) f{x. xf = 0.

Let ¢ be an arc in dM connecting x to another point x’. By Lemma p-3:3, we obtain
fr.s7lysh=-sx®g {sThysap=c®¢x

This implies the equalities

(5-3-8) fx.yp=-x0l {y.x}=1ex

Observe next that x 'yx and ¢~'ys are images under the connecting homomor-
phism of certain elements of m,_1(M,*) and 7,_1(M, ") that can be represented
by disjoint embedded spheres. It follows that {x~'yx, ¢ 'y¢}} = 0 which implies
that {{x"'yx, y}} = 0. Using the Leibniz rules and (§:3.3), we deduce that

(53-9) .y =19y-yol.

Using (532)~(5=39), one can also compute the graded Lie bracket (-, —) in A, and
the Gersthenhaber bracket {-, -} in (A])x for any integer N > 1.
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CHAPTER 6

PROPERTIES OF THE INTERSECTION BIBRACKET

In this chapter, M is a smooth oriented connected manifold of dimension n > 2
such that dM # @ and the condition (g-=2) is satisfied.

6.1. The scalar intersection form

We derive from the intersection bibracket of M a scalar intersection form and
compute it in terms of usual homology intersections. We begin with algebraic pre-
liminaries.

6.1.1. The scalar form induced by a bibracket. — Consider an arbitrary graded
category C and the associated graded algebra A = A(C), see Section z==n. Given an
augmentation ¢ : A — K and a d-graded bibracket {—, -} in C with d € Z, we define
the induced scalar form

e AXA—K by aeb=(s®¢)({{a,b})
for any a, b € A. Observe that
ae(bc)=(aeb)e(c)+e&(b)(aec),
forany a € A, b € Home(X,Y), ¢ € Home(Y, Z) with X, Y, Z € Ob(C); similarly,
(ab)ec=¢e(a)(bec)+ (aec)e(d)

forany ¢ € A, a € Home(X,Y), b € Home(Y, Z) with X, Y, Z € Ob(C). Furthermore, if
the bibracket {{—, —}} is d-antisymmetric, then

aeb=—(-1)4laPlap e g for any homogeneous a, b € A.
6.1.2. The scalar form induced by the intersection bibracket. — The path homology

category € = C(M) of the manifold M has a canonical augmentation ¢ : A(C) — K
obtained as the direct sum over all x, *" € dM of the compositions

H, (UM, %, %)) — Ho(QUM, %, x")) — K,
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where the left arrow is the obvious projection and the right arrow carries the homol-
ogy classes of all points to 1. By the previous subsection, this augmentation together
with the intersection bibracket induce a bilinear form o : A(€) X A(C) — K.

We compute e in terms of standard homological intersections in M. For simplicity,
we assume in the rest of this section that n > 3, though the case n = 2 may be

considered similarly. For any points %1, x2, x3, x4 € M, we define a linear map
(6.1.1) H*(M, {*1,*2}) ®H*(M, {*3, *4}) L) K.

It suffices to define the restriction of » to Hx ® H for any k,1 > 0.If k+1 # n, then this
restriction is equal to zero. Suppose now that k + 1 = n. When {1, %2} N {*3, %4} = @,
the form = is the standard homological intersection, see, for example, [H]. When
{*1, %2} N {*3, %4} # @, we separate two cases. If k > 2, then Hy(M, {*1,%2}) is
canonically isomorphic to Hi(M) and the pairing = is induced by the homologi-
cal intersection Hy(M) ® H;(M, {*3,x4}) — K. The case I > 2 is treated similarly
using that H;(M, {*3, *4}) is canonically isomorphic to H;(M). Note that the assump-
tion k + ! = n > 3 guarantees that k > 2 or [ > 2. If both these inequalities hold true,
then the two definitions above give the same pairing.

The next lemma yields a version of the homological suspension homomorphism
due to Serre [gu, §IV.5].

LeEmMA 6.1.1. — Let Q = Q(M, %, ") with x,x’ € M. There is a unique homomorphism
S HL(Q) — Hoot (M, (5,%))

such that for every polycycle X = (K, ¢, u, ) in 2, we have

(6.1.2) S(K]) = [(KxLext,ux1Kk)]

where 1 is the trivial partition on I = [0, 1].

Proof. — The uniqueness of ¥ is a direct consequence of Theorem g37. To prove the
existence, define a continuous map

ev:Q— M by ev(a)=ca(l/2)

and set Q2 = ev™! ({, *'}). The formula

* ifrel0,1/2-1s/2],
dla,s)(t) =4 a(s+2t-1) ifre[l/2-5/2,1-5/2],
*’ ifrefl-s/21]

defines a continuous map d : (2 x [, x dI) — (Q, Qa). Let
A H.(Q) — Hoy (Q Qa)

be the linear map sending any x € H.(Q2) to d.(x x [I,01]) (the definition of A is in-
spired by [g, §5] and [28, Remark 3.2.3]). Finally, we set ¥ = ev, A. To check (B13), ob-
serve that the fundamental class [1, 81] € H; (I, d1) is represented by the 1-dimensional
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polycycle J = (I,7,1,id : I — I relative to 0. Lemma g3 implies that for any poly-
cycle X = (K, ¢, u, k) in 2,

S([]) = ev.. d ([%] x [7])
= (evd).[KxJ] = [(KxLextux1Kk). O
We can now state the main result of this section.

THEOREM 6.1.2. — For any 1, g, 3, %4 € M, the following diagram commutes:

H., (M, %1, %3)) ® H, (UM, %3, %4)) ——— K.
s
—(—1)"2®2J

H, (M, {1, %2}) ® H.(M, {3, %4})

The proof of Theorem ET3 proceeds in three steps. First we consider arbitrary
disjoint subsets d_M, 04 M of OM and the standard homology intersection form

H,(M,0_M)® H.(M,0, M) — H.(M).

We denote this form by © and compute it in terms of polycycles. Secondly, we relate ©
to the operation Y. Finally, we deduce Theorem b13.

LemMma 6.1.3. — Let 0_M, 8, M be disjoint subsets of OM. Let X = (K, ¢, u, «) be a smooth
p-polycycle in M relative to d_M, let L = (L,y, v, A) be a smooth g-polycycle in M relative
to 04 M such that the map k X A : K x L — M x M is transversal to diag,, in the sense of
Section gerza. Let D = (kx A) 7 (diagy, ) and let prg : KX L — K be the cartesian projection.
Then D is a manifold with faces and, for some orientation, partition 6, and weight w on D,
the polychain D = (D, 6, w, k prg |p) is a polycycle such that

(6.1.3) [X] @ [£] = (-1)4P*™[D] € Hpg-n(M).

Proof. — The transversality assumption ensures that D inherits from K x L a structure
of a manifold with corners, see [35]. The same argument as at the beginning of
Section gzm shows that D is a manifold with faces. We orient D so that the induced
orientation of its normal bundle in K x L is the pull-back of the orientation of the
normal bundle of diag,, ~ M in M x M via (k x A)|p. The partition 6 of D is defined as
follows: the faces of D are the connected components of the intersections (F x G) N D
where F and G range over faces of K and L respectively; two such faces C ¢ (FxG)ND
and C’ C (F’ x G’) N D are of the same type if F, F’ are of the same type, G, G’ are of
the same type, and (¢r r» X ¥G,¢')(C) = C’. Then

Oc,cr = (¢F,F XV¥G,6')|c-
The weight w of D carries a connected component Z of D to u(X)v(Y) where X,Y
are connected components of K, L respectively, such that Z is contained in X x Y.
Then D = (D, 6, w, k prg |p) is a polycycle satisfying (b-1.3).
We leave the general case of this claim to the reader and prove it only under the
following assumptions: K and L are transversal compact oriented smooth submani-
folds of M such that 9K = M NK c 0_M and dL = dM N L C 8+ M; the partitions ¢
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of K and ¢ of L are trivial; the weights u : m1o(K) — K and v : np(L) — K send
all connected components to 1 € K; the maps xk : K - M and A : L — M are the
inclusions. Under these assumptions, we have

(Ko ] = [K]o[L] = [KNnL]
where K] € H.(M,d_-M), [L] € H.(M,3,. M) and [K N L] € H,(M) are the fundamental

classes, and K N L is oriented so that

(6.1.4) vm (KN L) =vy(K)knr ® vm (L) |knL

(this agrees with the orientation rule in [f, p. 375]). Since D = (K x L) N diag,,
corresponds to K N L ¢ M under the standard identification diag,, ~ M, we need
only to compare the orientation of D with that of KN L. Note the following orientation-
preserving isomorphisms of oriented vector bundles:

T(M?)|kxr = pri (T(M) ) ® pry (T(M))1)
= pry vm (K) ® pr T(K) @ pry var (L) @ pry T(L)
= (-1)P“* pri v (K) @ pry v (L) @ pri T(K) @ pry, T(L)
= (—1)P“H) pry v (K) @ pry v (L) @ T(K X L)

where prg : KxL — K and pr; : K X L — L are the cartesian projections. Restricting
to D Cc K x L, we obtain

R

T(M?)p = (-1)P9™) (pry v (K)) 1p @ (pry v (L)) p @ T(K X L) |
(=P p* (vr (K) |kr) @ p*(vm (L) ko) @ T(K X L) |p

(=1)Pl*) p*y (K N L) @ vixr (D) & T(D)

IR

R

where p is the identification diffeomorphism D — K N L. On the other hand,

T(M?)|p

13

vmxm (diagy )| p © T(diagy) |p

vamxm (diagy, ) 1p @ p* (T(M) |knrL)

vmxm (diagy, ) |p ® p'vm(KNL) @ pT(KN L)
(=1)PHD"p*ypr (K N L) ® varsew (diagy, ) jp ® p'T(K N L).

1R

1R

13

Since vigxr (D) = vmxm (diagy, ) |p as oriented vector bundles, we deduce that
T(D) = (~1)P@+) . (<) P S T(K 0 L) = (~1)90+) pT(K (1 1)

and (p.1.3) follows. m|

LEmMA 6.1.4. — Let, under the assumptions of Lemma p1.3, *1,%2 € O-M and
*3,%4 € 04 M. Let &1 be the composition of the augmentation & : H,(Q32 X Q14) — K with
the linear map K — H.(M) sending 1 € K to [x1] € Hyo(M). Then the following diagram
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commutes:
T12,34

H,.(Q12) @ H.(Q34) H,(Q32 X Q14)

—(-n)"-s ®zl Jfl

H.(M,0_M) ® H.(M, 0, M) —>— H,(M).

Proof. — Let prs, : Q32 X Q14 — Q3 be the cartesian projection. Clearly, the map
ev ng — M

is homotopic to the constant map @ +— %3 so that, in homology, (ev prs,). = &1. Pick
now any a € H,(Q12) and b € Hy(Q34) with p,q > 0. Let X = (K, ¢, u, k) be a smooth
reduced p-polycycle in Q}, and let £L = (L,y, v, 1) be a smooth reduced g-polycycle
in 3, transversely representing the pair of face homology classes ({a), (b)). Set

D(K, L) = (D, 6, w, k).
Then
e1T1231(a ® b) = (=1)77"P (ev prs,). ([D(K, £)])
= (=1)TH oy, [(D, 6w,k < 2)]
= (=1)2tmP [(D, 0,w, K o pr \D)]

where pr : K X I X L x I — K x [ is the cartesian projection. We deduce from
Lemmas b33 and that

= (=1)""%(a) © X(b)
=—(-D)"[(KxLextux1,d)]o[(LxLyxt,vx1A1
[

= (=)t @D (D, 6,w, o pr p)]

_ (_1)1+q+(q+1)(17+1+n)81fr12’34(a ®b) = (_1)(q+1)(17+n)81fr12’34(a ® b).
Since (g + 1)(p +n)isevenif p+ g = n—2 and &1 1234(a ® b) = 0 otherwise, we
obtain the claim of the lemma. O

We can now complete the proof of Theorem B13. Set
0_-M = {*1,*2} and 6+M = {*3, *4}.

Suppose first that _M N 0, M = @. The desired claim is obtained by combining the
diagram in Lemma with the obvious diagram

wW32,14

H. (32 X Q1g) ——— H.(Q32) ® H(Q14)

H.(M) K

where @35 14 denotes the inverse of the cross product isomorphism as before, and
the bottom horizontal arrow is the standard augmentation. To handle the case
{*1, %2} N {*3, %4} # @, consider a smooth isotopy {¢' : M — M},e; of ¢° = idy
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which is constant outside of a small neighborhood of the points *;, %2 and such
that the point % = @1 (%;) lies in M \ {*3, %4} for i = 1,2. The diffeomorphism
oL (M, %1,%3) — (M, *!, *é) induces horizontal isomorphisms in the commutative
diagram

H, (QM, %1, %3))) ———— H, (M, %, %}))

_(_1)HEJ/ J(_(_l)ﬂllz

H, (M, {%1,%*2}) ————— H.(M, {x,%}}).

Note that the upper horizontal arrow coincides with the isomorphism (g1, ¢2)# de-
fined in Section gz=y where ¢; : I — M is the path ¢t — ¢'(x;). Tensoring this
diagram by the obvious commutative diagram

H, (UM, %3, %4))) LN H, (UM, %3, %4))

EJ P
H, (M, {*3,*4}) _d H, (M, {*3,%4})

we obtain a commutative diagram

H, (UM, %1, %*2)) @ H, (M, %3, %4)) — = .H (UM, %1, %5)) ® Hy (UM, *3,%4))

—(—1)"2®2J l—(—nnmpz

H, (M, {%1,%2}) ® H. (M, {%3,%4}) —————— H,(M, {*},%,}) ® H.(M, {x3,%4}).

By the first part of the proof, we have the diagram in Theorem B33 for the
points %/, %/, x3,%x4. Combining it with the diagram above we obtain the re-
quired diagram. Indeed, according to (=2-3), the upper line represents the scalar
form e : H,(Q(M, %1, %2)) ® H, (UM, x3,%4)) — K. In the bottom line we obviously
get m: H, (M, {*1,*2}) ® H*(M, {*3, *4}) - K.

6.2. The reducibility

The path homology category € = €(M) has a natural structure of a graded Hopf
category, which generalizes the usual Hopf algebra structure on the Pontryagin al-
gebra. The comultiplication A in € is the direct sum over all x, " € M of the linear
maps

H, (Q(M, %, %")) — H.(QUM, *,x")) @ H.(QM, *,%"))
induced by the diagonal maps Q(M,x,x") — Q(M,*,*") x Q(M,*,*"). (Note that
we use here the condition (g=1=2).) The counit ¢ in € is the augmentation defined in
Section Bl For x, " € dM, the inversion of paths induces a homeomorphism

Q(M, %, %) — Q(M,x", %)
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which in its turn induces a graded linear isomorphism
H, (UM, %,%")) — H.(QM,*",%));

the direct sum of these isomorphisms over all *, x" € dM defines an antipode s in C.
It is well-known that the path homology category C with this data is a cocommutative
Hopf category.

LemMma 6.2.1. — The intersection bibracket in € = C(M) is reducible.

Proof. — Let A = A(C)be the graded algebra associated with Candlet A = A({—,-}})
be the map (g=3m) associated with the intersection bibracket {{—, -} in C. We must
show that A(a, b) € A(A) for any a, b € A. Since A is bilinear, it suffices to consider the
case where a € H,(Q12) and b € H,(Q34) for some p, g > 0. Here Q;; = Q(M, x;, %),
and %, %2, %3, %4 are four points in M. Observe that a path in dM starting from %5
represents a certain element v € A® and, by Lemma =33,

A(av,b) = A(a, b)e(v) + A(a)A(v,c) = A(a, b).
Similarly, a path in M ending at x; represents a certain u € A° and
A(ua,b) = A(u,b)e(a) + A(u)A(a, b) = A(u)A(a, D).
Thus it suffices to consider the case where {*1, x2} N {*3, %4} = @.
Pick transversal smooth polycycles
K= (K, pux)inQj, and L= (Ly,v,2)in Q3,

representing respectively (a) € H,(Q2) and (b) € H,(Q34). We form the intersection
polycycle D = (D, 6, w, k<> 1) in Q32 X Q4 as in Section g=1. By definition, {a, b}
in H,(232) ® H.(£214) corresponds to the homology class

(-1)7*"P[D] € Hptg+2-n(Q32 X Q14)

under the isomorphism

@32,14 + Hi(Q32) ® Ho(Q14) — Hi(Q32 X Q14)
induced by the cross product in homology. Consider the tensor

T=a® e {a®, 0V} @b € H,(Q12) ® H.(Q32) ® H,(Q14) ® H,(Qz4).
Applying (§-2:8) with %, *3 exchanged and with Y = 45, Z = (234, we obtain
@12.32.14.34(T) = @V x T1234(a® ® bM) x b
= Tyi2,347( diag, (a), diag, (b)) € Hy(Q12 X Q32 X Q14 X Q34)

where @19,32,14,34 is the isomorphism induced by the cross product in homology

and diag, : H.(;) — H.(Q4; x ;) is induced by the diagonal map M — M x M.

The homology class YTy12 347 ( diag, (), diag, (b)) is represented by the polycycle
(_1>q+np (D, 0, w, K’ % (K<1>/l) xA':D— ng X 932 X 914 X 934)

where «’ : D — 25 is obtained by projecting D ¢ K xIx L x I onto K and applying «,
whereas A’ : D — (134 is obtained by projecting onto L and applying A. Consider
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now the homeomorphisms {J; : Q3; — i3}i—2.4 induced by the inversion of paths,
the concatenation maps {c; : 1; X ;3 — Qi3}i=2.4, and the map

M= (C2 X C4)(idgl2 XJo X idQ14 X.]4)(K/ X (K<l>/1) X /l/) :D—> ng X ng.
It follows that the image of the homology class
Aa,b) = aDs({a? bV Y) © {a®, b1 Y s(b?)

under the cross product isomorphism @313 : H.(Q13) ® H.(Q13) = H.(213 X Q13) is
represented by the polycycle

(~1)9" (D, 0w, ).

To analyze this polycycle, let uy, up : D — €3 be the first and the second coordinates
of u. For any point (k,s,[,1) € D, the path u(k, s, 1, t) is obtained by concatenation of
the following three paths:

(i) the path x(k) from %7 to *3;

(ii) the initial segment of the path (k(k))™" from %5 to the point x(k)(s) = A(/)(¢);
(iii) the terminal segment of the path (1(/))~" from the latter point to 3.

This concatenated path goes along a terminal segment of the path «(k) twice in
opposite directions. Therefore the path pq(k, s,1,t) is homotopic to a path v(k, s, t)
obtained by concatenation of just two paths: the initial segment of the path «(k)
from *; to the point k(k)(s) = A(I)(¢) and the terminal segment of the path (1(1))™*
from the latter point to x3. The homotopy in question may be defined by an explicit
formula which applies to all points (k, s,l,t) € D. Therefore, it determines a homo-
topy of the polycycle (D, 8, w, u1) into the polycycle (D, 6, w,v). A similar argument
applies to the path us(k,s,1,t) and yields a homotopy of the polycycle (D, 6, w, u2)
into (D, 6, w,v). Applying these two homotopies coordinatewise we obtain a homo-
topy of the polycycles (D, 6, w, 1) and (D, 6, w, (v, v)). It is obvious that the homology
class represented by the latter polycycle belongs to the image of the map

diag* : H, (Qlj) — H, (913 X 913)
We conclude that A(a, b) € A(A). mi
Lemma b2 and the (2-n)-antisymmetry of the intersection bibracket of M implies
that it shares all the properties established in Lemma p=33. Note that the associated
pairing A generalizes the Reidemeister pairing (533).
The results of this section are analogues of the known properties of the intersection

bibracket in dimension two, see [36]. In dimension two, the role of 1 is played by the
homotopy intersection form introduced in [g7].

6.3. The string bracket

In this section, we relate the intersection bibracket of M to the Chas-Sullivan string
bracket in loop homology. By a loop in M we mean a continuous map

S' — M where S' =R/Z.
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Let L = L(M) be the space of loops in M with compact-open topology.

> The loop homology of M is H = H,(L).

> The string homology, H, of M is the S'-equivariant homology of L where S' acts
onLby (sy)(r) =y(s+1) forany s,z € S and y € L.

Thus, H = H. (€ xs1 L) where € is the total space of the universal S'-principal
fiber bundle and & X1 L is the quotient of € X L by the diagonal action of S*. Since &
is contractible, the projection € x L — & X1 L induces a linear map E : H — K.

Chas and Sullivan [g] defined a degree 2 — n Lie bracket in J{ called the string
bracket. For n = 2, this is the Goldman bracket discussed in Section F.1.6. We assume
that n > 3 and relate the string bracket to the Lie bracket (-, —) in

A* = A*/[A*s A*]
defined in Section 17

LemMa 6.3.1. — Let x € M, Q. = Q(M, *, %), and let r : Q. — L be the inclusion map.
The induced homology homomorphism

r: Ay = H,(Q) — H = H,(L)
annihilates [A4, Ax] and induces a linear map R : A, — H. The composition
(-1)"ER: A, — H
is a graded Lie algebra homomorphism.

Proof. — Let ¢ : Q4 x Qy — Q, be the concatenation of loops. For a € A?, b € AZ,
ab— (-1)P9ba = c.(ax b) — (-1)P9c,(bx a) = c.(a X b) — cup«(a X D)
where p : Q. X Qu — Q, x Q, is the transposition. Therefore, to show that
r«(ab— (-1)P9ba) = 0,

it suffices to prove that r.c, = r.c.p.. Clearly,

rep = (%-)rc

where (1) : L — L stands for the action of 1/2 € R/Z = S'. Since (+) is homotopic
to the identity, rcp is homotopic to rc. We deduce that r, ([A4, A4]) = 0.

Recall the definition of the string bracket [, -] in (. Let M : H{ — Hbe the degree 1
lift map in the Gysin sequence of the S'-bundle € X L — & xg:1 L. Chas and Sullivan
define a linear map

ocs:HoH — H

of degree —n called the loop product (and denoted by e in [g]). For a detailed exposition,
the reader is referred for instance to Cieliebak [m1]. For a homogoneous x € H and
any y € K,

(6.3.1) eyl = ("D E (M(x) scs M(y)).
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This formula implies that to prove the second claim of the lemma, it is enough to
show the commutativity of the diagram

632) A @A, — 0 LA
-nl-l MER@MERJ lR
HeH tes H.

Let a € Hy(Q) and b € Hy () with p,g > 0. Let h : A, — A, be the canonical
projection. To compute (h(a ), (b)), we pick a path ¢ in M connecting * to another
point x’. By definition,

(h(a). h(b)) = (=1)4"7 he. ([T (¢a) ® (B))])
= (=1 he. ([((s71 ex)g X (e 7)Y (@) ® (5, 6)4(D))]).-

Let X = (K,¢,u,«) be a reduced smooth polycycle in Q = Q°(M,*, %) and let
L = (L,y,v, A) be a reduced smooth polycycle in Q3, = Q°(M, *’, x") such that (K, £)
transversely represents the pair ({a), (¢, ¢)4(b)). Consider the intersection polychain

D(XK, L) = (D, 0, w, k).
Then

(6.3.3) R (h(a), h(b))

D4 R he, [((s75 ex)g X (exs s 1)) D(K, L)]
DI [rco((s71 ex)g X (ex,671)g) D(K, L)
) )
)

1 ‘H””[(D, 0, w,rc((¢7? Lex ) X (€x 6™ ! ﬁ)(“"’fl))]
TP [(D, 6,w,r(s7 67 ge(kw))]
=(-1) q+np[(D, 0, W,r’c(K<>/l))]

(=
(=
(=
(=

where, in the last two lines, c is the concatenation of paths
Q(M, %', %) X QM, %, %) — Q(M, %', %x") = Qu
and r’ : Qu < L is the inclusion. On the other hand,
MER h(a) = MEr.(a) = ME [r{a)| = ME [(K, ¢, u,r«)].

Using the computation of the map ME : H — Hin [g], [xx] (Where this map is denoted
by A), we obtain

(6.3.4) MER h(a) = (-1)" [(K x S", ¢, i1, k) |

where we use the following notation: ¢ is the partition on K x S! induced by ¢
(by identifying F X S* to G x S! via ¢r g X idg1 for any faces F, G of the same type
in K); i is the weight on K x S induced by u via the equality 7o(K x S') = mo(K);
the map « : K x S* — L is defined using the action of S* on L by (k,s) — s(r«(k))
for k € K and s € S'. The sign (—1)? in (b:3-4) is caused by a permutation of the two
factors of K x S with respect to [g], [o].
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Similarly,
MER h(b) = ME [r{b)] = ME [r/(s, ¢)3(b)] = (-1)7 [(L x S*, ¢, %, )]
where the map 4 : L x S* — L is defined by (I, s) + s(r’A(l)) forl € Land s € S*.
The loop product ecg can be computed in terms of face homology. This gives
(6.3.5) MER h(a) ecs MER h(b)
= (-1)PTI[(K xS", @ i, k)] ecs [(Lx S', 4,7, 2)]
= (=1)PT9t"P (D, 6, w, koo 2)].
Here D is the inverse image of diag,, under the map
KXS'XLxS'— MxM, (ks1t)— (re(k)(s),r’A(1)(1)).

Note that D has a structure of a manifold with faces inherited from K x §* x L x S'.
The orientation, the partition § and the weight w of D are as in the definition of the
intersection operation D in Section gzz1. The map

Kood:D — L

sends a point (k,s,/,t) to the loop that first goes along the loop k(k,s) and then
along the loop (1, t). Note the sign (—1)"” in (b-3.5), which arises from the difference
between our orientation conventions and those in [ax].

The map K x I X LX I — K x S* x L x S' determined by the canonical projection
I — S* induces an orientation-preserving diffeomorphism D = D which carries the
partition 6 into 6 and the weight w into w. Using the action of 1/4 € S on L, one
easily constructs a homotopy between the maps r’c(k<«>1) and Koo A from D = D to L.
It follows that

[(D, 0, w, r'c(K<>/l))] = [(5 0, w, Ew/i)] eH,

and we deduce (p-3.2) from (p-3:3) and (p-3.5). O

6.4. Moment maps and Hamiltonian reduction

We show that a spherical boundary component of the manifold M determines a
moment map for the intersection bibracket. This allows us to define an Hy-Poisson
structure on the Pontryagin algebras of certain manifolds without boundary.

6.4.1. The moment map. — Assume that n = dim(M) > 3 and that S is a component
of M homeomorphic to the sphere $S"~!. Fixa point x € S and set A, = H,({,) where
Qe = Q(M, *, %). The orientation-preserving homeomorphisms $"~! = § represent
an element ™ = % of 7,1 (M, %). Recall the connecting homomorphism

5,1,1 : 7Tn71(M, *) — A:_Q = Hn,Q(Q*)
of Section g3 and set -

p=ps = Op1 (0") € AY2

LemMA 6.4.1. — The element 1 is a moment map for the intersection bibracket {{—, —}} in A
in the sense of Section gz3.

SOCIETE MATHEMATIQUE DE FRANCE 2017



128 CHAPTER 6. PROPERTIES OF THE INTERSECTION BIBRACKET

Proof. — Consider the path homology category € = C(M) of M and the intersection
bibracket {{—, -} in the associated graded algebra A = A(C). Pick a smooth closed
n-ball D c Int(M) and consider the smooth manifold P = M \ Int(D). As above, we
can consider the path homology category of P and the intersection bibracket {—, -} p
in the associated graded algebra. Consider the restriction of {—, —}} p to the algebra

B= (P H.(QP,%1,%2)).

*1,%k2 €S

The inclusion P < M induces a graded algebra homomorphism ¢ : B — A. The
definition of the intersection bibracket implies that the following diagram commutes:

Bep— M L pen

(6‘4'1) L®LJ lt@t
=)

ARA—————ARA.

*

=

FIGURE 6.4.1. The manifold P = M \ Int(D).

1

D

We must prove that
{f{n,ay =a®1-1®a forany a € A, C A.

To this end, fix a path « in S leading from * to a distinct point *” € S: see Figure p.4.1.
The path @ represents an element in Hy (£2, x, ") ¢ A° denoted also by . This element
is invertible, and its inverse ™! € AY is represented by the inverse path. Set

a =altaa e H, (M, %", %")).

(In the notation of Section g3, @’ = (a,@)x(a).) Clearly, {{u,a’} = o {u,a}a.
Hence it suffices to prove that

(6.4.2) {u,dp=dat®a-a'®ad.

The homology class a’ can be represented by a polycycle & in Q°(M, *’, *"). Choosing
the ball D close enough to M, we can ensure that it does not meet the image of ¥.
Then a’ = «(b) for the homology class b € H,(Q(P, ', x")) represented by . Similarly,
1= () for some 7 € H,_2(2(P, %, x)). We deduce from (p-4-1) that

fu.a’ = (o) ({{r.b}p).
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To proceed, we pick an embedded path in P leading from a point x” € dD to x’
and meeting dP only in the endpoints. This path defines an invertible element 8
in Hyo(Q(P, %", x")). Set

c=pbB" € H(QP, %", %x")).
Note that {7, c}}p = 0 since ¢ can be represented by a polycycle whose image does
not meet S. Therefore

flu.a'} = (o) ({{r.bhp) = (t®)({{r.8  cBlr)
= (®)({r.B " BrcB+ B clr.BYp)
= (L ® L)( - ﬁil{{T’ﬂ}}Pﬁilcﬂ + ﬂilc{{TnB}}P)-

By Lemma F33, we obtain {3, 7}}p = —@ ® Ba!. Therefore {r,}p = fa! ® a.
We conclude that

fu.a'} = (®)(-at ®ab+ba™' ® a),
which proves (6:4-2). m|

We deduce from Lemma p:4-1 that the following three conditions are equivalent:
1) Ax =K;

(i) u=0;

(iii) the intersection bibracket in A is zero.

6.4.2. Intersections in manifolds without boundary. — Let W be a smooth con-
nected oriented manifold of dimension n > 3 without boundary. Our construction
of a bibracket in the Pontryagin algebra of a manifold requires the base point to lie
in the boundary, so that it does not apply to W. However, under certain assumptions
on W we can use the Hamiltonian reduction of Section g7 to define an Hy-Poisson
structure on the Pontryagin algebra of W. To this end, pick a base point x € W
and a smooth closed n-ball D ¢ W with x € dD. Consider the smooth manifold
M = W\Int(D) with dM = 9D = S"7!; as everywhere in this chapter, we assume that
the condition (g1=2) is satisfied. Let

Ay = H (Q(M, %, %)) and B, = H.(Q(W,*, %))

be the Pontryagin algebras of M and W, respectively. The inclusion M — W induces
a graded algebra homomorphism p : A, — By, Clearly, p(u) = 0 where p = usm
belongs to A%2. Therefore, Ker p D A, pA..

THEOREM 6.4.2. — Assume that the homomorphism p : A. — By is onfo and
Ker p = Ay uAy. Then the intersection bibracket {—,—-}} in Ay induces an Hy-Poisson
structure of degree 2 — n on By. This structure does not depend on the choice of the ball D.

Proof. — The first claim follows from Lemma gz=3. The independence of the choice
of the ball is a consequence of the naturality of the intersection bibracket under
diffeomorphisms, and the fact that for any balls Dy, Dy ¢ W with x € D N 9D, there
is a diffeomorphism f : W — W such that f(D1) = D, f(*x) = %, and f is isotopic
to idw in the class of diffeomorphisms W — W fixing *. Such an f acts on B, as the
identity, and the result follows. o
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Recall from Theorem pzz-3 that an Hy-Poisson structure on B, induces Gerstenhaber
brackets on the trace algebras of B,. Hence Theorem p-4.3 allows us to associate
Gerstenhaber algebras with W.

Some manifolds do not satisfy the assumptions of Theorem p-4.3, for example,
W = §" (in this case A, = K and B, = K[x] where the generator x has degree n — 1,
cf. [5]). Nonetheless, according to [zg] and [a6], these assumptions are satisfied if W is
a closed simply connected manifold whose cohomology algebra H*(W) = H*(W; K)
is not generated by a single element and K is a field whose characteristic is equal to
zero or is sufficiently large.

6.4.3. Example. — We consider the example of Section g3-3 and keep the same
notation. Thus
W= (8P x ST)4---#(SP¢ x§9%) and M = W\ (an open ball).
The element u = sy € Ay = H.(Q(M,*,%)) can be computed as follows. As a
topological manifold, M is the boundary-connected sum of the manifolds
M; = (SP7 x §%) \ (an open ball)

where j = 1,...,g. Hence

g

W= 1y = Dy () € Ta (M)
j=1

where in; : 7,_1(M;) — m,—1(M) is the inclusion homomorphism (we can ignore

the base point because M; and M are simply-connected). By the definition of the

Whitehead bracket [—, —]wn in 7. (M), we have

i (ppy,) = (X7 y7 wn
where x7 € 7, (M) and y7 € 4, (M) are represented by the two factors of M;. Thus,

W= [xF yTIwn + -+ [xG, v lwh € -1 (M).

Recall that the bracket [-, =] in A, induced by the Pontryagin multiplication is related
to the Whitehead bracket in 7. (M) by the formula

[xi, yi] = [5 i(x;r)a 5qi (y[n)] = (=17 gpi'i'qx'—l([x;r’ )’Z'T]Wh) € Aw.
Therefore
p= (1P [xp, y1] + -+ (=1)P= [xg, yg] € Ax.
A direct computation on the generators xi, yi, ..., X4, yg of Ay using (535)-(53.6)
confirms that i is a moment map of the intersection bibracket {—, —}} of M, as claimed

by Lemma p.4.1].
Consider in more detail the case g = 1 and set
p=p. q=q. x=xecAll, y=y el
The loop space of W = SP x §9 based at x is the product of the loop spaces of
SP and $9. By the Kiinneth theorem, the Pontryagin algebra B, = H.(Q(W, x, %)) is
(as a graded algebra) the tensor product of the Pontryagin algebras of S” and $9.
Since the graded algebra A, is freely generated by x, y, the quotient A, /A, A, is the
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commutative graded algebra freely generated by x, y. It is clear that the assumptions
of Theorem p-4.2 are satisfied here for any ground ring K. Theorem p-4-2 yields an Hy-
Poisson structure (—, —) of degree 2 — n on the (commutative) graded algebra By. The
bracket (—, —) in By = B, is then a Gerstenhaber bracket of degree 2 — n. It coincides
with the Gerstenhaber bracket {—, —} in Com(A,) computed in Section g=3-3.

6.4.4. Example. — We consider the example of Section 537 and keep the same
notation. Thus, W = S' x §"~! and M = W \ (an open ball). The element

U= usym € Ax = H, (Q(M, *, *))

can be computed as follows. Consider the cylinder  x $S"~! with the product orienta-
tion and pick a closed rn-ball D in its interior. Then

[0D] = [{1} x $"7'] = [{0} x $"7'] € 7y (I x S"7) \ Int(D)).

(Here D carries the orientation induced by M and d D carries the orientation inherited
from D.) It follows that p" (M) = (x™)~! - y* — y™ where the dot denotes the action
of w1 (M, %) on m,_1 (M, %). We deduce that

u=xltyx—yeA,.
A direct computation using (5377)—(g39) confirms that y is a moment map of the
intersection bibracket {{—, —}} of M, as claimed by Lemma p-41].

By the Kiinneth theorem, the Pontryagin algebra B, of W is (as a graded alge-
bra) the tensor product of the Pontryagin algebras of S* and §"~!. Thus, B, is the
commutative graded algebra freely generated by x*! € BY and y € B}™2. As a con-
sequence, the assumptions of Theorem p-4.3 are satisfied (for any ground ring K) so
that the intersection bibracket {—, —}} of M induces an Hy-Poisson structure {—, —) of
degree 2 — n on B,. Since B, is commutative, this structure is a Gerstenhaber bracket
of degree 2 — n. According to (F37)-(F-39), it is given by

(X, x> =0, (x’ y> ==X <y’ )’> = 0.

6.4.5. Remark. — The results of this section are high-dimensional analogues of the
well-known properties of surfaces. The Pontryagin algebra of a closed connected
oriented surface is the group algebra B = K[n] where x is the fundamental group
of the surface. Then B = B/[B, B] = K[#] is the module freely generated by the set 7
of conjugacy classes in 7. The Goldman Lie bracket in B is the canonical Hy-Poisson
structure on B, see [36, Section 9].
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A fundamental geometric object derived from an arbitrary topological space M
with a marked point % is the space of loops in M based at x. The Pontryagin
algebra A of (M, %) is the singular homology of this loop space with the graded
algebra structure induced by the standard multiplication of loops. When M is
a smooth oriented manifold with boundary and % is chosen on dM, we define
an “intersection” operation A® A — A ® A. We prove that this operation is
a double bracket in the sense of Michel Van den Bergh satisfying a version of
the Jacobi identity. We show that our double bracket induces Gerstenhaber
brackets in the representation algebras of A. These results extend our previous
work on surfaces, where A is the group algebra of the fundamental group of
a surface and the Gerstenhaber brackets in question are the usual Poisson
brackets on the moduli spaces of representations of such a group. The present
work is inspired by the results of William Goldman on surfaces and by the
ideas of string topology due to Moira Chas and Dennis Sullivan.

Un objet géométrique fondamental qu’on associe & tout espace topologique M
avec un point marqué x est son espace de lacets basés en x. L’algébre de Pon-
tryagin A de (M, x) est I'homologie singuliére de cet espace de lacets, avec
sa structure d’algébre graduée induite par la multiplication usuelle des lacets.
Lorsque M est une variété orientée lisse & bord et * est choisi sur M, nous
définissons une opération “d’intersection” A ® A — A ® A. Nous prouvons que
cette opération est un crochet double au sens de Michel Van den Bergh sa-
tisfaisant une variante de 'identité de Jacobi. Nous montrons que ce crochet
double induit des crochets de Grstenhaber sur les algébres de représentations
de A. Ceci étend notre précédent travail sur les surfaces, ot A est I'algébre de
groupe du groupe fondamental d’une surface et les crochets de Gerstenhaber
en question sont les crochets de Poisson habituels sur les espaces de modules
de représentations d’un tel groupe. Le présent travail est inspiré des résultats
de William Goldman sur les surfaces, et des idées de la topologie des cordes
due a Moira Chas et Dennis Sullivan.
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