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PARAMETRIX FOR WAVE EQUATIONS
ON A ROUGH BACKGROUND

v
CONTROL OF THE ERROR TERM

by Jérémie SZEFTEL

Abstract. — This book is dedicated to the construction and the control of a parametrix
to the homogeneous wave equation Ug¢ = 0, where g is a rough metric satisfying the
Einstein vacuum equations. Controlling such a parametrix as well as its error term
when one only assumes L? bounds on the curvature tensor R of g is a major step of
the proof of the bounded L? curvature conjecture proposed in [6], and solved jointly
with S. Klainerman and I. Rodnianski in [11]. On a more general level, this book
deals with the control of the eikonal equation on a rough background, and with the
derivation of L? bounds for Fourier integral operators on manifolds with rough phases
and symbols, and as such is also of independent interest.

Résumé. (Parametrix pour I’équation des ondes sur un espace-temps peu régulier :
IV. Contréle du terme d’erreur) —Cet ouvrage est dédié a la construction et au
controle d’une paramétrix pour I’équation des ondes homogéne [g¢ = 0, ot g est
une métrique peu réguliére satisfaisant les équations d’Einstein dans le vide. Le
controle d’une telle paramétrix ainsi que du terme d’erreur associé lorsque 1’on
suppose seulement des bornes L? sur le tenseur de courbure R de g est une étape
cruciale de la preuve de la conjecture de courbure L? proposée dans [6], et résolue
conjointement avec S. Klainerman et I. Rodnianski dans [11]. Plus généralement,
cet ouvrage concerne le contrdle de I’équation eikonale sur un espace-temps peu
régulier et la dérivation de bornes L? pour des opérateurs intégraux de Fourier sur
des variétés avec une phase et un symbole peu réguliers, et posséde de ce point de
vue un intérét propre.

© Astérisque 444, SMF 2023
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CHAPTER 1

INTRODUCTION

We consider the Einstein vacuum equations,
(11) Raﬂ = 03

where R, denotes the Ricci curvature tensor of a four dimensional Lorentzian space
time (cM, g). The Cauchy problem consists in finding a metric g satisfying (1.1)
such that the metric induced by g on a given space-like hypersurface ¥y and the
second fundamental form of 3y are prescribed. The initial data then consists of a
Riemannian three dimensional metric g;; and a symmetric tensor k;; on the space-
like hypersurface ¥y = {¢t = 0}. Now, (1.1) is an overdetermined system and the
initial data set (Xg, g, k) must satisfy the constraint equations

Vik;; — V;Trk = 0,
R — |k* + (Trk)? = 0,

where the covariant derivative V is defined with respect to the metric g, R is the
scalar curvature of g, and Trk is the trace of k with respect to the metric g.

The fundamental problem in general relativity is to study the long term regularity
and asymptotic properties of the Cauchy developments of general, asymptotically flat,
initial data sets (2o, g, k). As far as local regularity is concerned it is natural to ask
what are the minimal regularity properties of the initial data which guarantee the
existence and uniqueness of local developments. In [11], we obtain the following result
which solves bounded L? curvature conjecture proposed in [6]:

(1.2)

Theorem 1.1 (Theorem 1.10 in [11]). — Let (M, g) an asymptotically flat solution to
the Finstein vacuum Equations (1.1) together with a mazimal foliation by space-like
hypersurfaces ¥y defined as level hypersurfaces of a time function t. Let ryo1 (X4, 1) the
volume radius on scales < 1 of ¥; (V. Assume that the initial slice (3¢, g, k) is such
that:

1
IRllz2(z0) < €, Ellz2(mo) + IVEIL2(mo) < € and 7vo1(¥o,1) 2 5.

1. See Remark 1.5 below for a definition.
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2 CHAPTER 1. INTRODUCTION

Then, there exists a small universal constant €9 > 0 such that if 0 < € < ¢, then the
following control holds on 0 <t < 1:

IRl e

[0,1

| =

| L2(S0) Se kllpes  z2my) + I VE| L

[0,1) Bl (Z) ~ € and Oggglrvol(ztv 1) >

Remark 1.2. — While the first nontrivial improvements for well posedness for quasi-
linear hyperbolic systems (in spacetime dimensions greater than 1 + 1), based on
Strichartz estimates, were obtained in [2], [1], [19], [20], [7], [9], [12], Theorem 1.1,
is the first result in which the full nonlinear structure of the quasilinear system, not
just its principal part, plays a crucial role. We note that though the result is not op-
timal with respect to the standard scaling of the Einstein equations, it is nevertheless
critical with respect to its causal geometry, i.e., L? bounds on the curvature is the
minimum requirement necessary to obtain lower bounds on the radius of injectivity
of null hypersurfaces. We refer the reader to Section 1 in [11] for more motivations
and historical perspectives concerning Theorem 1.1.

Remark 1.3. — The regularity assumptions on ¥y in Theorem 1.1—i.e., R and Vk
bounded in L?(¥q)—correspond to an initial data set (g, k) € HZ (Zo) x HL . (Zo).

Remark 1.4. — In [11], our main result is stated for corresponding large data. We then
reduce the proof to the small data statement of Theorem 1.1 relying on a truncation
and rescaling procedure, the control of the harmonic radius of ¥y based on Cheeger-
Gromov convergence of Riemannian manifolds together with the assumption on the
lower bound of the volume radius of ¥y, and the gluing procedure in [5], [4]. We refer
the reader to Section 2.3 in [11] for the details.

Remark 1.5. — We recall for the convenience of the reader the definition of the volume
radius of the Riemannian manifold ¥;. Let B,.(p) denote the geodesic ball of center p
and radius r. The volume radius ry.(p, ) at a point p € ¥; and scales < r is defined
N 1B, (p)
. Br’ b
Tvol(p,T) = Inf — 5
with |B,| the volume of B, relative to the metric g; on ¥;. The volume ra-

dius 7yo1(2¢, ) of ¥y on scales < r is the infimum of ry.(p, r) over all points p € ¥;.

The proof of Theorem 1.1, obtained in the sequence of papers [11], [15], [16], [17],
[18], [14], relies on the following ingredients (?):

A Provide a system of coordinates relative to which (1.1) exhibits a null structure.
B Prove appropriate bilinear estimates for solutions to Ug¢ = 0, on a fized Ein-
stein vacuum background ).

2. We also need trilinear estimates and an L*(c) Strichartz estimate (see the introduction in

[11]).

3. Note that the first bilinear estimate of this type was obtained in [8].
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CHAPTER 1. INTRODUCTION 3

C Construct a parametriz for solutions to the homogeneous wave equations
Lgp =0 on a fized Einstein vacuum background, and obtain control of the
parametriz and of its error term only using the fact that the curvature tensor is

bounded in L2.

Steps A and B are carried out in [11]. In particular, the proof of the bilinear
estimates rests on a representation formula for the solutions of the wave equation
using the following plane wave parametrix (:

+oo
(1.3) Sf(t,x) = /S ) /O eMut2@) f(A)A\2dNdw, (t,x) € M,

where u(.,.,w) is a solution to the eikonal equation g*?9,udsu = 0 on M such
that u(0,z,w) ~ z.w when |z| — +oo on Xy ). Therefore, in order to complete the
proof of the bounded L? curvature conjecture, we need to carry out step C with the
parametrix defined in (1.3).

Remark 1.6. — Note that the parametrix (1.3) is invariantly defined (9, i.e., without
reference to any coordinate system. This is crucial since coordinate systems consistent
with L2 bounds on the curvature would not be regular enough to control a parametrix.

Remark 1.7. — In addition to their relevance to the resolution of the bounded L2
curvature conjecture, the methods and results of step C are also of independent in-
terest. Indeed, they deal on the one hand with the control of the eikonal equation
g°P0,udzu = 0 at a critical level ™, and on the other hand with the derivation of L?
bounds for Fourier integral operators with significantly lower differentiability assump-
tions both for the corresponding phase and symbol compared to classical methods (see
in particular the discussion below (1.6)).

In view of the energy estimates for the wave equation, it suffices to control the
parametrix at ¢ = 0 (i.e., restricted to Xg)

+o0
(1.4) Sf(0,z) = / / e?0m) £(XGIA2dNdw, = € B
sz Jo
and the error term
(1.5)

Ef(t,x) = OgSf(t,x) = /S ] /0 = MO y(t, z,w) fAw)AdAdw, (t,z) € M.

4. (1.3) actually corresponds to a half-wave parametrix. The full parametrix corresponds to the
sum of two half-parametrix. See [16] for the construction of the full parametrix.

5. The asymptotic behavior for u(0,z,w) when |z| — +oo is used in [16] to generate with the
parametrix any initial data set for the wave equation.

6. Our choice is reminiscent of the one used in [12] in the context of H2+< solutions of quasilinear
wave equations. Note however that the construction in that paper is coordinate dependent.

7. We need at least L2 bounds on the curvature to obtain a lower bound on the radius of injectivity
of the null level hypersurfaces of the solution u of the eikonal equation, which in turn is necessary
to control the local regularity of u (see [17]).
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4 CHAPTER 1. INTRODUCTION

This requires the following ingredients, the two first being related to the control of
the parametrix restricted to Xy (1.4), and the two others being related to the control
of the error term (1.5):

C1 Make an appropriate choice for the equation satisfied by u(0,z,w) on g, and
control the geometry of the foliation generated by the level surfaces of u(0,z,w)
on Xg.

C2 Prove that the parametriz att = 0 given by (1.4) is bounded in Z(L?(R?), L*(Zo))
using the estimates for u(0,z,w) obtained in C1.

C3 Control the geometry of the foliation generated by the level hypersurfaces of u
on M.

C4 Prove that the error term (1.5) satisfies the estimate | Ef| 120 < Cl|AfllL2(r3)
using the estimates for u and Ogu proved in C3.

Step C1 has been carried out in [15], step C2 has been carried out in [16], and
step C3 has been carried out in [17]. In the present paper, we focus on step C4. Note
that the error term (1.5) is a Fourier integral operator (FIO) with phase u(t,z,w)
and symbol Ogu(t,z,w). Now, we only assume L? bounds on the curvature tensor
R in order to be consistent with the statement of Theorem 1.1. This severely limits
the regularity (¢,z) we are able to obtain in step C3 for the solution u(t,z,w) of the
Eikonal equation g*?9,udsu = 0 on oM (see [17] and Section 2.4). Although R does
not depend on the parameter w, the regularity in w we are able to obtain in step C3
for u(t, z,w) is very limited as well (®. In particular, we obtain for the symbol of F in
(1.5):

(1.6) sup ([|0gull Lo n) + IDOgull L2 (gs,) + 110.0gull L2(91,)) < e,

where ¢/, denotes the level hypersurfaces of the function u(t,z,w). Let us note that
the classical arguments for proving L? bounds for FIO are based either on a TT* ar-
gument, or a T*T argument, which requires in our setting taking at least 3 derivatives
of the symbol in L>® (oM x S?) either with respect to (t,z) for T*T, or with respect
to (A\,w) for TT* (see for example [13]). Both methods would fail by by a large mar-
gin, in particular in view of the regularity (1.6) obtained for the symbol of the error
term E. In order to obtain the control required in step C4 with the regularity of the
symbol of the FIO E given by (1.6), we rely in particular on the following ingredients:

— geometric integrations by parts taking full advantage of the better regularity
properties in certain directions tied to the level hypersurfaces 5/, of u,

— the standard first and second dyadic decomposition in frequency and angle (see
[13)),

— an additional decomposition in physical space relying on the geometric
Littlewood-Paley projections of [10].

8. This is due to the fact that our estimates are sensitive to certain directions tied to the u-
foliation of cM. Now, after differentiation with respect to w, derivatives in “good” directions pick up
a nonzero component along “bad” directions (see [17] for details).
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CHAPTER 2

MAIN RESULTS

The error term E in (1.5) is a Fourier integral operator on o/ with phase u(t, z,w)
and symbol Ogu(t, z,w). The regularity assumptions on u(t,z,w) will be crucial to
complete step C4, that is prove the following estimate for the error term:

IEf L2y S NIAfllL2e)-

In this chapter, we state our assumptions on u(t, z,w) before stating our main result.

2.1. Maximal foliation on o/

We foliate the space-time M by space-like hypersurfaces X; defined as level hyper-
surfaces of a time function ¢t. Denoting by T the unit, future oriented, normal to %
and k the second fundamental form

(2.1) kij = —<D;T,0;>
we find,
kij = —%ﬁrgzj
with Zx “denoting the Lie derivative with respect to the vectorfield X. Let
Tr(k) = g"k;; where g is the induced metric on ¥; and Tr is the trace. In or-

der to be consistent with the statement of Theorem 1.1, we impose a maximal
foliation

(2.2) Tr(k) = 0.
We also define the lapse n as

(2.3) n~t=T(t).
We have (see for example [17]):

(2.4) DT =n"'Vn,

where V denotes the gradient with respect to the induced metric on ¥;.
Finally, the lapse n satisfies the following elliptic equation on ¥ (see [3] p. 13):

(2.5) An = |k|*n,

SOCIETE MATHEMATIQUE DE FRANCE 2023



8 CHAPTER 2. MAIN RESULTS

where one uses (2.1), (2.4), Einstein vacuum Equations (1.1) and the fact that the
foliation generated by t on M is maximal (2.2).

2.2. Geometry of the foliation generated by u on o/

Remember that u is a solution to the eikonal equation g”‘ﬁaauagu = 0 on oM
depending on a extra parameter w € S%. The level hypersufaces u(t, z,w) = u of the
optical function v are denoted by $#,. Let L’ denote the space-time gradient of u, i.e.:

(2.6) L' = —g*Pd5ud,.
Using the fact that u satisfies the eikonal equation, we obtain:
(2.7) D, L =0,
which implies that L’ is the geodesic null generator of &/4,.

We have:

T(u) = £|Vu,

where [Vu|? = Zle le;(u)|? relative to an orthonormal frame e; on X;. Since the sign
of T'(u) is irrelevant, we choose by convention:

(2.8) T(u) = |Vul.

We denote by P;, the surfaces of intersection between ¥; and ¢#,. They play a
fundamental role in our discussion.

Definition 2.1 (Canonical null pair). — Let

(2.9) L=bL"=T+N, L=2T-L=T-N,

where L' is the space-time gradient of u (2.6), b is the lapse of the null foliation (or
shortly null lapse)

(2.10) bl = —<L',T>="T(u),

and N is a unit normal, along 3, to the surfaces P, ,. Since u satisfies the eikonal

equation g*P0,udgu = 0 on M, this yields L'(u) = 0 and thus L(u) = 0. In view of
the definition of L and (2.8), we obtain:

Vu
2.11 N=_%
(2.11) V|
Definition 2.2. — A null frame eq, ez, e3,e4 at a point p € P, ,, consists, in addition to

the null pair e3 = L,eqs = L, of arbitrary orthonormal vectors e, ez tangent to Py ,,.

ASTERISQUE 444



2.2. GEOMETRY OF THE FOLIATION GENERATED BY u ON ¥ 9

Definition 2.3 (Ricci coefficients). — Let e1, ez, €3,¢e4 be a null frame on P, ,, as above.
The following tensors on Py ,,

(2.12) xap = <Daes,ep>, X, = <Duaes,ep>,

1 1
Ca=5<Dsesen> ¢, =5<Diesea>,

1
éA = 5<D363,6A>

are called the Ricci coefficients associated to our canonical null pair.
We decompose x and X into their trace and traceless components.

(2.13) trx = g*"xas, trx = g*%x
R 1 R 1
(2.14) XAB = XAB = 5UX8AB, X,p = X,p — 5UIX8AB-

Observe that all tensors defined above are P; ,-tangent.

Definition 2.4. — We decompose the symmetric traceless 2 tensor k into the scalar §,
the P; . -tangent 1-form €, and the P, ,-tangent symmetric 2-tensor n as follows:
knn =4,
(2.15) kan = €a,
kap =nas.

Note that Tr(k) =tr(n)+6 which together with the mazimal foliation assumption (2.2)
yields:

(2.16) tr(n) = —4.

The following Ricci equations can be easily derived from the properties of T' (2.1)
(2.4), the fact that L’ is geodesic (2.7), and the Definition (2.12) of the Ricci coeffi-
cients (see [3] p. 171):

Daes = xaBeB — €aey, Daes = x ,zeB + €aes,

(2.17) Dyey = —bey, Dyes; = 2§A€A + deg,
Daey = 2Caes + (6 +n 'V yn)ey, Dses = 2§ jeq — (6 4+n" Vyn)es,
Dyes = Yyea + ¢ ea, Dsea = Vzea + Caes + & eu,

1 1
Dpea = Vpea+ gxapes+ ox,p €t

where ¥,, ¥, denote the projection on P, of D3 and Dy, Y denotes the induced
covariant derivative on P, and 4, € are defined by:

(2.18) §=0-n"1N(n),és=es —n"'Vn.

SOCIETE MATHEMATIQUE DE FRANCE 2023



10 CHAPTER 2. MAIN RESULTS

Also,
X5 = —XAB — 2kap,
(2.19) ¢, = —ea,
§,=¢€a +n7Y 4n — Ca.
Let § is the second fundamental form of P, ,, in ¥;. Since L = T'+ NV, 6 is connected

to the second fundamental form & of 3, and the null second fundamental form x of P; ,,
through the formula:

(2.20) 0aB = XaB + NAB-

In view of the Ricci Equations (2.17), we have:
V4N = 04peB,

{VNN = —b"'Yb.

Recall that try satisfies a transport equation called the Raychaudhuri equation:

(2.21)

1 R _
(2.22) L(tryx) + E(trx)2 = —|x|* — otry.
We also recall the transport equation satisfied by the null lapse b:
(2.23) L(b) = —6b.

The following lemma will allow us to identify the symbol Ugu of the error term
(1.5):

Lemma 2.5. — For any scalar function ¢ on oM, we have:

(224) Tgb = ~L(L(@)+ A +20- Vgt (5-+n7 Vn)L(9) + 5 trxL(6) + 5 trxL ().

Proof. — We have:
(2.25) Ogp = DD,y¢p = —D2$(L, L) + DD 4.
Now, using the Ricci Equations (2.17), we obtain:

D4Dp¢ = ea(ep(¢)) — Dpesd

—calen(d)) ~ Vg .0 yxanL(0) ~ 31,510

= VaV56 — pxan L9) — 5X 4, LO)

Taking the trace, this yields:

1 1
(2.26) DAD 46 = Ad — StrxL(6) — 5trxL(@).
Using again the Ricci Equations (2.17), we also have:

(2:27) D*u(L, L)$ = L(L(#)) = Dp ¢ = L(L()) = 2¢ - Y — (8 +n ™' Vyn)L(9).
Finally, (2.25), (2.26) and (2.27) yield the conclusion of the lemma. O
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2.4. REGULARITY ASSUMPTIONS ON THE PHASE u(t,z,w) 11

We conclude this section with the identification of the symbol [gu of the error
term (1.5). In view of (2.9), (2.10), the fact that e4, A = 1,2 are tangent to P, and
the fact that A is the Laplace-Beltrami on P; ,,, we have:

L(u) =0,ea(u) =0,A=1,2,A(v) =0, and L(u) =2b"".
Together with (2.24), this yields:
(2.28) Ogu = b~ 'try.

Thus, we may rewrite the error term E as:

+oo
(2.29) Ef(t,x):/ / ety (¢ g witrx(t, z,w) f (Aw) A3 dAdw.
sz Jo

2.3. Commutation formulas

From the Ricci Equations (2.17), we immediately deduce the following four useful
commutation formulas:

Lemma 2.6. — Let f a scalar function on oM. Then,

(2'30) WBW4f - W4Y73f = XBCycf - n—lanW4f’
(2.31) VeVaf = V3Vpf =X Vof —E5Vuf - bV bY,f,

(2.32) L, L]f = =0Y3f + (0 +n" ' Vn)Vof +2(Cs = )V pf
Finally, (2.30), (2.31) together with the fact that N = (L — L) yield:
(2.33) YeVnf = YaVsf = (xc+kpo)Vof =0 VbV

For some applications we have in mind, we would like to get rid of the term contain-
ing a Y, derivative in the Right-hand side of (2.30). This is achieved by considering
the commutator [V, V¥, ;] instead of [V, Y,]:

(2.34) YeVurf = Yo Vef =nxscVlla.

Also, we would like to get rid of the term containing a ¥, derivative in the right-
hand side of (2.33). This is achieved by considering the commutator [V, ¥, ] instead

of [V, Vyl:
(235) VBWbe - WbNWBf = b(xBc + kBC)VCf-

2.4. Regularity assumptions on the phase u(t, z,w)

We define some norms on ¢#. For any 1 < p < +o0o and for any tensor F on §/,,
we have: .
1 P
1F oy = ( [af |F|pdut,u> ,
0 Pi
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where du; ., denotes the area element of P, ,. We also introduce the following norms:
M(F) = |Flle2n) + IVl 2@y + IV LF Il 220,y
2
Ne(F) = () + IV Flle2n) + IVVLFll L2 0,
Let 2’ a coordinate system on Py ,,. By transporting this coordinate system along the

null geodesics generated by L, we obtain a coordinate system (¢,z') of $#. We define
the following norms:

1
1 2
IPloss = sup ([ 1FG)Par)
x! Tt 0

z'€Py

sup |F(t,z'))|

1 Fl L2, Lo =
@ 0<t<1

L2(Po,u)

We now state our assumptions for the phase wu(t,z,w) and the symbol
b= 1(t,z,w)trx(t,z,w) of the error term E which is given by (2.29). These as-
sumptions are compatible with the regularity obtained for the functions u(¢,z,w)
constructed in [17] (this construction corresponds to step C3). The constant ¢ > 0
below is the one appearing in the statement of Theorem 1.1. In particular, it satisfies
0 < e <1 and is small.

Assumption 1 (regularity with respect to (t,z)):

(2.36) In = 1l () + 1VAllze (i) + 1V llpe 2, + VT ()l L2, Se,
(2.37) M (k) + IV ellz @y + L) 2gn) + el ez + 10llzsrz Se,
(238) 16— Ul (n) + N 0) + 1LO 1, 1+ 1TO)s2, 1 + L) o 1 S .
(2.39) ltrx| Loo (g,) + ||Y7t1"X||Li,L;>° + ”LtrXHLi,L;X’ Se,
(2.40) IXlle2, e + M (X) + IV X L20) S €
(2.41) ||C||L§,L§° +M(C) S e

Assumption 2 (regularity with respect to w):

(2.42) 180 Nl Lo ) S 14
(2.43) ||N(z,w) — N(z,0")| — |w — || L €|lw — '], Yz € 0,0, € S,
(2.44) 10l () + 10uXlz2, L S -

Furthermore, we have the following decomposition for X:

(2.45) X =x1+ Xz,

where x1 and x2 are two symmetric traceless P; . -tangent 2-tensors satisfying:

(2.46) M(x1) + ||an1||L;>°L§, +eMxe) + ||X2||L;<;L§ + ||an2||L;>°L§, Se
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and for any 2 < p < 400, we have:
(2.47) ballzzzs + 19uxele g S &

Assumption 8 (additional regularity with respect to x):
We introduce the family of intrinsic Littlewood-Paley projections P; which have been
constructed in [10] using the heat flow on the 2-surfaces Py, (see Section 2.6). There
exists a function p in L2(R) satisfying:

lullzzmy <1,
such that for all j > 0, we have:

(2.48) IV NPV ntex |z S 26 + 22 ep(u).

Remark 2.7. — In Assumptions 1-3, all inequalities hold for any w € S? with the
constant in the right-hand side being independent of w. Thus, one may take the
supremum in w everywhere. To ease the notations, we do not explicitly write down
this supremum.

Remark 2.8. — The fact that we may take a small constant ¢ > 0 in Assumptions
1-3 is directly related to the conclusions of Theorem 1.1.

Remark 2.9. — In the flat case, we have o = (R'*3, m), where m is the Minkowski
metric, u(t,z,w) =t+z - w,b=1, N=—-w, L =0; —w-0;, L =0; +w- d,, and
X=x=¢=(=¢§=k=0. Thus, Assumptions 1-3 are clearly satisfied with ¢ = 0.

2.5. Estimates on P; , and o/

In this section, we state the embeddings on P;, and oM that will be needed for
the proof of the main theorem. We refer to Section 3 in [17], as well as [10] for (2.49),
for their proof within the regularity assumptions of Section 2.4.

We have the following Gagliardo-Nirenberg inequality on P;, (see [10]). For an
arbitrary tensorfield F' on P, and any 2 < p < oo, we have:

1—2 2
(2.49) 1l o) S NVE N 2(p, ) IF N Z2(p, )+ Il L2 (P -
We have the classical Sobolev inequality on &/ (see [17]):

Lemma 2.10. — For any tensor F on $#,, we have:
(2.50) 1E N o) S M (F),
and

(2.51) 1Pl s, € M ().
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14 CHAPTER 2. MAIN RESULTS

On &, we also have the following estimate of the L°L2, norm for any tensor F'

on
(2:52) P o 5 [ IFIDLFldtdue + 1P s

The following lemma will be useful to estimate transport equations (see [17] for a
proof).

Lemma 2.11. — Let W and F two P, ,-tangent tensors such that Y, W = F. Then,
for any p > 1, we have:

(2.53) ||W||L§,L§° SIW )l zr(py..) + HF”Lz,Ltl'

Finally, we have the Sobolev embedding on /. Given an arbitrary tensorfield F'
on oM, we have (see [17])

(2.54) IE |24y S IDFI| L2 (ep0) -

2.6. Geometric Littlewood-Paley projections on P, ,,

In [10], Littlewood-Paley projections have been constructed relying on the heat
flow on 2-surfaces, within our low regularity assumptions. They recover the basic
properties of the standard Littlewood-Paley projections. We denote by P; such a
Littlewood-Paley projection on the 2-surface P; ,. In particular, we have from [10]

(2.55) dp=1I
J
Also, the following properties of the LP-projections P; have been proved in [10]:

Theorem 2.12. — The LP-projections P; verify the following properties:
i) LP-boundedness For any 1 < p < oo, and any interval I C Z,

(2.56) IPF || Lo (pyuy S IF Le(py,)-
ii) Bessel inequality

Y P FlGep, ) S IFI(p, .-

J

iii) Finite band property For any 1 <p < co.

IAP; Fllzop, ) S 27 IF Lo (p,,0)s
1PiF Lo (p,0) S 272 I1AF o cp, .-

In addition, the L? estimates

IVP;Fllz2(p,..) S 2IF 2P, )
IPiFllL2p,.) S 277 IIVFL2(p, )

(2.57)

(2.58)

ASTERISQUE 444



2.7. COMMUTATOR ESTIMATES 15

hold together with the dual estimate
I1P;YF| 2Py ) S 2 I1F Nl 22(p, 0)-
iv)  Weak Bernstein inequality For any 2 < p < oo
IP;FllLocp, ) S QY727 + DIFlL2p, ),
[P<oFllLe(p,.) S IF 2P )
together with the dual estimates
_2y,
1Pl z2p ) S QU727+ DIF L p, 5
[1P<oFllL2p,.) S I1F Lo (b, -

We also have the following sharp Bernstein inequality for a scalar function f on P, ,:
(2.59) 1Pl (pony S 2N Flle2p,)s
(2.60) [P<ofllzoep.) S IfllL2(pi )
and the following Bochner inequality:

(2:61) [, s [ artee [ e

tu tu

There is an equivalent of (2.61) for tensors, which yields the following consequence.
There exists a function p in L?(R) satisfying:

lullrem) < 1,

such that for any scalar function f on P, ,, we have:

(2.62) ||W3f||L2(Pt,u) SNVAfL2p,..) + el AflL2p,..) + £ RV FllL2(p,. .-

Finally, we have the following lemma (see Lemma 5.10 in [17]):

Lemma 2.13. — For any 1-form F on P, ,, for any 1 < p < 2 and for all j > 0, we
have:

. 25
(2.63) 1P div(F) L2 (P, ) S 277 1 F Lo (P -

2.7. Commutator estimates

In this section, we state the commutator estimates, as well as two additional es-
timates for try, that will be needed for the proof of the main theorem. We refer to
Section 9 in [17] for their proof within the regularity assumptions of Section 2.4.

Let f a scalar function on ¢#. Then, we have the following commutator estimates:

(2.64) I[bN, P;1fll2(gn) + 277 (| VION, Pl fll L2 () S ee(f)
and
(2.65) L, Pl fll2(gn) + 277 (| VInL, Pilf |l L2 () < e ().
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16 CHAPTER 2. MAIN RESULTS

We also have the following commutator estimates acting on try.

(2.66) 2j||[nLij]trX||L}Li, + [|V[nL, Pj]trX”LgL;, Se,
(2.67) 22 ||[nL, Pjltrx|lpoe 2 (g + 272 || Y[nL, Pjltrx|lLee 2 (g S €
and

(2.68) 2||[bN, P;ltrx| oo 12 () + VDN, Piltrx|l oo L2 o) S 2%e.

Finally, we have the following estimate for P,,try:
(2.69) [Pmtrxllz2, oo + [ Pm(nLtrx)llz2, 12 < 27,
and the following estimate for P<,,trx:

(2.70) IV P<mtrxllrz, oo + IV (P<m(nLtrx))lz2, ; < e

2.8. Dependance of the norm L2°L?(5/,) on w € S?

Let w and v in S? such that _
lw —v| < 22.

Let v = u(.,w) and u, = u(.,v). In this section, we morally evaluate the norm
in L°L?(/,) of the difference between various scalars and tensors evaluated at w
and their corresponding evaluation at v. Consider a FIO where the integration in w is
localized in a patch of size 272 and of center v. This will be used to morally replace
the symbol of this FIO depending on w by its value at the middle of the patch v, so
that one may take the symbol outside of the integral in w. The following decompo-
sitions are proved in Section 8 of [17] within the regularity assumptions of Section 2.4.

— We have the following decomposition for N(.,w) — N(.,v):
(2.71) 2% (N(.,w) — N(.,v)) = FJ + FJ,
where the tensor Flj only depends on v and satisfies:
1F |z S 1
and where the tensor F2] satisfies:
1Bl ooy S 27%.
— We have following decomposition for try:
(2.72) trx(w) = f + £,
where the scalar ff only depends on v and satisfies:

Ifille= S€
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and where the scalar fJ satisfies:

||fg||LgoL2(o7¢u) <e27 k.
— Let p € Z. We have following estimate for b7:

(2.73) 167(w) = b ( v) [ Lee L2y S Elw — vl
— We have following decomposition for X:
(2.74) X(-w) :F1j+F2ja

where the tensor Ff only depends on v and satisfies:
||Ff||L133 @ L2 Se
and where the tensor F2J satisfies:
1F Nl 2oy S 2272

— We have following decomposition for x»:

(2.75) lIx2(., w) —X2(-7V)||L30L4f(g]¢u) Selw—vl.
— We have following decomposition for y:
(2.76) x(w) = x2 (., v) + F{ + Fj,

where the tensor Ff only depends on v and satisfies for any 2 < p < 4o00:
||F1j||L3°VLfL§<,; Se
and where the tensor FJ satisfies:
17l ooy S €272,
— We have following decomposition for ||?:
@77 RPGw) = el Fxelov) - B+ xe(ov) - F + £ + £ + £,
where the tensor Ff and the scalar fg only depends on v and satisfy:
||Ff||L33L3Lw(Pt,uV) + ||f?{||L3<LL§L°°(PLUV) Se,
where the tensor F}, and the scalar f] satisfy:
17Nl p2om) + 1l oony S €27
and where the scalar fg satisfies:
I £l 2y S €277
— We have the following decomposition for X(.,w)3:
278)  R(0)° = x2(0)* + x2(0)*F 4 x2( ) FF 4 xa ) FY
+ Xz(.,y)FZ + x2(, V)FI + Fg + F7] + Fg + Fg,
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18 CHAPTER 2. MAIN RESULTS

where F/, F and F] do not depend on w and satisfy:
”Flj”LfL‘;jL%Lw(Pt,uV) + ”FCZ”Li‘;LfLO"(Pt,uV) + ||Fg||LgovL§Loo(Pt,uy) Se,
where FJ, F} and F! satisfy:
IE3 g2y + 1S e 2qom) + I1F7 lloge 2oy <27 %e,
where F/ and FJ satisfy
IF2 |20y + 1 EE 2oy S €277
and where F] satisfies
j _3
IES L2 oy S €272
— We have the following decomposition for b(.,w) — b(.,v):
(2.79) 2% (b(,w) = b(-,v) = f + f3,
where the scalar ff only depends on v and satisfies:
Il S e
and where the scalar fJ satisfies:
||fg||LgoL2(o7¢u) <274
— We have following decomposition for ¢ and Y(b):
(2.80) ¢(w), V(b)(,w) = F} + Fj,
where the tensor Ff only depends on v and satisfies for any 2 < p < +o00:
||Ff||L1ﬁL§,LZ, Se
and where the tensor FY satisfies:

IS | poe 2 () S €275,

Remark 2.14. — Let us give some insight on these decompositions by considering the
particular example of the decomposition for try (2.72). A naive approach consists in
writing the following decomposition

trx(t, z,w) = trx(t, z,v) + (trx(t, z,w) — trx(t, z,v)) = fi + f3.
f7 does not depend on w and satisfies, in view of the estimate (2.39)
Iz S llbex ()= S

Also, we have

1
2 =(w- 1/)/ Otrx(t, T, w, )do,
0
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which together with the fact that |w — v| < 2-% yields

1
/ Outrx(t, z,w,)do
0

I £3 | oo 2 () < 272 .
L2 L2 ()

Unfortunately, we can not obtain the desired estimate for fg since we have
dutrx(,we) € L L*(H,), and LPL*(,) and L L?(SH,,) are not directly
comparable. Nevertheless, in Section 8 of [17], we are able to improve on this
naive approach, in order to obtain the above decompositions within the regularity
assumptions of Section 2.4.

2.9. The boundedness of the error term

The main result of this paper is the following L? bound on the error term (2.29). It
achieves step C4 and therefore, together with the results in [15], [16], [17] completes
step C.

Theorem 2.15. — Let u be a function on oM xS? satisfying Assumption 1, Assumption
2 and Assumption 8, as well as the assumptions of Sections 2.5-2.8. Let E the Fourier
integral operator with phase u(t,r,w) and symbol b=1(t,z,w)trx(t, z,w):

+o0
(2.81) Ef(t,z) = / / eyt o W)itrx(t, z, w) fF(Aw) A3 dAdw.
sz Jo
Then, E satisfies the estimate:
(2.82) IEfz2 o) < elMfIlL2rs)-
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CHAPTER 3

PROOF OF THEOREM 2.15 (CONTROL OF THE ERROR TERM)

3.1. The basic computation

We start the proof of Theorem 2.15 with the following instructive computation:
(3.1)

—+oo
||Ef||L2(Q}¢) S/ Hb(t,x,w)_ltrx(t,x,w)/ ei/\uf()\w))\Qd)\ dw
S2 0

L2 (M)

+oo
‘ / e (Aw)AZdA
0

dw
L2

< [ Ita0) orxtt o)l
S

< €||)‘2f||L2(R3)a
where we have used Plancherel with respect to A, Cauchy-Schwarz with respect to w,
and the estimates (2.38) for b and (2.39) for try. (3.1) misses the conclusion (2.82)
of Theorem 2.15 by a power of A. Now, assume for a moment that we may replace
a power of A by a derivative on b(t, z,w) 'trx(t,z,w). Then, the same computation
yields:

+o0
/ D(b(t, z,w) ttrx(t, z,w))e™ f (Aw) AdAdw
sz Jo

L2 (M)

(3.2) -

L

+oo
‘ / e F(Aw)AZdA
0

< 2”D(b(tax)“))_ltrX(t)'Tzw))HLgoLz(c%u)
S

<el[Afllz2 sy,

which is (2.82). This suggests a strategy which consists in making integrations by
parts to trade powers of \ against derivatives of the symbol b(t,z,w) ttrx (¢, z,w).

3.2. Structure of the proof of Theorem 2.15

The proof of Theorem 2.15 proceeds in three steps. We first localize in frequencies
of size A ~ 27. We then localize the angle w in patches on the sphere S? of diameter
2-9/2, Finally, we estimate the diagonal terms.
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3.2.1. Step 1: decomposition in frequency. — For the first step, we introduce ¢ and ¥
two smooth compactly supported functions on R such that:

(3.3) P(\) + D 9(277)) =1 for all A € R.
Jj=20
We use (3.3) to decompose Ef as follows:
(3-4) Ef(t,x) = Y E;f(t,),
j>—1

where for j > 0:

(3.5) E;f(t,z) = /82 /0+OO ePUb(t, 2, w) " Hrx(t, z, w)Y (27N fF(Aw) A2dAdw,

and

(3 6) E f(t :/ /+OO iAu -1 2
. _1f(t, ) ), eMb(t, x, w)” trx(t, z, w)e(A) fF(Aw) A *dAdw.

This decomposition is classical and is known as the first dyadic decomposition (see
[13]). The goal of this first step is to prove the following proposition:

Proposition 3.1. — The decomposition (3.4) satisfies an almost orthogonality property:

(3.7) IEfIZ2 0 S Z 1E; FI1Z2 ) + €21 F 112 Rs) -
i>—1

The proof of Proposition 3.1 is postponed to Chapter 4.

3.2.2. Step 2: decomposition in angle. — Proposition 3.1 allows us to estimate
| E; fll 2(o) instead of || Ef||L2(). The analog of computation (3.1) for ||E; f|| L2
yields:

(3.8) IE; fllz2n) < X270 fllz2eo) S €2 19277 N) fllL2(zs),

which misses the wanted estimate by a power of 27. We thus need to perform a
second dyadic decomposition (see [13]). We introduce a smooth partition of unity on
the sphere S?:

(3.9) Z nj(w)=1forallwe S?
vel

where the support of 77 is a patch on S? of diameter ~ 277/2, We use (3.9) to
decompose FE; f as follows:

(3.10) E;f(t,x) =Y _ E/f(t,),
vel
where:

(3.11) Ej”f(t,x)=/s2 /0+oo eb(t, 7, w) "M trx(t, @, w) Y (27NN} (w) f Aw) A dAdw.
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We also define:
(3.12) -1 = [le(N) fll2(rs), v = 19277 flle2 sy, 5 =0,
v = w0 (W) fllL2gsy, 5= 0, v €T,

which satisfy:
(3.13) ey = D =D D (9™
j>—1 j>—1vel

The goal of this second step is to prove the following proposition:

Proposition 3.2. — The decomposition (3.10) satisfies an almost orthogonality prop-
erty:

(3.14) 1E; flIZ 200y S ZHE;'/inZ(OM) +e297.
vel

The proof of Proposition 3.2 is postponed to Chapter 6.

3.2.3. Step 3: control of the diagonal term. — Proposition 3.2 allows us to estimate
|1 £ fll 20 instead of || E; f || 12(,n). The analog of computation (3.1) for || EY f|| 2.
yields:

(3.15)
£ fllz2(om)

dw

+oo
[T e @
0 L2

< [ I0tt,2,0)  erx(t2,0) 1 3y
S

< e4/vol(supp(n¥)) A (27 Ay (w) £l L2 (ms)
S e2l/2yy,

where the term , /vol(supp(n})) comes from the fact that we apply Cauchy-Schwarz

in w. Note that we have used in (3.15) the fact that the support of n; is 2 dimensional
and has diameter 277/2 so that:

(3.16) vol(supp(n?)) < 279/,

Now, (3.15) still misses the wanted estimate by a power of 27/2 Nevertheless, we are
able to estimate the diagonal term:

Proposition 3.3. — The diagonal term EY f satisfies the following estimate:
(3.17) 127 fllL2n) S €75

The proof of Proposition 3.3 is postponed to Chapter 5.
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3.2.4. Proof of Theorem 2.15. — Proposition 3.1, 3.2 and 3.3 immediately yield the
proof of Theorem 2.15. Indeed, (3.7), (3.13), (3.14) and (3.17) imply:

112200 S Z 1E; 1720y + €211 F 172 Ro)

j>-1
SN NE e +6° D v+ ENF G o)
(3.18) j>—1ver j>—1
SEYD NP+ ) 7+ @
j>—1vel i>—1
S ENF122msy»
which is the conclusion of Theorem 2.15. O

The rest of the paper is dedicated to the proof of Proposition 3.1, 3.2 and 3.3. In
Chapter 4, we prove Proposition 3.1. In Chapter 5, we prove Proposition 3.3. Finally,
we turn to the proof of Proposition 3.2 which constitutes the most technical part of
this paper and occupies Chapters 6 to 10.
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CHAPTER 4

PROOF OF PROPOSITION 3.1
(ALMOST ORTHOGONALITY IN FREQUENCY)

We have to prove (3.7):
(4.1) IEfIZ 20 S Z 1E; FIZ2 0y + €21 F 12 Rs) -
j>—1
This will result from the following inequality using Shur’s Lemma:

[ Bt BTG i
M

Before we proceed with the proof of (4.2), let us recall that the volume element
on oM expressed in the coordinate system (u,t,z’) is given by:
doM = nbdudt duy

where dy; ., denotes the volume element on P ,. Since we have:

—k|

g
(4.2) <22 a vy for |5 — k| > 2.

[n =1L~ S e

from the estimates for n (2.36), the L2(c) norm of a tensor F on oM is equivalent
to:

(4.3) / |F'(t, 2)|?b du dt dpsg
M

where we have removed the lapse n in the definition of the volume element. To avoid
unnecessary terms containing derivatives of n in the numerous integrations by parts
of this paper, we will estimate the equivalent (4.3) of the L?(c}) norm for Ef, E; f
and E7 f. By a slight abuse of notation which we shall do throughout the paper, this
is equivalent to modifying the volume element by removing the time lapse n:

(4.4) doM = bdudt dpy .

Remark 4.1. — One may want to further simplify the expression of the volume el-
ement (4.4) by removing the null lapse b. However, this is not possible since the
decomposition (4.4) depends of the angle w € S? under consideration. Indeed, the
coordinate system is (u,t,z’) where u = u(t,z,w) and thus b = b(t,z,w) in (4.4),
while the time lapse n is independent of w.
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Also, recall that we have for all integrable scalar functions f:

(4.5) % (/P fd,ut,u) :/P b(Vn [+ trb)dut o,

where 6 is the second fundamental form of P, ,, in ¥, i.e., §;; = V;N;. Note that from
the definition of k£, x and 6, we have:

(4.6) xaB =<DaL,ep>=<VaT,eg>+ <VaN,eg>= —kap +045B.
Together with the estimate (2.39) (2.40) for x and (2.37) for k, we obtain:
(4.7) M) Se.

Finally, we recall that we have:

(4.8)

VaN =04pesg,
VNN = —b"'Vb.

4.1. A first integration by parts

From now on, we focus on proving (4.2). We may assume j > k + 3. We have:

) Sy Eif(t, @) B f (8, x)doM

/S2 /+oo /82 /+<>o (/ M“‘“/”/b(tvx’w)_ltrx(t,w,w)b(w,w’)—ltrx(t,x,w/)d(ﬂxz>

INFOW)AZP(27FN) fF (VW) (N)2dAdwdN dw'.

In view of the expression of the volume element (4.4) on o, we integrate by parts
with respect to 9, in

/ez‘)\u—iA'u/b(t’x’w)_ltrx(t,m7w)b(x,w/)_1tI‘X(t,.’Il,wl)dW
M

= / eIyt 2 w) My (@, w)b(, W)Lty (6 @, w' )b du dt ity
M

using the fact that:

4.10 ei)«u—ik/u’ — _ ¢ au ei)\u—i)\'u/
(4.10) A= Ngg(N,N") ( )
where we use the notation u for u(t,z,w), b for b(t,z,w), N for N(t,z,w), u
for u(t,z,w’), b’ for b(t,z,w’) and N’ for N(z,w’). We will also use the notation try
for trx (¢, z,w), try’ for trx (¢, z,w’), tré for trf(t, z,w), and trd’ for trf(t, z,w’). Using
(4.10) and the expression for the volume element (4.4), we obtain:

(4.11)

/ eiku—iklu/bydw
M

)
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rr D71 O tX D T it b ITX 0 (0 iy
_ ’L/ IAuU—IA u f}X I‘X W_’_ ’L/ ez)\u—z)\ u rx b( X )d(’ﬂ%
gy A= NEg(N,N) gy A= NEg(N,N)

+i/ u—inw 07 ltrxb’fltrx’trﬁdw
o A= NEg(N,N)
i [ e DI g% ) A (N, N'))
” (O — N Eg(N, N7))2
i [ eumix b=l trxt ey’ 2 (9(VN N, N') + g(N, VN N'))
M (A= Ngg(N,N")?
where we have used (4.5) to obtain the third term in the right-hand side of (4.11).
Since [\ g(N, N')| < A, we may expand the fractions in (4.11):

deM

deM,

1 B NLg(N, N "
(12 A—XNgg(N,N') Z < A )
and
1 _ p+1 Lo, N "
(4.13) NIV I;) ( X )

For p € Z, We introduce the notation F} ,(u):

(4.14) Fjp(u) = /0 ePUp(27IN) F(Aw) (277 A)PAZAA.

Together with (4.9), (4.11) and (4.12), this implies:
(4.15) / E;f(t,z)Exf(t,z)deM =Y AL +> A2+ A3 4> A3

p>0 p>0 p>0 p>0
1 A2 43 4 ; .
where A, A7, A) and A are given by:
(4.16)

A = 2*j’p(j7k)/ </ (b~ 'V ntry + b1trxtr9)bp+1Nij,_p_1(u)dw)
oM \J§?

: < / b/1trX'b'PN'PFk,,,(u/)dw'> de,
S2
(4.17)

Af) = 27j7p(j7k)/ </ b1trxbp+1Np+1Fj7_p_1(u)dw)
oM \JS§?

: < . V(b/‘1trxf)b/—PN/PFk,,,(u')dw'> de,
S
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28 CHAPTER 4. PROOF OF PROPOSITION 3.1

(4.18)
A3 = (p+1)277- DGR / (/ b~ Mtrx(VNbN + bVNN)prij,—p—2(u)dw>
oM \Js
. </ b’_ltrx’b’_p_lN’p+1Fk7p+1(u’)dw’) doM

S2
and

Ab = (p+1)279-+DG-R) /OM (/S2 b1trxb”+1N”+2Fj,—p—2(U)dw)
(4.19)

: < b~y (V log (b)) N’ + VN/)b'—P—lN/PFk,pH(u')dw'> de.
S2

Remark 4.2. — The expansion (4.12) allows us to rewrite f(% E;f(t,z)Egf(t, z)dM
in the form (4.15), i.e., as a sum of terms A}), Af,, Ag, A;;. The key point is that in each
of these terms—according to (4.16)—(4.19)—one may separate the terms depending
of (\,w) from the terms depending on (N, w’).

4.2. Estimates for A%, and Af,

Let H(t,z,w) a tensor on oM such that ||H||p~r2(g,) S € Then proceeding as in
the basic computation (3.1), we have for any p € Z:

< / 1 H e 22 | o 00 2 o
L) IS

< H || pee 2@ 19277 X) F w) (277 NP M| 2 (ze)

< 52\P\+J,yj7

H(z,w)F;,(u)dw

(4.20) ‘ 5

where we have used the fact that 1/2 < 277\ < 2 on the support of ¥(277)). Now,
the estimates (2.38) on b, (4.7) on 6, and the equation for VN (4.8) yield:

4.21
(||(b_)1VNtrX + b Hrxtr0) P NP | oo L2 () + ||V(bliltfxl)blipN/p||L3<;L2(<%«)
+ (|67 trx (VDN + bV Ny NP NP || oo 12(5,)
+ [ rx (Vg (B)N' + VN PN || e 121, S €
which together with (4.20) implies:

(4.22)

/82 (b~ 'V ntrx + b~ M trxtrd) 0P T NPE; o (u)dw

L2 (M)

+‘ VO oy )b PN Fy (v dw!

§? L2(cM)

"

/S ] b~ trx (VDN + bV N NP NPF; _, o(u)dw

L2 (M)
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+

/ b ey (V1og(B)N' + VN P NP Fy pir (u')do'
SZ

L2 (M)
Se2P ;.
Note that Proposition 3.2 together with Proposition 3.3 yields the estimate:

(4.23) 1E; fllLe @) < €7

for any symbol satisfying the same regularity assumptions than b~ 'try where b
satisfies (2.38), and try satisfies (2.39). Now, the terms containing no derivative in
(4.16)—(4.19) have a symbol given respectively by &b PN'P, b~ ltrybPtINPTL,
¥ oyt TP NPT and b ltrydP I NPH2. Since N satisfies regularity assumptions
which are at least as good as try, these symbols satisfies the same regularity
assumptions than b~'try. Applying (4.23), we obtain:

/Sz b’_ltrx'b’_pN'kavp(u')dw’

L2(cH)

(4.24) +‘ / b b P T N R (u)do < e2Pyy,

s? L2(M)
and

‘ / by PTINPTLE g (u)dw
52 L2(cH)

(4.25) + /b_ltrxbp+1Np+2Fj)_p_g(u)dw S €2P;,

52 L2(cH)

where we have used the fact that 1/2 < 277\ < 2 on the support of (277 )\).
Finally, the definition of A} — A2 given by (4.16)—(4.19) and the estimates (4.22),
(4.24) and (4.25) yield:

(4.26) |4} S 2?7 PRy, Wp > 0,

and

(4.27) |A12)| + |A2| + |A§| < 522p_(p+1)(j_k)'yj'y;€, Vp > 0.
(4.26) and (4.27) imply:

(4.28)

DAL D (A 1A+ 145]) S e2707P | D 127 PR |y S e2m 0By,

p>1 p>0 p>0

where we have used the assumption j — k — 2 > 0. (4.15) and (4.28) will yield (4.2)
provided we obtain a similar estimate for A}. Now, the estimate of A} provided by
(4.26) is not sufficient since it does not contain any decay in j — k. We will need to
perform a second integration by parts for this term.
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30 CHAPTER 4. PROOF OF PROPOSITION 3.1

4.3. A more precise estimate for A}

From (4.16) with p = 0, we have:

(4.29) Ay =277 /0% ( /S 2(thrx + trxtre)Fj,_l(u)dw) Epf(t,x)deM.

Using the geometric Littlewood-Paley projections on the 2-surfaces P ,, we decom-
pose V ytry as:
Vintry = PS# (Vntry) + P># (Vtry).
In turn, this yields a decomposition for A}:
(4.30) Ay =Aj1 + Aj o,
where:
aby =27 [ ([ g (Owtro B ) Bl aldon,
(4.31) o \Jsz T
Aé’z =92 /W </§2 (P<%(VNtrx) + trxtrG)Fj,O(u)dw> Eyf(t,z)doM.

We first estimate A(l],l' The finite band property yields:
P>#(VNtrx) = Z P(Vntry)
1> 2"

> 27 AP(Vtry),

~
>

which yields the following decomposition for Ag ;:

(4-32) A(1),1 = Z A(l),l,b

—~
>4

1 i o .
where A ; ; is given by:

Aé,l — 2_j—2l /W ( o APl(thI‘X)F]’O(’U,)dUJ) Ekf(t,m)d(ﬂ%

Now, the decomposition of the volume element (4.4) yields:

A(l)’1 = 2_j_2l/ / </ API(VNtrx)Ekf(t,x)bdut,u) F; o(u)du dt dw.
S2 Jt,u Py .,

Integrating by parts A on P, ,,, we obtain:

Ap=—2 [ f (P WPl(ther(Ekf(t,x)b)dm,u) Fyo(u)du dt du
2 Jtu t

=272 [ ([ 9P w0 BB i)
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4.3. A MORE PRECISE ESTIMATE FOR Aé 31

where we used again the decomposition of the volume element (4.4) in the last equality.
We apply Cauchy-Schwartz to the integral on ¢ and obtain:

(4.33)

|AG 1l <2772 /S2||Y7PZ(VN‘GYX)FJ,0(U)||L2(<>M)||Y7(Ekb)b71||L2(e%)d‘*’
S22 /S2 IV P (V ntrx)| noe 22 |1 0 () | L2 |V (Ekb) || L2 o) 167 || Low dew
< 9=il /52 IV ntrx |l Lee no(gn) | F5,0 (W) | 2 |V (Exd) || 2 (o) dw

27! [ B0l IV (BB ez do

where we used the finite band property for Pj, the estimates (2.38) for b, and the
estimates (2.39) for try. Plancherel yields:

(4.34) 1Fjollzz, < 197N fOw)Mz2@s) < 2795
In view of (4.33), we also need to estimate ||V (Exb)| L2 We have:
(4.35) IV (Exd)ll 20y S I1EE VOl L2000 + 10V Bl L2(00)

S IVl (o) | B Ml La (o) + (1Bl e D Bl L2 o)
S IDEk| 220y

where we used in the last inequality the estimates (2.38) for b, the Sobolev embedding
on &/, (2.50), and the Sobolev inequality on the 4-dimensional manifold o} (2.54).
We still need to estimate ||DEg|| 2. We have:

+oo
DE.f(t,z) = / / eMD (b ry) (275N f Dw) N2dAdw
(4.36) 5270

+oo
+ 2k / / eNutry L (27N (277N FOw) A2 dAdw.
52 Jo
Using the basic computation (3.1) for the first term together with the fact
that D(b~'trx) € LS°L?(/,) from the estimates (2.38) for b and (2.39) for try,

and (4.23) for the second term together with the fact that trx/V satisfies the same
regularity assumptions than b~ 'try, we obtain:

(437) ||DEk||L2(eﬂ¢) f/ E2k"yk.
(4.33), (4.34), (4.35) and (4.37) yield:
40,1 S €27 Py me.

Together with (4.32), this yields:

i—k
(4.38) 1Ag1] S Z 270 | e2Fe?yyp S €277

itk
>4
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32 CHAPTER 4. PROOF OF PROPOSITION 3.1

4.4. A second integration by parts

We now estimate the term Ag , defined in (4.31).
We perform a second integration by parts relying again on (4.10). We obtain:

(4.39)

AL, =27% /GM ( / (b(VNP<M(VNtrx) + Vv (brxt10)) + Vv () (P s (V ntr)
/ S2 = 2
+ trytrd) + btrG(PS% (Vntry) + trxtr9)>Fj,0(u)dw> Epf(t,x)doM

o2 / < / (P<j+k(VNtrx)+trxtr9)bNFj70(u)dw> VE D) AN + -
oM \Js2 T2

where we only mention the first term generated by the expansion (4.12). In fact, the
other terms generated by (4.12) and the ones generated by (4.13) are estimated in the
same way and generate more decay in j — k similarly to the estimates (4.26) (4.27).
In view of (4.39), we decompose the main part of Ag, as the sum of three terms:

(4.40) A(1),2 = A(1),2,1 + A(1),2,2 + A(1J,2,3 +oeee
where Af , ; is given by:
(4.41)

Aé,2,1 =27% /@M </s2 (bVNPS%(VNtI'X)

+ VN(b)PS% (Vntryx) + btrapg% (VNtrx))Fj’o(u)dw> Exf(t,z)doM,

where Af , 5 is given by:

(4.42) ALy, =27% / < / (69w (brxtr6)
M s2
+ Vi (b)trytré + btr02trx> Fj,o(u)dw> Eyf(t, xz)deM

and where Aj , 5 is given by:
(4.43)

Afgs= 2_2j/ </ (P jxn (VNtrx) + trxtrf)bN Fj o (u )dw> -VELf(t,z)dM.
M \IS2 T
We first estimate A, ;. We have:

HbVN 252 (Vvtex) + Vi (B) Pesss (Vvtey) + btrf P (VNtrX)‘

L2 (&)

Shbllize | D IVNP(Y Nt |2 @)

itk
I<45=
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+ (IVNbllee L2 (gn) + 10l o 1670]| Lge £2 (90 )| P g (VN tEX) [ 20
Z (2'e + 2% ep(u ))+52T|lthrX”L§°L2,
1<k
itk itk
<e2T 4277 ep(u),

where we used the estimates (2.38) for b, the estimates (4.7) for 0, the estimate (2.48)
for Vy P (Vtrx), the strong Bernstein inequality (2.59), and the estimates (2.39)
for try, and where p in a function satisfying:

lullrz@y < 1,
according to (2.48). In view of (4.41), this yields:
(4.44)

A 0al £ 2791 Bellian | HHbvNPd;k(thrx)
S <

dw

+ V(D) P sk (Vtrx) + birfP e (Vntr X)‘
L

Fjo(u)

L2 (&)

N 2‘2js’yk/ (2™ + EZ#M(U))FJ',O(“)”Lidw
S2

—9j itk itk
Sr¥ien (2% [ IF0@ldo+ 2% [ IulliwlFotlizdo )
S S

/S 2_%827/67]"
where we used (4.23) for Ej f, Plancherel with respect to A for ||F} o(u)|[z2, Cauchy-

Schwarz in A for || F} o(u)| L=, and Cauchy-Schwarz in w.
Next, we estimate Aj , 5. We have:

||bVN(trxtr0) + Vi (b)trytré + btr@ztrxHLwL%(g// N

S0l Lo (IV Nt Loe 2 () 1rX M| oo o () + IV NEEX || Lo L2 (90, 1876 ]| 2o o (9, )

+ Vbl Lee L2 () 16001 Leo Lo () x| oo + (18] oo (|60 F < 3 55, b 2o
<e,

where we used the Sobolev embedding (2.50) on &/, the estimates (2.38) for b, the
estimates (2.39) for try and the estimates (4.7) for 6. In view of (4.42), this yields:

(4.45) |45 20 S 2_2j/ |6V i (trxtré) + V n (b)trytrd
S2
bty o) B g s do

S22 ([ 1F0lizds) 1B f s
< 2796y IDEg f| 2o
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34 CHAPTER 4. PROOF OF PROPOSITION 3.1

< 2—(]'—’“)82%.,%,

where we used Plancherel with respect to A for || F}o(u)|/z2, Cauchy-Schwarz in w,
the Sobolev embedding on ¢ (2.54), and (4.37) for DEL f.
Finally, we estimate Aj , 3. We have:

|(P. itk (Vntry) + trXtre)b”LocLQ ()
S 1bllzee (1P< e (VN Lo () + Itrx | oo [[610]| Le L2 (50,))

SIVatexllpeozgn) +€
Se,

where we used the estimates (2.38) for b, (2.39) for tryx and (4.7) for 6. In view of
(4.43), this yields:

(4.46)
|45,2,3]

< 92—2j </ || < itk VNtI‘X) —l—tI‘XtI‘G)bNHLooLz wu)HF u)||Lidw> ||VEkf||L2(J1¢)

Se%“%w(/nmem%mQ
S2

S e?27 0 Py

where we used (4.23) for Ejf, Plancherel with respect to A for ||Fjo(u)||rz, and
Cauchy-Schwarz in w. Finally, (4.40), (4.44), (4.45) and (4.46) imply:

i—k
(4.47) Ao 2| S €227 vy

4.5. End of the proof of Proposition 3.1

Since Aj = Aj + A3, the estimate (4.38) of Aj, and the estimate (4.47) of Ag,
yield:

(4.48) 48] S 227 T e
Together with (4.15) and (4.28), this implies:

(4.49) ‘/ E;f(t,2)Erf(t,z)deM| < e yﬂk for |j — k| > 2.
Finally, (4.49) together with Shur’s Lemma yields:
(4.50) IEf G20 S D NBi fla o + €I FI72 rs)-
j>—1
This concludes the proof of Proposition 3.1. O
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CHAPTER 5

PROOF OF PROPOSITION 3.3
(CONTROL OF THE DIAGONAL TERM)

Since the orthogonality argument in angle in the core of the paper, we choose to
deal first with the control of the diagonal term in this chapter. We will then proceed
with the orthogonality argument in angle in the rest of the paper.

In order to control the diagonal term, we have to prove (3.17):

(5.1) 1ES fllz2 @) S €75 -
Recall that EY is given by:

(5-2) Ej f(t,x) = . b= (t, @, w)trx (t, @, w) Fj(u)n} (w)dw,

where F;(u) is defined by:

+OO . .
(5.3) Fj(u) = /O eMP(27IN) F(Aw) A2,

In view of the decompositions (2.72), and the decomposition (2.73) with p = —1, we
have the following decomposition for b~ try:

(5.4) bty = f] + f3,
where ff only depends on (¢, z,v) and satisfies:

(5.5) Il Se

and where fJ satisfies

(5.6) 15l ooy S 27 2.

In view of (5.2), (5.4) yields the following decomposition for EY f:

Elf(t,x) = ff (t,z,v) /82 Fj(u)nf (w)dw + / F; (u)fg(t, z,w,v)n; (w)dw,

S2
which together with the estimates (5.5) and (5.6) implies:
(5.7)

I1E5 fllL2 (o)
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36 CHAPTER 5. PROOF OF PROPOSITION 3.3

<Ml | [ B |+ [ IRz @
L

Se +&v7,

[ Bt )
§2 L2 (M)

where we used in the last inequality Plancherel in A, Cauchy-Schwarz in w, and the
size of the patch.
The following proposition allows us to estimate the right-hand side of (5.7).

Proposition 5.1. — We have the following bound:

(5.8) (/EMWMW <.
S2 L . L

u

The proof of Proposition 5.1 is postponed to the end of this chapter. (5.8) and
(5.7) yield:
127 fll2 o) S €75
which is the wanted estimate (5.1). This concludes the proof of Proposition 3.3. O

Remark 5.2. — 1In order to control the diagonal term, it suffices to have a bound of
the L?(c) norm for the left-hand side of (5.8). The improvement to a bound for the
L? L?? norm will be crucial when proving the almost orthogonality in angle.

Uy, Ty

We still need to prove Proposition 5.1. Note that it suffices to show:
S5

L( [ memea)|

Now, since the space-time gradient of u is given by b~ 'L, we have:

(5.10) L, </SZ F; (u)n}’(w)dw) = /S2 b lg(L(t,z,w), L(t, z, 1/))FJ5l (u)nf (w)dw,

where Fj1 is given by:

(5.9)

Fl(u) = /0 = ePp(279N) F(Aw)A3d.
We have:
(5.11) g(L(t,z,w), L(t,z,v)) =g(N(t,z,w) — N(t,z,v), N(t,z,w) — N(¢,z,v)).
Thus, the estimate (2.42) for d,N and the size of the patch yields:
(5.12) lg(L(t, z,w), Lt, 2, v)) || o= o) S 277,

which implies:

(5.13) /S2 (b7t z,w) — b7 (¢, x,v))g(L(t, z,w), L(t, u))Fjl(u)n;’(w)dw

L2(cM)
S /S2||b_1(t,$,w) - b_l(t7$7V)HL?sz(o%u)||g(L(t7xaw)vL(t7xv’/))||L°°
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X ||Fj (w)| 2 nf (w)dw
S ey

where we used in the last inequality (5.12), the estimate (2.44) for 9,,b, Plancherel
in A\, Cauchy-Schwarz in w, and the size of the patch.
Now, in view of (5.10), we have:

L, ( /S 2 Fj<u>n;<w>dw) — b (ta,v) /S b g(L(t2,w), Lt 0) F ()] ()de

+ / (672t 7, w) — b7 (8,2, ) (Lt 2,w), Lty @,0)) L () (w)deo,
S?

which together with (5.13) and the estimate (2.44) for d,,b yields:

619 | ([ )

L2 (M)
<

~ ‘

/§2 g(L(t,z,w), L(t, , V))Fjl(u)n;-’(w)dw

+ev;.
L2 (M)

Next, we estimate the right-hand side of (5.14). Using the decomposition (2.71),
we have, taking into account (5.11):

(5.15) g(L(t,x,w), L(t,2,v)) = (f] + f3)(w —v)*,
where ff only depends on v and satisfies:
£l S 1

and where f] satisfies:

] -7
I fall oo r2(gm) S 272,
where we took into account the size of the patch in the last inequality. Thus, we may
rewrite the oscillatory integral in the right-hand side of (5.14) as:

/ g(L(t,x,w),L(t,x,V))Fjl(u)n;-’(w)dw = fjl(t,x,u)/ (w— Z/)QFJ-l(u)nJV(w)dw
52 52

+ [ Bt = v F ),

which yields:

/S2 g(L(t,z,w), L(t, , V))Fjl(u)n;-’(w)dw

L2 (M)

SN llze

/ (w— V)2Fjl(u)77;(w)dw
Sz

L2(M)
+ [ 1 ol = oPIF @) )

<

~

+ 75
L2(cM)

/ (w— V)2FJ5l (u)r]}-’(w)dw
S2
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where we used in the last inequality the estimates for f} and f7, Plancherel in ),
Cauchy-Schwarz in w, and the size of the patch. Together with (5.14), this implies:
S +5 -

(5.16) HL ( /S Fj(u)n;(w)dw> e /S (@ = v)*F} ()} (@)dw o

Finally, we need to estimate the first term in the right-hand side of (5.14). We will
rely on the energy estimate for the wave equation (V). Recall from (2.28) that:

Ogu = b~ ttry.

Thus, we have:
(5.17)

e (/S (w =) Fy(wynf <w)dw) = /S TNtz w)trx(t @ w) (@ = ) F () (@) de.
Arguing as in (5.4)—(5.7), we have:

/SZ b (t, x, w)trx (t, 2, w) (w — 1/)2Fj1(u)r];-’(w)dw

L2(cM)
Se| [(w-rPR@Rwd)| ey,
s2 L2(M)
which together with (5.17) implies:
(5.18) ‘ g (/ (w— V)QFj(u)n;-’(w)dw)
s? L2(M)
Se / (w— V)2Fj5l(u)n;-’(w)dw + ev;.
2 L2(M)
Let us now define the scalar function ¢ on oM as:
(5.19) b(t, ) = /S (w0 = P () (@)d.
Then, ¢ satisfies the following wave equation on oM:
Ogp = F.
(5.20) 0= I
Bls, = 0, 0o(9)|s, = ¢1,
where in view of (5.18), F satisfies:
(5.21) I Fl 20y S € / (w— V)QFJ»l (u)n? (w)dw +e7;-
s? L2(cM)

Note also that ¢¢ and ¢; correspond to the initial data of the half wave parametrix ¢.
The corresponding control is the subject of step C2 and has been obtained in [16]:

(5.22) IVdollLz(ze) + 11l L2(20) S 75

1. Let us note that in [12], the authors also rely on the energy estimate for the wave equation to
estimate the diagonal term in their parametrix.
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Next, we recall how to derive the energy estimate for the wave Equation (5.20).
Recall that T, the future unit normal to the ¥; foliation. Let m be the deformation
tensor of T', that is the symmetric 2-tensor on ¢/ defined as:

TapB = DaT,g + DgTa.
In view of the definition of the second fundamental form k£ and the lapse n, we have:
(5.23) mij = —2kij, M = i =0~ *Vin, npr = 0.

We also introduce the energy momentum tensor QQng on M given by:

Qus = Qusld] = 0uds0 — 1 8o (6" 0,60,).

We have the following energy estimate for the scalar wave equation:

Lemma 5.3. — Let F a scalar function on oM, and let ¢g and ¢1 two scalar functions
on Xo. Let ¢ the solution of the wave Equation (5.20). Then, ¢ satisfies the following
energy estimate:

1
3

Dol Lo r2(s,) S IVPollLz(so) + 11llL2(s0) + 1F 122 (000) +

)

/o% Qapm*PdcM

where Qa3 1s the energy momentum tensor of ¢, and where w is the deformation
tensor of T'.

Proof. — In view of the Equation (5.20) satisfied by ¢, we have:
D%Qap = FOp9.

Now, we form the 1-tensor P:
Pa = QaO
and we obtain:

1
D®P, = D*Qu0 + QosDT? = Foy¢ + §Qam“f’,

where 7 is the deformation tensor of eq. Integrating over the region 0 < ¢t < 1, we
obtain:

(5.24) D@17~ 25,

)

S IVnlcs + 108 s + P20 1T @l12000 + | || Quon®Pde

which concludes the proof of the lemma. O
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We are now in position to estimate ¢ given by (5.19). In view of the estimate (5.21)
for F' and (5.22) for ¢¢, ¢1, Lemma 5.3 implies:
(5.25)

1
2
Dol Leer2(s,) S€ +75.

/ (w— 1/)2Fj1 (u)n;(w)dw
SQ

|

L2 (M)

Then, note from the decomposition of 7 (5.23) and the maximal foliation assumption
(2.2) that:

gaﬁﬂ'aﬁ =Y,

which together with the definition of the energy momentum tensor @ yields:

Qaﬂﬂ'aﬂ = a¢3,8¢7faﬂ-
Together with the definition of ¢ (5.19), we obtain:

520 [ QuomSach =n ([ =P o) Latt o) B i )
< ([ o= 0P8 o) Lat, o) )
=20V [ (= 07 ) El g )
< ([ o= P Nt 0) B ) () )
~ 2ty ([ 0= 07 )Nt ) i (@) )
< ([ o= P )N ) g ) )

where we used in the last equality the decomposition of 7w (5.23) and the fact
that g(T, L) = —1 and L; = N;. Now, we have:

kij </sz (w=v)"(b" " (t,z,w)N;i(t,z,w) = b""(t,z,v)N;(t, z,v)) F; (u)n;(w)dw)

L2 (M)
< /Sz (@ =)o~ (t, 2, w)Ni(t, 2, w) = b7 (b 2, ) Nit 2, 0) | o [l e 250 | 5 () 2207 (@)oo
S ey

where we used in the last inequality the estimates (2.37) for k, (2.38) for b, (2.44)

for 9,,b and (2.42) for 9,, N, Plancherel in A, Cauchy-Schwarz in w, and the size of the
patch. Treating the other terms in the right-hand side of (5.26) similarly, we obtain:

[ Qusn et =2 e ) (G- u>2F;<u>n;<w>dw)2

2

2

—26(t, 2, v)b "% (t, z,v) (/S (w— 1/)2Fj1 (u)n?(w)dw) +0(evy),
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which yields:
2

[ Qusm | S 0 T~
M

/ (w— 1/)2Fj1 (u)nf (w)dw
S2

L2(cM)

/ (w— 1/)2Fj1(u)77;’(w)dw
S2

+ 1100l oo £z 1672 ]| 1o

L2, . L

Uy, Ty

X / (w— V)ZFJ-l(u)n}’(w)dw + &7y

S2 L2 (M)

2
Se / (w— 1/)2Fj1 (u)n? (w)dw
s? L2(M)
2
+¢ / (w— 1/)2Fj1 (u)n;(w)dw + &7y,
§2 L

where we used in the last inequality the estimates (2.37) for §, (2.36) for n, and (2.38)
for b. Together with (5.25), this yields:

620 IDblipr Se| [ 0= wPF g @) ay.

L 2 LT

Uy, T

In view of the definition of ¢ (5.19), we have:

D¢(t,x) = /SZ (w— )27 (¢, z,w)L(t, x,w)Fjl (u)nf (w)dw.

Also:

S5
where we used in the last inequality the estimates (2.38) for b, (2.44) for 9,b and
(2.42) for 0, L = 0, N, Plancherel in A, Cauchy-Schwarz in w, and the size of the
patch. Thus, we obtain:

Hng(t, x) — b (t,z,v)L(t,z,v) /32 (w— V)ZFJ-I(u)n;-’(w)dw

/SZ (w - V)z(bil(taxaw)Ni(t’mvw) - bil(tvxa V)Ni(taxa V))Fjl(u)n;(w)dw

L2 (M)

S

L2 (M)

which together with the estimate (2.38) for b implies:

| [ - vr R s
S2

Together with (5.27), we obtain:

| =P F )

S Dol L2y + 75 -
L2(oM)

v

Se +;-

Se| [ - rPE W s
L2 (M) s2 L2, ., LgS
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Together with (5.16), this implies:

HLV (/ F; (u)%’(w)dw) Se / (w —v)?F} (u)n} (w)dw + 75
2 L2 (M) s2 Lz . L
and thus:
/ Fy(u)nf (w)dw < Ce / (w— y)szl(u)n;-’(w)dw +Cvy
S2 s2

2 oo 2 o
Luu,ﬂﬂul‘tu LuvvmuLtu

for some universal constant C' > 0. Iterating, we obtain for any g > 0:

(5.28) /82 Fj(u)nj (w)dw

L e L2

Uy, T

< Ot

/ (w— V)QqFjg(u)n;’(w)dw
S2

g—1
+C | Cle )y,
L2 L 1=0

Uy, Ty

where F(u) is defined as:

Fi(u) = / e (27IN) F(Aw) AT,
0

We have:

‘ /sz (w = v)* ] (w)r} (w)dw

)

: ’ L (/s (w = V)" F} (u)ny (w)dw>

L3y e, L L2 (M)
which together with the analog of (5.16) yields:

(0 = ) F} () (@) S| [ =P R i )
& L3, ., L 52 L (M)
+7; -
This implies the non sharp estimate:
v i 14
| = o @) <2ty

L2, L

where we used Plancherel in A\, Cauchy-Schwarz in w, and the size of the patch. Thus,

we have:
(5.29) (et < C’qqu%’yJ’-’ — 0 as ¢ — +o0,
L2 VL?I-O/

Uy, T

| = v E )

since € > 0 is small and may be chosen to ensure 0 < Ce < 1. Finally, letting ¢ — +o0
in (5.28) and taking (5.29) into account yields:

H | Bt

S5

L2, . L

Uy, Ty

This concludes the proof of Proposition 5.1.
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CHAPTER 6

PROOF OF PROPOSITION 3.2
(ALMOST ORTHOGONALITY IN ANGLE)

We have to prove (3.14):

(6.1) ||Ejf||%2(@ﬂ¢) < ZHE}/fH%Z(OM) +&%y;.
vel

This will result from an estimate for:

(6.2) /W EYf(t,2)EY [ (t,2)doM| .

Remark 6.1. — In [12], the authors rely on a partial Fourier transform with re-
spect to a coordinate system on F; , to prove almost orthogonality in angle for their
parametrix. In our case, coordinate systems on P;, are not regular enough, which
forces us to work invariantly. More precisely, we will use geometric integrations by
parts tied to the u-foliation on ¢ in order to estimate (6.2).

Let us first explain why proceeding directly by integration by parts in (6.2) results
in a log-loss.

6.1. Presence of a log-loss

Let us first introduce integrations by parts with respect to tangential derivatives.
By definition of ¥, we have Yh = Vh — (Vyh)N for any function h on o. In
particular, we have Y(u) = 0 and V(u') = b’ "N’ — b’ 'g(N’, N)N. Now, since
IN" —g(N’,N)N|?> =1 — g(N’, N)?2, this yields:

idu—iXu' lb,
(6.3) ¢ = NIV, Ny Y Vs e
where we have used the fact that N’ — g(N, N’)N is a tangent vector with respect of
the level surfaces of u. Similarly, we have:
ib
A= g(N, N77) * Ve (e

i)\u—i)\/u’)

)

(64) eiAu—iA’u/ _ i)\u—i)\’u’)

)
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44 CHAPTER 6. PROOF OF PROPOSITION 3.2

where we have used the fact that N — g(N, N')N' is a tangent vector with respect of
the level surfaces of v’.

Next, we also introduce integrations by parts with respect to L. Since L(u) = 0
and L(u) = ¥ 'g(L, L'), we have:

. i 14 . s
6.5 IAU—IA U _ ¢ IAU—IA U .
(6 ‘ Vel 1) )
Similarly, we have:

. NS T b . NSl
6.6 IAU—IA U _ 4 Ll IAU—IA U .
(60 ‘ (D) )

We have:

+oo  ptoo o 1
/ E}f(t,z)EY f(t EY f(t,x)dM = / / / </ B e trx'dW)
$2 x§2

x 05 (w )77] (WY(27IN)p(27I N )f()\w)f()\'w'))\2)\'2d)\d)\’dwdw'.
We integrate by parts tangentially using (6.3). Since X' ~ 27, and
g(N = N',N - N')
2
in view of (2.43), we see that integrating by parts using (6.3) gains roughly 27|v — v/|

at the expense of a tangential derivative. Consider the term where the tangential
derivative falls on try, which is roughly of the form:

+oo +oo
idu—iNu -1 /—1 !
b trxd “try'd
vt bowd, | (L o)

g (@n? (WP TINBETIN) F(Aw) fF(Nw)AZN2dAdN dwdw.

Since LYtry is the only derivative of Ytry for which we have an estimate, our next
integration by parts must be with respect to L, that is we use (6.5). Since \' ~ 27,
and since

(6.8) g(LvL/) =-1 +g(N7N,) ~ v — V/|2)

(6.7) 1—g(N,N') =

N

in view of (6.7), we see that integrating by parts using (6.5) gains roughly 27|v — /|2

at the expense of an L derivative. Consider the term where the L derivative falls
on try’, which is roughly of the form:

oo e idu—i\ u'p—1 1
TAU—T u — /— !
227|1/ e /S2><§2 / / </ b Wtrxb" " L(trx )dW>

xnf (w)ny (w "W2TINY2TIN) FOw) FNW)AZN AN dwdw.
Now, note in view of (6.8) and the estimate (2.42) for J,, N, that:
gL, L)~ v -V g(L,ey)=g(L—Léy)~|v—2|and g(L,L') = —2+g(L,L') ~ 1
Thus, decomposing L on the frame L', L', ¢/,, we obtain:

(6.9) LNL’+|V—1/|Y7,+ lv —V|?L.
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We finally consider the term |v — v/|¥'try’ in the expansion of L(try’), and we obtain
a term which is roughly of the form:

1 —1 v —1g v’
I /J// (/S2 b= Wtrx F(u)n; (w)dw> : (/§2 bV X Fy (u')n) (w')dw’) deM.
We claim that such a term leads to a log-loss. Indeed, we have:

], (Lo voxmm@a) - ([ 67V @i )

1 - /
[ b e g ) | v @)
$? S?

~ 2%y — V|2

1 -1 y
S g (LI B @l )

X </2||b'_1Y7/trx'Fj(u’)||L2(QM)17;’I (w')dw')
S

L2(cM) ’ L2(cM)

1 -1 v
S gy (LI 19t e oV 227 () )

—1 V’
(L e 10 e NS ) 0
(6.10)
< Sy
ACHIZZ)E
where we used in the last inequality Plancherel in A and )\, Cauchy-Schwartz in w

and w’ which gains the square root of the volume of the patch, the estimates (2.38)
for b, and the estimates (2.39) for try. This corresponds to a log-loss since we have ():

1
(6.11) sup > S —

/2|y — ])2
Yo j1<2i/2|u—v|<2i/2 (2772|v = ')
Indeed, note that v’ runs on a lattice on S? of basic size 277/2 so that (6.11) corre-

sponds to the sum
1 .
> TR

1e72,1<1|<2i/2

6.2. A physical space decomposition for E f

To remove the log-loss exhibited in (6.10) (6.11), we need a further decomposition.
The same problem was present when dealing with the parametrix at initial time

1. The log divergence in (6.11) is due to the fact that we are working at the level of H2 solutions
for Einstein equations. Indeed, summations similar to (6.11) appear in particular in [12] in the context
of H?%¢ solutions of quasilinear wave equations, albeit with a power strictly larger than 2, and hence
without log divergence.
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46 CHAPTER 6. PROOF OF PROPOSITION 3.2

in [16]. In that case, we introduced a second decomposition in A and exploited the
corresponding gain of the size of the patch in A when estimating F;(u) in L* and
taking Cauchy-Schwartz in \. In the present situation, all norms for try are estimated
by taking the L> norm in u. In turn, we always estimate F;(u) in L? using Plancherel
and can therefore not exploit the size of the patch in A.

Instead, we rely here on a decomposition of try using the geometric Littlewood-
Paley projections P;. We have:

try = P<j/a(trx) + Z Pitry,
1>/2

which in turn yields the following decomposition for EY f:

(6.12) E/f(t,x)= Y EV'f(tx),
1>5/2
where:
v - v J
(6.13) E; Lrt, ) = /S2 b(t, z,w) lPltrx(t,x,w)Fj(u)nj (w)dw VI > 2
and:

(6.14) E;7j/2f(t7w) = / b(t7mvw)ilpﬁj/ztrX(tax7w)Fj(u)n},(w)dw'
SZ

6.3. The mechanism to remove the log-loss

In order to prove almost orthogonality in angle, i.e., (6.1), we will estimate:

(6.15) %n:/WE;Jf(t,m)Ej”’vmf(t,x)dW .

Let us assume for convenience that m < [ in (6.15). In order to remove the log-loss,
our goal will be to always put more tangential derivatives on the lowest frequency, i.e.,
P,,trx’ (as opposed to the higher frequency Ptry). This will be achieved as follows:

1. Integrate by parts with respect to L using (6.5).

2. One term corresponds to the case where the L derivative falls on the largest
frequency Pjtry, while the other term corresponds to the case where L falls on
the lowest frequency P,,try’. For the second term, decompose the L derivative
on the frame L', N, ¢/, as in (6.9).

3. We claim the the terms involving L and L’ do not contain any log-loss. Indeed,
instead of the sum (6.11) containing the log-loss, they will ultimately yield

1
sup ) S 1
Y ) 1<21/2 g | <2012 (20/2|ly — v'|)3
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4. We claim the the term involving N’ does not contain any log-loss. Indeed, instead
of the sum (6.11) containing the log-loss, it will ultimately yield

1
P DR e

v v [1<23/2|y—p|<28/2

5. Finally, the last term is the one containing the W’ derivative. This term is the
only one which contains the log-loss exhibited in (6.11). Now, we have achieved
our goal since after integration by parts, the tangential derivative fell on P,,trx’
which is the lowest frequency.

Remark 6.2. — Due to the decomposition (6.12), we now not only need to obtain
summability in (v,v’), but also in (I, m).

6.4. The main estimates

Recall that in order to prove almost orthogonality in angle, i.e., (6.1), we will
estimate:

> /C% E;’lf(t,mE;“mf(t,x)do%‘.

We will distinguish the following two regions:
gmin(tm) - 27|y — /| and gmin(lm) < 2|y — /).

We start with the estimate in the first region.
Proposition 6.3. — Ifv # v/ and 2™(™) > 27|y —1/|, we have the following estimate:

(6.16) / B () B f (e dW' < 29 gl 2 sy gl 2 s

where the sequence of functions (t;,1)1>;/2 on R x S? satisfies:

Z Z 22l||ﬂj,u,l||%2(Rxs2) S 8222j||f||2L2(R3)-

vo1>j/2

Proof. — We have:
(6.17)

[ BB ]
M
SNEY fllzz@nllEY ™ £llce @)
(/Sz Hbt z,w)” Pltrx(t z,w) ||L2(W)n]( )dw)
1p/ / /
(/Sznbtxw) P! trx(t,z,w')F. HL?(W)”J( )dw>
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171 ([ MR o @] 7 ) )

X </2 ||||P7'ntrx'||L2(g¢u,)Fj(u')||L2 u (w')dw')
S u/

|Ptrxlag Fy@iy/ny @), | I1Pmtexl oo Fs )y /nt’ )]

where we used in the last inequality the estimates (2.38) for b, Cauchy Schwarz in w
and w’, and the size of the patch.
Now, we have:

$27

)
2
Lw,u

E 2
(6.18) Z 92!l H”PltrXHm((%)Fj(u) W}j(w)‘ L
v oi>5/2 2.
= E / / Z 22l||PltrX||2L2(c%u) IFj(U)|2du T];’(w)dw
S2 u -
v 1>j5/2

< Z/Sz (/Wtrx”%%%)IFj(u)Izdu> 1Y (w)dw
S /S VX1 o £ e | F () 22 Y () o

<$e%2% ) (y4)?

v
< 2% £l 32 ey

where we used the finite band property for P,, the estimates (2.39) for trxy and
Plancherel in A. (6.17) and (6.18) yield the proof of the proposition. O

Remark 6.4. — In (6.18), we used the estimate:

sup Z 22| Ptrx |7z gy | S supllWerxllZe (o) S €7
w,u 1572 w,u

which is true in view of the finite band property for P, and the estimates (2.39) for try.
Note that the sum in [ has to be taken before the sup in w and w for the estimate
to hold. This explains why the L? norm on R x S? is present in (6.16) and estimated
only after letting the sum in ! enter the integral as in (6.18).

Next, we consider the second region. We have the following decomposition:

Proposition 6.5. — If v # v/ and 2™ < 27|y — /|, we have the following decom-
position:

(619) / E;'/Jf(tv x)EjV/7mf(t7 .Z')d(JVJ = Aj,u,u’,l,m + B j, v, lmoy
M
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where B; 1 1.m Satisfies:

(6.20)
> (Bjwwtym + Bjw wim)
(1;m) /2min(tm) <2 |y—/|
1 1 1 9~ (15)-J 1
S—‘ J + J 5 + J J 3 J + J J
@zlv—v))®  (2zlv—v))z 2122l —v|)2  (22fv—v])? 22(22|v —V/))

S +2—j] 2qvt
2% 25|y — v/|)3 T

Next, we estimate A; ., 1 for (I, m) such that 2mn(b™) < 27|y — /|, We consider
the following two subregions:

2min(l,m) < 2j|l/ _ V’| < 2max(l,m) and zmax(l,m) < 2j|l/ _ l/l|,
starting with the first one:
Proposition 6.6. — If v # v/ and 2™ < 27|y — V| < 2max(bm) e have the

following estimate:
(6.21)

E : Ajw ' tm

(l,m)/Zmi“”*m)SQj IV_V/|<2max(l,m)

= >

2
(L,m) /2min(lm) <23 |y — /| <@max(l,m) 22|y —v'))

9-2j92 min(l,m)
Sl willL2@xse) 1,0 ml| L2 (rxs2)

1 9—% 1
J + J + J J
2zjv —v))®  (2z[v —v'|)2  (2z2|]v —v|)22

2 v v

€ Vj’yj‘ ’

where the sequence of functions (t;.,1)1>;/2 on R x S? satisfies:

> 22|l T2 mxszy S €727 1 F 1172 sy
v 1>5/2

Finally, we estimate A;, .1, for (I,m) such that 2max(bm) < 27|y — /|

Proposition 6.7. — Ifv # v/ and 2™2x(b™) < 27|y—1/'|, we have the following estimate:
(6.22)

E : AJ')V,V’,l,m

(1,m) /2mex(tm) <2d ]y — |

= >

(1,m) /2max(tm) <23y — /|

92— 57] 2l+m+min(l,m)

(28 |v —v/|)3

125,01l 2 (R xs2) | 145,07 m || L2 (R x52)
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[ L ! forOr ! +277 | e2yryY
@y —v|)? @ - (22 25(2%y - ) T
where the sequence of functions (1;,,1)1>;/2 on R x S? satisfies:

Sy 22|l T2 xszy S €251 F 1172 sy

vo1>j/2

The proof of Proposition 6.5 is postponed to Chapter 8, the proof of Proposi-
tion 6.6 is postponed to Chapter 9, and the proof of Proposition 6.7 is postponed to
Chapter 10.

6.5. End of the proof of Proposition 3.2

We conclude the proof of Proposition 3.2 by using Proposition 6.3, Proposition 6.5,
Proposition 6.6 and Proposition 6.7. In view of (6.12), we have:

/ B! f(t,2)BY f (1, x)dcﬂfl‘

v#v!

<N / E”lft:v)E”’mftxd@]M‘

v#V!' | I,m

DD

v#v! 2min(l,m) 527 |y —p/|

e[ EEre wwf(tcm\

v#v/

/E“f EYV ™ f txd(ﬂ/l’

iy /E”f )Emf(tfrdcﬂ//l

y;éy/ gmin(l, m)<23|I/ V/l

In view of Proposition 6.3 and Proposition 6.5, we obtain:

(6.23) / EY f(t,z)EY f(t, EY f(t, z)doM

v#v/

<> > 277 | gl L2 @xs2) | 5.0 m | L2 (R x52)

y;éy/ 2min(l,m)>2j |IJ7V’|

+ Z Z /(,jy/ Aj,l/,u’,l,m

y;éy' 2min(L,m)S2j|U_V/|
1 1 1 9—(13)-J
@zlv—v])?  (22lv—v))z 252y —v])E  (22[v =)

v#v!
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51
1 1
—— + - + 2~ ]27”7”.
252w —v|) 2% (2%|v —v/|)% 7
Now, we have:
1
Z 1 : < 22min(l,m)fj
2%|V_V,|<2min(l,m)—%
and:

Z[-l n 1 1

- + — -
o L@y —v)? @y —v)E 2828y —v))3

2-(13)-J 1 1 2
J + J + 33 1 +2 Py]V’YJV
@iy —v)? 2@y —v)) 2% @y —v)}
S E2NF 1122 sy

Together with (6.23), we obtain:

/E” tm)E”ft:ch'

v#v/

< 9- 2122 [1—m] <222l||ujul”L2(RxSQ>

(S

2
<Z 22m||lffj,u/,m||%2(Rxsg)>
+> 3

Ajy lm +~‘32||f||2L2(1R3)
V7§yl 2min(l,m)§2j‘y_ul‘ CM

l,m

S22 gl e e D 2™ ligrmll7emxee)
Ly

m,v’

+ Z / Ajuv’lm
v#v/

9omin(l, m)<2] ‘l, V/‘<2m'xx(l ,m)

Ajv ' im
u;ﬁy/ 2max(l,m) Szj ‘V*IJ’I W

+ 2| F11 72 (roy-

Together with Proposition 6.6 and Proposition 6.7, this yields
(6.24)

/ Elf tx)E”ft:vdW’
v#Y/
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$278 Y 2 all3 s D 2200 mll72 2

lLv m,v’

> 2

v#v/ 2nlin(l,m)§2j |V_y/|<2rnax(l,m)

LY

y;éy/ 2max(l,m,)§2j |I/—V'|

9—2j92min(l,m)
(2”§|y _ l/'|)2 ||Mj,V,l||L2(R><S2)||Mj,V’,M||L2(]R><S2)
27%2l+m+min(l,m)

@i )P l|£4,00]l L2 (Rxcs2) || 145,07 m || L2 (R x52)

1 1 2-(5)-7 1 , ,
+Z{ . + — -+ — + —— +277 |2ty
@iy @i - @i —v)? 2@Er—v)
+ 2| 1172 sy -
Now, we have:
%
1 j : j
Z - S log(2max(l,m)—§) _ log(2mm(l,m)—§)
et (@)
2mln(l,m)—%§2%|V_y,|<2max(l,m)—%
< max(l,m) — min(m, ),
1
2
Z ; < 9- max(l,m)-i—%
A o 3 ~
2%|v—u’|>2m“(l'm)*% (22 |V Vl|)
and:
- - - - - €°Y: vz
L@y —v)3 @ —v)E 2 -2 25(28y — ) T
S 82||f||?;2(n§3)-
Together with (6.24), we obtain:
>/ E;f(t,mE;’f(t,x)doM‘
vt 1M
: :
S27¥ Z(l + |1 —ml)2l=m (Z 22l||ﬂj,u,l||i2(Rxs2)) (Z 22m||/ﬁj,u’,m||2L2(RxS2))
l,m v !
1 1
2 2
+27% Z 22l||ﬂj,v,l||2L2(RxsZ) Z 22m||#j,v’,m||%2(uzxs2) + 52||f”%2(R3)
Ly m,v’
1 1
2 2
S22 Y lkiwilZe@ssy | | Do liwrmlie@assy |+ €IS 17 )-
Ly m,v’

ASTERISQUE 444



6.5. END OF THE PROOF OF PROPOSITION 3.2 53

Since the sequence of functions (1j,,1);;/2 on R x S? satisfies:
Z Z 22l||:ujyv,l”%2(]R><SZ) S E222]‘||f||%2(11§3),
v o1>j5/2

we finally obtain:

>

v#v!
This concludes the proof of Proposition 3.2.

/ B2 1t BY Tt 2)do| < 2112 e

v

The rest of the paper is as follows. In Chapter 7, we derive estimates for oscillatory
integrals in various norms, as well as integrations by parts formulas tied to the u-
foliation on oM. In Chapter 8, we prove Proposition 6.5. In Chapter 9, we prove
Proposition 6.6. Finally, we prove Proposition 6.7 in Chapter 10.
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CHAPTER 7

THE KEY ESTIMATES

7.1. Estimate of the L?(o//) norm of oscillatory integrals

Lemma 7.1. — Let H a tensor on oM. Then, we have the following estimate:
o | [ aneon] s (selflee ) 2y
S2 L2(M) w

More generally, for 2 < p < 400, we have:

v j(1—1 v
(7.2) /82 HFj(u)n} (w)dw < <Sgp”HHLg°LP(8/m)> 2/ =p)yt,

Lr (M)

Proof. — We have:

. HF;j(u)nj (w)dw

L (M)

S [ IHE )l o )
S [ sz g 1Py 007 )

2 1—2 v
S (supanwam) /S S @ 1 () 0 (w)doo

Using Plancherel to estimate |Fj(u)|r2, Cauchy-Schwartz in A to estimate
| Fj(u)|| Lo, Cauchy-Schwarz in w and the size of the patch, we obtain:

(1-1) o
‘ N (SHPHHHL;?LP(Q“/@)) 271 P)’Yj7
Lr (M) e

which concludes the proof of the lemma. O

[ HE )

Corollary 7.2. — Let H a tensor on oM. Then, we have the following estimate:

(7.3) ‘ /2 HP,, (trx) Fy (u)n? (w)dw < <Sup||H||Lm> 52—m2%7;.
S w

L2 (M)
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More generally, for 2 < p < 400, we have:

S (supllo ) e 320y
LP (M)

w

(7.4)

. HP,,(trx)F; (u)n;’ (w)dw

Proof. — In view of (7.2), we have:

. H Py, (trx) Fj (u)ny (w)dw

Lr (M)

S <SUP||HPm(trX)||L3<>Lp(c%u)> 2j(1_5)’)’}/

-1y
< (Sup”H”Loo) <sup||Pm(trx)||L1i.oLp(C%u)) 93(1 p),},j‘

Using Bernstein on P;, and the finite band property for F,,, we obtain:

1

—m2 (1-1y
HP 0B (i @)ds| 5 (supllo= ) 278 (suplFexlizess, ) 203,
w w

S2

Lr (M)
Together with the estimates (2.39) for try, we obtain:

v CmZoi(1-1) o
[paten s < (suple ) iy

Le (M)
which concludes the proof of the corollary. U

7.2. Estimates of the L' (o) norm of oscillatory integrals

Lemma 7.3. — Let v,v' in S? such that v # v'. Recall the decomposition X = x1 + X2
in (2.45). Let H a tensor on oM. Then, we have the following estimate:

(7.5) /CM oM

i
< sup  ([Hllz2zare,) + v = V[[H zos (g + Ix20 Hll 20y | 22675
wesupp(nY) ‘

. HD(L(trx)) Fj(u)n; (w)dw

Proof. — We have:
(7.6)

/.
< /82”HD(L(UX))HLiLl((%u)||Fj(u)||Li77;(w)dw-
Differentiating the Raychaudhuri Equation (2.22), we obtain:
D(L(trx)) = —(trx + 0)Dtrx — 2xDx — D(8)trx.
Using the decomposition ¥ = x1 + X2 in (2.45), we obtain:
(7.7) D(L(trx)) = G1 + Xx2Ga,

. HD(L(trx)) Fj(u)n; (w)dw

4 S [ D) ()0 )
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where
Gy = —(trx + 6)Dtry — 2x; DX — D(d)try
and
Gy = —2DX.
In particular, we have:
(73) 1G4, H Gl roen S e

where we used the estimate (2.39) for try, the estimate ¥ for X, the estimate (2.37)
and (2.36) for &, and the estimate (2.47) for x;. In view of (7.6) and (7.7), we have:

(7.9)
/CM ‘/S HD(L(trx)) Fj (w)ry (w)dw‘ oM

< [ G a0 | )z @)+ [ I Galliz oo IFy (w2 ()

S /SanHLﬁL;‘Li, Gl (1 (w)| 275 (w) dow

4
LPLPLZ,
+/Sz||X2H||L2(CM>IIGzIILgeLz@zu)IIFj(u)IILgn]”»(W)dw

S sw o (Hlre)e [ 1] @)

wesupp(n})

+2 [ a0 |Fw) 22} ),

where we used in the last inequality the estimate (7.8). In view of the estimate (2.47)
for x2, we have:

Ix2 = X2urll Lo () S IV =V II0uxallo- () S Iv = Ve,
which yields:
Ix2H |22y S X2 Hll L2y + 1 (x2 = x2,) Hll L2 (00
S Ixeu Hl L2 + Ix2 — X21/||L5—(0]VZ)||H”L3+ (M)
S xeuHl L2 +elv — Vl|||H||L3+(CM)-
Together with (7.9), we obtain:

/ g ‘ /S HY L(trx) Fj (u)n; (w)dw| deM

S( sup (IIHIILngLg,)JrIV—V’IIIHIIL3+W>+IIX2V/H|IL2(W>>

wesupp(n)

< (LIF @l @ar)

SOCIETE MATHEMATIQUE DE FRANCE 2023



58 CHAPTER 7. THE KEY ESTIMATES

J
S < sup  (|Hllp2pare,) + v — V/|||H||L3+(o}/1) + ||X2VIH||L2(0%)> 22y},
wesupp(n}) ‘

where we used in the last inequality Plancherel in A for ||F}(u)|/zz, Cauchy-Schwarz
in w, and the size of the patch. This concludes the proof of the lemma. U

Lemma 7.4. — Let v,v' in S? such that v # v'. Let | an integer. Recall the decom-
position X = x1 + x2 n (2.45). Let H a tensor on oM. Then, we have the following
estimate:

(7.10) /CM

Proof. — We have:

/,

HL(Pitry) Fy (w)n! (w)dw
S2

dems< sup ||H||Liz,Lgo>2%-lm;.

wesupp(n)

HL(Ptrx) Fj(u)nj (w)dw
S2

5 | IHDPrD) By )l 0 )
S [P0z 1Py )17 )

S [ WMLl L5 @z )

where we used the estimate (2.36) on n in the last inequality. This yields:

i) [ | [ anmemor e ]

5( sup ||H||Li,z,L;n> /SQ||nL<Pztrx>||Lg,L%||Fj<u>||Lgn;<w>dw.

wesupp(n})
Next, we estimate nL(P;try). We have:
nL(Pitr) = [nL, P(trx) + Bi(nL(try)),
which yields:
(712) LBl 1 S Ly Pl + [P0 o2, 1
<27k,

where we used in the last inequality the commutator estimate (2.66) and the estimate
(2.69). Now, (7.11) and (7.12) imply:

Lk
S( sup || H][L2 ,L‘§°> 27l (/ ||Fj(u)||Lgn§(W)dW>
wesupp(n}) e §?

i_
S( sup ||H||Liyx,L§°) 22 ey,

wesupp(ny)

HL(HtrX)Fj(U)n?(W)dw‘ dt
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where we used in the last inequality Plancherel in u, Cauchy-Schwarz in w and the
size of the patch. This concludes the proof of the lemma. U

Lemma 7.5. — Let v,v' in S? such that v # v'. Let | an integer. Recall the decom-

position X = x1 + X2 in (2.45). Let H a tensor on oM. Then, we have the following
estimate:

(7.13)
/.

Proof. — We have:

I8

< / | HY(L(Petrx) F ()] 2 oy 1 (w)edo
S2

S2HW(L(Pgtrx»Fj<u>n;<w>dw\do%s< sup )||H||L;E,Lgo)z%m;.

wesupp(ny

[ HY(LPatn)F (w)dw\ doH

< /SZIIHW(L(sztrX))IILng(%)||Fj(U)||Lgn§(w)dw

S [ YLt lzzer oo 1F5 ]2 (),

where we used the estimate (2.36) for n in the last inequality. This yields:

@1) [ | [ 5@ )as| o

5( sup )||H||L5,m,w> [ I P E Pz, )2 )

wesupp(ny

Next, we estimate Y (nL(P<try)). We have:
nY(L(P<itrx)) = =¥nL(P<trx) + Y[nL, P</](trx) + V(P<i(nL(trx))),
which yields:
(7.15) [In¥(L(P<itrx))llzz,p < ln~ Wnll= InL(P<itrx)ll i e,
+ [I¥[nL, P<ltrx)lziz, + [V (P<i(nLtrx))|z2, s

<eg,

~

where we used in the last inequality the estimate (2.36) for n, the commutator estimate
(2.66) and the estimate (2.70). Now, (7.14) and (7.15) imply:

L

S s e ) o ([ IE @I @)
w€supp(n}) e s2

[ H(@(Patr) By () )i o
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5( sup )||H||Li1z,Lt°°> 2%57}',

weEsupp(ny

where we used in the last inequality Plancherel in u, Cauchy-Schwarz in w and the
size of the patch. This concludes the proof of the lemma. O

7.3. Estimate of the L , L;° norm of oscillatory integrals

Lemma 7.6. — Let p € N. We have:
j P
(7.16) H/ b~ ttry (Zi(N - N,j)) F; (u)n}’(w)dw‘ S+ p2)5’y;.
S2 L2 , Lfo

up T’y

Proof. — Note that it suffices to show:

@an e ([ e 2o - m) B ) <1+ )t

L2, L}

uyx!y

We have:
(7.18)L, ( /S bty (25 v - N,,))p Fj(u)n;(w)dw>

—i /S by (22 v - NU))" 27g(L, L) Fj1 (u)n! (w)dw
+ /S 2 L, (b~ try) (2% (N — N,,))p Fj(u)n! (w)dw

j =1,
+ p/ b~ try (25(1\! - N,,)) (25(DLVL - DLVLI,)) Fj(u)n? (w)dw,
SZ

where we used the fact that N — N,, = L — L, since T does not depend on w, and the
fact that b~1L is the space-time gradient of u so that:

L,(u) =b"'g(L,,L).

Next, we evaluate the various terms in the right-hand side of (7.18). First, recall the
identity (5.11):

(7.19) g(L,L,)=g(N—-N,,N—-N,).

Next, decompose L, on the frame L, L,es, A = 1,2 which yields:

(720) L= L1+ 8N, N)L+ (N, (N, N,)N) + (1~ g(N, N,)L,
which yields:

(721) L, "trx) = 51+ 8N, N)) L™ trx) + (N, — (N, N,)N) (5 rx)

20— gV, N)LO )
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Also, in view of the decomposition (7.19) and the Ricci Equations (2.17), we have:
(7.22)

D, L-Dg L,

1 1
= 5(1 +g(N,N,)) DL + Dy, _gnn,)nL + 5(1 - g(N,N,)DLL-Dy, L,

1 _
= —5(1 +g(N,N,))0L + x(N, —g(N,N,)N,ea)ea — en,—g(n,N,)NL

1 _
+ 5(1 —g(N,N,)(Caea + (0 + ’n,_lan)L) —0,L,.
Now, (7.18), (7.19), (7.21) and (7.22) yield:

(7.23) L, (/ b~ ltry (2%(N - N,,))p F; (u)n}’(w)dw)
SZ
=A1+ A+ A3+ Ay + As + Ag + A7,

where Ay, Ao, A3, Ay, As, Ag and A; are respectively given by:

j p+2
(7.24) A= / b~ %try (ZE(N — N,,)) Fj1(u)nj (w)dw,
SZ

(125)  Ax= [ S0+ NDLE ) (220 - M) Fun )

(126)  As= [ (V= gV NIN)E ) (250 = M) By )

(1.27)  As= /S =8N, N)LO ) (25N = W) By (),

-1 )

(7.28) A5 = p/Sz %(1 +g(N,N,))b try (2%(N - Ny))p (22 (—6L +6,L,))

X Fj(u)n (w)de,

J p—1
(729)  Ag= p/ b~ ltry (2§(N - N,,))
S2

x (22 (x(N, — g(N,N,)N,ea)es — €N, —g(N,N, )N L)) Fj(u)n? (w)dw

and:
1 _ i p—1
(7.30) A7 =p /S (- gV, N e (25N - )

X (2%(@46,4 + (8 +n"'Vyn)L)F; (w)nf (w)dw.
We estimate A, Az, A3, Ay, A5, Ag and A7 starting with A;. Recall the decompo-
sition (2.71) for 23 (N — N,):

(7.31) 25(N - N,) = F/ + FJ,
where the tensor Ff only depends on v and satisfies:
(7:32) 17 = <1
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and where the tensor FJ satisfies:

(7.33) 1 | pe roomy S 272
This yields:
p+1

. p—m+1
(2%(N ) ZF1J< 25 (N — N)) Fy;+ FP?

and thus:
p+1

j p—m+1
A = Z F{Z </2 b_2tI‘X ( §(N N, )) FQJFjJ(U)?]?(W)dW)
m=0 S
+ F{;ﬂ </S2 b_zterj,l(u)n;(w)dw> ,

where we used the fact that Ff does not depend on w. We obtain:

p+1

_ i p—m+1 y
lAull2@n S D IFLlIE- / b2ty (B(N=N,))  FoyFa(wn (w)dw
m=0 s L2 (M)
IR [ 0w @)
52 L2 ()
p+1

9 i p—m—+1 y
b trx( bV — N)) Fo ; Fa (w)? (w)dw

L2 (M)

=3
m=0

b 2trxFj 1 (u) 7} (w)dw

)

L2 (M)
where we used (7.32) in the last inequality. The estimate in L?(c) (7.1) for oscillatory
integrals yields:

p+1 72 ; p—m—+1 i
41 lzzan £ 30 (sup 072 (22 = N))" T B 244!
m=0 L2 L2 ()
| [ ny @)
s L2(M)
p+1 o .
S (Sup ‘b_QtrX< V=N )) ||F2,j||L,;'°L2(c%u)) 227
m=0 w Lo
| [y @)
s L2(oM)
(7.34) S +p)€'y}’+H / b2ty Fy 1 (u)n! () dw ,
52 L2(cM)

where we used in the last inequality the estimate (7.33) and the estimates (2.38) for b
and (2.39) for try.

ASTERISQUE 444



7.3. ESTIMATE OF THE Li oL NORM OF OSCILLATORY INTEGRALS 63

Next, we estimate the second term in the right-hand side of (7.34). In view of the
decomposition (2.72) for try, and the decomposition (2.73) for b, we have:

(7.35) b trx = £+ f1,
where the scalar ff only depends on v and satisfies:
(7.36) Il Se

and where the scalar fJ satisfies:

(7.37) 13N e L2 ony < €272
This yields:

LreEimi @ =7 [ Fatnds + [ AF @ e,
which together with (7.36) implies:

H/S2 b_2terj,1(u)77;-’(w)dw

L2 (M)
Sl | [ Fatmy@s|  +| [ BE @)
2 L2(cM) 2 L2(cM)
e [ B [ grawpeoan)
s? L2 (M) S2 L2 (M)

Using the estimate (5.8) and the estimate in L?(c}) (7.1) for oscillatory integrals, we
finally obtain:

/ b2 trx Fjq (u)nf (w)dw
SQ

S )
S ey +evy 22 (Sgpllféllwmo%u))

L2(cM)
S ey
where we used (7.37) in the last estimate. Together with (7.34), we obtain:
(7.38) A1l L2 S (1 + p)evy .
Next, we estimate As defined by (7.25). In view of the Raychaudhuri Equa-

tion (2.22) satisfied by trx and the transport Equation (2.23) satisfied by b, we
have:

1 ~
L™ trx) = =b7' S (trx)” — b7 RI

Together with the decomposition (2.72) for try, (2.77) for |X|? and (2.73) for b=1, and
with the L™ estimates for b and try provided respectively by (2.38) and (2.39), we
obtain the following decomposition for L(b~try):

(7.39) L~ trx) = xau* +x2 - F +x20 B+ f1+ 11+ £,
where the tensor Ff and the scalar fg only depends on v and satisfy:

(7.40) 1FY lLeo r2oo(pyw,) + I3 llLee L22 (P ,) S 6
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where the tensor FQJ , and the scalar fi satisfy:
(7.41) 17\l r2(om + 171l oe 26y S €272
and where the scalar fg satisfies:

(7.42) 17 2oy S €277
Together with the Definition (7.25) for Ag, this yields the following decomposition
for A,

~ (e F 1) ([ 500+ 80N (208 - ) By s )
e ([ 50+ N) (2500 = M) BF i )a )
([ 50 e@im) (2 - M) B ) )
([ 50 e@m) (2 - M) R @),

We may now estimate A;. We have:

1 42llzz | r:

N (||X2u||%;-° 2t ||F1J||ig<;L§L°°(Pt,w) + 1£3l Lo L2L~ (P, .,))

I/l/

/S S0, ) (2EN - M) Fy (g ()

X

L? | L

upz’y

[ 50+e.N) (2%<N - Nv>)p FEE; (up (o)

+ ||X2u||LZ°M,VL§

L2(cM)
1 o p
2 L2(M)
1 J P
v /5<1+g<N,NV>>(2 ) FAF ()
2 L2(M)
1 J
<e / S(1+g(N,N,)) (25(N - N, )pFJ w)dw
sz 2 L2, Ly
1 i p . v
e [ 30+ evN) (2HW - ) I () )
s? L2(cM)
1 J P y
w3 v (208 - M) R )
5 2 L2(H)
1 J r v
+| [ 50+ ) (220N - V) AR @)de|
S2 L2(cM)
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where we used in the last inequality the estimate (7.40) for F/ and FJ and the estimate
(2.46) for x2. Using the estimate in L?(c}) (7.1) for oscillatory integrals we obtain:

(7.43)

I A2llzz |,

g, 8) (250 - N)” Fytwn (w)d
;

<e

L? Lg°

upz’y

+ 50 (1l + 1 oz poon) (1 + 8N ) (257 = )| ) 28

; P ; y
+ [ e (2500 =3))' | 1ol )l )
i P v
Se| [ a+svm) (250 - ) By @)
s2 Li,,z',,Lm
v e2d [ Bl @)
1 p v v
Sell [ A+s.N) (22 = V) Fy(wyn (w)de +evts
5? L2, L

where we used the estimates (7.41) and (7.42), Cauchy-Schwarz in A to estimate
| Fj(u)|| Lo, Cauchy-Schwartz in w and the size of the patch, and the fact that:

125 (N = V)|~ S 1,

in view of the estimate (2.42) for 9, N and the size of the patch.
Next, we estimate As and A4 defined respectively by (7.26) and (7.27). Using the
basic estimate in L?(c}) (7.1), we obtain:

(7.44) (| AsllL2(on) + [[AallL2(om)

< sup (IDtrx ooy (| (4 = 6V, )W) (2 = W)Y

)
22ev;
LOQ

where we used in the last inequality the estimate (2.39) for try, the estimate (2.42)
for 9, N and the size of the patch. o
Next, we estimate A5 defined in (7.28). We first decompose —4L + 4, L,,. We have:

(7.45)  2%(—3L +0,L,) = 2% ( (L —L,)+ (3 + S,,)L,,)

-
+ |50 -0 ) (260 - M)

S ey,

=23 ( —6,(N—=N,)+ (=6 +3,)(N - N, + LU)).
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Furthermore:
(7.46) —6+06,=—knyny +n'nVyn+kn N, —n 'Vy,n
=n"'Vn-(N—=N,) —kn,.(N—N,) +kn,n — kNN
- (n—lvn - 2kNV.) “(N=N,)— k(N —N,,N —N,)
- (n_1Vn —25,N, — 2e,> (N =N,)— k(N —N,,N —N,).
(7.45), (7.46) and the Definition (7.28) of A5 yield:

— 1 _ i p v
A5 = =pb, | S(1+g, N6 e (25 (N = V)" Fy (g (w)dw
SZ

1
+p(n—1Vn —20,N, — 26,,) /2 (N—-N,+ LV)§(1 + g(N,N,))b"ttry
s

X (2%(N - Ny)>ij(u)n;-’(w)dw
+ po / (N = N, + L)k(N — N,, N — N,,)%(l + (N, N,))b~Lrx
S2
< (2507 = N)" B (),

which implies:
(7.47)

14sllzz |, r2

[ g N (2H0 - )y ) )
8

S
vZ oy LQ(W)

+p(In Ul + 1Bl + lleslles )

X

/S N = Ny L)1+ (N, N e (25 (V= ) ()

L2 (M)

+p23

/ (N—-N,+L,)k(N —N,,N —N,)(1+g(N,N,))b ttry
S2

x (2%(N — N,,))”_1 Fj(u)! (w)dw

L2 (M)

< pe /82(1 +g(N,N,))b try <2%(N - Nl,)>p Fj(u)nj (w)dw

L2 (M)

+ pe

/82 (N = Ny + L)1+ &N M)ty (24 (N = N)) Fy (g ()

L2(cM)

4 p2i

/ (N—-N,+L,)k(N —N,,N —N,)(1+g(N,N,))b ttry
S2
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)

L2 (M)

where we used in the last inequality the estimates (2.36) for n and the estimates (2.37)
for ¢ and e. The first two terms in the right-hand side of (7.47) are similar to 4; and
can be estimated in the same way. In view of (7.38), we obtain:

X (2%(N - Nl,))p_1 F(u)nf (w)dw

sllz,, 13 S (4870 +028| [ (V= N+ LR = NN = N,

X (L4 gV N ey (25 - M) By ()

L2 (M)
Using the basic estimate in L2?(c#) (7.1), this yields:
(7.48)

1 4sllzz |, r2

< (1+p?)yY + p2% sup (IIkIILzoL%%u)

-1

7= 8+ 0¥ = N2+ VN e (20— )

LOO
< 1+p%),

where we used in the last inequality the estimates (2.37) for k, (2.38) for b, (2.39)
for trx and (2.42) for 9, N, and the size of the patch.

Next, we estimate Ag defined in (7.29). We first decompose e. We have, schemati-
cally:

(7.49) e=kn, +k(N—N,,.)=0,N, +e, + k(N —N,,.).
Together with the decompositions (2.72) for try and (2.74) %, this yields:
25 (x(N, — g(N,N,)N, ea)ea — €N, —g(N,N,)NL)
= F/25(N — N,) + F{2}(N — N,),
where the tensor Ff only depends on v and satisfies:
(7.50) 1F s, a2 Se
and where the tensor FJ satisfies:
(7.51) 1Bl 2oy S 27
In view of the Definition (7.29) of Ag, we obtain:

. j p v
Ag = pF} / b~ ltry (25(N - N,,)) Fy(u)n? (w)dw
S2

-1 j 7 p v
+p/2 b try F (22(N—N,,)) Fj(u)n! (w)do.
S
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This yields:
(7.52)

||A6||Liyz,th1 SpllF{ ||LZ°uI,UL§

/SQ b lrx (25 (N = W) By () (w)dw

L2 (M)

/S b (2% (N — Ny))p F () (w)dw

+5]
L2 (M)

Spe

/Sz by (2 = L)) B () (w)d

L2 (M)

)

L2(cM)
where we used the estimate (7.50) in the last inequality. The first term in the right-

hand side of (7.52) are similar to A; and can be estimated in the same way. In view
of (7.38), we obtain:

4ol 0 S 0+ e+ | |

SZ

/S2 b~y FJ <2% (N — Ny)>p Fj(u)n (w)dw

+p’

bltry FY (25(N = N, s (w)n? (w)d
trx ks ( v) J(U)ﬁj (w)dw

L2 (M)
Using the basic estimate in L?(cM) (7.1), this yields:
(7.53) 1 46llz2, 13

. J p iy
S (L+p?)ey) +psup (IIszlleoLz(%) ‘b_ltrx (25(N - Nu)) HLN) 227;
w

S (L+p%)eny,

where we used in the last inequality the estimate (7.51) for Fj, the estimate (2.38)
for b, the estimate (2.39) for try, the estimate (2.42) for J, N, and the size of the
patch.

Finally, we estimate A;. In view of the Definition (7.30) for A; and the basic
estimate in L2(c) (7.1), we have:

J _
(7.54) || A7l|z2(0) < P22 sup ((”C”Lgom(%) + [10]| Lo L2 () + IIm 1V”||L3<>L2(<%))

J
)227;
Loo
S pevys

where we used in the last inequality the estimate (2.41) for ¢, the estimate (2.37)
for ¢, the estimate (2.36) for n, the estimate (2.38) for b, the estimate (2.39) for try,
the estimate (2.42) for 9,,N, the size of the patch, and the fact that:

N-N,,N—N,
(7.55) 1 —g(N,N,) = & 5 v,

p—1

(1 g(N, V)b trx (2 (V = N,))
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We have:

/S2 by (25N - V) Fy () (w)de

L? Lo
u

valy Tt

i p
<L, (/S b ltry (2%(N — Ny)) Fj(u)n;(w)dw> Iz ., 1t

< lillee }

crp Az opy [ Asllze
+ ||A6||waw,ng + ||A7||Liﬂ,uLg,

Lt ||A4||Lip Lkt ||A5||LiVI,VL§

=/

where we used (7.23) in the last inequality. Together with (7.38), (7.43), (7.44), (7.48),
(7.53) and (7.54), we obtain:

(7.56)

/SZ bty (25 (N - W) F () (w)de

Z p 14 v
el [ a+enm) (22 - N)) i w)do +(1+p)ens.
s2 L2 . Ly
Now, we have:
j p
| [ - em (240v = ) B )
S2 L2 Lge

Uy Ty

(1-g(N, N,)) (25 (N = N,)) " Fy(w)|

W;(w)deiuz,uLgo

< /

~Y SZ
J p v

Ssuwp (IL-gW. M)z, 2| (2P =) ) /S NE @)z @) d

27 [ 1B )l w)ds
S

where we used (7.55), the estimate (2.42) for 9, N, the size of the patch, Cauchy-

Schwarz in A to estimate ||Fj(u)| L=, and Cauchy-Schwarz in w. Together with (7.56),
this yields:

(7.57) ’

/82 b~ trx (2% (N - Ny))p Fj(u)n! (w)dw

L2, L%

uyz’y

<e

/Sz (2%(N - Nv))ij(U)nJV(w)dw

+(1+ p2)s'yj’-’.
L2 L

Note that the first term in the right-hand side corresponds to the left-hand side where
b~1try has been replaced by 1. In particular, we have the analog of (7.23):

(7.59 L ([ (v - ) B )
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= Al + A5 + Ag + A7,
where A}, AL, Ay and A/, are respectively given by:

(0 = [ 5 (2 =N))" B )

-1 )

(60) Ay =p [ F0+eMN) (BN -N)) @HDL+EL)
X Fj(u)n;'j(w)dwa

(7.61) A :p/Sz (25w - Ny))pil

x (22 (x(N, — g(N,N,)N, ea)ea — en,—g(n,n, v L)) Fj (w)n? (w)dw

and:

1) A=p [ Ja-svn) (20 -m))

x (2%(4,46,4 +(6+n"'Vyn)L)F; (u)nf (w)dw.

The analog of the estimates (7.38), (7.48), (7.53) and (7.54) for A}, A%, Ay and A7
yield:

/82 (2%(N_Nv)) Fj(u)nj (w)dw ,

2 o LE
SIASzs o+ 145l o+ I4glze o+ 145l o
SA+p7).

Together with (7.57), we obtain:

S (L+p*evy.

This concludes the proof of the lemma. O

b~ ttry (2% (N — Ny)>p Fj(u)nj (w)dw

S2

Lemma 7.7. — Let p € N and q € Z. We have:

j P
(7.63) ‘ / b (25(N = N,)) ()} (w)dw S (4P
S2 waz,uLgc
and:
j P
(7.64) ‘ /Sz bltry (2% (N — NL,)> Fj(u)nj (w)dw . <1+ p2)gfy}’.

ur Ty

The proof of Lemma 7.7 is completely analogous to the proof of Lemma 7.6 and is
left to the reader.
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Next, we obtain estimates evaluating the Liym,Lfo of H where u = u(t, z,w), and
where H is naturally defined with respect to the foliation of u’ = u(t, z,w’). We start
with a basic lemma.

Lemma 7.8. — Let H a tensor on oM, and w,w’ two angles in S?. Let u = u(t, z,w),
and L corresponding to u. Let v’ = u(t,z,w’), and L', L', Y corresponding to u'.
Then, we have the following estimate for the L2L°L?(P;,,) of H:

IHIZ:  ree S IHIz20 IDLH | L2on|w — o P+ 1H | L2 1V Hl 2 o |w — '
(7.65) + /GM |H|[Dr H|deM + | H|172 (0

Proof. — Recall the estimate (2.52) on &#,:

112, 1 S [ VHIDLHldtdpe + 1

Integrating in u, and using the expression of the volume element de/ in the coordinate
system (u,t,z’) (4.4) and the control of b in L* given by (2.38), we obtain:

(7.66) 1, e 5 | VHIDLHIH + 1,

Next, we decompose L on the frame L', L’ e’;, A = 1,2. We have:
1 1

(7.67) L= —§g(L,L')L’ - §g(L, LL' +g(L,éy)éy.

Now, we have:

g(N = N',N — N

2

where we used (2.43). (7.68) and the estimate (2.42) for 9, N yield:

(7.69)

g(LaLl) ~ |w_wl|27 g(Lae%) = g(L_Ll7efA) ~ |w_wl| and g(L7LI) = _2+g(L7L/)'

Together with (7.67), this yields:

(7.70) L= (=24 0(w— W)L + 0w — /)Y + Ol — o/[2)L.

Finally, plugging (7.70) in (7.66) and using Cauchy-Schwartz yields (7.65). This
concludes the proof of the lemma. O

(7.68) 1-g(N,N') =

~ |w - w/|27

We have the following corollary of Lemma 7.8

Corollary 7.9. — Let w,v,w', V' four angles in S? such that w belongs to the patch of
center v and w' belongs to the patch of centerv'. Let u = u(t, z,w). Let v’ = u(t, z,w’),
and L' \L', V' corresponding to u'. Let a tensor G on oM. Then, we have the following
estimate:

(7.71) H/S2 GPl’trx'Fj(u')n;/(w’)dw'

2 oo
Lu’zlLt
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’

< (supnGan) e(2f v — V|27 E 4+ (23 |y — V)72 5T )Y
Proof. — We have:

H [ Grta g as

2 oo
Lu,z/Lt

S [ NGBl By e, ()

ny (W)l P/trx' Fy (W) 2 pge r2

)

@) % (suplGlo ) 2

where we used in the last inequality the estimate (2.38) for b, Cauchy-Schwartz in w’
and the size of the patch.
Next, we apply (7.65) with the choice H = P/trx'F;(u'):

1P E 2 e S 1Py )Lz L Pl B ) o — 2
B F ()| 2 |V (P ) Ey () e ol — ]
4 /Wm'trx'Fj( )| (Plex! ) ()| doh

+ [P/ trx F (u) 122 ey

where we used the fact that |w — w'| ~ |v — V| and L'(u/) = V' (u’) = 0. Also, since
L'(w)=—20"and N ~ 2/, we have:

L'(Fj(u')) ~ 276 Fy(u)

’ 2
L2,

and we obtain:
(7.73)

1P/ trx' F(u) |7z g S (HPl/trX/”LfﬁL%e%u) (27 || Pl trx’ || poo L2 lv — V'
L (B{erx) | e w2gn v = V' P+ IV Bltex || e p2 ) v = /1)

+ [ VBt Pl lagh + ||B'trx'||%ﬂ%>)

y

|Fj(u)1Ze
S (2-le<2j-le|u VP L Py | o v — V' + elv — )

s[RI el + 272 ) |1,

Su “
where we used in the last inequality the finite band property for P/ and the estimate

(2.39) for try.
Next, we evaluate ||L'(P/trx)|| g r2(gs,)- We have:

L' (P/trx ) zee L2y S I (Pltrx" )l pee L2y + 1N (Ptrx) || Lee 2 ()
S InL (P/trx) L L2 g + I10'N' (Ptrx)|| e 22 g,
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SIP (0L (trx ) e 2oy + L', Plltrx e r2 (o)
+ 1B (O'N' (trx Dl e 2y + 1N BIIerx | oo 22 (91,
where we used the fact that L' = L’ — 2N’, the estimate (2.38) for b and the estimate

(2.36) for n. Together with the estimates (2.39) for try, (2.38) for b and (2.36) for n,
and the commutator estimates (2.64) and (2.65), we obtain:

L' (P/trx") Lo L2ty S InL (trx) | Lo L2y + I10'N' (brx") | Lo L2 (0) + M (brx”)
(7.74) <e.
Next, we estimate the integral over ¢/, in the right-hand side of (7.73). We have:
(15) [ e ILE ) S [ Pl (Pay)ldh

< ”PlltrX/”Li,,Lt“’ ”Pll(ntrXI)HLi,,Lt
F P gz, 1 NI, P22, 1
< 2—2[52
where we used in the last inequality the finite band property for P/, the commutator
estimate (2.66), the estimate (2.39) for try, and the estimate (2.69) for Pjtrx and

Py(nLtry).
Finally, (7.73), (7.74) and (7.75) imply:

P () g S (201 = /7 + 21— o/ 1) 2272 Ey )
which together with (7 .72) implies:

. GP/trx'Fj(u')ny (w')dw'

L2 L

||L2
2
w!

< <sup||G||Loo) (z%|u V| 425y — |F 4 1) 2713
w/
< (Sup||G||L°°> (28w = w/j27 " E 2 bt 2b - u'w) ey
w/
where we used in the last inequality Plancherel in «’ and the fact that
2y — v/ 2 1,

since v # v'. This conclude the proof of the corollary. O

Lemma 7.8 yields also a second corollary.

Corollary 7.10. — Let w,v,w’, v four angles in S? such that w belongs to the patch of
center v and w' belongs to the patch of center v'. Let u = u(t, z,w). Let v’ = u(t, z,w’),
and L', L', V' corresponding to u'. Let a tensor G on oM. Then, we have the following
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estimate:

(7.76) H/S2 GY' PLtrx'F; (u')n;-’/ (w')dw'

2 oo
Lu,x'Lt

< (su/p||G||Loo> (25 |y — V|25 4+ (2% |v — /| 225 )Y
Proof. — We have:

H/S2 GW’P’Sltrxle(u’)n;l(w')dw’

L2 L
S [ NG IV Pt By ) 2, e

ny ()| V' PLytrx' Fy(w) L2 reer2,

)

a5 (swplGles ) 2 B

where we used in the last inequality the estimate (2.38) for b, Cauchy-Schwartz in w’
and the size of the patch.

Next, we apply (7.65) with the choice H = W’Péltrx’Fj (u'), and we obtain the
analogous estimate to (7.73): -

(7.78)
|9 PLtr By ()22 o
< (||W’P;ltrx'||LgoL2@u) (V' PLite s oo v — v/
LY (Pltrx) 2 v — V' + 197 Plyte | e 2 lv — /1)
+ /d P LY (Pt + ||W’Pé,trx'||%w<%>) IE5 ()13
S (e(zjaw VP LY (PLtex!) e o v — V' + £2 v — '])

s [P PL LV (Pl + 2 ) |, ;.
where we used in the last inequality the finite band property for Pl§l7 the Bochner
inequality (2.61), and the estimate (2.39) for try.

Next, we evaluate || L'V’ (PLtrx’)|| Lo £2(g1,)- We have:

||L/V/(P§ztrx/)||LgoL2(%)
S LY (PLitex)lLee 2 (gn) + 1INV (PLitex')l| Lee 2 ()
S InL' V' (PLytrx) | e 2oy + 10NV (PLitrx) | e 2 ()
SV PL (L (trx)) | e 2 + I[RLs V1P (60X ) | Lo 2 ()
+ V' [nL, PLJtex o 2 (o) + 1V PL ("N (trx') | e L2 ()
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N, V(PLytex ) e 2 gy + IV 0N, PLJtex | g 2o

where we used the fact that L' = L’ — 2N’, the estimate (2.38) for b and the estimate
(2.36) for n. Together with the finite band property for P.,, the estimates (2.39)
for try, (2.38) for b and (2.36) for n, and the commutator estimates (2.64) and (2.65),
we obtain:

IL'Y' (PLytrx’) | ee 12 (gn.)
< 2L’ (trx') | e L2 + 210N’ (trx) | e 2 5m,) + M (trx)
+ | [nL’, V1PLy (trx) | nee 2y + 6N, V(PLtrx') | pe L2 (g
(7.79) S 2e+ (L', VIPL(trx )| e r2(gm) + I0'N, V' I(PLorx )l e 22 (g -

To estimate the commutator terms in the right-hand side of (7.79), we use the com-
mutator Formulas (2.34) and (2.35):

IlnL’, V'IPLy (trX ) | oo £2 () + 1B'N', VI(PLitrx) | nge 2 o)
S ||XIWI(P§’5TX/)||L§L2(%) + ||/‘~‘lelgl(ter)||L3°L2(%)
N (”X/”LfoLi, + ”k”Lch‘;,)HW/(Plglter)HLfL‘;,-

Together with the estimate (2.51) and the Gagliardo-Nirenberg inequality (2.49), we
obtain:

I[nL’, W/]Plgl(trxl)”LgoL%c%u) +b'N, W/](PéthX/)HLs;om(ggu)
2
S (@O +MENNY (PLitex) e 2o
< 2,
where we used in the last inequality the Bochner inequality for scalars (2.61), the

finite band property for P, the estimates (2.39) and (2.40) for x’ and the estimates
(2.37) for k. Together with (7.79), this yields:

(7.80) 1LY (P<itrx) | oo r2qny S 2'e-
Next, we estimate the integral over ¢/, in the right-hand side of (7.78). We have:
(7.81)

/% IV Pyt || 'Y (Pl [d,
S [ 19 PLan I P (Pl )
SNV PLtei e, o 19 Plan (e6x sz, 12 + 19 Pertex s oo

x (I[nL, V'IPLy(trx )l s L2, + ||Y7/P§ztrX'||L§,,Lg°||77'[71L',Péz](trX')HLi,/Lg
s 5||[”L/:WI]Plgl(ter)||L;°,L2(57/u,) + &2,
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where we used in the last inequality the finite band property for P'S ;» the commutator
estimate (2.66), the estimate (2.39) for try, and the estimate (2.70) for P<;try and
PSl (nLtrx).
Next, we estimate the right-hand side of (7.81):
L', V1P (texX )| 2y S X'V (Pitex) e 2(m)
< I a2 19 (Pt
Se

where we used in the last inequality the estimates (2.39) (2.40) for x’ and the estimate
(2.70) for Y¥'(PL,trx’). Together with (7.81), we obtain:

(7.82) / |V’ PLytex/ || L'V (PLtrx) | dH S €°.
Finally, (7.78), (7.80) and (7.82) imply:
||P/SltrXIFj(u/)||iQ Lo S (2j|1/ — 1/’|2 + 21|y — 1/| + 1) EQHFj(u,)”%%a

which together with (7.77) implies:

H/S2 GPLtrx Fj(u')nf (w')dw’

2 oo
Lu,mll‘t

< (suplcile= ) (281 =/ + 28 =1 1) 274 |y @B iz

L2,
S (suplGle ) (24— vt +2ivi @b —v)) ey
w/
where we used in the last inequality Plancherel in «’ and the fact that
28|y /| 2 1,
since v # v'. This conclude the proof of the corollary. O

Lemma 7.8 also yields a third corollary.

Corollary 7.11. — Let w,v,w’, v four angles in S? such that w belongs to the patch of
center v and w' belongs to the patch of center v'. Let u = u(t, z,w). Let v’ = u(t, z,w’),
and L',L',Y' corresponding to u', and let L,,L,,Y, corresponding to u(t,z,v’).
Let q € N. Then, we have the following estimate:

(7.83) ‘ / Yy (2%(N' - NV,))q Fi(u)n? (w')dw'
S2 Liym,L;’O
S +g¥)e(2ty — v+ 1)

Proof. — We apply (7.65) with the choice

(7.84) H= [ v oy (28N~ Nl,/))q Fy(u)n? (o) de.

S2
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We have:
12 e S NH 220 | Lu (E)llz2@n v = V1P + 1 H [ L2 1V, ()| 2o v = V']

4 /Q%|H||Lw(H)|de%+ 1H122000

S H 20 | Ly (H) | 2@ lv = V'[P + 1 H | 200 |V, (H) | 2200 [ — V']
(85 Ml e ITe Dl e,
where we used the fact that |w — v/| ~ |v — V/|. Now, the estimate of the L2 ,, L
norm of oscillatory integrals (7.16) yields:
(7.56) 1Hllzs ., om SO+

Furthermore in order to prove the estimate (7.16), we actually obtain the following
estimate (see (7.17)):

(7.87) 1w (H)lz 23 S (L)
Together with (7.85) and (7.86), we obtain:

VIR 1o S (14023 (Lo (B)lzaolv = v/ 2+ IV, () | 2ol = /)
(7.88) + 1+ g% ()2

Next, we estimate the various term in the right-hand side of (7.88) starting with
the one involving L, (H). In view of (7.84), we have:

. _ j q ’
L, (H) = i /S (L LW (25 (V' = N)) B () (@)’

— J q ’
+ / L, (0 ey (25 (N = N)) ' By () !
S2
g 1—1 / / 7 / q-1 n. v / ’
+q2t | W7Dy, L' =Dy L) (2N = N)) ' Fy()ny (@) dw
S2
. _ j q ’
=142/ /S2 g(L, , L") ltrx’ <25(N' - N,/)) Fj1(u)nf (W)dw'
=1, AN a nov' (1 /
+/ L, ey (25N = Ny ) By ()
S2

. _ i g—1 ’
2% ¥ Yrx'Dy, L' (2%(N’—NV/)) Fi(u)ny (w")dw'

j q—1 ’
—q22Dy , Ly /Sz F; (u')n}’ (W)dw',

where we used the fact that L, (u) = g(L,,, L") and N' = N, = L' — L. This yields:
Lo ()| £2(0)

b Lty (2%(1\7’ - NV,))
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s

_ j q ’
/ g(Ly, L)ty (2H(N' = Ny)) " By () ()
SZ

L2 (M)
"

/ Ly/(blfltrxl) (2%(N' — N,,/))q Fj(u')n}”(w')dw'
SQ

L2 (cM)
+ qQ%

1 i q—1 '
/S2 b trx'Dg L (2; (N' — Nl,/)) Fj(u')nj (w')dw'

L2 (M)

) _ ) q—1 ,
a2t Dy, Lolis oz | [ 67 e (2507 = N0) By @)
"V/'I ! S2

L%

Lz L

Using the estimate of the Li’z,L,‘f" norm of oscillatory integrals (7.16) for the first

and the last term in the right-hand side, and the basic estimate in L?(c}) (7.1) for
the second and the third term in the right-hand side, we obtain:

(7.89)
Ly (H)| 2 ()

S 2 (1+¢%)ery +sup (DO 00 e r2om)

(2t - N)'|
v -ma)™] )ty

j ,
+q22| DL, ||L;°/’m, /Lf(l + q2)5’Y}j

J ’
L) 2

J
+q27 sup <||DL'||L3°L2<%>

SV (1+¢)ery,

where we used in the last inequality the Ricci Equations (2.17) for DL, and DL’, the
estimate (2.38) for b, the estimate (2.36) for n, the estimate (2.37) for k, the estimates
(2.39) (2.40) for x, the estimate (2.41) for ¢, and the estimate (2.42) for 9, N.

Next, we estimate the term in the right-hand side of (7.88) involving YV ,(H). In
view of (7.84), we have for A =1,2:

, _ j q ,
Vi alt) =12 [ s(les)a LW iy’ (24 = o) Byaw (@)
S2

v

+ /SZ (e ) a (V' trx) (2%(N’ - N,,/))q Fj(u’)n}’/(w’)dw'

’

) N ) q-1
+ qZ% b ltrx’(D(eV,)AL’ -De ) L) (2%(N’ - N,,/)) Fj(u’)n}’ (w')dw'
S2
ad /—1 / J / q+1 !/ 1/’ / /
=1422(ey)a - . b Ttry <22 (N — N,,/)) Fi1(u)ny (w')dw
s
=1, N a AR /
+ [ ena o) (2507 = )" ) (@)
S2

v @2t [ ¥ D o L (28 = N F () (o) de!
1 s2 X Pe,)a v’ j\w)n; \waw
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i 1 i g—1 '
—2iD, ), L, /S 7N (2P - N)) T By @)a,
where we used the fact that:

(ev)a(u) = g((ev)a, L) = g((ev)a, L' — L) = g((ew)a, N' = N,)
and N' — N,, = L' — L,/. This yields:

IV e,y a (Dl 22 (00)

i =1, iy a+1 NI ’
<ob | [ vty (22(1\7 _NV,)) Fja () (o) dw
SQ

L2 (M)

+ ‘ /82(6,,/),4(b'_1trx') (2%(N’ - N,,/))q Fj(u’)n;/ (w")dw'

L2 (M)

J

j - ¢t !
+q28 /SQ ¥ XDy, L <2§(N’—NV/)) Fj(u')nf (w')dw'’

3
+ q2: HD(eV/)ALv’”ijI o I
v

Using the estimate of the L2 ,,Lf° norm of oscillatory integrals (7.16) for the first
and the last term in the right-hand side, and the basic estimate in L?(c#) (7.1) for
the second term in the right-hand side, we obtain:

(7.90)
1V (e.ya (EDII L2010

S 21+ ¢A)ery +sup (DO~ t00) e 22

(), )7

+q2%

-1 J q-1 v
/82 b trx'Dee, ) L (22 (N’ — N,,/)) F; (u')nj (W)dw'

L2(cM)
+q2° IDe, )L ||L§° o /L?(l + q2)€’Y;

<25 (14 ¢%)ey!

+q2%€

)

1 J q—1 V!
/82 b trx'Dee,, ), L' (22 (N’ — N,,/)> Fj(u')ny (w)dw'

L2(M)
where we used in the last inequality the Ricci Equations (2.17) for D, ,), L./, the
estimate (2.38) for b, the estimate (2.37) for k, the estimates (2.39) (2.40) for x, and
the estimate (2.42) for 9, N. Next, we decompose the term D(eu,)AL’ in the right-
hand side of (7.90). First, we decompose (e,)4 on the frame L', L', )z, B =1,2. We
have:

(ev)a = _%g((eu')AaLl)Ll - %g((e,,'),q, LI)LI + ((ev)a — g((ev) a, N/)Nl)-
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Together with the Ricci Equations (2.17), this yields, schematically:
D, ). L' = (x+e)(es)a+ (N' = Ny)(x+e+(+5+n"'Vyn).

In view of the decompositions (2.74) (2.72) for x, the fact that e4 = kx4 with k
independent of w, the estimate (2.36) for n, the estimate (2.37) for §, ¢ and k, the
estimate (2.39) (2.40) for x, and the estimate (2.41) for ¢, we obtain the following
decomposition:

(7.91) D ,,L' = F| + Fj,
where the tensor F' jl only depends on v/ and satisfies:

(7.92) 1F e, 12 Se

and the tensor Fg satisfies:
(7.93) ||Fg||L;7L2(5¢u) <27 %e.
In view of (7.91), we obtain:
-1 J q—1 V!
/S2 b trx' Dy, L (22 (N’ — N,,/)) Fj(u')ny (W")do'

. _ i q—1 ,
=5 [ 0t (2 - )" Ry @)
SZ

—1 - J -1 l/l
+ /s2 b trx Fy (22 (N' - N,,r)) Fj(u')ny (Wh)do',
which yields:

1 J q—1 o
‘/52 b trx' Dy, L (22(N’ - N,,/)) Fj(u')ny (W)dw'

. q—1
SIF e, r2

u x
v T

F; (u’)n}" (W')dw'

/Sz b ey (2%(N' - N,,/))

L2 L

U 1HT 0 t

_ . j q— ’
| [y E (2 - M) B @
S2 L2 (M)
_ j a-1 /
<e / v My (25(N' - Ny’)) Fj(u)nj (w)dw'’
§? L% e, L8
_ . 1 g—1 ’
+ b ltrx'FQJ (2%(1\7’ - Nw)) Fj(u')ny (W)do' )
s2 L2(cM)

where we used in the last inequality the estimate (7.92). Using the estimate of the
wa,Lf" norm of oscillatory integrals (7.16) for the first term in the right-hand side,
and the basic estimate in L?(c}) (7.1) for the second term in the right-hand side, we
obtain:

-1 J q—1 v
/SZ b trx'Dee )y, L (22 (N’ — N,,/)) Fj(u')ny (w")dw'

L2 (M)
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, . j q—1
Se+ @)y + sup <||F2]||L3°L2(<%u) H (25(1\7' - Nu’))

Loo
Se(l+q* )y,

where we used in the last inequality the estimate (7.93), the estimate (2.42) for 9, N,
and the size of the patch. Together with (7.90), we finally obtain:

(7.94) ¥ e,y DIz S 2% (1 + ey
Together with (7.88) and (7.89), this yields:
IH2: e S U+ @020y 2 (2 = v/ + 28|y = /| + 1),
This concludes the proof of the lemma. O

We have finally a last corollary of Lemma 7.8.

Corollary 7.12. — Let w,v,w’, v four angles in S? such that w belongs to the patch of
center v and w' belongs to the patch of center v'. Let u = u(t, z,w). Let v’ = u(t, z,w’),
and L',L',Y' corresponding to u', and let L,,L,,Y, corresponding to u(t,z,v’).
Let q € N. Then, we have the following estimate:

j q ’
(7.95) / ¥ — by )try’ (ZE(N’ - N,,/)> Fy () () do!
s? L% | Lg°
< 2—%(1 + q%)5(2%|1/ -V + 1)7;/.
Proof. — We apply (7.65) with the choice
(7.96) H= [ (/= byyory (220N - Nl,/))q Fy(u)n? (o) de.

S2
As in (7.85), we have:

12 e S MH I z2@0 | Lo (E)llz2@n v = V1P + 1 H | L2 1V, ()l 2o v = V']

(7.97) + ||H||Liyl’1,u, L?"”LV’(H)”Liu“z,UlL% +1H |22 (-

We first estimate ||H||z2(,,). Recall the decomposition (2.79) for b — b,. We have:
(7.98) b—b, =272 (f] + f)),

where the tensor ff only depends on v and satisfies:

(7.99) Iz~ S e

and where the tensor fJ satisfies:

(7.100) 1l L2y < €27%.

This yields:

(7.101) ' /s2 (0" — b, )trx’ (2%(N’ - N,,z))q Fj(u')n;’/(w’)dw'

L2 (M)
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j : J g v’
S 272 oo (o) H/SZ trx’ (22 (N = Nw)) Fj(u')n} (w')dw’

L2 (M)

v || [ ey (25 (V- TF)n (@) de
ptrx" (22 (N = No) ) Fj(w)ny (w')dw
s? L2(M)
j j q ’
<27 3¢ / try’ <2%(N'—N,,/)) Fj(u')nj (w')dw'
S2 L2(cM)
i . i q ’
vort| [ g (207 - ) By @ |
2 L2 (M)

where we used in the last inequality the estimate (7.99) for f{ . We control the first
term in the right-hand side of (7.101) using the estimate (7.64), and the second term
in the right-hand side of (7.101) using the basic estimate in L?(c}) (7.1). We obtain:

j q V'
L=y (250 - 8))" By ()

L2 (M)
q

’
v

L;W(e%u/)) K

<2 %e(1+ q2)7§’, + (sup Hfgtrxl (2%(]\7' - Ny/)>
w/

J V’ i l ' i
<o be(l+ @Y + (SuP||f§IIL::L2(s7zu/>||trX/||L°° | (2t - x0) HL&) E
(7.102)
<27 i1+ g%,

’

where we used in the last inequality the estimate (7.100) for fJ, the estimate (2.39)
for try’, the estimate (2.42) for 9, N and the size of the patch. In view of the Defini-
tion (7.96) of H, this yields:
(7.103) 120 S 27 Fe@+ Py
Together with (7.97), we obtain:

1HNZ: e < (Lo (H)llz2nlv = V2 + [V, (E)ll 2@ v — v')272e(1 + ¢*)5

(7.104) Az el (H)lle  rp+ 2726 (1 + q4)(’Y}/)2-

e’

Next, we define:

(7.105)  Hy= /S (L) = Ly ()’ (2EOV = ) By (@)

(7.106)  Hy = /S (V) = Y, o)y’ (25O = No)) ' By (@),
(7.107)  Hs = /S (L (b) = Lus (b)) X’ (2%(N’ - N,,,))q Fi(u)n? (w')dw'

and:

(7.108)  H| =L, (H)— Hy, Hy =Y, (H) — Hy and H}, = L,.(H) — Hs.
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The terms H;, Ho, H3 denote the contributions in the right-hand side of (7.110) where
the derivatives L,,,Y,,, L, fall on b. The terms Hj, H;, H; are the ones already
treated in the proof of Corollary 7.11 up to the presence of the extra term b — b,
which is evaluated in L* norm. In view of the estimate (2.44) for 9,,b and the size of
the patch, we have:

(7.109) 1 = byl <27

Thus, in view of the estimates (7.87), (7.89) and (7.94) of the proof of Corollary 7.11,

and taking into account the extra 2% factor coming from (7.109), we obtain the
analog of (7.87) (7.89) (7.94):

1H3]| 22

m\u

L S2 R+ ey

Lozl

| H 20y S 25(1+ ¢*)evy
and:
IH | 2o S 1+ @*)ery .
Together with (7.104) and in view of the decompositions (7.108), we get:
(7.110)
1HNIZ: e S (HL L2l = v/ + 1 Hall 2o v — v)272e(1 + ¢*)7f

+ [ H

’
u y,T
T

el o+ (L9254 @H = V)0

Next, we estimate the various term in the right-hand side of (7.110) starting
with Hj. In view of the Definition (7.105) for Hy, we have:

(7.111)

q ’
||H1||L2(W) H/ b’ tI‘X 2 (N/ _Nl,/)) Fj(u/)n;f (w/)dw/

L2 (M)
"

j q ’
L,,,um( / i’ (25 (V' = N, Fy (w')dw') .
S2 L2(cM)

Next, we evaluate both terms in the right-hand side of (7.111) starting with the first
one. Using the basic estimate in L?(c), we have:

/ L, (b)try (2%(N' — N,,/)>qFj(u')n;-’/(w')dw’
SQ

~ (
Now, we have:

|z, ey (229 = )|

(7.112) ’

L2 (M)

j q j ’
Nt (2* N' =N, ) H 257",
trx’ (22 ( ) R 27

j q
S IV el o= | (2 V' = o) )|

<eg,

~

Lo L2 () L
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where we used in the last inequality the estimate (2.38) for b, the estimate (2.39)
for try, the estimate (2.42) for 9, N and the size of the patch. Together with (7.112),
we obtain:

S 52%7; .

q ’
(7.113) H / b')trX 25 (N — N,,,)) Fj(u')n} (w')dw'
L2 (M)
Next, we estimate the second term in the right-hand side of (7.111). We have:

(by1) </S2 try’ (2%(N’ - N,,r))q Fj(u’)n}’/(w')dw’>

/

(7.114) ‘ L,

L2 (M)

J g v’
S NLy (o)l Lo H/sz try’ (25(1\71 - N,,/)> Fi(w')ny (w")dw’ o

Se :

L4(cM)
where we used in the last inequality the estimate (2.38) for b. Now, we have:

| [ v (v = ) By e
S‘Z

[ (2Hv = M) By (@
S2

L2 (M)
]

e (2H = M) s ()
SZ

(7.115) Seyy,

where we used in the last inequality the estimate (7.64) of the Li ay
integrals. Also, we have:

j q ’
| (2Hv = )" By ()
SQ
q
< [ |ltxy (22N = N, H
N/S2 oy (2( ) lbe

Se ([ IFa@lgny @)a )
S

(7.116) Se2lyy

where we used, the estimate (2.39) for try, the estimate (2.42) for 9, N, Cauchy-
Schwarz in A’ to estimate ||Fj _1(u’)| e, Cauchy-Schwarz in w’ and the size of the
patch. Interpolating (7.115) and (7.116), we obtain:

j q ’
/ try’ (2E(N' — N,,/)> Fj(u')ny (w")dw'
S2
Finally, (7.111), (7.113) and (7.117) imply:
(7.118) 1 l[2 ) S 2267

Lg° of oscillatory

L (M)
£, 1 ()l s my (w")dw’

52%5”)’ /

(7.117) v
LA(oH)
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Next, we estimate the term Hs in the right-hand side of (7.110). In view of the
Definition (7.106) for Ha, we have:

(7.119)

j q ’
||H2||L2(cﬂ¢) S H/S2 Wy/(b/)trxl (25(]\7’ _ N,,/)) Fj(u/)"]}l (w/)dw/

L2(cM)

b ’ 2% N _N qF v Ndw'
) ([ tx (220 = N,)) " () (o :
S2 L2(cM)

Next, we evaluate both terms in the right-hand side of (7.119) starting with the last
one. We have:
(7.120)

HV;/(I)V') </s2 trx’ (2%(N’ — N,,/)>qFj(u')n;_f’ (w/)dwl>

"

L2 (M)

IV, lix 1z
v T

[ (2Hv = M) By (@
S2

Se(l+a*nY,

where we used in the last inequality the estimate (2.38) for b and the estimate
inL? (L (7.64). Next, we evaluate the first term in the right-hand side of (7.111).

Decomposing V,, on the frame L', L', ¢/, and using the fact that:
o' - v S 28,
we have schematically: .
Y, (t) = V'(t') +272D(¥)

and thus:

a2y | [ v, (20 - N) By @as

L2 (M)
Y / z ’ q nv 1 ’
<[ [y (2 ov - ) By e

L2 (M)

J J q ’
+275 || [ D@ty (25 (N’ — N,,,)) Fy () (o) de’
SQ

L2 (M)

S H/ V' (0')trx’ (2%(N’ - N,,,))q F; (u')n}-’/ (w')dw' + EPy;’I,
S2

L2 (M)
where we used in the last inequality an estimate analog to (7.113). In order to estimate
the right-hand side of (7.121), we use the decomposition (2.80) of ¥'(b'). We have:

(7.122) Y(b) = FJ + FJ,
where the tensor Ff only depends on v and satisfies:
(7.123) IF{ o 1225, Se
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and where the tensor FJ satisfies:

(7.124) 1S s 2o,y S €273
In view of (7.122), we have:
i q ’
(7.125) V' (6 )try’ (2 (N’ — Nl,/)> Fy () (o) du’
S2 L2 (M)

. i q ’
S ||Fij||Li /L%’Li’ H/S2 trX/ (2%(]\7’ _ Ny/)) FJ(U,)”?]V (w’)d(UI

8
L2 Lg,L3

. ] q ’
+| [ B (207 = N By (!
52 L2(M)
1 (oL At a N (] ’
Se / try (22(N —N,,/)> Fj(u")ny (w')dw .
S2 L2 /Lgo,Lj,
. j q ’
+| [ Fax (25N - N,)) () (@) de! ,
s? L2 (M)

where we used the estimate (7.123) for Ff in the last inequality. Now, interpolating
between the the estimate in L?  L° (7.64) and the L™ estimate (7.116), we obtain:

iy
N S 2%ey) .
L3 Lg°

’
Uyl Ty

For the second term in the right-hand side of (7.125), we have:

. P q ’
| [ B (20 - 3) " By (@

(7.126) ‘

e (22 = M) By (@
S2

L2 (M)
. j q v
< /S By (25N = M) E @) om0

q ’ , ’
n; (W')dw'.

try’ (2%(N’ — NV/))

S /S2||F§IILgeL2<c%u/>||Fj(“/)||Lif Lo (M)

Together with the estimate (7.124) for sz, the estimate (2.39) for try, the estimate
(2.42) for 9,,N and the size of the patch, we obtain:

(7.127)

. i q '
. Fltry' <22 (N' — N,,/)) Fj(u')ny (w')dw'

L2(cM)
Se [ 2B W)l 1y (@)
S2 “

<e2iyy,
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where we used in the last inequality Plancherel in A" for || F;(u')|| 2, , Cauchy Schwartz
in w’ and the size of the patch. Finally, (7.121), (7.125), (7.126) and (7.127) imply:

/ v, ()trx’ (2%(N' — N,,/))q F; (u')n}-’/ (W)dw'
S2
Together with (7.119) and (7.120), this yields:

(7.129) 1 Hollz2 @ S €245 -

Next, we estimate the term Hj in the right-hand side of (7.110). Decomposing L,
on the frame L', L’ ¢/, and using the fact that:

(7.128) <e2ty.

L2 (M)

o — V'] <28,
we have schematically:
L,®)=L®)+27 2y () + 2L ¥).
Together with the transport Equation (2.23) satisfied by b, we obtain:
Ly (V) = Ly(by) = =86 +8,by + 272V () + 279 L/ (V).
In view of the Definition (7.107) for Hs, this yields:

IHallzoo < | [ / S8+ Bbe (2HOV - ) Eyny (@)
L2 (M)
vt || Y@ (2507 = M)y ()
L2 (M)
427 / Ly’ (2N - V) By () .
S2 L2 (M)

Together with an estimate analog to (7.128) and an estimate analog to (7.113), we
get:

(7.130)

J q ’
||H3||L2(o]¢) H/ 5 b/ —|—(5,//b )tI‘X (25(]\7/ _ N,/)) Fj(u')n;/ (w/)dwl

L2(M)
—|—62_17]'-’ —|—62_5’7;»’ .

Next, we estimate the right-hand side of (7.130). We have:

(7.131)

q

‘/ (—Elb’—}—gl,/b Ntry ( % ) Fi(u (w')dw'
2 L2(cM)
< /(_3/ 8, )b'trx’ (2% )qF] w')dw'
s? L2(cM)
ol e / (= + by )trx’ (2%<N'—Nyf>) Fy (') () do’
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S| [ 5 B (250 = M) By @)af
SQ

~ ’

+ell | pes
L2(H)

where we used in the last inequality the estimates (2.36) (2.37) for 6, and the Defi-
nition (7.96) for H. Now, recall the decomposition (7.46):

(7.132) -8 406, = (n—lvn — 25, N, — zey,) A(N'=N,)) = k(N' = Ny, N' — N,/).
This yields:

— — J q ’
(7.133) / (=8 +8,)b'try’ (25(]\7' - N,,,)) Fy () (o) du’
S? L2(cM)
<2780 iV - 26, Ny — 26|l | 12
j q+1 ,
X / b'trx’ (25(N’ - N,,z)) Fj(u')nf (w')dw'
S2 L2

’
u g,
AL

) i +2 ’
+ 27|l s ) H/gﬂ b'trx’ (2%(N’ — Nu/))q Fj(u")nf (w')do’

L3 (M)

< o9—1 1ot (o iarr _ o+l o\ (N
<27 %¢ b'trx' (22(N' = N,») Fj(u')ni (w')dw

S2 L2 , Lge

. j q+2 /

+277¢ / b'try’ (25(N’ —Nl,/)) Fj(u")ny (w)dw' ,
2 L3(M)

where we used in the last inequality the estimate (2.36) for n, the estimates (2.36)
(2.37) for § and € and the estimate (2.37) for k. (7.133) together with the estimate

(7.115) and the interpolation of (7.115) with (7.116) implies:
/S (3 + Dy (2% (N’ — NV,))q Fy ()Y (o) du’
Finally, (7.130), (7.131) and (7.134) imply:

(7.135) |Hsllzzn Sellfls g +e2 ¥y

[

(7.134) <2

L2 (M)

ey -

Finally, (7.110), (7.118), (7.129) and (7.135) yield:
IHIZ: 1 S @7 E@EY —v/P) +27 @y = v/]))27 1821 + ¢) (7))
+ellflz: e+ i W s
+ A+ a2 L+ @y - V) 0))
This implies:
1HIZ: s (2727w — vl + 271w — v/ )?) (1 + )2(0))2.

This concludes the proof of the lemma. O
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7.4. Integration by parts

7.4.1. Integration by parts in tangential directions

Lemma 7.13. — We consider an oscillatory integral of the following form:
// b_lb’_lh(t,x)Fj(u)Fj(u')n;(w)n;’,(w')dwdw’doj%,
M JS?xS?

where h is a scalar function on oM. Integrating by parts once using (6.3) yields:
(7.136)

/ /3)2 - b1 " h(t, @) Fy (w) Fy (u) )0} ()} (o) dwde doi

— _ig /OM /S . 1_;(_]\;,]\[/)2 <(N’ — (N, N)N)(B) + (1xtf — (N, N}t

— /(N — g(N, N')N', N — g(N, N')N') — g(N, N')b' "' (N — g(N, N')N')(t)) ) b
2g(N’ N/) ! ! ! !
T eV Ny (6(N' — g(N, N')N, N — g(N, N')N)
— g(N,N")¢'(N — g(N,N')N',N — g(N, N’)N’))h>

X Fj(u) Fj_1 (u' ) (w)n? (") dwdw' doM.
Also, integrating by parts once using (6.4) yields:
(7.137)

/ /S - b1 (e, 2) Fy (w) F ()} (w)n} (') dwdw! doi

. pt
— 49277 - _ / / _ ’ ’
i2 /W /SZXS2 T <(N g(N, N')N")(h) + (tr0 g(N, N')trf

— O(N' — g(N, N')N, N — g(N, N')N) — g(N, N')b™* (N = g(N, N')N)(b) )

2g(N,N')

—g(N,N')2 (0N — g(N,N')N', N — g(N, N')N')

— g(N, N")§(N’" — g(N, N')N, N’ — g(N, N’)N))h)

X Fj_1(u)F; ()% (w)n} (') dwdw'deM.

Proof. — We have:

/ /S L7 R ) E ) () () e

+oo  ptoo ) o, 1
:/ / / </ ezku—zk u b—lb/— de)
$2x$2 JO 0 M
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1 (Wt (W)Y (27IN) (27N )Y (27IN) f(Aw) FINWINENZ AN dwdw'.
We integrate by parts in tangential directions using (6.3). We obtain:
(7.138)

/ /S LB oF 5 () Fy (u)nY (W) (") dwdw'de

. T [ e (7 == m
$2x§? g(N, N')

+ (b(N' — g( N N)N)(b™Y) + dlvg(N' — g(N,N)N))h

g(N, N')(N' g(N, N')N)(g(N, N'))
“ (N, N2 h) W)

x nY (w)n;’ (W (27IN) (27N (27N (27T N) FOw) FN W )AZN 2 dAdN dwdw

where divg (N’ — g(N, N')N) denotes the space-time divergence of N’ — g(N, N')N.
Next, we consider the various terms in the right-hand side of (7.138). Using (2.21),
we have:

(7.139) b(N' — g(N,N')N)(b~") + divg(N’' — g(N,N')N)
= trf’ — g(N, N')trf — ¢'(N — g(N,N')N',N — g(N, N')N’)
+g(N, N')(N — g(N,N')N') (),

+2

where we used the decomposition of N in the frame N',¢/,:

(7.140) N =g(N,N")N' + (N — g(N,N")N’)
and the decomposition of N’ in the frame N, ey4:
(7.141) N’ =g(N,N')N + (N’ —g(N,N")N)

and where 0 is the second fundamental form of P, , in ¥;. We also have in view of
(2.21), (7.140) and (7.141):

(7.142)
(N — g(N,N')N)(g(N,N"))
= (g(N,N')> = 1)t (N — g(N, N')N')(¥') + 6(N" — g(N, N')N, N’ — g(N, N')N)
— g(N,N")¢'(N — g(N,N')N',N — g(N, N')N").
Using (7.138), (7.139) and (7.142), we obtain:

//SZXS2 (t, @) F (u) Fy (u' )0 (w)n? (') dwdw' de

. —J b_l ! _ ! r /_ ! r
— 2 /e% /8%2 (NN ((N g(N, N')N)(h) + (tr6" — g(N, N')tro
— /(N — g(N, N')N', N — g(N, N')N') — g(N, N')b' " (N — g(N, N')N')(¥)) ) b
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2g(N, N')
(1 —g(N,N")?)

— g(N,N")¢'(N — g(N,N")N',N — g(N, N’)N’))h

X Fj (u) Fj - (w1 (@)t} (@) duwde'deM,
which concludes the proof of (7.136).
In order to obtain (7.137), we integrate by parts in tangential directions using (6.4)
instead of (6.3). The proof is completely analogous by exchanging the role played by N
and N’, so we omit it. This concludes the proof of the lemma. O

(0N" — g(N, N')N, N' — g(N, N')N)

7.4.2. Integration by parts in L

Lemma 7.14. — We consider an oscillatory integral of the following form:
// b_lb’_lh(t,x)Fj(u)Fj(u')n;(w)n;’,(w')dwdw’doﬂ/[,
oM Js2xs2
where h is a scalar function on oM. Integrating by parts once using (6.5) yields:

(7.143) /CM /S » b T (e, @) (u) Fy (u) ) (w)n? (o) dwda deM.

-1

. b — —
2—12_1/ / (Lh +tryh —6h—6h— (1 —g(N,N"))d'h
e 8L T (h) ( ( )

» L X (N —g(N,N)N', N — g(N,N)N)
- CN—g(N,N’)N’ - g(L,L/)

Fy (u) B -1 (') (@)} (o) dwdu' .

Also, integrating by parts once using (6.6) yields:

(7.144)/0M /S2 . b~ (e, m)Fj(u)Fj(u’)n;’(w)n;/ (W) dwdw'doM

1—1
2 xS2 9

X(Nl_g(NaNl)NvN, _g(N7N/)N)
- 2CN’—g(N,N’)Nh — g(L’ L/) h

Fj 1 (u)Fy(u')nj (w)n;/ (w')dwdw' dM.

Proof. — We have:

/ / b0 " h(t, z)F;(u)F; (u’)n}’(w)n;, (W dwdw'doM
oM Js2xs?

+o0 +o0 ) o 1
:/ / / </ ez)\u—z)\ u b—lb/— de)
$2x$2 Jo 0 M

X n;(w)n;’/ WNB(2TIN)2TIN)PY2IN) F(Aw) F(N W )AZN AN dwdw'.
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We integrate by parts in L using (6.5). We obtain:
(7.145)

/ /Szxsz (t, @) Fj (u) F (u)nf (w)n} (o) dwde' dei

— iz /S . /0 o /0 o ( /Weikuﬂ’“’g(;;,)(uhw (L) + divg(L))h

)

x nY (w)n;' (WP (2N (2N P(2IN) fOw) FN W INZN NN dwdw,

where divg (L) denotes the space-time divergence of L.
Next, we consider the various terms in the right-hand side of (7.145). Using the
Ricci Equations (2.17), we have:

(7.146) L(b~Y) +divg(L) = b~ 'try
and:
(7.147) L(g(L,L")) = —ég(L,L') + g(L,DL").

We decompose L on the frame (L', L', e/y):
1 1
(7.148) L= 5(1 +g(N,N)L" + 5(1 —g(N,N'))L' + N — g(N,N')N',

where the vector N — g(N, N')N’ is tangent to P; /. (7.147), (7.148) and the Ricci
Equations (2.17) yields:

(7.149)
L(g(L, L))
~B8(L, L) — 5 (14 8N, NDT8(L, L) + (1~ 8N, N'))Ch gy
+ %(1 —g(N,N")) (& + n_IVN/n)g(L,L’) +x'(N —g(N,N)N',N —g(N,N')N’)
- C;V—g(N N')N'8 g(L,L’).
Using (7.145), (7.146) and (7.149), we obtain:

L, L H o F I F O @ it
S2 x§?

D L(h) + tryh — 0h — 8 h — (1 — g(N, N"))6'h
N 1 CORE (1 -5V, N)

! (N_g(N’NI)N/aN_g(N7NI)N/)
_2<N—g(N,N/)Nlh_ g(LvL/) h

Fj(u) 1 (w0} ()} () dwdw' de,
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where we also used the identity:
g(L,L')=—-1+g(N,N").
This concludes the proof of (7.143).
In order to obtain (7.144), we integrate by parts in L’ using (6.6) instead of (6.5).

The proof is completely analogous by exchanging the role played by L and L', so we
omit it. This concludes the proof of the lemma. O
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CHAPTER 8

PROOF OF PROPOSITION 6.5

Since 2™in(b™m) < 27|y — /|, we may assume that [ > m and thus:

(8.1) m <l and 2™ < 2|y — /.
In order to prove Proposition 6.5, recall that we need to exhibit a decomposition:
(52 [ B ORE THGaH = A + B
where B; , /1 m satisfies:
(8.3)
> (Bjw,v' t;m + Bjwrvi,m)
(l,m) /2minttm) <27 |y —v/|
1 1 1 2—(13)-J 1
S i + s T3 st + T
@Hv—v)P @ —v)i 2@ —v)E @y —v])? 252y —v))

4 i i +2 :|52'7V'7V
2% 25|y — /)3 rY
We have:

[ B " reaan= [ [ 5P Py
gy M JS2xS?

x Fj(u)Fj(u')njy (w)n}-’/ (w")dwdw'do M.
We first integrate by parts in L using (7.143) with the choice h = Pjtry Pptry’. We
obtain:

(8.4)
/ EP f(t,2)EY ™ f(t, @) deM

= —i2” 7/ / <L(Pltrx)trxp trx’ + Ptrx L(Pptry’) + (trx S
s2xs2 8(L
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— (1 —g(N,N"))& — 2Cn _g(nv.nrynr —

XI(N_g(NaNI)NIaN_g(NvN,)N/)>
g(L, L")

X PltrmetrX/> Fj(u)Fj 1 (u')nj (w)n;/ (w")dwdw'deM.
Next, we decompose L on the frame (L', N’ ¢/y):
(8.5) L=IL+(g(N,N')— 1)N' + N — g(N, N')N,

which yields:
(8.6)
L(P,trx) = L'(Pptrx’) + (g(N, N') = 1)N'(Pytrx’) + (N — g(N, N')N') (P trx).

Now, (8.4) and (8.6) yield:
(87) /W E;{’lf(ta :L‘)E;/’mf(t, .'E)d@% = Aj,u,u’,l,m + Bj,l/,u’,l,m,

where A; , . 1.m is given by:

(8.8) A = —i270 / / Pitrx (N — g(N, N')N')(Pptrx’)
s oM Js2xse g(L, L)

x F; (u)Fj,,l(u')n}’(w)n;/ (W")dwdw'deM
and Bj, ./ 1 m may be decomposed as:
(89) Bj,u,l/,l,m = le',u,u’,l,m + sz',v,u’,l,m’

1 2
where B; , ., and B,
(8.10)

) b1
B}, iy, = —i277 / / —_— (L(Pltrx)PmtrX/ + PltrxL'(PmtrX/))
it o Js2xs2 (L, L)

X Fj(u)Fj_1(u')njy (w)n}’, (W) dwdw'deM

are given by:

and:
2 j b_l / ’ /
B, im=—1277 — N,N") = 1)PitryN' (Ppt
3w, v lm ? /J/Z /SszQ g(L,L’) ((g( ; ) ) ryx ( I‘X)
-
+ (i =5 - = (1= N N5 = 2y
X' (N —g(N, N')N', N — g(N,N')N')
g(L, L)
(8.11) PltrmetrX/) Fj(u)Fj _1(u')ny (w)n}" (W) dwdw'doM.
The estimates satisfied by le»,,,’l,,’l’,n and sz‘,v,V’,l,m are provided by the following

propositions.
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Proposition 8.1. — Let BJVV’lm be given by (8.10). Then, we have the following

estimate:
(812) Z (B;Vu’lm+B]V ulm)
(I,m)/2min(l,m) <27 |y —v/|
1 1 2—(11*2)—1 1
SJ |: J J 5 + J + J
@v—v)® @ —vDE @Iv—v)?  23@Ey—v))
1

—_—— + 27 527”7” .
2% (25|v — v/|)3 7

Proposition 8.2. — Let BJVV,lm be given by (8.11). Then, we have the following

estimate:
(8.13)
Z (B']Z'vl/ay/7lvm + B] v’ ulm)
(I,m)/2min(l,m) <27 |y—v/|
1 1 1 2-1 1
5 J + 7 5 + 3 3 =+ i + - -
@y —vIpP @ -vi 2@y -v)E @ -v)? 28 -0

2, v v
_— eIy -
2% (25 |y — /)3 ] 7

Now, in view of the decomposition (8.9), we have:

) (Bjw,v' tym + By vi,m)
(Lm) /2min(m) <24 |y —u|

1
5 Z (Bj,l/,u’,l,m + Bj,l/ v,l, m)

(l’m)/2min(l,m)g2j IV_UI|

+ Z (B?,V,V’,l,m +le/ Vlm) .
(1,m)/2min(lm) <20 |y—v/|
Together with (8.12) and (8.13), this yields the estimate (8.3) and thus concludes
the proof of Proposition 6.5. The rest of this chapter is devoted to the proof of
Proposition 8.1 and Proposition 8.2.
We start with the proof of Proposition 8.1. We rewrite B}

7w, lm

, =
B}, i = —i270 / / / / —_ <L(Pltrx)PmtrX/ + PltrxL/(PmtrX/))
il o Js2xs2 Jo Jo 8(L, L)

xaf (w)n (w ’)(2’”’)’11/)(2’0)(2’]'X)df(TjX)f(/\w)f(A’w’)VA’?dAdX
(8.14) = B! + B>

g lm ]Vulm’

as:
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1,1 1,2 . .
where B}, ., ,, and B, . are given by:

) e} 00 b—l
B = —i2_]/ / / / (L(Pltrx)Pmtrx'—I—PltrxL’(Pmtrx’)>
il ot Jsixsz Jo Joo 8(L, L)

) —i\=1 4 (9=i\)-1
oy () BN,

(8.15) x N2N2dNdN dwdw' deM

and:

) [o'e] [oe] b—l
B = _j27i / / / / —_ (L(Pltrx)Pmtrxl + PltrxL'(PmtrX/)>
Jpavilm ot Jsexs2 Jo Joo 8L, L)

) A o) 2N (X)) V)

@70V )P ETIN)FOw) F(NW)

xn (W) (')

2
(8.16) x A2N2dNdN dwdw' do.
B;;ul,u/,l,m and le',f,y’,l,m satisfy the following estimates:

Proposition 8.3. — Let B;,ﬁ,u/,l,m
estimate:

1,1 1,1
(8.17) > Biwumt 2 Biim

(m,l) 2m <27 |v—v'| (m,l) 2m <27 |v—v'|

be given by (8.15). Then, we have the following

N
Vi

< |Bl»’1’1, 4 phut |+ |B1’1’2, 4 ph12? |+ .
22|y —v'])3-

YRR VRZNZ G v
1y
9—(35)-J 1

J + J 2y
25y —v)2 (25| —v|)3

< Vi V-

Proposition 8.4. — Let B2 be given by (8.16). Then, we have the following

Jv, v lm

estimate:
(8.18)

1,2 1,2

> (B tam + Biltrvam)

(l’m)/2min(l,m)g2j‘y_ul‘

o d
<[ ' 1 " "]2 i3 L .1 n - 1 +2—j 82')/1-/71-/.
TlEip v @Fv-v))2 28Ry —v|) 2% (2ip -} T

oy 1 . .
Now, the decomposition (8.14) of Bj , ,; ,,, vields:
1 1,1
> Bjwrim| S > Bjlvwrim
(1,m) /2min(tm) <27 |v—v| (1,m) /2min(tm) <27 v —v/|
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+ > B2

G lm |
(L) /2min(m) <23y — /|

Together with the estimates (8.17) and (8.18), we obtain:

Z (B!} + B!

gy’ lm J,V/7V717m)
(l,m)/Zmi“”*m)SQj IV_Vll

1 1 9—(35)-J 1
< i + st t 5
@ — vl @R —vDE @R 2@ )
1

S —— R
2% (2% v — v/|)? KX

This concludes the proof of Proposition 8.1.

The rest of this chapter is organized as follows. Proposition 8.3 is proved in Sec-

tion 8.1, Proposition 8.4 is proved in Section 8.2, and Proposition 8.2 is proved in
Section 8.3.

8.1. Proof of Proposition 8.5 (Control of B;Vly Lm)
Recall the Definition (8.15) of B!

’ :
Jwvslm

) [e’e) [e’e} b—l
B = —z’2_]/ / / / (L(Pltrx)Pmtrx'—}—HtrxL'(Pmtrx'))
il ot Jsixsz Jo Joo 8(L, L)
L @N) 4 (27
w0y EX T

5 P27INRTIN)P2TIN) fAw) F(NW)
x AN 2dNdN dwdw' d.

We have:
(8.19)

> (L(Pitrx) Ptrx’ + Prtrx L' (Putry))
(1,m) /2min(l,m) <27 |y—v/|
= L(try)trx’ + trxL(try') — Z

(L(Pltrx)Pmtrx’ + P,trXL’(PmtrX')),
(I,m)/2min(l,m) > 25 |y —u/|

Now, the difference between B}

1,1
v lm and B

o 1m 1S the fact that the term
(277X)~! has been replaced by:

(279Nt (27907
2 )
such as to obtain an expression which is totally symmetric in (A, ) and (w,w’). In
turn, we may sum over [, m belonging to the region 2™ < 27|v — v/|. Together with
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(8.19) we obtain:

1,1
(8200 > Biuim

(m,l) 2m <27 |v—v’|

1,1,1 1,1,2 1,1,3 1,1,4
=B +Bis+ > Biibumt 2. Bllum
(m,l)/2m>27 lv—v’| (m,l)/2m>27 lv—v’|
L,1,1 pLL,2 pl13 1,1,4 . .
where Bj ot BJ ot BJ oot Lm, and BJ Vv 1m AT€ given by:

8.21 B},1,1/:_~2—j—1/ / — | L(try)try’ + try L/ (try’
(821) By, i e B L i (trx)trx’ 4 trx L' (trx’)
x Fj(u)Fj 1 (u')nf (w ) ( "dwdw'deM,
29 Bl,1,2/: 2]1// L(try)try’ + try L/ (try’
(822) By, . SszL’ (trx)trx’ 4 trx L' (trx’)
x Fj 1 (u)Fj(u")nf (w)nj (W) dwdw'do M,
(8.23)
. p—1
BbL3 ’2—3—1/ / — | L(Ptry) Potry’ + Pty L (Potry’
g lm ¢ 252 g L L/) ( l I‘X) X + 0 X ( I‘X)

X Fy (w) - (a1 (w)n? () dwde do
and:
(8.24)

Bl im =127 / / o B L %) (L Pztrx)Pmtrx'+PztrXL’(Pmtrx’)>
S$2xS

x Fj_1(u)Fj(u ) (w)n? (w')dwdw deH.

We have the following propositions:

Proposition 8.5. — Let B3

J,v,vlm

(8.24). Then, we have the following estimate:

be given by (8.23), and let B4 be given by

3., lm

1,1,3 1,1,4 627;")/]”
(8.25) Z (|Bj,’l/:y’,l,m| + |Bj e m|) < 7/3
(m,l) /2min(m,D) > 27 |y —u/ | (2z2|v — v'])3-

Proposition 8.6. — Le tBl’l’1 be given by (8.21), and let BX'"% be given by (8.22).

VA%
Then, we have the followmg estimate:
(8.26)

9—(§5)-J 1

- + i 2 v_J
@3y —v? 25y —v)3

|Bl 1, 1/ 4 phut |+ |Bl’1’2, 4 ph12? €2y,

g,y v J,v,v j,u’7u|r\;
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,v,v!lm

In view of the decomposition (8.20), we have:

1,1 1,1,1 1,1,2
> Bjlywrim = (B + Bl )
(m.1)/2m <23 v
< 1,1,3 1,1,4
S > 1B il + > 1B m
(m,l)/2m>27|lv—v’| (m,l)/2m>27 |lv—v’|
2 v
< &7

RRCHIZZSE
where we used the estimate (8.25) in the last inequality. Together with (8.26), this
yields:

1,1 1,1
. Bilwamt 2 Bl
(m,)/2m <23 |v—v'| (m.)/2m <23 |v—v/|

2 VAV

€57

S |Bl-’l’1 + B]'.,l,]. |+ |B:!.,1,2 + Bl,1,2 | + .
@E - v

Jwv’ VRZNZ G g v
9—(15)-J 1
J + J 5
@zlv =) (22]v -2
This concludes the proof of Proposition 8.3.

The rest of this section is as follows. In Section 8.1.1, we give a proof of Proposi-
tion 8.5, and In Section 8.1.2, we give a proof of Proposition 8.6.

2 v J
€ ,Yj’yl//‘

8.1.1. Proof of Proposition 8.5 (Control of B;,’j,’j,z,m and B;,’,},’j,z,m)- — We further
decompose. We have:

1,1,3 _ pl,1,31 1,1,3,2

(8.27) Bjﬂ/ﬂ//,l,m - Bj,V,V’,l,m + Bj,V,V’,l,m’
1,1,3,1 1,1,3,2 . .

where Bj’wj,,l’m and Bj,u,u/,l,m are given by:

. b1
8.28 BhLAL i27771/ / ———— L(Pytrx) Pptrx' Fj(u) Fj _1 (v
( ) 7, lm 0 Js2 e g(L,LI) ( ) J( ) s 1( )

x 7 (w)n}’/ (W) dwdw'doM

and:
(829) BN3Z gl / / O Bt (Ptr) Fy () By 1 (o)
o oM JS2xS? g(L,L')
X n;(w)n}/ (W) dwdw'do M.

1,1,3,1 1,1,3,2 . .
The terms B, and B are estimated in the same way, so we focus

Jvv'lLm Jvv'lLm
on B;jf,ll m- We first deal with g(L, L"). We have the identities:
(8.30) g(L, L'y =-1+g(N,N’)

SOCIETE MATHEMATIQUE DE FRANCE 2023



102 CHAPTER 8. PROOF OF PROPOSITION 6.5

and

g(N-N',N-N')
) .

Furthermore, the estimates on N (2.42) and (2.43) yield:

(8.32) IN-N,|S|lw—v|, [N =N,|<|w —7|and [N, — N, | 2 |v—1],

(8.31) 1-g(N,N') =

where we have used the following notation for any vectorfield tangent to X;:
1
|X| = g(X, X)>.

Since w belongs to the patch of center v, w’ belongs to the patch of center v/, and
v # V', we obtain in view of (8.30), (8.31) and (8.32):

1 1 N—-N, \°/ N =N, \?
8.33 =
5 gL, L) [Ny = Nusf? p;ocpq <|NV—N,,/|) <|NV—N1,/|> 7

for some explicit real coefficients c,q such that the series
Z Cpg Py
P20
has radius of convergence 1.
In view of (8.28) and (8.33), we may rewrite B}’"%!

I, lm

1,1,3,1 j—1
B =127 E:Cpq/ |N N 2

p,q>0

N-N,
1 v ] v
X (/sz b~ L(Pjtry) (|Ny — N]/’|) Fj(u)n; (w)dw)
N' — N, \*? ’
’ v ) N (N A
* </s Fmtrx <|NV —Nu'|> Fjmale)ny () ) el

Using the estimate (7.10) with the choice:
(8.34)

b_l N_N P N/—N/ g ,
H,, = Y Potry | ———2— ) F; _1(u)n? (W')dw’
. |NV—NV/|2(|NV—NV/|> </S rX <|Nu—Nw|> 1)y () “’)’

we obtain:

as:

1,1,3,1 _i_
(8.35) |Bjyu’lm| S Z cpq( sup (”Hpq”Liym,L?)) 272 ZE’Y}/-

p,q>0 wesupp(ny)
Next, we evaluate the right-hand side of (8.35). In view of (8.32), we have:

b ( N-N, )” 157 Ml os (o) <|w—u|>”
IN, — N,.|2 \|N, — N,,/| Loo () lv— V]2 v — 1|

p
< 1 1
Ty v 2%|1/—1/’| ’

(8.36)

N
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where we used in the last inequality the estimate (2.38) for b, and the fact that w is
in the patch centered around v of diameter ~ 22. Let:

N q ’
/ P try’ (|N N |> Fj 1 (u)nj (w')dw'.
Then, (8.34), (8.35) and (8.36) yield:
(8.37)

g p 2%_1{-;')/”
BRI ad ) [ s (EL ) )|
g lml ~> = Pq 2%|I/—1//| wesupp(it) pellly o Ly (2%|1/—1/|)2

Next, we evaluate H;q. In view of (8.32), we have:

q
(8.38) H( )q < (W—W)q <t ).
N, — N | Lo (M) v —v/| 23|y — /|

where we used in the last inequality the fact that w' is in the patch centered around v/
of diameter ~ 27. Now, (8.38) together with Corollary 7.9 yields:

q
1 j j J m ’
(8:39) |Hpyllz2 iz 5( - ) (25 y—/ |27 E 4 (28 =1/ )32 E )Y

2§|U—U’|

Finally, (8.37) and (8.39) imply:

(8.40)
IBLL3L |
Jvv'lm
p+q
) ) ) - 2 1.2 vV
[ e (o)) (bt g b w20
~ Pq J P /
pazo A2V CHIE
. ) . L 2 VAV
S <2J2|V — V27 4 (28w — V)22 F i) M
T — v
(8.40) implies:
phlsl | < 2y vy
Z | j,u,u’,l,m| ~ 7/3
(m,1) /2min(m,0) 527 [y— /| (22|v — v'])3-

1,1,3,2
iju’lm

The term is completely analogous, so we obtain in view of (8.27):

2 vV

1,1,3 €755
Z |Bj,l/7l//7l7m| g #/3
(m,1) /2min(m.0) 24 [y—p! | (22 v —v'|)

The term B is completely analogous to B3

g, lm g lm:®

of Proposition 8.6.

This concludes the proof
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8.1.2. Proof of Proposition 8.6 (Control of B;’l’l and B""2)). — We need to estimate

v Jivsv!
1,1,1 1,1,2 . . 1,1,1
B Fi and B EE These terms are estimated in the same way, so we focus on Bj "y

We further decompose:

s Bt = B B
where le,},}, ! and B}”,},’Vl,z are given by:

, p—1
8.42 BhLLL —z'2_]_1/ / —— L(try)try’
(8.42) e o Js2xs2 g(L, L) (izx)

x Fj(u)Fj 1 (u")n (w)n;-’/ (w")dwdw'deM

and:

) b1
8.43 BhLL2 — _j9—i-1 / / trx L/ (try/
(8.43) o o Js2xs2 g(L, L) (i)

X Fj(u)Fj 1 (u")nf (w)n} (@")dwdw'deM.
The terms lel}j,llm and leil},zlm are estimated in the same way, so we focus
on leii/lzm We integrate by parts in lejl},llm using (7.137).
1,1,1,1 , .
Lemma 8.7. — Let B}, be defined by (8.42). Integrating by parts using (7.137)
yields:

(8.44)
1,1,1,1
VA%
) 1
=97% c / v
Z " Jon (25N, = N+
1
X |:|_ZV_]\7,|2h1’p’q + m(hQ,p’q + hg’p’q + h4,p,q) dW
iy x — X')L(trx)trx’ 5 o
4+ 972 /GM /S2 . ( g(i 2/)2) Fj’,l(u)Fj,,l(u’)nj (w)n; (W dwdw'deM,
X )

where cpq are explicit real coefficients such that the series
P4
g CpgxPy
p,920

has radius of convergence 1, where the scalar functions hy p g, b2 p.q, R3.p.qs Pap.q 01 M
are given by:

(8.45) hipg = ( /S N(L(tr) (2

(M3

= )" Fia(wn )

X (/sz try’ (2%(N’ — Nl,/))q Fj,_l(u’)n}" (w’)dw') )

J

(8.46) hop.q = ( /S PL(tY) (2 - N)” Fj,l(u)n;(w)dw)
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x ( /S % (2%(N’ — N,,,))q Fj ()Y (w’)dw'> ,
840 hap= ([ 20 (B0 - M) sl ) )
X < /S Hy (22 = V) By syt (w’)dw’) :

88)  hupe = ([ H (20 - M) B ) )
X (/S2 try’ (2%(N’ - Ny/))qFj,_l(u')n}" (w')dw'> ,

where the tensor Hy on M involved in the definition of hs p 4 is a linear combination
of terms in the following list:

(8.49) VY (YY), 0ty

and where the tensor Hy on oM involved in the definition of hy 4 is a linear combi-
nation of terms in the following list:

(8.50) OL(trx), b= V(b)L(try).

The proof of Lemma 8.7 is postponed to Appendix A. In the rest of this chapter,
we use Lemma 8.7 to obtain the control of lel} ’3;1.
We first estimate hq 4. We have:

(8.51) hipg= /Sz HN(L(trx))Fj,,l(u)n}’(w)dw,

where the tensor H is given by:

(852) H=(2*(N-N,)) ( /S ' (2HW = M) By <w’>dw') .
In view of (8.51), the estimate (7.5) in L (o) yields:

(8-53) [P1,p,allL1(0)

J
S sup  ([[Hllzzparz,) + v = V' Hl gsr ey + IX2w Hll L2y | 2277
wesupp(nY) “

Let the tensor H; be defined by:

J q ’
(8.54) H, = / try/ (25(N’—Nl,/)) Fj 1 (u)n (o)do.
S2

Then, we have:
; p
H=(25(N-N,) m,

SOCIETE MATHEMATIQUE DE FRANCE 2023



106 CHAPTER 8. PROOF OF PROPOSITION 6.5

which together with (8.53) yields:
(8.55)

||h1,p,q||L1(c7%)

J
N sup  (|Hullpzparz,) + v = V[[[Hill gss () + Ix2w Hill2 ) | 22677,
wesupp(nY) ¢

where we used the estimate (2.42) for 9, N, and the size of the patch.
Next, we estimate the various terms in the right-hand side of (8.55) starting with
the last one. In view of (8.54), we have:

i q ’
/ try’ (2§(N' - N,,r)) Fj1(u)ny (")dw'
S?

x20 HillL2(y S lIxeulloe 12
Uy Tyt L2 , Le®

(8.56) Se(+any,
where we used in the last inequality the estimate (7.64) of the Liy’m,uLfo of oscillatory
integrals together with the estimate (2.46) for ya.
Next, we estimate the second term in the right-hand side of (8.55). In view of the
Definition (8.54) of Hi, and in view of the estimates (7.115) and (7.116), we have:
[Hillzzem) S €y
and
|1l Lo oy S 27
Interpolating between these two estimates, we obtain:
(8.57) | HLl s ey S 205749
Next, we estimate the first term in the right-hand side of (8.55). The estimate
(7.83) applied to H yields:

5\ o /
sup  ([[Hillpzpeere,) S (1 +q2)e22 v —v'|yy .
wesupp(nY) ‘

Interpolating with (7.115), we obtain:

(8.58) sup  (|Hillpzpare,) S (1+¢%)e(2E |y — /)37 .
wEsupp(n}’) x

Finally, (8.55), (8.56), (8.57) and (8.58) imply:
(8:59)  Ihapalliiion < (1+a%) (25 |y = /273 4 (23w — v/|)} ) 2522,

Next, we estimate hg , , defined in (8.46). We have:

(5.60) e = [ HYLODOF () ()do
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where the tensor H is given by:

(8.61) H= (2%(1\7 - Nl,))p (/ try/ (2%(1\[’ - N,,,))q Fj 1 (u/)nY (w')dw') .
S2

In view of (8.60), the estimate (7.5) in L!(cM) yields:

(8.62) ”h2,p,q||L1(oM)

i
S sup  (|Hllp2par2,) + v = V[[[H gss () + Ix2w Hll L2 | 2277
wesupp(n}) “

In view, of (8.52), (8.53), (8.61) and (8.62), hg , 4 satisfies the same estimate as hy ;4.
Thus, we have in view of (8.59):

1

(8:63)  lhapallzrn S (1+ @) (24w — v/ j27 D=3 4 (@b = /)3 ) 2he®yray.

Next, we estimate hs, .. In view of the Raychaudhuri Equation (2.22) satisfied
by try, the decomposition (2.72) for try, the decomposition (2.77) for |X|?, and with
the L™ estimates for b and try provided respectively by (2.38) and (2.39), we obtain
the following decomposition for L(try):

(8.64) L(trx) = x2, - 2x1 +X) + fi + f3,

where the scalar ff only depends on v and satisfies:
(8.65) ||ff ||LgoV L2L>°(Py.y,,) Se,

where the scalar f] satisfies:

(8.66) 13l L 2 (m) S €272

This implies the following decomposition:

o) [ D) (2207 = )" B s g )
= e ([ @+ D (20 - M) B )
A ([0 -2) Bt )
+ [ 8 (0= N) B )
% ([ @+ 0 (0 - W) B ) )
~ b =) ([ @+ 0 (20 - 80)” By () )

w1 ([ (- N)) B @) )
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. j p
+ /S AW -N) Fo @),
We obtain the following estimate for hgz p 4:
173.p.qll 1. (10)

< /S @+ (2 - ) i @)de

~ ‘

L2(cM)

X

j q ’
/S2 X/2H1 <2%(NI — N,//)) F]‘,_l(u/)’l];-/ (w’)dw’

L2 (M)

~ i p v
+/ X2 = X3l Lo (0 H/ (2x1 +X) (22 (N - N,,)) Fj 1 (u)nf (w)dw
s2 S2 L3 (M)

x HH1 (2%(1\1’ _ Ny,))qFj,_l(u’)( nY (')

L2(cM)
. (IIffllioo e

Uy, Ty

/S2 (2% (N — Nu)>1’ F; _ (u)n! (@) dw

L2(cM) )

/ H1 (2%(]\], — Nl,/)>q Fj7_1(u’)77;-’,(w')dw’
S2

2 o]
L ! Lt
Uy, y

"

/gz 5 (2%(]\7 - Nv))p Fj 1 (u)n (w)dw

X

)

L2 (M)

which together with the estimate (8.65) for f7, the estimate in L?(c}) (8.56), the esti-
mates (2.46) and (2.47) for x2, and the estimate (7.63) of the L? Lg® of oscillatory

integrals yields: o
(8-68) ||h3,p,q||L1(W)
j P
<|| a0 (- ) F o s
2 L2 (M)

q

x /X'ng (2%(N’—N,,/)) Fj () (@) do
S?

L2 (M)

+elv— v’l(/g2 H/S (2x1 + %) (2%(1\7 - NV))” Fj 1 (w)n! (w)dw

L+ (M)

I / q ! v, 1 !
Wl aenn | (207 = M) 1B )z 1 ) )

. j q ’
+ev), /S2 H; (2§(N’ — N,,/)) Fj 1 (u')nf (W')dw'

L2 (M)
Next, we estimate the L3+ (c}) norm in the right-hand side of (8.68). Using the
estimate for the LP(cM) norm (7.2) with p = 6, we have:

(8.69) /S @a+%) (25 v - N,,))p Fy(u)n? (w)dw

L6 (M)
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7 55 4
< sup (bl s + I8l secony) | (250 = ) ) 2%
§2?67_j’

where we used in the last inequality the estimate (2.40) for X, the estimate (2.42)
for d,N, and the estimate (2.46) for x;. Next, recall the decomposition (2.74) for X
and the decomposition (2.75) for xs which yield:

2x1 +X = F{ + FJ,

where the tensor Ff only depends on v and satisfies:

(8.70) IF{ e, 12 S,
where the scalar FJ satisfies:
(8.71) 1S || e 2oy S €272

This yields:

/82(2X1+5€) (24N = V)" By () (@)
=F/ </§, (2%(N - NV)>PFj(u)n;(w)dw> + /S Fi (2%(1\] B Nv))ij(u)n;(w)dw

and thus:

/32(2’““7)( 25 (N = V,))" F () ()

L2 (M)

/Sz (22 (v - N)F, (u)n;(w)dw‘

L

2 [=S]
L2, Lg
uy,x Yy

. FJ <2%(N N, )) Fj(u)nj (w)dw

L2 (M)
o p
Sev;+ H/S2 FJ (2%(N — Ny)> Fj(u)nj (w)dw

)

L2 (M)

where we used in the last inequality the estimate (8.70) and the estimate (7.63) of the
L2 .. L of oscillatory integrals. Then, using the basic estimate in L?(cH) (7.1), we
obtain:

i1 (ol P v
s | [ (H - M) B
S2 L2 (M)
S €7j + sup (IIFglngoL2<a4L> Hb_l (2% N-N, ) H )2%75
S ey
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where we used in the last inequality the estimate (8.71). Next, interpolating (8.69)
and (8.72), we obtain:

(2 + b7 (22N = W) Fy () (w)d
SQ

S

5 2(12)+j6fy;.
L+ (M)
Together with (8.68), the estimate (2.42) for d,N, the size of the patch, and the
estimate in L2(c}) (8.72), we obtain:

(8.73)

[t (250 = 8))" By (0
SQ

hs,pallr @) S €y
L2(cM)

5 i v '
ety =209 ([ il 1By a0 15 )

+ E'yf;

i q ’
/ H1 ( f(NI - N,,/)) Fj7,1(u')77; (w/)dw' L) .

Next, using the Definition (8.49) of Hj, the estimate (2.38) for b, the estimate (2.39)
and (2.40) for x, and the estimate (2.46) for x2, we have:

(8.74) [H1ll Lo 2,y + IXaHall s r2n,) S €

Using the basic estimate in L?(c}) (7.1), we have:

j q o
/S2 XoH <2§(N’ — N,,,)> Fj 1(u)ny (w')do’

L2 (M)

/ H, (2% (N’ — N,,/)>q Fj, 1 (u/)nY (') do’
SZ

L2(cM)

J q i,
< sup (I H ez 20 + 1Hilsia@, ) | (227 = N0)|| ) 289
S 25evy,

where we used in the last inequality the estimate (8.74), the estimate (2.42) for 9, N
and the size of the patch. Together with (8.73) and (8.74), this yields:

(8.75)
i . 7
h3pallLr o) S 2262’)’;7,3, + &%y — /|2 12 ”’y;»' (/ ||Fj,—1(u/)||Li,77; (w')dw')
< 2% (1 + 2%|y - u’|2_(%)—j) 527;75,,
where we used in the last inequality Cauchy-Schwarz in A\’ to evaluate || F;, 1 (u')| 2,

Cauchy-Schwarz in w’, and the size of the patch.
Next, we estimate hy 4. We have:

J p v
876 Whapalon | [ Ha (220 = N)" B sy )

L2 (M)
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X

/ try’ (2%(N’ — N,,/))q ij_l(u’)n;/ (W')dw'
SZ

The basic estimate in L2(cH) (7.1) yields:

L2 (M)

(8.77)

. H, (2%(N - Nu))ij’,l(u)n;(w)dw

) pL2(c%) .
(v -m) ) 2

J
< sup (|| Hall Lo £2g)) 2275
w

< sup (I1Hal e 22,
w

where we used in the last inequality the estimate (2.42) for 0, N and the size of the
patch. In view of (8.50), the estimate (2.38) for b, the estimates (2.36) (2.37) for §, the
estimates (2.39) (2.40) for x, and the Raychaudhuri Equation (2.22) satisfied by try;,
we have:

||H2||L;<>L2(e%u) Se,
which together with (8.77) yields:
< 52%7;-’.

j p
/ H, (25(N - Nl,)) Fy 1 (u)nf (w)dw
S2 L2 (M)

Together with (8.76) and the estimate (7.63) of the L2 ,, Lg° of oscillatory integrals,
we obtain:

(8.78) lhapallzron S (1+ %2529,

Finally, in view of (8.44), (8.59), (8.63), (8.75) and (8.78), we obtain for B}’
the following decomposition:

(8.79)
i 1
B:‘l7l},l};1 =277 cpq/ ;
. p%Z:O M (2%|NI/ - NV,|)p+q
1
x [lN — N, |2h17p,q + IN, — N,.? (h2,p.q + h3pq + hapg) | dM

try)tr /
ot [ [ ORI ), 0 o (0 4,
$2x§? g(L L)
where c,, are explicit real coefficients such that the series

E P,4q
CpqT™Y

p,q>0

has radius of convergence 1, and where hipq, h2pq, h3pq and hyy satisfy the
following estimate:

(8.80) 1h1,p,0ll L1 (0) + [1h2,p,qll L3 () + [1R3,p.gll L2 (1) + 1Pap gl (o)
S+ (1428l — /27 1 2F - o)) 28R
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The term B}'"'1? defined by (8.43) is estimated in the same way. Indeed, proceeding

VA%

as for BF'1! we integrate by parts in Bl’ul’ 2 using (7.137).

YA ZEN] v',lm

Lemma 8.8. — Let B2 be defined by (8.43). Integrating by parts using (7.137)

g’
yields:
(8.81)
Bl,1,1;2 — 92 c /
Z " Jon (221N, Ny/|>p+q

1 , 1 )
8 [|N - N, |2h1’p,q+|N N, |3(h 200+ Mapg + Niapg) | M

tI‘ L/ tr ’
+ 27 27/ /82 . x=x) oL E/)( X)Fj,,l(u)Fj,,l(u')n}’(w)n; (W) dwdw'deM,
X

where cpq are explicit real coefficients such that the series

E pr,4q
CpgZ™Y

p,q>0

has radius of convergence 1, where the scalar functions hy , ., hs Wy pg> W p.g O M

2,p,q9°
are given by:

850 = ([ Moo (220 - 80)" B )a)

([ 2nd) (2 = 30) " By @)
859ty = ([ (- M) B a)

< ([ 7L (22 - )" B @i )
(884)  hh,, = ( /S H (28 - Ny))ij,-l(um;(w)dw)

([ 2o (B0 - M) Bt @)
(8.85)  h,,= ( / trx (25N = ) By o () (w)dw>

x ( /S H (25 = Vo)) Fy <w’>dw') :

where the tensor Hy on M involved in the definition of hy , . is a linear combination
of terms in the following list:

(8.86) b1V (btry), Otry
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and where the tensor Hj on oM involved in the definition of hyp 4 is a linear combi-
nation of terms in the following list:

(8.87) 0'L' (try'), ¥~V ()L (trx).

The proof of Lemma 8.8 is postponed to Appendix B. Next, we use Lemma 8.8

to obtain the control of BY"12. Now, note that exchanging the role of w and w’,

g’
we obtain that hj , . corresponds to hg 4, hjy, , corresponds to hsz, 4, and hj
corresponds to hy p 4. Also, exchanging the role of w and w’, we obtain that hf ,
corresponds to hs o where H; has been replaced with N(try) which satisfies (8.74)
in view of the estimate (2.39) for try, and the estimate (2.46) for x». Thus, since

hi1p.gs h2p.q» h3p,q and hyp o satisfy the estimate (8.80), we obtain that hy , ., b5, .,

P4

h3 4 and by, . satisfy the following estimate:
(8.88) 154 p.qllzr @) + 1182 p gl 21 @) + 185 p gl 21 0y + 1h g1l 21 ()
<(1+ qz)(l + 2%|u — V|20 4 (2% lv — 1/'|)%)2%52'y}"yi,.
Summing (8.79) and (8.81), we obtain:
(8.89) Byt + Byt
=27% Y} cpq/ — [ L (hipat Hp)
SSo Jow (25N, — Ny|ypra LNy — No/|
+ m(hg,p,q Ry g+ hapg+ Ry hapg+ Y, ) [deM
Py / / (¢ = X)) (L(trx)trx’ + trx L' (trx’))
M JS2xS? g(L,L")?

x Fj 1 (u)Fj_1 (@) (w)n? (W) dwdw' deH.
Note that the last term in the right-hand side is antisymmetric in (v,7’) and thus
vanishes when considering the sum:

1,1,1,1 1,1,1,2 1,1,1,1 1,1,1,2
(8.90) By + Byt + B+ By
This cancelation together with (8.89) yields:
1,1,1,1 1,1,1,2 1,1,1,1 1,1,1,2
|Bjiui + Byt + By + Bl
‘ 1 1
2l |
N 7 — 2
s | @EINy = Nl LHNG = NPl e
X (1P1p.qll L) + 171 g gll (o)
1
v —w B (Ih2.pall 2y + 1o p gl 1 e
|N, — N,/ |3 Lo (@) PqllLt (M) P,q 1L (M)

+ B3 p.qllLr @) + 183 4 gl L1 (@0) + 1hapgllLr o) + ||h£l,p,q||L1(W)):|'
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Together with the estimate (8.32) for N, — N,/, and the estimates (8.80) and (8.88),
we obtain:

|Bll11+31112+31111+Bllly2|

VA% VA% YRZ% 7V,
1+ ¢2 23 2-%
S Z CpaT 5 ot [ i , 2+ 1 3
Tl — et | @) @ - )
x (1428 p —v/j27 (-7 4 28|y — ’l)é)?“f?vﬁi
2~ (35)-i 1
; + A 2
(22|lv —v/|)2  (22|lv —V'])2

Since we have:
LLL _ plLLL1, pll12

g T gy A2
in view of the decomposition (8.41), this yields:
(8.91)
1+ ¢? 23 2-%
1,1,1 1,1,1
pazo  (2Z[y vt 22|y )2 (22]r — 1))
(1 198 lv — V2™ (32)-7 4 (2%|l/ - I/,|)%)2%52’}/}/’}/i/
9—(15)-J 1 "
S| +— = | 2.

@zly =)z (22|v —v')2

Remark 8.9. — The cancelation of the last term of (8.89) when considering the sum

(8.90) in view of the antisymmetry in (v, ') is crucial. Indeed, we would not be able
to estimate this term directly.

Note that exchanging the role of w and w’, we obtain that the term le’l}’f, Lm

1,1,1
corresponds to BJ o Lm

|B1’1’2 L BbL2 1< Z c 1+ ¢ 277 + 273
i il e 2950 - (22|v — v!|)Pta (2z|v — V)2 (2%2|v —v/|)3

Thus, we obtain in view of (8.91):

X (1 + 2%y — /|27 ()7 4 (23 |y - V'I)%)”ﬁ?ﬁ%
9—(15)-J 1
S| + 3 5 27;’75'
@y — w2 @Fy—v))}
Together with (8.91), this concludes the proof of Proposition 8.6.
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,v,v!lm

8.2. Proof of Proposition 8.4 (Control of B’

juu’lm)

Recall from (8.16) that B’

]VV’lm

) bt
BY? :—'2‘]/ / / / ——( L(Ptry) Potry’ + Pitry L (Ptry’
J,vvlm 4 - g(L,L’) ( l I‘X) rx + try ( I‘X)

ety (@) E2 N 0m53) a5 (X)) F ()

(8.92) x A2X2dAdN dwdw' d.
Since Vu = b~!N and Vu' = ¥~ '«/, we have:
_iN(eiAu—iA'u') _ ei)\u—i)\/u’ <b_1>\ . b'_lg(N, N/))\/)

is given by:

— ei)\u—i)\/u/b—l()\ _ )\I) + 6i)\u—i)\/u/(b—1 _ bl_lg(N, Nl))A/

This yields:
((2_j>\/)_1 _ (2—j)\))ei)\u—i)\’u’b—1
27 2 -
_ )\)\, N(el)\u iX ' ) + )\ el)\u iNu (b—l _ b/ lg(N, N/))
2‘7 ; —iXa! 2 ro 0 _ _1 2'] ; —iXa! _1
— _ N iIAu—iXu IAU—IN U 1 _ g o iAdu—iAu' g/ 1— N.N).
Z}\Al (e )+>\e (b b )+)\e b ( g( ’ ))
In view of (8.92), this implies the following decomposition for lef vlm’
1,2 1,2,1 1,2,2 1,2,3
(893) Bj,u,u’,l m B] v,V l,m B] v,V l,m + Bj,l/,u’,l,'m’
where B] . V, Lm> leff, L. and BJ ) V, Im are respectively given by:
(8.94)
1,2,1
Bj v, lm

—2j—1 > N Au—idu! ) / l !
L(Ptryx)Pptrx’ + Pitrx L' (Pptry’)
2 xS2 g(L,L")

Y H® )m( WN2TIN)THRTIN)TYRTIN TN )Y R TIN) f (Aw) F(N W)
% A2\ 2 d\dN dwdw' doM,

. 1
BY22 = _jo—i-1 / / (L Pytryx) Pptrx’ + Pitrx L' (P try’ )
Jpptbim o Js2xs2 g(L, L) ( ) ( )
(8.95) x (b7 — b'_l)Fj,_l(u)Fj(u’)n}’(w)n;—’l (w")dwdw'deM
and:
BI23 :-2]1// Pitry) Putry’ + Ptry L' (Potry/
grwbm = S2><S2gL 7y \ PR Prtex’ + Ptex L (Pmbrx’)
(8.96) X U1 — g(N, N))Fj 1 (u) F (u' ) () () dwde' de.
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We have the following propositions:

Proposition 8.10. — Let le-”fy’l},,l’m be given by (8.94). Then, we have the following
estimate:

1,2,1 1,2,1
(8.97) ) Bl im + > Bi0 v im
(I,m)/m<l and 2m <27 |v—v’'| (I,m)/m<l and 2m <27 |v—v’|
N O L 0 A A
N2V @i @y — )
Proposition 8.11. — Let B}”i’f,’l’m be given by (8.95). Then, we have the following
estimate:
(8.98)
1,2,2 1,2,2
Z (Bj,v,u/,l,m + Bj,l/’,u,l,m)
(1;m)/2min(tm) <23 |y —v/|
, 1 1 2= (3)-3 1 ,
274 + 7+ + 5
2k — ) 25@EHy—vE @y —v)? )P

Proposition 8.12. — Let B3 be given by (8.96). Then, we have the following

Jsvv’lm
estimate:
1,2,3
(8-99) Z Bj,u,u/,z,m
(I,m) /2min(l,m) <27 |y—p/|
YY)
27> 1 1 4 ,
S[ j] 701 + 5 -+ 277 82vj‘<’7;»’.
@3y —v))2 2323y —v|) 27 (23|v—v))3
In view of the decomposition (8.93) of B]]:,’Z,V/,l,m’ we have:

1,2
> B} i

(1,m) /2min(tm) <23 |y —ur|

1,2,1 1,2,2
S > Blyam|+ b Bl im
(tm) /2min(tm) <24y —v/| (1,m) /2min(tm) <2i |y —v/|
1,2,3
+ > Bj im|-

(1) /2min(m) <23y — /|

Together with the estimates (8.97), (8.98) and (8.99), we obtain:

1,2 1,2
> (B tm + Bilr uim)
(1,m) /2min(tm) <23 |y —/ |
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J
1 j271z 1 1
N + — + —— + = +277 [e2yhyY .

@iy —v)? Qi —v))? 282k —v|) 27y —v|)}
This concludes the proof of Proposition 8.4.
The rest of this section is as follows. In Section 8.2.1, we give a proof of Proposi-
tion 8.10, in Section 8.2.2, we give a proof of Proposition 8.11, and in Section 8.2.3,
we give a proof of Proposition 8.12.

8.2.1. Proof of Proposition 8.10 (Control of B’ 12,1 1, m)- — Integrating by parts the N

g,
derivative in (8.94), we obtain:

(8.100)

1,2,1
Bj:,,u’lm_Q 25— 1/ / <N (Pytrx)) P, o
s2xs? 8(L )

+ PtrxN(L' (P, trx ) + L(Ptrx)N(Pptrx') + N(Pitryx) L' (Ptrx")
N(g
+ <— ((L 7 +tr9> L (Ptrx) Ptry’ + Prx L' (Pmtry ))>

X By (W) Fyoa (0 (@)n) (o duoda d.
Recall the decomposition of N in the frame N’,€/;:
(8.101) N =g(N,N")N' + (N — g(N,N")N’)
and the decomposition of N’ in the frame N, e4:
(8.102) N'=g(N,N')N + (N’ — g(N,N')N).
(8.101) yields:
(8.103)Pitry N (L' (Ptry’)) + L(Pitrx) N(Pptry’)
— g(N, N PrtrxN' (L' (Ptry’)) + Bitrx(N — g(N, N)N') (L (Ptry'))
+ g(N, N')L(Ptrx) N’ (Pptrx’) + L(Pitrx) (N — g(N, N')N')(Prtrx’).

Also, recall that:

g(L,L") = -1+g(N,N'),
which together with (2.21), (8.101) and (8.102) yields:
(8104)  N(g(L L) = —g(VnN,N') = g(N, V')

= b7 Vg, nyn (0) + &V, Nl)bl_lWN—g(N,N’)N’(b/)
—0'(N —g(N,N')N',N —g(N,N")N').

In view of (8.100), (8.103) and (8.104), we obtain:

1,2,1 1,2,1,1 1,2,1,2 1,2,1,3
(8105) B]u:/lm Bjuu’lm ijj’lm iju’lm’
where le 3 j,ll _m 18 given by:
(8.106) BYL1 921 / / N(L(Ptrx))Pmtrx’ + PtrxN' (L' (Patrx'))
pribm s2xs? g(L, L)
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X o () 1 () @)} (o) duods d,

1,2,1,2 . .
B is given by:

where B 71 m

(8.107) B, =27% / / HF;j 1 (u)Fj, 1 (u)n? (w)n? (") dwdw' de,
M JS2xS?

with the tensor H on ¢/ given, schematically, by:
(8.108)

He o (Pzter'(L'(Pmtrx'))(N ~ N') + L(PAT)N' (Piry)
+ L(Pitrx) V' (Ptrx) (N — N') + N(Ptrx) L' (Prmtrx’)

L (O7Y®) o) - Ny
g(L, L)

+ tr0> (L(Ptry) Ptry’ + Pitrx L' (Pptrx’)) )
and where lefj,?’lm is given by:
(8.109)

1,2,1,3
Bj,l/,l/’,l,m

_ -1
= _Q—Qj—l/ / b IWN’—g(N,N’)N(b) + 0 Vg, vy (b)
M JS2xS? s(L,L')?
X (L(Pytry) Putrx’ + Pitex L' (Pptrx’)) Fj 1 (u)Fj 1 (u')n (@)1} (") dwdw’ doM.
Next, we estimate the three terms in the right-hand side of (8.105) starting with
lef,},llm Recall from (8.1) that (I, m) satisfy:

m <l and 2™ < 2|y —V/|.

Summing in (I,m), we obtain:

Z N(L(Ptryx))Pntrx’ + PtrxN' (L' (Ppntry))
/
(I,m)/m<l and 2m <27 [y—v/| g(L,L')
n Z N(L(Pp,try))Pitrx’ + PptrxN' (L' (Ptry’))
g(L,L")

(1,m)/m<l and 2m <29 |y—v/|
N(L(trx))trx’ + trxN' (L' (trx’))
- g(L, L)
_ N(L(Psaijy—vtrX)) Pogsjy—vr trx’ + Pooijy—pr XN’ (L' (P25 )y - trX'))
g(L,L’) '
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1,2,1,1
B>

i 1m, We obtain:

Thus, using the symmetry in (w,w’) of the integrant in
(8.110)
1,2,1,1 1,2,1,1
> B im + > B iim
(I,m)/m<l and 2™ <27 |v—v'| (I,m)/m<l and 2m <27 [v—v’|

- N(L(trx))tr’ + o' (L (Putrx))
=2 / /S2><82 (L L’)

x F; _1(w)F;_1(u )77]( w)ny ( Ndwdw'deM — 2727~ 1/ /82 o

N(L(P>2j|t/71//\trX))P>29 |,,,U/|tI‘X + P>2J|u71//|trXN (L (P>2J |u7u'|trX/))
g(L,L’)
X Fj_1(u)Fj,_1 (@) (@)1 (o) dwdw' deM.
Estimating the terms N (L(Psgi|,—p/trx)) and N'(L'(Ps3;),—,trx’)) would involve
commutator terms which are difficult to handle. To avoid this issue, we commute L

with N and L’ with N’, and then integrate the L and the L’ derivative by parts. We
obtain schematically in view of (8.110):

(8.111)

X

1,2,1,1 Z 1,2,1,1
Z B]uulm+ le/ v,l,m

(I,m)/m<l and 2m <27 |v— 1/’\ (I,m)/m<l and 2m <27 |v—v’|

e 1/ / N(L(trx))trx’
s2xs2 8(L, L)

X Fj_1(u)Fj—1(u ) (w)ﬂj( w')dwdw' deM

—2j— 1/ / ’L](P>29|u V/|trX)P>21\l/ u’\trX
s2x52 s(L, L")

Fj 1 (w)Fj 1 (u )0 () (') dwdw' deM

2_2j_1 / / N(P>2j|v—u’|trX)L(P>2j|u—l/’\trxl)
52 8?2 g(L,L")

X Fj_1(u)Fy, 1 (W) (w)n} (") dwdw' deM

divg(L) _ L(g(L, L)
—2j—1 g( _ J N(Peojtit1%) Peojty_ try’
/ /S2><S2 ( (L,L") g(L,L")? (Psgi|y—ur|t1X) Psgi |y tTX

X Fj_1(u)Fj, 1 (W) (w)n} (') dwdw' deM

_9—i-1 /CM ( o N(P>2ju—l/’trX)F}—l(u)n}/(w)dw>

X </s2 b’_1P>2j|l,_,,/|trx'Fj(u')77;-’,(w')dw’) doM + terms interverting (v,v'),
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where the last term in the right-hand side of (8.111) appears when the L derivative
falls on the phase in view of (6.5), and where we chose to ignore the terms which are
obtained by interverting v and v’ since they are treated in the exact same way.

We decompose L in the frame L', N, €;:

(8.112) L=L+(N-g(N,N)N')+ (g(N,N') —1)N’,

which yields the following decomposition:

(8.113) L(Psasjy—pitrx’) = L'(Psaijy—pritrx’) + (N — g(N, N )N') (Psai)y - trx’)
+ (8(N, N') = 1)N' (P53} —urtrx’).-

Recall the identities (8.30) and (8.31):

g(N—-N'/N-N')

g(LaL/):_]-_"g(NaN/)andl_g(NvN/): 2

We may thus expand
1 1

d
g.I) " gL L)
in the same fashion than (8.33), and in view of (8.111), (8.113), the Formula (7.146)
for divg(L) and the Formula (7.149) for L(g(L,L’)), we obtain, schematically:

(8.114)

1,2,1,1 1,2,1,1
> By oiim + > BJtm

(I,m)/m<l and 2™ <27 |v—v’| (I,m)/m<l and 2™ <27 |v—v'|
1
=277 Z CP(I/ [ 7 (P1,p,g + h2,p,g + P3pq)
p,q>0 2 |N Nl/’|)p+q (2§|NV_NI/|)2

1
% 22|N — N, |)

27 [ ([ NP0 B o)

hapg+277 h5,p,q] doM

X < . b’_1P>2j|,,_,,/|trx'Fj(u’)77;-’/ (w')dw’) doM + terms interverting (v, '),

where the scalar functions i p g, hop.q, R3.p,q: Rap.q, M5 p,q O0 M are given by:
; P
8.115) by = ([ ML) (220 = ) B s )
s2
< ([ (2 = 30 Frat @)
S2
i p v
(8.116) Ay = / G (2P = N)) By (i (@)dw
s
) 1 (oL (nr 7 AV ’
X . P gy trx (22(N —N,,z)) Fj_1(u')nf (W)dw' |,
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(8.117) hgpg = (/S N(Ps iy (trx) (2%(1\] - Ny))l’ Fj,_l(u)ng(w)dw>
x (/S Ga (2%(N' - NU,))" Fj,l(u')n;’(w')dw’> ,
(8.118) hapqy = </S2 N(Psgipy—pr trx) (2%(N — Ny))ijy_l(u)n;’(w)dw>

J q ’
< ([ P Powioiten) (250 = M) By (@)
and:

(8.119) hspq = (/S N(Psgiy_yrtry) (2%(1\] - Ny))f’ Fj,_l(u)n;(w)dw>

X (/ N’(P>2j|,,_yl|trx') (2%(N’ — Nl,,))qFj,,l(u')n;/ (w')dw') ,
SQ

where the tensors G; and G2 are schematically given by:

(8120) G, = [N, L](P>2j|,,,l,/|trx) + SN(P>2]'|,,,,,/|U‘X)
and:
(8.121) Gs = L/(P>2j‘,,_,/|trxl) + (5/ + X/ + CI)P>2j|l,_,,/|t1“X/

and where cp, are explicit real coefficients such that the series

E P,
CpqZ™Y

P,420
has radius of convergence 1.

Next, we estimate the L'(cH) norm of hipg, 2.4, h3.p.qs Pap.g Bispq starting
with hy p, 4. We have:

J p v
8122) Ihnpaliron % | [ NEE00) (240 = 8) By @)
j q ’
‘ / try’ <2§(N’ — N,,,)) Fj 1 (u)ny (w')do’
S2
We estimate the L (o) norm of the last term:

o (22 = M) s (@
S2

< /

=

Se [ 1B @)l @)
S

< 20eyY

L3 (M)

(8.123) ’

L (M)

1 (oL At a / v ’
trx' (22 (N' = Ny) ) Fj_1(u) L (w")dw
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where we used the estimate (2.39) for try, the estimate (2.42) for 9, N, the size of
the patch, Cauchy Schwartz in X for ||F; _1(u’)||z=, and Cauchy Schwartz in w’. On
the other hand, the estimate (7.64) yields:
1 (o nrr 75 NV (N, < 2\ _ v’
trx' (22(N' = Ny) ) Fj—1(u )nj (w"dw S(1+gq )s’yj .
s2 L2(cM)

Interpolating these two estimates, we obtain:
1 (o2 / a nov'o /
trx' (22 (N' = Ny)) Fj_1(u )nj (w")dw
2 L3(cM)

Next, we estimate the first term in the right-hand side of (8.122). We have:

.

(8.124) <2

(14 q)e? .

8.125) || [ N(L(trx)) (2%(N—Ny))ij—1( it (w)duw

/ INCLEDON e 13 50

< . v
< /S 2||N<L<trx>>||LZCL%%)||FJ,_1<u>||Lgn] (w)dw,

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. Next, we estimate N(L(try)). In view of the Raychaudhuri Equation (2.22),
we have:

s L3 ()

(22 N-N, ) H -1 (W)l 3nj (w)dw

L

N(L(trx)) = —trxN(trx) — 2X - DnX — N(6)trx — 6N (trx),
which together with the Sobolev embedding (2.50), and the estimates (2.39) for try,
(2.40) for ¥, and (2.36) (2.37) for § yields:
INCEEON 2

S (DXl zee 2(g) + D3| Loe 2 (1)) (X oo L6 () + 18] oo Lo (o)) S &
Together with (8.125), we obtain:

1200 | [ zn0) (208 - ) B )

S2
e [ 1B @l @)

<226y,

L3 (M)

where we used in the last inequality Plancherel in u, Cauchy Schwarz in w and the
size of the patch. Finally, (8.122), (8.124) and (8.126) imply:

(8.127) ”hl,P,lI”Ll(cM) (1 + q)2 6 527]”’)/; .
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Next, we estimate hy , 4. We have:
(8.128)

J P v
Ihapalison % | [, 61 (2407 = 80)" By st )

L3 ()

1 (oL (A7t a nov (1 ’
H/ Py oy trx (22(N —N,,/)) Fy _1(u')nf (W')dw .
s L3 (M)

Arguing as in (8.123), we have:

j q ’ . ’
/ Posiy—vrtrx’ (25(N’—Nw)) Fj—1(w)n; (w')dw' S 2en) .
SQ

L (M)

On the other hand, we have in view of the L? estimate (7.3):

j q '
(8129) H/2 P>2j|,,_l,/‘tI‘X/ (QE(N/ _ NI/')) Fj’_l(u,),r]j (w/)dwl
S

< v ) ) E o
~ SEPH( (N = '//)> HLoo 2j|y—y’|€vj
5 '577;3
2z |y — V|
where we used in the last inequality the estimate (2.42) for d,,N and the size of the

patch. Interpolating these two estimates, and using the fact that:

2y — v/ 2 1,

L2 (M)

we obtain:

1 (oL nrt a n,ov o ’
‘/82 P>2j|l,_,,/|tI‘X (22(N —N,,t)) Fj7_1(u )’)’]J (w )dw

i /
v

Yy -

Wl

(8.130) S2
L3 (M)
Next, we estimate the first term in the right-hand side of (8.128). Arguing as in

(8.125), we have:

(8.131)

/S2 G1 (25 (v - N,,))p Fy o () (@)oo

L3 (M)
S [ 1G Ny Vs () ()
Next, we estimate G;. In view of the definition of G; (8.120), the commutator For-
mulas (2.32) for [L, L] and the fact that 2N = L — L, we have schematically:
G1 = ON(Psaijy—prtrx) + 1 ' VNRLPs oy itrx + (¢ =€) - V(Psgijy—ptrx.
This yields:
IIGlllLioLg(C%) S ollzee o) + I~ ' Vunll Lo Lo + €I Lee Lo + I Lee Lo (o))
X D Psgijy—pritrxll Loe L2 ()
S elDPsgijy—pritrx|l Lo L2 (g2,
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where we used in the last inequality the Sobolev embedding (2.50), and the estimates
(2.37) (2.36) for n, 6 and ¢, and the estimate (2.41) for (. Together with the basic
properties of Ps i, _p|, the commutator estimates (2.64) and (2.65), and the estimate
(2.39) for try, this implies:

<
(8132) 16113 5 S
Together with (8.131), and arguing as in (8.126), we obtain:

/SZ G (2% (N — Nu))z’ Fj, 1 (w)n! (w)dw

Finally, (8.128), (8.130) and (8.133) imply:

(8.133) < 2%y,

L3 (M)

(8.134) Ih2palloion S 2% ey
Next, we estimate h3, 4. We have:
(8.135)

i p v
Ihapalinon S | [ NPzt (2500 = M) Bl (@)

j q ’
‘ / Gs (Zf(N’—N,,/)) Fj 1 () (&) dw' .
S2 L2 (M)

We estimate the first term in the right-hand side of (8.135). Using the basic estimate
in L?(cM) (7.1), we have:

”/52 N(Pooly-itrx) (2% (V- Nv)y Fj -1 (u)nf (w)dw

L2 (M)

L2 (M)

J P i,
< (o [¥Pomnmino (=Y )2

(v, )

Together with the estimate (2.39) for try, the commutator estimate (2.64), the esti-
mate (2.42) for 9,,N and the size of the patch, we obtain:

[ NPyt (22 = ) By (@)
;

< <sup||N<P>2j|y_y/|trx>||LzoLz<%>
w

(8.136) ’ S e2iyy,

L2(cM)
Next, we estimate the second term in the right-hand side of (8.135). Using the basic
estimate in L2(c) (7.1), we have:

/ Go (2%(1\/’ - NL,/))q Fj 1 (w/)nY (w')do’
S2

5(
w

< (supnGQanon(%
w

(8.137) ‘

2%7]-

(2%(]\7, - Nv’)>q

LeL? ((%“)>

v ma)], )2
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In view of the definition of Go (8.121), we have:
(8.138) [|Gallizr2@ny S (0llogers, + Xl ngora, + 1¢H g pa I Ps2sy—ritrxlipe s,
+ I L(Ps g3y ttx) | Lo L2 (5,)
S ellPs2ipp—vtrxlizzrs, + 1L(Psaiy—utrx) | Lee L2(9,)

where we used in the last inequality the embedding (2.51), and the estimates (2.36)
(2.37) for 4, the estimates (2.39) (2.40) for x, and the estimate (2.41) for {. Using the
Bernstein inequality and the finite band property for P;, we have:

(8.139) ||P>2f\u—u'|trX||L$L§, S Z ||Plt1"X||L$L§,
1>27 |lv—v/|
1
< > 27| Ptrxloe e
1>27 |lv—v/|
Ll
N Z 272 || Wtrx |l oo L2 ()
1>27 |v—v'|
€

where we used the estimate (2.39) for try in the last inequality. In view of (8.138),
we also need to estimate L(Ps i, —,/|trx). Using the estimate (2.36) for n, we have:

(8.140)  [[L(Prtrx) | e L2() S InL(Pitrx)| Loe 2 ()
S NP (nLtrx)| Lo 2 (gn,) + [1[RLy Piltrx) || Lee L2 (gn)
_1
S Pi(nLtrx)| poe 2 (gn) + 27 ¢,

where we used in the last inequality the commutator estimate (2.67). Now, in view of
the Raychaudhuri Equation (2.22), the worst term in P;(nLtry) is P;(n|x|?). In view
of the finite band property, we have:

1P(nIRI) e 22 5n) = 27 NIRRT (X)) e 22 o)

—2]a3L ~
2728 |VIRP) g
t

where we used (2.63) with p = 3 in the last inequality. This yields:
~ e ~
1P (IR e 2(9m) S 27 2 IRl nee L, (Inll oo i) X 3o 225
+ IValloe @) XN e o )
S27 %,
where we used in the last inequality the Sobolev embedding (2.50) and the embedding

(2.51), and the estimates (2.36) for n and (2.40) for X. Since P;(n|x|?) is the worst
term in Pj(nLtry) in view of the Raychaudhuri Equation (2.22), we obtain:

_ L
(8.141) I (L) e o) S 2 Fe,
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which together with (8.140) yields:
_1
(3.142) IE(Pr0 s 2o S 2 b
Now, in view of (8.138), (8.139) and (8.142), and since 2%|l/ —v'| 2 1, we obtain:

G2l Lo 2y S 27 %e.
Together with (8.137), the estimate (2.42) for 9,N and the size of the patch, we
deduce:
Se2iyy,
L2 (M)
where we also used the estimate (2.42) for 9, N and the size of the patch. Finally,
(8.135), (8.136) and (8.143) imply:
38 v v

(8.144) h3,p,qll 1) S %24 ViV o

Next, we estimate the L!(c}) norm of hy 4. In view of the definition of hy, ,
(8.118), we have:

J p v
apalirin < | [ NEPwimsninn) (205 - M) B st )i

(8.143) ‘

/ Gs (2%(N/ - N,,/))q Fj 1 () (&) dw'
82

L2 (M)

X

j q v
/ W'(Pﬂj‘,,_yl‘trx') <2§(N’ - N,,/)) Fj a(u)ny (W')do'
52 L2()

Using the estimate (8.136) for the first term, and the basic estimate in L?(c¥) (7.1)
for the second term, we obtain:

j q
||h4,p,q||L1(e]%) fj (Sulp HW’(P>2]'|V,V/|1JI‘X’) (2%(]\[’ _ Nv’))

v v
L%Lz@éu/)) 2

(8145) S.z (Sup ||Y7/(P>2j|u—u’|trxl)HLooL2(O% ,)> 62%7]”7; )
w! w! u

where we used in the last inequality the estimate (2.42) for 9, N and the size of the
patch. Using the finite band property and the estimate (2.39) for try, we obtain:
!
||y7 (P>2j\y—y’|trx/)||L§L2((%u,) 5 €.
Together with (8.145), we finally obtain:

2 v v

(8.146) lhapallzr@n S 25 -

Next, we estimate the L'(c?) norm of hs 4. In view of the definition of hs,
(8.119), we have:

1hs,pallLr @) S H/s2 N (Ps2iy—p(trX) (2

NI,

(N = N,)) By ()} (w)de

/ ) ’ L ! a AV 1
X N (Psgijy—pitrx’) (22(N' = Ny) ) Fj—1(u')nj (@')dw
S2
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Then, using the estimate (8.136) for both terms, we obtain:

2 v v

(8.147) Is,pqllL1 (o) < 2'e Vi
Now, we have in view of (8.114), we have:

1,2,1,1 Z 1,2,1,1
) B sim + B m

(I,m)/m<l and 2m <27 |v—v'| (I,m)/m<l and 2™ <27 |v—v'|
) 1 1
$27Y Z Cpq || 77 [ OLIN _ N N2
p,g>0 (22|NV _Nl/’|)p+q Lo (M) (22|NV_NV'|) Lo (o))
X (1P1,p.qllzr @0) + 1h2,pgllLr @) + 1h3pgllL o)

1
2% (2%|N, — N,/|)

||h4,p,q||L1(c%) + 2j||h5,p,q||L1(c%)]
Leo (M)

+ 2_j / N(P>2j|l,_,,/|trx)Fj,_1(u)n;(w)dw
2 L2(cM)
X / b'_1P>2j|,,_l,/‘trX/Fj(u')77;-’/(w’)dw' ,
2 L2(cM)
which together with (8.32), (8.127), (8.134), (8.144), (8.146) and (8.147) yields:
1,2,1,1 1,2,1,1
> B am + > B tm
(I,m)/m<l and 2™ <27 |v—v'| (I,m)/m<l and 2m <27 |v—v’|
54
. 1 1 2% 1 /
527 Z Cpa 7 (j t9)2 t 5 52’7;'}’;'/
paso  (EFlv=vpra [ (22|v—v))2 2222y — V)

+277

/Sz N(P>2j|l,_,,/|trx)Fj,_1(u)n;(w)dw

L2 (M)

X

/S2 b'_1P>2j|,,_l,/‘trX/Fj(u')77;-’/(w')dw'

L2(cM)
< 27y Py / N(Psgijy—pr(trx) Fj—1 (u)n) (w)dw
< (2%|l,_1/|)2 2|y — V| 2 >27 |lv—v/| -1 J

+277

L2 (M)

X

/ b'_1P>2j|,,_l,/‘trx'Fj(u')77;/(w’)dw' .
s? L2 (M)

Using the corresponding analog of (8.136) and the corresponding analog of (8.129) to
estimate the last term in the right-hand side, we deduce:

1,2,1,1 1,2,1,1
(8.148) > B im + > B

(I,m)/m<l and 2m <27 |v—v'| (I,m)/m<!l and 2m <27 [v—v’|
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2wty Py
Y @iy -2 2]
Next, we estimate B}fVI,QI - Recall from (8.107) and (8.108) that B;Z;,Ql 1S

given by:
B =2 [ [ HE A E 0 e e
2 xS2

with the tensor H on ¢/ given, schematically, by:

= ﬁ <PltrXW/(L/(Pmtrx'))(N — N') + L(Pitrx)N' (Pptry’)

+ L(Ptrx) Y (Pmtrx) (N = N') + N(Pitrx) L' (Ptry’)

N 'Y () + 6') (N — N')?
g(L, L)

+ tr9> (L(Ptryx) Pptry’ + Pitrx L' (Pptry')) > .

Expanding
1 1

d
gL, L) " g(L, )2
in the same fashion than (8.33), and in view of (8.108), we obtain, schematically:

1 N-N, \*/ N —N, \*
8.149 H=—— Y Y
( ) |NV_N1//|2 Z ra (|NV_NU’|> (|Nu _Nu’|>

p,q>0
x (L(Ptrx)Hy + HyL' (P trx’) + Pitrx(V (L (Pptry’))
+ (VTYW) + 0L (Prtry’)) + trOL(Ptry) Pmtry’),

where the tensors Hi, Hy on oM are schematically given by:

(8.150) H; = N'(Pptrx) + V' (Putrx’) + ' Pptry’
and:
(8.151) Hy = N(Ptry) + trPjtrx

and where cp, are explicit real coefficients such that the series

E P4
CpqT™Y

P,42>0
has radius of convergence 1. In turn, this yields in view of (8.107) and (8.108) the
1,2,1,2
following decomposition for B S lm
(8.152) Byt =27 pq/
p,q>0 (2 |N NV’l)p+q+2

X [h1,p,q,tm + h2p.qtm + B3 pqm + hapgm] deH,

ASTERISQUE 444



8.2. PROOF OF PROPOSITION 8.4 (CONTROL OF Bl 2

,v,v!lm

) 129

where the scalar functions h1 p .1.msR2.p.qi.ms R3.p.qlms Rap.qim on M are schemat-
ically given by:
(8.153)

bt = ([ 2P0 (210 - )" B st () )

([ (20 - N) Bt @)
(8.154)
Rop.gim = (/Sz H, (2% (N — Nl,)>p Fj,_l(u)n;(w)dw>

< ([ 2Pt (2400 = N,0) " Bt ().
(8.155)
haopatm = ( / Piry (2N ))ij,_l(u)n;(w)dw>
< (L0790 + 00 o) (27 - ) B ()
(/ trO L(Pytry) (2%(N — Nu)>ij’_1(u)n}’(w)dw>

< ([ Pt (2 = N0) " Bt )

and:
(8.156)

hapaatim = ( /S Pitrx (2t v - Fj,_l(u)n;(w)dw>
x < V' (L' (Pntry’)) (2%(N' - Nl,/))qFjv_l(u’)n;-’/(w’)dwj.
-

Next, we evaluate the L' (c}) norm of Ry p g.1.m» h2.p.q.ms B3.p.q.1ms Pap.q.i.m, Start-
ing with hy 5 4.1,m- We have:

151) s patmllon 5 | [ LGP0 (20F = )Y Fy sy (@)

L2 (M)

1 q ’
/ H (2%(N’—N,,/)) Fj 1 (o) (o) d .
52 L2()

Next, we evaluate both terms in the right-hand side of (8.157) starting with the first
one. Assume first that [ > j/2. Then, the basic estimate in L?(c}) (7.1) yields:

(3.158) [ 2Pn (2508 = N)” By sy )

L2 (M)
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S (sup HL(PZtrx) (2%(]\7 _ Nv))p 2%%"}

Li’f’Lz(&fu)>
< <sup||L<Pltrx>||LfL%>) 2y,

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. In view of (8.158) and the estimate (8.142) for L(P;try), we obtain, in the
case [ > j/2:

N\N

< e9b—5av

J p v
[ pping (22 = M) Fawny@ids| g eziiyy.
2 L2(cM)

Next, we evaluate the first term in the right-hand side of (8.157) in the case [ = j/2,
which is given by:

/ L(Pc;/otry) (2%(N — N,,))ij’_l(u)n;-’(w)dw
2

(8.159) ‘

L2(cM)
We first decompose L(P<;/stry) as:
L(P<j/otry) = L(trx) — Z L(Ptry),
>4
which together with (8.159) yields:

P
(8.160) /L(P<ltrX)(% Fi_1(u )dw‘
S2 =2 L2 (M)
P
S /L(trx)( 5(N-N, ) Fj_1(w)n% (w)dw +Y e2imiqy
& L) 5;
J P i
< /L(trx)( 2 > Fj _1(uw)nf (w)dw +e27y].
o L2 ()

Now, recall the decomposition (8.64) (8.65) (8.66) for L(trx). We have:
(8.161) L(trx) = X2, - (2x1 +X) + f + 3,

where the scalar ff only depends on v and satisfies:

(8.162) ||ff||L3°y L2L°(Py.u,) Se

where the scalar f] satisfies:

(8.163) 1325 L2(m) S €27°%.
Together with (8.159), this yields:

(8.164) ‘ L(P i) (25 (N = N,))" Fy ()} ()

S2

g ‘

L2 (M)

- [ @0+ (20 = N0) B () )

L2 (M)
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i

7 [ (0 = 80) B e

L2 (M)

+ 62%’)/; .
L2 (M)
Next, we evaluate the various terms in the right-hand side of (8.164) starting with
the first one. We have:

o [ 0+ (20 = N) By () )

"

/S2 13 (2%(N - Ny))ij,_l(u)n}'(w)dw

(8.165)

L2 (M)

~ (oi P v
S hallewn | [ @+ (2200 - ) B )

L3 (M)

Se ;

L3(cM)
where we used in the last inequality the Sobolev embedding (2.50) and the estimate
(2.46) for 2. Interpolating (8.69) and (8.72), we obtain:

~ (ol p v
|[ e+ (2t - m)" B
Together with (8.165), this yields:

o [ a0 (220 = N) s () )

/52(2"1 +X) (2% (N — N,,))p Fj 1 (w)n! (w)dw

57

S 2%Zey].
L3 (M)

(8.166) ’

L2 (M)
Next, we evaluate the second term in the right-hand side of (8.164). We have:

(8.167) fi /S (25 (v - N,,))p Fj 1 (u)! (w)duw

L2 (M)

<e

/sz (2%(N — Nu))ij,—l(U)n}’(w)dw

L2, Ly
S (1 +pHevd,
where we used the estimate (8.162) for f/, and the estimate (7.63) to bound the
Li,,,x/,,L?o norm.
Next, we evaluate the third term in the right-hand side of (8.164). In view of the
basic estimate in L2(c¥) (7.1), we have:

. : p
(3.168) |8 (30 = ) By sty @)
S2 L2 (M)
< i (23(N - N, H 9% v
< <sngf2 < 2( )) L 125 2;
S ey
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where we used in the last inequality the estimate (8.163) for fJ, the estimate (2.42)
for 9,,N, and the size of the patch. Finally, (8.164), (8.166), (8.167) and (8.168) imply:
< (L+p2)27ey”.

i P v
/ L(Ptrx) (25N = V) o () () do
2 L2(cM)

Now, in view of (8.159) in the case I > j/2 and (8.169) in the case | = j/2, we finally
obtain for any [ > j/2:

/ L(Pitrx) (23 (N — Nl,)>p Fj 1 (u)! (w)dow
-

(8.169)

< (1 +p2)2%57;’.
L2 (M)
Next, we evaluate the second term in the right-hand side of (8.157). In view of the
basic estimate in L?(c}) (7.1), we have:

/SZ H,y ( %(N N, )) Fj,—l(“’)ﬁf(w')dm’

(8.170) ‘

(8.171)

L2 (M)

’
v

Q%E’yj

< (sup”Hl (2t v =)

Lz°L2(é/zu)>
< (SupllHlllLfm(&zu)) 2%eyy,
w/

where we used in the last inequality the estimate (2.42) for d,,N and the size of the
patch. In view of the Definition (8.150) of H;, we have:

(8.172)
[ HillLee 22 () S IN'(Pontrx) | oo 229 + IV (Pntrx' ) poe 25 + 10" Prntrx | oo 125,
SN P (0N (trx)l Lo 22,y + 0N, Pra]trx | oo 2 ()
IV trx | Loe 2 + 1071l Lo 2 () | Pty || e
Se,

where we used the finite band property and the boundedness on LP(P;,) for P,
the commutator estimate (2.64) for [b'N’, P,,], and the estimates (2.38) for b, (2.37)
(2.39) (2.40) for 0, and (2.39) for try. In view of (8.171), this yields:

/ Hl ( %(Nl - Nul))q Fj’_l(u/)n;-’/(w')dw/
S2
Finally, (8.157), (8.170) and (8.173) imply:

(8.174) 1P1pgimllzion S (1+p2)277 297 .
Next, we evaluate the L' (cH) norm of ha g 1.m. In view of (8.154), we have:
(8.175)

J P v
hapaemlinn S | [ #a (2400 = 5))" By st )

(8.173)

L2 (M)

X

/s2 L (Bmbrx') (2%( = Nu )) j—1(u /)n;/(w')dw’

L2 (M)
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Next, we evaluate both terms in the right-hand side of (8.157) starting with the first
one. In view of the Definition (8.151) of Hs, and proceeding as in (8.172) we have:

I Hzllpoo 2y S NN (Pitrx)|l oo 2 () + 60 Prtrx || oo 2 () S
Thus, proceeding as in (8.173), we obtain:

i p v
/ Hy (24 (N = N,))" By (u)n) (w)d
S2
Also, the analog of (8.170) yields:
j q ’
/ L' (Pptrx) (25 (N = Nuv)) " By 1 (! ()’
S2
Together with (8.175) and (8.176), we deduce:

115
(8.177) Iho,pgamlla@n S (1+ )27 2947
Next, we evaluate the L' (c}) norm of h3 4 1.m. In view of (8.155), we have:
(8.178)

(8.176)

L2 (M)

<(1+ q2)2%57}’,.
L2(M)

||h3,p,q,l,m ”Ll(W)

/SZ Pitry (2%(N - N,,))” Fj—1(u)n¥ (w)dw

/S OV + 6L (Prtr) (2% (N - N,,/)>q Fj_1(u)n} (o) dw'

L2 (M)

J

+ /S wOL(Pry) (22 (v - Nl,)>p By (u)? (w)dow

L2(h)
1 (oAt 1 N (] ’
Prtrx' (22(N' = Ny,v) ) Fj_1(u')nf (w')dw

§2 L2(cM) .
Next, we estimate the various terms in the right-hand side of (8.178) starting with
the first one. Assume first that [ > j/2. Then, the basic estimate in L?(c#) (7.1)

yields:

/32 Pitrx (2% (N — N,,))p Fj—1(u)n! (w)dw

< (spl i (ot 0y ) 25

< (SUP||PltrX||L3°L2(c“7¢u)> 275,
w

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. Together with the finite band property for P, this yields:

(8.179) Piory (25 (N — V)’ Fy 1w (@) dw
SZ

L2 (M)
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<o (sup||vtrx||LioL%>) 2
w

< 52%47

VR
where we used the estimate (2.39) for try in the last inequality.

Next, we evaluate the first term in the right-hand side of (8.178) in the case | = j/2,
which is given by:

P
H/ Pejpotry (2(N = N,)) " By (w)n) () deo
S
We first decompose Pc;/otrx as:

Pejjotryx = try — Z Ptry,
>4

L2 (M)

which together with (8.179) yields:

P<gtrx (2% N —N, ) Fy 1 (u)nf (w)dw
L2(M)
< /trx(Z% >Fj7_1(u)77;’(w)dw —|—Zz—:2%_lfy}’
52 L) g
< / trx( 2% (N — N)) Fj, 1 (w)n? (w)dw +evy.
s L2(M)

Together with the estimate (7.64), this yields:

(8.180) ‘ /S P_ytrx (25 v - NV))ij,,l(u)n;(w)dw

S (1 +p)eny.
L2(H)

Now, in view of (8.179) in the case I > j/2 and (8.180) in the case | = j/2, we finally
obtain for any | > 1/2:

(8.181)

j p
 Pitry (2?(N - Ny)) Fj—1(u)nj (w)dw
S

S (1 +pPery.
12(h)

Arguing similarly for the third term in the right-hand side of (8.178), we obtain:

J q ’ ’
Pytry (2H(N' = Ny)) ' Fyoa () (@)’ < (1+¢%)ey
S2

L2 (M)

which together with (8.178) and (8.181) yields:
(8.182)

||h3,p,q,l,m ”Ll(e%)

S (L +p2)ery /S (8T IYE)L (Patr) (2FV = Ny)) B ()

L2(eM)
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+(1+¢%)erf

/ tOL(Pry) (24 (N — N,,))p F 1 (u)n? (w)dw
"

L2 (M)
We estimate the two terms in the right-hand side of (8.182) starting with the first
one. Using the basic estimate in L?(c#) (7.1), we have:

(8.183)
’ / O 'YW + )L (Prtrx’) (2%(1\7’ - Ny,))qFj,_l(u')n;/(w')dw'
s L2 (M)
S <S“P ‘(W/(L/(Pmtrxl)) VW) + 0L (Patr) (2 (V- Nu’))qHme(e% >> 2ty
< 0+ 0 VO ) L (Ptry! 9%V
< (sup 0 + ¥ DT P, Y2Eay

where we used in the last inequality the estimate (2.42) for J,N and the size of
the patch. Now, using the estimate (2.36) for n, we have for any tensor G and any
integer r:

IGLP:(trx) || Lo £2(n)
S IGRLP(trx) Lo L2 ()
SNGP(nLtrx)|| e 2, + |GInL, Prl(trx) || Loe 2 (9,
S NGl Lee oo l1Pr(nLtrx) | e L3 () + Gl g La, lnL, B (trx) | 224, -

Together with the embeddings (2.50) and (2.51), the LP boundedness of P, the
Gagliardo-Nirenberg inequality (2.49) and the estimate (2.36) for n, we obtain:

IGLP(trx) || Lee L2 ()

1 1

S MGULtEX 23 £y + 1IRLs PO 12 | Iy PO e 50
Together with the commutator estimate (2.67), we deduce:
(8.184) IGLP(trx)| Lo L2 () S (ILtrxl Loe 13 () + €)M (G) S M (G),
where we used the fact that:
(8.185) I Ltrx || Loe Lo (on) S €
in view of the Raychaudhuri Equation (2.22), and the estimates (2.36) (2.37) for §
and (2.39) (2.40) for x. Choosing G = ' + b " V(V), we obtain:

1 ‘ ’ 1—1 "N, P, / < n <
®186) [0 T VONL P S @) S
where we used in the last inequality the estimates (2.36) (2.37) (2.39) (2.40) for €¢'.
Together with (8.183), we obtain:

(8.187)
| [0+ 0@ Batnit) (24 - N,0) By (!
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Arguing similarly, we obtain:

/ troL(Pytry) (2%(N—Nl,)) Fj, 1 (w)n? (w)dw
SZ
Finally, (8.178), (8.187), and (8.188) imply:

(8.189) 1B paimllzin S (1+p? + %23y ;.
Next, we evaluate the L' (cH) norm of hy g 1.m. In view of (8.155), we have:
(8.190)

J p v
Itapatmllin S | [ ne (2207 = 80)" B st e

(8.188)

L2 (M)

J q v
5 V' L' (P, trx") (25(N' - Nu')) Fj 1(u)ny (Wh)do'

L2 (M)
Let us first estimate the last term in the right-hand side of (8.190). Using the basic
estimate in L2(c) (7.1), we have:

(8.191)
| [ ¥ Rane) (2087 = 80) " Bya (!

S2

) q i
< 1 P, try/ 0'L/ (P, try’ (2% NI—NV'> H )2% v
< (s o @ Rutncn « 01 (A =0), )2

L2 (M)

iy
< (Sgp IIV'L’(Pmtrx’)||L30L2(%)> 2247,
where we used in the last inequality the estimate (2.42) for d,,N and the size of the
patch. Using the estimate (2.36) for n, we estimate the right-hand side of (8.191):
19 Pt D o oy S IF PrnZ ) 1) + 19 0L, Pl ) 15
+ I~ Y L Py (trX) || e L2, -
Applying (8.184) with the choice G = n~'Y'n, we obtain:
V' (L' Prtrx D e 12y S NV P (0L 61XV 20 L2060 + IV 0L, Pand (61X 250 L2302,
+ecM(n~1Y'n)
(8.192) SNV Po(nL'tex") || pee p2 (o) + 2% €,

where we used in the last inequality the estimate (2.36) for n and the commutator
estimate (2.67). Next, using the finite band property for P,,, we have:

||Y7 ’rLL trX “L;"L"’(g]{u) < 2m||Pm(nL/tI"X’)||L3°L2(C%u)
<2%e,
where we used (8.141) in the last inequality. Together with (8.192), we obtain:
(8.193) [V (L (Prntrx M| e 251, S 2%
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which in view of (8.191) yields:

/ V'L (Ptrx’) (2% (N' — Nl,/)>q Fj 1 () (@) de’
-

Together with (8.190), we obtain:
(8.194)

/SZ Pry (25 (N = N))" o () (w)do

Assume first that [ > j/2. Then, (8.179) and (8.194) yield:

m 4 J ’
hap.gimllLon S €222y
L2(oM)

hapgtmlliiny S 2272 gy,
which together with the fact that [ > m from (8.1) and the assumption ! > j/2 yields:
E 4
(8.195) 1hapgrmllzin S 257775 -
Next, assume that | = j/2. Then, (8.180) and (8.194) yield:
hapgimlzi@on S (1+p*)e?2% Foykyy,
which together with the fact that [ > m from (8.1) and the assumption ! = j/2 yields:
3 v V/
(8.196) ||h4,p,q,l,an1(eM) S +p2)€2277j Yo
In view of (8.195) and (8.196), we finally obtain in all cases:
37 v I//
(8.197) 1P pgmllLon S (14?2724

We are now ready to estimate B> In view of (8.152), we have:

YRAZN N N
1
(24N, — N, |)p+a+2

1,2,1,2 < 9—j
1Byl iml S 2 Cpg
p,q>0

L (M)
x (171 p.gamllzrom + 2 pgimlizi@n + 1hspaimlci@n + 1hapgimllieon]
which together with (8.32), (8.174), (8.177), (8.189) and (8.197) yields:

1 j ’
(8.198) |BY2L2 | < N e, — (1+p* +¢*)2 2%y
v lm p;o pq (25 |y — v/|)pHa+2 7

_ 2By
T @iy —v)?
Note that summing the estimate (8.198) in m is not a problem. Indeed, we have from
(8.1):
2™ < 2|y — /).
Now, we have:

(8.199) #{m /2™ < 2|v -V |} < 5,
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so that the sum in m generates a O(j) term which is absorbed by the extra gain 21z
in (8.198). On the other hand, there is no a priori bound on ! so that summing the
estimate (8.198) in [ is problematic. To fix this issue, it suffices, since [ > m in view
of (8.1), to obtain an upper bound for

1,2,1,2
> Bitihim|-
1/1>m
To this end, it suffices to replace P, with Ps,, in the definition and the estimate
of b1 p,q.1,m> P2,p.q,1,ms P3.p,q.1,m> Pa,p q.1,m- The estimates are completely analogous, and

we obtain as in (8.198):

pl212 | < 2_1%52’7}/’)’;/
Z v lm| ~ (ley_yll)2'

(8.200)
1/1>m

Now, we have:
1212 | < 1,2,1,2
> Biuwiim| S D | 2 Buviim|
(I,m)/m<l and 2m <27 [v—v’| 2m <27 |lv—v'| |l/I>m

which together with (8.199) and (8.200) implies:

1,2,1,2 g2 freytyy
(8201) Z Bj,’u,’v;,l,m 5 lij/g
(i,m)/m<l and 2m <24 |v—v/| (2zy =)

Next, we estimate leful,?}m defined in (8.109). Recall from (8.1) that (I, m) satisfy:
m < land 2™ < 27|y — /|
Summing in (I,m), we obtain:
> L(Pytrx)Pptrx’ + PitrxL' (Potrx’)
(I,m)/m<l and 2m <27 |v—v'|
+ Z L(Pjry)Pptrx’ + PtrxL (Pptrx')
(I,m)/m<l and 2™ <27 |v—v'|
= L(try)trx’ + trx L' (trx")
- L(P>2j \V—V’\trX)P>21 |u—u'|t1“X/ + P>2j |V—V’\trXLI(P>2j \u—u'\ter)-

Thus, using the symmetry in (w,w’) of the integrant in B>  defined in (8.109),

Jv,v'lm
we obtain:
(8.202)
1,2,1,3 1,2,1,3
2 Bjuwiam+ 2. By am
(I,m)/m<l and 2™ <27 |v—v'| (I,m)/m<l and 2m <27 [v—v’|
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bV b
_ 92— 1/ / R4y —svnN )(L(trx)trx/—l—trXL/(trX/))
$2x§2 L L/)

X By () (o ()t (o
9—2i-1 / / bilWN’—g(N,N/)N(b)
oM JS2x$2 g(L,L')?
X (L(Ps95(y—u/|80X) Ps23 jy—u/ X" 4 Ps2ijy—u | trX L (Ps2ijy—yr trx’))
X Fj 1 (u)Fj 1 (u')nj (w)n}’l(w')dwdw'deﬂ% + terms interverting (v, v’).

We estimate the two terms in the right-hand side of (8.202) starting with the last
one. We have:

Y (0)
—2j-1 n-gvnoN®) o
/ /SZXSZ L L/) ( ( >27 |lv—v'| I‘X) >27 jy—p/|UIX

+ Pogify—ur trX L (Pogiy— oy trX)) Fjy—1 () 1 (@) (w7 (
N’ —g(N,N')N

< 9=2j /
~ 2 x§? g(L,L")?

X ||13>2j|,/_l,/|tl‘)(/F"7

W' dwdw' deM

(67 O LPozs s 0000 F -1 ()| 2

Lo (M)
—l(ul)HLz(W) + Hb_ly(b)P>2J'|v—u’|trXF’,—1(u)||L2(c]4)
X | L (Pogs s 00X ) s, ()| gy ) (@) () s

In view of the identities (8.30) (8.31) for g(L,L’) and g(N, N’), and in view of the
estimate (8.32), we obtain:

(8.203)

-y (0)
N’'—g(N,N')N
‘ —2j— 1/ /§2><§2 L , L2 (L(P>2jIu—v’\trX)P>2j\v—V’|trX/

+ Psoiy—p 00X L (Psosy—prtrx’)) Fj -1 (u) Fj 1 (u’)n}’(w)n}’, (w')dwdw'doﬂ/l‘
< 1

- b= V(B)L(Psoiiy_ ot Fi_ >
S i@k — v L (B PO L 00l 15 0

HP>2j‘I/—I/"trXI”L?Lﬂ(&[u,) ”Fj,—l(U/)HLi, + ||b_1y7(b)P>21'|I/—V’|trX”LooL2((ﬂu)

% 1l 1 (Pt 00| o g 151 6l 2, ot (s

Next, we evaluate the various terms in the right-hand side of (8.203). Choosing
G =b"1Y/(b) in (8.184), we have:

(8204) Hbilv(b)L(P>2j|V*V’|trx)HLZOL2($JH) S/ 5@7\/1 (bilv(b)) S &,
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where we used the estimate (2.38) for b in the last inequality. Also, (8.142) together
with the estimate (2.36) for n yields:

m E
(8.205) |L Posippir XM o ooy 0 S D, 27 %S — .
Lu/L (Hyyr) T (2] |l/ _ Z//|)§
Using the finite band property for P,,, we have:
(8.206) HP>2J'IV*V’ItrX/||LZ<3L2(Q%u,) S Z ”PmtrX/HLyL?(e%/)

2m>27 [v—v!|

S Z 27" HVItYX/HLoeLZ(&u/)
2m 27 [y—1/| “
&
~ 20|y — ']’
where we used the estimate (2.39) for try in the last inequality. Also, we have:

Hb_ly(b)P>27|V—V’\trXHLZoL2(%) < ||b_1W(b)||Lg°L§, ||P>2f|u—u'\trx||L$L§,

S M bTIV() Y IPatrxlizers,

2m>27 lv—v/|

Se > 2% Putexllrereen) | -
2m>27 |lv—v/|

where we used the embedding (2.51), the estimate (2.38) for b and the Bernstein
inequality for P,,. Together with the finite band property for P,,, this yields:

(8.207) Hzfly(b)pﬂj|V,,,,|trx|}LzoL2(%) <e > )

2m>27 [v—v/|
3

Y@y -v)E’
where we used the estimate (2.39) for try in the last inequality.
Finally, (8.203) (8.204) (8.205) (8.206) (8.207) yield:
(8.208)

bV s (b)
2 1/ / il g(N,N e (L(Ps i -y (1X) Pogi jy—p tTX’
S2xS§2 L L)

+P>2j|V7w|trxL'(P>zj|V7u/|trx'))Fj,—1(U)Fj,—l( g (@) (w )dwdw’de%‘

< st (LIE @l @) ([ 15000, 7 @)

2 VAV

< € 757
~ Y
(2F |y — /)
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where we used in the last inequality Plancherel in A for || F; _;(u)| 2, Plancherel in A’
for ||Fj —1(u")||12,, Cauchy Schwarz in w and w’, and the size of the patches.

Next, we estimate the first term in the right-hand side of (8.202), which is given
by:

b1V, /
(8.209) —2j-1 / / Vg (® )(L(trx)trx’+trxL’(trx’))
S2 xS2 L L/)

x Fj _1(u)Fj 1 (u')nj (w)nj (w")dwdw'doM.
Recall the identities (8.30) and (8.31):
g(N — N',N — N')

g(L,L') = —1+ g(N,N’) and 1 — g(N,N') = 5

We may thus expand
1

g(L, ')
in the same fashion than (8.33), and in view of (8.209), we obtain, schematically:

(8.210) —2j-1 / /S » bV Lg“LV,;V”N( )(L(trx)trx’+trxL’(trx’))
x Fj_1(u)Fj_1 ()} (w)n} (&) dwdw' dei

1

=272 Z Cpq/ [h1,p,q + h2,p,q] dH,
p,g>0 (22 |Ny — N,/ [)ptats

where the scalar functions hq p g, ho pq On M are given by:

(8.211) hipg = < /S ) b=1Y(b)L(try) (z%(zv - NV))’) F;, _l(u)n;(w)dw>

< ([ (2 = 30)" Bt )
and:

8212) oy = ([ VO (250 - M) B ) )
x </52 L' (trx') (2%(N’ — N,,/))q Fj,_l(u')n}’/ (w’)dw')

and where cp, are explicit real coefficients such that the series
Dy d
E CpqTPy
P20

has radius of convergence 1.
Next, we estimate the L'(c}) norm of hy 4, ho,p 4 starting with hy , .. We have:

’ i p v
Ihapallzrn < (0 +a2ery B)L(rx) (25 = V) B o () ()

)

L2(M)
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where we used the estimate (7.64) in the last inequality. Together with the basic
estimate in L2(c#) (7.1), we obtain:

(8.213) b1 pgllzin S 1+ q*)eyy (Slul)p”b1W(b)L(trX)”L3°L2(O%u)> 2847,
Next, we estimate b=1¥(b) L(trx). We have:
||b_1W(b)L(trX)||LgoL2(c%u) S ||b_1V(b)||L;oL6(%)||L(trX)||LgoL3(c%)
S MO VOILrX) | e Lo ()

<eg,

~

where we used the Sobolev embedding (2.50), the estimate (2.38) for b and the esti-
mate (8.185) for L(try). Together with (8.213), we deduce:

(8.214) ||h1,p,q||L1(e%) S+ 42)522%7}’7}/ .
Next, we estimate the L'(c}) norm of hs , . Recall the decomposition (8.67):

/S2 L' (trx") (2%(N' - N,,/)>q ij_l(u’)n}/ (w')dw'
e ([ '+ %) (20 - ) st (@)

q

~ (e — x2) ( /S @0+ ) (220 - M) B (w/)dw/>
+f] < /S ) (2%(N' - NV/))‘I Fj 1 (/)Y (w')dw/>
+ /32 £ (2%(N’ - Nl,,))q Fj,—1(u/)n;/ (w')dw,

where the scalar ff only depends on v/ and satisfies:

(8-215) ||ff||L3°,L$L°°(Pt,uu,) Se,
where the scalar f] satisfies:
(8.216) 1731 e L2on,) S €272

Together with the Definition (8.212) of hg p 4, this yields:

j p
Ihapalision 5 (| [ b= w2500 = 3))" By s )

L3 ()
-1 I p v
| G = x2 b YO x (22N = V) F () () do
= L)
It FAN a N (! /
x /(2><1 +7) (2 = No)) " B () (o
s? L2(M)
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+ /S Y (B)rx (2%(1\7 - Nl,)>pFJ 1 (u)n! (w)dw v
X ( fi /sz (2%(N' - N,,/)>qFj)_l(u’)n;’/(w')dw’ o

_|_

/ 3 (2%(]\7' - Ny’)>q Fj7_1(u’)n;-’,(w’)dw’
2

L2 (M) >

Together with the estimates (7.63) and (8.72), and the estimate (8.215) for f7, we
obtain:
(8.217)

||h2,p,q||L1(e/‘1¢)
i P
< ( /82 X2b~'V(b)trx (25(N - N,,)) Fj,_1(w)n (w)dw

L2 (M)
TR S (CEN CEEP) I T

+ /S b1Y(b)try (2%(1\7 - N,,))p Fj, 1 (u)n! (w)dw

L2 (M)
’ . j q ’
X ((1 —}—qz)s’y}’ + H/ VA (QE(N’ - N,,/)> Fj_1(u)nj (w')dw’ )
s2 L2 (M)

Next, we we apply the basic estimate in L?(c}) to the first, the third and the last
term in the right-hand side of (8.217). We obtain:

(8.218)

”h2,p,q (P! (M)

< ( <sup||><2b-lv<b>trx||L?L%) 2
w

+ H/S (2 = X2 )b V)t (25 (N = V) Fy 1wy () o

; (supnb-lwz))transz%)) 2er?

x ((1 +¢))ery + (SgpllfilleeLz(%)) 2%”').
Now, the Sobolev embedding (2.50) :
Ix2b™ W (0)trxl| s 2 (o) + 167 W (B)trxl|Lee 2 ()
S (Ixellzee paqgu 167 V(O | e pe(m) + 167 W (O) [l nee 225 1trx | oo (o)
< (M) + DM O™V O) Itrxll e @
<

&
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where we used in the last inequality the estimate (2.38) for b, the estimate (2.39)
for try and the estimate (2.46) for x2. Together with (8.218) and the estimate (8.216)
for fJ, this yields:

(8.219)

||h2,p7q||L1(o%)
S (2%5%? + H/2(XQV' — X2)b” 'V (b)try (2%(N— Nu)) Fj 1 (u)n) (w)dw

+22(1+g¢ )52'7;’7;’ .
Next, we estimate the right-hand side of (8.219). We have:

| [ G = w0 (25 = 80)) By s )
;

L2 (M)

ny (w)dw

< [0 = w0 (200 = M) Byt

L2(M)
J p
S [ e = xallsollb T Oz ssn lrxle=on | (2200 - M)
15,1 ()| g m5 (w)dw,
which together with the Sobolev embedding (2.50) yields:

| [ e = w0 (29 = 8)” B a(wpnf )i
;

L (M)

L2 (M)
j P
S [ o= vl oot PO lirxdimon | (250 = 5)
2 1
Vs (@)l 151 )y () o

2 1
Slo=vle [ 1B @18 @l ) @),

where we used in the last inequality the estimate (2.47) for x2, the estimate (2.38) for b,
the estimate (2.39) for try, the estimate (2.42) for J,,N, and the size of the patch.

Using Cauchy Schwartz in A for ||Fj,_1(u)||1%lw, Plancherel in « for ||Fj,_1(u)||l%lgo,
Cauchy Schwarz in w and the volume of the patch, we finally obtain:

| [ e = 90 (203 - )" By atwpng )
3

In view of (8.219), we deduce:
(8.220) lhopalliion S (1+ @)1+ v — v/ |28)28 247",

In view of (8.210), we have:

—25—1 b WN' ( ) , , )
‘ / /82xS2 L L/) (L(trx)trx’ + trxL'(trx”))

L (M)

< |1/—1/'|62%'y}’.
L2(cM)
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s (W )0 ] (' ]

< 9—% Z Cpq

p,q>0

1
(2% |NV - NV’ |)p+q+3

Ih1pgll i) + 1P2,p gl @]
Lo (M)

which together with (8.32), (8.214) and (8.215) yields:

, bV nn(0)
8.221 2_21_1/ / N'—g(NNONT () try)try’ + trx L’ (try’
( ) ’ o Js2xs? g(L,L")? (L(trx) (')

X o () By () @)} (o) dodo' e

1 J '
< E Cpg—— 1+ ¢+ v —V[28)e2y4Y
~ 23|y — v/|)pFa+3 7

p,q2>0 (
82 v 62 v
< LA V57

25|y —v/])3 2823y — /)2

Finally, (8.202), (8.208) and (8.221) imply:

(8.222) > By mt > B hm
(I,m)/m<l and 2m <27 |v—v'| (I,m)/m<l and 2m <27 [v—v’|

2 vV 2 vV

< 57 4 € .
SR —vP 2Ry -
Now, recall (8.105):
1,2,1 _ pl21,1 1,2,1,2 1,2,1,3
BLV,V’J,m - Bj,V,V’J,m + Bj,VW’J,m + Bj,V,V’,l,m'

Together with the estimates (8.148), (8.201) and (8.222), we finally obtain:

1,2,1 1,2,1
) By amt > By im

(I,m)/m<!l and 2m <27 |v—v’| (I,m)/m<l and 2™ <27 |v—v’|
2 ’ R 2 ’ 2 ’
ey vy J2m ety vy L akial
~ V=1 @Ep v @ - )

This concludes the proof of Proposition 8.11.

8.2.2. Proof of Proposition 8.11 (Control of B;v’f;f,)l,m). — Recall that leff,lm is
defined by (8.95):

, 1
BY22  _ _jgi / / gL, L) <L(Pztrx)Pmtrx’ + PrrxL'(B, ’"trxl))
Jwvv'lm M JS2xS2 g(La Ll)

X (07 = b Ey o () 5 (' () (o) doM.

Recall (8.1): .
m <l and 2™ < 2’|y — /|
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We first consider the range of (I, m) such that:

2m < 2y — 1| < 2L
This yields:
(8.223)

1,2,2
> Bloum

m/2m <27 |v—v’|<2!

) 1
= —i27771 / / (L(Pztrx)anw witrx’ 4+ Prrx L' (Pegijy—yr trx ))
s2xs? 8(L L')
21>27 |lv—v
x (b7t b 1>Fj,_1<u>F (u')nf (@)} () dwdw' deH.
Next, recall the identities (8.30) and (8.31):
g(N — N',N — N')
5 .

g(LaL/):_1+g(N7NI) and l_g(N’N/):

We may thus expand
1
g(L,L")
in the same fashion than (8.33), and in view of (8.223), we obtain, schematically:
(8.224)
1,2,2
Z B] v,v' lm
m/2m <27 |v—v’|<2!

= +h +h +h d
p;o pq/ 2 |N N, |)p+q+2[ 1,p,q,! 2,p,q,l 3,p,q,! 4,p,q,l] M,

where the scalar functions hi p g1, h2,p g1, 13,p.q,1, ha,p,q,1 00 M are given by:
(8.225)

p

s = ([ 07 =0 LRe00) (2500 = M) By )
X </82 Pooijy—yritrx’ (2%(1\7' - Nw))qFj,—l(“')ﬂgl(w/)dw) )

(8.226)
ho,prat = ( /S (67 =5 )Py (2 (V- N,))ij,l(u)n;(w)dw>
< ([ 2 Peaiind) (2 = 300 st @),
(8.227)
hsp.al = (/SzLPltrx (25 (v - N)) Fj_1(u )n;(w)dw>

ASTERISQUE 444



8.2. PROOF OF PROPOSITION 8.4 (CONTROL OF B;’z ) 147

,v,v!lm

< (05 =0 Py’ (27 = M) Fa i (@)
SZ

and:
(8.228)

J p
bagar = = ([ Pite (20 = 30))" Byl )
S

-1 1—1 / / i / q N v ’ ,
X </ (bV, —b )L (P§2j|u—u’|trX ) (22 (N — N,,/)) Fj,_]_(’u )77] (w )dw >
S2
and where c,, are explicit real coeflicients such that the series

E P,4q
Cpg™Y

p,q>0

has radius of convergence 1.
Next, we evaluate the L' (o) norm of hi g1, h2,p.q.is B3,p.g.0> Rapq1 Starting with
hi,p,q,1- We first estimate L(Pjtry). We have:

nL(Ptrx) = Pi(nLtrx) + [nL, Ptry,
which together with the estimate (2.36) for n yields:
”L(PltrX)”Li,Ltl S ||[nL7Pl]th||L}L§, + ||Pl(nLtrX)||Li,L§'

Together with the commutator estimate (2.66) for [nL, P;]try and the estimate (2.69)
for P,(nLtry), we obtain:

(8.220) IL(Perll g,y S 27",
Now, in view of the definition of hy p 4, (8.225), we have:

171,p,4,1ll L1 (22

< /S (b1 — b1 L(Ptry) (2%(1\7 - N,,))p F; _1(u)

) 1 (oL A a N (! /
X </ P<oijy—yritrx (22(N - N,,/)) Fj _1(u')nf (w )dw)
S2

n; (w)dw
L1 (M)

S R P L T P [ CLIEE ) I W L] %

1 (o a7t a o ’ v
X Pooijy—yritrx (22 (N — N,,/)) Fy _1(u')nf (w')dw n; (w)dw.

2 oo
Lu,z’Lt

Together with the estimate (2.44) for 0,b, the estimate (8.229) for L(Ptry), the
estimate (2.42) for 9,,N, and the size of the patch, we obtain:

(8.230)

-1
I padlliogn <27 =le [ 17 1@l

S2
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j q ’
P_sijy—prtrx’ <2§(N’ - N,,,)) Fj_1(u)ny (w')do’ 7} (w)dw.
s2 L2 L
Next, we estimate the last term in the right-hand side of (8.230). We have:
Poojjy_prtry’ = trx’ — Z B, try/,
2m>27 |lv—v/|

which yields the decomposition:
J q ’
/2 P§2j|l,_,,/|trxl (2§(NI — N,/)) Fj7_1(u')77;-’ (w')dw'
S
j q ’
:/ try’ (2%(N' — Nl,/)> Fj7_1(u')7]§’ (W)dw'
SQ

-3 Pmtrx’(22(N N, )) Fj 1 (u)n (o)du.

2m>27 |lv—v/| 52
Together with (7.71) and (7.83), we obtain:
q ’
(8231) H/ P<2g|l, V/‘tI'X ( %(N Ny )) Fj7_1(u/)n}/ (w’)du_}/ 2
L? L%

(2%(N’ N’

< (L +g%)e@E |y — v + (
w/

X Z 6(2%|I/—I/,|2_m+% +(2%|7/—V/|)%2_%+Z)’7;
2m>27 [v—v!|
< (4 ey =)y
where we used in the last inequality the estimate (2.42) for J,,N and the size of the
patch. Finally, (8.230) and (8.231) imply:
(8.232)

1Pt paillsn S (L +a2)e2 v = /|22 v — /)7y /SZHFJ',—I(U)”LiW;(w)dW

S A +gh)e2 @y V)P
where we used in the last inequality Plancherel in A for || F} _1(u)||z2, Cauchy Swartz
in w and the size of the patch.
Next, we evaluate the L'(cM) norm of hsp 4. In view of the Definition (8.226)
of hg p,q,1, Wwe have:

(8.233)

[ 07 =0 Run (2H0 = ) By )
5

h2,p.aillLt ) S ‘

X

q ’
/ L'(PS2j|,,,,,/|trx’) (2%(N N, )) Fjw_l(u')n}’ (w')dw'
52
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,v,v!lm

Next, we estimate the two terms in the right-hand side of (8.233) starting with the
first one. Using the estimate (7.71) with G = b~' —b},}, we have:

(8.234) /S ] (b=t — b, ) Pitry (2%(1\[ — N,,))p Fj_1(u)n} (w)dw

L2, Lgo

t
Uyt Ty

1

< <Sup||b—1 - b;ﬁuw) e(@Fly = v27 4 2y VR )y
w

Sl = vle(@Ely =275 + F — VR i)y,
where we used in the last inequality the estimate (2.38) for b and the estimate (2.44)
for 9,b. Next, we estimate the second term in the right-hand side of (8.233). We have:

’ ’ L art a n,ov o ’
(8235) H\/S'2 L (PSQj\u—u’|trX ) <22(N — Nu’)) F]‘7_1(U )7’]] ((.U )dw

2,

Uyl Ty

~

< ‘

/S 2 L' (trx') (z% (N — N,,/))q Fj_1(u)n} (o) dw'

2, L

t
COVRL

J q ’
[ B Pt (240 - N0) Bt
SQ

L2 (M)
In view of (7.17), we have:

8236 | [ L) (25 = M) By () ()

S (+%)ey

L2 L}

’ t
Uyl Ty

Also, the basic estimate in L?(c}) (7.1) yields:

(8.237) / L'(Psgjy—ptrx’) (2%(N’ - Nl,/))q Fj7_1(u')77;-”(w')dw'
S2

L2(e)
< / / Z / a
< (su/pHL (Psgiyyr(trx’) (22(N - N,,/))

234"
L:?L2(e%/)> 75
Now, we have:

|2 (Positymariin) (220 = M) |
LS L2 (1)

[GEERN

S ||L/(P>2f|u—u/|trX/)||L§L2($¢u,) Loo(H)

< 3

where we used in the last inequality the estimate (8.205), the estimate (2.42) for 9, N
and the size of the patch. Together with (8.237), we obtain:

j q ’
(8.238) ‘ / L' (Psijyyr(trx’) (2§(N’—N,,/)) Fj 1 (u)n (o) do
SQ

L2 (M)
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< 62% I/l
~ (2%|1/— z/’|)%’yj '

(8.235), (8.236) and (8.238) imply:

(8.239) H/S L’(szj\yfuqtrx’)( 25(N' - N, ))qFj,—l(U')ﬂ§

’

(w')dw'

L2, L

’ 52% ’
SA+¢en) + ————77 .
( ) @2y vz’
Finally, (8.233), (8.234) and (8.239) yield:
(8.240)

||h2,p7q,l ||L1(eM)

NS

< ((2%|1/ |) 2” +(22|1/—1/| %2_7_7) ((1+q )+(2|1/2—1/’|)> Q’y;"y;.

Next, we evaluate the L' (c}) norm of hs ;. We decompose
_ ; q p
[ 07 =0 P (22 = M) By )
s2

-1 /=1 1 (oL art 4 n,v ot ’
:H+/2(bu, — 6T Pag (22(N —N,,/)) Fj 1 () (o)dw,
s
where H is given by
j q ’
H= / — bty (2%(N’ — NV/)) Fj_1(u')nf (W')dw'.

Together with the Definition (8.227) of hg 4.1, We obtain:
(8.241)

||h3,p,q,l ||L1(e%)
<]

i

HL(Ptry) (2%(N - NV))p Fj 1 (u)nj (w)dw
SQ

Lt (M)

/S2 L(BtrX)( %(N N, )) Fj—1(u)n! (w)dw

L2 (M)

_ J q ’
/ (bt = 1)P>2j|,,_,,,|trxl (QE(N' - N,,/)> Fj_1(u)ny (w')dw’
SZ

L2(cM)
Next, we evaluate the three terms in the right-hand side of (8.241) starting with the
first one. In view of the estimate (7.10), we have

(8.242)

HL(Ptry) (2% (N - Nu))p Fj 1 (u)nj (w)dw
SZ

L' (M)

ASTERISQUE 444



8.2. PROOF OF PROPOSITION 8.4 (CONTROL OF Bl 2 ) 151
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< sup <HH(2§(N—N,,))I}‘

i
) €22 l’y;-’
oo
wesupp(n}) Ly e L

< s (1Bl [P - W) ) ety

wesupp(n})

S s (IHlg ) =28,
wesupp(nY) e

where we used in the last inequality the estimate (2.42) for d,,N and the size of the
patch. In view of the estimate (7.95) and the definition of H, we have:

I8z e S 2751+ a3)e(2E = v/ + 1)y
which together with (8.242) implies

(8.243)

HL(Ptry) (2%(N - Ny))p Fj —1(u)nj (w)dw
S2

L1 (M)

<1+ qg)(2%|u -V + 1)5224 l’yJ”’y;’ .
Next, we evaluate the second term in the right-hand side of (8.241). Using the basic
estimate in L2(c) (7.1), we have:

J p
(8.244) / L(Pytry) (25(N - N,,)) Fj, 1 (w)n? (w)dw
. L2(M)
< ( sup HL(Pztrx) (2%(N — Nl,))p Q%ry'f
T\ L2 L2 () !

S <Sup ||L(HtrX)||L3°L2(<§]Ju)> 2217,

where we used in the last inequality the estimate (2.42) for 9, N and the size of the
patch. Also, (8.142) together with the estimate (2.36) for n yields:

(8.245) LB oo p2g,) S 277,
which together with (8.244) yields:
<2

[ ping (25 = ) B (@)
S2 L2(cM)

Next, we evaluate the third term in the right-hand side of (8.241). Using the basic
estimate in L2(c) (7.3), we have:

/82(1);}—b'*l)Pﬂﬂy,w,mx ( 25(N' - N,, Fj, 0! (W)dw'

S (sup
UJ,

NS

v

(8.246) eyl

(8.247)

L2 (M)

7m

‘(b —v T (25 - N e28yY

2m>2J |1/ v'|
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512*%7;’
T 2ily — v ’
where we used in the last inequality the estimate (2.44) for 0,b, the estimate (2.42)
for 9, N and the size of the patch. Finally, (8.241), (8.243), (8.246) and (8.247) imply:

5\ /i i R 10
(8.248)  hapaillren S (1+q2)(22 v — /| + 1)52214’7}/7; + T_JVIJ'
Next, we evaluate the L'(c#) norm of hyyp 4. In view of the Definition (8.228)
of hy pq,1, Wwe have:

(8.249)

||h4,p7q,l ||L1(J¢)

j p
S| [ poe (20 - M) B st
S2

L2 (M)

— J q ’
x / (b =¥ )L (Peyspymsytny’) (25 (V' = Nor) ) B () ()
s2

L2 (M)
Next, we estimate the two terms in the right-hand side of (8.249) starting with the
first one. Using the basic estimate in L?(c#) (7.3), we have:

(5.250) | [ pon (2405 = )" B st ()

L2 (M)
i p i1 v
< | sup H (22 (N — N,,)) H €277y}
w Lee
S et iy,
where we used in the last inequality the estimate (2.42) for 9, N and the size of the

patch. Next, we estimate the second term in the right-hand side of (8.249). Using the
basic estimate in L?(c}) (7.1), we have:

(8.251)
_ i q ’
\ / (b =¥ )L (Pesipyositny’) (22 (V' = Nor) ) B () ()
S2 L2(M)
i q j ’
< bt — 0T L (Pegsy ritry! (2% N’—NV/) 254"
< (sup 05t — 62 (Peaoanoni) (25 DR b

Now, we have:

j q
8.252 H bt — b YL (Pegsy_oitrx’) (25 (N = N, H
(8252) | (b, )L (Petu-urirx’) (25( ) L L2 ()

S

— —1 J q
bu,l — b/ HLOO ||LI(PS2j|V_V,|trX/)||L3°,L2(g[u') H (2% (N’ _ Nl/’)) HLOO

1
S 2 2€||L/(P§21|V—u’|trxl)||LZ‘}L2(é7ﬁu/)a
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,v,v!lm

where we used in the last inequality the estimate (2.44) for d,b, the estimate (2.42)
for 0, N and the size of the patch. Furthermore, we have:

1L (P<aijy—uritrx Mo r2@n,) S IL (X)) s 2@, + 1L (Po2ijy—urtrx)llzes r2s, )
€

2y —v]E’

where we used in the last inequality the estimate (2.39) for try’ and the estimate

(8.205) for L'(Psgij,—ytrx’). Together with (8.252) and the fact that 2% lv—v'| 21,

we obtain:

|51 = 0L (Peaiiutrx) (22 (V' = ;)

<

~

g J
H < 27zg,
LS L2 ()

Together with (8.251), this yields:
(8.253)

|05 =y Peamsin) (22 V- )
s2? -
Finally, (8.249), (8.250) and (8.253) yield:

(8.254) 1hapaillrn S %2275y
Finally, in view of (8.224), we have:

1,2,2 <
Z B im| S Crq

m/2m <27 |v—v’|<2! p,920

1
(22|N, — N, |)pta+2

(171 pqallzs 0
L (M)

+ lh2pailler @ + 1hspaillLren + 1Papaillrom |
which together with (8.32), (8.232), (8.240), (8.248) and (8.254) yields:

1,2,2
> Bilium

m/2m <27 |v—v’|<2!

5 ’

1+ g2)e2qv~Y v

ST [2l<2%|u—u'|>2
p,g>0 (22 |y — v!|)prat?

+((2%|u_u'|)22—l+(2%|u_1/|)%2—é—i) . S —
(2 V'[)z
5\ (01 / iy 23 P
+(1+q2)(22y—v|+1)21i7 4 ———— 422
22y — V|
5’27ny’//
< J '3

T @y - v))?

j j j 21
n ((zf|y V)22l 4 (28w — 1/|)%2—%—z) (1 + ()

s
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N~

9—

+ (2%|y —V|+ 1)2%—1 + 251,
2zlv — V|
Summing in [, we obtain:
1,2,2

(8.255) > B m

(I,m)/2m<2i|lv—v’|<2!

2-% 2-% 2-% 1
SPe + b +— SR
@y =) (22fv—v))2 (22l =v])? (22[v —v))?
In view of (8.1), we still need to estimate le f 5, 1.m in the range of (I, m) such that:

2m <2l < 2w —1/|.
Recall the Definition (8.95) of B2

]l/y/lm.

1,2,2

B2 = _j27i71 L(Pjtry) Pputry’ + Pitry L' (P, try’
7, lm ? / /S2><SQgLL/< (er) rx + Ltrx ( I‘X)>
X (671 — b EFy 1 () Fy () (@) (@) dwdw oM.

We integrate by parts tangentially using (7.136).

Lemma 8.13. — Let B)'>2 defined by (8.95). Integrating by parts using (7.136)

7, lm
yields:
(8.256)
1
Bt E S
jovlm ;0 Pq 22|N _ N, |)p+q |N — N, |2 1,p,q,l,m
1 1,2,2,1 1,2,2,2 1,2,2,3
+|Nu_NV/|3h2,P7q,lym):|d(JM+B]Vu’lm B]l/l/’lm B],l/l/l'm’

where cpq are explicit real coefficients such that the series

E P,
CpqX™Y

p,q>0

has radius of convergence 1, where the scalar functions hi p g.1.m,R2.pq1,m on M are
given by:
(8.257)

hipqim = (/S2 L(Ptry) (2%(N — Ny)>ij7_1(u)77;’(w)dw>
N'(Patix )t =) (2 OV = )" By ) )

(L
N (/82 L(Prtry) (b, — b) (2%(]\7 — Nu))ij,ﬂu)n}j(w)dw)
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< (e (22 = 0) " By ()0

and:
(8.258)

bepatm = ([ O+ FE)LED0) (2507 = M) B () )
< ([ Pt = 0) (22 = N)" By )
[0+ 0P (208 - 8))” B )
[ Pt =) (25 = )" By )
+ ([ O+ v Lm0 e, o) (207 - )" By s @)a )
x (/ Ptrx’ 22(N’ ))qFj7_1(u')n;’,(w')dw'>
X

w (Lo yomn, - (2207 - 30)" B e
(/S2 L' (Pptry)) (2%(N/ - Nl,/))q Fj,—1(U')n;f'(w')dw’)

and where leff,ll m,BJl’f’f,’Ql o ]133'3“71 are given, schematically, by:
(8.259)
1,2,2,1
Jv,v'lm
iy N —N)(b —b
=2 /S Sz( =7 )L(/)Q L (LBt Pty + T (P (Potr)
X 9

+ L(Ptrx) Y (Pmtry’) + Pltrxy/(L’(PmtrX/))>Fj,_l(u)n; (w)Fj)_l(u')n}’/ (w)dwd',
(8.260)
. Pt (L (Pptrx"))(® — b /
Bl ,2,2,2 — 272]/ 1 erN ( ( 19 ))( )Fj,—1(U)TI;-/(w)Fj,—1(U,)77; (w')dwdw’
$2xS?

prm g(L, L)
and:
1,223 _ 9-2j X' —x)@® —b) ’ ’ ’
BI2ZS =2 /S e LI (L(Pltrx)Pmtrx + Pitrx L' (Pptry ))
(8.261) X Fj _1(u)nf (w)Fj _1(u')nj (W) dwdw'.

The proof of Lemma 8.13 is postponed to Appendix C. In the rest of this section,

we use Lemma 8.13 to obtain the control of leff, Lm:
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We first estimate the L'(c}) norm of i p g.1.m,hopqim starting with hq p g 1m.
In view of the Definition (8.257) of h1 p 4.1,m, We have:

||h17p,q7l,m ”Ll(W)

< /S L(Ptrx) (25 (N = V)" By oy (wpn ()

L2 (M)

j q ’
X N'(Pptrx)(® —b,) (2§(N’ — Nl,/)) Fj 1 (u)nf (w')dw'

S2

L2 (M)

[ B, 1) (220 = 3)) B )

"
S

L2 (M)

j q '
x| [ N/ (Ptrx) (25 (V' = Nor) ) B () ()

L2 (M)
Using the basic estimate in L?(c}) (7.1) and the estimate (8.170), we obtain:
(8.262)

S2

||h1,p,q,l,m ||L1(<%)
S (sup
w/

J p
+ <sup HL(Pztrx)(bu —b) (25(]\7 - N")> ”wa& >>

X <sup
Using the estimate (2.38) for &', we have:

IN'Prtrx) s 2291 S 1P N6l 22,0 + 10N, Praltexll s 22,001

which together with the estimate (2.39) for try, the commutator estimate (2.64), and
the boundedness of P, on L?(P, ) yields:

(8.263) IN'(Prtrx ) Lo 2, S €

[N (P! )t — 1) (22 (V' = N,))

q

115 ’
L=L2(, )) (L4927 o)y

2j'y;'y; .

j q
N'(Ptry’ (2% N' — N, ) H
|V (Prtrx) (2 DN

Now, we have:

i q
N'(Potrx) (0 —b,) (28 (N = N, H
|V Pty ¥ = ) (2% DN

j q
S IV (Prtrx) | s o IV = bollis || (22 (V' = No))

5 E|V - V/|a

Lo

where we used in the last inequality the estimate (8.263), the estimate (2.44) for 9,0,
the estimate (2.42) for d,N, and the size of the patch. Using the same estimates, we
obtain similar estimates for the last two terms in the right-hand side of (8.262):

< 27%5

. p
HL(Pztrx)(bu =) (2%(N B N”)) L) ~
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and:
<e

j q
N'(P,,try’ (2% N'— N, )
|V (Putrx) (2 DN P

In the end, we obtain:
(8.264) b1 pgtmllion S (14?21 [y — V'] + 22)eyY Y
g /
< (L+p)211ey)ay

where we used in the last inequality the fact that |[v — v/| < 1.

157

Next, we estimate the L (c}) norm of ha p 41m. In view of the Definition (8.258)

of ha p g,1,m, We have:

(8.265)
||h2,p,q,l,m||lz1(c%)
j p
S| @+ b YOI (240 - M) Fca (@)
2 L2(M)
x| [ Patex' 0 = bu) (25N = No)) " Fy sy ()’
s? L2 (M)
j P
| [0+ 0 v o) R (250 = )" Fya ()
S2 L2 (M)
X / L' (Putrx) (b —b,) (2%(N’ — N,,,))q Fj,_l(u')n;’/ (w')dw'
$2 L2 (M)
J p
+| [ O+ 0 YO LR 0 = 0) (2N = V) By s () ()
SZ
1 (o / q nov' o ’
X P, try (22(N —N,,/)) Fy _1(u')nf (W')dw
S2 L2 (M)
j p
+| [ @+ 0 YD P, -0 (250 = M) F s )
S2 L2 (M)

X

/ L' (Pytrx’) (2%(N' - N,/))q Fj 1 (u)nY (o) de
S2

L2 (M) .

L2 (M)

Using the basic estimate in L?(c#) (7.1) for the first term, the fourth term, the fifth
term and the eighth term in the right-hand side of (8.265), the estimate (7.102) for
the second term in the right-hand side of (8.265), and the estimate (8.181) for the

sixth term in the right-hand side of (8.265), we obtain:

||h2,p,q,l,m ”Ll(eM)

< (sgp ‘(9+b‘1Y7(b))L(Pltrx) (2%(N_ N”))pHLgom(o%u)

[ @+ 0 v P (25 = ) By )
.

+

L2 (M)

)25752‘16(1+q2)v}’/
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X (sup
—1 s P i v 2 v
+ <Sup ‘(H—I—b V(b)) L(Ptrx) (b, —b) (22(N— NV)) Hme(,%)) 2277e(1+q%);

45T Prrxs, ) (2508 = M) By s () )

X su
( it L L2<é7zu/)>

Together with the estimate (2.38) for b, the estimates (2.37) (2.39) (2.40) for 6, the
estimate (2.39) for try, the estimate (8.186) for L(Pjtry) and L' (Py,tryx’), the estimate
(2.44) for 0,,b, the estimate (2.42) for 9, N and the size of the patch, we obtain:

(8.266)

] ’
Lz v

22fyj

‘L’(Pmtrx')(b' —b,) (2%(N’ - Nw))q

L3 LQ((%/))

+

L2 (M)

2%7;/.

‘L’(Pmtrx’) (25 v - N,,/))q

||h2,p,q,l,m ||L1(e%)
< (L4 ¢%)27eyyY

+ /S 0+ b7 V) Prtrx (25 (N = W) By (0 () o 25|y — 1/ |yY

L2 (M)

+ 25|y — V|(1+ ¢y

+| [ O+ b 7@ Rere(b, —) (250 = ) Byl )

52%7;»’ "
L2 (M)
Next, we estimate the two L?(c}) norms in the right-hand side of (8.266). Recall the
definition of 6 (2.20):

0=x+k.
Now, since k does not depend on w, and in view of the decomposition (2.72) (2.74)

for x, and the decomposition (2.80) for b~1Y¥(b), we have the following decomposition
for 0 +b=1Y/(b):

(8.267) 0+b"'Y(b) = F/ + FI,
where the tensor Ff only depends on v and satisfies:
(8.268) ||F1j||L;<> L2L8, Se

and where the tensor FJ satisfies:
(8.269) 1| poe 2y S €277

We estimate the first term in the right-hand side of (8.266). In view of (8.267), we
have:

(8.270) ‘

/ (6 + b~1Y(b)) Prtry (2%(N - Nl,))p Fj 1 (w)n! (w)dw
s

L2(cM)
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8

. j p N
IR, s, | [, P (207 - ) Fy @ )i

L%, L} Ly
. ; P
+ / Fj Pitrx (2%(N - NV)) Fj(u)nj (w)dw
2 L2 (M)
j p
<Se / Pytry (25(N - N,,)) Fj(u)n? (w)dw .
s2 L3, L2 L§®
. j p
+ / FJ Pitrx (25 (N - N,,)) Fj(u)nj (w)dw ,
2 L2(cM)

where we used the estimate (8.268) for F7 in the last inequality. Now, using (7.71) in
the case I > j/2, and:

Pjjotryx = tryx — Z Pitry,
1>5/2
together with (7.71) and (7.16) in the case [ = j/2, we obtain:

/S2 Pytry (2%(N - Nu))ij(U)n}’(w)dw

S (L+pPev).

(8.271) ‘
Lo BT

Also, we have:

/sz Frirx (2% (N - N”))p Fy(u)nf (w)dw

</

<e </S2||F‘,—1(u)||L3°77;‘,(w)dw/>

(8.272) < e2iyy,

where we used, the estimate (2.39) for try, the estimate (2.42) for d,N, Cauchy-
Schwarz in A to estimate ||F} _1(u)||z~, Cauchy-Schwarz in w and the size of the
patch. Interpolating between (8.271) and (8.272), we obtain:

/SZ Pxx (25(N = ) Fy(wpn (w)dw

Lo (M)

Pitry (2%(N - N,,))ij(u)HLoo 7} (w)dw

2
S 27ey;.
U

(8.273)

For the second term in the right-hand side of (8.270), we have:

j 2 p v -z v
[ ERox (v - 3) B @ se [ 2R @l
S S

L2 (M)
(8274) g 52%7}/7
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where we used in the last inequality Plancherel in A, Cauchy Schwartz in w and the
size of the patch. Finally, (8.270), (8.273) and (8.274) imply:

(8.275) /S2 (0 +b"V(b)) Pritrx (2%(N - N,,))p Fj _1(u)nj (w)dw

L2 (M)
< 2%eqt.
Next, we estimate the second term in the right-hand side of (8.266). In view of
(8.267), we have:
(8.276)

| [ @+ w@nmmno ) (24 - )" By ()
.

L2 (M)

S Ies, r2cs,

'/ Pitry(b—b,) (2%(]\7 - Ny)>ij(u)n}’(w)dw
s

2 3 Joo
L2, L3 Lg

. j p
4| [ P - b) (2500 = N)) F (@)
S2 L2(M)
i p v
<el| [ Ptrx(d—b,) (22(N—N,,)) Fi(wn! @)dw||
S2 L2 L3 Lo
. j p
4| [ ERuxo-) (220 - 3) B @)
$2 L2 (M)

where we used the estimate (8.268) for FY in the last inequality. Now, using (7.71) in
the case I > j/2, and:

Pjjotrx = try — Z Ptry,
1>j5/2
together with (7.71) and (7.95) in the case [ = j/2, we obtain:
(8.277)
i p v
/ Bitex(s, — 8) (23 (V — ) E ()
s

<278 (14 pH)eyt.
L2, Lge

Uy, Ty,

Also, we have:

[ P, =) (220 = 3) " F ) () d
5

< /

S L

<e273 </2||F~,_1(u)||Lgon§(w)dw’>
S

(8.278) <628y,

where we used, the estimate (2.39) for try, the estimate (2.44) for 9,0, the estimate
(2.42) for 0, N, Cauchy-Schwarz in X to estimate || F} _1(u)| L=, Cauchy-Schwarz in w

Lo (M)
j P
Prtrx(by — b) (25 (N — NV)> Fj(u)HLw 0 (w)dw
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and the size of the patch. Interpolating between (8.277) and (8.278), we obtain:

/ Pitrx (b, — b) (2%(N - Ny)>ij(u)n§’(w)dw < 2*%57’,’.
S2

(8.279) :

8
2 3 Joo
L3, L3 L

For the second term in the right-hand side of (8.276), we have:

szPltrx(b,, —b) (2%(N - N,,))p Fy(u)nf (w)dw
SQ

L2(cM)
. j p y
< [ 1B Pn(e, =) (22 V= M) Fy(@)lae0n )

. j p
S [ s ol E@s [, -0 (28 - 3)'|
S2 Lee (M)

Together with the estimate (8.269) for FJ, the estimate (2.39) for try, the estimate
(2.44) for b, the estimate (2.42) for 9,N and the size of the patch, we obtain:

(8.280) H /S E{Rtrx(b, —b) (22N = N,)) By (@)de

n; (w)dw.

L2(cM)
sert [ 2t )

SQ
N 52‘%?,

where we used in the last inequality Plancherel in A, Cauchy Schwartz in w and the
size of the patch. Finally, (8.276), (8.279) and (8.280) imply:
(8.281)

| [ @+ 9@)pmne, —0) (240 - 8) By sy (@)
Finally, (8.266), (8.281) and (8.275) yield:

(8.282) hopatmllion S (1+¢2) (25 (2% |y — /|) +216)e242~Y

1,2,2,1
g lm®

< 52_%57;.
L2(M)

Next, we estimate B Recall that we are considering the range of (I, m):
om < 2t < 29w — /|
Summing in (I, m), we have:

> (V(L(Prtrx)) Ptrx’ + V(Prx) L' (Prtrx)
(I,m)/2m <21<2i |[v—v’|

+ L(PAr)Y (Ptrx') + Pitrx V' (L' (Putrx')))
= W(L(PSQj |v—u’|trX))P§2j |u—v’\trX, + W(PSQj |u—v’\trX)L/(P§2j \u—u’|trX/)
+ L(P§2j |V7V/‘trX)W/(PS2j |V7u’|trxl) + P§2j |V7V"trXW/(L/(PS2j \Vfu’|trxl)'
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Thus, using the symmetry in (w,w’) of the integrant in B2'2%Y  we obtain in view

Jw,v'slm?
i, 1,221 |
of the Definition (8.259) of B;’)")), .-
(8.283)
1,2,2,1 1,2,2,1
> (Bji vt + Bjloipm)

(I,m)/2m <21 <27 |y—v’|

Y N —N)(b —-b
=2 /S2><S2( g(L,)L(/)z )(W(L(PS%lv—u’ltrX))Pézj|u—u'|t1"X'

+ W(PSQJ |V—V'\trX)LI(P§2j |u—u’|ter) + L(P§2J |l,_,//|tI'X)Y7/(P§2j |V—l//|t‘rX/)
+ szj|,,,l,/|trxy,(L'(P32j|l,,,,/‘trx'))>Fj7_1(u)77;' (W)FjV_l(Ul)n;l (w’)dwdw’.

Now, note that the right-hand side of (8.283) is the analog of the right-hand side of
(8.223) provided one replaces

Pitry, 28 > 27y — /|
with: 4
277(N' = N)
g(L, L)
We obtain the analog of (8.255):

W(PSZj ‘,,,V/‘U'X).

1,2,2,1 1,2,2,1
(8.284) > (B m + By im)
(I,m)/2m <2!<2i |v—v/|
2-% 2-1 1 ,
S + + vy

Sletv-vl)  @iv-vhE | @ip— )
The proof of (8.284) is essentially the same as the proof of the estimate (8.255) and
is left to the reader. The similarity in these proofs originates from the fact that
>, P
2t>27 jv—v’|

and (N )

277(N'— N

71 Pey; v—v' t

g(L,L,) W( SQ | | rX)

satisfy the same estimates. For instance, in view of the finite band property, the
identities (8.30) (8.31), and the estimate (8.32), we have:

tr 27J(N' = N try
Z Pitry ~ Virx and ( )V(PSM,,_,,/‘trx) ~ L

Jly — 1)/ / 7l — 1|
s3] 2y — V| g(L,L") 2ilv —v'|
Next, we estimate B;ff,le Recall the Definition (8.260) of leff,%m

BL222  _9-2j / PltrXN/(L/(PmtTX/))(b/ —b)
S§2 xS2

g lm g(L, L/) Fj,—l(“)n; (W)Fj’_l (Ul)n; (wl)do')dwl'
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Estimating the term N'(L'(P,,trx’)) would involve commutator terms which are dif-
ficult to handle. To avoid this issue, we commute L’ with N’, and then integrate
the L’ derivative by parts. We obtain schematically in view of the Definition (8.260)

1,2,2,2
of Bj)wj,,l’m.
(8.285)
1,2,2,2
Bj,u’,y,l,m
N Pitrx [N, L) (Ptex’)) (B — b) ,
2 iy ) m UTX v v
=2 j/s2xs2 o(L.L) Fj_1(u)nf (w)Fj,_1(u')nf (w')dwdw’

_ 272]-/ (dng(L’) B L'(g(LaLl))) PrxN' (Ptrx’) (b —b)
s2xs2 \8(L, L) g(L,L')? g(L,L')

X Fj,,l(u)n;(w)Fj,,l(u’)n;-’/ (W) dwdw'

B 2_2j/ L' (Pitry)N'(Pptry') (b — b)
S2xS? g(L,L’)

92 / PirxN'(Pptry') (L' (V) — L' (b))
S2xS2 g(L,L’)

Fj 1 (@) (@) Fj—1 (w)n? (w') dwdw’

Fy 1 (u)n () Fj—1 (u' )0 (') dwdw

— 277 / b PtrxN'(Ptrx) (Y — b)F; (u)n}’(w)Fjv_l(u’)n;/ (W)dwdw',
§2xS?

where the last term in the right-hand side of (8.285) appears when the L’ derivative
falls on the phase in view of (6.6).
We decompose L’ in the frame L, N,e4:

(8.286) L'=L+ (N —g(N,N')N)+ (g(N,N') —1)N,

which yields the following decompositions:

(8.287) L'(Pitrx) = L(Pitrx) + (N’ — g(N, N')N)(Ptrx) + (g(N, N') — 1) N (Ptry)
and:

(8.288) L'(b) = L(b) + (N’ — g(N,N")N)(b) + (g(N,N') — 1)N(b).

Recall the identities (8.30) and (8.31):

N-—-N' N-N'
B(L.L) = ~1+g(V.N') and 1 - g(v, ) = X =NV,

We may thus expand
1 1

d
g.I) " 8L.L)
in the same fashion than (8.33), and in view of (8.285), (8.287), (8.288), the For-
mula (7.146) for divg(L’) and the Formula (7.149) for L'(g(L,L’)), we obtain,
schematically:
1,2,2,2
(8:289) > Byin .

m/m<l
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1
225 / (24N, - NV/|>P+q[@%m—NV/|>2(h1,p,q+h2,p,q>
1
2% (2%|N, — N,/|)
+ Z Bl2221 Bl2222 Bl2223)

juu’lm juu’lm g, lm/o
m/m<l

h3pq+277 h4,p,q] doM

where the scalar functions hi p g, hop g, h3,p.qs Rap,q 00 M are given by:
(8.290)

hipg = </S G- by (25N - N,)) Fj,_l(u)n;(w)dw)
< ([ W Patn -0 (207 = N0) ' B @)
;

(8.292)

h3,p,q=<sj7 )Pitex (24 0V - )" Fia(wln )

x ( N'(Patry’) (25 (N — Nl,/))qFj7_1(u’)n}”(w')dw’>

and:
(8.293)

bama = ([ VORI (2400 = 0)) B )

2 / 4 n v !/ /
( . N'(P<itry’) (22 (N — N,,,)) F_1(u )nj (w")dw > ,
S
where the integer r, s satisfy:
r+s=1,

where the tensors G; and G3 are schematically given by:
(8.294) G1 = L(Ptrx) + (8 + x + ¢ + L(b)) Prtry
and:
(8.295) Gy = [N', L')(P<itrx’) + (5 + L'(t)))N'(P<itrx),
where leff,% LL, le 3 3/21 il, leff,% :fn are given by:

12221 _ 52 / / — g(IN, N')N) (Prtrx) N’ (P trx”) (b" — b)

ppibm §2xS5? g(L, L)
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(8.296) x Fj_y(u)n? (W) Fj—1 (u)n! (W) dwdw'de,
B;ff;?ﬁn = _27% / / N(Pitrx)N'(Pptrx’)(b' — b)
T oM JS2xS?
(8.297) x Fj_1(w)n? (W) Fj—1(u)n? (w")dwdw' oM,
By = —iaT / / b~ Pitrx N’ (Prtrx) (b — b)F;(w)n? (w)
T M J$2x5?
(8.298) X Fj,,l(u’)n;-’/(w')dwdw’d(ﬂ%

and where c,, are explicit real coeflicients such that the series

Z Cpgt’y?

P,420
has radius of convergence 1. Note that the term b— b’ present in all terms of (8.285) is
present in the definition of hy p, 4, but absent from the definition of hs p ¢, A3 p.q; Pa,p.q-
Indeed, we do not need to exploit the gain b — b in hgp oh3 pg, hap g, and we just
separate b and b’ and estimate them in L using the estimate (2.38) for b. To simplify
the notations, we chose not to specify these factors of b and b’.

Next, we estimate the L' (o) norm of h1 p g, h2.p g5 3 p.q, ha,p,q Starting with by p 4.

We have:
(8.299)

J p v
Ihspallnon S | [ 60— b (250 = )" By st (@)

L2 (M)

j q ’
x| | N (Patrx') (b, — ) (25N = Ny)) " By () ()
S?

L2 (M)
We estimate the second term in the right-hand side of (8.299). Using the basic estimate
in L?(cM) (7.1), we have:

q

[V Pt o, =0y (27 = )" By (i ()
SZ

S (Sup
(d/

S (bl (Pt oo ) o = v/P2E3,
w

L2 (M)

‘N/(PﬁltrX/)(bu —b)* (2%(]\71 B NV’)>q

95~V
LZ?L%%)) 7

where we used in the last inequality the estimate (2.44) for J,b, the estimate (2.42)
for 9, N and the size of the patch. Together with the estimate (2.39) for try and the
commutator estimate (2.64), we obtain:

(8.300)
. q , ;
N'(P<itrx') (b, — b')* (2%(N/ — Nyz)) Fj,_l(u')n;’ (W"dw' Sely— 1/'|s257}’.
S2 L2 (M)
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Next, we estimate the first term in the right-hand side of (8.299). Using the basic
estimate in L2(c) (7.1), we have:

(8.301) ‘ G1(b—b,)" (22(V = V) By 1w (w)deo

SZ

S (sgp | —v) (28 v - N)

L2 (M)

) 247
Lo L2 () 7

S (SupllGllngoLz(&zu)) 2= %28y
where we used in the last inequality the estimate (2.44) for J,,b, the estimate (2.42)
for 9, N and the size of the patch. In view of the definition of G; (8.294), we have:
1G1llLe 2y S (||S||L§°Li, + ”X”Lf"Li, + ”C”Lf"Li, + ”L(b)”L;”Li,)”PltrX”LfLi,
+ | L(Pitrx) (| oo £2 (g1,
(8.302) S ellPitrxllpz s, + IL(Ptex) e 22 (o)

where we used in the last inequality the embedding (2.51), and the estimates (2.36)
(2.37) for &, the estimates (2.39) (2.40) for x, the estimate (2.38) for b, and the
estimate (2.41) for ¢. If [ > j/2, we have the analog of (8.139):

(8.303) I1Pitrxllpaps, <27 %,

while in the case I = j/2, the boundedness of P<;/» on L*(P,,) and the estimate
(2.39) for try yields:

(8.304) ||P§j/2trX||LfLi, Se.

In view of (8.302), we also need to estimate L(Pjtry). In the case [ > j/2, the estimate
(8.142) yields:

.y
(8.305) IL(Pitrx) | Lge L2 (o) S 27 26,
which together with the estimate (2.39) for try and the decomposition:
Pejjotrx = try — Z Ptry

>4
implies in the case | = j/2:
(8.306) I L(P<;/2trx)l| oo L2 (om) < €
Now, in view of (8.302), (8.303), (8.304), (8.305) and (8.306), we obtain:

Gl Lo L2y S 271 (1=0ui2)

where we defined:

o152 =1if 1 =7/2 and §; j/» = 0 otherwise.
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Together with (8.301), we deduce:
(8.307)

G1(b—b,) (25 (N - N,,))p Fy 1 (u)n? (w)dw

S e2mF b l0-0uia)y,
L2 (M)

S2
Finally, (8.299), (8.300) and (8.307) imply:
gl S &2y — V|27 7 27 0y,
Since we have: v
25y —v/|>1andr+s=1,
this yields:
(8.308) 1 gl sy S &2 — v/ [29 7107 0ar) gy,

Next, we estimate the L!(cM) norm of hs,,. In view of the Definition (8.291)
of hy p 4, we have:

j p
(5.309) ||h2,p,q||mmsH [ R (2500 = N0)” By )

L3 (M)

X

7 ’ 4 n,v' / /
6 (2 = ) Fy (@)
SZ

Li@n
Recall (8.272):

(8.310) < iyt

Le= (M)

/ Pitry (2%(N — N,,))p Fj,_l(u)n;’(w)dw
S2
On the other hand, (8.179) and (8.180) imply:

/§2 Py (25 (N = V)" o () (w)do

< (1+pH)28 eyt

(8.311) ‘
L2 (M)

Interpolating between (8.310) and (8.311), we obtain:
j P
/ Pytry (2%(N - N,,)) Fj 1 (u)nj (w)dw
2 L3(cM)
Next, we estimate the second term in the right-hand side of (8.309). We have:

|62 (257 = N) " By a (@)
SZ

(8.312) ‘

(8.313)

L3 ()
< 160t | (27 = 80) |12 0 )
~ g LELE () v) e 10 L'l

! / !
S 1G5 g 1Bl )

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. Next, we estimate G5. In view of the definition of G5 (8.295), the commutator
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formulas (2.32) for [L, L] and the fact that 2N = L — L, we have schematically:
Go = n"'VynL (Ptry’) + (¢ = ¢) - V' (P<trx) + (& + L'(t))N'(P<itry).
This yields:

||G2||LOQL2 ) S < (I8’ lzes zo(n,y + 0™V nonllLes o) + 1< |22 o (,0)

0 o + 1L ) s o ) IDPerte s p2n

S elDP<trx’|| s 2, )
where we used in the last inequality the Sobolev embedding (2.50), and the estimates
(2.37) (2.36) for n, 6 and ¢, the estimate (2.38) for b, and the estimate (2.41) for (.

Together with the basic properties of P<;, the commutator estimates (2.64) and (2.65),
and the estimate (2.39) for try, this implies:

1Gall 5 5,y S

Together with (8.313), we obtain:

j q ’
(8.314) Gs (25 (N’ — N,,)) Fj 1 (u)n (o) d
SZ

L3 (M)

S [IF@lim@i) < 2iey
where we used in the last inequality Plancherel in A for || F;_q1(u')]| L2, Cauchy
Schwarz in w’ and the size of the patch. Finally, (8.309), (8.312) and (8. 314) imply:
(8.315) 12 pallze oy < 272 %Pty

Next, we estimate the L'(c}) norm of hs 4. In view of the definition of hs, ,
(8.292), we have:

(8.316)

j p
Ihapalision % | [, 9O R (240V = 2)" By sy ()

Arguing as for the proof of (8.136), we have:
J q ’ j ’
s317) | [ N'(Paurx) (25(N/ - Nl,/)) Fj 1 ()Y (w')do! < e28yY
L2(cM)
Also, using the basic estimate in L?(c}) (7.1), we have:
j P
’ / Y(b)Prtry (25 (N = N,)) " B 1 (w)n) (w)deo
2 L2(M)

5(
w

trX( %(N Ny >pHL°‘3L2(o%u/)> 2%7;
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i
S (50 19Oz I1Rirxizes, ) 2405,
w x z

where we used in the last inequality the estimate (2.42) for 9,N and the size of
the patch. Together with the estimate (2.38) for b, the embedding (2.51), and the
estimates (8.303) and (8.304) for Pjtry, we obtain:

(8.318)

H/ V()R (250 = N,))" Fy o () ()

Finally, (8.316), (8.317) and (8.318) imply:
(8319) ”h?”pq”Ll(cM) < 522 2(1 51/2 1)2.7

< 52—%(1—5j/2,1)2%,y;
L2(M)

Next, we estimate the L'(c}#) norm of hy, 4. In View of the definition of hy4 p 4
(8.293), we have:

(8.320)

J p v
Iapalison 5 | [ @R (22 ¥ = 8" By s a0

L2 (M)

N'(Patry') (2 (V' = Nyp)) ' Fy oy () o
S2

L2 (M)

j ’ i p v
< ety ’/S N(b)Prtry (22 (N — N,,)) Fj,_1 (w)n? (w)dw

)

L2 (M)
where we used in the last inequality the estimate (8.317). In view of the estimate
(2.38) for b, we have:

IN®) 2, S

Thus, arguing as for the proof of (8.318), we obtain:

< 62_%(1_63'/2’02%’)/;
L2 (M)

NB)Pitrx (25 (N = N,))” F ()} ()
S2

Together with (8.320), this yields:

(8.321) hapalloon S e22” L(1-8;)a, 1)21

1,2,2,2
le/l//lm’

Z 1,2,2,2 Z 1,2,2,2,1 1,2,2,2,2 1,2,2,2,3
Bj,l/,u’,l,m_ (B]Vu’lm+BJVV’lm+B]VV’lm)
m/m<l m/m<l

Hh&p,q

i 1
S22 Z Cpq
Lee (M)

Now, in view of the decomposition (8.289) of we have:

(1P1,p,gll L1 (¢
Lo (M)

P,g>0 (2%|NV_NV’|)p+q (2%|N,,—N,/|)2

Lee (M)
1
2%(2%|Nu - NV’I)

+ ||h2,p,q||L1(<%)) +

|21y + 27 hapgll i |
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which together with (8.32), (8.308), (8.315), (8.319) and (8.321) yields:

1,2,2,2 1,2,2,2,1 1,2,2,2,2 12,223
Z Bj’””’lvlvm B Z (ijyl",hm + BLV,V’,l,m + BJ}I/,V',l,m)
m/m<l m/m<l
j 1 1 j 7 21
<27/ c _ [ ‘ (lv— V/|23—l(1—6l’j/2) y2¥2-%)
p%o Pq (2z|v — v/|)Pra L(22|v — /])2
- 1 2_%(1—6j/2,l)2j +2—j2—é(1—6j/2,1)2j:| 627?’}/?/
23 (25 |v — v/|) 37
< 9—J [1(|V _ V/|2j—l(1—6l,j/2) + 2%2_%)
T
1

+ +2—%(1—5g‘/2¢)2j + 2_j2_é(1_6j/2,l)2j:| 62’)/’»’7'-/.
25 (25 |y — 1)) T

Summing in [, we obtain:

z : 1,2,2,2 § 1,2,2,2,1 1,2,2,2,2 1,2,2,2,3
B I _ (B 145 +B +B )

g’ lm gV’ lm gV’ lm Jwv'\lm
(t;m) /2m <21<23 [y —v| (L,m) /2m <21 <2 |y —v/|

(8.322)

1 2-%
< | = +— + QJ].EQ’WW’.”.
[2é(2é|u_y/|) (25 |v — v|)2 7

1,2,2,2,1 1,2,2,2,2 1,2,2,2,3
Bjyv,u/,lmﬂ Bj,V,V’,l,m’ Bj,l/,l/’,l,m'

In view of (8.322), we need to estimate We start

with B;ff,zl:jn which is defined in (8.298) as:

Byons, = —i2™ / / b~ Pitrx N’ (Pptry’) (b — b)
e oM JS2xs?

x Fj(u)n? (w) Fj—1 (u )0} (") dwdw'deM.
We integrate by parts tangentially using (7.137).

Lemma 8.14. — Let B:>%%3  defined in (8.298). Integrating by parts using (7.137)

gy lm
yields:
(8.323)
1,2,2,2,3
> Biim
m/m<l
:2—chpq/ 7 [ 5 (P pg + 2 pg)
p,q>0 oM (22N, — Ny/|)PHa L(22|N, — N,[)?
1 —j 1,2,2,2,1 1,2,2,2,2
+ b g (hg’ } +hl )+2 Jh’4, ’ :|dW+ (B'yl/)y/) )'(n—l—-B"uyy/7 )m)7
25(25[N, — N,/) Tt e P m/zqu g lm T Cjut,
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,v,v!lm

where the scalar functions hs p 4, ha p g are given respectively by (8.292) and (8.293),
where the scalar functions hy , ., on oM are given by:

(8.324)
B g = (/S G -b) (22(V - N,))’ Fj,_l(u)n;(w)dw>

li i
2,p,97'"5,p,q

X ( N'(P<itrx’)(b, — b')° (2%(N’ — Nul))q Fj,_l(u’)n;’/ (w’)dw'> ,
s2

= ([ R (248 = 1) By ()
< ([ 6 (2 = ) Bt @)

where the integer r, s satisfy:

r+s=1,
where the tensors G, G4 and GY% are schematically given by:
(8.327) G| = (x +0)Ptry,
(8.328) Gh=(X'+L¥)+0 + Y ()N (Ptrx’)
and:
(8.329) Gy = V' N'(P<trx'),

where B12%21  BU2222 e given respectively by (8.296) and (8.297), and where

Jwsvl Lmy Zh vt lm
cpq are explicit real coefficients such that the series

E p,4q
Cpg™Y

p,q>0

has radius of convergence 1.

The proof of Lemma 8.14 is postponed to Appendix D. We now use this lemma to
. 1,2,2,2,3
estimate Bj,u,y',l,m'
We estimate the L'(c}) norm of h} ,, ., b , ., b5, - The estimate of b} , , is com-
pletely analogous to the one of h; , 4 defined in (8.290). Thus, we obtain in view of

(8.308):
(8.330) 19 pgllirn S ¥y — /|27 107000

SOCIETE MATHEMATIQUE DE FRANCE 2023



172 CHAPTER 8. PROOF OF PROPOSITION 6.5

Also, the estimate of hj, , is completely analogous to the one of hy, , defined in
(8.291). Thus, we obtain in view of (8.315):

e v 1/
(8.331) W allzion S 25275y
Next, we estimate the L'(c}) norm of hj , .. In view of (8.326), we have:

||h/5,p oz o)

[, P (2% NN, ) Fj 1 (u)n” (w)dw
L2 (M)
i q
Gy (22 = N,)) By () ()
L2(oM)
(2% >pF'_1(u)‘ 7% (w)dw
” L2 ()
j q o
( E( /—Nul)> Fj’,l(u')‘ L2 (M) 7]] (w')dw’

(/ | Prtrx Fj—1(w)ll 120 n?(w)dw) (/82 ||G§,Fj,_1(u’)||L2(W) U (w’)dw/> ,

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. Together with the definition of G§ (8.329), this yields:

(8.332) ||ht oo S (/ [1Prtexll 22, -1 (w) | 1 5 ( w)dw)

m/m<l

(7N Pt Vi i), 7 )
Next, we estimate ¥’ N’(P,,trx’). Using the estimate (2.38) for ¥, we have:
|V N'(PtrX) | 2,

SV OON Bratex 22, + 10 F 6N (Ptrx')) 22,09
STV O o ns, 16N (Ptex Yz, + V' P (6 N'0xx) | 2,0

HIV' BN, Poatrx) s 2(n,)
S NP N'tex )l zzzs, + 1[N, Prltex’l|za, + |V P (b'N'trx) | 2 (,.)

+ V' [B'N', Poltrx’ Nz,
S NP (6" N'tex )25,y + 1V P ("Nt 2252,

BN, PraJtrx) | pos 2(n,0) + IV 0N, Poaltrx') | 2 22,

where we used in the last inequality the Gagliardo-Nirenberg inequality (2.49). To-
gether with the finite band property for P,, and the commutator estimate (2.68), we
obtain:

(8.333) ||V/N,(Pmtrxl)||L2($u/) < lelpm(b/NltI‘XI)||L2(0%u,) +2%¢.
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Together with (8.332), this yields:
(8.334)

1hspglliion S D 27 (/82 2l||||PltrX||L2(c%>Fy—1(“)HLgTl}’(w)dw>

m/m<l
< ([ NP N 3 + 27 1) 1 ()0 )

se27d Y ol Hzl||Pltrx||L2(s74u>F'f1(“)\/%‘

m/m<l

<[P O N o) 21,y + 27 F )y (W) (@)

2
Lu.;,u

)

L2
w’ u’!

where we used in the last inequality Cauchy Schwarz in w and w’, and the size of the
patch. Now, we have:

2
(8:335) 3 |21 Ptrxlze g Fimawy/y @)
,

- . (/ <Z 2”"Pltf><lli2<%>> |Fj<u>|2du) ()

l

S [ IVl gy 1Fs 07 )
< 2% (472,

where we used the finite band property for Pj, the estimates (2.39) for trx and
Plancherel in \. Also, we have:

(8.336)

LZ
w’ u’

_m \2 v
-/, < /) (Z (1P (0Nt 23, + 2 ) ) |Fj<u’>|2du') ()’

m

2
S0P N X2 ) + 27 Fe) By a0y @)

< [ (Nt s+ <2) 1B ) )
S0,

where we used the finite band property for P,,, the estimates (2.39) for try’ and
Plancherel in X'. Finally, (8.334), (8.335) and (8.336) yield:

(8337) > kb, qllziem
) 3

(I,m)/m<l
SOCIETE MATHEMATIQUE DE FRANCE 2023
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x (Z | 1P @ N Xl 251, + 27 F ) s () (@)
m

g 622j,yu,yu

1,2,2,2,3

i Lom We have:

Now, in view of the decomposition (8.323) of B,

1,2,2,2,3 1,2,2,2,1 1,2,2,2,2
Z BjaVﬂ/',l,m - z : (Bj,u,l/’,l,m + Bj,u 1/’ 1, m)

m/m<l m/m<l
) 1 1
S27 ) || [ Y (1P, p,qll L2 ()
pas0 || @ENy = N JPra o LI 2Ny = NorD? || e )

1
28(23|N, — N,/)

(1h3,p.qll L @1e) + 15 p gl L1 (10))
Lo ()

+ ”h,Z,p,q ||L1(J¢)) +

; 2-f‘||h4,p,q||um]

which together with (8.32), (8.319), (8.321), (8.330) and (8.331) yields:

z : 1,2,2,2,3 j : (Bl,2,2,2,1 1,2,2,2,2 )
juvlm ]ul/’lm juulm

m/m<l m/m<l
<977 Z 1 1 (v — 1/ [2~10=005r2) 4 9% 9= %)
p,g>0 pq —v/|)pra L\ (22|v — v/|)2
1 ) ‘ ‘
+ m —%(1—51/2,1)21 + 2_]2_é(1_5j/2'l)2j>52’7;”)’;
2 vV —U
1
+ 2%(2%|l/ . |) “ 5,p,q||L1(J{):|
[II)OV — V|27 002 4 9% g )
22 v—u
1 ) ‘ . ,
* W“& R B
2 2|\ — UV
3K O L s
>0 pq — V/|)p+q+1 5,p,q (M)
p,q=

Summing in [, we obtain:

1,2,223 _ 1,2,2,2,1 1,2,2,2,2
Z Bj,l/,u’,l,m (B],l/ v'ilm B] v, 1, m)

(t,m) /2m <21 <23 |y —nu| (tm)/2m <21<23 |y —v/|
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5|:]']' +-—
28y —v|)  (2Fy—v])?

1 2-% . ,
+ 23} 627;’)/;

_3 1 /
2 Z ra —V’|)P+q+1 Z ||h5’p’q”L1(W)

paso  (22[v (L,m)/m<l

Together with (8.337), we get:

1,2,2,2,3 1,2,2,2,1 1,2,2,2,2
> By m — > (B im + Biloiom)
(1,m) /2m <21 <23 |y —'| (1,m) /2m <21 <23 |y —'|

- [ 1 N 2-% +2_j] o
2528y —v|) (25| —v))? Y

35 1 . /
+2772 E Cpq——7 " 52297;7;
p,q>0 (22 |V - V/|)p+q+
_i
6

vV

1 2 | ,
(8.338) < 2_]] e -

~ [ 01 +
22(22v =) (27| —v))?
Finally, (8.322) and (8.338) imply:
1,2,2,2 1,2,2,2,1 1,2,2,2,2
2 Bjwtm = 2. BTt BT
(1,m)/2m <21 <27 [y —v/| (1,m)/2m <21 <27 |v—v/|

(8.339)

1 2-%
7,01 + 3
252y — ) (i -]
In view of (8.339), we still need to estimate leff,%ln and leff,%fn We start with
BP2221 which is defined by (8.296) as:

<

~

+ 2_j] 62’}/]'{’75»/.

Jvvhm
Bl2221 _ 52 / / (N' — g(N, N')N) (Prtrx) N’ (Ptry’) (b — b)
Jwavtibm M JS2x5? g(L, L")

X Fj,fl(u)n;(w)F-,ﬂ(u’)n}-’/ (W) dwdw' doM.
We integrate by parts tangentially using (7.137).

Lemma 8.15. — Let leff,%in defined in (8.296). Integrating by parts using (7.137)
yields:

(8.340) > BI2EY!

sy lm
m/m<l

3j 1 1
=277 Z cpq/ j 7 (hlllpq—f—hlzlpq)
p,q>0 M (22|Ny — Ny [)pratt L (22|N, — Ny/|)?
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1
+ J J
22(22|N, — N,/|)

where the scalar functions hy , .,
P,

3a1) iy, = ([ 0f (24 - M) s )

(1 )+ 290

hl/

2,p,9°

hl/

"
3,0,q° h

4,p,q°

h//

5.p.q 0N M are given by:

([ W atnd) (240 = 8,0) B ).
(8.342) hf,, = ( /S V(i) (23 (V- N)) By <w>dw)

([ o8 (v mn)" Bty ).
8313) 1= ([ V2000 (2500 = 0))" By s ()

([ WPy (24 M) By @)
(8:344)  H{,,= ( /S V(i) (23 (V- N)) By <w>dw)

< ([ 7ov ety (27 = 80)) ' Fat @) )
and:
315) 1, = ([ VOV (2 - ) By s )

x < . N'(P<try’) (2%(N’ - N,,/))qFj,_l(u')n;’, (w’)dw') ,

where the tensors GY and GY are schematically given by:

(8.346) Gy = (x+0+Y()V(Pitrx)
and:
(8.347) Gy = (¢ + 0 + Y (¥)N'(P<rtry)

and where cpq are explicit real coefficients such that the series
Pyq
E CpgZ?y
0,920

has radius of convergence 1.

The proof of Lemma 8.15 is postponed to Appendix E. We now use this lemma to
RBl22.2,1

estimate S Lom
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We estimate the L!(c) norm of hf “ g N Y . starting with

1,p,9>""2,p,q> "*3,p,q> ""4,p,q> ""5,p,q
1 p.g- In view of (8.341), we have:
D

Iz < (ol _ L v
Mg lleron S | [ G (22 (N = No) ) By ()i (w)de

L2 (M)

x| [ N'(Patry') (28 (V' = N)) B () (@)
SQ

L2 (M)
Together with the basic estimate in L?(c#) (7.1), this yields:
(8.348)

j p
”hil,p,qHLl(W) SJ <Sup HG;.I (QE(N - Nl/))
w

x (s 20yt

(pr LﬁLQ(e%uf)> KR

< (Sup||Glll||LfL2(é’7/u)> (Sup||N'(P<zt1“X')||L°<;L2(57zu/>> bR
w w’ “

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. Now, the estimate (2.39) for try, the boundedness of P, on L?(P;,,) and the
commutator estimate (2.68) yields:

(8.349) IN'(P<itex)| s 2 (n,) S €
Also, we have in view of the Definition (8.346) of G/:
1GYllzee2n) S (IXlngers, + 10l pgers, + IV lngera MV (Prtrx)llzzrs,

< (D00 + MO) + M (TON IV P e o [P P 2 12

where we used in the last inequality the embedding (2.51) and the Gagliardo-
Nirenberg inequality (2.49). Together with the Bochner inequality (2.61) and the
finite band property for P;, we obtain:

(8350) 16T oz r2om) S (M 00) +M(O) + MV (0))27 | Vorxl e 2o
S 2%,

L3°L2(c7du)>

’ / I ars q
N(Pgltrx) 22(N _Ny')

where we used in the last inequality the estimates (2.39) (2.40) for y, the estimate
(2.38) for b and the estimates (2.37) (2.39) (2.40) for 6. Finally, (8.348), (8.349) and
(8.350) imply:

. L v ’/l
(8.351) 12 pqllzrn S 2772955

4

Next, we estimate hj,, ..

the estimate (8.348):

(8.352) |[|hg, 4llLi() S (SUP||77(H‘5TX)||L3°L2(@%)) <SUP||G/2'||L$L2(%I)> 295y
w w’

In view of its Definition (8.342), we have the analog of
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The estimate (2.39) for try together with the finite band property for P, yields:

(8.353) IV(Prtrx) | Lo L2y S €
Also, in view of the Definition (8.347) of G and the estimate (8.349), the analog of
the estimate (8.350) yields:
1

1G5l zos 2o,y < 276,

which together with (8.352) and (8.353) implies:
i+L v v

(8.354) 183 p.gllzr ) S €227 27575

Next, we estimate h In view of its Definition (8.343), we have the analog of
the estimate (8.348):

(8.355)
115 200 S (S0pIP* (Prtrle oo ) (suplIN (Pestn oo ) 2o

Now, the Bochner inequality (2.61), the finite band property for P;, and the estimate
(2.39) for try yield:

"
3,p,q"

(8.356) 17° (Prtrx) e 2o S 2'e.
Finally, (8.355), (8.356) and (8.349) yield:
(8.357) 173 gl iy S 22747y

Next, we estimate hj , .. In view of its Definition (8.344), we have the analog of
the estimate (8.348):
(8.358)

1B all o S (sup||v<mrx>||LfL2<%>) (sup||v’<N’<Pgtrx/>>||L30,L2@u,>) Dintn.
Now, we have in view of the estimate (8.333):
(8.359) IV N (Pettex oy S 2 IP<bN'trx) 2o, ) + 25

S 2e,

where we used in the last inequality the boundedness of P, on L2 (P;,4), the estimate
(2.38) for b and the estimate (2.39) for try. Finally, (8.358), (8.359) and (8.353) yield:

(8.360) RS pgllLrn S €227 s
Next, we estimate
the estimate (8.348):

I palirn S (sl VN Pun) e ooy ) (supllV (Paterd iz nn ) 2y
Together with the estimate (8.349) and the estimate (8.359), we obtain:
(8.361) 115 p gll 1 () S €227 197y

5.p.q- In view of its Definition (8.345), we have the analog of
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Now, in view of the decomposition (8.340) of BY'*%%! e have:

gy’ lm?
1,2,2,2,1
> Biiim

m/m<l

< 2-% Z Cpq

P,>0

1
(22|N, — N,/|)p+a+1

1
(28N, — N,/ |)?

(”h/ll,p,q”Ll(W)
Lo2 (M)

Lo= (M
1

|
W (185 p gl L) + 1 p gl Lt ()
2% (2%|N, — N,/|) 3,p,q 1LY (M) 4,p,q 1LY (M)

L (M)

+ ”hIQ/,p,q ||L1(cﬂ//)) +

+20glosio

which together with (8.32), (8.351), (8.354), (8.357), (8.360) and (8.361) implies:

1,2,2,2,1
> Biim

m/m<l
J 1 1 1 1 . ’
S27F D e [ 7 27+ 2+ 2_”1] 295y
Z Mty —vprart Lk — w2 2k @by — ) o
Jj 1 1 1 . ’
S27r— [ 5 25 + —— 2l+2—ﬂ+l}527;7;.
@2z|lv =) L(2z|v - V|)? 22 (22 |v — ')
Summing in [, we obtain:
(8.362)
2-1% 1 ‘ ,
D e o e e i [
e (2zlv =)z 22(22|v —v')

(tym) /2m <21 <29 [y—v|
Now, (8.339) and (8.362), together with the fact that

28y — /| >1

implies:
1,2,2,2 1,2,2,2,2
> Biosim — > Blim
(t,m)/2m <20 <23 [y—v/| (1,m)/2m <20 <29 |y—v/|
1 274 , ,
(8.363) < [ — + — + 23} e2yYaY .
2822y —v|)  (2%|v —v/|)? n

In view of (8.363), we still need to estimate leff/%zn Recall the Definition (8.297)
of BL22:22 . T
Jwvv'lm®

B2zt =2 [ [ NN () - 0w )
M JS? xS?
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x Fj7_1(u’)77;’,(w')dwdw’d(ﬂ¢.
Note that the integrant in the definition of leff/zlzn
((I,w,v), (m,w’, ")), and thus we have the following cancelation:

1,2,2,2,2 1,2,2,2,2
BJ}V,V’,Lm + Bj,l/yl/,myl =0.

is antisymmetric in

This yields:

1,2,2,2,2 1,2,2,2,2 \ _
Z (Bj,u,u’,l,m + Bj,v’,l/,m,l) - 07
(L) /2max(m.D) <23 |y — /|
which together with (8.363) implies:
(8.364)
1 2-% . ,
1,2,2,2 _il s
Z BjLuiim| S { IoL ~t 3 5 T2 J]g g
(I,m)/2max(m,D) <23 |y —u’| 2z(22|v—v'|)  (22|v =)

Next, we estimate B>%3  Recall the Definition (8.261) of B}>23

Jwvhm: Jwvhm:

. "~ )b = b)
Bh223 2_23/ O oW ~b) (L(Pitrx) Ptrx’ + Prtrx L' (Putry’))
g lm 2 552 g(L,L/)2 ( l I‘X) rx + 5 rx ( I“X)

X Fj 1 () () Fy 1 (a1 () dwodo
Recall also that we are considering the range of (I, m):
2m <2l < 2w —v/|.
Summing in (I, m), we have:
Z (L(Pltrx)Pmtrx' + PltrxL'(Pmtrx’))
(1,m) /2m <21 <23 [u—'|
= L(P<gijy—u|trX) Peaijy—ur trX’ + P<gijy—u ttX L (P<gijy—pr trx’).

1,2,2,3
B%%

L m We obtain in view

Thus, using the symmetry in (w,w’) of the integrant in
of the Definition (8.261) of B>

Jol lm*
1,2,2,3 1,2,2,3
(8.365) > (Bjoiwam + B m)

(1,m) /2max(l,m) <27 |y —v/|
—2j X' —x)(b' —b) /
=27% (—LP-,,t Pegijy_pt
/Ss g(L, )7 Perlvm ) Peaiiyoy i
x Fj 1 (u)n (w)Fj,,l(u')n;,(w')dwdw’ + terms interverting (v,v’),
where we chose to ignore the terms which are obtained by interverting v and v’ since

they are treated in the exact same way.
Recall the identities (8.30) and (8.31):

g(N - N',N - \)

g(L,L')=-1+g(N,N’)and 1 — g(N,N’) = 7
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We may thus expand
1

g(L, L/)2
in the same fashion than (8.33), and in view of (8.365), we obtain, schematically:
(8.366)

Z (Bl ,2,2,3 Bl 2,2,3 )
v vilm Jyvvlm
(I,m) /2max(l,m) | <25 |y—v/|
= Z pq/ ZEN, — N Jprate [h1,p,q + hapqgldc + terms interverting (v,v'),
p,g>0

where the scalar functions hi p ¢, ha p 4 On M are given by:
(8.367)

P = ( | AL Pestrn) b= by (250V = ) F s (w)dw)

q

X </ P32j|,,,,,/|trxl(b r — b) ( %(N/ - N,,/)) Fj7_1(u')17}/ (w’)dw')
S2

and:
(8.368)

] p
ama = ([ HPewisrton)6 = b (24V = N By ()
’ ’ s (ol / g nNov'o /
x (/Szxpggjly_y,trx (b, —¥) (22(N —N,,/)) Fj, 1 (u)nY (') dw >

where the integer r, s satisfy:
r+s=1

and where cp, are explicit real coefficients such that the series

Z CpgPy?

P20
has radius of convergence 1.

Next, we estimate the L' (c) norm of hy p 4, ha p 4 Starting with hq , .. We consider

first the case r = 1 and s = 0 which is easier. In view of the Definition (8.367) of h1 p 4
in the case r = 1 and s = 0, we have:

J p v
Ihsallzsn S | | B )b = bur) (22N = M) Fy s () ()

L2(cH)
(8.369)

[ Pt (V' = N)) " a0 ()

L2 (M) .
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We estimate the two terms in the right-hand side of (8.369) starting with the first
one. The basic estimate in L?(cM) (7.1) yields:

83570 | [ ePeasomitr 0= ) (2500 = N0)” By )i

. p
< L(P<o; v—v' t b_by/ (2% N_Nl’ ) H 22
< (Sgp HX (P<2ijy—vtrx)( )(25( ) Lerr@n)) -

Sy =V (sup||xL(PS2j,,_,,/|trx)||L;.oLz(§7¢u)> 2%7}’,
where we used in the last inequality the estimate (2.44) for J,b, the estimate (2.42)
for 9,,N, and the size of the patch. Now, the estimate (8.184) yields:

IXL(P<2sy—vttX)|| Lo L2 S €M (X) S €,
where we used in the last inequality the estimates (2.39) (2.40) for x. Together with
(8.370), we obtain:
(8.371)

i p v iy
H/§ XL (P<gijy—y trx) (b — byr) (QE(N - NV)> Fj 1 (u)nj (w)dw Selv —v'[225.
2 L2(cM)

Next, we estimate the second term in the right-hand side of (8.369). We have:

q

H/S2 P§2j|l,_,,/‘trxl (2%(N/ - Nyl)) Fj7_1(u')77;,(w')dw'

L2 (M)

5 ‘

j q ’
/ try’ (25(N’ — N,,/)) Fj 1 (u')n) (w')dw'
S2

L2 (M)

)

"

j q ’
/ P>2j|l,_y/|ter (QE(NI — N,,/)) Fj’_l(u')n}' (w')dw'
S2

L2 (M)

which together with the estimate (8.129), the estimate (7.64) and the fact that
23|y — /| > 1 yields:

(8.372)

j q ’ ’
H/ P_gjpy_yritry’ (2%(N’ - Nl,/)) Fj 1 (u')ny (w')dw' <e(l+ q2)s'yj’-’ .
S2 L2 (M)

Finally, (8.369), (8.371) and (8.372) imply in the case r = 1 and s = 0:

(8:373) Ihpallzign S (14 @)y = V(257 5]
Next, we consider the case r = 0 and s = 1. We decompose hq 4 as:
(8.374) hipg = hipa1 +hipe2+hipes,

where hi 4.1, P1,p,q,2 and Ry 4,3 are given respectively by
(8.375)

] p
hl,p,q,l = </S2 XL(PS2j|V—V'|trX) <2§(N — N,,)) Fj,_l(u)n;’(w)dw>
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X (/ P>2j‘,,_,,/|trx/(b,,/ — b/) (2%(N/ — Ny/))q Fj7_1(u')n;/ (w’)dw') y
s2
(8.376)

fi p v
hipq2 = </S2 XL(Ps 25—y trx) (25(1\’ - Nu)) Fj _1(u)n; (w)dw>

x ( /S (b — V) (2% (N’ — NV,))q Fj7_1(u’)17;’,(w')dw’)

and
(8.377)

hipqs = </sZ xL(trx) <2%(N - Ny))p Fj,_1(u)n;’(w)dw>
x ( /S (b — V) (2% (N’ — N,,))q Fj ()Y (w’)dw’) .

Next, we estimate the L'(cM) norm of hy g1, hipg2 and hyp,s starting with
h1,pq.1. In view of the Definition (8.375) of hy p 4.1, we have

(8.378)

J p v
1P1,p,q,1 11 L1 (10) S H/82 XL(P<gijy—ytrX) (2E(N — N,,)) Fj —1(u)nj (w)dw

L2 (M)

X

/ Pooijy—urtrx’ (by —b') (2%(N’ - N,,/))q Fj,,l(u')n}’/(w')dw' :
§ L2(H)
We estimate the two terms in the right-hand side of (8.369) starting with the first
one. Proceeding as for the proof of (8.371), and noticing that the only difference is
the missing factor of b — b,/, we obtain:

. » .
/ XL(P<2ijy—p|trX) (2%(N — N,,)) Fj 1 (u)nj (w)dw < 82%’7}/.

2 L2(M)
Next, we estimate the second term in the right-hand side of (8.369). The analog of
(8.247) yields:

(8.380)

(8.379)

_I
q e2 27]’.’

H/ P.oijy—uritry/ (b — ') (2%(N’ - N,,,)) Fj’,l(u')n;/ (W')dw'
SQ

(8.378), (8.379) and (8.380) imply:

<——
L2 25y —v|

5y
2% v —v/| .
Next, we estimate the L'(c}) norm of hypg2. In view of the Definition (8.376)
of h1 p,q,2, We have

i p v
Rt g2 = /S XHL(Pogsjyoyritn) (25N = V) By () (),

(8.381) 1h1p.g1llr @ S
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where H is given by

H= [ oy (b =) (22 = N,0)) " By o () ()
S2

This yields
(8.382)

||h1,p,q,2||L1(c%)
j p
S/ XHL(Ps.2iy—trX) (2§(N—Nu)> ij—l(u))
SQ
S [ Wit WLz o VPt ez oo
< 1 ()37 ()
g
< — T H oo Ff V d )
N(QJ.'V_V,DQ/SQH lee o 1B 2 ()22 ()

where we used in the last inequality the estimates (2.39) (2.40) for yx, the estimate
(2.42) for 9, N, the estimate (8.142) for L(Ps3j|,—,/(trX), and the size of the patch.
In view of the definition of H and the estimate (7.95), we have

IH 2 1 S275(1+a3)e(28 |y — v/ +1)7)
which together with (8.382) implies

241+ (il =1+ 07 [ Iz ),

Y(w)d
Ll(w)m(w)w

(Ciov- )

Lo

€
h N —
| 1,p,q,2||L1(eM) ~ 2 — y,|)%
Taking Plancherel in A, Cauchy-Schwarz in w and using the size of the patch, we
finally obtain:

(8.383) 1P1paclliiwn S (1+q3)(25 v — /) 2527;7; )

Next, we estimate the L!(c}#) norm of hy 4 3. In view of the Raychaudhuri Equa-
tion (2.22) satisfied by try, the worst term in xL(try) is of the form 2. In view of
the decomposition (2.78) for X¥°, we obtain the following decomposition for xL(try):

(8.384) xL(try) = x22 + XQVFJ + XQVFJ + XQVF + le,F
+ X2, F! + F} + FI + F] + FJ,
where Ff , Fg and Fg only depend on (¢,z) and v and satisfy:
(8.385) ||Ff||LﬁL%Lw(Pt,uu) + ||F3{||L3°UL§L<>°(Pt,uV) + ||Fg||LgfyL§Loo(Pt,uu) Se,
where FJ, F and F! satisfy:
(8.386) ||Fg||LfL2(§éu) + ||FZ||L3<>L2(§//U) + ||F?||L3<>L2(§// )y S 27 257
where Fg and Fg satisfy
(8.387) 1EL 220y + 1 E Nl 2oy < 277
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and where F satisfies
j _3
(8.388) IES N 2 ey S€27 2.

In view of the Definition (8.377) of hq p 4.3, this yields the following decomposition
(8.389)
Pip,g3 = h1pq3,1+ P1pg3,2+ hipess+ Pipgesathipesst hipgse+ hipes

where hip,q,3,1, P1,p,0,3,2 11,,0,3,3) 11.p,0,3,45 P1,p,0,3,55 11,p,9,3,6 and hyp,g.3,7 are given
by:

(8.390)
. . . i p
h1pas1 = (X2b + X2oFi + x2,F) + FY) </S2 (2%(1\7 - Nu)) Fj,—l(U)n?(W)dW> H,
(8.391)
h _ 2 J i P v
vase =k ([ B (22 = )" Fy s (@) ) H,
(8.392)
i (9% P v
h1,p,q.3,3 = X2, /2 Fy (22(N— N,,)) Fj—1(u)nj (w)dw ) H,
S
(8.393)
j (9% P v
Mpass = ([ 7 (220 = M) Fys(wn @) ) I,
S2
(8.394)
i (o} b v
mass= ([ F (220 = M) Byt )de) I,
SQ
(8.395)
i (9% P v
mpass = [ F(2HO = 3) " Fys (@) ) 1
S

and
(8.396)

. 4 p 5
hipg3,7 = </2 g (25(1\7 - Nu)) Fj -1 (u)nj (w)dw> H,
S

with H given by:
(8.397)

j q ’
H= / trx’ (b — ) (25 (V' = Nor) ) B o (! ()
SZ
Using the basic estimate (7.1), we have for n = 2,4,7

(3.398) L (A = 50)" By s )

L2 (M)

. j p J
< <sup HFTJL (27(N - N,,)) HLOOLZ((% )) 227
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< J
S C L P

Crv =)', ) 2t
< ey,

where we used in the last inequality the estimate (8.386), the estimate (2.42) for 9, N
and the size of the patch. Also, we have for n = 5,8

/S2 F] (2%(N - Nv))ij,—l(U)n}’(w)dw

L2(cM)
J p v
< i(22v - W) Fj,,l(u)‘w%nj (w)dw
/ 1z [| (22 0V = 5[ IFs 1)l ()

277 [ 1B ()1 (@),
S

where we used in the last inequality the estimate (8.387), the estimate (2.42) for 9, N
and the size of the patch. Taking Cauchy-Schwarz both in A and w and using the size
of the patch, we obtain for n = 5, 8:

(8.399) / Fg;( 25 (N — N)) Fj, 1 (w)n! (w)dw Sevt.
S2 L2 (M)
Also, we have
Fg( %(N N, )) j—1(u)n; (w)dw
§2 L= (M)
s [ B Ew-8) Baw|, b
s2 ’ L= (M)

. i 4 v
S [ 1B o [ (2 = 80 1B s@lagen )

Yo [ 1B ()} )

where we used in the last inequality the estimate (8.388), the estimate (2.42) for 9, N
and the size of the patch. Taking Cauchy-Schwarz both in A and w and using the size
of the patch, we obtain:
L P i
‘/ F (28N = \)) " By (wy () <2 teyy,
S2 L2_ (W)

(8.400)

Finally, let G be given by

G= . (2%(N - N,,))ij’_l(u)n;-’(w)dw.

Then, we have in view of Lemma 7.6,

(8.401) G2 , 1 S (141
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(8.389)—(8.400) imply
(8.402)
||h1,p,q,3||L1(W)
S Ol X DH 20 (| (s FY L B F) Gl 120 + €75) + IH 24 (32 ey
S (xesHl 2 + Ix2pll @ |1 H | Lo @) + 1 H | 22(0)
X (”XQuaFlj’Fg?Fj”L"" - L2||G||L2 o L +evy) + ||H||L2+(W)2_%67;
S (22 Hlp2@n + 1 Hl o + [ Hllz20) (1 + e,
where we used in the last inequality the estimate (2.46) for x2,, the estimate (8.385)

for Flj7 Fg and Fg, and the estimate (8.401) for G. Next, we estimate H. In view of
its Definition (8.397), we have from (7.103)

(8.403) 1H |20y S 27 5e(1+ )7y -

Also, we have

| H e ) < /
S2
< J

e [ 1B )iy @)

where we used in the last inequality the estimate (2.39) for try’, the estimate (2.44)
for 9,0, the estimate (2.42) for d,N, and the size of the patch. Taking Cauchy-
Schwarz in A and w’, and using the size of the patch, we obtain

(8.404) 1H || () < 22e7; -
In particular, interpolating (8.403) and (8.404), we obtain

’

trx/ (by — b) (2%(N N, )) J,_l(u')HLmn; (') do

1Hllzsn < (1+6) ey,
which together with (8.402) and (8.403) implies

2 v
3405  hipgalion S (IXe2Hlwn + 1+ ier) (0 +p2eny.
Thus, in view of (8.405), it remains to estimate ||x22H|| 12 (). We decompose x22H:
(8.406) X2oH = x2,H1 + Hy + Hs,

where Hi, Hs and H3 are given by

(8.407) H; = /Sz (x2, — x2")trx (b, — b') (2§( — N,,,)>qFj,—1(U’)77;.’/ (w)dw',

i / / Z / a nov', 1 /
(5.408) Ha = [ (1, — X/ = ¥) (25O = N,) " Fyos (0 )
SZ
and

(8.409) Hy = / o' 2ty (b — B) (2%(N N, )) Fj 1 (u)n! (w')dw’
S2
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In view of (8.406), we have

(8.410) Ixen Hl 2oy S Ix2oHillzom) + 1 Hall 2oy + 1 Hzll 2 (0)
S Ix2ullzs @ 1Hil Ls @) + | Hall L2 o) + 1 Hsll L2 (00
S ellHallps ) + 1H2ll 22y + | Hsll L2010y

where we used in the last inequality the estimate (2.46) for x2,. Next, we estimate
each term in the right-hand side of (8.410) starting with the first one. In view of the
Definition (8.407) of H; and the estimate (7.2), we have

J q 2j ’
< _ / / ,—b Z - , 4y
”H1”L3(CM) ~ <S¢1u1/p H(qu X2 )trx by — b) (22(N Ny )) HLooLs(o% /)> 2 g

trx(b/—b')( )H > sryj

S <SUP||X2V X2 ||L°°L3 ()
w/

(8.411) Sl —v[28eyY,

where we used in the last inequality the estimate (2.75) for x2, — x2’, the estimate
(2.39) for try’, the estimate (2.44) for 9,,b, the estimate (2.42) for 9, N, and the size
of the patch. Next, we estimate Hs. In view of the Definition (8.408) of Hs and the
estimate (7.1), we have

(8.412)

1Bl 20 S (sup Gz = xaxaom! (b = ¥) (22N = N,

q j ’

2§’yj

Lym(e%))
iy
L°°> 2,

where we used in the last inequality the estimate (2.75) for x2, — x2’, the estimate
(2.46) for xo', the estimate (2.39) for try’, the estimate (2.44) for 9,,b, the estimate
(2.42) for O,N, and the size of the patch. Next, we estimate Hsz. In view of the
Definition (8.409) of H3 and the estimate (7.1), we have

(8.413)

o = ¥) (2 (V' - )

S(Suplmy izl e
w/

Sl =iy,

q
I H3l L2 () S sup HX2 trx’ (b — V) ( (N’ — N,,/))

25~V
L;%LZ(@/@/)) i

(b, —b') (23 (N'—NV»)qHLw)z%v;’

ey
where we used in the last inequality the estimate (2.46) for x»’, the estimate (2.39)

for try’, the estimate (2.44) for 9,0, the estimate (2.42) for d, N, and the size of the
patch. Finally, (8.410)—(8.413) yield

A

||X2VH||L2(QM) 1—|—|1/—1/|26 E'yj .
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In view (8.405), we obtain:
A 2 v v
I pasliion S (I =v/128 + (1 +)3) (1 + Py,

which together with (8.374), (8.381), (8.383), and the fact that 23 |v—v'| 2 1, implies
in the case r =0 and s =1

(8.414) 1h1p.qllzr @) S 1h1paallr @) + 1P1pg2llir @ + I1hipe3llorwn
SA+p)A+qg3)(2% v —V])2e2ytay .

Using (8.373) in the case r =1and s =0, and (8.414) in the case r = 0 and s = 1,
together with the fact that 2% |v — /| > 1, we finally obtain

(8.415) P1pallron S (1 +p*)(A+a8)28 v = v/[e2yy

Next, we estimate the L'(c}) norm of hyp,. We start with the case r = 1 and
s = 0 which is easier. In view of Definition (8.368), we have:
(8.416)

J

p
Ih2,p.qll2en) S H/82 L(Pcaijy - trx) (b — byr) (25(N - Nu)) Fj _1(u)nj (w)dw

L2(cM)

X

’ 1 (oL a1t a n,ov ’
| X Pevoiny’ (250 = N,0)" Byt )

L2(M)
We estimate the two terms in the right-hand side of (8.369) starting with the first
one. The basic estimate in L?(cM) (7.1) yields:

san) | [ LPeam- ) (2HV - M) B st )i

L2(cM)

; P
hS (sgp HL(P§2j|l,_,,/|trx)(b —byr) (2§ (N — Ny)) 227;

HL;‘OLZ(éﬂu)>
i
<l—v (suan(Pgmw.trx>||LgoLz<%)) 2y,
w

where we used in the last inequality the estimate (2.44) for J,b, the estimate (2.42)
for 0,,N, and the size of the patch. Now, the estimate (8.184) yields:

(8.418) IL(P<2sjy—vtrX) | Lo L2(50) S
Together with (8.417), we obtain:
(8.419)

i p v iy
[ 6Peaoinoo =) (240 = 80) s el vty
s? L2(cM)

Next, we estimate the second term in the right-hand side of (8.416). Recall the de-
composition (2.76) for x':

(8.420) X = X2, + F + FJ,
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where the tensor Ff only depends on v/ and satisfies for any 2 < p < +o0:

(8.421) ”Flj”L;f/LfL;? Se
and where the tensor FJ satisfies:

(8.422) ||Fg||L§L2(§zu,) Se27.
The decomposition (8.420) implies:

j q o
(8.423) /32 X' P<sijy—prtrx’ <2E(N’ — N,,,)) Fj 1 (u)ny (w')do’

L2 (M)

) ’ 2)
Luy, 7I,,/Lt

S Ul o,z + |[FY|
7

X

j q ’
/S2 P52j|,,_l,/‘trxl (25(N/ — N,,/)) Fj)_l(ul)n}j (w')dw'

!
L2 | x!,Lg°

v

j ) 1 (o / g novo ’
+ ‘/ Fy Pegipy—pr trx <22(N —N,,/)) Fj _1(u')nf (W')dw
S2

L2 (M)

<e

1 (oL nrt a n,ov o1 /
/S2 Peoijy—yritrx (22 (N — Nv')) Fj 1 (u')nf (w')dw

2 /00
L, awy/Lt
v

. j q ’
+ ’/ F§ Pegijy—uritry’ (27(1\7’ - Nu’)) Fj—1(u)n} (w')dw’
SQ

b

L2 (M)

where we used in the last inequality the estimate (8.421) for F7 and the estimate
(2.46) for x2,,. Now, in view of the estimate (7.71), we have for m > j/2:

j q ’
/ P try’ (2§(N' - N,/)) Fj 1 (u')nf (w')dw’
s2 Lz , ,z:/,Lf’

j q j ’
< ol oy, )t oy
w’ L

5 6(2—l+% + 2—%—}-%)7;,/’

(8.424) ‘

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. Also, in view of the estimate (7.83), we have:
j q ’
/ tI‘X’ (2%(N/ — Ny’)) Fj7_1(u')77}' (w')dw’
§2

(8.425) S(1+gd)eyy.

2 /00
Luu, 7wy/Lt

(8.424), (8.425), the fact that 2%|v — /| > 1, and the fact that:

P_gjjy_ptrx’ = trx’ — Z Ptry

m/2m>27 |[v—v’|

ASTERISQUE 444



8.2. PROOF OF PROPOSITION 8.4 (CONTROL OF Bl 2

,v,v!lm

) 191

implies:
(8.426)

1 (oL a7t a Ny (0 ’ 2 v
H/S2 Pooijy—yritrx (22 (N' — N,,/)> Fy 1 (u)nf (w')dw S(1+q2)ery .

2 ’ oo
Luy, 7x,,/Lt

On the other hand, the basic estimate in L%(c#) (7.1) yields:

J 1 (o2 ’ a nov'o /
‘/Sz Fi Pessjyytrx (22(N —N,,/)> Fj 1 (u)n (o) dw

S(
w/

< (supl Pz

(8.427)

L2 (M)

. q o,
< -‘l,_,/|trxl (2%(N’ - Nyz)) 2%7;-’

L2 L2<é7/u/)>

J q J ’
Pegipyuiit ’(2’N’—Nl,/)H 2% yv
‘ <ot 81X (2% ) N ) 257

’
v
557] 9

where we used in the last inequality the estimate (8.422) for sz , the boundedness
of P<gijy—pr| on L(P;,,), the estimate (2.39) for try, the estimate (2.42) for d,N,
and the size of the patch. Now, (8.423), (8.426) and (8.427) imply:

(8.428)

’ NP YENY a n,ov o1 /
| [ X Peamird (287 = 80)) " Bya a0
S2? L2 (M)

Finally, (8.416), (8.419) and (8.428) imply in the case r =1 and s = 0:

e(1+ qg)evj’»’,.

(8.429) Iz pall iz € 25 =11+ 3y
Next, we estimate hyp, in the case 7 = 0 and s = 1. In view of the Defini-
tion (8.368), we may decompose hg 4 as:
(8.430) hopq = h2p.g1 + P2pg2+ hapgs,
where ho 4.1, R2,p,q,2 and ho 4.3 are given respectively by
(8.431)

hopg1 = (

< ([ Pt = 8) (25V = N)) " By ()

\

j p
. L(P<gijy—ytrx) <2§(N — N,,)) Fj,_l(u)n;-’(w)dw)

(8.432)
h2,p.a.2 < /S2LP>2J|,, Jitrx) (23 (V - N))ij,_l(u)n;(w)dw>

X (/ xX'trx’ (b, —b)( 2% (N —N,,/))qFjw_l(u’)n;/(w’)dw'>
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and
(8.433)

bmas = ([ 2000 (210 - M) B sty () )
x ( /S Xt (b = V) (2% (N' — N,,/))q Fj 1 () (w’)dw’) .

Next, we estimate the L'(cM) norm of hoy g1, hopge2 and hep s starting with
h2,pq,1- In view of the Definition (8.431) of hap 4.1, we have

(8.434)

||h2,p,q,1 ||L1(0M)

< /S2 L(P<gijy—ptrx) (2%(N - N,,))pFL_l(u)n}’(w)dw

~

L2 (M)
q

X / X' Ps2iy—utrx’ (bys — ) (2%(N' — Nl,/)> Fj7_1(u’)77§’l (W)dw'
Sz

L2(M)
We estimate the two terms in the right-hand side of (8.434) starting with the first
one. The basic estimate (7.1) yields

(8.435) /82 L(P<2ijy—ytrx) (2%(N - Ny))p Fy 1 (u)nf (w)dw

i P
s <Sgp HL(PQ"“’“’”HX) (22 (N - N”)) ‘ LzoL2(e%u>>

| ; |
< (sup||L(P§2j|,,,,/trx)”LzoLz(o%u) (22 v =) Lw) 28"

S 2867y,
where we used in the last inequality the estimate (2.42) for 9,,N, the size of the patch,
and the following estimate
I L(P<2ijy—vtrx) || Lee L2 S €5

which follows from the estimates (8.305) and (8.306). Next, we estimate the second
term in the right-hand side of (8.434). Using the basic estimate (7.1), we have

(8.436)

J q o
| [ X Pt =) (24 = M) Bya(u ()

L2 (M)

’ ’ / L oart a 1
T I

| = ¥) (257 = N,

l 7
< ¥ (SUPHX/HLOO, T . )m;
w/ ut,T. u xT LOO

20>2ipy—v’
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~ m’)’],

where we used in the last inequality the estimates (2.39) (2.40) for x’, the estimate

(2.69) for Pitry’, the estimate (2.44) for 9,,b, the estimate (2.42) for 9, N, and the
size of the patch. (8.434), (8.435) and (8.436) imply:

2 vav

V5 V5
(8.437) h2,p.q1llr @ S ﬁ
Next, we estimate the L'(c}) norm of hgpgo. In view of the Definition (8.432)
of hg p 4,2, We have

(8.438)

Itapaslinn % | [ Bt (2407 = 8)" By s ()

[ X (o =0 (25 ) By (@)

L2(cM)
We estimate both terms in the right-hand side of (8.438) starting with the first one.
In view of (8.159), we have

8139 | [ Do) (2HV - ) F s )i

L2(cM)
s|oX ey
2t>27 jv—v’|
< 72% ’Y
175
@5y — )}
For the second term in the right-hand side of (8.438), we use the decomposition (2.76)
for x’ which yields
(8.440) X =F{ + F?},
where the tensor FY depends only on (¢,z) and »/ and satisfies
(8.441) IFlc= |, 1 5e

and where the tensor sz satisfies

(8442) ||F ||L°°L2(¢]Z )<2 26
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Using the decomposition (8.440), we have
j q '

/S X (b = 0) (25 V= N)) " F ()
_ i / N (o (At 1 Nt (N g
= (], —b)(2 (N —Ny,)) Fj 1 () (@) dw

. j q ’
+ [ B -0 (2HV = N)) By (@)

SZ

This yields
(8.443)

] =¥ (250 = N)) B sy )

SIF= |, 1
u, el

L2 (M)

/ tI'X/(bl,/ — b/) (2%(]\7’ — ND/))q Fj,_l(u')n}/ (w')dw/
g L2 Lge

’ t
U, 1Tt

"

. j q ’
Ffory (b =) (22(V' = N,0)) " By () () !
s2? L2 (M)
J 5 ’ ; J q ’
S275(1+q2)eyy + H/ Fitry/ (b, — V) (Zf(N’ - N,,/)) Fj 1 (u)ny (w)dw'
S2

)

L2 (cM)

where we used in the last inequality the estimate (8.441) for Flj and the estimate
(7.95). The basic estimate (7.1) yields

i J q ’
(8.444) Ffory! (b — 1) (2 (V' = N,,,)) Fj 1 () (o) de’
& L2(oH)
< | sup ‘thrxl(b,ﬂ —b) (2%(N' - N,,/))qH ) 2547
~\ W LS L2 (1) J

. j q i '
< (supl Bl o 6 =) (2507 = W) ) 2t

<2 tey),

where we used in the last inequality the estimate (8.442) for F}, the estimate (2.39)
for try’, the estimate (2.44) for 9,0, the estimate (2.42) for 9, N, and the size of the
patch. Finally, (8.443) and (8.444) yield

(8.445)

j q ’ j ’
‘ /S2 X'trx’ (b, — V) (2§(N’ — N,,/)) Fj 1(u)ny (w')dw’ <273(1+ qg)s’y;’ .

L2(oH)

(8.438), (8.439) and (8.445), together with the fact that 23 |v — /| > 1, imply
5 v v

(8.446) Ih2pg2llion S A+ a2)Ev
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Next, we estimate the L' (c#) norm of hs ,, 4 3. Recall the decomposition (8.64) (8.65)
(8.66) for L(try). We have:

(8.447) L(trx) = X2, - (22 + %) + ] + 3,

where the scalar ff only depends on v and satisfies:

(8.448) ||ff||LgoV L2L>°(Py.y,) Se

where the scalar f] satisfies:

(8.449) 1730 L2com) S €275

In view of the Definition (8.433) of hs p 4.3, this yields the following decomposition
(8.450) hapq3=hapq3s1+hapgs2+hapgss,

where h2,p,q,3,17 h2,p,q,3,2 and h2,p,q,3,3 are given by:

j p
(8.451)  hapg31 = X2, </ (2x1 +X) (25(1\7 - Nu)) Fj,-1(u)n§(w)dw> H,
S2

(8.452) hopase=fi < /
S

and
j (9% P v
(64%3)  hapass = ([ A (20 - M) B @)s ) A
SZ
with H given by:

(2%(N - Ny)>ij7_1(u)n;(w)dw) H

2

(8.454) H= [ X'ty (b —¥) (25N - NV/)>q Fj 1 (u)n? (')
S2

Using the basic estimate (7.1), we have

[ 5 (0 = M) B )
52 L2()

i (i p F
< (s (v -m)|, ) 2

i i p i
$ (s, 200 ), 25

(8.455)

L2 L2 ()

where we used in the last inequality the estimate (8.449), the estimate (2.42) for 9, N
and the size of the patch. Also, we have

was6) | ([ (2 - M) B st o))

L2 (M)

S A Nz p2re(p )

‘/32 (2%(N — NV))ij,fl(u)n;(w)dw

L2 L?
qumlu t

< @ +p%)ey,
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where we used in the last inequality the estimate (8.448) for ff , and Lemma 7.6. Also,
recall (8.72):

/Sz (201 +%) 22V = ) By () (w)dw

(8.450)—(8.457) imply

(8.458) Ih2p.asllron S (Ix2u Hll 2@y + 1Hl L2@n) (1 + 05

Next, we estimate H. In view of the Definition (8.454) of H, the analog of (8.72)
yields

(8.459) 1H 2y S A+ *)eny
Also, in view of the Definition (8.454) of H, we have
X2, H = Hy + Hj,
where Hy and Hj have been defined respectively in (8.408) and (8.409). We deduce
(8.460) X2, H L2y S [ Hz2ll2(00) + [[H3[L2(00)
Sevy,

S (1+pHev).

(8.457) ‘
L2(M)

where we used in the last inequality the estimate (8.412) for Hy and the estimate
(8.413) for Hj. (8.458), (8.459) and (8.460) imply

Ih2,p.qsllLron S 1+ 1+ ¢y,

which together with (8.430), (8.437), (8.446), and the fact that 25|y —1/| > 1, implies
in the case r =0 and s =1

(8.461)  lhopallern S h2pailleien + 1hepazlliien + 1hepaslleion
5 v V/
s +p2)(1 +q2 )52’)’]' Y -
Using (8.429) in the case 7 = 1 and s = 0, and (8.461) in the case 7 = 0 and s = 1,
together with the fact that 27 |v — /| > 1, we finally obtain

3\ol v v
(8.462) Ih2pallzin S (L+p*) (L +q2)22 v — V') .

Now, in view of the decomposition (8.366), we have:

1,2,2,3 1,2,2,3
> (B im + Biiim)
(I,m) /2max(l,m) <27 |y—v’|
1
S | — P1pall 2 @) + h2,pqll 21 0],
P,¢>0 (22[Ny — N,/ |)prats L2 (M)

which together with (8.32), (8.415) and (8.462) implies:

1,2,2,3 1,2,2,3
(8.463) Z (Bj,y’,u,l,m + Bj,l/,u’7l,m)

(1,m) /2max(t:m) <2d |y — /|
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1 5. 4 '

S DL G (1+p*)(1+q7)22 v — V|*y) )

@ o
N /1

RNCHENZIE

In view of (8.256), we have in the range 2™m2x(bm) < 27|y — /|

1,2,2 1,2,2,1 1,2,2,2 1,2,2,3
Bj v iom = B g + B im + Bj,u,u',z,m)‘
~ Pq J
p,g>0 (22 [N, — Ny |)pta L (M)
. [H ! Wspatomlzin + H ! T
™ A 12 1,p,q,l, (M ™™ A 13 2,p,q,1, 1 .
|N1/ _]\71//|2 LOO(W) pabm L (W) |N1/ _Nz//|3 LOO(@]V[) PG L (W)
ogether wi .32), (8. an . , we obtain:
Togeth ith (8.32 8.264 d (8.282 btai
1,2,2 1,2,2,1 1,2,2,2 1,2,2,3
Biiuam = Biiiim + Biliim + Bj,u,u',z,m)‘
. 1 1 J J ’
<25 Y [ (14 )20 | — /] + 23)e2y 2
Z @by — vt Ly =P Y
1 . . . ,
e R CHCH ) FESOE Y
< { : 2,7% T 274 T 271 }527?7%
~2t@i ) T @ @)t

Together with (8.284), (8.364) and (8.463), we finally obtain:

1,2,2 1,2,2
> (Bt + Byt m)

(1,m) /2max(tm) <2d | nu—v/|

1,2,2,1 1,2,2,1 1,2,2,2 1,2,2,2
S|X BRI tB| | X Bt B
(Lm)/zmax(l,m) (l’m)/zmax(l,m)

o 4 vy d

1,2,2,3 1,2,2,3 j2 s j2- 16 2 o

+ Z (Bjoiitm T Biluivim)| + { i e T ol , 3]8 Vi
(1,m)/2max(l,m) 2z|v —v'|) CHE

2 v v

< 27 Y55 -

~

1 1 9—(3)-7 1
J J + J J 3 + J + J

A —v)) 2@ )] @] @b
Together with (8.255), we obtain the estimate on the whole range 2™*(b™) < 27|y —1/|:

1,2,2 1,2,2
> (B m + Biltiim)
(1,m) /2min(m) <23 |y—v/|
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» 1 1 9—(3)-7 1 2
S|27 i L e T o T ot N3 7;7;'
2225y =) 2522w —v)2 (22— (22fv =)

This concludes the proof of Proposition 8.11.

8.2.3. Proof of Proposition 8.12 (Control of lef " 1.m)- — Recall that lef 3 Lm 8
defined by (8.96):

, 1
Bh23) =—'2*H/ / — [ L(Ptry)Ptry’ + PtryL (P try’
7, lm ? 0 Js2 s g(L,L’) ( 1 I'X) mirx + Lty ( m I‘X)

x b TH1 — g(N, N'))Fj 1 (w) Fy () () (") dwdw' doM.
Together with the identity (8.30):
g(L,L") = -1+g(N,N"),
this yields:

8.464) BY*? i1 L(Pytry)Pptrx’ + PtrxL' (Pptry’
g lm - SQ
X

X Fj,—l(U)F (') (W) (W) dwdw' dM.
Recall (8.1): 4
m <l and 2™ < 2’|y — /|
We first consider the range of (I,m) such that:
2m < 2y — 1| < 2L

This yields:
(8.465) > By = —i27 ! / (h1 + ha)do,

(1,m)/2m <20 [y—p'| <21 oM

where the scalar functions hq, he on oM are given by:
(8.466)

h1 = / L(P>2y‘,/ V/‘tI'X) J—l( ) ;’(w)dw> </ b,_1PS2j|V,,/trX’Fj(u’)n;/(wl)dw/>
S? $2

and:
(8.467)

he = (/ P>2j,,V/tI'XFj7_1(U)T};(W)dw> </ b'1L'(PS2J'|VV’ItrX’)Fj(Ul)n;('(w’)dw'> .
S2 §2

Next, we estimate the Ll(c/%) norm of hy and ho starting with h;. In view of the
definition of h; (8.466), we have:

/S L(Ps sy 503) Fy -1 ()1 () s

(8.468) Il < \
L2(cM)

/ b/_lpsgj |l,_,,/|t1‘XIFj (u/)n;-'/ (w')dw’
§? L2(cM)
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NS

2 /
S
CHP T EN
where we used in the last inequality the estimates (8.238) and (8.372).
Next, we estimate the L!(c) norm of hy. In view of the definition of hy (8.467),

we have:

(8469)  lhalliion < H [ Pt g
S2 L2 (M)
X / bl_lLl(P<2j|l,_,,/|tI‘XI)Fj(U/)?7;-// (w')dw/
52 - L2(cM)
914 ,
S "

T @y -v))
where we used in the last inequality the estimates (8.129) and (8.435).

Finally, (8.465), (8.468) and (8.469) imply the following estimate in the range
of (I,m) such that 2™ < 27|v — /| < 2&

(8.470)

1,2,3 —j
> By im| S 277 (Ml 2@y + 2l @)
(I,m)/2m <27 |lv—v’|<2!
1 1
~ 37 J 1 + J J
27 (22lv—v))z 22(2z v — ')

2. v v

75 -

1,2,3

Next, we estimate B,

in the range of (I,m) such that:
2m <2l < 2w — V).

We have the following decomposition for B}ff, L'

(8.471) BL:2:3 — pi23l | pl232

Jwvslm Jvvslm Jwvslmo

1,2,3,1 1,2,3,2 . .
where Bj’wj,J’m and Bj’ywy%m are given by:

(8.472)

leff,llm =427971 /QM /82 . b’_lL(Pltrx)Pmtrx'Fjv_l(u)Fj(u’)n}’(w)n}’/(w')dwdw’doﬂ%
X

and

(8.473)

lefi’,%m =27971 /W /82 . b’_lPltrxL’(PmtrX/)Fj,,l(u)Fj(u')n;(w)n;’/ (w")dwdw' doM.
X

We first estimate B>2>!

. ] .
Jvvslm

We integrate by parts tangentially using (7.136).
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Lemma 8.16. — Let B-*%Y  defined by (8.472). Integrating by parts using (7.136)

g, lm
yields:
1,2,3,1
(8.474) Bj v Lm
1
=27 / [ (h1p,gt,m + hopqgim)
p;o Pq 2 |N N,,/|)p+q |N Nv’|2 sPyd5t, »Pyq,t,
1
+ IN, — N,/| (h3,p>q,l,m + h4,p,q,l,m) + h5,p,q,l,m] deM,

where cpq are explicit real coefficients such that the series

E P,4q
Cpg™Y

p,g>0
has radius of convergence 1, where the scalar functions hip q1.m;, h2p.q,im;, P3.p,q,1,m>
hapqims Nspqim on M are given by:

8479) s = ( [ (P00 (220 - N)) B )
< ([ Pt (257 = M) Byt ).
(8.476) h2.p.q1m = (/S

X / X' Ptry (2%(N’ - N,,))q Fj,,l(u')n;/ (w’)dw’) ,
S2

LRt (2200 = V) Bl () )

(
(84T7)  hspgim = < /S Gy (2%(1\1 - NV))” Fj,_l(u)ng(w)dw>

( By (@)
(8478)  hupgim = ( /S L(Pitrx) 2PV =) B )n;(w)dw)
5’<w'>dw’>

(u
(/S G (25N = N,1))" By a ()
/S2 L(Ptry) (2%(N - N,,))” Fj,_l(u)n;(w)dw>

and:

(8.479) hsp.qlm = <

X < N'(Ptrx)) (2%(N’ — NV,))q Fj7_1(u’)77;»’,(w')dw’>
S2
and where the tensors G1 and Go on M are given by:
(8.480) G1 = Y(L(Ptrx)) + (8 + b~ V(b)) L(Pitrx)
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and:

(8.481) Gy = Y/ (Pptrx) + (0 + b 'V(¥)) Pty

The proof of Lemma 8.16 is postponed to Appendix F. In the rest of this section,
we use Lemma 8.16 to obtain the control of leff,ll m
We estimate the L'(cH) norm of hip,gtm,ho,p.qims h3.p.q0ms hapgim, hspgtm

starting with hq p q.1.m. In view of the Definition (8.475) of h1 p q,1,m, We have:
(8.482)

j p
st S | [ X2 (207 = )Y B @)

L2 (M)

X

j q ’
/ Pmtrxl (2§(N, — Nyl)) Fjv_l(u’)n; (w’)dw’

L2 (M)

S +¢)ey ,
L2 (cM)
where we used in the last inequality the estimate (8.181). Now, the analog of the

estimate (8.371) with r = 0 yields:

[ P (22 = 3)' By (@)
.

/ XL(Btr) (24 (N = N,)) "y ()
B

S22y,

(8.483) ‘
L2(oH)

which together with (8.482) implies:

(8.484) 1h1,p,q,0,m 1) S (1 + q2)2%€2’)’;"/}’ )
Next, we estimate the L (c}) norm of ha p 4.1.m. In view of the Definition (8.476)
of hgp.q,i,m, We have:

(8.485)

J p v
Ihapasmlinan S | [ 2P0 (208 - M) B st (o)

L2 (M)

X / X' Pptry’ (2%(N’ - N,,,))q Fj,_l(u')n}/ (w')dw' .
2 L2 (M)
The basic estimate in L%(cM) (7.1) yields:
J p v
(8.486) H/ L(Ptry) (2§(N - Ny)) Fj _1(u)nj (w)dw
2 L2 (M)

i P 5
_ i B 2~Y
< <SngL(PltrX) (2 (v N”)) HLfﬁL"‘(&M) 2

Se2iy,

where we used in the last inequality the analog of the estimate (8.418), the estimate
(2.42) for 9,N, and the size of the patch. Also, the analog of the estimate (8.428)
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yields:

Se(l+q8)Y.

(8.487) ’
L2(oM)

j q ’
/S2 X' Ptry’ (ZE(N' — N,,/)> Fj 1(u)nj (w')dw’

Finally, (8.485), (8.486) and (8.487) imply:

5. nd 9y y
(8.488) h2,pqtmllLremn S 1+ q2)2%52’Yj Yj -

Next, we estimate the L' (c}) norm of h3 p 4 1.m. In view of the Definition (8.477)
of h3.p,q,1,m, we have:

> hapaim = (/SZ Gy (2%(]\7 = Nu))ij,—l(U)W?(w)dw)

m<l

q ’
X (/ Pty (2%(1\7’ - Nu/)) Fj1(u)ny (w')dw’> ;
S2
which yields:
(8.489)

§ : h3,p,q,l,m S

ms! LM (M)

/S2 Gy (24(N - N,,))p Fy o (u) (w)doo

L2 (M)

X

j q ’
/ Potry’ (ZE(N' — N,,/)) Fj’_l(u’)n;’ (W')dw'’
S2

L2 (M)
In view of the estimates (8.179) and (8.180), we have:

1 (o2 / a nov o ’ 2 v’
(8.490) Pojtry (22(1\/ —N,,/)) Fj 1 (/)Y (w')dw S +)ey!
52 L2 (o)
Also, using the basic estimate in L?(c#) (7.1), we have:
j p
(8.491) / G, <2§(N—N,,)> Fj,_1 (w)n! (w)du
S2 L2(cM)

j p J
< <Sup HGl (ZE(N - N")) HL«»LZ(@% )) 2
< <sup||G1||LgoL2<§/zu)> 227,

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. In view of the Definition (8.480) of G1, we have:

Gl Lo 2 () S IV(L(Ptrx)) || poe 22 (o) + 10 4+ 67 V() L(Prtrx)|| £ £2(g,)
(8.492) < 27¢,
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where we used the estimate (8.193) for the first term and the estimate (8.186) for the
second term. Now, (8.491) and (8.492) imply:

‘ /sz & (2%(N - NV)>ij,—1(U)n§’(w)dw

which together with (8.489) and (8.490) yields:

L2 (M)

(8493) Z h3,p,q,l,m S (1 +q )224‘26271/7; )
= L)
Next, we estimate the L*(c}) norm of hy p g 1.m. In view of the Definition (8.478)
of hy,p,q,1,m, We have:

(8.494)

p
||h4,p,q,l,m||L1(C%) 5 H/S2 L(PltI'X) ( %(N N,,)) Fj7_1(u)17;(w)dw

L2 (M)

/ Gs (2%(N' - Nl,/)>q Fj 1 (u/)n! (') dw'
§2

L2 (M)

S (1+pH)2tey!

Y

L2 (M)

where we used in the last inequality the estimate (8.170). Now, the basic estimate
in L?(cM) (7.1) yields:

/ G2 (2%(]\[, — Nl,/)>q Fj7_1(u’)n;’,(w')dw’
S2

< (swp s (2t - )’

S (su/p||G2||L$Lz(c«7¢u,)) 2%’)/; s
where we used in the last inequality the estimate (2.42) for d,,N and the size of the
patch. Now, in view of the Definition (8.481) for G2, we have:
-1
1G22y S IV (Pt ey + 10+ 7 F®) o 120 | Pertex'll o

<eg,

~

GQ (2% (N/ — N,,/))q Fj7_1(u')17;-’/(w')dw'
s2

(8.495)

L2 (M)

2%’)/;»/

L;‘3L2(57¢uf)>

where we used in the last inequality the finite band property and the boundedness
on L>®(P, ) for P<;, the estimate (2.39) for try’, the estimate (2.38) for b, and the
estimates (2.37) (2.39) (2.40) for ¢’. Together with (8.495), this yields:

j q ’
/ GQ (25 (NI - N,//)) ij_l(u/)n;’ (w/)dw’
SZ
which in view of (8.494) implies:

115 v V
(8.496) 1ha,p,q,0, m”Ll(W) (1+p*)27 527] Y-

Se2iqy,
L2(M)
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Next, we estimate the L' (c}) norm of hs p 41.m. In view of the Definition (8.479)
of hs p,q,1,m, we have:

(8.497)

J p v
1h5.p,q0mll L1y S H/Sz L(Pitrx) (25(N - N,,)) Fj 1 (u)nf (w)dw

L2 (M)

[N Pty (2N = N ) By s ()

L2(0)
S (L +p2)27F 2y

where we used in the last inequality the estimates (8.170) and (8.317).
Finally, we have in view of (8.474):

1,2,3,1 —2j
> Biim| S27Y Y o

1
(25|N, — N,/|)p+a

m/m<l p,q>0 Lo (M)
1
x| lo—v3 (Ih1p.g0mll 1 (e
H INy, = N2, o%)m/zm:q Pt
+ ||k m NN
1h2,p,0,tml L2 (1)) + H|N ] P
X Z h3.p.q,1,m + Z 17a.p,g,0,m [l L1 (10)
m/m<l L (M) m/m<l
+ X Wspatmllon|dot
m/m<lI

Together with the estimates (8.32), (8.484), (8.488), (8.493), (8.496) and (8.497), and
the fact that we are in the range 2™ < 2! < 27|y — v//|, we obtain:

1,2,3,1 2
z : Bj,l/,l/’,l,m <2 z : Cpq

m/m<l p,q>0 (22 |V - 1,/|)p+q

1 g 1
[t ot (2 )

+(1+p%)j 212]627]”%”
jo=% 2—%+% +jo-1s
S[ jJ + j
@3y —v))? 2825w —v/))

+ 2712279 [e2vaY
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Summing in [, we finally obtain:
(8.498)
223 1 ‘ ,
BL¥3L | < [ J I +2—J]527V7'f .
2 et L@t - v 2% @b - ) i

(1,m) f2max(t:m) <2d |y — /|

Next, we estimate B;ff,zl n in the range 2™ < 2! < 27|y — V/|. We obtain the

analog of the estimate (8.498):
(8.499)

e d
1,2,3,2 Jje27z2 1 _il 2 /

Z B im| S [ 7 PN 112 j] Vi
(L) /2max(tom) <23 |y— 1| 22|y — V') 27 (22jv — V)2

To this end, we proceed exactly as for B;7’37’3,’7ll7m, the only difference being that we

integrate by parts tangentially using (7.137) instead of (7.136) to obtain the analog
of Lemma 8.16. This is left to the reader.

Finally, the decomposition (8.471) of leff,lm together with the estimates (8.498)
and (8.499) imply:

1,2,3
> B tom

(1,m) /2maxm) <27 |y —u/|

1,2,3,1 1,2,3,2
< 2. Bjuiiim| + 2. Bjuim
(l,m)/2rnax(l,m)g2j |V_l,/| (l’m)/anax(l,m)SQj |u—v’\
26— 1
j°272 1 il oy
5[1 g T oE o1 ,;+2J57j'yj'
@22y —v))? 29 22|y —v))2

Together with the estimate (8.470) in the range of (I, m) such that 2™ < 27 |v—1/| < 2!,
we obtain:

1,2,3
Z Bj,l/,u’,l,m
(l,m)/Qmm(l'm)SQj|1/—1/’|
227 1 1 , ,
[ J'] + i + = - +277 Ez'y;fyj’f,
(@i - v 28@E—v)) 2% 2Ey - v}
This concludes the proof of Proposition 8.12.

<

8.3. Proof of Proposition 8.2 (Control of B?

G m)

Recall the definition of B2

!
g, lm

(8.11):

o—i b
Bivariim = =127 /CM/S =8, (<g<N7 N') = 1) Putrx N (Btrx')
X 9
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+ (trx ~3-3 —(1—g(N,N"))8 — 20N _g(N, NN

_ X/(N_g(N7N/)NI7N_g(N7N/)NI)>
g(L, L)

X Pltrxpmtrx'> Fj(u)Fj _1(u')nj (w)n}’/ (W) dwdw'doM.

We first consider the range of (I, m) such that:
2m < 2y — 1| < 2L
This yields:
> Blvim

m/2m <27 |lv—v'|

) p—1
——iz [ ((g(M N') = D) Ptrx N’ (Pegs oo trx) + <trx -3
M JS2 xS2

g(L, L)
., X (N — g(N,N)N',N — g(N,N')N')
~8 — (1 —g(N,N")§" = 2(y_gn,nryne — g(L, L)

X PitrxP<oijy_y| trx') Fj(u)Fj 1 (u')nj (w)n}’, (W) dwdw'doM.

Together with the identity (8.30):
g(Lv L/) =-1+ g(N7 Nl)v

we obtain:
(8.500)

2
> By v im

m/2m <27 |v—v’|

=i [ ( / blHterj(U)n}’(W)dW> (N (Pegspyur )y s (' (')
o \Js2 -
; b1 - =
—i2_J/ / (trx—é—é—l—gN,N’ & — 200 Ny
W §2 % §2 g(L,L/) ( ( )) N g(N,N )N
_ XI(N_ g(NaNI)NlaN_ g(NvNI)N/)
g(L, L)
x Fj(u) Fj_1 (u" ) (w)n} (") dwdw' doM.
Next, recall the identities (8.30) and (8.31):

> -F)ltrXPSQj |u—u'\trXI

_g(N-N',N-N')
= 5 .

g(L,L') = =1+ g(N,N') and 1 — g(N, N')

We may thus expand
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T m)

in the same fashion than (8.33), and in view of (8.500), we obtain, schematically:
(8.501)

2
> Bj oy im

m/2m <27 |v—v’|

7Y e :

p,g>0 (23|N, - Nu’|)p+q+1 [|N"_N”/|

g /@M ( /S 2 b—lmrXFj(u)n;(w)dw>

< ([ N Peatoar Vst () )
S?

where the scalar functions hi p g1, h2,p.q.1, B3.p,q1 O0 M are given by:
(8.502)

hipas = < /S (trx — §)Pitr (2t v -m) Fj,_l(u)n;(w)dw>

(hl,p,q,l + h2,p,q,l) + h3,p,q,l dW

< ([ Peaind (22 =800 By @)
S2
(8.503)

hopqi = ( . Pitry 22 (N-N, )) Fj’_l(u)n;-’(w)dw)

g / q nov / /
X </ iy X )P<2J|l, ,,/|trx (22(N - Nl,,)) Fi_1(u )nj (w )dw)

and:
(8.504)

j p
asas = ([ R (2 = 80)) By s () )
j q ’
X </ C'P§2j|,,,l,/|trxl (25(]\7' - Nl,/)> Fj7_1(u’)n;’ (w’)dw’)
s2

and where cp, are explicit real coefficients such that the series
Py d
E CpgThy
P,q=>0

has radius of convergence 1.

Next, we evaluate the L'(c}) norm of hy g1, h2 p q.15 P3p g1 Starting with by, 4.
We have:
(8.505)

s patlzzion % | [ o= 9)mene (2503 - M) By @)

L2 (M)
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X

j q ’
[ P’ (248 = No)" By st ()
SZ

L2 (M)

<A+ ¢?)ey”

)

L2 (M)
where we used (8.372) in the last inequality. The basic estimate in L?(cM) (7.1) yields:

[ =8P (258 = N,))” B ()
.

— J p i,
< (sgp ‘(trx —9)Pitry (27(N - N,,)) HL?LH(%H)) 227,

Now, for any tensor G, we have:

[ (=8 Ronx (28 = N)) By (o)
.

(8.506) ’

L2 (M)

||GPmt1"X/||LyL2((%,) S ||G||L;<7L§ ||Pmt1"X'||Li,Lg°a
which together with the estimate (2.69) for P,,try’ yields:
(8.507) |G Ptrx[lLos 2,y S 27 "ellGllnss rs-

Using the estimate (8.507) with G' = try — &, the estimate (2.39) for try, the estimates
(2.36) (2.37) for &, the estimate (2.42) for 9, N and the size of the patch, we have:

‘ (trx — 0) Pytry (2% (N — N,,))
Together with (8.505) and (8.506), we obtain:

(8.508) [P gl S (1+¢2)27 F2e2yyy

Next, we evaluate the L'(c#) norm of hgp ;. In view of the Definition (8.503),
we have:
(8.509)

< g2l

~

|
L3 L2 (&)

||h2,p,q,l ”Ll(c/%)

j p
< Pitry (2§(N - N,,)) Fj_1(u)nj (w)dw

s2 L2(M)

— j q v
X /Sz(—él — X’)PS21|,,_V,|trX/ (2§(N’ — N,,,)> Fj’_l(u')nj (W')dw'

L2(M)
The basic estimate in L%(cM) yields:

/82 Prtry (2% (N — N,,))p Fj,,l(u)n;(w)dw

J p Lz v
< <sup ‘Pltrx <2§(N_ N”)) HLooLz(o% )> 25

_l_;,_l
S27 M zey],

(8.510)
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where we used in the last inequality the finite band property for P, the estimate (2.39)
for try, the estimate (2.42) for d,N and the size of the patch. On the other hand, the
decomposition (2.76) for x’, the decomposition (7.132) for &', and the estimate (2.42)
for 9, N yield the following decomposition for 5+ X':

(8.511) § +x =F +Fj,
where the tensor Ff only depends on v/ and satisfies:
(8.512) 1 g a0z S e
and where the tensor FJ satisfies:

(8.513) 1FS \l s p2on,) S €272
In view of (8.511), we obtain:

(8.514)

— j q ’
L8 00PN = N))" Bymalul )

L2 (M)

j q ’
/ PSQj‘,,,V/‘tI'X/ (25(1\]/ - Nz/’)) ij_l(u/)n;-’ (w/)dw/
S2

5 ||} 1]||Lu°oul ,z,’/,L%
L2 !, L
v

. j q ’
+ H/ F§ Pegijy—prtrx’ (25(1\7' - N,,/)> Fj—1(u)nf (w)dw'
SQ

L2(cM)
5 ’ ; j q ’
S (1 + qa)E'}/‘;l + H/SZ F5P§2j|y_,,/|trx/ (2§(N/ — N,,/)) Fj’,l(ul)n}’ (w/)dw/

)

L2(cM)

where we used in the last inequality the estimate (8.512) for Flj and the estimate
(8.426). Now, the basic estimate in L?(c#) (7.1) yields:

. j q ’
H [ P (22 = N) ' By ()
S2

L?(oH)

. j q j ’
S (Su,p Hszpszflu—w\trxl (2§(N/ - N”’)) HLOOLW ,>> 2
<evt,

where we used in the last inequality the estimate (8.513) for FQJ , the boundedness
of P<gijy—ps| on L(Py ), the estimate (2.39) for try, the estimate (2.42) for 9,N
and the size of the patch. Together with (8.514), this yields:

-/ J q v 5 v
| =0 Peaind! (25O = ) Byl @ S adlent
S

L2 (M)

Together with (8.509) and (8.510), we finally obtain:

5 4 i v_ v
(8.515) ||h2,p,q,l”L1(cM) S(1+4q2)2 l+252'Yj Yo
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Next, we evaluate the L'(c) norm of h3p ;. In view of the Definition (8.504),
we have:

(8.516)

J P v
Ihapaclizn | [ P (207 - M)) B st i

L2 (M)

j q ’
X / (' Pegipyprtrx’ (25(—7\7' - Nu')) Fj_1(u)nf (w)dw'
S2

L2 (M)

< 2_”%67;’ :
L2 (M)
where we used (8.510) in the last inequality. In order to estimate the right-hand side

of (8.516), we use the decomposition (2.80) of ¢’. We have:

j q v
/SZ ¢ Pegipy—yrftrx’ (2§(N’ - N,,/)> Fj (')} (w')dw'

(8.517) ¢'=F] +Fj,
where the tensor Ff only depends on v’ and satisfies:
(8.518) 1F Il c2.2s, Se
and where the tensor FJ satisfies:

(8.519) 1S s 120,y S €273,
In view of (8.517), we have:

(8.520)

H/ ¢’ P<ojjy—prtry’ (2%(N' - N,,/))q Fjw_l(u’)n}/ (W)dw'
S2

L2 (M)

1 (oL art 1 NV (N
/S2 Peoijy—yrtry (22(N - N,,/)) Fy 1 (u')nf (w')dw

SIF e r2.1e,

. j q ’
+ ‘/ FZJPS27|V—V’\ter (ZE(NI - Nl/’)) Fj(ul)n; (wl)dwl
s2

L2 (M)
<eg

~

J q ’
[ Pesumiind (22 = M) Byt |
S L3 , L$

Uy T,

)

. j q ’
i ‘ | FiP<o i (2HOV = M) By ()
S2 -

L2 (M)

where we used the estimate (8.518) for F} 1] in the last inequality. We have the analog
of (8.272):

< E2j'y;.

J p v
(8.521) H/ P_ojjy_ptrx’ (2E(N - N,,)) Fj —1(u)nf (w)dw
s? Lo (M)
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Now, interpolating between the the estimate in L? =, L (8.426) and the L™ esti-
mate (8.521), we obtain:

j q ’ j ’
(8522) H/ P<2]'|,,_V/|trxl <2§(N/ _ N,,/)) Fj(u/)n]’/ (w/)dw/ S 216")’]’/
sz Lt , L
For the second term in the right-hand side of (8.520), we have:
. j q ’
| [ BPeasmsion (2 = M) By ()
S2 - L2(M)

< J 1 (oL A a / v N
S | VB P (25 = No)) B () 20 (@)

77;’, (W)dw'.

. 1 q
< NFI | g p2gon A IFs ()] 2 ’P it ’(2% N’—N,,) H
S [ 1B VS lsz, [Peasomsntry (251 ),z

Together with the estimate (7.124) for Fg, the boundedness of P<g;|,,—,/| on L>(P; ),
the estimate (2.39) for try, the estimate (2.42) for 9,,N and the size of the patch, we
obtain:

J 1 (ol / a nov', 1 /
(8523) H/Sz F2 PS27\V—I/’|trX (22 (N - Nu’)) F](u )T[j (w )dw

L2(cM)
st [ 1)l (@)
s2 v
<Se2iqY,
where we used in the last inequality Plancherel in )\, Cauchy Schwartz in w’ and the

size of the patch. Finally, (8.520), (8.522) and (8.523) imply:

’
v

< 52%7]- .

(8.524) ‘
L2 (M)

j q o
/SZ ¢'Peoify—prtrx’ <2§(N' — N,,/)) Fj 1 (u)ny (w')do’

Together with (8.516), this yields:
(8.525) b3 pg.ill L2y S 27225 e2yYAY .
Next, we estimate the last term in the right-hand side of (8.501):

/W (/2 b_l_Plt}I‘XFJ(U)'I];(LO)dW) (N’(PSQJ"l,_,,/‘trX')Fj’_l(u/)n;/(w/)dw’) dW
S
We have:

‘/ (/ b—lPltrXFj(u)n}’(w)dw) (N’(szj‘V_,,/|trx’)Fj’_1(u’)n}/l(w/)dw’) dW‘
oM \J§?

S ’

/ bl Pitry F; (u)nf (w)dw
S2

(8.526)
—l4+5 2 v v
S27e YiV5 o

/2 N'(Peipy—yrtrx ) F -1 () (w')do’
s

L2(M) L2(eM)
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where we used in the last inequality the estimate (8.510) and the estimate (8.317).
Now, we have in view of the decomposition (8.501) of B?

gl m*
> Bluwim
m/2m <27 |v—v’|
oY gy [H| (a2
2,g>0 (22N, — N,/|)pta Lo (M) Lo2 (M)

el 0) + haalo o |

+277

/ </ b—lplterJ(u)n;’(w)dw> (N/(PSQj"’_V/|trX/)Fja—l(u/)fq;’/(wl)dw/> d(aﬂf‘ .
oM \J§?
Together with (8.32), (8.508), (8.515), (8.525) and (8.526), we obtain:
Z B]z,y,u’,l,m
m/2m <27 |v—v’|

1 1 5 j i
< 9-3% - [ (14q¢2)27Fz2 4 2_”224] e2yv Y
Z T @ty — prert Ly = 7] Y

+ 2~ l€2'yj”'yjl’
2-1+3 2-12%
J + J
(2zlv —v')2 (22|v =)

2 v v

< iy -

Summing in I, we finally obtain in the range 2™ < 27|y — v/| < 2!

520 S B

(I,m)/2m <2 |lv—v’|<2!
1 2~ % 1
S ; + — + = 27”7" .
l(2%|l/—'/’|)3 (22 |y — /)2 2é(24|1/—1/’|)] T
Next, we consider the range of (I, m) such that:

2m < 2t < 29w — /|

We integrate by parts in tangential directions using (7.137).

Lemma 8.17. — Let B? be defined by (8.11). Integrating by parts using (7.137)

yields: povtbm
szuu’lm=2_%ch‘1/ ! ! (h1p,qim + h2pgim)
T o N e [N R et s
-I-;(hs Lm + hapgim =+ hs lm)+¥(h6 Lm
IN, — N, |2\ 3pab 2,a5l, Psasl, IN, — N, | opab
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+ h77p7q,l,m + h&p,q,l,m) + h9,p,q,l,m + th,p,q,l,m dW

(8.528) + terms interverting (v,v') + B! + B2

7 lm 7 lmo
where cpq are explicit real coefficients such that the series

E P,
CpgZ™Y

p,q>0

213

has radius of convergence 1, where the scalar functions ki p q1.m; h2p.qim, P3.p.q1m;

hap.aims Bspaims B6paims B1patms h8patms hopgtms hopaeim on M are

given by:
(8.529)

matm = ([ X0+ 9Py (2%<N - 8)) Byl )

(8.530)
et = ([ 0+ BPox (240 - )" By ) e

O +8)Patr (25 = N) ' By @),

X
&
(8.531)
h3.p.qm = </sz Gr (28 (v - Nu))ij,l(U)n?(w)dw)
(8.532)

hasaim = ( [ V(P00 (2407 - N»)’)FJ,_l( (@) )

(8.533)
st = ( [ e+ OBy (20 - 80))” By sy () )

(7
(L
([ Pt (25 = ) B a0 @)
(L
(

(0" + ') Pty (2%(1\7' - Nu'))q F]‘7_1(Ul)’)’]_;/(wl)dw/> ;
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x ( [ Patr %<N'—Nm)qFj,_1<u’>n;’<w’>dw'),
(8.535)
i = ( [ (NP0 + PPun0) (208 - ) Fy sy (@) )

X
(8.536)

[0 +8 + Pt (2407 = M) B s )
hspqim = </s2 6+ b1V (b)) Pitry (2%(N — N,,))ij7_1(u)17;(w)dw)

(
x( C'Ptry’ 2§(N’—N,,,)) Fj_1(u)n (w')dw'),

(8.537)

P
ho paim = ( / Prx (22(V - ) Fj,_l(u)n;(w)dw>
SZ
j q ’
x ( "(N'(P,,trx")) (25(N'—Nl,/)> Fj 1 (u')nf (w')dw’)
and:
(8.538)

ot = [ Pitex (2200 = N) By (@)ao)
SZ
vy

X ( N'(Pptry) (2%(1\7’ - NV,))q Fj 1 (u)n (w’)dw’) :
where the tensors G1 and Gy on oM are given by:
(8539)  Gi1=(x+0)VPtrx+ (V) + Y(6) + (x +6)(0 + bV (b)) Prtrx

and:
(8.540)  Ga=(x+06N (PztrX) + ¢V Ptrx + (Dn(x) + N(3) + V()8) Pitrx
and where B> and B> are defined by:

]Vu’lm Juu’lm

1) B =2 [ ([ NEmOR @)
M S?

X ( N’(Pmtrxl)Fj’_l(u')n;/ (w’)dw') deM
SQ

and:

gV NN )N (Pt
542 B2 | —9- 2]/ / &( m
(8.542) gyl 2 xS2 g(N,N'")?

x Fj 1 (u)Fj 1 (u')ny (w)ny / (w’)dwdw'd(ﬂ%.
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The proof of Lemma 8.17 is postponed to Appendix G. In the rest of this sec-
tion, we use Lemma 8.17 to control sz-,y,y,’l’m over the range of (I,m) such that
2m < 2t < 20|y — /).

8.3.1. Control of the L'(c#) norm of hqp g m.- — We estimate the L'(c) norm

of hipgtms h2patms h3patm: Rapaims Pspaims Pepatms M7patms h8patm
ho.p.q.i.ms R10,p,qg,1,m Starting with hy p q1m. Consider first the case [ > j/2. Let H be
defined by:

j q ’
(8.543) H= [ Pty (2§(N’ —N,,/)) Fj 1 ()Y (w')d'.

Then, we have in view of the Definition (8.529) of h1 p q.1,m:
(8.544)

— j p
spatmlliso | [ O+ BPm (2 = 2) By s )

Lt (M)

— j p
S [ Inleon o+ Ry (28 - M) Fiatu| i
SZ

L2(M)

S [ Iz oz lzz o 0+ B Penlaz oo

x| (22 v = ) 1Ej 1 ()l ()

)
Lo (M)
Ser! [ 1Hlss 1 1B 1)l )

where we used in the last inequality the estimate (8.507) with the choice G = x + 6,
the estimates (2.39) (2.40) for ¥, the estimates (2.36) (2.37) for , the estimate (2.42)
for 9, N and the size of the patch. Next we estimate the term in H in the right-hand
side of (8.544). Using the estimate (7.71) in the case m > j/2, we have:

q

(8.545) ‘ / Ptry’ (2%(N’—Nl,,)) Fj 1 ()Y (@) de
S2

L2 L
Se(23 |y — V|27 E 4 (28 |y -/ )) T2 F )Y

Also, using the decomposition:
PSj/gtI'X/ =try — Z P try/,
m/m>j/2
together with the estimate (7.71) and the estimate (7.83), we obtain in the
case m = j/2:

M q 7 i ’
/ Pejatry’ (2%(]\7' - Nu’)) Fj 1 () ()do! S A+ad)e(2ily v +1)0)
S2

2 oo
Lu,z/Lt
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Together with (8.545), we obtain for all m > j/2:

(8.546)

j q /
[ Pty (25 V' = No)) By () (!

L2 Ly
<€(2 |1/—1/|2_m+2 +(22|1/—1/'|)22 i)'y]/
In view of the Definition (8.543) of H, this yields:

’

1Hlzz , ne Se(2ly— w2770 4 25y — /) 727 F45)47
Together with (8.544), we obtain in the case | > j/2:
(8:547) [lhpaimliiwn S (2w — /275 4 (2F |y — v/ R2 EHE)2lyy

< (L IFalng @)

<SRy — |27 E 4 (23 |y — )Y 2"

FH)2E iy
where we used in the last inequality Plancherel in A for || F; _1(u)|| 2 , Cauchy Schwartz
in w and the size of the patch.

Next, we consider the case [ = j/2. Recall that in view of the decomposition for x
(2.76), we have:

(8.548) x=F +Fj,
where the tensor Ff only depends on v and satisfies:
(8.549) 1 o 12 Se
and where the tensor FJ satisfies:

(8.550) 1S || e 2oy S €272

In view of the Definition (8.529) of A1 p q.1.m, the decomposition (8.548) and the defi-
nition of H (8.543), we have in the case | = j/2:

(8.551)
171,p,q,ml L1 (c70)
. — 1 p
SIF s sz || O+ )Py (22 = N) Fiostif@)s| A e
Uy, s2 L2(OM) Uy ,Ty,
| B D) H Pt (24N = M) Fy () ()
L1 (M)
S e(zﬂv VT 2Ry - )2 E )
/(X+S)P§j/2trx(2%(zv V) o (w)nf (@)dw
2 L2(M)
J 3z P ‘
+/S\2 F (X+5)HP<J/2trX (22(N N )) _F‘j7 1( ) LI(C}/{) (w)dw,
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T m)

where we used in the last inequality the estimate (8.544) for F? and the estimate
(8.546) for H. Next, we estimate the two terms in the right-hand side of (8.551)
starting with the first one. In view of the decomposition (7.132) for d, § also has a
decomposition of the form (8.543) (8.544) (8.545), and thus so has x + §. Proceeding
as in (8.423), (8.426) and (8.427), we obtain the analog of (8.428):

(8.552)
H/ (X + 6)P<jatrx (2%(N - N,,))p Fy 1 (u)nf (w)dw
S2

On the other hand, we have:

/.

S [ IF e e lix+ Bl e oz
< 1B 1 () ()

< eo-d /SZHHHL;E,W||Fj,_1<u>||Lgn;<w>dw,

e(l+q2)y)

L2 (M)

n; (w)dw

. _ j D
FY(x + ) H P otrx (25 (N = N,)) " B ()|

Lt (M)

i p
[Pt (2 (V= V,)) HLw(e%)

where we used in the last inequality the estimate (8.550) for FZ, the estimates (2.39)
(2.40) for x, the estimates (2.36) (2.37) for 6, the boundedness of P<;/» on L*®(P, ),
the estimate (2.42) for d,,N and the size of the patch. Together with the estimate
(8.546) for H, Plancherel in A for ||F} _1(u)||z2, Cauchy Schwartz in w and the size
of the patch, we obtain:

(8.553) /S “Fg(X+S)HPSj/2trx( 25(N — N, )) Fj,_l(u)‘

n; (w)dw

L1 (M)
§52(2%|1/—1/|2_m+% —|—(2%|1/ |)22 %)’y]'yj .
Now, (8.551), (8.552) and (8.553) yield in the case | = j/2:

i —mtd i 1o_m_ i
1P1,p,q,0,m L1 1) S (14 q2 ) 2(22 lv —v/|27™ 2 4 (22| — V/])22 El 4)% »y] .
Together with (8.547), we finally obtain for all I > j/2:
(8.554)

hpatmllien S (14 q3)e? (22 v — v/|277F % 4 (23 |v — /) 327 F+1)23~ Lyray.

8.3.2. Control of the L' (/) norm of hy p 4 1.m- — Next, we estimate the L' (c}/) norm
of ho pg.1,m- In view of the Definition (8.530) of hs , 4.1.m, We have:

(8.555)

— j p v
e matmlliron S H [ G828 - 80)) By sy ()

L2 (M)

J q ,
(X 49 )Ptrx’ ( z2(N' - N,,/)) Fj 1(u)ny (W')do'

L2(cM)
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In the case [ > j/2, we use the basic estimate in L%(c):

/ (x + 6)Pitrx (2%(N - Ny))p Fy 1 (u)nf (w)dw
s2

L2(cM)

_ p P b
< 5)Pit (Q%N—NV) 9% v
(ot mmem (v =), )2

Se2ilyy,

where we used in the last inequality the estimate (8.507) with the choice G = x + 6,

the estimates (2.39) (2.40) for X, the estimates (2.36) (2.37) for §, the estimate (2.42)

for 0, N and the size of the patch. Together with (8.549), we obtain for all [ > j/2:
< 52%_lfy; .

— j P
/ (x + &) Pitryx (25 (N — Nl,)> Fj 1 (u)nf (w)dw
52 L2()

Finally, (8.555), (8.556) and the analog of (8.556) for the second term in the right-
hand side of (8.555) implies:

(8.557) h2,p.qimllLrn S 2277y Y

(8.556) ’

8.3.3. Control of the L' (c*) norm of k3, 1m. — In view of the Definition (8.531)
of h3 pg1m and in view of the Definition (8.539) of G, we have:

> tapatn = ([ G (2H0V = 30) " Fistung )

11>m
j q ’
X < P try’ (2§(N' - N,,/)) Fj 1 (u')ny (w')dw’) )
SQ

where él is given by:

(8558) G = (x + O) ¥ Pombrx + (V() + ¥(8) + (x + 8)(0 + b Y(8))) Pmtrx.
This yields the following estimate:
(8.559)

E : h37p7q7l,m S ’

L/izm L1 (M)

/S2 el (2%(N - Ny))p Fj, 1 (w)n! (w)dw

L2 (M)

X

j q ’
/SZ Ptry’ (2%(N’ — Nl,/)> Fj 1 (u')nf (w')dw'

L2 (M)
Now, using (7.71) in the case m > j/2, and (8.271) in the case m = j/2, we obtain
for all m > j/2:

(8.560)
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Together with (8.559), this yields:
(8.561)
Im, v ~ i P v
> hipaim| SO+t | [ G- 0) E s
l/lZm LI(CM) §2 LQ(W)

Next, we estimate the right-hand side of (8.561). The basic estimate in L?(cM)
(7.1) yields:

(8.562) ‘

-~ j P
/ G, (25 - V) By () (@)ds
§? L2 (M)

~ ; p i
< (sup |G 2Py =) | 244"

LZOLZ(%)>

< (s 2]
N<gp | oy ) 2275

where we used in the last inequality the estimate (2.42) for d,,N and the size of the
patch. In view of (8.558), we have:

& < 2 P co T2 2 oo 2 oo
8563) |G|, S Ullezaz + 1802 IV, e + IV Ptz o)

+ (VO L2 + IVl L2
+ 10+ 8) (0 + b7 V(1)) | e 2 (1)) I Pombrx| e
Se

where we used in the last inequality the estimates (2.39) (2.40) for x, the estimates
(2.37) (2.36) for d, the estimate (2.38) for b, the estimates (2.37) (2.39) (2.40) for 0,
the decomposition:

try = P<ptrx + Psptry,
the estimate (2.70) for Y P<,,try, and the fact that P>,, is bounded on L*(P,,,).
Finally, (8.561), (8.562) and (8.563) imply:

(8.564) S hapaiim S (L+¢)e2 sy
Hizm Lt (M)

8.3.4. Control of the L!(c*) norm of hyp 41 m. — In view of the Definition (8.532)
of ha p,q,1,m, We have:

5 aatn = [ 9Pt (208 - )" By sy (@)

l/1>m

x ( /S o+ &\ Pty (2%(N' - Nl,/)>q Fj,_l(u')n;’(w')dw'>
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which yields:

(8.565) Z R p.gim

Lizm LY (M)

< | [ 9P (2400 = 30)" B

L2 (M)

X / (X' + gl)PmtrX/ (2%(N’ — Nl,/))q Fj,_l(u')n}’/ (W)dw'
SZ

L2 (M)

S 52%—%; '

)

‘ / V(Pomtr) (25 (N - Ny))ij’_l(u)n;’(w)dw
»

L2 (M)
where we used in the last inequality the estimate (8.556).
Now, the basic estimate in L?(cM) (7.1) yields:

J p
506 | [ 9Pt (22 - M) st )
¥ L2(o)
< (sup [P(Pamtr) (22 - W) 28Y
T\ - Lerag))

Se2iy,

where we used in the last inequality the finite band property for P>,,, the estimate
(2.39) for try, the estimate (2.42) for 9, N and the size of the patch. Finally, (8.565)
and (8.566) yield:

(8.567) > hapgim S eoimmykyY,
1/1>m L)

8.3.5. Control of the L'(c*) norm of hsp 41.m. — In view of the Definition (8.533)
of hs p,q,1,m, we have:

(8.568)

hs.p.q.0mllL1 ) S ‘

/ (x + 6)Prtrx (2% (N — N,,))p Fj 1 (u)nj (w)dw
s2

L2 (M)

x / (@ + ¢")Ptry’ (2%(N' —N,,/))qFj7_1(u/)77;-/(w’)dw'
82

L2(cM)

Seilyy

/ (0" + ¢ Ptry/ (2%(N’ - N,,/))qij_l(u’)n}/(w')dw’
S2

)

L2(cM)
where we used in the last inequality the estimate (8.556).
Now, the basic estimate in L?(cM) (7.1) yields:

j q ’
(8.569) ‘ /S2 (0" + ¢ Ptry’ (25(N’ — N,,/)) Fj_1(u')nf (W')dw'

L2 (M)
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< (sup @+ rPatry (2487 - 8| 2447

LyL%%))
< <su/p (6" + CI)Pmter||Lz?L2(e%u/)> 2%711'/’

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. We have:

(8.570) ||(¢' +CI)PmtrX/||LZ<}L2(Q% o S WM egers, + 1< pge s M PrmtrX [l zos 2o, )

u

<2 %( m,g/z)e’

where we used in the last inequality the embedding (2.51), the estimates (2.37) (2.39)
(2.40) for #’, the estimates (2.41) for ¢/, the Bernstein inequality and the finite band
property for P, and the estimate (2.39) for trx’. Note that the factor 1 — d;/2
comes from the fact that we use the finite band property for P, in the case m > j/2,
but only the boundedness of P<;/; in the case m = j/2. Finally, (8.568), (8.569) and
(8.570) yield:

(8.571) 15 p,,t,m | 1 () S €227 % B 0mar2) gy

8.3.6. Control of the L*(c}) norm of he p q1.m- — In view of the Definition (8.534)
of hg.p,q,1,m, we have:

(8.572)

J P v
176,p.0.1.m |21 (20) < H/S Gy (25(N - N,,)) Fj—1(u)n (w)dw

L2(0)
j q ’
/ Ptry’ (25(N' - N,,,)) Fj_1(u')ny (W')dw’
s? L2 (M)
< ——'m l/ 7 p 14
sty | Gy (22(N—N,,)) Fj 1 (u)n! (w)dw :
52 L2()

where we used in the last inequality the estimate (8.556).
Now, the basic estimate in L?(cM) (7.1) yields:

(8.573) /S G (25N = V) By ()

L2 (M)

J p J
< 22 2~Y
~ <SngG2( (N =N, ) HLgoH(%))z v

i
S (SUP ||G2||L3<>L2((%)> 2277,
w

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. Next, we estimate G5. In view of the Definition (8.540) of Ga, we have:

(8.574) G2l poe 2y < (xllzgers, + [0l s JIN(Prtrx) pars,
ISl e s, IWPtrxl e, + (DN (Xl Lge 29
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+ NGOz L2y + 1V g 2 I Prtrx| o
< (IN B 20, + IVPexl 20s,) + €,
where we used in the last inequality the embedding (2.51), the estimates (2.39) (2.40)
for x, the estimates (2.36) (2.37) for d, the estimate (2.41) for ¢, the estimates (2.37)

(2.39) (2.40) for 0, the estimate (2.39) for trx and the boundedness of P, on L* (P, ,,).
Now, the estimate (2.38) for b and the Gagliardo-Nirenberg inequality (2.49), yields:

||N(PltrX)||L§L‘;, + ”WPltTXHLfLi,
9 1 1
5/ ”]Dl(bNtrX)”L%Li, + ”[bNa]Dl]trX”LfLi, + ”V ]DltrX||zzoL2(54u)”V-PltrX“[z,goLz(c%u)

1 1 1 1
< 98 Nl 1) + VN, Pl g I, Pl o + 241980 23

where we used in the last inequality the Gagliardo-Nirenberg inequality (2.49), the
Bernstein inequality for P;, the Bochner inequality (2.61), and the finite band property
for P;. Together with the estimate (2.39) for trx and the commutator estimate (2.68)
for [bN, P]try, we obtain:

(8.575) IN(Ptrx)llzzrs, + [V Ptrxl pecs, S 2%e.
Finally, (8.572), (8.573), (8.574) and (8.575) imply:

j+L— v v
(8.576) ||h6,p,q,l,m||L1(J%) < 227t 2 m'Yj Y5 -

8.3.7. Control of the L' () norm of k7, 41 m. — In view of the Definition (8.535)
of h7 p.q.1,m, we have:

(8.577)

||h7,p,q,z,m||LW>sH /S2<N<Pltrx>+wmrx>) (22 = N,)) By () ()

L2(M)

/SZ(X 45 + ") Potry’ <2%(N’ - N,,/)>qFj’_l(u’)n}’/(w')dw'

L2(M)
The basic estimate in L2(c#) (7.1) yields:
(8.578)

[ (N (P £ W(Bin) (250 = )" By () )

3 (sup | () + ¥(Ptr)) (22 = M) 2

L“Lz(e%u))
(sup (IN (POl e 22 + 9Pz 2n) || (25 = V) Hm)zéfy;

52%7 ,
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where we used in the last inequality the estimate (8.263) for N (P;tr)), the finite band
property for Pj, the estimate (2.39) for try, the estimate (2.42) for 9, N and the size
of the patch.

Now, since k does not depend on w, and in view of the decomposition (2.72) (2.74)
for x’, and the decomposition (2.80) for z’, we have the following decomposition
for ' —|—3/—|—C':

X +8 +¢ =F +Fj,
where the tensor Ff only depends on v’ and satisfies:
||F1] ||L3°V, LfLi,/ Se

and where the tensor FJ satisfies:

1FS ll s p2on,) S €271

Note that this decomposition has the same properties as the decomposition (8.267)
(8.268) (8.269) for 6 + b~ 'Y/(b). Thus, arguing as in (8.270)—(8.275), we obtain:
(8.579)

”/ (x +9 + ¢ Potry’ (2%(N’ — N,,,))q Fj,_l(u’)n}’/ (W)dw'
SZ

’

S 2i5'y]l-’.

L2 (M)
Finally, (8.577), (8.578) and (8.579) imply:

33 4,
(8.580) 17 pgzmllLrn < 257775 .

8.3.8. Control of the L' () norm of hg ;, g.1,m. — In view of the Definition (8.536)
of hg p,q,1,m, we have:

(8.581)

j p
s om0y < H [+ 5 V)Pt (250 = N))” By sy )

L2(cM)
/ 1 (oL art a n,ov ’
X / ¢'Pytry (22(N —Nl,/)> Fj _1(u')nf (W')dw
2 L2(cM)
1 1 q ’
< 2%57;’ / (' Ptry’ (2%(N’ - N,,,)> Fj 1 (u)ny (w)dw' ,
s2 L2 (M)

where we used the estimate (8.275) in the last inequality. Also, we have the analog of
(8.579):

Pty (22(N' = N Fy_y () (o) do”
- m X v j,—1(u)n; (W' )aw

i /
v

€7y -

B,

(8.582) ‘ <2

L2 (M)
Finally, (8.581) and (8.582) imply:

(8.583) s pygtmll o) S 2257
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8.3.9. Control of the L' () norm of hg ;, 4;,m- — In view of the Definition (8.537)
of hg p,q,1,m, We have:

p

Ihapasmlin < | [ Ao (257 = 30))” By s )

L2 (M)

X / V' (N'(Ptrx’)) (2%(N’ - N,,/)>qFj,,l(u')n;-’/(w')dw'
2 L2 (M)
= </52 Fitrx (2%(N B Ny))p Fj’il(u)‘ L2(cM) n;(uJ)dw>
< (7o eamn (0 - 50) B, @),

Together with the estimate (2.42) for 9, N and the size of the patch, we obtain:

Iamaimliron S ([ IR B 1 @)
< (I O Pt Dl B ), 1))
S 27 IRt e gy Fimr () @),

x |19 (N (Pratx ) L2 g, Fra () (@)

)

L2
ul w’!

where we used in the last inequality Cauchy Schwarz in w and w’, and the size of the
patch. This yields:

(8.584) > hopqtmlrion
(I,m)/m<l

<277 Z 9—ll-m| <21 H“PltrXHLZ(&éu)Fjv—l(u)\/W‘

t,m)

x <2m 17/ V! Prntrx! Dl g, By () 0 (@)

1
9 2
L3

x <Z 272 ||V (N (Pratx )l e, B2 ()30 ()

Li,w)
Li',u’)

$27 (Z 22 ||| Pitex o) P2 () 0} ()
l

1

2 2
Li’,u’

Now, we have:

(8.585) 3|2 Prtrxlza gy Fioa ()0 ()]
l

2
L2
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PR

-/, (/ <Z 2””3“%"%«%)) |Fj<u>|2du) o ()
AN

S IV ey 1Py 7 )

<22 (vf)?,

225

where we used the finite band property for P,, the estimates (2.39) for trxy and
Plancherel in A. Also, in view of the estimate (2.38) for o', we have:

IV (N’ (Pmtex) 22 sn,)
SN0V (N (Prtrx)) | 2 g,
SV (O)lee oo, IN'(Prtex M pzpa, + 1V (P (6 N"txX)) [ 2255,
+[IY (' N, PraltrxX) Lo L2 (g, -

Together with the estimate (2.38) for b, the estimate (8.575) for N'(P,,trx’), the finite
band property for P,,, and the commutator estimate (2.68), we obtain:

(8.586) “W/(N,(Pmtrxl))”L?(@%u,) < 2% ¢ 4+ 2m”Pm(b/N/ter)||L2(C%u,),
This yields:
(8.587)
2
» omm HHW'(N'(PmtrX’))||L2(g;u,)F-,,1(u’) (@) )
m »
"k </ / (Z (P (N trx Yz + 2—’35)2) le<u'>|2du’> W W)

S /S2 (”bIN/trX”%Z?LQ(C%u') +52) HFJ(uI)”ii,n;j (w/)dQ)/
S (3))?,

where we used the finite band property for P,,, the estimates (2.39) for try’ and
Plancherel in X
Finally, (8.584), (8.585) and (8.587) yield:

(8.588) Yo Nhoparmlien S Py
(L)<l

8.3.10. Control of the L' (c}/) norm of h1g , 41.m- — In view of the Definition (8.538)
of h10,p,q,1,m, We have:

(8.589)
||h10,p,q,l,m ||L1(QM)

< /S Prtry (2%(1\7 - N,,))p Fy 1 (u)n (w)de

L2 (M)
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X

/ VY (V)N (Ptry’) (2%(N’ - N,,,))q Fj,_l(u')n;/ (w')dw' .
s? L2 (M)

We estimate the first term in the right-hand side of (8.589). Using (8.510) for ! > j/2
and (8.180) for I = j/2, we obtain for all [ > j/2:
SA+p2 ey,

; P
/ Pitry (25(N - Nu)) Fy 1 (u)nf (w)dw
S2 L2(cM)

Next, we estimate the second term in the right-hand side of (8.589). The basic
estimate in L2(cH) (7.1) yields:

(8.590)

[ ¥ TOON Patrid) (25O = N,)" By (0 )
.

S (SUp
wl

S <Sup

w

(8.591)

L2 (M)

2%7}/

BTN (Patrx) (25— )

VT IY(Y )N (Ptry) 234"

Li‘)“(&@r))
Now, we have:
-1 -1
16"V O )N' (Ptrx ) zos 22,y S N0 VO )l pgera, IN(Prtrx’) | 21,
Se2%,

where we used in the last inequality the estimate (2.38) for b and the estimate (8.575)
for N'(P,,trx’). Together with (8.591), we obtain:
(8.592)

_ ; q ’
LB VOON Patr) (22 = N)) B sl )
Finally, (8.589), (8.590) and (8.592) imply:
(8.593) 1h10,p,00m | L1y S (1+ p2) 2971 B e2ykgy

8.3.11. Control of B>! — Recall the Definition (8.541) of B!

’ . ! .
Jvvslm Jwsvslm

B =2 [ ([ NEmOE; s @)
oM \J§?

x ( N'(Pytrx)Fj—1 (u ) (w’)dw') doM.
S2
Recall that we are considering the range of (I, m):
2m <2l < 2w — V).
Summing in (I, m), we have:

Z N(Ptrx)N'(Prtrx') = N(P<gijy—uttX)N' (P<oijp—_ trx’).
(I,m)/2m<2t<2i|lv—v’|
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g tm)

Thus, using the symmetry in (w,w’) of the integrant in BJQ.:VI’V
of the definition B!

, :
g lm

2,1 2,1
) (B wtm + B m)
(I,m) /2max(l,m) <27 |y—v/|
= 2—2j/ (/ N(P§2j|l,_,,/|trx)Fj,1(u)77;’(w)dw>
M S2

< ([ NPt VB sl () )
SZ

' 1.m» We obtain in view

which yields:
2.1 2,1
(8.594) Z (Bj,u’,u,l,m + Bj,u,v/,hm)
(1,m) /2mex(Lm)<27 ly—v/|

<% /S2 N (P<aijy—ptrX) Fj -1 (w)n (w)dw

L2 (M)

N/(sza'|V—u'|trX/)Fj,—1(u')77}/ (w")dw’
SZ

X

L2(cM)
Together with the estimate (8.317) applied to both terms in the right-hand side of
(8.594), we finally obtain:

2,1 2,1 —j !
(8.595) Z By yim + Bivrim)| S 27729075

(1,m) /2max(l,m) <27 |y —v/|

8.3.12. Control of B> — Recall the Definition (8.542) of B>>

YR AZN N g lm:®

B2? — 92 / / (N' — g(N, N')N)(Ptrx)N'(Pptrx’)
obm oM Js2xs

i 1 _g(Na N/)Q
X Fj,,l(u)Fj,,l(u’)n}-’(w)n}’/ (w")dwdw'doM.

We sum for m < [, and we obtain:

T = LI
m<l oM JS2x8? —g(N,N)
X Fj7_1(u)Fj,_l(u’)n}’(w)n}’,(w')dwdw’doﬂ/l.
We can not estimate Emgl Bi’f,y,’l,m directly due to a lack of summability in [.

Instead, we integrate by parts in tangential directions using (7.137).
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Lemma 8.18. — Let qu be defined by (8.596). Integrating by parts using

] v, V’ lm
(7.137) yields:
(8.597)
S B =24 Y |
m<l pen p,g>0 (2% |N Nu’|)p+q+1

/

1 1
X | —————(h} hs + —7-—(h
|:|Nu _ N,,/|2( Lpglm T 2,p,q,l7m) N, — N,/ |( 3,p,q,l,m

+h217p7q7l,m+h5pqlm+h6pq,l,m)+h7pqlm+h8pq7lm deﬂ/“’

where cpq are explicit real coefficients such that the series

§ ' D, q
CpgT"Y
p,q>0

li /
1,p,q,l,m? h2,p,q,l,m’ h3,p,q,l,m’

on M are given by:

has radius of convergence 1, where the scalar functions h'

I I I I
h 4,p,q,l,m’ h5,p,q,l7m’ hﬁ,p,q,l,m’ h7,p,q,l,m’ h&p,q,l,m

(8.598)
Bt = ([ X900 (250 = M) B s )
< ([ WPand) (22 = M) By @)as).
(8.599)
i = ([ VB0 (20 = N By ()
x </SZ X'N'(P<itrx’) (2%(1\7' - Nu'))qFj,—l(u')ﬂf (w/)dwl> ;
(8.600)
By ot = ( / me 2 (N — N, )) Fj,l(u)n;(w)dw)
< ([ W Pamd) (20 - 30) st @),
(8.601)
Bt = ([ V(P00 (22 0V = ) B, s )
( N (Pertry')) (25N = o))" B sy <w’>dw') ,
(8.602)
i = ([ 0407 VOV (R0 (2500 = 0)) B )
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St m)
J q ’
< ([ WPatn) (227 = N0) " By @),
SZ

(8.603)
By patim = ( Gy (2tv - ) Fj,l(u)n;(w)dw>

< (07T 0+ 0N Patr) (207 = 3) " Byatf ()
5
(8.604)
Tpadm = ( . Y(N(Pitry)) (2%(N — Ny))ijw_l(u)n;-’(w)dw>

q

< ([ W Pan) (227 = M) By )
SZ

and:

(8.605)
R patm = ( ; (6 + N(b))V(Pitry) (2%(N N, )) Fj_1(u )n;(w)dw>

j q ’
x ( N'(Ptry’) (gé(N' - Nl,/)) Fj 1 (u)n? (w’)dw’) .
The proof of Lemma 8.18 is postponed to Appendix H. In the rest of this section,

we use Lemma 8.18 to control qu nyy, 1,m over the range of (I,m) such that
2m < 2t < 20|y — /).

1 / / / /
Next, we evaluate the L*(c#) norm of A, s hop iy B3y aims Papaidims
I !/ / i : :
b pogtms 76.p.gims Prpgims P8 pg1m starting with b pogl.m- 10 view of the Defini-

tion (8.598), we have:
(8.606)

J p v
W patimllirin < | [ x0CPun) (28 = 2)" By s )

L2 (M)

J q ’
N'(P<try) (25(N’ . N,,,)) Fj 1 () (@) de’
52 L2(0)

iy
S 2%ev; ,

L2 (M)

where we used in the last inequality the estimate (8.317). Now, the basic estimate
in L2(cM) (7.1) yields:

oo | [ xR (2407 - M) By @)

xV (Pitry) (2%(N — N,,))p Fj 1 (u)nj (w)dw
S2

J p
S (SupHxV(PltrX)( PV - Ny ) HLOOL%% )>
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(e )

J
e

where we used in the last inequality the estimates (2.39) (2.40) for yx, the estimate
(8.575) for V(Pitry), the estimate (2.42) for d,,N and the size of the patch. In view
of (8.606) and (8.607), we obtain:

< (supllzzos IV (Rsz2s,
w

Ly J
< g22 2/')/],7

~

(8.608) IR pgzmllzin S €227+ kY

Next, we evaluate the L*(c}) norm of hy , .. In view of the Definition (8.599)
of h , 4 1.ms We have:
(8.609)

J p v
Whpatmlin < | [ 90 (2500 = ) Ficstry )

L2 (M)

X

/S2 x'N'(P<tryx’) (2% (N' — N,,,))q Fj’_l(u’)n}’/ (w")dw'

L2(cM)
20j+% !
STy

where we used in the last inequality the analog of the estimate (8.317) for the first

term and the analog of the estimate (8.607) for the second term.

Next, we evaluate the L!(c}) norm of 3 p 4.1.m- In view of the Definition (8.600)
of h}

3,p,q,l,m>

(8.610)

J p v
1B gl s < H /S V(B (25N = V) Fyoa ()} (@)dw

we have:

L2 (M)

X

N'(P<try’) (2% (N’ — Nl,/)) ! Fj,_l(u')n}" (w')dw'
SQ

L2 (M)

L2 (M)
where we used in the last inequality the estimate (8.317). Now, the basic estimate
in L?(cM) yields:

(8.611) ‘ 3 Y (Pitey) (2 (N - N,,))p Fy 1 (u)n (w)duw

J ’ z p v
seaboy | [ P a0 (24 - )" By st )

< (sup |72 (Purn) (24 - )

J
Se2tayy,

{
L2 L2 ()
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PR

231

where we used in the last inequality the estimate (8.356) for Y*(P,try), the estimate
(2.42) for 0, N and the size of the patch. Finally, (8.610) and (8.611) yield:

(8.612) 15 p.qmllzron S 207

Next, we evaluate the L'(c}) norm of hfy , ., ... In view of the Definition (8.601)
of by , o1 m» We have:
(8.613)

J p v
Wptmlliron < | [ 9P (200 = M) By s

L2 (M)

X

YN (Paty)) (22 V' = M) By (0 (!

L2(eM)

S 52%7; :
L2(M)
where we used in the last inequality the analog of estimate (8.317). Now, the basic

estimate in L2(c)) yields:

V(N (Paatr) (24 (V' = M) Fy () (')
SZ

[V (Patey) (24 = M) By (@)

< (o
UJ,

l+l v’
552 27] )

(8.614) ’

L2 (M)

2%7]’/

sy v )
‘W( (P« FX))( ( )> LS L2(Hyr)

where we used in the last inequality the estimate (8.359) for Y'(N'(P<trx’)), the
estimate (2.42) for 9, N and the size of the patch. Finally, (8.613) and (8.614) yield:

(8.615) 1Ry p gl S 22Ty

Next, we evaluate the L!(c}) norm of s g.1.m- In view of the Definition (8.602)
of h , 4 1.m» We have:
(8.616)

||hg,p,q,l,m”L1(W)

< /S2 0+ b1V (b)) V(Pitry) (2%(N — Ny))p Fj,_l(u)n;(w)dw

L2 (M)

/ ’ Lzt a n,ov o1 ’
x| [ N (Psltrx)(22(N —N,,,)) Fj 1 (u)n? (&) dw
S2

L2(cM)

Szt | [ 0+ W) (Eun) (2507 = M) B s (@)

L2(cM)
where we used in the last inequality the estimate (8.317). Proceeding as for the esti-
mate of (8.607) and using the estimates (2.38) for b and (2.37) (2.39) (2.40) for 6, we
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obtain the following estimate:
(8.617)

| [ 0+ yopwimmg (253 - M) £y @)

Finally, (8.616) and (8.617) imply:

(8.618) 1S g tm |t o) S €329F 53

Next, we evaluate the L!(c}#) norm of g p q.1.m- In view of the Definition (8.603)
of h , 41.m» We have:
(8.619)

”hg‘,p,q,l,m ”Ll(W)

< ‘ V(R (25 (V= M) o1 ) ()
3

L2 (M)

x /S BTV ) + 0N (Partrx) (23 (V' N)) Fy o (@)de

L2(cM)
SR

S €22J+ 2 7;7] )
where we used in the last inequality the analog of the estimate (8.317) for the first
term, and the analog of the estimate (8.617) for the second term.

Next, we evaluate the L'(c) norm of h/ In view of the Definition (8.604)

7,p,q,l,m’
of hy ) 1 1.m» We have:

(8.620)

J p v
1% gt 200 < H /S YN (Ptr) (22N = W) ) Fy o () (w)d

L2 (M)

j q ’
x|l [ N (Partrx’) (25 (N = No) )" B () (!

S2

205+l v v’
Se? YV

L2 (M)

where we used in the last inequality the analog of the estimate (8.614) for the first
term, and the estimate (8.317) for the second term.

Next, we evaluate the L'(c}) norm of hg , ;...
of hé,p,q,l,m’

(8.621)

In view of the Definition (8.605)
we have:

||h/8,p,q,l,m ”Ll(W)

< | L@+ No)T(Prg) (250V = )" B sy )

L2 (M)

q

X N'(P,trx") (2%(N' — N,,/)> Fj’_l(u’)n;-’,(w’)dw’

5 L2(ch)
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T m)

< e2iyy :
L2(cM)
where we used in the last inequality the analog of the estimate (8.317). Proceeding
as for the estimate of (8.607) and using the estimates (2.38) for b and (2.37) (2.39)
(2.40) for 0, we obtain the following estimate:

(8.622)
‘ /82(9 + N(b))V(Ptry) (2% (N — N,,))p Fj, 1 (w)n? (w)dw

Finally, (8.621) and (8.622) imply:

[+ M@V (2208 = N0 By s () )

(8.623) 118 p,q,,m | L1 @) S €°27F 27
Now, we have in view of the decomposition (8.597) of 3 _, B>?

]Vl/’lm
§ :Bjuv’lm

m<l

_5i
272 E Cpq

p,q>0

1
(25|N, — N/ [pra+t

A

[ HW—W (”h,lm,q,l,m”Ll(eM)
Lo v v Lo

+ ||h/2,p,q,l,m||L2(J‘{)) + (”h;’),p,q,l,m”lzl(c]"l) + ||h£1,p,q,l,m||lz1(c%)
LOQ

+ ||h’/5,p,q,l,m||L1(W) + ||h‘/6,p,q,l,m||L1(W)) + ||h/7,p,q,l,m||L1(W) + ||h’/8,p,q,l,m||L1(W

Together with (8.32), (8.608), (8.609), (8.612), (8.615), (8.618), (8.619), (8.620) and
(8.623), we obtain:

m<l
¥ 1 20+3 94+l '
7 J 2J+l 2 v v
Z>0 Pq 2 |l/ _ 1/’|)1”+‘1+1 |:|1/ _ l//|2 + |1/ — Z//| + g ’YJ ’yj
Pa>
< [ .2*§+§ N v2*j+l .\ 27%“ ] ot
~ledw-v)3 @iv—v))? 2%y — v 575

Summing in I, we finally obtain in the range 2™ < 2! < 27|y — /|:
(8.624)

s

2- 1
2,2
Z B]vu’lm S J

i i +2— &_271171/ .
i 5 PN Jli
(L,m)/2m <21 <25 |[y—v| (2zly —v|)2 2;(2;|V_V/|)
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8.4. End of the proof of Proposition 8.2

In view of the decomposition (8.528) of B?,V’V,’l’m, the estimate (8.32), the esti-
mates (8.547) (8.557) (8.564) (8.567) (8.571) (8.576) (8.580) (8.583) (8.588) (8.593)

for h1p,q1m; h2,pqlm> h3,pqlms Papglm, h5,p,q,lmv hp,q.tm> P7p.gtm, hepglm
ho p.aim> hi0p.qim, the estimate (8.595) for B! and the estimate (8.624)

g, lm
2,2 .
for BJ o' 1m> We obtain:

Z (Bj2uu’l,m+B]v’ulm)

(I,m)/2m <2l <27 |v—v’|

3j 1
< oY
N2 2 Z Cpq(2%|1/—1/|)17+‘1+1

p,q>0
j 3J J 1 33
(1+¢%)22 2722y —v/|)7 +271 P o2 a
[ lv — /|2 lv — /| +27 427 24y = v} |y
2—% 1
4 2—3627V7u + |: i 4 i i 4 9= :|52’7V’YU
r @iy -z 2322 |v —v|) T
- [ 1 N 1 N 1 N 2-% N 1

@3y —v])® @ —v|)F 25—} Q-2 252%v— )

1
ﬁ + 2 }62711’)/” .
24 28|y —v|)} Y

Together with the estimate (8.527) for B?

jl/l/’ l,m

in 2™ < 27|y — /| < 2! we finally

obtain the following control for B? S L

> (B2t + Bl tm)
(L,m)/2min(l,m) <27 |y —p/|
1 1 1 2-1% 1
S’ 2 + J 5 + J o ad 3 + 7 + T
@Fv—v|)B @ —v)3 252y —v)5 (2 -2 25(2 v — v

1
+ : . - +2 :|€2,YV,YV.
24 (25 — /)2 o

This concludes the proof of Proposition 8.2.
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CHAPTER 9

PROOF OF PROPOSITION 6.6

Since 2min(bm) < 27|y — /| < 2max(bm) e may assume that [ > m and thus:
(9.1) 2m < 2w — | < 2L

In order to prove Proposition 6.6, recall that we need to show:

E : AJ,V’V’,l,m

(l,m)/Qmi“(l>m)§2j |U_l,/|<2max(l,m)

= >

9—2j92 min(l,m)
YT ||Mj,u,l||L2(1RxS2)||Mj,u',m||L2(Rxs2)

(1,m) /2min(l;m) <23 |y —p!| < 2max(l,m) (22| - |)
1 2-4% 1 )
- + — + — - oA
@2y —v))? (22w — V)2 (23IV—V’I)2%] T

where the sequence of functions (f;,,1)i>0 on R x S? satisfies:
Z Z 221 F2rnszy S €227 (1 F 122 o)
v 1>0
and where A; , ./ m is given by (8.8):
Pitrx(N — g(N,N')N") (Pt
=t [ [ FON BN Bt
52 xS g(L, L")
x Fj(u)Fj 1 (u")nf (w)nj (W) dwdw' doM.
We may sum over the region (9.1), and we obtain:
(92) Z Aj,u,u’,l,m
(l7m)/2min(l,m)§2j|V_VI|<2max(l,'m.)
. —i2_j / / P>2j\u—u’|trX(N - g(N7 NI)N/)(PSQj\u—V’|trX/)
§2 xS g(L,L')
x Fj (u)Fj,,l(u')n;(w)n;,(w’)dwdw'd(ﬂ/l.
We integrate by parts using (7.143).
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Lemma 9.1. — Let Z(l’m)/zmin(l,m)SQjIV_V/|<2max(l,m) Aj,u,y/,lﬂn be deﬁned by (9.2). In-
tegrating by parts using (7.143) yields:

(9.3)

> Ajvw lim

(1,m) /2min(l,m) <27 |y —p'| < 2max(l,m)
_J 1
) N NP
1
it (2%|N, N,,,| ypra+t || |

1
+ m(hs,p,q + he,p,q + hrpq) + h&p,q] deM,

where cpq are explicit real coefficients such that the series

E P,4q
CpqZ™Y

p,q>0

(hl,p,q + h2,p,q + h3,p,q + h47p,q)

has radius of convergence 1, where the scalar functions hipq, hapq, P3p.q, Pap.q
hs.p.qs Pep.qs N7p.gs Nspq 0N M are given by:
(9.4)

hipq = (/sz L(Psg5y—ritrx) (2%(1\7 - Nv))ng ~1(u )n;'(w)dw>
< (9 Peaosin) (2 = )" By (N )
(9.5)
bana = ( [ Pooomsntr (22 - M) B s )
< ([P e (25 = M) Byl (@)
(9.6)
h3pq = (/ H1 Py sy trx (2%(N - Nu))ij,—l(U)ﬂ}/(w)dw>
< ([ Peaomantrnd) (27 = 30) " By ).
9.7)
o = ([ Poatoorton (28 = M) B s )
< ([ BT Peaosnind) (2 = N))" By (')
9.8)
o= ([ oot (22 - M) B s )
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(9.9)

A ’ q nov o ’

< (L9 Peatosiod) (2 = N)" Byl N )
i p v

he.p,g = /Sd2 H3Ps9ip,— ,,/|trx( 2(N—N,,)) Fj,,l(u)nj (w)dw

x /Szv Peyspymyitr) (22N = N,)) ' By s ()t (0 ’)dw’),
(9.10)
htpq= (/s2 Psgip— ,,/|trx( %(N—Nl,)>pF]7_1( )n}’(w)dw)

7 ’ g AV /
X < V(P<gijy—vitrx " (22 (N — N,,,)) Fj —1(u')nj (W')dw )

and:

(9.11)
i p v
hsp,q = /Sz Py oiy—prtrx (22 (N - N,,)) Fj—1(u)nj (w)dw

< ([ PO Peasyin) (25O = 8) " Fyatw (@),
where the tensor Hy on M involved in the definition of hs p 4 is given by:
(9.12) Hi=x+e+6+n"'Vn+ L(b),
where the tensor Hy on M involved in the definition of ha p 4 is given by:
(9.13) Hy=x'+¢€ +8 +n"'Vn+L'(¥),
where the tensor Hs on M involved in the definition of he p 4 is given by:
(9.14) H3=k+n"'Vn+0+b"'V(b) +x +¢,
and where the tensor Hy on oM involved in the definition of hrp 4 is given by:

(9.15) Hy=k+n"'Vn+0 + 'V ¥)+ ¢ + V().

The proof of Lemma 9.1 is postponed to Appendix I. In the rest of this chapter, we
use Lemma 9.1 to obtain the control of 3 ; .\ jpmin(t.m) <3|y — 1| <omaxtim) Aj,v 1m-

We evaluate the L'(cH) norm of hip.g, hopgs hapa hapa hspar Repar Prpa
hs p q starting with hq , 4. In view of the Definition (9.4) of hq p 4, we have:

Mipa= 3. /G1 (Poastmvtn) (25 (N = ) Byt (@)

1>27|\v—v’|

where the tensor G1 on oM is given by:

(9.16) G1 :/SZ W’(ngjh,_,,/‘trxl)( 25(N' — N, )) Fj—1(u)nf (w)dw'.
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In view of the estimate (7.10), this yields:

i_ v
(9.17) ||h1,p,q||L1<W>s< sup ||G1||L;m,Ltm> o2 ey

v
WGSUPP(TI]') 1>27 |v—v'|

vy
S sup  [|G1l| L2 , L lijl
w€Esupp(nY) e 22 |I/ —V |

Now, in view of the Definition (9.16) of G; and the estimate (7.76), we have:

J q . ’
(9.18) sup (|Gl g < (sup”(22(N/ -nA) >s21|y— v

wesupp(n¥) e w’ Lee
Sy vy,

where we used in the last inequality the estimate (2.42) for d,,N and the size of the
patch. Finally, (9.17) and (9.18) imply:
(9.19) 1h1pqll oy S €222

Next, we evaluate the L' (c) norm of hy ;, 4. In view of the Definition (9.5) of k2 5 4,
we have:

j q '
hapqg= Z /SZ G2W’(LI(PS2j|V_1,/|tI‘XI)) (QE(N/ — N,,/)) Fj7_1(u')77j (w')dw',
1>27|lv—v|

where the tensor G2 on oM is given by:
] p
(9.20) Gy = / Pagy 1y (25(N—N,,)) Fj, 1 (w)n? (w)dw.
SQ

In view of the estimate (7.13), this yields:

J ’
(9-21) P2l S sup  [|Gallr2 1> | 27675 -
w’esupp(n?’) '

Now, in view of the Definition (9.20) of G2 and the estimate (7.71), we have:
(9.22)
J p v
sup ”GzHLi L < <sup H <2§(N — Nl,)) H m) 7;
w’esupp(ny’) ’ @ E
X Z (2%|1/—1/'|2_l+% +(2%|I/—I/|)%2_%+%)
21>27 |y —v’|
S ey

where we used in the last inequality the estimate (2.42) for d,,N and the size of the
patch. Finally, (9.21) and (9.22) imply:

(9.23) 1h2p.qll i) < €%229575 -
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Next, we evaluate the L' () norm of hs , ,. In view of the Definition (9.6) of h3 p 4,
we have:

(9.24)

J p v
||h3,p,q||L1(eﬂ¢) 5 H/Sz H1P>2j|l,_ylltrX (2§(N — N,,)) Fj,,l(u)nj (w)dw

L2 (M)

X

j q ’
/S2 W’(P§2j|,,_l,/|trx’) <2E(N’ — NV/)) Fj 1(u)nf (W)do'

L2(cM)

j p i v
< H / Hy Pagifyytrx (25(N—N,,)> Fy 1 (w)n? (w)dw 2%eqY,
s2 L2 (M)
where we used in the last inequality the analog of the estimate (8.317). The basic

estimate in L2(oM) (7.1) yields:

(9.25) ‘

j p
. H, Pitry (ZE(N - Nl,)) Fy 1 (u)nf (w)dw
S

L2(cM)
J p i
< (SupHHletrx (2tv—n) Hm%)) 27y
J p i,
S (SUP”HlHL:;Lf||PltTX||L§,L;>° H<2§(N_ N,,)) HLN) 227;

< (SUP||H1||L:<;L$> 22 ey,
w

where we used in the last inequality the estimate (2.69) for Pitry, the estimate (2.42)
for 9,N and the size of the patch. Now, the definition of H; (9.12), the estimates
(2.39) (2.40) for yx, the estimate (2.37) for € and J, the estimate (2.36) for n and the
estimate (2.38) for b imply:

(9.26)
||H1||L;<;L‘;‘ S ||X||L;<7L‘;‘ + ||6||L;<;L$ + ||5||L;<;L§ + ||"_1V”||L;<;L3 + ||L(b)||L;<;L§
Se

which together with (9.25) yields:

v » _
(9.27) H, Ptry (2%(N - N,,)) Fj 1 (u)n! (w)dw <28 ley,
52 L2(o)

Finally, (9.24) and (9.27) imply:
(9.28) Mhspallion S2 (D 27|y

2t>27 ju—v’|

2% v v

S g

~ 2%|I/—I/l|
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Next, we evaluate the L' () norm of hy , 4. In view of the Definition (9.7) of hy p 4,
we have:

(9.29)
1ha,p.qllL2 (o)

J p v
< ‘ /2 P oijy_yrtrx (2§(N - N,,)) Fj 1 (u)nf (w)dw
S

L2 (M)

X

7 ’ s / g n,ov o ’
. HyY (szj‘l,_,,/|trx ) (22 (N — N,,,)) Fi_1(u )nj (w")dw

L2 (M)
evyy i q o
< 17] HQW/(P§21|,,_,,/|trx') (22 (N’ — N,,,)) Fj 1(u)nf (w')dw'
22|y — V| I/s2 L2(cH)
where we used in the last inequality the estimate (8.129). The basic estimate in L% (o)
(7.1) yields:

j q ’
‘/2 H2WI(P§2j|V—V’|trX/) (25(]\7, — N,/)) Fj7_1(u’)77§' (w')dw’
S

)

(9.30)

L2 (M)

J q J
< Ho V' (Pegiyy it ’(25N’—N,,,)H 9% v
S (SB/pH 2V (P<aiy—urtrx’) (22( ) ez ) 2
J g iy
S (suangnL;Lg||W'<P<2j|,,_wtrx'>||Li,L;m |(2Ev - v.) HLJ 287!

S (SUP||H2||L°<;L§> 2%57}/,
UJ, x

where we used in the last inequality the estimate (2.70) for W'(P§21|,,_V,|trx’ ), the
estimate (2.42) for 9, N and the size of the patch. Now, in view of the definition of Ho
(9.13), and proceeding as for the proof of (9.26), we have:

||H2||L;<;L$ Se,

which together with (9.30) yields:
(9.31)

Finally, (9.29) and (9.31) imply:

j q ’
HoY (Peasy-uritrx') (28 (N = Ny1) ) o ()t ()

S2

i

2 ’
(9.32) Ihapalliion S i) .
2z|lv — V|

Next, we evaluate the L' () norm of hs ,, ,. In view of the Definition (9.8) of hs p 4,

we have:

i p v
tapalinon S | [ Poaomutrn (200 = M) By s

L2 (M)
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X

2 J q v
/ W/ (PS2j|V_V/|tI'X’) (22 (N/ — Ny/)) ij_l(u/)nj (w/)dw/
s2

SR

2m <27 |ly—v’/| <2l

(L

S Y (e Foal, )

2m <29 [y—p’|< 2!

2
< ([ 192 @t Faca )

where we used in the last inequality the estimate (2.42) for d,,N and the size of the
patch. Taking Cauchy Schwartz in w and w’, using the size of the patches, and using
the Bochner inequality (2.61), we obtain:

933)  hspallron s D0 277 I Btrxlian Fi(w)y/n @)

2m <27 |y—v'| <2}

x 1P trxlze ) i/ )]

In view of (9.33) and the estimate (6.18), we finally obtain:

L2 (M)

Ptry (25 (N = V)" B o (w)|

Y(w)d
L @) w)

q

V7 (Ptrx) (25 (N = N,)) Fyma ()|

nf’(w')dw')

L2 (M)

L WNas )

!

2
Lw,u

2
Lw,u

(9:34) s pgllziem < > 2™ | gl L2 Rxcs2) 15,07 m Nl L2 (R x52)
2m <20 |y—p'| <2l

where the sequence of functions (1,,1);>;/2 on R x S? satisfies:
Y0 D Pgwilie e S 2710 @s)-
v 1>5/2

Next, we evaluate the L () norm of hg , 4. In view of the Definition (9.9) of hg p.4,
we have:
(9.35)

J P v
he,pall ) < H/S H3Psijyytrx (22 (N = N,)) By (u) (w)do

L2 (M)

j q ’
x / V(Pepywitry’) (2H (V' = Ny1)) " s () (@)
SQ

L2(oM)
2%675ﬂ
L2(oH)

where we used in the last inequality the analog of the estimate (8.317). The basic
estimate in L2(cH) (7.1) yields:

j p
< H / Hy Py (yytry (25(N—N,,)> Fj 1 (u)n! (w)dw
SZ

(9.36)

j p
H;Ptry (25(N - N,,)) Fj_1(u)nj (w)dw
SZ

L2 (M)
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J p J
< (sup HH3PltrX (2§(N - N,,)) H 227

LyLz(mu,)>
(Cov ), )i

< <SUP||H3||L50L1,||PltrX||LfLi,
w

S (suplHall s, ) 2403,
w x
where we used in the last inequality the estimate (8.303) for Pjtry and the estimate

(2.42) for 0,,N and the size of the patch. Now, in view of the Definition (9.14) for Hj,
we have:

(9.37) [Hsllpgers, S Wkl eers, + 07 Vnll gz s, + 0] ge 13,

+ ||b_ly7(b)||L$°L§, + lIxllzgers, + I<lzeers,
Se,

where we used in the last inequality the embedding (2.51), the estimate (2.37) for k,
the estimate (2.36) for n, the estimates (2.37) (2.39) (2.40) for 6, the estimate (2.38)
for b, the estimate (2.39) (2.40) for x and the estimate (2.41) for ¢. (9.36) and (9.37)
yield:

039 | [ Hpen (2H - M) st )

v

Y5 -

|~

< £2%

L2 (M)
Finally, (9.35) and (9.38) imply:

|~

(9.39) 1h6,p,qll L1 ) S €2 Z 2"

2t>27 ly—v’|

Vi

33 ’
< 6?2%7;7; '
~ @i — vt
Next, we evaluate the L'(c}) norm of h7,,. In view of the Definition (9.10)
of h7 p 4, we have:

(9.40)
||h7,p,q||L1(e%)
i p v
< / P oijy_prtrx (22(N—N,,)) Fj _1(u)nj (w)dw
2 L2(cM)
/ I art a nov oo /
x H4V(PS2j‘,,_,,/|trx)<22(N —N,,,)) Fj, 1 (u/)nY (w')dw
S2 L2(eM)
evy

’ A / g nov' o /
HyV (Pegsjy—vritrx’) (22 (N = Nu’)) Fj_1(u')ny (w')dw

?

oty — v |lJs L2(ck)
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where we used in the last inequality the estimate (8.129). Proceeding as for the esti-
mate of (8.607), we have:

(9.41) HyV(Pry) (25 (V' - Nl,/)>q By 1 () (w')dw'

52
S (SUP”H4||L§°L4,) 25%57}/-
o @
Now, in view of the Definition (9.15) of Hy, we have:
(9.42) ||H4||L;X’Li, S ||k||L;g°L;, + ||"71V"||L;>OL;, + ||9,||L;>°L;,
YTV W, + 1€ ens, + V00 ) aos,
Se

where we used in the last inequality the embedding (2.51), the estimate (2.37) for k,
the estimate (2.36) for n, the estimates (2.37) (2.39) (2.40) for #’, the estimate (2.38)
for b, and the estimate (2.41) for ¢’. (9.41) and (9.42) yield:

/ J / 4 /! 4 / ! AR !
(9.43) H,V(Pry') (22(N - N,,/)) Fj, 1 (u)n! (&) dw <28t seyy,
52 L2(oH)
Finally, (9.40) and (9.43) imply:
1
(9.44) Ih7pallLrny S 77— ST 28 | 2melyy
2§|V_V,| 2l>2J'|1/—u’|
~ @y — v

Next, we evaluate the L'(cH) norm of hg, 4. In view of the Definition (9.11)
of hg p 4, we have:

(9.45)

Itspalision < | [ Poatmsnton (257 = 0))" By s )

L2 (M)

j q ’
|V N (P (V' = N,)) " By () ()

L2(M)
S 2TeylyY,
where we used in the last inequality the estimate (8.129) for the first term, and the

analog of the estimate (8.614) for the second term.
Now, we have in view of the decomposition (9.3) of 3, m) j2minttm) <23 |y —y | <gmax(tm) Ajvv Lm'

§ : Ajvp tm

(l)m)/zmin(l,m) Szj ‘V7V/|<2max(l,m)
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1
(23|N, — N,/ |)pra+l

35
< ZE:Cpq

\}

P,4>0 Lo (M)
1
|~ (Ih1,p.gllLrery + [h2pallLr ) + 1hspgll i) + Ihap,gllLrm)
[Ny = Nor ] Lo )
1
+ v (175,p,qll L) + [1R6,p,al L2 10) + 17,00l L1 (1)) + (B8 gl L3020y |-
[Ny = Nt Lo )

Together with (8.32), (9.19), (9.23), (9.28), (9.32), (9.34), (9.39), (9.44), and (9.45),

we obtain:

> Aj v lm

(l’m)/anin(l,m)SQj |l,_v/‘<2nlax(l,m)

; 1 23
N 2% Z Cpq~ 5 [ - /(2
S @y —v|prett Ly — |

1 . 33 . ’

v > 22 || gl L2 sy g0 m | L2 sy + 270 | 4+ 27| €27y
2m <2 |y—p|<2!

22m—2j

SI0 DNt

1,00l L2 R x52) [ .07 m | L2 (R x52)
2m <20 |y—p'|<2! (22 [y — v[)?

1 2-4% 1
7 + t 57
@iy —v]p  @iv—v? 252y — )
where the sequence of functions (i;,,,1);>;/2 on R x S? satisfies:

YD Plniwiliamne) S 27 F 17 me)-
v 1>5/2

2 v v

EN5V5

This concludes the proof of Proposition 6.6.
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PROOF OF PROPOSITION 6.7

Since 2™2x(bm) < 27|y — /|, we may assume that I > m and thus:
(10.1) 2m < 2t < 20w — /|

In order to prove Proposition 6.7, recall that we need to show:

E : Aj,V,V’,l,m

(1,m) /2mex(tm) <23 |y—v/|

= >

(1,m) /2max(tm) <23 |y — |

2= 573 2l+m+min(l,m)

23|y — /)3

145,001l L2 (R xs2) | 145,07 m | L2 (R x52)

1 1 2~ ()i 1 2 v v
7 3 A T 7 €%
Cip—v)?  @ir—v]E  Hv—v])?  25aEp— )

where the sequence of functions (i;,,,1);>;/2 on R x S? satisfies:

Z Z 22 |1 T2 rxszy S €227 (1122 o)

v o1>j/2
and where A, /1 m is given by (8.8):

Pitrx(N — g(N,N')N")(P,,t
(10.2) Ajvuiom = —i27 J/ / rtrx( 8( IN')( ')
§2 x5 g(L, L)

X Fj(u)Fj_1(u')nj (w)ny (W) dwdw' do).
We integrate by parts using (7.137).

Lemma 10.1. — Let A; . ./ 1.m be defined by (10.2). Integrating by parts using (7.137)
yields:

AJ,VI/lm:Ajuy’lm+Ajyy’lm+AjVV’lm+2 Zcpq/

p,q20

1
(25|N, — N, |)pta+2

1

10. —_—
(10.3) N, =N,

(hl,p,q,hm + h2,p,qvl,m) + h37p7q7l,m + h4,p,q,l7m] deM,
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where cpq are explicit real coefficients such that the series

E P,
Cpq™Y

p,q>0

A2

has radius of convergence 1, where the scalar functions Al G Lms

A3 on M are given by:

7,0\ lm
e QJ/ / Pytrx Y B (try/) (N — g(N, N')N', N — g(N, N')N')
s dom s2x8? g(L, L')(1 — g(N,N')?)
(10.4) X Fj(u)Fj—1 ()} (w)n} (&) dwdw' de,

i =2 [ [ OB NN g0 NN Rate)
J.v,v!Lm 2 g2 (L L’)(l _ (]\[7 N/)Z)

J,v,v lmo

(10.5) X Fy(u)Fy 1 (o) (@) (o doda de
(10.6)

_o—2j (Prtrx) (N — g(N, N')N') (Prntrx’)
and: AJVV,lm 2- / /S2><S2 (L. 1))

x Fj(u)Fj—1 (u)n (w)n? (') dwdw'deht,
and where the scalar functions Rip gim, h2pgims P3.pqims Rapqim 00 M are given by:

(10.7)
h1pgim = </S2 xPitry (2%(N - N,,))p Fj,_l(u)n;’(w)dw>
< ([ 7 Putr) (2507 = N)" By (@)
(10.8)
hop.qim = (/2 Pitry <2%(N — N,,))p FJ,_l(u)n;’(w)dw>
< (T Eir) (207 = N0 Bat @)
(10.9)
Bapaim = ([ 04079 @) R (2507 = N)) B s (@) )
x ( ; ¥ (Ptry) (2%(N’ —Ny,))qFj,_l(u')n;’(w')dw)
(10.10)
and: hapgim = </S2 Pitry <2%(N - N,,))p Fj,l(u)n;(w)dw>

x ( /S (Y )Y (Putry) (v - M) B (w’)dw’) :
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The proof of Lemma 10.1 is postponed to Appendix J. In the rest of this chapter,
we use Lemma 10.1 to obtain the control of A; . ./ 1 m.

We evaluate the L*(cH) norm of hip q.0.m, R2p.gim, R3.p.qlms Papqim starting
with h1 p g.1m. In view of the Definition (10.7) of A1 p 4.1,m, we have:

j p
5 bt = ([ xR (2507 = 80)” By )
s2

m<l

X (/2 W’(Pgtrx’) (2%(N’ - Nl,/)>q Fj7_1(u’)77;»”(w')dw’> .
S
This yields:

(10.11)
i p v
Z hipqim < / xPtry (22 (N — Nl,)> Fj _1(u)nf (w)dw
S2 L2 (M)
me! LY (&)
j q ’
X / V' (P<itry’) (25(N’ - N,,/)) Fj 1 (u)ny (W')do'
2 L2 (M)
i p v iy
< / xPtry (22(N — Nl,)> Fj _1(u)nf (w)dw e27y;,
§? L2 (M)

where we used in the last inequality the analog of the estimate (8.317). Now, the
analog of (8.556) implies:

/Sz xPitrx (2% (N - Ny))p Fj 1 (u)n (w)dw

Finally, (10.11) and (10.12) imply:

(10.12) ’

(10.13) Z hip.qtm < 522j_l7;7; ’
msl L(cM)

Next, we evaluate the L'(c}) norm of hapg1m. In view of the Definition (10.8)
of hg p,q.1,m, We have:

5 et = [ Ptex (200 = M) Byl (@) )

m<l
! ’ I art a n,o v, /
< ([ ¥ Patn) (2507 = )" By (@ ).
S
This yields:
(10.14)

§ :h2,p,q,l,m 5 ‘

m<l L1 (M)

/S2 Piirx (24 (N - NV))” Fy o (u) (w)dw

L2 (M)
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X

/ X'V (P<itry’) (2%(N’ - N,,/))qij_l(u')n}/(w')dw'
S2
Using (8.179) for | > j/2 and (8.180) for I = j/2, we obtain for all [ > j/2:
i p v
R (25 = )" By sy )
S2
Also, the basic estimate in L?(c}) (7.1) yields:

| XY Patn) (24 - N,)

L2 (M)

(10.15)

q

(10.16) Fj_1(u)nY (o) dw'

< I ’ i ! a
S SHIPHXV(PSZUX)(QZ(N _N”’)) HL“LZ(c%/) 2

i a iy
S (supl s 9 (P, e [ (249 = 30| ) 28
w/ T x oo
S 52%7; B
where we used in the last inequality the estimates (2.39) (2.40) for yx, the estimate

(2.70) for Y'(P<trx’), the estimate (2.42) for 9, N and the size of the patch. Finally,
(10.14), (10.15) and (10.16) imply:

(10.17) > hopim < 2l
! L1(M)
Next, we evaluate the Ll(W) norm of hgp q1.m. In view of the Definition (10.9)
of h3 p,q,1,m, we have:

(10.18)

j p
1r3,p0,0,mll 3 h0) S H/S (6+671V(b)) Prtrx (24 (N = N,)) " By (w)n) (w)deo

X

/ ¥ (Putex') (25N = M) By () ()
.

< 822(%)+j7;7;/7
where we used in the last inequality the estimate (8.275) for the first term, and the
analog of the estimate (8.317) for the second term.
Next, we evaluate the L!(c#) norm of hy 4 1.m. In view of the Definition (10.10)
of ha p,q,1,m, We have:

(10.19)
1 ha,p,q.t,mll L3 (1)

j p
< / Pytry <2§(N—Nl,)) Fj, 1 (w)n? (w)dw
S2

L2 (M)

ASTERISQUE 444



CHAPTER 10. PROOF OF PROPOSITION 6.7 249

’ =Ll 3t / ’ N a [AYRZaN ’
[0+ 87T )T Patrrd) (22O = N) " Byt (0 )
s? L2 (M)

SE2PTE Ty,
where we used in the last inequality the estimate (10.15) for the first term, and the
analog of the estimate (8.622) for the second term.

Next, we estimate AJ v 1m- 10 view of the Definition (10.6) of AJ v 1m and the

Definition (8.542) of ijy, 1,m» and in view of the fact that g(L,L') = —1+g(N,N’),
we see that AJ v 1.m 1S essentially obtained from B] v V, Lm by exchanging the role
of v and v'. Proceeding for AJ v 1m @ we did for B] v Ly USIDG the integration
by parts (7.136) instead of (7.137), we obtain the analog of the estimate (8.624):
(10.20)

274 1
Z ASim| S |7 P p +27 527;%”'
(1,m)/2m <21 <27 [v—v'| (2zlv =)z 22(22|v —v/')

Next, we consider Al We have the following proposition.

Ju,v i lm:

Proposition 10.2. — Let Al be given by (10.4). Then, Al satisfies the

Jvsvlilm Fv,v lm
following estimate:
(10.21)
Z A},I/,l/’,l,m
(I,m)/2max(l,m) <27 |y—v/|
57 .
2—72l+m+m1n(l,m)
5 Z (2%|1/ l/’|)3 ”p‘ij,l||L2(R><S2)||/Jj,u’,m||L2(R><S2)
(l’m)/Qmax(l’m)§2j|l/—y/| —
1 2_(%)—3' 1 )
' + + — g2y
[<2%|v—u'|>3 @y -2 28@Ew -] 7

where the sequence of functions (1;,1)1>;/2 on R x S? satisfies:

YD Piiilia@xsr) S €271 f 172 me)-

v o1>j5/2

The proof of Proposition 10.2 is postponed to Section 10.1.

Next, we consider A2 i v 1m- We have the following proposition.

Proposition 10.3. — Let A2
following estimate:

(10.22)

be given by (10.5). Then, A2 satisfies the

g0 lm 7,v,v L lm

Z Agyulm

(1,m) /2max(tm) <27 |y—v'|
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92— 57’ 2l+m+min(l,m)

= >

J
(1,m) /2max(tm) <23 |y —1/| (2z|v —v'|)3

[ 1 N 1 . 1 2
- ; —3 55
@5y —v)? (25w —v)s 2825w -] T

where the sequence of functions (tj,1)1>;/2 on R x S? satisfies:

Z Z 22l||ﬂj,u,l||2L2(Rxs2) S 8222j||f||2L2(R3)-

vo1>j/2

145,001 L2 (R xcs2) | 145,07 m | L2 (R x52)

The proof of Proposition 10.3 is postponed to Section 10.2.
Finally, we estimate A; , . 1 m. In view of the decomposition (10.3) of A; . .7 1.m, the
estimate (8.32), the estimates (10.13) (10.17) (10.18) (10.19) for A1 p g,1,m, h2.p,q,i,ms
h3,p.q.1,ms P4 p.q1,m, and the estimates (10.20) (10.21) (10.22) for A}

J,v,v lmo Aj,l/l/ lm
and A3 we obtain:

Jv,v\lmo

E : Aj,V,V’,l,m

(1,m) /2max(tm) <2i ]y — |

92— 57] 2l+m+min(l,m)

< > ;

(1,m) /2mex(lm) <27 |y —v/| 22|y =)

145,00l L2 ®xs2) | 45,07 m || L2 (R x52)

[ 1 N 1 N 2-(5)-7 N 1 2
@y —v|)P (v —vE 2 —v)2 2828y ) 7
1 2%
+277 : +2(8)+7 627”7”
Z RCHI R llv—uw J
55 .
2—72l+m+m1n(l,m)
S Z 7 ||Nj,u,l||L2(RxS2)||Nj,u’,m||L2(Rx§2)
(1,m) /2max(lm) <23 [y —p/ | 22|y =)
1 1 2= ()i 1 )
- + - + - + — i 'YV"YU,
[<2%|v—v'|>3 @3 —vE - 2528y —v)) Y

where the sequence of functions (p5,,1);>;/2 on R x S? satisfies:

Z Z 2% |45, Vl||L2(R><S2) 222J||f||L2 (R3)"

v o1>j5/2

This concludes the proof of Proposition 6.7.
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G tm)

10.1. Proof of Proposition 10.2 (Control of Al

juu’lm)

In order to prove Proposition 10.2, recall that we need to show:

Z Ajuulm

(1,m) /2max(tm) <2d ]y |

< 3 2

55 l+m~+min(l,m)
22
j ”/J‘j,VJ||L2(]R><Sz)||uj7V/7m||L2(]R><S2)

(1,m) /2max(l,m) <23 |y—v/| (2§| - VI|)
1 27(%)7j 1 2 v v
7 T3 R ) €%
@2zlv —v))® 22y —v[)? 22(2%|v —))

where the sequence of functions (i;,,,1);>;/2 on R x S? satisfies:
Z Z 22 |1 T2 mnszy S €227 (1122 o)
v o1>j/2

and where Al is given by (10.4):

Jv,v lm

Al 2—23/ / F)ltI'XW P (tI‘X) N_ g(Na N/)vaN_ g(Na NI)N,)
P 5282 g(L, L')(1 — g(N,N")?)

(10.23) x Fj(u)Fj 1 (u")n (w)nj (W) dwdw'doM.
We integrate by parts using (7.137).

Lemma 10.4. — Let Al

3w,V lm

be defined by (10.23). Integrating by parts using (7.137)

yields:
(10.24)
A tm
=2 p;o C”q/ (2%|N, — Ny,|)p+q+2 [|N 1N 2 (1pgom + R2ip.gitom)
+ m(h&p,q’l,m + hapgim + s pgtm+ h6’p’q,l,m) + hpglm det,

where cpq are explicit real coefficients such that the series
p,q
E CpgxPy
p,q=0
has radius of convergence 1, and where the scalar functions hipg1m, R2pqim;
hs,pqtms Papgtms R5p.gtms R6p.atms R7pgim on M are given by:
(10.25)

hipgim = </S2 xPtry ( %(N N, )) Fj,l(u)n;(w)dw>
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X

; V' (Ptrx’) (2% (N’ — N,,/)>q Fj ()Y (w’)dw’) :
(10.26)

(
hopatm = ( /S Pitry (25N - N,,))p Fj,l(u)n;(w)dw>
([ v

N /S2 X’Wﬂ P,trx") (2%(N N, )) F; (v )77] (w ’)dw’) ,
(10.27)

st = ([ V(P00 (208 = N)) B s )

< ([ 7Pt (2 = M) Bratay (@0
(10.28)
hapglm = (/SZ Pitry (2%(N - N,,))p Fj,_l(u)n;’(w)dw>
x ( ; V' (Potry) (2%(N' - Ny,))qFj,_l(u’)n;’(w’)dw’),
(10.29)
hs.p.gim = </S2 0+b" 1V (b)) Prtry (2%(N — N,,))p Fj,_l(u)n;’(w)dw>
X (/ V' (Butrx') (22 (V' = N ) By (w’)dw’) :
(10.30)
h6,p.qlm = </s2 Pltrx 22 (N-N, )) Fj,_l(u)n;-’(w)dw>

< ([T ENT Pt (27 = 8)) s ()

and:
(10.31)

Bt = ([ NP (200 = 30))" By () )
(L7

2

X (P, trx)(22( _NV,))qF]-,_l(u/)n;’(w')dw/).

The proof of Lemma 10.4 is postponed to Appendix K. In the rest of this section,
we use Lemma 10.4 to obtain the control of AJ v L

We evaluate the L' (c}) norm of h1,p,q,tms P2,p,q,0,m> R3,p.glm, Nap.gim, N5 pg,lm,
he,p.gl,m> P7pqim starting with hypg1m. In view of the Definition (10.25)
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of k1 p,q,1,m, We have:
(10.32)
J p v
Isatmllisn S | [ xPune (2H00 - M) B st ()
s? L2 (M)
j q ’
W'Q(Pmtrx') <2§(N’ — N,,/)) Fj 1(u)nj (w')dw’
s2? L2 (M)
J q ’
< 622_l v W (Pmtrx') <2§(N’ —N,,/)) Fj1(u')nf (W')dw' ,
L2(M)

where we used in the last inequality the estimate (10.12). The basic estimate in L% (o)
(7.1) yields:

s | [ 9 (é( = N)) By () ()’

5(
UJ/

Iom_ v
S 22 ey

L2 (M)

j q j ’
20 ), ) 21
( W : LZ?L?(%») 7

7

where we used in the last inequality the Bochner inequality (2.61), the finite band
property for P,,, the estimate (2.39) for try, the estimate (2.42) for d,N, and the
size of the patch. Finally, (10.32) and (10.33) imply:

(10.34) ”hl,P,q,lym”Ll(cﬂ//) S e?ltme l7j 7] :
Next, we evaluate the L'(c#) of hapgim. In view of the Definition (10.26)
of hg p,q,1,m, we have:

J q ,
Bt = [ YT Potrr) (25O = No) " a0 ()
where H is given by:

(10.35) H= Pltrx( 2 (N — N)) Fj, 1 (u)n? (w)dw.
s2

This yields:
(10.36) [lh2,p,q,t,mll L1 ()

/ HHXW (P, trx)(Q%( Ny,)>qFj7_1(u’)’ L n;,(w')dw’
< [ @) (220 = 80) B, )
+ [ [y @) (2 0v = N0) B, o @)

where we used in the last inequality the decomposition (2.45) of %', and where we
neglected the trx’ contribution to x’ since it satisfies better estimates than x;. We
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start with the first term in the right-hand side of (10.36). We have:

2 J q o
(10.37) /S | Ex 7 (Pt (22 = M) a0

Lt (M)

2
S 1o ([ I0ihis oo, 19 Bt lieze,

x H(Z%(N’ - N, ))qF- (u')H '»’,(w')dw'>
v’ ‘77—1 Loo ”7]
l m Ul
SN H| L2 @ne2: ™y,

where we used in the last inequality the estimate (2.47) for x}, the Bochner inequality
(2.61), the finite band property for P,,, the estimate (2.39) for try, the estimate (2.42)
for J,,N, the size of the patch, Plancherel in X for F; _;(u’), and Cauchy Schwarz
in w’. Next, we estimate the second term in the right-hand side of (10.36). We have:

(10.38)

/S i Bty (22 = M) B ) Y ()

L

< [0 = xa ¥ Pater) (2208 = M) " Byt

g
2 L1 (M)

S ((supli = xeule- a0 ) VElsoe g + e oo

% < /82 ny (w')du/>

S (v =V H gos oy + X2 Hllz2(e))e22 ™5

where we used in the last inequality the estimate (2.47) for 9, x5, the Bochner inequal-
ity (2.61), the finite band property for P,,, the estimate (2.39) for try, the estimate
(2.42) for 9,N, the size of the patch, Plancherel in X for F; _;(u’), and Cauchy
Schwarz in w’. Next, we estimate H. In view of the Definition (10.35) of H and the
estimate (10.15), we have:

v Ndw'
oo™ (@) dw

q

Hxa, ¥ (Putrx) (V' = N)) Fya )| | 0 (@)

¥ (Ptry’) (2% (N — N,,/)) "F_ ()

L2(cM)

(10.39) IH | L2y S €27 7197
Also, in view of the estimate (8.272), we have:
[ H || Lo ) S €277,
which by interpolation with (10.39) implies:
1 ] LV
(10.40) [ H | 12+ (M) S 52(3)”%‘ .
Finally, we have:

(10.41) Ix2o H L2y S lIxeullies rzllHlzee |, r2
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Gyt )
S (1 +pH)e2i—hyy,
where we used in the last inequality the estimate (2.46) for x2,, the estimate (7.71)

for H in the case l > j/2, and the estimate (8.271) for H in the case | = j/2. Finally,
(10.36), (10.37), (10.38), (10.39), (10.40) and (10.41) imply:

(10.42) o patmlloi@n S (1+p?)e2(2572 4 v — /|23 +0) 23 +maray’,

Next, we evaluate the L'(c#) of hspq1m- We first consider the case where
m = j/2. In view of the Definition (10.27) of h3 p 4.1,m With m = j/2, we have:

j p
Iamassralionon 5 | [ 9w (2408 = 2)" By sy (@)

L2 (M)

2 J q '
/ TV (Peyyate) (25V = N,)) a0 ()’

L2(M)
<S2F ey,
where we used in the last inequality the analog of the estimate (8.317) for the first

term, and the analog of (10.33) for the second term. Since | > j/2, this yields in the
case m = j/2:

(10.43) ||h3,p,q, 7J/2||L1(07”/) S 2&+2527V7ay :

Next, we consider the case where m > j/2. Since | > m, we also have [ > j/2. In view
of the Definition (10.27) of h3 p g.1.m, We have:

Ihamatmlison < ([ |90 (2200 - 50)" Bt

(L

s (/32 1Y (Prtex) | 22 -1 (W] 12 ”J?(w)dw)
2 y
g </s2 H”VI (Pmtrxl)||L2(e%/)F',—1(UI)HL2 n; (W')dwl>,

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. Taking Cauchy Schwartz in w and w’, using the size of the patches, and using
the Bochner inequality (2.61) and the finite band property for P, and P,,, we obtain:

L2y M (w)dw>

YV (Putr) (25N = N)) B )| ot (w’)dw’)
’ L2(eh) 7

(10.44) 153 p.g,m |21 @) S 227 H

[ Pibrx || 2 (g, Fy (w)y /0 (w)

x| I1Pntrxlza ) Fy(wy/n (@)]

In view of (10.44) and the estimate (6.18), we finally obtain in the case m > j/2:

2
Lw,u

(10.45)  [|hspgimllzr @ S 2™ H™E™ T3 0 e s .0 m | L2 2 xs2)
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where the sequence of functions (1;.,,1);>;/2 on R x S? satisfies:

Z Z 22l||/ijyv,l||%2(ﬂ&><82) S 8222j||f||%2(11§3)-

vo1>5/2

Next, we evaluate the L' (c}) of hyp q1,m- We first consider the case m = j/2. In
view of the Definition (10.28) of hy4 p q1m With m = j/2, we have:

3 i q o'
h4,p,q,l,j/2 = /82 HWI (PSJ/QtI'XI) (22 (NI — Nyl)) F]‘7_1(’U/l)’l7j (w')dw/,
where H is given by:
i p v
(10.46) H= | Pux (22 (N — NV)) Fj, 1 (u)n! (w)dw.

This yields:
(10.47) |lha p.g1.5/20 2210

3 i q
S [ ey (2 - N)) )|
S

v (w/)dwl

L P

3 y
S [P L PR | B e

1
L,

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. Now, in view of the estimate (2.62), we have:

(10.48)

1V (Peypatrx)n e, 0

SNIVAP< 260X 22 (p, o) + BOIAP< j2trX ) L2 (p, ) + B2 OV (P<jatex) 2,
S (@ + p(t)28 + u(t))e,

where we used in the last inequality the finite band property for P<;,; and the estimate
(2.39) for trx, and where y in a function in L?(R) satisfying:

(10.49) lellem S 1.
(10.47), (10.48) and (10.49) yield:

(10.50) [[hap,q,1,5/2llLr @) S 2 I1H |22 (10 (/S2||F',—1(u,)”Li,77}j (w')dw’>
s (supltlsz sz, ) ([ 1Bs@lsz ' )a )

2j—1_2, v, v P4
S 297 eyl + <SBP||H||L5,L§°LZ,> 2zev;

where we used in the last inequality the estimate (10.15) for H which holds in view
of the Definition (10.46) of H, Plancherel in A" for ||F; _1(u')||.2,, Cauchy Schwarz
in w’ and the size of the patch. Using the estimate (7.71) in the case [ > j/2, and the
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estimates (7.71) (7.83) in the case | = j/2 together with the decomposition

Pejjptryx = try — Z Ptry,
>4
we obtain:

5\ (o _i4d J Lo_Lliiy ,
(1051)  sup|lHl|z2, ,pp S (L+p2)e(23 |y — /|27 + (23 |y —v/])2275F5)y.

Together with (10.50), this yields in the case m = j/2:
(10.52)

i— ’ N it i 1, 143 ,
lhapaiiolliien S 297128 yY + (1 +p2) (22 |y = V275 4+ (28 |y — v/])227 2+ )2y
Next, we consider the case where m > j/2. Since | > m, we also have | > j/2. In view
of the Definition (10.28) of hy4 p, g.1,m, We have:

j q ’
Ripgiom = / BY(Patrx) (22 (V' = N,)) " Fa () (@),
S
where H is given by (10.46). This yields:
(10.53)  [|ha,p,q,,mll L1 (0)

< [ e (2500 = 500) Bt

3 o
S Wt 9 @t iz, oy Fyma @], 0 @)

v /d !/
Ligh) ()

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. Now, in view of the estimate (2.62), we have:

(10.54)

1Y Pantrx ) 2p, .0
S ”WA(PmtrX/)HLHPt)u/) + lJ(t)HA(PthX')||L2(Pm,) + /JQ(t)||W(Pmter)||L2(Ptyu,)
S 27| Ptex [l L2 cp, ) + 2" 0(t)%e,

where we used in the last inequality the finite band property for P,, and the estimate
(2.39) for try, and where y in a function in L?(R) satisfying (10.49). (10.53), (10.54)
and (10.49) yield:

(10.55)  [|hap,g,mll Lt (o0)

5 23m||H||L2(cM) (/Sz ||”PmtrX’HL?((%u/)Fj,—l(U')||L2/ 77;_’ (w/)dw/)
+ome (supll Tz sz, ) ([ 1Bz 1 )

5 23m||H||L2((>ﬂ¢) (/Sz ||||Pmtrxl||L2(G%u,)Fj’_1(u/)HL2/ 77;/ (w/)dw/)

+(1 +p%)(2%|l/ — V|27 im (2%|1/ — V'|)%2_é+%+m)52fﬁ'y}",
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where we used in the last inequality the estimate (10.51) for H, Plancherel in A’
for ||F} _1(u')||z2,, Cauchy Schwarz in w’ and the size of the patch. In view of the

Definition (10.46) of H, and using the estimate (2.42) for J,N and the size of the
patch, we have:

172200 % |, NIPrxlzag Fa ()] )

Together with (10.55), this yields:

Ihspagimlisn < 2°" ( /S , NPrerxl 22 ) Fi - ()] n}f(w)dw)

< ([ MRt s By 65, 7 )
S !
R I e N A B E

Taking Cauchy Schwartz in w and w’, using the size of the patches, and using the
Bochner inequality (2.61) and the finite band property for P, and P,,, we obtain:

(10.56)

Votpgtamllzs o S 27 HnPltranz% Y ()

x |18l o B3 )y

+ (L4 ph) 2|y — v/ 27 T 4 23|y - V’I)%T%*%*m)?%’ﬁ :
In view of (10.56) and the estimate (6.18), we finally obtain in the case m > j/2:
(10.57)

M pgtmlizs @ S 2mHHRREmM =,

vill L2 rxs2) 1,07 ml L2 (Rxs2)
+(1+p3) (28w — V|27 4 (2R |y — B E T 2y
where the sequence of functions (1;.,,1);>;/2 on R x S? satisfies:
Z Z 22[”/% Vl||L2(R><S2) 222J||f||L2(]R3)
v o1>j5/2

Next, we evaluate the L'(c#) of hspq1m. In view of the Definition (10.29)
of hs p,q,1,m, we have:

(10.58)

Ispatmlino 5 | [ @+ 0 @) R (2
S

i

ENV = N)) B ()] (@) de

L2 (M)

V’2(Pmtrxf) (22 (V' = Vo))" By s (@)

L2(H)
<2 ””’”627;’7]”,
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where we used in the last inequality the estimate (8.275) for the first term and the
estimate (10.33) for the second term.

Next, we evaluate the L'(c#) of hgpq1m- In view of the Definition (10.30)
of he.p,q,1,m, we have:

(10.59)
||h6,p7q,l,m ”LI(W)

< /S2 Pitry (2%(N - N,,))p Fy 1 (u)nf (w)dw

< ‘

L2 (M)

LT @ Patr) (2507 = M) By ()

L2 (M)

2 ey

7 ’

L2(M)
where we used in the last inequality the estimate (10.15). The basic estimate in L% (o)
(7.1) implies:

L 45 O Patr) (240 = N)" a0l

(10.60)

”/ O+ 7'V )V (Patex) (25 = N»)) " By ()] (@)
52 L2(ch)
< (sup [ @ + 0 Y @)Y Batex) (2207 = V)| 24y
T\ LS L2 (Hhyr) !

-1 2 I g i
< (sup||e'+b' V' )l s, 1V Ptz || (22 V7 = Vo) HL&) 27

< (Sup||v’2<Pmtrx'>hm) e2by,
where we used in the last inequality the estimates (2.37) (2.39) (2.40) for x’/, the
estimate (2.38) for V', the estimate (2.42) for d,N and the size of the patch. Now, the
Gagliardo-Nirenberg inequality (2.49) yields:
2 2 1 3 1
19 Patix) sy S 197 Pt ) s, 197 Pt g,
S2Fe(l+u(t)),

where we used in the last inequality the Bochner inequality (2.61), the finite band
property for P,,, the estimates (10.48) and (10.54) for W/g(Pmtrx’), and the estimate

(2.39) for try. Together with the estimate (10.49) for u, we obtain:

2 3m
v’ (PmtTX/)HLfLi, S22,
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which together with (10.60) yields:
(10.61)

\ [ L@+ O Pt (2507 = 3,)" B @ (@)
.

3m 4 Jj ’
Sh4s 2, v
S22 TEeSy)

L2 (M)

Finally, (10.59) and (10.61) imply:
j—1+43m v v
(10.62) ||h6,p,q,l,m||L1(eM) <2 s 52')’;' Yo

Next, we evaluate the L!'(cH) of hrpq1m. In view of the Definition (10.31)
of h7 p.q.1.m, We have:

(10.63)

j p
sl | [ N (2500 = 6))" B st @)

L2 (M)

X

2 J q '
[ (B (22N = N) ) B () ()

L2 (M)

i+m 2 v v’
<2 575

where we used in the last inequality the analog of the estimate (8.317) for the first
term, and the estimate (10.33) for the second term.

Finally, we estimate A}, ;.. In view of the decomposition (10.24) of A} , ., .,
the estimate (8.32), and the estimates (10.34) (10.42) (10.43) (10.45) (10.52) (10.57)

(10.58) (10.62) (10.63) for h1,p.q,1,m> P2,p,q,l,m> P3,p,q,1,m> Pa,p,q,t,ms P5.p,q,1m> P6p.g,tm
h7,p.q.1,m, We obtain:

1
> At

(1,m) /2max(tm) <2i |y —/ |

92— ‘%J 2l+m+min(l,m)

S > > 4,0, L2 Rxs2) | 15,07 m | L2 (R x52
~ Pq 3 35Vs (RxS2) [|Hj, v ,m|| L2 (RxS?)
(L) j2maxtom <9ily—/| pg0 (22 [V —v/[)prats

1 1+p2 S5\ H—(1 ; _i i 2 ’
+ZC j - + (1 +p2)27@) T 427323y — V|) |24V
" (28 |y — v |)prat? [2é|y—y/| (1+p%) @l = v |

>

(1,m) /2max(l,m) <235 |y —p/|
1 2_(%)—1' 1
[ 4 T + T
@2y — V) 25y -2 252% -

92— 573 2l+m+min(l,m)

(28| —v'))?

N

145,000l L2 (Rxs2) | 145,07l L2 (RxS2)

2 v v

75

ASTERISQUE 444



10.2. PROOF OF PROPOSITION 10.3 (CONTROL OF A 261

T tm)

where the sequence of functions (1;.,,1);>;/2 on R x S? satisfies:
Z Z 22l||/ijyv,l||L2(R><82) ~ 5222]||f||L2(R3)
v oI>j5/2

This concludes the proof of Proposition 10.2.

10.2. Proof of Proposition 10.3 (Control of A2

jl/l//lm)

In order to prove Proposition 10.3, recall that we need to show:

Z Ajuulm

(Lym) /2max(tm) <23y -/ |
<
> D T
(1,m) /2max(lm) <27 |y —p'|
[ 1 + 1 + 1 2,,YV,YU
(@i —v)? @i -v)i o 25—l T
where the sequence of functions (,,,1):>;/2 on R x S? satisfies:
Z Z 22l||l¢j,v,l||?:2(Rxs2) S 5222j||f||%2(11a3)
v o1>j/2
% v 1m 18 given by (10.5):
2 272]4/ / (N — g(N, N')N) (Brtrx) (N — g(N, N')N') (P (trx"))
Jawitm §2x5? g(L, L')(1 — g(N, N')?)
(10.64) x Fj(uw) Fj_1 (u")n% (w)n? (") dwdw'deM.
We integrate by parts using (7.143).

92— %’ 2l+m+min(l,m)

145,000l L2 (Rxs2) | 145,07l L2 (R xS52)

and where A2

Lemma 10.5. — Let A? be defined by (10.64). Integrating by parts using (7.143)

J,v,vlm

yields:

(10.65)

A? v,v'lm

1

=9~ 25 h! h!
2 / (24N, — N,/|)”+‘1+2 LN N, Mnaim F Papgim
b9z

1
/ ! / /! /! /
+ h3,p,q,l,m + h4,p,q,l,m) + IN, — N, ,|(h5,p,q,l,m + h6,p,q,l,m + h7,p,q,l,m) + h&p,q,l,m do,
v 14

where cpq are explicit real coefficients such that the series

E p,4q
CpgZ™Y

p,q20
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. . /
has radius of convergence 1, where the scalar functions hipgi,m; B3, 1 ms

I i I I I g .
h4,p,q,l,m’ h5,p,q,l,m’ hG,p,q,l,m’ h7,p,q,l,m’ hS,p,q,l,m on W are given by:

(10:66) g0 = ([ 9 E00) (2500 = 30)) By s )

hy

\P,q,l,m’

([ Bty (22 = 80)" Byt @)
1067) By qan = ([ (P00 (2507 = M) Byl () )

([P Patn) (2 = 80)" Bya a0 @)
(10.68) 1 pg1.m = ( /S (P (25N = N)) Fj,_1<u>n;<w>dw)

(7 Batrrt) (2 = 80) " By ')
(10:69) Hypqin = ([ 9(P00) (2507 = M) Byl () )

(B Bty (2= 8))" By ')
(10.70) 1 g1 = ( /S V(P (25N - N,,>)’7Fj,_1<u>n;(w>dw>

q nvoo /
Fy 1 () (oo ) ,

< ([ 7Pt (22 - N)
0.11) By g0 = ( [ V(R0 (220 = M) Byl () )
X < . V(Ppntrx’) (2%(N’ — NV/))qFj,_l(u')n;/ (w’)dw') ,

(10.72) Ry orm = ( 8 V(Ptry) (2%(N - Ny))p Fj’_l(u)n;(w)dw)

x ( [ HaV (Priex) (25 = Vo)) By a <w'>dw')
and:
0.13) Ky qan = ([ 9(B00) (2507 = M) Byl () )
< ([ O Patr) (22 = 500 Fatu (0 )
;

and where the tensors Hy, Ha, Hs and Hy are given by:
(10.74) Hy=x+e+5+n" Vn+ L(b),

ASTERISQUE 444



10.2. PROOF OF PROPOSITION 10.3 (CONTROL OF A 263

T tm)

(10.75) Hy=x+¢€+8+n"'Vn+L'(V),
(10.76) Hy=k+n"'Vn+0+b V() +x+¢
and:

(10.77) Hy=k+n"'Vn+0 +0"'V¥)+(.

The proof of Lemma 10.5 is postponed to Appendix L. In the rest of this section,
we use Lemma 10.5 to obtain the control of A2

Ju,v lm:
1 / / /
We evaluate the L' (c}) norm of &), s b yoims B3 patms Plap g tms P pgitims
/ ) / ; o
P paiims P p gtims P8 p.g.1.m Starting with hy . In view of the Definition (10.66)
of hy , 4 1.m» We have:

A pg tim = /S2 GY(L(Ptrx)) (2%(—7\7 - Nu)>ij,71(u)77;-’(w)dw,

where G is given by:
q

(10.78) G= / V' (Ptrx') (22N = No) )" By ()
Using the analog of (7.13), this yields:

2%67}’

N))

J
(10.79) 1K) pgumllLi@n S < 22
wGSllpp

5( sup |G| 2 ,Lf") 2%57}',
weEsupp(ny) o

where we used in the last inequality the estimate (2.42) for d,N and the size of the
patch. Now, in view of the Definition (10.78) of G, the analog of the estimate (7.76)
yields:

J q J J J 1 m_ '
IGllze 1o < <supH(22(N’—Nu/)) H >5(22|1/—1/|22—l—(22|1/—1/|)222+4)'y;
w,z! Tt W Lo

<Se28 (28 — /)Y,

2 oo
Lu,z’Lt

where we used in the last inequality the fact that 2™ < 27| — /|, the estimate (2.42)
for 9,,N and the size of the patch. Together with (10.79), we obtain:

2. v, v

”hll,p,q,l,anl(e%) S22y —V|)e Vi
Now, since m > j/2, we finally obtain:
3 m 7 v v
(10.80) 1 pgtmllzrn S 2425 (22 |y — v/ |)e*y vy

Next, we evaluate the L'(¢?) norm of A, , ., .. Comparing the Definition (10.67)

of hy , o 1.m and (10.66) of b , ., ., we notice that these terms are similar. We proceed
as for by , .., and we obtain the analog of (10.80):

3 ym 7 v_ v
(10.81) ||hI2,p,q,l,m||L1(eM) <2922 (23 |v—vw |)52’y] vy -

SOCIETE MATHEMATIQUE DE FRANCE 2023



264 CHAPTER 10. PROOF OF PROPOSITION 6.7

Next, we evaluate the L'(c}) norm of hy , ;..
of hé,p,q,l,m’

(10.82)

J p v
Wpatmllion | [ BP0 (2400 = 3))" Bics g )i

In view of the Definition (10.68)
we have:

L2 (M)

X . V' (Pntry’) (2%(N' — N,,/)>q Fj’_l(u’)n;"(w')dw’

L2 (M)

J ’
S 2277,
L2(M)
where we used in the last inequality the estimate the analog of the estimate (8.317).

Now, using the basic estimate (7.1) in L?(c}), we have:

Hy Y (Pitrx) (25 (N = V) B 1w (@) deo
SQ

j p
(1083) || [ sy (250 - N)" B ()
S2 L2(cM)
< supHHIW(PZtrX) (2%(N—Ny))p 2% eq?
~ N\ L2 L2 (h) !

J p i,
S (supls g 190l oy [ (250 = W)Y ) 2t

S <SUP||H1||L;<;L§> 52%7;,
w

where we used in the last inequality the estimate (2.70) for Y'(P<;try’), the estimate
(2.42) for 9,,N and the size of the patch. In view of the Definition (10.74) of H;, we
have:

IH1llLosre S Ixllposre + lellzoerz + 10l Lo L2 + ||”_1V”||L°<;L$ + IL(0) || os L2
x x x x x x
Se

where we used in the last inequality the estimates (2.39) (2.40) for x, the estimates
(2.36) (2.37) for €, the estimate (2.37) for ¢, the estimate (2.36) for n and the estimate
(2.38) for b. Together with (10.83), this yields:

sy | [ mRmo (208 - N) By (@)

(10.82) and (10.84) imply:

2 v v

”hg,p,q,l,m”Ll(W) g 2j€ Y55 -
Now, since m > j/2, we finally obtain:
(10.85) 135 gm0y S 222724y

Next, we evaluate the L'(c}) norm of A Comparing the Definition (10.69)

4,p,q,l,m*
of hﬁlvp%l,m and (10.68) of hé,p,q,l,m’ we notice that these terms are similar. We proceed
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dw tm)

265

as for hy , ., and we obtain the analog of (10.85):

l‘ !
(10.86) 1B) g mllLron) S 222785

Next, we evaluate the L'(c}) norm of Ry p 4.1.m- Comparing the Definition (10.70)
of h;

5.p.q.Lm and (10.27) of h3 pq,1,m, We notice that these terms are the same. Thus,
in view of the estimates (10.43) and (10.45), we have in the case m = j/2:

L ’
(10.87) RS pgiis2llLon S 27 22957
and in the case m > j/2:
(10.88)  ||hk g imllLin S 2mTHmRE™T s e rxs2) 15,00 m | L2 (R xs2)

where the sequence of functions (y;,,1);>;/2 on R x S? satisfies:

Z Z 22|72 ey S €727 1 F 1172 sy

v o1>j/2
Next, we evaluate the L'(c}) norm of kg, ;... In view of the Definition (10.71)
of P 1 g,1,m» We have:
(10.89)

p
hpaimlioo S | [ B9 (g (2400 = 80)" By s )

L2 (M)

x| [ V(Batry) (22 (V' - Nl,/))q Fj 1wy (') dw'

S2 L2 (M)

<

2eyy,
L2 (M)
where we used in the last inequality the analog of (8.317). Now, the basic estimate
in L?(cM) (7.1) yields:

(10.90)

HyV (Piiry) (25 (N = V) o () (w)do
Sz

H;V(Ptry) (2%(N - Nl,))p Fy 1 (u)nf (w)dw
Sz

L2 (M)

25~V
L;fL%%)) 7

J
)2
143
S (suplalzzss, ) 244y,
w

where we used in the last inequality the estimate (8.575) for V(Pjtry), the estimate
(2.42) for 9,,N and the size of the patch. In view of the Definition (10.76) of Hj, we
have:

< (sgp | 3w () (22 (v = W)

S (suplHall s, 19 (P,
u ,

(Giov- )

||H3||L;>°L§, S ”k”L;’OLi, + ||n_1V”||L;>°Li, + ||9||L§°L§,

+ ||bfly7(b)||L;>°Li, + ”X”L;X’Li, + ”C”L;X’Li, Se,
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where we used in the last inequality the embedding (2.51), the estimate (2.37) for k,
the estimate (2.36) for n, the estimates (2.37) (2.39) (2.40) for 6, the estimate (2.38)
for b, the estimates (2.39) (2.40) for x, and the estimate (2.41) for ¢. Together with
(10.90), this yields:

(10.91)

H3V (Ptry) (2%(N — N,,))p Fj,_l(u)n;(w)dw
SZ

Finally, (10.89) and (10.91) imply:

(10.92) 176 p.q.1mll L1 @r) S 2”2827”%”-

Next, we evaluate the L'(c}) norm of P p q.1.m- Comparing the Definition (10.72)

of hy , o1.m and (10.71) of hg , ., ., We notice that these terms are similar. We proceed
as for hg , ., and we obtain the analog of (10.92):
(1093) || 7,p,q,l m”Ll(eM) S 2J+ B 62'7’/7]” .

Next, we evaluate the L'(c}) norm of g, ;... In view of the Definition (10.73)
of hy p.q.lms We have:
(10.94)

i p v
Wpamllin S | [ 900 (2500 = 30))" By s )

L2(eM)
YOV Patrx)) (25 = N,)) " By sy ()

S 2ty
where we used in the last inequality the analog of the estimate (8.317) for the first
term, and the analog of the estimate (8.614) for the second term.

Flnally, we estimate A2 In view of the decomposition (10.65) of A2

L2(cM)

1] va/lm Ju,v lmo
( ) ( . ) ( ) or hll ,0,q,l,m> h” Jq,l,m? h'a,p,q,l,ma lL/L alms h,5, alm hlﬁ,p,q,l,m’
hl 7,p,q,L,m? LIS,p,q,Lmv we obtain: P-4 p m

2
2 A v tm

(L,m) 2max(t:m) <2d |y — /|

S D P

(1,m) /2max(lm) <27 |y —u’| p,g>0

1 1 1 i NN
+ Z Cpq V’|)P+‘I+2[ ; +— 27222y — )| €%

2 7J 2l+m+m1n(l m)
" (28

v — v|)ptats 125,011l L2 (Rxs2) 115,07, | L2 (x52)

e @ - 2y —v| @y - vt
2—%2l+m+min(l,m)
S Z 7 N3 ||:“j,u,l||L2(RXS2)||Nj,u’,m||L2(Rx§2)
(1,m) /2max(lm) <24 |y —p/ | (22| =)
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dw tm)

[ 1 I 1 + 1 2 v v
@y - @bv-vE 28—l T
where the sequence of functions (i;,,,1);>;/2 on R x S? satisfies:
Z Z 22|11 72 mxszy S €227 (1 £ 1172 moy-
v o1>5/2

This concludes the proof of Proposition 10.3.

267
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APPENDIX A

PROOF OF LEMMA 8.7

Recall from (8.42) that Bl’l’l’ is given by:

v

B;’l}’,},’l— 12797 1/ /S . g(L 0 L(trx)try’
2>< 2

X Fj(u)Fj 1 (u")nf (w)nj (W) dwdw' dM.
We integrate by parts in B"L! using (7.137) with

Jyvvlm

L(try)b'try’
Al h= AT A
(A1) g(L,I')
We obtain:
(A.2)
1,1,1,1
Bj 787

T 1/ /S e 1— N T_g(N,N')? ((N — g(N,N")N")(h) + (tre—g(N, N')tr0’
_ G(N/ _ g(N’N )]\77 N/ — g(N,N )N) _ g(N, Nl)b—l(N/ . g(N, N/)N)(b)

2g(N, N') / N AT! N AT!
e (Y — VNN’V — (V. N

— g(N, N')o(N' — g(N, N')N, N’ — g(N, N’)N)))h>

X Fj_1(u)Fj,_1 (@) (@)1} (') dwdw'deM.
Next, we compute the term (N — g(N, N')N’)(h). We have:
(A3) (N - g(N, N)N')(h)
Vg, v (L(trx))b'try/ L LE) NV — g(V, N')N") (b'trx)
a g(L, L) s(L, L")
(V= gV, N')N")(g(L, L") L(trx)b'trx’
g(L,L')? '
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Decomposing N — g(N,N’)N’ on N and N’ — g(N, N’)N, we have:

(A.4) N —g(N,N')N" = (1 - g(N,N')*)N — g(N,N')(N' — g(N, N')N),

which yields schematically for the first term in the right-hand side of (A.3):

(A.5)

Vg (L{rx)brx’  N(L(er))b'eex' (N = N')? | V(L ()Y trx! (V' = N)
g(L, L") B g(L, L") g(L,L') ’

where we used the fact that:

—g(N,N')? = (1 +g(N,N'))(1 - g(N, N'))
g(N-N',N-N')
2
Finally, in order to estimate the third term in the right-hand side of (A.3), we need
to compute (N — g(N, N'YN')(g(L, L")). Since g(L, L) = —1 + g(N, N’), we need to
compute (N —g(N, N')N")(g(N, N')). Using the structure Equation (2.21) for N and

the decomposition (A.4), we obtain:
(A6) VN _gvnyn (8N, N')) = g(Vn_gvnyn N, N') + g(N,Vy_gvnynN')
=—(1-g(N,N')*)g(b~"Vb,N" — g(N,N')N)
_g(N’N/)a(N, - g(NvN,)NyNI _g(N’N/)N)
+ GI(N - g(N7 N/)N/a N - g(N’ N/)N/)'

= (1+g(N,N")) ~ (N = N2

Now, we have:
(A7) (N—g(N, N')N')+(N'—g(N, N')N) = (N+N')(1—g(N, N')) ~ (N = N')?.
Also, since # = x + k by definition, and since k does not depend on w, we have:
(A.8) -0 =x—x"
In view of (A.6), (A.7) and (A.8), we obtain schematically for the third term in the
right-hand side of (A.3):
_ (VN — gV, N')N')(g(L, L)) L(trx)b'trx’
g(L, L/)2

_ L(trx)(0 4+ b~ '¥(b))b'trx’ (N — N')? n L(trx)0'b'trx' (N — N')3
B g(L, L) g(L,L')?
(¢ = x)Ltrx)b'trx' (N — N')?

g(L,L')? '
Finally, (A.3), (A.5) and (A.9) imply, schematically:
(A.10) (N —g(N,N)N')(h)
Ny (V= N L VW (¥ - )

(A.9)

+

g(L,L") g(L,L")
n L(trx) Y (b'trx") (N — N) n L(trx) (0 +b7'Y(b)b'trx/(N — N')?
g(L,L") g(L,L")?
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L(trx)@'b'trx' (N — N')3  (x — xX')L(try)b'trx’ (N — N')?
g(L, L") g(L,L')? '
We consider the term multiplied by h in the right-hand side of (A.2). Using (A.8),
we have schematically:

(A11)  trf — g(N,N')tr6’ — (N’ — g(N,N')N, N’ — g(N,N')N)
—g(N,N')b~ (N" — g(N,N')N)(b)
2g(N,N")
—g(N,N')?
— g(N,N)6(N' - g(N,N')N, N’ - g(N, N')N))
=x—-x+ e(N —~ N+ 60 (N -N)+b'y(d)(N - N').
Thus, in view of (A.1), (A.2), (A.10) and (A.11) we obtain:

(A12)  Bjt=2" 2J/ /2 JHEj-1(u) Fj_1(u)nf (w)n¥ (@) dwdw'dH,
S2xS

with the tensor H on ¢/ given, schematically, by:
1 <N (L(trx))trx (N — N')? L PE(En))tex (N = N')
—g(N,N')? g(L, L) g(L, L)
n L(trx)b’flv(b’trx’)(N —N") n L(trx) (0 + b~ 1Y(b))trx/ (N — N')3
g(L, L) g(L, L')?
L(trx)0'trx (N = N')* | (x = X) L{trx)tex (N = N')?
g(L,L')? g(L, L)

(9’(]\7 — g(N,N")N',N — g(N, N")N")

H:
1

(A.13)

+ (x —xX' +0(N = N)+60(N—-N")+b'V(b)(N - N’)) W)

g(L, L)
Recall the identities (8.30) and (8.31):
g(N-N',N-N')

g(LaL/):_1+g(N7NI)andl_g(N’N/): 9

We may thus expand:
1 1 d 1
Il
(1—g(N,N)?)e(L, L)) gL, L) " (1 —g(N, N')?)g(L, L')?

in the same fashion than (8.33), and we obtain, schematically:

1 N—N, \?/ N —N, \?
A4 H=—— | Y v v
(A.14) IN, — N, |2 cpq<|N,,—Nl,/|> <|N,,—N,,/|)
p,q>0

1 1
H ——H ——H.
X( 1+|N,,—N,/| 2+|NV—N,,/|2 3>’

where the tensors Hy, Hy and H3 on oM are given by:
(A.15) Hy = N(L(trx))try/,
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(A.16) Hy = Y(L(trx))trx’ + L(try)b' V' (0'trx’) + L(trx)(0)try’
+ (9 i b’ly(b))L(trx)trx’

and:
(A.17) Hs = (x — x') L{trx)trx’
and where cp, are explicit real coefficients such that the series

Z Cpg?y?

P,420
has radius of convergence 1. In view of (A.12), (A.14), (A.15), (A.16) and (A.17), we

obtain the decomposition (8.44) (8.45) (8.46) (8.47) (8.48) (8.49) (8.50) of B}’,’)".
This concludes the proof of Lemma 8.7.
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PROOF OF LEMMA 8.8

Recall from (8.43) that Bl’l’l’ is given by:

v

. b1
B bL2 — 7,'27J71/ / —————try L' (try’
v s2xs2 8(L, L) (ixx)
X Fj(u)Fj 1 (u")nf (w)nj (W) dwdw' dM.
We integrate by parts in B1""%2 using (7.137) with

Jyvvlm

(B.1) b= trxb' L (try’)
' g(L,L")
We obtain:
(B.2)
1,1,1,2
Bj v,v’

T 1/ /S o2 1— N T_g(N,N')? ((N — g(N,N")N")(h) + (tre—g(N, N')tr0’
_ G(N/ _ g(N’N )]\77 N/ — g(N,N )N) _ g(N, Nl)b—l(N/ . g(N, N/)N)(b)

2g(N, N') / N AT! N AT!
e (Y — VNN’V — (V. N

— g(N, N')o(N' — g(N, N')N, N’ — g(N, N’)N)))h>

x Fj_1(w)Fj_1 (@)% (w)n? (w)dwdw'doM.

Next, we compute the term (N — g(N, N')N’)(h). Proceeding as in (A.3), (A.5),
(A.9) and (A.10), we obtain schematically:

(B3) (N —g(N,N')N')(h)
N ()b L' (60 )(N = N')? | P(tn)l I/ (txx')(N = V')

g(L, ') g(L, L)
N trx ¥ (0L (trx')) (N — N) L trx(0+ b=V (b))V' L/ (tr')(N — N')3
s(L, L) g(L,L')?
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trx0'v' L' (trx') (N — N')3 N (x — x")trxb' L' (trx') (N — N')?
(L, L’)2 g(L,L")? '
Thus, in view of (B.1), (B.2), (B.3) and (A.11) we obtain:

By Bt [ [ HE ) 0 o @ deds do,
S2xS

with the tensor H on ¢ given, schematically, by:
1 N(trx) L' (trx)(N — N')? | Y(trx) L' (try) (N — N')
—g(N,N')? < g(L, L") g(L, L")
L T T OL ) =N (8 4+ b V)L ()N = N
g(L, L") g(L,L')?
trx 0’ L (trx) (N — N')* | (x = x")trx L' (trx) (N — N')?
g(L,L')? g(L,L')?

+ <X—x'+9(N—N')+9’(N—N') +b_1Y7(b)(N—N’)>

try L' (try’) >
g(L, L)

Proceeding in the same fashion than (A.14), we obtain, schematically:

1 N—-N, \?/ N —N, \?
®5  H= c< )( )
|NV_NV/|2 p%Z:O P |Nu_Nu’| |NV_NV’|

1 1
X (H1+ Hs + HS)a

|NV—N,,/| |N,,—N,,/|2
where the tensors Hy, Hy and H3 on ¢ are given by:
(B.6) Hy = N(trx)L'(try'),
(B.7) Hy = Y(trx) L' (trx') + trxd’ Y ('L (kX)) + trx (0) L (trx)

+ (0 +6 + b_ly(b)>trxL'(trx')
and:
(B-8) Hs = (x = x')trxL'(trx")
and where cp, are explicit real coefficients such that the series

E p,4q
Cpg™Y

p,q>0

has radius of convergence 1. In view of (B.4), (B.5), (B.6), (B.7) and (B.8), we obtain
the decomposition (8.81) (8.82) (8.83) (8.84) (8.85) (8.86) (8.87) of B\, This
concludes the proof of Lemma 8.8.
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PROOF OF LEMMA 8.13

Recall from (8.95) that B}>»2 is given by:

’
Jvv'lLm

. 1
)2 - —'2—9—1/ / (L Pitry) Ptry’ + Pitry L' (Pt ’>
3w, v lm ¢ e Js2xse g(L,L/) ( [4 I‘X) Y+ L£itry ( I'X)
x (671 — b g(N, N')Fj 1 (u) () (w)n (') dwdw' do.

We integrate by parts in B}'>2 using (7.136) with

’
gy’ lm

(L(Pltrx)Pmtrx' + PltrxL'(Pmtrx’)> (' —b)

(C.1) h= ST

We obtain:
(C.2)

1,2,2
Jvv'lm

—2j-1 bil ! ! o’ — Ntr
I /C% /SS v <(N (N, N')N)(h) + <t o' — g(N, N')trd
— 0/'(N = g(N, N')N', N = g(N, N')N') — g(N, N)' (N = g(N, N')N')(8)))

2g(N,N")

W@(N/ —g(N,N’')N,N" —g(N,N')N)

— g(N,N")¢'(N — g(N,N')N', N — g(N, N’)N’)))h)

x Fj 1 (u)Fj_1 (@) (w)n! (w)dwdw'de.
Next, we compute the term (N’ — g(N, N')N)(h). We have:
(C.3)

(N' = g(N,N')N)(R)

. VN’—g(N,N’)N(L(Btrx))PmtrX/(b/ - b)
a g(L, L)
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o LBtn) (V' — g(V, N')N) (P trx”) (0 — b)

g(L, L)
L (V' = (N, N)N) (PO L' (Putrx' ) — b)
g(L, L")
n PitrxV n_g(n, NN (L' (Pntrx')) (b — D)
g(L, L)
(N’ — (N, N')N)(g(L, L')) (L(Pitrx) Ptrx’ + PitrxL' (Pptrx) ) (o' = b)

g(L,L/)Z
Decomposing N’ — g(N, N')N on N’ and N — g(N, N’')N’, we have:
(C.4) N’ —g(N,N)N = (1 - g(N,N")>)N' — g(N,N')(N — g(N,N')N),

which yields schematically for the second and the fourth term in the right-hand side
of (C.3):

(C.5)
L(Pitrx) (N’ — g(N, N')N) (Prtrx’) (b — b) n Pitrx Vv —g(v,n)n (L' (Prmtrx”)) (b — b)
g(L,L') g(L, L/)
_ L(Ptrx)(N — g(N, N )N') (Ptrx’) (0" — b)
a g(L, L)
n L(Pitrx)N'(Pptrx’) (' — b)(N — N')?
g(L, L")
_ PitrxViv_gv,nn (L (Pmtry')) (b — )
g(L, L)
L+ PtV (L' (Pmtry)) (0" = b)(N — N')?
g(L, L) ’

where we used the fact that:
1—-g(N,N')? = (1+g(N,N"))(1 - g(N,N"))
g(N = N',N — N
2
Finally, in order to estimate the last term in the right-hand side of (A.3), we need to
compute (N’ — g(N,N")N)(g(L,L")). We have the analog of (A.6):
(C.6) Vi gvnyn (&N, N')) = —(1 - g(N, N")?)g(t' "' Vb/, N — g(N, N')N")
- g(N7 NI)GI(N - g(Na Nl)NlaN - g(Na N/)NI)
+6(N'—g(N,N')N,N" —g(N,N')N).
In view of (C.6), (A.7) and (A.8), we obtain schematically for the last term in the
right-hand side of (C.3):
(N’ — (N, N')N)(g(L, L')) (L(Pitrx) Ptrx’ + PitrxL' (Prtrx) ) (o' = b)
o g(L,L')?

= (1+g(N,N))

~ (N = N")2.
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(L(PltrX)PmtrX’ ¥ PltrXL’(PmtrX’)) ¥ — )8 + 0V (W) + 6)(N — N')?

g(L, L')?
(C.7)
(' = ) (L(Pitrx) Prtry’ + Ptrx L' (Prtrx) ) (o' = B)(N — N')?
i g(L, L')? '
Finally, (C.3), (C.5) and (C.7) imply, schematically:
(C.8)

(V' — g(N, N')N)(h)
_ VN’—g(N,N’)N(L(Pltrx))PmtrX,(b/ - b)
- g(L, L)
(V' — g(N, N')N)(Pirx) I (Pt (' — b)
g(L, L)
L(Pitr)(N — g(N, N)N')(Potry’) (b — b)
g(L, L)
, HBmON (Pat)(¥ — B)(N = N')?
g(L, L)
_ PitrxViv_gv,nn (L (Pmtiry)) (b — b)
g(L, L")
L DXV (L (Prtrx) (6 = B)(N = N')*
g(L, L)
(L(PltrX)Pmtrx’ + PltrxL’(Pmtrx’)) W —b)(O + ¥V () + 0)(N — N')3
g(L, L)
(' = ) (L(Pitrx) Ptrx’ + Ptrx L' (Ptrx’) ) (¢ = B)(N — N')2
e(L, L)’ |
We consider the term multiplied by h in the right-hand side of (C.2). Using (A.8),
we have schematically:
(C.9) trd — g(N, N')tr¢’ — (N’ — g(N,N')N, N’ — g(N,N')N)
—g(N,N)b~ (N" — g(N,N')N)(b)
2g(N, N')
1- g(Na N/)2
— g(N,N"9(N' — g(N,N")N,N' — g(N, N')N))

=X—xX 40N —-N')+0(N—-N)+b"'Y(b)(N — N').

_|_

_|_

_|_

(¢0'(N — g(N, N')N', N — g(N, N')N")
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Thus, in view of (C.1), (C.2), (C.8) and (C.9) we obtain:
(C.10) le,ff, i 2—2j/ / HFj’_l(u)F~7_1(u/)n;(w)n;'(w/)dwdw'doj%
T §2 %82

with the tensor H on ¢/ given, schematically, by:
_ 1
- 1-g(N,N)2
y [VN/—g(N,N')N(L(PltrX))PmtrXI(b/ —b)
g(L, L)
(N' — g(N, N')N) (Pitrx) L' (P trx/) (b = b)
* g(L, L)
L(Pitrx)(N — g(N, N')N') (Ptry/) (b — b)
- g(L, L)
L(Ptrx)N'(Pptrx’) (b — b)(N — N')?
" g(L, L)
_ PitrxViv_gv,nn (L (Ptry)) (b — b)
g(L, L")
PlterN/(L'(P trx’)) (b’ — b)(N — N')?
g(L, L")

(L(PztrX)Pmtrx + PztrxL’(PmtrX’)) (¥ =)0 + VY () +O)(N - N)?

" gL, ')

(' = ) (L(Ptrx) Prtrx’ + Prtrx ' (Prtrx’) ) (6 = B)(N — N')?
g(L,L')?

+ <x —X' +0(N -=N')+60'(N—-N)+b"'V(b)(N — N’))

+

(L(Pltrx)Pmtrx' + PltrxL’(Pmtrx’)) Y —b)
* &(L, L) }
Recall the identities (8.30) and (8.31):
g(N — N',N — N')
5 .

g(LaL/):_1+g(N7NI) and l_g(N’N/):

We may thus expand:

1 1 1
1 g, N)gL.L) e 1) ™ 1— e, N)2)g(L. )2
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in the same fashion than (8.33), and we obtain, schematically:

(C.11)
1 N—N, \*/ N =N, \!
He — -
[N, — N,/ |? Z Cpq <|N,, - NV,|> (lNV — Ny'l)
1,420
x | Hy + ! H
N, =N
(N"— N)(® —b)
g(L, L')? (V(L(Ptxx)) Pratrx’ + F(Ptrx) L (Prntrx)
Pt (L' (Pptr ) (V' — b
+ LB (Pt ) + Prx¥ (1 (Patry'))) + S0 (L)) = )
g(L, L")
(o =0 —b) , o
+ T eLI)? (L(Pztrx)Pmtrx + Pptry L' (P try )),
where the tensors Hy, Hy on oM are given by:
(C.12)
H; = L(Pitrx)N'(Pytry’) (b — b)
and:
(C.13)

H, = (0 +60 + b1V (b) + b’_lvl(b’)> (L(Pltrx)Pmtrxl + PltrxL'(PmtrX/)) (b —b)
and where cp, are explicit real coefficients such that the series

E P,4q
Cpq™Y

p,q>0

has radius of convergence 1. In view of (C.10), (C.11), (C.12), and (C.13), we obtain
the decomposition (8.256) (8.257) (8.258) (8.259) (8.260) (8.261) of B;’>%, . This
concludes the proof of Lemma 8.13.
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PROOF OF LEMMA 8.14

Recall from (8.298) that B}'>%23 is given by:

7, lm

1,2,2,2,3

B}2EAS = —i27d / / b~ Pitry N’ (Potry’) (b — b)
M JS2xS?

X F-(u)n}’(w)Fj’_l(u')n}-"(w')dwdw’deﬂé.

We integrate by parts in B;ff,zl z:,n using (7.137) with
(D.1) h = Pitrxd/ N'(Pptrx') (V' — b).
We obtain:

(D.2)

ph2223

g, lm

=27 2]/ /S2><S2 . N NG ((N —g(N,N)N")(h) + <tr9 —g(N, N')trd’

—0(N' —g(N,N')N, N’—g(N N')N) — g(N, N )b~ (N" — g(N,N")N)(b)
2g(N, N')
_g(N’NI)2

— g(N,N")O(N' — g(N,N")N, N’ — g(N, N’)N))) h)

(0/(N — g(N, N')N', N — g(N, N')N")

X Fj _1(u)Fj _1 (u')n}-’(w)n}/ (W) dwdw'do.

Next, we compute the term (N — g(N, N')N’)(h). Proceeding as in (A.3), (A.5)
and (A.10), we obtain schematically:

(D.3)
(N —g(N,N')N")(h)
= b'(1 — g(N, N')*)N(Pitrx) N (P try’) (b — b)
FH (N~ g(N, N)N)(Prx)N' (Pt ) — b)
+ ' Ptrx V' (N' (P try)) (' — b)(N — N') 4+ b'b~1Y(b) Pitrx' N’ (P try') (N — N')
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+ V() Pitry' N’ (Pptry') (N — N') + b/ N (b) Pitry’ N’ (Pputrx’) (N — N')%.
Thus, in view of (D.1), (D.2), (D.3) and (A.11) we obtain:
(D4)  BynTs =27% / /S - HFj 1 (w)Fj,_y (u)n (w)n? (") dwdw' de,
X
with the tensor H on ¢/ given, schematically, by:
1
=—————( (1 —g(N,N)®)N(Pitrx)N'(Pntrx') (' — b
v (L B VPN (RN (Bt ) )
+ (N = g(N, N')N)(Pitrx)N' (Ptrx') (¥ = ) + Pitex ¥ (N’ (Prtrx')) (b = b)(N — N')
+ 51 Y(B)Prtrx! N' (Pt )(N = N') + 5 V() Pitrx’ N'(Prtex) (N = N')

+ N(b)Pitrx' N (Pptrx') (N — N')? + (x —xX' +6(N -N')+6'(N - N

Proceeding in the same fashion than (A.14), we obtain, schematically:
(D.5)
1 N-N, \’( N -N, \*
H:wﬁMﬁ<Eﬁ%(wﬁNm>Qm—mﬂ)
x <1H1 + 1H2+H3>
N, NP TN, SN
(N’ — g(N,N')N)(Prtrx) N'(Ptry’) (b — b)

+ N(Pitrx)N' (P, trx') (b — b) +

g(L, L) ’
where the tensors Hy, H, and H3 on oM are given by:
(D.6) Hi=(x+0+x +L'()+0)PtrxN'(Pntrx')(' — b),
(D7) Hy = Ptrx¥'N'(Putrx') + (V' (6) + V(6) BitrxN' (Ptrx’)
and:
(D.8) Hj; = N(b)PitrxN'(Pp,trx")

and where cp, are explicit real coefficients such that the series
Z Cpgy?
P,420
has radius of convergence 1. In view of (D.4), (D.5), (D.6), (D.7) and (D.8), we obtain

the decomposition (8.323) (8.324) (8.325) (8.326) (8.327) (8.328) (8.329) of B 7777 .
This concludes the proof of Lemma 8.14.
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PROOF OF LEMMA 8.15

Recall from (8.296) that B} '>%>! s given by:

7, lm
BL2221 _ -2 / / (N' —g(N,N')N)(Pitrx)N'(Pptrx’)(b" —b)
7 lm 2 %52 (L’ L/)
x Fj 1 (u)ny (w)Fj,,l(u’)nj (w")dwdw'deM.
We integrate by parts in B, 1.1,1,2 using (7.137) with

v lm
b(N' —g(N,N")N)(Pitrx)t' N'(Pptrx') (b —b)
g(L,L") '

(E.1) h=

We obtain:
(E.2)

Brir=ew [ [ a7~ N8 + (10— 0
2>< 2

— O(N' — g(N, N)N, N’ = g(N, N')N) — g(N, N )b~ (N' = g(N, N')N) (b)
2g(N,N")
1- g(Na N/)2

— g(N, N")o(N' — g(N, N')N, N’ — g(N, N’)N))) h)

(9'(N — g(N,N')N',N — g(N,N')N')

Fj o (u)Fj 1 (u' )% (w)n? (w")dwdw' deH.
Next, we compute the term (N — g(N, N')N’)(h). Proceeding as in (A.3), (A.5),
(A.9) and (A.10), we obtain schematically:
(E3) (N — g(N, N)N')(h)
_ N((NV' —g(N, N')N)(Prtrx))N' (Putrx’) (N — N')
- g(L, L)
(N' — g(N, N')N)((N" — g(IN, N')N) (Prtrx) )N’ (Ptrx’)
g(L, L")

_|._
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L Y(B)) V(N (P trx)) (N = N')*

g(L, L)
- Pitrx)N'(Pptry’) (N — N’
g(L, L)
Next, we evaluate the first two terms of (E.3) starting with the first one. We have,
schematically:
(E.4)
N((N" = g(N,N')N)(Ptrx)) = V(N'(Ptrx))(N = N') + Vv (v —g(v.n)w) (Prtrx).

Using the structure equations for N (2.21) together with the decomposition of N
given by (7.140), we obtain, schematically:

(E.5) VN (N' —g(N,N)N) =6'(N — N') + b=y (b) + b/~ W ().
Together with (E.4), this yields, schematically:
(E.6)

N((N" - g(N,N")N)(Pitry)) = Y(N'(Ptrx))(N — N')
+(0'(N = N') +b~1Y(b) + b~ Y(5)D(Prtry).

Next, we evaluate the second term in the right-hand side of (E.3). We have, schemat-
ically:
(E.7)
(N = g(N, N')N)((N' = g(N, N')N)(Pitrx)) = ¥*Prtex (N — N')’
+ VVN’—g(N,N')N(N/*g(NvN’)N)(PltrX)'

Using the structure equations for N (2.21) together with (A.6) and (A.7), we obtain,
schematically:

(E.8)
Vni_gnN)N(N' —g(N,N')N)
= Vn_g,n) NN — (N, N )V _gvn)NN = Vi _g(n,Nn)n(8(N,N'))N
= (1—g(N,N')>)Vy/N' - g(N,N)Vn_gvnyn N — g(N,N)O(N' — g(N,N')N,e4)ea
— (1 = g(N,N')*)g(~¥"log(a'), N) — g(N,N")¢'(N — g(N, N')N', N — g(N, N')N')
+60(N' —g(N,N')N,N" —g(N,N")N))N
=6V (N — N2+ (0 +0')(N - N').
Together with (E.7), this yields, schematically:
(E.9) (N — g(N,N')N)((N' — g(N, N')N)(Pitrx))
= Y*Pitrx(N - N'>2 (b"lwb')(N = NP+ (0 +6)(N — N')) Y Pitx.
In view of (E.1), (E.2), ( (E.6), (E.7), and (A.11) we obtain:

(B10)  BY22A =7 / / Fy s (W) Fy 1 () (@) (Y deH,
S2x§2
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with the tensor H on o/ given, schematically, by:

_ 1 Wz(Pltrx)N’(Pmtrx’)(N — N')? N V(N (Pitrx))N'(Pptrx’)(N — N')3
B 1_g(Na N/)Z g(L7 L/) g(LvL/)
"(Pritrx )V (N'(Ptrx’)) (N — N')? -
g(L, L)
P, N'(P, ! N —N")3
Y(Pitry) (, mtrx’) <(N_N,)+( /) )>
g(L, L) e(L, L)
Proceeding in the same fashion than (A.14), we obtain, schematically:
1 N-N, \’/ N —N, \*
E.11 H=——7-—
( ) |N,,—N,,/| Z Cpq(|NV_NV’|> <|N,,—N,,f|)
P,q=>0
x | Hy + _ H, + 1 H.
YUIN, =N TN, =N 2T

where the tensors H;, Hy and H3 on ¢ are given by:

(E12)  Hy = Y(N(Ptrx))N'(Prtrx’),

(B13)  Hy = VA(Par)N' (Putry’) + ¥ (Pitex )V (N (Ptry’)

and:

(E.14) Hs = <x +X +O0+60 +071Y(b) + b"lv(b’)> V(Ptrx)N'(Pntrx’)

and where c,, are explicit real coeflicients such that the series

> e’y

p,920
has radius of convergence 1. In view of (E.10), (E.11), (E.12), (E.13) and (E.14), we
obtain the decomposition (8.340), (8.341), (8.342), (8.343), (8.344), (8.345), (8.346),
(8.347) of B22%%1 This concludes the proof of Lemma 8.15.

’ .
Jwvslm
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PROOF OF LEMMA 8.16

Recall from (8.472) that B'>%! s given by:

7, lm

By =i27 ! / /S ) b~ L(Pitrx) Potrx' Fj 1 (w) Fy (u' )0 (w)n! (") dwdw' doM.
2>< 2

We integrate by parts in le 3’1/’ 1. using (7.136) with
(F.1) h = bL(Pjtrx) Pptry’.
We obtain:

(F.2)

1,2,3,1
Jvvlm

=272~ 1/ /Szxgz - N N/) <(N’—g(N, N')N)(h) + <tre’ — g(N, N')tro

—0/(N — g(N,N')N',N = g(N, N')N') = g(N, N')t/ " (N = g(N, N')N')(¥))
2g(N,N")

—g(N,N')?2 (9“\" —g(N,N')N,N" — g(N,N')N)

— g(N,N")¢'(N — g(N, N')N', N — g(N, N/)N/))>h>

X Fj_1(u)Fj,_1 (@) (@)1} (') dwdw'deM.

Next, we compute the term (N’ — g(N, N')N)(h). Proceeding as in (C.3), (C.5),
(C.7) and (C.8), we obtain schematically:

(F3)  (N'—g(N,N')N)(h)
= bY(L(Ptrx)) Pmtrx(N — N') + bL(Ptrx) V' (Pptrx)(N — N')
+ bL(Pitry) N’ (Pptry)(N — N')? + (x — X')L(Pjtryx) P try
F(0+0 +bY(b) + b V() L(Ptry) Prntrx(N — N).
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Thus, in view of (F.1), (F.2), (F.3) and (C.9) we obtain:
(F.4) le',f,’s;,ll,m —9-2j / / HF; _1(u) F‘,—l(“’)nf(w)n;' (w")dwdw'doM,
oM Js2xs?

with the tensor H on ¢/ given, schematically, by:
_ 1
B 1- g(Na N/)2

[ PRI Pt = ) + L)V (Pt (V= )
+ L(Pitrx)N' (Ppntrx) (N — N')* + (x — X') L(Prtry) Potrx
+(0+6 + b V() + b V() L(Ptry) Pntry(N — N’)} .
Proceeding in the same fashion than (C.11), we obtain, schematically:

1 N—N, \*/ N =N, \*
F. H= ——
(-5) N, N, P Z%4wrwm>am—mﬂ

p,9>0

1 1
H Hs + H.
X(|N,,—Nu'|2 1+|NU—N;/| 2+ 3)7

where the tensors Hy, Hy, H3 on oM are given by:

(F.6) Hy = (x — X')L(Pitrx) Pmtrx,

(F.7) Hy = Y(L(Pitrx)) Pmtrx + L(Ptrx) V' (Pmtrx)
+(0+6 +bIW(b) + b V() L(Pitrx) Ptry

and:

(F.8) Hjz = L(Pitrx)N' (P, try)

and where cp, are explicit real coefficients such that the series
Z Cpg’y?
p,q20
has radius of convergence 1. In view of (F.4), (F.5), (F.6), (F.7) and (F.8), we ob-

tain the decomposition (8.474) (8.475) (8.476) (8.477) (8.478) (8.479) (8.480) (8.481)
of BY*%1  This concludes the proof of Lemma 8.16.

’ .
Jvvlm
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PROOF OF LEMMA 8.17

Recall from (8.11) that B?

S . Lm 1S given by:

. b1
B}, im = —i277 /CM /S o g(LL,)((g(N, N') = 1)PitrxN' (Pmtry’)
X I

—
+ <trX -0-06 —(1—-g(N,N'))d - 2CJ/V7g(N,N’)N'

 X'(N —g(N,N')N',N —g(N, N’)N’))
g(L, L")

X Pltrmetrxl) Fj(u)Fj _1(u')nj (w)n}’/ (W)dwdw'doM.
Together with the identity (8.30):
g(L7 L/) =-1+ g(N7 N/)a

we obtain:

: b1 - =
B2, m:—w—ﬂ/ / [(trx—d—é— 1—g(N,N')6'
il o Js2xs2 | 8(L, L) ( ( )

X' (N —g(N,N')N',N — g(N,N')N')
- QC;V—g(N,N/)N/ - (L, 1) Pitry Ptrx’

+ b_ll:’ltrxN'(PmtrX/)] Fj(u)Fj 1 (u')n}’(w)n}’, (W) dwdw'doM.

We integrate by parts in Bhb.Lz2 using (7.137) with

g lm
(G.1)
b 3 7 !
h= g(L,L') (trx —0—-0 —(1—g(N,N")) - 20N —g(N, NN
_ XV —g(N,N')N',N — g(N,N')N')
g(L,L')

>Pltrmetrx' + V' PitrN' (Pptry’).
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We obtain:
(G.2)

2

y ’
gy’ lm

. b/—l
=-27% PR ZNIENTY) — ! 4 o — Niro'
= /W/SQng 1—g(N,N')2 <(N g(N, N')N')(h) + (t 0 — g(N, N')trf
— 6(N' —g(N.N')N,N' — g(N, N')N) — g(N, N}~ (N' = g(N, N)N) (%

2g(N,N’)

W(alw —g(N,N')N', N — g(N,N')N')

— g(N,N"Y9(N' — g(N,N")N, N’ — g(N, N’)N))> h)

X Fj _1(u)Fj 1 (u')n}’(w)n}’l (W) dwdw'doM.

Next, we compute the term (N — g(N, N')N')(h). Using the structure equation
for N (2.21), we have, schematically:

Vyn_gv,n)n (N —g(N,N')N')
= Vn_gvn) NN =8N, N)Vy_gnvnynv N — Vn_gv,nn (8N, N'))N'
= (1—g(N,N"))VyN —g(N,N')Vy_gnnynN — g(N,N')§'(N — g(N,N')N', e a')ear
(- (N, N'P)g(~F log(b), ') — g(N, N')é(N" — g(N, N'), N' — g(N, N'))
+6'(N — g(N,N')N'", N — g(N, N')N'))N’
= —(1—-g(N,N")*)Vlog(b) — g(N,N")O(N' — g(N,N")N, ea)ea
—g(N,N)0'(N —g(N,N)N',ea)ea + (1 = g(N,N')*)Vnr_g(v,nryn log(b) N’
+g(N,N)O(N' —g(N,N)N,N' —g(N,N")N)N’
—0'(N —g(N,N)N'/N —g(N,N)N")N’,
which we rewrite schematically as:
(G.3)
VN g, NN (N = g(N,N')N') = (6 = ')(N = N') + (0 + 6" + b~V (b)) (N — N')%.

Proceeding as in (A.3), (A.5), (A.9) and (A.10), and using (G.3), we obtain schemat-
ically:
(G.4)
(N - g(N, N')N')(h)

bl
g(L, L")
+ PtV Ptey’ (N — N') + N(Bitrx) Ptrx' (N = N')2) + (YOO(N = N')

+Y@)(N = N') +Dy()(N = N')> + N@)(N = N')? + V' (X )(N = N')

= (X +04+X 40 + (N - N’)) (VPltrmetrx'(N - N")
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+Y @) N =N+ V()N = N2 +6 T YE)N~N)+ (x+3+x +3

b/
g(L, L")
+ (1 = g(N, N'))0' N (Pitrx)N' (Prtrx) + b (N' — g(N, N)N)(Prtrx) N (P trx’)
+ (N = N PitrxV (N (Putry)) + (N — N 'Y (V) Pitrx N (Ptry’).
Thus, in view of (G.1), (G.2), (G.4), (A.8) and (A.11) we obtain:
(G.5) BJQ,, viim =27 2 / / Fj_1(w)Fj_1(u ’)n;(w)n;/(w')dwdw'deﬂ/l,
S$2xS§?

with the tensor H on ¢/ given, schematically, by:

(<X+6+x’+6'+<’(N—N’))

FCO(N=N)O—0 +(0+0 +b V(b)) (N — N’))) PytryPptry’

1 1
- - —— (VPtryP,try' (N = N’
1— g(N,N')? g(L,L/)(V”X X ( )

+ Ptrx¥ Ptey! (N = N') + N(Pitax) Prtrx' (N = N')2) + (V)N = N')
+ Y@ ~ N') + Dy()(N = N')? + NG)(N — N')* + V' (x)(N — N')

+Y'@)N = N)+ V()N = NP +0 VNN =N+ (x+5+x +90
FCN = N =X+ 040+ 5O = N) s

+ (1= g(N, N N(Prx) N (Putex’) + (N' = g(N, N')N)(Pitrx) N (P tr’)

PitryPptry’

+ (N — N")Ptrx V' (N'(Pptry’)) + (N — N’)b"1y7’(b’)PltrXN’(PmtrX')>.

Proceeding in the same fashion than (A.14), we obtain, schematically:

1 N — N, P/ N —N, \?
G6)  H= L c( ">( ”)
|N1/ - Nu’| p: Pa |N Nl,/| |N,, — N,,/|

1 1 1
X( H1+ H2+H3+H4>

N =N TN SN TN, SN
+ N(Pitrx) N’ (Pptrx’) + (V' — gV, N_l);v()]\(,fj;f;;g)N(PmtrX/) ,
where the tensors Hy, Hy, H3 and H, on o/ are given by:
(G.7)
Hy = (x = X)X+ 3 + X' + 8 ) PitrxPntry’,
(G.8)

Hy = (x+06 +x +8)(VPtrxPutry’ + PitrxV Prtry)
+ (W(X) +Y@) +Y () + V@) +b W)

T+ (x+8+x +3)O+0 +571V) + (x — X)) PitrxPrtrx,
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(G.9)
Hy=(x+6+x + Sl)N(Pltrx)Pmtrxl + (' (VPitrx P try’ + Pitrx Y Potrx’)

+ (DN(x) FN@)+Y () +CO+0 + b_IW(b)))PZtrXPmtrX’
and:
(G.10)
Hy = Pitrx V' (N (Ptrx’)) + 5~ V' () Pitrx N’ (Ptrx’)
and where cp, are explicit real coefficients such that the series
Z Cpg’y?
P,920

has radius of convergence 1. In view of (G.5), (G.6), (G.7), (G.8), (G.9) and (G.10),
we obtain the decomposition (8.528) (8.529) (8.530) (8.531) (8.532) (8.533) (8.534)
(8.535) (8.536) (8.537) (8.538) (8.539) (8.540) (8.541) (8.542) of B, .. This con-
cludes the proof of Lemma 8.17.

ASTERISQUE 444



APPENDIX H

PROOF OF LEMMA 8.18

Recall from (8.596) that >, _, B}, > 1.m is given by:
Z B22 _ 9 2]/ / —g(N, N’)N)(Pltrx)N’(Pgltrx’)
m<l pebm §2x5? g(V,N')?

X Fj_1(u)Fj,_1 (@) (@) (o) dwdw'deM.
We integrate by parts using (7.137) with

) ) _ WOV = g(N, N)N) (P N (Partix')
1- g(N7 N/)2

We obtain:

(H.2)

Z B?,f,u’,l,m

m<l

. pyt
— _ ;93] s _ AN . ’ ’
i2 /OM /S2XS2 T a(V.N)? ((N g(N,N")N")(h) + <tr9 g(N, N")tro

— O(N' — g(N,N')N,N' = g(N, N')N) — g(N, N'}b~" (N — g(N, N')N)(b)
2g(N,N")
- g(N7 N/)Z

g(N, N)9(N' — g(N,N")N, N’ — g(N, N’)N))) h>

(9’(N — g(N,N')N',N — g(N,N')N')

x Fj_1(u)Fj,_1 (@) (@)} (') dwdw'deM.

Next, we compute the term (N — g(N, N’)N’)(h). Using the structure equation
for N (2.21), we have, schematically:

(H.3) Vn(N' —g(N,N)N) = b ¥(b) + ' 'V (t') + (N — N")¢.
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Proceeding as in (A.3), (A.5), (A.9) and (A.10), and using (G.3)and (H.3), we obtain
schematically:

(H.4)
(N — g(N N)N')(h

= N NGE Y2 (Prtrx)N'(P<itry’)
< N'VPF(N(Pitxx)) N (P<itry’)
+ (N = NP (Ptr) YN (Paitrx') + (N = N')(8 - ¢')

+(N = N)2(0+6 +b71¥(b) + 0V (1))

+(N-=N)?0+06 + N(b)))V(Pltrx)N’(Pgltrx')>

+ g (- NP0 00+ (V= N0 ) 9(PmON (Pan)
Thus, in view of (H.1), (H.2), ), (A.8) and (A.11) we obtain:
™ % wdw
EZBJVV’lm_Z / /S2><S2 u)Fj—1(u )77]( ) ( "dwdw'deM,

with the tensor H on ¢/ given, schematically, by:

1 AV / /
~ (1—g(N,N")2)? <(N — N’V (Pitrx)N' (P<itry)
+ (N = N')’V(N(Pitrx)) N’ (P<itrx’)
+ (N = N)?Y(Bto) /N (Pitrx’) + (N = N)(x = x')

+ (N = N)2(0+6 +b71Y(b) + 0 'V (1))

+ (N -=N?0+6 + N(b)))V(Pltrx)N'(Pgltrxl)>

1 N3 ! \43—1 / !
+ o (V- VP X+ (O = N850 PP (Pt )

Proceeding in the same fashion than (A.14), we obtain, schematically:

1 N—N, \*/ N =N, \¢
H.6 H= ——
(FL6) N, — N, ZC””’(uvy—sz) <|NV—NV/|>
p,q>0
1 1
X |N,,—N,,/|2H1+|N,,—NVI|H2+H3

(V' — g(N, N))N) (Prtrx) N (P trx’)
1—g(N,N’)? ’

+ N(Ptrx)N'(Pptrx’) +
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where the tensors Hy, Hy and H3 on ¢ are given by:
H.7)  Hi=(x — X)V(Ptrx)N'(P<itrx’),
(H8)  Hz = Y (Pirx)N'(Paitrx’) + V(Pitrx) V' N' (Paitry’)
+(O+0 +b7W(b) + 6TV (H) V(Pitrx) N (Patrx)
and:
(H9)  Hs=Y(N(Pitrx))N'(P<itrx’) + (0 + 0" + N (b)) V(Pitrx)N' (P<itrx’)
and where cp,, are explicit real coefficients such that the series
Z CpgPy?
P,q=>0

has radius of convergence 1. In view of (H.5), (H.6), (H.7), (H.8) and (H.9), we ob-
tain the decomposition (8.597) (8.598) (8.599) (8.600) (8.601) (8.602) (8.603) (8.604)
(8.605) of 3°, <, B>? This concludes the proof of Lemma 8.18.

, .
7, lm
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APPENDIX 1

PROOF OF LEMMA 9.1

Recall from (9.2) that Z(l,m)/?ﬂ‘““»m)§2f\u—u’|<2max(l»m) Aj v 1m 1 given by:

E : Aj,V,V’,l,m

(I,m)/2min(l;m) <25 |y —p! | < 2max(l,m)

= —i2—j/ / Psgijy—vtrx(N — g(N, N )N') (P<2sjp—vtrx’)
M JS2xS2 g(L’L/)

x F; (u)F',_l(u')n;’(w)n;/ (W) dwdw'doM.
We integrate by parts in Z(l’m)/zmm(l,m)szj

y—p| < 2max(t,m) Aj v 1,m using (7.143) with
. beP>2j|,,_l,/‘tI‘X(N — g(N, N/)NI)(PSQj ‘V_l,/‘tI‘XI)

(I.1) h o(L.T) .
We obtain:
1.2) > Ajytim

(l,m)/?mi“(l’m)SQj |l,_y/|<2max(l,m)

: b1 = -
:—2—29/ / <Lh +trxh —0h—6 h— (1 —g(N,N"))é'h
o Js2xse 8(L, L) ) ( ( )

/(N_g(N7N/)NI7N_g(N?NI)N,)h
g(L, L")
X Fj(u)F-,_l(u')n;(w)n}’, (W) dwdw'doM.
Next, we compute the term L(h). We have:
_ bblL(P>2j|l/—l/’\trX) (N - g(N7 N,)N/)(PSQj\u—u’|trX/)
a g(L,L')
+ bb/P>2j|V—u'|trXL((N - g(N’ N/)NI)(PSQHU—V’\trXI))
e(L, 1)
(L(b) + L(bl))P>2j|l/—1//|trX(N - g(N7 N/)Nl)(P§2j|u—1/|trxl)
_|._
g(L,L')

X
— 20N _g(v,nynrh —

(13)  L(h)
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L(g(L, L,))bblp>2j |,,_,/|'GI‘X(N — g(N, NI)N/)(PSQj |,,_V/|tI'X/)

g(L,L’)2
Decomposing L on L', N" and N — g(N, N')N’, we have:
(1.4) L=L+(N-g(N,N)N')+ (g(N,N') —1)N’,

which yields schematically for the derivative in the second term in the right-hand side
of (1.3):
(1.5)
L((N —g(N, N,)Nl)(szuu—uqtrX/))
L'((N — g(N,N')N")(P<2i}y—pr trx’))
+ (N = g(N,N')N')((N — g(N, N')N') (P<2s |y - t1X'))
+(g(N, N') = )N'((N — g(N, N')N")(P<2s|y o trx’))
= (N = N)Y(L (P<zijy—pr trx')) + [L', N — g(N, N')N'|(P<2ijy o trx’)
+ (N - N’)QVIQ(szuufuqtrX’)) + V9 evnnyn (N—g(V,N )N (P<ify - trx’)
+ (N = N')*Y (N'(P<gify—pitrx')) + (N = N')’[N', N — g(N, N')N'|(P<aijy—oritrx’),

where we used in the last inequality the fact that, schematically, 1 — g(N,N’) =
(N — N’)2. Next, we compute the two commutators in the right-hand side of (L.5).
Using the structure equation for N (2.21) we have, schematically:

(1.6) [N',N —g(N,N)N'] =b~'Y(b) + b "'V () + (N — N')(0 + ¢).

Also, using the fact that L=T+ N, L' =T + N’ and g(L,L") = -1+ g(N,N’), we
have:

[L',N —g(N,N)N'| = [L',L —g(N,N')L' + (g(N,N") — 1)T]
= [L,L] - L'(g(L, L"))N" + (g(N, N') = )[L', T,
which together with the Ricci Equations (2.17) implies, schematically:
[L',N —g(N,N')N') = —=3L+38 L +(N=N)(x+x +e+¢)
+ (N =N+ C+5+n""Vn+6 +x).
Using the analog of (7.45) (7.46) for —6L + 5L , we finally obtain, schematically:
(1.7) [L',N —g(N,N)N'|=(N-N)(x+x +e+€+5+& +n"'Vn)
+ (N =N (k+n"'Vn+x+).

Now, in view of (G.3), (1.5), (I1.6) and (I.7), we obtain, schematically:
(1.8)

L((N - g(N’ N/)N/)(PSQj\u—u’|trX/))

= (N = N)Y(Z' (Pegsjyortrx)) + (N = N'2¥* (Peysjypritrx’))
+ (N - NI)SV/(N,(PSQj|u—v’\trX,))
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+(N=N)x+x +e+€+5+68+n""Vn)V(Pcosjy_ptrx’)
+ (N =N (k+n7 Va4 0+0 +572Y(0) + 67V (1) + x + Q) V/(Pegijypr trx’).

Also, in view of (7.149), we have, schematically:

(1.9) L(g(L,L')) = (N = N)?(6 4+ 6 +n"'Vn+x') + (N — N")3¢.
Finally, (I1.3), (I1.8) and (1.9) yield, schematically:
(I.10)

1
L(h) = m [bb/(N - N’)L(P>2J'|u—u'|trX)Y7,(P§2]'|u—u'|t1‘X/)
+ bb/P>2fV—V’|trX<(N — N)Y(L (Pegs i trx)) + (N = N2V (Pegsfyyrtr)
+ (N = N’V (N'(P<ijy—pitrx’))
+(N=N)x+x +et+e+5+8+n""Vn+ L)+ L' (V) V(P<oijy—urtrx’)
+ (N =Nk 407 Wi 040+ 57V (0) +0 V) +x+ ¢

TP )|

((N - N/)3(5 + 5/ + n_lvn + X/) + (N - Nl)4</) bblP>2j|V—V'|trXWl(P52j|V—I/"trxl)

g(L,L')? '

We consider the term multiplied by A in the right-hand side of (I1.2). We have
schematically:

(111) trx =8 =8 — (1—g(N,N')0' — 2Ch_gn.n)n7
_ XI(N_g(NaNI)N,7N_g(NvNI)N,)
g(L, L)
S — (N — N")Zy/
— N _ N/ ! N A
X+06+0 +( )¢+ oL 1)
Thus, in view of (I.1), (I.2), (1.10) and (I.11) we obtain:

(1.12) > Ajyiim

(1,m) /2min(tm) <27 |y —p! | <gmax(l.m)
:2_2j/ / HFj’,l(u)Fj,,l(u')n;(w)n;’/(w’)dwdw'd(j%,
oM Js2xs?

with the tensor H on ¢/ given, schematically, by:

1 /!
H = m [(N — N’)L(P>2j‘,,_l,/‘trx)y7 (PS2j|V—l/,|t'rX/)

2
+ P>2a'|u7u/\t1"X ((N - N/)V(L/(P§2f|u7u’|tr></)) + (N - N/)2y7, (P§2j|ufu’\trxl)

+ (N = N3V (N'(P<aijy— i trx’))
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+(N=N)x+x' +e+€e+6+6+n""Vn+ L)+ L'(V))V(P<oijp—vtrx’)
+(N=N2k+n'Vn4+0+0 +b7'VO) +b V) +x+C+
+ VN/(bl))V(PSQjV_Vlltrxl))]

(N = NP+ +n7Vn 4 x) + (N = N)C) Pogipy oy trx ¥ (Peasjoovrtr’)
g(L,L’)3

Recall the identities (8.30) and (8.31):

— / _ /
g(L’L/):_1+g(NaNI)and1—g(N,N’):g(N N, N N)‘

2
We may thus expand:
1 1
d
g(L,L’)2 an g(L,L’)3
in the same fashion than (8.33), and we obtain, schematically:
1 N-N, \*/ N =N, \*
1.13 H=—""—
(13 o | S () (o)
p,q>0
x | Hy + ! Hs + ! H
1 |NV_NV/| 2 |NV_NV’|2 3 )
where the tensors Hy, Hy and H3 on ¢ are given by:
(I.14)
H, = P>2j|l,_,,/‘tI‘XY7/(N,(P§2j|l,_,,/|trxl)),
(I.15)

Hj = Pogjjy_ytrx (W’Q(PSW,,ﬂtrX’) +(k+n'Vn+04+6
+b7IYB) + 0TIV (B) + x4+ + Vi (b'))V(szuu_V'trx'))

and:
(1.16)

H3 = L(P>2j‘V—V’ltrX)W/(PSQj|1/—l//|trX/) + P>2j|l/—1/’|trx (W(LI(P§2j|V—V’|trXI))
+(x+xX +ete+6+8+n"Vn+ L)+ L/(b'))V(PSQj|,,_l,/trXI)>

and where cp, are explicit real coefficients such that the series

Zp,qZO Cpflxpyq
has radius of convergence 1. In view of (1.12), (1.13), (I.14), (1.15) and (I.16), we
obtain the decomposition (9.3) (9.4) (9.5) (9.6) (9.7) (9.8) (9.9) (9.10) (9.11) (9.12)
(9.13) (9.14) (9.15) of 3= ; ) jominct.m) <93y —pr|<gmaxtt.m) Ajw,vr,1m- This concludes the
proof of Lemma 9.1.
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PROOF OF LEMMA 10.1

Recall from (10.2) that A, , /i m is given by:
Pitrx(N — g(N,N")N'
Ay i = —i2 J/ / itrx (N — g( JN') (Prtry’)
’ §2 xS g(L, L")
x Fj(u)Fj 1 (u")nf (w)ny (") dwdw' oM.
We integrate by parts using (7.137) with

(J.1) b Ptrx (N — g(N, N')N')(Ptrx’)
. = (L. 1) .

We obtain:

(J.2)

Aj,l/ v'ilm

=27 zﬂ/ /5%2 - N N2 ((N —g(N,N)N')(h) + (tra — g(N, N")tr6’

— (N' — g(N,N')N, N’—g(N N')N) —g(N,N")b~" (N’ — g(N,N")N)(b)
2g(N,N")
_g(NvN,)2

— g(N,N"Y(N' — g(N,N")N, N’ — g(N, N’)N))> h>

(0/(N — g(N, N')N', N — g(N, N')N')

Fj 1 (w)Fj 1 (@) (w)n? (W) dwdw' de.

Next, we compute the term (N — g(N, N')N’)(h). Proceeding as in (A.3), (A.5),
(A.9) and (A.10), and using (G.3), we obtain schematically:

(1.3)
(N —g(N,N")N")(h)

= sory <(N " — g(N,N')N)(Pitrx)(N — g(N, N')N')(Prtrx’)
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+ Ptrx Y P (trx)(N — g(N, N')N', N — g(N, N')N")
+ (1 - g(N,N')*)N(Ptrx)(N — g(N,N')N')(Pptrx’)
+ (N = N')(0 — ") Pitrx V' (P try’)

(V= N0+ 0+ 5750 457V 6 RV (Pt )
o <(N N3O —0) + (N — N) @0 +6 + b—ly(b))>atrxy7’(PmtrX/).
Thus, in view of (J.1), (J.2 A.8) and (A.11) we obtain:

(J.4) Ajpiim =22 / /S2 . Fj7_1(u')n;(w)n;’, (W) dwdw'doM,
X

with the tensor H on ¢/ given, schematically, by:

1 = gzt (V= 6V, NN Bm) Y - gV, NN (Pt

+ Ptrx V' Py (trx) (N — g(N, N')N', N — g(N, N')N")
+ (1 —g(N,N")?)N(Pitrx)(N — g(N,N')N')(Pptrx’)
+ (N = N')(x — X) Ptrx V' (Putry’)

+ (N = N0 +6 +b71V(b) + b"lv’<b’>>Plter'<Pmtrx’>>

+ ST e NN ((N —NP(x—xX)+(N-N)*O0+06 + b‘W(b)))

X Pitrx V' (Pmtry’).

Proceeding in the same fashion as in (A.14), we obtain, schematically:

1 N — N, P/ N —N, \? 1
H= __ - Y Y —  _H,+H
‘Nu—Nu/P <p§>:ocpq<|Nu_Nv’|> <|NU—N,,/|) ) (|N,,—NL,/| o 2)

o (N = g(N, NON) (P (N = g(V, N')N')(Prtrx')
g(L,L")(1 - g(N,N')?)

. Pitry V' 2Py (tr') (N — g(N, N')N’, N — g(N, N")N")
g(L,L")(1 - g(N,N')?)

(J.5)
N N(Pitrx)(N — g(N,N")N") (P, trx")
g(L, L) ’
where the tensors H; and Hy on oM are given by:

(J.6) Hy = (x — X)Ptrx V' (Prtrx’)
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and:
(J.7) Hy=(0+06 +b"'V(b) + b "V () PtrxV (Putry’)
and where cp, are explicit real coefficients such that the series
Z CpgPy?
P,4=0
has radius of convergence 1. In view of (J.4), (J.5), (J.6) and (J.7), we obtain the

decomposition (10.3) (10.4) (10.5) (10.6) (10.7) (10.8) (10.9) (10.10) of A, ./ im-
This concludes the proof of Lemma 10.1.
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PROOF OF LEMMA 10.4

Recall from (10.2) that A}

’
Jvvslm

is given by:

A= [ ] Prx¥"* P (trx') (N — g(N, N')N', N — g(N, N')N')
gwvlilm oM JS2xs? g(L, L") (1 - g(N,N')?)

X Fj(U)Fj,—1(ul)n;(w)n;’,(w')dwdw’d@ﬂ%.
We integrate by parts using (7.137) with

(K.1) = bb’PltI'XW’2Pm(trX’)(N — g(N,N')N',N — g(N,N")N")
| g(L, L')(1 - g(N,N')?) :
We obtain:
(K.2)
Ajl',u,l/’,l,m

. b/fl
= -2 PRS2 NS NY) - "N’ o — Niro!
- /(,]/[/Szxgz 1—g(N,N')2 <(N g(N, N')N')(h) + (t 0 — g(N, N')tro
—6(N' — g(N,N')N,N' — g(N,N')N) — g(N, N)b ™" (N — g(N, N')N) ()
2g(N,N")

1-g(N,N')? (0N — gV, N')N'. N — g(N, N')N')

— g(N, N)O(N' — g(N, N')N, N' — g(N, N’)N))) h>

x Fj_1(w)Fj—1 («')n? (w)n? (W) dwdw'deM.

Next, we compute the term (N — g(N, N')N’)(h). Proceeding as in (A.3), (A.5),
(A.9) and (A.10), and using (G.3), we obtain schematically:

(K.3)

(N —g(N,N')N')(h)

b’ , . ,
~ gL, L)1 — g(N,N")?) <(N — N')?Y(Ptrx)V" (Pmtry’)

SOCIETE MATHEMATIQUE DE FRANCE 2023



306 APPENDIX K. PROOF OF LEMMA 10.4

+ (N = N NPy )V (Putry') + (N = N')*Prtrx V" (Ptry’)

+ (N = N0 - 0) + (N = N (0 +6 +57'V(0) + b"lv’(b’)))mrw’2<PmtrX')>

,
t LT s sm) T Tgewe) (V- Ve
+(N=N)@0+6 + b‘IW(b))> Prtry V' (Ptry).

Thus, in view of (K.1), (K.2), (K.3), (A.8) and (A.11) we obtain:

(K4) AL, =270 /W L HE B @ (@) de,

with the tensor H on ¢/ given, schematically, by:

1 ! ’2 ’
= g(L, L") (1 — g(N,N")2)2 <(N — N')P?Y(Pitrx) V' (Pptrx’)

12

+ (N = N N(Pitry) V' (Patrx’) + (N — N')? Prtex ¥ (Ptry’)

+ ((N ~NP(x=X)+ (N =N)PO+6 +b7'V(b) + b"lv’(b’)))Pzter’Z(Pmtrx’)>

! 1 1 _ N4 )
+ g(L,L/)(l — g(N’ N/)2)2 (g(L’L/) + 1— g(N, Nl)2> ((N N ) (X X )
+ (N =N @O+06 + b_IW(b)))Plter/z(PmtrX/).

Proceeding in the same fashion as in (A.14), we obtain, schematically:

1 N-N, \"( N =N, \*
ws) -t (Lo () ()
IN, — N,/ |2 p;o P \IN, =N/ \IN,—N,/|

1 1
H Hy+ H
><(|NV—NV,|2 ST A T R 3)’

where the tensors Hy, Hy and H3 on oM are given by:

(K.6) Hy = (x = ) Pitrx V> (Ptrx’),

(K.7) Hy = V(Ptrx) V' (Putrx’) + Ptrx V' (Putry’)
F(O+0 +bIV0b) + VTV () Prx Y (Ptry)

and:

(K.8) Hs = N(Ptry) V' (Putrx’)

and where cp, are explicit real coefficients such that the series

E P,
CpqX™Y

p,q>0
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has radius of convergence 1. In view of (K.4), (K.5), (K.6), (K.7) and (K.8), we ob-
tain the decomposition (10.24) (10.25) (10.26) (10.27) (10.28) (10.29) (10.30) (10.31)
of Al This concludes the proof of Lemma 10.4.

gy slm:
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Recall from (10.64) that A2

7w, lm

. zj/ / (N' — g(N, N')N) (Ptryx) (N — g(N, N')N') (P (trx'))
A tm §2 52 g(L, L) (1 — g(N,N')?)
X B3 () B2 () ) (o doodes do.
We integrate by parts in AJ v 1m USing (7.143) with
bb' (N — g(N, N')N) (Fitrx) (N — g(N, N')N') (P (trx))
g(L, L) (1 - g(N,N')?)

is given by:

(L.1) h=

We obtain:

; p~! = -/
A2, m——z’2_33/ / <Lh +trxh —6h— 6 h — (1 —g(N,N")&'h
2 l S2><SZ g L L/) ( ) X ( g( ))

(N—g(N,N’)N’,N—g(N,N’)N’)h>

X
— 20N _g(n, NN —

g(L, L)
(L.2) X Fj(u)Fj,_l(u’)nj(w)n}f’(w')dwdw'dcﬂ/&.
Next, we compute the term L(h). We have:
(L.3)

b L((N' — g(N, N')N)(Pitrx)) (N — g(N, N')N') (Putry’)
g(L, L')(1 - g(N, N')?)
| BV = g(N, N)N) (P L((N = g(N, N)N') (Potrx)
&L, L')(1 - g(V, N')?)
o (L) + LEDWV' = (N, N)N)(Pr) (N = g(N, N)N)(Ptrx)
g(L, L')(1 - g(N, N')?)

L(h) =

(& V)
gL, L)) T-g(N,N')2
. L8(L, L)) (N’ = (N, N)N) (Bitrx) (N — g(N, N)N')(Ptrx’)
g(L, ) (1—g(N,N')?)
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In view of (I.7), we have, schematically:
(L.4)
L((N' — g(N, N')N)(Pitrx)
= (N — N)Y(L(Pitrx)) + (N = N)(x + X' + e+ € + 6+ 8 +n~'Vn)Y(Ptrx)
+ (N = N)*(k+n"'Vn+ x + () V(Ptry).
Next, recall from (I.8) that we have, schematically:
(L.5)
L((N — g(N,N')N")(Pntrx’))
= (N = N)W(L'(Putrx')) + (N = N')2¥* (Pytrx))
(N = NP (N (Ptrx'))
+(N=N)x+xX +e+€+35+8+n"'Vn)Y(Pntry')
F(N=N)2k+n"'Vn+0+0 +b71V(0) + b 'V () + x + )V (Putry)).
Also, in view of (7.149), we have, schematically:
(L.6) L(g(L,L")) = (N = N} (6 + & +n"'Vn+x') + (N — N')3¢.
Finally, (L.3), (L.4), (L.5) and (L.6) yield, schematically:
(L.7)

L(h) = e(L, 1) _lg(N, N7 [bb’(N — N"2Y(L(Pitrx)) V' (Pmtrx’)

+ bb'V(Pitry) ((N — N'2Y(L (Putry)) + (N = NPV (Prtrx’)

+ (N = N (N'(Pptrx'))

+(N=N2(x+x +tet+te+6+68+n" Vn+ Lb)+L'{Y)V(Pntry')
F(N=NPk+n""Vn+0+0 +b7'V0)+0 'V ¥)+x+¢

+ VN/(b'))V(PmtrX/)>]

+ 00’V (Pitrx) V' (Pmtrx ) (N — N')3(k 4+ n"'Vn + x + ()

1 1
(swm * avwr)
(V= N) @ +8 +n7'Vnt x') + (N = N)°C) YV (Pitrx) ¥ (Prtry’)
g(L, L')(1 — g(N,N')?) '
Thus, in view of (L.1), (L.2), (L.7) and (I.11) we obtain:

L8) A, ,=27% /CM /sz . HFj,_l(u)Fj,_l(u’)n}-’(w)n}-’/ (w")dwdw'deM,
X

X

ASTERISQUE 444



APPENDIX L. PROOF OF LEMMA 10.5 311

with the tensor H on o/ given, schematically, by:

1

_ A2 . , o
= g(L,L')2(1 — g(N, N')2) [(N NV (L(Prtrx)) YV (Pntrx’)

+ V(Pitrx) <(N — N')2Y(L (Ptrx')) + (N = N')Y (Prtrx)

+ (N = N (N'(Pptrx’))

+(N=N2(x+x +et+e+6+8+n" Vn+ Lb)+L'Y))V(Pntry')
+(N=N'P(k+n"'Vn+0+0 +b7Y(0) + 0 'V O) +x+(+¢

+ VN/(b’))V(Pmtrx')>] + V(Pitrx) V' (Pptrx) (N — N3 (k +n"1Vn 4+ x +¢)

1 1
(s remwr)
(N = NG +8 4271V x) + (N = NP PRIV (Prtrx)
g(L, L')*(1 — g(N, N')?)
Recall the identities (8.30) and (8.31):

g(N - N',N - \)

g(L,L')=-1+g(N,N’)and 1 — g(N,N’) = 5

We may thus expand:
1 1 and 1
n
g(L7 LI)2(1 - g(N7 N/)Z) ’ g(L7 LI)3(1 - g(N7 N,)2) g(Lv Ll)2(1 - g(N7 NI)2)2

in the same fashion than (8.33), and we obtain, schematically:

1 N-N, \"( N =N, \*
Lo -t (X e ) ( )
|N, — N,/ |2 p%o "I\ |N, — Ny/| IN, — No/|

1 1
H H H
8 ( 1+|N,,—NV/| 2+|N,,—N,,/|2 3>,

where the tensors H, Hy and H3 on ¢/ are given by:
(L.10) H; = Y(Pitrx)V (N'(Pptry’)),

(L11)  Hy = V(Ptrx)V  (Putry’) + <k +n T Vn+ 0+ 0

+OWB) 4+ TV )+ x+ CHC + VN/(b’)> V (Pitrx)V(Pntrx’)
and:

(L.12)  Hjz = V(L(Ptrx))V (Pmtry') + V(Bitrx) <77'(L'(Pmtrx’))

+(x+xX +tete+5+8+n"Vn+ L)+ L’(b’))W’(PmtrX’)>
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and where cp, are explicit real coefficients such that the series

Z CpgPy?

P,9420
has radius of convergence 1. In view of (L.8), (L.9), (L.10), (L.11) and (L.12), we ob-
tain the decomposition (10.65) (10.66) (10.67) (10.68) (10.69) (10.70) (10.71) (10.72)

(
(10.73) (10.74) (10.75) (10.76) (10.77) of A?7V7l,,,l7m. This concludes the proof of
Lemma 10.5.
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This book is dedicated to the construction and the con-
trol of a parametrix to the homogeneous wave equation
Ueg¢p = 0, where g is a rough metric satisfying the Ein-
stein vacuum equations. Controlling such a parametrix as
well as its error term when one only assumes L? bounds on
the curvature tensor R of g is a major step of the proof of
the bounded L? curvature conjecture proposed in Klainer-
man (2000), and solved jointly in Klainerman, Rodnianski
& Szeftel (2015). On a more general level, this book deals
with the control of the eikonal equation on a rough back-
ground, and with the derivation of L? bounds for Fourier
integral operators on manifolds with rough phases and sym-
bols, and as such is also of independent interest.

Cet ouvrage est dédié a la construction et au con-
trole d’une paramétrix pour [’équation des ondes homogene
Ugp = 0, ot g est une métrique peu réquliere satisfaisant
les équations d’Finstein dans le vide. Le contréle d’une telle
paramétriz ainst que du terme d’erreur associé lorsque l’on
suppose seulement des bornes L? sur le tenseur de courbure
R de g est une étape cruciale de la preuve de la conjecture
de courbure L* proposée dans Klainerman (2000), et ré-
solue dans Klainerman, Rodnianski € Szeftel (2015). Plus
généralement, cet ouvrage concerne le contréle de l’équation
etkonale sur un espace-temps peu régulier et la dérivation de
bornes L? pour des opérateurs intégraux de Fourier sur des
variétés avec une phase et un symbole peu réguliers, et pos-
séde de ce point de vue un intérét propre.
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