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EQUISINGULAR UNFOLDINGS OF FOLIATIONS 
BY CURVES 

Jean François MATTEI and Marcel NICOLAU* 

0. Introduction. Let F denote a holomorpliic foliation by curves with iso­
lated singularities on a complex surface AI. The first author constructed in 
[M] a versai equisingular unfolding, parametrized by a smooth space of pa­
rameters K\oc, of the germ of the foliation F at one of its singular points qi. 
The aim of this paper is to show the existence of a versai equisingular unfold­
ing of the global foliation F when At is compact. In this case the parameter 
space Ke of the versai unfolding can be singular. The problem of finding 
conditions on F assuring the triviality of any unfolding has been considered 
by X. Gomez-Mont in [G-M]. 

An equisingular unfolding of F is an unfolding admiting a reduction of the 
singularities "with parameters". It is claimed in [M] that there is a one-to-
one correspondence between equisingular unfoldings of F and locally trivial 
unfoldings (cf. Definition 1.6) of the reduction F oî F preserving the divisor 
which comes from the singular points of F. So we are led to construct a versai 
locally trivial unfolding of a (possibly non saturated) foliation by curves. The 
construction of the versai space is carried out in the first two sections. The 
key point is the identification of locally trivial unfoldings with a certain type 
of deformations of the complex structure of the underlying manifold. Then 
we consider the relationship between the global versai space Ke and the local 
versai spaces K\oc. We show that under some cohomological assumptions 
Ke is smooth and naturally identified with the product n !̂°c- Finally we 
apply the above results to show that any equisingular unfolding of a germ of 
algebraic foliation is still algebraic. 

1. Locally trivial unfoldings of foliations by curves. 
Let M be a n-dimensional compact complex manifold and let TM be its 

holomorphic tangent bundle. Given a holomorpliic vector bundle E over M 
we denote by O(E) the sheaf of germs of holomorphic sections of E. In 
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particular OM = 0(C) and ©A/ = 0(TM) are respectively the sheaves of 
germs of holomorphic functions and holomorphic vector fields on M . 

By a (singular) holomorphic foliation on M we mean a locally free OM~ 
submodule F of &M which is closed under the Lie bracket of vector fields. 
The singular locus S(F) of F is the analytic subset whose complementary 
M — S(F) is the maximal open set on which F defines a foliation in the usual 
sense, i.e. without singularities. The foliation F is called saturated if one has 

T(C7,6 M ) n T(U - 5(F). F) = T(U, F) 

for any open subset U C M. It is well known that a foliation F is saturated if 
and only if codim5(F) > 2. In fact it follows from Hartogs' extension theorem 
that if there is given an analytic subset E C M of codimension greater than 
one and a non singular foliation F' on M - S then there is a uniquely defined 
saturated foliation F on M which coincides with Ff on M — S. In particular 
S(F) C S. 

A foliation by curves is a locally free subsheaf F of 0^ of rank one. There­
fore a foliation by curves is determined by a pair (L, K) where L is a line bundle 
over M and K : L —• TM is a non identically zero bundle morphism. The 
bundle morphism K induces an infective morphism of sheaves O(L) —• 6 M 
and we identify O(L) with its image in 0^. Then S(F) is the set of those 
points z G M for which K : Lz —•> TZM is the zero map. 

In an equivalent way a holomorphic foliation by curves can be defined 
by a collection of local holomorphic vector fields G r(J7z-,0A/) such that 
U = {U{} is an open cover of M and £j = • £7 on Uj fl Uj for suitable non 
vanishing holomorphic functions Uji. Then L is the line bundle associated to 
the 1-cocycle Moreover, if o\ : U\ —• L are non vanishing sections with 
<jj = Uji • G{ then K : L —> Tilf is the bundle morphism determined by the 
condition K o Gi = £{. The singular locus S(F) is just the union IJSing(^) 
where Sing(^) is the subset of Uj. where & vanishes. 

To any foliation F there is naturally associated a saturated foliation SF 
which coincides with F outside S(F). In the case of a foliation by curves 
SF can be described as follows. Assume that F is defined by local vector 
fields & G r(C/z-,0M) where each Uj is holomorphically equivalent to an open 
polidisc A of C n . Let z 1 , . . . , z11 be the coordinates on Uj induced by the 
identification Ui = A and set £, = J2^?^/^za- Let Vi be a m.c.d. of the 
functions & G r(C/z-,0M) and define ^- = Then codim(Sing(^)) > 2. Since 
the foliation on Uj fl Uj defined by £j is saturated there is a holomorphic 
function uij such that £z- = Ujj • £j on Uj fl Uj. Furthermore the functions Ujj 
do not vanish. If not Sing(£j) would be of codimension one. Hence the local 
vector fields define a saturated foliation SF called the saturation of F. 
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1.1. Example . Let a saturated foliation F and an analytic hypersurface 
D on M be given. One can find an open cover {Ui} of M with the property 
that there exist & G r({7 z , 0^/) and / i 2 G r({7;, OM) such that the collection 
{ & } defines F and / i t - = 0 defines D on U{ (i.e. i f / € r ( W , C?A/) vanishes 
on Z} then / = A • ft,- on I f D Ï7,-). Set rjj = • The collection of vector 
fields {r/,-} defines a non saturated foliation by curves F D wi th singular locus 
S ( F D ) = D U 5 (F ) and whose saturation is just F . W i t h more generality 
and for any given positive integer k G N* one can define the foliation F K D 

as the foliation by curves defined by the local vector fields 7 7 ^ = (hi)k • 
In section 3 we wi l l consider locally trivial unfoldings of foliations by curves 
obtained in this way. 

From now on F wil l be a fixed foliation by curves on a compact manifold 
M defined by a pair ( L , K ) . Let Q be an open neighbourhood of 0 in C m . 
The product Q x M is endowed with a holomorphic foliation FQ of the same 
codimension as F obtained as the product of F by the foliation on Q consisting 
of a single leaf; i.e. Fo_ is the foliation defined by the subsheaf pr*0n ©pr£F 
of ©fixM- Here pr x and pr 2 denote respectively the natural projections from 
Q x M onto the first and second factors. We call FQ the trivial unfolding of 
F parametrized by Q. 

1.2. Definition. Let W be an open subset of Q x M and let \1> : W —y 
\&(W) C fi x M be an C-analytic diffeomorphism over the identity ofQ such 
that the restriction of $ to W D ({0} x M) is the identity. We say that * 
is a relative automorphism of the trivial unfolding FQ if there is a bundle 
morphism : (Tft x L)\W -> (TQ x L)\V(W) over * such that the diagram 

(TQxL)\W ? V / X K ) {TQxTM)\W 

* ' i 1 * * 

(TQ x L)\*(W) (TQ x TM)\*(W) 

is commutative, where \I>* denotes the tangent map of ^. 

1.3. Remark. Let $ be a local biholomorphism over the identity of Q 
and inducing the identity on {0} x M. Suppose that ^ maps the singular 
locus S ( F Q ) of FQ identically into itself and preserves the foliation FQ outside 
S ( F Q ) . I f the foliation F is saturated then \I>* induces a bundle morphism \I>* 
fulfiling the conditions required in the above definition. This is no longer true 
in general i f the foliation is not saturated and in this case ^ need not to be an 
automorphism of the trivial unfolding. Nevertheless there is a particular type 
of non saturated foliations for which this property still holds. I t is considered 
in Proposition 1.5. 
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Assume \t : W —• &(W) is a holomorphic difFeomorphism such that W, 
axe subsets of Q x U where U is a coordinate open subset of M , with 

coordinates z = ( z 1 , . . . , z n ) , on which F is defined by a holomorphic vector 
field £. Let s = ( s 1 , . . . , s m ) denote the linear coordinates on Q. Then ^ is a 
relative automorphism of FQ if and only if it is of the form z) = (s, ^ ( 5 , 2 ) ) 
where ^ is a holomorphic map such that V-(0- ~ ) = - and fulfiling 
(1) ^ = ( « o * - 1 ) . ^ , 

(2) — = (vM o ̂ r-"1) • f for /£ = 1,..., m, 

for suitable functions u, vM on TV. For example, if <p = <p(t,z) denotes the 
local flow of £ and a = a(s, z) is a holomorphic function with cr(0, z) = 0 then 

2:) = (5 , (p(a(s, 2 ) , 2:)) is a relative automorphism of the trivial unfolding. 
The following proposition states that any relative automorphism of FQ is 
locally of this form. 

1.4. Proposition. Let \I & G r(C/z-,0M), z) = (s, V'(-9, - ) ) he a relative automorphism of 
FQ with domain W C Q x M . Assume U = W fl ( { 0 } x Af) is an open subset 
of M holomorphically equivalent to an open policlisc on which F is defined by 
a holomorphic vector field £. Let <p = (p(t< z) he the local flow associated to £. 
Then there is a holomorphic function a = cr(.s, 2) defined in a neighbourhood 
W ofU in W with cr(0, z) = 0 and such fiiaf z) = (p(<r(s, z), z) on W. 
Proof. Because of (2) a function a = a(.s\ z) fulfils the required conditions if 
and only if a is a solution of the total differential equation (with parameter 
zeu) 

(3) 
f)rr (s,z) = vu(s,z) 

(7(0^) = 0. 
The existence of such a function o outside the singular locus S(FQ) of FQ can 
be easily seen by using local coordinates w 1 , . . . , ivn such that £ = d/dwn. In 
particular the intestability condition of the equation (3), i.e. 

(4) 
& G 
& G r khk 

& G 
vvb for //, v — 1,..., ra, 

is fulfiled outside S(FQ). But equalities (4) must then also be verified on the 
singular set by continuity. So the complex Frobenius theorem with holomor­
phic parameters applies showing that (3) has a unique solution defined in a 
neighbourhood of { 0 } x U in W. | 

Let F K D denote a foliation of the type defined in Example 1.1. A relative 
automorphism of (Fk'D)n is also a relative automorphism of FQ. The converse 
is not true in general. In the following proposition we consider a particular 
situation in which the converse still holds. It will be used in section 3. 
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1.5. Proposition. Assume F is saturated and let D be a hypersurface of 
M. Let $ be a given relative automorphism of FQ. If is the identity on 
Q x D then it is also a relative automorphism of the trivial unfolding (FD)Q. 

Proof. Using the notation in the above proposition we can write \I> locally 
as $ = <p(cr(s, z), z) for a given function a. Suppose D is defined by the 
equation h(z) = 0, set £ = h • £ and denote by (p = (p{t, z) the local flow of 
£. Then (p(t,z) = <p(a(t,z),z) where a = a(t,z) is the holomorphic function 
determined by the equation 

^(t,z) = h(<p(t<z)) 

«(0 , r ) = 0. 

Since z = (p(t, z) for any z £ D we have a(t, z) = 0 for z G D - S(F). The 
foliation F being saturated D—S(F) is dense in D. So a(£, •) must vanish on D. 
From this fact we deduce that a(f, z) = h(z)-b{t, z) with &(*, * ) = * + <2&i(*, z ) . 

The maps are also the identity on D by hypothesis. The above ar­
gument also shows that a(s, z) = h(z)-r(s,z). The implicit function theorem 
implies the existence of a function a = <J{S,Z) defined for small s such that 
r(s, Z) = b(a(s, z), z). So we can write y(s, z) = ${v{s, z), z) showing that \1> 
is a relative automorphism of (FD)Q. | 

Let U C M be open. Two relative automorphisms \£ and of FQ whose 
domains contain { 0 } x U are identified if they coincide in a neighbourhood of 
{ 0 } x U in Q x M . The set GQ(U) of these equivalence classes is a group under 
the composition of automorphisms. When U runs over the open subsets of M 
the family {Gn(U)} defines a sheaf QQ of non abelian groups over M. 

In order to obtain a versality theorem for locally trivial unfoldings we 
are led to consider (germs of) analytic spaces as spaces of parameters. So 
the general space of parameters we will be the germ (5,0) at 0 £ C m of a 
(possibly non reduced) analytic space S defined by S = supp(C?fi/J) where X 
is a coherent sheaf of ideals of OQ . The restriction Fs of FQ to S x M will be 
called the trivial unfolding of F parametrized by S. The restrictions t o S x M 
of the elements of QQ form a sheaf of non abelian groups over M denoted by 
Gs-
1.6. Definition. A (germ of) locally trivial unfolding (J7, A4,7r, 5, u) (some­
times simply denoted by T) of F parametrized by (5,0) is given by an analytic 
space J\4, a proper C-analytic morphism TT : M —• 5 and a holomorphic iso­
morphism i : M —• Mo := fl""1^) in such a way that there exists an atlas 
{(Wi, (/>{)} of M, where : Wi —> c6(ITr,) C S x M are C-analytic diffeomor-
phisms, fulfiling 

(i) pr^i = TT, 
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(ii) <k|M 0 = r \ 
(iii) i&ij = <f>iO<j>j 1 is a section of Qs. 

For s close to zero M 5 := 7r~~^(s) is a compact complex manifold and we 
can think of IT : M —•• S as a family of deformations of the complex manifold 
M = Mo. The restriction Fs of ^ to M s is a foliation by curves locally 
isomorphic to F = i*Fo. 

1.7. Remark. Let M be a complex manifold, 7r : .M —» a proper holo-
morphic map and £ : M —+ Mo := 7r _ 1(0) a biliolomorphism. Let a saturated 
foliation J7 on M, which is transverse to the fibres of ir (outside S^)) be 
given. Then i induces a well defined saturated foliation i*T on M . Therefore 
in the case of saturated foliations one can define the (general) notion of un­
folding of F parametrized by the smooth space Q as a 5-tuple {T, M, 7r, fi, ¿) 
where the foliation T is saturated and transverse to the fibres of 7r and such 
that ¿*T = F. 

Two locally trivial unfoldings (JF, M , ?R, S./) and (F, M', TT', 5, L') of F 
parametrized by (5,0) and defined respectively by the atlas { ( W t - , ^ j ) } and 
{(W£, </4)} are said to be isomorphic if there is a C-analytic isomorphism over 
the identity of 5, $ : M -+ M\ such that: (i) $ o /. = if and (ii) <f>'k o $ o ^T"1 

are sections of Qs-
The underlying analytic space M of a locally trivial unfolding T is obtained 

by glueing together open subsets of S x M by means of relative automorphisms 
^ij G T(Ui fl Uj,Gs)- Assume that £, are local vector fields defining F on 
C72- and let cpi = cpi(t,z) denote the corresponding local flows. By virtue of 
Proposition 1.4, = (pr x, V'ij) where i\j is of the form 

JF, M, ?R, S./) and (F, M', T 

for suitable functions crzj. Given d/ds E T 0 5, let o^(d/ds) denote the coho-
mology class of the cocycle associating to U; fl U; the section of O(L) given 
by 

0u = 
0u = 

0u = L.S=0 
0u = 

0u = 
OH LS=0. 

dghd 

The C-linear map gjr : T 0 S —• i / 1 (M. C(-t)) defined in this way only depends 
on the isomorphism class of the unfolding and is called the Kodaira-Spencer 
map of T. 

Given a morphism of germs of analytic spaces / : (T, 0) —• (5,0) the fibered 

product TxsM is constructed by means of sections = ( p r i , ^ - ) of QT 

where xpfj = ^ o ( / x 1). In this way Tx>vVf is endowed with a locally 

trivial unfolding f*T of F parametrized by (T.0) called the pull-back of T 
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by / . A locally trivial unfolding (T, M, 7r, 5, /) of F is called versal if for any 
other locally trivial unfolding (J7', M', 7r', S', of F there is a morphism of 
germs of analytic spaces / : (S',0) —> (5,0) such that: (i) T1 and f*T are 
isomorphic and (ii) dof is unique. In this case the Kodaira-Spencer map of 
T is an isomorphism. If the morphism / itself and not only its linear part is 
unique then the unfolding T is called universal 

We end this paragraph by showing that any locally trivial unfolding is 
globally differentiably trivial. This is a consequence of the existence of the 
"exponential map" stated in the proposition below. This exponential map 
is also used in the proof of the versality theorem 2.5. Let (J7, M, 7r, 5, ¿) be 
a locally trivial unfolding of F defined by an atlas {(Wj, (/>{)} of M as in 
Definition 1.6. Assume that F is defined on Ui = t~l(Wi fl Mo) by a local 
vector field & and let <pt = (pi(t,z) be the associated flow. Let us consider 
S x L as a vector bundle over S x M and let 7 : S x M —» S x L denote the 
zero section. In this situation we have 

1.8. Proposition. By shrinking S if necessary we can find an open neigh­
bourhood V of 7(5 x M) in S x L and a C°° map gjr : V —• M. over the 
identity of S and holomorphic with respect to S such that the restriction of 
</>i 0 QT to V C\p"1 (Ui) can he written in the form 

(5) M ^ ^ * ) = ( ^ ^ - ( M ^ - * ) ^ ) ) 

where t denotes the linear coordinate on L\U; induced by the choice of & and 
di = ai(s,Z)t) is a C°° function depending holomorphically on s and t and 
fulhling 

(6) «.,-(0,c,0) = 0 

(7) ^ ( 0 ^ , 0 ) = 1. 

Proof. A straightforward computation shows that the condition for the map­
ping gjr to admit a local writing like (5) does not depend on the choice of £2-
nor on the choice of fc. Thus there is a globally defined sheaf S over S x L 
whose elements are the germs of such mappings. The restriction 4S0 of S to 
M = 7({0} x M) is locally isomorphic to the sheaf S'0 over {0} x C n x {0} 
which is the restriction of the sheaf over S x C" x C whose elements are the 
germs of C°° functions a = a(s,z,t) depending holomorphically on s and t 
and fulfuling conditions (6) and (7). 

By means of partitions of unity one sees that S'0 is locally soft ("mou"). 
This implies that So is globally soft (cf. [G, th. 3.4.1]) and it admits a section 
on 7({0} x M ) . Since 7({0} x M) has a fundamental system of paracompact 
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neighbourhoods in S X L the above section can be extended to a section of 
<S on a neighbourhood V of 7 ( { 0 } x M) (cf. [G, th. 3.3.1]). Because of the 
compacity of Af the domain V can be taken as a neighbourhood of y(S' x Af) 
in S' x L for a suitable neighbourhood S' of 0 in 5. | 

1.9. Corollary. By shrinking S if necessary we can find a C°° diffeomor-
phism gjr: S x Af —• M over the identity of S and holomorphic with respect 
to S which takes the leaves of the foliation F in {s} x Af onto the leaves of 
FS in MS. 

Proof. Set 9T — 9T°1^ I 
2. Locally trivial unfoldings of F as families of complex structures 
on Af • 

For a given holomorphic vector bundle E over M let A°*K(E) denote the 
space of differential forms on M of type (0. k) with values in i.e. A0,K(E) = 
C™(M,AKTM*®E). Set T = TM&TM. We recall that a complex structure 
r on Af close to the original one is given by an involutive subbundle T 0 ' 1 of 
T such that T = T 1 , 0 0 T 0 , 1 and T o a n TM = 0. Here T 1 , 0 = f 5 ^. In this 
situation there is a unique element u E A0A(TM) such that T o a = T^1 := 
(id — u)(TM). Involutiveness of T®'1 is equivalent to the integrability of CJ? 

i.e. to the condition duo — 1/2[a;, a;] = 0. Thus complex structures on Af close 
to the original one are parametrized by a neighbourhood of zero in the space 
J defined as 

J = {u e A°J{TM)\djj - = 0}. 

Given a family of deformations TT : M —> S of the complex manifold Af = 
Af0 = TT~ 1(0) and a differentiable trivialization g : S x Af —• M. (i.e. a 
diffeomorphism over the identity of 5, depending holomorphically on S and 
fulfiling g\{0} x Af = id ) there is a family of complex structures on Af for 
which g is holomorphic. This family of complex structures is parametrized 
by a family {ws} of elements of J depending holomorphically on S and such 
that UQ = 0. We will say that {CJ. s} is the family of elements of J associated 
to M and the differentiable trivialization g. Conversely, given a holomorphic 
family {cos} of Teal analytic elements of J with OJQ = 0 there is a (uniquely 
determined) family of complex structures on M which is parametrized by {CJS} 
(cf. [W, Prop. II.3.2] and [D]). 

Given CJ e J close to zero and a diffeomorphism h of Af which is C1-close 
to the identity we will denote by i/> = u; o // the unique element of J such that 
h : Af-0 —• Afo, is holomorphic. 

Let us consider now the pair (L,K) defining the foliation by curves F on 
Af. The bundle morphism K induces injective C-linear maps K : A°>K(L) —• 
A°>K(TM). We will identify A°'H(L) with its image in A°'K(TM). In this way 

292 



EQUISINGUIAR UNFOLDINGS 

the elements of Jp = J H A 0 , 1 ( L ) close to zero can be thought as a certain 
type of complex structures on M. In this paragraph we will see that locally 
trivial unfoldings of F are naturally parametrized by families of elements of 
JF. 

A diffeomorphism h of M which is C1-close to the identity will be called 
tangent to F if, in any local chart (U, z = (z1,..., zn)) of M on which F is 
defined by a vector field £, it can be written 

h(z) = <p(b(z),z) (8) 

where b = b(z) is a certain differentiablc function close to zero and (p = <p(t, z) 
is the local flow associated to £. 

2.1. Proposition. Let w G JF be close to zero and let h be a diffeomor­
phism of M tangent to F. Then i/' = u; O h belongs to J^. 

Proof. The statement being purely local we can assume that M is just the 
domain of the local chart (U, z = (z1 zn)) in which h is given by (8). 
Clearly xp = UJ o h is integrable so we only have to see that V; belongs to 
A0,1(L). In order to prove this we need the following identities 

(9) dhf3 = ^-0b for/3 = 1,...,n, 

(10) JF, M, ?R, S./) and (F, M', TT', 5, 

The first one follows directely from the chain rule. The second equality can 
be easily checked on U—Sing(£) by taking local coordinates { t u 1 , . . . , wn} on 
which £ = d/dwn. Then (10) must also be verified on Sing(£) by continuity. 
From (10) one gets the identities 

(ii) f(h/3) = (l + f(b))-f. 
(12) JF, M, ?R, S./) and (F, 

Let us write u = £ A uxdzA®£ = £/3 A ux^dzx®d/dz'3 and let C 1 , • • • , < B 

be w-holomorphic local coordinates. They must verify d£ a = w(C°) , that is 

(13) 
dzA® 

dz* g 
dd 

dzA® 
hdh 

hdh 

The vector 1-form tj) is determined by the condition that the functions £ a o h 
are V'-holomorphic, i.e. 

(14) d(Coh) = È(Coh). 
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We want to prove that ip can be written x/> = YLswsdzd ® £ where i/;s are 
C°° functions. If this were the case then equality (14) could be written, using 
(13), 

(15) 
vj 

dh0 
dh0 

dh0 
X 

dh0dh0 

0 

dh0 
dhfi 

7 

dh0 
dz~< 

7,A 

dh0 
vx 

xv 
xvx 

WHERE ip° = ^s^sjdz6. SINCE 
dh0 
dh0 IS A N INVERTIBLE MATRIX WE SEE, M A K I N G 

USE OF (9) AND (11), THAT (15) IS EQUIVALENT TO 

uxdhx) = 

A 

uxdhx) = zl3(i + t(h) + 
X 
uxdhx) = zl3(i + t(h) 

B U T THE EXPRESSION 

db + 
x 

]uxdhx = (i + s(b) + 
x 

uxdhx) = zl3(i 

defines tp° as a differential form of type (0,1) because the function (1 +£(&) + 
^ACJA£(^A) ) does not vanish by hipothesis. Thus 4J = ® £ is an element 
of Jp fulfiling (14). This concludes the proof. | 

2.2. Remark. Let be a family of elements of Jp with uo = 0 and 
depending holomorphically on s G S and let hs be a holomorphic family 
of diffeomorphisms of M tangent to F such that ho = id. Then the same 
argument shows that %j)s = ws o hs is a holomorphic family of elements of J p. 

Let gjr be the exponential map for the unfolding T constructed in Propo­
sition 1.8. The restriction gjr of gjr to the zero section is a differentiate 
trivialization of M.. In this situation we have 

2.3. Proposition. The family {u>s} of elements of J associated to M and 
gjr is in fact a family of elements of J p. 

Proof. By construction the composition o gjr% where : Wi —» S x M is a 
local chart of M defining the locally trivial unfolding T, is a diffeomorphism 
tangent to F. The restriction of {u;.s} to g^l(Wj) coincides with 0S o (fa o gjr) 
which, by virtue of Remark 2.2, is a family of integrable local sections of 
TM ® L. Here 05 denotes the family of Jp which is constantly equal to 
ZERO. I 
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2.4. Proposition. Let {u;s} be a given holomorphic family of real analytic 
elements of Jp with CJ0 = 0. Then there exist a locally trivial unfolding 
(.T7, ,M,7r, 5, of F and a real analytic trivialization g : S x M —• M such 
that {u>s} is the family of vector 1-forms induced by Ai and g. 
Proof. For a given point x G S x M let W'x C S x M be a coordinate neigh­
bourhood of x in which Fs is defined by a vector field £ with associated local 
flow if = (p(t,z). We will construct a structure of C-analytic space on the 
topological space S x M by giving, for any point x G S x M , a local chart 
<j)x • Wx —• S x M , where Wx C W£ is a neighbourhood of with the prop­
erties: (i) <f>x is holomorphic when we consider on Wx the complex structure 
defined by wcnv and (ii) </>x can be written in the form 

4>X(8,Z) = (S,<P(HS,Z),Z)) 

where b = 6(s, z) is a real analytic function depending holomorphically on 
s G S such that 6(0, z) = 0. Then the compositions 4>x o <j>~} will be sections 
of Qs and we will obtain an analytic space M endowed with a trivial unfolding 
T of F. The differentiable trivialization will then be given by the map which 
identifies S x M with the topological space which underlies M. 

Assume x G S x M does not belong to the singular locus S(Fs) of Fs. 
In a neighbourhood of x we can find local coordinates (s, w1,..., wn) with 
£ = d/dwn. Then y>(<, it; 1,..., w n ) = (w1,..., w n + t). Since the elements of 
{UJS} axe real analytic one can prove as in [W, Prop. II.3.2] that there is a 
real analytic function iun = ivn(s, iv1,..., wn) depending holomorphically on 
S with w n (0 , it; 1 , . . . , wn) = wn such that (s, w 1 , . . . , w n _ 1 , w n ) is a system of 
local coordinates holomorphic with respect to {us} on a certain neighbour­
hood of x. In this case we set 

b(s, iv\ ..., wn) = tfcn(s. iv\ . . . , « ; w ) - w n 

getting (frxiSiW1,... ,IVN) = (s, w 1 , . . . , i ( ; n _ 1 , i (V 7 ) . 
Let now x G S(F<y). On W£ set £ = £ / 3 ̂ d/dz0 and u;5 = £ A u;AdzA ® £ 

where U;A = ^A(S? Z). Let us consider on Wx x C the non-singular vector field 
f = Z+d/dt. The map £ : W£ x xbCuxdh X C given by <p(s, z, t) = (s, y>(*, 2 ) , t) 
is a holomorphic diffeomorphism fulfiling (p*{d/dt) = £. The family {ws} of 
real analytic vector 1-forms on W'r x C defined as 

uxdh 
X 

uxdhuxdh 

is holomorphic with respect to 5 and integrable. Let Wx and Wx stand for 
W'x xC and jjjjl endowed with the complex structure defined by {ujs} andgk,gf 
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respectively. The canonical projection 7r : W'x —• Wx is holomorphic. As in the 
non-singular case one can see that, if we consider on x C the only complex 
structure for which (p : Wx x C —» W'x is holomorphic, then there is a real 
analytic function z n + l = z n + 1 ( s , z 1 , . . . , zn\ t) holomorphic with respect to S 
such that (5, z 1 , . . . , zn, zn+1) is a system of holomorphic local coordinates. 
Let b = 6(5, z 1 , . . . , z n ) be the function defined by the condition 

zn+1(s,z\...,zn,b(s,z\.{ujeA°<l(.fjff.,zn)) = 0 

and set ^(5, z 1 , . . . , z n ) = (s, z 1 , . . . , zn, b(s, z1,..., z n ) ) . Then the composi­
tion (j>x = 7r o (p o ̂  fulfils the required conditions. | 

The above propositions illustrate the way in what locally trivial unfoldings 
of F can be thought as a certain type of deformations of the complex structure 
of M . Namely those parametrized by holomorphic families of elements of Jp-
Kuranishi's theorem (cf. [K]) states the existence of a versal space for the 
deformations of a complex structure on a compact manifold. The proof of this 
theorem given by Douady in [D] can be adapted here to obtain the following 

2.5. Theorem. Let F he a foliation by curves on a complex compact 
manifold M. There is a germ of analytic space (A ' / r , 0) parametrizing a versal 
locally trivial unfolding T of F. 
2.6. Remarks, (i) As in the proof of Kuranishi's theorem one can see 
that there is an open neighbourhood V of 0 in Hl(M, O(L)) and an analytic 
map $ : V -> H2(M,0(L)) such that (A" / r ,0) is identified with the germ 
at 0 of $ _ 1 ( 0 ) . Moreover the jet of order two of $ at 0 is the quadratic 
map v —> [v, v]. This implies in particular that Ktr is smooth in the case 
jff 2 (M, O(L)) = 0. Here the braket [ , ] refers to the structure of graded Lie 
algebra on H*(M, O(L)) induced by the inclusion of sheaves O(L) QM-

(ii) Through the proof of the theorem one sees that if H0(M,O(L)) = 0 
then the unfolding T is universal. 

Sketch of the proof Let us fix a real analytic Hermitian metric on L and a 
real analytic Riemannian metric on M. From these metrics one constructs an 
Hermitian product on A°^(L) in a standard way. The differential complex 

^o,o ( i ) A o , i ( £ ) Ao.2(L) _^ m m ̂  _^ A°>n(L) 

is elliptic and if we denote by d the adjoint operator of 5 with respect to the 
above Hermitian product then the Laplacian A = di) + dd is a real analytic 
elliptic operator. The space 

N = {ujeA°<l(L)gdhfhI 0(0^-
1 
2' 

uxdhuxdh{ufjhjeA 
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is a finite dimensional submanifold whose tangent space at 0 is the space 
H 1 £ f f 1 (M,C?(L)) of harmonic elements of A°^(L). The elements of N 
are real analytic because they are solutions of an elliptic equation with real 
analytic coefficients. 

Let (Ktr, 0) be the germ at 0 of the intersection Kir = NnJp. The analytic 
space Ktr can also be defined as (cf. [K, p. 83]) 

Ktr = {jhdu;edhdN\H[uj,Lj] = 0} 

where H denotes the orthogonal projection of A0,2(L) onto the space H 2 

of harmonic elements. A neighbourhood of 0 in Kir can be thought as a 
holomorphic family of real analytic elements of J?. Proposition 2.4 implies 
that this family defines a locally trivial unfolding T of F parametrized by the 
space Ktr itself. 

Let gjr denote the exponential map for the unfolding T constructed in 
Proposition 1.8. Given 77 G A0,0(L) close to zero then hv = gjr o 77 is a 
diffeomorphism of M tangent to F. By virtue of Proposition 2.1 there is a 
map 

p :{ujeA°<l( x Kir JF 

defined in a neighbourhood of (0,0) such that p(r], u) = uoh^. One can adapt 
here Douady's proof of Kuranishi's theorem to see that p is an isomorphism 
when restricted to E x Kir where E is a subspace of A°>°(L) complemen­
tary to ker{a : A°*(L) -+ A°<l'(L)} ^ H0{M,O(L)). From this fact and 
Proposition 2.3 it follows the versality of the unfolding T. | 

3. Equisingular unfoldings. 
In this paragraph we assume that M has dimension 2 and that the foliation 

by curves F is saturated. In this case the singular locus S(F) is a finite set 
..., qk) C M. We recall that F is called reduced at a singular point qi if 

there are local coordinates iv1,w2 centered at qi such that F is defined in a 
neighbourhood of qi by a vector field with a 1-jet of the form 

ti;1 a 
dwl + Xw2 d 

dw2 

where A G C is not a strictly positive rational number. 
There is a procedure of reduction of the singular foliation F similar to 

the reduction of singular plane curves (cf. [S]). More precisely there exist 
a compact manifold M , a divisor D C M , a saturated foliation F on M 
and a holomorphic map w : M —• M with the following properties: (i) vo 
maps M — D biholomorphically onto M — {qi,..., q^} identifying F\M — D 
with F\M — {g i , . . .xxxb (ii) the singularities of F are reduced and (hi) if 
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x G D — S(F) then the leaf of F through x is transverse to D or contained 
in D if x is a regular point of D and is a local irreducible component of D if 
a: is a singular point of D. Furtheremore the 4-tuple (F, M , D, w) which is 
called the reduction of F is unique up to isomorphism. We denote by Do the 
union of all the irreducible components of D which are dicritical, i.e. those 
components which are generically transverse to F. 

An unfolding (T, M., 7r, fi, i) of F parametrized by an open neighbourhood 
Q of 0 in C m (cf. Remark 1.7) is said to be equisingular if there exist a 
complex manifold M, a hypersurface V C M, a saturated foliation T on 
M and a holomorphic map 77 : M —• M such that: (i) 77 maps M —V 
biholomorphically onto M - S{T) identifying T\M - V with T\M - S(f), 
(ii) T is transverse to the fibres of n o II outside its singular locus and (iii) 
the restriction of (J7, M,T>, 77) to 7R~ J(0) = I{M) is the reduction of F0. 
Then the 4-tuple (T,M,V,II) is unique up to isomorphism and is called the 
reduction of T. Because of the unicity of the reduction of a foliation there 
is a biholomorphism T from Af onto (TT o 77) _ 1 (0) making commutative the 
diagram 

M M 

"1 Iя 

M — Î — » M 

and such that T*T = F. We can thus think of the 5-tuple (JF, M, 5f, fi, T ) 
a-s an unfolding of the reduction F of F. Here n = 7R o 77. As above £>o will 
denote the union of all the dicritical irreducible components of V. 

The first author proved in [M] that any unfolding of a germ of foliation at 
a reduced singularity is trivial. From this fact he deduces that for any equi­
singular unfolding T of F the corresponding reduction J7 is a locally trivial 
unfolding of F. Furthermore, if D)J; : M —> Q x M are the local charts trivializ­
ing T then the compositions (f>jo6~x are the identity on Q X 7 ) 0 . This implies 
using Proposition 1.5 that TVQ is in fact a locally trivial unfolding of FD°. 
It is also shown in [M, Lemme 1.3.1] that, conversely, given a locally trivial 
unfolding T' of FDO parametrized by Q there is an equisingular unfolding T 
of F also parametrized by ft such that its reduction T is the saturation S(T') 
of T'. These facts suggest the following 

3.1. Definition. An equisingular unfolding of F parametrized by a germ 
of analytic space (5,0) is a locally trivial unfolding (Tv°, M, 7R, 5, T ) of F D O 

where (F, M , 7?, w) is the reduction of F and F D q has the meaning of exam-
pie 1.1. 
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Because of the above remarks in the case S is smooth the above definition 
of equisingular unfolding is equivalent to the first one. The notion of versal 
equisingular unfolding has an evident meaning and its existence is a corollary 
of Theorem 2.5. 

3.2. Theorem. Let F he a foliation hy curves with isolated singularities 
on a compact surface M. There is a germ of analytic space (A ' e ,0 ) which 
parametrizes a versal equisingular unfolding of F. 

3.3. Remarks, (i) The space Ke is nothing but the parameter space Ktr 

of the versal locally trivial unfolding (TV\M, TT, A ' * r , T ) j ) f F D ° . So the 
tangent space of Ke at 0 is naturally identified with i J 1 ( M , 0(L)) where L 
is the line bundle associated to the foliation by curves FD°. Furthermore if 
H2(M, 0(L)) = 0 then Ke is smooth. 

(ii) In the case Ke is smooth there is an equisingular unfolding in the first 
sense {T, M,Tt, KE>> 0 of F whose reduction is just S(TV°). Then any other 
equisingular unfolding of F parametrized by a smooth space is a pull-back of 
T. 

For a given germ of singular foliation by curves on (C 2 , 0 ) there is a versal 
equisingular unfolding of it parametrized by a (germ of) smooth space. This 
local versal space is constructed by the first author in [M]. In our situation and 
using the above notation the parameter space A"} o c of the versal equisingular 
unfolding of the germ of F at a singular point q\ turns out to be isomorphic to 
H1 (I?,-, O(L)) where Dj — vo~x{qj). The versality property of the local versal 
spaces K\OC induces a "localization" map 

(16) X : A - e ^ A - i o c x . . . x / v i r . 

In certain cases the map x l s m fac* a biholomorphism. More precisely 

3.4. Theorem. Let F be a foliation by curves with isolated singularities on 
a compact surface M defined by a pair (L, K). Assume that Hl(M, O(L)) = 0. 
Then the differential map do\ of \ at 0 is an isomorphism. Moreover if 
i ? 2 ( M , 0{L)) also vanishes then K€ is smooth and \ is an isomorphism. 

Proof. For each i = l , . . . , fe let Bj and B\ be open neighbourhoods of qi 
identified by a suitable local chart to the poly discs A ( l ) and A (1/2) of C 2 of 
polyradius 1 and 1/2 respectively. Assume that the open sets B{ are disjoint. 
Set U = UBi, V = M - UB- and define Bj = w'\Bi), U = VJ-1(U) and 
V = vo~~l(y). Notice that any section of L on UOV can be extended because 
of Hartogs' theorem to a section on U. Using this fact and the identifications 
induced by w the Mayer-Vietoris sequence gives 
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0 -+ H\M, 0(L)) £ HX(U, 0(L)) 9 HX(V, O(L)) ^H^UH V, 0{L)) 

- H2(M, 0(L)) £ H2(U, 0(L)) 9 H2(V, O(L)) £ H2(U n V, 0(L)) 0. 

The intersection U D V is the union of two Stein open subsets. Thus 
H2(UnV, O(L)) = 0. A theorem by Andreotti and Grauert [A,G] states that 
H*(C7,0(1)) = 0 f = 1 H*(B{, 0(L)) is isomorphic to ©Jdgdgdd{ujeA=dg1d dO(Z)) and 
also implies that the restriction of /3* to H*(U,0(L)) is the zero map. It 
is also proved in [M] that H2(Di,0(L)) = 0. Using now the Mayer-Vietoris 
sequence which computes H*(M, O(L)) by means of the decomposition M = 
U U V one can see that Hl(M, O(L)) = 0 implies that the restriction of /31 to 
i? 1 (V, O(L)) is injective and therefore a 1 maps iJ 1 (M, isomorphically 
onto{ujeA° H1 (D{, O(L)) but this map is just the differential d0\ of x a t 0. 
The same exact sequence also shows that in the case H2(M, O(L)) = 0 then 
the restriction of /31 to Hl(V, O(L)) is surjective and H2(V, O(L)) = 0. This 
implies H2(M, O(L)) = 0 concluding the proof. | 

Let us apply the above result to the case of a foliation by curves on P 2 . 
Recall that line bundles Ld dn P 2 are classified by its Chern class d £ Z = 
j f f 2 ( P 2 , Z ) and that there are non identically zero morphisms Ld T P 2 if 
and only if d < 1 (cf. [G-M,0-B]). It is also known from Serre's computations 
that i J^P 2 , 0(L)) = 0 for any d 6 Z and that H2(F2, 0(L)) = 0 for d > - 3 . 
So we obtain 
3.5. Corollary. Let F = (Ld, he a foliation hy curves on P 2 with isolated 
singularities g i , . . . , g*.. Let Ke (resp. K)oc) denote the parameter space of 
the versal equisingular unfolding of F (resp. of the germ of F at qi). Then 
the tangent map at 0 of the localization morphism \ : Ke —• K[oc x • • • x A ^ o c 

is an isomorphism. The map \ itself is an isomorphism if d = 1,0, — 1, —2. 
3.6. Remarks, (i) As it is pointed out in [G-M,0-B] the foliations by curves 
on P 2 having an associated line bundle Ld with Chern class d = 1,0, —1, —2 
are those obtained respectively by projectivization of the vector fields 

X = A ri 
d 

{uje + x2 

d 
{uj + A r

3 

d 
dz* 

on C 3 such that XO and X$ are homogeneous polinomials of degree 0,1,2 
or 3. 

(ii) The space Ke is not smooth in general as it is shown by the examples 
studied by I. Luengo in [L]. 

Finally we come back from global to local foliations and using the above 
methods we obtain 
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3.7. Theorem. Let £ he a polynomial vector field on C 2 having an isolated 
singularity at the origin. Let F% denote the germ of foliation by curves at 
0 defined by f. Then any equisingular unfolding of F% is algebraic. More 
precisely the versal equisingular unfolding of F% is given by an integrable 
holomorphic differential form 

и = a(z, t)dz! +sf b{zsf, t)dz2 + c¿(*> 
Í'=I 

p 

on an open subset C 2 x U of C 2 x Cp where p is the dimension of the versa! 
space and a, b, C{ are functions which are polynomials with respect to the 
coordinates z = (zi, Z2) of C 2 . 

Proof. The foliation F$ extends to a foliation by curves F on P 2 having only 
isolated singularities at q\ = 0,(/2XXBX Qk- Let (F,M,D,m) denote the re­
duction of F. Let us chose a straight line C in P 2 which do not meet any 
singular point of F. There is a positive number m £ N* such that the line 
bundle associated to the foliation FM'C (cf. Example 1.1) is LQ, i-e. its Chern 
class is zero. Set C = vo~L(C). Then the argument used to prove the above 
theorem can be repeated to show that the parameter space K' of the versal 
locally trivial unfolding (TM C , M, TT, A"', T ) of j r m C i s smooth and can be 
identified with the product A"} o c x • • • x A ' [ o c . Moreover one can prove as in 
[M, Lemme 1.3.1] that there is an equisingular unfolding (in the first sense) 
(?\M)7r,K',i) of F whose reduction is just the saturation of Tm'c. Then 
T is algebraic and the germ at zero of the restriction of T to the subspace 
A^} o c x { 0 } x b• • • x { 0 } of K' is the versal equisingular unfolding of F%. | 
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