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Résumé. —  Nou s étudions la régularité conormale de solutions bornées d'équations 
semi-linéaires strictement hyperboliques dans des domaines à bord diffractif : 

Pu = f(x, u) dans X, u \dx= 0, u G ££C(X). 

Si X_ C  X e t X es t le domaine d'influence d e X_, nous considérons des solutions 
telles que singsupp(г¿) fl X_ Pi dX = 0 ; de plus nous supposons que u  \x_ es t 

conormale par rapport à une hypersurface caractéristique lisse, le front entrant . 
Dans le cas de l'équation linéair e /  =  0 , le support singulie r d e u es t conten u 

dans la réunion du front entran t e t du front réfléch i obtenu par les lois de l'optique 
géométrique. Ce s deu x surface s caractéristique s son t tangente s à  l'ensembl e de s 
rayons rasants, le lieu des points où les bicaractéristiques entrantes son t tangentes 
au bord. Dan s le cas semi-linéaire, nous démontrons que si de nouvelles singularités 
apparaissent alor s elles apparaissen t su r l e demi-cône caractéristiqu e au-dessu s de 
l'ensemble de s rayons rasants. E n fait , l e théorème de régularité conormale établi 
dans cet article est beaucoup plus précis. 

Pour illustre r notr e propos , nou s choisiron s pou r P l'opérateu r de s onde s à 
coefficients constant s e t pou r X l e produi t d e Rt e t d e l'extérieu r d'u n obstacl e 
strictement convexe . Alors X- = X D {t < —T}. Comme donnée initiale, on pourra 
prendre une primitive locale de l'onde plane 8(t — (X,LJ)) avec T suffisamment grand . 
La géométrie de ce problème est figurée sur les schémas 1.1 et 1.2 . 

Abstract. — We study the conormal regularity of bounded solutions to semi-linear 
strictly hyperbolic equations on domains with diffractive boundaries : 

Pu = /(x, u) in X, u \dx= 0, u e L£C(X). 

If X- C X an d X i s the domain of influence of X- w e consider solutions such that 
singsupp(u) flX- n dX = 0 and further suppos e that u |x_ i s conormal with respect 
to a smooth characteristic hypersurface, the incoming front. 

For th e linea r equation , / =  0 , the singula r suppor t o f u i s contained i n the 
incoming front an d the reflected front obtained using the rules of geometrical optics; 
these two characteristic surfaces are tangent a t the glancing set, the locus of points 
at which the incoming bicharactersitics are tangent to the boundary. W e prove that 
in the semi-linea r cas e the onl y new singularités which ma y occur appea r o n the 
characteristic half-cone over the glancing set. Th e actual conormal regularity result 
presented in the paper is considerably more precise. 

Our assumptions are best illustrated by taking for P the constant coefficient wave 
equation wit h X th e produc t o f Rt an d the exterio r o f a strictly conve x obstacle. 
Then X- = X H {t < -T} an d fo r th e initia l dat a on e can take locally an anti-
derivative of the plane wave 5(t — (x,u)) wit h T appropriately large. The geometry 
of this problem in two space dimensions is shown in Figures 1.1 and 1.2. 
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1. INTRODUCTION AND 
STATEMENT OF RESULTS 

The purpose of this paper is to describe the conormal regularity for a class of mixed 
problems for the semi-linear hyperbolic equations. 

The study of C°° regularit y of solutions to non-linear wave equations has had two 
main directions: finding estimates on the strength of the anomalous singularities, i.e. 
those not present in the linear interaction, and obtaining geometric restrictions on the 
location of singularities. Our work is of the latter type. The strength of singularities 
for non-linear mixed problems has already been investigated with considerable success 
in [45 , 10, 21, 48]. The estimates on the location of singularities are much finer, so 
stronger assumptions are needed on the incoming waves or the initial data. The most 
striking example of this was provided by [2 ] where it i s shown that wave-fron t se t 
restrictions alone still allow the self-spreading o f singularities, making the singular 
support propagate essentially in the same way as the support of the solution. Thus , in 
full generality, the location of singularities cannot be related to the original geometry 
except i n a  trivia l way . A  technically mor e challenging constructio n o f a  similar 
example for gliding mixed problems was then given in [47]. 

The appropriat e clas s o f distributions t o conside r fo r th e incomin g wave s or 
the initia l dat a ar e th e conormal distributions, a s wa s first  noted i n [6] . Th e 
conormal distributions appea r naturall y i n the linea r theory and are a subclass of 
the Lagrangian distributions motivate d b y geometrica l optics . Th e interactio n of 
conormal waves for interior problems has been investigated in [40, 32, 7, 9, 3, 42, 34] 
and th e formatio n o f non-linea r caustic s i n [18 , 19 , 11 , 27, 43 , 44] . Fo r mixe d 
problems, with only transversal reflections allowed , i t wa s shown in [4 , 5] that n o 
anomalous singularities appear. On e should also mention that examples of 'new' non-
linear singularities were provided at a n early stage in [39] : namely, the interaction 
of thre e plan e wave s carrying conorma l singularitie s produce s a  coni c surfac e o f 
new singularities propagating from th e tripl e interaction point . However , in more 
complicated settings such as the propagation of the swallowtail or diffraction, wher e 
the 'new ' cone s ar e expected , n o example s hav e ye t bee n constructed . Fo r th e 
interior problem s the methods developed in [20 ] provide a  systematic approach to 
such constructions. Energy estimates used in the work on the lifespan of solutions to 
semi-linear hyperbolic equations [15, 22] are also, in essence, of conormal type. 

If E C X i s a C°° hypersurface in a C°° manifold X, let E ) be the Lie algebra 
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of C°° vecto r fields in X tangen t to E. Th e space of distributions of finite L2-based 
conormal regularity with respect t o E is then defined b y the stability o f regularity 
under the applications of the elements of E) : 

IkLic(X,X) = {ueLlc(X) :  F1---V /ueL12oc(X)for /  < k and V - G T)(X, E)}. 

This modifies th e definition o f the Sobole v space H^) b y placing some geometric 
restrictions o n th e differentiations . Nevertheless , a s observe d i n [32] , bounde d 
conormal functions hav e very good multiplicative propertie s in view of Gagliardo-
Nirenberg type inequalities. 

Let us now consider a mixed hyperbolic problem with a diffractive boundar y (see 
chapter 2 for a review of definitions). Ou r object of study is the semi-linear equation: 

Pu = f(x,u) i n X , u\dx = 0, u\x_ = u0 (1.1 ) 
where / i s a C°° function of its arguments, P is a strictly hyperbolic operator, X i s a 
C°° manifold with the boundary dX, X_ =  {x e X :  </>(x) < -T} wit h 0 <E C°°(X) 
a time function fo r P and the time T fixed. 

The initial data is assumed to be conormal to the incident front F. The reflection 
rule of geometrical optics produces the reflected front R. With the motivation coming 
again from the geometrical optics we define the shadow boundary o n OX as 

T = dXncl[RnF\dX]. 
The front obtaine d fro m th e nonlinear interactio n i s the forward half-cone, S+ , of 
P—bichar act eristics startin g o n T . Le t u s als o denot e b y D+ and B+ the tw o 
components of the set of glancing characteristics on 5+. A  more detailed discussion 
of the fronts i s presented in chapter 2. Fig. 1.1 shows three different tim e slices and 
Fig. 1.2 is a space-time picture. Not e that R and F are hypersurfaces with singular 
boundaries. 

The crudest form of our result is 
Theorem 1.1. — Let u e L°°(X) be a bounded solution of (1.1) with 

u0eIooLlc(X^F). 
Then 

WFb(u) C bN*R\J bN*F U bAT*S+U bN*B+U bN*D+ U bT£X \ 0 

We refer the reader to [25] and [14] , Sect. 18.3 for the definition o f the b-wave front 
set, WFb, which reduces to the ordinary WF away from the boundary OX. W e use 
the natura l ma p j : T*X \ 0  —>• bT*X \ 0  (see chapter 4  and the references given 
above) to define biV* E = j(iV*E). 

Theorem 1.1 immediately gives the singular support statement: 
Corollary 1.2. — Under the assumptions of Theorem 1.1 

sing supp ucFUi?U S+. 
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F 

R 

F R 

sdv 

F 

S+ 

Figure 1.1. The fronts projected to the space variables at fixed times 

Since the dat a UQ i s conormal , on e would like to describ e precisely the conorma l 
regularity o f the solution u. I n fac t th e proo f i s based o n the constructio n o f an 
appropriate space with good multiplicative and propagative properties - see chapter 3. 
Since the precise definition o f this 'strong' , but no t quite conormal, space is rather 
involved we shall content ourselves with a weaker statement here, referring the reader 
to Definition 3.2 and Theorem 8.2 for the full result. 

Theorem 1.3. — Let u G L^C(X) be a bounded solution of (1.1) with 

u0eIkLlc(X_;F). 
If ft is an open subset of X such that 

nn(L>+U5+) =  0 

then 

t*|n E /fcLfoc(fi,F)+7fcLfoc(afl) +  /fcifoc("^+) . 

Already i n th e transversa l cas e thi s i s slightl y stronge r tha n th e resul t i n [4 ] as 
conormal singularities with respect to the boundary are excluded. 

Our conclusions are concerned purely with the L2-based regularity. Th e present 
existence theor y [45 ] requires highe r Sobole v regularit y fo r t o guarante e loca l 
existence of bounded solutions, so one needs to assume uo G IfcLfoc(X_; F)C\H^ (X_) 
for s > n/2. However , th e conorma l result s describe d abov e should lea d t o a n 
improvement in the style of [41]. I t shoul d be noted that ou r present method does 
not trea t th e fully semi-linea r equatio n Pu = /(x,г ¿,Vг¿), essentiall y becaus e the 
iteration procedure in k proceeds in steps of 1/2. 
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ds B + 

dv 

wd 

4 D 

Figure 1.2. The forward half-cone and the glancing boundaries B and D. 
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2. DIFFRACTIVE GEOMETRY 

First we describe the interaction of a characteristic hypersurface fo r a  second-order 
hyperbolic operato r wit h a  bicharacteristically concav e (diffractive ) boundary . I n 
particular th e reflecte d fron t i s shown to hav e a  cusp singularity whe n continued 
across the boundary. 

Let X b e a manifold with boundary equipped with a pseudo-Riemannian metric 
of hyperbolic signature, + , - , - ,- Th e metric symbol p G  S2(T*X) is therefore 
a polynomial of degree two on each fibre and it can be reduced, in linear coordinates 
in each fibre, to 

r 2 _ £ ^  dim X = n + l . 

The boundary of X i s said to be time-like if p is negative-definite on N*dX; thi s is 
always assumed below. It will be convenient to assume that X i s time oriented; this 
amounts to the continuous selection of one of the solid cones, p > 0, in the fibres. A 
function t e C°°(X) is a time-function i f p(dt) > 0. 

The assumption tha t dX i s time-like means that i t carrie s an induced pseudo-
Riemannian metric of hyperbolic signature. I f g is the dual quadratic form to p, on 
TX, then QQ = g\xdx fixes the induced structure. Le t po denote the metric symbol 
on T*dX. Se t 

3C = {pd > o} = 3C+ u :">c_ 
S = {Pd = 0} 
$ = {Pd < 0}, 

in T*dX\0 

respectively th e hyperbolic , glancin g an d ellipti c region s o f T*dX\0. Th e time -
orientation of X induce s a time-orientation of dX, givin g the decomposition of the 
hyperbolic region. 

The restriction to the boundary of the characteristic variety 

E = {p = 0} C T*X\0 

projects onto 3CU§ = 3C : 

Ea = E n T ^ J f A 3 C u 8 . (2.1) 

Here i* :  T£XX —> T*dX is the pull-back map induced by the inclusion dX A X. 
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The map (2.1 ) is a fold, 2  — 1  over 3C an d 1  — 1  over 9. To see this, note that 
L* : TQXX — > T*dX is the quotient map with respect to N*dX. The restriction of 
p to each fibre of L* is of this form 

p = i*pd - n2 (2.2 ) 

where n : TQXX — > R i s the symbol of the inward-pointing vector field, V, satisfyin g 
g(V, •) = 0  on TdX, g(V, V) = - 1 . Thu s pd > 0 on the range of L* on Ea and the 
involution exchanging the points in Ea with the same image satisfies 

Id : Ea <—> Sa, rdn = -n, i* •  Id = i*. (2.3 ) 

Let 5C±,§ be the preimages of 3C± an d § under L*, SO in particular ¿* : § <—> §  is 
an isomorphism. 

The projection ca n be expressed symplectically. Le t x G  C°°(X) be a defining 
function fo r dX an d let q G C°°(T*X) be its lift t o T*X The n the Hamilton vector 
field HQ satisfies Hqq = 0, i.e. HQ is tangent to the leaves of t* :  TQXX — > T*9X. 
Since the leaves are tangent to E exactly at §, 

® = {p = 0, g = 0, {p,<? } = 0} 

where {p, g} = =  —Hqp i s the Poisson bracket. Th e simple tangency of Hq t o 
Ea, corresponding to the fact that (2.1 ) is a fold, is expressed by 

{<?,{<Z,P}}<0. 
This holds throughout TQXX, sinc e dX i s time-like. Applyin g HQ t o both sides of 
(2.2) and noting that {q,n} is the lift o f a function from the base, so {g, {q,n}} = 0 

{QiP} = -2n{q,n} 
{^{^p}} = -2{^,n}2. 

Thus (2.2) can be written in terms of Poisson brackets 

P = t*Pa + {q,p}2 
2{q,{q,p}Y 

(2.4) 

The denominator i s also the lift o f a function fro m the base. Thus , if the 
involution is extended to TQXX S O that the second two conditions in (2.3) hold, then 

rdti,p} = -{q,p}- (2-5 ) 

The points of 9 are further distinguishe d by the behaviour of the second Poisson 
bracket: 

§(J = { m e 8 ; i f » > 0 } 
§ft = { m e § ; ^ ( m ) = 0 } 
§3 = {me§;tf^(m) <  0} 

(2.6) 
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These, and similarly their images in § under L*, are respectively the sets of diffractive, 
higher-order an d glidin g points . Th e boundary o f X i s said t o b e diffractive (o r 
bicharacteristically concave) if Q = thi s is always assumed below. 

Consider the differential o f the involution IQ on a t 9 . In particular note that 
the type of a glancing point, in the sense of (2.6) , is reflected in: 

(IQ)*HP — Hp — Ap, {P,Q}} rr 

{Q>{Q>P}} 
(2.7) 

In fact, since ¿* -IQ = la, the projection of (Id)*Hp under L* i s equal to the projection 
of Hp. Th e null space of the projection i s spanned by Hq, s o it is only necessary to 
compute the coefficient o n the right. Applyin g both sides to {q,p} and using (2.5) 
gives (2.7). 

We will be concerned with the local geometry near a base point XQ G  dX, so we 
are free to shrink X a s necessary. I n this sense the assumption that th e boundary 
is diffractive i s really that §  fl T*QdX C  §d. In case I =  R x 7 carrie s a product 
metric, g = dt2 — ft, with ft a Riemannian metric on Y, the boundary is diffractiv e 
if and only if dY is strictly geodesically concave. In case Y = Rn\K where K i s an 
open, smoothly bounded region and ft is the Euclidean metric this is equivalent to 
the strict convexity of K (cf . [26]) . 

It is convenient to consider an extension, X, of X to a manifold without boundary. 
A corresponding extension of this pseudo-Riemannian structur e wil l be denoted p. 
The defining function x G  C°°(X) extends to x G  C°°{X) and if X i s chosen small 
enough, dX = {x = 0} is an embedded hypersurface. Th e freedom to shrink X will 
be used to choose X to be bicharacteristically convex. 

In X w e consider a closed characteristic hypersurface fo r p, passing through this 
point XQ. Thus F C X satisfie s 

F = {f = 0}, /  G  C°°(X), df ^ 0  on F, p\N*p = 0. (2.8 ) 

Since dX i s time-like, N*dX and N*F are linearly independent and hence 

Fd = F U dX ^ dX 

is an embedded hypersurface. Sinc e N*FQ = £*(7V^XF), with NQXF C  Da, we have 
N*FQ C 5C = 3C U §. For us the most interesting points are the diffractive point s for 
F: 

Lemma 2.1. —  If F c X is an embedded characteristic hypersurface then 

T = 7r(iV*Fan9d) cFd (2.9 ) 

is an embedded hypersurface. 

Proof. —  Conside r th e functio n 7  =  {p , q} restricted t o N*F. By assumptio n 
N*F C  S  s o Hp is tangent t o it . A t an y poin t o f §d H NQXF, {p,q} = 0  and 
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{PI{P,Q}} > 0 , by definition. Thu s Hp{p, q} ^  0  and so ^ 0  on N*F. Since 
Hvq = {p,q} =  0  on §d , q and {p, q} hav e independent differential s o n N*F a t 
§D H NQXF. I t follows that 

is an embedded hypersurface. Sinc e it i s homogeneous it projects to the embedded 
hypersurface T. • 

The characteristic hypersurface F is to be thought of as the extension through the 
boundary of X o f the incident front. I t is important to separate which parts of F are 
intrinsic and which depend on the choice of extension—the latter being necessarily 
irrelevant to the final form of the results. 

By assumption N*F is closed, so 

AF = f N*F\0 

is the union of the maximally extended bicharacteristic intervals, i.e. integra l curves 
of Hpi through each of its points. Set 

F = {z G F N X; th e bicharacteristics through N*F stay in T*X fo r t < t(z)}. 

Here, t i s a time function. Th e submanifold T C F i s the singular locus in F near 
which it i s not even a manifold with corners. Indee d the boundary of F consists of 
two smooth manifolds with boundary (each of codimension two in X) 

dF = FdUB, Fd n B = 8Fd = dB = B n OX = T. (2.10 ) 

Here FQ i s half of FQ an d B, the shadow boundary, is the projection into X o f the 
forward half-bicharacteristic starting at points of N£F. 

The main objective of this section is to consider the reflected front generated by F 
and dX. To do so we need to recall the notion of a hypersurface with cusp singularity. 
By definition a  cusp hypersurface is one which is diffeomorphic t o C = {x\ = x\} i n 
RN, n > 2. 

A simple characterization can be obtained in terms of the closure of the conormal 
bundle to the regular part of the hypersurface. A s is easily checked 

Ac = clN*{xl = x\]x2 > 0} C T*Rn\0 

is a smooth, homogeneous Lagrangian. Now a point of the singular locus, L = {x\ = 
x2 = 0}, 

7r: Ac —> Rn has differential with 
(2-n) 

two-dimensional null space at Ac H Tt RN, I G L. 
Moreover, any vector field V on T*RN which is tangent to T*RN, independent of the 
radial vector field an d takes the value v G TmAc H Tm(XJ*RN) at m i s only simply 

8 
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tangent to Ac at m. Conversely (see Arnol'd [1] ) if these two conditions hold for Ac-
near m e T*Rn n Ac the n the projection o f a neighbourhood of m e Ac is a cusp. 
We use this abstrac t characterization , wit h Rn replaced by X (a s can obviously be 
done) to analyze the reflected front . 

Set A^ = Id(N£XF) an d let AR be the #p-flow-out i n T*X\0 o f A°R. Thu s AR is 
just the union of the maximally extended HP integral curves passing through point s 
oiA% 

Proposition 2.2. — If F C X is ajmooth characteristic hypersurface for which xo £ 
dX is a diffractive point then, for X shrunk to a sufficiently small bicharacteristically 
convex neighbourhood of XQ, AR C T*X\ 0 is a smooth closed conic Lagrangian 
submanifold which is the closure of the conormal bundle to a hypersurface with cusp 
singularity, R, through XQ. 

Proof —  To see that AR is smooth i t suffice s t o observe tha t HP is not tangent 
to th e initial surfac e A^ . By definition A ^ is the image unde r Iq of NqXF an d 
N*QF\0 C §d? by assumption. Thu s HP is tangent t o NqXF a t N*QF\0 an d henc e 
(Id)*Hp is tangent t o A°R a t N*QF. No w Hq cannot b e tangent t o NQXF\0 (sinc e 
this would mean F was tangent to dX) and hence cannot be tangent to A^ at N*QF. 
From (2.7) it follows that Hp is not tangent to A ,̂ so AR C T*X\0 is smooth, closed 
and coni c i f X i s chosen smal l enough . I t is also invarian t unde r reflectio n i n the 
fibres. 
This discussion shows that both (Iq)*HP an d HP are tangent to AR at N*QF, hence so 
is HQ. Since HQ is tangent to the fibres of T*X an d is non-radial at N*QF\0 i t follows 
that th e differential o f the projection TT : AR ̂ —> X ha s null spac e o f dimension 
of at least two . I n fact 7r * : TmA# — > T7r(m)X has rank exactl y dim X —  2, since 
7r* : TmAft —• r7r(m)9X has rank dimdX - 1  at m € N*QF\0. Finall y note that HQ 
is only simply tangent t o A# at N*QF\0 sinc e it is only simply tangen t t o E. Thus 
AR i s the closure of the conormal bundle of a hypersurface wit h cusp singularity • 

Clearly the cusp locus L C R passes through T. It is important to check that 

L\T C X\X an d L is simply tangent to dX at T. (2.12 ) 

Since the tangent spac e to L is just the image of the tangent space^t o AR under the 
projection, L is certainly tangent to dX at T. The reflected fron t R Pi X° is smooth 
so the_inclusion follows . T o see the simple tangenc y w e first choose coordinates so 
that I C l 3 T x R!*~3 and 

R = {(x, y):xi = x\} n X, T  = {(x, y):y = 0}nX. 

As in Proposition 2.1 of [34] it then follows tha t 

V = a(l£ - 9x2£ + £lPl + (r,,p)), a^O. (2.13 ) 
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The cusp locus is given by L = {x2 = x3 =  0} (~)X and if dX = {p = 0}, X = {p > 0} 
then the tangency of L to dX a t V implies 

3Slp(0,y) = 0. (2.14 ) 

The points m = (0, y\ (0,0,1), 0) G T*X \ 0 are diffractive : 

p(m) = p(m) =  {p, p}(m) = 0, {p, {p, p}}(m) > 0. 

Hence (2.13) and (2.14) show that 

dX2p(0,y)>0, (2.15 ) 

and consequently 

p(x,y) =x2- g(xux3,y), dXlg(0,y) = g(0,y) = 0. 

Since L \ T C {p < 0} we also see that g(xi,0, y) > 0 and thus we can write 

g(xi,x3,y) = g1(xuy)x\ + x3g2(x1,x3,y). (2.16 ) 

The restriction of R to dX i s given by 

cl(<9X nR\F)U(dXDF) = RndX = {(x, y) e dX : g(xux3, yf = x23}, 

and using (2.16) we see that 

FDdX =  {(a,2/ ) : x3 = G(xi,x3,y)g1(x1,yf + F(x1,x3,y)gi(x1,yY, 
x2 = g(x!,x3,y)}, G(0,j/)^0 , 

cl(^\F) D<9 =  {(x,2/ ) : x3 = -G(x1,x3,y)g1(x1,y)3 + F(^i, x3,y)gi(x1,y)A 
x2 = g(xi,x3,y)}. 

The Lagrangia n 7V*( F n 9X ) i s simpl y tangen t t o §  C T*dX \ 0  an d sinc e 
N*(cl(R\F)PidX) i s related to it by the billiard ball map (see (2.19)) below the two 
Lagrangians are simply tangent at N*(FC\dX) D9 (see the equivalent model case in 
chapter 7) . Hence dXlgi(0,y) /  0  and thus in view of (2.16) , L is simply tangent to 
dX = {x2 = g(xi,x3,y)}. 

In the case of the wave equation in the exterior of a convex obstacle Proposition 
2.1 was given in [49]. In that cas e the cusp locus L projected to the space variables 
is the envelope of the reflected rays , see Fig. 2.1 . 

In the remainder of this section we review the geometry of the fronts. Wit h the 
possible exception of Proposition 2. 4 b) (se e [34] ) al l the fact s ar e essentially well 
known and are implicit in the proofs in chapter 3 and chapter 7 below. 

The intersection properties of F and R are described in 

Proposition 2.3. —  Let B be the shadow boundary defined by (2.10). Then 

10 
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F 
(VI 
R 

dx 

Figure 2.1 . The extended reflected fron t projecte d to the space variables at a  fixed 
time. 

1. F HR = (F H dX) U B 
2. AR and AF intersect cleanly and ARC)AF = T^X \ 0 fl AR = T^X \0f)AF. 

It is important tojemark that although the extension p was used in the definition 
of A#, the part of R corresponding to the true reflection i s determined by p and F 
alone. It will be denoted by R and is defined as follows. Proposition 2.3 implies that 
R\F ha s four components, two of which are disjoint from L . W e now take as R the 
closure of the one for which R Pi dX = F Pi dX. A n alternative definition is provided 
by taking 

R = {z e RD X: L*{B~ H  T£XX \ 0) C L*(N£XF), wher e B~ i s the bicharacteristic 
through N*R with t < t(z)}. 

The bicharacteristic cone over the shadow boundary in dX, T is now defined in 
the standard way, as the union of the maximally extendedjDicharacteristic interval s 
oyer NT f l E. W e denote it by As and its projection by 5. W e note however that 
S\x depend s on the extension p. Thu s we need 

Proposition2.4. —  The setD = cl[7r*(expiJp(iV*rn8))\5] is a smooth codimension 
two submanifold of X, tangent to dX at V and intersecting B cleanly, B fl D = T. 
The components 5+ and 5_ of S\(BUD) such that S±D(X\X) = 0 are determined 
by T and p. 

11 
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We can separate the forward and retarded components, S±, respectively, and similarly 
denote by 5 + th e ful l forwar d con e over T. W e also denote b y B+ and D+ the 
intersections of B and D with el S+ respectively , see Fig. 3.1 

In the non-linear interaction mor e geometry is present. I n addition to the cone 
over T we will also Jiave to include , i n a  very residual way, smooth characteristi c 
surfaces tangent to S at D - se e chapter 3. Thus we define 

& = {H cX smoot h hypersurface :  p\N*H = 0, N^rH = N^TS}, (2.17 ) 

with the first easy observation that Plf/eJí ^ = B y the analogy with the previous 
notation we also write AH = f N*H \ 0. 

The intersection properties of As and A#, Ai?, AH ar e given in 

Proposition 2.5. — The following Lagrangian submanifolds 

1. As and Ap intersect cleanly at AR n As = As fl N*B, 
2. As and AR are simply tangent along AR Pi Ap = As fl N*B, 
3. A s and AH intersect cleanly at As fl N*D. 

The restrictions of the characteristic (singular) surfaces R and 5 to the boundary 
can be related to FQ = FDdX and T C dX respectively. Thus we define the following 
smooth Lagrangian submanifolds of T*dX \ 0: 

Aqo = iV*T, An =N*(FD dX), A31 = AT*(cl(£ \ F) n dX), A13 = N*(Hn dX), 
(2.18) 

and 

A2i U A23 =  N*(S n dX), A n n A23 = 0, Ais n A2i = 0. 

Using th e tim e functio n restricte d t o th e boundary , t \ dX, w e the n obtai n 
Lagrangians with boundaries: 

A*- = Aij H {±t > 0} , j = 1,3, i = 1,2,3. 

The relation s betwee n thes e Lagrangian s i n the n give n b y th e billiard ball map 
^ : 2*(X¡a) -> 2*(Ea) (se e [35, 36]) which is two valued (± ) an d has a square root 
singularity over 8. T o recall the definition of 5 we introduce the natural map 

7P :  Ea —> E/fZp 

which, same as z* above , has a simple fold. Thu s we can associate to it an involution 
Ip exchanging the points with the same image (as 7a did for i*). The two valued map 

is then defined by 

<5±oz* =IP. 

12 
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The relation between the Lagrangians with boundaries is then given by 

Af i -^Af i , A2±1UA±=«5±A0 . (2.19 ) 

Finally, we relate the geometry described above to the differential equation . W e 
assume that the principal symbol of a strictly hyperbolic operator P in X, satisfie s 
the glancing assumptions with respec t t o the boundary dX define d b y q. O n the 
extension X, we introduce a strictly hyperbolic extension of P with the symbol p. 
We will also denote it by P keeping in mind^ however, the freedom w e have in its 
choice. The past X- C  X i s defined so that X i s its domain of influence, and 

F n i - =  F n i _ C l n i _ = I _, FnX_n<9 X =  0. 
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3. RESOLUTION OF SINGULARITIES AND 
THE CONORMAL SPACES 

As described in chapter 2 the interaction geometry is quite complicated as it involves 
cusp and conic singularities. To define a conormal space with reasonable propagation 
of regularity for P , on e follows the method originating from [32 ] and subsequently 
applied i n [27 , 34 , 42 , 43 , 44]. It s essenc e i s the resolutio n o f singularitie s an d 
the us e o f the vecto r fields tangent t o th e lifte d geometr y i n th e resolve d space. 
The insistence on conormality is motivated by the good multiplicative properties of 
bounded conorma l functions, a s already indicated i n chapter 1  and the conviction 
that conorma l regularity excludes any hidden singularities that coul d produce self-
spreading. 

For our problem the method of resolution is similar to that used in [34, 44] and it 
involves a non-homogeneous blow-up. T o describe it let us consider 

R n =  R3 x  Rn" 3, z = (x, y), z G R n, x G R 3, y G R n " 3 

on which we define an R+-action T$~2~3: 

Tt-2-3{x,y) = (5xu52x2,53x3,y), <5GR + (3.1 ) 

We start with a definition of spaces of functions with given non-homogeneous orders 
of vanishing: 

Ml~2-3(X) c  C°°(X), u G M r

1 _ 2 _ 3 (X) T£u = 0(<T), <5 -> 0 (3.2 ) 

This allow s us t o th e defin e a  filtration of th e differentia l operator s i n term s of 
homogeneity. Thus 

Q E Dif£ ( 1_ 2_ 3 )(X) Q : M}-2-3(X) — • Ml

rZ2

p-\X) fo r r > p. 

The homogeneous differential operato r importan t i n our discussion is Friedlander's 
operator in R3: 

Po = 4D2

X2-9x2D2

X3-6DX3DXl. 
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Proposition 3.1. —  There exist coordinates (x, y) G Rn, x G R3, y G Rn 3 in X such 
that 

P = P0 + Q, Q e Diff2(1_2_3)(X), (3.3) 

dX = {(x,y):x2--xl=0}, (3.4) 

and with the notation of chapter 2 and any H £ VI given by (2.17 ) 

1. T = {(0,y):yeRn-3}nX 
2. R = {(x, y):x%-xl = 0, x eR3,y £ Rn~3} 
3. F = {(x, y) : 2x3 - 3x2x1 + x\ + /4 = 0, x G  R3, y G Rn~3}, /4 G M41-2"3(Rn) 
4. 5  =  {(x,y) : x| + 8xix3 - 6xfx2 - 3x| + s5 = 0 , x  G  R3,?/ G  Rn~3}, 

55 G Mg1-2-3^). 
5. ff = {(x, y) : xi + /i2 = 0}, h2 G M21-2"3(Rn). 

Proof. — By Proposition 2.1, R i s a surface with a  cusp singularity and thus we 
can find coordinates (x,y) suc h tha t R i s give n b y b). Th e cus p locu s i s then 
L = {x2 = X3 = 0 } and a s note d i n (2.12) it i s simpl y tangen t t o dX a t T , 
L \ r C X \ X. I f X is given by p(x,y) > 0 near (0,0) then by (2.15) p'X2(0,0) >  0. 
We conclude that 

p(x,y) = x2- g(xi,x3,y), dXlg(0,y) = 0, 

near (0,0). We expand g into g0(x3, y) + xi#i(x3, y) + x\g2{x\, x3,2/) where #0(0, 3/) = 
#i(0, y) = 0 and 2̂ >  0. (since L \ r c I \ I ). Completin g the square we write # as 

go(xs,y) 1 Mz3,2/))2N 
16^2(̂ 1,̂ 3,2/) 

1 
+ 4 2xi(^2(xi,x3,2/))2 , 1  9i(x3,y) 

4 (^2(^i,x3,t/))2 
2 

We then chang e variables by replacing x\ b y the term i n the secon d bracket an d 
observe that th e term in the first bracket, say vanishe s for al l x\ whe n x3 = 0. 
We can now apply Theorem 4.1 of [1] to obtain a cusp preserving change of variables 
(x2,x3) depending smoothly on the parameters (x\,y) an d putting X2 — #(xi,x3,y) 
to X2. Thus in the new coordinates p(x,y) = x2 — x2/4 as desired. 
If R = {x 2 — x2 =  0 } is characteristic fo r a  strictly hyperboli c operato r P the n 
one easily sees that P = Po +  Q, Q G  Diff31_2_3 -  se e Proposition 2.1 , [34]. We 
observe also that neglecting Q produces errors of higher homogeneity (see the proof 
of Proposition 2.1 [34].). Sinc e the right hand side of c) is the reflection o f R with 
respect to dX obtained using the symbol of Po, we conclude that 

F =  {(x,2/):/(x,y) = 0}, /(x,2/ ) = 2x3-3x2x1+x3 + /4(xi,X2,y), /4 G  M\~2~3. 
(3.5) 
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The same conclusion can be made about S: 
S = {(x, V) : Q(x, V) = °}> Q(x, y) = xt + %xiX3 - §x\x2 - 3x\ + q5, q5 G M51-2"3. 

(3.6) 
The surfac e B i s given b y S fl F Pi R which u p t o term s o f highe r homogeneit y 
is parametrize d b y (£,£2,£3,y) . Th e codimensio n tw o surfac e D consist s o f 
characteristics of P tangent to dX and not contained in B. Neglecting Q in P, D one 
would obtain D = {(0,0 , t,y)} (whic h would lie in dX). Sinc e that describe s D up 
to terms of higher homogeneity we conclude that D = {(fi(t,y), f2(t,y),t,y) \t\ < e} 
and it easil y follows from (3.6 ) that Vq \D= t[(8,f1(t,y),f2(t,y) +  0(t)],fi G C°° . 
Since H i s smoot h an d tangen t t o S a t D, i t follow s tha t it s norma l a t D i s 
given by (8, /i, /2) + 0(t). Th e implicit function theore m immediately gives e) with 
h = h(x2,x3, y) satisfying ft(0,0, y) = 0, that i s h G M21_2"3(Rn). • 

We will consider the surfaces on the right-hand side as the model geometry. Th e 
sense in which they are models can be explained as follows. The model surface for F 
in c) is characteristic for Friedlander's operator Pq an d the cusp R is obtained from 
that mode l surface b y reflection (accordin g to th e rule s o f geometric optic s given 
in Proposition 2.1 ) throug h th e boundary x2 — \x\ = 0 . Not e that thi s surface , 
although microlocall y diffractiv e nea r N*R, i s not globall y diffractiv e fo r Pq : i t 
contains the characteristic {x\ — x2 = 0} . Thu s we see that Q  / 0  and essentially 
it has to contain a term of the form —cx2D22i whic h destroys the degeneracy of the 
characteristic {x\ = x2 = 0}. Th e surface defined by the right hand side of d) is the 
cone over 0 G E3 with respect to the characteristic flow-out by Po-

In view of Proposition 3. 1 it i s natural t o resolve the geometry using the 1-2- 3 
blow-up given by the R+-action (3.1) . Thus we define the space 

Xi =  (X \ T) U (S2_2_3 x R71"3) - R + x S?_2_3 x Rn~3 (3.7 ) 

where Sf_2_3 i s a non-round sphere {UJ G R3 : E K i o^ =  1} and where the C°° 
structure o n Xi i s given by the second identification (se e [28]) . W e now have the 
blow-down map 

Xi -^X, (r,v,y) 1—> (ro;i,r2o;2,r3a;3,y) 
which is a diffeomorphism o n X\ \ dX\. Thu s following [28 ] we define the pull-back 
of Y to be 

/3*y = cl[/?r1(y\r)], YcX. 
Propositions 3. 1 imply tha t PlF,f3^S an d ffidX ar e smooth hypersurface s i n X\ 
intersecting the boundary dX\ cleanly , and f3{R has a cusp singularity transversal to 
dXx. Also, 

p{F H  dXx = Pl{2x3 - 3x2X! + x\ = 0} H dXu 
PIS H dXt = (3l{x\ + 8x1X3 - 6xjx2 - 3x1 =0}D dXu 
(3{H fl dXx = p{{Xl = 0}D OXL 
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The boundary of the resolved space dX\ an d the above intersections are shown in 
Fig. 3.1 . 

/srsu. 

rd 

dg 
def 

bs 

bsd 

Figure 3.1. The geometry on dXi a s seen from the positive direction . 

The lift o f the operator P is of the form: 

r4/3i.P/3î =  Pi € Diffi(Xi), V2(Pi ) Г ь„. v. = V2(r4A.P0/?T) Гb„. ?. 

where we refer the reader to [25] (and also [14], Sect. 18.3) for the definition o f the 
totally characteristic operators, the compressed cotangent bundle and the 6-symbol 
map. 

As the blow-ups described above depend on the particular choice of coordinates, 
or alternatively the R+-actions, it is important to note certain invariance properties. 
To state them, le t x :  X -> X b e a local diffeomorphism suc h that x(T ) C  T. Fo r 
simplicity we shall consider the 1-2-3 action given by T$ = T51_2~3 only and require 
that 

[Id - (TS o x)-1 o (x o TS)] * : M,1"2"3 —» M ™ , for all r € N0. (3.8) 
This almost homogeneity condition is now present in 
Proposition 3.2. — Any diffeomorphism x satisfying (3.8) lifts to a boundary 
preservino diffeomorphism 

Xi : Xx —• Xi 
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Also, if a diffeomorphism preserves R and S in coordinates given by Proposition 3.1, 
then it satisfies (3.8). 
For the proof and further geometric results needed in the study of interior propagation 
we refer the reader to [34]. In chapter 6 we will however need the following result: 
Proposition 3.3. — If p is a defining function of dX then each of the following can 
be obtained with a diffeomorphism satisfying (3.8): 
i) H = {xi =  0}, S = {x\ - 4xix3 = 0}, B = {.x3 = x2 = 0}, dp \r= dx2, 

ii) F = {2x3 - 3xix2 + x\ = 0}, R = {x2 - x\ — 0} , dp |r= dx2 + adx3. 

Proof. —  A  diffeomorphism leadin g to i) is already essentially obtained in Proposi-
tion 3.3 of [34] with the almost homogeneity (3.8) guaranteed by construction. Thi s 
implies that 

dp \r= adx2 + /3dxs, a ^ 0. 
If /3 0 , then D = S fl H = {x2 = x\ = 0} would be transversal to the boundary 
which contradicts the glancing assumption. Thus , /3 = 0 and by rescaling a — 1 . 
For ii) we first recal l from Proposition 3.1 b) tha t F is given by 2x3 - 3xix2 + x\ + 
h4(xi,x2,y) = 0, h4 G Ml~2~3. Also, B = cl(R fl F \ X) i s up to terms of higher 
homogeneity given by the normal form (£, t2, £3, y), that is , for small t: 

B = {(*, t2(l + ^(t, y))2, t3(l + y))3 , ?/)}, 

where we used the exact form of R. Thu s changing x\ t o xi(l +  x\(j)(xi,y)) puts 5 
into its normal form. Sinc e the defining functio n o f F has to vanish there and its 
gradient has to coincide with the normal of R (R and F are simply tangent along B) 
we conclude that 

h4{t,t2,y) = 0, dXlh4(t,t2,y) = dX2h4(t,t2,y) =  0, 
and thu s h4{xi,x2,y) = (x2 — x2)2Ji4(xi,x2,y). A  simpl e application s o f th e 
homotopy method concludes the proof. In fact, let us put fs = 2x3 — 3x2̂ 1 +x3 + sh4. 
We want to find a cusp (R) preserving family of diffeomorphisms suc h that 

X*sfs =  /0, 0  < 8 < 1. 
If i s the family of vector fields generating Xs > the required conditions are equivalent 
to 

Vshs = — /¿4, tangen t to R. 

This is obtained near T with 
^ = (x2 - x\)h4 d_ 

3 + Aszh4 + s(x2 - xl)(h4yxi dxi' 

Since the diffeomorphism constructe d abov e clearly satisfies (3.8) we conclude that 
p = x2- /̂4(modM31_2-3). • 
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Remark 3.4. — In case i) considered in the proposition 

p(x, y) = x2 + ci(y)x\ +  c2{y)x\ + c3(y)xl + ^2aij(y)xixj +  (?(|x|3), 
i<j 

and the assumption that {x\ — x2 — 0} and {x2 = x3 =  0} are glancing easily implies 
that ci, c3 >  0. 

The ma p \I>(xi , X2, X3) =  (2x 3 + x\ — 3x2xi , X2 X2, 3X1, y) transform s Q t o 
{4̂ 3X1 — x\ — 0} , thus the cone on the right hand side of d) in Proposition 3.1 is 
essentially symmetric with respect to the interchange of xi and X3. Roughly speaking, 
an additional blow-up near /3^ (Q D G) fl dX\ i s needed to undo the asymmetry of the 
1-2-3 blow-up. 

To introduce it we first change coordinates (using a diffeomorphism satisfying (3.8)) 
so that i) of Proposition 3.3 holds. Usin g the lift o f these coordinates, we blow-up 
with the 2-1-1 homogeneity the codimension three submanifold dX\ D  t3{{x\ = x2 = 
0,x3>0} = dX1nftD+: 

I 2 ^ I l A i , / ?2=/Wl 2 

X2 = X1\ (dXi n  P{D+) U (§Li-i+ x  Mn-3), 

where §2-1-1+ 1 S a  na^ non-round sphere {v € M3 :  v\ + v2 + v3 = 1, v3 > 0} and 

(312(p,v,y) = (p2vx,pv2,pv3,y), 

with the coordinates in Xi nea r dX\ P i chose n so that 

/31(X1,X2,r,y) = (rX1,r2X2,r3,y) € X. 

The manifold JC2 ha s a codimension two corner and dX2 is shown in Fig. 3.2. 

X4 > X3 > X2 >  X, 

Figure 3.2. The hierarchy of blow-ups 
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Since S and H are simply tangent at D another blow-up is still needed: 

X3 X2 ^ Xi X , f33 = Pi o fa o  /323-

Here, the line P2D+ is blown-up with the 2-1-0 homogeneity in the coordinates where 
#5if f l AT =  {X1 = 0 } H N an d H N = {4X i -  X f =  0 } fl AT wher e N i s a 
neighbourhood of -  se e [43] . 

There are additional tangencies and singularities that̂ have not yet been resolved: 
the tangencies described in Proposition 2. 5 persist i n X\ a t (31B a s does the cusp 
singularity of PIR at (3*L. Th e former is resolved using a succession of normal blow-
ups [33] (see Fig. 3.3) and the latter usin g the 3-2 blow up [43] , only at an d 

respectively {f3{L+ =  ft*(Lfl {x\ > 0}. Thi s leads to the space X4: 

x 4 ^ x 3 A x , p = f34 = p3op34 

see Fig. 3.2. 
For future reference we also define X5, analogously to X4 but obtained by applying 

the same blow-ups at the lifts of D±, L±, B± rather than of D+, L+, £+ only : 

x 5 ^ x 3 A x , ft =  / W 3 5 . 

We shall now define the C°°-algebra JkL2c(X,H) associate d t o the geometry in 
the open manifold X . I n the notation w e stress the dependence on the 'artificial ' 
characteristic hypersurface H G £&. 

Let us first consider the surfaces in X4 obtained from the geometry in X: 

0*F, (3*R, 0*(FnR\B), (3*(S+nR\B), (3*H 

where we note that the lifts of B+, D+ an d L+ are included in the boundary of X4. 
Let §  b e the variety obtaine d b y taking a  disjoint unio n o f the five submanifolds 
above with 8X4: 

S = 0*F U 0*R U /3* S+ U 0*(F HR\B)U /3*(S + C\R\B)U (3*H U dX4. (3.9 ) 

Ideally, we would want to define JkL2(X, H) as the /3-pushforward o f the conormal 
spaces associated to § which is in fact done for the interior problem. Here , however, 
this would be disastrous. 

In chapter 5  we shall define K\ — K\{e) C Xi (se e Fig. 5.1) which in some sense 
constitutes a 'non-homogeneous' past. W e can take e small enough so that 

01 (F nR\B)cXi\K1(e)<* 0{{F fl dX) C  Xi \ K^e). (3.10 ) 

Since the all the higher generation blow-ups occur away from K\ w e can think of it 
as a subset of X4 (or 0\±K\ = K\). 
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B,*R 
B,*R 

B,*R B,*R 

B,*R 

B,*R 0 ; * 

B,*R 
vB,*R 

B,*R 

BTF 

B,*R 
B,*R 

B,*R 

B,*R vB,*R 

B,*R 
B,*R 

B,*R 

Figure 3.3. The three normal blow-ups of fi\B 

Definition 3.5. —  For k G  No, we define 

JkL2c(X,H) =(3*{U eIkLl(X4;V(X4lB)) :  U \Kl G IkLl(X4,P*F U  dX4) \Kl}, 

w/iere £fte variety S z s given fry (3.9) an d JFCi = i^i(e) (/we n 6 y Definition 5.1 with 
e such that (3.10 ) is satisfied. The norm is defined using the norm of the lift: 

WUW JfcL2(X,ii) ~ WP*U\\lkLl(X4;0(X4,§>)) + WP*U\Ki\\lkLl(X4,0*FUdXi)\Klm 

We also define J\L2{X, H) by demanding that n, Du G  JkL\{X, H), with the obvious 
norm. 

For non-integral values of the order of regularity we use complex interpolation and 
define: 

Jk+SL2(X, H) = [JkL2(X, H), Jk+iL2(X, H)]s, 0  < s < 1, (3.11) 
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and similarly for J^+SL2(X , H). 

This i s a  pseudo-conormal space a s i t involve s an additiona l conditio n i n K\. Th e 
corresponding pseudo-conormal space for the manifold with boundary X i s essentially 
obtained b y restriction with an additional singular support condition : 

Definition 3.6. —  For s > 0 , s G l we define 

JSL2(X) = {ue L2(X) : for every H G & there exists u G JSL2(X, H) 

with u \x= u and sing supp{s)un(F\FUR\RU 5 + \ S+) = 0  }. 

We recal l tha t usin g th e regularit y functio n su(x) (cf . [14] , Sect . 18.1) , w e defin e 
sing supp^-u =  {x : su(x) < s} whic h by lower semi-continuity o f su is closed. Th e 
space JSL2(X) i s not a  norme d spac e an d althoug h i t ca n b e mad e int o a  Freche t 
space w e shal l no t nee d thi s fac t here . Th e L2oc base d space s ar e define d i n th e 
obvious way: u G JsL2oc(X) i f and only if for an y \ £  Co°PO> Xu € JSL2{X). 

Remark 3.7. —  Although the definition of the blow-up involves the choice of H, it 
can in fact be made independent of it. It is also true that away from T the spaces 
JSL2(X) is the same as the space defined without including the lift ofH in the defining 
variety. That statement is non-trivial only near D. 

The complications of the definitions ar e now compensated by the simplicity of the 
proof of the followin g 

Theorem 3.8. — The spaces JsL2oc(X, H) n L£C(X) and JsLfoc(X) n L£C(X) given 
by Definitions 3.5 and 3.6 respectively are C°° -modules and C°°-algebras. 

In fact , w e use the identification o f the conormal spaces on the 'blown-up ' side with 
6-Sobolev spaces (see Appendix B) and then apply the well known algebra properties 
of those spaces. 

As in the earlier work on conormal regularity the difficul t par t i s the propagatio n 
theorem. Fo r the interior problem it i s proved in Theorem 7 , page 1026 of [34]: 

Theorem 3.9. — If the variety §5 in X$ is given by (3.9) with ¡3 replaced by /3$, and 

Pu = f in X, u\x_=0, /G(/35)*(4^5(X5,§5)), 

then 

u,Du G (p5UlkLl5joc(X5^5)). 

The main resul t o f this pape r i s the propagation theore m fo r th e Dirichle t proble m 
and th e spac e JkL2(X) - se e chapte r 8 . A  simpler refinemen t o f Theore m 3. 9 t o 
JkL2(X, H) wil l be given in chapter 5. 
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4. MICROLOCALLY CHARACTERIZED 
SPACES OF DISTRIBUTIONS 

4.1. Th e importan t notio n o f solution s t o linea r rea l principa l typ e equation s 
associated t o Lagrangian submanifolds wa s introduce d i n [13] . Tha t followe d a 
rich traditio n i n geometri c optic s an d semi-classica l analysi s alread y exploite d i n 
[17, 23] and generalized the notion of oscillatory solutions by recasting i t i n terms 
of propagation of singularities. Th e control of multiplicative properties required in 
the stud y o f non-linear problem s made i t necessar y to introduc e a  larger clas s of 
geometrically defined marked Lagrangian distributions [27, 30]. Additional motivation 
came also from th e study o f operators with doubl e characteristics an d o f singular 
Radon transforms [12 , 38]. For the basic material needed in this paper we refer the 
reader to the presentation in [34], chapter 9, while a proper development of the theory 
will appear in [30]. 

The purpos e o f thi s sectio n i s t o exten d th e notio n o f marke d Lagrangia n 
distributions i n two directions: t o sub - and super-marke d Lagrangia n spaces , the 
closely related spaces associated with Lagrangian manifolds with boundaries, and to 
marked Lagrangia n spaces on a  manifold wit h boundary , M. I n the las t cas e we 
allow, unlike in [34] , certain Lagrangians which are not smooth in bT*M\0. These 
two directions are rather independent at this point, with a rather special connection, 
however, which will be exploited in chapter 7. 

To make this section self-contained we start with the general discussion of marked 
spaces, conducte d fo r simplicit y i n th e cas e o f infinit e regularity . W e shall then 
proceed with the more detailed theory of |- an d 2-marked spaces. For our purposes 
it will be sufficient t o consider only markings by a single submanifold. 

Let M be a C°° n-manifol d withou t boundary and let Ao, Ai C T*M\0 be conic 
Lagrangian C° ° submanifolds , intersectin g cleanly . The n K = A 0 fl Ai i s a  C°° 
embedded coni c submanifold o f Ao, and an y such K ca n be obtained locall y a s a 
clean intersection with a Lagrangian submanifold Ai. We define the following marked 
Lagrangian varieties associated to this geometry: 

£0 = A0, £ i =  {A0, K}, £o o - A 0 U Ai = {A0 U Ai\A0 n Ai, A0 D Ai} (4.1 ) 
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(4.3) 

and the corresponding \£phg(M)-modules of first order pseudodifferential operators: 

^hg(M;£t) ={A e %hs(M) : <r1(A)\L = 0, Hai(A) (4 2) 
is tangent to L for all L G £*}, t = 0,1, oo. 

The H(s) (M)-based spaces of (marked ) Lagrangia n distributions associate d to the 
varieties (4.1) are defined as 

Itfw(M;£t) ={u G FFW(M) : Ai.. . €  H{a)(M) 

for ^ G ̂ phg(M; £.t) an d / G N}, t = 0,1, oo. 

The space on which the iterate d regularit y i s based, H(s) can clearly be replaced 
by H™™p o r Hl£y Suppose now that K = Ao Pi Ai is assumed to be an embedded 
hypersurface in AQ. Locally, we can use the following model for the geometry (which 
is a special case of a more general extension of Darboux's theorem [38]) : M C MN 
open, 0 G M and 

A0 = T0*Mn\0, A i = N*{x : Xl = • • • = ZN-I =  0}. (4.4 ) 

In this case one easily sees that \I/phg(M; JL*) is the \J>phg(M)-span of 

XiDXj i,j = l,...,n t = 0 (4.5 ) 
XiDXj,xnDXri,x2nDXj i = l , . . . , n- l, j =  l,. . . ,n t  = l  (4.6 ) 

XiDXj,xnDXn i , j =  1,.. . ,n,z ^ n , t  = oo. (4.7 ) 

Thus 

u G JFF(A)(M;£T) S A G 5L2(ms,£(1+t)-i) (4.8) 

where ras = (1 + If!2)*, 

s,£(1+t)-i) 
s,£(1+t)-i) 

1 + KI2 
s,£(1+t)-i) 

(l + K'l2)a+£ + l 
and SX2 are the £2(Mn) based symbols (replacing L°° by L2 i n Sect. 18.4 of [14]). 
Since we have 

IH{a){M]£o) C /JÏ(A)(M,£i) C /ffw(M ,£oo) 
one expect s tha t changin g o f a  = ( 1 + £)-1 i n (4.8) will lea d t o ne w classes of 
distributions which we will call sub-marked Lagrangian for 0 <  t < 1  and super-
marked Lagrangian distributions for 1 < t < oo. Since, unlike (4.2) and (4.3), the 
definitions usin g the model metrics ga are not a priori invariant we might have to 
allow for mor e geometric information. Thi s wil l indeed be the cas e for th e super 
marked distributions. 

To start we need to review the definition of the k-jet bundle of a manifold Y. Using 
the identification of Y with the diagonal in Y x Y, 

F - A y =  {(y,j/): yeY}GY xY 
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we define for k > 0 the following vector bundle over Y : 

jk(YY = g(Y)/â(Y)k+1, S (Y) C C°°(Y x Y) (4.9 ) 
â(Y) = { f e C°°( Y x Y) :  f\AY = 0}. (4.10 ) 

Then Jk(Y) = (Jk{Y)*)* —> Y i s the k-jet bundle. If Y  C  X i s an embedded 
submanifold of a C°° manifold X, then using the pull back of i\ YxY^XxXwe 
obtain a natural mapping Jk(X)* —> Jk(Y)* and consequently Jk(Y) —> Jk(X). 
Restricting Jk(X) t o Y we obtain Jy (X) the jet of X at Y, with the natural inclusion 
Jfc(Y) C Jy (X). The inclusion map can be replaced by a more general / :  X\ — > X2 
which then induces 

Jkf : Jk(X1) —> Jk(X2). 

If X = X\ = X2 and Yi C  Y C  X ar e embedded submanifolds , w e say that / 
preserves the k-th jet of Y a t Y\ if 

JKf(JlAY))cJUY). 

where Jy (Y) is naturally included in Jy (X). 
We now extend the notion of marked Lagrangian varieties of the type shown in 

(4.1) to the jet Lagrangian varieties: 

£? = {Ao, A r 1 ' A i , t } (4.11) 

where we include the index t, 0 < t < 00 in the variety an d allo w the convention 
J°(Y) ~ Y. 

Definition 4.1. —  For 0 < £ < 00 and Ao, Ai gwen fry (4) we define the t-marked 
Lagrangian spaces associated to the jet Lagrangian varieties £® given by (8) as 

IH(s){M,S°t) = {u e H(S){M) : (4>u)A G 5L2(ms,5(1+t)-1) for cj> G C0°°(M)}. 

For the harder finite regularity case and t = 2-1,l,2, th e invariance properties 
will be given in Proposition 4.1. In Proposition 4.3 we shall give, for the same £'s and 
finite regularity , the proof of the following identity, quite easy in the case considered 
now 

Jfrw(M,£oo) = Iffw(M,£j) + /ffw(M,£i), 0 < t < 00. (4.12 ) 

where £^ is the variety obtained from £t in (8) by exchanging A0 and Ai. This reflects 
the main rôle of the sub- and super-marked Lagrangian spaces, which is in providing 
decompositions of spaces associated to pairs of intersecting Lagrangians into terms 
which can be treated individually. 

We conclud e thi s introductor y discussio n b y definin g (marked ) Lagrangia n 
distributions associate d t o Lagrangian s with boundaries , agai n onl y in the model 
case and with infinite order of regularity. 
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Thus, in addition to the models given by (4.4) we consider 

A± = A0 H {±£n > 0}, dA ± - {£ n = 0} H A0 = A0 n Ai. (4.13 ) 

The marking will now indicate the microlocalization on one side of the boundary: the 
lower the marking the more localized the singularities are to A^. As we shall see in 
Proposition 4.2, for the case t = 2, the invariance requires an additional marking in the 
transversal direction as can be seen from the uncertainty principle. As before, super-
marking requires additional geometric information and we introduce the following jet 
Lagrangian varieties: 

£? =  {A±,f}, t > 1; £± = {A^rf-*" I+1)A!,*}, 0  < t < 1. (4.14 ) 

For t = 0  we could consider A^ U Ai obtaining a slightly larger space than the one 
considered [38]. 

Definition 4.2. — For AQ given by (4.13) and the jet varieties in (4.14) we define 
for 0 < t < oc 

IH(a)(M,£f) ={u € JHw(M,£t-i) : x(l€i|)x(-|4i|" ^ n X K i l" ^ n ) " ^ ) ' 
e SLHms,g<_^{), forN>0 and <j> e C??{M)\ 

(4.15) 

and where £¿,771^,^0 ; are given by (4.14) and (4.8), X £ C°°(R), 

x(t) = 
0, t < 1 

II, t>2. 
(4.16) 

The decomposition (4.10) can now be refined to 

IH{s)(M,l0) = IHla)(M,£l) + Y,IH(s)(M,<£±),0 <t<0o. (4.17 ) 

4.2. W e shall now develop carefully the ideas presented in the first part of this section 
for the cases t = |, 1,2 an d finite regularity. W e recall that the marked Lagrangian 
distributions of [30] constitute the case t = 1 . 

For the application s i n chapte r 7  it i s convenient t o stat e th e definition s fo r a 
slightly different model : 

A0 = AT{xi = x2 = 0} C T*Rn\0, A i = Â *{xi = 0} C T*Rn\0, (4.18 ) 

with the coordinates x G  Rn written as (xi,x2,x/), x' G  Rn~2. For M C  Rn, open, 
0 G M, we give 
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Definition 4.3. — Let AQ and Ai be given by (4.18). Then 

J2fcff^(M;Ao,A0nAi,£) =  UeH(s)(M): (xlDxAkHx1Dx,)kHx2Dx^x^u 

e H,a+ikA)(M), \a'\ + fci + k2 + A;3 + «*4 < 2fc , 

l2k+iH(s)(M; Ao, A0nAi, §) = 
l2(k+i)H{s)(M; A0, A0 H Ai,\),I2kH{s)(M] A0 , A0 n Ai, | ) Â, 

and 

IkH(8)(M;Ao,jlnAAu2) = 

\ u e H(S)(M) : Z3^(^i^i)fcl(^i^a)fc2(a:2^2)fc3^4u 

G fl7a+ifc4)(M), |a'| + fci + k2 + A:3 + -k4 < k . \ 

One should observe that fo r ft =  o o these definitions coincid e with Definition 4.1. 
In this case, as before, we could use the variety notation £t, t — | ,2 . In both sub-
and super-marked cases above, it i s crucial that the operators appear with variable 
weights in the stability conditions. Thus we say that {Dx)$x2 has weight |, (Dx)zx2, 
weight |. Th e correct filtration is based on operators of order 1 and that explains the 
need for fractional weights for operators of different orders . 

We now want to verify the invariance of the t-marked spaces. Thus, let V C T*Rn\0 
be a connected open conic neighbourhood of ra0 = (0; (1,0,..., 0)) and let us consider 
a canonical transformation 

x : r  _ > T*Rn\0 , x(m0 ) = mo (4.19 ) 

preserving the model geometry (4.18): 

X(A0 n r )c Ao , JlX{A0^Ai n  Jf(T*M"\0)) C  JlAonAlAi- (4-20) 

For such x we have 

Proposition 4.4. — Let F be a Fourier Integral Operator of order 0 associated to a 
canonical transformation x satisfying (4.20 ) with I = —([—t] + 1). Then, ift = \, 1, 2 

F : IkH(s) (M, Ao, JI0(H+1)Ai, *) —>• hH(s) (M, A0, J^'^Ai, t) 

Proof — We will give the proof in the case t = 2. When t = 1, the invariance is 
clear from the symplectically invariant definitions (4.2), (4.3) and the case t = \ i s 
similar and simpler, as in particular it does not involve the jet bundle. I t can also be 
derived by the methods of [30] or by using the calculus of Lagrangian distributions 
of class Ig in [14], Sect. 25.1. 
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For t = 2, the argument is easier in the model given by (4.4) and it is clear that by 
composition of Fourier Integral Operators we will obtain the invariance in the general 
case and in particular i n the model given by (4.18) . Thi s means that, b y Egorov's 
theorem, we change the operators in Definition 4.3 to 

(x,)a'Dg\x1DxJk*(x1DX;t)k>(x2DXa)k*xk2*u G H{s+,ki)(M), 
1 (4-21 ) 

\a'\ + h + k2 + k3 + -k4 < k, WF{k+s\u) c T. 
O 

Without the loss of generality, we can also assume that s = 0. As in chapter 9 of [30] 
we first observe that i f x_1(y, rj) = (X(y, 77), E(y, 77)) then 

Fu(y) = ^  Je'^bfavMSfavVdv, b G 5°(Rn;R") 

and we start by specifying the properties of H = (Hi , H2, H'), H' G Rn~2, implied by 
the jet condition (4.20): 

^l^,7?) — f/i^i^ 77)5 hi(mo) y£ 0,/ii homogeneou s of degree 0 
2̂(2/, r/) = r)2h2(y,ri) + 2/101(2/, 77) + ylg2(y,rj) + (y',g(y,rj)), 

h2(y, v) = h20(rj) + 2/2̂ 22(̂ 7,2/), h2{m0) ^ 0 , (4.22 ) 
/1̂  homogeneous of degree 0, gi,g homogeneous of degree 1, 
I S ' M I <C|77i| for (2/,7/)Gf, 

where T C T is another conic neighbourhood of mo, suppfr C Y. 
To illustrate the simple idea of the proof, let us consider the following integral: 

/(2/1,2/2) = J e^afaim + yZmWri, aG5L2(l,<7i). 

By taking the Fourier transform in the y\ variable and making a substitution 

A = r/i, y = A*y2, V = A*772 

(that is , introducing a  nonhomogeneous blow-up on the Fourier transform side , see 
chapter 7) , we obtain 

/i(A,2/) = ±J e^ai(A ,77 + A ^ ^ + V j A * ^ 

with ai stable under \D\, ijDrj, wit h weights 1,1, | respectively . I f 1 —(fc + l)/3 < 
0, that i s k > 2, one easily checks the stability of /1 under the same operators and 
with the same weights. 
Returning to the actual situation, we observe that in view of (4.21) it suffices to check 
that 

H(yiDyi)k<(y2Dy2)k>yl2Fu(y) G  H(il)(M) (4.23 ) 
¿#2 
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if 

n ^ i ^ m ) * 1 ^ ^ ) * 2 ^ ! * ^ ) ^ ) ^ ^ ) G  L2(Rn), n G &'(M) (4.24 ) 

where in both cases EA^ + \l <k an d a i s arbitrary. Usin g (4.22 ) we write 

Fu(y) = ~^ J e ^ b ^ x 

^1/11,772/120 + 2̂̂ 2̂ 22 + 2/1^1+2/^2 + (y',g),Z'(y,ri))dr), (4.25 ) 

where h\ ^ 0  and /120 ^ 0  in T . Thus , w e can replac e u b y a (771,772 + r]2y2h22 + 
2/i#i + 2/i#2 + (2/',5),S''(2/577)), wit h 0(77) satisfying (4.24) . W e denote th e integra l 
obtained thi s wa y by F{a,b) an d w e show that th e applicatio n o f the operator s in 
(4.23) changes F(a, b) to F(a, 6) with b G 5°(Rn, Rn), or S~i (Rn, Rn) suppfc C f an d 
a satisfying (4.24 ) with A: decreased depending on the weight of the operator applie d 
(1 o r | ) . We start wit h 

y2F(a,b)(y) = ^ je^(-A,2)W? = 

_ _ L Jei<iM,)(1 + y2h22 + V2y2(h22ym + y^g^ + yl{g2)'m + (y', {g)'m)){Dma)b dr,, 

where we omitted the terms F(a, &i), b\ G S°. Th e term in brackets can be absorbed 
into 6, while a can b e replace d b y a = rjf Dma. Thu s w e obtain F(a,b) wit h 6 G 
S~ 3 (Rn, Rn) and a satisfying (4.24) with A: replaced by k — |. Boundednes s properties 
on Sobolev spaces for Fourie r Integra l Operator s show that F(ä,b) G if (s+i)(M) i f 
F(a,b)€H(s)(M). 
We now consider 

(y2DV2)Fu = J e^y2 • 772(6a)d77 + J e^y2 x 

r)2y2{h22)'y2 +772/122 + 2/1(01 )J,2 + {y^gyS^iD^a) + (3(,2, A,/)a 6̂ 77 (4.26) 

Since th e neede d estimat e i s loca l nea r y\ — y2 = 0 , we can,_withou t th e los s of 
generality, shrink the support o f 6, T , so that \y2h22(rj)\ <  |  i n T. Thus by changing 
b to ( 1 + y2h22(rj))~1b1 we can introduce the factor ( 1 + 2/2̂ 22(77)) in the integrand on 
the right hand side of (4.26). Neglectin g the terms of the form F(a, 61), 61 G 5°, the 
first ter m in the right hand side of (4.26) can then be written as 

" ( 2 ^ / ei{V,7l)^2 +  №2^22 +  VlSl + V^2 +  (y'>9))(Dri2a) ' bdr) 

+ 2^ / ^ ' t a +  ^2 +  < ^ » a ^ - (4-27 ) 
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The firs t integra l i s of the form F(a , b) with a  =  rj2Dma (77 2 becomes the firs t ter m 
in brackets), which satisfies (4.24 ) with k decreased by 1. 
In the second term we integrate by parts using the stability under r]iDm, rjiD^ an d 
771 D%, \a\ = 1  in (4.24 ) fo r 2/1(2/201), 2/2(#2) an d (y',g) respectively . I n fact , le t u s 
verify thi s for r]iDm: 

{r)iDm) [0(771,77 2 + r/22/2^2 2 +  2/10 1 + 2/20 2 + (2/',0>,S')] =  (4.28 ) 
[2/2^2(771(^22)^) +  ^712/1(01) ^ +  ^12/2(02)^ +  ( 2 / ' , ^ ) ] A^ a 

where w e omitted th e term s rjiDma and rjiD^a a s the n w e can us e the operator s 
in (4.24) . Sinc e we have the stabilit y unde r 771 D32 with weigh t 1  in (4.24) , the goa l 
is to brin g the numbe r o f 77 2 derivatives fallin g o n a to three . Fo r the firs t ter m i n 
(4.28) we use (4.27) again, with b in the first term replaced by y2(r]i(h22ym)b G  S°(T) 
and a i n th e secon d ter m b y y2DV2a- For th e remainin g term s i n (4.28) , w e use 
yi exp(z(2/, 77)) =  Dmexp(i(y,r]}) an d integratio n b y parts . I n eac h cas e ther e i s a 
gain i n the numbe r o f 77 2 derivatives, s o after a t mos t thre e application s w e obtain 

Since rii1gi,r)i1g G  S°(r), th e secon d integra l i s agai n o f th e for m F(a,b), wit h 
b G  S° an d a satisfyin g (4.24 ) wit h k decrease d b y 1 . Th e analysi s o f th e secon d 
term o n the righ t han d sid e of (4.26 ) an d the verification o f the stability  unde r th e 
remaining operators in (4.23 ) are similar and ar e left t o the reader. • 

We shall now present th e finit e regularit y analogu e of Definition 4.2 . I n that w e 
restrict ourselve s to the case relevant i n our applications , t = 2. 

Definition 4.5. —  Let A0 and Ai be given by (4.18) and let M C  W1 be a bounded 
open set, 0 e M. If Aq = A0n {±^n > 0} , then 

I2kH{s)(M, A J, 2) = {u G  H{S)(M) :  D?, (XlDXl)k* (xlDX2)k^x2DX2)k-xk' 

(x(|ei |)x(+iarf6)(leirf6)fe0(^)A)V G  H(s+ik4)(M) 

for 0 G  C0°°(M), \a'\ + k1+k2 + k3 + ^k4 + ^k0 < 2k} 

with x €  C°°(R ) satisfying (4.16) and (#)v denoting the inverse Fourier transform. 
For odd orders of regularity 2k +  1 , I2k+iH(s}(M, Aj, 2) is defined by complex 
interpolation as in Definition 1^.3. 

To study the invariance properties, let T and x be as in (4.19) with (4.20) replaced 
by 

X(A0±nr)cA0±. (4.29 ) 

The analogue of Proposition 4.1 is: 

Proposition 4.6. —  Let F be a Fourier Integral Operator of order 0 associated to the 
canonical transformation \ which satisfies (4.29). Then 

F : IkH(s)(M, A±,2) — • IkH(s)(M, A±,2). 
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Proof. — We can consider onl y AQ an d assume that k is even as the od d order 
case will follow by complex interpolation. W e shall use the same model (4.4) as in 
the proof of Proposition 4.1 with A^ given by (4.13) As in (4.21), Egorov's theorem 
provides the defining operators (see (4.34) below) and we can assume that 

WF^k)(u) C T, WFW(Fu) C  T, 

where T C T is a small conic neighbourhood of mo- It is convenient however to use the 
representation of F involving the generating function of the canonical transformation: 

(y,V) = X(x,0 (2/>mx,0 = (2/> <t>'y\ 0£>0> 

Fu(y) = 1 
(27T)n (2/>mx,0 = (2/> <t> sss 

(4.30) 

The assumption (4.29) implies that 

<f>(v,t) = Vitihi(y,t) + V2S2h2{y,0 + {y',g{v,0), (4.31) 

where /ii ,/i2 ar e homogeneous of degree 0 and positive in T, g is homogeneous of 
degree 1 with g^t o f rank n — 2 in I\ 
We shall, as in the proof of Proposition 4.1, consider more general integrals, starting 
with the Fourier transform of (4.30): 

G(a,6)fa) = 1 
;2TT)» . 

W H d e ^ y ^ - ^ ) ^ - 1 ^ ^ £, n)a{£) dÇ dy (4.32) 

where b E  5^ n(Mn,R2n), supp b cTi wit h Ti a small conic neighbourhood of 
(0; (1,0,..., 0), (1,0,... 0)) (with respect to the R+-action in the last 2n coordinates). 
In fact b is assumed to satisfy a  stronger estimate: 

\DtD$b\ < Ca0(l + + %)-(l«»"l+l̂ "l+t(aa+A))-« ^ 

I = 1(b), a" = (ai,a3,...,an), ¡3" = (ft, ft,... ,ft). 

The cut-off ip e  C£°(R\0), is chosen so that tp(t) = 1 fo r £ < t < C for some C. We 
assume also that a satisfies 

tD$b\ < Ca0(l + + %)-(l«»"l+l^"l+t(aa+A))- qdsdfdfdds(sks_ 
e ( i + |AI)MAX(0'~P)̂ 2(̂ N), (4.34) 

+ *i + *2 + +  LA'I < max(0,p), p  = p(a) E  \Z. 

We observe that th e boundednes s o f Fourie r Integra l Operator s i n the clas s J j ', 
3 

implies that 
G(a,b) E  #(l(&)+max(O,-p(a)))0̂ )- (4.35) 
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The cut-off ^ f 1 ^) i n (4.32) can be inserted, at the expense of smooth error terms, 
in the integrand on the right hand side of 

Fu(ri) = 1 
(2TT)" , eWVA>-4v*>b(v,£)û(£)d* dv (4.36) 

since 

I c**(».o-«(».'»)6(y,o(i - W h X = <?((i +161 + \m\rN) (4.37) 

for an y N > 0 . In fac t sinc e >  0  in f , /¿1(0 , (1,0,..., 0)) =  1 , we have 
W>(2/,0 - {v,v)Yyi > c(l + + fail) in the support o f (1 - ^ r S i ) i f C and c 
are appropriately chosen. Thus, standard oscillatory integral estimates (see Theorem 
7.7.1 of [14] , as applied i n Sect . 25.1 there) giv e (4.22) . W e conclude that Fu is 
essentially of the form (4.32) with p(a) = k, and we want to show that it also satisfies 
the estimate (4.34) with p = k. 
If we apply the first operator in (4.34) to (4.32) we obtain 

X(-Vi 5%)(T/ I ~3m)G(a,b) = A +/2, (4.38) 

where the decomposition was obtained by inserting 1 = x(£i 3^2 ) + (1 — x)(£i 3Ò) 
in the integrand: 

/1 = 
1 

(2TT)» J 
eiHy,S)-i(y,v)% îmh{y. ^ V)x(-Vi *»fc)x«i *6)a(0dÇ dy. (4.39) 

We shall no w integrate by parts t o pu t I\ i n the for m (4.32) with ne w a and b. 
Strictly speaking, we should also introduce a cutoff in simila r to ip, reducing the 
integration in t o a compact set. For this we observe that since g^, i n (4.31) has 
rank n — 2,y' can be expressed in terms of (y', g'^,) € Rn~2 and there exist differentia l 
operators Qi(y, £, D^) an d Q2G/ , £iDçf) °f order 1 with coefficients homogeneous of 
degree 1 in £ such that 

егфШ)-Цу,п) =  („„ _  C(H + (hy ) Г 1 

-£>„, + Q2 (y,£,De.)) - ft, L I - 5 Î ft2 л fti L  > 
( 6 % - 6 ( ^ 2 ) ^ 6 ^ + Qi(y,£,^<))J c^"'«-*<"'"> . (4.40) 

The last term is obtained by writing 

yieiHy^)-i(y,v) yieiHy^)-i(y,v Ы, Q'c ))Е*+™Л>-Г<™> = 

\De, -Í2 (ho i „ ß f , - f i » i / i i i , -(y',9'i2))-(y'r9i)} „гф(у,й-г(у,Г)) 
(4.41) 

and observing that if V is small enough then Ife/Ci)^^)*, (^l)^! < h-
2 

Since \rj2 - 6 ( ^ 2 + 2/2(ft2)y2)| > cmax{^3, |&| + 1̂ 1} in tne support of the integrand, 
we obtain /1 =  G(ai,&i) where bx e SJzi(Rn;R2n), /1 = 1(b) + § (with the stronger 
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estimate (4.33) valid) and a\ satisfies (4.34 ) with p(a\) = p(a) — 1. Note that the gain 
of regularity in b\, compensates the decrease of p, so that th e weight of the operato r 
on a is | , sam e as that o f x(—Vi 3V2)Vi 3V2 —  see (4.34) and (4.35) . 
The analysis of I2 is similar but we now invoke the assumption that a is stable under 

(1 - X№ 36)£i 36 (4.42) 

with weight | . T o do that w e again use (4.40) to write 

h = 
1d 

(2TT)" 
(Um)Hi 3 [Uh2 + y2(h2yy2)-Dy2 + Q2(y,^D^-

(2/,£,Z?fO)]e^,-^'">6(y;^»7)(l-x)(Ci ~3t2)x(-V?m r xxx 

g1(2/,£,Z?fO)]e^,-^'">6(y;^»7)(l-x)(Ci ~3t2)x(-V?m)a(0 <% dy, 

and then integrate by parts. Thu s I2 = G(a2l 2̂) + G(a3,63), where a2 satisfies (4.34 ) 
with p(a2) = p(a) — \,b2 satisfie s (4.33 ) with l(b2) = 1(b) an d as satisfies (4.34 ) with 
p(az) = p(&) — 1 , bs satisfies (4.33 ) with /(63 ) =  1(b) + § • In both case s the effectiv e 
weights of operators are preserved. 
The action of the remaining operators is similar and simpler. Thu s we obtain 

g1(2/,£,Z?fO)]e^,-^'">6(y;^»7)(l-x)(Ci ~3t2)x(-V?m)a(0 <% d  
(4.43) N 

ss 
i=l 

qsds -fco + *i + k2 + -k3 + |a'| < p(a) 

with a» satisfying (4.34) withp(a») < p(a) and 6* G  Sâ'(Rn; R2n), / = max(0, -p(a)). 
3 'u 

Using (4.35) we conclude that Fu satisfie s (4.34) with p — k. • 

Having establishe d th e invariance we ca n now^giv e th e genera l definition . Le t 
M be a  C° ° manifol d o f dimensio n n an d le t A , A C T*M\0 b e coni c Lagrangia n 
submanifolds intersectin g cleanl y a t A fi A, a  hypersurface i n A . For t = | , 1, 2 we 
define the jet Lagrangian variety 

dsdv ' ADA ' J (4.44) 

We als o conside r A + C  A  C  T*M\0 , a  Lagrangia n submanifol d wit h boundary , 
<9A+ = A  n A and the variety 

£+ =  {A+,2} . (4.45) 

We should remark that subsequently we may use either the notation o r the explicit 
description of the variety as given by the right hand side of (4.44). 
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Definition 4.7. —  For A, A, £* above and t = | , 1, 2 we define the space 

IkH(s)(M;£t) 

as consisting ofu G iD'(M) such that there exists Uo G IkH^(M; A\AfiA) , a countable 
covering of A D A by parametrizations 

XJ : R,- —> T*Rn\0, A  n A C I J R , , (4.46 ) 
3 

Xj(Tj n  A) C A0, J-([-HDX j ;  J ^ ^A _ > J ^ ^ A x , 

where Ao and Ai ar e gwen fry (4.18), 

Fj E I°(Rn, M; (xj1)') and Vj 6 IkH{s)(Rn; A0, J^]+1)A1,t), 

where the last space was given in Definition 4..3. The distributions FjVj are assumed 
to have locally finite supports such that 

u-u0 -^FjVj G H{k)(M). 

j 

7/£+ is given by (4.45), the space 

IkH(s)(M;£+) 
is defined in a similar way using (Rn ; Aj, 2) given in Definition ^.5. 

We now proceed wit h th e finite regularity cas e of the decomposition s (4.12 ) an d 
(4.17). Fo r th e marke d Lagrangia n distribution s (t = 1 ) th e propositio n belo w 
was alread y establishe d i n [30] . It s proo f her e illustrates , i n a  computationall y 
simple case , the genera l philosophy o f relating microloca l an d conorma l space s (se e 
[25, 34 , 42]) , o n whic h w e shal l rel y heavil y i n chapte r 6  an d 7 . Fo r th e variet y 
A U A = { A U A\A H A, A H A} we define IkH(8) (M, A U A) by (4.3 ) with the obvious 
finite order modification . 

Proposition 4.8. —  Let A  and A be as in Definition 1^.1. Then for t = | , 1, 2 we 
have 

IkLfoc(M; AU A) = IkLic(M;£t) +/fcL?oc(M ; £1), (4.47 ) 

where £* is given by (4.24 ) and £* is obtained by exchanging A  and A there. In 
addition, if A = UA± , A+ n A_ =  dA± = A D A, then 

IkLlc(M, A U A) = IkL2oc(M; £ 2 ) + ] T /fcL2oc(M ; £±), (4.48 ) 
± 

with £± given by (4.45). 
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In the proof we shall only consider the case t = \ a s t = 2 is symmetric to it, while 
t = 1 is discussed in Remark 4.12. Th e proof is based on a lifting o f the right hand 
side of (4.47) to a conormal space. As the result is local and in view of the invariance, 
we take M to be a neighbourhood of 0 in Rn and A = Ai, A = A0 given by (4.18). 

With M = Rn we consider the following successive blow-ups of {x± = x2 = 0} 

M2 ^ Ml Pjz}M, /3 = /?i_2 o (4.49 ) 

where Mi is a manifold with boundary and M2 a  manifold with corners: 

Mi = M\{0} U (S}_3 x Rn"2) ~ R+ x S\_3 x Rn"2, S>{_3 = {u G R2 : u\ +  UJ\2 = 1}, 

with th e C° ° structur e give n b y th e secon d identification . Th e blow-dow n map 
/?3_i : Mi —> M is given by 

/?3-i :  (r,u,x') h— • (r3uuruj2lxf). (4.50 ) 

The second resolution M2 is obtained by the blow-up of (33„i{x2 = 0} D dM\ : 

M2 = Mi\(^_i{x2 = 0} H <9Mi) U (S{__2 x Rn"2) U (§}+_2 x Rn"2), 

where now §}±_2 =  {(0i,O2) :  ±#i >  Mi +  #2 = 1} (see Fig- 4-x) with the usual 
C°° structure (se e [28]) . Th e intermediate blow-dow n map /?i_2 :  M2 —> M± i s 
given b y f31.2{p,61xf) = (±p01,p292,x,)1 wher e (p,0,xf) G R+ x  §\+_2 x R—2, 
with coordinate s nea r (3s-i{x2 = 0,±# i >  0 } D <9Mi, (r, X2,x') chose n s o tha t 
(h-i(r,X2,x') = (±r3,rX2,x'). 

Using the definition (4.3 ) we easily see that u G I/cL12oc(M; A0 U Ai) if and only if 

(x1DXl)k^(x2DX2)k^x1DX2)k^D^u G L2oc(M), Ef c + \a'\ < k. 

This condition, Definition 4.3 of 7fcL2oc(M; Ao, «̂ A0nAi> 2) and the lifting of the vector 
fields i n projective coordinates, give 
Lemma 4.9. — ForAo,A i and M2,M above 

4L2oc(M; A0 U Ai) A * IkL^loc(M2,V(dM2 U/3*{xi = 0})), 

4L2OC(M;A0, JlonAlAi,2) 4L2?loc(M2,T )(AM2)), (4.51 ) 

where (3*v = dx. 

Proof. —  W e only need t o chec k tha t th e lef t han d sid e o f (4.51 ) i s defined b y 
stability under vector fields - tha t is clear for the space in the preceding line and the 
remaining portion of the proof is a straightforward computation. In view of Definition 
4.5 we first need to show that 

x\u G HtxAM), \l<k*=>u, (xlDXi)mue L2(M), m < k. (4.52 ) 3 3 
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The right hand side is equivalent t o (x^iDx))™ u G L2(M) an d the left han d side to 

u G L2(M). Sinc e [x2,(Dx)a] e *~3(M), th e lef t t o righ t implicatio n 
follows. Fo r the opposite direction we observe that i f u G  CQ°(M) the n 
[xl(Dx)-z 

\\X2(DX)3U\\2L2(M) = 
IM 

x2(Dxy,ôuû~dx -F 
IM 

[(Dxy'6,xï]{Dx)zuûdx 

< \\xl(Dx)2/3u\\L2{M)|M|L2(M) 4- IM|£2(M) 

and similarly 

\\xl(Dx)*u\\2L2(M) < \\xl(Dx)u\\L2{M)\\x2(Dx)3u\\L2{M) + \\u\\L2{M)\\x2{Dx)^u\\L2{M). 

Hence using 2ab < ea2 + e 1b2 we conclude that for u G  CQ°(M) 

(x2(Dx)i) u 
L2(M) 

<C 

m<k 

(xl{Dx)u)m 
\\L2(M) 

if /  <  3k. A density argument an d commutation wit h the remaining vector fields in 
the definition o f 7fcL2(M; A0, Ĵ onAi A i , 2) conclude the proof. • 

We should remark that th e last space on the right hand side is equal to H^(M2) 
with th e measur e v an d thu s the supermarke d spac e on the lef t i s an interpolatio n 
space in k. For every order k — 21 the space I2iL2oc(M; Ai, Ai f l A0, \) i s easily seen 
to be characterized by the condition 

(x1Dx^(x2DX2)k-(x1DX2)k^D^D^u G H(_hk,(M) (4.53) 

+ 1*4 + Kl <k = 2l. For I2iL2oc(M, Af ,2), Af = A1 n {±x2 > 0}, we need 
i<4 
to ad d the stability  unde r th e operator  x(\Dx1\)x('IF\Dx1\*X2)\Dx1\*X2 wit h weight 
| . Th e following Lemm a constitutes the harde r par t o f the proof o f Proposition 4. 3 
and i t wil l be crucial in chapter 7: 

Lemma 4.10. —  If 

v G  IkLtloc M 2,T5 /3*{a* = 0 , ±x2 > 0} U 0M2 

then 
P*v G 7feLfoc(M; Af,2) +  /3*HL)(M2)-

Proof. — W e observ e first  tha t th e tw o conorma l space s i n th e Lemm a ar e 
interpolation space s i n k. A s the Lagrangia n space , 7/cL2oc(M ; Af, 2) , wa s define d 
by comple x interpolatio n fo r k odd , w e only nee d t o prov e the lemm a fo r k — 2/ , 
/ G  Z+. It i s also sufficient t o consider the + cas e alone. 
We ca n assum e tha t supp v C  <  ex^} , as o n th e remainin g par t o f th e 
support th e functio n i s i n Hfk)(M2), se e Fig . 4.1 . Thu s w e can conside r supp v C 
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Mz sddd M, sd M 

Figure 4.1. The manifold M2 and the support of v 

M\ fl /?3_1 { | < ex3,} an d use coordinates (X,r), P^i(X,r) = (r3X,r), where we 
drop the insignificant coordinat e x'. We also have 

bT;uppvM2 ~ {(X, r; S, A) : X, 3, A € R, r e  R+}, 
and we can assume that 

WF(v)c{(X,r;E,X): |A | < |S|}. (4.54 ) 
In fact, using a ^-partition of unity, we obtain v = vi+v2l WF(^i) C {|A| < |S|} and 
WF(v2) C {|A| >  | |S|} . Sinc e (rDryvi G  l£(M2), p < k we obtain v2 G Hb(k)(M2), 
so it can be neglected. 
Using the ellipticity of .Dx in w e can then write 
v = I>?t; + t;#, 6  G IkH}m,(M2MF(*i = 0, x2 > 0} U 5Mi)), v* e H?h,(M2). 

(4.55) 
Replacing v by v — v#, we now claim that (3*v G  IkLfoc(M; A*, 2). Since all the other 
operators in (4.53) lift we only need to investigate Dvx<2 an d 

X(\dXI\)X(T\dXI\~3X2)\dXI\SX2. 

Thus, we start with p = 3m < 21 — k and 

Dt(3*v = 3M-(rDr - 3XDx)}3mDVv) = 

= D™BJr3m{-(rDr - 3XDx)}3mv) 

+ /?.([r3m{-№ -  3XDx)}3m,r-3mD%]v), (4.56 ) 

where we used DXl8* = 8*r-3Dx. Since [r-1(r.Dr -  3X.E>x),.Dx ] = r~13iDx, the 
expansion of the commutator gives 

Dl™fcv = DZ0.V1, vi €  I2k-2mL%Xoc{M2^{d*{x1 =  0,x2 > 0} U 3M2)), 
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so that D*™p*v e H{_m)(M) i f 2m < 21 = fc, that i s \p < k, p = 3m . Thus the 
weight of D?2 i s in agreement with the weights in IkL2oc(M, A J, 2). For p not divisible 
by 3 we use 

\DIU\\H(_2)(M) < ~\\Dl2u\\2H(i)(M) + -\\u\\lHM), u € C0°°(M). 

\\DIU\\H(_2)(M) < ~\\Dl2u\\2H(i)(M) + -\\u\\lHM), u € C0°°(M). 
(4.57) 

In (4.53) , DX2 is the only operator with a fractional weigh t ( |), so that i f D22 occur s 
we can use the stability under DX2. If VDX2A occurs , where A is a product of operators 
and V is an operator different fro m DX2, the n we can use (4.57), integration by parts 
and stability under V2A, D%2A, (D*X2A e ff(_i)(M)).  Thi s proves (4.53) for f3*v and 
we still need to consider the remaining multiplier . Tha t howeve r is easy, since for v, 
after al l the reductions above (mod if^(M2)) , 

x(\DXl\)x(-\Dx1\ix2)\DXl\*x2l3+v = 0. 

In fact, le t us consider H e L°°(M2) define d by 

H\M2\3M2 = (f3\M2\dM2y{(x2)-)-

Then f3*H = (#2)- and (x2)_/3*v = f3*Hv = 0, if as assumed, supp ^ C  /3*{|xi| < 
6^2}. We then observe that 

X(l An\M-\DX1\°X2)\DXI\ÎX2(X2)°_ = x(\DXL\)x(-\DXl\*x2)\DXl\*x2 

concluding the proof. 

Remark 4.11. —  A converse of Lemma 1±.2 is also true: 

ß*IkLfoc(M;Af,2) с IkUloc(M2;V(ß*{xi = 0,±x2 > 0} UdM2)), 

and although we do not need it, this fact is implicitly present in the Dirichlet estimates. 
Its failure (see Remark 7.8) in one case considered in chapter 7 explains to some 
extent the complications of the space JkL2(X). 

Proof — Proof of Proposition 4.3 It is easy to see that the right hand sides in (4.47) 
and (4.48) are contained in 7fcL2oc(M; A U A). Since IkL2(M]^±) C  7fcL2(M,£i), it 
remains to verify (4.48) and that easil y follows from Lemma s 4.1 and 4.2 as 

IkLlXoc(M2^{dM2 U (3*{Xl = 0})) = 

H\k)(M2) + J2hLl<loc(M^(dM2 U  (3*{xi = 0, ±x2 > 0})), 

which concludes the proof. 
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Remark 4.12. —  The same proof can be used for t =  1 , with the 3 — 1  and 1 — 2 
blow-up replaced by a 2 — 1  and 1 — 1  blow-ups of the same submanifolds (with the 
obvious modification in the latter case). The last (1 — 1) blow-up is not strictly speaking 
necessary but it is useful in characterizing /3*ifc(M; Ao U Ai) as a b-Sobolev space. 

4.3. Le t M  b e a  C°° manifol d wit h a  C°° boundar y DM. Th e fr-Lagrangian 
distributions i n Sect . 7  o f [34 ] wer e define d fo r C° ° homogeneou s Lagrangia n 
submanifolds A  C T*M\0 suc h that jA C  6T*M\0 i s smooth, 

j : T*M\0 — > bT*M\0. 

They were defined usin g (4.2 ) and (4.3 ) with totally characteristic operators, \Pj(M) 
employed i n plac e o f VP1 . W e need t o generaliz e thi s notio n t o allo w case s whe n 
jA C  6T*M\0 i s singular i n a controlled way. A  C°° submanifold o f 6T*M\0, bA, i s 
called a  homogeneous (b-)Lagrangian if and only if dim6A = dimM, 6  A D bT?jMM i s 
a homogeneous C°° Lagrangian submanifold o f T*<9M, 

bcj\TnibA = 0 V  m G bA n 6R;OM \0 , 

and bA is homogeneou s wit h respec t t o th e natura l R+-actio n o n bT*M\0 . Th e 
last tw o conditions simpl y stat e tha t bA n bT^oM\0 C  T*M°\0 i s a  homogeneou s 
Lagrangian submanifold o f T*M°\0. Locall y 6  A is given by the zeros of n = dimM 
functions i n C°°(6T*M\0) : 

6Anr =  { m e r : h{m) = • • • = fn(m) = 0} , 

fi G C°°(bT*M\0) , 6{/i,/i} = 0 , 
where T C  6T*M\ 0 i s a  coni c neighbourhoo d o f m  €  6A . T o pas s t o th e globa l 
situation we consider the ideal 

= { / e  C°°(br*M\0) :  /|bA=0} 

which i s locally finitely generated. Sinc e bA is homogeneous we introduce fo r ever y 
kez 

b9Kk(bA) = f)Ab n S£g(bT*M\0) 
and observe that 

bA = {m: /(m ) =  0 , V  / G b9Hfc(bA)} . 

Example 4.1. I f A o C  T*dM\Q i s a  homogeneou s Lagrangia n submanifol d an d 
M ^ dM x  [0,1), then A = {(x, y\^, rj) :  (y, 7y) G Ao,£ = 0 } C T*M\0 is a Lagrangian 
submanifold and jA C  bT*M\0 i s a C°° 6-Lagrangian submanifold . 
Example 4.2 Le t u s define A C T*M2\0 b y A = iV*{ x + y2 = 0}. If M = R2. = 
{x > 0} and A = A|T*M\o then br*M\0 D jA = {(x,y; A, 77) : z  + 2/2 = r]x-2y\ = 0, 
(77, A)  ̂(0,0) } is not smooth . 

We wish to consider Lagrangia n submanifolds simila r t o those in Example 4.2 in 
the sense of having defining function s whic h are polynomials in £ at the boundary in 
a way which is invariant unde r 6-canonica l transformations -  se e [26] , part III . 
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We use x a s the defining function o f the boundary and A  = bo~i(xDx) a s its 6-dual 
variable in bT*M\0. The n we consider 

S™gk(»T*M\0)=\ £  ^ap: ap e S™->(bT*M\0) \ , (4.58 ) 
^0<p<k 

where S[g(6T*M\0 ) ar e homogeneou s symbol s a G  C°°(6T*M\0). Thes e ar e th e 
symbols satisfyin g a(Trm) = rla(m), wher e Tr i s th e R + actio n generate d b y 
PdM + A <9A, paM the radial vector field on T*dM\0. 

The right-hand sid e of (4.58 ) involves a choice of coordinates but th e space S™'k 
is nevertheless invariantl y defined . I n fact , fo r k — 0 , S™g = S™g an d S™g can be 
characterized b y demanding tha t x • S™/ C  5^ an d tha t x - S™g X\bT*MM vanishe s 
at A  = bo~i(xDx) = 0 , fo r an y definin g functio n o f DM. Sinc e A  is wel l defined o n 
bTgMM this gives an invariant definition . W e then see that 

qm,k 

0<p<k 
К--- biv :  h. e SZA 

is also invariantly defined. W e should also remark tha t 

S™gk(bT*M\0)\T.MO\0 = 
0<o<k 

e^ap\T,MoX0 : ap G S™~p(bT*M\0) (4.59) 

where £  =  <Ji(Dx). Thi s characterize s a s well . Clearly , th e homogeneou s 
symbols (Shg ) coul d b e replace d b y th e polyhomogeneou s one s (£phg) , o r b y th e 
usual symbols. 

Definition 4.13. —  A homogeneous C°° Lagrangian submanifold A C  T*M\0 is 
called b-polynomially defined if and only if there exists an ideal B C ( J S^^(bT*M\0) 

such that 
A = {meT*M\0 : ff(m) = 0 , V / G 

Putting 

b9Hp (A) = 4  n H  (bT*M\Q) (4.60) 

and usin g ellipti c element s o f S°hg(bT*M\0) w e see tha t a  6-polynomiall y define d 
Lagrangian A is given as 

A = { m G T*M\0 : fa(m) =  0 , V  a G 69H* (A)}. (4.61 ) 
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We ca n defin e b9\lf(A) fo r a n arbitrar y A  C T*M \0 a s th e se t o f a G 
U SphAbT*M\°) such that J*aU =  °- Then for ̂ -polynomially defined Lagrangians 

k>0 
(4.61) holds . On e easily observes that i f jA = bA i s a smooth 6-Lagrangian , then 
fe9H^(A) D  bd\li(A) wit h stric t inclusio n in genera l (se e for instanc e Example 4.1 
above; equality occurs for A = N*dM). 

The property of being 6-polynomially defined i s local near each fiber of TQMM. 
Thus if m G T£MM, we say a C°° Lagrangia n A is 6-polynomially defined near m if 
for an open cone V C T*M\0, m G T 

A H r =  {m G r :  j*/(m) , V / G £r} (4.62 ) 

where #r i s an ideal in | J Sp£g(bT*M\0). I f T is everywhere locally 6-polynomially 
defined, a  partition of unity argument shows that A is 6-polynomially defined. W e 
could rephrase the local definition by saying that A is defined by b(d\if(A) near m (or 
in T). 
Example 4.3. W e give an example of a Lagrangian submanifold whic h is not b-
polynomially defined and to do that we start with the non-homogeneous case. Thus 
we define Ac iVc T*R̂ _, for a small neighbourhood of (0,0), iV, as the set of zeros 
of 

/i(x,2/;e,r7) = / (0 +  y(^ + l), 
/2(x,y;€,q)=x +  I/(C + l)-1(y + /,(0) 

where /  G C °°(R), f{k){0) = 0 for al l k an d f(t) ^ 0 if t ^ 0. W e easily check 
that d/i (0;0) an d dj'2(0; 0) are linearly independen t an d tha t {/i ,/2} = 0. Sinc e 
9|/i(0;0) = 0 for al l A; , /i(0, y; £, ry) cannot be written a s a polynomial in £. B y 
introducing a n additiona l variabl e z wit h th e dua l £ , a  homogeneous example is 
obtained b y takin g fi(x, y, z; £, n, C) _= _fi(x, y; ^/C, ̂ /C)» i = 1,2 and choosin g a 
homogeneous function /3, so that {/25 /3} = 0, as we may by Darboux's theorem. 
The vanishing of f^s define s a  smooth homogeneous Lagrangian submanifold i n a 
conic neighbourhood of (0; (0, 0,1)) G T*3R3 \ 0. 

If r° =  T n T*M°\0, where T is the open cone above, we can consider a canonical 
transformation 

X : r° — > T*M°\0, (4.63 ) 

which we assume extends to a 6-canonical transformation [25] 

bX : 6r —> bT*M\0, j(T) C bT (4.64 ) 

such that 

bx(j(m)) = Xmi), m i G Ta*MM\0. (4.65 ) 

The basic invariance property is now given in 
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Lemma 4.14. —  Let us assume that A,A i C T*M\ 0 are homogeneous C°° 
Lagrangian submanifolds and \ the properties (4.63), (4.64) and (4.65) satisfies 
also 

X(A H T°) c  Ai , N*dM n  A = 0 . (4.66 ) 

If A± is locally b-polynomially defined near mi, then A is locally b-polynomially defined 
near m. 

Proof. — Th e secon d conditio n i n (4.66 ) show s tha t A  =  cl( A n  T*M°\0 ) 
which i n vie w o f th e firs t conditio n hold s als o fo r Ai . Thu s A i i s define d b y 
b9llf (Ai)|T*Mo\0 nea r mx. Sinc e 69ll f (Ai)|T*Mo\0 c  S1(T*M°\Q), A i s defined b y 
X*(b9llf (Ai)|T*Mo\0) near m. Recalling that h\*x = ax and b%*A =  b\ + cx, a, b ^ 0 , 
and that BX* preserves 5^g(bT*M\), w e easily see that 

V : (bT*M\0 ) — • S%£(br). 

Thus X * ( 6 * F (AI)|T*M°\O) extends to | J (*T) , and this extension defines A near 
fc>0 

m. • 

We next consider marked Lagrangians. Le t K C A be a homogeneous submanifold 
of codimension 1  satisfying th e condition 

K i s tangent t o TQXX t o a  fixed finite order. (4.67 ) 

Note tha t w e do not deman d tha t K — {m G A  : a(m) =  0} , a G S™^(bT*M\0) 
even though thi s i s the cas e i n al l applications . Fo r A  and K satisfyin g (4.67 ) we 
define, 

b9llf (A, IT) = { a G b9ll f (A) : #(ra|T*MOX0) is tangent t o K n  T*M°\0}. 

The 6-canonical transformations preserv e 6-Hamilton vecto r fields which satisf y 

fe#/|(bT.M\0)o =  #j*/It*m°\o' 

Thus, because of (4.64) , the definition abov e is invariant and we obtain the followin g 
analogue of Lemma 4.3: 

Lemma 4.15. — Let X, A, A, Ai be as in Lemma 1^.3 and assume that homogeneous 
hypersurfaces K C A, K\ C A satisfy (4.67 ) and 

x(KnT) CKL (4.68 ) 

Then 
f G b9ll f (Ai,#i), supp / C 6X(br) BXT/ G  9llf (A,if) . 
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To quantize thes e geometri c notion s w e recall the definitio n o f a  clas s o f operator s 
from [25] , Sect.III.5: 

*™>k(M) = \Y1 PiAi+BiQi : Ai,Bi G  ^-rni(M),Pl,Qi G  Diffm'(M), rrii < k\ 
f̂inite ' 

By restrictin g t o th e interio r M° , an d usin g (4.59 ) on e easil y obtain s a  surjectiv e 
symbol map 

VFC =  K'k(M) - + Sm'fc(bT*M\0), ham<k{PA) = <rord(P)(P) • bam_otd{P)(A), 

if P i s a homogeneous differential operato r o f ord(P) <  k. These leads us to defin e 

*™'h(M, A) = {C € *™'*(M) :  bam<k(C) 6  69U#(A)} (4.69 ) 

and similarly 

¥™'*(M; A, A") =  { C G  *™'*(M) : Vm,fc(C ) e  b<M*{K,K)}. 

We can also consider a  disjoint unio n of two cleanly intersecting Lagrangians Ai, A2, 
Ai U A2 and define b9ll£(Ai U A2) and #™'fc(M, Ai U A2) with the analogue of Lemma 
4.4 easily available. W e note tha t 

b<m#(Ai U A2) C b<M*(Ai), ¿  = 1, 2 
, .  (4.70 ) 

* r ( A i U A 2 ) c ^ ' (Ai) -
Let us consider the following Lagrangian varieties 

£ = A , {A , if} o r AiUA 2 (4.71 ) 

with A , K, Ai above . W e say that £  i s 6-polynomially define d i f the Lagrangian s in 
JL are 6-polynomially define d an d K satisfie s (4.67) . W e then have 

Definition 4.16. —  For a Lagrangian variety JL, /  G  No and s G  R, we define the 
space of distributions 

IÏH{S)(M;£) = {u G  H{S)(M) : d ... Cvu G H[s)(M) 

if Ci G  ^'fc(M,£) for some k, and any V < I}. 
(4.72) 

To study the invariance we recall from [25] , Sect.III.5, that i f F is an elliptic b-Fourier 
Integral Operator of order 0  and G its parametrix then 

F^k(M)G c  #™'fc(M) . (4.73 ) 

If F i s associate d t o a  6-canonica l transformatio n satisfyin g (4.63 ) an d (4.64 ) w e 
rewrite (4.66 ) and (4.68 ) as 

X(£nr ) c £ i (4.74 ) 
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with an obvious modification for £: = A i U A2. Let C G  V™'k(M) an d d = FOCOG. 
By (4.73), Ci G  *^'fc(M) an d we want to compute its symbol. Le t F°, G°, C° and C? 
be restriction o f the operators above to M°. Then C ° an d ar e pseudodifferentia l 
operators o f orde r m o n compac t subset s o f M°. Egorov' s Theore m (se e Theore m 
25.3.5 of [14] ) shows that xVm(F ° o  C° o G°) =  <rm(C° ) on the subset s of T which 
have compact projection s to M°. I t follow s from th e definition o f h(Jm,k tha t 

6<7m>fc(Ci) = V Vm,fc(F o  Ci o G) = 6(7m,fc(C) i n bT. 

Combining this discussion with Lemmas 4.3 and 4.4 we obtain 

Proposition 4.17. — If x satisfies (4.63), (4.64 ) and (4.74) and F is an elliptic b-
Fourier Integral Operator of order 0 associated to 6%, then for £ locally b-polynomially 
defined near V 

uelfH(a)(M,£) and WFb(u) CbT => Fu G  i f%)(M,£) . 

The main application will be to Lagrangians which are actually polynomially defined. 
That propert y doe s no t carr y th e necessar y invarianc e bu t i t i s ver y usefu l fo r 
computations (se e chapter 6). 

Proposition 4.18. —  Suppose that £ is b-polynomially defined and that b9llf (£) is 
spanned over V°b(M) by {AjQj}^, Qj G  Diffmj(M), Aj G  #*~mj(M), Aj elliptic 
(in the totally characteristic sense). Then 

u G  IKH(S)(M,£) QJX . ..Qjtu G  H(S+I-Y: MJP)W > l<k, jp G  J. (4.75 ) 
P<I 

Proof. —  Definitio n 4.1 6 implies that Aj1Qj1 ... A^Q^u G  H^(M). W e recall the 
commutation relation : 

Q e *™'k(M), A € *i(M) AQ = + Q', 
A, e ¥b(m), ba,(A) = 6<r,(4i), < 3 ' € ^ + ' " 1 ' f c 

which follows from iteratin g 

AV = VixAx'1) +  [ V x ^ a T 1 , V G  Diff^M), [Fx , Ajx"1 G  ^_1(M). 

We also observe that 

^ f e ( M ) J ^ ) ( M , 9 M ) c V m + f e 5 M ^ a , g - m +  fc>0. 

Thus b y successiv e application s o f (4.76) , w e obtai n tha t fo r a n ellipti c operator 
A G  #£(M) , L  =  I - X ) ™JP , ^ Q J I • • • Q J ^ G  I_L%+L)(M,<9M) . Le t £  b e th e 

parametrix of A in \I>^L(M). Applying it to the previous expression we obtain (4.75). 
• 

(4.76) 
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5. REFINED ESTIMATES IN THE PAST 

In the space of distributions define d i n chapter 3  only the forward con e and par t o f 
the reflected fron t (th e cusp) appear . Sinc e the only data in the past i s the inciden t 
front thi s i s natural i n the cas e of forward propagation . However , in principle some 
singularities could appear i n the past o n the boundary of the resolved space X4 an d 
the purpose of this section is to present some refined conorma l estimates which show 
the absence of such a behaviour. Th e essential component here is the use of weighted 
L2-estimates 'i n the past ' simila r to those in [32]. 

We wil l us e th e coordinate s introduce d i n Proposition s 3. 1 an d 3. 2 an d defin e 
the non-homogeneous past, K, usin g th e mode l operato r PQ. TO start, w e defin e 
qo G  C°° (Xi), independen t o f r and y as 

qo(w) = r~4(/3*#)(r,u;), q(x) = x\ + %x\x2 - §x\x2 - 3x 2 

Thus f3*Q = {(r,uj,y) : qo(uj) = 0 } i s th e mode l con e (se e Propositio n 3.1) . 
Throughout thi s section we will write /3 = /3±. W e then conside r 

(r,u;,2/) :  q0(u>) = -e } , e  >0 (5.1 ) 

which for smal l e has three components . 

Definition 5.1. —  The past in X\, K\, is defined as the component of (5.1 ) which 
contains (3*Q~, where Q- is the retarded model cone overY. We then define 

K = /3*KU (5.2 ) 

The intersectio n o f K\ an d dX\ i s shown i n Fig . 5.1 . I t i s actuall y convenien t t o 
consider als o a  1-2- 3 homogeneou s chang e of variables (cf . Propositio n 3. 3 )  which 
allows us to write 

q(x) = 4xix3 - x\, P0 = DXlDX3 - D2X2, (5.3 ) 

and 

P =  P o + Q, QeDiff3,(1_2_3)(X) . (5.4 ) 

The surfac e dK i s smooth an d spacelik e fo r P awa y from V (i f X i s sufficientl y 
small). Mor e precisely: 

47 



R. B. MELROSE, A. SA BARRETO, M. ZWORSKI 

к, ß*F 

ß*F 

ß*F 

Figure 5.1 . Kx fl dXx, (5*F n dXx an d (3*Q± n <9Xi 

Proposition 5.2. —  Ifr(x,y) = (J2i<i<3 x]2^)1/12 is the 1-2-3 radial variable and 
S~; z G  X, is the retarded solid P-cone over z then 

1. s z - n i c K n i if zeKnx. 
2. in f {r{z') : z' G  S~} >  C~xr{z) if z G  K D X. 

Proof —  Sinc e th e singula r se t o f dK i s o f codimensio n 2 , an d thu s th e smoot h 
part, dK\T, i s connected, i t suffices fo r part a ) to show that dK\T i s space like, i.e. 
that fo r m G  dK \ F and / , a  defining functio n o f dK nea r m, p(df(m)) > 0. A s the 
function /  w e can take (3*qo + e which is smooth in a sufficiently smal l neighbourhood 
of m. Thu s we want 

p(d{M) = r~%( bdq0) > cr~\ Pf3 = V2(r4/3*P/3*), c > 0. 

From (5.4) we see that /3*P/3* = /3*P0#> Qi G  Diffg(Xi) . Hence , by shrinking 
the domain, i t suffice s t o show that 

Pop( bdqo) > c, pop = V2(r4/3*P0/3*) 

for qo = —e . Sinc e qo i s independent o f r an d y , the lef t han d sid e can computed i n 
local coordinates on dXi, yieldin g c proportional to e. 
To establis h b ) le t u s conside r th e retarde d con e 5~ , x G  M3, over {(x,y ) :  y G 
Rn~3} fl N wher e N i s a  smal l neighbourhoo d o f T  G  M71. It i s define d a s th e 
projection t o N o f th e unio n o f the maximall y extende d retarde d bicharacteristic s 
starting a t N*({(x,y) : y G Rn_3} fl N) np_1(0) . B y the analogy with Sj w e define 
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the solid retarded cone over { (x, y) : y G  W1 3 } P i N, Sx . We then claim that fo r N 
small enough 

S(-iy)nJVcS-nJV (5.5 ) 

for which it is enough to show that the tangent cone of S^x yy T(x^S^x ^ i s contained 
in a  componen t o f R N \  T(X^S~, wher e T(X^S~ i s the tangen t con e of S~. Sinc e 
S~ i s characteristic , T(X^S~~ i s tangen t t o T(x^S^xy^ an d th e conclusio n follow s 
from th e genera l fac t abou t quadrati c forms : le t g b e a  Lorent z quadrati c for m 
(i.e. o f indices of inertia l, n —  1) . I f C± ar e the connected component s o f the cone 
C = {X : g(X) > 0} and I I is a plane tangent t o C then II separates C+ an d C_ . 
It no w follow s fro m par t a ) tha t T  fl Sj ° =  0  i f z G  K f l l , a s otherwis e a 
neighbourhood o f a point i n T would be contained in S~° ( r C  OK). 

Thus the minima l value of r(z'), z' G  S j, z G  K f i X i s attained o n dS~ = S~. W e 
also note that (5.5 ) implies 

i m W ,nNr(z) > ™fzes-nNr(z)' (5-6) 
\x>y) 

so we would like the bound fo r the right hand side. 
We wil l firs t obtai n i t fo r tha t is , fo r P = PQ, the operato r wit h constan t 
coefficients an d homogeneous of degree —4. I n that case Qx = {(xf, y') :  q(x'—x) =  0} 
for a  1-2- 3 homogeneou s polynomial of degree 4, q. I f r(x, y) =  1  we easily see that 
0 ^ Q~. I n fact, we would then have (x, y) G  QQ which contradicts /3*KC)I3*QQ = 0  if 
(z, 2/) G  X. Thus , for (x, y) G  if, r(x, y) = 1 , we have r(xf\yf) > C'1 i f (x', y') G  Q~. 

For any (x,y) = z £ K w e obtain =  z = Tr(zyiz G  if wit h r(z) — 1 . Sinc e q 
is homogeneous we then have Q~ = (T^^Q ^ an d for z ' G  Q~, 

r(z') >  r(z) inf{r(i;) : v G  Q^} > C~1r(z) 

The general case follows from a  perturbation argumen t based on (5.5) and (5.6) . 
Let us first observ e that 

r(z) = inf - r(z) = in f - infz€ -  Hz), 

where 7 ^ ^ run s throug h al l th e retarde d characteristic s startin g a t (x,y). Fo r 
7 — 1(„ ,\i let us define 

J7 = inf{r(7(*)) : 0 < t < mî{t :  r(7(t)) > 2r(x,y)}} 

and i t i s enough to show that fo r som e c > 0  and (x, y) G  if f l N, I - > cr(x, y). 

Tn fact. 

inf {r(7(t)) : 0 < t < too,7(*) £N} = inffc inf {r(7(t)) : t\ < t < t2k} = 

inffe inf^=7- , inf {r(7fe(t)) : 0 < t < t\ - t\} > inffc 1^ > cr{x, y), 
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if we choose =  0  and 

t\ = inf {t > t\ : r(7(t)) > 2r(7(t£))}, 4+1 =  sup{ t >  t\ : r(7(i)) > r(7(tj))}. 

Part a ) o f the proposition was used here in asserting that l(t\) G  K. 

In view of (5.5 ) we obtain 

L - >  infj , inf .-- 77 , 

where 7 runs through the retarded characteristics lying in S~. Consequently , we only 
need to show that J 7 > cr(x) fo r an y such 7. 
Let u s make a change of variables 

z = Ts-iz', z = (x,y), z' = {x\y') 

so that 

P{z\ Dz,) = <T4(P0(z, Dx) + <JPi(<J, z, Dz)) 

and we introduce the operator Ps(z, Dz) = P0 + 6P±. Using its principal symbol ps, 
we can define 7 ^ ^ § and a s we did for p. I t follow s tha t 

^Ts(x,y) = Ts1(x,y),6> STsx = TsSx,6i (5*7) 

To describe 7 ^ ^  5  we can use the parametrizatio n 

%,y)/^ =  n (QMtHps (x, y; £, 0))), |£ | = 1 , * >  0, 

with (x , y; £, 0) in the retarded componen t of 

P^iO) n NT J(x,y) : y eRn~3}, 

Since Po(#5 Az) i s strictly hyperbolic in R3 (o r by a direct computation ) ther e exists 
T independen t o f 0  <  5 < 50 suc h tha t fo r T < t < 2T, r(^xy)s(t)) > 2 . This i s 
obtained by first arranging that d(r,7(£) ) >  C, T < t < 2T where d is the euclidea n 
distance and then observing that r(z) > C'mm(d(z, T) , d(z, T) 3). Henc e for r(x) = 1, 

V >M0<t<Tr(Tsj(x )5(t)), 

and i t i s enough to show that ther e exist s ¿0 > 0  such that fo r S < So an d r(x) = 1, 
i n f o ^ r K ^ y ) , ^ ) ) >  c - Since 

dfeT^O) n  {V = 0 } n S*JV,po X(0) n {r; = 0 } H 5*AT) —> 0, <&—•() , 

the continuou s dependenc e o n parameter s an d initia l dat a fo r solutio n o f ordinar y 
differential equation s implies tha t 

supo<t<Td(7(aj>y)ioW»7(aj|y),7W) — • 0, 6 —• 0. 
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On the other hand Qx = Sx 0 and hence 

infr(7(aiy),o(t)) >  mfzeQ-r(z) > C"1. 

By taking S small enough we get c = 1/2C. • 

If (j)(z) i s a time function fo r P (in view of Proposition 3.1, we can take 0(x, y) = 
x\ + £3) once we arrange in Lemma 5.5 below that G2{Q)\n*t =  0  we can assume 
that {z : \<)>{z)\ < 6} C  X C  {z :  |0(^) | <  25 } for som e small 6. W e then defin e 
X„ = {zeX : <f>(z) < -8/2} an d denoting K n X by if, 

L2_{K) = { u e L2{K) :  w  = 0 i n i fnX_} . 

If A is the forward fundamental solutio n of P we form the operators 

f Z^.y l 1 < j < 3 £7 = < ^ X j A  ~ J ~  (5. 8 
3 \ Dyj_3A 4<j<n 

which in view of part a) of Proposition 5.2 and the energy estimate, have the mapping 
property 

Bj : L2_(K) —> L2_(K), l<j<n. 

We can now state 

Lemma 5.3. — If A is the forward fundamental solution for P and K, X and Bj 
are defined above then 

Bj : r~pL2_(K) —> r-pL2_{K) (5.9 ) 

for all p > 1 and 1 <  j < n. 

Proof. — B y Proposition 5.2 , Af G  &(K) i s well defined fo r /  G  L2_(K) an d the 
energy inequality gives (5.9) for p = 0. If bj is the Schwartz kernel of Bj, then, since 
supp bj(z, •) C  Sj, part b) of Proposition 5.2 gives 

bj(z, z') = 0 i f r{z') < cr{z), z, z' G  K. (5.10 ) 

One can now apply the dyadic decomposition argument as in [32]: 

K = [JK>>, Kp = Kn{z: 2-'""V < r(z) < 2"'», Kfa = [j Kpk. 
k<j 

Let us define 

upu)(z) = u(z), z € Kp(j) 
0 zGK\Kpjy 
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It is easy to see that with L2(K) norms and p > 0, 

\\rpu\\2 < pP ii -
o4p 

22p_l 
||r^||2. (5.11) 

It now follows from (5.10 ) that (Bu)}^ = (B(u^)c)h^ an d from (5.11 ) that 

\\rpBu\\2 < e-* 24p 
22P-1 

\\rpu\\2 

which proves the lemma. 

We now show that i f the only singular data for the free propagation in the past 
is the incident front, n o new singularities appear in the past on the resolved level as 
well (see Fig. 5.1). In particular, the retarded cone is not present at all. 

Since, away from T, F and S are simply tangent along B we find that in coordinates 
in which (5.3) holds 

F = {(x,y) : x3 = x22a(xi,x2,y)}, a G C°°. 
The map 

(xi,x2,x3,2/) (xux2(l -xia )2,z3 -x\a,y) 

preserves 5, B and maps F into 

F = {(x,y):x3 = 0}. 
It is also convenient to assume, without any loss of generality, that the coefficient of 
D2X2 i n P is 1. 

Proposition 5.4. — / / the operators Bj are defined by (5.8) and K\ is given by 
Definition 5.1 in the definition of K, K\ — /3*K, then 

Bj :  (3*IkL2(Ki,dXi U f3*F) f) L2_(K) —• ^hLl^d^U^F). 

Before proceeding with the proof we shall establish 

Lemma 5.5. — Let us define the following vector fields: 

V00 = 
3 

3 = 1 
jxjDXj, V0j = Dyj, 1 <  j < n - 3 , Vii = DXl1 V2 i = DX2. 

Then, after a possible change of coordinates satisfying (3.8), 

[P,Vik] = -4iôk0P + ^ WikjiVji + zik 

where WikjUZik G  Diff^Xi) and the coefficients ofWikji are e(rmax(0'J'-^) 
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Proof. —  We first wan t to arrange that r2((2)|jv* r =  0 while preserving the form 
of F (wit h a  change of coordinates satisfying (3.8)) . Tha t howeve r is quite easy 
as the only terms in Q with homogeneous symbols possibly non-zero on N*T ar e 
aD2i + bDXlDX2. Thu s replace a and b by a(0,y) and 6(0,y) and make the change 
of variables 

xi i—> x\ ~ ^x2 + (a - j6 2)x3, Xi i—> xi, i  ̂1. 

Since then DXl i-> DX2 +  §1}^ an d DX3 - (a - j)DXl h-> DX3, th e 
reduction is complete as D22 — DXlDX3 + al}2^ + bDXlDX2 \-> DX2 - DXlDX3. 
Since [Po>Vffc ] can ^e explicitly calculated and {x3 = 0} is characteristic for P, it 
is eas y to see that w e only nee d to check thi s for [Q, 1̂ ]̂? Q as in (5.4) . Thu s 
WbfciiVii contain s only terms DXlDX2,D\vDX3DXl, a s the terms DyjDXl ca n be 
put in WokojVoj. Sinc e the symbols of Q and Vok vanis h on N*F, the coefficients 
have at least one factor of Xi an d thus are C(r). 
The term Wbfc2i V21 can only have DX3DX2, as D22 does not occur (D22 has coefficient 
1 in P and DXlDX2,DVjDX2 can be included in WofciiVn and WokojVoj respectively) . 
Since DX3DX2 i s homogeneous of degree —5 it has to have a coefficient i n 0(r2). 
Finally we consider W1121V21 whic h has terms of homogeneity —4 or higher. Again, 
it has to have coefficients i n 0(r). • 

Proof. —  Proof of Proposition 5.4 We start by characterizing the push-forward of 
the conormal spaces in the proposition: 

G G PMlipK^dX^F^nLliK) <^Y[V£IKG G  r~2a^'a^L2_(K), (5.12 ) 
i,k 

\a\ < k, which follows easil y from the definition o f the conormal space in X\. I f 
u = Af,fe (3JkLl{(3*K, dXx U /3*F) fl L2_(K), we want G = DXiu, Dyju to satisfy 
the condition on the righ t hand side of (5.12). T o obtain that w e shall use a more 
refined version of the usual 'system' argument (see [32], chapter 6). For that we will 
define 

(w)p>m>iGL2(X;0, J V = JV(p,m,Z)€N, (5.13 ) 

by an inductive procedure using 

(U)LM,i = ivok(u)L_LTLIM; ̂ *(tO}>m>j-i; ^Wj,m-i,i : 
z = 0,l;j =  0,l,2;fc = 0,--- , n - 3 } , (U)L00 = u, 

where the vector fields are applied to each component of (u)L, assumed to be 0 if any 
of the indices is less than 0. Note that we allow repetitions and order the components 
of (u)I using the lexicographic ordering of products of vector fields. T o define (5.13) 
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we start b y setting (w)o,o, o — u and continue with 

WoAi+i = {Wo,o,/; Wâ,0,/+i}' 

(w)o,m+l,l = {(̂ )0,m,Z5 (w)o,m+l,J» 

(u)p+l,m,l = {(«)P)m,!;(w)J+i(mi|.} 

where to identify wit h CN, N = N(p, m, /) we again use the lexicographic ordering of 
products of vector fields. We again adopt a  convention that (u)P)mii = 0  if any of the 
indices is less than 0. 
The characterization (5.12) can be rephrased in terms of (g)p,m,i a s follows: 

g E PJkLl(p'fK,dX1up*F)nLl(K) ^ (g)p,mJ G r-m-2lL2_(K;CN^m^), 
(5.14) 

p + m + I < k. I f Pu = / , we will obtain the following syste m 

&p,mAU)p,rn,l = ^l°m jWp-l.m.I+l +  ^£?m,i(w)p-l,m+l,i + (5.15 ; 
^p]rn,l(U)p,rn-l,l+l + 3p,m,l{f)m,l,p 

where 

9p,m,i € mS2(X;CN{p'm'l\CN^m^), a2(9P,m,i) = <x2(P)/dCN<P-.i>, (5.16) 

°ffl̂ m>, G Diff1(JC;CJV(p'm''),C^-1',n>'+1>), 
iej°mi, € Diflf1(X;CJV(p>m-'),CJV(,'-1'n,+1''))) 
°ffl" , € Diff1(X;Cw(p'm^,CjV(p'm-1-'+1)), 

with the coefficients o f f f i^ , i n e(r*), and cJp,m,i € C°°(X; C^"1 '1' ®CNb'mV). I f 
(5.16) holds then Lemma 5.5 is still available: 

l̂ p.m.i) Vjfc7dCN(P,m,i)] = —4i(5fco3)p,m,( + 
l^p.m.i) Vjfc7dCN(P,m,i)] l^p.m.i) Vjfc7dCN(P,m,i)] l^p.m.i) Vjfc7dCN(P,m,i)] 

(5.17) 

The operato r i n the syste m i s defined b y successive inductions base d o n (5.17 ) an d 
the inductive definition o f (u)p?m^: 

9>o,o,¡+i(w)o,o,¡+i = {9>o,o,i('")o,o,¡;!:?o,o,¡(Vr¿fc(tt)!lo,) -
ddv 

! Wikrs(Vrs(uy00l) -

l^p.m.i) Vjfc7dCN(P,m,i) 

where w e identif y Vjk(u)\ol wit h component s o f (iOo,o,z+i bu t us e 0̂,0,z on 
{0;Vik(u)lol} e <$'(X;CN(°>0>V). Th e term s o n the righ t han d sid e o f the syste m 
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equation a r e i co , = 0  and 

ïo,o,z+i(/)o,o,z+i = {3ro,o,z(/)o,o,z; 

tóoj(/)o,o,i - 4 f f L , ( / ) 0 f o ^ W dl d > °> 

where 5» 0fi(/)o,(M = ' S W { 0 , Ko.z)«}). 

The next inductio n wil l introduce IS J1 ^ 

&0,m+l,l{u)0,m+l,l = {%,mAu)0,mX^O,mAVjk{u)otmii) 
ddv 

WJKRS(Vrs(uy0 Л -

25r,lMSfmlI^Olm+llZ-l(V5fc(u)«|m+1||_1) -
dvd 

W W o m+1 Z-l/ ~~ 

0,m-l,Z+l/ . . . 
^ik Wo,ra+l ,Z-l * • / :0,l;2 =  0,l,2;fc =  0,-- - , n - 3 } , 

with th e sam e conventio n a s before . Thu s £Po,™+i,z i s constructed fro m #o ,m,z an d 
9>o,m+i,z-i. NOWTBJV+ I I  = 0  but 

T»5;m+i,í(«)o,m,í+i = {mmAuhm-u+i;Wjk21(V21(ur0,y,o-,j Ф 2}, 

where we consider V2I(U)Q M T a s a component o f (M) Q m W e also have 

^0,m+l,z(/)o,m+l,Z = {3rO,m,z(/)o,m,Z; M)o(/)o,m,Z ~~ 4^0,m,Z(/)o,m,Zj ̂ lfĉ 0,m,Z(/)o,m,ZÎ 

0̂0 (̂ o.m+l i-l(/)o,m+l,Z-l) ~ 4z(3^ + 1 , 1 (/)o,m+l,*-l), 

VS* Po m+i z-i (/)o,m+i,z-i ) ; 2  = 1 , 2; fc = 0 , • • • , n - 3}d 

where ^ 0 , m , ^ V ™ > ' = f %,m,z({0, (w)o,m>i»-
Finally, we define 

9p+l,m,z(̂ )p+l,m,Z = {V,iWp,m,^P,m,i(^Mp)m)|) • ^WbfcOa(Vbfl(u)J ,) -

Zor,'(M)lm,Z;^P+l,m-l>K^fc(w)J+i,m_i|Z) Wjkrs(Vrs(u)* т_л ,) -

gP+l.m 1'Z(U)^+ljm_lz;^+l5mjZ_1(y.fc(^+ 1 -
r.s 

WfcM(K«(u)jl+l,M,L-l) -

„p+l,m,l+l, N|t . . _ 0,l;i =  0,l,2;f c =  0,-- - , n - 3 > , 

and 

^i,m,iWp,m+i,i = { l J0m»P- iMi , i ; Wofcii(Vn(u)» m  ,); 0; 0; k = 0 , • • •  ,  n - 3} , 
® p W , m , l W p , m , ! + l = {^m,i(U)p-l.™.Hi;^Ofc2l(^2l(w)"i);0;0;fc =  0,-- - ,71-3}, 

°®H-l,m,l(«)p+l,m-l,J+l = {"©"m,j(")p,Tn-l,J+i;0; Wjfc2l(̂ 2 1 («)J+l>m-l,|); 0; 
j =  0,l;f c =  0,-- - , n - 3 } , 
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where again we use the conventio n that , fo r instance , V\\(uyprn l i s a component of 
Wp.m+i,!* ^ e definitio n o f 3 +̂1,™,/ i s analogous to those in the previous cases. 
Since the principal symbol of ̂ PP,M,/ is PIdCN(P,m,i), Lemma 5.3 can be applied in this 
setting an d thus 

u = Af, (/)0,0> l G  r-^L\K, C^°><> ) 
(5)0,0,; e r~2lL2(K,C™'"), g = DXiu,Dyju. 

Using the right hand side of (5.18 ) and (5.15 ) we can now prove by induction tha t 

(9)o,m,i e  r-m~2lL2(K,CN<0^'')), g = DXiu,DVju. (5.19 ) 

In fact, (f)0,m,i e r-™-VL2(K,CN{0'm'l)) i n view of the characterization (5.14) , and 

°<M>J(«)0,M-2,J+L G  r-(«-2)-2(«+DL2 = r-m-K¡2^ 

^5k«(«)o,M-i,J+i €  e W r - ' " - 1 ) - ^ 1 ) !2 C  r-m~2lL2, 

by th e inductio n hypothesis . Thu s anothe r applicatio n o f Lemma 5. 3 gives (5.19) . 
Using that a s the starting point o f an induction on p concludes the proof. • 

The immediate consequence is the following refinemen t o f Theorem 3.9: 

Theorem 5.6. —  If JSL2(X, H) is given by Definition 3.5 and 

Pu = f inX, u\x_=0, f eJsL2c{X,H), / 1 ^ = 0 , 

then 

ueJ]Llc{x,H). 

Proof. —  Le t us first take s = k G No. Then clearly 

WvLkL*(x,H) ^ H /35v||/fc£,aB(JFBFSB) +  2||̂ *v||/fcjL2i(Arif0-X:LJ/3-.ir). 

If y = o r v =  Djxu, wher e \ £  QTPOj then b y Theorem 3. 9 an d Propositio n 
5.4 the right hand side above is bounded by 

H 5̂/ll/fcL25(x5,§5) +2H/?*/ll/feL2(Jft:1,axu/5 *F) < 2\\f\\Jkmx,H)-

Thus, 

ll̂ MlljiL2(X,H) - 2H/lljfeL2(X,tf)' 

for an y x £  CQ°{X), S O that th e general case is immediate by interpolation. • 

We would now like to have an analogue of Proposition 5.4 for the Dirichlet problem. 
It i s convenient to find appropriate coordinate functions . 
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Lemma 5J. — There exists a diffeomorphism satisfying 3.8 such that the coordi
nates given by Proposition 3.1 to transform to coordinates (x,y ) near T = {x = 0} 
in which 

P = P0 + Q, P0 = D2X2 - x2D2Xl - DX1DX3, 
Q G Diflflil_2_3, a2(Q) \NT= 0. 

and 

(5.20) 

X = {x2> 0}, dX = {x2 = 0}. (5.21 ) 

Proof. — Startin g with the coordinates given by Proposition 3.1 we take an inverse 
near 0  of the transformatio n 

xx i—> xx (5.22 ) 

x2^ (16)4(3X 2 -xj) (5.23 ) 
x3 i—> 27x3 + 9xix2 +  5x1 (5.24 ) 

so tha t th e cus p i s give n b y {(27x 3 + 9xix 2 +  5xf) 2 -  16(3x 2 -  x\)3 =  0} . Th e 
operator fo r whic h th e conorma l bundl e o f thi s cus p i s characteristi c ha s t o b e of 
the for m P0 +  Q , Q G  Diff2 1_2_3(Mn) where we rescale x± if necessary -  thi s ca n 
be see n directl y o r b y transformin g th e statemen t o f th e proo f i n Propositio n 3. 1 
(the motivatio n fo r thi s computatio n an d th e one s belo w i s give n b y th e explici t 
expressions for Am in chapter 7) . 
As in the proo f o f Proposition 3. 1 we can preserve the cus p and take the boundar y 
to be {x2 = 0}. The n also 

F = {(x, y):x3- xix 2 + ^x\ +  h =  0} , h G  ^-2"3(]Rn) . 

We claim that we can preserve dX = {X2 = 0} and map F to {x3 — x\x2 + \x\ =  0} 
by a  transformatio n satisfyin g (3.8) . I n fact , proceedin g a s i n th e proo f o f in) i n 
Proposition 3.3 we need a  family o f vector fields Vs tangent t o dX suc h that 

Vs(x3 - x2xi +  ^x 3 + 5/4) = - / 4 . 

and for that w e can simply take, near (0 , y), 

VS = 1  /  d**> ^3/4(0,y) =  0 . 

The resulting diffeomorphism clearl y satisfies (3.8) . I t remains to check that 

°2(Q) \N*F=0. 

Since {x3 — X1X2 + \x\ = 0} is characteristic for P an d Po i t has to be characteristic 
for Q. Th e only terms with symbol s nonvanishing on iV*r ar e aD2 + bDXlDX2 s o 
that lead s to th e conditio n a(x 2 -  x2) = bx\ implyin g b(0,y) = a(0,y ) =  0 . Thi s 
concludes the proof of the lemma. • 
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We shal l nee d a  numbe r o f preliminar y fact s an d w e star t b y considerin g th e 
following problem. Le t V be a fixed vecto r field o f the for m 

V = aDX3+bDXl + (c,Dy), a, b G C°°(X,R) , c G C°°(X,Rn-3). 

If (f) denotes a  time function, le t us consider the solution of 

Pu = V/ , u\dx =9, u = 0 fo r cj)(z) < -S (5.25 ) 

where /  G  C§?(Xs)j 9 € C$°(XS fl dX) wit h Xs, a  neighbourhood o f 0  in X suc h 
that (j>(z) > —S in Xs- W e then define the map 

T : (/,$).—• * 

allowing als o th e notatio n Txg = T(0,g) an d T2f = T(/,0 ) s o tha t T(/,# ) = 
Ti^ + T2/. Befor e proceeding with the analogue of Lemma 5.3 for Ti, T2 we need the 
following 

Lemma5.8. —  If f G  CQ*(XS) and g €  CQ°(XS n  9X) tŷ A -X5 sufficiently small, 
bicharacteristically convex neighbourhood of 0 in X, then the solution of (5.25) 
satisfiedrs 

\\u\\L4xs) < C5<\\f\\L4xs)+CÖ\\g\\maxnxs) (5.26) 

Proof. — By translating 0 £ X w e shall assume that 

X* C X | = {z € X : -5 <  (j>{z) < 0}, 

where, as we may, we take <f>(x, y) = x$, (only the tangency of the time function to the 
boundary i s important). Le t us recall the energy inequality, [14], (24.1.4), (compare 
also (24.1.6) there): 

s-1 
JQ 

(\h'\2 + \h\2)dv < CS 
JQ 

\Ph\2dv + 

C 
JQndX 

(|/i|2 + |£>Xl/i|2 + |£>X3/i|2 + 
N-3 

i=l 
\Dyih\2)dS, (5.27) 

where Q = {z : x2 > 0,x3 < 0} and h G  §(RN), h = 0 if 0  <  -5. Le t x  G  C£°(RN) 
be supporte d i n a  sufficientl y larg e bal l aroun d 0 , s o tha t x(z)u(z) — u(z) i f 
—S < (j)(z) < 0 . Th e existenc e o f x  follow s fro m th e finit e spee d o f propagatio n 
(see [8], Sect.VII.8). Consequently , i t suffice s t o establish (5.26 ) with u replaced by 
Xu. 
We now follow, in a slightly modified way , the proof of Lemma 24.1.5 in [14 ] by first 
introducing 

Es(D'Y = ((l + D2 + 
N-3 

2=1 
D2VIY'2 + IDX3Y 
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and then applying (5.27 ) to h = E-i(D')*xu' I t i s important her e that h = 0 in 
(j){z) < —5, since u = 0 there. We also recall that by Theorem B.2.4 of [14], 

\\Et(D')h\\L2{xts) < C{\\DXlh\\2LHxl) + IIA^II V j ) 
n-3 

+ Y,\\DyM2LHXl) + \\h\\2L2{xl))? 
1=1 

and 
n-3 

E^iDyi^E;} = RXl(z,Di)DXl + RX3(z,D'JDX3 + ̂ ^ , 0 ' ^ + Ro(z,D'z), 

where RXj,Ri e  S^R"^"-1) , D'z = (DXl,DX3,Dy), an d i?. (z,D'z)Dtw = 
.0^)«;., if w, = £>,w; for (j)(v) < 0 and w, = 0 elsewhere. 

Thus, 

llxw||L2(x») =  ||SI(£>')*/I|IL 2(x«) 

< C ^ i ^ W«l lLa(x . ) +C6\\E-1(D'yg\\Hii)(X,nBX), 

since X9 = 9- W e conclude the proof by observing that 

IliMDTPull^jcJ) <  C|l^«llff(o,-l,№) <  C||/||La(x,) (5.28 ) 
and 

H^i^O^ll^^^nax) < 11^-1(^)^11^,)^) <  \\g\\mdx) = \\g\\L*(x6ndx). 

• 

By following the proof of Lemma 24.1.6 in [14] and using (5.28) we also obtain the 
mapping property: 

T : L2(X6) x  L2(XS n dX) —• L2(XS) (5.29 ) 

with small norms 0(<52,5), in the first and second factors, respectively. 
Let u s now modify th e previous notation t o the boundar y valu e problem case. 

Thus we consider 

Ks = KnXs, 

where K was defined by (5.2) and X$ was given in Lemma 5.8. Similarly, we define 

Kf = KsndX, 

and L2_(Ks), L2_(K$), by analogy with L2_(K). Wit h this notation we have 
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Lemma5.9. —  Let Ks,K$ be as above. If g G L2_(K$) then 

\\f*TL9\\L2{KS) <C5\\^g\\L2{Ke); (5.30 ) 

and if f G  L2_{K$) then 

\\rpT2f\\LHK5) < C82\yf\\LHK5), (5.31 ) 

where, T(f,g) = T2f + Tig is the solution operator for (5.25). 

Proof —  Th e support property required in the proof of Lemma 5.3 holds for the 
mixed problems as well (see [8], Sect.VII.8). Sinc e the existence is guaranteed for / 
and g in L2 we can again proceed using the dyadic decomposition. The details of the 
proof are the same. • 

As in the free case we shall now consider the resolved space X\ = cl(/3*X) which 
is a manifold with a codimension 2 corner dXi f l (3*dX. Thu s we have 

(3 :  Xi —> X, dXi = 0*dX H (dXi H Xi). 

We also define (compare chapter 7 below) 

Pd = Py*dx, Pd :(3*dX—>dX. 

The following estimate will be useful later: 
Lemma 5.10. —  ̂ Let N C  X be such that (3*N c  Xi is open with smooth boundary 
and let u G C°°{X) satisfy Pu = 0 in N. Then 

£ lk3a3+2a2+ai^^u||L2(iV)< a £  \\r^*+aiD%D%D$u\\L2(NH 
H+|/3|<* H+l/3|<* 

(5.32) 
for any I > 0. 

Proof —  Le t us define 

Hbm(Xi) = {we Ll(Xi) :w = wi+w2, sup p w2 fl ftdX = 0, w2 G  Hb(l)(Xi), 

wi supported near ftdX, W^^rD^D]' G 
|7|<I, W = riplDXifc, ¿  = 1,3}, 

which is simply the mixed 6-Sobolev space based on X\ D X\ an d f3*dX. Clearly , 
X\ ca n be replaced by f3*N in this definition. Thu s (5.32) can be rewritten as 

I I ^ I I ^ ^ A D ^ C j I l ^ t t l l ^ ^ . ^ , PLFTU = 0 i n FN, 

where Pi = r4/3*P(3*. Sinc e Pi i s 6-noncharacteristic wit h respec t t o (3*dX, th e 
estimate follows from an easy modification of the proof of Theorem B.2.9 of [14]- see 
Appendix B. • 
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We also need a modification of Lemma 5.5 to help us in this setting: 
Lemma 5.11. — Let us define the following vector fields: 

Vn=DXi, 2 = 1,2,3, V0j=Dyj, j = lr- , n - 3 . 

If P and X are of the form (5.20) and (5.21) and the coefficient of D22 in P is 1, 
then for i ^ 2 

[^ofc]= ^0M^ + (a0fĉ i3 + &0fĉ 2)̂ i3 + 0̂fc, aok =E(r3),b0k =^(r2), 
¿#2,3 

[P,Vn] = Y, ^ 7 ^ + («ii^i3 + &ii^2)^i3 + ^ii, aLK=0(r2),b0k = E(r), 
¿#2,3 

[̂ ^3i]=5^W?3iiiV5z + ̂ 3i, 
¿#2 

w/iere Wikji,Zik G Diff1(X) an d £/ie coefficients ofWokii are in 0(r). 

Proof — The argument used in the proof of Lemma 5.5 together with Lemma 5.7 
easily yields the desired statement. • 

The next lemma provides the crucial a priori estimate: 

Lemma 5.12. — Let K$, K$ be as in Lemma 5.9 and let f G Co°(dX) satisfy 
/|Ka G L2_(Ks)' V u is solution of 

Pu = 0 in X yul^X-s = 0> u\ax = f, 

then, for 6 sufficiently small 

WFUWLKLKP'KsidXxnP'Ks) - C\\^*f\\IKL2d^*Kd.dxinf3*Kf)' (5.33) 

Proof. — To the extent that i t is possible we shall follow the proof of Proposition 
5.4. Thus, the boundedness of the norm on the right hand side of (5.33) is equivalent 
to 

I I Vikkf e r-3a31-ailL2_(Kf), \a\ < fc, (5.34) 
i,fc,i#2 

The required estimate for the solution now takes the form: 

JJ^fcî i G  r-3a31-2a21-ailL2_(Kô), \a\ < k. (5.35) 
i,k 

To obtain the system we define (u)p,mj a s before using Vjk, j ^  2 and introduce also 

(u)pM e I 2 ( I ; C ^ m ' " ) , (u)p,m,l,i = DX2(u)p,m,l, 
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with DX2 applie d to all the components of (u)Pirnii an d the order preserved, so that, 
for instance, 

(u)p+l,m,l,l = {WP)m,I,i;^2Wj+i)m)J. 

As in the proof of Proposition 5.4 we obtain the following system, where now Lemma 
5.11 is used: 

^p,m,l(u)p,m,l = dp°m̂ (u)p_i?m>j+i + (tp0mZ(u)p_i5m+i,/ + â m (̂̂ )p5m_i?/+i 

^p°m,i(̂ )p-l,m+l,Z,l + p̂*m,/(̂ )p,m-l,Z,l 

with boundary and initial conditions 

(u)p1mJl\(f>(z)<-S — 05 (^)p,m,l\dX = (f)p,m,h 
and where 

9p,mtl e DiflP(X;C^m^,C^m^), v2(9pim,i) = t72(P)/^(p,m,i), 

and ap,mAx>Dxi>D**)>®%^ e Diff1^ ) wit h coefficient s i n (?(r*). 
Since the construction is analogous to that i n Proposition 5.4 we will only describe 
the last, most involved, inductive definition: 

Vl,mjWp+l,m,I = {^p,mAu)p ,m,l 5 ̂ p.m.l (Vok (u)« ) 

S 

'Woko8(V0a(u)iml) 

~p,m,l W)pfm,|ïffP+l,m-l,l(V̂ fc(u)J>+1 !  2) 

s,r̂ 2,3 
^jkrs {y^rs 

(U)l>4-1 m-1 /) 
£TP+1>»™—1,Z 

^)p+l,m-l,ZÎ^P+l.̂ »i-l(^(M)p+l,m,i-l) 

sdd 
^ ( ^ ( M ) L i m , _ i ) 

~p+l,m,Z+l 
vddr ™ / 1 : i = 0,1; i = 0,1,3; /c - 0 , • • • ,  n - 3} , 

with 

1 ™ /(̂ )«4-l.m-l.Z.1 = 
{̂ p,ra—1,Z,1 (̂ )p,m— 1,Z,1 ; 0; bokV3i(u)jj,+lim_1)U, Ь11 з̂1(и)р+1)т_1,гд; 0} 
£ £ i .m . i («Wi = mJ(«)»-i,n,,J,i; &o*V13(u)" m , 0 ; 0 } 
ail, „ ,(«)».m.z+i = ttCL ,;aofcVi3(̂ i3(w) " ,);0:0> 

aÍ3-i,m1í(«)pim+i,í = {<т,г(и)р-1)т+1,г; Wofcii(Vu(«)Í>miJ); 0; 0}: 
aD+l.m.i(u)p+l,m-l,Z+l = 
{<Cm.i «)p,m-u+i\0;aokV3i(V3i(uY_, ,),auV31 V31 « i.m_, , ;0>, 
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We now use the estimates (5.30 ) and (5.31 ) of Lemma 5.9 and proceed by induction 
starting with 

Wo,o,i €  r~3lL2_(Ks;CN^rn,l)). 

Since u G C°°(X), w e can assume that the norms of (iz)p,m>z,i mr-qL2_(KS]CN^m^) 
are bounded an d consequently we obtain 

||r3(+m(U)p,m,i||Li(K5)<C«S2(||r3'+m(tt)p_1,m)i,1||Li(^) (5.36 ) 

+ \\r3l+m(u)Pimul,1\\Ll{Ks) 
+ \\r3l+m(u)p,m-2,l,1\\L2_(K5)) 

+ C6\\r3l+m(f)p,m,l\\Ll(Kf)-

Summing (5.36 ) in p, ra, Z, p + I + m < k we obtain 

H<fc 
||r3tt"+a"Z?°"DS1i?°'u||Li№) < 

C<52 ||r3o.3i+2a„+alli?aI^u||ii(^) 

|a| + |/3|<fc 
+ C<5 

dd + kosl 
\\r3a31+ailD^D^D%'f\\L*_(Kf). 

If 5 is small enough we can apply Lemma 5.10 with N = K$ to obtain the desired a 
priori estimate. • 

For /  G  L2_(dX) we consider the Poisson operator Ti , 

PTi / =  0  i n X , Ti/la x =  / , Ti/|0W<_ * = 0. 

We can use Lemma 5.12 to deduce 

Proposition 5.13. —  The Poisson operator T\ given above has the mapping property: 

Ti :  pdJkLla{fld*Kf;8X1 n  (3d*K9S) n L2 (#f ) — • f3Ml((3*Ks;0XX n № ) 

w/iere /3*^ = dxcfr/ , /?f = i*dxdy, %: $X X. 

Proof. — B y the comment following the proof of Lemma 5.8, the map 

T1:Ll(K2)-4<$'(Ks) 

is well defined and , since we know the existence in L2, we have obtained u G L2_(K$) 
such that 

U = Tlf\Ks i f f\Ke £L2_{Kf). 
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The conormal spaces in the statement of the proposition are complete (as they can be 
identified with if̂  o f a manifold with corners - see Appendix B) and (3*C°° (X) \/3*N6 » 
pfC°°(dX)\pe*Ke ar e dense in 

IkLl(p*Ks; dX! H /3*K6) an d IkL2Ua{p*'Kg; dX, n  (3d"* Kg) n L2_(Kf), 

respectively. Thi s can be seen using the densit y o f (3*CQJQ(X), wher e CQ^Q ar e all 
functions vanishin g t o infinit e orde r a t T = {(0,y) : y G  Rn~3} which follow s 
from the density of §(Rn) in i7(fc)(Rn) (wher e we again use the 6-Sobolev spaces on 
manifolds with corners and the identification wit h the usual Sobolev spaces through 
a logarithmic change of variables). 
Thus, i f F G  hLl^p^Kl^dXx n  0d*K%) n  L2_(Kg), f G  the n ther e exis t 
FN G (3d*C°°(dX)\Kd suc h that 

S 
FN — > F i n IkL2VB(/3d* Kf; dX, n  (3d* Kf) n  L2_{Kf), N —> oo. 

We then consider =  T\(3d^Fjy, where using the a priori estimate of Lemma 5.12, 
we conclude that u G IkLl((3*Ks; dXx n(3*K6). • 
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6. THE EXTENSION PROPERTY 

The purpos e o f thi s sectio n i s t o construc t a n extensio n ma p fro m th e 
marked Lagrangia n space s i n X define d i n Sectio n 4  int o th e conorma l spac e 
(/?5)*(JfcL£5(X5,§5)). Le t u s first fix our notation (se e chapter 2): 

AR = N*R\0, A F = iV*F\0 , As = N*S\0, AH = N*H\0. (6.1) 

The main result i s 

Theorem 6.1. —  There exist linear and continuous maps 

E1:IbkLl(X,AsUAH) + IbkL2c(X,As;ASnAF) —> (A>)*(4£Ì(X5,§5)), 

and (6.2) 
E2: IbkL2c(X,AFUAR) —• (/35).(/fc^6(X5,S6)) 

such that 

E(u) — u in X. (6.3) 

Before constructing the extension maps E\ an d E2 we need to present a  result on 
the commutation o f blow-ups. 

In this section we will modify th e notation introduced i n chapter 3  and apply the 
blow-ups symmetrically a s in the construction o f X5 (see Fig. 3.2 and Fig. 6.1): 

X5 -> X3 -> X2 -> Xi -> X. 

Thus, X2 is a manifold wit h corners defined b y the 1  — 2_— 3 blow-up of T followed 
by the 2 - 1 -1 blow-u p of fi^D D dX\ wit h (3\ o  /312 : X2 —> X\ a  correspondin g 
blow-down map. Recal l also that X3 is a manifold with corners obtained from X2 by 
the 2 - 1 -0 blow-u p of = (Pi o/3i2)*D and /?23 - X3 —> X2 is the corresponding 
blow-down map. 

The problem of constructing the extension using /3i o /3i2 o (323 is that the boundary 
of X doe s not lif t t o a  smooth hypersurfac e unde r thi s map.  Thu s we will need an 
alternative hierarchy of blow-ups. 
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X a ^ XT ^ X2 

Figure 6.1. The auxiliary blow-ups: Xa ̂  Xr ^ X2 

Let = n  8X2 an d (x±, x2, £3, y) b e loca l coordinate s give n i n i) of 
Proposition 3.3. Let (z',y',s) b e the corresponding projective coordinates near 
chosen so that (3\2(zf, y', s) \-t (s2z\syf,s). The n 

Z)W = {j/ = *' = 0}, ={s = y' = z' = 0}. 

Let 

§6-3-i± =  {u; G M3 :  u;2 + u;^ + w£2 = 1, ±u3 > 0} 

and define the space obtained by blowing up the two components of DQ . 

Xr = X2 \ L><2) U (5|_3_1+ x  M"-3) U (562_3_1_ x  Rn~3) 
(2) 

with the C°° structure obtained as before. Th e blow-down map near D0 ' now takes 
form: 

(32r : Xr —> X2 
thr{w,p) = (p6u;up2uj2,pu;3) = (z',y',s). 

If = (32rD(2\ w e define th e auxiliar y manifol d wit h corner s Xa a s the one 
obtained from Xr by blowing-up the submanifold wit h homogeneity 2 — 1 —  0 
and let pra denote the corresponding blow-down map. Let 

/?2a • Xa > X2, 
(32a = for ° Pra 

be the corresponding blow-down map. 

Lemma 6.2. — If Q = {x2 — x\x3 — 0} and H = {x\ =  0}, then the smooth 
hypersurfaces = f32Q and = (32H lift under (32a to disjoint smooth 
hypersurfaces intersecting dXa transversally. 
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Proof. — I n the projective coordinates (s , y', z') define d in a neighbourhood of 

Q(2) =  {z> = y'2} , tf(2)={^ = 0}. (6.4) 

As before we shall define projective coordinate s for far- Thus let 

P = s, y" V' j , *' 
' p3' p6 ' 

p=\y'\s, *' = 
P 

dsd v z' 
P6' 

(6.5) 

p=\z'\-« y" = y' 
P3, 

s' = s 
p 

Each valid in the region |u>j | > 0,i =  1,2,3 . I n each of these coordinate system s we 
obtain 

/3* Q (2) = {Z» = Y"2}, 3LHW = \z" = 0} . 

0LQ{2) = U" = i l , #(2) = \z" = 01. 

P*2rQ{2) =  {y" = i}. 

Hence i n th e first  coordinat e syste m P^rQ^ an d P^H^ ar e simpl y tangen t an d 
thus lift t o smooth hypersurfaces i n Xa b y the 2 — 1 — 0 blow-up. I n the second and 
third coordinate systems P%rQ^ and P^H^ ar e clearly smooth. Thi s concludes the 
proof of the lemma. • 

Proposition 6.3. — LetX\ = ^(p2aQ{2) u p2aH(2) u 9Xa) be the Lie algebra of 
smooth vector fields in Xa tangent to p2aQ^2\ @2aH^ and ®Xa and let ^3 = 
*®(@2sQ^ ^P^H^ LI 9X3) be the corresponding Lie algebra inX%. Let va be the lift 
of the Lebesgue measure in Rn to Xa- Then 

(f323)JkLl3(X3^3) = (P2aUkLla(XA,R>A). (6.6 ) 

Proof. — Observ e tha t i n coordinate s (s,y',z') suc h tha t (6.4 ) holds , th e ma p 
F(s,yf1zf) = {s,y',z' - y' ) is a diffeomorphism tha t preserve s an d map s 
into H^2\ Th e homogeneity of the variables s, y' and z' shows that F lifts respectively 
under /?23 an d /32a t o smoot h diffeomorphism s mappin g th e lif t o f int o th e 
corresponding lif t o f H^2\ Sinc e th e pair s P^Q^ an d Ph^^ ar e disjoint , an d 
so are PIQ^ an d P^H^2\ w e only need t o prove (6.6 ) fo r th e Li e algebras^3 an d 
X\ replace d by*D3|i f =^(/?2*3#(2 ) U  dX3) andT)0, # =*Q(fiHW U  dXa). 
The next ste p i s to sho w that bot h side s of (6.6 ) hav e the sam e characterization in 
terms of singular vector fields. 

Lemma 6.4. — Let u e Ll2(X2). Then u e  (^)*hL23{X^z,H) if and only if in 
the projective coordinates (s,yf\zf) in which (6.4) holds 

(sds^'dz'^z'^dy^y'dyYu^Ll^), \a\<k. (6.7 ) 
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Proof. — Indeed, if u satisfies (6.7), then in projective coordinate s 

t=\y'\, z" = ^and t=\z'\K y" = ^ (6.8) 

the vector fields in (6.7) lift t o 

sds,z"dz»,tdu\z"\*(sds-2z"dzn), an d sds,tdt,dyn (6.9) 

respectively, and these span^3?#. Therefor e /3%3u € IkL*3(X$^$,H)' 
Conversely i f ^2zu £ IkL* (XZ^^H), the n fl^u i s stable unde r th e application of 
the vector fields in (6.9) and therefore u satisfies (6.7). • 

Similarly we obtain 

Lemma 6.5. —  Let u G Ll2(X2). Then u G (P2a)*hLla(XaiJV)A}H) if and only if u 
satisfies (6.7). 

The two lemmas complete the proof of Proposition 6.3 • 

We als o nee d a  corollar y o f Seeley' s extensio n theorem , wit h th e proo f bein g 
immediate fro m th e arguments of [46]. Let R™ =  { (x ' , xn) : xn > 0} and for s G  R, 
let #(S)(R™) be the space of restrictions to R™ o f elements in iiT(s)(Rn) 

Proposition 6.6. —  There exists a linear and continuous map 

S:L2c(Rn+)-^L2c(Rn) 

such that if u G  L;?(R!J_) satisfies 

Q 1 ( x ^ ^ o . . . Q z ( ^ ^ ^ o ( ^ ) ^ ^ ^ ( - ( r - l b • ) ( ^ ) (6-io) 
for Qi(x', DXf) G Diff^R71-1), 1 < i < m, j + I < k and r G  N, r > 1. Then 

Q1(x\Dx.)...Ql(x',Dx,)(DlJSM ,Dx,)(DlJSM ,Dx,)(DlJSM (6.11 ) 

We can now start th e construction o f the extension ma p and it i s convenient t o 
introduce the following notation : 

Xi = p;x, dXi = $dx. 

The Xi& are manifolds wit h corner s and in the definition o f the extendible (H^) 
and partial (H^s mj) 6-Sobolev spaces (see Appendix B) are taken with respect to the 
boundary face given by dXi. Th e first hal f of the theorem is given by 

Proposition 6.7. —  There exists a linear and continuous map 

En IbkL2c(X,AsUAH) + IbkL2c(X,As;AsnAF) —• (/35).(4^5(X5,S5)) (6.12) 

such that 

Ei(u) = uinX. (6.13) 

(6.11) 
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Proof. —  Let us define the following Lagrangian variety 
£ = {AsUAi^AsnAi,}, 

where the marking of the unio n is disjoint fro m the second component . I t easily 
follows that i f u satisfies the hypothesis of Proposition 6.7, then u G IkL2(X, £). W e 
shall use this to construct u satisfying (6.13) . Let us assume that supp(w) is contained 
in a small neighbourhood of T. 
Proposition 3.3 guarantees the existence of smooth coordinates (x, y) in a neighbour-
hood of r suc h that 

S = {x22 = xix3}, B = FnS = {x2 = £3 = 0}, H = {xi= 0} (6.14 ) 

and the defining function p of dX ,  i.e X = {p > 0}, dX = {p = 0} satisfies 

p{x,y) = x2 + cix\ + c2x\ + C3X3 + ̂ ^dijXiXj + 0(|x|3), ci,c 3 > 0, (6.15 ) 
i<j 

see Remark 3.4. 
Direct computations show that \I '̂*(X, £) i s the spa n of 

Vi = 3x39X3 + +  V2 = 2xidXl +  x2^2, 
3̂ = (a?2 - ^1 ^3)^1, 1 4 = (A. -xix3)dX2, (6.16 ) 

V5 = {x\ - xix3)dX3, AL,L = dl2 - 4<9Xl<9rE3. 

where A G ^^(X) i s elliptic. By Proposition 4.5, if V = (Vi,... ,  V5), we find that 

VaLau= ^2(dXl,dX2,dX3)0up, Uf3eL2(X), |a|+a<fc . (6.17 ) 
L/3|<A 

The first step is to analyze the lift o f (6.17) by (3±. Let Xx = {r"2/^ p >  0} , 
VI = p*Vu 1 < i < 5, V = r4PlL, Wj = ri$\dx., 1  <  j < 3. We deduce from (6.17) 
that if m = $*u, V = (V/,... ,  VI) then 

VfaL'aUl=r4a ]T r "3^-2^-^W%, 
l/3|<« (6.18 ) 

|a| + a < fc,  G  r"3L^(Xi). 

Since u  is supported nea r T we may assume tha t r  <  1  on supp(ui). A s 
4a - 3/3 i - 2/?2 - /?3 > 0, we obtain from (6.18) that 

N,fl«i6r-3FLF.FL)№), (6.19 ) 
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where L\ and ar e the 6-Sobolev spaces defined in Appendix B. Then we analyze 
(6.19) in projective coordinates 

r = |x3|3, Y = —, Z = — 
. , 1 X 3 X 1 

, ,  0 ,3 
r = \Xl\, x = ^ , Y = ^ . 

(6.20) 

In the third set of coordinates we obtain from (6.19) 

(rdr, 2Xdx +  YdY)a[(dY + 2Ydx)dY]au1 G  r"3ff(b_a)(Xi), \a\ + a < k (6.21 ) 

and 

Pl = r~2plp = Y + ci + O(r). (6.22 ) 

Thus for small r, 7 ^ 0 nea r Th e operators in (6.21) span the space of totally 
characteristic operator s in wher e 6J L is the marke d Lagrangian variety 
formed by hN*SW U hN*H^ marke d by bN*S^ n  bN*B^\ 
Near p  = Y, =  X/Y2, give a smooth coordinate system in which (6.21) can 
be written as 

(r»r,0 ,)V(i -  G  r-3^_a)(Xx) 
and (6.23 ) 

aX! -{p +  ci + O(r) = 0}. 

If pf = 0 defines the boundary then =  p + Ci +  O(r) and we can use it as a new 
coordinate. Then we deduce from (6.23 ) that 

(rdr,dp,r(xf(l - x')%,)AU! G  r"3if(6_a)(Xi), dX1 = {p' = 0}. (6.24 ) 

Since dp' is transversal to dX\ w e deduce from Propositio n 6.6 , or rather it s easy 
modification to the case of a manifold with corners, that there exists u such that 

u = u in Xu (rdr, dp,)a(xf(l - x')d2x,)au G  r-3#(6_a)(Xi). (6.25 ) 

Now we proceed by a microlocal partition o f unity of bT*X±. In the region where 
either rdr or dp> i s elliptic it follows from (6.25 ) that u is conormal to dX\. I n the 
region where dx> i s elliptic we obtain from (6.25 ) that 

{rdr,dp,Y{x'{\-x')dx,)au G  r"3L2(Xi). (6.26 ) 

Going back to the origina l coordinates this provide s the condition require d i n the 
extension. 
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In the region where the coordinates (r, X, Z) can be used 

dX1 = {l + c1Z2 + O(r)=0}. 

Thus for smal l r, Z ^ 0  near dX\ an d therefore th e se t o f projective coordinate s 
(r, Y", X) can also be used there and the extension is constructed as above. 
In the first set of projective coordinates in (6.20) we obtain, 

(rdr, 2Zdz + Ydv,r2(Z- Y2)dy,rz{Z - Y2)dz)a 
[{dy + 2Ydz)dY]au1 e r-3^_a)(X!). (6.27) 

and the lift o f the boundary of dX i s given by 
dX1 = {Y + cxZ2 + a12rYZ + a13r2Z + ^rZ3 + 62r2yZ2 + /(y, Z, r)r3 = 0}, 

/GC°°, /(0,0,0 ) = 0. 

Since we are only concerned with the region r ~ 0, we find that if \Y\ > 0 near 9Xi, 
then \Z\ > 0 near dX\. Therefor e in this case the extension map is constructed in the 
third set of coordinates. Thus we may restrict our analysis to a small neighbourhood 
of y = Z = 0. 
To start we need to analyze the lift o f (6.27 ) under the 2 — 1 — 1  blow-down map. 
For that we use projective coordinates 

s = r, y = Y 
5 

s 

ddv Z 
s2' 

5=|y| , r ' = r 
1 

s 
sz 

s=\Z\i, r'=r-, y' = - . 
s s 

(6.28) 

In the third set of coordinates of (6.28) 

<9X2 = {2/ + O(s3) = 0}. (6.29 ) 

We deduce from (6.27 ) that u2 = P\2u\ satisfies 

{rdr,,sds)a[{lTy'2)dl,]au2er'-3s-iH'?JX2), \a\ + a<k. (6.30 ) 

Since r' and s are small, y' ~  0  near dX2 and thus 1 1 =F t/'21 > 0  there. Therefor e 
near dX2 

{r'dr,,sds)ad2y?u2£r' 3s-?HLa)(X2), \a\ + a<k. (6.31 ) 

Let y" = y' + 0(s3) be a denning function o f dX2. We deduce from (6.31 ) that 

(r'dr< + hdy.;ad, + f2dy„)ad*?,u2 e r' 3s -iffL)(l2), \a\ + a< k, 
ox2 = {y" = o} 

(6.32) 
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where /1 and f2 are smooth functions. Thus , completing the squares, we see from 
(6.32) that 

((r'drl)\(sds)\d2yltYu2 e r'-3s-9*Hb{_]al)(x2), \a\ < k. (6.33 ) 

It follows from Proposition B.l, applied to the noncharacteristic operator d2?,, that 

{(r'dr>)2,{sds)2yday„u2 G  r'-Vitf(6_|a|)(X2), \a\ +a < k. (6.34 ) 

Proposition 6.6 gives u2 G  rf~3s~2 L2(X2) such that 

((r'dr,)2,{sds)2))adayllu2 G  r'-V?tf(6_H)(X2), \a\ + a < k. (6.35 ) 

Since at any point q G bT*X2 on e of the three operators sds, r'dr' or dy» i s elliptic 
one deduces from (6.35 ) that 

u2er'-3s-iHb(k)(x2) 

Simple computations show that, for r' and s' small, dX2 does not intersect the region 
where the second coordinate system in (6.28) holds. 
Next we consider the region where the first coordinat e system in (6.28) is used. We 
find that in these coordinates 

dX2 = {y' + c1s3 + s3f(rf,z,1s)=0}, /GC°° , /(0,0,0 ) = 0 (6.36 ) 
and we obtain from (6.19 ) that 

{sdsi2z,dz^y,dy>)a[(dy^2y,dzf)dy/]rnu2 G  5-ii?(b_m)(X2), |a | + rn < k. (6.37 ) 

To analyze X3 we need to blow-up wit h homogeneity 1  — 2. Howeve r as we 
already mentioned dX2 lifts under (323 t o a singular hypersurface. Thi s is where we 
use the result on the commutation of blow-ups proved in Proposition 6.3. We shall 
prove that there exists an extension of /̂ a1^ into the conormal space hL2 (Xa,Va). 
It follow s from Propositio n 6. 6 that thi s gives an extension of u2 to the conormal 
space. 
In the first se t of coordinates (6.5) we obtain that =  P2ru2 satisfie s 

(p0p, 2z"dzn + j/,,V)a[(V + 2y"dz»)dy»]mu3 G  p"95(6_m)(Xr), |a| + m < k. 
and 

dXr = {y" + Cl+O(p) = 0}. 
(6.38) 

Thus for small p, y" ^ 0  near dXr. The n we blow-up = (32rD^ = {y" = z" = 
0} with homogeneity 2 — 1 — 0. In projective coordinates 

t = \y"\, i  =  ^ a n dy =  ^ , t=\z"\i. (6.39 ) 
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The condition (6.37) gives, for |a | + m < k 

(pdp,tdtr\z(z - i R 2 № > 3 e  t-iP-9H{_m)(xa). 
(Pdp,tdt)a[y(y - i)dl}mp;au3 e t-ip-9H(_m){xa). 

Hence, awa y fro m dXa, w e conclud e b y a  simpl e microloca l partitio n o f unit y 
argument that (3*au3 G IkLUa(XA,!3A). 
Since y" 7^ 0 near dXr, the first se t of coordinates in (6.39) can be used and 

dXa = {t + c1+O(p) = 0}. 

We deduce from (6.40) that 

(pdp,dt)a[z(z - l)dj}m(3*rau3 G  p-9H(-m)(Xa). (6.41 ) 

Since dt is transversal to dX$, one deduces from Proposition 6.6 that there exists an 
extension u% o f f3*aus to Xa such that 

(pdp,tdt)a[z(z - l)dl]muz e p-^H(_m)(Xa). (6.42 ) 

Next we proceed by a microlocal partition of unity. In the region where either pdp or 
tdt is elliptic us is conormal to the boundary of Xa. In the region where di is elliptic 
we find that 

{pdp,tdtY[z(z - i)dz\auz e p-gL2b(xa). (6.43 ) 

This shows that us is conormal to the lifting of the cone and the plane. 
Simple computation s sho w tha t fo r p and s' small , th e boundar y dXr doe s not 
intersect the region where the second coordinate system in (6.5) holds. I n the third 
set of coordinates 

(pdp,8da)a[(l Ty"2)d2y„ru3 e V9#*-m)(*r), m+\a\ < k 
and (6.44 ) 

dXr = {y" + O(p) = 0} 

Away fro m dXr, a  microloca l partitio n o f unit y argumen t give s tha t u$ G 
IkLUr(Xr,"V)r). O n the othe r han d 1  =F v" ^  0  near dXr. Thu s i t follow s fro m 
Proposition 6.6 that there exists an extension us of u$ to Xr such that 

(pdp,sds)ad2^u3 G a'" V9ff?-M)(*r), ™+ \a\ < k. (6.45 ) 

Now a simple microlocal partition of unity argument analogous to the one used above 
shows that u% G p~ns'~*H^(Xr). Thi s concludes the proof of Proposition 6.7. 
Let us observe that th e linearity and continuity of E\ follo w from it s construction 
and the linearity and continuity of the Seeley map S in Proposition 6.6. • 
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Next we consider the Lagrangians corresponding to the direct an d reflected fronts , 
that i s the second part of Theorem 6.1. 

Proposition 6.8. — There exists a linear and continuous map 

E2: IBKL2(X, AFUAR) — • (/35).(4^5(Х5,§5)) (6.46) 

such that 

E2(u) = u inX. (6.47 ) 

Proof. —  W e can assume that supp(w ) i s contained i n a  small neighbourhood of 
Г. Let (xi , x2, #з, y) be local coordinates in a neighbourhood o f Г given by ii) of 
Proposition 3.3. Hence, 

R = {x\ = xQ, F = {2x3 + x\- Ъххх2 = 0}, (6.48 ) 

and the boundary of X i s given by 

OX = {x2 = \x\ +  g}, ge Ml"2"1 . (6.49 ) 

In these coordinates the space Ф '̂*(Х, Ар U Ад) is spanned over ф£'*(Х) by 

AP,AL, P = 4d2X2 - 9x282X3 - 6dXldX3, L = (2dX2 + 3XldX3)dXl, 
Vi = Зх3дХз + 2х2дХ2 + xidXl, dVj. 

where A € Ф̂ "Х(Х) is elliptic. T o see that one needs to observe that i n coordinates 
(Xl,x2,x3,y,^^2,b,v) hiT*R "\0 

Лд = {4^ - 9x2£l = 0, За:з6 + 2а:2б = 0, £1=0, 77 = 0, 6 ^ 0 } , 
AF = {26 + ЗЖ16 = 0, 26 - 3(x2 - x2)& = 0, Зжзб + 2aj2fc +  ^16 = 0, v = 0}. 

We then notice that 

AF U Лд С M = {4£| - 9х2£ - 666 = 0, Зж36 + 2ж2б + ^16 = 0, т? = 0,6 ф 0} 

Then М is a smooth submanifold o f T*R™ \ 0 and in M 

AF = {6 = 0}, Лд = {26 + 3sifc =  0}. 

Therefore if / e  C°°(T*Rn \ 0) vanishes on AF U  Лд 

/ =  ai(4$ -  9x2$ ~ 666) + 02(3ж3& + 2ж2б + *i6) + a3(2& + 3zi6)6 + 
^Paj-ife, ai £ C°°(T*Rn\0). 
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This shows that if B G  #™'fc(X, AF U AR) then B is in the span of P, L and Vx. Her e 
and in what follows we should neglect the trivial generators dy.. It will also be useful 
for us to observe that 

V2 = 3xldX3 + 2x3dX2 + (2x2 - x\)dXl G  tf J'^X, AF U A*). 

Therefore if u G /£(X, Aj? U A#) then Proposition 4.5 shows that 

(P,L)a(VuV2rueH{_lal)(X), |a| + |a|<fc, (6.51 ) 

where V2 i s used as a generator only for convenience. 
To construct th e extensio n ma p we need t o examin e the lif t o f (6.51 ) unde r th e 
blow-down map (3I. Thus let 

W f f P , Ll=r^L, 
V? = ftVi,i = l,2, Wj=r>fidXj,j = 1,2,3. 

We deduce from (6.51) that, for ux = j3{u and W = (W1,W2, W3) 

(P1,L1)a(V{,V2Tui=r4ai+3a2 r-3^-2^-^W0Uf3, 
\0\<\o.\ (6.53 ) 

up 6 r^LliXx), \a\ + \a\ < k. 

Since u is supported in a small neighbourhood of T, we may assume that r < 1 o n 
supp(ui). Therefore , 

(Pi,Li)fl(V^2Tui e r-3ff(6_|a|)(X!), |a | + |a| < k. (6.54 ) 

Since x2 > 0 on P , w e first consider th e region where the projectiv e coordinate s 
r =  x% , X  = x3/r3, Z = xi/r3 ca n be used. In terms of these we find that: 

Pi =  (rdr - 3Xdx - Zdz)2 - 9d2x - 6dxdz, L i =  (rdr + 3(Z - X)dx - Zdz)dz, 
V{ = rdr, V2 =  r (3(1 - X2)dx + (2 - Z2 - XZ)dz) , 

(6.55) 

where w e neglected th e rdr term s i n V2. Th e boundar y o f X\ an d th e lifte d 
hypersurfaces are defined by 

DX1 = {Z2 = 4 + r<f>i}, ^ i e r ( M 
- ~ (o.oo) 

= {2X + Z3-3Z = 0}, ySJjR = {X2-1 = 0}. 

One can write 

/31F = {2(X T 1 ) + (Z T 1)2(^ T 2 ) =  0} 
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br 

brd 
-p*dX 

br 

brf 
/SfdX 

Figure 6.2. Intersections of 0*F and /3*R 

which shows that j3{F and P$R are simply tangent along = {X — Z = ±1} and 
intersect transversally at = {X =  ±1, Z = =F2} , see Fig 6.2. 
Since r is small in supp(ui) we may write 

dXi = {Z= -2 + rfa}U{Z = 2 + r<fo}, <p2,fo e C°°(Xi). (6.57 ) 

Let 
p[ =  (3Xdx + zdz)2 - 9dx - edxdz, L \ = (3(z - x)dx - zaz) dz. (6.58 ) 

Direct computations show that, modulo lower order terms, 
P{ + ZL\ = Qi = 3U2dx, 

1 (6.59 ) U2 = -V2' = 3(1 - X2)dx + {2-Z2- XZ)dZ-r 
Hence we obtain from (6.55),(6.58 ) and (6.59) that 

L^(dxU2)a2(V!9Vi)au1 €  r-3ff(6_|a|)(Xi), \a\ + |a| < fc.  (6.60 ) 
We shall prove that in fact 

L^U^{V{XTui e r-3^_ai)(X!), |a | + \a\ < k. (6.61 ) 
First we observe that for a\ + ai <  k 

L^U^(V{)AIU! € r-35(6_0l_a2)(X!), at + ai < k. (6.62 ) 
From (6.60) and the fact that V2 = rU2, we deduce for I + \a\ < k 

d%L\{V{,U2)auu {rdr)Q*L\(Vl,U2)auu 
{rdz)a'L\{V{, U2)aUl e r-3 (̂6_,_Q2)(Xi). 

76 

(6.63) 



SEMI-LINEAR DIFFRACTION OF CONORMAL WAVES 

In the neighborhood where Z ~ ±2 we consider a change of variables 
*(r,X,Z) = (r,X,Z-r<i>i), ¿  = 2,3. 

^ i s a  diffeomorphis m preservin g {r = 0 } and Xf = *ff(Xi) = {Z < 2} . Le t 
Uf = #*£/2, V* = tf.VY, Lf = ^*Li an d uf = W e deduce from (6.63 ) that 
for I + |a| <  k 

d%L*\uf,V*Yu*, (rdr)°>Lf\u*,V#)auf G  r -3^ . aa ) (Xf ). (6.64 ) 
We obtain from (6.62 ) that 

Lfai(V*,U*)au2 € r-3Hb(_ai_a2)(X*), a1+ax< k. (6.65 ) 
It follows, in the notation of Appendix B, that (6.64 ) is equivalent to 

Lt\vt,Ut)a^^r-3Hh(_l_a2ta2){Xf), l + a1+a2<k. (6.66 ) 

Let us observe that Lf i s a second order differential operator for which dX# = {Z — 
2} is non-characteristic. I t follow s from (6.66 ) and Proposition B. l tha t b y taking 
ai = I + Q2 

Lf(V#,U#)auf €r -3ff£_0(Xf), I  + |a|<fc. (6.67 ) 
Thus the pull-back of (6.67) by * give s (6.61). 
The vector fields r<9r, U2 and dz span all smooth vector fields in X± tangen t to f3{R, 
while rdr, U2 an d 3(Z — X)dx — Zdz spa n the ones tangent to filF. Therefore we 
conclude that the operators in (6.61) span ^l(Xu bN*ftF U bN*/3^R). 
Another simple computation shows that 

(Z - X)U2dz -  ( 1 -  X2)LX = -(2X +  Z3 - 3Z)0| , 
(2-JfZ-Z2)Li +  Z£/2<9Z =  -3(2X + Z3 - 3Z)dzdx 

Since dz i s transversal to dXi, th e same method a s the one used in the proof of 
(6.61) shows that i f U3 = (2X + Z3 - 3Z)dz, then 

(rdr, U2, Utfm G  r~3L2(X1), \a\ < k. (6.69 ) 

The vector fields rdr, U2 an d U3 spa n all the vector fields tangent to fi^R and ft^F. 
We conclude that awa y from (3{F and fi^R, u\ G  r~3Hbk^(X\) an d the extension is 
trivial. Therefore we may restrict our analysis to a neighbourhood of the intersections 
of the hypersurfaces and dX\. 
Let us first conside r the case where (31R intersects dX\ awa y from (3*F. Sinc e this 
intersection is transversal one can introduce local coordinates 
x' = X =F l,z' = Z =F rfa, i = 2,3 in which 

= = dXx = {z' = 0}. 

(6.68) 
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Since away from (3{F the vector fields in (6.69) span all the vector fields tangent to 
P{R, w e find that 

(rdr,x'0s, A')aui €  r-3L2(X!), |a | <  k. (6.70 ) 

Now we deduce from Proposition 6.6 that there exists u\ G r_3L2(Xi) such that 

ui = m in Xx and (rdr, x'dx., d^xn G  r_3L^(Xi), |a | <  k. (6.71 ) 

Finally we analyze the case where P{F and P^R intersect the boundary simultane-
ously. Le t us concentrate on the part of the boundary given by Z = 2  + rfo a s the 
other case is analogous. Consider the change of variables 

X' = 2J§TW' z' = Z-2, 

which is smooth since Z+l >  0 near the intersection in question. In these coordinates 

(3{F = {xf = -z'}, fiR = {xf = 0}, an d 
»Xi =  =  r04} , 04GC°°(A:I) . 

From the fact that rdr, U2 and Us span all the vector fields tangent to PIR an d P{F 
we deduce that 

(rdr, (x' + z')dx,,x'{dx, - dz,))a Ul e r"3L2(X!), |a | <  k. (6.73 ) 

Then we blow-up the submanifold {xf = z' — r' — 0} with homogeneity 1  — 1  — 1. 
Homogeneity of the vecto r fields in (6.73) and the fact that dX\ is non-characteristic 
for dz> giv e that the vector fields in (6.73) lift under the 1 — 1 — 1 blow-up to smooth 
vector fields tangent to the lifts of the hypersurfaces P\R and P\F and transversal to 
the lift of dX\. No w we can use Proposition 6.6 to^xtend the lift of U\ acros s the lift 
of dXi t o be conormal to the lifts of P^R and P{F. Then we can show that thi s in 
fact̂  gives anextension of u\ acros s dXi into the conormal space to the hypersurfaces 
P{R and PIF. 
We stil l nee d t o construc t th e extensio n ma p i n th e regio n wher e projectiv e 
coordinates r = \x3\ 3 Y = X2/r2, Z = x\/r ar e used. In these coordinates 

PIR = {Y3 - 1  = 0}, PIF = {±2 + Z3 - 3YZ = 0}, 
1 ~  (6.74 ) 

8XX = {Y= -Z2 + r0i}, 0 i G  ^ (Xx). 

Observe that Y > 0 near p{R and near the intersection of P{F an d 3X\. Therefor e 
coordinates (r, X, Z) can be used there and the extension can be constructed as above. 
Away from the two hypersurfaces u\ G r_3/f^(Xi) an d the extension is trivial. 
Similarly i n th e regio n wher e coordinate s r = |#i|, y =  #2/r2, X =  x3/r3 are 
valid, the intersections of the boundary and the hypersurfaces ar e contained in the 
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region where \Y\ > 0  and the extension i s constructed a s above. Awa y from th e 
hypersurfaces U\ G r~3H^(Xi) an d the extension is trivial. 
Let us remark again that the linearity and continuity of E2 follo w from those of the 
map S of Proposition 6.6 This concludes the proof of Proposition 6.8. • 
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7. ESTIMATES FOR THE DIRICHLET 
PROBLEM 

7.1. T o solve the mixed problem with the Dirichlet boundary condition we proceed 
by solving 

Pu = 0 i n X , u \ax= /, u |x_ = 0 
where / come s from restricting the solution of the free equation obtained in Theorems 
3.9 and 5.6 Thus we first need to characterize /. 

Let (x, y) be the coordinates in Proposition 3.3 (i) which were used in the definition 
of X*. Hence 

dX = {p = 0} HX, r  =  L>n<9X, dp\r=dx2, 

and (xi,X3,y) give s a coordinate system on dX. I n Xr defined in the beginning of 
chapter 6 , the 1-2-3 blow-up followed by the 2-1-1 and 6-3-1 blow-ups induce a 1-3 
blow-up followed by 2-1 and 6-1 blow-ups on the boundary /3*<9X. Thus, let us write 
Y = dX an d define 

Yi = (Y \ T) U (Sj_3 x Rn"3) ~ R+ x Sj_3 x Rn"3, S\_3 = {UJ e R2 : u\2 + u% = 1} 

with th e C°°-structur e give n b y th e secon d identification . Th e blow-dow n map 
Pf : Yi —>• Y i s given by 

P%:(r,u,y) i— • (ruur3cj2,y). 

We then define Y2 similarly to X2 by blowing-up Pf* {xi =  0, xs > 0} fl 8Y\ = Ti: 

Y2 = (Yi \Ti) U (Ŝ _1+ x Rn"3), Sj_1 + =  {u e R2 : u\ =  l,u;2 > 0}, 

with 
y ^ y ^ y , /? a = /?fo/?f 2 

where /3f2(/0, w, y) = {p2uji,puj2, y) and where the coordinates in Yi near Ti are chosen 
so that /?f (Xi, r, y) = (rXi, r3, J,). 

Finally, we have Ys^Y2, 

3̂ = (Y2 \ (/?f = 0,x3 > 0} n dY2)) U (S6_1+ x M""3), 
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denned as a C°° manifol d wit h corners in a similar way. 
We recal l [28 , 30 ] tha t a  diffeomorphis m betwee n manifold s wit h corner s i s a 

homeomorphism which , togethe r wit h it s inverse , induce s C°° map s o n al l th e 
boundary faces. Th e induced blow-up of the boundar y is made precise in the following 

Lemma 7.1. — There exists a diffeomorphism f : /3*dX —)* Y3 such that (3r o i1 = 
(3d o f, where i1 : (3*rdX Xr. 

Proof —  Th e boundary blow-up was defined usin g the coordinates (x\,x3,y) use d 
also i n th e definitio n o f Xr. Thu s i t suffice s t o chec k that , afte r normalization s 
according to homogeneity , (3*xi,/3*xs, (3*y giv e coordinates on (3*dX. Since dp \r= 
dx2 this is immediately verified i n each projective coordinat e system for Xr. • 

Hence we can identif y Y3 an d (3*dX so that th e diffeomorphis m /  wil l be omitte d 
below. 

This suggests the definitio n 

SD = (3d*(5+ H  dX) U  (3d*(F H  dX) U  (3d*((R \F)D dX) U  (3d*(H n dX) U  dXA 
(7.1) 

where w e note tha t § a =  ^i/?2R(^24)*§ 5 wit h §  define d b y (3.7 ) an d appearin g i n 
Definition 3. 5 of JkL2(X,H). 

Recalling tha t th e conorma l space s wit h non-integra l order s o f regularit y ar e 
defined b y complex interpolation we can state the restriction result : 

Proposition 7.2. —  IfueJlLc(X,H),l<j<n, then 

u\dxe fllk+1/2Lla(Y3MY3M)) 

where 

= dY3U(3d*(S+ndX)U(3d*(FndX)U (7.2 ) 
/3a*(((P \F)\K)H dX) U  (3d*((H \K)n dX), 

/3%VQ — dx\dx3dy, and K in Definition 5.1, with e chosen as in 

The geometr y o f §  J i s shown i n Fig . 7.1 . Th e proo f wil l follow easil y fro m th e 
following 

Lemma 7.3. —  If (3*u,(3*DjU e IkLl(X4^(X4,S)) then, with Sd is given by (7.1), 

0>\ftdxe ik+i/2Lld(Y3;V(Y3,§>d)). 

Proof. — Le t u s recall the definition (3.9 ) 

S =  (3*F U  (3*R U  P*R U  /3*5+ U  (3*H U  (3*(F f l f l \ 5 ) U (3*(S+ C\R \ B), 
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Figure 7.1 . The blow-ups on the boundary and § ~Q in Y3 

and introduce the notatio n 

ikLl(x4;V(x4,è)) ss sqX 

Since the onl y surface s intersectin g [3*D are /3*5 and Propositio n 6.4 shows 
that 

p*v e ikLl(x4;V(x4,è)) = » p*av e ikLla(xa;V(xa,(3;asr)). 

Since in a neighbourhood o f (3*dX = fi*adX, Xa and Xr ar e equal, the assumption s 
of the lemma imply tha t 

xftueIkHb{l)iUr(Xr^r), 

for some x G C°°(Xr) , X  = 1 near (3*rdX. 

The surface s (3;S+,p;H an d (3*rF,(3*rR awa y from n  #  \  B) , intersec t /?;<9 X 
transversally and are separated from each other. Thus , away from/3*(FnR\B) (se e 
Fig. 3.1), V Gt)(y3,§a) extend s to a  vector field V €T>(Sr), V" |>;ax= V" , so that 

V\u \Kdx) = (Vlu) \ndxe Hb (Y3), I < k 

83 



R. B. MELROSE, A. SA BARRETO, M. ZWORSKI 

as I3 ~  fidX C  Xr an d Vlu G  ^  (Xr). If U is a sufficiently smal l neighbourhood 
of fi (F nR\B)mXr then 

eSr rc/= ( #5 U fiF U fi(F (~) R\ B)) \u . 

By Proposition 3. 3 (see Fig . 3.1) fiF, fiR and fidX intersect transversally at 
fiF H  fidX. We conclud e tha t agai n V G V{U n  fidX,8d \v) extend s t o 
F G  T^(Xr,Sr), s o tha t th e previou s argumen t i s applicable . Thus , i t follow s b y 
induction tha t 

u\0.dxe lkH"(Y3,§>d). 

We observe that 

Ik+1LlB(Y3MSa)) IkLla{Y3M*a)) 

ikHb{1)l/a(Y3;x\8d)) IkLla(Y3M&d)) 
(7.3) Id 

and 

u €  IkH\s)tUa{Y3^a)) (I + A)'u e  IkLla(Y3;V(Sa)), 

if A £ ^/l(Ys) is elliptic and A > 0 . Henc e we have 

I f c f f ^ Q ^ S a ) ) = [/fc (̂ki)>V8(lr3,JP(Sa)))/fc^e(ir3,JP(Sa))]i c 

[Ik+1Ll(Y3M&a))JkLlJY3M&a))h = 
Jfc+iL^(y3^(Sa)). 

To complete the proof of Proposition 7. 2 we observe that (se e also Fig. 7.1) 

\y3\(3d*(Kndx)= &d \Y3\[3d*(Kndx), §a \pd*(Kndx)= Pd*(F- n  dX) \pd*(KndX), 

Proceeding as in the proof of Lemma 7.3 shows that i f u\ IkH^ Ur(Xr, ((3*^ ^ 
dXr\Kl)),Kl=f3;K, the n 

(t* \Kax) \^{Kndx)e ih+iLla(jP*(K n  dX),(3d*(F n dX) U dY3). 

Combined with Lemma 7.3 these observations give u \ax€ P^Ik+kL2Ja(Ys,:V)(Ys1 § J)). 
Proposition 7. 2 motivates the following definition : 

Definition 7.4. — The conormal space on the boundary, JsL2{dX^H), is defined as 

JsL2c(dX,H) = tflsLlg(Y3;V(Y3,S,+)) 

where the variety S Q is given by (7.2). 
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A slightly stronger formulation o f the restriction result i s now given in 

Theorem 7.5. — If u G J}L2(X,H) then u \dxe Js+±L2(dX,H). 

Proof. — The conormal space in the definition o f JtL2(dX, H) i s an interpolation s 
space - see Appendi x B . Sinc e fo r non-integra l order s J]L2(X,H) i s define d b y 
interpolation betwee n [s] an d [s] + 1  the theorem follows from Propositio n 7.2. • 

The main result o f this section is 

Theorem 7.6. — IfuE L2oc(X) is the solution of 

Pu = 0 in X , u\dx=feJsL2c(dX,H), u\x_=0, f\{dX).= 0 (7.4) 

then there exists û G JsL2oc(X,H) such that u = u\x-

Theorem 7.1 is proved by finding a microlocally characterized space containing 
JkLl(dX, H) (Propositio n 7.7) and b y using microlocal models for th e component s 
of tha t space . Th e propagatio n estimate s obtaine d i n th e Friedlande r mode l 
(Proposition 7.9) give u i n term s o f marked Lagrangia n space s o n a  manifold wit h 
boundary (Propositio n 7.19). The extensio n propert y fo r thos e space s obtaine d i n 
chapter 6 completes the proof. 

Let u s star t b y recallin g fro m Sectio n 2 the defintio n o f th e followin g smoot h 
Lagrangian submanifolds o f T*dX \ 0: 

A00 = iV*r, A n = N*(F n  <9X), A3 i = N*((R \F)n dX), A13 = N*(H n  dX), 
(7.5) 

and 

A2i U A23 = N*(SC)dX), A n n  A23 = 0 , Ai3 n A2i = 0. 

From these we obtain Lagrangians with boundaries: 

^TJ = A<i H {±XJ > 0} , j = 1,3 , I = 1 , 2,3. 

in terms of coordinates (x,y) o f Proposition 3.1. 
The sub- and super-marked Lagrangian spaces introduced in chapter 4 now enter 

in 

Proposition 7.7. —  If JkL2{dX,H) is given by Definition 7.4, then 

JkL2c(dX,H) C  £ IkL2(dX;A00,JLonA2iA2i,2)+ £ IkL2(dX;A+,2) + 
i=l,3 ¿=1,3 

2 
IkL2(dX; A+, 2) + IkL2(dX; A+, 2) + £  IkL2(dX; A^f ((-in, 2). (7.6 ) 

i=l 
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Proof. — W e need t o conside r anothe r blow-u p (334 :  Y4 —> I3, /? f =  (3d o  /334, 
obtained by successive 2-1 and 6-1 blow-ups of /3a*({xi =  0 , x3 < 0}) fi dY3 identical 
to the blow-ups used in the construction of Y3. 

We easily see that 

PÌJkLld4(Y^(P!:H UdY4)) D JkL2c(dX,H), plvd4 = dXldx3dy, 

and we shall prove that the left han d side is contained in the right hand side of (7.6) . 
We first prove that 

SÌ F 
ff*s+ 

sr% 

PVR 

PVR 

fâ*F 
y . 

Figure 7.2 . The geometry in I4 

hLl^Y^ifâ*(F n  dX) U dYA)) ^ 

¿=1,3 
IkL2(dX; Aoo, Jl00nA2i A«, 2) + 4i2(9X; A„, 2). (7.7) 

In particular thi s gives 

IkLt (Y4:dY4)^> 
i=l,3 

/fcL2(9X; Aoo, 400nA2i A2z, 2) + JfcL2(3X; An, 2). (7.8 ) 

We note that i n view of Proposition 4.3 we can replace the second term on the right 
hand sid e b y th e las t ter m i n (7.6). To prov e (7.7) we first  observe tha t w e can 
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change coordinate s i n dX suc h tha t F n  dX — {x3 = 0} , T =  {x\ = x3 = 0 } and 
Ĵ oonA23A23 = ^A00nA23(̂ *{Xl = 0} ) an d tha t thi s change of coordinates lift s t o a 
smooth diffeomorphism o n Y4. T o construct such a change of variables we let (#i , £3) 
be smooth coordinates near T in which H D =  {x\ — 0} . Sinc e F D  dX i s second 
order tangent t o H n <9X at T , it follow s that F  n  <9X = {x3 + /(x, y)xf =  0} , with 
f(x,y) ^  0 . Fo r simplicit y w e assume tha t /(0,0 ) =  1 . No w a  direc t calculatio n 
shows that ther e exists a smooth function A(s1x\,x3) fo r s G  [0,1] and Xi,#3 small , 
such that 

A(s,xuxs)x1dXl (x3 + xl + s(f(x,y) - l)xl) = -(f(x,y) - l)x* 

Thus, as in section 3, we obtain, by integrating the vector field V3 = A(s, x\,x3)x3dX3, 
a one parameter family smooth diffeomorphisms (j)s fixing {x\ = 0 } and satisfyin g 

<f>* (x3 +xl + s(f(x, y) - l)xl) = x3 + x\. 

In particula r th e ma p </>i fixes {x± = 0 } and <j>\ (F H  dX^j = {x3 + x\ = 0} . W e 
are going to sho w below that th e vector field x±dXl lift s t o a  smooth vector field in 
Y4 which is tangent t o dY±, therefore i t follow s that <j>\ coordinate s lifts t o a  smooth 
diffeomorphism o n Y4 preservin g dY4. 

Proposition 4.3 shows that th e right hand side of (7.7 ) is equal to 

IkL2(dX, Aoo U  An) +  IkL2(dX, A00, JA00nA23A23,2). 

Thus Definition 4.5 , a microlocal partition of unity and the proof of Lemma 4.2 show 
that 

u G  IkL2(dX, Aoo U An) +  hL2(dX, Aoo , 400nA23 A23,2) 
(xzD^faD^ixlD^u G  L2(0X), k1+k2 + k3<k. 

To prove that (7.7 ) holds one needs to show that fo r u G IkLld4(Y4;V(f3$*(F ndX) U 
dY4)) and v = (34*u one has 

(x3DX3)ki(XlDXl)k*(x33DXl)k3v G  L2(dX), kx + k2 + ¿3 < * . (7.10 ) 

Since the operators in (7.10) are smooth vector fields, (7.7) is a consequence of 

f3f(x3dX3,x1dXl1x33dXl) (1*0(04 * (FndX^j UdY4). (7.11 ) 

In other words one needs to show that the vector fields in (7.9) lift under /34 t o smooth 
vector filelds in Y4 tangen t t o pf(F n  dX). T o prove (7.11) we compute the lifts of 
these vector fields in twelve projective coordinat e systems. Conside r the first  set of 
projective coordinate s 

(p,Xi) (pXll±p3) = (£1,2:3), 
(p,X3) H > (±p,p3X3) = (xux3). 

(7.9) 
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In these coodinate s the lif t o f the vecto r fields in (7.11 ) ar e spanned, ove r C°°(Yi), 
by 

pdp, X1dXl,psdXl, ^?12^ 
pdp, X3dXs. 

The vecto r field s pdp and XsdXs ar e tangent t o /? f *(F fl dX) U  dY\ whic h ca n b e 
identified wit h pf(F n  dX) U  dY4 away from {Xi = p = 0}. 
Next w e blow-up {X\ = p = 0 } with homogeneity 2  — 1 . Conside r th e second set of 
projective coordinate s 

(R,x'1)^(R,R2x'1) = (p,X1) 
(R,p')^(pfR2,±R2) = (p,X1). 

The lif t o f the vector fields in (7.12) are spanned by 

RdR, ; x[dx[, R6dx[, ^7i3^ 

RdR,p'dp* 

Away fro m {x[ = R = 0 } Y2 can b e identifie d wit h Y4 and on e easil y see s tha t 
the secon d se t o f vector fields clearly span ^(Y^). Finall y on e needs to blow-up the 
submanifold {x[ = R = 0} with homogeneity 6 — 1. Conside r coordinate s 

(r,T)^(±T6,rT) = (x'1,R) 
(r1,T1)^(T?r1,T1) = (x'l,R). 

It i s easy to see that th e lif t o f the vector fields in (7.13) i s in the span of 

TdT,rdr 
TdT,rdr 

Therefore the y are in ^(cJYi). Thi s concludes the proof of (7.7) . 
We now want 

IkLl9i(Y4-MPt((R \F)f)dXn {x i >  0}) U 8Y4)) ^ 

hL2(dX; Aoo , JA00nA2i A2i, 2) + IkL2(dX, A00 U An) +  (7.14 ) 
¿=1,3 

IkL2(dX; A+, 2) + IkL2(dX, An, 2), 

To prove (7.14 ) we proceed b y a  partition o f unity i n YA. Let (j> € C£°(Y4) b e such 
that <j> = 1  near /3f * (( # \F)C\ <9x ) n {/?f *a?i > 0} and (f> is supported away from the 
boundary faces introduced by the 2 -1 an d 6 -1 blow-up s of /3f * ({xi =  0 , x3 < 0}) fl 
8Y3. Le t u € IkLlai{Y4;^{l3dA*{{R \F)<~\ dX f~l {Xl > 0}) U 8YA)). The n b y (7.8 ) 
0f,(1 - </>) w G £i=il 3 4L2(5X; Aoo, 400nA2iA2i, 2) + 4L2(9X; A„, 2). 
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From the support propertie s of 4> we deduce that 

0 4 . ( 0 « ) = TdT,O 

Now it follows from Lemm a 4.2 that 

/C(<M e IkLlc(dX,At^) + ̂ Hb(k)(dY3). 

Thus (7.14 ) follows from (7.8) . 
The pus h forwar d o f the othe r component s o f /3|4S J ar e handle d i n a  simila r wa y 
and the details will be left t o the reader. • 

Remark 7.8. — The space JkL2(dX, H) is strictly contained in the microlocal 
space defined in Proposition 7.7. The extra terms are in IkL2(dX; A^, 2) and 
IkL2(dX; A+3,2). They are explained by the additional blow-ups in Y4 needed for 
the first term in the right hand side of (7.6 ) and the singularities on dY± \ f33ldY3 
produced by IkL2(dX; AJ3, 2) and IkL2(dX; Aj3, 2). Otherwise the push-forward is 
sharp. 

To solve (7.4) we use the forward Melrose-Taylor diffractive parametri x [35] which we 
shall briefly recall : 

T — T oL, L G I°(Rn~1 x  dX,$~lf), T : &/(Rn_1) -— > $l(X), (7.15 ) 

where PTv G  C°°(X) , fv \dx= Jv, fv \x.= 0 , J G  I°(dX x  Rn"\ $') i s an elliptic 
(in a n appropriat e cone ) Fourie r Integra l Operato r an d L it s microloca l inverse . 
The space use d here gives, in an invarian t way , the function s 'smoot h i n the 
direction normal to the boundary' -  se e [14, 25, 28] . 

Let T  C T*Rn_1 \ 0  be a  small conic neighbourhood o f (0 ; (0,1,0, • • •  , 0)). The n 
for /  G  ^'(R™-1), WF(f) c  r , 

ff(z) = J (g(z,t)A+{Q +  h(^,0^,+ (C))^+(Co)-1c^°/(Ode, (7.16 ) 

with th e phas e function s £ , £0 =  C  TaxxR™-1 an( i ^  homogeneou s o f degre e 2/ 3 
and 1  respectively . Th e amplitude s g G  5°(X;Rn-1 ) an d h G  5-1/3(X , Rn_1) 
are supporte d i n a  coni c neighbourhoo d o f (20, (0, • • •  ,0,1)), zo G  dX an d satisf y 
appropriate transpor t equations . Mos t importantl y #(0 , (0,1,0, • • •  , 0)) =  1  and 
h \dXxRn-1— 0-

The constructio n o f (  an d 9 exploit s th e equivalenc e o f glancin g hypersurface s 
which we will now discuss (se e [25 , 35], for detaile d presentatio n an d proofs) . Le t 
f C  T*Rn \0 be an open cone, T \X2=oC T , where we denote the coordinates in Rn by 
(x,y), x G  R3 , y G  Rn~ 3 with Rn_1 = dR^ = {x2 = 0} n Rn (compar e Propositio n 
3.1) an d le t m G  TQXX \  0  be a  glancing poin t fo r p = 02(P). The n ther e exist s a 
canonical transformatio n 

X : f — > T * X \ 0 , X (0;(0,L,0,"-,0)), 
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such that 

m i - x2$ - 6 6 = 0} n f) c  p-^O) , 
x({x2 = o } n r ) c r ; x x . 

The equivalence \  induce s a canonical transformation o n the boundar y 

X a : r - ^ T * 9 X \ 0 , 

and the graph of xa, cL gives then the canonical relation of the elliptic Fourier Integral 
Operator J . Th e mai n geometri c property  o f \d 18 th e intertwinin g o f the billiar d 
ball maps defined i n chapter 2: 

Xa1°<5±°Xa =  50±> (7-18 ) 

where 6$ correspond s t o th e mode l glancin g hypersurface s i n th e lef t han d sid e of 
(7.17). 

There is a substantial amount of freedom in choosing Thus , in addition to (7.17) 
we can also have 

Xa(Ao n r )c A0 0 o r xa(A i fiT) C  AH, i = l o r 3 , (7.19 ) 

where A 0 =  7V*{x i =  x3 = 0 } C  T*Rn- 1 \  0  and A i =  N*{x3 +  z?/ 3 =  0 } c 
T*Rn_1 \  0 . I n fact , on e ca n appl y Theore m 4.2. 6 o f [36 ] i n th e sam e wa y a s i n 
Sect. 3 of [37] and Sect . 3  of [51] . W e should note that i n (7.19 ) one needs to choose 
a different \d i n the case of each Lagrangian Ao, An, i = 1,3 . 

We recall from chapte r 2  that 

A ^ ^ A * , A±UAf 3 =  ,5±Ao 

and 

Af3 == S±Af3 

where A33 is a Lagrangian simply tangent t o A23 at A23 fl A13. I t corresponds to the 
reflection o f the false fron t H. 

Thus, thanks to (7.18 ) in each case of (7.19 ) we also obtain 

Xa(A2nr)cA2i, i = l o r 3 , 
Xa(A3nr)cA3z, ¿  = 1  o r 3 , 

where Am = N*{x3 + x\/(3m2) =  0 } , m / 0 . 
If th e phase s i n (7.16 ) ar e considere d formall y the n th e expecte d wav e front se t 

relation for T become s CS+ o(?q , where (?o is the model square root o f the billiard ball 
map (se e [36] and (7.26 ) below) and 

5* = j(*,0±;$=,O :  ^ ( z .O =  9 =F ^  (-<(*, 6)3/2} C  T*X \ 0 x  r R -1 \  0 

(7.17) 
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with 5 = 5+ UCS ,  a smooth canonical relation generated by (f>(z,£, r) =  —  £x 2r3/3 — 
^i~2/3C(^, 0 +  0(z, £)• W e also have 50 = U  3^ fo r the model case. 

The construction of ( an d 0 in [35 ] shows that 

5 = {(r, 5) e x(f ) x  r C  T*X \ 0  x T*Rn_1 \ 0  : (x"1 (r), s) G ff0},  (7.20 ) 

and we observe that consequentl y for each choice of Xd m (7.19) 

Xa(Ai n r )c A n iV* F H x(?) C  S(A0 n T), A T j?n x(f ) C  S(A2 n T) 
Xa(A0 n r )c Ao o iV* 5 n x(f) C  5(Ai n T) 
Xa(Ai H r) C  Ai3 => N*H n  x(f) C  S(A0 n T), iV*tf + n  x(f) C  S(A2 n T), 

where iJ+ i s the reflection 1 o f H b y <9X and wher e in th e secon d cas e we consider 
different choice s of x an d V giving localization nea r £_an d D respectively . W e note 
that by choosing different coni c neighbourhoods Y and Y we can reverse the inclusions 
above. 
7.2. I n this subsection we shall consider the model problem in 

R^ =  {x G  R3 : x2 > 0} 

with P0 = D2X2 - x2D2X3 - DX1DX3, 

Pou = 0 inR^ , u\dRs+=u0 Gfi'(R2) , U\Hx)<<0=0, (7.21 ) 

where <f>(x) i s the tim e functio n fo r P0, near zer o chosen to b e x± + £3. Th e 1-2- 3 
homogeneity of the problem has already been stressed in chapter 3  and here we shall 
use it microlocall y near mo = (0; (0,0,1)). 

The solution operator for (7.21 ) is given explicitly as 

u = T0u0, TOM^) = ^ f ^^M^)Ei{(lXl+(3XMid^WDDF, (7.22 ) 

where 
C = -£3"1/3(fl +  ^£3), Co = C blR3_xR3= -f^"1/3fi . 

Let To C T*dR\ \  0 be a small connected open conic neighbourhood of (0, (0,1)) and 
let T  C T*R3 \ 0  be a connected open conic neighbourhood of (0; (0,0,1)) suc h that 

WFb{XTu0) C j*Y i f WF(u0) C  To, x  G C0°°(R3) , sup p X nea r 0, 

and where j i s the natura l inclusion j :  T*R3_ \ 0 -> bT*R̂ _ \ 0 . Th e existence of Y 
follows from propagatio n o f singularities fo r th e diffractive boundar y valu e problem 
and in this case can be easily seen directly. 

1See chapter 2; we will refer to this artificial surface only once, in the last part of the proof of 
Theorem 7.6. 
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We also define the microlocal parametrix near TQ: 

2o(Ci,C3)ei(llC 2o(Ci,C3)e 2o(Ci,C3)ei(llC ss 
sfv+ f 

'^+(Co) 
i2o(Ci,C3)ei(llCl+Is€s)dÇidÇ3, (7.23) 

ß€ C°°([l,oo)), ß(t) = 1  if * > 2 , ^C0°°(R), V  = l  near O 

and we are interested i n its mapping properties. 
To exploit the homogeneity in a systematic way, let us now introduce 

Z = [ l , o o ) x R , Z+ = [l,oo) x R x M.+ 

(X,x)£Z, (\,x,y)£Z+ 

and the isometries 

W : L2(R2) —>• A5L2(Z), W + : L2(R+) —> A*L2(Z+) 

extending the maps defined fo r Schwart z function a s 

Un i—> Wun(X,x) = V27T u0(A ^x,x3)e iXx3dx3, 

u i—> W+u(\, x, y) — 2TT u(\ zx,\ *y,X3)e lXx3dx3. 

This corresponds to a non-homogeneous blow-up on the Fourier transfer sid e with 

(A^ £ n) f  dua l too; , ri dua l toy 

giving the projective coordinate near the lif t o f (0,0,1). W e observe that becaus e of 
the cut-off ¡3 in (7.23) , there exists a unique operator 

S:§>(Z) —>C°°(Z+ ) 

such that SW = W+TK The formula fo r T" provides an explicit expressio n for 5 : 

Sv(X,x,y) = 
1 

(27T)§ 
^(A-f£)/3(A) 

^(A-f£)/3(A) 
^(A-f£)/3(A) 

^(A-f£)/3(A) (7.24) 

and since our considerations are local in the original coordinates (2:1, £2,2:3) we want 
to look at 

S*v(\,x,y) = 1>(\-*y)il,{\-ix)Sv(\,x,y). (7.25) 

The billiar d bal l maps fo r th e mode l problem (7.21 ) hav e the followin g wel l known 
form 

^ ( x i , x 3 ; 6 , 6 ) = xi ± 2 I 
^ 3 , 

i 
2 ,^3 =f 

2 
3 6 

3 
sdddW 
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In the new projective coordinates we obtain 

1±(X,S) = (X±2t*,0, £ > 0 , X = Z$XL, £ = &HI, 

I I  _  I 
that i s 7± oXd = *W o 5$ nea r r0, where X<H) (#i, £3; £1, £3) = (£| x\, £3 3 £1). Similarly , 
the chosen square root o f the billiard bal l map, (?o = ̂ o ~ U (?q , 

^ = {((^1^3; 6 , 6 ) , (2/1^3; 771,7/3)) : X! -yi = ±  ,  (7.26 ) 
3 

(a* -1,3) = T\ ( | ) 2 , & = m > 0} 

can be rewritten as 

§ = 9+ U8", S ± =  {((x,0, (x',0) :Z = Z'>0,X-X' = ±Z$}, 

in the sense that ^ oXd =  1® o  Cj. We also define (nea r T): 
1 2 _ i _ 2 

^ + ( ^ i ^ 2 , ^ 3 ; 6 , 6 , 6 ) =  tef^i,^3^;^  3£i>£ s 36) 

and 3 C such that 
ac = 3 -c+ u 3C", ;i-c± oXd = ia+ o sJ 

with?* C  T*R3\0xT*R2 defined earlier and generated by X I £ I + X3 £ 3 T | ( - C ( ^ , 0 ) ^ 
The relations ̂ K.^ also take a very simple form 

X± = {((*, y; £, ij); (*', O) = x = x'±(d + y)K V = T(Z + y)>}- (7.27 ) 

Let A ± =  N*{x3 + 3^0;? = 0} fl {±a?i >  0} C  T*R2 \  0, m  >  00, be the mode l 
boundary Lagrangians first introduced in (7.19): 

A±=(e±)mA0, A0=N*{x1=x3 = 0}. (7.28 ) 

We then consider H± c  T*R , 

S± =  °©(A±) = {(*,£ ) :  £ = m"2^ , ± z >  0} , m > 0, ~ 0 = {(0, 0 :  £ € M}. 
(7.29) 

If Am =  50(Am), A m = A + U A~, then (7.27 ) immediately yields 

Z0=-ld+(A0) = ;K(Zo) = {(x,Y-,Z,R1)-.712-Y-Z = 0, x + RJ = 0}, (7.30 ) 

Sro=a»+(Am) =  3C(3TO) = {(aM,;£,r/ ) :  T;2 - j / - £  = 0 , m-2( x + r?)2 =  £}, 

when m / 0. Usin g this and the observation that, by homogeneity, 

(3z3£3 + 2x26 + zi£i)rAm= 0 
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we obtain explici t expressions for Am in terms of generators or as conormal bundles: 

A0 =  N*({x3 + ^xl-x1x2 = 0}) 

Ai =  cl[JV*({x3a: i + ¿ («2 - x\? ~ \xi{*2 +  x2) = 0 } \ {x i -  x 2 = x3 = 0})] 

A2 =  cl[AT*({27x 3 + 9x1X2 + 5x?)2 - 16(3x 2 - x\f =  0} \ 
{3x2 - x 2 = 27x 3 + ^xxx2 + 5x? = 0})]. 

The Lagrangians (7.28) , m < 3, are grouped i n two pairs related by the billiard bal l 
map: 

{A0,A2}, {Ai,A3} , A ± = ^A0 , AF = 6^AU 

and w e study thes e separatel y a s they canno t b e simultaneou s model s -  se e (7.19 ) 
and the discussion following it . 

The main result o f this subsection is 

Proposition 7.9. — The Dirichlet problem parametrix for (7.21) , TQ, given by (7.23) 
has the following mapping properties for k even: 

Tl : IkL2c(M.2; A0, JA„nA2A2,2) + IkL2c(R2; A+,2) — • 
№oc(Rl;5o(A1),50(A1)n5o(Ao))) 

4 :  IkL2c(R2,A^,2) +IkL2c(R2, A+,2) — • /£L2oc(^;5o(A2),^Ao) nS0(A2)) , 

and 
T0» : JfcL2(R2, A+,2) — • /fc6L2oc(R3+;So(Ao) U50(A8)), 

w/iere Aj C T*R2 \ 0  is any C° ° homogeneous Lagrangian tangent to Ai a t Ai fl Ao. 
We want t o reduce the proof to an estimate for S define d b y (7.24 ) and for tha t we 
need a  characterization of the spaces above. Thu s we define 

/fcL2(Z,3±) = {ve L2(Z) : (\Dx)k°(Dx-m-2x2)ki • 

(x(Dx - m"2*2))* 2 (X{Tx)x)k3v G  L2, k0 + k2 + +  ±k 3 < *} 

for even , and by complex interpolation betwee n the even indexed neighbours for k 
odd. Similarl y (bu t fo r al l k G No), 

IkL2{Z,Z0) = {ve L2{Z) : {\Dx)k° (xDx)k>xk>v G  L2,fc0 + fci + ̂ /c 2 < k}. 

Definitions 4. 3 and 4.5 easily give 

Lemma 7.10. — IfWF(u) C  T0, u G S'(R2) tten 

u G  4L2(R2;A±,2)^WtxG/fcL2i/6(Z,S± ) 

u G  /fcL2(R2;A0,JAonAlA2,2) ^ WuG4L2i/6(Z,S0) , 

w/iere =  X~2ad\dx. 
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We proceed similarly for Am by denning 

JfcL2(Z+,£0) = {ue L2{Z+) : (\Dx)k°(D2y - у - Dx)k*(Dy +  x)k* • 

({x + ^)^x)fc3w G  b2(Z+), /c 0 + |fc i +  ifc 2 + k3 < *}, 

IkL2{Z+^m) = {ue L2(Z+) : (XD\)k° (D2 -y- Dx)k> (Dx - m~2( x + Dy)2)k2 • 

[(ж + ЭДДс - т"2(ж + A,)2)]*3 G  b2(Z+), k0 + | * i +  |fc 2 +  h < *}, 

for к even and by complex interpolation for к odd. Th e analogue of Lemma 7.10 does 
not hol d i n ful l generalit y bu t th e followin g lemm a i s precisely wha t w e need. Fo r 
the notational convenience it i s stated, a s the rest o f this subsection, for R+ bu t th e 
generalization to R™ is easy. 

Lemma 7.1L — If for some x G  C£°(R3) , x(0 ) =  1 , WFb(xu) С j* r and 
P0u G C°°(R3_) , then for к even 

W+(<pu) G  IkLl+ (Z, Em) for any if G C0°°(*+) = > 
2 

и G ^Lfoc(R^,S0(Am),5o(Am) П50(Л0)), m ^ 0 , 
(pu) G  Jfc2£t (Z, So) /o r an y <p G C0°°(R*) 

2 
uG46bL(K+^o(Ao)u50(Aj)), 

z/+ =  \~2ad\dxdy, and where A# С T*R2 \ 0  is any C° ° homogeneous Lagrangian 
tangent to Ai at Ло П Ai. 

Proof — W e start wit h th e case Nea r ^Г , bdl[(So(Am),S0(Am) П ^(Ao)) 
is generated by (see (7.29)) 

з 
Po(z,0 =  Й - -  Ы ь ai(^,0 =  ^jxjtj, (7.31 ) 

о2(ж,02, а3(ж, 0 = (Ж1&+£2)а2(ж,0 

where аг(ж, £) = £1̂ 3 — ̂ _2(^1^з+^2)2- We shall denote by Po and th e differentia l 
operators corresponding to po, Sinc e PQU = 0 , it suffices t o have 

A^A^A^u G  Я(1о_с|а2_2аз)(Е )̂, ai +  ia 2 +  a3 < к = 21. (7.32 ) 

In fact , [P0,Aj] =  -4г^Р0 so tha t Р о ^ М ^ Л ^ г л = 0 . Thus , (7.32 ) implie s 
that A?1 A%2 А?3 и G Я,1ос\0 10 7 к which i n tur n show s tha t 

(а1+2а2+Зо:з?—«1 —̂ а2 —баз) 4 "I"' 
ВЛ?1;4£М£аи € Lfoc(R3+) for В G ф-|«2-2аз,«1+2«1+За3(к^ and gives the defining 
condition fo r /*L12oc(R3.,50(Am),ff0(Am) n.70(Ao)) : 

{BiAi)ai{B2A2)a>(B3A3)a°u G  Lfoc(M.3+), ai + ia2 +  а3 < k, 
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where B± G *g(M+), B2 G #6 2(^l), B3 G  ^ ( R ^ ) . O n th e othe r han d th e 
definition o f IkL2+(Z+,Em) and the assumptions on u imply tha t 

2 

A^A^A^u e  H^_ifia_2fia)(R%), Pi + \fo + fo<k = 21. (7.33 ) 

Let u s observe that a2 in (7.32 ) ca n be assume d t o b e even an d thu s w e have two 
cases 

a2 = 4m + p, p = 0 o r p = 2. 

If p = 0  then 

A?A!?A?U = A ? M i - ^ 3 ^ G  (̂1°-C2rn,-4m-2.3)(R3+) aa-2«3) (R+) 

by (7.33 ) wit h Pi = a.i,i =  1, 3 an d /32 = 3m . Thu s i t remain s to analys e the cas e 
p — 2  which i s more involved and whic h by the abov e (p = 0) argumen t reduce s to 
a2 = 2 , k = 2 in (7.32) . Le t us note the following identities: 

A2 = DXlDX3-m-2A20, A3 = A0A2l a0(x,£) =  x^3 +  &, a 0 = (7i(i40) . (7.34 ) 

The desired property (7.32 ) reduces to 

AiAlu e Hl{L%.2s3i)(K)^ i = 1^ (7-35) 

which fo r i =  3  follows b y writing A3A\u =  AQA^U wit h G #(oC_4 ) b y (7.33) . 
Thus in view of the assumption WFfc('u) C j j, i t remains to establish 

||(^3)-3XoA1^ |̂|2L2(M3+) <  c I K ^ s ) - ^ 2 - 2 ^ ^ ^ 1 ^ 2 ^ ^ ! ! ^ ^ ) , 
/3i + §/32+/33<2 

(7.36) 

where Xi(xi D) G ^°(c№+) , sup p Xi? 2  =  0, 1 i s in a neighbourhood o f To (which is 
a coni c neighbourhood o f (0 ; (0,0,1)) an d xi =  1  on sup p xo- W e will denote th e 
right hand side in (7.36) by M{u). W e first obtain an a priori inequality in which we 
assume u G C°°(R+) an d start b y using (7.34 ) to rewrite the left han d side of (7.36 ) 
as 

{DX3)-^{XQA1A\U, (D^^XOA^D^D^U -  m -2(^3)-3xo^i^2A^) 

which modul o commutato r term s bounde d b y M(Bu), B G ̂ '^(R^) fo r som e K 
(see the proof of Proposition 4.5) , is equal to 

{{DX3)-3xoDXlDX3AiA22u, (DX3)-?,XQMA2U) -

m-2{{DX3)-3xoMA22u, (D^^xoA^Aou) = 
((DX3)-\0Alu, (DX3)-\0A2A2u) + 
m-2((^3)-3xo^o^3^i-A2^, (DX3)-*xvMA2u) -
m-2((^3)-3xo^i^2^ (DX3)-3XOAIA3AQU). 
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The integration s b y parts withou t boundar y contribution s wer e allowed a s we used 
only th e tangentia l derivative s an d x2DX2 i n A\ whic h vanishe s a t th e boundary . 
Thus the following estimate holds 

J 
I K D ^ X o ^ i ^ H < WD D D+ ll(^3>-4Xo^||||(^3)-2xo^A2^|| + 

| | (^3)-4Xo^3^i^2u | | | | (^3)-2Xo^i^| | + 
||(^3)-3Xo^iA^||||(DX3>-3xo^i^3Ao^||, 

where the norms are in L2(R+). A n approximation argument gives 

J 
\\{DX3)-*XoMA2u\\ <  2 ^ M ( £ , u ) , 

3=1 

for any u satisfying (7.33 ) with k = 2. As in the proof of sufficiency o f (7.32 ) P0u = 0 
implies now that M(Bu) < CM(u) fo r B G  ^°'K(R^_). In fact, commuting B through 
gives 

M(Bu) <C ]T E \\B?AtoA*>Ai*u\\2, 

î + |/?2+/33<2 3 = 1 

where Bf G  h-sfaK+wfa+sfr^ ^ hence we need tQ ghow th&t for 

E G  ^^'fc(M^) an d v such that P0v G C°° near the boundary , 
\\Ev\\ <C||v||(0,m) fo r m < 0 . 

This i n turn follow s fro m \\Ev\\ < C||v||(fc)m_fc) , m — k < 0, an d Theore m B.2. 9 of 
[14]. Thu s we obtain (7.35) , i = 1 , which conclude s the proo f o f (7.32 ) an d o f the 
lemma for m > 0. 
For th e cas e m = 0  we need t o describ e th e generator s o f b9n{(firo(Ao ) U  5o(A%)) 
near j*T. Th e Lagrangia n ^(Ao ) =  A o is given nea r T , a  coni c neighbourhood o f 
(0; (0,0,1)) by the zeros of po> ao> a\ define d i n (7.31) and (7.34) . Sinc e A(j is tangent 
to A i a t A 0 H Ai, i t follow s tha t AJ J =  N*{x3 + x\f(xi) = 0 } , / G  C°°. Thus , a 
computation base d o n thi s an d th e definitio n o f SQ shows that , nea r T , 3r0(Ajj ) i s 
given by the zeros of po, a{, a\ wher e 

aUx,£) = oi(x,C) + 6* 2a>o(x,03hi(x,0, 

0 =  f  i& -  a0(x, £)2h2(x, f), 

(7.37) 

with 

hi(x,£) = ^la0(x,i)f(x1+^Lb)ß 
ho(x.£) = fían +£71b) + £ö1an(x,£)f'(xi +£ô1£o). 

97 



R. B. MELROSE, A. SA BARRETO, M. ZWORSKI 

To obtain the generators of b$\l\($o(A$)) nea r j*T we write 

hi(X,o = /ij(x,6,6(&/&)2,6) + ( 6 / 6 K ( * , 6 , 6 ( 6 / 6 ) 2 , 6 ) , 

so that usin g po, hi in a\ can be replaced by 

h\ (x, 0 = ht(x; 6 , fczi + 6 , 6 ) + 66~X°(z; 6 , &xi + 6 , 6 ) 

which near j .r ar e in 5°^(6T*E^.), so that th e corresponding a{ € S^(bT*R\) an d 
4 €  52g3(bT*R3_) . 

We observe that w e can find operators Hi G  H X  sucn that b°~o,i(Hi) = h\ in j r 
and 

[P0,ff*] =  D2X2B\ + BiiZ?^ +  £02Ac2 + Bl B\ G  **(R*), WFb(Bj) n jT = 0 , 
(7.38) 

where WF&(i?) denotes the essential support of B a s a 6-pseudo-differential operator . 
The wave front se t conditions on u and B impl y that Bu G  ft(R+).  Since u G  91 (R+) 
it the n follow s tha t Bu G  C°°(R^ ) a s B :  9l(R^_ ) C  a'(R^_) d'(R\) an d 
a'(R^) H  a(R^) =  C°°(R^ ) (se e th e reference s give n abov e an d als o Subsectio n 
7.3 below). Henc e [P$,Hi]u G C°°(R+) an d w e can commut e Po through a s in th e 
proof of (7.32) . 
From (7.37) we obtain the generators of b$\l{(3r0(A0) U3ro(A|j)) in a neighbourhood of 
dJls 

3̂ ^o, a{, a2a0 . 

The assumption W+u G Ik^tx (̂ +> — o) implies 

« (DXlAQf>u e H^_i0o_02), - f t + ft + ft < fc. (7.39) 

Thus, as in the case of (7.32) , it suffice s t o prove that (7.39 ) implies 

( 4 ) ^ ( 4 ^ 0 ) ^ « € fc_2Q2+m), ba1A(A{) = a[, ba2,3(Al) = a», (7.40 ) 

for some m. However , (7.37 ) shows that 

4 =  ( ^ 3 ) - 2 ( ^ 3 A 1 + ^ 1 ) , 4A0 = DX3DX1A0 - A30H2, Hietf'\R%). 

and thus (7.40 ) follows from (7.39) . 

The proof o f Proposition 7. 9 reduces to the proof of 

Proposition 7.12. — / / is defined by (7.25) then for k even 

S*:IkL* (Z;E± ) •HI? 
dsddv 

{Z+;Em±1) (7.41) 
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S» : IkLla(Z;E0) -> IkLl+ (Z+;Si ) (7.42 ) 

where va = \~2otd\dx, = A_2/3 dXdxdy. 

We start wit h the second mapping property where we can give a direct proof. 

Proof. — Proo f o f (7.42 ) Sinc e A  does no t appea r i n S othe r tha n i n th e cut-of f 
function ip, the stabilit y unde r \D\ i s clear an d fo r simplicit y o f notation w e shall 
omit tha t variable . Thu s we consider 

Sv(£,y) = JSv(x,y)e-ixtdx, Sv(£,y)=i>(\-H)A+j~t_~)y)v(0 

and recalling the definition o f ifcL2+(Z+, Si) w e want to apply to it the operator s 

Z-{DY- DS)2, (£ - (DV - DS)2)(DY -  D€ ) 

with weights |  an d 1 , respectively, while the stability under D2 — y — £ is clear fro m 
the Airy equation. W e claim that 

((£ - (DY - D()2)(DY - DS))k*(t - (DY - DZ)2)k>Sv(t,y) = Svkllk2(Z,y), 

where vkl,k2 G  L2(Z) i f v G IkL2(Z, So) and +  k2 < k and where we omitted the 
irrelevant terms with differentiation fallin g on tp. In fact, we can proceed by induction, 
noting that the order in the iteration does not matter: (£ — (Dy—D^)2)Svkl-i^o(^, y) = 
Svklo(^,y), wher e by a simple computation 

vkl0(0 =  2(I >$+)(-0«fc1-i,o(0 -  2 $+( -0^fc l - i , o (0 - D2vkl^,0(O- (7-43 ) 

Here 

*+(*) = -^JTV = <M*)2 + *, G  S*(R). 

Thus, to obtain the boundedness of the second term in (7.43), we need the stability of 
£fci-i,o(£)> \k\ <k unde r (^)^D^ with weight | . Thi s follows easily from the stability 
under wit h weight 1 , wit h weight 1/3 and an interpolation argument (se e the 
proof of Lemma 7.13). 

We now turn to (Dy - - (Dy - ^)2)5^fcl5fc2-i(£, y) = Svklk2(£,y) wher e now 

VkikAO = -2Z ?2*+(-0vfcl,fca_i(0 +4D *+(-0^fcl>fc2-i(0 
-2*+(-02??vfcl>fc3-i(0 -  0 |vfcl|fca-i(O, 

and we use the stability of v under (£ ) 2 £)| with weight 1 . The proof is concluded by 
observing that ^(A"§y) S = 0(1) :  AeL2(R )̂ —> A2L2(R^ x  R+y). • 
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The presence of Lagrangians with boundaries in (7.41) presents difficulties whic h 
seem to preven t a  computationa l proo f simila r t o th e on e above , and th e followin g 
characterization o f th e partia l Fourie r transfor m o f IkL2(Z,Er^l) wil l allo w u s t o 
overcome them. W e need yet anothe r two spaces of functions: 

S%L2(Z) = {ae X«L2(Z) : (XDx)k-(^D^ Dk^a(X^) G  X«L2(Z), fc0+fci + ̂ 2 < *} 

and 

^L2{Z) = {ae XaL2(Z) :  (\Dx)ko£klD*2a G XaL2{Z), k0 + \kx + \kx < k} 

with th e latte r spac e denne d onl y fo r eve n k an d the n fo r od d k b y comple x 
interpolation between k — 1 and k + 1. 

Using this we now have the crucia l 

Lemma 7.13. — Let v(\,£) be the Fourier transform of v(X1x) in the second 
variable. Then for k even 

v G  IkLljZ; H±) <s=> v(X, 0 = g(X, 0 + e*§im«§/(A, (7.44) 

where f €  S%L2(Z), supp / C  {£ > 1} and 

f Sf[?(Z) M = 0 
\ KL2{Z) M > 0, 

= So , Vex = X~2adXdx. 

Proof. — W e observe that th e cas e m = 0 follows immediately fro m th e definitio n 
and we shall first prove that th e lef t han d side in (7.44) implies the righ t hand side, 
that is , we assume tha t v G  IkL2Ja(Z;Er^l) fo r k = 21 an d m > 0. T o simplify th e 
notation w e will allow m G  Z  and defin e S m = f 3|^j^m\ an d als o put a  =  | . Thu s 
we take v G  /21!^ (^ S,) -

6 
Let x G  C°°(R), sup p x C  [1, 00) be such that %  = 1 for x > 2 and le t u s define 

v+(x) = x(sgn(m)x)v(x), V- =  v — v+ 

The ter m V- satisfie s th e estimate s (A£>A)fcozfcl£^ - G  A1/6L2(Z) fo r fc0 + \ki + 
1*2 <  2/ , which immediately implies that V- G  S^6!/2^). 
We can easily construct a  canonical transformation Xm : T*R2 \ 0 —> T*R2 \ 0 such 
that Xm : N*{xi = 0} —> Am: 

1 1 
Xm : fai,x2;£1,6) 1—• fai ~ ^-^^2^2^1 ,6 + —o^fi) = (2 /1^2^1,772) (7.45) 
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which is generated b y 0m =  3^22/26 + 2/26 + 2/i£i- Th e definition o f 4L2a(Z;S± ) 
then shows that (se e Lemma 7.10) 

v(\, x) = eiirn~2x V u i ( A, x) , u i G  4L2(R2; N*{xx = 0} n {±x2 >  0} , 2). 

Consequently, if w(\,x) = e~z^lx v+{\,x) the n since v- G  S^6!/2^) , 

1 2 
(A£>A)fc°(a;-Da:)fcl-D̂ 2w €  A*L2(Z), fc0 +  fci + -k2 < 21, sup p w C sgn(m)[l, oo). 

(7.46) 

Strictly speaking we should now replace w G  A1/6L2(Z) by a sequence 
Wj G A1/6L2([1, cxd); §(R)), Wj -> wit h the estimate (7.46 ) satisfied uniformly , bu t 
for simplicity we shall write w everywhere. Wit h this understanding we have 

fi+(A,0 =  J e*irn~2x3-ixtw(\x)dx (7.47 ) 

and we first consider £  > 1  where we define / (A ,£ ) =  x( 0 EXP(|^M£ * )^+(^>0- W e 
will check the stability under an d £ ( A DA i s clear) by induction for more general 
/ 's o f the for m 

/ ( A , 0 =  x( 0 /  ,JHF v e ^ ^ § +  ^ - 3 - ^ ^ ( A , x ) d x, (7.48 ) J ^P{m^2 +X)R 

where suppsgn(ra) [1 , oo), w G  A^L2([1, oo), if(_s)(R)) , an d g  + k + 2s < r . W e can 
rewrite this as 

S-\e-i$m**f)(\1x)=a(x,Dx)* ( e ^ ^ ( A , . ) ) 

where 5 :  L2(R) —>• L2(R) i s the Fourier transform an d 

a(a;,0 =  X ( 2 s g n ( m ) s ) x ( 0 — £ ^ - T T €  H£l* +  M r ^ S ^ - ^ K ; R ) . 

(7.49) 

To see that /  G  \*L2(Z) if w e A 6L2([l, oo), #(_5)(R)) , i t suffices t o check that 

a G  (m|f|* + |x|)-2flS?>0(R,R ) e'^^a{x,D) :  L2(R) —> tf(s)(R), s  > 0. 

Since this is clear for s = 0 it i s enough to establish the mapping property for s G  N 
as i t wil l then follo w b y interpolation . Thu s le t s = n an d w e need t o verif y tha t 
D^(exp(-i^xs)u) G  L2(R). Thi s howeve r i s eas y a s \x\la G  S^+l/2 s o tha t 
xla(x,D) :  L2(R) -> tf(n_//2)(R). 
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We will show, using (7.46) , that th e application s o f an d d o not chang e the 
form o f /. T o do that w e first nee d to strengthen (7.46 ) slightly: 

(\Dx)k°(xDx)kiDkx*w G AU2([l,co);tf(_s)(R)), (7.50 ) 

fco +  fci + -fc 2 <  21 + -s, fci + fc0 < 21. 

The optimal choice of s is in ̂ N o and fo r s G  9lo> (7.50 ) is clear. Fo r s G  N0 + \  i t 
is derived from th e iteration of the following statemen t 

V^Diu G  À*L2(Z), i < 2 , j < 3  (7.51 ) 
D2Vu G  A* L2([l, oc);ÌJ(_Ì}(R)), V = xDx , AL>A-

To se e thi s w e tak e th e Fourie r transfor m i n x an d conside r (V2u, D^u). A n 
integration b y part s i n £  or A  depending o n V (i n the cas e of A  this mean s takin g 
an adjoin t i n o f DA ) an d a n applicatio n o f th e Cauchy-Schwart z inequalit y yield s 
£*Vue \*L2{Z) whic h gives the right han d side of (7.52) . 
We can now start wit h 

Dff(X,Ê) = (m£* -  x)ei{im**+^x3-x^a(x, Z)w(\ x)dx + 

(D^a)(x,0eiiirn^ + ^x3~x°w{\,x)dx. 

The second term i s of the desired form, a s D^a is of the form (7.49) . We rewrite the 
first on e as 

m2 j (mf * +x)-1a(x,£)[(-D,)ei(*m ^ + ^ x 3 - ^ ) ] ^ ( A , x )̂  

where we can integrate by parts introducing new a's of the form (7.49 ) and Dxw. B y 
an interpolatio n argumen t (se e for instanc e th e proo f o f (7.52 ) above ) i t suffice s t o 
discuss D | /, D | wit h weight | . Repeatin g the previous computation we see that D | 
is a sum of terms of the same form as / wit h w replaced by Dxw or D2w with r in a 
(see (7.49) ) increase d by 1  or 2  respectively. I f w G  A e L2([l, co); H(-s)) the n (7.50 ) 
shows that Dxw G  AsL2([l, co); #(-s)) an d D2w G AeL2([l, co); iJ(_s_i)), where we 
increased fc2 by 1  in agreement wit h the weigh t o f D2. Hence , indeed D2f i s a sum 
of terms of the form (7.48 ) and D\f G  A eL2(Z). 

We proceed similarly for Observin g that £D$ a G  5°(R,R) an d £ei(^*3~x° = 
(-Dx +m~2x2)ei(^rc3_^) , w e have 

(Dtf(\,£) = / £Dfa(x,£)w(\,x)el(*mlí2+^x ~х^ах + 

m2 K U I ) " 1 (-D,)(-D:c+m-V)e i (3m^+^iC - ^ a ( x , 0 w(A,x)dx . 
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and again the first term is harmless. Integratio n by parts in the second term produces 
terms with new a's satisfying (7.49 ) and the following terms involving differentiatio n 
of w. 

m2 
2i 

(ra£ 2 + x)2 
Dxw(\,x) + 

m2(m£ 2 + x) 
x -{xDx)w(\x)+ 

1 
(m^2 + x) 

-Dlw(\,x) a(x,0 + 
2Dxa(x,Ç) 

m 2̂ -f x 
Dxw(\x) 

Dxw(\,x) + dsqklW 

All the terms except for the third one are of the desired form (sinc e we used the gen-
erators in (7.46) with weights < 1) . T o maintain the order of regularity we use (7.50) 
again s o tha t i f w G  A6L2([l,oo),#(_S)(R)) the n D2xw G  AeL2([l,oo), H(_s_i}). 
This decreases 21 by 1  in (7.50 ) so the order in the filtration is preserved. Sinc e r is 
increased by 1 , (7.48) is preserved and £,D^f G  X^L2(Z). 

To see that ( 1 — x(0)^+(^>£) ^  &kL2(Z) we could again analyse the integra l (7.47 ) 
but i t als o follows from th e uniform ellipticit y o f D2 — ra2£ for £  < 0. I n fact, if 

suppfec (-oo,l) , (\D\)ko(D2 - m2Ç)klb(\,Ç) G \aL2(Z), k0 + -kx < 21 

then b G §2/£2(^) since 

((D2-m2t)b,b)LHRx) > ||^||2L2(Rx) +m2\№h\\2 x) - C\\w\\2. 

Note tha t usin g a n interpolatio n argumen t a s in th e proo f o f (7.52 ) w e obtain th e 
correct weights for the operators defining §2i^2{z)' 
Thus the desired decomDOsition follows bv takine 

g(\,t) = «_(À, 0 +  ( 1 - x(0)«+(A,0, /(A, 0 = ei»^X(C)«+(A,C). 

We no w wan t t o prov e th e converse , tha t is , t o sho w tha t th e decompositio n o n 
the righ t han d sid e o f (7.44 ) implie s tha t v G  hL21 L2(Z,Hm) wher e a s befor e 

6 
Em = f S j ^ m\ m 7 ^ 0. T o check the stability unde r 

\D\, Dx — m 2x2, x(Dx — m 2x2) 

with weights 1 , | an d 1  respectively, we move to the Fourier transform sid e in x an d 
require tha t 

(\Dx)k°(D2 - m20kl[(DJ - m2Ç)D*]k*{52 o W)u(\,Ç) G  A1/6L2(Z), (7.52) 

with k0 + + k2 < k = 21. 

The functions i n §>l(6L2(Z) satisfy (7.52) and we need to look at e~sirn^ sl(6L2(Z). 
Commutation throug h th e oscillator y facto r show s tha t i t suffice s t o establis h th e 
stability o f the elements of Sl(6L2(Z) unde r (£) 2-D$ with the weight §, i.e., 

/ G  Sl(6L2(Z) №*D*n)J)x)*(tDt)kiDpf G A1/6L2(Z), 
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| p +  k0 + kx +  ±k 2 < 2/. 

From this , on e sees that i t suffice s t o hav e the stabilit y unde r (£ ) 2 D| wit h weigh t 
1 whic h follow s fro m th e stabilit y unde r ^D^ an d Z) | bot h wit h weigh t 1  and th e 
inequality 

poo 

lo 0 
t\h'{t)\2dt < 

dss 

JO 
ti\t)\2dt) / t2\ti(t)\2dt) < 

1 
2 

/»00 

Jo 
\h"(t)\2dt +  /  t2|ft(t)|2d * ,  h e Cn°°(R+). 

We now nee d t o chec k th e essentia l suppor t property  require d i n th e definitio n o f 
IkLt1 {Z, Sm). I t i s easily satisfied fo r cJ~~181k6L2 and i t remains to consider 

v+(x)= / X(2e)e-3im«2+^/(A,0^, 

and t o chec k th e stabilit y unde r x •  x(—sgn(m)x) wit h weigh t | . Th e argumen t i s 
similar t o th e analysi s o f (7.47 ) an d w e shall presen t onl y th e first  inductio n step . 
Thus we write 

x • x(sgn(m)x)u+(x) =  /  x (20x(-sgn(ra)z)-
sd 

x —  777/2 
2o(Ci,C3)ei(llC 2o(Ci,C3)ei(llC 

where we integrate by parts. I f D^f G  X1^6L2(Z) the n so is the lef t han d side as 

a(x ,0 = x(20x(-sgn(m)x)(x - m ^ ) _ 1 x €  #°(R,R ) 

and we apply a(x,Dx) t o [jr_1(e~32m(#)2 D^f)y(x). Th e obvious inductive argumen t 
concludes the proof of the lemma. • 

To prove (7.41) we decompose S into the elliptic and hyperbolic components : 

S = Se + Sh, Sev(\,x,y) = 
1 

(2TT)« . 
2o(Ci,C3)ei(llC 2o(Ci,C3)ei( 

qs + x2 
d 1 d2o(Ci,C3)e 

(7.53) 

where 0 < G C°°(R, [0,1]) 

0(*) = 
1 t  >  2 
0 t < 1. 

We start wit h the elliptic region estimate: 

Lemma 7.14. —  If k e 2N 0 and k0 + §(/ci + ¿4) + 5 (̂ 2 + £3) < ra ^  0 , then 

(XDx^D^D^Se = 0(1) :  / ^ ( Z ; - *) — • A«L2([l,cc)A x  R+2/; H{I)(RX)) 
(7.54) 
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Proof. — W e again consider Se defined i n the same way as S i n the proof of (7.42 ) 
and, using the asymptotic expansions of the Airy functions on M+, we write (omitting 
A) 

g(Z) = 4>{-20m € eS£L2(Z) g(Z) = 4>{-20m € eS£L2 y i ( - e -y )«^( -o« (0 
where Wi £  1^/4(R) , sup p wi C [1 , oo), (compar e chapter 9 of [49]). From Lemma 
7.13 we conclude that 

g(Z) = 4>{-20m € eS£L2(Z) 
and w e want t o examin e th e applicatio n o f th e operator s fallin g o n Se i n (7.54) : 
£, Dy, y with the weights § > |> |> §> respectively. Fro m the definition o f S£, the 
application o f \D\, £  and D% t o g is allowed and thus we only need to examin e the 
effect o f the las t three operators in (7.54 ) on the phase. Thu s 

d^d^sev(y,o = e-î«-t)î-(-e-v)hWl(_ç _ y)w2(-0g(Q z 

e-î«-t)î-(-e-v)hWl(_ç _  y)w2(-0g(Q 

dd 2(-0g ds 

( - 0 * +  ( I +  Î/) 3 

fcs 
(l+y)**+*fcs7(î,,0*3 x 

|((_ï)f_(_ç_î/)§ 
i « i ( - e -y )« ;2 ( -05(0 . 

where 7(2/, £) = (—£ ) 2 —  (—£ —1/)2 an d where = mean s that th e expressions differ b y 
terms which can be treated b y the analysi s for lowe r k. I n fact , fo r an d y thi s is 
immediate, while for dy falling o n the phase we write 

t f G C°°(R+ 
t f G C°°(R+ 

; - o * + ( i+y)* 
(i+î/)1 

t f G C°°(R+ 

( - 0 * +  (1 +2/)* 
(-£)" 

with ( — £ ) a i n th e secon d ter m absorbe d int o g (wit h weigh t | ) -  i t i s allowe d a s 
g e 8aL2(Z). T o proceed we need the followin g 

Lemma 7.15. — Let f G  C°°(R+ x  [1, 00)) satisfy 
i)\tik){Q,t)\<Ck 

n) \ fvk)(y>t)\ < Ckta, for some a > 0 
Hi) supp / C  {(2/, t):y>0, t>l + y}. 
Then 

r»oo 

Jo 
-№-(t-v)*)f(v+)dv = e(t-i). (7.55) 

Proof — We ca n obtai n asymptoti c expansio n fo r th e integra l (7.55) using 
integration by parts: 

/»00 

JO 
e-iit,-(t-y)*)f{ytt)dy = 

+ - r * / ( o , t ) + 
/»00 

Jo 
-4/3(ti-(t-î,)§) e-î«-t)î-(-e-v)hWl(_ç _ y)w2(-0g(Q zz 
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which continue d sufficientl y man y time s gives , i n view o f (i) , a  term 0(t 2) an d a 
sum of terms of the for m 

poo 
0 

' -4/3(ti-(t-y)i) (t-y) -%f<k>Hy,t)dy 

with ki large . Usin g ii) and iii ) we can estimate this integral by 

Cfe2re-4/3*5 
dd 

/0 
e4/3(t-y)>{t_y)-k2/2dy<Ck2ta 

•It 

JO 
(t-y)-k^2dy + 

г?,..*0*-4/3*1-2-')*' =p(t-h 

if fci > 2a + 3. 

Since ( 1 + y)1/2 < (-£)1//2 for y  >  0 , —£>—£ — j / >  1 , we can apply Lemm a 7.1 5 
with f(y, -£ ) give n by 

2o(Ci,C3)ei(llC 

+ Í1 + J/)* 

fc3 
2o(Ci,C3)ei(llC 2o(Ci,C3)ei(llC qsdfd s+ ds 

l 2 

a =  &4 + h(k2 + ks) to obtain from th e above discussion 
/' '.X 

Jo 
[0i\(\Dx)k°Dkxixk*Dky°yk*Sev(y,0\2\-2adydt;d\ 

< C 
k'0<k0,k'1<^k3+ki,k2<k2 

\(\DxfoZk[DkSg(0\d(i\-2ad\ 

< C 
2o(Ci,C3)ei(llC 2o(Ci,C3)ei(llC 

\(XDxfo^Dk'2g(0\2d^\-2adX 

<C\\ghakLHz)<C\\v\\2kL2Jz.^y 

where the las t inequalit y i s a consequence of Lemma 7.13. 

We factorize th e hyperbolic term defined i n (7.53 ) as follows: 

Sh = God+ 

where 

Gv(X,x,y) = ±- / Tp(\-H)V+(T)v(0e-*iT +i^+y^drd^, (7.56) 

2o(Ci,C3)ei(llC 1 
2TT , 

((1 - <p)A+)(-s)eistds, <a+ e S°(R), 
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see [49] , Sect . 4 . Th e othe r ter m d + i s the non-homogeneou s versio n o f th e d+ 1 
operator: 

(a;1«)A(^,e2) = ^ i )^«r16 ) (^+( -^r i6 ) )_1S(6 ,&) , «  e s'(R2), 

(a ;1«)A(0=^+(-0"1«(0 , « e S ' ( R ) . (7.57 ) 

The mor e delicat e par t o f the argumen t involve s fl^1.  Thi s operato r i s associate d 
to a  canonica l relatio n wit h boundar y £ q (se e (7.26) ) whic h ca n b e regarde d a s a 
singular canonica l transformation . 

The followin g proposition , whic h ma y b e o f independen t interest , quantize s th e 
Lagrangian mapping properties of £q • 

A£ -  A±T1 , m ± 0 , (2q A0 = Af . 

Proposition 7.16. —  Let us define the following marked Lagrangian varieties: 

Sp = { A ^ > , 2 } , 

£0 =  {A0 , ^A0nAi^l'2} 

where A^, Ao are gwen by (7.28), an d £|j~£p = £p_i . T/ie n 

: IkH(s)(R2;£p) —> IkH(s_i>)(R2,£p_i). 

The proof follows from Lemm a 7.10 and 

Lemma 7.17. —  The multiplier ft+  defined by (7.57) satisfies 

(Dj-Wal1 :  hLla(Z,E±) —• hLljZ,-^), m > 0, 

( B x ) - 1 ^ 1 • • hLla(Z,E0) — • /fcL2Q(Z ,5r). 
Proof —  Thi s is an easy consequence of Lemma 7.13 and the asymptotic properties 
of A+: A+ 1 = 0 ( 0 +  6***^(0, G G S ( R ) , F e ^ 4 ( R ) , sup p F C  [1,oo). • 

Proof —  Proo f of Proposition 7.1 6 Unless p = 0 ov p — 1 = 0 the statement follow s 
immediately fro m th e interpolatio n betwee n th e eve n indexe d neighbours . I n th e 
special cases, the proposition is equivalent t o 

a;1 (A*)" : / * L 2 ( R 2 , £ 0 ) ^4t f ( s_ i ) (R2 ,£_ i ) , P = ° (7-58) 

(D.y-^a-1 :  / ^ ( R 2 , ^) — • /FCL2(R2,£0) , P  = 1 . (7.59 ) 
In fact, Definitio n 4. 5 immediately implies that fo r s G  Z, 

u G  4#(s)(R2,£0) & D«u e 7fcL2(R2,£0) , \a\ < s & (Dx)su G  7fcL2(R2,£0), 
so that th e cas e o f genera l s follow s interpolation . O n the othe r han d Lemm a 4. 4 
shows that Hh^(Y2) h ifcL2(R2 , £0), so that b y Proposition B. 2 the right hand side 
is an interpolation spac e in k. Henc e (7.58) holds for al l A:. • 
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Lemma 7.18. — Let G be defined by (7.56). Then for k even 

V(A-*x)G :  IkLla(Z,E±) — > IkL2^ (Z+,3m ) (7.60) 

and in particular 

^(X-ix)G(Dx)^4[: IkLla(Z,Z±) - » IkI*+ (Z+,Sm) (7.61) 

Proof —  B y taking the Fourier transform i n y and applying Young's inequality t o 
eliminate ip we only nee d t o conside r X~1^6/t/;(X~3x)^+{r])e~^lT) v(x + rj) and th e 
operators (se e definition o f IkL2(Z+,Em)) 

rj2 + Dv - Dx, x + ry, ( x + 77)-Dx, m  = 0 
with multiplicities | , | , 1 and 

rj2 + Dv - Dx, Dx - m-2(x +  T?)2, ( x + 17) (Dx - m_2( x + ry)2), m / 0 

with multiplicities | , | , 1. 
The correspondin g assumption s o n v give s stabilit y unde r th e operator s (se e 
definitions o f IkL2(Z, S^): x,xDx, m = 0, with weigh t |  an d 1), and D x — m~2x2, 
x(Dx — m_2x2), m/ 0 , wit h weight |  an d 1. I t follows that w e need to consider the 
norm of 

X-1/6iP(X-3x)a(r])w(x + 77), a G S°(R), I U G L2(R) 
in £2(R2 )  and i t i s easily seen to be bounded b y ||w ||L2(R). Th e mapping propert y 
(7.61) follows from th e frequency cut-of f ^(A~^£ ) i n G. • 

Combining (7.61) an d Lemma 7.17 we obtain tha t 

il>(\-ix)Sh :  JfcL2jZ,S±) — • IkL2v+ (Z+,3m=Fi),m >  0 
«+4 

^(A-*x)5fc :  IkLljZ, Zo) ̂  IkLl+ (Z+,3i) 

Thus, using Lemma 7.14 and the definition o f 7/eL2+ (Z+,Sm) w e obtain (7.41) of 

Proposition 7.12: 

S« = V(A-ix)^(A-i|/)(5e + Sh) : / ^ ( Z, ~± ) — * Ifei£ (Z+,S£) , m  ^ 0 . 

Finally, Lemma s 7.10 an d 7.11 complet e th e proo f o f Propositio n 7.9. W e shoul d 
remark tha t w e have not use d th e ful l powe r o f Lemma 7.14 which shows precisely 
the gai n o f regularity i n the ellipti c region . A  little mor e will be use d i n the proo f 
of Proposition 7.21 but eve n there i t woul d hav e sufficed t o hav e Aa+eL2([l, oo) x 
R+;L2(R)) i n the right hand side of (7.54). 
7.3. Th e extensio n o f th e equivalenc e o f glancin g hypersurface s t o b—canonical 
transformations (se e Appendix A and references give n there) wil l now be used to go 
beyond the mode l case considered above . Thu s we have the following generalizatio n 
of Proposition 7.9: 
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Proposition 7.19. — Let the Lagrangians A M be defined by (7.28) and the relation CJ 
by (7.20). Then the diffractive parametrixT given by (7.2) has the following mapping 
properties for k even: 

f : 7fei2(R"-1;Ao,JAonA2A2,2) +  /fcL2(K"-1;A+,2) ^ 
i X c ^ A i î . ^ A O n S C A o ) ) , 

T : 7fcL2(R"-1;Ar,2)+7fcL2(M"-1;A+,2)^7fc6L2oc(X,5(A0)U5(A2)), 
f : 7fcL2(R"-1;A+,2)^7fcbL2oc(X,fJ(A0)UÏ(A„)) . 

where Ajj c T *rn_1\0 ¿5 any C°° homogeneous Lagrangian tangent to A± at AiDAo-

Proof — Let x :  r —> T*X \ 0 be the equivalence of glancing hypersurfaces use d in 
the construction of the parametrix. B y Proposition 1.1 it can be chosen to extend to 
a b—canonical transformation bx ' T -> bT*X \ 0. The induced boundar y canonica l 
transformation Xd : To —> T*dX \ 0 coincides with th e canonica l transformatio n 
of the elliptic Fourier Integral Operator J  suc h that fo r v G ê '(rn_1) 

PTv = 0, fv fx _ = 0 , fv \dx= Jv. 

By Theorem 1.5 (and Remark 1.4), bx can be chosen so that 

(6x)> = c f e 2 - ^ 3 2 - 6 6 ) , c e S ^ ) , (7.62) 

where we recall that th e pull-back by bx makes sense as p G S^2(bT*X \  0). 
Our firs t goa l i s t o quantiz e (7.62) using b—Fourier Integra l Operators . Thu s w e 
choose F G  Ij>(Rl x X; (6x-1)') an d G G  l£(X x  R!f: ; (**)') so tha t FG - I = 
Ei, GF - I = E2, wit h E1 G *g(Rî), £2 € satisfying f l T = 
0, WF6(J52) n 6x(r) = 0  (W\F6(#) denote s th e essentia l suppor t o f the ful l symbo l 
of E a s a  b—pseudodifferential operator) . B y th e argumen t use d i n th e proo f o f 
Proposition 4.4 (see also [25], 111(4.26) and what follows) , 

FPG = C(P0 + R) + E, Re ^,2(r+), E G  ^°° (r^) , (7.63) 

and where C G \P£(RIJ.) is elliptic in T and can be chosen (by appropriate modification 
of F and G) t o hav e th e ful l symbo l vanishin g outsid e a  neighbourhoo d o f V. B y 
absorbing th e ter m D2X2R-i,R-i G tf^RIJ.), i n R int o P0 (by writing D2X2R-x = 
PQR-I + (x2D2X3 + DXlDX3)R-i) we can assume that R G  ^^(r^) . 

The following lemma is based on Proposition 1.2 and allows us to eliminate R: 

Lemma 7.20. — If C G  tfgOfcf.) is elliptic in T and R G  ^ ^ ( t " ) then there exist 
Qi,Q2 € ^b(S+); elliptic in r andE G *^00,1(R!J:) such that 

C(P0 + R) = Q1P0Q2 + E. 

109 



R. B. MELROSE, A. SA BARRETO, M. ZWORSKI 

Proof. — I t i s in fact mor e convenient to look for T\ an d T2 i n ellipti c in T and 
such that 

T1{P0 + R) = P0T2 + E, Ee%°°A(Rl), 

which can be rewritten a s 

[P0,T] = TR + P0B (mod tf^00'1),  (7.64 ) 

where T = T\ an d P  =  T i —  T2. Thu s w e ar e lookin g fo r a n ellipti c operato r 
T G  *g__and an operator B e %x suc h that (7.64 ) holds . Identifyin g t° = V0(T) G 
5°(6T*R^) an d b 1 = V_i(P) G  S ^ ^ R ^) wit h thei r pull-back s unde r j w e see 
that (7.64 ) implies 

^HPot° = t°r+p0b\ r = ba1A(R). (7.65 ) 

On the othe r han d i f (7.65 ) hold s an d w e choose T^P1 s o that bcr0(T°) = t° an d 
6cr_i =  b1 the n 

[P0, T°] - T ° - P0P1 G  *2fl(K+). 

Proposition 1. 7 shows that, indeed , we can find such t° an d 61 , by taking t° = exp a 
and b1 = (expa)fr, wit h a, 6 given there. W e then continue inductively, assuming that 

E* = [P0 , T° + • • • + TJ] - (T° + • • • T ')ii -  Po^ 1 +  •  • • + P '̂+1) G  tf^(r:*). 

If hG-j,i(Ei) = e-7 we again use Proposition 1. 7 to solve 

-M^1 = -ej +  riP+1 +  po&*+1 

since it i s equivalent t o 

^HPoq = - ( t 0 ) -V +  ps, = t°q, = t\qbl + s), q e S~j(r), 5  G 5^"1(r) . 

The standard argumen t adapte d to the ̂ I/*'1 setting concludes the proof. • 

By combinin g Lemm a 7.2 0 wit h (7.63 ) w e see tha t ther e exis t Fi,i <2 G  7£(R™ x 
X, (^x-1)') ellipti c in T and properly supported suc h that 

F1P = P0F2 + EF2, Ee^°°A(Rl) (7.66 ) 

where E is also properly supported. W e recall from [25] , Proposition III.4.18 that th e 
restriction of a b—Fourier Integral Operator, P, to the boundary is a Fourier Integra l 
Operator FQ with the canonical relation given by the restriction of that fo r F. Thus , 
(F2)a G  ^(W1-1 x  X; {Xd1)'). We conclude that (P2) a oJ = Ae \£°(Rn-1) , where 
A is properly supported an d 

P0F2Tv = -EF2Tv + Kv, (F2Tv)\dx=Av, K :  '̂(R71-1) — > C°°(R!J:). (7.67 ) 
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To continu e w e need t o recal l tw o basi c facts . I f X an d Y are manifold s wit h 
boundaries, C, a b—canonical graph then, 

I$(X x  Y; <?') 3 G :  9l(y) —> 9l(X) 
#~°°'fc(X) 3 A : 9l(X) —* C°°(X). 

The spac e 9l(X) is defined i n [25] (see also Sect . 18.3 of [14]). The first  property 
is clea r fro m 111(4.14) in [25], while the second on e follows fro m 9l(X ) n &(X) C 
&(X)nà{X) = C°°(X) (se e [25], Proposition II.8.8 and [14], Theorem 18.3.24) and 
the mapping properties #*,/e : 91 -> 91, ty'00* : &' à. 

Combining this with (7.67) we conclude tha t 

F2T = T0A + E0, A E \£°(Rn_1), E0 : S ^ R " " 1 ) —> C°°(R^). 

The proof i s now concluded throug h application s of Propositions 4.1,4.2,4.4, Propo-
sition 7.9 and the use of 

x ( ïo (A)nr )c ï (A) , 

which follows immediately from (7.20). • 

Proof. — Proof o f Theore m 7.6 We proceed b y showin g tha t th e Poisson map 
6 :C0oo(9X+)^Coo(X): 

P(&f\x) = 0 i n X , &f\ax=f, e / t x _ = 0 , (7.68) 

extends for s G 2No to a continuous map 

ë :  JsL2c(dX,H) —• (/?5)./s^5,locL2(X5,S5). (7.69) 

Since both spaces in (7.69) are interpolation spaces, the map is then continuous for all 
values of 5, in particular for s G N0. Once we have (7.69) we apply the 'vanishing in the 
past' Proposition 5.3 to show that the extension of ê / \x t o {f3^)^IsL2^ locL2(X5, S5) 
can be modified to lie in JsL2omp(X, H). I n fact, Definitio n 7.4 shows that for s G No 

v e  JsL2comp(X,H) => « R* |€ (3dJkLla{(3d*Kl;dX^I3d*Kl). 

Proposition 5.3 and the spacelike property of K$ (K$ = dX n  Kg - see Proposition 
5.1) gives the second conditio n i n the definition o f JkL2oc(X, H) (Definitio n 3.5; in 
fact w e get a stronger condition: U f/^E IkL2J(X4,dX4:) \KX)-

show that the extension of ê / fx can then be modified to lie in JsL2oc(X, H) without 
affecting (7.68). 
To establish (7.69) we will reduce it to a microlocal statement. I n fact, i t suffices to 
prove (7.69) with the left han d side replaced by the right hand side of (7.6) and the 
right hand side replaced by the left han d side of (6.2), as we can use Proposition 7.7 



R. B . MELROSE , A. S A BARRETO, M . ZWORSK I 

and Theorem 6.1, respectively. I n that case we consider the full diffractive parametri x 
T give n by (7.15 ) and will see that fo r k even 

T : JfcL2(aX;A00)JAoonA2iA2i)2)+/fcL2(3X;A+,2)^ (7.70 ) 
7fc%2oc(X,A5,AsnAF)) 

T : Jfe^(aX;Ari,2) +  7fc^(aX;A+,2)^7fc6ifoc(X,AFUAH), (7.71 ) 
T :  1^(8X^^,2)-^IbL2oc(X,AFuAR), (7.72 ) 
T :  IkL2c(dX;At3,2)-+IbL2oc(X,AHUAs). (7.73 ) 

Recalling (7) , we see that, afte r a  suitable micro-localization, (7.70),(7.71),(7.72 ) an d 
(7.73) are a consequence of Proposition 7.19 and the following mapping properties of 
L in (7.15): 

L : IkLl(dX;A0o,JlonA2iA2i^) + IkL2c(dX-A+,2)-^ 
7,L2(E"-1; AC, JAONA2 A2,2) + 7fcL2(R"-1; A+, 2), (7.74 ) 

L : IkL2c{dX;Ali,2)+ IkL2c(dX;A+,2) ^ 
7fcL2(R""1; AJ-, 2) + hL2^-1; A+ , 2), (7.75 ) 

L :  7fc^(dX;A+,2)^7fcL;!(R"-1;A+,2) , (7.76 ) 
L :  7 fcL2(c>X;A+,2)-^7fc£2(Rn-1;A+,2). (7.77 ) 

The operator L i s chosen differently i n each case depending on x an d T  used in the 
parametrix constructio n -  se e the discussio n followin g (7.19) . Sinc e L i s an ellipti c 
Fourier Integra l Operato r associate d wit h Xd (se e (7.19) ) th e mappin g propertie s 
above follow from Proposition s 4.1 and 4.2 . W e then obtain (7.70),(7.71),(7.72 ) an d 
(7.73) from (7.74),(7.75),(7.76 ) and (7.77) , respectively from Proposition 7.6, once we 
check, for (7.72) , that 

ARnf D5(A«nr ) , 

and for (7.73) , that 

A 5 n f D ^ A ^ n r ) 

for some Ajj tangent to Ai at AiDA0 (again, with different choice s of x and T in the two 
cases (7.72) and (7.73)) . Fo r (7.72 ) we can simply take Ay = A2 = U± a s then 
FIr(A2nr) C  Aflflf. T o construct Ay for (7.73) we observe that i f 5 and 5i ar e defined 
using canonica l transformations x an d Xi ~ see (7.20 ) -  the n CS\ = CS o x^ixijd- I f 
(Xi)a i s chosen so that (xi )a(Ao n T) c  A0o, as it ma y be by (7.19) , then by (7) 

ff1(A1nr)cA5nx(f) 

and we can take Ay = Xa1(Xi)a(Ai). Sinc e Ai i s tangent t o A2, it remain s to check 
that Ay is tangent t o A2, and tha t follow s fro m th e tangenc y o f (̂Ay) t o 3 :(A2), as 
can be verified usin g cJo or even more easily 3C given by (7.27) . B y the las t par t o f 
(7), 5(A2 fiT) C AH+ an d that tangency follows from the third order tangency of the 
cone and the reflected front H+ (se e chapter 2). Thi s completes the proof of Theorem 
7.6. • 
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7.4. Because of the restriction t o the boundary (se e Theorem 7.5) we lose 1/2 of 
the orde r o f regularity whe n applyin g Theore m 7.6. To avoid thi s los s in the final 
application to conormal regularity of diffracted wave s we need 

Proposition 7.21. — / / (F H X- ) D dX = 0 and u G L2(X) satisfies 

Pu = 0 in X , u\dx=0, u\x_=u0, u0 G 4L2(X_;AF), (7.78) 

then 

uebIkLlc(X-AFUAR). 

Proof. — Following the proof of Theorem 7.6 and with the notation of Proposition 
7.9, we only need to prove the statement i n the model case: P = Po5 Ap = 5o(Ao), 
AR = 3r0(A2), X = R+, X- = {(j>{x) < -5,X2 > 0}, where for small |x | we can take 
<p(x) = X1 + X3. Th e assumption that X- P i F is away from the boundary is replaced 
by its microlocal version: 

WF(u0) C  So(r0) n T T " 1 ^ -) (7.79) 

where T0 C T*Rn~2 is small conic neighbourhood of (0; (1,0, • • • , 0)). 
The lemma below provides the needed characterization of the restriction of the free 
solution whic h i s alread y essentiall y containe d i n Corollar y 5.10 of [35] (see also 
Sect. 25.3 of [14] and Sect. 3 of [49]). 

Lemma 7.22. — If UQ satisfies (7.79) and if 

Pow = 0 in R3 , W(R3_)_=u0, uo G4Lfoc((R3)_,3ro(A0)), 

then w G //eL2oc(R3;ïo(Ao)) and 

w\DR3+=aiw0 + Eu0, w0 G Jfcff(_i/6)(R2, A0), 

where OLi is the multiplier defined by Ai as in (7.57) and E : L2oc(R3) ->> C°°(R3). 

Proof. — The first property of w is immediate fro m the propagation propertie s of 
Lagrangian distributions . Conditio n (7.79) implies tha t WF{uo) i s contained i n a 
conic neighbourhood of the bicharacteristic for po through (0; (0,0,1)): 

2 
x2 = x2, x 3 = -X2, £1 = 0, 6  = £3 = 1-

Thus by smoothly cutting off of the initial data (whic h produces C°° errors) we can 
assume tha t -uo G C°°(RX2; ^'(R^ 3) ) and consequently tha t th e same is true for 
ipw, where i/> G C°°(RX2,Q^(RXl,L2)), ^ = 1 near ^(^(To)) . W e also not e tha t 
(1 — tp)w G C°°(R3). Takin g the Fourier transform S in x\ an d X3 we obtain 

(D2X2 + 6 ) ) « i ^ 2 , 6 ) = ? (-{Po,ip]w) (6,*2,&) € C°°(RX2;S(K|1)€3)), 
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and since i s tempered i n (£1,̂ 3) we conclude that 

(&^Jfcl(&i>fo)fca«3o e (01/6£2(Ka), k1 + X H DV 

where we can neglect the term (f> in the left hand side (see (7.57)) as 3r_1((l — (j))^w) G 
C°°. I f r0 i s small enough, then x2 > # i >  2  max^er0 16/61 m 0^3)- rising suppu0 . 
Thus, for (#,£ ) G  S0(T0) n 7r-1(X_ n sing sup p u0) 

№)M-£1/3(£i + M) = £3"1/6(̂ 2 + 6 / 6 r 1 7 V ( 6 ) x 
ег-3Ы*1+ЫЫ а+(£/а(х2+Ш)+е-1*ы*>+МЫ> а_(£"(х2 + Ш) -W d;smS 

a± G  5phg(K), a±(l) 7 ^ 0. Since the phases are smooth then, we conclude that 

WF h-1 lexp(±-iÇ3(x2 + 6 / 6 ) 3 / > ± ™ O ) r{*2>^,|*|<,52 } ) C 

50(WF(w0)) n  {z2 > ¿1 , ±xi < 0} . 

Hence, up to an error in C°° (RX2 ; S (R^ ?3)) 

So(6,*2,6) - £3"ÏÏ(̂ 2 +6/6)-1/V(6)ci^s(aJa+€l/€8) a+(^/3(x2 +  66 ) )«o (6 ,6 ) -

If u0 G L2oc(Rz2;L2(R2l)iC2)) w e conclude tha t w0 G (6)1/6£2(R2), tha t is , w 0 G 
iJ_ 1. The desired conclusion is equivalent t o the stability conditio n 

(&^Jfcl(&i>fo)fca«3o e  (01/6£2(Ka), k1 + k2< k, 

while we know that 

+ 2z2£>X2 - fc^rP*, - 60€l)fcl2o € L2OC(RX2; L2(R2)). 

However, 

{DX2 - C3-D«i)«o = 

(&^Jfcl(&i>fo)fca«3o e (01/6£2(Ka), k1 + (&^Jfcl(&i>fo)fca«3o e (01/6£2(Ka), k1 + 

(&^Jfcl(&i>fo)fca«3o e (01/6£2(Ka), k1 + (&^Jfcl(&i>fo)fca«3o e (01/6£2(Ka), k1 + 
(&^Jfcl(&i>fo)fca«3o e (01/6£2(Ka), k1 + (&^Jfcl(&i>fo)fca«3o e (01/6£2(Ka), k1 + 

which togethe r wit h th e wave-fron t assumptio n (i n particular , |6 | < 6 ) conclude s 
the proof. • 

With the notation o f Proposition 7.12, we want to show that 

S\W(âiwo)) G  7fcL2+(Z+,So) + 7fcL2+(Z+,£2), 
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as the n Lemm a 7.1 1 will provid e th e desire d conclusion . Again , w e consider th e 
elliptic and hyperbolic components separately and start wit h the former: 

se(w(aiw0)) = se(<p(-Dx)aiw(w0)), aiow = wom. 

Since Ai(-0 =  0((0_JV) for all N if £ < 0, we easily see tha t <f>(-£)Ai(-S)Wwi)(\ 0  € 
&l/3L2(Z). Thus we can use the proof of Lemma 7.14 to conclude that 

Se(aiW(w0)) e IkLl+(Z+,E2). 
2 

In fact, a  much stronger conclusion holds: 

(\Dx)k°Dkxixk>D^yk*Se(aiW(wo)) G X^3L2([l,oo) x  R; jJ(1/4)(R)) c  \1/2L2(Z+). 

Turning to the hyperbolic component we observe that by writing Ai = -co A+ — Co A-, 
UJ — exp(27ri/3), we obtain 

Sh(ai(Ww0)) = -LUGWWO-OG ^ ^ ^ o ^ • 

Straightforward analogue s of Lemmas 7.17 and 7.18 conclude the proof. • 

We shoul d remar k tha t a  minima l amoun t o f additiona l car e woul d remov e th e 
assumption that k is even, but that i s irrelevant to us as indicated in the following 

Theorem 7.23. —  If the assumptions of Proposition 7.21 are satisfied with k G  No, 
then there exists a continuous map 

E :  IkL2(X.AF) —+ JkL2c(X,H) 

such that E(UQ) \X= U. 

Proof. — W e only need to combine Proposition 7.21 with Proposition 5.3, Theorem 
6.1 and an interpolation argumen t a s in the proof of Theorem 7.6. • 
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8. PROOF OF THE MAIN THEOREM 

To give the proo f o f the propagatio n theore m fo r th e pseudo-conorma l spac e given 
by Definition 3.6 , two preparatory facts ar e still needed. 

Lemma 8.1. —  If g e JsL2loc(X,H) then 

WF{s)(g) C  N*F U  N*R U  iV*5+ U T£X \  0  U N*L U  N*B+ U  AT*L>+ U N*H. 
(8.1) 

Proof. — Th e statement follows easily from Definition 3. 5 if s G  No- We need to see 
that i t is preserved when the space J/eI/12oc(X, H) i s interpolated. Fo r convenience we 
shall denote the union on the right hand side of (8.1 ) by Jl. 
Let ft C  T*X \  0  be an open conic set such that ft  i s disjoint fro m £ . Th e condition 
WF^(g) C  £ i s equivalent t o sayin g that fo r ever y such ft,  i f a G  5£g(T*X \ 0 ) is 
elliptic in ft  and supp a n  £  =  0 , then a(x,D)(D)sg G  L2oc(X). Fixin g a with tha t 
property and definin g 

WS(X,Q) = {ue Lfoc(X) : a(x, D)(D)sg €  Lg,cW } 

we see that Ws is an interpolation spac e in 5 and tha t WF^ (g) C £ i f and only if 
for al l ft above g G  WS(X,Q). Fixin g ft we now see that 

Jk+1Lfoc(X,H) > Wk+1(X,Q) 

I 1 
JkLlc(X,H) •  Wk(X,il) 

and the complex interpolation finishes the proof. • 

To guarantee the singular support condition in Definition 3.6 of JsL2oc(X) we need 
the following crude propagation property : 

Lemma 8.2. —  Let u satisfy 

Pu = f in X , u\dx=0, u\x_=0 (8.2 ) 
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with f = f \x, where WF^s\f) is contained in the right hand side of (8.1 ) If 

sing supp<fl>(/) N  (R \ R U  F \ F U  5+ \ S+ ) = 0 

then 

sing supp(S+I)(u) N  (R \ R U  F \ F U  5+ \ 5+) =  0. 

Proof —  W e construct th e solution ^ by starting with the interior problem : 

Pu = f i n I , u\£ =  0, 

where we choose any strictly hyperbolic extension of P \x to X\X ( a fixed extension 
P wa s introduced i n chapter 2) . I f we denote the right-hand sid e of (8.1 ) by £ an d 
introduce 

£ = £ \ 7T-1 [(R \ R U  F \ F U  5+ \ 5+ ) H  X], 

then th e assumptio n o n /  show s tha t WF^s\f) C  £ . I f £ i i s th e P-flow-ou t o f 
«2 H {cj2(P) = 0} , then the standard propagation resul t (se e [14], Sect. 26.1) gives 

WF{s+1\u) c £ u £ i . 

By choosing P in X\X appropriately , it can be arranged (fo r instance, by decreasing 
the speed of propagation in X \ X) tha t 

{l1\£)n(l\£) = ®, (8.3 ) 

and this will be crucial later. A t the boundary, al l the terms in £ an d ¿1 are disjoint 
except ove r T where all of T£X \ 0  is included. Thu s 

WF^i-u^clt, 
~d ~ 

where £± come s from the projection of each term in £1 to T*dX \ 0. Henc e when we 
solve 

Pv = 0 i n X , v \dx= -u\ax, vfx_=0 , 

the propagation of singularities theorem for the diffractive Dirichle t problem (see [37] 
and [14] , Sect. 24.4) shows that 

v G  9l(X), WF^\v) C  j(£i rT*X\O), 

where j :  T*X \X -> bT*X \ 0 . Putting s = u\x +v we obtain the solution to (8.2) 
and i t i s independent o f the extensio n P chosen . Thu s we can take eithe r th e fixed 
extension P (a s in chapter 2  and consequentl y i n the definition th e extende d front s 
and «£) or P suc h that (8.3 ) holds. Thi s shows that 

sing supp(s+2)(w) c  TT(£ ) fx ri7r(£i ) \XC ?r(£) \X 

concluding the proof. • 
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We can finally give the long promised 

Theorem 8.3. —  Iff fx _ = 0  and u G L2loc{X) satisfies 

Pu = f in X, u \dx= 0 , u \x_ = 0, 

then 

f € JsL\oc{X) ==> u £ Js+,_Llc{X). 

Proof. — Definitio n 3. 6 guarantee s tha t fo r an y H G & ther e exist s /  G 
JsL2oc(X, H) suc h that f = f\x. I f we apply Theorem 5.6 to the problem 

Pui = f i n X , fx_ = 0 , 

we conclude that ui G J*Lfoc(X , if). Theore m 7. 5 then implies tha t 

-u! \dxeJsH{dx,H) 

and we solve the Dirichle t proble m with that boundar y data : 

Pu2 = 0 i n X , w2fx_=0 , u 2 fax= \dx • 

Theorem 7. 6 show s tha t w 2 G Js+iL2oc(X,if) f x an d i z =  u  fx , u = ui + 2̂ £ 
Js+1 L2oc(X, if). Sinc e i f varie s freel y i n £R , we conclud e th e proo f b y observin g 
that th e singula r suppor t conditio n require d b y Definitio n 3. 6 i s easil y furnishe d 
by Lemmas 8.1 and 8.2 . • 

The proof of the main theorem on the conormal regularity for semi-linear diffractiv e 
mixed problem s i s now an equally easy consequence of Theorems 3.8 , 7.23 and 8.3 . 
We recall that F i s a C°° characteristic surface satisfying F D X_ D  dX =  0  and the 
pseudo-conormal space JkL2oc{X) i s given by Definition 3.6 . 

Theorem 8.4. — Let u G L^C(X) be the solution of the semi-linear mixed problem: 

Pu = f(x,u) in X , u\dx=0, ^fx_=w 0 

where f G C°°(C) and u0 G 4L2oc(X_, F). Then u G JkL2oc(X). 

Proof —  T o apply the standard procedure based on the algebra property (Theorem 
3.8) an d the propagatio n propert y (Theore m 8.3 ) (se e [32 , 34] and reference s give n 
there) w e only need to check that 

Pw = 0, w \dx= 0 , w\x_=u0 =^ w G JkL2oc(X). 

That howeve r is easy now as Theorem 7.23 shows that w G JkL2oc(X, H) fx , fo r any 
H G £it, and the singular suppor t statemen t follow s from propagatio n of singularities 
for the diffractive mixe d problem (cf . [35 ] and [14] , Sect. 24.4) . • 

The results presented i n chapter 1  are easy consequences of Theorem 8.4 and the 
definitions. 
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A. GLANCING HYPERSURFACES AND 
6-GEOMETRY 

The purpos e o f thi s appendi x i s t o presen t som e refinement s o f the equivalenc e 
of glancin g hypersurface s (se e chapter 2  for definition s an d [24 , 35] for a  detaile d 
discussion) and of the construction of solutions to the diffractive transpor t equations . 

We wil l us e the notatio n simila r t o tha t i n chapte r 4 : =  {(X,T/ ) :  x > 
0, y e W1} an d denote the coordinates in T*Rn+1 \ 0 and feT*R++1 \ 0 by (x, y; f, rj) 
and (x , y; A, 77) respectively , s o that j :  T*R^+1 \ 0  -> 6T*t™+1 \ 0  takes the for m 
3(x,y,€,ri) = (X ,7/;X£,T/). 

Our starting point i s the following theorem from [35]: 

Proposition 1.1. —  If P and Q in T*]R++1 \ 0  are given by 

Q = {X = 0} P = {P = 0}, p = £2 + 2a(x,7/,ry)£ + &(x,7/,r7), a G 5^g, b e S^g, 

and are glancing at mo = (0; (0,1,0, • • • , 0)); then there exists a conic neighbourhood 
of j(mo), r C  bT*R++1 \ 0  and a b—canonical transformation 

>>X:T^ bT*Rl+1 \ 0, bX(j(m0)) = j(m0) 

such that 

bX({A2 + ex3772 - x2771r7n = 0} n T) C  JjP), e = sgn(^6(0,0)). 

We remark tha t bx{{x = 0 } fl T) C  {x = 0 } is immediately satisfie d an d that a 
comparison wit h the general discussio n i n chapter 2  shows that e  = —  1 and e = 1 
in the diffractive an d gliding case s respectively . I t i s also importan t t o remember 
that bx is essentially obtaine d b y extending a n appropriately chose n equivalence of 
glancing hypersurfaces (o r rather its restriction to the boundary, Xd)' 

X'.To^ T*Rn+1 \ 0, r0 C T*Rn+1 \ 0 , j(x(m)) = bx(j(m)). 

For x  w e immediatel y hav e x*P — a(a; 9 y ; ^, 7 7 ) + exT?2 — 77i77n), wher e a i s 
homogeneous o f degree 0 and non-zero in To- Th e corresponding statemen t fo r bx 
does not however follow immediately from Propositio n 1.1 . Nevertheless we have 
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Proposition 1.2. — LetpE SĴ 2(bT*RIJ:+ 1 \ 0) satisfy 

x2p\\*-x*r,l-x*r,nm=o, dfp(m0) ^ 0. 

Then, for some conic neighbourhood of mo = (0, (0,1,0, • • • , 0)), T\ C  T*R™+1 \ 0, 
there exists a b— canonical transformation 

bXi : Ti — > 6T*R![+1 \ 0 

such that 

bX*iP = c(e~xr12-r1nm), cGC °°(br*R^+1\0), c ^ O i n T i . (1.1 ) 

Proof — B y the Malgrange preparation theorem (se e [14] , Sect . 7.5 ) w e can write 

x2p = r0(x,y,7}) + ri(x,y,rf)\ +  (A 2 - x3rji - x2r]ir]n)s(x1 y, A, 77), (1.2 ) 

for (x,y;A ,7/) i n som e coni c neighbourhoo d o f j(rao) . O n th e othe r hand , sinc e 
P e S2hg2, 

x2p = x2s2{x,y,\,r)) + Xxsi(x,y,X,rj) + \2s0(x,y, A, 77). 

The differentiatio n o f (1.2 ) i n x an d puttin g x = A  =  0 shows that C^T^O , 7/, 77) = 
ro(0,2/77) = 0. Th e compariso n o f the tw o expression s fo r x2p gives r i (0,7/, 77)A + 
A2S(0,T/, A, 77) =  A2so (0,7/,77, A) an d consequentl y ri (0,7/,7y) = 0. Sinc e r o +  ri A 
vanishes identically when A2 = x2(xrj2 + 771 r/n), i t als o follows that r o an d r i vanis h 
identically when xrji +77n > 0 (771 > 0 near j(mo)). Th e assumption on 79 implies that 
s(mo) ^ 0 and thus, in view of the above discussion, we can assume that sufficientl y 
near mo 

p = £2 -xi]\- 7/n77i + p0(x, y, 77) + £pi(x, y, 77) 

where po and p i vanis h identically in rjn + XT/ I >  0. 
To eliminate th e las t tw o terms in p, we construct a  b—canonical transformation b y 
the homotopy method. Thu s we define 

ps = £ 2 -xrjl -rjnr]i + s{p0(x,y,r)) +£pi(x,y,ri)) 

and we want to find as and bs homogeneous of degree 0 in (A , 77) and such tha t 

^ (expifbj* (a8p)) = 0, 

which is the same as 

{^'asPs} + i{asPs) = 0-
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By introducing as =  loga s (th e solutio n as is required t o b e strictl y positive ) thi s 
reduces to 

dbs 
ds 

Ps + dps 
ds 

d 
dbs 
ds ' ddv _ das 

ds , 
Ps- (1.3) 

We easily see that, with 771 =  1  for simplicity , 

3*hP. = 24 
xdx 
cfcr 

xdx 
-d\J 

d 
'xdx 

qsdv 
xdx 

xdx sd 
dx d\ • spi ' d_ d_ 

{dx *d\, + r̂-7?i77n+s(p0+CPl) 

where H i s th e tangentia l Hamilto n vecto r field.  Fro m thi s w e compute fo r qs G 
C°°(6T*R^+1 \0 ) 

-x{qs,ps} = A— +  2(r7n - spo(0,y,r]))x— + spi(Q,y,rj) d % 9 
^ 9 x <9 A 

+Р*Х яТ + xH-mvn+s(po^pi)Qs + Wsqsi 

where W s is a  vectorfield wit h coefficient s vanishin g to secon d orde r a t x = A = 0 . 
With qs — dbg/ds in mind (se e (1.3) we want to solve 

-x{qs,ps} = dps 
ds + XflsPs (1.4) 

for some smooth ps = /is(x, y, A, 77) so that # s and ps vanish in xrji + r\n > 0. 
To solve (1.4 ) we first construct th e Taylo r series of qs and jis at x = A  =  0  and fo r 
that w e need the followin g 

Lemma 1.3. —  Let Hi be the space of real homogeneous polynomials of degree I in 
x, A  and let A(i) be defined as 

A(t) = d 
dx 

, d 
tX8X + fit) 

s d d 

with f €  C°°(R;R), /(*) = e(tN), for all N as t -) • 0. 
Then fort^O and keN0 
i) The linear transformation A(t)\H2k+l is invertible, ]|(̂ 4(i)|JFj-2fe_l_1)—11| = <?(|i|-1). 
ii) Every u € H.2k can be written as 

u = A(t)v{t) + c(i)(A2 - tx2 - 2f{t)x\)k, c(t) e  E , 

\\(d/dt)mv\\ = edtl"1-"1)!^!!, {d/dt)mc = ed*!-1-"1)!^!!, for any fixed norms 
II • II = H - IU onHt. 
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Proof. — T o kee p notatio n simpl e w e wil l onl y conside r th e cas e t < 0 . I t i s 
convenient t o introduce the following chang e of variables 

F(t) X 
y 

xdx 

yd 
dd Xi 

Vi 

so that 

(Fity'yAitMty = y/\t\ 
a 

OXi Xi 
d 

xdx 
fit) 

xdx 
A 9 ds +d (1.5) 

Let (•,•)* denote the inner product o n Hi obtained by restricting to x2 4- A2 = 1  and 
taking the L2 inner product . W e introduce a  i-dependent inne r product o n Hi: 

(F(t)*v,F(t)*w)tti = (v,w)i. 

It depend s smoothly on t fo r t < 0 and satisfie s 

<v,u;>i/C7 < <«,«;>*,, < Cl*!"1^,«;)!, (^)m(v,v)t,i =0(\t\-1-m){v,v)l. 

Thus, we only need to consider A\(t) give n by (1.5). If / = 2ÀH-1 , Ai(t)\Hl isinvertibl e 
with the norm bounded by |t|_1/2( l + o(l)). Consequently , A(t)\Hi is invertible with 
the norm bounded b y |£|-1( 1 + o(l)). Whe n I = 2fc, Ai(t)\Ht ha s a  one dimensional 
kernel spanne d b y (A i 4- x\ — 2f(t)/'y/\t\XiXi)k. Thus w e can tak e th e invers e of 
A\(t) restricte d t o th e orthogona l complemen t o f the kerne l with respec t t o (•,•)/. 
Translating back to A(t) tha t give s ii) with c = (u, (A2 — tx2 — 2f(t)xX)k)^t. • 

Since sdps/ds = xpo 4- Xpi we can solve (1.4) in Taylor series: 

gs(x,A;x,77)-^^(x,A;y,77), q{sl\m;y,ri) e Hh = 0 in r)n > 0, (1.6) 

fAa(x,\;x,Ti) ~^pW(x,\;y,ri), № y , e Hh /4° =  0  in r}n > 0. (1.7 ) 

In fact , w e appl y Lemm a 1. 3 wit h t — r\n — spo(0, y,rj) an d f(t) = spi(0,y,rj)/2 
(treating r]n a s the only variable and the remaining ones as parameters), set qi°^ =  0 
and 

qW(x, A ; y, rj) = (2A(t)\H1y\xpQ(0i 0; y, V) + APl(0,0; y, r,)), £ = dxq<P 

We then continue solving 

2A(t)qW = 7l2fc) + ci2*>(A2 - tx2 - 2f(t)x\)k 
(ji2k\(\2-tx2-2f(t)x\)k).2k = 0, 

2A(t)qi2k+V =  7J2fc+1), c <2fc+1>=0. 
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where 7 ^ are obtained from qi™^ wit h m <l. Th e corresponding ^ ar e given by 

№ = c{lh(X2 - tx2 - 2f(t)x\)^ + dxqil+1\ (1.8) 

The crucial observations are that 

A2 - tx2 - 2f(t)x\ = x2ps + 0(|x|3 + |A|3), 

and that the last term in the right hand side of (1.8) does not contribute to 7 ^ . The 
norm estimates in Lemma 1.3 show that qs\/j,sl>) ar e C°° in (77,77) and the vanishing 
in r7n > 0  is immediate. Th e Borel lemma now gives gs,/xs, C°° i n (X,T/ ; A, 77) and s , 
vanishing identically in r\n + rjix > 0 and such that (1.6) holds. Thus , 

-x{qs,ps\ = x— + xpsps + i/a, as 
where vs = vs(x, y\ A, 77) vanishes i n rjn + rjix an d t o infinit e orde r a t x = A = 0 . 
But the n vs/(x2ps) < E C°°(bT*R++ 1 \ 0) and w e have solved (1.4) with \i8 replaced 
by fis +x{vs/{x2ps)). 
Going back to (1.3) we now solve for bs and as 

-3- = qs, bo = 0 as 
dots r , r\ 
— {qs,cts} = -/xs, a0 = 0. 
as 

Putting a = exp(ai) an d bxi = exp(iJbJ w e obtai n th e desire d b—canonical 
transformation: 

bXi(ap) =£2 -xrj2 — TjnVi' 

• 

Remark 1.4. —  Any b—canonical transformation bx satisfies 

bX*x = ax, bx*X = bX + cx, a , b ^ 0 

and thus induces a canonical transformation on T*Rn \ 0 (or a conic subset of it): 

Xd(v\ V) = (y\ V') 6X(0, 2/; 0,77) = (0 , y'; 0, 77'). 

Since the construction in the proof of Proposition 1.2 gave #$(0,7/; 0,77) = 0  and 
consequently &s(0,7/; 0,77) = 0 , bXi satisfying (1.1) can be chosen so that 

(Xi)a = Id\ro, r0 = {(y,V) G T*K™ \0 :  (0,y;0,V) € Tj}. 

This observation is very convenient in applications presented in chapter 7. 

Combining the two propositions we obtain: 
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Theorem 1.5. —  The b—canonical transformation bx in Proposition 1.1 can be 
chosen so that 

bX*P = c(Z2-xr)2-illrin), 

withceS^Tmi+^O), c^ O in r . 

We now want to consider transport equation s and again we start by recalling some 
facts alread y contained, in a slightly different form , i n Sect. 4.4 of [35]: 

Lemma 1.6. —  IfT2 C M J ^ x l^ is a conic neighbourhood of mo = (0 ; (1,0, • • • , 0)) 
(with respect to the R+ action on the last n variables) and A,Be S°(T2) then there 
exist a conic neighbourhood of mo, Ts C Y2 and g,h,ei,e2 G  S°(F2) such that in I^V 

l + 2(x + rJ^1r1n)dx \ ( 9 \ = (A\ + ( e i \ 
2dx -dyn - + ) \ h ) \B ) \e2 ) 

and the solution satisfies 

g{mo) = 1 , h\x=0 =  0 , e 2 = 0  in xrjx +  r/n > 0 , et = 0(xN), N G  N, x -+ 0. 

This lemma allows to solve the transport equations when the operator is the model 
one: p — £2 — xrj2 — r]irjn. Her e we are interested in the following slight refinement o f 
the standard procedure : 

Proposition 1.7. — Ifp = ^-xrjf-rjirjn andr G  51,:L(6T*R!f.+1\0 ) then there exist a 
conic neighbourhood o/(0; (0,1, 0, • • •  ,0)), T C bT*R™+1\0 and a G S0(bT*R™+1 \0), 
b G S-^bT*R£+1 \  0 ) such that 

Hpa = r + pb i n j _1(r), 

where we identified a, 6, r with their pullbacks under j : T*R++1 \ 0  -> bT*R™+1 \  0 . 

Proof. —  Arguin g a s i n th e beginnin g o f th e proo f o f Propositio n 1. 2 (wit h th e 
argument applie d to xr), w e see that fo r (#,?/ , #£,77) G T, 

r =  ri(x,2/,77 ) +£r0(x,y,77) +p&tt(x,y;x£,77), 

where r» G 5i(T2 ) wit h T2 C Rn+1 x Rn, a conic neighbourhood o f (0; (0,1,0,•• • , 0) 
and b* eS-\T). 
Let u s no w appl y Lemm a 1. 6 wit h A = rj^1ri and B = ro to obtai n g an d h. A 
simple computation show s that 

HP(g + tVi1^) = ri + £r0 + 2pr]i1dxh + ei + r̂yf xe2. 

Since ft|a;=o =  0  w e ca n tak e a  =  g + A/i/x , whil e b = b$ +  29^/ i +  x2[(e i + 
Ar?f 1e2/x) j(x2p)], where the last term is smooth as e$ vanish identically in r)ix + rjn > 
0 and to infinite orde r a t x = 0 . • 

-дЧп -(2 +m 1г)п)ду, 
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B. 6-SOBOLEV SPACES 

In this appendix we recall the definition o f the b—Sobolev spaces on a manifold wit h 
corners and outline the proof of some of their mor e useful properties . W e start wit h 
the case of a manifold wit h boundary, for a  discussion of the characteristic operator s 
used, see [25, 28] and also [14] , Sect. 18.3. 

Let M b e a manifold with boundary and let v be a measure on M. The n we define 

H\a)iV(M) = {u; An G  L2U(M) fo r al l A G  *g(M)}. (2.1 ) 

When th e measur e v i s no t specifie d an d M i s locall y describe d b y a  subse t o f 
[0,oo)r x  MJp1, we take v = dydr/r an d denot e th e correspondin g L 2 b y L2(M) . 
A logarithmic change of variables t = log r induces an isomorphism 

Hbs([0,oo) x  M""1) <—• H(a)(Rn) (2.2 ) 

and thus we easily conclude that if ^ U(M) is an interpolation space for any smooth 
measure v. 

sd y M 

Ri 

Ro 

Figure 2.1 . An example of the resolution M\ A - M 

More generall y i f M i s a  manifol d wit h corners , V(M) ca n b e define d b y 
(2.1) where ^ ( M) i s the space of totally characteristic operators on a manifold wit h 
corners [31 ] (se e als o [28] ) or , mor e directly , b y (2.2 ) an d a  multipl e logarithmi c 
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change of variables - se e [29] . As for manifold s wit h boundaries (se e [14] , Appendix 
B) mor e options fo r definin g Sobole v spaces are available . T o describe the m le t u s 
assume that M ha s a codimension two corner and near it , i s described by 

Z2 = [0 , oo) x [0 , oo) x Rn_2, wit h coordinates (r , x, y) e Z2. 

For that manifol d w e define 

H^(Z2) = {u; ther e exists u e H^([0, oo ) x Rn-1) suc h that u \x>o= u}, 
H(s,m)(z2) = {u:U e #(s>m)(R x  [0,oo ) x  Rn"2) wher e U(t,x,y) = u(logr,a,y)}, 

where if(s>m) is defined in Appendix B of [14]. We easily have the following adaptation 
of Theorem B.2.9 to this setting 

Proposition 2.1. — If P e Diff£([0 , oo) x  Rn_1) and {x = 0} C Z2 x Rn"2 is non-
characteristic for P, i.e. bap(P) f*>jv*{â o} does not vanish, then 

u e HU,mi)(Z2) and Pu e  Hb(s2^m2)(Z2) ^uG Hb(Sim)(Z2) 

for s + m < Si + mi, s < s2. 

If M i s a manifold wit h corners and 

91 = Rn U  • • •  U Rm = 

(J ft (J Ri n Rj 
dvd 

, Ri n Rj ^ 
\ k 

J R{ n Rj Pi Rk 5 (2.3) 

is a variety o f cleanly intersecting smoot h submanifold s o f M, Ro = <9M, we define 
the conormal space JfcL2(M, 91) by (1.1) using all vector fields tangent to 91 for 13. By 
succesively blowing up all intersections (see [28]) and then the submanifolds Ri, i > 0, 
we obtain the resolution M±: 

Mi -^»M, 

where Mi i s a manifold wit h corner s - se e Fig. 2.1 for a n example. W e then clearl y 
see that 

IkL2JM, 9L) ^ HbkVv(Mi), 7.1/- = I/, 

and thus we obtain 

Proposition 2.2. —  If M is a manifold with corners and 9t is given by (2.3) then 
IkLl(M, 91) are interpolation spaces in k. 
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