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CONTROLLED OBJECTS IN LEFT-EXACT oco-CATEGORIES AND
THE NOVIKOV CONJECTURE

BY ULRICH BUNKE, DENIS-CHARLES CISINSKI, DANIEL KASPROWSKI
& CHRISTOPH WINGES

ABSTRACT. — We associate to every G-bornological coarse space X and every left-
exact oo-category with G-action a left-exact infinity-category of equivariant X-con-
trolled objects. Postcomposing with algebraic K-theory leads to new equivariant coarse
homology theories. This allows us to apply the injectivity results for assembly maps
by Bunke, Engel, Kasprowski and Winges to the algebraic K-theory of left-exact oo-
categories.
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RESUME (Objets contrélés dans les oo-catégories exactes d gauche et la conjecture de
Nowikov). — Nous associons & tout espace G-bornologique grossier X et a toute oco-
catégorie exacte a gauche munie d’une G-action une co-catégorie exacte a gauche des
objets équivariants X-contrélés. En considérer la K-théorie nous conduit & de nouvelles
homologies grossiéres équivariantes. Cela nous permet d’appliquer les résultats d’injec-
tivité pour les morphismes d’assemblage dis & Bunke, Engel, Kasprowski et Winges a
la K-théorie des co-catégorie exactes a gauche.

1. Introduction

This paper concerns the construction of G-equivariant coarse homology theo-
ries in the sense of [18, Def. 3.10]. Given a left-exact co-category with G-action,
we first construct a functor which associates to every G-bornological coarse
space a new left-exact oo-category of equivariant controlled objects. The coarse
homology theory is then obtained by composing this functor with a localising
invariant from left-exact co-categories to some target stable co-category. We
employ these equivariant coarse homology theories in order to study properties
of assembly maps.

Any equivariant coarse homology theory can be restricted (see Example 7.1.4)
to a functor, denoted by M : GOrb — M for the moment, on the orbit category
GOrb. We then consider the assembly map
(1.0.1) Asspin,m: colim M — M(x) ,

FinOr
which approximates the value M (x) of M on the final object of GOrb by its
values on the subcategory Ggin Orb of orbits with finite stabilisers. The word
Novikov conjecture from the title refers to the assertion that this assembly map
is split injective under certain conditions. We describe the history of this term
in greater detail in Remark 1.1.19.

The relevance of coarse homology theories for the verification of split injec-
tivity of the assembly map (1.0.1) stems from the axiomatic approach to this
question developed in [19], which builds on a long tradition of proofs using
similar methods [24, 6, 42, 32]. The essential assumption on the functor M is
the CP-condition, which we recall in Definition 7.1.3. It requires that M arises
from an equivariant coarse homology theory, as in Example 7.1.4, and that this
coarse homology theory has various additional properties.

We verify that the equivariant coarse homology theory constructed from
a left-exact oo-category with G-action D and algebraic K-theory in place of
the localising invariant has the required properties to ensure that the resulting
functor, denoted by KDg: GOrb — M in (1.1.4), is a CP-functor. This
approach subsumes various previously known cases but also adds new examples
of functors on the orbit category which are therefore known to satisfy the CP-
condition.
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CONTROLLED OBJECTS AND THE NOVIKOV CONJECTURE 297

In Section 1.1, we start with a more detailed discussion of the construction
of functors on the orbit category from left-exact oco-categories with G-action
and localising invariants. In particular, we explain how some of the classical
examples of functors on the orbit category can be considered as special cases
of our general construction. In Theorem 1.1.6, we provide a sample split injec-
tivity result for the assembly map derived by combining [19] with the results
of the present paper.

In Section 1.2, we give a detailed overview of the construction of coarse
homology theories from left-exact oco-categories with G-action. The technical
details of this construction account for the main body of the paper.

1.1. Split injectivity of assembly maps. — Let G be a group. The orbit cat-
egory GOrb is the category of transitive G-sets and equivariant maps. For
a family F of subgroups of G (Definition 7.3.10), let GxOrb denote the full
subcategory of the orbit category consisting of G-sets with stabilisers in F
(Definition 7.3.11).

We consider a functor M : GOrb — M with a cocomplete target co-category.
For any pair of families 7' and F of subgroups of G such that 7' C F, we then
have a relative assembly map (see Definition 7.3.16)

(1.1.1) Ass§,7M: chglgile — ngl(i)lg)M.
It is a morphism between objects of M and induced by the inclusion of the
index categories of the colimits in (1.1.1).

A natural question about the assembly map is whether it is an equivalence
or at least split injective. The split injectivity question has been studied ax-
iomatically in [19]. In this approach, the main assumption on the functor M
is that it is a CP-functor.

As said above, being a CP-functor requires that M extends to an equivariant
coarse homology theory in a particular way, and that this equivariant coarse
homology theory has various additional properties. Our main contribution in
this direction is Theorem 1.1.5 below, stating that KD¢ is a CP-functor. We
start with a precise description of this functor.

A left-exact oo-category is an oo-category which contains a zero object and
admits all finite limits. A functor between left exact oco-categories is called left-
exact if it preserves finite limits. We let Catiffi denote the large oco-category
of small left-exact oo-categories and left-exact functors, see Example 2.1.3.

Small left-exact oco-categories with G-actions are objects of the functor cate-
gory Fun(BG, Cat{.‘oc,’;). For the following, we fix a small left-exact co-category
with G-action D.

The group G considered as a G-set with the G-action by left translations is an
object of GOrb. Its group of automorphisms is G acting by right translations.
By BG we denote the groupoid consisting of a single object with group of
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298 U. BUNKE, D.-C. CISINSKI, D. KASPROWSKI & C. WINGES

automorphisms . Sending the unique object in BG to the free orbit G provides
an embedding

(1.1.2) j: BG = GOrb .

Since Catgffi admits all small colimits (Proposition 2.1.32), we can form the
left Kan extension

(1.1.3) jiD: GOrb — CatLS

of D along j. We further compose jiD with the algebraic K-theory functor
K: Catéff‘ — Sp in order to define the functor

(1.1.4) KDg := Koj5D: GOrb — Sp ,

see Definition 7.1.6 and Definition 7.2.1 for details.
We refer to Definition 7.1.9 for a precise definition of the term “hereditary
CP-functor”.

THEOREM 1.1.5 (Corollary 7.2.7). — The functor KDg is a hereditary CP-
functor.

As said above, the CP-condition on K D¢ allows us to apply the axiomatic
approach to injectivity results for assembly maps developed in [19]. The fol-
lowing theorem describes a typical example of such an application:

THEOREM 1.1.6. — Assume that

(1) G admits a finite-dimensional CW -model for the classifying space
ErinG.

(2) G is a finitely generated subgroup of a linear group over a commutative
ring with unit or of a virtually connected Lie group.

Then the assembly map
All . .
ASSFin kD - Cp?ilgi KDg — %o(l)lg KDg¢

admits a left inverse.

Using that * is the final object of GOrb, we can identify the target of this
assembly map with KDg(x) in order to get the version (1.0.1). Theorem 1.1.5
exhibits Theorem 1.1.6 as a consequence of Theorem 7.3.21. For a detailed re-
view of the general results of [19] involving more complicated assumptions on G
(e.g. the condition of finite decomposition complexity), we refer to Section 7.3.

The assumptions required in the theorems listed in Section 7.3 can be sepa-
rated into assumptions on the group G and the families F’, F on the one hand,
and the assumption on the functor M being a CP-functor, see Definition 7.1.3,
on the other. The present paper contributes to the latter. In particular, we
make no attempt to enlarge the class of groups for which injectivity results are
known.
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The Farrell-Jones conjecture predicts that the assembly map Assequ KDg
for the family of virtually cyclic subgroups Veyc is an equivalence. Generalising
work of Bartels [7], we show in Theorem 7.3.18 that the relative assembly map
Ass}/icg) %D, is always split injective. Therefore, Theorem 1.1.6 can also be read
as providing evidence towards the Farrell-Jones conjecture. In fact, the coarse
homology theories constructed in the present paper are used crucially in [21]
in order to extend proofs of the Farrell-Jones conjecture from the linear case
(see Example 1.1.7) to the version stated above.

We now explain the relation between the functor (1.1.4) and examples of
functors whose assembly maps have been classically considered. We start by
recalling their constructions.

EXAMPLE 1.1.7. — The motivating and guiding example for our approach is
the equivariant algebraic K-theory functor

KAg: GOrb — Sp

associated to an additive category A with a strict G-action. We refer to this
case as the linear case as opposed to the derived case. The functor K Ag was
first constructed in [26].

In the following, we give a quick alternative construction of K Ag which is
analogous to the construction of the functor in (1.1.4) above. We consider the
large oco-category Add, of small additive categories obtained from the category
of small additive categories and additive functors by inverting equivalences. We
then interpret A as an object Ao of Fun(BG, Add,). We denote the left Kan
extension of A, along j by

j1As: GOrb — Add,, .
Finally, we let
(1.1.8) KA Add,, — Sp

be the nonconnective K-theory functor for additive categories (constructed
by Pedersen—Weibel [40] and Schlichting [48]). We then define the composed
functor

(1.1.9) KAg = K26 A : GOrb — Sp
(compare with Definition 7.1.6).

THEOREM 1.1.10 ([19, Ex. 1.10], [19, Ex. 2.6]). — The functor KA¢g is a
hereditary CP-functor.

The argument for this result given in [19] is short but heavily uses results
from [18] and the quite technical paper [20]. Theorem 1.1.10 allows us to apply
the split injectivity results for assembly maps from [19] to KAg. ¢
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ExAMPLE 1.1.11. — In [22], we studied the nonconnective equivariant Wald-
hausen A-theory functor

Ap: GOrb — Sp, S— A(P x¢gS)

associated to a G-principal bundle with total space P, which is defined in terms
of the algebraic K-theory of certain Waldhausen categories of retractive spaces,
and proved the following:

THEOREM 1.1.12 ([22, Thm. 5.17]). — Ap is a hereditary C P-functor.

Again, this allows us to apply the split injectivity theorems about assembly
maps in [19] to Ap. ¢

In the following two examples, we show that Theorem 1.1.10 and Theo-
rem 1.1.12 can be viewed as special cases of Theorem 1.1.5.

ExaMPLE 1.1.13. — Let A be an additive category with strict G-action. Then
we can form the category of bounded chain complexes Chb(A) in A. By
[13, Prop. 2.7], the localisation Ch®(A)., of Ch’(A) at the chain homotopy
equivalences is a stable oco-category. Taking the G-action into account, we
obtain a left-exact co-category with G-action Ch®(A),, which can serve as
input for our theory.

As we will show in Corollary 7.4.18, there is an equivalence

KCh’(A)w o ~ KAg

of functors GOrb — Sp, so Theorem 1.1.5 strictly generalises Theorem 1.1.10.
¢

ExAMPLE 1.1.14. — Consider the presentable co-category of pointed spaces
Spc,. The full subcategory Spci?® of cocompact objects in its opposite be-
longs to Catf;f”i. This is a nonstable example which can serve as input for our
theory.

Let £: Top — Spc be the canonical localisation functor. Every topological
G-space P (i.e. an object of Fun(BG, Top)) gives rise to an object ¢(P) in
Fun(BG,Spc). Since Catif,’; is cocomplete, it is tensored over spaces and
we can form the left-exact oo-category with G-action ¢(P) ® Spci?”. By
Corollary 7.5.6 and (7.5.5), there is an equivalence of functors

K({(P) ® Spc®“)q ~ Ap

for every principal G-bundle P. Hence Theorem 1.1.12 is also a special case of
Theorem 1.1.5. ¢

The setting of left-exact co-categories, which includes all stable co-categories,
allows us to consider a number of further examples.
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ExXAMPLE 1.1.15. — Let R in Alg(Sp) be an associative ring spectrum, and let
Mod(R) be its stable co-category of right modules. The co-category Mod(R)
is compactly generated presentable, and its subcategory Mod(R)P*™ of com-
pact objects is an essentially small, idempotent complete stable oco-category.
For technical reasons, one should consider its opposite Mod(R)P*f:°P  which
is equivalently the full subcategory Mod(R)°P* of cocompact objects in
Mod(R)°P, as input for our machinery.

We equip Mod(R)°P* with the trivial G-action. In this case, one can check
that

(1.1.16) 71I(Mod(R)°"*)(G/H) ~ Mod(R[H])*®* ,
where R[H] is the group ring of H with coefficients in R. ¢

We conclude this introduction with an indication of how Theorem 1.1.5 is
shown. The first condition for a CP-functor (Definition 7.1.3) is that its target
oo-category is stable, complete, cocomplete and compactly generated. Note
that the oo-category of spectra Sp has all these properties.

The remaining conditions for KDg being a CP-functor require that it ex-
tends (in a particular way, see below) to an equivariant coarse homology theory
F and that this equivariant coarse homology theory is continuous, strongly ad-
ditive and admits transfers. It is the realisation of this condition which connects
the study of CP-functors with the construction of equivariant coarse homology
theories using controlled object functors. In the following, we need the category
GBC of G-bornological coarse spaces (see Section 3.4) and the notion of an
equivariant coarse homology theory E: GBC — Sp (Definition 5.3.2). These
notions were introduced in [18] in the precise form needed.

The phrase “extends in a particular way” means that for every S in GOrb
there is a natural equivalence

(1117) KDG(S) = E(Gcan,min & Smin,max) ’

where we refer to Example 3.4.9 and Example 3.4.12 for the notation appearing
in the argument of E.

We show, as a consequence of Proposition 5.4.5, that the functor KDg is
the restriction of the equivariant coarse homology theory

KCXs: GBC — Sp

defined in Definition 7.2.10, with C := Pro,, (D) being the pro-completion of D.
More precisely, for every transitive G-set S there is a natural equivalence

(1.1.18) KDg(S) ~ KCXG(Smin,maz) .

But this is not yet the correct “particular way” of extending as indicated in
(1.1.17). The correct equivariant coarse homology theory which has to be taken
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for F is the coarse algebraic K-homology
KCx%: GBC — Sp

with coefficients in C which is defined in Definition 7.2.8. By Corollary 5.4.21,
we get a natural equivalence

KCXG(Smin,max) = KCXG(Gcan,min & Smin,mam) ]
which together with (1.1.18) gives the required natural equivalence

KDG(S) = KCXG(Gcan,min ® Smin,ma:r) .

We now have to see that the equivariant coarse homology theory KCX® is
strongly additive, continuous and admits transfers.

Continuity is built into the definition of KCX%, see Section 5.1.

The condition of strong additivity (Definition 4.6.10) heavily depends on
the fact that the K-theory functor preserves products (Proposition 7.2.5). At
present, we do not know any other nontrivial finitary localising invariant (Def-
inition 2.5.5) with this property.

Finally, the existence of transfers depends on the construction of KCX¢
via categories of controlled objects. We refer to Section 6 for the details. This
section is the derived analogue of the paper [20] covering the linear case.

REMARK 1.1.19. — In its original formulation [39, Section 11], the Novikov
conjecture asserts the homotopy invariance of higher signatures: given an ori-
ented, closed and connected n-manifold M with fundamental group G, every
cohomology class = in H"~**(BG; Q) gives rise to a higher signature

sign, (M) == (L(M)U c*z,[M]) € Q,

where £, (M) in H**(M) is the k-th Hirzebruch polynomial and ¢: M — BG
denotes the classifying map of the universal cover of M. Novikov conjectured
that these higher signatures are invariant under orientation-preserving homo-
topy equivalences. See [27, 34] for detailed surveys on this question. Surgery
theory translated this conjecture into entirely homotopy-theoretic terms by
showing that it is equivalent to the rational injectivity of the L-theoretic as-
sembly map BGRL(Z) — L(Z[G]), see [51, Ch. 17H] and [43, Proposition 24.5].
For this reason, the analogous statement in algebraic K-theory also acquired
the name Novikov conjecture. The latter has been proved for all groups with
a classifying space of finite type [11]. Over time, it has become custom to use
this name for a variety of injectivity results concerning assembly maps in K-
and L-theory.

Most prominently, this concerns the split injectivity of the integral assembly
map for torsion-free groups considered by Carlsson and Pedersen [24], Bartels
and Rosenthal [6], and Guentner, Tessera and Yu [42]. These theorems were
generalised to groups with torsion by Kasprowski [32]. To accommodate groups
with torsion, one replaces the domain of the assembly map by a more general
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object which is best explained in terms of functors on the orbit category of a
group as in (1.0.1). ¢

1.2. Controlled objects and coarse homology theories. — Coarse geometry was
invented by J. Roe [47] [44], [45]. Partially motivated by the study of assembly
maps, controlled topology has been developed, e.g. in [24], [3], [5], [4], as a
parallel branch. Eventually, it was observed in [31], [38], [14] and other places
that one can interpret controlled topology as a part of coarse geometry via the
cone construction.

In [15] (the non-equivariant case) and [18] (the equivariant case), we provided
a formal framework for coarse geometry and axiomatised the notion of an
(equivariant) coarse homology theory (see Definition 5.3.2). This framework
subsumes the proper metric spaces studied in classical coarse geometry and
the cones considered in controlled topology, but it also allows more general
constructions.

More specifically, in [18] we introduced the category of G-bornological coarse
spaces GBC (Definition 3.4.7). These are G-sets equipped with a compatible
G-bornology and G-coarse structure, see Definitions 3.3.1, 3.4.1 and 3.4.5. The
bornology is used to encode local finiteness conditions, while the coarse struc-
ture captures the large-scale geometry. While in the classical definition by
Roe the bounded sets are determined by the coarse structure, in the case of
G-bornological spaces there is much more freedom for the choice of the bornol-
ogy.

Recall that in homotopy theory one studies topological spaces (or simplicial
sets) up to weak equivalence. Analogously, the homotopy theory of bornolog-
ical coarse spaces studies bornological coarse spaces up to coarse equivalence
(Remark 4.1.3) and flasques (Definition 4.2.1). Homotopical invariants of G-
bornological coarse spaces which in addition satisfy an appropriate version of
excision are given by the evaluation of equivariant coarse homology theories

(1.2.1) E: GBC —» M,

where M is a cocomplete stable co-category, e.g. the category of spectra. In
[18], we constructed the universal equivariant coarse homology theory

Yo®: GBC — GSpX,

which takes values in the stable co-category GSpX’ of equivariant coarse mo-
tivic spectra.

For another attempt to axiomatise coarse homology theories, we refer to [38].
The examples of coarse homology theories prior to [15] (the non-equivariant
case) and [18] (the equivariant case) were constructed under more restrictive
assumptions on the spaces and often only as group-valued functors satisfying a
weaker set of axioms. The most relevant properties were coarse invariance and
versions of excision. Some versions of the vanishing-on-flasques property were
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considered as a particular property of the example. This applies for example to
the coarse ordinary homology and coarse topological K-homology which were
defined as group-valued functors on the category of proper metric spaces and
proper controlled maps [45], [46]. The algebraic K-theory functors in controlled
topology were usually defined on spaces which are cones over topological spaces
[52], [5] but sometimes also for general metric space, as in [40].

It turned out that the construction of all these examples could be modified
in order to fit our notion of coarse homology theory. We refer to [15], [18], [13]
for the cases of ordinary coarse homology, topological coarse K-homology and
coarse algebraic K-homology with coefficients in an additive category.

In the present paper, we construct functors

V: GBC — Cat

which associate to every G-bornological coarse space X a left-exact co-category
of X-controlled objects in a (previously chosen) compactly generated pre-
sentable co-category. These constructions are designed such that if

Hg: Catl — M

is a homological functor (Definition 2.5.5), e.g. the composition of a finitary
localising invariant on stable co-categories with the stabilisation functor, then
the composition

(1.2.2) HgoV: GBC - M

is an equivariant coarse homology theory.

The idea to use controlled objects to produce coarse homology theories is
natural and has been used in previous examples. The first case is probably
the use of controlled Alexander chains in Roe’s construction of ordinary coarse
homology. Controlled objects in an additive category were used to construct
the controlled or coarse versions of algebraic K-theory of additive categories,
see, e.g. [40], [52], [5], [3], [18]. In an analogous fashion, coarse topological K-
homology has been constructed using controlled objects in C*-categories, see
[15], [12], [16]. Nonlinear versions of categories of controlled objects, namely
X-controlled retractive spaces over some auxiliary space, have been used to
construct controlled A-theory [52], [50] and an equivariant coarse homology
theory extending equivariant A-theory in [22].

In all these examples, the coefficient category C is an ordinary category.
In the present paper, we start with the opposite C of a compactly generated
presentable co-category with G-action. In the following, we explain how we
associate to a G-bornological coarse space X a category of X-controlled objects
in C.

Let X be a G-set. In the first step, consider the oo-category

PShc(X) := Fun(PY, C)
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(see (3.1.1)) of contravariant functors from the poset Px of subsets of X to C.
The group G acts on X (and hence on Py ) as well as on C, so PShg(X) carries
an induced G-action by conjugation. The oo-category PShe(X) is again the
opposite of a compactly generated presentable co-category. We then set

PSh&(X) := lim PShc (X) .

The construction depends functorially on the G-set X. Using the forgetful
functor which sends a G-coarse space to its underlying G-set, we can view
PShg as a functor defined on the category GCoarse of G-coarse spaces (Def-
inition 3.3.2). If X is a G-coarse space, we then use the coarse structure Cx
of X in order to define a subcategory Sh&(X) of sheaves in PSh&(X). For
every invariant entourage U in C§, we consider the Grothendieck topology 7Y
generated by U-covering families (Definition 3.2.3) and let

Sh¢(X) C PShe(X)

be the full subcategory of 7V-sheaves. It is a complete, pointed, large co-
category with G-action (Example 2.1.7). Taking the union

Shc(X) == | J Shg(X)
vec§
over all invariant entourages produces a finitely complete, pointed, large co-
category with G-action (Example 2.1.6). By applying limp¢, we get the objects

Shg’G(X) = lgg Shg(X) and Shg(X) = 1[1%1 Shc(X) .

The excision property of sheaves leads to the Gluing Lemma (Lemma 3.2.30).
The construction of Shg (X) depends functorially on the G-coarse space X and
thus produces a functor

Shg: GCoarse — CATIOff‘* .

Morphisms between sheaves are natural transformations, so the functor Shg
on GCoarse is far from being coarsely invariant.

We will introduce morphisms which propagate in the X-direction by per-
forming an appropriate localisation in Section 3.5. If V' is an invariant entourage
of X containing the diagonal, then we can define a G-equivariant functor of
posets (see (3.1.12) for details) and a natural transformation

V(-): Px = Px, V(-)—id.

The induced functor V, on presheaves preserves sheaves and descends to an
endofunctor V. on Sh&(X). Denoting by Wx the collection of all compari-
son morphisms M — V.M with M in Shg (X), we consider the Dwyer—-Kan
localisation
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Some effort is needed to show that this construction produces left-exact oo-
categories and is covariantly functorial in X and C. It is important to observe
that the construction also has a contravariant functoriality for a restricted class
of morphisms of G-coarse spaces called coarse coverings (Definition 3.3.16 and
Lemma 3.6.11). The functor \A/'g is excisive (in an appropriate sense) and
coarsely invariant, but its values are still large.

Using the forgetful functor GBC — G Coarse, we can view \78 as a functor
on GBC (Definition 3.4.7). For a G-bornological coarse space X, we now use
the bornology Bx on X in order to define a full subcategory

VE(X) € VE(X)

of objects represented by equivariantly small sheaves. In the non-equivariant
case, the natural condition on a sheaf to be small is that it sends the bounded
subsets of X (i.e. the elements of the bornology Bx) to cocompact objects
in C. This assumption is not sufficient in the equivariant setting. For example,
we would like Vg(Gcammm) to be equivalent, at least up to idempotent com-
pletion, to the category C%« of cocompact objects in the fixed points of C via
the global sections functor. Unless we explicitly require that the evaluation of
a sheaf on a G-bounded subset, i.e. the G-orbit of a bounded subset, is cocom-
pact in C%, the image of the global sections functor will not even be contained
in C%«. Since the condition must also be compatible with the contravariant
functoriality for coverings, we are forced to require that an equivariant small
sheaf evaluates to cocompact objects in C on H-bounded subsets for all sub-
groups H of G (see Proposition 3.4.62 in particular). This construction finally
leads to the functor

V&: GBC — Cath™

00, % I

see (3.6.9).
We now obtain our first version of a functor of equivariant X-controlled
objects in C

VE©: GBC — Catl,

by forcing continuity (Definition 5.1.5) on V&, see Definition 5.1.14. Essen-
tially, this means that we force the value of the functor on a G-bornological
coarse space X to be determined by its values on locally finite subsets of X.

In order to get the second version, we first apply the construction above to
the trivial group, leading to V. If we apply this functor to a G-bornological
coarse space X, then by functoriality we get left-exact co-category with G-
action VG (X) and set

&6(X) = colim VE (X)
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This yields a functor
&t GBC — Catl, .

The properties of both functors, VC and Vg g, are stated in Corollaries 5.1.15
and 5.2.13. Upon composition with the algebralc K-theory functor, they yield
equivariant coarse homology theories

KCX% .= KoV&*©: GBC — Sp,
see Corollary 7.2.9, and
KCXg:=KoVgg: GBC — Sp,

see Corollary 7.2.11. Each of these theories features some additional properties
which, for example, enable us to prove Theorem 1.1.5.

2. oo-category background

This aim of this preliminary section is to introduce notation and to collect
a number of technical statements, which we include for ease of reference. Sec-
tion 2.1 introduces the categories in which our constructions will take place,
records some of their basic properties and fixes the notation we will use through-
out the rest of the article. Section 2.2 discusses mapping spaces in Dwyer—Kan
localisations. Together with Section 2.3, this material will be used in Sec-
tion 3.5 to perform the final step in our construction of controlled objects over
a bornological coarse space. Section 2.4 elaborates on the relation between sta-
ble and left-exact co-categories and on how the notion of a localising invariant
generalises from the former to the latter. The contents of this section will only
be used in Section 7.

2.1. Left-exact co-categories. — We let Cat,, denote the large co-category of
small co-categories. We begin by giving names to those subcategories of Cate,
that will be important for us. For ease of reference, we describe the members
of the chain of inclusions

(2.1.1) CatLP"! C Catl, C Catl™ C Cato,
in the following collection of examples.

EXAMPLE 2.1.2. — Cat];;JX is the subcategory of small co-categories admitting
finite limits and finite-limit-preserving functors. A typical object of Catg‘fx is
the opposite of the co-category Spc? of compact spaces. ¢

ExaMPLE 2.1.3. — For us, a left-exact oo-category is a pointed oo-category
admitting finite limits. We denote by CatLex the full subcategory of CatLex

Lex

of left-exact oco-categories. A typical object of Cat 7, is the opposite of the
oo-category Spc of compact pointed spaces. ¢
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EXAMPLE 2.1.4. — The oo-category Catcs of small stable co-categories is a
full subcategory of Catgg”;. Both the co-category SpP of compact spectra and

its opposite SpP°P are stable. See Example 1.1.15 for more examples. ¢

EXAMPLE 2.1.5. — Catlggf:perf is the full subcategory of Catﬁ,fj; of idempotent

complete left-exact oco-categories. The oo-categories SpesP°P and Sp®°P are
idempotent complete. ¢

We let CAT, denote the very large co-category of large oo-categories. We
will also consider the chain

coPr}; , C CAT®" C CATL, C CAT.
of subcategories described in the following list of examples.

EXAMPLE 2.1.6. — CATY™ is the subcategory of large pointed oo-categories

00, %
admitting finite limits and finite-limit-preserving functors. It is the large ana-

logue of Cat“™ in Example 2.1.3. ¢

00, %

EXAMPLE 2.1.7. — CAT‘;gfi is the subcategory of CAT{;Z’; of co-categories

which admit all small limits and limit-preserving functors. ¢

If Cisin CAT?O’}Z, then we can consider the notion of a cocompact object

C in C, which is equivalent to C' being compact in C°P. Explicitly, this means
the following;:

DEFINITION 2.1.8. — (' is cocompact if the natural morphism
(2.1.9) collipm Map(T, C) = Mapc(li{n T,C)
is an equivalence for every cofiltered diagram 7: I — C. ¢

Lex
00, **

The oo-category C“ of cocompact objects of C is an object of CAT

EXAMPLE 2.1.10. — coPrY is the subcategory of CATf)g}fﬁ whose opposites are
pointed, presentable oo-categories. The morphisms in coPr§ are right adjoint
functors (equivalently, they preserve limits). By definition, the formation of

opposite categories gives an equivalence
(=)°P: Prl = coPrft .

Define coPri* as the subcategory of coPr corresponding under this equiv-
alence to the subcategory of compactly generated, pointed, presentable oco-
categories and left adjoint functors preserving compact objects. In other words,
morphisms in coPri* are right adjoint functors preserving cocompact objects
(equivalently, their left adjoints preserve cofiltered limits [37, Prop. 5.5.7.2]),

and by definition we have an equivalence

(2.1.11) (—)°P: Pra* = coPri* .
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If C is in coPrY | then its full subcategory C* of cocompact objects belongs

W,

to Catfggj:p“f. Note that C¥ ~ ((C°P)°P)°P, ¢

Next, we consider the (co)completeness of the categories we have introduced
and describe which limits and colimits can be computed at the level of un-
derlying oo-categories. Most importantly, we show that Cat{;ff(* is complete
(Proposition 2.1.12) and cocomplete (Proposition 2.1.32) and that the forget-
ful functor Catif”; — Cat., preserves limits and filtered colimits. Along the

way, we discuss various constructions which preserve fully faithful functors.

ProrosSITION 2.1.12. — The oco-category Catlggfi has small limits as well as

small filtered colimits. Furthermore, the inclusion Catgff; — Cat, preserves
small limits and small filtered colimits.

Proof. — If we fix a small category K, the forgetful functor from the oo-
category of small co-categories with K-shaped colimits (and functors preserving
them) to the oo-category of co-categories commutes with small limits: commu-
tation with products is an easy exercise, and the case of pullbacks follows from
[37, Lem. 5.4.5.5]. Since the assignment C +— C°P is an equivalence, the same
is true when replacing K-shaped colimits by K-shaped limits: the forgetful
functor from the oco-category of small co-categories with K-shaped limits (and
functors preserving them) to the oo-category of co-categories commutes with
small limits. For filtered colimits, we have analogous compatibility properties,
except that we need K to be finite, by [37, Prop. 5.5.7.11] and its dual version.

In particular, if we let K range over all finite indexing categories, it follows
that Cat5™ has small limits as well as small filtered colimits, and the functor
Cat&fx — Cat, preserves them. Moreover, the property of having an initial or
terminal object is preserved under small limits as long as the transition maps in
the limit diagram preserve initial or terminal objects, respectively (take K = &
in the discussion above). Similarly, since & is finite, the same holds for filtered
colimits. One concludes that the property of having a zero object is closed

under small limits as well as under small filtered colimits in Cat5®*. O
LEMMA 2.1.13. — The co-category coPrY has small limits. Furthermore, the

inclusion coPr} — CAT ., preserves small limits.

Proof. — The pointed (see the proof of Proposition 2.1.12 for the derivation of
the pointed from the unpointed version) variant of [37, Prop. 5.5.3.13] asserts
that the co-category PrI; has small limits and that the inclusion PrI; — CAT
preserves small limits. Taking opposites defines an automorphism of CAT,
which restricts to an equivalence PrI; ~ coPr®, which implies the statement

* 9

about coPrZ. O
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tLex

In the following, we discuss limits in Cato, and Cat",. There are analogous

results for the large cases CAT, and CATLCX

We use underlines to indicate constant dlagrams. Let C be any of the above
categories, and let I be a small category. We then consider a diagram C: I — C
and assume that

(2.1.14) 7:limC — C

presents an object limy C as the limit of the diagram in C.
For every object 7 in I we have an evaluation functor

(2.1.15) ev;: Fun(I,C) —» C .

Applied to C we get the underlying object ev;(C) ~ C(z) in C. If we apply ev;
to 7 from (2.1.14) and use the canonical equivalence ev;((—)) =~ id, then we get
the evaluation morphism

(2.1.16) e;: li{nC — C(1)

in C.
If p: C — D is a natural transformation of such diagrams, then the following
diagram commutes for every 7 in I:

(2.1.17) limy C —— C(i)
limy ¢J Jﬁ(i)
limy D —— D(i)
LEMMA 2.1.18. — The collection of functors (e;);c1 detects equivalences.

Proof. — If D is in Cat., with objects D, D’, then we can present the mapping
space by the pullback in Cat,,

Mapp (D, D') — Fun(Al,D) |,
oJ o__ (DD l
A" x A" ——— D xD

where the right vertical map is given by the evaluations at the two boundaries
of A'. Thus, for a pair of objects X, Y of lim; C, we have a pullback in Cat

(2.1.19) Mapy,, (X, Y) —— Fun(A, lim; C) .

Lo

A® x A0 XY i C X limy C
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We now define M(X,Y) in Fun(I, Cat,) by the pullback square

M(X,Y) —— Fun(A!,C) ,

| |

A xA"— 5 CxC

where the lower horizontal map corresponds to (X,Y) under the (—,limy)-
adjunction.

We apply limy to this diagram. Since the functor limy preserves pullbacks,
limy A° ~ A® and limj Fun(A!,C) ~ Fun(A!,lim; C), we get the pullback
diagram (2.1.19). In other words, we have an equivalence

(2.1.20) Mapyi, o(X,Y) = lim M(X,Y) .

On the other hand, for ¢ in I, the functor ev;: Fun(I, Cats,) — Cat., pre-
serves pullback diagrams. In view of the definition of the functor e; and using
the equivalences ev;(A°%) ~ AY and Fun(A'!, C(i)) ~ ev;(Fun(A!, C)), we get
the pullback diagram

ev;(M(X,Y)) —— Fun(A!,C(i)) ,

J (X),ei(Y)) J

AO 5 A0 c(i)
i.e. the equivalence
evi(M(X,Y)) ~ Mapg; (ei(X), e;(Y)) -

Let now f: Y — Y’ be a morphism in limy C such that e;(f) is an equivalence
for every i in I. Then for every X in limy C, the induced morphism

Mapg ;) (€i(X), ei(Y)) = Mapg;)(ei(X), ei(Y”))

is an equivalence. Hence the induced map ev;(M(X,Y)) — ev;(M(X,Y"))
is an equivalence for all ¢ in I. We conclude that the morphism M (X,Y) —
M(X,Y") induces an equivalence after applying limy. In view of the equivalence
(2.1.20), we have thus shown that the induced morphism Mapy;,, o(X,Y) —
Mapy,, (X, Y”) is an equivalence. Since X is arbitrary, we conclude that
f:Y =Y’ is an equivalence. O

Let ¢: C — D be a natural transformation of functors I — Cat..

LEMMA 2.1.21. — Assume that for every i in 1 the morphism ¢(i): C(i) —
D(4) is fully faithful. Then we have the following assertions:

(1) The morphism limg ¢: limy C — limy D s fully faithful.
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(2) The essential image of the morphism in (1) consists of those objects
D of lim; D whose evaluation e;(D) belongs to the essential image of
¢(i): C(i) — D(i) for alli in 1.

Proof. — (1) is well-known, but it also follows from the discussion of mapping

spaces in the proof of Lemma 2.1.18. In order to see (2), one easily checks that

the indicated subcategory of limy D has the required universal property. O
We consider a diagram C: I — Cat];;’f;.

LEMMA 2.1.22. — The collection of functors (e;)ic1 detects finite limits.

Proof. — Let J be a finite category and let X : J — limy C be a diagram. Let
furthermore Y be an object of limy C and ¢: Y — limy X be a morphism. We
want to show that ¢ is an equivalence provided the induced functor
e (Y) i, ei(lign X) EN li}n e:(X)
is an equivalence for all 7 in I. Since e; is left-exact, the marked morphism is an
equivalence. Hence the lemma follows from the fact that the collection (e;);er
detects equivalences (Lemma 2.1.18). O
We consider a diagram C: I — CATP"

LEMMA 2.1.23. — The collection of functors (e;)ic1 detects limits.

Proof. — The argument is the same as for Lemma 2.1.22. We just drop all
finiteness assumptions on J and use that in this case, the evaluations (being

morphisms in CATZE{EK) preserve small limits. |

In the following, we consider colimits of diagrams of left-exact oo-categories.
We will show that Catf;ff‘*’perf and Cat{,‘s,’i are cocomplete (the cases of lim-
its and filtered colimits have already been settled in Proposition 2.1.12). We
further study instances where colimits preserve fully faithfulness of transfor-
mations.

We have a chain of inclusions
Rex,perf Rex
Catoo’* - Catoo’* C Cat

with the following description:

(1) CatOR;’)’fk is the subcategory of small pointed co-categories admitting
finite colimits and finite-colimit-preserving functors [37, Not. 5.5.7.7].
(2) Cati‘;’:pcrf is the full subcategory of Cat?®* of idempotent complete

right-exact oo-categories [37, Sec. 4.4.5]. ’
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As above, we let Pra* denote the very large co-category of pointed, com-
pactly generated presentable co-categories and left adjoint functors which pre-
serve compact objects. We have the Ind-completion functor

Ind,: Catlss — Pr;

W,k

which freely adjoins filtered colimits. Its restriction to idempotent complete
right-exact co-categories is an equivalence Ind,, : Catie”;’perf = Pr-

w«» Whose
inverse is the functor
(—)P: Prl, — Catioore!

sending a presentable oco-category to its full subcategory of compact objects.
We have the idempotent completion functor (the pointed version of [37, Prop.
5.5.7.10]) fitting into an adjunction

Idem := (—)? o Ind,, : Catgj’; = Catiﬁ’;’perf s incl .
Left-exact and right-exact oo-categories are connected by the equivalence

(2.1.24) Cat} = Cat™ , C— C.

00, % 9

We then have a Pro-completion Pro,,: Catloff; — coPrfi* functor defined such
that

Pro,,

Lex R
Cat ", — coPr, ,

Nlop NJ(OP

Catii’; & Pr‘]‘j’*
commutes. It induces an equivalence
(2.1.25) Pro,,: Cat{;f,’f;perf = coPrEy* .
The inverse of the functor (2.1.25) is the functor
(2.1.26) (—)“: coPry, — CatyPe!

taking the full subcategory of cocompact objects (Definition 2.1.8). Finally, we
have an adjunction

(2.1.27) Idem := (—)“ o Pro,,: Cat®™ = Catify’i’perf s incl .

00,*x
LEMMA 2.1.28. — The functor Idem preserves fully faithfulness.

Proof. — The operations Ind,,, op and (—)“ going into the definition of Pro,,
preserve fully faithfulness [37, Prop. 5.3.5.11]. |

Lex,perf

LEMMA 2.1.29. — The oco-category Cat 7, admits small colimits.
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Proof. — We let Prg denote the oco-category of compactly generated pre-
sentable oco-categories and right adjoint functors which preserve filtered col-
imits. By [37, Prop. 5.5.7.6], this co-category admits small limits which are
preserved by the inclusion Prf} — CAT,,. We have an equivalence

~ op
ad: Pr({j — Pr5 ,

which is the identity on objects and replaces morphisms by their right adjoints.
Consequently, Pr({j admits all small colimits. This implies that Pra* also
admits small colimits. In view of equivalence (2.1.11), coPrE’* admits small

colimits. Finally, Cat&f?ﬁk’perf also admits small colimits by the equivalence
(2.1.25). O

If T is a groupoid, then we have an equivalence ¢: I°P — 1.

Let C: I — coPri* be a diagram. The colimit in the following lemma is

Lex,perf
00, % .

interpreted in Cat

LEMMA 2.1.30. — Assume that I is a groupoid.

(1) There is an equivalence
(2.1.31) colim C* ~ (hm L*C>w .
I Iop
(2) For every object i in I, the diagram
C(i)~ C(i)

can(i)l Jei,*
(2.1.31)

colimy C¥ —— (limyop t*C)¥ —— limyop ¢*C

~

commutes, where the arrow e; . s the right adjoint of the canonical
morphism e;: limgep 1*C — C(i), and the two unmarked horizontal
arrows are the inclusions of the full subcategories of cocompact objects.

(3) The essential images of the functors can(i) for all i in I generate
colimy C¥ under finite limits and retracts.

Proof. — By assumption, we have an equivalence ¢: I°? — I and an equiva-
lence of diagrams ad(C°P) ~ (*C°P in Fun(I°?, CAT,). This gives, using the
Lex.perf hrovided by the proof of Lemma 2.1.29 in

O, %

description of colimits in Cat
the first step,

. W o~ —17: op\\op «
colim C _<(ad lim ad(C°)) )

1

(G ooy

Iop
~ (lim L*C)UJ .

Iop
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Since 1*C°P defines a diagram in Pry, and since the inclusion Pri — CAT
preserves limits [37, Prop. 5.5.7.6], the canonical functor e;: limgop t*C°P —
C(7)°P is a right adjoint for each ¢ in I. By the proof of Lemma 2.1.29, taking
opposites and passing to adjoints yields the canonical transformation

eix: C(i) — CollimC )
which restricts to the subcategories of cocompact objects, and thus induces
can(i).

We are left with showing that the essential images of the transformations
can(i) for all ¢ in I generate the target under finite limits and retracts. Since
colimy C has a set of cocompact generators, it suffices to check that a morphism
f:x — yin colimy C is an equivalence whenever

f* : Mapcoliml C (l‘, €4, (C)) — Mapcoliml C(y7 €i,x (C))
is an equivalence for all ¢ in I and ¢ in C(i) (the proof of [1, Thm. 1.11] carries
over to the setting of co-categories.). Since
Mapcoliml C(xa ei,*(c)) = MapC(i) (6,’ (Ji), C) )

such a morphism has the property that e;(f) is an equivalence for all 4 in I. So

it is indeed an equivalence by Lemma 2.1.18. g
PROPOSITION 2.1.32. — The co-category Cat{;fffk admits small colimits.
Proof. — Let C: 1 — Catlggf; be a diagram. Then, for every ¢ in I, we have a

canonical morphism

Li: C(i) — Idem(C(i)) == colim Idem(C) ,
where the colimit is interpreted in Cat{,‘f,’i’perf. We let D be the full left-exact
subcategory of colimy Idem(C) generated by the images of the functors ¢; for

all 7 in I. For every T in Catl(;gf; we then have the following commutative
diagram:

Mapgan(1,cattes ) (Idem(C), Idem(T)) — Mapcagrex (colimg Idem(C), Idem(T))

’f ~Jz!

MapFun(I,Cat’ggf‘*) (Cv Idem(T)) MapCatI;Cej‘* (D7 Idem(T))
!!!T T!m
Mapgyn(1,cattes ) (C, T) < = Mapgagex (D, T)

The morphism ! is induced by the morphism C — Idem(C) and is an equiv-
alence by the universal property of the latter. The morphism !! is induced by
the inclusion D — colimy Idem(C) and is an equivalence by a similar reason,
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since the induced morphism Idem(D) — colimy Idem(C) is an equivalence by
construction of D and Lemma 2.1.30.3. The morphisms marked by !!! and !!!!
are induced by the fully faithful functor T — Idem(T). They are inclusions of
collections of components. The oco-category D is constructed exactly such that
the dotted arrow exists and is a bijection on 7. Since it is natural in T, we can
conclude that the colimit of the diagram C in Cat; Lex . exists and is represented
by D. |

Let I be a small co-category, and let ¢: C — D be a natural transformation
of functors I — Cat{;ff‘*.

LEMMA 2.1.33. — Assume that

(1) I is a groupoid.
(2) The functor ¢(i): C(i) — D(1) is fully faithful for all i in 1.

Then the functor colimy ¢: colimy C — colimy D is fully faithful.

Proof. — We first consider the analogous assertion for diagrams in CatLex’perf

In this case, we can apply the idea of the proof of Lemma 2.1.30. We use the
formula

colIim C~ ((ad_l lllgl ad(Pro, (C)Op))Op)w

for the colimit given in the proof of Lemma 2.1.29. As the operations Pro,,,
(—)“ and (—)°P preserve fully faithfulness [37, Prop. 5.3.5.11], we must show
the following assertion:

Assume that f: P — Q is a morphism in Fun(T, Pr>) such that f(i) is fully
faithful for every i in I. Then the functor (ad ™" limges ad)(f) is fully faithful.

We have a morphism ad(f): ad(Q) — ad(P) in Fun(I°?, CAT.). The
functor ad (which replaces functors by their right adjoints) does not preserve
fully faithfulness. To overcome this problem, we use that the fully faithful
left adjoints f(4) of the functors ad(f(z)) for all ¢ in I assemble to a natural
transformation in the opposite direction. Since I is a groupoid, we have an
equivalence ¢: I°P — I. We get the diagram in Fun(I°?, CAT,)

ad(f)

/\
ad(P) ad(Q) ,

\/
~ f ~

Cf
P ——1"Q

where fis defined by commutativity of the lower square. By construction, f(z)
is the left adjoint f(7) of ad(f(¢)). We now apply limyer to the upper line and
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get an adjunction

limpop ad(f)

/_\
limIop ad(P) limIop ad(Q) .
\_/r

limjop }'V
In particular, we have an equivalence
NSy —14.
lllglf ~ (ad lllglad)(f) .

Since a limit of a diagram of fully faithful functors in CAT o, is again fully faithful

by Lemma 2.1.21, we can conclude that limper f and hence (ad ™! limper ad)(f) are

fully faithful. This finishes the case of diagrams with values in CatLCX perf,
Assume now that f: C — D is a morphism of I-indexed diagrams with values

in CatLex which is objectwise fully faithful. ThenIdem(f): Idem(C) — Idem(D)

is such a diagram in CatLex Perf with the same property by Lemma 2.1.28. We

have just shown that the lower line in the square in Cat.,

. colimg f .
colim; C colimi D

| J

colimy Idem(C) colimy Idem(D)

colimy Idem( f)
_—

is fully faithful. In the proof of Proposition 2.1.32, we have presented the

colimits (in Catlgf’;) in the upper line as full subcategories of the colimits

(in Catgsf:perf) in the lower line. Consequently, the vertical arrows are fully
faithful. This implies that also the upper horizontal arrow is fully faithful. [

In general, if C is a pointed oo-category admitting finite products and co-
products, then for every finite set F' and family (Cy)er in C, we have a natural
morphism

(2.1.34) g [Tcr= [] cr-

This morphism is classified by the collection of morphisms

(2135) (q)c/i H Cf — Cf/)f/GF ,
feF

where gy itself is classified by the collection of morphisms
(2.1.36) (Qf,flt Cf —)Cf/)fEF
such that gy s is zero for f # f’ and id¢, for f = f'.
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DEFINITION 2.1.37 ([35, Def. 6.1.6.13]). — The oco-category C is called semi-
additive if it is pointed, admits finite products and coproducts, and if the
morphism (2.1.34) is an equivalence for every finite set F' and family (C¢)er
of objects in C. ¢

LEMMA 2.1.38. — The oco-category CatOo . s semi-additive.

Proof. — The oo-category CatLex is complete by Proposition 2.1.12 and there-
tLex

K3

fore admits products. Ca also admits coproducts by Lemma 2.1.29. Fi-

nally, CatLex is pointed by the one-point category .

K3

We now fix a finite set F' and a family (Cy)¢cp in CatLeX For f in F let
tf: Cp = [l ep Cy be the canonical inclusion and my: Hf,eF Cy — Cy be
the canonical projection. For every f” in F we have a morphism

pf” = Lf// Oﬂ'f//: H Cf/—} HCf .
f'er fer

Their product!® in the left-exact co-category ] fer Cy is a morphism

pi= Xf//erf//: H Cf/% HCf .
f'er fer

We claim that p and the morphism ¢ from (2.1.34) are mutually inverse equiv-
alences. In order to show that poq ~ idH c, it suffices to provide equiva-

lences pogqoty ~ vy for all fin F. They are given by the following chains of
equivalences:

1R

(XgrepLprompn)oqory
X prep(vpmompnogqory)
~ Xpueplpr O OLy

= X grer Ly 0 qpry)
~if,

pogoly

12

where we use the notation from (2.1.35) and (2.1.36). Similarly, in order to

show that gop ~ idH c, it suffices to provide an equivalence 7 ogop ~ s/
fler

1. This product of functors can formally be understood as a right Kan extension along
the functor of discrete categories F' — . It exists since F' is finite and erF Cy, being

left-exact, admits finite products.

TOME 153 — 2025 — N© 2



CONTROLLED OBJECTS AND THE NOVIKOV CONJECTURE 319

for every f’ in F. They are given by the following chains of equivalences:
7Tf/ oqop:ﬂ'f/ OCIO(Xf“eFLf” O7Tfu)
~ qf/ [e) (Xf//eFLf// [e) 7Tf//)

~ Xf//quf/ o) Lf// e} 7Tf//)

~ foEqu/vf// o ﬂ'f//

R

7Tf/ 5
where at the marked equivalence we use that gy preserves finite products. [

In the remainder of this subsection, we consider a situation where a limit
and a colimit can be interchanged.

REMARK 2.1.39. — We consider a small category I, functors T,C,D: 1 —
Cat,, and a natural transformation ¢: C — D. We consider the subspace
Map'Fun(LCatm)(T, D) consisting of the components of Mapgyn(1,cat..)(T: D)
of those natural transformations ¢: T — D such that for every ¢ in I the functor
¥(i): T(i) — D(3) takes values in the essential image of ¢(i): C(i) — D(i). If
¢ is objectwise fully faithful, then the canonical map induces an equivalence

MapFun(J,Catoc)(Ta C) E_> Map/l'*\Jn(J,Catoo) (T7 D) . ’
Let T and J be small categories and let C: I x J — Cat,, be a functor.

LEMMA 2.1.40. — Assume that

(1) I is filtered.

(2) J has only finitely many objects.

(3) For every morphism i — i’ in I and every object j in J, the functor
C(i,7) — C(i’, ) is fully faithful.

Then the natural functor

(2.1.41) colimlim C — lim colim C
I J J 1
is an equivalence.

Proof. — By assumption, the transformation C(i,—) — C(i/,—) of diagrams
J — Cat,, is objectwise fully faithful for every morphism i — 4’ in I. The
induced functor limy C(i, —) — limy C(¢’, —) is fully faithful by Lemma 2.1.21.
Since I is filtered, it follows that the functor

lim C(4, —) — colimlim C
J 1 J
is fully faithful for every ¢ in I.
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Similarly, the canonical functor C(4,j) — colimy C(—, j) is fully faithful for
all 7 in I and j in J. We conclude that the induced map

lim C(4, —) — lim colim C
J J 1

is fully faithful for every ¢ in I.
Since I is filtered and since we have a commutative diagram

limy C(i, —) — limyj colimy C

| _—

colimy limy C

for every 7 in I, it follows that colimylimy C — limy colimy C is fully faithful.

We are left with showing essential surjectivity of the functor (2.1.41). Since
limy is right adjoint to the functor — taking constant J-diagrams, an object A
in limy colimy C corresponds to a natural transformation

A° - colIim C

of diagrams J — Cat.,. Since A® is compact and since J has only finitely
many objects, there exists some iy in I such that A%(j) = AY — colimg C(—, 5)
factors for every j in J through the canonical map C(ig,j) — colimy C(—, j).
Applying Remark 2.1.39 yields a transformation A® — C(ig, —) which fits into
a commutative triangle

A 5 colimp C .
C(i07 _)

Hence, we obtain an object in limy C(ig, —), whose image under the canonical
map limy C(ip, —) — colimy limy C provides the required preimage of A. O

For future reference, let us also recall what it means for filtered colimits to
distribute over products. Let M be an oco-category admitting small filtered
colimits and small products.

DEFINITION 2.1.42. — We say that filtered colimits distribute over products
in M if for any family of small filtered categories (F;);c; and family of functors
(E;: F; = M), the canonical morphism

colim E;(F;) — | | colim E;(F;)
(Foi€][,., Fi g 1o FieF

is an equivalence. ¢
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EXAMPLE 2.1.43. — Examples of oco-categories in which filtered colimits dis-
tribute over products are Spc, Cat., and hence also Catgff; by Proposi-

tion 2.1.12. ¢

2.2. The calculus of fractions formula. — Our goal in this section is to estab-
lish conditions under which there exists an explicit formula to compute mapping
spaces in Dwyer—Kan localisations.

DEFINITION 2.2.1. — A relative oco-category (C,W) is an object C of Cat
together with a subcategory W containing all identity morphisms. ¢

If (C,W) is a relative co-category, its Dwyer-Kan localisation
(2.2.2) (:C— CW™

satisfies the universal property that for every D in Cat, the functor ¢ induces
an equivalence

Fun(C[W~!],D) —» Fun"' (C,D) ,

where the right-hand side is the subcategory of functors which send morphisms
in W to equivalences.

As explained in [8, Sec. 1], one can define a large oo-category Rel,, of
relative oo-categories and functors preserving the chosen subcategories as a
subcategory of the arrow category Fun(A!, Cat,.). The universal property of
the Dwyer—Kan localisation implies that there exists a functor

(2.2.3) Loc: Rel,, — Caty

sending a relative co-category (C, W) to C[W 1] which is left adjoint to the
functor Cat,, — Rel,, which sends an oo-category C to the relative oo-
category (C, C™), where C= denotes the groupoid core of C.

In the following, we summarise the main results of [25, Sec. 7.2]. We consider
a relative oo-category (C,W), and we let A be an object of C.

DEFINITION 2.2.4 ([25, Def. 7.2.2]). — A putative calculus of fractions at A is
a functor m: W(A) — C with the following properties:

(1) W(A) has a final object Ag with w(Ag) ~ A;

(2) the image of every morphism B — Ag in W(A) lies in W. ¢

ExaMPLE 2.2.5. — The canonical example of a putative calculus of fractions
is given by the full subcategory W(A) of C,4 spanned by the morphisms in
W, together with the projection

m: W(A) - C,qy —C. ¢
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Let m: W(A) — C be a putative calculus of fractions. The colimit of the
diagram

W(A)P =5 cP X% Fun(C, Spc)

yields a functor

2.2.6 My: C— Spe, B~ i M A, B) .
(2:2.6) A pc 2 SO apc(m(4'), B)
PROPOSITION 2.2.7. — The following are equivalent:

(1) The functor M 4 inverts all morphisms in W.
(2) The canonical map

. /
(2:2.8) A,gggl(rg)op Mapg(m(A4'), B) = Mapgy-1)(€(A), €(B))

is an equivalence of spaces for every object B of C.
Proof. — In the language of [25], M 4 inverting all morphisms in W means that
(W(A),7) is a right calculus of fractions. Hence, [25, Thm. 7.2.7] implies that
the morphism (2.2.8) is an equivalence for every object B of C. Conversely, if

(2.2.8) is an equivalence for every object B of C, then M 4 sends all morphisms
in W to equivalences. O

2.3. Localisations of left-exact co-categories. — We are primarily interested in
localisations of left-exact co-categories.

DEFINITION 2.3.1. — A relative left-exact oo-category (C,W) is a relative
oo-category such that C is left-exact. ¢

In general, there is no reason to expect that the Dwyer—Kan localisation of
a relative left-exact oco-category will also be left-exact. The following records
sufficient conditions that guarantee that this is in fact the case.

Let (C,W) be a relative co-category.

DEFINITION 2.3.2. — We say that W is preserved by pullbacks if every diagram
B/
|
A——B
in C with f in W can be extended to a pullback diagram

A —— B

in C with g in W. ¢
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Let (C,W) be a relative co-category.

LEMMA 2.3.3. — Assume that

(1) W is preserved by pullbacks.
(2) W has the two-out-of-three property.
(3) C admits finite limits.

Then ¢: C — C[W 1] preserves finite limits.

Proof. — Since C has finite limits, it may be considered as a category with
weak equivalences and fibrations in the sense of [25, Def. 7.4.12], where the
weak equivalences are the elements of W, and the fibrations are all maps in C.
Hence we can apply [25, Prop. 7.5.6].

Alternatively, one can combine [25, Thm. 7.2.16] with Proposition 2.2.7 to
see that the mapping spaces in the localisation are given by filtered colimits
and use this directly to show the lemma. O

Let (C,W) be a relative left-exact oo-category, and let £ : C — C[W ~1] be
the Dwyer—Kan localisation.

DEFINITION 2.3.4. — We say that ¢ is a localisation among left-exact oo-
categories if C[W 1] and £ are left-exact and if for every left-exact oo-category
D the restriction functor

" Fungyerex (C[W '], D) — Fund i« (C, D)

is an equivalence, where Fungatmx (C,D) is the full subcategory of
Fungggrex (C,D) on functors which send the morphisms in W to equiva-
lences. ¢

PROPOSITION 2.3.5. — If £: C — C[W 1] preserves finite limits, then ¢ is a
localisation among left-exact oo-categories. Furthermore, the induced functor
CA = CIWYA" is essentially surjective.

Proof. — Let W be the subcategory of C given by the morphisms which are
sent to equivalence by {. Then W satisfies the two-out-of-three property, W C
W and W is closed under pullbacks since ¢ preserves finite limits.

Moreover, let W denote the smallest subcategory of C which contains W,
satisfies the two-out-of-three property and is preserved by pullbacks. Then
W CW C W, so the Dwyer—Kan localisations at each of these three subcat-
egories agree. [25, Prop. 7.5.11] applies to the localisation at W to show that
C[W 1] is left-exact and has the correct universal property.

By [25, Thm. 7.2.16], Proposition 2.2.7 provides a formula for the mapping

spaces in C[WW "] which shows in particular that any map A — B in C[W ]
may be written up to equivalence as a composition fs~1, where f: A’ — B is
a map in C, while s: A’ — A is a map in W. ]

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



324 U. BUNKE, D.-C. CISINSKI, D. KASPROWSKI & C. WINGES

We let Rell(;gf; denote the subcategory of Rel,, of pairs (C, W), where C
is left-exact and C — C[W 1] is left-exact, and left-exact functors. Then the
localisation functor from (2.2.3) restricts to a functor

(2.3.6) Loc: Relif”; — Cati‘oe”; .

2.4. Stabilisation and cofibres. — In this section, we describe the process of
stabilisation of left-exact oco-categories and exhibit a class of sequences in
Catgj”; which give rise to cofibre sequences in CatZ: upon stabilisation.

We have a functor

(2.4.1) Sp: CatLex — Cath §f)(C) := colim(C Lched o)

00, % I

and a natural transformation Q> id — §f) Note that this construction corre-
sponds to Spanier—Whitehead stabilisation under the identification CatLex o~

Catl;i’i given by C — C°P. Recall that CatZ: denotes the full subcategory of
Cat™®® of stable co-categories.

00, %
LEMMA 2.4.2. — The functor éf) has an essentially unique factorisation
Cat:}
~

Sp_-

Ca tLex CatLex

which fits into an adjunction

Sp: CatLex = Cat:} :incl .

Proof. — Under conjugation with the equivalence (—)°P: CatLex = Cath=

00, %

the functor §f) corresponds to the Spanier—Whitehead stabilisation, so the

lemma follows from [36, Prop. C.1.1.7]. O
DEFINITION 2.4.3. — We call é?): CatLeX — Cat?l the stabilisation functor.
¢

LEMMA 2.4.4. — The stabilisation functor éB preserves fully faithfulness.

Lex

Proof. — The functor Sp from (2.4.1) is given by a filtered colimit in Cat
Note that filtered colimits in Cat“™ can be calculated in Cats, by Prop051—

o0, %

tion 2.1.12. Furthermore, a filtered colimit of fully faithful functors in Cat,
is fully faithful. This implies the assertion. ]
Let ¢: C — D be a morphism in CatLeX
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DEFINITION 2.4.5. — We define the stable cofibre of ¢ to be the stable oco-
category

Cofib®(¢) := Cofib(Sp(¢)) . ¢
If ¢ is fully faithful, Lemma 2.4.4 implies by [23, Prop. A.3.7.iii)] that

Sp(D) 2%, 8p(C) — Cofib(¢)
is a Karoubi sequence in the sense of [23, Def. A.3.5]. In the following, we show
that Cofib®*(¢) admits an explicit model in terms of a Dwyer—Kan localisation
of C.
Let C be in CatI(;gffk, and let f: C — C’ be a morphism in C. Using the
existence of finite limits and a zero object in C, the fibre of f can be defined
by

Fib(f) =0 x¢ C .

If ¢: D — C is a morphism in Catlgf,’;, then we define the relative left-exact

oo-category (C, W) such that Wy is the smallest subcategory containing those
morphisms whose fibre lies in the essential image of ¢, which satisfies the two-
out-of-three-property and which is closed under pullbacks. Then the Dwyer—
Kan localisation is left-exact by Lemma 2.3.3 and Proposition 2.3.5.

LEMMA 2.4.6. — The sequence of functors
Sp(D) — Sp(C) — Sp(C[W;])
is a cofibre sequence in CatS:.

Proof. — For every stable co-category E, we have a commutative square

Funcagex (Sp(C[W, ']), B) —— Funcaezx (Sp(C), E)
C,E)

~ ~

Funcggres (C[ng}: E)—— FUUCatggj;(
in which all morphisms are given by restriction functors. As indicated, the
vertical morphisms are equivalences by Lemma 2.4.2.

Since E is stable, a left-exact functor C — E vanishes on D if and only if
it inverts all morphisms whose fibre lies in D. Moreover, the subcategory of
morphisms that get inverted by a left-exact functor C — E is closed under
pullbacks and satisfies the two-out-of-three-property. Hence, such a functor
vanishes on D if and only if it inverts all morphisms in Wy. It follows from
Proposition 2.3.5 that the essential image of the bottom horizontal functor is
given precisely by the functors vanishing on D.
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Moreover, the restriction of a functor §f)(C) — E vanishing on éI)(D)
along the unit map C — é\f)(C) also vanishes on D. Conversely, the functor
éB(C) — E induced by a left-exact functor C — E vanishing on D is trivial on
§f)(D), since any object in §f)(D) lies in D after finitely many applications of
€. Hence the right vertical functor restricts to an equivalence between the full
subcategories given by functors which vanish on é\f)(D) and D, respectively,
which proves that é;)(C[W(; !1 has the desired universal property. |

REMARK 2.4.7. — Let ¢: D — C be an exact functor between stable oo-
categories. Since the essential image of ¢ is a full stable subcategory of C, the
subcategory Wy is given precisely by the collection of morphisms whose fibre
lies in the essential image of ¢. Again by stability, Wy is equivalently given by
the collection of morphisms whose cofibre lies in the essential image of ¢. Hence
Lemma 2.3.3 and its dual imply that the localisation functor ¢: C — C[Wqﬁ_l]

preserves both finite limits and colimits, and it follows that C[W(; '] is stable.

So the unit map C[W = éB(C[W(; 1) is an equivalence in this case, and
Lemma 2.4.6 recovers the well-known fact that cofibres of stable co-categories
are given by Dwyer—Kan localisations.

In particular, we have for every morphism ¢: D — C in Catggffk an equiva-
lence
Sp(C)W=L | = Sp(Clw; 1)) .
PO, |5 Sp(ClV; ")) '
2.5. Excisive squares in Cati‘f”i and homological functors. — Any localising

invariant on stable co-categories induces an invariant on left-exact co-categories
by precomposition with the stabilisation functor Sp: CatX™ — Cat:..

00, %

Lemma 2.4.4 implies that a localising invariant sends a commutative square
(2.5.1) p-“.c
w’l lw
!/ ¢, /
D ——C

of left-exact oco-categories to a pushout if it is excisive in the sense of the
following definition:

Lex

DEFINITION 2.5.2. — A square (2.5.1) in Cat 7, is called excisive if
(1) The functors ¢: D — C and ¢’: D’ — C’ are fully faithful.
(2) The induced functor on stable cofibres ¢: Cofib®(¢) — Cofib®(¢') is
an equivalence. ¢

Under some conditions a colimit of a diagram of excisive squares is again
excisive. Let I be a small oo-category, and consider an I-indexed diagram of
squares of the shape (2.5.1).
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LEMMA 2.5.3. — Assume that

(1) One of the following holds:
(a) I is filtered.
(b) I is a groupoid.

(2) The evaluation of the diagram at every object of I is an excisive square
in Cat]&?,’;.

Then

colimy ¢

(2.5.4) colimf D ——— colimy C

colimy le/ lcoliml P
colimy ¢’

colimy D’ ———— colimy C’

Lex
00, % *

s an excisive square in Cat
Proof. — If 1 is filtered, then the functors colimy¢ and colimy¢’ are fully
faithful, since a filtered colimit of fully faithful functors in Catggfi (which can
be calculated in Cat.; see Proposition 2.1.12) is again fully faithful. In the
other case, i.e. when I is a groupoid, we use Lemma 2.1.33 to conclude fully
faithfulness.

Since Sp and taking cofibres preserve colimits, it follows that
Cofib®(colimy ¢) — Cofib®(colimy ¢) is an equivalence. O

As indicated above, we are mostly interested in localising invariants defined
on left-exact oco-categories. To conclude the discussion in this section, we in-
troduce some related terminoloy and explain the relation between localising
invariants in our sense and localising invariants on stable co-categories.

We consider a functor Hg: Cat];;’f‘* — M. We say that Hg inverts Morita
equivalences if it sends the morphism C — Idem(C) (the unit of adjunction

(2.1.27)) to an equivalence for every C in Cat{;ﬁfi.

DEFINITION 2.5.5. — The functor Hg is called homological if it has the follow-
ing properties:

(1) M is stable and cocomplete.

(2) Hg preserves filtered colimits.

(3) Hg sends excisive squares in Catlgff; (Definition 2.5.2) to pushout
squares.

The functor Hg will be called a finitary localising invariant if it in addition
inverts Morita equivalences. ¢
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Following [10, Def. 8.1], a functor Catl, — M is called a stable finitary
localising invariant? if M is stable and cocomplete, and the functor inverts
Morita equivalences, preserves filtered colimits and sends Karoubi sequences
[23, Def. A.3.5] to cofibre sequences.

By Lemma 2.4.2, we have an adjunction

(2.5.6) Sp: Catex = CatZ :incl .

00, *
If Hg is a finitary localising invariant, then Hgoincl is clearly a stable fini-
tary localising invariant. The following lemma justifies our terminology and
shows that finitary localising invariants correspond to stable Af}nitary localising
invariants by precomposition with the stabilisation functor Sp:

LEMMA 2.5.7. —
(1) If Hg is a homological functor, then the natural transformation

Hg — Hgoincl o§f)

(induced by the unit of adjunction (2.5.6)) is an equivalence.
(2) If L is a stable finitary localising invariant, then L o Sp is a finitary
localising invariant and the transformation

LoSpoincl — L

(induced by the counit of adjunction (2.5.6)) is an equivalence.

Proof. — Let C be in Catf;f”i. Then we have the following excisive square in
Catiff;:

0——C

0 —— Sp(C)

Indeed, the horizontal morphisms are fully faithful, and the induced morphism
on stable cofibres is the identity of §)( C). The functor Hg sends this square to a
pushout square in M. Since Hg(0) ~ 0, we conclude that Hg(C) — Hg(Sp(C))
is an equivalence.

For the second assertion, we observe that Loé}) is a finitary localising invari-
ant since éI) commutes with filtered colimits and idempotent completion (since
filtered colimits of idempotent complete co-categories are idempotent complete
[37, Cor. 4.4.5.21]), and preserves fully faithful functors by Lemma 2.4.4. More-

over, the counit Sp o incl — id is an equivalence. O
2. We added the adjective stable in order to distinguish this notion from the one introduced
in Definition 2.5.5. We further added the word finitary in order to highlight that the functor

preserves filtered colimits, as one might want to drop this assumption in certain applications.
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ExXAMPLE 2.5.8. — We let
(2.5.9) Uoe: Cati’,j — Mioe

denote the universal (stable finitary) localising invariant of Blumberg—Gepner—
Tabuada [10, Thm. 8.7]. The target M, is a presentable stable co-category.
The composition

(2.5.10) UK: Cat= 2B, Cates Yoo Ay,
is a finitary localising invariant by Lemma 2.5.7. ¢

Let Hg: CatI;ff( — M be a functor.

*

LEMMA 2.5.11. — If Hg is homological, then it preserves coproducts.
Proof. — For C,D in Cati‘fy’; the commutative square

0—C

D——CaeD

is excisive, so it becomes a pushout upon application of Hg. Since Hg(0) ~ 0,
the induced square exhibits Hg(C @ D) as a pushout of Hg(C) and Hg(D). O

REMARK 2.5.12. — As a consequence of Lemma 2.5.11, a homological functor
is additive. More precisely, let F,G: C — D be two morphisms in Catif”fk
between the same objects. Then we have an equivalence

(2.5.13) Hg(F + G) ~ Hg(F) + Hg(G)
of morphisms from Hg(C) to Hg(D). ¢

3. Sheaves on bornological coarse spaces

As explained in Section 1.2, our main goal is the construction of a functor
V: GBC — Caty

which associates to every G-bornological coarse space X a left-exact co-category
of X-controlled objects. This construction proceeds in several steps, each
of which makes use of some more structure encoded in the notion of a G-
bornological coarse space. Our presentation does not assume previous knowl-
edge of G-bornological coarse spaces. Instead, we will introduce G-bornological
coarse spaces step by step as our constructions require.

Throughout this and the following sections, we will freely use the notation
introduced in Section 2.1. In particular, coPri* denotes the very large oo-
category of opposites of pointed, compactly generated presentable co-categories

. .. . . Lex
and right adjoint functors preserving cocompact objects, and Cat(x‘f’* denotes
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the large oo-category of small, pointed, left-exact co-categories and left-exact
functors.

3.1. Presheaves. — In the first step of our construction, we simply assign to
every set X and oo-category C the oco-category of functors from the power set
of X to C and record the functoriality of this construction. More importantly,
we also introduce the notion of an entourage in Definition 3.1.7 and define the
associated thickening and thinning functors in (3.1.8) and (3.1.9).

Let X be aset. By Px we denote the poset of subsets of X with the inclusion
relation. For C in coPrS, we consider the functor category

(3.1.1) PSh¢(X) := Fun(P, C)

called the oco-category of C-valued presheaves on X. It will be considered as
an object of coPrk.

A map of sets f: X — X' gives rise to the inverse image map f~1(—): Px: —
Px of posets. By precomposition, it induces a morphism

f.: PShe(X) — PShe(X)
in coPrE between the presheaf categories which also preserves all colimits.
A morphism ¢: C — C’ in coPri* gives rise to a morphism

(3.1.2) ¢, : PShc(X) — PShe (X)

in coPr® by postcomposition with ¢. Its left adjoint preserves cofiltered limits.
These constructions can be turned into a functor

(3.1.3) PSh: Set x coPri* — coPrl .

By taking images, the map f also induces the morphism of posets f(—): Px —
Px:. The relations f(f~1(Y’)) CY’ for all Y’ in Px, and Y C f~1(f(Y)) for
all Y in Px provide the counit and the unit of an adjunction

between poset morphisms. We get an induced adjunction
(3.1.5) f*: PShe(X') = PShe(X) : f.

of functors between the presheaf categories, where f* is given by precomposi-
tion with f(—).

If ¢: C — C’ is a morphism in coPr>

W,k

then a* fits into an adjunction
(3.1.6) ¢*: PSho (X) = PShe(X) 10, |
where 8* preserves cofiltered limits (Example 2.1.10).

DEFINITION 3.1.7. — An entourage on X is a subset of X x X, i.e. a relation
on X. ¢
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Consider an entourage V on X such that diag(X) C V. For every subset ¥’
of X, we define the V-thickening

(3.1.8) VIY]'={zeX|(FyeY|(z,y) €V)}
and the V-thinning
(3.1.9) V) ={zeX|V[{z}]CY}.

The reflexivity of V' guarantees that Y C V[Y] and V(Y) C Y for every subset
Y of X.

ExXAMPLE 3.1.10. —

(1) On every set X, we can consider the entourage diag(X). Both diag(X)-
thickening and diag(X)-thinning are given by the identity functor on
Px.

(2) At the other extreme, X x X is also an entourage containing diag(X).
The (X x X)-thickening of a nonempty subset is the entirety of X,
while (X x X)[@] = @. Analogously, the (X x X)-thinning of any
proper subset of X is empty, while (X x X)(X) = X.

(3) Suppose that d is a metric on X. Then for r > 0

(3.1.11) Vi = {(z,y) € X x X | d(z,y) <r}

is an entourage on X. For a subset Y of X, the V,-thickening V,.[Y] is
the union over all closed r-balls with centre in Y, and the V,.-thinning
V,.(Y) is the set of those points y in Y such that the closed r-ball around
1y is entirely contained in Y. ¢

Thickening and thinning induce morphisms of posets
(3.1.12) V[-,V(=): Px = Px .
We define the functors
V*,Vi: PShe(X) — PShe(X)

through precomposition with V[—] and V(—), respectively. The relations Y C
V(V[Y]) and V[V(Y)] CY for all Y in Px provide the unit and counit of an
adjunction

(3.1.13) VI-]: Px & Px :V(-)
between endofunctors of Px. We therefore get an induced adjunction
(3.1.14) V*: PShe(X) 2 PShe(X) : Vi

between the presheaf categories.

Let G be a group and let GSet := Fun(BG, Set) be the category of G-sets.
The functor PSh from (3.1.3) induces a functor PSh® which sends a pair (X, C)
in GSet x Fun(BG, coPrE“’*) to the fixed point category limpg PShe(X) with
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respect to the conjugation action and is formally defined as the following com-
position:
(3.1.15) PSh®: GSet x Fun(BG, coPrt ) 2% Fun(BG x BG, coPrl)

diag?

8BS, Fun(BG, coPrl)

Lmpg, coPr® .
The first morphism is given by postcomposition with PSh, the functor
diagpo: BG — BG x BG is the diagonal embedding and the limit over BG
exists since coPr5 is complete by Lemma 2.1.13. We write

PSh&: GSet — coPrt

for the specialisation of the functor PSh® from (3.1.15) at C in
Fun(BG, coPrBy*).

In the following, we repeatedly use that a G-equivariant adjunction induces
an adjunction after passing to the limit over BG.

If f: X — X' is a morphism in GSet, and if C is in Fun(BG, coPrE,*), then
by passing to the limit over BG, the adjunction (3.1.5) induces an adjunction

9% PShE(X') = PShE(X) : fC .
Similarly, if X is a G-set and the entourage V' is G-invariant, then the adjunc-
tion (3.1.14) induces an adjunction

(3.1.16) VG PShE(X) = PShG(X) :VC .

*

Finally, if ¢: C — C’ is a morphism in Fun(BG, coPri*), then the adjunction
(3.1.6) induces an adjunction

(3.1.17) ¢*%: PShE, (X) = PSh&(X) : 97 .

The left adjoint functors f*’G, V*& and QAﬁ*’G all preserve cofiltered limits.

3.2. Sheaves. — In the second step, we restrict our attention to presheaves
which are completely determined by their values on sufficiently small sub-
sets, where smallness is encoded in the notion of a U-bounded subset (Def-
inition 3.2.1). Saying that a presheaf is determined by its values on U-bounded
subsets amounts to a rather simple sheaf condition, and we observe that the
adjunctions recorded in Section 3.1 descend to the level of sheaves. Moreover,
we discuss the functoriality of the full subcategory of U-sheaves with respect
to U, and prove a gluing formula for U-sheaves.
Let X be a set with an entourage U which contains the diagonal of X.

DEFINITION 3.2.1. — A subset B of X is called U-bounded if Bx BCU. ¢
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ExaMPLE 3.2.2. — We continue Example 3.1.10.

(1) The diag(X)-bounded subsets of X are precisely the sets with at most
one element.

(2) Every subset of X is (X x X)-bounded.

(3) If X carries a metric, a subset is V,-bounded if and only if its diameter
is at most 7. ¢

Let Y be a subset of X, and let ) be a family of subsets of Y.

DEFINITION 3.2.3. — The family Y is a U-covering family of Y if for every
nonempty U-bounded subset B of Y there exists a member Y’ of ) such that
BCY'. ¢

ExXAMPLE 3.2.4. — If Y and Z are subsets of X satisfying Y U Z = X, then
U[Y] and Z form a U-covering of X. ¢

The collections of U-covering families of subsets of X determine a Grothen-
dieck topology 7V on Px. For C in coPr , we let Sh%(X) denote the full

W, *

subcategory of PSha(X) of 7V-sheaves, which we also call U-sheaves.

REMARK 3.2.5. — Let Y be a subset of X and let ) be a U-covering family.
We then consider the associated sieve Sy. It is the full subcategory of (Px ),y
consisting of objects Z — Y such that Z is contained in a member of ).
An object M in PShe(X) is a U-sheaf if and only if the canonical morphism
3.2.6 M(Y) — li M(Z
(3:2:6) V)=, Jm  M2)
is an equivalence for all Y in Px and all U-covering families ) of Y. Note that

the empty family is a U-covering of the empty set, so the sheaf condition forces
M(@) ~ 0. ¢

ExXAMPLE 3.2.7. — We continue Example 3.2.2.

(1) A diag(X)-sheaf is the same as a function associating an object of C
to each point in X.

(2) An (X x X)-sheaf is a pointed functor P¥ — C, i.e. a functor sending
the empty set to a zero object of C.

(3) If X carries a metric, being a V,.-sheaf is a nontrivial notion. In gen-
eral, we do not know of a better description than the one provided by
Lemma 3.2.10 below. ¢

The covering family of a nonempty subset Y consisting of all U-bounded
subsets refines every other U-covering family. As a consequence, it is easy to
construct the U-sheafification functor.
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Let i: PYPd — Px be the inclusion of the subposet of Px of nonempty
U-bounded elements. Then we have an adjunction

(3.2.8) i*: PSho(X)= Fun(PYP4P C): i, |

where i* is the restriction and i, is the right Kan extension functor along i
(which exists since C is complete). We set

(3.2.9) LY =" .
LEMMA 3.2.10. — We have an adjunction
(3.2.11) LY: PShc(X) = ShZ(X) :incl .

Moreover, LY preserves small limits and Shg (X) e coPrft.

Proof. — Since ¢ is fully faithful, the counit of the adjunction (3.2.8) is
an equivalence i*i, ~ id. Therefore, it suffices to show that i, identifies
Fun(’P)[ébd’Op,C) with the full subcategory of U-sheaves. This in particular
implies that ShZ(X) € coPrk.

Let M: P%bd’()p — C be a functor. We must show that ¢, M is a U-sheaf.
The pointwise formula for Kan extensions implies i, M (&) ~ 0, so we only
need to consider the evaluation of i, M on nonempty subsets of X. Since the
covering family by U-bounded subsets refines every other U-covering family,
it suffices to check the sheaf condition for the sieves associated to this family.
Thus, let Y be a nonempty subset of X. The sieve associated to the covering
family of all U-bounded subsets is the slice category (P{"?) /3 (Remark 3.2.5).
We must show that

3.2.12 . M)(Y) — lim .M)(B
(3:2.12) (AN = (i M)(B)

is an equivalence®. Since P{P4 is a full subcategory of Px, we have (i,.M)(B) ~

M (B) for every nonempty U-bounded subset B of X. So the pointwise formula
for the right Kan extension shows that the morphism (3.2.12) is an equivalence.
We now consider a U-sheaf M and show that M — LYM is an equiva-
lence. Indeed, the evaluation of this morphism at a nonempty subset Y of X
is equivalent to
MY)— lim M(B),
Be((PE")/v)or
which is an equivalence by the sheaf condition.
Since the functors i* and i, preserve small limits, so does LY. O

Let ¢: C — C’ be a morphism in coPrE‘,*.

3. In order to shorten the notation, we denote the objects of (P)U(bd)/y by B instead of
B—Y.
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LEMMA 3.2.13. — The functor g/i;* from (3.1.6) preserves U-sheaves, and we
have an adjunction

(3.2.14) LY¢*: sh¥, (X) = Sh&(X) : 4. .
Moreover, LU$* preserves small cofiltered limits.

Proof. — Since ¢ preserves small limits, it is clear that 5* preserves U-sheaves.
It then follows from Lemma 3.2.10 and the adjunction (3.1.6) that the left
adjoint is given by the claimed formula. The last assertion follows from this
formula and the fact that LY and a* preserve small cofiltered limits. |

Consider a map of sets f: X — X'. Let U’ be an entourage of X’ such that
f(U) C U’ (where f(U) abbreviates (f x f)(U)).

LEMMA 3.2.15. — The functor f* from (3.1.5) sends U-sheaves to U’-sheaves,
and we have an adjunction

(3.2.16) LV f*: sh¥ (X') = Sh&(X) : f. .

Moreover, LU]?* preserves small limits.

Proof. — By assumption, we have the following commutative diagram:

pybd =) pYbd

!

Px — Px.

The functor f, in (3.1.5) is given by right Kan extension along f(—): Px —
Px. In the proof of Lemma 3.2.10, we have seen that right Kan extension along
the vertical maps in the square above produces sheaves. It then follows from
the transitivity of right Kan extensions that ]?* sends U-sheaves to U’-sheaves.

It is now clear that the left adjoint is given by the claimed formula. The last
assertion follows from this formula and the fact that LY and f* preserve small
limits. ]

The inverse of an entourage V' and the composition of entourages U, V' of X
are defined by

(3.2.17) V= {(y,x) € X x X | (z,y) € V}
and
(3218) UV:={(2",2)e X xX|(F' e X |(2",2") e UN(2',z) e V)}.

Let V be an entourage of X with diag(X) C V, and assume that U’ is an
entourage of X such that VUV~ C U’.
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LEMMA 3.2.19. — The functor Vi from (3.1.14) sends U-sheaves to U’-sheaves,
and we have an adjunction

(3.2.20) LYV*: ShY (X) = Sh&(X) :V, .
Moreover, LYV* preserves small limits.

Proof. — As in the proof of Lemma 3.2.15, the second assertion is a formal
consequence of the first. To prove the first assertion, we observe that the
assumptions provide the following commutative diagram:

pYbd Vi-] pY'bd

!
Px —— Px.

Since V, is given by right Kan extension along the thickening functor V[—],
it follows as in the proof of Lemma 3.2.15 that V, sends U-sheaves to U’-
sheaves. O

Let G be a group, let X be a G-set and let C be in Fun(BG,coPri*).
Assume that U is a G-invariant entourage of X, i.e. that for every g in G and
(x,y) in U, we also have (gx, gy) € U. We further assume that U contains the
diagonal of X. Under this condition, the action of G on X preserves U-sheaves
by Lemma 3.2.15. We define

(3.2.21) Sh&¢(X) = lim ShZ(X),

where the limit is interpreted in CAT.. By Lemma 3.2.10, Shg(X) is an
object of coPrY, and the same is true for Shg’G(X) by Lemma 2.1.13. As a

* 9

consequence of Lemma 2.1.21, Shg’G(X) is a full subcategory of PSh&(X).

COROLLARY 3.2.22. — The adjunction (3.2.11) induces an adjunction
LYC: PShE(X) = Sh%%(X) :incl .

Moreover, LYC preserves small limits.

Let ¢: C — C’ be a morphism in Fun(BG,coPri*), and let U be an
invariant entourage of X.

COROLLARY 3.2.23. — The adjunction (3.2.14) induces an adjunction
(3.2.24) LVC ¢S . shf(X) = sh%%(X) : 6% .
Moreover, LU’G(;AS*’G preserves small cofiltered limits.
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Let V' be an invariant entourage of X such that diag(X) C V. Then V, and
V* in (3.2.20) are equivariant. Assume that U’ is an invariant entourage of X
which in addition satisfies VUV ~! C U’.

COROLLARY 3.2.25. — The adjunction (3.2.20) induces an adjunction

LYCy*6. shl¢(X) = shg(X) :VE .

*

’ . .
Moreover, LYV "CVE preserves small limits.

Assume that f: X — X’ is a map between G-sets and that U’ is an invariant
entourage of X’ such that f(U) CU’.

COROLLARY 3.2.26. — The adjunction (3.2.16) induces an adjunction
(3.2.27) LUC ¢ shéY (x') = sh&V(X) : f¢
Moreover, LU’GJ?*’G preserves limits.

Let X be a G-set and i: Y — X be the inclusion of an invariant subset.
Let U be an invariant entourage of X containing the diagonal and set Uy :=
Y xY)nU.

LEMMA 3.2.28. — We have an adjunction

(3.2.29) ¢ ShZ Y (X) = s Y (y) ¢

*

and the relation ?*’G?*G ~ id.

Proof. — We have i(Uy) C U and can therefore apply Corollary 3.2.26 to i in
place of f and Uy in place of U’. In order to remove the application of the
sheafification functor LY¢ on the left adjoint side, it then suffices to observe
that 7*°C obviously sends U-sheaves to Uy-sheaves. Since i~(—)oi(—) = id on
Py, we get the relation i, ~id on PShc, which induces the desired relation
/z\*G/z\f ~ id by applying limps and restricting to sheaves. ]

Let X be a G-set with invariant subsets Y and Z such that Y U Z = X.
Then we have the following inclusions:

Yynz—,v

gAY

Let U be an invariant entourage of X containing the diagonal and consider
M in Shg’G(X). In the square below, the morphisms are the units of the

adjunctions (i*%,7i%) etc.
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LEMMA 3.2.30 (Gluing Lemma). — If (Y, Z) is a U-covering family of X, then
we have a cartesian square

(3.2.31) M ——— GG M

| ]

GO M —— KGO M
n Shg’G(X). Moreover, the base change transformation z*’G]G — mGl* G
an equivalence, so there is an induced equivalence

18

(3.2.32) kGG ~ GO G GG

Proof. — The filler of the square is obtained from the equality im = k = jl.
The evaluation Shg’G (X) — ShZ(X) detects cartesian squares by Lemma 2.1.22.
So it suffices to check the assertion in the non-equivariant case.

Since (3.2.31) is a square of U-sheaves (this follows from Lemma 3.2.28), it
suffices to check that the evaluation of the square (3.2.31) at every U-bounded
B in Px is cartesian. Since (Y, Z) is a U-covering, B is contained in one of Y
or Z. We consider the case that B C'Y (the case B C Z is analogous). The
evaluation of (3.2.31) at B is the square in C

M(B) —=—— M(B)

| |

M(ZNB)—— M(ZN B)

which is obviously cartesian.
The base change transformation is the composite

*GJG%’L*’G GZ\GZ*G

~ GG G GPG *Gz‘*G
arising from the respective unit and counit. The counit z*’G/\f — id is an
equivalence by Lemma 3.2.28. The map induced by the unit morphism is itself

induced by the canonical inclusion

JTHEB)) ST (GTHE(B))))

for every B C Y. It is straightforward to check that these sets are equal, so
the base change transformation is an equivalence. In particular, we obtain the
induced equivalence

kfk*’Gﬁ/Z\G Z*G %, G ZG’\*GG*G 0

& JsJ
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3.3. Sheaves on GCoarse. — In Section 3.2, we considered C-valued sheaves
as a functor on pairs of a G-set equipped with an invariant entourage. In the
present section, we get rid of the explicit choice of an entourage by equipping
the G-set with a whole collection of such entourages called a coarse structure
and considering the union of the sheaf categories for all these coarse entourages.
In this way, we eventually obtain a functor of C-valued sheaves on the category
GCoarse of G-coarse spaces. We also discuss how the various adjunctions from
the preceding section descend to the categories of sheaves. To provide a context
in which restriction/transfer functors still make sense, we introduce the notion
of a coarse covering in Definition 3.3.16 and prove a base change formula for
coarse coverings in Lemma 3.3.22.
Let X be a G-set.

DEFINITION 3.3.1. — A G-coarse structure on X is a subset Cx of Pxxx
satisfying the following conditions:
(1) Cx is G-invariant.
(2) diag(X) € Cx.
(3) C is closed under forming subsets, finite unions, inverses (see (3.2.17))
and compositions (see (3.2.18)).
(4) The subposet of G-invariants C§ is cofinal in Cx. ¢

The elements of Cx will be called coarse entourages of X. We will often
use the notation C)C(;’A for the subposet of Cx of invariant coarse entourages
containing the diagonal.

DEFINITION 3.3.2. — A G-coarse space is a pair (X,Cx) (usually denoted just
by X) of a G-set with a G-coarse structure. ¢

The idea of a coarse space was introduced by John Roe, see, e.g. [47, Ch. 2].

ExXAMPLE 3.3.3. — We continue Example 3.1.10, assuming in addition that X
is a G-set.

(1) The minimal coarse structure on X contains precisely the subsets of
diag(X). We denote the associated G-coarse space by Xin.

(2) The maximal coarse structure contains all entourages on X. We denote
the associated G-coarse space by X,,qz-

(3) If X carries a metric d and the group G acts by isometries on X, then
the metric coarse structure on X is given by

Ca={UCXxX|3r>0:UCV,}
with V, as in (3.1.11). ¢

ExaMPLE 3.3.4. — Let G be a group. The canonical coarse structure on G
is the smallest G-coarse structure on G containing all sets of the form B x B,
where B is a finite subset of G. If (G is countable, this coarse structure coincides
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with the metric coarse structure induced by any choice of G-invariant proper
metric on G. We denote the associated G-coarse space by Geqn- ¢

Consider two G-coarse spaces (X,Cx) and (X’,Cx) and an equivariant map
between the underlying G-sets f: X — X'.

DEFINITION 3.3.5. — The map f is controlled if f(Cx) C Cx. ¢

The category GCoarse of G-coarse spaces and controlled maps is complete
and cocomplete [18, Prop. 2.18 and 2.21], and the forgetful functor to GSet
preserves limits and colimits since it has a left adjoint X — X,,;, and a right
adjoint X — X,4z-

Using precomposition with the forgetful functor GCoarse — GSet, the
functor PSh from (3.1.15) induces a functor (denoted by the same symbol)

(3.3.6) PSh®: GCoarse x Fun(BG,coPrfi*) — coPrlt .

Let X be in GCoarse. Consider the invariant (not necessarily coarse) en-
tourage

(3.3.7) Um(X):= |J U.-
UeCx

It is an invariant equivalence relation on X.

DEFINITION 3.3.8. — The G-set of equivalence classes m(X) with respect to
U(mo(X)) is called the set of coarse components of X. ¢

ExXAMPLE 3.3.9. —

(1) For a G-set X, we have mo(Xmin) = X and mo(Xmaz) = *.

(2) If X carries a metric d, we have mo(Xg) = *. If we allow metrics to
take the value oo, two points in X lie in the same coarse component if
and only if they are at a finite distance from each other.

(3) Similarly, the canonical coarse structure on a group also has only one
coarse component. ¢

REMARK 3.3.10. — If Y is a subset of a G-coarse space X, then we can con-
sider Y with the induced coarse structure and then take my(Y") in the sense of
Definition 3.3.8 for the trivial group. Alternatively, we can consider the subset

{ZG’IT()(X)|ZOY7£®}

of mo(X). Both constructions give canonically isomorphic sets. The latter
description shows that 7o(Y") is a G-invariant subset of mo(X) if YV is a G-
invariant subset. ¢

For C in Fun(BG7c0Pr5’*), we abbreviate Shg(WO(X))’G(X) (see (3.2.21))
by ShE"“(X) and LU (X).G (see Corollary 3.2.22) by L™:C.
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If f: X — X' is a morphism of G-coarse spaces, then f(U(mo(X)) C
U(mp(X’)). As a consequence of Corollary 3.2.26, we get:

COROLLARY 3.3.11. — We have an adjunction
(3.3.12) LG G Sh¥(X') = Shy9(X) : f¢

Moreover, L™C ¢ preserves small limits.

Moreover, using in addition the existence of the right adjoints in (3.2.24),
we obtain a subfunctor

(3.3.13) Sh™:¢: GCoarse x Fun(BG,coPrE’*) — coPrl

of the functor PSh® from (3.3.6).

If U and U’ are invariant entourages of X such that U C U’, then applying
Corollary 3.2.25 for V' = diag(X), we get an inclusion Sh(UJ’G(X) — Shg/’G(X).
We define the oo-category
(3.3.14) Sh&(X) := colim ShZ (X)) .

vec§
The filtered colimit is interpreted in CAT . The objects of Shg (X) are called
sheaves. Since this co-category still admits finite limits, it is actually an object
of CATLS, (Example 2.1.6).

As a consequence of Corollary 3.2.26 and Corollary 3.2.23, we get a subfunc-
tor

(3.3.15) Sh®: GCoarse x Fun(BG, coPri*) — CATI;C‘ff;
of the functor Sh™ ¢ from (3.3.13). Note the difference in the targets in (3.3.13)
and (3.3.15).

In general, we do not expect for a morphism f: X — X’ of G-coarse spaces
that the morphism fC: Sh&(X) — ShE(X’) has a left adjoint. The reason
is that the left adjoint in the adjunction (3.2.27) explicitly depends on the
entourage U. But we have such left adjoints for a special sort of morphism in
GCoarse called coarse coverings.

Let f: X — X’ be a morphism in GCoarse.
DEFINITION 3.3.16. — The morphism f is called a coarse covering if it satisfies
the following conditions:

1) The restriction fiy: Y — f(Y) to every coarse component Y of X is
|
an isomorphism of coarse spaces, and f(Y) is a coarse component of

X'
(2) The G-coarse structure of X is generated by the entourages f~1(U’) N
U(mo(X)) for all U’ in Cx-. ¢
ExAMPLE 3.3.17. — If Y is a collection of coarse components of X, then the
inclusion of Y into X is a coarse covering. ¢
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ExampLE 3.3.18. — If W is a G-set, then the projection Wy, ® X — X is a
coarse covering. Here ® is the cartesian product in GCoarse and W,,;, is as
in Example 3.3.3. The restriction of a general coarse covering Y — X to any
coarse component of X is isomorphic to a coarse covering of this form. ¢

Since every coarse entourage U of X is contained in U(my(X)) from (3.3.7),
we have an inclusion Shg’G(X ) C ShEU’G(X ). This explains the meaning of
the word “restricts” in the following statement.

LEMMA 3.3.19. — If f: X — X' is a coarse covering, then the adjunction
(3.3.12) restricts to an adjunction

(3.3.20) LG G ShE(X') = Sh(X) : fC .
Moreover, the left adjoint L“O’G]?*’G preserves finite limits.

Proof. — First we observe that the non-equivariant case implies the equivariant
case by passing to the limit over BG. It then suffices to show that L”Uf*
preserves sheaves. Let U’ be in Cx and M be in Shg (X'). We will show that
L™ f*M € Sh&(X) for U := f~1(U") NU(mo(X)), which is a coarse entourage
of X by Definition 3.3.16 (2). It suffices to show that (L™ fA*M)|y € ShZ ()
for every coarse component Y of X, where Uy := UN(Y xY). We first note that
(L”Of*M)‘y ~ (f*M)‘y by the formula (3.2.9) for L™. Since f restricts to
isomorphisms between coarse components (as coarse spaces), the pullback is an
equivalence ﬁ*y Sth(UY)(f(Y)) = ShY¥ (Y). Since (f*M)D/ ~ J?B/(le(y))
and f(Uy) = U' 0 (f(Y) x f(Y)), we have Msyy € ShA(f(Y)). We
conclude that (f*M)|y € Sh¥ (V).

The second assertion is an immediate consequence of the second assertion
in Corollary 3.3.11. g

We now consider a pullback square

(3.3.21) y Ly
gl lg/
x L x
in GCoarse.
LEMMA 3.3.22. — The canonical morphism of functors

Lo GgG Gy frGpm.Ggat. Shiy ¥ (X) — Shy 9 (Y')

s an equivalence.
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Proof. — The non-equivariant case implies the equivariant case by passing to
the limit over BG.

Using that the underlying square of sets is cartesian, we have for Z’ in Py~
the relation f~1(¢/(Z’)) = g(f"~'(Z')). This immediately implies that the
canonical morphism

§"*f. = f1§*: PShg(X) — PSho(Y')
is an equivalence. The morphism in question is given by
L™g*fo = L™ [l§" = L™ fLL™G" & JLL™G"

where for the last equivalence we employ the fact that ﬁ preserves mg-sheaves
by Lemma 3.2.15. So it remains to show that L“Oﬁﬁﬁ*M — L““ﬂL”°§*M
is an equivalence for every M in Sh& (V). Using formula (3.2.9) for L™, its
evaluation on a subset Z’ in Py is given by the morphism

(3.3.23) T M o) - ]I 1T M(g(D))) ,
D'emo(Z7) D'eno(2’) Demo(f—1(D"))

which in the factor D’ is induced by the restrictions along the embeddings
g(D) = g(f"~1(D")) for all D in mo(f"~1(D")). Using that M is a mo-sheaf,
we can rewrite the domain of the map in the form

(3.3.24)
II II M©) = I I[I MD).
Dremo(2") Cemo(g(f~(D))) D'emo(2") Demy(f=1(D"))

We now argue that for fixed D’ in 7¢(Z’), the map
(3.3.25) mo(f" (D) = mo(g(f*~H(D")), D g(D)

is a well-defined bijection. Let us first show that g(D) is a coarse component
of g(f"~1(D’)) whenever D is a coarse component of f~1(D’). Suppose d is
a point in D and z is a point in g(f"~1(D’)) such that {(g(d),z)} € Cx. Then
x = g(y) for some point y in f~1(D’). Since D’ is coarsely connected we have
{(f"(d), f'(y))} € Cys. We conclude that {(d,y)} € Cy by the characterisation
of the entourages in a pullback in GCoarse. Hence y € D and thus x € g(D).

Since the map (3.3.25) is surjective by definition, we only have to check
injectivity. Let Dy and D; be in mo(f"~1(D’)) such that g(Dg) = g(D1). Then
there are points 2o in Dy and 27 in D; such that {(g(20),9(21))} € Cx. Since
we also have {(f'(20), f'(21))} € Cy, it follows that {(z0,21)} € Cy, again by
the characterisation of entourages in a pullback in GCoarse.

This implies that the morphism (3.3.24) is an equivalence. ]

Let i: Y — X be the inclusion of a subspace in GCoarse. As a consequence
of Lemma 3.2.28 we get:

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



344 U. BUNKE, D.-C. CISINSKI, D. KASPROWSKI & C. WINGES

COROLLARY 3.3.26. — We have an adjunction
(3.3.27) ¢ ShE(X) = ShE(Y) ¢
and the relation 7% G ~ id.

We again consider the pullback square (3.3.21). If ¢’ is a coarse covering,
then g is a coarse covering, too (see [20, Lem. 2.11]). Similarly, if ¢’ is the
inclusion of a subspace, then so is g.

COROLLARY 3.3.28. — If ¢’ is a coarse covering or an inclusion of a subspace,
then the canonical morphism of functors

Lo GGG e — frELm ¢ G ShE(X) — ShE(Y”)
is an equivalence.

Proof. — 1If g is a coarse covering, then we use Lemma 3.3.22 together with
Lemma 3.3.19. If g is an inclusion, then we use Corollary 3.3.26 and the fact
that we can drop the application of L7, O

Let X be a G-coarse space, and let V be a G-invariant coarse entourage
on X containing the diagonal. Note that for every coarse entourage U of
X, we also have VUV ~! € Cx by Definition 3.3.1 (3). As a consequence of
Corollary 3.2.25, we get

COROLLARY 3.3.29. — The functor V& from (3.1.16) restricts to an endofunc-
tor of Sh&(X).

Let f: X — X’ be a morphism in GCoarse, and let V’ be a G-invariant
coarse entourage on X’ containing the diagonal. Then we define the entourage
V=2 (V)NU(m(X)) on X (see (3.3.7)). If f is a coarse covering, then V
is also a G-invariant coarse entourage containing the diagonal.

LEMMA 3.3.30. — If f is a coarse covering, then we have an equivalence of
functors

L7oC prGyG ~ YO LmoG 6. ShG(X') — ShE(X) .
Proof. — Using that f is a coarse covering, we see that for every subset Y of

X, we have f(V(Y)) = V'(f(Y)). Furthermore, using the explicit formulas,
one checks that L™ ¢ and V¢ commute. This implies the chain of equivalences

LWO’Gf*’G‘/*/’G ~ LTro,GV*Gf*,G ~ V*GLWU,Gf*,G ) 0

Let ¢: Y — X be an inclusion of a subspace in GCoarse, and let V be
a G-invariant coarse entourage on X containing the diagonal. Then we let
Jj: V(Y) — X be the inclusion and set Vy :=V N (Y xY).
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LEMMA 3.3.31. — We have the relation

(3.3.32) OV~ VECEC  ShE(X) — ShE(Y) .
Proof. — The non-equivariant case implies the equivariant case by passing to

the limit over BG. For every subset Z of Y we have the relation V(i(Z)) =
i(Vy(Z)) N V(Y). This implies the desired relation between operations on
presheaves and, therefore, on sheaves. O

3.4. Equivariantly small sheaves on GBC. — The category Shg(X ) is too
large to have interesting K-theoretic invariants, since it always admits Eilen-
berg swindles. To remedy this defect, we introduce the concept of equivariantly
small sheaves. We equip the coarse spaces with an additional structure, a col-
lection of subsets (called bounded subsets) satisfying the axioms of a bornology.
The naive idea would then be to require that a C-valued sheaf is equivariantly
small if its values on bounded subsets belong to C“, the full subcategory of
cocompact objects in C. This condition leads to a well-behaved coarse homol-
ogy theory, but this theory does not take the “correct” values; more specifically,
Proposition 5.4.14 would fail for this theory. However, a sufficiently equivariant
version of this condition turns out to behave exactly as desired.
Let X be a G-set.

DEFINITION 3.4.1. — A G-bornology on X is a subset Bx of Px satisfying the
following properties:

(1) Bx is G-invariant.

(2) Bx is closed under forming subsets and finite unions.

(3) Upepy, B=X. ¢

A G-bornological space is a pair (X, Bx) of a G-set X with a G-bornological
structure Bx. The elements of Bx will be called the bounded subsets of X.

EXAMPLE 3.4.2. —
(1) On every G-set X, there are both the minimal G-bornology, which
contains only the finite subsets of X, and the maximal G-bornology,
which contains all subsets of X.
(2) If d is a metric on X and G acts by isometries, the collection of metri-
cally bounded subsets defines a G-bornology on X. ¢

Consider G-bornological spaces (X, Bx) and (X', Bx/) and a G-equivariant
map between the underlying G-sets f: X — X'.

DEFINITION 3.4.3. —

(1) f is proper if f~1(Bx/) C Bx.
(2) f is bornological if f(Bx) C Bx. ¢
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We denote by GBorn the category of G-bornological spaces and proper
maps.

ExXAMPLE 3.4.4. — We continue Example 3.4.2. Let f: X — X’ be a mor-
phism of G-sets.

(1) With respect to the minimal bornology on X and X', f is bornological,
but it is only proper if it is finite-to-one.

(2) At the other extreme, f is proper and bornological with respect to the
maximal bornologies.

(3) If both X and X’ carry a metric, f is proper with respect to the met-
ric bornology on X and X’ if and only if preimages of subsets with
finite diameter also have finite diameter. Analogously, it is bornolog-
ical precisely if images of subsets with finite diameter also have finite
diameter. ¢

Let X be a G-set with a G-coarse structure Cx and a G-bornology Bx.

DEFINITION 3.4.5. — Cx and By are compatible if for every B in Bx and V
in Cx also V[B] € Bx (see (3.1.8)). ¢

REMARK 3.4.6. — If Cx and By are compatible and U is a coarse entourage
of X, then every U-bounded subset B of X is bounded in the sense of the
bornology: by definition, B is contained in the U-thickening U[{z}] for any z
in B. ¢

DEFINITION 3.4.7. — A G-bornological coarse space is a triple (X,Cx,Bx)
(usually abbreviated by the symbol X) of a G-set X with a G-coarse structure
Cx and a G-bornological structure Bx such that Cx and By are compati-
ble. A morphism between G-bornological coarse spaces is a morphism of the
underlying G-coarse spaces which is in addition proper. ¢

In this way we get a category GBC of G-bornological coarse spaces. It
comes with a forgetful functor

(3.4.8) GBC — GCoarse .

ExaMPLE 3.4.9. — For a G-set S, we can consider the objects Sz maz;
Smin,maz aNd Spin min in GBC, where the first index min or max refers to
the minimal or maximal G-coarse structure (Example 3.3.3), and the second
min or max refers to the minimal or maximal G-bornology (Example 3.4.2).
Note that the object Sy,az,min is ill defined unless S is finite. We actually get
a functor

(3.4.10) i: GSet — GBC , S+ Sminmas -

Sending S t0 Smaz,maz also defines a functor (which we are less interested in),
whereas sending S to Syin,min is Dot functorial in maps of G-sets. ¢
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EXAMPLE 3.4.11. — Let (X, d) be a metric space with an isometric G-action.
Then the metric coarse structure (Example 3.3.3) and the metric bornology
(Example 3.4.2) combine to define a G-bornological coarse space Xj. ¢

EXAMPLE 3.4.12. — On a discrete group G, the canonical coarse structure from
Example 3.3.4 and the minimal bornology combine to define a G-bornological
coarse space Gean,min- ¢

REMARK 3.4.13. — By dropping condition Definition 3.4.1 (3), one gets an
even better category of generalised G-bornological coarse spaces GBC which
(in contrast to GBC; see the discussion in [18, Sec. 2.2]) is complete and
cocomplete [30]. As shown in this reference, GBC and GBC yield equivalent
categories of equivariant coarse homology theories. As the present paper builds
on [18], [17] and [19] working with GBC, we also keep using this category in
the present paper. ¢

REMARK 3.4.14. — The category GBC has a symmetric monoidal structure
®. For X, X’ in GBC, the underlying G-set of X ® X’ is X x X' with the
diagonal action. Its G-coarse structure is generated by the entourages U x U’
for all U in Cx and U’ in Cx-, and its G-bornology is generated by the sets
Bx B’ for all B in Bx and B’ in BY. The forgetful functor (3.4.8) is symmetric
monoidal with respect to ® on GBC and the cartesian product on GCoarse
(which we also denote by ®). See also [18, Ex. 2.17]. ¢

By pulling back the functors from (3.3.6), (3.3.13) and (3.3.15) along the
forgetful functor (3.4.8), we obtain functors

PShY Sh™%: GBC x Fun(BG, coPrE,*) — coPrl
and
(3.4.15) Sh”: GBC x Fun(BG, coPry ) — CATL
((X,Cx,Bx), C) = ShE((X,Cx)) -

We proceed to introduce a second type of morphism between G-bornological
coarse spaces which we call coverings. Ultimately, we are going to show that
sending a G-bornological coarse space to its category of controlled objects is
covariantly functorial on GBC and contravariantly functorial with respect to
coverings.

Consider G-bornological coarse spaces X,Y and a map f: Y — X between
the underlying G-sets.

DEFINITION 3.4.16. — f is a covering if it has the following properties:

(1) f is a coarse covering (Definition 3.3.16).
(2) f is bornological (Definition 3.4.3 (2)).
(3) For every B in By there exists a finite bound (depending on B) on the
cardinality of the fibres of the map mo(B) — mo(X) (Remark 3.3.10).
¢
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REMARK 3.4.17. — Definition 3.4.16 is equivalent to [18, Def. 2.14]. The con-
dition Definition 3.4.16 (3) is preserved by forming finite unions or taking
subsets. So it suffices to check this condition on a set of generators of the
bornology By . ¢

We obtain a category GBC' of G-bornological coarse spaces and coverings.
It comes with a forgetful functor

GBC' — GCoarse .

EXAMPLE 3.4.18. —
(1) Let W be a G-set and X be in GBC. Then the projection

is a covering (compare with Example 3.3.18).
(2) Let (X,C) be a G-coarse space with two compatible bornologies B and
B’ such that B C B’. Then the identity of the underlying set is a
covering (X,C,B) — (X,C,B).
The restriction of a general covering to a coarse component in the target is a
composition of a map of type (2) followed by a map of type (1). ¢

Using the existence of the left adjoints asserted in Corollary 3.3.11 and
Lemma 3.3.19, we can consider sheaves on GBC' as functors

Sh™%T: GBC"*? x Fun(BG, coPry,,) — coPry

*x )

(3.4.19) Sh%": GBC" x Fun(BG, coPr;, ) — CATL, .
Let X be a G-bornological space and let H be a subgroup of G.

DEFINITION 3.4.20. — A subset Y of X is called H-bounded if there exists a
bounded subset B of X such that Y = HB. ¢

REMARK 3.4.21. — Note that H-bounded subsets are H-invariant by defini-
tion.

The G-bounded subsets of X generate a G-bornology denoted by GBx. We
have Bx C GBx.

If X is a G-bornological coarse space, then GBx is again compatible with
the coarse structure. ¢

Next, we introduce the notion of equivariant smallness and show that all
relevant functors on sheaves preserve equivariantly small sheaves. While this
is relatively straightforward for most of them, the proof that the transfer func-
tors along coverings preserve equivariant smallness (Proposition 3.4.33) requires
some effort.
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If H is a subgroup of G and C is a complete oo-category, then we can consider
the natural transformation

(3.4.22) ré&: lim — lim o Res$: Fun(BG,C) — Fun(BH,C) .

We write res$ : GBC — HBC for the functor which restricts the action from
G to H (we use the same notation for the restriction of actions on other sorts of
spaces). For a G-bornological coarse space X and C in Fun(BG, coPrS*)7 we
have an equivalence Res% She(X) ~ Shp.c ¢ (res$ X) in Fun(BH, CAT{.‘&’;)
(compare with (3.4.37)). We will usually drop the symbol Res$; in front of the
oo-category C, but we will always write res$ in front of space variables. The
transformation (3.4.22) thus induces a left-exact functor

(3.4.23) rG: ShE(X) — Sh¥ (res§ X) .
Varying X, these functors give rise to a natural transformation
ré Shg — Sh& ores%

of functors from GBC to CATI&?”;.

Let X be a G-bornological coarse space, and let C be in Fun(BG, coPrB’*).
For a subgroup H of G and an H-invariant subset Y of X, we have a left-exact
evaluation functor

~

e] /i\*,H
(3.4.24) evy: ShE(X) ~2 Sh¥ (res§ X) “— ShE(Y) 2 Sh (x) ~ CT |

where i: Y — resg X and p: Y — * denote the inclusion map and the projec-
tion, respectively. Note that the limit C¥ is taken in coPrI:‘ (or equivalently
in CAT,). If M is a sheaf on X, then we write M(Y) := evy (M) for the
value of M on Y considered as an object of C#.

Let M be in Sh§(X).

DEFINITION 3.4.25. — We call M equivariantly small if M (Y") is a cocompact
object of CH for all subgroups H of G and all H-bounded subsets Y of X. ¢

Let X be a G-bornological coarse space, and let C be in Fun(BG, coPrE"*).

DEFINITION 3.4.26. — We denote by Shg’eqsm(X) the full subcategory of
Shg (X) of equivariantly small objects. ¢

LEMMA 3.4.27. — We have Sh¢*™™"(X) € Cat[s.

Proof. — Since evy preserves finite limits and finite limits of cocompact ob-
jects are cocompact, Shg’eqsm(X) is closed under taking finite limits. This
implies that Sh& ™™ (X) e CATL. It remains to show that Sh& ™ (X) is
essentially small.
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For every subset Y of X, the family (B)pesy) ,y 18 a U-covering family of
Y for every entourage U. It follows that the restriction functor Sh&(X) —
Fun® (B, C) is fully faithful. Since the values of equivariantly small sheaves
on bounded subsets are cocompact, this exhibits Sh& ™ (X) as a full sub-
category of FunG(B()){p,C“’). The latter oco-category is essentially small, so
Sh& ™ (X) is essentially small, too. O

Let f: X — X’ be a morphism of G-bornological coarse spaces.

LEMMA 3.4.28. — The morphism J/‘;G from (3.3.20) preserves equivariantly
small objects.

Proof. — Let M be in Sh& ®™™(X). If Y’ is an H-bounded subset of X',

then f~}(Y’) is an H-bounded subset of X. Consequently, ﬁGM(Y’) o~
M(f~Y(Y")) e CHw. O

Let X be a G-bornological coarse space, and let V' be be a G-invariant coarse
entourage of X containing the diagonal. Recall the endofunctor V. of Sh&(X)
from Corollary 3.3.29.

LEMMA 3.4.29. — The endofunctor VS preserves equivariantly small objects.

Proof. — Let M be in Sh&*®™ (X)) and assume that Y is an H-bounded subset
of X. We must show that (VEM)(Y) € CH,

Note that V(Y) is also H-bounded. Let i: Y — res§ X, j: V(V) — resG X
and k: V(Y) — Y denote the inclusions, and let p: Y — * and ¢q: V(YV) — *
denote the projections. We have the following chain of equivalences:

VEM)Y) E evy (VEM)

(3.4.24)
= Dy

~ pHs Hy HeG g
Lemma 3.3.31

H*H GVGM

]/)\HvH* ]H]*H GM

j=iok
~ HvH *HHkH *HGM

Corollary 3.3.26 7 TH > H G
=~ Dy VY,*k* 77 THM
WOV =VY) s b G
~ a.j " rgM

(3.4.24)
~ evv(y) (M)
L M)
Consequently, we have (VEM)(Y) ~ M(V(Y)) € CH«. O
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Let ¢: C — C’ be a morphism in Fun(BG, coPr}i*).

LEMMA 3.4.30. — The morphism ¢C Sh&(X) — Sh&, (X) preserves equiv-
ariantly small objects.

Proof. — By Lemma 2.1.30, the subcategory of cocompact objects in C is
generated under finite limits and retracts by the essential image of the functor
can: C¥ — CH. Since ¢: C — C' preserves cocompact objects, the naturality
of can implies that ¢ : C# — C"H preserves cocompact objects.

Let M be an equivariantly small sheaf on X. If Y is an H-bounded subset
of X, then ¢¢M(Y) ~ ¢H(M(Y)) € CHw. 0

As a consequence of Lemmas 3.4.27, 3.4.28 and 3.4.30, we get:
COROLLARY 3.4.31. — We have a subfunctor
Sh%*®": GBC x Fun(BG, coPr} ) — Cat’
of Sh® from (3.4.15).

Let X be a G-bornological coarse space, and let i: Y — X be the inclusion
of a G-invariant subset.

LEMMA 3.4.32. — The morphism *a from (3.3.27) preserves equivariantly
small objects.

Prgof. — Any H-bounded subset Z of Y is also an H-bounded subset of X,
so i M(Z) ~ M(i(Z)) € CHw. O

Let p: Z — X be a covering of G-bornological coarse spaces.
PROPOSITION 3.4.33. — The morphism L™ Cp*C: ShG(X) — Sh&(Z) pre-
serves equivariantly small objects.
COROLLARY 3.4.34. — We have a subfunctor
Sh 1w GBCTP x Fun(BG, coPry ) — CatL
of Sh®T from (3.4.19).

The proof of Proposition 3.4.33 requires some preparation. We first describe
the behaviour of the transfer in some concrete cases and then observe that every
covering is modelled locally on these special cases. This allows us to show that
transfers along coverings also preserve equivariantly small sheaves.

Let H be a subgroup of G. For any complete category C, the restriction and
right Kan extension functors along the inclusion functor j : BH — BG are
parts of an adjunction

Res$: Fun(BG,C) = Fun(BH,C) : Coind, .
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This can be applied to C := coPrf‘7 since the latter co-category is complete by
Lemma 2.1.13. In the following, we consider sets as discrete categories. For C
in coPrE,* and a set X we have a canonical identification

(3.4.35) Fun(X,C) = [[C, Cr~ (C(@))sex
X
in coPrY. More generally, for a G-set X and C in Fun(BG, COPI‘E)*), we get

an object Fun(X, C) in Fun(BG, coPrY) with the G-action by conjugation.
Furthermore,

(3.4.36) Fun®(X,C) := lim Fun(X, C)

is the oco-category of G-equivariant functors. The diagram
n(—,C

(3.4.37) GSet? L Fun(BG, coPrl)

resgl lResg

Fun(—,Res§ C)

HSet — Fun(BH, coPrY)
commutes.
Given a G-set X, we have an inclusion of H-sets
(3.4.38) i: res§ X —resG(G/H x X)), i(z):= (eH, ).

It induces the restriction functor
(3.4.39) i*: Res§ Fun(G/H x X,C) — Res% Fun(X,C) ,
whose definition implicitly uses the square (3.4.37).

LEMMA 3.4.40. — The adjoint
Fun(G/H x X,C) — Coind% Res% Fun(X, C)
of i* in (3.4.39) is an equivalence.

Proof. — Note that Resg and Coindg are the restriction and the right Kan ex-
tension functors along j: BH — BG. It thus suffices to show that the morphism
i* exhibits Fun(G/H x X, C) as a right Kan extension of Res$, Fun(X, C) along
the inclusion j.
We first consider the case X = . It suffices to check that the functor
Fun(G/H,C) — lim Res$ C

induced by ¢* is an equivalence. The functor BG,; — ho(BG ;) ~ G/H is an
equivalence. Any choice of section s: G/H — G to the projection map induces
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an inverse equivalence e,: G/H = BG /i~ Under this identification, we must
show that the map

(i os(gH))grec)/H: Res?l} Fun(G/H,C) — H Res?l} C
G/H

is an equivalence of co-categories. By (3.4.35), we can rewrite the domain as
a product over G/H, and then the functor becomes a product of equivalences,
and is hence an equivalence itself.

For a general G-set X we use the canonical equivalence

Fun(G/H x X,C) ~ Fun(G/H,Fun(X, C))

in Fun(BG, coPrf‘) in order to reduce the problem to the special case above
with Fun(X, C) in place of C. This finishes the proof of the lemma. O

Let p: G/H x X — X be the G-equivariant projection map and recall the
notation r$ from (3.4.22). Recall further the convention that we usually drop
Res% in front of C. Let

n: Fun(X,C) — Coind% Res% Fun(X, C)

be the component of the unit of the adjunction (Res$, Coind%) at Fun(X, C).
We then define the functor

coind : Fun® (res§; X, C) — Fun®(X, C)
as the composition

limpg N«

Fun” (res§; X, C) ~ lgg Coind% Res$ Fun(X, C) /<4 lgél Fun(X, C) ~ Fun®(X, C),

where 7, is the right adjoint of 7 (its existence will be shown in the proof of
Lemma 3.4.41 below).
The left vertical arrow in (3.4.42) implicitly uses the square (3.4.37).

LEMMA 3.4.41. — There exists a commutative diagram

(3.4.42) Fun®(G/H x X,C) —— > Fun®(X, C)

rgl \ TCoindg

Fun® (res@ (G/H x X),C) ———— Fun’ (res§, X, C)

limppg (i%)

«, whose diagonal is an equivalence. Furthermore, the functor coindg
restricts to a functor

coind%*: Fun® (res§ X, C)¥ — Fun®(X, C)¥,

in coPr?

whose essential image generates the target under finite limits and retracts.
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Proof. — By Lemma 3.4.40 (for the lower triangle and the diagonal equiv-
alence) and the identity p o ¢ = idx (for the upper triangle), we have the
following commutative diagram:

(3.4.43)

*

Fun(G/H x X,C) P Fun(X, C)

N

Coind% Res$ Fun(G/H x X, C) ——— Coind$ Res& Fun(X, C)

omdg(z )

in Fun(BG, coPr?). Since p* has a right adjoint (given by the right Kan ex-
tension functor p, along p),  also has one, which will be denoted by 7. Passing
to the right adjoints in the upper triangle in (3.4.43), we get the diagram

Fun(G/H x X,C) b Fun(X, C)

um{ \ Tm

Coind% Res% Fun(G/H x X, C) 4(> Coind$ Res% Fun(X, C)
Coind J2AW

in Fun(BG, coPrI:‘). We now apply limpg. Use that r$ in (3.4.22) is given
by

lim ¢ (unit)
e

(3.4.44) lim
BG

lfigrg Coindg Resf, ~ %r;} Resg ,
and recall the square (3.4.37) in order to rewrite the lower left corner. Lastly,
use the definition Coindg = limpg 1. in order to get the square (3.4.42).

We now show the second assertion. Since limpg 7, is right adjoint to
limpgn, which preserves limits, it follows that coindg preserves cocompact
objects. It follows that coindg restricts to coindg’“’, as asserted. In order to
see that the essential image of coindg’w generates the target under finite limits
and retracts, we consider the diagram below:

(3.4.45) ag

m

n(X,C)(xpg)Y ——— Fun’ (res§¢ X, C)® ——— Fun®(X, C)*

(2.1‘31{: (2‘1.31)J:

n(X, C)(xpg)” ﬂ)c}go}fign]?un(resg X,C)” H(}:é)(l;lglmn()( C)~.

\p/
cang
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The functors ay and ag are the restrictions to cocompact objects of the right
adjoints (which exist as seen in the proof of Lemma 2.1.30) of the canonical
functors

€xpy: Fun (res$ X, C) = Fun(X, C)(*p¢g)
Fun®(X,C) — Fun(X, C)(*5¢)

Eipe !

(instances of (2.1.16)). The left square commutes by Lemma 2.1.30 (2), and
the arrow marked by ! is defined such that the right square commutes. In order
to show that the upper triangle commutes, we first observe* that

€xpa

Fun(X, C)(+pc) 4—— Fun’ (res§ X, C) — Fun®(X,C)
H

(implicitly we identify Fun(X, C)(*p¢) with Res$ Fun(X, C)(*px)) commutes
in a canonical way. Then we take right adjoints, use (3.4.44) in order to identify
the right adjoint of r$ with coindg and restrict to cocompact objects.

By Lemma 2.1.30 (3), the essential images of cany (this is can(xp¢g) in the
notation of Lemma 2.1.30) and cang generate their respective targets under
retracts and finite limits. Hence, the essential image of the restriction of coindg

to cocompact objects also generates its target under finite limits and retracts.
O

REMARK 3.4.46. — Let C be in Fun(BG,coPrf}’*). Applying Lemma 3.4.41
to the case X = *, we get a morphism

(3.4.47) coind%: ¢ — C¢
in coPrf. This morphism restricts to a morphism

(3.4.48) coindf¥: ¢t - cGw

RN

* J *

RN

BH

4. We consider the diagram

Then we must observe that the morphism vg « — vg «ug «ug =~ uf, induced by the unit
of the (ug,ugy*)—adjunction is equivalent to the morphism vg « — vg «J«j* ~ vg«j* —
VH «UH U ~ ug, induced by the units of the adjunctions (uj;, um «) and (5%, j«)-
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in CatL®™Per whose essential image generates the target under retracts and
finite limits. ¢

The commutative diagram (3.4.42) can be realised as a diagram of categories
of sheaves:

COROLLARY 3.4.49. — There exists a commutative diagram
G ;f G
(3.4.50) Sh&((G/H)min @ Ximin) ———— Sh@&(Xmin)

rgl \ TCOindg

Shg (resfl((G/H)min 02y Xm'm)) R — Shg (I‘QS% Xmin)

~,
i*’H

Furthermore, the functor coindg restricts to a functor
coind$* : Sh& (res$ X nin)® = ShS (X nin)®,
whose essential image generates its target under finite limits and retracts.

Proof. — If Y is a G-set, then ({y})yey is a diag(Y')-covering family of Y.
Consequently, in view of (3.4.36), the functor M — (M ({y}))yey induces an
equivalence ShE(Yynin) — Fun®(Y, C). We can thus replace the functor cate-
gories in the corners of (3.4.42) by sheaf categories. One further checks that the
horizontal morphisms are given by the sheaf-theoretic operations as indicated.
This yields the diagram (3.4.50). The second assertion of Corollary 3.4.49
follows from the second assertion of Lemma 3.4.41. O

Recall that ® denotes the cartesian product in GCoarse. Let H be a
subgroup of GG, and let Y be an H-coarse space. We form the G-coarse space
Gmin ® res‘{ql} Y with the G-action (¢/, (g,v)) — (¢'g,y). The group H acts by

automorphisms on the G-coarse space Gmin ® resﬁ} Y such that (h, (g,y)) —
(gh™1, hy). The colimit in the following definition is interpreted in GCoarse.

DEFINITION 3.4.51. — We define the G-coarse space
— : ) H
GRpY = c%lllLIm(Gmm ® resyyy Y). ¢

REMARK 3.4.52. — The underlying set of G ® g Y can be identified with the
set G xpg Y of equivalence classes [g,y] with [g,y] = [gh™!, hy] for h in H. Tt
is equipped with the smallest G-coarse structure such that the canonical map
from Gpin ® resﬁ} Y, (9,9) — [g,y], is controlled.

We have an adjunction

G @y —: HCoarse = GCoarse : resy; .
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Asin the corresponding adjunction between GSet and H Set, the H-equivariant
inclusions

Y »rest(GerY), yr ey
for Y in HCoarse define the unit, while the G-equivariant multiplication maps
p: GopresG X — X, [g,x] = gz
for X in GCoarse provide the counit of the adjunction. ¢

Let X be a G-coarse space, and let Y be an H-invariant subspace for some
subgroup H of G. Denote by i: Y — res$ X the inclusion map. We consider
the composition

(3.4.53) L:G@HY%G®Hrengi>X

in GCoarse. Since G ®py i is an inclusion and p is a coarse covering, both

— %,G .
Gyt and L”O,u*’G define functors on sheaves by Lemma 3.3.19 and Corol-
lary 3.3.26, respectively. We consider the composition®

)

G
o L™*%: Sh&(X) — Sh&(G oy Y) .
Recall the notation evy from (3.4.24).

~,G ~ o
Y =GRy

LEMMA 3.4.54. — There exists a commutative diagram
G 6 G
(3.4.55) Sha(X) ——Shg(GenY)
ele leVGxHY
coind§
cH = CC.

Proof. — Let q: Y — * denote the projection map in HCoarse. We have a
canonical isomorphism G @ * = (G/H)min. By naturality of the transforma-
tion (3.4.23), we have a commutative diagram

(3.4.56) 7o

G

70.Gx @i*,c GOna,

\G
Sh&(X) ——"—— Sh@(G @ resf X) Sh&(G @y Y) — 2 ShE((G/H)pmin)
I |
TH TH

Jrﬁ }g
" e LWO,H,‘*. " G . G/69\H7*H " o G/XquI 0 -
Sh¢ (res§ X) ——— Sh¢ (res§ (G @ g res§ X)) ——— She (res (G @ Y)) —— Sh (vesG (G/H ) min)-

T

5. Note that this is a slight abuse of notation since G

one of our previous constructions.

is not directly obtained from ¢ by
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Since the inclusion ¢ can be factorised as the composition

resH (GRpi)
EEEE—

j res§
Y LresG(GopY) res% (G @ resyy X) ﬂn"eng ,

where j is the canonical inclusion y + [e, y], we have an equivalence
(3.4.57) et
Let k: * — res$% (G /H)min denote the inclusion of the point eH. Since

Y g *

resG (G @ Y) 2% (G H) min

is a pullback in HCoarse, by Corollary 3.3.28, we obtain an equivalence

~ _—— H ~
(3.4.58) KM oGoyq, =gl ojoH

Combining (3.4.57) and (3.4.58) with the commutative diagram (3.4.56), we
have the solid part of the commutative diagram

eVax Y

G G A
Sh(X) — > Sh&(GorY) ———— Sh&((G/H)min) - - = — +Sh&(x) ~ C%

P
Ve
Jrg l’r‘g l - g
Gonql e

Sh¥ (res§ X) RN Sh¥ (res§ (G @i Y)) —— Sh& (res$(G/H ) min) .~

s
" coindF

~ e
S, H TxH
4% k:*y

TH,x J e

“~ s
ShAy) —- sgg(*) ~ CH.

We can extend the diagram by the dashed part by applying Corollary 3.4.49
(with X = % and ¢ = k). The combination with the dotted part (reflecting the
definition of the evaluation maps) then yields the asserted square. (|

REMARK 3.4.59. — Note that the diagonal map in (3.4.55) sends M in Sh&(X)
to L™9 %S M(G x g Y) in CC. ¢

Let X be a G-coarse space, and let Y be a coarse component of X. Denote
by

Gy ={geG|gYy =Y}
the stabiliser of Y. We consider Y as a Gy-coarse subspace of resgy X.

LEMMA 3.4.60. — If X = GY (as sets), then the multiplication map p: G®gq,,
Y — X is an isomorphism of G-coarse spaces.
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Proof. — The morphism
Gmin @1es(]Y = X, (g,y) = gy
in GCoarse is controlled and constant along Gy-orbits for the Gy-action

(h, (9,9)) = (gh™", hy)

on its domain. By the universal property of the colimit in Definition 3.4.51,
it factorises over the multiplication map p: G ®a, ¥ — X in GCoarse. The
latter is surjective by our assumptions.

We now show that p is injective. Consider [g,y],[g,¥'] in G ®¢, Y and
suppose that 1([g,y]) = p([¢’,%']). Then y = g~1g'y/. Let y” be any point in
Y. Since Y is coarsely connected, we have {(y,y"”)} € Cx and {(v,y")} € Cx.
Since Cx is G-invariant, we also have ¢~ '¢'{(v', %)} = {(v,9 '¢'y")} € Cx
and, therefore, ¢~ !¢’y € Y. Since y" is arbitrary, we can conclude that
g g’ € Gy and hence [g,y] = [¢', ']

If U is a G-invariant entourage of X, then we have U = G(UN(Y xY')). This
entourage is thus the image of diag(G) x (UN (Y xY)) under the composition
of the projection G XY — G X, Y and the multiplication map and, therefore,
the image of a coarse entourage of G ®¢a, Y under the multiplication map u.
This shows that the map u is an isomorphism of G-coarse spaces. |

Let X be a G-coarse space, and let A be a coarsely connected subspace of
X. By [4] in mo(X), we denote the coarse closure of A. We consider GA as a
G-coarse subspace of X and G4)A as a G4)-coarse subspace of resgw X.

COROLLARY 3.4.61. — The multiplication map induces an isomorphism
G elyy G[A]A =~ GA.

Proof. — The subspace G4)A of GA is a coarse component of GA. Conse-
quently, the corollary follows from Lemma 3.4.60 applied to GA in place of X
and G4 in place of Y. |

Let p: Z — X be a coarse covering (Definition 3.3.16) of G-coarse spaces,
let M be in Sh&(X) and let H be a subgroup of G.

PROPOSITION 3.4.62. — If B is a coarsely connected subset of Z, then

L™ Sp"S M (HB) = coindfy , (M(p(H{pB))) -
Proof. — We consider the H|pgj-invariant subspace Hp B of Z with the in-
duced coarse structure as an object of HjpCoarse. By Corollary 3.4.61, we

have an isomorphism of H-coarse spaces HB = H ®p, HpB. Since p is
a coarse covering, it induces in view of Definition 3.3.16.(1) an isomorphism
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Hip B = p(Hp)B) = Hipgp(B), and we can identify p;yp with the multipli-
cation map

H ®py, p(Hp B) — H(p(HpB)) .
The desired equivalence is now given by the composition
L™ S M(HB) ~ L™ "G M(HB)
! .
~ comdg[B] (rgM(p(H[B]B)))
~ coindy, (M(p(Hip)B))) ,

where the marked equivalence is given by the filler of the square (3.4.55). Here
we apply Lemma 3.4.54 to H in place of G, Hp) in place of H, p(HpB) in
place of Y and resg X in place of X. We furthermore use Remark 3.4.59. [

Let D be a large co-category which admits small limits, and let (D;);cr be
a family of objects in D.

LEMMA 3.4.63. — If[[;c; Di is cocompact in D, then D; ~ 0 for all but finitely
many © in 1.

Proof. — Since [[;c; D; ~ limp [],c p D;, with F running over all finite subsets
of I, is a cofiltered limit, the identity morphism factors through some finite

product:
id: [[Di = [[D:i =[] D: -

i€l i€F i€l
This implies idp, =~ 0 for all but finitely many ¢, and thus D; ~ 0 for all but
finitely many . |

Let X be a G-bornological coarse space, let M be an equivariantly small
sheaf on X and let B be a bounded subset of X.

COROLLARY 3.4.64. — We have M(BNC') ~ 0 for all but finitely many coarse
components C' of X.

Proof. — Since (B N C)cen,y(x) is a U(mp)-covering family of B and M is in
particular a U(m)-sheaf, we have an equivalence

M@B)~ [[ MBnC).
Cemp(X)

By the equivariant smallness condition Definition 3.4.25 (applied to the trivial
subgroup), we have M(B) € C“. Now apply Lemma 3.4.63. O
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Proof of Proposition 3.4.33. — Recall that we consider a covering p: Z — X
of G-bornological coarse spaces. Let M be an equivariantly small sheaf on X.
Let H be a subgroup of G and let Y be an H-bounded subset of Z. Then
we want to show that L™p*¢M(Y) is a cocompact object of C. We can
choose a bounded subset B of Z such that Y = HB. Since p is a covering
(Definition 3.4.16), there exists a finite, coarsely disjoint family (B;)jes of
subsets of B such that B = cs Bj and such that the induced map on coarse
closures pyp,): [B;] — [p(Bj)] is an isomorphism of coarse spaces for every j
in J. We fix j in J for the moment. Then for every coarse component C of Z
we have B; N C = @ or an equivalence

L™p“M(B; N C) =~ M(p(B;) Np(C)) .

Note that in the latter case, p|p,nc : BjNC — p(B;)Np(C) is an isomorphism
by Definition 3.3.16.(1). Since M is equivariantly small, Corollary 3.4.64 and
condition (3) of Definition 3.4.16 imply that we have L™p*“M(B; N C) ~ 0
for all but finitely many C' in m¢(Z). Hence, without changing the value M (Y'),
we can replace B (and hence Y = HB) by a smaller subset which is contained
in the union of finitely many coarse components of Z. In addition, we can then
assume that B; is coarsely connected for every j in J.

Let ~ denote the equivalence relation on J such that j ~ j’ if there exists
h in H with h[B;] = [Bj/]. We choose a set S of representatives of J/ ~. Note
that S is finite. For every j in J we choose h; in H such that h;[B;] = [Bs],
with s in S and s ~ j. For every s in S we then define the subset

L= hB;
Jjr~s

of Y. We observe that (B.)scs is a finite family of coarsely connected subsets,
(HB)ses is a coarsely disjoint family of subsets and that Y = |J,.g HB,. We
have the following chain of equivalences in CH:

LWOF,GM I_LLWOA* GM HB.) r[Scode[ 3 M(P(H[B;]B;)) )
se EIS]

where the first follows from the sheaf condition on M, and the second is given
by Proposition 3.4.62. Since coindg[s,] preserves cocompact objects by the

second assertion of Lemma 3.4.41, we see that L™p*¢M(Y') is cocompact in
CH . This finishes the proof of Proposition 3.4.33. (|

To close this section, we record some consequences of the equivariant small-
ness condition which will only come to bear in Section 5.4. The common theme
among them is to translate the equivariant smallness condition into a more
concrete cocompactness property for sheaves on some specific G-bornological
coarse space.
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REMARK 3.4.65. — If Y is a G-coarse space admitting a maximal entourage
U, eg. Y = Xpin for a G-set X, then we have Sh&(Y) = Sh%(Y) e
coPrI:‘ by Lemma 3.2.10. Consequently, we can consider cocompact objects in
Sh&(Y). ¢

Let X be a set. Recall the bornological coarse space Xin maz from Exam-
ple 3.4.9. For z in X, let i,: {x} — X denote the inclusion map.

LEMMA 3.4.66. — There exists a commutative diagram
(3467) Shglsm(Xmin,max) —— Shc (Xmin7maz)
erx?mﬁ le(M({w})m

[y € ——— 14 C
in which both vertical maps are equivalences. In particular,

(3468) Sh‘élsm (Xmin,mam) = ShC (X'rnin,ma:c)w

Proof. — The upper horizontal morphism is the canonical inclusion. The lower
horizontal morphism is the composition

[Tc =" o = ]c.
X X X

The right vertical morphism is an equivalence in view of the sheaf condition
for M, since ({}).ecx is a diag(X)-covering family of X.

Note that X is a bounded subset of X,,in maz- It follows from the definition
of equivariant smallness and Corollary 3.4.64 that M in Shc(Xminmaz) 18
equivariantly small if and only if M ({z}) € C* for all z in X and M ({z}) =0
for all but finitely many x in X. This implies that the left vertical morphism
is well defined and an equivalence, too. The up-right-down composition in
(3.4.67) is canonically equivalent to the lower horizontal map.

Since the lower horizontal morphism is equivalent to the inclusion of the
cocompact objects of its target, the same also applies to the upper horizontal
map. This shows the second assertion. (|

Let X be a G-set and consider the embedding (3.4.38) for H := {1}. It
induces an embedding of bornological coarse spaces

res?l} Xmin,maz — I‘GS?I} (szn,mzn ® Xmin,maa:) .
The diagonal map in (3.4.50) provides an equivalence
(3.4.69) 0: ShG(Gminmin ® Xmin.maz) — Shc(resfy Xminmaz) -
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LEMMA 3.4.70. — The equivalence 0 restricts to an equivalence

(3.4.71)
eI Shg’eqsm(Gmin,min ® Xmin,maac) i> Sh(gsm(resﬁ} sz'n,ma:c) ’

In particular, we have an equivalence

(3472) Shg)eqsm(Gmin,min & Xmin,maa:) ~ Shg (Gmin,min & )(minm%am)w .

Proof. — The second assertion of the lemma follows from the first combined
with (3.4.69) and the second assertion of Lemma 3.4.66.
We now show the first assertion. The equivalence # has a decomposition

G
{1}

Shg (sznmzn & Xmin,maz) - ShC (res{Gl}(Gmin,min ® Xmin,max))

L Shc(res%} Xmin,maz) -

The morphism r{Gl} obviously preserves equivariantly small objects, and the

morphism ¢* preserves equivariantly small objects by Lemma 3.4.32. Hence
the functor 6°®™ in (3.4.71) is well defined. Since it is a restriction of an
equivalence, it is clearly fully faithful. It remains to show that #°¥™ is essen-
tially surjective.

Let M be an object of Shg (Grin,min®Xmin,maz) such that (M) is equivari-
antly small in Shc (res{Gl} Xmin,maz). We claim that then M itself is equivari-
antly small. The claim (for all M) immediately implies that 6°9™ is essentially
surjective.

Let H be a subgroup of G and Y be an H-bounded subset of Gpin min ®
Xmin,maz- Then we must show that M(Y") is cocompact in CH,

We can choose a bounded subset B of Guin,min @ Xmin,maz such that
Y = HB. After replacing B by a smaller subset if necessary, we can as-
sume that there exists a finite subset F' of G and a family (Xy) ;cp of subsets
of X such that the projection F' — G/H is injective and B = J;cp{f} x
Xy. Then (H({f} x Xy))ser is a coarsely disjoint family of H-bounded sub-
sets of Grin,min © Xmin,maz and Y = UfeF H({f} x Xy). Since M(Y) ~
[Ijer M(H({f} x X)) by the sheaf condition on M, it suffices to show that
M(H({f} x X)) is cocompact in C for every f in F.

We now fix f in F', set A := Xy and consider the H-bornological coarse
space Z := H({f} x A) with the structures induced from the embedding Z —
resg (szn,mln & Xmin,maz)'
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We have a diagram

incl

I‘GS% (Gmin,m,in oy Xmin,mam)

Z
x /
H ®{1} Amin,max
in HBC, where ¢ is as in (3.4.53) (for H in place of G, {1} in place of H,
1es$ (Gmin.min @ Xmin.maz) is in place of X and {f} x A is in place of Y), and

m is an isomorphism given by (h,a) — (hf, ha). By Lemma 3.4.54, we have
the middle square of the following commutative diagram:

Shg(Gmin,min ® Xmin,maac) %) ShC (res?l} Xmin,ma:c) .

G
T J(eVA

eV{E} A
Shg(resg (Gminﬂm‘n & Xmin,mam)) -

~ . 1 H
%, H lcomd{l}

Shg(H ®{1} Am,in,maz) A

mH |~
evy

Sh¢(2)

The upper square and the lower triangle obviously commute. The compo-
sition along the bottom left corner sends M in Shg(Gmmmm ® Xmin,maz)
to M(Z) in CH. The filler of the diagram provides an equivalence M (Z) =~
coindﬁ} O(M)(A). Since 0(M)(A) is cocompact in C by assumption and
coindﬁ} preserves cocompact objects by the second assertion of Lemma 3.4.41,
we conclude that M(Z) is cocompact in C. This finishes the proof of the
claim and hence of the lemma. O

Let X be a G-set, and let C be in Fun(BG, coProP} .)- The following propo-
sition is an analogue of the second assertion of Lemma 3.4.70 in the case where
we replace the minimal coarse structure of G by the canonical one (Exam-
ple 3.4.12). If G is infinite, then Shg(Gcan’mm ® Xmin,maz) 1S DOt expected
to admit all cofiltered limits, i.e. that it only belongs to CATI;S; instead of
CAT?Q}'; or even coPr. In particular, it does not makes sense to consider co-
compact objects therein. But PShg(Gcammm ® Xonin,maz) belongs to coPr?
and, therefore, admits a good notion of cocompact objects.
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PROPOSITION 3.4.73. — We have an inclusion
Shgﬁqsm(Gcan,min oy Xmin,maz) g PShg (Gcan,min & Xmin,maa:)w

For the proof we need the following generalisation of [37, Prop. 5.3.4.13]:
Let K be a G-finite G-simplicial set, i.e. a G-simplicial set with only finitely
many G-orbits of nondegenerate simplices. By K° we denote the G-set of
vertices of K. For k in K° we let G denote the stabiliser of k in G. Let C
be in Fun(BG,coPrS’v*). Then we have Fun®(K,C) € coPr?. Fix M in

Fun®(K,C). For k in K° we consider M (k) in C%* in the natural way.

LEMMA 3.4.74. — If M(k) is cocompact in C%* for all k in K°, then M is
cocompact in Fun® (K, C).

Proof. — We first assume that K is zero-dimensional and that K© is a transi-
tive G-set. We fix a point k in K°. The diagonal equivalence in (3.4.42) applied
to X := %, H := G}, (and using the identification K = K° & G/G},) provides
an equivalence

Fun®(K,C) ~ Fun®*(x,C) ~ C% | M s M(k) .

In this case, the lemma holds true for obvious reasons.
In the next step, we assume that K = A" x S for some transitive G-set S
and n in N. We have an equivalence

Fun®(S x A", C) ~ Fun(A", Fun®(S,C)) .
By [37, Prop. 5.3.4.13] applied to the right-hand side of this equivalence, we
have that M is cocompact in FunG(S x A™, C) if and only if the evaluation of
M at every vertex of A™ is cocompact in FunG(S, C). By the case considered

in the first paragraph, the latter condition is implied by our assumption on M.
Suppose now that we are given a pushout square

LK

| ]

L—K

of G-simplicial sets, where i is a cofibration. Then the induced diagram of
oo-categories

Fun(K, C) —— Fun(K’, C)
d |-
Fun(L,C) —— Fun(L', C)
is a pullback in CAT, and hence also a pullback in Fun(BG, coPr?).
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Applying limpg yields the pullback square

G

Fun® (K, C) 2~ Fun®(K’, C)

f*,cl J(f’,*,c

Fun®(L,C) -~ Fun® (I, ©)

in coPrY. Therefore, we can apply [37, Lem. 5.4.5.7] to see that M in
Fun® (K, C) is cocompact if 7CM, M and i*C f*¢ M are all cocompact.

The general case follows from this observation by induction on the number
of nondegenerate equivariant simplices in K. O

Proof of Proposition 3.4.73. — Let M be an equivariantly small sheaf on
Gean,min @ Xmin,maz- Let U be an entourage such that M is a U-sheaf. After
enlarging U if necessary, we may assume that U = G(F x F) x diag(X) for
some finite subset F' of G.

Let F’ be a subset of F. Then F’ x X is a bounded subset of Gean min ®
Xmin,maz- By Corollary 3.4.64 and since X,nin maes has the discrete coarse
structure, there exists a finite subset Xps of X such that M(F’ x {z}) =0 for
all z in X \ Xp/. Since F is finite, the subset Xy := UF’GP(F) Xp oof X is
again finite. Moreover, for every subset F’ of F, we have M (F’ x {z}) ~ 0 for
all z in X \ Xo.

We consider the G-invariant subset G(F x X) of G x X. Furthermore, by

i Pg(ng Xo) Pax x , we denote the inclusion of the G-subposet of U-bounded

subsets of G(F x Xg). We then have an adjunction

i"%: PShE(G x X) = Fun?(Peniy 1, C) :if .
We can consider M as an object of PSh&(G x X) and claim that the unit
M — i%i*%M is an equivalence. By Lemma 2.1.21 and since M is a U-
sheaf, it suffices to show that M (B) — i¥i*¢M(B) is an equivalence for every

U-bounded subset B of Gcan,min ® Xmin,maz- We thus must show that the
canonical morphism

3.4.75 M(B) — lim M(B'
( ) (B) eI ) o (B)

G(FxXq)
is an equivalence.
Since B is U-bounded, there exists g in G and a subset F’ of F such that
B = g(F'x{z}). Any other subset of B is then of the form B’ = g(F" x{z}) for
some subset F”' of F’. Since M is a G-invariant sheaf, we have an equivalence
M(B') ~ M(F" x {z}). We distinguish two cases:
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() B¢ Pgﬁf}xxo), then z ¢ Xy and hence M(B’) ~ 0 for all B’ in
(ng’gxxo))/,g. In this case M (B) ~0and limB/e(pg(bd oo M(B") ~0.

FXXO))/B
(2) If B e Pg(bF('iXXo)’ then B is final in (ng’ﬁxxo))/g-

Thus, in both cases, (3.4.75) is obviously an equivalence.

Above we have seen that M ~ i¥i*% M. Since the restriction functor i
preserves cofiltered limits, i¢ preserves cocompact objects. Hence, in order to
show that M is cocompact in PSh&(G x X), it suffices to check that S M

is cocompact in FunG(’Pg(b;;’%O),C)

Pélixx,) 18 G-finite. Since M(B) is cocompact in C%? for every bounded

subset B by assumption, we indeed have i*“M € FunG(PgF;fg(o),C)“ by

Lemma 3.4.74. O

*,G

Since F and X, are finite, the poset

3.5. Localisation. — If f,g: X — X’ are two morphisms between G-bornolog-
ical coarse spaces, then one says that f and g are close to each other if there
exists a coarse entourage U’ of X' containing the pairs (f(z), g(z)) for all z in
X. A morphism f: X — X’ between G-bornological coarse spaces is a coarse
equivalence if it admits an inverse up to closeness. It is one of the basic prin-
ciples of coarse geometry that coarsely equivalent bornological coarse spaces
should be considered as equivalent. So invariants of bornological coarse spaces
should be constructed from functors which send pairs of close morphisms to
equivalent morphisms. Such functors are called coarsely invariant, see also Re-
mark 4.1.3. The functor Shg’eqsm is not coarsely invariant, since morphisms
in Sh&*®™(X) are natural transformations between sheaves, which are local
in X.

In the present section, we turn the functor Shg’eolsm into a coarsely invariant
functor (see Section 4.1 below for proofs) by performing Dwyer—Kan localisa-
tions of its values. The localisation of Sh&*®™(X) adds morphisms which
may propagate on X in a way that is controlled by the coarse entourages of
X. In order to calculate the mapping spaces of the localisation and verify
its left-exactness, we use the calculus of fractions formula for mapping spaces
introduced in Section 2.3.

Consider a G-coarse space X. If U is an invariant coarse entourage of X
containing the diagonal and Y is a subset of X, then we have U(Y) C Y (see
(3.1.9) for the definition of the U-thinning U(—)). We consider the family of
these inclusions for all Y as a transformation U(—) — id of endofunctors of
the power set Px. It induces a transformation id — US of endofunctors of
PSh&(X) which, by Corollary 3.3.29, restricts to Sh&(X).

We form the relative oo-category (Sh&(X), W), where the subcategory
Wx is generated by the collection of morphisms

(3.5.1) (M - USM | Uec$® ,MeSh&(X)},
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where C)C;’A denotes the poset of G-invariant coarse entourages of X which
contain the diagonal.

DEFINITION 3.5.2. — We define \78 (X) as the Dwyer—Kan localisation
VE(X) := ShE(X)[Wy'] . ¢

Recall Definition 2.3.4 of the notion of a localisation among left-exact oco-
categories.

ProproOSITION 3.5.3. —
(1) For M,N in Shg(X) there is a natural equivalence of mapping spaces:

(3.5.4) ch(l/,% Mapspg (x) (M, USN) = Mapge ) (M, (N) .
X

(2) The localisation functor Sh&(X) — \Afg(X) presents \Afg(X) as the
localisation among (large) left-exact co-categories.

Proof. — We first establish the formula for mapping spaces in Sh&(X)[W!]
using the version of the material in Section 2.2 for the opposite categories. Let
N be in Sh&(X). The functor : C$* — ShS(X) given by U — UCN is a
putative calculus of fractions at N, since diag(X) is initial in Cg’A, and each
morphism N — UZN lies in Wx by definition. By Proposition 2.2.7, it suffices
to show that the functor
My : Sh(X) — Spe, M — cohm MapShc(X)(M USN)
U eC

inverts all morphisms in Wx.

Consider an arbitrary invariant entourage V which contains the diagonal
and an object M in Sh&(X). Using the adjunction (3.1.16), we can rewrite
the induced map

colim MapShc(X)(V M,USN) — cohm 1 Mapgy,g x) (M, USN) .
vec§ vec§

in the form

(3.5.5)
colim Mappg)g (x) (U™ CVEM,N) — cohm ) Mappg)g (x) (U™ “M,N) .
vec® vec§

We will now see by a cofinality argument that this morphism is an equivalence.
For every subset Y of X we have inclusions

VU[Y]) CUY]CV(VU[Y]) CcVU[Y] .
We thus get transformations

(3.5.6) VUM — (VU)*SVEM - UM - U*“VEM .
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Since the functor Cg’A — C)G(’A given by U +— VU is cofinal, and in view of
(3.5.6), the two-out-of-six property for equivalences implies that (3.5.5) is an
equivalence.

Since C%A is filtered, we can conclude from formula (3.5.4) that the functor
¢ preserves finite limits. So Proposition 2.3.5 implies the second assertion of
the proposition. O

Let now X be a G-bornological coarse space. In view of Lemma 3.4.29, we
can consider the relative left-exact co-category (Sh&®™(X), W™ where
W™ is the subcategory generated by the collection of morphisms

(3.5.7) (M- USM|Uec$® M e ShG* ™ (X)} .
DEFINITION 3.5.8. — We define V&(X) as the Dwyer—Kan localisation
VE(X) 1= ShE ™™ (X)W ] ¢

PROPOSITION 3.5.9. —

(1) For M,N in Shg’eqsm(X) there is a natural equivalence of mapping
spaces:

(3.5.10) colim Mapgyg(x)(M,USN) = Mapyg x)(¢M, (N) .

vec$?

(2) The localisation functor ShE°®™ (X)) — VE(X) presents VE(X) as
the localisation among left-exact co-categories.

Proof. — This is shown by the same argument as for Proposition 3.5.3. (]
The universal property of the localisation provides the marked arrow in

(3.5.11) Sh& ™ (X) —— Sh&(X) .

ZJ J{Z
VE(X) ——— VE(X)

COROLLARY 3.5.12. — The marked arrow in (3.5.11) is a fully faithful inclu-
siomn.

Proof. — We use that the upper horizontal arrow in (3.5.11) is fully faithful
and that the mapping spaces in V&(X) and V&(X) are given by the coinciding
formulas (3.5.10) and (3.5.4), respectively. O

EXAMPLE 3.5.13. — Consider a set X with the minimal coarse structure X,,;.
Then C)G(’A = {diagy }. Since for M in Sh&(X) the morphism M — diag%* M
is equivalent to the identity of M, the subcategory Wx consists of equivalences.
Consequently, the canonical morphism ¢: Sh&(X) — V& (X) is an equivalence.
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imilarly, i i m i I whi rri minim
Similarly, if X is a G-bornological coarse space which carries the al
coarse structure, then W™ consists of equivalences and the canonical mor-

phism £: Sh&**™ (X)) — VG(X) is an equivalence. ¢

3.6. Functoriality of V&. — In this section, we show that the left-exact oo-
category VE&(X) introduced in Section 3.5 depends functorially on X and C.

If f: X — X'isamorphism of G-coarse spaces and C is in Fun(BG, coPrS’*)7
then we have the bold part of the following diagram:

(3.6.1) ShE () /> SnE(X")

exl PX’

VE(x) o VEX)
LEMMA 3.6.2. — The morphism fG descends essentially uniquely to a mor-
phism f.: vg(X) — VG(X’) in CAT{;;”‘* completing the square (3.6.1).
Proof. — In view of the universal property of Dwyer—Kan localisations, it suf-

fices to show that ¢ X/f*G sends morphisms in Wx to equivalences in \Afg (X").

Let V be an invariant coarse entourage of X containing the diagonal and
set f(V)a = f(V)Udiag(X’). Then f(V)a is an invariant coarse entourage
of X’ containing the diagonal. For a subset Y’ of X’, we have an inclusion

FHFWA") S VFHY)
of subsets of X. The family of these inclusions for all subsets Y’ of X’ induces
a transformation
:f OVG_)f( )A*Of* Shg(X)—)Shg(X,)

If M is in Sh&(X), then we consider ¢ty (M): M — VM in Wx. The mor-
phism fCuy (M) fits into the following sequence of morphisms in Sh&(X"):
!

Lf(V)A(J/c:GM)

~ o FNS LG (M) N
FOM ——— FOVEM - p()S L FEM — 220 p(V)E L FOVEM.

P (M) \/
|

Lf(v>A(?§V*GM)

The morphisms marked by ! belong to W and induce equivalences in \Afg(X .
By the two-out-of-six property, we conclude that all morphisms in this diagram
are sent to equivalences in V&(X").

This shows that £x- f*G Wx consists of equivalences in VG( . O
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Let f: X — X’ be a morphism of G-bornological coarse spaces. As a con-
sequence of Lemma 3.4.28, Corollary 3.5.12 and Proposition 3.5.9 we get

COROLLARY 3.6.3. — The morphism f. from (3.6.1) restricts to a morphism
Jo: VE(X) = VE(X)
of left-exact co-categories.

Let X be a G-coarse space, and let ¢: C — C’ be a morphism in
Fun(BG, coPrEy*). Then we obtain the following diagram:

~,

(3.6.4) ShS(X) —%5 ShE(X) .

1

VEX) T VE(X)
LEMMA 3.6.5. — The morphism $G descends essentially uniquely to a mor-
phism ¢..: VE(X) — V&, (X) in CATI&f’;, completing the square (3.6.4).

Proof. — We write W¢ x and Wer x for the subcategories generated by (3.5.1)
for C and C', respectively. It is then obvious that ¢¢(Wg x) € Wer x. This
implies the assertion. O

If X is a G-bornological coarse space, then Lemma 3.4.30 implies

COROLLARY 3.6.6. — The morphism ¢, from (3.6.4) restricts to a morphism

b VE(X) = VE, (X) .

Let W denote the subcategory of Sh&(X) of morphisms which are sent to
equivalences by the localisation functor £x. By Lemma 3.6.2 and Lemma 3.6.5,
the functor (X, C) — Sh&(X) promotes to a functor

(3.6.7) (Sh%: GCoarse x Fun(BG,coPrE, ) — RELL™

00, % I

(X,C) = (ShE(X), W) ,

where RELLe’i is the large version of RelLex from Section 2.3. The large left-
exact oo-categories defined in Definition 3.5. 2 for all X and C now become the

values of the functor

) ¢Sh® RELLeX Loc CATLeX

00,% I

(3.6.8) VY: GCoarse x Fun(BG, coPrE)*

where Loc is the large version of the functor from (2.3.6). As a consequence
of Corollary 3.6.3 and Corollary 3.6.6, we further obtain a subfunctor (the
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restriction along (3.4.8) is hidden)

G,egsm

£Shg oc
(3.6.9) VY:GBC x Fun(BG, coPrl,) "¢ Rell 1% Cathe,

with the values prescribed by Definition 3.5.8.
Finally, consider a coarse covering f: X’ — X (Definition 3.3.16) and the
square

wo,c’\*,c
(3.6.10) ShS(x) 2 sné(x)
ZXJ JZ
VEx) T vE(x)
LEMMA 3.6.11. —

(1) The morphism L”D’Gf* descends essentially uniquely to a morphism
f* completing the square (3.6.10).

(2) If f is a covering of bornological coarse spaces (Definition 3.4.16), then
the morphism f* (in (1)) restricts to a morphism

fr:VE(X) = VE(X') .

Proof. — 1t follows from Lemma 3.3.30 that L”O’Gf*’G sends Wx to Wx.
This implies (1); (2) is now an immediate consequence of Proposition 3.4.33
and Corollary 3.5.12. |

The full contravariant functoriality of V& will be part of the discussion in
Section 6.

4. Properties of VS

We now study the behavior of V& as a functor on G- bornological coarse
spaces. The results of this section are instrumental in showing that Vc gives
rise to a coarse homology theory upon application of a finitary localising in-
variant, which will be the subject of Section 7.

The first three subsections record elementary properties of our construction
of controlled objects. Section 4.1 introduces the notion of coarse invariance,
which encodes a kind of homotopy invariance on G-bornological coarse spaces,
and shows that Vg is coarsely invariant. Section 4.2 describes a special class
of G-bornological coarse spaces called flasque spaces, and proves that the con-
trolled objects over a flasque space admit an Eilenberg swindle. Section 4.3
describes VS(X ) as a filtered colimit, whose individual stages depend only
on coarse structures generated by a single entourage. We call this property
u-continuity.
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The main nontrivial property of Vg is a version of excision on G-bornological
coarse spaces, which we formulate and prove in Section 4.5. The preceding
Section 4.4 prepares the proof of excision by showing that subspace inclusions
induce fully faithful functors on V§&,.

Finally, Section 4.6 introduces the free union of a collection of G-bornological
coarse spaces and shows that the category of controlled objects over a free
union is equivalent to the product of the categories of controlled objects over
the individual components of the free union.

4.1. Coarse invariance. — Below we consider the set {0, 1} with the trivial G-
action. Recall Example 3.4.9 and the monoidal structure from Remark 3.4.14.
For every G-bornological coarse space X, the projection

(4.1.1) {0,1}maz,maz ® X — X

is a morphism of G-bornological coarse spaces.
Let M be some oco-category and consider a functor £: GBC — M.

DEFINITION 4.1.2. — FE is called coarsely invariant if the projection (4.1.1)
induces an equivalence E({0, 1}maz,maz @ X) — E(X) for every G-bornological
coarse space X. ¢

REMARK 4.1.3. — We say that two morphisms f,g: X — X’ in GBC are
close to each other if (f x g)(diag(X)) is a coarse entourage of X’. This
is equivalent to requiring that f and g define a morphism of G-bornological
coarse spaces {0, 1}m40,mar ® X — X', Closeness is an equivalence relation on
Homggc (X, X') for all G-bornological coarse spaces X, X’ which is compatible
with composition. A morphism of G-bornological coarse spaces is a coarse
equivalence if it can be inverted up to closeness.
It is easy to see that the following assertions on E are equivalent:

(1) E is coarsely invariant.
(2) For every pair of close morphisms f, g, we have E(f) ~ E(g).
(3) E sends coarse equivalences to equivalences. ¢

EXAMPLE 4.1.4. — The following are examples of coarse equivalences. By Re-
mark 4.1.3, these morphisms are sent to equivalences by any coarsely invariant
functor.

(1) For every set X, the projection X,,a4,mae — * is a coarse equivalence.
The inclusion of any point of X is a coarse inverse.

(2) Consider the bornological coarse space Ry given by the set R with the
bornology and coarse structure induced by the Euclidean metric. Then
the inclusion of the bornological coarse subspace Z into R is a coarse
equivalence: the floor function is one choice of coarse inverse. ¢
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LEMMA 4.1.5. — The functor
V¢: GBC — Cat
is coarsely invariant.

Proof. — We consider a pair f,g: X — X’ of morphisms which are close to
each other. By Remark 4.1.3 it suffices to show that V&(f) ~ V§(g).

Let Y’ be a subset of X’ and let V/ be an invariant, symmetric coarse
entourage of X’ containing the diagonal such that (fxg)(diag(X)) C V'. We
then have the following chain of inclusions of subsets of X:

FON) 271 (VY 2 £ VEY) 2971 (VYY)

For M in Sh&°®™™(X), we then get induced morphisms

TN

(416)  fEM —— VIOGEM —— VPO FEM —— VIROgEM

\/

The marked morphisms are sent to equivalences in Vg(X "), since they belong
to the set (3.5.7) (for X’ in place of X) generating W™, By the two-out-of-
six property for equivalences, all morphisms in (4.1.6) are sent to equivalences,
in particular the first one. Consequently, the second map in the zig-zag
9 M ~
a*GM v (9 ) V*I’G/g\fM f*GM

is an equivalence. The morphism vy (g¢ M) is also an equivalence because it
belongs to W™, too. Since all the arrows above are components of natural
transformations between functors evaluated at M, we can conclude that f, and
g« are naturally equivalent functors. O

4.2. Flasques. — Let X be a G-bornological coarse space.

DEFINITION 4.2.1 ([18, Def. 3.8]). — X is flasque if it admits an endomorphism
f: X — X with the following properties:

(1) f is close to idx.

(2) For every U in Cx, we have |,y f"(U) € Cx.

(3) For every B in By there exists n in N such that f*(X)NB=2. ¢

We say that f implements the flasqueness of X.

EXAMPLE 4.2.2. — The standard example of a flasque space is [0, 00) equipped
with the metric bornological coarse structure induced by the Euclidean metric.
In this case, flasqueness is implemented by the shift map sending = to = + 1.
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More generally, every G-bornological coarse space of the form X ® [0,00) is
flasque. ¢

DEFINITION 4.2.3. — X is pre-flasque if it admits an endomorphism f: X — X
with properties Definition 4.2.1 (2) and Definition 4.2.1 (3). ¢

We say that f implements the pre-flasqueness of X.

Let M be a semi-additive oco-category (Definition 2.1.37). A semi-additive
category is enriched in commutative monoids, and we use the symbol + in
order to denote the sum of morphisms.

Let M be an object of M.

DEFINITION 4.2.4. — M is flasque if it admits an endomorphism .S such that

(4.2.5) S~idy+S. ¢

We again say that S implements the flasqueness of M. By M we denote
the smallest full subcategory of M which is closed under filtered colimits and
contains all flasque objects.

Let E: GBC — M be a functor.

DEFINITION 4.2.6. — FE preserves flasqueness if it sends flasque objects of GBC
to objects in Ml ¢

REMARK 4.2.7. — If M is additive (Definition 7.4.2), then a flasque object is
a zero object. Consequently, if M is additive, then M consists of zero objects.
In this case, the following conditions are equivalent:

(1) E preserves flasqueness.
(2) E vanishes on flasques, i.e. sends flasque G-bornological coarse spaces
to zero objects. ¢

Below in Lemma 4.2.16 (3), we show that the functor V§ is flasqueness pre-
serving. But note that Vg is not the final object of consideration. We will also
need to show that certain functors derived from V& by auxiliary constructions
in Section 5 are flasqueness preserving, too. In this case it is important to keep
track of the morphisms implementing the flasqueness of the values of the func-
tor. We therefore introduce the stronger notions of a functorially flasqueness-
and functorially pre-flasqueness-preserving functor, and we verify that V& has
these properties.

We let End(M) := Fun(A!/dA!, M) be the category of endomorphisms
of objects of M. Its objects are pairs (M, S) of an object M of M and an
endomorphism S : M — M. We have a forgetful functor End(M) — M
sending (M, S) to M. Note that this functor preserves colimits.
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DEFINITION 4.2.8. — We define the co-category i?‘vl(M) by the pullback

F1(M) End(M)

l Jdiag
End(M) »ny End (M) (A0 OLDSO08) (i 47050 g p g

We furthermore define F1(M) as the pullback

F1(M) —— FI(M)

J M—(M,id) l

M — ", End(M)

)

where the functor e is given by composing ﬁ(M) — End(M) xp End(M)
with the projection onto the second factor. ¢

The objects of ﬁ(M) are tuples (M, S, T, ¢) with an equivalence
$: 8 S idy +To S .

Objects in F1(M) are tuples (M, S, T, ¢, ) with (M, S, T, ¢) in ﬁ(M) together
with an equivalence v: T' ~ id. In particular, S implements flasqueness of M
in this case. There are forgetful functors

(4.2.9) p:FI(M) M and p: FI(M) — FI(M) & M
which project to the underlying object. By [37, Lem. 5.4.5.5], a diagram in

ﬁ(M) and F1(M) admits a colimit if and only if its composition with p or p
admits a colimit and both p and p preserve colimits.

DEFINITION 4.2.10. —

(1) Let FIP**(GBC) be the full subcategory of End(GBC) consisting of
pairs (X, f) where f implements pre-flasqueness of X.

(2) Let FI(GBC) be the full subcategory of FIP**(GBC) of those pairs
(X, f), where f implements flasqueness of X. ¢

Let P be some auxiliary oo-category (Fun(BG, coPri*) in our application),
and let £: GBC x P — M be a functor.

DEFINITION 4.2.11. — FE functorially preserves pre-flasqueness if there exist a
functor

FIP'(E): FI"*(GBC) x P — F1(M)
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and a commutative diagram

pre —
(4.2.12) FIP(GBC) x P —— ), Fl(M)

\ Je

End(M) ,

where the diagonal arrow is the functor sending ((X, f), P) to (E(X, P), E(f, P))
and e is the forgetful functor from Definition 4.2.8. ¢
DEFINITION 4.2.13. — FE functorially preserves flasqueness if there exists a
functor

FI(E): FIGBC) x P — FI(M)
and a commutative diagram analogous to (4.2.12) in which we replace

FI’"*(GBC), FI’"*(FE) and i?vl(M) by F1(GBC), FI(F) and F1(M), respec-
tively. ¢

The following is obvious from the definitions.

COROLLARY 4.2.14. — If E functorially preserves flasqueness, then E(—, P)
preserves flasqueness for every object P in P.

A priori, showing that a functor is functorially flasqueness preserving re-
quires us to produce more structure than showing that it is pre-flasqueness
preserving. The next lemma asserts that this additional structure comes for
free if the functor is coarsely invariant.

LEMMA 4.2.15. — Assume that

(1) E functorially preserves pre-flasqueness.
(2) For every P in P, the functor E(—, P): GBC — M is coarsely invari-
ant.

Then E functorially preserves flasqueness.
Proof. — By assumption, the composite
FI(GBC) x P — FI"*(GBC) x P "L Fi(M) & M

is equivalent to the functor sending ((X, f), P) to (E(X, P), E(f, P)). The in-
clusions {0} — {0,1} and {1} — {0, 1} induce a zig-zag of natural equivalences

E(X,P) —=— E(X ©{0,1}maz.maz, P) +—— E(X, P)

E(f,P)l J(E(fuidX,P) Jid

E(X,P) —— E(X ® {0, 1}maz,maz, P) +—— E(X, P),

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



378 U. BUNKE, D.-C. CISINSKI, D. KASPROWSKI & C. WINGES

which induce a lift
FI(E): FI(GBC) x P — F1(M)
of FI”**(E) pi(eBC)xP- It follows that E functorially preserves pre-flasqueness.

O

Let C be in Fun(BG,coPrE,*). Note that Cat’™ is semi-additive by

O, %

Lemma 2.1.38. So Definitions 4.2.6, 4.2.11 and 4.2.13 apply to the functor
V¢: GBC x Fun(BG, coPr, ) — Cat’>,

from (3.6.9). In this case we use the more natural symbol x instead of + for
the sum of morphisms.

LEMMA 4.2.16. —

(1) The functor V& functorially preserves pre-flasqueness.
(2) The functor V& functorially preserves flasqueness.
(3) The functor VG preserves flasqueness for every C in Fun(BG, coPr )

Proof. — We start with (1). If we apply the functor from (3.3.15) (for the
trivial group) to G-coarse spaces and coefficient categories with G-action, then
we get a functor

Sh: GCoarse x Fun(BG, coPri*) — Fun(BG, CAT{;;’”;) .
We extend it to a functor
FIP*(Sh): FI°*(GBC) x Fun(BG, coPrE‘v*) — FI(Fun(BG, CATI[;O",’;))
such that

(4.2.17) FIP*(Sh)((X, f), C) := (Sho(X), [[ I f+. ) .

neN
where qg is the canonical identification [, o\ f*” =~ idshe(x) xﬁ o [l,en ff.
We must argue that the infinite product §(X, I) = Ilhen J?f’ of morphisms in
(4.2.17) exists. For M in Shc(X), by Definition 4.2.1 (2), there exists U in
C§ such that f(M) is in ShU( ) for all n in N. Since Sh&(X) belongs to

coPrw «» the product [T, oy F™(M) exists in Sh%(X) and hence in She(X).
By composing FI°*°(Sh) with limpg, we obtain a functor

FIP"°(Sh)¢: FI""*(GBC) x Fun(BG, coPrl ) — FI(CATS)
(X, f),C) = (ShE(X),S(X, /)¢, FZ,6%) .
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Consider the square

T e}
shé (x) 0 shé (x)

J -

S S(X. ) &

VE(X) » VEX)
Similar to in the proof of Lemma 3.6.2, using Definition 4.2.1 (2) on f, we
check that £xS(X, f)¢ sends the generators (3.5.1) of Wx to equivalences in
VE(X). It follows that S(X, f)¢ descends to the desired functor

S(X, f): VE(X) —» VE(X) .

Similarly, the functor f¢ descends to a functor f., and ¢€ descends to an
equivalence ¢%: S(X, f) = id\A,G(X) X (f« 0 S(X, f)).
C

It remains to show that S(X,f) preserves the full subcategory V&(X)
of VE(X). To this end, we show that S(X, f)¢ preserves the subcategory
Sh& ™ (X) of Sh&(X).

Let M be in ShG**™(X). Consider an H-bounded subset Y of X. By
Definition 4.2.1 (3), there exists ng in N such that f"(X)NY = @&. Then we
have R R

(SN = I Fremy) .

n<ng

By Lemma 3.4.28, ff’GM is equivariantly small for all n. Thus every factor
of the product belongs to CH* and, therefore, the finite product, too. We
conclude that S(X, f)¢(M) € Sh&°*™(X). This finishes the proof of asser-
tion (1).

(2) follows from (1) by Lemma 4.2.15, since V& is coarsely invariant by
Lemma 4.1.5.

(3) follows from (2) and Corollary 4.2.14. O

4.3. u-continuity. — Let X be a G-bornological coarse space. If U is an in-
variant coarse entourage on X, then Xy denotes the G-bornological coarse
space obtained from X by replacing the original coarse structure of X by the
G-coarse structure C({U}) generated by U. There is a canonical morphism
Xy — X given by the identity of the underlying sets.

Let M be an oco-category which admits all small filtered colimits. Consider
a functor £: GBC — M.

DEFINITION 4.3.1. — FE' is u-continuous if the natural morphism
colim E(Xy) = E(X)
vec§
is an equivalence for every G-bornological coarse space X. ¢
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Let C be in Fun(BG, coPri*) and note that CAT](;gf‘* admits small filtered

colimits by (the large version of) Proposition 2.1.12. Recall the functor \78
from (3.6.8).

PROPOSITION 4.3.2. — The functor Vg GBC — CAT{;;’?; is u-continuous.
Proof. — Let X be a G-bornological coarse space. Filtered colimits and limits

in CATL‘S’fk may by computed in CAT,,. Consider the following chain of
functors:

%oelérg VE(Xy) ~ (l:]oehcrg ((lém Shc(Xv)) W, ])

AN (cohm lim She(Xy ) lcoth ]
vec§ BG vec§

LN (hmcothhc XU> [coth ]
BG vec§

(thhc( W g
~ VE(X).

The morphism marked by i is an equivalence, since the functor Loc in (2.2.3)
is a left adjoint and therefore preserves all colimits. The morphism marked by
14 is an equivalence by Lemma 2.1.40, since BG has only a single object, the
poset of invariant coarse entourages C§ is filtered and Sh(Xy) — Sh(Xy) is
fully faithful for all U, U’ in C§ with U C U’. The morphism marked by iii is
an equivalence, since the map

c§ = {UV)ecixc{|Ueck, veck,}, U~ (UU)
is cofinal. O

LEMMA 4.3.3. — The functor VG: GBC — Cat™®™ s u-continuous.

o0, %

Proof. — Lemma 3.4.28 applied to the morphisms Xy — X, Proposition 4.3.2
and the fact that a filtered colimit of fully faithful functors is fully faithful im-
plies that we have an inclusion colim¢ce VE(Xy) — VE(X) of full subcate-

gories of Vg (X). It is also essentially surjective, since the notion of equivariant
smallness is independent of the coarse structure. (|

4.4. Subspace inclusions. — In this section, we derive some technical results
which will enter the discussion of excision for V& in Section 4.5.

Let i: Z — X be the inclusion of a subspace of a G-bornological coarse
space X.
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PROPOSITION 4.4.1. — The functors i \Afg(Z) — \Afg(X) and i.: VE(Z) —
VE(X) are fully faithful.

The proof requires a little preparation. We fix an invariant coarse entourage
U of X which contains the diagonal. Note that for any subset A of X, we have
UANZ CUz(ANZ), where Uz :==UN(Z x Z) is considered as an invariant
entourage of Z. We consider the subposet

(4.4.2) PYU ={AcPx |UANZ=Uz(ANZ)}
of the power set Px.

LEMMA 4.4.3. —

(1) If A, A’ are in PY, then we also have AN A" € PY.
(2) For every Y in Px, the slice (P}U()y/ has a unique minimal element
UlY, Z]. It satisfies ZNU[Y,Z)=ZNY.

Proof. — (1) follows from the fact that thinning (see (3.1.9)) preserves inter-
sections.

We now show (2). We will show that the unique minimal element of (PY)y,
is given by

UlY,Z] ==Y U U Ulz]\ Z .
2€YNZ,Uz[z]CYNZ
Note that Z NU[Y,Z] = ZNY by definition. We first check that U[Y, Z]
belongs to the set (PY)y,.
By definition, we have Y C U[Y, Z]. It remains to check that
Uz(UlY,ZINnZ)=UU|Y,Z])NZ .
We must show that
U, (UlY,Z1NZ) CUUY,Z) N Z .
Let « be in Uz(U[Y,Z] N Z). Then we have the relations x € Y N Z and
Uz[z] CY N Z. This implies
Ulg) =Uz[z)U (Ulz]\ Z2) C (Y N Z)UU[Y, Z]| =U|Y, Z] ,
and hence x € U(U[Y, Z]) N Z.
We now show that U[Y, Z] is the unique minimal element in (Pg)y/. Sup-

pose that A is any other element of (PY)y,. Assume that z is in U[Y, Z]. We
consider two cases:
(1) x €Y: then z € A.
(2) ¢ Y: then z € Ulz/] \ Z for some 2’ in Y N Z satisfying Uz[z'] C
YNZCANZ. Since Uz(ANZ)=U(A)NZ, we also have Ulz'] C A.
Because of z € U[z'], this implies = € A. O
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Proof of Proposition 4 4.1. — In view of Corollary 3.5.12, it suffices to show
that the functor i, : VC(Z) — VG( ) is fully faithful.

Let M and N be in Shc( ). We will use the formula for mapping spaces in
the localisation provided by Proposition 3.5.3. The map of posets C%A — Cg’A
given by U — Uy := U N (Z x Z) is cofinal. Note that iC is fully faithful by
the second assertion of Corollary 3.3.26. Therefore the map

Mava Z)(EZM lzN) — MapVG (z IxM, i lxN)
induced by i can be identified with the map

cohm MapShc(X)( G M ,C UZ* ) — colim MapShc(X)(/i\fM, USCN)
vecs vec$® c

induced by the canonical map ?ng N — U*/i\fN . We claim that the map
Mapsyg x) (15 M, iUZ . N) = Mapgyg x, (i M, UTZN)

is an equivalence for every U in Cg’A. Since Shg(X) is a full subcategory of
PSh¢(X), by Lemma 2.1.21.(1), it suffices to prove that
Mappgp e (x) (ixM, .Uz, N) = Mappgne (x) (i M, Ui N)
is an equivalence.
Lemma 4.4.3.(2) implies that the inclusion functor
L: PYP — PR

admits a right adjoint R which sends Y to U[Y, Z]. Consequently, we obtain
an induced co-Bousfield localisation

R*: Fun(P{°",C) = PShg(X) :L* .

The map R*L*i, M — i, M is an equivalence, since Z N R(Y)=2ZnNY for all
Y, ie. i, M is a colocal object. Hence the map in question becomes identified
with the canonical map

Map g, por o) (L5 M, L*0.Uz .N) = Mapg, . pvon o) (L1, M, L*ULi.N) .
X ? X ’

By definition of PY{, the map LU, 7z +IN — L*U,i, N is an equivalence, so we
are done. ]

4.5. Excision. — Let Y := (Y;)¢cr, be a filtered family of invariant subsets of
a G-bornological coarse space X. The members Y; will be considered as G-
bornological coarse spaces with the coarse and bornological structures induced
from X.

DEFINITION 4.5.1. — ) is a big family if for every coarse entourage U of X and
£ in L there exists ¢ in L such that U[Y;] C Y (see (3.1.8) for the thickening
construction). ¢
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For a functor E: GBC — M to a cocomplete target we set

(4.5.2) E(Y) = C(gélgn E(Yy) .

The family of inclusions (Yy — X)yer, induces a canonical morphism

(4.5.3) E(Y)— E(X).

DEFINITION 4.5.4. — A complementary pair on X is a pair (Z,)) of an
invariant subset Z and a big family ) such that there exists ¢ in L with
ZUY, = X. ¢
ExaMPLE 4.5.5. — Consider the bornological coarse space Ry, where d is the

Euclidean metric. Then

((—OO, O]’ ([_n7 OO))nGN)

is a complementary pair on Ry. ¢
We can form the big family ZNY := (Z N Ys)eer on Z.

DEFINITION 4.5.6. — FE is called excisive if for every G-bornological coarse
space X with a complementary pair (Z,)) the commutative square

E(ZNY)—— E(Z)
E(Y)—— E(X)
is a pushout square. ¢

ExAMPLE 4.5.7. — Consider the complementary pair from Example 4.5.5. An
excisive functor F then gives rise to a pushout

E(([—nf])new) — E((—T,O]) :
E(([=n,00))nen) ——— E(Rq)

If E additionally vanishes on flasque spaces (Definition 4.2.1), the two outer
corners of this square are trivial due to Example 4.2.2. We therefore get an
equivalence

ERq) = XE(([-n, 0])nen) -

If E is also coarsely invariant (Remark 4.1.3), the right-hand side is equivalent
to TE(x). ¢
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REMARK 4.5.8. — We do not expect that Vg is excisive in the sense of Def-
inition 4.5.6. Proposition 4.5.10 below is the appropriate statement using the
notion of an excisive square for left-exact categories, as introduced in Defini-
tion 2.5.2. ¢

Let E: GBC — Catiffi be a functor.

DEFINITION 4.5.9. — E is called [-excisive if for every G-bornological coarse
space X with a complementary pair (Z,)) the commutative square

E(ZNY)— E(Z)

|

E(Y) —— E(X)

is an excisive square in Cat>®* (Definition 2.5.2). ¢

o0, *

Note that the composition of an l-excisive functor with a homological functor
is excisive.

Let C be in Fun(BG, coPrE,*).

PROPOSITION 4.5.10. — The functor V&: GBC — Cat™®™ s [-excisive.

OO, %

The proof of Proposition 4.5.10 occupies the remainder of this section.
By Lemma 3.4.28, there is a commutative square

ps
(4.5.11) Sh&¥™(Z N Y) —Z— Sh& ™ (Z)

EGJ l’;c;
ShG,eqsm /L\g;( ShG7eqsm X
¢ (YY) ——— Shg"TH(X)

tLex

00, %

where g¢ is induced by the family of morphisms (i¢: ZNYy — Y)eer
using Lemma 3.4.28, and Z(Z; and Zg;( are instances of the morphism (4.5.3). By
Corollary 3.6.3, the square (4.5.11) induces a square

in Ca

(4.5.12) VE(ZNY)—2=VE(Z)

VE(Y) —— VE(X)

in Catif”;. In order to show Proposition 4.5.10, we must show that the square
(4.5.12) in Catlo’sf; is excisive. This amounts to showing that the horizontal

functors are fully faithful and that the induced morphism between their stable
cofibres (see Definition 2.4.5) is an equivalence.
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Note that ¢x is the colimit of the family of functors (V& (Yz) — VE(X))ser.-
Since the members of this family are fully faithful by Proposition 4.4.1 and since
a filtered colimit of fully faithful functors is again fully faithful, we conclude
that ¢x is fully faithful. Similarly, ¢z is fully faithful.

The rest of the argument is devoted to the comparison of the stable cofibres.
We define the subcategory W, of V&(X) to be the smallest subcategory con-
taining all morphisms with fibres in the essential image of ¢x, which is closed
under pullbacks and satisfies the two-out-of-three property. Then Lemma 2.4.6
shows that the stable cofibre of ¢x can be explicitly described as

Cofib® (1) =~ Sp(VE(X)[W, 1)) .

Lx

We define the subcategory W, , of V& (Z) similarly, and observe that Cofib® (1)
admits an analogous description.
We consider the following diagram:

s

Z‘LX
(4.5.13) Sh&ee™ (X)X, VG (X) — Cofib* (1x)

|
~ ~ -
i*’Gl i [ 4%
: +

A
Sh ™™ (Z) — V@ (Z) —— Cofib®(17)

Lz

in Catgg”’;. For the moment, forget the dashed part.

LEMMA 4.5.14. — The universal property of {x provides the dotted arrow i,

Proof. — It suffices to show that the composition

s

~ el . £;
0 ShGerm(x) £ ShGee™ (7) L2, vE(Z) —2 Cofib® (1)

sends the morphisms in W™ (see the text before Definition 3.5.8) to equiv-
alences.

Let M be in Sh& ™™ (X) and let V be an invariant coarse entourage of X
containing the diagonal. Then we consider the generator ¢y (M): M — V.EM
of W™, It suffices to show that €fZ€Z?*’GLV(M) is an equivalence.

Let U be an invariant coarse entourage of X containing the diagonal such
that M € Sh(U:’G(X). Using that the family ) is big, we can choose a member
Y of Y such that (Z,Y) is a VUV ~!-covering family of X (see (3.2.18), Defi-
nition 3.2.3 and Example 3.2.4). Since U C VUV !, the pair (Z,Y) is also a

U-covering family, and we have V.M € ShéUV?l’G(X) by Corollary 3.2.25.
We now use the notation introduced in connection with the Gluing
Lemma 3.2.30. By Lemma 3.2.30, the morphism ¢y (M) is equivalent in
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Sh&(X) to the morphism

(4.5.15)
COM o 9O G ECVEM x589 CVEM

kCkr G M kCECVEM

The functor i*C is left-exact and therefore preserves the fibre products in
(4.5.15). The functor EZ/Z‘\G’* sends objects in the image of /k\:f or /j\f to objects
in the image of 1z by the commutativity (justified by Corollary 3.3.28 and
Lemma 3.4.32) of the diagram

G .
(4:5.16) ShG“™"(Z 1Y) —=— Shg*™ (2)

?;,GT T/z—\*,c
Bl

Sh&eam(y) X, gp&eam(x)

| =
Shg,eqsm (Y)

Finally by definition, the functor £;  sends objects in the image of 1z to zero
objects. Using the above observations, in Cofib®(:z), we get an equivalence

0 077Gy (M) = 05 07°C (i C M — 75 CVEM] .

Using Lemma 3.3.31, setting M’ := i*ChCh*C M for the inclusion h: V(Z) —
X and Vz := V N (Z x Z), we have an equivalence i*CV.EM ~ VZCf*M’.

Using in addition the equivalence /z\*G/z\f ~ id (Lemma 3.2.28), we get a
factorisation of Efzfz/i\*ﬂbv (M) as

Zfzezbvz (M/)

(4.5.17) e 0 S s ¢ 1VE M
. Lz yAS e I VA Lz Z Z * )

where a: 7CM — M’ is induced by the unit id — ﬁfﬁ*c

We first observe that ¢; (zuy,(M') is an equivalence, since ty,(M') €
Weqsm

PR

We then argue that /; £z« is an equivalence, too. To this end we show that

the fibre of {7z a: EZ?**GM — £z M’ belongs to the essential image of ¢z, which
implies that £;  sends this morphism to an equivalence.

Let I: V(Z) — Z denote the inclusion map. Since h =i ol and i%7%C ~ id,
the morphism

G M — M~ SRR G M ~ 187G N

is equivalent to the one induced by the unit id — l:GlA*G Arguing similarly
as above, using Lemma 3.2.30 again and that (V(Z),Y N Z) is a Uz-covering
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family of Z, we have an equivalence
Fib(i*% M — 197°97C M) ~ Fib(mSm* S M — adn=C M) |

where m: YNZ — Z and n: YNV (Z) — Z are the inclusion maps. The latter
object obviously lies in the essential image of ¢.

Since both maps in (4.5.17) are equivalences, we conclude that
éfzézg**cw (M) is an equivalence. O

The square (4.5.12) induces a morphism between stable cofibres
ix: Cofib®(17) — Cofib®(1x) .

We now show that it is an equivalence. Our candidate for the inverse functor is
the dashed arrow 7* in diagram (4.5.13). We will obtain i* using the universal
property of the morphism ¢; . To this end, we note that its target is stable.
In order to construct i*, it therefore suffices to show the following result:

LEMMA 4.5.18. — The morphism i* from (4.5.13) sends the morphisms in W,
to equivalences.

Proof. — Let f be a morphism in V&(X) such that Fib(f) belongs to the
essential inEnge of tx. Since ¢x is left—exacﬁ, there exists by Proposition 2.3.5 a
morphism f in Shg’eqsm(X ) such that £x (f) is equivalent to f. In the following,
we use the commutativity of the established part of the diagram (4.5.13). We
have an equivalence

() = et (f) -
By the assumption on f, there exists an object P of Shg’eqsm(y) such that
ixty(P) ~ Fib(f) .
On the one hand, since i is left-exact, we have the equivalence
ixly(P) ~ 7" Fib(f) ~ Fib(i* f) .

On the other hand, we have an equivalence
(3.6.1)

Fuxly(P) = 071G (P)

(4.5.13) o~

= 079 (P)
(4.5.16) e

= ELzézzgg 7G(P)
(3.6.1) o

~ szbzgzg ’G(P)
~0.

We now use that Cofib®(¢z) is stable in order to conclude that 7*(f) is an
equivalence. O
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Proof of Proposition 4.5.10. — From Lemma 4.5.18, we get a further factori-
sation

(4.5.19) i*: Cofib®(1x) — Cofib* (1)

of i*, namely the dashed arrow in (4.5.13). By construction, we have the
equivalence

T - .
7 Oy ZIdCoﬁbs(bz) .

e

The transformation idgpg (x) — ./ & furthermore induces a transformation

idCOﬁbS(bz) — %*5* .
It remains to show that the latter is an equivalence. Let M be an object of
Shg (X). We can choose an invariant entourage U of X containing the diagonal

such that M is a U-sheaf on X and a member Y of Y such that (Y, Z2) is a
U-covering family of X. By Lemma 3.2.30, we have an equivalence

M =789 (M) gt o Ie 0 (M) -

We must show that £ £x sends the projection

1O (M) Xy I3 (M) = 3779(M)

to an equivalence in Cofib®(1x). This is clear, since 5;(§ preserves fibre
X

products and sends the objects j¢7%C (M) and Ef/l;*G(M) (which belong to
the essential image of 7§) to zero objects in Cofib®(1x). O

4.6. Strong additivity. — Let X be a G-bornological coarse space, and let
(Y,Z) be a partition of X into invariant subsets. We say that (Y, Z) is a
coarsely disjoint decomposition if Y and Z are both unions of collections of
coarse components.

Let E: GBC — M be a functor with target an oo-category admitting an
initial object &.

DEFINITION 4.6.1. — FE is mp-excisive if for every G-bornological coarse space
X with a coarsely disjoint decomposition (Y, Z) the square

L]

o — FE(Z)
E(Y)—— E(X)
is a pushout square. ¢

Note that CATL™ and Cat’®® are pointed by the category 0 := A°. Let

OO0, % OQ,*

C be in Fun(BG,coPrE,*).
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LEMMA 4.6.2. — The functors Shg, Shg’cqsm and Vg are my-excisive.

Proof. — We consider a G-bornological coarse space X with a coarsely disjoint
decomposition (Y, Z).
We first consider the case of Shg. We have an isomorphism of posets

s:Px =Py xP;, B (BNY,BNZ).

Since C is left-exact, we have a product functor x: C x C — C. It induces
the functor denoted by the same symbol in

(4.6.3) Sh&(Y) x Sh§(2) Moy ShE(X) :

5 |
lim s Fun(PYP x PP, C) —— limpg PSh(X)

where the dotted arrow m is obtained by checking that the composition along
the lower left corner takes values in the subcategory of sheaves. As a conse-
quence of Lemma 3.2.30, we see that the functor m is an equivalence with in-
verse induced by the restrictions of sheaves along Py — Px and Pz — Px. We
now use that CATIO‘;”’fk is semi-additive (the CATIgff;—Version of Lemma 2.1.38)
in order to get the first equivalence in

(4.6.4) Sh&(Y)UShE(Z) = Sh(Y) x Sh&(Z) == Sh&(X) ,

showing that Shg is mp-excisive.

In order to get the result for Shg’eqsm7 we must check that m preserves
equivariantly small sheaves. But this is clear, since (by an inspection of Defi-
nition 3.4.25) the square

Sh&“F™ (V) U Sh& ™ (Z) —— Sh&™™ (X))

J |

Sh&(Y) UShE(Z) —=—— Sh&(X)

is a pullback.

The family (V') consisting of the single member Y is a big family (Defi-
nition 4.5.1). Then (Z,(Y)) is a complementary pair (Definition 4.5.4). By
Proposition 4.5.10 and using that V&(2) ~ 0 and VE(Y) ~ VE((Y)), we
obtain an excisive square

0
l 17, %

1y, «

VE(Y) —— VEX)

<
ad
XN
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in Catf;fx*, where iy : Y — X and iz: Z — X are the inclusions. It induces a
morphism
(4.6.5) VE(Y)UVE(Z) - VE(X) .

We want to show that this morphism is an equivalence in CatLCX To this end,
we show that this morphism is fully faithful and essentially surJectlve.

The map (4.6.5) is the localisation of (4.6.4). This shows that (4.6.5) is
essentially surjective.

We already know from Proposition 4.4.1 that the components ¢y, and iz .
of the morphism (4.6.5) are fully faithful. It remains to show that if M is in
Sh&(Y) and N is in Sh&(Z), then

Mapvg(x)(iy,*ﬁyM, iz)*éyN> >~ ok,
This is obvious from the formula (3.5.10), noting that
MapShG(X)(ZY*M VI Zz* N) >~ x

for all invariant coarse entourages V of X which contain the diagonal, since the
sheaves zy*M and V iz, ¢ . N have disjoint support. |

Consider a mp-excisive functor £: GBC — M. Let X be a G-bornological
coarse space with a coarsely disjoint decomposition (Y, Z). We can then define
a projection map as the composition

(4.6.6) py: B(X) E(Y)UEZ) 2 B(Y),

where gy is classified by the morphisms idgyy: E(Y) — E(Y) and 0: E(Z) —
E(Y).
Let (X;):cr be a family of G-bornological coarse spaces.

To—exc.
~

" X, to be

DEFINITION 4.6.7 ([18, Ex.2.16]). — We define the free union |_|zeI

the following G-bornological coarse space:

(1) The underlying G-set is the disjoint union of G-sets | |,.; X;
(2) The coarse structure is generated by entourages | J,.; U; for all families
(Ui)ier, where U; is in Cx, for every i in I.
(3) The bornology is generated by the set {B | B € By,,i € I} of subsets
of Uie] Xi. ¢
REMARK 4.6.8. — Note that in general, the free union |_|lr6e; X; of the family
(Xi)ier differs from the coproduct [], X; in GBC. The underlying G-sets
of the coproduct and the free union coincide. But the coarse structure of the
coproduct is generated by the set {U | U € Cx,,i € I'}. It is, in general, smaller
than the coarse structure of the free union. Furthermore, the bornology of the
coproduct is generated by the sets |J;; B; for all families (B;);cr with B; in
Bx,. In general, this bornology is bigger than the one of the free union. The

X, — |—|f_ree X; in GBC. ¢

identity of the underlying sets is a morphism [ | el

icl
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If E: GBC — M is my-excisive, then for every ig in I, we have the coarsely
disjoint decomposition of L]freef X into the invariant subsets X, and | ;e p\ 5y Xi»
and therefore a projection (see (4.6.6))

free

it B(| | Xi) = BE(X,,) -
i€l

The family of projections (p;);c; provides a map

free
(4.6.9) B(| | x) 22 T BCx) -
il iel
Consider a pointed oco-category M admitting all products indexed by sets
and a mg-excisive functor £: GBC — M.

DEFINITION 4.6.10 ([18, Ex. 3.12]). — FE is strongly additive if the maps (4.6.9)
are equivalences for all families (X;);e; of G-bornological coarse spaces. ¢

Let C be in Fun(BG, coPrBw*). By Lemma 4.6.2 and Proposition 2.1.12
(and its CATIggf‘*—version), Definition 4.6.10 applies to the functors
Sh&, Sh&™ and Vg,

PROPOSITION 4.6.11. — The functors Sh&, Shg’eqsm and V§ are strongly
additive.

Proof. — Let (X;)ier be a family of G-bornological coarse spaces and let X :=
free
Llier Xi-
We start with the functor ShG. We consider the entourage U := Ll Xi x
X, (note that U is not a coarse entourage of X in general). We then have an

equivalence

Sh&” (X) ~ [[ PShE (X))
i€l

given by the family of restrictions along the family of inclusions (X; — X);e;.
By an inspection of the definition of Sh& and Definition 4.6.7 (2), we conclude
that this equivalence restricts to an equivalence

Sh¢(X) ~ [[ Sh&(X,) -
el
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GL,eqsm
hC

Next we consider S . Using Lemma 3.4.32, we get a commutative square

ShG ™ (X) —— [I,c; ShG*®™(X;) .

| |

She (X) ——— [;c; ShE(X))
We must show that the upper horizontal arrow is an equivalence. Since the
vertical functors are also fully faithful, it suffices to show that it is essentially
surjective.

Let M be in Sh&(X) such that M,x, is an equivariantly small sheaf on
X, for every i in I. Then we must show that M is also equivariantly small.
Let H be a subgroup of GG, and let Y be an H-bounded subset of X. By
Definition 3.4.20, we can find a bounded subset B of X such that Y = HB.
In view of Definition 4.6.7 (3), the set Ip := {i € I | X; N B # @} is finite.
In view of Definition 4.6.7 (2), we see that (Y N X,);cr, is a coarsely disjoint
family of H-bounded subsets such that Y = (J;c;, ¥ N X;. We conclude that
M)~ [ Mx, (Y nX;) e e,

ielp

since the product is finite and each factor is cocompact in C* by assumption.
We conclude that

(4.6.12) Shg®™(X) ~ [[ Sh& ™ (X;) .
el

Finally, we consider V§. In order to show that

(4:6.13) V) - [ Ve
i€l

is an equivalence, we show that this functor is fully faithful and essentially
surjective. In fact, essential surjectivity immediately follows from the case of
Shg’eqsm. In order to prove fully faithfulness, we use the formula for mapping
spaces provided by Proposition 3.5.9.

Let M, N be equivariantly small sheaves on X. We then write M;, N; for
the restrictions of M, N to X;. For an invariant coarse entourage V' of X which
contains the diagonal, we set V; := V N (X; x X;) in C)G(;A. Then we have the
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chain of equivalences

Mapvg(x)(éxM, EXN)

(3.5.10)
~ Ohm MapShc(X)(M V N)
vecs
4.6.12
( ~ ) Cohm HMapShc eqsm(X )(Mz,VGN)
VEC icl
~ ] colim Mapgy,gcarm ) (Mi, VEN;)
icr Viees;® ' ’
(3 5 10)

HMapVG(X y(x, M;, Ux,N;) |

i€l

where for the marked equivalence, we use the definition of the coarse struc-
ture of the free union (Definition 4.6.7 (2)) and the fact that filtered colimits
distribute over products in spaces (see Definition 2.1.42 and Example 2.1.43).
This equivalence shows that (4.6.13) is fully faithful. O

5. Constructing coarse homology theories

This section describes constructions of equivariant coarse homology theo-
ries from the functor V& studied in the previous section. The first possibility
is to compose this functor with a homological functor, as in Definition 2.5.5.
The resulting coarse homology theory lacks the additional property of conti-
nuity which we introduce in Definition 5.1.2. In Section 5.1, we therefore first
apply the construction of forcing continuity in order to define an improved
functor Vg’c. Another path to an equivariant coarse homology theory pursued
in Section 5.2 is to apply the continuous version Vg of the functor V¢ to
G-bornological coarse spaces and to apply colimpg to the resulting left-exact
oo-categories with G-action. The resulting functor will be denoted by Vg 4.
In Section 5.3, we recall the notion of an equivariant coarse homology theory
and show that both Vg’c and V¢ ¢ induce equivariant coarse homology theo-
ries upon composition with a homological functor. Finally, in Section 5.4, we
determine the values of Vg’c and Vg  on certain G-bornological coarse spaces
arising from G-sets.

5.1. Forcing continuity. — Let X be a G-bornological coarse space, and let F’
be a subset of X.

DEFINITION 5.1.1 ([18, Def. 5.1]). — F is locally finite if for every bounded
subset B of X, the set BN F is finite. ¢

We let F(X) denote the poset of invariant locally finite subsets of X.
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Let E: GBC — M be a functor with a target admitting filtered colimits.

DEFINITION 5.1.2. — FE' is continuous if the canonical morphism
colim E(F)— E(X)
FEF(X)
is an equivalence for every G-bornological coarse space X. ¢

Let
i: GBC™ — GBC

be the inclusion of the full subcategory of G-bornological coarse spaces which
have the minimal bornology.

LEMMA 5.1.3. — The left Kan extension E€ of E oi along i

GBC™ Li M

l o Be

GBC

exists and is a continuous functor. The functor E is continuous if and only if
the canonical transformation E€ — E is an equivalence.

Proof. — The left Kan extension of F o i exists if and only if the colimit

colim EY)
Ye(GBCmb) ¢

exists in M for all G-bornological coarse spaces X. We claim that the functor
j: F(X) = (GBC™),x, Fw (F—X)

is cofinal. By Quillen’s Theorem A, it is enough to show that the slice (Y — X)/j
of this functor is weakly contractible for every object Y — X of (GBC™P) /X
Since the map Y — X is proper, its image is a locally finite subset of X,
showing that (Y — X)/j is nonempty. Any finite diagram in (Y — X)/j
involves only finitely many objects of (GBCmb) /x- As we have just seen, the
images of the respective reference maps are locally finite subsets of X, so we
obtain a cone of the given diagram by taking the union of all these images.
This shows that (Y — X)/j is filtered and hence weakly contractible.

Since F(X) is filtered and filtered colimits in M exist by assumption, we
conclude that E° exists. Furthermore, we have an equivalence

5.1.4 E°(X)~ colim E(F) .
(5.1.4) (X) Solim, (F)
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The canonical transformation E° — FE is given pointwise by the canonical
morphism

5.1.4
Ee(x) U3 )Fceo}ig})E(F) S E(X)

Hence FE is continuous if and only if £ — FE is an equivalence. Since ¢ is
fully faithful, we have E°o¢ ~ F oi. It follows that (E€)¢ ~ E€¢ so E€ is
continuous. ]

DEFINITION 5.1.5. — We say that the functor E€ is obtained from F by forcing
continuity. ¢

In the following, we show that if a functor E° is obtained from E by forcing
continuity, then it inherits various properties from FE.
Recall Definition 4.1.2 of coarse invariance.

LEMMA 5.1.6. — If E is coarsely invariant, then E€ is coarsely invariant.

Proof. — Let X be a G-bornological coarse space. We must show that the
projection {0, 1}maz,maz ® X — X induces an equivalence

E°({0, 1} maz,maz © X) = E°(X) .

The collection of subsets {0,1} x F of {0,1} x X for F' in F(X) is cofinal in
F({o, 1}maz,mam®X ). Therefore, we get the second equivalence in the following
chain:

G40 colim E(F")

F'eF({0,1}maz,maa®X)
~ 1' E 0 1 max,max F
colim B({0, 1}mazmaz © F)
4 colim E(F)
FeF(X)

GLY pecx) .

EC({Oa 1}maz,maz ® X)

The equivalence marked by ! follows from the coarse invariance of E. O
Recall Definition 4.3.1 of u-continuity.
LEMMA 5.1.7. — If E is u-continuous, then E° is u-continuous.

Proof. — Let X be a G-bornological coarse space. We must show that the
canonical morphism

colim E¢(Xy) — E4(X)
vec§
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is an equivalence. This follows from the following chain of equivalences:
. (5.1.4) . .
colim F°(Xy) =~ colim colim E(Fx,)
vec§ vec§ FEF(X)
~ colim colim F(F’
FeF(X)Uec§ (Fxv)

~ colim colim colim E(Fy)
FeF(X)vecq vecg
U

~ colim colim E(Fy)
FeF(X)vecg

& colim E(Fx)
FeF(X)

5.1.4

G perx) .

Here, F'x, denotes the G-bornological coarse space F' with the structure in-
duced from Xy. For the equivalences marked with !, we use that E is u-
continuous. For !! we use that

{(UV)|Ueck . VeCE, }=CE , (UV)=V
is cofinal. O

Let M be a semi-additive oco-category which in addition admits all small
filtered colimits, and consider a functor £: GBC — M. Recall Definition 4.2.6
of a flasqueness-preserving functor.

LEMMA 5.1.8. — If E preserves flasqueness, then so does E°.

Proof. — Assume that X is a flasque G-bornological coarse space with flasque-

ness implemented by f: X — X. If F is an invariant locally finite subset of

X, then F':= {J, oy f"(F) is also invariant and locally finite. Furthermore,

F is flasque with flasqueness implemented by the restriction f| 7 The map

F(X) = F(X), F — F is cofinal. This fact provides the second equivalence in
(5.1.4) ~

E¢(X) =~  colim E(F)~ colim E(F) .
FeF(X) FeF(X)

Since E(F) belongs to M for every F in F(X), M is closed under filtered
colimits, and since the poset F(X) of invariant locally finite subsets is filtered,
E¢(X) also belongs to M. O

Let P be some oo-category and E: GBC x P — M be a functor with M as
above. We let E° denote the functor obtained from E by forcing continuity in
the first variable. Recall Definition 4.2.11 and Definition 4.2.13 of a functorially
(pre-)flasqueness-preserving functor.
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LEMMA 5.1.9. —

(1) If E functorially preserves pre-flasqueness, then so does E°€.
(2) If E functorially preserves flasqueness, then so does E°.

Proof. — We give the argument for (1). Define FI""*(E)¢ as the following left
Kan extension:

FIP*™ (E)o(FIP* (3) xid —~
FI"*(GBC™) x P E)ITOXMe), £ (v

Flpre(i)xidpl M)

FI’"*(GBC) x P.

We let ®: FIP"*(GBC™) x P — End(M) denote the functor which sends
(X, f),P) to (E(X,P),E(f,P)). Since the functor e: ﬁ(M) — End(M)
from Definition 4.2.8 preserves colimits, the pointwise formula for left Kan
extensions implies that the composite ®¢ := eoFIP™(E)¢ is a left Kan extension
of the composite functor

1P™ (Yo (FIP™ (i) x idp )

FIP°(GBC™) x P © F1(M) % End(M) .

This implies that ®¢ is a left Kan extension of ® o (FIP™(¢) x idp) because
® ~ ¢ o FI"°(E). We have to show that ®¢: FI?*(GBC) x P — End(M) is
equivalent to the functor ¥ sending ((X, f), P) to (E°(X, P), E°(f, P)).

We consider the following diagram:

FIP"°(GBC™) x P

FIP™ (i) xidp Bo(FIP™ (i) xidp)
@C

FI”*(GBC) x P » End(M)

q GBC™ x P u
% W
GBC x P E $ M,

where the dotted arrows are defined as left Kan extensions. The universal
property of the left Kan extension F'¢ and the fact that u preserves colimits
provides a natural transformation

uo®® — Eoq.

We must check that this transformation is an equivalence. In view of the
pointwise formula for the left Kan extensions, this amounts to showing that for
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every P in P and (X, f) in FI?*(GBC), the morphism

colim u(®((F,g), P
((F.9)— (X, ) EFIPT*(GBC™) /(x ) (®((F9). P))

— colim E(F,P)
(F>X)E(GBC™)  x

is an equivalence. The argument given in the proof of Lemma 5.1.8 shows that
the functor ¢ induces a cofinal functor

FIP"°(GBC™) (x.5) — (GBC™) x .

Consequently, we can rewrite the morphism in question in the form

colim u(®(E)((F,g), P
((F,g)—>(X,f))GFlpre(GBCmb)NX’f) ( ( )(( ) ))

colim E(q(F,g),P) .
(F.9)=(X,f))EFIP*(GBC™) /(x, 1)
This is an equivalence, since

uod~ Fo(gxidp) .

Consequently, we also have u o ®¢ ~ E€oq. Since ® o (FI?*°(i) x idp) and ¥ o
(F1P*°(4) x idp) are equivalent, the universal property of the left Kan extension
also provides a natural transformation ®¢ — W. As wu is conservative, the
preceding argument shows that this transformation is an equivalence.
Assertion (2) is shown analogously. O

Let M be a pointed oco-category admitting finite coproducts, small filtered
colimits and small products. Recall Definition 4.6.1 and Definition 4.6.10 of
mo-excisiveness and strong additivity.

LEMMA 5.1.10. —

(1) If E is mo-excisive, then so is E°.
(2) If E is strongly additive and filtered colimits distribute over products in
M (see Definition 2.1.42), then E° is also strongly additive.

Proof. — We first show (1). Let X be a G-bornological coarse space with a
coarsely disjoint decomposition (Y, Z) into invariant subsets. For every invari-
ant locally finite subset F' of X, we get a partition (FNY,F N Z) of F into
coarsely disjoint invariant subsets. Since F is mg-excisive, we conclude that

E(F)~E(FNY)UE(FNZ).
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The formula (5.1.4) implies the equivalence
E¢(X)~E“(Y)UE“(2)

by taking the colimit over the poset F(X) of invariant locally finite subsets.
Here we use that the projection F(X) — F(Y), F — FNY is cofinal in order
to get the equivalence

colim F(FNY)~ colim E(F’)

FeF(X) FIeF(Y)
(and similarly for 7).

We now show (2). Let (X;);cr be a family of G-bornological coarse spaces
and set X := |_|1:r€e}3 X; (Definition 4.6.7). Then a subset F of X is locally finite
if and only if F'N X; is a locally finite subset of X; for every i in I. Hence we
have an isomorphism of posets F(X) = [[,.; F(X;) given by F' = (FNX;)ier.
It gives the first equivalence in the following chain:

(5.1.11)
colim [[E(FNX;) ~ colim [[EF) ~ colim E(F}) ,
Fer(X) iy (Fie] Lo, F&XD ieq jep Fier(X0)

while the second follows from the assumption that filtered colimits distribute
over products in M.

We have an isomorphism F 2 | "f(FN X,) in GBC. Using the assumption
that E is strongly additive, we get the marked equivalence in the following
commutative diagram

colimpe 7(x) E(F) — = 3 E¢(X)

(5.1.4)
i:

colimpe}-(x) HiEI E(F N Xz)

(5.1.11)J~

[Lie; colimp, e 7(x,) E(F3)

Hie[ EC(XZ)

=
(5.1.4)

We conclude that the right vertical morphism is an equivalence, as desired.
This implies Assertion (2). |

We consider a functor £F: GBC — M. Recall the notion of excisiveness
from Definition 4.5.6 and the notion of I-excisiveness (for M = Cat{;ffi) from
Definition 4.5.9.

LEMMA 5.1.12. — If E is excisive or l-excisive, then the same is true for E°.
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Proof. — Let X be a G-bornological coarse space with a complementary pair
(Z,Y). Then, for every invariant locally finite subset F' of X, we get a comple-
mentary pair (FNZ,FNY)on F. Hence

(5.1.13) ENZNY)—— E(Y)
E*(Z) —— E¢(X)

is the colimit over all invariant locally finite subsets F' of X of the following
pushout squares in M (or excisive squares in Catl™ : see Definition 2.5.2):

E(FNZNY)——E(FNY)
E(FNZ)——— E(Fx).

Here we use the assumption that E is excisive or l-excisive, respectively. Since
a filtered colimit of pushout squares (or excisive squares in Catgjjj;) is again a

pushout square (or excisive square in Catg.ff;; see Lemma 2.5.3), we conclude
that (5.1.13) is a pushout square (or an excisive square in Catf;g,’fk). O

We now apply the construction of forcing continuity to the functor V§
introduced in Definition 3.5.8. It is the evaluation at C of the two-variable
version V& from Eq. (3.6.9).

DEFINITION 5.1.14. — We define
V&e: GBC x Fun(BG, coPry ) — Caty
as the functor obtained from V& by forcing continuity in the first variable. ¢

We write Vg’c for the evaluation of this functor at a fixed object C in
Fun(BG,coPri*).

COROLLARY 5.1.15. — The functor V&° is
(1) coarsely invariant (Definition 4.1.2),
(2) u-continuous (Definition 4.5.1),
(3) l-excisive (Definition 4.5.9),
(4) (a) flasqueness preserving (Definition 4.2.6),
(b) functorially pre-flasqueness preserving (Definition 4.2.11),
¢) functorially flasqueness preserving (Definition 4.2.13),
(5) (a) mo-excisive (Definition 4.6.1),
(b) strongly additive (Definition 4.6.10) and
(6) continuous (Definition 5.1.2).
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Proof. — Coarse invariance holds by Lemmas 4.1.5 and 5.1.6, u-continuity by
Lemmas 4.3.3 and 5.1.7, and excision by Proposition 4.5.10 and Lemma 5.1.12.
The claims about the preservation of flasqueness are contained in Lemmas 4.2.16
and 5.1.8t05.1.9; mg-excision and strong additivity follow from Proposition 4.6.11
and Lemmas 4.6.2 and 5.1.10. Finally, continuity follows from Lemma 5.1.3. O

For future reference, we also record the following fact: Let X be a G-
bornological coarse space, and let C be in Fun(BG, coPrg,*).

LEMMA 5.1.16. — The canonical morphism Vg’C(X) — VE(X) is fully faith-
ful.

Proof. — Let F' be an invariant, locally finite subset of X. By Proposi-
tion 4.4.1, the inclusion F' — X induces a fully faithful functor
VE(F) = VE(X) .

Since a filtered colimit of fully faithful functors is fully faithful, we conclude
that
(5.1.4)

G,c . G G
VI(X) ~ FCEO}__I(I?() V&(F) = VE(X)
is fully faithful. O
5.2. The orbit theory. — The second construction of a coarse homology theory
from our categories of controlled objects starts from Vg = ng},c given by

the case of Definition 5.1.14 for the trivial group. If we apply this functor
to G-bornological coarse spaces and an object C of Fun(BG, coPri*), then
by functoriality, its values become left-exact oo-categories with G-action. In
Definition 5.2.12, we then define the functor V¢ by taking G-orbits, i.e. by
composing with the functor colimpg. In this section, we show that V¢ inherits
most of the properties established for Vg in Corollary 5.1.15.

Let M be a cocomplete co-category, P some auxiliary oo-category and con-
sider a functor £: BC x P — M.

DEFINITION 5.2.1. — We define the functor Fg as the composition
(5.2.2) GBC x Fun(BG,P) — Fun(BG,BC) x Fun(BG,P)
E, Fun(BG x BG,M) 22226, Fun(BG, M) 8086, Ny ¢

Let ev: Fun(BG, M) — M denote the evaluation functor (see (2.1.15)). For
P in Fun(BG,P) write Ep ¢ for the specialisation of Eg at P. The functor
Ep ¢ inherits various coarse properties from E(—,ev(P)).

Recall Definition 4.1.2 of the notion of coarse invariance.

LEMMA 5.2.3. — If E(—,ev(P)) is coarsely invariant, then Ep ¢ is coarsely
mvariant.
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Proof. — Let X be a G-bornological coarse space. We must show that the
projection

{07 1}mam,maa: &® X=X
induces an equivalence
EP,G({Oa l}m,am,mam & X) — EP,G(X) .

Since E(—,ev(P)) is coarsely invariant, and equivalences in Fun(BG, M) are
detected by the evaluation functor ev: Fun(BG,M) — M, the projection
induces an equivalence

E({0, }maz,maz @ X, P) = E(X, P)
in Fun(BG,M). Applying colimpq, we get the desired equivalence. a
Recall Definition 4.3.1 of u-continuity.
LEMMA 5.2.4. — If E(—,ev(P)) is u-continuous, then Ep g is u-continuous.

Proof. — Let X be a G-bornological coarse space. We must show that the
canonical morphism

colim Ep¢(Xy) = Epg(X)

vec§

is an equivalence. Since E(—, ev(P)) is u-continuous, the subposet of invariant
coarse entourages C§ is cofinal in Cx by Definition 3.3.1 (4) and the forgetful
functor Fun(BG, M) — M preserves colimits, we have an equivalence

colim E(Xy, P) = E(X, P)
vec§

in Fun(BG, M). Applying colimpg, we get the desired equivalence. a

Recall Definition 4.5.6 of excisiveness and Definition 4.5.9 of [-excisiveness
(for M = Catf;s,’i).

LEMMA 5.2.5. — If E(—,ev(P)) is excisive or l-excisive, then so is Epq.

Proof. — Let X be a G-bornological coarse space with a complementary pair
(Z,Y). By the assumption on E, the square

E(YynzZ,P)—— E(Z,P)

| |

E(Yy,P)—— E(X,P)
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is a pushout square (or excisive square in the case M = Catlggf‘*) in Fun(BG,M).
Applying colimpg produces the desired pushout square (or excisive square in
the case M = Catif”fk by Lemma 2.5.3)

EP’G(yﬁ Z) S EP’G(Z)

J J

Epg(Y) —— Epc(X)
in M. O

Recall Definition 4.2.6 of a flasqueness-preserving functor and Definition
4.2.13 of a functorially flasqueness-preserving functor.

LEMMA 5.2.6. — If E is functorially flasqueness preserving, then Eg is func-
torially flasqueness preserving.

Proof. — By assumption, F has an extension FI(E): FI(BC) x P — F1(M).
Let

Eeq: GBC x Fun(BG, P) — Fun(BG, M)

be the composition of the first three morphisms in (5.2.2) such that Eg ~
colimpg Eoq. Then Eqq induces a functor

®.,: FI(GBC) x Fun(BG,P) — Fun(BG, End(M))

sending (X, f), P) to (Eeq(X, P), Eeq(f, P)). We define F1(E)eq similarly. We
get the following diagram:

FI(E)eq colimpg

FI(GBC) x Fun(BG, P) — =% Fun(BG, FI(M)) —2E%, F|(M)
J |
d(M)

)

colimpg

Fun(BG,End(M)) —— En

where the left part commutes since FI(E) witnesses that E is functorially
flasqueness preserving (see (4.2.12)), and the right part commutes since the
two vertical functors preserve colimits. The commutativity of the outer part of
the diagram shows that F¢ is functorially flasqueness preserving. ]

Recall the functor ¢: GSet — GBC from (3.4.10) sending S to Spin,maz-
The orbit category GOrb is the full subcategory of GSet of transitive G-sets.
We call a G-bornological coarse space X bounded if X is a bounded subset of
itself. Consider a functor E': GBC — M with a cocomplete target.
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DEFINITION 5.2.7. — E’ is called hyperexcisive if for every G-set W and
bounded G-bornological coarse space X the morphism

(5.2.8) colim E’(S’mimmach ®X)— E'/(V[/,,m%magC ® X)
(5§—W)EGOTrb

is an equivalence. ¢

REMARK 5.2.9. — The equivalence in (5.2.8) can be rewritten as

H E/(Smin,mam ® X) =~ E/(Wmin,maz X X) )
Sew/G

i.e. a hyperexcisive functor is excisive for certain infinite coarsely disjoint de-
compositions. This property is nontrivial if W/G is infinite; otherwise, it follows
from mp-excisiveness (Definition 4.6.1). ¢

Consider again the situation that F is a functor BC x P — M and that P
is in Fun(BG, P).

LEMMA 5.2.10. — Assume that
(1) E(—,ev(P)) is continuous (Definition 5.1.2).
(2) E(—,ev(P)) is mo-excisive (Definition 4.6.1).

Then Ep ¢ is hyperezxcisive.

Proof. — Let X be a bounded G-bornological coarse space, and let W be a
G-set. Let GSet’ be the full subcategory of GSet of G-finite G-sets. Then we
have a commutative diagram

(5.2.11)

colim E(Rmin,maac ® X: eV(P)) —_— E(Wmin,max & X: eV(P))
(R—=W)eGSet] W

]

colim colim E(F,ev(P)) — colim E(F,ev(P))
(R—»W)EGSeth FE]—'(res?l} (Rmin,maz®X)) FE]—'(res{Gl}(Wmm,mm:@X))

(we omitted the symbol res?l} in the first argument of E in the upper line)
in which both vertical maps are equivalences by continuity of E(—,ev(P)).
Every locally finite subset of Wi,in maz ® X is contained in a subset of the form
R x X for some G-finite G-set R. Hence the lower horizontal arrow is induced
by a cofinal functor, and is thus also an equivalence. It follows that the top
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horizontal arrow is an equivalence. We have the sequence of equivalences

colim EG(Smin,maz ® Xa eV(P))
(S—=W)eGOrb,y

~ colim colim E(Smin,maz @ X,ev(P))
BG (S—W)eGOrb v

!
~ colim colim colim E(Smin,maz @ X,ev(P))
BG (RHW)EGSetJ;W (S—R)EGOrb R

; colim colim E(Rmin,maz @ X,ev(P))
BG (R—>W)€GSeth

m

~ EG(Wmin,max & X, eV(P)) ’

where the equivalence marked by ! follows from a cofinality consideration, the
equivalence marked by !! uses mp-excisiveness of F(—,ev(P)) and the equiva-
lence marked by !!! is the upper horizontal equivalence in (5.2.11). |

DEFINITION 5.2.12. — We define the functor

V¢ : GBC x Fun(BG, coPrl ) — CatL™
by applying Definition 5.2.1 to V¢ (the functor from Definition 5.1.14 in the
case of trivial G). ¢

In other words, V& sends a G-bornological coarse space X and an object C
in Fun(BG,coPrE’*) to the left-exact oo-category colimpg V& (X), where G
acts on both X and C. As in the case of the fixed-point theory, we write Vg 4

for the evaluation of this functor at a fixed object C in Fun(BG, coPrEy*).

COROLLARY 5.2.13. — The functor Vg  is
(1) coarsely invariant,
(2) u-continuous,
(3) l-excisive,
(4) flasqueness preserving and
(5) hyperezcisive.

Proof. — Coarse invariance holds by Corollary 5.1.15 (1) and Lemma 5.2.3,
u-continuity by Corollary 5.1.15 (2) and Lemma 5.2.4, and excision by Corol-
lary 5.1.15 (3) and Lemma 5.2.5. The functor V& ¢ is flasqueness preserving
by Corollary 5.1.15 (4c) and Lemma 5.2.6; it is hyperexcisive by Lemma 4.6.2,
Corollary 5.1.15 (6) and Lemma 5.2.10. O

5.3. Coarse homology theories from homological functors. — In the preceding
Section 5.1 and Section 5.2, we introduced the functors Vg’c and V%,G' In
the present section, we first recall the notion of a coarse homology theory in
Definition 5.3.2. We then show that postcomposing the functors above with a
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homological functor (see Definition 2.5.5) produces equivariant coarse homology
theories.

Consider a cocomplete stable co-category M, and let £: GBC — M be a
functor. Recall Definition 4.2.1 of a flasque G-bornological coarse space.

DEFINITION 5.3.1. — We say that E vanishes on flasques if E sends flasque
G-bornological coarse spaces to zero objects. ¢

Since M is stable, by Remark 4.2.7, this condition on F is actually equivalent
to the condition that F is flasqueness preserving.

DEFINITION 5.3.2 ([18, Def. 3.10]). — FE is called an equivariant coarse homol-
ogy theory if it is

(1) coarsely invariant (Definition 4.1.2),

(2) excisive (Definition 4.5.6),

(3) wu-continuous (Definition 4.3.1) and

(4) vanishes on flasques (Definition 5.3.1). ¢

If E is a coarse homology theory, then it may additionally be
(1) continuous (Definition 5.1.2),
(2) strongly additive (Definition 4.6.10) (where we must assume that M
has set-indexed products),

(3) strong (Definition 5.3.5 below) or

(4) hyperexcisive (Definition 5.2.7).
In the following, we recall the notion of strongness. In [18, Sec. 4.1] we have
constructed a universal equivariant coarse homology theory

Yo®: GBC — GSpX .

It has the universal property that precomposition by Yo® induces an equivalence
between the co-category of M-valued coarse homology theories (considered as
a subcategory of Fun(GBC, M)) and the co-category Fun®™(GSpX, M) of
colimit-preserving functors from GSpAXx” to M for any cocomplete stable co-
category M.

Let X be a G-bornological coarse space.

DEFINITION 5.3.3 ([18, Def. 4.17]). — We call X weakly flasque if it admits
an endomorphism f: X — X such that

(1) YOg(f) ~ idYoS(X)'
(2) f implements pre-flasqueness of X (see Definition 4.2.3). ¢

We say that f implements weak flasqueness of X.

REMARK 5.3.4. — For a flasque space (Definition 4.2.1), we require f to
be close to the identity. Weak flasqueness replaces this by assumption (1).
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Since Yo® is coarsely invariant, a flasque G-bornological coarse space is weakly
flasque. ¢

Let E: GBC — M be an equivariant coarse homology theory.

DEFINITION 5.3.5 ([18, Def. 4.18]). — We call E strong if it annihilates weakly
flasque bornological coarse spaces. ¢

REMARK 5.3.6. — The condition of FE being strong is important if one wants
to construct equivariant homology theories from equivariant coarse homology
theories by precomposing with the cone functor [18, Sec. 9]. Strongness of F
implies homotopy invariance of the composition. We refer to [18, Sec. 11.3] for
more details. ¢

The remainder of this section combines the results of preceding sections to
show that both Vg’c and Vg ¢ induce equivariant coarse homology theories.
We consider a functor
Hg: Catif”fk - M.
Recall the notion of a homological functor from Definition 2.5.5.

LEMMA 5.3.7. — If Hg is homological, then it annihilates flasques.

Proof. — Let (C,S) be in Fl(CatIgff;) (see Definition 4.2.8). Since Hg is ho-
mological and therefore additive, the relation S ~ ide +S implies Hg(S) ~
idgg(cy + Hg(S). Since M is stable and therefore additive, this in turn implies

that Hg(C) ~ 0 (Remark 4.2.7). O

We fix some functor
V: GBC — Cat}
and consider the composition

HgV :=HgoV: GBC - M.

LEMMA 5.3.8. — Assume that

(1) Vs
(a) coarsely invariant (Definition 4.1.2),
(b) l-excisive (Definition 4.5.9),
(¢c) u-continuous (Definition 4.3.1) and

(d) preserves flasques (Definition 4.2.6).

(2) Hg is homological (Definition 2.5.5).
Then the functor HgV: GBC — M is an equivariant coarse homology theory
(Definition 5.3.2).
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Proof. — First note that the target category M is stable and cocomplete since
it is the target of a homological functor. We show that the functor HgV has
the properties listed in Definition 5.3.2.

HgV is coarsely invariant since V is so.

HgV is excisive since V (being l-excisive) sends complementary pairs to
excisive squares in Cat{;ffi, and Hg (being homological) sends these squares
to pushout squares. At this point, we also employ that Hg (being homologi-
cal) preserves filtered colimits in order to justify the equivalence Hg'V()) ~
Hg(V(Y)) for every big family ) on a G-bornological coarse space (see (4.5.2)
for notation).

HgV is u-continuous since V is u-continuous by assumption, and Hg pre-
serves filtered colimits.

Hg V vanishes on flasques since V preserves flasques by assumption, and Hg
annihilates flasques by Lemma 5.3.7. g

We now discuss the additional properties a coarse homology could have.

LEMMA 5.3.9. — We retain the assumptions of Lemma 5.3.8.

(1) If V is continuous, then so is Hg'V (Definition 5.1.2).
(2) If V is hyperexcisive, then so is Hg'V (Definition 5.2.7).
(3) Assume that

(a) V is strongly additive (Definition 4.6.10).

(b) M admits set-indexed products.

(c) Hg preserves set-indexed products.

Then Hg'V is strongly additive.

Proof. — (1) and (2) follow from the fact that Hg preserves filtered colimits;
(3) is obvious. O

We finally discuss the condition of being strong, see Definition 5.3.5. Recall
Definition 4.2.11 of a functorially pre-flasqueness preserving functor. Since in
the following the auxiliary co-category P satisfies P ~ %, we just say that V is
pre-flasqueness preserving.

LEMMA 5.3.10. — We retain the assumptions of Lemma 5.3.8. If 'V is pre-
flasqueness preserving, then Hg'V is strong.

Proof. — We assume that X is a G-bornological coarse space and that f: X —
X implements weak flasqueness (Definition 5.3.3). Since V is pre-flasqueness-
preserving, we have an endofunctor S: V(X) — V(X) such that

We apply Hg and use (2.5.13) in order to conclude that
(5.3.11) idngvn + Hg V(F) o Hg(S) = He(S)
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Since by assumption on (X, f) we have an equivalence Yo (f) =~ idyos(x), and
since Hg 'V is a coarse homology theory, we have Hg V(f) ~ idgg v(x). Hence,
(5.3.11) yields an equivalence

idpg v(x) +Hg(S) ~ Hg(S) ,

which implies that Hg V(X) ~ 0, since M is stable and hence additive (see
Remark 4.2.7). O

Let Hg: Cat’™ — M be a functor, and let C be in Fun(BG,coPrE‘y*).

00, %

Recall the functor Vg’c from Definition 5.1.14.

COROLLARY 5.3.12. — If Hg is a homological functor, then Hng’C is an
equivariant coarse homology theory which in addition is

(1) strong,

(2) continuous and

(3) strongly additive (provided M admits set-indexed products and Hg pre-
serves set-indexed products).

Proof. — The first assertion follows from Lemma 5.3.8 together with Corol-
lary 5.1.15. For (1) we use Corollary 5.1.15 and Lemma 5.3.10. For (2) and (3)
we use Corollary 5.1.15 and Lemma 5.3.9. g

Recall the functor Vg o from Definition 5.2.12.

COROLLARY 5.3.13. — If Hg is a homological functor, then Hg V¢ o is an
equivariant coarse homology theory which in addition is

(1) hyperezcisive and

(2) strong.
Proof. — This follows from Corollary 5.2.13 together with Lemmas 5.3.8
to 5.3.10. O
5.4. Calculations. — In this section, we calculate the values of the functors

Vg.¢ and Vg’c (see Definitions 5.1.14 and 5.2.12) on certain G-bornological
coarse spaces. By restriction from G-sets to G-orbits, the functor GSet —
GBC from (3.4.10) gives rise to the functor

(5.4.1) i: GOrb — GBC , S — Snin,maz -

Proposition 5.4.5 gives an intrinsic description of the functor V¢ 4 o with-
out reference to G-bornological coarse spaces. Moreover, we show in Corol-
lary 5.4.21 that Vg’c gives rise to the same functor on the orbit category if we
apply it to the tensor product of the G-orbit with the G-bornological coarse
space Gean,min from Example 3.4.12. This result is an essential ingredient in
the proof of Theorem 7.1.8 below.
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Since Catgsf‘* is cocomplete by Proposition 2.1.12, we have an adjunction
(5.4.2) Ind®: Fun(BG, Cat{;f”i) = Fun(GOrb,Cat];f”;) : Res® |

where Res” := j* is the restriction functor along j: BG — GOrb from (1.1.2)
and Ind® := ji is the left Kan extension functor along j.

REMARK 5.4.3. — For a subgroup H of G we consider the transitive G-set
G/H. We then have an equivalence of categories BH = BG /(q/ )y which sends
the unique object xgg of BH to the projection G — G/H and the element h
in H = Autpy (*pm) to the automorphism of (G — G/H) in BG ¢/ m) given
by right-multiplication on G with h=!. If C is in Fun(BG, Cat{.‘fji), then the

pointwise formula for the left Kan extension provides the first equivalence in

5.4.4 Ind“(C)(G/H) ~ colim C ~ colimRes% C ,
(5.4.0) (©(G/H) = jgolim € = colim Res§

where the second equivalence uses the equivalence of index categories discussed
above. ¢

Let (—)“: coPrX, — Catgfy’; be the functor taking the subcategory of

w,*

cocompact objects (Definition 2.1.8). By postcomposition, it induces a functor
Fun(BG, coPrg*) — Fun(BG, Catf;ffi) , C—C¥.

Let C be in Fun(BG, coPrS’*)7 and recall the definition of the functor Vg 4
from Definition 5.2.12.

PROPOSITION 5.4.5. — There is an equivalence
(5.4.6) Ind“(C¥) ~ Vg g oi
of functors GOrb — Catg.ff;.
Proof. — We consider the functors
Shc eq, Shiitn, VE oy GOrb — Fun(BG, CATLY)

(note that the last two actually take values in Catlgﬁf;) defined as the compo-
sitions (compare with the first three morphisms in (5.2.2))

GOrb = GOrb x * *; GBC x Fun(BG, coPr} )
— Fun(BG x BG,BC x coPr} )
19856, pun(BG, BC x coPrt )

ShSVTTVY, Fun(BG, CATLY)
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sending a transitive G-set S to Shc(Sminmaz), Sha (Sminmaez) and
V& (Smin,maz), respectively, each equipped with the conjugation action of G.
We first show that there is an equivalence

(5.4.7) Vegoix~ C%liGm oShqu;I:;1 .

Since the functor i: GOrb — GBC equips the transitive G-sets with the min-

imal coarse structure, the localisation morphism ¢: Sh§™ — V¢ induces an
equivalence
(5.4.8) Sh{*™o res?l} 0i~Vgo resﬁ} 01

(see Example 3.5.13, and recall that we omit writng Res?l} in front of C, but
we do not omit res?l} at the space variables).

Let S be a transitive G-set. Using (5.4.8), the left vertical equivalence in
the square (3.4.67) and the equivalence (5.1.4), we identify the transformation

VE‘J (res?l} Smin,max) — VC (I'GS?I} Smin,max)
with the canonical map
i CY—=l]cC~.
PSR, il
Since the latter is obviously an equlvalence, we obtain the first equivalence in
5.4.8
(5.4.9) Vgo res?l} oi~Vgo res?l} 0i P&V Sh™o res?l} 01 .
We now take the G-actions on S and C into account, which, by functoriality,

induce G-actions on the two sides of this equivalence. We therefore have an
equivalence

(5.4.10) Goq = SHEE

Applying colimpe and Definition 5.2.12 of V& 4 for the first equivalence, we
get the chain of equivalences

_ _ (5.4.10)
(5.4.11) Vg goi c%lgn VGeg = C%hc;m oShg',
showing (5.4.7).
The functor corresponding to Shy',' by the exponential law is given by the
composition

She™, : GOrb x BG {29, BC x Catle ™, Catle

where pr: GOrbx BG — BG is the projection and a: GOrbx BG — BC is the
functor sending objects (S, *pg) to res?l} Smin.maz and morphisms (S i) S’
*BG i> *BG) to

res?l} Simin,maz ﬂ) res{l} S’

min ,max mzn maxr *

RN res{l} S,
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Consider the functor p := (j,id): BG — GOrb x BG and the projection
7m: GOrbx BG — GOrb. We then have the following diagram (the left triangle
commutes, and the two fillers 7 and o, which are not necessarily equivalences,
will be explained below):

o
BG
p T
Sheley
i GOrb x BG —= Cat %,
GOrb

] eqsm
colimpg OShc,eq

In the following, we use the subscript ! to denote left Kan extension functors.
There is an obvious canonical natural transformation o exhibiting
colimpg oSh) as a left Kan extension of Sh%, along 7, i.e. we have

an equivalence

(5.4.12) colim oShghr =~ mShhy, .

Using Remark 5.4.3, we see that the functor o p: BG — BC sends *pg to
res?l} Gmin,maer and a morphism ¢ in G = Autpe(*pg) to the conjugation
by g on res?l} Gmin,maz- Since conjugation fixes the identity element, the

inclusion of the identity element i.: * = {e} — res%} G min,mae induces a
natural transformation

S ie,* 3
7: C¥ =~ ShEf™ (x) ““% ShE™ o p

of functors BG — Cat%®* . We claim that it exhibits Shy as the left Kan

it
extension of C“ along p, i.e. that 7 induces an equivalence

(5.4.13) pC¥ ~ ShE™,
Since 7 o p = j, the claim implies the desired equivalence (5.4.6) by
5.4.13 .
Ind?(C*) ~ jiC* ~ mpC* o2 mSh
(G412) . eqsm (5-47) .
~ c%hcmoSh(;eq ~ Vggoi.

It remains to show the claim. We need to check for each transitive G-set S
that the induced morphism

T(S)I colim C¥ — Sh(éqscm/(s, *BG) =~ Shi‘(}lsm(res{gl} Smln maz)
P/(S.*pG) e ’
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is an equivalence, where p,(g ) is shorthand for BG xgorbxpg (GOrb x
BG)(s,%), with p being implicitly used in the pullback construction. The set
of objects of the category p/(s +) can be identified with the set S x G such that

(s,g) corresponds to the pair (xpa, (G <=5 S,%pe % *pg)). A morphism
(5,9) — (s',¢") exists (and is then unique) if and only if ¢’g~'s’ = s. Conse-
quently, the functor S — p/(g .y sending s in S to the object (s, e) is an inverse
to the projection functor p/(S,*) — S. This explicit inverse induces the left
vertical equivalence in the commutative diagram

(S
COhmp/(Sy*) Ccv Q Shglsm(reS{Gl} Smin,maz)

ses
HS va

where ig: {s} — res?l} Smin,maz denotes the inclusion maps. The diagonal

arrow is an equivalence by Lemma 3.4.66, so 7(S) is an equivalence for all
transitive (G-sets S. This finishes the proof of the claim. O

Let C be in Fun(BG, coPrEﬁ*). Recall the G-bornological coarse space
Gcan,min from Example 3.4.12. Recall also the idempotent completion functor
Idem from (2.1.27).

PROPOSITION 5.4.14. — There are equivalences
G,c
Idem VC (Gcan,min & (_)min,max) ~ Idem Vg (Gcan,min ® (_)min,maac)
(5.4.15) ~ SHE((=), )

of functors GSet — CatLex

Proof. — Let X be a G-set. Denote by 7: Gean @ Xmin — Xmin the projection
and by ¢: Goin @ Ximin — Gean ® Xmin the morphism of G-coarse spaces
induced by the identity of the underlying G-sets. Then we get the solid part
of the following commutative diagram:

(5416) Shc reS{l} szn

comd
,(3.4.69) \

ShG( min & Xmm *> ShG can & Xmm *) ShG min)

.‘»(
ZG7nin®Xmin lw J{eccaﬂ ®Xmin = /\
et P

vg(szn & Xmin) L**> vg (Gcan & szn)
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The left square is a case of (3.6.1), and the commutativity of the upper square
can be reduced to the upper right triangle in (3.4.50). The arrow {¢_ . ox
is an equivalence by Example 3.5.13.

In order to get the dotted arrow p and the corresponding triangle, we use
the universal property of /g... ©x,.,, and the fact that 7¢ sends the morphisms
M — VEM to identity morphisms for every equivariantly small sheaf M on
Gean ® Xomin and invariant coarse entourage V' of Geupn ® Xnin containing the
diagonal.

The whole diagram (5.4.16) is natural in the G-set X.

By Remark 3.4.65, we know that Sh$(X,,:,) is an object of coPri* and
therefore has a well-defined notion of cocompact objects. Further note that if G
is not finite, then 7 does not induce a morphism of G-bornological coarse spaces
from Gean,min ® Xmin,maz 10 Xmin,maz, since this projection is not proper. We
nevertheless can show that 7 restricts to a functor

min

(5417) %S,eqsm: Shg’eqsm(Gcan,min & Xmin,max) — Shg (Xmin)w .

Let M be an equivariantly small sheaf on Gcon min @ Xmin,maz- By Proposi-
tion 3.4.73, M is a cocompact object in PSh&(G x X).

Since the functor PSh& (G x X) — PSh&(X) induced by 7 is a morphism in
coPr® it preserves cocompact objects, and we have 7¢ (M) € PShS(X)~.

W,k
Since the inclusion Sh&(X,nin) — PShE(X) clearly detects cocompactness,
we conclude that 7¢ (M) € ShS (X nim)“.

We consider the morphism v Grin,min @ Xmin,maz = Gean,min @ Xmin,maz
in GBC and note that 7¥ preserves equivariantly small objects by Lemma 3.4.28.
By restricting the dlagram in (5.4.16) to equivariantly small objects, using
the equivalence in (3.4.68) for the upper corner and the second assertion of
Corollary 3.4.49, we get the following commutative diagram:

She( res{l} Xonin)® coind®
/E‘m\' \
G ,eqsm

G,eqsm G, eqsm
Shc (Gmm min ® Xmin maa“) *) Sh (‘an min & Xmin, m(w *) ShC m7n)w

{ J/

Vg(Gmin,min ® Xmin,maz) % Vg(Gcan,min & XminA,maz)v

(5.4.18)

which is natural in the G-set X. In the next step, we construct a factorisation
of 1, over the canonical morphism ¢ as indicated by the dotted arrow in the
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following diagram:

(5.4.19)

GL,eqsm ~ G
Shc (Gmin,min X Xmin,max) —_— VC(Gmin,min X Xmin,max) .

A
Lx

[
[
! Vg (Gcan,min & Xmin,maz)
[
[
I

G,eqsm,c G,c
ShC (Gmin,min ® Xmin,mam) - == VC (Gcan,min ® Xmin,ma:c)

We first observe that the dashed arrows exist and the diagram commutes for
obvious reasons. It now suffices to show that the dashed vertical arrow is an
equivalence. In order to see this, note that every invariant locally finite subset
of Gpin,min @ Xmin,mae is isomorphic in GBC to the image of Gpin,min @
Frin,mag for some finite subset F' of X (equipped with the trivial G-action)
under the map (g, f) — (g,9f). By the first assertion of Lemma 3.4.70, we
obtain the vertical equivalences in the following commutative diagram:

. GL,eqsm G.eqsm
COhranX finite Shc (Gmin,min ® Fmin,maz) e Shc (szn,mzn & Xmin,maz)

; ]

. eqsm eqsm
colimpc x finite She (rcs{Gl} Frinmaz) ——— Sh (rcs{Gl} KXomin,maz)-

By Lemma 3.4.66, the lower horizontal arrow is evidently an equivalence.
Hence, the upper horizontal morphism is the desired equivalence

G,eqsm,c o~ G,eqsm
ShC (Gmin,min & Xmin,maa:) — Shc (Gmin,min ® Xmin,maw) .

The morphism 7 in (5.4.19) is fully faithful by Lemma 5.1.16. We show that
p in (5.4.18) is fully faithful, too. Indeed, for equivariantly small sheaves M, N
on Gegn,min ® Xmin,maz, We have the following chain of equivalences:

Mapvg(Gmn,mm@)(mm,mm) (€M, EN)
(3.5.10)

~ colim  Mappghg(axx) (M, VON)
VECG ian®Xmin
(3.1.16) ) .
~ 7 golim - Mappgng gy (V “M,N)
ccG

Gean®Xmin

! . %
~ Mappshg xx) lim V*C M, N)

G,A
VeCa, un®X min
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I .G
= MapPShg(GxX)(ﬂ- CrIM,N)
(3.1.5) ~ ~
MapPShg(X)(WfM» WEN)

"

~ Mapshg (Xmin)® (p(M)a p(N))

The equivalence marked by ! holds because N is cocompact in PShG(G x X)
by Proposition 3.4.73 (note that PSh& (G x X) ~ PShZ(Gean.min @ Xmin.maz)
by convention). For the equivalence marked by !, we observe that for every
subset B of G x X the family (V[B])Vecc a is a U-covering family of

Gean®Xmin

G x m(B) = 71 (n(B)) for every entourage U of Gean @ Xpmin. Using that M
is a sheaf, it follows that the natural transformation V[-] — 7=% o w(—) of
endofunctors of the power set Paw« x induces an equivalence

M = lim VG .

G, A
VecGraﬂ ®Xmin

Finally, the equivalence marked by !!! follows from the definition of p.

We now apply the functor Idem to (5.4.18), contract its middle line and use
(3.4.72) in order to see that the left column consists of idempotent complete
categories. Furthermore, we apply Idem to the right triangle of (5.4.19). The
combination of the resulting two commutative diagrams yields the commutative

diagram
~ ShC reb{l} m”l comd?’l}
asm (3.4.71)
G Jeqsm "(‘

Shg,cqsm (Gmin,min ® Xmin,maz) ShG m'm,)w

:l W)

Ly
Vg(Gmin,min ® Xmin,maw) ——  Idem Vg(Gcan min & szn maz

\ TIdem(i)

Idem Vg’c (Gcan,min & X’m’in,*maz ) .

(5.4.20)

which is natural in the G-set X.

By Lemma 2.1.28 the functors Idem(p) and Idem(:) are again fully faithful
inclusions of idempotent complete subcategories. By the second assertion of
Corollary 3.4.49, the functor coind?l’f generates Shg(Xmm)‘*’ under finite lim-
its and retracts. By the commutativity of (5.4.20), we can then conclude that
the functors Idem(p) and Idem(p) o Idem(i) are essentially surjective. Hence
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we have the asserted natural equivalences
Idem(%)

Idem VE(Geanmin @ Xminmaz) = 1dem VE(Geanmin @ Xmin.maz)
B SRS (X, )
O
COROLLARY 5.4.21. — There are equivalences
Idem VE(G ean.min @ (=) minmaz) = Idem VE(Cean min @ (=)min.maz)
(5.4.22) ~ Ve g oi(-)

of functors GOrb — Cati‘ffi.

Proof. — Let ¢: BG°® — BG be the inversion functor. We use the notation
introduced in the proof of Proposition 5.4.5. Since ¢ is an equivalence, we have
the first equivalence in the chain
G " . L (2131 w

(5.4.23)  Sh&((—)min)” =~ (élg}p t*Shg eq(—)) ~ C(])Slgn Shc eq(—)” .
We furthermore have equivalences

W (3:468) oo
(5.4.24) Shc eq(—) ~ Shc(:l,eq(*)

Applying colimpg, we get the second equivalence in

(5.4.10) c
= VC,eq(i) :

» (5:4.23)

(5.4.25) Sh&((—)min)*  ~ colim She,eq(—)* =~ Vg g 0i(-) -

Combining the equivalence (5.4.25) with (5.4.15), we get (5.4.22). O

6. Transfers

In this section, we extend the construction of Vg in order to capture not
only its covariant functoriality for morphisms in GBC but also the contravari-
ant functoriality for coverings and the compatibility among these operations.
Technically, this is accomplished by extending the functor to the co-category
GBC;, of bornological coarse spaces with transfers along the inclusion

t: GBC = GBCy, .

The oco-category GBCy, was introduced in [20, Def. 2.24] as the co-category of
spans

X/
f
N\
X Y.

in which X, X’ and Y are G-bornological coarse spaces, g is a covering (see
Definition 3.4.16) and f is a morphism of bornological coarse spaces which is
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also bornological. We will use the equivalent description of this category given
in Definition 6.2.35 below (see also Remark 6.2.36).

6.1. Overview and first applications. — Let F: GBC — M be a functor.

DEFINITION 6.1.1. — FE admits transfers if there exists a functor

FEy: GBCy, - M
and an equivalence Fi, ot~ E. ¢
REMARK 6.1.2. — Assuming that M is cocomplete, one could consider the left
Kan extension (1E: GBCy, — M of E along «. But in general, the morphism

E — *u1FE is not an equivalence, since ¢ is not fully faithful. So the problem
of showing that F admits transfers does not have such a trivial solution. ¢

Recall the functor V& from (3.6.9). The following is the main result of this
section; it will be shown in Section 6.2.

THEOREM 6.1.3. — There exists a functor VS such that the following diagram
commutes:
G
GBC x Fun(BG, coPrE,*) — v Catif?fk

vxid

GBC;, x Fun(BG, coPrg,*)

In particular, Vg admits transfers for every C in Fun(BG, coPrsy*).

As a consequence of Theorem 6.1.3, we then also derive the following;:
COROLLARY 6.1.4. — The functor Vg’c admits transfers, and so does the com-
position Hg ng,c for any functor Hg: Cat];oeffk — M.

The existence of transfers is an ingredient of the proof of Theorem 7.1.8.
As an aside, let us already record an easier consequence of the existence of
transfers: they induce change of groups-functors.

More precisely, let H be a subgroup of GG and consider the left adjoint

HSet — GSet, T+—GxygT

of the canonical restriction functor res% : GSet — HSet. As explained in [19,
Sec. 4], this functor refines to a functor

ind%: HBC — GBC

by sending an H-bornological coarse space X to the G-bornological coarse space
Indg(X ), whose underlying set is the induced G-set and whose bornological
coarse structure is given as follows:
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(1) The bornology is generated by the images of sets of the form {g} x B
under the multiplication map G x X — G x g X, where g is any element
of G and B is a bounded subset of X.

(2) The coarse structure is generated by the images of sets of the form
diag(G) x U under the multiplication map G x X — G xg X, where
U is any coarse entourage of X.

The canonical map cy: indg res$(X) — X, [g,2] — g, given by the counit
on the level of G-sets, is not a morphism of G-bornological coarse spaces in
general. We do, however, have the following:

LEMMA 6.1.5. — The canonical map cx : ind$ resG(X) — X is a covering.

Proof. — We have a commutative diagram

indg res$ (X) M; (G/H)min,min @ X

o

X// Prx

X

in GBC. By Example 3.4.18, the projection pry is a covering. (|

Hence, if E: GBC — M is a functor which admits transfers, a choice of
extension Ei, induces a natural transformation

c: B — EOindgorest

given by ¢ = (¢%)xecBC-

REMARK 6.1.6. — Classical examples of equivariant coarse homology theories
often come as families (E')g indexed by the subgroups of G together with
comparison maps E¢ — Ef o resg, where EH is an H-equivariant coarse
homology theory (see, e.g. [18, Sec. 8.5] or [16, Sec. 11] for equivariant coarse
algebraic or coarse topological K-theory, respectively).

Transfers for the functor £: GBC — M can be considered as a generalisa-
tion of this structure. Indeed, we can define functors E¥ := Eoind$: HBC —
M for all subgroups H of G. The choice of the extension E}, then provides the

comparison maps E¢ — EH o resf[. ¢
6.2. Existence of transfers. — This section is devoted to the proof of Theo-

rem 6.1.3. It is based on Barwick’s formalism of Burnside categories [9], which

allows us to give a coherent description of how the transfers interact with the
. . 9. G,c

covariant functoriality of V3°.
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The composition of the functor Sh™% from (3.3.13) with the inclusion
coPrE — CAT, and op: CAT,, — CAT,, gives rise to a cocartesian fi-
bration

—~10,G
(6.2.1) s™:Sh ~ — GCoarse X Fun(BG,coPri*)

which classifies the functor (X, C) — Shg"’G(X )°P. Taking the opposite cate-
gory in the target is motivated by the following:

LEMMA 6.2.2. — s™ is also a cartesian fibration.

Proof. — The opposite of s™, i.e. the map

=>m0,G,0op

(6.2.3) s"°P: Sh — GCoarse” x Fun(BG,coPrB)*)Op,

is a cartesian fibration classifying Sh™“ as a contravariant functor, but such that
the fibre over (X, C) is equivalent to Shg‘“G(X ). In this picture, the functors f&
for morphisms f in GCoarse and ¢ for morphisms ¢ in Fun(BG, coPrE,*) have
left adjoints. For f this follows from Corollary 3.2.26, and for ¢ we use Corol-
lary 3.2.23. By Lurie [37, Cor. 5.2.2.5], s™°P is also a cocartesian fibration. In
particular, its opposite s™ is also both cartesian and cocartesian. O

The subfunctor Sh® (see (3.3.15)) of Sh™% gives rise to a cocartesian
subfibration of s7°:

Pe.
(6.2.4) s: Sh  — GCoarse x Fun(BG,coPri*) .

For a morphism f of G-coarse spaces, the induced morphism f*G on sheaves
has a left adjoint only under additional conditions (e.g. if f is a coarse covering;
see Lemma 3.3.19). Similarly, for a morphism ¢ in Fun(BG,coPri*), the

induced morphism ¢% on sheaves is a morphism in CATI(;S‘* and not expected

to have a left adjoint, except if it is an equivalence. In order to capture this
situation, we will employ Barwick’s effective Burnside category formalism. To
this end we recall some terminology from [9, Sec. 5].

DEFINITION 6.2.5. — A triple is an oco-category D together with two subcat-
egories Dy and DT of D, both of which contain the maximal Kan complex iD
of D. ¢

Let (D,Ds, D) be a triple.

(1) The morphisms in Dy are called ingressive and will be depicted by the
symbol —.

(2) The morphisms in DT are called egressive and will be depicted by the
symbol —».

Let (D, Dy, D) be a triple.
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DEFINITION 6.2.6. — (D, Dy, D) is called adequate if every diagram
X/

Ye—— X

in D can be completed to a pullback square

(6.2.7) Y X/

|

Ye— X
in D. ¢

Pullback squares of the form (6.2.7) are called ambigressive squares. We will
often say that a square is ambigressive in D, understanding that this refers to
a given triple structure on D.

Let GCoarse' be the wide subcategory of GCoarse of coarse coverings
(Definition 3.3.16), and set GCoarse; := GCoarse. Then we set

D := GCoarse x Fun(BG, coPrE,*)
D; := GCoarse; x Fun(BG, coPrUPjﬂ*)
D' := GCoarse' x z'Fun(BG,coPrE’*) .

So we have D; = D, and a morphism (f, ) in D belongs to DT if and only if
f is a coarse covering and ¢ is an equivalence.

LEMMA 6.2.8. — The following triples are adequate:

(1) (GCoarse, GCoarsey, GCoarse');
(2) (Fun(BG, coPrg*), Fun(BG, coPrg,*), 1 Fun(BG, coPrg*));
(3) (D,Dy,DT).

Proof. — We use that GCoarse and Fun(BG, coPri*) admit pullbacks and
that a pullback of a coarse covering or an equivalence is again a coarse covering
([20, Lem. 2.11]) or an equivalence, respectively. a

LEMMA 6.2.9. —
G
(1) The projection Sh x Dy — Dy is a cocartesian fibration.
D

—~G
(2) The projection Sh- x Dt — DT is a cartesian fibration.
D

Proof. — The map in (1) is equivalent to the cocartesian fibration s. For (2),
—~10,G
we first observe, using Lemma 6.2.2, that Sh 7 x D — D' is the pullback of

D
a cartesian fibration and hence itself cartesian. We then use that the cartesian
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—~G
lifts of coarse coverings preserve the category Sh by the existence of left
adjoints asserted in Lemma 3.3.19 and that we restricted to the maximal Kan
complex in the second factor of D. O

—~G —~G TR
We define Sh; :=Sh xpDj and let Sh f be the subcategory of cartesian
morphisms in

G
Sh™ xp D' - DT .
~G ~G ~G,
PROPOSITION 6.2.10. — The triple (Sh ,Shy ,Sh ) is adequate, and the

map of triples

G ~G —~G,
(6.2.11) (s,51,57): (Sh”,Sh;,Sh"") = (D, Dy, DY)

preserves ambigressive squares.

The proof of the proposition will be prepared by some intermediate results.
We fix C in Fun(BG, coPri*) and consider the specialisation

—~G
(6.2.12) sc: She — GCoarse

of s at C in the second factor of the target. We will similarly write

~G sl
sc,t: Shg ; — GCoarse and STC: Shg — GCoarse! .

Let
(6.2.13) M2 N
ul Jw'
[
M2 N

—~G
be a square in Shg.

LEMMA 6.2.14. — Assume that

(1) The square (6.2.13) covers an ambigressive square in GCoarse.
(2) ¢ is cocartesian.
(3) ¢ is cartesian.

Then ¢’ is cocartesian if and only if ¢ is cartesian.

Proof. — By (1), the square covers a pullback square

V2w
oo
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in GCoarse such that v and w are coarse coverings. By (2) and (3), we get
the following situation:

6.2.15 Lo+ G \f S22 GG prog+G f ,
gs
l Wry 3.3.28
M N s L7o@*C fC M
wl Jw' J{cart
M ¢ N = oM

where the dotted arrows are obtained from the universal properties of the
cartesian or cocartesian maps, as indicated. The composition of the two dot-
ted arrows is the comparison morphism from Corollary 3.3.28, which has the
indicated direction since the upper right triangle in (6.2.15) lives in the fibre
Sh&(W)°P of s over (W, C) (recall the definition (6.2.1) of s™, which involved
taking fibrewise opposites).

If ¢’ is cocartesian or 1)’ is cartesian, then one of the dotted arrows is an
equivalence and hence the other is an equivalence, too. O

The following assertion is a general fact about an inner fibration in Cat,,
but for concreteness, we formulate it for sc. We consider again a square of the

PWe!
shape (6.2.13) in Sh.

LEMMA 6.2.16. — Assume that

(1) % is cartesian.
(2) ¢’ is cartesian.
(3) The square (6.2.13) covers a pullback square in GCoarse.

Then (6.2.13) is a pullback square.

Proof. — We contract the notation for mapping spaces Mapg(—, —) to E(—, —).
We further contract GCoarse to GC. Then we have the following chain of
equivalences of spaces:

—~ G

She (P, M')

Y Shi (P, M) x GC(so(P /

~ Shq(P, sc(P),sc(M))
GC(sc(P),sc(M))

2) ~G

~ Shg(P, M) x GC(sc(P),sc(M))
GC(sc(P),sc(M))

X GC(sc(P),sc(N"))
GC(sc(P),sc(N))
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3
Y She (P, M) x GC(sc(P), sc(N')
GC(sc(P),sc(N))
(4) —~ G ,
~ ShC(P M) x  Shg(P,N) X GC(sc(P),sc(N")
S GC(sc(P).sc(N))
) a3 ~G ,
2 She(P,M) x  Sha(P,N).
Shg(P,N)
The equivalence marked by (1) expresses the assumption that 1 is cartesian.
The equivalence marked by (2) follows from the isomorphism
Sc(M/)gSc(M) X Sc(N/)
sc(N)
in GC, which holds by assumption (3). For the equivalence marked by (3), we
just cancelled the factor GC(sc(P),sc(M)), and for the equivalence marked

by (4), we introduced the factor @g(P, N). The equivalence marked by (5)
expresses the assumption that 1)’ is cartesian. The chain of equivalences above
is natural in P and shows that M’ ~ M xy N’, i.e. that (6.2.13) is a pullback
square. (|

LEMMA 6.2.17. — If (6.2.13) is an ambigressive square, then its image in
GCoarse is an ambigressive square.

Proof. — Applying sc to (6.2.13), we obtain the outer square as in the follow-
ing picture:

(6.2.18) sc(@)

sc(¥”)

b sc(®) v

We must show that this square is ambigressive in GCoarse.
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Let V' be the pullback X xy W. Then we get a uniquely determined map
a, as indicated. Our task is to show that a is an isomorphism.

We choose a cocartesian lift « of a, as indicated. Since « is cocartesian,
we obtain the maps ¢’ and 1. Since (6.2.13) is cartesian by assumption, we
also get a map [, as indicated. We conclude that 5 o o =~ idy;» and hence
sc(B) o a = idy. Since the square with upper left corner V' is cartesian, we
also have a o sg(f) = idy-. Hence a is an isomorphism.

Since (6.2.13) is ambigressive, we know that sc(¢’) is a coarse covering. By
[20, Lem. 2.11], this implies that sc(¢) is also a coarse covering. Hence the
outer square in (6.2.18) is ambigressive. O

G ~G ~Gi
LEMMA 6.2.19. — The triple (Sh ,Shy ,Sh ) is adequate.

Proof. — Consider the diagram

(6.2.20) N
lx
MC? N

—~G
in Sh . We must show that it can be extended to an ambigressive square.
The image of (6.2.20) in D = GCoarse x Fun(BG,coPrUPj,*) is a diagram
of the form

(Y, B)

Joo
(fsu)

(X,C)—— (¥, B)
Here, X,Y,Y’ are in GCoarse and h is a coarse covering. Furthermore,
C,B,B’ are in Fun(BG,coPron)*) and v is an equivalence. We decompose

the diagram as follows:

(6.2.21) (v, B)

l(idw)

(Y, B)

l(h,id)
(x, ), (x By Y, (v By
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We can extend the diagram

Y/

|+

to a pullback square in GCoarse

Y/(L) Y’

Lob

Then g is also a coarse covering [20, Lem. 2.11]. Hence we get the diagram

', B ,
l(id,v)
’id
x', B (v B)
(g,id) l(h,id)

(x,0) Y, (x By Y (v B)

where the square is ambigressive. This gives finally the following four ambi-
gressive squares:

(6.2.22) x,0) M x By yr By

l(id,id) l(id,v) l(id,v)
(id,u) (f,id)

(X',C)—— (X',B)———— (Y, B)

l(gﬁd) l(gﬁid) i(hyid)
(id,u) (f,id)

(X,0)———— (X,B)——— (Y, B)
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where for the upper left corner we use that v is an equivalence. The diagram
(6.2.20) can now be extended as

N/
|-
N/
s
M M’ N

over (6.2.21). The morphism wy, is defined as a cocartesian lift of (idx,u)
with domain M. The morphism ¢ is then obtained from the universal property
of the cocartesian lift. The morphisms wy and ¥ are obtained similarly. In
particular, wy is an equivalence and  is cartesian.

We now choose a cartesian lift 7 of the morphism (g,id) to obtain

N/
Jo
7L
]
ML T ? N

The morphism 5/ is obtained from the universal property of ¥ being cartesian.
The same argument provides the lower left ambigressive square in the following
diagram over (6.2.22):

M//( ¢ M/( d) N/

iwlw// le/ lwz\r
’

M//: ) M/: ) N/

MC Wt MC [ N
For the upper part we can argue similarly, but using the fact that v is an
equivalence, we can choose wy and wy» as equivalences (which are both

cartesian and cocartesian). The outer square is the desired extension of diagram
(6.2.20) to an ambigressive square. O

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



428 U. BUNKE, D.-C. CISINSKI, D. KASPROWSKI & C. WINGES

~ G ~G —~0C,
Proof of Proposition 6.2.10. — The triple (Sh ,Sh; ,Sh T) is adequate by

Lemma 6.2.19. It remains to show that (s, s, sT) preserves ambigressive squares.
We consider an ambigressive square

(6.2.23) Ml N

wl ld/
M N
—~ G
in Sh . Then the projection to the first factor GCoarse of its image in D is

ambigressive by Lemma 6.2.17. The image of diagram (6.2.23) in the second
factor Fun(BG, coPrEy*) of D has the form

C'—— B

N

CcC——B

and is therefore a pullback square. Therefore, it is an ambigressive square in
Fun(BG,coPrB’*). O

We consider the functor Tw: A — Cat which associates to the poset [n] in
A the twisted arrow poset

Tw([n)) = {(i,5) € {0,....n}* [ < j}

with the order relation (4,7) < (i',4’) if and only if 1 <4’ < j' < j.

Let (D, D, D) be an adequate triple. Then we can consider the simplicial
space

i Fun(Tw(—),D): A°® — Spc .

For a functor D: Tw([n]) — D, we write D(i,j) for the value of D at (3, )
in Tw([n]). The simplicial space iFun(Tw(—),D) has a subobject
i Fun™ (Tw(—), D) given in degree n by the subspace of those functors D such
that for all 0 < i < k <[ < j < n the square

D(i, j)—— D(k, j)

L

D(i,1)—— D(k,1)

is an ambigressive square in D. The simplicial space i Fun™ (Tw(—),D) is a
complete Segal space [9, Prop. 5.9] (see also [29, Thm. 2.13]). For the next
definition, we make use of the fact that Cat,, is a Bousfield localisation of
Fun(A°P,Spc), with Caty, being equivalent to the full subcategory of com-
plete Segal spaces.
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DEFINITION 6.2.24. — The effective Burnside oo-category A°f(D,D;, DT)
is defined to be the oo-category underlying the complete Segal space
i Fun™ (Tw(—), D). ¢

We refer to [9, Sec. 3] for further details. By [9, Not. 3.9], there are canonical
functors
(6.2.25) D; — A°(D,D;,D") , (DT)°P — A°T(D, D;, DY) .
REMARK 6.2.26. — Unwinding Definition 6.2.24, one checks that diagrams of

the form
D(0,1
D(0,0) D(1,1)

constitute the 1-simplices in A°f(D, D;, D). This also suggests why the func-
tors in (6.2.25) exist. ¢

Applying the effective Burnside category functor to (s, st, s") in (6.2.11), we
get a map

~G ~G —~0G,
(6.2.27) A(s): AT(Sh” Sh. ,Sh”"") — A*"(D, Dy, D) .
PROPOSITION 6.2.28. — A°f(s) is a cocartesian fibration.

Proof. — Our goal is to apply Barwick’s criterion as presented in [29, Thm. 3.1]
to show the existence of cocartesian lifts. We verify conditions (1) and (2) of
29, Thm. 3.1].

We start with condition [29, Thm. 3.1.(2)]. Suppose that we are given a
commutative square

(6.2.29) M N

|l

M ——- N

in éTlG, whose images in D and hence in GCoarse are ambigressive squares,
and such that v is egressive and ¢ is cocartesian. We must show that the
square (6.2.29) is ambigressive if and only if ¢’ is cocartesian.

Lemma 6.2.14 shows that 1’ is also cartesian and hence egressive if and
only if ¢’ is cocartesian. It follows from Lemma 6.2.14 that square (6.2.29) is
automatically a pullback in this case. This finishes the verification of condition
[29, Thm. 3.1.(2)].
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If f: X — Y is in GCoarse; and M is a preimage of X, there exists

~ - ~ ~G

a cocartesian lift f: M — fEM of f. By definition, f lies in Sh; . Since
restricting the domain of a cocartesian fibration to its subcategory of cocarte-
sian morphisms also gives a cocartesian fibration (even a left fibration; see [37,

~ ~G

Cor. 2.4.2.5]), f is also cocartesian with respect to the map Sh, — GCoarse;.
This verifies condition [29, Thm. 3.1.(1)] for morphisms in GCoarse;. A sim-
ilar argument applies to morphisms in Fun(BG, coPri*).

—~G ~G G,
[29, Thm. 3.1] now asserts that an edge in A°f(Sh ", Sh, ,Sh ’T) is cocarte-
sian (with respect to A°f(s)) if and only if it is represented by a span

SN,

Gt
in which w is cartesian with respect to the map Sh — DT and f is co-
cartesian. Using Lemma 6.2.9 and the explicit description of the edges in

—~ G ~G G,
A°f(Sh ;Sh; ,Sh T) given in Remark 6.2.26, we see that every morphism in

A°f(D, D;, D) has a cocartesian lift. This shows that A°®(s) is a cocartesian
fibration. O

We define the category GCoarsey,. of G-coarse spaces with transfers by
(6.2.30) GCoarse;, := A°"(GCoarse, GCoarse;, GCoarse') .
An instance of the canonical functor (6.2.25) applied to (6.2.30) provides
(6.2.31) GCoarse — GCoarsey, .
Using in addition the canonical inclusion
Fun(BG, coPri*)
— AT (Fun(BG, coPrE‘,*), Fun(BG, coPrE‘y*), i Fun(BG, coPr}i*))

in the second component, we get a functor

(6.2.32) GCoarsey, X Fun(BG,coPrg’*) — A“"(D,D;,DT) .
We define the functor
(6.2.33) Sh&: GCoarsey, x Fun(BG,coPri*) — CAT

by restricting the cocartesian fibration A°f(s) along the functor from (6.2.32),
applying the straightening functor, and applying (—)°P to the values.

Note that the value of Sh] at (X, C) is the object Sh&(X) of CATL. By
construction, Shg sends a morphism f of G-coarse spaces to the morphism f*G
in CATL® | a coarse covering w to the morphism L™@%%* in CAT{.‘;’; and

00,7
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a morphism ¢ in Fun(BG, coPrsv*) to the morphism g/ﬁ\*G in CATL® | This

00, *
implies that ShtG]r actually takes values in the subcategory CAT{.‘;’)’; of CAT .,
i.e. we have a functor

(6.2.34) Sh&: GCoarse;, x Fun(BG,coPri*) — CATE.‘OCT; .

Let GBCP°™ be the category with the same objects as GBC and all equivari-
ant maps which are controlled and bornological (Definition 3.4.3). Consider
the wide subcategory GBC?Orn of GBCP*™ of those morphisms which are in

addition proper and the wide subcategory (GBCb(’m)Jr of GBCP°™ of cover-
ings (Definition 3.4.16). Using [20, Lem. 2.20 and 2.21], one verifies that the
triple (GBC"°™, GBC]J?O”‘, (GBCP™)1) is admissible.

DEFINITION 6.2.35. — We define
GBC, := AT(GBC"™,GBC}*™, (GBC"™)T) . ¢

REMARK 6.2.36. — One checks using Remark 6.2.26 that GBCy, precisely
coincides with the oo-category defined in [20, Def. 2.27] and denoted there by
the same symbol. ¢

There is an inclusion functor (see also [20, Def. 2.35])
(6.2.37) .: GBC — GBC,,

which is determined by the requirement that it sends a G-bornological coarse

space to itself and a morphism f: X — X’ to the span X < x4 X', where
X is obtained from X by replacing the bornology on X by f~!Bx:.
The forgetful functor GBCP*™ — GCoarse induces a functor

(6.2.38) GBC;, — GCoarsey,
such that the following diagram commutes:
GBC ————— GBCy,
(6.2.37)
(3.4.8)J{ l(ﬁ.z.ss)
(6.2.31)
GCoarse ——— GCoarse,

If we precompose ShS from (6.2.34) with the forgetful map (6.2.38), we
obtain a functor (we use the same symbol)

Sh{;: GBC, x Fun(BG, coPr[ ,) - CATL,
such that Shg o (¢t xid) ~ Sh. In particular, its value at (X, C) is given by

Sh%(X,C) ~ Sh&(X) .

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



432 U. BUNKE, D.-C. CISINSKI, D. KASPROWSKI & C. WINGES

It follows from a combination of Lemma 3.4.28, Lemma 3.4.30 and Proposi-
tion 3.4.33 that we have a subfunctor

Sh{**™: GBCy, x Fun(BG,coPrl ) — Cat:™
with values
Shy; “®™(X, C) ~ Sh¢ ™ (X) .

For every pair (X, C), we have a localisation functor £: Sh&**™(X) — V&(X)
(Definition 3.5.8), and we let Wx'&" denote the subcategory of Sh& %™ (X)
given by the morphisms which are sent to equivalences by . If f is a morphism
in GBC, then f¢ sends W to W;‘is’gfl\o/y Corollafz 3.6.3. If ¢ is a morphism
in Fun(BG, coPrBy*), then ¢% sends Wy to Wx'& by Corollary 3.6.6.
Finally, if w: X — X’ is a morphism in GBCT, then L™@%%* sends W)e(q,sg to

/I/Iv/f(‘?scm by Lemma 3.6.11 (2). This implies that the functor Sh& %™ refines to
a functor

(ShS°®™ . GBC,, x Fun(BG,coPri*) — Rel{;jfi

given on objects by (X, C) — (Sh& ™ (X), W;?Em), see Definition 2.3.1. We
now postcompose with the Dwyer—Kan localisation functor Loc from (2.3.6).

DEFINITION 6.2.39. — We define the functor

eShG,cqsm
Vg: GBCtr X Flln(BG, COPI‘E,*) tr_} Rellof’); Loc Cat{;fj; . ’

Proof of Theorem 6.1.3. — By construction, V& satisfies
Vo (1 xid) ~ VY. O
Corollary 6.1.4 makes an assertion about the continuous version of V&, so
we show that we can also force continuity for VtGr. Let Ei,: GBCy: — M be

some functor with a target which admits small filtered colimits. Let ¢ be the
inclusion functor from (6.2.37). Recall Definition 5.1.2 of a continuous functor.

DEFINITION 6.2.40. — We call E, continuous if i, o ¢ is continuous. ¢
In the following, we show that we can force continuity for FE, in such a way

that we obtain a functor Ef, satisfying Ef, ot ~ (Fy; 01)¢ (see Definition 5.1.5).
We consider the inclusion of the full co-subcategory

iy GBC™" — GBCy,
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of G-bornological coarse spaces with the minimal bornology. We consider the
following diagram:
Eyoigr

M

5 ’

GBC™P
R o

tr

GBCy,

where Ef. is defined by left Kan extension (it will be a consequence of the

proof of Lemma 6.2.42 below that this Kan extension exists). Similar to Defi-

nition 5.1.5, we call Ef, the functor obtained from F, by forcing continuity.
We let E := E4, o and consider the following diagram:

B4y 0ity

GBCPP M ,

o~
Gty
B

b GBC,,

GBC™ E\ » M

GBC

where ¢™P is defined as the restriction of ¢ and E° is defined by left Kan exten-
sion. The universal property of left Kan extensions provides a transformation

(6.2.41) E¢— Ef ou.

LEMMA 6.2.42. — Transformation (6.2.41) is an equivalence.

Proof. — Let X be in GBC. We must show that
(FaX)g(()ggC"‘b)/x Bu((F)) = (FHX)(E:(()gglCE‘;b)/X Eul(F)

is an equivalence, where the morphism is induced by the functor
ix: (GBC™), x — (GBCYP)/x

between index categories induced by ¢.

We claim that tx is cofinal. We first show that the index categories are
filtered. We give the argument for (GBC{?b)/X. The case of (GBCmb)/X is
similar and simpler.

Let

F: K — (GBCY)/x

be a functor from a finite poset. We must find an extension to a functor
F*: K* — (GBCP) /x.
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The functor F' corresponds to a functor F,: Ky — GBC’t“r‘b7 where K is

the finite poset K with an additional maximal element +. By [29, Thm. 2.18],
the functor Fy in turn corresponds to a morphism of adequate triples

F: Tw(K,) - (GBC™™, GBC}™, (GBC*™)1)
where a morphism in Tw(K ) is ingressive if its image under the target pro-
jection Tw(K ) — K is an equivalence, and egressive if its image under the
source projection Tw(K ;) — K is an equivalence. Note that F is a functor of
ordinary categories. For each object k of K, the morphism F(k,+) — F(k, k)

is a covering. Using Definition 3.4.16, it is easy to see that F(k,+) is equipped
with the minimal bornology. Consider the subset

F = m(F(k,+))

keK

of X, where rj, denotes the morphism F(k,+) — F(+,4) = X. Since K is
finite, F is a G-invariant locally finite subset of X.

We observe that replacing the value of F at (+,+) by F still defines a mor-
phism of adequate triples F': Tw(K,) — (GBCP™, GBC'T:’O"‘, (GBCPo™)h).
This corresponds to a functor F': K — (GBCEP) JE We obtain the desired
extension F™ as the dashed arrow in the following diagram:

F

K =~ (GBC}") & — (GBCY) 5
. -
K*—
where the dotted arrow exists since (GBC™P) /7 has a final object, and f is
given by composition with the span FMF X O
Let C be in Fun(BG, coPrB’*)7 and let V{7 o denote the specialisation of
the functor V& from Definition 6.2.39 at C. We let
Vie: GBC,, — Cath™
be obtained from ngc by forcing continuity in the sense of Definition 5.1.5.
Proof of Corollary 6.1.4. — The equivalence
VE&o,~ Ve
follows immediately from Theorem 6.1.3 and Lemma 6.2.42. ]
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7. The K-theoretic Novikov conjecture

This section combines everything we have done so far to obtain the results
promised in the introduction. Section 7.1 introduces the notion of a CP-functor
and shows that the functor Hg D we then introduce in Definition 7.1.6 is a CP-
functor. Section 7.2 explains how (nonconnective) algebraic K-theory provides
a nontrivial example of the entire setup.

Finally having examples of CP-functors at our disposal, Section 7.3 recalls
the main results of [19] and applies them to the CP-functors we have con-
structed. Examples 1.1.13 and 1.1.14 were given in the introduction in order to
stress the point that the theory of the present paper provides a unified picture
subsuming the split injectivity results of both [19] and [22]. The details are
discussed in Sections 7.4 and 7.5.

7.1. CP-functors. — We start with recalling the notion of a CP-functor from
[19]. Let E: GBC — M be a functor. For every G-bornological coarse space
X we can define a new functor

(7.1.1) Ex:GBC—>M, Y= EX®Y)

called the twist of E by X. If E is a coarse homology theory, then so is Ex,
see, e.g. [18, Sec. 10.4]. Below, the twist Eg,,,, ,.,. is of particular importance
(see Example 3.4.12 for the definition of Gean min)-

Let GOrb be the orbit category of G. By restricting the functor i: GSet —
GBC from (3.4.10), we obtain the functor (compare with (5.4.1))

(7.1.2) i: GOrb - GBC , S~ Sninmaz -
Let M: GOrb — M be a functor.

DEFINITION 7.1.3 ([19, Def. 1.8]). — We call M a CP-functor if it satisfies the
following conditions:

(1) M is stable, complete, cocomplete and compactly generated.
(2) There exists an equivariant coarse homology theory E: GBC — M
satisfying
(a) M is equivalent to FEg
tion).
(b) Eis
(i) strongly additive (Definition 4.6.10),
(if) continuous (Definition 5.1.2) and
(iii) admits transfers (Definition 6.1.1). ¢

oi (see (7.1.1) and (7.1.2) for nota-

can,min

EXAMPLE 7.1.4. — Assume that F: GBC — M is an equivariant coarse ho-
mology theory with a stable, complete, cocomplete and compactly generated
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target category. In addition, assume that E admits transfers, is strongly addi-
tive and is continuous. Then the functor

Eq oi: GOrb — M

can,min

is a CP-functor. ¢

Let Hg be a homological functor, and let C be in Flm(BG,coPrfi*). In
view of Example 7.1.4, Corollaries 5.3.12 and 6.1.4 immediately imply

COROLLARY 7.1.5. — Assume that Hg has a complete and compactly generated
target category and is product preserving. Then
(Hg Vg,c)ccannnin o1

is a CP-functor.

Let D be a small left-exact oo-category with G-action. We define Ind® (D)
GOrb — Cat%™ using the induction functor Ind“ from (5.4.2). We further-

OO, %

more consider a functor Hg: Catgff; — M.

DEFINITION 7.1.6. — We define the composition
(7.1.7) HgDg := HgoInd®(D): GOrb -~ M . ¢
THEOREM 7.1.8. — Assume that

(1) M is stable, complete and cocomplete, and compactly generated.
(2) Hg is a finitary localising invariant and preserves products.
(3) The underlying oo-category of D is idempotent complete.

Then Hg D¢ is a CP-functor.

Proof. — We set C := Pro, (D) in Fun(BG,coPrfi*) (see (2.1.25)). Then (3)
implies that D ~ C“. Combining Proposition 5.4.5 and Corollary 5.4.21, we
have an equivalence

HgDg ~ HgoVg g oi ~ (Hg Idem(VE))q X

can,min

(note that the operations of twisting by Gcqn,min and postcomposing with Hg
obviously commute). Since Hg is localising by (2), we have an equivalence

(Hg1dem (V)G in © 1~ (HEVE) G O -
This last functor is a CP-functor by Corollary 7.1.5. ]

We now consider the notion of hereditary CP-functors. If ¢: G — Q is a
surjective homomorphism of groups, then we get a functor
Ress: QOrb — GOrb

which sends the @)-set S to .S considered as a G-set via ¢. Since ¢ is surjective,
S is still transitive as a G-set.
Let M: GOrb — M be a functor.
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DEFINITION 7.1.9 ([22, Def. 2.5]). — We call M a hereditary CP-functor if
M o Resg is a CP-functor for every surjective group homomorphism ¢. ¢

Recall Definition 7.1.6 of the functor Hg D¢.

THEOREM 7.1.10. — We retain the assumptions of Theorem 7.1.8. Then
Hg D¢ is a hereditary CP-functor.

Proof. — Let ¢: G — @ be a surjective homomorphism. Let j¢: BG —
GOrb and j9: BQ — QOrb denote the fully faithful inclusions (see (1.1.2)).
The homomorphism ¢ induces a map G — Resy(Q) in GOrb which defines a
natural transformation j¢ — Resg0j? o B¢ of functors BG — GOrb. The
resulting natural transformation

D = j9*jD — B¢*j9* Res}, j°D
induces an adjoint transformation
j*BéD — Res), jCD .

We claim that this transformation is an equivalence. Using the pointwise for-
mulas for left Kan extensions, we must show for every S in QOrb that the
map

colim D — C(;zolim D
(jQoB¢),s I Res s (5)

induced by the functor
(59 BO)/s = ifnesy(s) Q= )= (G % Resy(Q) = Resy(S))

is an equivalence. This is clear, since the functor on indexing categories is an
equivalence. We conclude that

HgD¢ o Resy, ~ Hg(BpD)g .

Since Hg is invariant under idempotent completion and Idem is left adjoint to
the fully faithful inclusion CatZexrerf Catg‘j’fk and therefore commutes with

o0, *

the left Kan extension (—)g, we have

Hg(B¢pD)g ~ Hgldem((B¢D)g) ~ Hg(Idem(B#D))g -
The right-hand side is a CP-functor by Theorem 7.1.8. ]
7.2. Algebraic K-theory. — In this section we show that algebraic K-theory
is an example of a finitary localising invariant to which Theorem 7.1.10 applies.

Recall the universal finitary and stable localising invariant U, : Catoy — M,
from (2.5.9).
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DEFINITION 7.2.1. — The (non-connective) algebraic K-theory functor for sta-
ble co-categories is defined by

K5t .= map ,. (Uroc(SPP),Ujoc(—)): Catss — Sp .

The (nonconnective) algebraic K-theory functor for left-exact oo-categories is
defined by

(7.2.2) K := K*oSp: CatZ™ —Sp. ¢

COROLLARY 7.2.3. —

(1) The algebraic K-theory functor for stable co-categories is a stable fini-
tary localising invariant.

(2) The algebraic K-theory functor for left-exact co-categories is a finitary
localising invariant (Definition 2.5.5).

Proof. — We note that Ujee(Sp?) is compact in Mj,.. This implies that
K** preserves filtered colimits since Uj,. does so. Since M, is stable, any
corepresentable functor preserves finite colimits. This implies the statement
(1). The statement (2) then follows from (1) and Lemma 2.5.7 (2). O

REMARK 7.2.4. — By Lemma 2.5.7 (2), we have K*(C) ~ K(C) for every
stable oo-category C. If KBST denotes the nonconnective algebraic K -theory
functor from [10, Def. 9.6], [10, Thm. 9.8] yields an identification K(C) ~
KBGT(COp)_ ’

PROPOSITION 7.2.5. — The algebraic K -theory functor for left-eract co-cate-
gories (Definition 7.2.1) preserves set-indexed products.

Proof. — This result will be deduced from the corresponding statement about
K. Let (C;)ier be a family of left-exact oo-categories. By [22, Lem. 2.39]6,
the canonical map

(7.2.6) Unoe(SP(J [ C)) = Uroe([ [ SP(C1))
iel i€l
is an equivalence. Note that it is important here to apply U, since the

map between the arguments of Uj,. is not an equivalence. Then the canonical
comparison map factors as

k([Jco "2 krsp([T ) "2 k([ Sp(C)

il il il
| e (7.2.2)
= [[x*(Sp(Cy) =" [[K(Ci) .
iel i€l
where the morphism marked by ! is an equivalence by [33, Theorem 1.3]. O

6. The result in the reference is stated for right-exact co-categories. We obtain the corre-
sponding result for left-exact oco-categories by considering opposites.
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Let D be a small left-exact oo-category with G-action. Applying Defini-
tion 7.1.6 for Hg = K, we get the functor KDg.

COROLLARY 7.2.7. — If D is idempotent complete, then the functor KDg:
GOrb — Sp is a hereditary CP-functor.

Proof. — We apply Theorem 7.1.10 with Hg = K. The target Sp of K has
the required properties. Furthermore, K is homological by Corollary 7.2.3 and
preserves products by Proposition 7.2.5. O

Let C be in Fun(BG, coPrE,*).

DEFINITION 7.2.8. — We define the coarse algebraic K-homology functor with
coefficients in C by

KCX%:= KV&©: GBC — Sp . ¢
Corollary 5.3.12 implies

COROLLARY 7.2.9. — KCXC is an equivariant coarse homology theory which
is continuous, strong and strongly additive, and which admits transfers.

DEFINITION 7.2.10. — We define the functor
KCXg:=KVgg: GBC — Sp . ¢

Corollary 5.3.13 implies

COROLLARY 7.2.11. — KC&Xy is a strong and hyperezxcisive equivariant coarse
homology theory.

7.3. Split injectivity results. — One of the main goals of the present paper is
to produce new examples of functors on the orbit category of G to which the
results about split injectivity of assembly maps from [19] can be applied. For
the sake of completeness, we list these results, all shown in [19]. In view
of Corollary 7.2.7, all these results apply to the functor KCg in place of
M: GOrb — M for any C in Fun(BG, Catiff;’perf).

Apart from the assumption on the functor M being a CP-functor, the the-
orems in [19] contain the geometric assumption of finite decomposition com-
plexity. In the following, we recall the relevant definitions from [17, Sec. 3.1].

Let U be an entourage on a set X and consider two subsets Y, Z. Recall the
definition of the thickening from (3.1.8).

DEFINITION 7.3.1. — Y and Z are U-disjoint if U[Y] N Z = @ and Y N
UlZ] =o. ¢

Let X be a G-set.
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DEFINITION 7.3.2. — An equivariant family of subsets of X is a family of
subsets (Y;);cr indexed by a G-set I such that ¢gY; =Yy, for every g in G and
7in 1. ¢

Let now X be a G-coarse space, and let (Y;);er be an equivariant family of
subsets.

DEFINITION 7.3.3. — We define the G-coarse space ]_[ Y; as follows:

(1) The underlying G-set of [[52> Vi is |, Ys
(2) The coarse structure on | |;.; Y; is the maxunal one such that the fam-
ily of its subsets (Y;);cr is coarsely disjoint and the canonical map

|l;c; Yi = X is controlled. ¢

i€l

By definition, we have a canonical morphism H:ék}Y — X of G-coarse

spaces. If (Y;)ier and (Y/);er are two equivariant families with ¥; C Y/ for
every i in I, then we have a morphism Hzék} Y — Hfg} Y, of G-coarse spaces.
Recall the notion of a coarse equivalence (Remark 4.1. 3).

DEFINITION 7.3.4. — We call the family (Y;);cs nice if for every U in C§ the
canonical morphism

sub sub
[TY: = [Tuw
iel iel
is a coarse equivalence. ¢

In the following, we will consider classes C of G-coarse spaces.

ExAMPLE 7.3.5. — Let X be a G-coarse space and U be a coarse entourage
of X. A subset Y of X is U-bounded if Y x Y C U. A G-coarse space X
is semi-bounded if there exists a coarse entourage which bounds every coarse
component (Definition 3.3.8) of X. We consider the class SB of all semi-
bounded G-coarse spaces. ¢

Let C be a class of G-coarse spaces, and let X be a G-coarse space.

DEFINITION 7.3.6. — We say that X is decomposable over C if for every U
in C§ there exist nice equivariant families (Y;);c; and (Z;);jes of subsets of X
such that the following conditions are satisfied:

(1) (Yi)ier and (Z;);es are pairwise U-disjoint.

(2) X = UzGIY U U]eJ

(3) 112" Y; and H]EJ Z; belong to the class C. ¢
Let C be a class of G-coarse spaces.

DEFINITION 7.3.7. — The class C is closed under decomposition if every G-

coarse space which is decomposable over C belongs to C. ¢
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DEFINITION 7.3.8. — We let GFDC be the smallest class of G-coarse spaces
which is closed under decomposition and contains the class SB of all semi-
bounded G-coarse spaces. ¢

Let X be a G-coarse space.

DEFINITION 7.3.9. — X has G-finite decomposition complexity (G-FDC) if it
belongs to the class GFDC. ¢

Let F be a set of subgroups of G.

DEFINITION 7.3.10. — F is called a family of subgroups if it is closed under
(1) taking subgroups and
(2) conjugation in G. ¢
Let F be a family of subgroups.

DEFINITION 7.3.11. — By G #Orb we denote the full subcategory of GOrb of
transitive G-sets with stabilisers in F. ¢

Let X be a G-coarse space.

DEFINITION 7.3.12. — X has Gz-FDC if the G-coarse space Sy, ® X has
G-FDC for all G-sets S with stabilisers in F. ¢

In the following, for an oco-category C, we use the standard notation
PSh(C) := Fun(C°?,Spc). By Elmendorf’s theorem, PSh(GOrb) is equiv-
alent to the co-category of G-topological spaces (see [19, Rem. 1.12] for further
explanations). We have an adjunction

Indy: PSh(GOrb) = PSh(GOrb) : Res ,

where Resr is the restriction along the inclusion G zOrb — GOrb. We let *x
denote the final object of PSh(G zOrb).

DEFINITION 7.3.13. — We define the classifying space of the family F by
E]:G = Ind}-(*}-) . ’

By definition, ExG is an object of PSh(GOrb). The object ErinG is also
called the classifying space for proper actions.

EXAMPLE 7.3.14. — Examples of families of subgroups are

1) {1} — the family consisting of the trivial subgroup.

2) Fin — the family of all finite subgroups.

3) Vceyc — the family of virtually cyclic subgroups.

4) FDC - the family of subgroups V' of G such that V.4, has Vgin,-FDC.

5) CP denotes the family of subgroups of G generated by those subgroups
V such that EpinV (see Definition 7.3.13 below) is a compact object
of PSh(VOrb).

(6) FDC*®P denotes the intersection of FDC and CP. ¢

(
(
(
(
(
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DEFINITION 7.3.15. — ErG admits a finite-dimensional model if there exists
a finite-dimensional G-CW-complex modelling the homotopy type of ExG in
G-topological spaces. ¢

Let M be a cocomplete co-category, and let M : GOrb — M be a functor.
Let F and F’ be families of subgroups such that 7' C F.

DEFINITION 7.3.16. — The relative assembly map Ass§/7M is the morphism
Assh, pp: colim M — colim M
’ G}—/ Orb G]:OI‘b
in M canonically induced by the inclusion Gz Orb — GxOrb. ¢

The following are the main results of [19].

THEOREM 7.3.17 ([19, Thm. 1.11]). — Assume that

(1) M is a CP-functor.
(2) One of the following conditions holds:
(a) F is a subfamily of FDC®P such that Fin C F.
(b) F is a subfamily of FDC such that Fin C F and G admits a
finite-dimensional model for FginG.

Then the relative assembly map ASS{?:in,M admits a left inverse.

THEOREM 7.3.18 ([19, Cor. 1.13]). — If M is a CP-functor, then the relative
Vcyc . .
assembly map AssFin)M admits a left inverse.

THEOREM 7.3.19 ([19, Cor. 1.14]). — Assume that

(1) M is a CP-functor.
(2) G admits a finite-dimensional model for ExinG.
(3) Gcan has GFin—FDC,

Then the assembly map Ass?ilrll’M admits a left inverse.

Note that the finite decomposition complexity assumption is in general not
easy to check. The following two theorems are consequences of the theorems
on groups with finite decomposition complexity.

THEOREM 7.3.20 ([19, Thm. 2.9]). — Assume that
(1) M is a hereditary C P-functor.

(2) G fits into an exact sequence 1 - S — G 2, @ — 1 such that
(a) S is virtually solvable and has finite Hirsch length.
(b) Q admits a finite-dimensional model for EpinQ.

Then Assiﬁ;_(l\};lin@)) admits a left inverse.
Here, Fin(Q) denotes the family of finite subgroups of Q.
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THEOREM 7.3.21 ([19, Cor. 2.11]). — Assume that

(1) M is a hereditary CP-functor.

(2) G admits a finite-dimensional CW-model for the classifying space
EFinG-

(3) G is a finitely generated subgroup of a linear group over a commutative
ring with unit or of a virtually connected Lie group.

Then Assﬁilrth admits a left inverse.

Theorem 1.1.6 from the introduction follows by combining Theorem 7.3.21
and Corollary 7.2.7.

7.4. The universal property of the bounded derived category. — For assembly
maps associated to the algebraic K-theory of discrete group rings, it is cus-
tomary to consider functors on the orbit category which arise from additive
categories. Formally, the construction of these functors is completely analo-
gous to the functors GOrb — Cat]offi we associate to a left-exact oo-category
with G-action, see Example 1.1.7. In the present section, we show that the
additive case can also be captured in a technical sense, as announced in Exam-
ple 1.1.13.

Let A be a small additive (ordinary) category. By Chb(A)OO, we denote
the localisation of the category of bounded chain complexes Chb(A) by chain
homotopy equivalences. Then Chb(A)OO is a stable oco-category equipped with
a canonical finite coproduct-preserving functor

(7.4.1) za: A — Ch’(A)

sending an object of A to the corresponding chain complex concentrated in
degree zero. The purpose of this subsection is to prove that the functor za
above is the universal finite coproduct-preserving functor from A to a stable
oo-category (Theorem 7.4.9). As an aside, we refine this statement to provide
a universal property for the bounded derived co-category of any exact category
in Corollary 7.4.12. As a consequence, we show in Theorem 7.4.14 that the
functor Chb(—)OO commutes with colimits indexed by small groupoids. This
allows us to deduce in Corollary 7.4.16 that the two candidates for functors on
the orbit category associated to an additive category coincide.
Let C be an oo-category.

DEFINITION 7.4.2. — C is additive if it is semi-additive (see Definition 2.1.37)
and its homotopy category ho(C) is additive. ¢

Given a locally small additive oo-category C, we let Px(C) be the oo-
category of additive presheaves on C, i.e. the oco-category of finite product-
preserving functors from C°P to the oco-category of spaces Spc. Given two
additive co-categories C and D, we denote by Funy(C,D) the full subcate-
gory of Fun(C, D) spanned by finite coproduct-preserving functors.
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Given a right-exact oo-category C, we denote by
SW(C) := Sp(C°?)°?

(see Definition 2.4.3) the Spanier—Whitehead stabilisation of C; see also [36,
Constr. C.1.1.1].
Let C be an co-category.

DEFINITION 7.4.3 ([36, Def. C.1.2.1]). — C is called prestable if it satisfies the
following conditions:
(1) C is right-exact.
(2) The suspension functor ¥: C — C is fully faithful.
(3) C is closed under extensions: For every morphism f:Y — XZ in C
there exists a pullback square

x— .y

g

Furthermore, this square is also a pushout. ¢
Let A be a small additive category.

PROPOSITION 7.4.4. —

(1) ’Pz( ) is prestable.

(2) Ps(A) is additive.

(3) The canonical functor Ps(A) — SW(Px(A)) is fully faithful.

(4) The essential image of the functor from (3) is closed under extensions.

Proof. — Assertion (1) follows from [36, Prop. C.1.5.7]. The remaining asser-
tions are then given by [36, Ex. C.1.5.6] and [36, Prop. C.1.2.2]. O

Let Px ¢ (A) be the smallest prestable subcategory of Px(A) containing the
representable presheaves.

PROPOSITION 7.4.5. — There is a canonical equivalence of co-categories
Ch’(A), = SW(Ps ;(A))

fitting into the commutative diagram

(7.4.6) A—2 __,Ch°A)

(7.4.1)
YoncdaJ JN

Ps,f(A) —— SW(Ps 1 (A))

TOME 153 — 2025 — N© 2



CONTROLLED OBJECTS AND THE NOVIKOV CONJECTURE 445

Proof. — Let A := Funy(A°P Ab) be the abelian category of additive pre-
sheaves on A with values in abelian groups. This is an abelian category with
a set of compact projective generators provided by the image of the Yoneda
embedding ya : A — A. Note that any projective in A is a retract of a sum of
representables.

Let D™ (A) := Ngg(Ch™ (Aproj)) be the bounded below derived category of
A, where Apro; denotes the full subcategory of A spanned by the projective
objects. Note that ya induces a fully faithful functor Ch’(A) — Ch™ (Apr;)
of dg-categories. In view of the equivalence Ch’(A)s = Ngg(Ch’(A)) (see
[13, Rem. 2.9]), we get a fully faithful functor

(7.4.7) Ch’(A), = D (A) .

By [41, Lem. 2.60], there is an equivalence D~ (A)>q — Ps(A)7 which fits
into the following commutative diagram:

D~ (A)ZO i) Ps: (A)

T TYoneda

ya
Aproj —2—A.

Define Ch% (A ). as the smallest prestable subcategory of Ch’(A),, contain-
ing the essential image of za. Then (7.4.7) induces a fully faithful functor
Ch%,(A)s — Ps(A), whose essential image is by definition Py ;(A) and
which fits into the following commutative diagram:

(7.4.8) Ch%,(A)o — P s (A)

ZA
Yoneda

A.

Since Ch”(A)s ~ SW(Ch%((A)), the proposition follows by applying SW
to the upper horizontal equivalence in (7.4.8). |

Let Catigd denote the oco-category of additive co-categories and finite co-
product-preserving functors, so Add., is a full subcategory of Catggd. The
functor Ch’(—)s: Add — Cat®* preserves equivalences of additive categories
and therefore induces a functor (by abuse of notation denoted by the same
symbol)

Ch’(—)s: Add,, — Cat®* .

7. [41] formulates the result for the unbounded derived category D(.A), but note that the
connective parts of D~ (.A) and D(.A) agree.
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THEOREM 7.4.9. — The functor
SW(Ps ¢(—)): Cat?d? — Cat™

is left adjoint to the forgetful functor Catoy — Catzgd. Moreover, the restric-
tion of this functor to Add, is equivalent to Ch®(—).

Proof. — Let B be an additive co-category, and let C be a stable co-category.
Denoting by Fun'(Px(B), Ind,,(C)) the co-category of small colimit-preserving
functors which in addition send representable presheaves to the essential image
of the canonical functor C — Ind,(C), we have the following sequence of
natural equivalences:

F‘unCatg’g (SW(PZ’f(B))v C) ~ FunCatgjy’; (PEJ(B)v C)
~ Fun'(Pg(B), Ind, (C))
~ Funy (B, C).

The first equivalence holds since C is stable, the second equivalence is clear
and the third equivalence follows from the universal property of Ps(B) [37,
Prop. 5.5.8.15]. This proves the assertion about the left adjoint, and the asser-
tion about the restriction to Add., is precisely Proposition 7.4.5. O

REMARK 7.4.10. — One can prove Proposition 7.4.5 (and hence also Theo-
rem 7.4.9) by using directly the version of the Dold—Kan correspondence pro-
vided by [35, Prop. 1.3.2.23] and by adapting the proof of [35, Prop. 1.3.2.22]
in the case where A is an idempotent-complete additive category and then by
embedding A into its idempotent completion to reach the general case. ¢

Although this will not be needed in these notes, we add the following natural
consequences of Theorem 7.4.9, since this gives a natural way to see bounded
derived categories which does not seem to be documented in the published
literature.

For a small exact category E, we recall that the derived category of D’(E)
is the quotient of Ch®(E)., by the thick subcategory of bounded acyclic com-
plexes with coefficients in E. In the case that A is a small abelian category,
seen as an exact category for which the admissible short exact sequences are all
short exact sequences, the stable co-category D?(A) is simply the localisation
of the category of bounded chain complexes of A by quasi-isomorphisms (so
that the induced 1-category is the usual bounded derived category).

Let E be a small exact category and let f: Ch’(E)s. — C be an exact
functor with values in a stable co-category.

PROPOSITION 7.4.11. — We assume that for any admissible short exact se-
quence

O—-z—y—>2—0
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in B, the induced commutative square

f@) —f(y)

|

0—— f(2)
is cocartesian. Then, for any acyclic k in Ch®(E), we have f(k) ~ 0.
Proof. — We first prove that for any admissible short exact sequence of bounded
chain complexes
0=k k=K' =0,
the induced square

fE) —— f(k)

L

00— f(k")

is cocartesian in C. We do this by induction on the amplitude N of k (i.e.
the biggest integer N so that there are integers a < b with b —a > N and
the components of k in degrees a and b are non-zero). If N = 0, this holds
by assumption. If N > 1, using “troncation béte”, we see that the admissible
short exact sequence above fits in a homotopy cofibre sequence in Chb(E)OO
(written vertically below) of admissible short exact sequences

0 k) ey k! 0
0 % k K" 0
0 K, ky Kl 0,

where k; has amplitude < N for i = 1,2, and we conclude by induction.
Now, if k is a bounded acyclic complex of amplitude N, then there is an
admissible short exact sequence of the form

0=k k=K —0,

where both k' and k" are acyclic, k' is of amplitude 1 (i.e. k' is a mapping
cone of an isomorphism of objects of E), and k" is of amplitude < N; see
[49, diagram (1.11.7.6)], for instance. It is clear that &' ~ 0 in Ch®(E). and
therefore, that f(k) ~ f(k”) in C. Therefore, by induction on N, we see that
f(k) =0. O
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Let E be a small exact category.

COROLLARY 7.4.12. — For any stable oo-category C, composing with the
canonical functor E — DY(E) induces an equivalence of oo-categories from
the co-category of exact functors F: D(E) — C to the oo-category of finite
coproduct-preserving functors f: E — C which send each admissible short exact
sequence

0—=2z—y—2—0

in E to a cocartesian square

in C.
Proof. — We observe that a functor f: Ch’(E)s — C sends each admissible
short exact sequence

0—=2z—y—>2—0

in E to a cocartesian square

f@) —f(y)

0—— f(2)
if and only if it factors through D°(E): this follows right away from the def-

inition of D°(E) and from Proposition 7.4.11. This corollary is then a direct
consequence of Theorem 7.4.9. g

REMARK 7.4.13. — Corollary 7.4.12 explains how to compare a triangulated
category equipped with a t-structure with the bounded derived category of its
heart: if C is a stable co-category with a ¢-structure (C>o, C<o) whose heart is
A = (C>¢NCxp), then there is a unique exact functor D’(A) — C extending
the inclusion A C C. ¢

THEOREM 7.4.14. — The functor Ch®(—)s: Adds, — Cat™ preserves col-
imits indexed by small groupoids.

Proof. — By Theorem 7.4.9, Ch®(—)4 factors as
Add,, 2 Catedd SV C), ppex
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and the second functor preserves colimits, since it is a left adjoint by Theo-
rem 7.4.9. Hence, it suffices to show that incl preserves colimits indexed by
small groupoids. For this, it is enough to consider colimits indexed by discrete
categories and groupoids of the form BG for a group G separately. The case
of discrete index categories is easy and left to the reader. In the following, we
give the details for the second case.®

Let A: BG — Cat®? be a functor and assume that it takes values in
Add.,. Since incl is fully faithful, it suffices to show that colimpg A again
belongs to the full subcategory Add.

Let ev: Fun(BG,Prk) — Prl be the evaluation functor and denote by
a: A — colimpg A the canonical morphism. Consider the commutative square

ev(a)

ev(A) ————— colimpg A

J’ ev(an) J

ev(Ps(A)) — Ps(colimpg A),

whose vertical arrows are given by the Yoneda embedding. Since ev(a) is essen-
tially surjective, it suffices to show that the essential image of the composition
along the bottom left corner is an ordinary category.

The canonical morphism 7: limpg Px(A) — A fits into a commutative di-
agram

lim Py;(A) ;

where the limit is taken in Prg. Considering G-sets as oo-categories with
G-action, the equivariant projection map p: G — * induces a functor

p*: Ps(A) ~ Fun(x, Pg(A)) —» Fun(G, Pg(A)) .

8. In the application Corollary 7.4.16 below, we only need this second case.
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We define p*¢ := limpg p* and get the commutative diagram

. poe .
lim P(A) " lim Fun(G, P (A))

ev(n)l leV(”]G)

ev(Ps(A)) 2P ov(Fun(@, Ps(A))) ~

\ }
eV(PZ (A))>

where i.: * — G is the inclusion of the identity, the left square commutes by
the naturality of 1 and the lower triangle commutes since i, o ev(p) = id,.
The right vertical composition is an equivalence (for example by Lemma 3.4.41
whose proof works for every oco-category). This identifies ev(n), and hence
ev(a*), with the functor p*¢.

Since Px(A) is cocomplete, the left Kan extension functor p along p exists
and provides a left adjoint to p*. The functor

p& = 1}9%1]3!1 %IélFul’l(G,Pz(A)) — %Iéng(A)
is then a left adjoint of p*“, which is equivalent to ev(ay) by the preceding
discussion.

Since G is discrete, applying p; amounts to forming coproducts. In particu-
lar, the essential image of the composite

(7.4.15) Fun(G,A) — Fun(G, Ps(A)) 2 Ps(A)

is an ordinary category. We now apply lérg to this composite. Lemma 2.1.21 (1)

implies that the essential image of the resulting functor is given by applying
1}3%} to the essential image of (7.4.15). Since limits of ordinary categories are

also ordinary categories, it follows that the essential image of the composite

ev(ar)

ev(A) = ev(Ps(A) Ps (c%liGm A)
is an ordinary category as well. (]

Recall that j, denotes the left Kan extension functor along the inclusion
j: BG — GOrb (see (1.1.2)). Let A be in Fun(BG, Add).

COROLLARY 7.4.16. — The canonical transformation
(7.4.17) F1(Ch’(A) ) = Ch®(j1A)) o0
s an equivalence.
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Proof. — For a subgroup H of G we have an equivalence BH = GOrb /BH
which sends *pg to G — G/H in GOrb,py and h in H = Autpg(*pH)
to the right multiplication by h on G. The evaluation of the transformation
(7.4.17) at G/H becomes equivalent to the morphism colimpy Ch®(A). —
Chb(colimB # A)w, which is an equivalence by Theorem 7.4.14. |

COROLLARY 7.4.18. — There is an equivalence

KCh’(A) o~ KAg .

Proof. — For any additive category B, the inclusion zg: B — Chb(B)oo
from (7.4.1) induces an equivalence K(B) = K(Ch’(B)s) by the Gillet-
Waldhausen theorem. Hence, we have the chain of equivalences

(1.1.4) (7.4.17)

KCh'(A)w e 'V Kjiont(A) " KCR (1A ~ KA L

.1.9)
>~ KAg.
O

7.5. A-theory as a GOrb-spectrum. — In Example 1.1.14, we claimed that
the functor Ap: GOrb — Sp from [22] admits an equivalent description in
terms of the GOrb-spectra considered in this article. This section supplies a
proof of this claim (see Corollary 7.5.6 below).

Let us first recall the construction of the functor A p (see also [22, Sec. 5.1]).
Associated to any topological space @ there is the Waldhausen category R(Q)
of retractive spaces over ), by which we mean the category of CW-complexes
relative to () which are equipped with a retraction to (), and all cellular maps
over and under Q. Its subcategory hR(Q) of weak equivalences is given by
those morphisms which are homotopy equivalences under ). The assignment
Q@ — R(Q) defines a functor from topological spaces to Waldhausen categories
via cobase change: given a continuous map f: Q — @', the induced functor
R(f) sends a retractive space Q = X to the retractive space Q' = X Ug Q'
determined by the pushout along f. If we require the base space to be an actual
subspace of every retractive space, there is a strictly functorial choice of this
construction.

Denote by R¢(Q) the full subcategory of finite retractive spaces over @ and
by Rq(Q) the full subcategory of finitely dominated retractive spaces. Both
of these define full subfunctors of R.

The localisation R¢(Q)[h71] := Re(Q)[hR¢(Q)~!] at the subcategory of
weak equivalences defines a functor

R¢(—)[h™']: Top — Cat};

to the category of right-exact oo-categories. In order to see that this functor
takes values in Cat2®*, we apply [25, Prop. 7.5.6] to the categories Ry(Q)°P.

00, %)
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Here we use that the opposite of a Waldhausen category whose weak equiv-
alences satisfy the two-out-of-three axiom is naturally an oco-category with fi-
brations and weak equivalences in the sense of [25, Def. 7.4.12]. The same is
true for the analogous localisation Rgq(—)[h~!] : Top — CatRex Applying
the algebraic K-theory functor (7.2.2) to the opposite co- category gives rise to
the A-theory functor

(7.5.1) A T M C tRex (=)° CatLex _> Sp

considered in [22]. If P is a principal G-bundle for some discrete group G,
define

Ap: GOrb — Sp, S— A(P x¢9).
: Rex . .
Since Catoo % is cocomplete, every right-exact oco-category C determines a
colimit—prebervmg functor

—®C: Spc — CatRex )

PROPOSITION 7.5.2. — There exists an equivalence
Rig(—)[h7 ! ~ — ® Spc® .

Let ¢: Top — Spc denote the canonical functor.

COROLLARY 7.5.3. — There exists an equivalence of functors Top — Sp
(7.5.4) A(-) ~ K((¢(-) ® Spc?)°P) .

Proof. — By the cofinality theorem [22, Thm. 2.30] (see e.g. [22, Constr. 4.13]
for the “mapping cylinder argument”), we may replace R¢(—)[h~1] by the func-

tor Req(—)[h~!] in the definition (7.5.1) of A. Consequently, the corollary is
an immediate consequence of Proposition 7.5.2. O

Let P be a principal G-bundle. Recall the functor KCg: GOrb — Sp
associated to any left-exact co-category C with G-action (see Definition 7.1.6).
Note that ¢(P) defines an object in Fun(BG, Spc). We set

(7.5.5) Cp := (¢{(P) ® SpcF)°P

in Fun(BG, Cat{.ffi).

COROLLARY 7.5.6. — There is an equivalence
Ap~KCpg .

Proof. — Let j: BG — GOrb be the inclusion functor (see e.g. (1.1.2)), and
let

op :={(P xg —): GOrb — Spc .
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We claim that
(7.5.7) le(P) ~op,

where j; denotes the left Kan extension functor. By the pointwise characteri-
sation of left Kan extensions, it suffices to check that the canonical map

li P P
- 9ehe,, 1) AP X S)

is an equivalence for every transitive G-set S. Any choice of base point s
in S induces an equivalence B(Gs) ~ BG g (compare Remark 5.4.3) and an
equivalence U(P xg S) ~ £(P/G). The restriction of the diagram BG,g —

BG A—+ Spc along the equlvalence B(G,) ~ BG g is equivalent to the com-
posite B(Gy) — BG 42, Spc Hence, it suffices to check that

lim ¢(P) — ¢(P/G
Colim (P) = £(P/G)

is an equivalence, which follows from the fact that P is a principal G-bundle.
Since — ® SpciF is colimit-preserving, we have

(7.5.8) Jit(P) ® SpcP ~ ]lCOp (iICp)°P .
The assertion of the corollary now follows from the following chain of equiva-

lences:

7.5.4 7.5.7
Ap % )Ko (op(—) ® SpcP)°P 20

(7.5.8) , (7 )
~ KojCpc KCpg - O

K o (jit(P) ® Spc?)*®

Proof of Proposition 7.5.2. — Let (Top /Q)* denote the category of pointed
topological spaces over Q) equipped with the model structure transferred from
Top via the forgetful functor (Top /Q)* — Top. Denote the class of weak
equivalences in (Top ). by W. Note that R(Q) is canonically a subcategory
of the full subcategory (Top )¢ of cofibrant obJects in (Top,q)«. The inclu-
sion functor induces an equivalence R(Q)[AR(Q) '] = (Top q)s[W 1], since
there exists a functorial cofibrant replacement in (Top /Q)* which takes values

in R(Q).

This equivalence restricts to an equivalence

(7.5.9) Ria(Q)[h™"] = (Top o) [W 1P

of right-exact oco-categories: every finitely dominated retractive space is com-
pact as an object in (Top /Q)i[W*I]. Conversely, consider a retractive space
B S X which is compact in (Top /Q)i[W_l]. Since every retractive space is
the (homotopy) colimit of its finite subcomplexes, compactness implies that
the identity on X factors (up to homotopy) through a finite subcomplex of X.
Hence B < X is finitely dominated.
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Consider (sSetging())« With the projective model structure. Taking sin-
gular complexes induces an equivalence

(7.5.10) (Top/Q)i[Wfl} =~ (sSet, Sing(Q))*[Wfl}

since all objects in (sSetsing())« are cofibrant. Note that the equivalences
from (7.5.9) and (7.5.10) are natural under cobase change. Hence, we obtain
an equivalence

(7.5.11) Rfd(—)[hil] o~ (SSet/Sing(,))*[Wil]Cp

of functors Top — CatoRci’;.

Consider now the functor (sSetging(—))«[W '] as a contravariant func-
tor on topological spaces (via pullback). As in the case of Top /Q» €quip
(sSet ging(0))+ With the model structure transferred from the Quillen model
structure on sSet via the forgetful functor. Any fibrant replacement functor
on (sSet ging(@))« induces a natural equivalence

(7.5.12) (sSet/ Sing(Q))* [W_l] ~ N((Sset/ Sing(Q)))if)

by [35, Prop. 1.3.4.7], where N denotes the homotopy coherent nerve. Note
that the cofibrant-fibrant objects in (sSet  sing())« are precisely the Kan fibra-
tions. Let (sSetﬁaSrfng(Q))* denote the category (sSet,ging(q))« equipped with
the cartesian model structure (see [37, Rem. 2.1.4.12], where it is called the
contravariant model structure). This category is also contravariantly functo-
rial via pullback. Since the right fibrations are precisely the cofibrant-fibrant
objects in the cartesian model structure ([37, Cor. 2.2.3.12]), and since every
right fibration over a Kan complex is a Kan fibration ([37, Lem. 2.1.3.3]), we
have

(75.13)  N((s8ethy ) = N(sSet sug())) = (Speso ).
By [28, Cor. A.32], there exists a functor
Cat? — Fun(A', CAT),
whose value at C is given by the unstraightening equivalence Fun(C°P, Cat.) =

Catgir/tc. Note that the unstraightening equivalence restricts to an equivalence
of full subcategories

Fun(C°?, Spc) = Catff)l;c )

where Catfi'?c denotes the full subcategory of cartesian fibrations whose fibres

are objects in Spc. Since Catgil/)c ~ Spc/c when C is in Spc, there is an
induced natural equivalence

(7.5.14) Fun((-)°", Spc,) ~ Fun((-)°?, Spc). ~ (Spc,_)-.
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of functors Spc — PrX. From (7.5.12), (7.5.13) and (7.5.14), we obtain an
equivalence

(sSet ) Sing(—))+ [W~1] ~ Fun(¢(—)°?, Spc,)

of functors Top — Prf}.9 We can now pass to left adjoints and restrict to the
full subfunctors on compact objects to obtain an equivalence

(7.5.15) (sSet sing(—))«[W 1 ~ ad ™" Fun(¢(-)°”, Spc, )P

of functors Top — CatoRci’;. Note that the cobase change functors provide a

concrete model of the functor (sSetsing(—))«[W 1 by [37, Prop. 5.2.4.6].
Consequently, (7.5.11) and (7.5.15) yield an equivalence

(7.5.16) Ria(—)[h 1] ~ ad ™! Fun(/(—)°?, Spc, )P

of functors Top — Cat?fi.
Finally, we note that Fun((—)°?, Spc,): Spc®® — PrE is limit preserving.
Consequently, ad™* Fun((—)°P, Spc, ) is colimit-preserving as a functor Spc —

Pr{j. Therefore,

ad™! Fun((—)°?, Spc, )P : Spc — Cat?e*

O, %

is a colimit-preserving functor that sends the terminal object in Spe to SpcP.
It follows that

(7.5.17) ad™! Fun((—)°?, Spc,)® ~ — ® SpccP .
The proposition follows by combining (7.5.16) and (7.5.17). O
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