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COMPARING BUSHNELL-KUTZKO AND SECHERRE’S
CONSTRUCTIONS OF TYPES FOR GLx AND ITS INNER FORMS
WITH YU’S CONSTRUCTION

BY ARNAUD MAYEUX & YUKI YAMAMOTO

Dedicated to Colin J. Bushnell

ABSTRACT. — Let F be a non-Archimedean local field with odd residual characteristic,
A be a central simple F-algebra, and G be the multiplicative group of A. To construct
types for complex supercuspidal representations of GG, simple types by Sécherre and
Yu’s construction are already known. In this paper, we compare these constructions.
In particular, we show essentially tame supercuspidal representations of G defined by
Bushnell-Henniart are nothing but tame supercuspidal representations defined by Yu.
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RESUME (Comparer les constructions de Bushnell-Kutzko et Sécherre de types pour
GLy et ses formes intérieurs a la construction de Yu). — Soit F' un corps local non-
archimédien de caractéristique résiduelle impaire, A une F-algébre centrale simple, et
G le groupe multiplicatif de A. Afin de construire des types pour les représentations
supercuspidales complexes de G, on dispose des constructions de Sécherre et Yu. Dans
cet article, nous comparons ces constructions. En particulier, nous montrons que les
représentations essentiellement modérées introduites par Bushnell-Henniart sont des
représentations modérées de Yu.

1. Introduction

Let F' be a non-Archimedean local field such that the residual character-
istic p is odd, and let G be the group of F-points of a connected reductive
group defined over F'. The aim of type theory is to classify, up to some natural
equivalence, the smooth irreducible complex representations of GG in terms of
representations of compact open subgroups. For complex supercuspidal repre-
sentations of GG, some constructions of types are known.

For example, Bushnell-Kutzko [7] constructed types, called simple types,
for any irreducible supercuspidal representations when G = GLx (F'). Sécherre
[26], [27], [28], and Sécherre—Stevens [29] extended the construction of simple
types to any irreducible supercuspidal representations of any inner form G of
GLN(F).

For an arbitrary reductive group G, Yu’s construction [31] (cf. also [1] for
a similar pioneering method) provides some supercuspidal representations. In
his paper [31, p580], Yu wrote “In particular, our method should yield all su-
percuspidal representations when p is large enough relative to the type of G.”,
Yu also wrote “it is possible that our method yields all supercuspidal represen-
tations that deserve to be called tame”. Yu's expectations are now theorems by
works of Kim [19] and Fintzen [12]. More precisely, Yu’s construction yields all
supercuspidal representations if p does not divide the order of the Weyl group
of G by [12], a condition that guarantees that all tori of G split over a tamely
ramified field extension of F'.

It is a natural question whether there exists some relationship between these
constructions of types. A natural motivation being to unify or generalize these
constructions by taking advantage of each theory. In his paper [31, p581], Yu
wrote “ However, the real difficulty in the wild case is that considerably different
(authors note: than his) constructions should be involved as revealed in the G L,
case by the work of Bushnell, Corwin, and Kutzko.” The goal of the present
article is to carefully compare Bushnell-Kutzko and Sécherre’s constructions
to Yu’s one.

From now on, let A be a finite dimensional central simple F-algebra, and let
V be a simple left A-module. Then End (V) is a central division F-algebra.
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COMPARISON OF TYPES 787

Let D be the opposite algebra of End (V). Then V is also a right D-module,
and we have A = Endp (V). Let G be the multiplicative group of A. Then we
have G = GL,, (D), which is the group of F-points of an inner form of GLy.

We introduce our main theorem. In Yu’s construction, from a tuple ¥ =
(z, (GY, (r))Ly, (Pa)ly, p), which is called a Yu datum of G, one constructs
some open subgroups °K¢(¥), K%(¥) in G and an irreducible representation
pa(¥) of K4(¥), which are precisely defined in §3.

THEOREM 1.1 (Theorem 10.6). — Let (J, \) be a simple type for an essentially
tame supercuspidal representation w, and let (J,A) be an extension of (J,\)
such that m = C—Ind? A. Then there exists a Yu datum ¥ = (z, (G, (r:)L,,
(®4)1,, p) satisfying the following conditions:

1. J =°K4(W),

2. J C K4).

3. pa(¥) = c-Ind¥ ™ A,

THEOREM 1.2 (Theorem 11.8). — Conversely, let ¥ = (z,(G"), (r;), (®:),p)
be a Yu datum of G. Then there exists a tame simple type (J, \) and a mazimal
extension (J, ) of (J,\) such that we have the following.

1. °K4(W) = J.

2. K4W) > J.

3. pa(¥) = c—IndI;d(qj) A.

By these theorems, we obtain the following corollary.

COROLLARY 1.3 (Corollary 11.9). — For any inner form G of GLy(F), the
set of essentially tame supercuspidal representations of G is equal to the set of
tame supercuspidal representations of G defined by Yu [31].

In particular, for G = GLx(F), the statements of the above theorems are
as follows:.

THEOREM 1.4. — Let G = GLy(F). Then J = K*(V) in the statement of
(2) in Theorem 1.1 and Theorem 1.2, and pa(¥) = A in the statement of (3)
in these theorems.

We sketch the outline of this paper and the main steps to prove Theorems 1.1
and 1.2. First, in §2 and 3, we recall constructions of types. We explain simple
types of G by Sécherre in §2 and Yu’s construction of tame supercuspidal
representations in §3. Next, in §4-9, we prepare ingredients to compare these
two constructions. A class of simple types corresponding to Yu’s type is defined
in §4. In §5, we determine tame twisted Levi subgroups in G. For some tame
twisted Levi subgroup G’ in G' and some “nice” x in the enlarged Bruhat-Tits
building %% (G’, F), we obtain another description of Moy—Prasad filtration
on G'(F) attached to z, using hereditary orders, in §6. Then we can compare
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788 A. MAYEUX & Y. YAMAMOTO

the groups that the types are defined as representations of. In §7, we discuss
generic elements and generic characters. We relate them to some defining
sequence of some simple stratum. In §8, we show some lemmas on simple types
of depth zero. These lemmas are used to take “depth-zero” parts of types. In
§9, we represent a simple character with a tame simple stratum as a product
of characters. This factorization is needed to construct generic characters.
Finally, in §10 and 11, we prove the main theorem. In §9, from tame Sécherre
data, which are used to construct tame simple types, we construct Yu data.
By comparing these types constructed by these data and confirming some kind
of match between the two, we show that tame simple types can be constructed
from Yu’s types. Conversely, we also show that Yu’s types are constructed from
tame simple types in §11. In §12, we briefly discuss the wild case.

REMARK 1.5. — The first version of this work, containing all main ideas and
arguments, appeared publicly in June 2017. This brings together and extends
previous works of the authors that are not intended to be published in journals.
These works are precisely:

e A. Mayeux: Représentations supercuspidales: comparaison des construc-
tion de Bushnell-Kutzko et Yu, arXiv:1706.05920, 2017, unpublished.

e A. Mayeux: Comparison of Bushnell-Kutzko and Yu’s constructions of
supercuspidal representations, arXiv:2001.06259, 2020, unpublished.

e Y. Yamamoto: Comparison of types for inner forms of GLy, arXiv:
2005.02622, 2020, unpublished.

e The parts about the comparison of our PhD theses defended at Paris in
2019 and Tokyo in 2022.

The present paper covers all the mathematical content of all unpublished works
listed above. Our present paper is mathematically self-contained in the sense
that it does not rely on the previously mentioned unpublished works.

NoTATION. — If X is a scheme over a base scheme S and if T — S is a
morphism of schemes, then X1 denotes X x ¢ T and is seen as a scheme over T

Let G — S be a group scheme acting on a scheme X/S. The functor of fixed
points, by definition, sends a scheme T over S to {z € Hom¢(T, X7)|z is G-
equivariant}, where T' is endowed with the trivial action of Gp. This S-functor
is denoted by X&. Note that for any scheme T over S, we have X&(T) ¢ X (T).
It is known that this functor is representable by a scheme in many cases (cf.,
e.g., [9, Exp. 12 Prop. 9.2]).

In this paper, we consider smooth representations over C. We fix a non-
Archimedean local field F' such that the residual characteristic p is odd. For
a finite-dimensional central division algebra D over F', let op be the ring of
integers, pp be the maximal ideal of op, and let kp be the residual field of D.
We fix a smooth, additive character ¢ : F' — C* of conductor pr. For a finite
field extension E/F, let vg be the unique surjective valuation £ — Z U {co}.
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Moreover, for any element (3 in some algebraic extension field of F', we put
ord(8) = e(F[8]/F)'vp(s(5).

If K is a field and G is a K-group scheme, then Lie(G) denotes the Lie algebra
functor, and we put Lie(G) = Lie(G)(K). If a K-group scheme is denoted by
a capital letter GG, the Lie algebra functor of G is denoted by the same small
Gothic letter g. We also denote by Lie*(G) or g*(K) the dual of Lie(G) =
g(K). For connected reductive group G over F, we denote by %% (G, F) (resp.
#%(G, F)) the enlarged Bruhat-Tits building (resp. the reduced Bruhat-Tis
building) of G over F defined in [4], [5]. If x € B¥(G,F), we denote by
[r] the image of x via the canonical surjection % (G, F) — #%(G, F). The
group G(F) acts on Z(G, F) and #%(G, F). For v € #F (G, F), let G(F),
(reps. G(F)(y)) denote the stabilizer of z € (G, F) (resp. [z] € B%(G, F)).
We denote by R the totally ordered commutative monoid R U {r+ | € R}.
When G splits over some tamely ramified extension of F, for x € (G, F) let
{G(F)aytrefoy 10 )zt er and {g%(F)a,r }.cq be the Moy—Prasad filtration
[23], [24] on G(F), g(F) and g*(F), respectively. Here, we have g*(F), , =
{X* e g"(F) | X*(§(F)a,(—r)+) C pr} for r € R. If G is a torus, Moy-Prasad
filtrations are independent of z, and then we omit x.

Let G be a group, H be a subgroup in G and A be a representation of H.
Then we put 9H = gHg~! for g € G and we define a 9 H-representation 9\ as
IXN(h) = Mg~ *hg) for h € 9H. Moreover, we also put

Ic(\) = {g € G | Hompno g (A, 9)) % 01

2. Simple types by Sécherre

We recall the theory of simple types from [26], [27], [28], [29]. In this section,
we can omit the assumption that the residual characteristic of F' is odd.

2.1. Lattices, hereditary orders. — Let D be a finite-dimensional central di-
vision F-algebra. Let V be a right D-module with dimpV < co. We put
A = Endp(V), and then A is a central simple F-algebra. Moreover, there
exists m € Zso such that A = M,,, (D). Let G be the multiplicative group of
A, and then G is isomorphic to GL,,(D). We also put d = (dimg D)/? and
N =md.

An op-submodule £ in V is called a lattice if and only if £ is a compact
open submodule.

DEFINITION 2.1 ([26, Définition 1.1]). — For ¢ € Z, let £; be a lattice in V.
We say that £ = (L£;);ez is an op-sequence if

1. £; D L; for any ¢ < j, and
2. there exists e € Z~¢ that £;4. = L;pp for any 1.
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The number e = e(L£) is called the op-period of £. An op-sequence L is called
an op-chain if £; 2 L;;41 for every i. An op-chain L is called uniform if
[L; : Li41] is constant for any i.

An op-subalgebra 20 in A is called a hereditary op-order if every left and
right ideal in 2 is A-projective.

We explain the relationship between op-sequences in V' and hereditary op-
orders in A from [26, 1.2]. Let £ = (£;) be an op-sequence in V. For i € Z,
we put

mz(ﬁ) = {a cA | (LC]' C £i+j7 j € Z}

Then 2 = Py (L) is a hereditary op-order with the radical P(2A) = P, (L). For
every hereditary op-order 20 in V', there exists an op-chain £ in V such that
A =A(L). If £ is a uniform op-chain, A = A(L) is called principal.

For any op-chain £ = (£;), let (L) be the set of g € G such that there
exists n € Z satisfying g£; = L;4, for any i. For the hereditary op-order
2 = 2A(L), let K(A) be the set of g € G such that gAg~' = A. Then we have
RA) = K(L) and K(A) is compact modulo center.

For g € R(2), there exists a unique element n € Z such that g = P(A)".
The map g — n induces a group homomorphism vy : K(R) — Z. Let
U(2A) be the kernel of vy. Then we have U() = A*, and U() is the
unique maximal compact open subgroup in £(2A). We put U%(R) = U(X)
and U™(A) = 1 +PR)™ for n € Z~o. We also put e(A|op) = vy (wp), and
then we have e(|op) = de(L) for an op-chain £ in V such that A = 2A(L).

Let E be an extension field of F' in A. Since A is a central simple F-algebra,
the centralizer B = Cent 4(F) of F in A is a central simple E-algebra. On the
other hand, V is equipped with an E-vector space structure via £ C A. Since
the actions of F and D in V are compatible, V' is also equipped with a right
D ®p E-module structure, and then we have B = Cent4(F) = Endpg,e(V).

Let 2 be a hereditary op-order in A. The order 2 is called E-pure if we
have EX C ().

PROPOSITION 2.2 ([2, Theorem 1.3]). — For an E-pure hereditary op-order
A in A, the subring B = AN B in B is a hereditary og-order in B with the
radical Q = P(~A) N B.

For any finite extension field F of F', we put A(E) = Endp(FE), and then
A(FE) is a central simple F-algebra. The field F is canonically embedded in
A(F) as a maximal subfield. By [7, 1.2], there exists a unique E-pure hereditary
op-order A(E) = {z € A(E) | z(p%;) C p%, i € Z} in A(E), which is associated
with the op-chain (p;)icz. Then we have vy g (8) = ve(B) for € E*.

For 8 € F, we put np(f) = —vp3)(8) = —va(ria)(B), as in [26, 2.3.3].
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Let A be a hereditary op-order in A with the radical 8. For nonnegative
integer 4,7 with |j/2| <1 < j, the map 1+ = — z induces the group isomor-
phism

Ui+1(§2[)/Uj+1(Q[) ~ mi+1/;pj+1.

If i and j are as above and ¢ € 77, we can define a character v, of U'T(A)
as

VYe(1+x) =1 oTrdy,p(c)
for 1 +x € UL (A). We have 1. = 1) if and only if ¢ — ¢/ € P~

2.2. Strata, defining sequences of simple strata. —

DEFINITION 2.3 ([28, §2.1, Remarque 4.1]). — 1. A 4-tuple [, n,r, [] is
called a stratum in A if 2 is a hereditary op-order in A, n and r are
nonnegative integer with n > r, and 8 € PB(A)~"

2. A stratum [, n,r, §] is called pure if the following hold:
(a) E = F[f] is a field.

) 21 is E-pure.

) n>r.

) va(8) = —n.

stratum [, n,r, §] is called simple if one of the following holds:

)n=r=0and 5 € op.

b) [, n,r, O] is pure, and r < —ko(3,2), where ko(5,2) € Z U {—o0}

is defined as in [28, §2.1] such that kq(83,2) = —oo if and only if
B € F,and vy (B) < ko(B,2) for 5 ¢ F.

(b
(c
(d
3. A
(a
(

REMARK 2.4. — In [28, §2.1], simple strata are assumed be pure. By adding
strata satisfying (3)(a) to simple strata, we can regard simple types of depth
zero as coming from simple strata.

DEFINITION 2.5. — Strata [, n, r, 8] and [2(,n,r, 5] in A are called equivalent

if g— B ePE)™"

THEOREM 2.6 ([28, Théoréme 2.2]). — Let [, n,r, 8] be a pure stratum. Then
there exists v € A such that [, n,r,v] is simple and equivalent to [A,n,r, B].

For 3 € F, we put kp(B) = ko(B, A(F[A])) as in [26, 2.3.3].

PROPOSITION 2.7 ([26, Proposition 2.25]). — Suppose E = F[f] can be em-
bedded in A. We fiz an embedding E — A. Let 2 be an E-pure hereditary
or-order in A. Then we have ko(B3,) = e(A|or)e(E/F) 1 kr(B).

The following lemma is used later.
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LEMMA 2.8. — Let E/F be a field extension in A, and let A be an E-pure heredi-
tary o p-order in A. Then, we have ko(v, ) = e(™A|or)e(E/F)  ko(v,A(E)) for
any v € E.
Proof. — First, by Proposition 2.7 we have

ko(7, A(E)) = e(UE)|op)e(F[Y]/F) " kr(v).

On the other hand, we also have e(A(E)|or) = e(E/F) by definition of A(E).
Then we obtain

e(Alop)e(E/F) ™ ko(y, A(E)) = e(Alop)e(E/F) " e(B/F)e(F/F) ke (v)
= e(Aor)e(F[]/F) " kr()
- kO("Y;Q[),

where the last equality also follows from Proposition 2.7. ]

DEFINITION 2.9. — An element 3 € F' is called minimal if 3 € F or kp(3) =

—vr(B).

DEFINITION 2.10. — Let [, n,r, 5] be a simple stratum in A. A sequence
([, n, i, Bi]);i_, is called a defining sequence of [, n,r, 3] if
1. 50 = ﬁﬂ’o =T.

2. 1i41 = —ko(B;,A) for i =0,1,...,s— 1.

3. [, n, 711, Pi+1] is simple and equivalent to [A,m,r;1,5;] for i =
0,1,...,5—1.

4. s is minimal over F'.

By Theorem 2.6, for any simple stratum [, n,r, 8], there exists a defining
sequence of [, n,r, ], as in the case A is split over F.

2.3. Simple characters. — Let [, 7,0, 5] be a simple stratum in A. Then we
can define compact open subgroups J(3,2) and H(5,2) in U(2) as in [26, §3].
The subgroup H(3,2) in U(2A) is also contained in J(5,2). For i € Z>q, we
put J4(B,2) = J(3,2) N U(A) and H(3,2) = H(B,2) N U ).
LEMMA 2.11 ([26, §3.3]). — Let [2,n,0,5] be a simple stratum in A. If B is
not minimal, let ([A,n,ri, Bi])i_o be a defining sequence of [A,n,0, 3].

1. J4(B,20) is normalized by K(A) N B> for any i € Z>o.

2. We have J(3,2) = U(B)J(B,2), where B = AN B.

3. If B is minimal, we have

JH(B,2) = UY(B)ULHD2l (), 1Y (8, 20) = UM (B)U 2+ (2).
4. If B is not minimal, we have

JHB,A) = JH (B, ), HUHY(B,2) = H (B, 2),

TOME 152 — 2024 — N° 4
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where t = [(—ko(B,A) +1)/2] and t' = |—ko(B,A)/2]. Moreover, we
also have

JHB,A) = UL(B)J (81, 2), H'(B,2) = ULB)H 1 (B, 2).

DEFINITION 2.12 ([26, Proposition 3.47]). — Let [, n,0, 5] be a simple stra-
tum. We put ¢ = —ko(5,2). Let 0 < ¢ < g and we put t' = max{t, |¢/2]}. If 5
is not minimal over F, we fix a defining sequence ([, n,7;, 3;]);_, of [, n,0, 3].
The set of simple characters €'(3,t,2() consists of characters 6 of H'T!(3,)
satisfying the following conditions:

1. K(2) N B* normalizes 6.

2. QIHH»I(B’QL)QU(%) factors through Nrdp/g-

3. If B is minimal over F, we have 0| yt+1(g oyquln/2i+1(2) = V5.

4. If B is not minimal over F, there exists 8’ € %(B1,t',2) such that

9|Ht’+1(ﬁ,m) = wﬁnfhm

REMARK 2.13. — This definition is well defined and independent of the choice
of a defining sequence by [26, Définition 3.45, Proposition 3.47]. Moreover, for
any simple stratum [2(, n, 0, 3] the set €(3,0,2) is nonempty by [26, Corollaire
3.35, Définition 3.45].

We recall the properties of €(3,0,2() from [27]. For 6 € €(5,0,2), there
exists an irreducible J1(3,2l)-representation 7y containing 6, unique up to iso-
morphism. We call 1y the Heisenberg representation of 8. We have dimny =

(JY(B,2) : HY(8,2)) vz Moreover, there exists an extension x of 1y to J(3,2)
such that Ig(k) = J*B*J!. We call k a S-extension of ng. If  is a 3-extension
of 7, then any (-extension of 7y is the form k® (xoNrdp,g), where x is trivial
on 1+pg and xoNrdp, g is regarded a character of J(3,2l) via the isomorphism
J(B,24)/J1 (8, %) = U(B)/U' (B).

2.4. Maximal simple types. — We state the definition of maximal simple types.
Recall that for a simple stratum [2(,n,0, 8] we put E = F[3], B = Cent4(E)
and B = 2N B. Since B is a central simple F-algebra, there exist mg € Z and
a division E-algebra Dg such that B = M,, . (Dg).

DEFINITION 2.14 ([28, §2.5, §4.1]). — A pair (J, \) consisting a compact open
subgroup J in G and an irreducible J-representation A is called a maximal
simple type if there exists a simple stratum [2A,7n,0,5] and irreducible J-
representations x and o satisfying the following assertions:

1. 9B is a maximal hereditary og-order in A, that is, B = M,, . (op,).
3. Kk is a B-extension of 7y for some 6 € €(3,0,2).
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4. o is trivial on J1(8,2), and when we regard o as a GL,,,(kp,)-repre-
sentation via the isomorphism

o is a cuspidal representation of GLy,, (kp,).
5. A EK®o.

REMARK 2.15. — Let (J, \) be a maximal simple type associated with a simple
stratum [2, 0,0, 8]. Then we have E = F[8] = F, B = Cent4(F) = Aand B =
AN A =2 Since (J,\) is a maximal simple type, 2 is a maximal hereditary
op-order in A. Moreover, we have J(3,2l) = U(2) and H(3,2l) = UL(X).
Let x and o be as in Definition 2.14. Since we have €(5,0,2) = {1}, there
exists a character x of F'* trivial on 1 + pp such that k = x o Nrd4,r. Then
k®o is trivial on U'(21) and cuspidal as a GL,, (kp)-representation. Therefore,
(J,A) = (UR), k®0) is nothing but the maximal simple type of level 0, defined
in [28, §2.5].

THEOREM 2.16 ([14, Theorem 5.5(ii)] and [28, Théoréme 5.21]). — Let 7 be
an irreducible representation of G. Then mw is supercuspidal if and only if there
exists a mazimal simple type (J,\) such that A C 7| ;.

We recall the construction of irreducible supercuspidal representations of G
from maximal simple types. Let (J,\) be a maximal simple type associated
with a simple stratum [, n,0, 5]. Let x and o be as in Definition 2.14. Since
B is maximal, we have R(B) = K(A) N B* by [27, Lemme 1.6], and then K(*B)
normalizes J(5,2).

We fix g € R(B) with vg(g) = 1. Since g normalizes J(5,2), we can
consider the twist 90 of o by g. Let [y be the smallest positive integer such
that 9°¢ = o. Then J(X\) = Ig()) is the subgroup in G generated by J and
g.

THEOREM 2.17 ([28, Théoréme 5.2], [29, Corollary 5.22]). — 1. For any
mazimal simple type (J, ), there exists an extension A of X to J(N).

2. Let (J(\),A) be as above. Then C-Ind%)\) A is irreducible and supercus-
pidal.

3. For any irreducible supercuspidal representation m of G, there exists
an extension (J(N),A) of a mazimal simple type (J,\) such that m =
c-Ind§ ) A

2.5. Concrete presentation of open subgroups. — Above we defined open sub-
groups H'(3,2), J(5,2) and J(\). In this section, we define another subgroup
J (8,2) and obtain the concrete presentation of some groups, which is used
later.
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DEFINITION 2.18. — Let [2(, 7,0, 3] be a simple stratum with 9B is maximal.
Then we put J(5,2) = K(B)J(5,A).

REMARK 2.19. — 1. Since £(B) normalizes J(3,2), the set J(3,2) is also
a subgroup in G. We have £(8) N J(8,2A) = U(B), and then

J(B,20)/7(8,2) = &(B)/U(B) = Z

2. Let (J,\) be a maximal simple type associated with [2(,n,0, 5]. Then
we have J(\) € J(3,2). The group J(3,2) only depends on [, n,0, 5],
while J(\) also depends on A in general.

3. In the condition in (2), furthermore suppose G = GLy (F'). In this case,
the group R(B) is generated by U(8) and E*, which are contained in
Ig(A) = J(\). Then we have £(B) C J(A) and J(\) = R(B)J(8,2A) =
J(A) € J(B,20), which implies that J(\) = J(5,2) is independent of
the choice of A for G = GLy (F) case.

We describe H'(3,21), J(3,2l) and j(ﬂ,%{) concretely, using a defining se-
quence ([2(,n,r;, Bi])i, of [A,n,0,8]. We put Bg, = Centa(F[5;]) for i =
0,...,s.

LEMMA 2.20. — Let [2,n,0,8] be a mazimal simple stratum of A and
([, n, i, Bi])i_y be a defining sequence of [A,n,0,B]). Then we have follow-
ing concrete presentations of groups:

1. HY(8,2) = (BBXOQUL%JH(Q[))...(BX NULFIH @y ulsl+ia

2. J(8.20) = U(B) (B}, n UL () - (B n UL @)U L"*”( ).
J@) - (B nUEE ) UL ().

ri+1

3. J(B,2) = &(B) (B} NUL™

s+

Proof. — We show (1) by induction on the length s of a defining sequence.
When s = 0, that is, 4 is minimal over F, then H'(3,2) = U(B)UL/2+1().
Since we have UY(B) =1+ (BNYP) = BN (1+P) = BNULA) and rq = 0,
the equality in (1) for minimal 8 holds. Suppose s > 0, that is, § is not
minimal over F. Then H'(3,2A) = U'(B)HL"1/21+1(3,,2A). By the induction
hypothesis, we have

H'(B1,2) = U'(Bg,) (B, nULEIH () - (B nULFIH @) ulsl+1 ().

Since 11 < ro < ... < rg < mn, we have [r1/2] +1 < [ro/2] +1 < ... <
lrs/2] +1 < |n/2] +1and

X QUL%JH(Ql)’ . 7355 QUL%’SJH(Q[)’UL%JH(Q[) - UL%JH(Q[).
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Therefore, we obtain
HUF T (5, 90) = (UY(Bp,) N UL IHL(R0) (B, n UL+ (1))
(BBX N UL%J+1(Q[))UL%J+1(91)
= (B} N UL%JH(QL)) - (By N Ul ulel+i,

and the equality in (1) for nonminimal § also holds.

Similarly, we can show that

JHB.2) = UN(B)(B;, n U= @) - (B} n U™ @) ul™s (a1,
Then (2) and (3) are deduced from the fact J(3,2A) = U(B)J'(5,2A) and
J(B,2) = R(B)J(B,2). 0

3. Yu’s construction of types for tame supercuspidal representations

In this section, we recall how to construct Yu’s types from [31]. Let G be a
connected reductive group over F.

3.1. Admissible sequences. —

DEFINITION 3.1. — Let (G%) = (G, ..., G?) be a sequence of subgroup schemes
in G over F. We call (G?) is a tame twisted Levi sequence if G° C G* C --- C
G% = G, and there exists a tamely ramified extension E of F such that G* x p E
is a split Levi subgroup in G xp E for i =0,...,d.

Let G = (G°,...,G% be a tame twisted Levi sequence in G. Then there exist
a maximal torus 7" in G° over F and a tamely ramified, finite Galois extension £
over F such that T'xp E is split. Fori = 0,...,d, we put ®; = ®(G*, T; E)U{0}.
For o € @4\ {0} = ®(G,T}; E), we denote by G, the root subgroup in Gg
defined by a. Let G, =T if @« = 0. Let g, be the Lie algebra of G, which is
a Lie subalgebra in gg, and let g}, be its dual.

Let ¥ = (rg,r1,...,14) € R Then we can define a map fz : 4 — R by
fe(@) =r; if i = min{j | a € ;}.
A sequence T = (rg,...,ry) € R¥! is called an admissible sequence if and

only if there exists v € {0,...,d} such that
1
0<rg=...=r,, 51‘,, <rypp1 <...<ry.

Let  be in the apartment A(G,T,E) C #%(G,E). Then we can deter-
mine the filtrations {GO‘(E)QC)T}TER>0 on Go(E), {ga(E)zr}rer 00 go(E), and

{06(E)e,r}rer on g (E).

We denote by G(E),y the subgroup in G(E) generated by Go(E)z, fe(a)
(a S (I)d).
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By taking x € A(G,T, E)N %% (G, E), we can determine a valuation on the
root datum of (G, T, E) in the sense of [4]. By restricting this valuation, we can
also define a valuation on the root datum of (G%, T, E). Then we can determine
z; € BE(G', E) by the valuation, uniquely up to X*(G*) @ R. When we take
x; in such a way, we can determine an affine, G*(FE)-equivalent embedding
ji » BE(G' E) — #F(G, E) such that j;(x;) = z. This embedding depends on
the choice of . We identify z; with x via j;.

Now E|F is a tamely ramified Galois extension. To consider subgroups in
G(F), we also assume = € B (G, E)CE/F) that is, v € BF(G, F). Then we
can determine the Moy-Prasad filtration [23], [24] on G*(F'), g*(F) and (g*)*(F)
by z. We put G(F), 7 = G(E),z N G(F).

PROPOSITION 3.2 ([31, 2.10]). — The group G(F),g is independent of the
choice of T. If T is increasing with rq > 0, then we have

é(F)m,F = GO(F)w,roGl(F)w,!‘l "'Gd(F)wJ'd'

3.2. Generic elements, generic characters. — Let r and 7’ be two elements in
Rso with 7 <7/ < 2r. We put G(F)g i = G(F)ar/G(F)g and g(F)a, i =
9(F)a,r/9(F)z,. Then we have a group isomorphism G(F)g s = g(F)gro,
cf.[31, Corollary 2.4].

REMARK 3.3. — The above isomorphism is often called the "Moy—Prasad iso-
morphism”. Let us mention that in [22, Theorem 4.3] and [21], Moy—Prasad-like
isomorphisms, called "congruent isomorphisms”, are proved for group schemes
using dilatations of schemes. In [18, Theorem 13.5.1], the authors prove Moy—
Prasad isomorphisms using congruent isomorphisms. We refer to [10] for a
survey on the theory of algebraic dilatations, including references to pioneering
works such as [32].

Let S be a subgroup of G(F) between G(F'), /24 and G(F), -+, and let 5 be
the sublattice of Lie(G) between g(F') /24 and g(F) -+ such that s/g(F), r =
S/G(F)grt-

DEFINITION 3.4. — A character ® of S/G(F); 4, with respect to v, is realized
by X* € Lie*(G)y,—, if ® is equal to
~ X ¥ X
S|G(F)zry E5/9(F)gpy —=F ——C*.
Let G’ be a tame twisted Levi subgroup in G. The Lie algebra Lie(G’)
and its dual Lie*(G’) are equipped with canonical adjoint actions of the group
scheme G’. Then the functor of fixed point (Lie*(G’))¢" is representable by

a scheme (cf. Notation). We now consider (Lie*(G'))S (F) as a subset of
Lie* (G")(F) = Lie* (G").
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To define G-generic characters of depth r of G, we define G-generic elements
of depth 7 in (Lie*(G’)) (F). For this, following [31, §8], as corrected in [17,
Rem.4.1.3] and [13, Def. 2.1], we consider the conditions GEO, GE1 and GE2.
We start with GEO.

DEFINITION 3.5. — Let X* € (Lie*(G"))% (F). We say X* satisfies GEO
with depth 7 if for some (equivalently, every by [13, Lemma 2.3]) point = €
BE(G',F), we have X* € Lie*(G')y, .

Let E be a finite, tamely ramified extension of F' and T be an F-torus in
G’ such that T xz E is maximal and split. Let o € ®(G,T;F). Then the
derivation d¢ is an F-linear map from Lie(G,,)(F) = F to Lie(T xr F). We
obtain H, = dé(1) as an element in Lie(T xp F).

Here, we recall the condition GE1. Let X* € (Lie*(G'))% (F). Then we
can regard X* € Lie"(G’) as above. We put X7 = X*®r 1 € Lie"(G') ®F F =
Lie*(G' xp F). Since T C G’, we have H, € Lie(G' xp F) = Lie(G') ®f F.
Therefore, we obtain X7.(H,) € F.

DEFINITION 3.6. — Let X* € (Lie*(G"))¢ (F). We say X* satisfies GE1 with
depth r if ord (X;;(Ha)) =—rforall a € ®(G,T;F)\ (G, T; F).

We also have to consider the condition GE2 defined in [31, §8]. However,
in our case, if GE1 holds, then GE2 automatically holds. We use the notion
of torsion prime of a root datum as defined in [31, §7]

PROPOSITION 3.7 ([31, Lemma 8.1]). — If the residual characteristic of F is
not a torsion prime for the root datum of G, then GE1 implies GE2.

PRrOPOSITION 3.8 ([30, Corollary 1.13]). — If a root datum is type A, then the
set of torsion primes for the datum is empty.

From these propositions, we obtain the following corollary.
COROLLARY 3.9. — If the root datum of G is type A, then GE1 implies GE2.

DEFINITION 3.10. — Let X* € (Lie* (&) (F) C Lie*(G'). The linear form
X* is called G-generic of depth r if and only if conditions GEO, GE1 and GE2
hold.

Eventually, we can define generic characters.

DEFINITION 3.11. — Let r € Ryg. A character ® of G'(F) is called G-generic
of depth r relative to x if ®|q/(F), ., is trivial, ®|q/(p), . is nontrivial, and

there exists a G-generic element of depth » X* € (Lie*(G"))¢" (F) such that ®
is realized by X* when ® is regarded as a character of G'(F)y rr+-

TOME 152 — 2024 — N© 4



COMPARISON OF TYPES 799

3.3. Yudata. — Let d € Zxo.
A 5-tuple ¥ = (x, (GHL,, (ri)d,, (i’i)fzo,p) is called a Yu datum if ¥
satisfies the following conditions.

e The sequence (G%)L, is a tame twisted Levi sequence such that
Z(GY)/Z(G) is anisotropic for i = 0,...,d and

Gogcﬂg---ged:a.

e We have z € ZF(G°, F)N A(G, T, E), where T is a maximal F-torus in
G that splits over some tamely ramified extension E of F.
e For i =0,...,d, the number r; € R such that

O=r_1<rg<...<rg_1<rg.

e Fori=0,...,d— 1, the character ®; of G*(F) is G*™!-generic relative
to x of depth r;. If rq_; # rg, the character ®4 of G¢(F) is of depth rg.
If ry_; = rg, the character ®4 of G4(F) is trivial.

e The irreducible representation p of G°(F)y,; is trivial on G°(F), 04 but
nontrivial on G°(F),, and c—Indgggg[’] p is irreducible and supercuspi-
dal.

3.4. Yu’s construction. — In this section, we construct Yu’s type by using
some data from a Yu datum. Let ¥ = (z, (G")L, (r;)iy, (®:)%y, p) be a Yu
datum.

First, Yu constructed subgroups in G, which some representations are de-
fined over.

DEFINITION 3.12. — For ¢ =0,...,d, let s; =r;/2. Put s_; = 0.
L. Ki = GO(F)I 0+G1(F)z sot+ " Gi(F)QﬂSi—l“F
= (G G (F)a 04, SO+ i)
2. °K' = G°(F )wGl( Jasso G (F)as; s

] :G ( );L',O(G17~-~7Gi)(F>m,(so,...,si,1)~ ‘
3. K' = GUF)q)G (F)rsy ++ G'(Flas,, = G(F)5)°K'. Recall that
G°(F)[y denotes the stabiliser of [2] in GO(F).

PROPOSITION 3.13. — For anyi=0,...,d, the groups Ki and °K* are com-
pact, and K* is compact modulo center.

Yu also defined subgroups in G(F), which “fill the gap” between subgroups
defined as above.

DEFINITION 3.14. — Fori=1,...,d,
L ‘]Z = (GililvGi)(F)w7(r1717Sri71)’
2. J}k = (G1_1>Gl)(F)x,(l‘i—hSi—lJr)'
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Note that, in general, J* is different from G*(F),s, ,. Then, we have
KiJHt = K+t and KL J = K for i =0,...,d— 1.

Next, Yu defined characters ®; of K¢. The Lie algebra g(F) of G(F) is
equipped with a canonical G(F)-action. In particular, Z(G*)°(F) acts on g(F)
by restricting the G(F)-action. Then Z(G")°(F)-fixed part of g(F') is equal to
the Lie algebra g'(F) of G!(F). Moreover, we have a decomposition g(F) =
g'(F) @ n'(F) as a Z(G%)°(F)-representation. This decomposition is well be-
haved on the Moy-Prasad filtration; we have g(F ) s = ¢°(F)y,s ® n(F), s for
any s € R, where n*(F), , C n'(F). Let m; : g(F) = g'(F) @ n'(F) — g'(F) be
the projection. Then m; induces g(F)ys,+x;+ — 8°(F)zs,+x;+, and we obtain
a group homomorphism

i G(F)%Sq:-i- - G(F)$,5i+ll’i+ L) Gi(F)%Sz:-‘riI‘ri"
Here, Yu defined a character ®; of Kfﬁ as
‘I’i|KimGi(F) =P,
(I)i‘KiﬂG(F)I,siJr =®, 0,
where K¢ is generated by K¢ N G*(F) and K¢ N G(F),s,+ as we have
Ki N GZ(F) = GO(F)I,O-i-Gl(F)LSO-&- T Gi(F)w,s%1+ = K-iw
K-Cil- N G(F)w,si-i- = Gi+1(F)ac,si+ T Gd(F)$;5d—l+'

Using tin, Yu constructed a representation p; of K; for j =0,...,d.

LEMMA 3.15 ([31, §4]). — Let 0 <i <d—1. There is an irreducible represen-
tation ®; of K' x J™t! such that
1. ‘i)i|1x ji+1 8 'i>z| Ji+1-isotypic, and
~ “+ “+
2. ®i|KiD<1 is 1-isotypic.
LEMMA 3.16 ([31, §4]). — Let 0 < i < d— 1. Let inf(®;) be the inflation of

®;|xi to K x JiTH and let ®,; be as in Lemma 3.15. Then the K' x Jitl-
representation inf(®;) @ ®; factors through K* x Jitt — KiJitl = Ki+1,

DEFINITION 3.17. — We denote by @/ the K*t!-representation inf(®;) @ ®;.

To obtain p; constructed by Yu, we use a little different way from Yu, by
Hakim—Murnaghan.
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LEmMA 3.18 ([15, 3.4]). — 1. Fori=1,...,d -1, we have K* N J'T! =
G (F)yr, C J° _
2. Fori = 0,...,d — 1, let u be a K*'-representation that is trivial on

KN J™Y, Then we can obtain the inflation ianl+ i ofu to K1 via

K gt = K /(KP 0 J*Y). The representation inf’." 1 s trivial
on J't1 and also trivial on K"t N Ji*2 ifi < d — 1.

3. If 4, u is as in (ii) and i < J < d, then we can also obtain the inflation
1+1
1anl,u of i to K7 as Hlle —meJ_lo o1an1 .

DEFINITION 3.19 ([15, 3.4]). — For 0 < i < j < d, we put x} = infk.,, &/,
For 0 < j < d, we put va_l = infﬁé p and Kv; = <I>j|Kj. And also, for —1 <i<d
we put K; = nf.

PrOPOSITION 3.20. — Let 0 < j < d. The representation p; constructed by
Yu is isomorphic to

nil®/@6®~~®n;.

In particular,
PA=E K1 QKQ & Kg.

Proof. — The representation p; is constructed in [31] on page 592. Yu induc-
tively constructs two representations: p; and pJ .

Let us show by induction on j that p;’ =k’ | ® Iio ®-® /{?_1 and p; =
li_l ®/¢0 - -®/£j If j = 0, then by definition the representation pf, constructed
by Yu is p and pg is pf @ (®o|xo). We have K ; = p and k3 = ®g|go. So the
case j = 0 is complete. Assume that p}_; = /@j__ll ® /@%_1 e® ,@?:é and p;_1 =
e e ~®H§j. Then by definition p/ is equal to inf’; (P )o®) .
By definition ®_; is equal to #}_,. Moreover,

infﬁj,l(pgfl) inf’ (Kl e ® n?:é)
1an7 1(/1 ) ® 1an] 1(/%_1) R infgj_l(/ﬁ::é)
:KJ—1®HO®"'®’%]’72
Consequently p;’ = &’ ®/10 ®- ®/€ ® - ®/{ ;- Finally, by Yu’s definition,
pj is equal to p] ® ®;| ki, and thus p; = k7| ® Iio R ® /i;, as required. [

Therefore, we obtain p; constructed by Yu. Spice recently found a problem in
the proof of the following statement. This was recently discussed and corrected
by Fintzen [11], so that we are allowed to do not worry about this problem.

THEOREM 3.21 ([31, 15.1]). — The compactly induced representation
C-Indf(]j(F) pj of GI(F) is irreducible and supercuspidal.
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For later use, we recall the following proposition on the dimension of repre-
sentation space of k;.

ProproOSITION 3.22. — Let 0 < ¢ < j < d. Then the dimension of /{f is equal
to the dimension of ®%, which is also equal to (J'*1 : Jit1)1/2,

Proof. — By definition ﬁg is an inflation of ®;; consequently, these representa-
tions have equal dimensions. The representation @/, is the unique representation
of K**+! whose inflation to K x J*t! is ®;. Thus, the dimension of ®/, is equal
to ®;. The representation ®; is constructed in [31, 11.5] and is the pull back
of the Weil representation of Sp(J*+1/J) x (J+1/N;) where N; = ker(®;).

Thus, the dimension of ®; is [J+ : Jfl]%. O

4. Tame simple strata

In this section, we consider the class of simple strata corresponding to some
Yu datum. We fix a uniformizer wg of F.

DEFINITION 4.1. — 1. A pure stratum [2,n,r, 5] is called tame if E =
F[4] is a tamely ramified extension of F.
2. A simple type (J, A) associated with a simple stratum [, n, 0, 8] is called
tame if [2(,n, 0, f] is tame.

REMARK 4.2. — 1. By [6, (2.6.2)(4)(b), 2.7 Proposition], the above defi-
nition is independent of the choice of simple strata.
2. Essentially tame supercuspidal representations, defined in [6, 2.8], are
G-representations containing some tame simple types.

As explained in §2, any simple strata has a defining sequence. Actually, if a
simple stratum [2A,n,0, 5] is tame, then we can show the existence of a “nice”
defining sequence of [2,n,0, 5]. To discuss such a defining sequence, we state
several related propositions.

LEMMA 4.3. — Let 2 be an hereditary op-order in A = Mpy(F'), and let E be
a field in A such that E* C R(2). Let 8 be an element in E, then

(1) va(B)e(E|F) = e(Aor)vp(B).

Proof. — Let wg denote a uniformizer element in E. Since E* C £(2), the
elements wg, wr and S are in K(2A). Thus, Equality [7, 1.1.3] is valid for these
elements and we use it in the following equalities. On the one hand

(2) ﬁe(E\F)Ql _ w;jE(ﬁ)e(ElF)Ql _ w;‘E(/B)QL
On the other hand
(3) BC(E\F)Q( - mvm(ﬁ)e(ElF).
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Moreover by definition of e(|or) (see [7, 1.1.2]), we have
(4) w?E(ﬁ)m _ ;pe(Ql\aF)vE(,@).
Equalities 2 , 3 and 4 show that

(5) mvm(ﬁ)e(E\F) — me(%l\op)vE(ﬁ).

Consequently, vy (B)e(E|F) = e(™U|op)vg(8) and equality 1 holds as required.
(]

The following is analogous to [7, 2.2.3]; the main differences are that the
tameness condition is assumed and a maximality condition is removed.

PROPOSITION 4.4. — Assume A = My(F) for some N. Let [A,n,r, 0] be a
tame simple stratum with r > 0. Let [Bg,r,r—1,b] be a simple stratum, where
B =ANCenta(B). Then we have F[S + bl = F[B,b] and [A,n,r, B+ b] is a

—r=ko(b,Bg) ifb¢E

trat th ko(B + b,2) =
pure stratum with ko(8 ) Fo(5.20) ifbeE.

Before proving the proposition let usset E = F[3]. Alsoset Bg = Endg(V) =
Cent4(8). Let B be the Jacobson radical of A. Set B = By = AN Bg and
N =P N Bg. Thus, Bg is an og-hereditary order in Bg and Qg is the
Jacobson radical of B . We now prove the proposition.

Proof. — Let s : A — Bg be the tame corestriction that is the identity when
restricted to Bg; we recall that such maps exist by [7, Remark (1.3.8) (ii)].
Let £ = {L;};cz be an op-lattice chain such that

A= {zecAlz(L;) C L;,i € Z}.
By definition [7, 2.2.1],
KR ={x € Glz(L;) € L,i € Z}

and

ﬁ(‘BE) = {:E € Gg | I(Lz) eL,i€ Z}.
Thus,
(6) A(Bp) C KA.

The stratum [Bg,r,r — 1,b] is simple, and thus the definition of a simple
stratum shows that

(7) E[b]* C &(Bg).

Put E; = E[b] = F[3,b]. Equations 6 and 7 imply that £ C £(2). This
allows us to use the machinery of [7, 1.2] for 2 and Ej.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



804 A. MAYEUX & Y. YAMAMOTO

Set Bg, = Endg, (V) and Bg, = AN Endg, (V). Proposition [7, 1.2.4]
implies that B, is an og,-hereditary order in Bg,. Let A(E;) be the al-
gebra Endp(E7) and let A(E;) be the op-hereditary order in A(E;) defined
by A(E) = {z € Endp(E1) | 2(pl,) C ply,,i € Z}. Let W be the F-span
of an op,-splitting basis of the op,-lattice chain £. Proposition [7, 1.2.8]
shows that the (W, E1)-decomposition of A restricts to an isomorphism 2 ~
A(E1) @op, B of (A(E1), B g, )-bimodules. Similarly, we have a decomposi-
tion Bp ~ Bp(L1) Ry, B, . Set Bp(E1) = Endp(Er) and Br(E)) =

n r

Be(Ey) NA(Ey). Al tn(F) = ————and r(F;) = ———. Let
pUED) AREL. Ao set nlB) = e Ty and 1) = Cag, oy 1

us prove the following equalities:

(8) vam)(B) = —n(Er),

(9) Vs () (0) = =7 (En).

Let us prove that the equation 8 holds. By definition of E;, the element 3 is
inside £y and thus v g, )(8) = vg, (6). Thus, Lemma 4.3 shows that

(10) va(Ble(Er|F) = e(Aor)va(s,)(B)-

Proposition [7, 1.2.4] gives us the equality

e(Aor)

e(Er|F)

Because [2(,n,r, 3] is a simple stratum, n is equal to —vy(8), consequently
using equations 10 and 11, the following sequence of equality holds.

(11) e(%E1|0E1) =

va(B)e(Er|F) va(B) —n
v = = = = —Nn E
W)= ap) T a®rler) | dBalop) Y
This concludes the proof of the equality 8, and the equality 9 is easily proven

in the same way. Proposition [7, 1.4.13] gives

ko (B, A(E)) = m
kO(b’%E(El)):m'

Consequenﬂ}’7 [Q[(El)vn(El)vr(El)vﬁ} and [%E(El)a’r(El)vr(El) -1 b] are
simple strata and satisfy the hypothesis of the proposition [7, 2.2.3]. Con-
sequently, [A(F1),n,r — 1, 8+ b] is simple, and the field F[5 +b] is equal to the
field F'[$,b]. Moreover, [7, 2.2.3] implies that

—T(El) = ko(b7 %E(El)) if b ¢ E

ko8 +6,2U(E)) = {ko(ﬂ,m(El)) ifbe E.

The valuation veg,)(8 + b) is equal to —n(F;), and the same argument as
before shows that vy (8 + b) = —n. The proposition [7, 1.4.13] shows that
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ko (B +b,20) = ko(B + b, A(E1))e(BE, [op, ). Thus

—r =ko(b,Bg) ifb¢E

ko8 +5,20) = {ko(ﬁ,m) ifbe E.

This completes the proof. O
Compare Proposition 4.4 with [8, Proposition 4.2].

ProprosiTION 4.5 ([6, 3.1 Corollary]). — Let E be a finite, tamely ramified
extension of F and let 8 € E such that E = F[8]. Let [UE),n,r, 3] be
a pure stratum in A(E) with r = —kp(B8) < n. Then there exists v € E
such that [A(E),n,r,~] is simple and equivalent to [A(E),n,r,[]. Moreover,
if t : E < A is an F-algebra inclusion and [2,n', 7', 1(B)] is a pure stratum
of A with v’ = —ko(L(8),20), then [2,n/, 1" 1(y)] is simple and equivalent to
[R,n' 7', B

PROPOSITION 4.6. — Assume A = Mpy(F) for some N. Let [U,n,r, 5] be a
tame, pure stratum of A with r = —ko(8,2). Let v € E = F|[f] such that
[, n,r,v] is simple and equivalent to [A,n,r,B]. Then [B,r,r — 1,8 —~| is
simple.

Proof. — Using an argument similar to the one in the proof of Proposition
4.4, it is enough to prove the proposition in the case where F[53] is a maximal
subfield of the algebra A = Endp(V). So let [, n,r, 5] be a tame pure stratum
such that F[8] is a maximal subfield of A and ko(3,2) = —r. Let v be in
F[B] such that [, n,r,~] is simple. The stratum [B,,r,r — 1,3 —~] is pure in
the algebra Endpp,)(V) because it is equivalent to a simple one by [7, 2.4.1].
Moreover [B,,r, 7 — 1,5 —~] is tame pure, so Proposition 4.5 shows that there
exists a simple stratum [B.,r,r — 1, o] equivalent to [B,,r,r — 1,5 — 7], such
that F[y][a] C F[v][8 — ~]. By Proposition 4.4, [2,n,r — 1,7 + «] is simple,
and F[y + a] is equal to the field F[y,a]. Set Q, = rad(B,) = B, N*P.
The equivalence [B,,r,r —1,a] ~ [B,,r,r — 1,3 — 7] shows that « = f — v
( mod Q;(T_l)). This implies vy 4+ a = # ( mod P~—1). We deduce that
A, n,7—1,v+a] and [, n,r—1, 5] are two simple strata equivalent. Indeed, the
first is simple by construction, and the second is simple by hypothesis because
ko(B,2) = —r. The definitions shows that F[y+a] C F[f], and [7, 2.4.1] shows
that [F[y + «a] : F]| = [F[#] : F]. Thus, F[y + o] = F[f]. The trivial inclusions
Fly+a] C F[y,a] C F[f] then show that F[y+ o] = F[y,a] = F[S]. We have
thus obtained that the following three assertions hold:

e The stratum [B,,r,r — 1,a] is a simple stratum in End g, (V).
e The field F[y][a] is a maximal subfield of the F[y]-algebra Endgp (V).
o B, rr—10a]~[By,rr—1,6—1]

Consequently, by [7, 2.2.2], [B,,r,r — 1,5 — ] is simple, as required. O
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By these propositions, we obtain the following proposition needed in our
case.

PROPOSITION 4.7. — Let [2,n,r, 8] be a tame pure stratum of A with r =
—ko(B,2A). Then there exists an element v in F[f] satisfying the following
conditions:

1. The stratum [, n,r,v] is simple and equivalent to A, n,r, 3].
2. B — v is minimal over F[y].
3. The equality vo (B — ) = ko(B,2) holds.

Proof. — By Proposition 4.5, there exists v satisfying (1). We show that ~
also satisfy (2) and (3). We apply Proposition 4.6 to the case A = A(E).
Then the stratum [B’, —ko (8,2A(E)), —ko (5,A(E)) —1, 8 —~] is simple, where
B’ = Cent 4 () NA(E). Since this stratum is simple, 3 — v is minimal over
F[y] and (2) is satisfied. To obtain (3), we calculate vy (8 — =) and ko(5,2).
First, we have

vE(B =) =vep (B —7) = va (B —7) = = (—ko (B,A(E))) = ko (8,A(E)) -

Then we obtain

_ e(Aor) _ e(™or) _
va(B—7) = o(EF) vp(B—7) = o(EJF) ko (B,4(E)) = ko(53,2)
and (3) is also satisfied. O

5. Tame twisted Levi subgroups of G

The set of lattice functions in G are tame twisted Levi subgroups.
Let E/F be a field extension, and let W be a right D ® p E-module such
that dimpg (W) < co. Then we can define an E-scheme Autpg (W) as

Autpg, 5(W)(C) = Autpg,.c(W @§ C)

for an E-algebra C.

Here, let V be a right D-module and let E/F be a field extension in
Endp(V). Then V can be equipped with the canonical right D ® p E-module
structure.

Let E'/E/F be a field extension in Endp(V) such that E’ is a tamely
ramified extension of F'. We put G = Autp(V), H = Resg/p Autpg (V)
and H' = Resg/p Aut pg, g/ (V), where the functor Res is the Weil restriction.
Then H' is a closed subscheme in H and H is a closed subscheme in G.

To show that (H’, H,G) is a tame twisted Levi sequence, we fix a maximal
torus in G. We take a maximal subfield L in Endp (V') such that L is a tamely
ramified extension of E'. We put T'= Resy/p Autpg 1 (V).
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For a finite field extension Eo/F, we put Xpg, = Homp(Ep, F). Let L be
the Galois closure of L/F in F and let C' be an L-algebra. Then we have an
FE-algebra isomorphism

EorC= ][] C-
oceXp

l®aw— (o(l)a),,

where C, = C'is equipped with an E-algebra structure by the inclusion ! — o (1)

from F to C. The canonical inclusion EQrC — E'®rC induced from E C E’

is the map (Is)sexy = (lo|z)orexy - Wealsohave VoprC =2V eop E@pC =

V®Eg (HanE C,) = EBUGXE VorC,. WeputV, :=V®gC, forany o € Xg.
We need the following lemma.

LEMMA 5.1. — Let to be a positive integer, and let Ry be a (noncommutative)
ring fort = 1,...,tg. We put R := Hiozl R; and we regard R; as an R-
submodule in R = @?:1 Ry. Let V' be a right R-module. We put V; :=V - 14,
where 14 € Ry C R is the identity element in Ry. Then we have V = EB?:l V;
and an isomorphism

to

Autp(V) = H Autp, (V3)
t=1

f — (fIVt)t-
The inverse of this isomorphism is the map (f) — @iozl It
PROPOSITION 5.2. — Let V, L/E'/E/F, H and H' be as above. Moreover,
let C' be an extension field of L.
1. Foro € Xp, we have Vo = @,rcx,, o/ peo

2. We have a C-group scheme isomorphism

HxpC= [] Autpg,c, (Vo)

ceXEp

V.

3. We have a commutative diagram of C-group schemes:

H' xp C —1l,ex,, Autpg,c,, (Vo)

| |

H xp C —— HanE Autpg .o, (Vs),

Proof. — Since we can regard V as a right D ® p F-module, the group V ®p C
is equipped with a canonical right D ® p F ® p C-module structure. Moreover,
by the canonical isomorphism V ®@p C = V ®g E @ C we can also equip
V@r (E®pC) with a right D ®p (E @ C)-module structure. This action on
V®g E®p C is as follows: Forv € V, z € D and by,b, € E ®f C, we have
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(v@pbi)- (2@pby) = (v2) @Ebiby. Let 0 € Xp. Let 1, € O C P cx, Cr be
the identity element in C,, and we regard 1, as an element in £ @ C by the
E ®fp C-module isomorphism F ®p C' = HTGXE C, = EBTGXE C,. Similarly,
for o' € Xg/, we define 1, € C,» C E' @ C.

We have (V@rC) - (10rl,) =(Ver (E®rC)) - 10rl,) =V -1)®g
((Il;ex, C7) - 16) =V ®@p C; = V. By the same argument, we also obtain
Voo =(VRrC) (1®Fp1y) for ' € Xg. Since 1, = Y 1o, we
obtain

oc'€Xp,0'|E=0
Vo=VerC) - 1®r1,)

=(Vep (B'er(0))- (1 ®F ( > 10’))
oc'€Xp,0'|E=0
= V®E’ < @ Ca’>

o'€Xp,0'|E=0
= P ewln)= b V.
oc'€Xp,0'|g=0 oc'€Xp,0'|E=0
which is the equality in (1).
To show (2), let R be a C-algebra. Then we have
H xp C(R) = Resp/r Autpg, 5(V)(R) = Autpg . p(V)(E @F R)
= Autpg,rerEerr(V @8 E ®F R)

Here, we have a ring isomorphism DR p (E®rC)®c R & HanE DerC,QcR,
and the identity element in D ®p Cy ®¢c R is 1 ®p 1, ®c 1. Moreover,
(Vep (E®rC)@cR)  10r1l,®c1) = VepC, @ R =V, ® R.
Then, by Lemma 5.1, we obtain Autpg, (Ee,c)ecr(V @ (E®r C) ®c R) =

HoeXE AutD@Fca@)cR(VU ®c R) = (ngXE MD@)FC’U (VU)) (R)7 which com-
pletes the proof of (2).

(3) is the result from (2) and the fact that there exists a canonical inclusion
H' CcH. O

REMARK 5.3. — We describe the right vertical morphism in (3). First, the
isomorphism

H xp C(R) = AUtD®F(H ex, Co)®CcR < @ (Ve ®c R)>
oEXp

oceXp

~ [ Autperc,ecr(Vo ®c R) = ( 11 ‘AutD®FCG(VU)> (R)

ceXp ceXEp
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is given as f — (f|lv,@cr)s by Lemma 5.1. Moreover, the monomorphism
H' xp C — H xp C induced by H C H' is as follows: For a C-algebra R,
H' xp C(R) = H'(R) = Autpg,reor,r(V ®r R) C Autpg,ee,r(V ®F R) =
H(R) = H' xp C(R). Therefore, by Proposition 5.2 (1), the monomorphism

H Autpg,.c, (Vor) = H Autpg,.c, (Vo)

O'/EXE/ c€eXp
is given as (fd’)a/GXE/ = (HU’EXE,U’\E:J fa’)aGXE'

Weputly ={1,...,[E: F]}, b ={1,...,[E': E]}and I3 = {1,...,[L : E'[}.

Let 01,09, ...,0[g.5] be distinct elements in X = Homp(E, F). Fori € I, let
0i1,0i2,---,04[g:g) be distinct elements in Homp(E’, F) whose restrictions
to E are equal to o;. For (Z,]) el XIQ, let 0ij1,04,5,25 504 j,[L:E'] be distinct

elements in Homp (L, F') whose restrictions to E’ are equal to o; ;. Then we
have

Xp = Homp(E', F) = {0;,|(i,7) € I; x I}
X1, =Homp(L, F) = {0i j 1|(i,5,k) € I x Iy x I3}

as L/F is separable. For (i,7,k) € I, x Iy x I3 and an L-algebra C, we put
Cijk:=Cs, ,, and Vi ;1 := Cy, ., . We can similarly define an E-algebra Cj,
an E’-algebra C; ;, a D ®p C;-module V; and a D ®p C; j-module V ;.

PROPOSITION 5.4. — 1. Let C be an extension field of L. Then we have
a commutative diagram of C-schemes:

TXFC

Hi,j,k MDC@FC,;J,,C (Vi,j’k)

H' xp C — Hi,j MD@,;CM (@k Vijk)

H xp C —= [, Autpg, ., (€D, Vi)

G xp C i>Mp®Fc (EB”k Vivjak’) :
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2. We have a commutative diagram of C-vector spaces:

[L jx Endpgrc, ;i (Vi)

Lie(T XF C)
Lie(H' Xp C) i> Hi,j EndD@Fcz‘,j (@k ‘/injak)

Lle(H XF C) i> Hi EndD@Fci (@j,k Vvi»]ﬂ“)

Lle(G XF O) ; EndD®FC (@i,j,k ‘/ivjvk) ’

where the vertical morphisms are all monomorphisms.
3. Let ¢ € L, and let m. € Lie(T) = Endpgr(V) be the map v — cv
forve V. We put m¢c = m.Qp 1 € Lie(T) ®@p C = Lie(T xp C).

When we regard m.,c as an element in Endpg,.c (@iu‘,k Vi,j7k> via the

morphisms in (2), for v, j € Vi j.x we have me,c(vij k) = i jk-0ik(C).

Proof. — (1) is the result from Proposition 5.2. By taking the Lie algebra of
(1), we obtain (2).

To show (3), let v € V, Il € L and b € C. Then mec(v @1l ®pb) =
Me,c(lWRpd) = clv@pb =1L (c®rl-10pb) € VR (LRrC). Here,letv eV
and a € C; . Then we have v®ra € VRLCijr = Vijr CV®L(L®pC) and
me,c(v®pa) = v ((c®p 1) - a). Since (c®p1)-a = 0, x(c)a by the L-algebra
structure in C; ; x, we obtain m. c(v®ra) =v®r0; jk(c)a = (VvQra)-o; ;x(c).
Since V; ;1 is generated by elements of the form v ® a for some v € V' and
a € C; j i, we obtain me o (v; j.x) = Vi jk - 0ijk(c) for v jr € Vi O

COROLLARY 5.5. — The sequence (H', H,G) is a tame twisted Levi sequence.
Moreover, Z(H')/Z(G) is anisotropic.

Proof. — We put C' = L, which is a finite, tamely ramified Galois extension of
F. Since L is a maximal F-subfield in A, the right D ® p L-module V" is simple.
Then for any (i, 4, k) € I; x Iy x Is and C-algebra C, we have

Endpg,.c, ,, (Vijk)(C) = Endpg o, aeaV &L Cijx ©c C)
= Endpg . 16,6V OL C~')
= Endpg,.r(V) QL C
~ L@, C=C=End.(C)O).
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Therefore, we have Endpg o
have

(Vijk) = End(C) as C-schemes. We also

W4,k

I1 Endps,c.,, (Viix) = [ Ende(C),

1,5,k i,4,k
[ Endps,c. (EB%M) = [] Endc (ceausl) ’
1,7 k @7

[ Endps,.c. (@%73-,1@) = [ End. (cea<|zz|xug\>) :
i g,k i

EndD®Fc<@ vm’,c> =~ End,, <C®(|I1|><\12\><|I3|)) .

i,k
By taking the multiplicative group, we obtain

TxpC= H 7AutD®Fci,jak(%7jyk) = GmX(|11|><|I2\><\13|),

i,5,k
H xpC = HMD®FCM <@Vi,j,k> [ GL\I3| ><(|I1|><\12D7
i,j Kk
HxpC HMD@E@ (@wj,k) 2 GLypy x5 <1,
i gk

GxpC= AutD®Fc<@ mek) = GLy1 x| 1o |15 -
i,k
Therefore, H xp C and H xp C are Levi subgroups in G x g C with a split
maximal torus T' xp C'. Since C' is a finite, tamely ramified Galois extension of
F, the sequence (H', H,G) is a tame twisted Levi sequence.
Moreover, we have (Z(H')/Z(G)) (F) = E'*/F*, which is compact. Then
Z(H')/Z(G) is anisotropic. O

Let C = F. For distinct elements (@, 5", k), (", j", k") € Iy x Iz x I3, we

define the root a i jr w7 57 k) € ®(G,T; F) as

. _ X, —1
i i@ grdny s L] At pep i, (Vi) = F5 (g k)i = ti o it s o
i.jk

Therefore,we have

(D(H, 117 F) = {a(i/,j’,k'),(i",j”,k”) & @(G,T7 F)‘Z/ = 7;”
q)(lf[/,J—’7 F) = {a(i/1j/7k/)’(i//’j//7k//) € q)(G7T7 F_‘)‘Zl = 'L’N,j/ - j” 3
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and we obtain
(I)(H, T, F) \ (I)(H/, T‘7 F) = {a(i/vj/7k/),(i//,j//7k//) € @(G7 CZ—‘7 F)|Z/ = ill,j/ 7é j//} .
Moreover, the coroot cy jr gy (i jor k) With respect to ayr jr gy i jor kory 18 as
follows:
&ir gy (i gy P FX = [ At r,, (Vigr) = [T FXt = (k)i
0,5,k i,k
where
t o ((4,5,k) =05 k),
tigre =t ((6,5,k) = (", 5", k")),
1 otherwise.

Then we have dd(i’,j’,k/),(i”,j”,k”)(u) = (ui,j’k)i’jyk where

u o ((,4,k) = ("5, K)),
wijk =4 —u ((i,5,k) = (@", 5", k")),
0 otherwise.

Conversely, we determine the set of tame twisted Levi subgroup G’ in G with
Z(G")/Z(G) anisotropic.

LEMMA 5.6. — Let G’ be a tame twisted Levi subgroup of G = Autp (V).
Suppose Z(G')/Z(G) is anisotropic. Then there exists a finite, tamely ramified
extension E of F' such that G' = Resp/r Autpg,, p(V).

Proof. — Let F¥ be the maximal tamely ramified extension of F'. Since G’
is a tame twisted Levi subgroup in G, G’ is a Levi subgroup in Gpe =2
Autpg g (V @ F™). There exists a one-to-one relationship between Levi sub-
groups in G'pw and direct decompositions of V ®F' as a right D® F*"-module.
Let V® F¥ = i:l Vi be the corresponding decomposition with G%... Then
we have G = [[}_1 Autpgpe (V). We remark that the right-hand-side
group is the multiplicative group of Endpg pu (Vi) with a Gal(F*™ /F)-action
defined by its F-structure. Let Zj be the center of Endpg g (Vi), which is
F'_isomorphic to End . (F'*). Then Z(G’)p« is the multiplicative group of
Z = [1,—, Z, equipped with the same Gal(F'"/F)-action. Therefore, we con-
sider the structure of Z,. Let 1y be (the F%-rational point corresponding
to) the identity element in Zj. Since the Gal(F*/F)-action to Z preserves
the F-algebra structure, the set {15 | k = 1,...,5} is Gal(F*/F)-invariant.
Then by changing the indices if necessary, we may assume there exist inte-
gers 0 = ng < ny < -+ < ny = j such that Gal(F*/F) acts on the set
{1n,_ 11,1y, } transitively for I = 1,...,i. We put ¥; = [[}2, .| Z.
Since a € F,b € Z and v € Gal(F*/F) we have vy(ab) = v(a)y(b) and
{1n, 141,---,1,,} is Gal(F™/F)-invariant, Y; is also Gal(F'/F)-invariant.
Then Y; is defined over F. Let X; be the Galois descent of Y; to F. Let
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Gal(F' /F;) be the stabilizer of 1,,,. The fields F; is tamely ramified, and finite-
dimensional over F since Gal(F'"/F)/Gal(F'"/F;) is Gal(F""/F)-isomorphic
to the finite set {1,, ,+1,--.,1n, }-
We show X is isomorphic to Resp, /p End ., (F;). If this follows, then we can
show the multiplicative group of X;is Resp, ) p G, and Z(G') = Hﬁzl Resp,/r G-
Any F'-rational point of Y; is uniquely represented as the form

ki—n,_ 41 @ 1, Where apr € F¥. Suppose z = Y10 4 aply is sta-
bilized by Gal(F*/F). For any v € Gal(F"/F;), we have z = 7(z) =
’I’Lifl

k—n,_+1 (@ )¥(1kr) + v(an;)1n,. Then we have y(an,) = an,, that is,
an, € F;. For n;_1 < k' < n;, we pick v € Gal(F'*/F) such that v (1,,) =
1. Then we have
n;—1
p=yw ()= > wrlaw ) (L) + i (an,) e,
k'"=n;_1+1
whence ag =Yg/ (an,). Therefore, any F-rational point of X; is the form

’I’Li—l

Z "Yk/(anq‘,)lk’ + an, lnm
k'=n;_1+1

where a,,, € F;, and the ring structure of X;(F) is isomorphic to F;. Since the
ring structure of X;(C) is isomorphic to X;(F) ® C for any F-algebra C, we
obtain X; = Resp, /p Endp, (F;).

We have shown Z(G') = Hi=1 Resp, ) Gy Since Z(G")/Z(G) is anisotropic
and Z(G) = G,,, wehavel = 1 and Z(G') = Resg/p Gy, where we put £ = F7.

The field E can be regarded as a F-subfield in A via X C End, (V). We
put H = Autpep(V). Then H is a tame twisted Levi subgroup in G, and
we have Z(H) = Z(G'). Since there exists a one-to-one relationship between

subtori in GG defined over F' and Levi subgroups in G defined over F', we obtain
G'=H. O

6. Embeddings of buildings for Levi sequences of G

6.1. Lattice functions in V. — First, we recall the lattice functions in V' and
their properties from [3].

DEFINITION 6.1. — The map £ from R to the set of op-lattices in V is a lattice
function in V' if we have the following.
1. We have L(r)wp = L(r+ (1/d)) for some uniformizer wp of D and
r € R.
2. L is decreasing, that is, £(r) D L(r') if » <71'.
3. L is left-continuous, where the set of lattices in V' is equipped with the
discrete topology.
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The set of lattice functions in V is denoted by Latt (V). The groups G and
R act on Latt’ (V) by (g- L)(r) = g - (L(r)) and (' - L)(r) = L(r + +') for
g€ G, rr eRand £ € Latt' (V). These actions are compatible, and then
Latt(V) := Latt'(V)/R is equipped with the canonical G-action. The G-sets
Latt'(V) and Latt(V) are also equipped with an affine structure. Then there
exists a canonical G-equivariant, affine isomorphism %% (G, F) — Latt* (V).
This isomorphism induces a G-equivariant, affine isomorphism %2%(G, F) —
Latt(V).

We construct lattice functions from o p-sequences. Let ¢ € R and let (£;);ez
be an op-sequence with period e. Then

,C(T) = ﬁ[de(r_c)], reR
is a lattice function in V.

PROPOSITION 6.2. — Let L be a lattice function in V. The following assertions
are equivalent.
1. L is constructed from an op-chain.
2. There exists ¢ € R and e € Z~q such that the set of discontinuous points
of L is equal to ¢+ (de)™'Z.
Moreover, if (1) (and (2)) holds, e is equal to the period of some op-chain,
which L is constructed from.

Proof. — First, suppose L is constructed from an op-chain. Then there exists
c € R and an op-chain (£;);ez with period e such that L£(r) = Lrge(r—e) for
r € R. Since (£;) is an op-chain, the set of discontinuous points of £ is equal
to ¢ + (de)~1Z, whence (2) holds.

Conversely, suppose (2) holds. For i € Z, we put £; = L(c+ (de)™1i). Since
L is not right-continuous at r = ¢ + (de) ~*i, we have

Li=L(c+ (de) ") D Lc+ (de) M (i+1)) = Liy1.
Moreover, we also have

Live=L(c+ (de) ™ (i+e))=Llc+ (de)  i+dt) = L(c+ (de)  i)wp

= EﬂDD.
Then (L£;);cz is an op-chain with period e.

Let £’ be the lattice function constructed from ¢ € R and the op-chain (£;).
We show £ = £'. For i € Z, we have L'(c + (de)~1i) = L; = L(c + (de)~ 1)
and £ = £’ on ¢+ (de)~'Z. For r € R, there exists i € Z such that r €
(c+ (de)=t(i — 1), ¢ + (de)~ti]. Since the set of discontinuous points of £ is
c+ (de)*lZ, then ‘C|(c+(de)*1(ifl),t:#»(de)*li] is continuous and

L(r) = L(c+ (de) ") = Li = Lige(r—en = L'(1).

Therefore £ = £’ is the lattice function constructed from the op-chain (£;) of
period e. The last assertion follows from the above argument. ]
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Conversely, for any lattice function £ there exists an op-chain (£;);ez such
that {L(r) | r € R} = {L£; | i € Z}, unique up to translation. Since L(r +
(1/d)) = L(r)wp for r € R, the period of (£;) is equal to the number of
discontinuous points of £ in [0,1/d).

6.2. Comparison of filtrations: hereditary orders and Moy-Prasad filtration.
— Let « be an element in (G, F), corresponding to a lattice function £
via #F(G, F) = Latt' (V). We can define a filtration (a,.,),cr in A associated
with x as

apr=0c,={a€A|al(r)C L(r+7),r €R}

for r € R. We also put a; ,y = UKT, 0z,,. Then we can define a hereditary
op-order 2 = a, o associated with x. The radical of 2 is equal to P = az o4.
We also put Ug(z) = 22>, and U,(x) = 1+ a,, for r € Ryg.

PROPOSITION 6.3 ([3, Appendix A]). — Let v € B%(G, F).

1. When we identify A with the Lie algebra g(F) of G, we have a,, =
9(F)y, forr e R.
2. Forr >0, we have U,(z) = G(F)y .

Suppose L is constructed from an op-chain. Then there exist ¢ € R and
an op-chain (L;);ez with period e such that £(r) = Lige(r—c)]- Since Li. =
Liwp for i € Z, we have L; 4. = L;wp, and then e(™A|or) = de.

PROPOSITION 6.4. — Let x, L be as above, and let r € R.
1. We have ml—r-l = g(F)x,r/e(Qllop)'
2. Suppose r > 0. Then UI"I(A) = G(F)zr/e(or)-
3. We have () = G(F )4

Proof. — We show (1). By Proposition 6.3 (1), it suffices to show P/ =
azrje@op)- We put n = [r][. Suppose a € 0, eujop). For n' € Z, we
put 7y = ¢+ e(Alop)~'n’. Then we have L(rn) = Liaer,,—cy] = Lnss
and ,C(B(Q[‘OF)_lT—FTn/) = £|’de(e(2{|op)*1r+r”/—c)'\ = £n’+(n]~ Since a €
0z /e(Alog)s 1L particular,

alp = CLE(T.,L/) C ‘C(e(m”oF)ilr + Tn/) = Ln-&-n/

forn’ € Z. Since {a € A| aLl, C Lyin,n € Z} =P, we have a € L.

Conversely, suppose a € B". For 7’ € R, we have L(1') = Lige(r—c)) and
L(e(Aop) ™ r+71") = Lirtge(r—ey)- Since [r+de(r’ —c)] <r+de(r’ —c)+1
and [de(r’ — ¢)] > de(r’ — ¢), we have

[r+de(r' —c)] — [de(r' —c)] <r+de(r' —c)+1—de(r' —c)=r+1.
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Since [r + de(r’ — ¢)| — [de(r’" — ¢)] € Z, we also have [r + de(r’ — ¢)] —
[de(r’ — ¢)] < [r]. When we put n’ = [de(r’ — ¢)], we have n +n/ >
[r + de(r’ — ¢)]. Therefore,

aﬁ(r’) = aE[de(ﬂ,c)] =aly, C LnJrn/ C ‘C[T+de(r’fc)'| = £(e(2l|op)_1r + 7“/)

for 7 € R, which implies a € az ;/e(jor)- Thus (1) holds.

To show (2), it is enough to show U"1(A) = U, /e@jor) () by Proposi-
tion 6.3 (2). Therefore (2) follows from (1).

(3) is a corollary of [3, I Lemma 7.3], as £ is constructed from an op-
chain. ]

PROPOSITION 6.5. — Let x € BE(G,F) correspond with a lattice function
constructed from an op-chain, and let n € Z.

L (a) B =9(F)en/ec@lor)
(b) P = 9(F)an/e(@or)+
(c) %L("H)/QJ = Q(F)m,n/2e(m\op)
(d) ‘BL”/QHI = G(F)z,n/2e(m\op)+~
2. Suppose n > 0. Then we have
(a) U™(R) = G(F)zm/e@lor)
(b) U™HRA) = G(F)um/e(or)+
(¢) ULHD2L(9) = G(F) g m/2e(at]or)
(d) UML) = G(F) g 2e(0 )+

Proof. — We show (1), and (2) can be shown in the same way as (1).

(a) follows from Proposition 6.4 (1). (c) also follows from Proposition 6.4
(1) and the fact [(n+1)/2] = [n/2] for n € Z.

We show (b). For r € (n,n + 1], we have [r] = n + 1. Then we have

g(F)z,n/e(Ql\op)Jr = U g(F)o:,r’
n/e(Ajop)<r’

_ U Rl e(lor)]

n/e(Ajop)<r'<(n+1)/e(Alor)
_ ;BnJrl.

To show (d), we consider two cases. First, suppose n € 2Z. Then we have
PLr/2FE = RO = (F), ((n/2)41)/e(@t]or) DY (a). Since n/2 € Z, for any
r € (n/2,(n/2) + 1], we have [r] = (n/2) + 1 and g(F)a,re(ujor) = BT =
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P(/2+1  Therefore,

() zn/2e(A o)+ = U 9(F )z

n/2e(Aop)<r!

— U ﬁpfr'E(ﬁlﬂFﬂ
n/2e(Alop)<r'<((n/2)+1)/e(Alor)

— m(n/2)+1 — mtn/2J+1.

Next, suppose n € Z\2Z. Then we have |[n/2]+1 = (n+1)/2 = [(n+1)/2]
and pL/2+1 = 9(F)zn/2e(21)0) by (D). Since [r] = (n+1)/2 forr € (n/2, (n+
1)/2], we obtain

g(F)x,n/Qe(Ql\op)—i- = U Q(F)z,r’
n/2e(Alop)<r’

— U ;p]'r'e(m\oFﬂ
n/2e(Alop)<r’'<(n+1)/2e(™Alor)
— slg(n-s-l)/Q _ q3|’n/2'|+1. 0

Let (H', H,G) be a tame twisted Levi sequence. Then there exists a tower
E'/E/F oftamely ramified extensions in A such that H' = Resg/p Aut pg . g/ (V)
and H = Resg/p Autpg  p(V). We put B = Cent4(E) and B’ = Centa(E").
There exist a division E-algebra Dp and a right Dg-module W such that
B = Endp,(W). Similarly, there exist a division E’-algebra Dg/ and a right
Dpr-module W' such that B’ = Endp,, (W’). Since E'/E/F is a tower of
tamely ramified extensions, we have canonical identifications

B (H,F) 23" (At peo (V). E) = 2 (Autp, (W), B),
BP(H', F) 25" (Aut po i (V). E') = B°(Autp,,, (W), E).

Let x € BF(H',F) = %’E(MDE,(W/),E’) and let £ be the corresponding
lattice function in W’ with .

PROPOSITION 6.6. — The following assertions are equivalent.
1. [x] is a vertex in BE(H', F).
2. The hereditary og: -order B’ associated with x is mazimal.
3. L is constructed from an op,,-chain of period 1.

Proof. — The element [z] is a vertex if and only if the stabilizer Staby(g)(z)
of z in H'(F) is a maximal compact subgroup in H'(F). Since L is iden-
tified with = via the H’(F)-isomorphism Latt'(W’) = #F(H', F), we have
Stabg gy (z) = StabAutDE,(W/)(ﬁ) = U(%B’). The group U(B’) is a maximal
compact subgroup in H'(F) if and only if B’ is maximal, which implies the
equivalence of (1) and (2).
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To show the equivalence of (2) and (3), let (£;) be an op,,-chain in W’
such that {L(r) | r € R} = {L£; | i € Z}. Since B’ = {t' € B | V'L(r) C
L(r),r e R} = {b € B | VL, C L;,i € Z}, the hereditary og/-order B’
is maximal if and only if the period of (£;) is equal to 1. Since the period
of (£;) is also equal to the number of discontinuous points of £ in [0,1/dg/),
where dp = (dimpg Dg)'/2, (2) holds if and only if there exists a unique
discontinuous point ¢ in [0,1/dg). Here, since L(r + (1/dg+)) = L(r)wp,,, £
is discontinuous at ¢ € R if and only if £ is discontinuous at the unique element
¢ in (c+dp Z)N[0,1/dg). Therefore, (2) holds if and only if the discontinuous
points of L is equal to ¢+ d;;,lZ for some ¢ € R, which is also equivalent to (3)
by Proposition 6.2. g

We fix an H'(F)-equivalent, affine embedding ty/p : B¥(H',F) —

BF(H,F) and an H(F)-equivalent, affine embedding vq gy : B%(H,F) —
#F(G, F). We also put LG/H' = LG/H O LH/H'-

PROPOSITION 6.7. — Let x € ¥ (H, F).
1. The canonical identification 8% (H, F) = 2% (Autp, (W), E) and tq/u
induce

.j QR(@DE(W%E) — ‘@R(G7F)7

which is equal to j,"' in [3, II-Theorem 1.1].
2. Let (aLG/H(:E),T)T‘ER be the filtration in A associated with vq g (), and
let (byr)rer be the filtration in B associated with x. Then
bw,r =BnN aLG/H(:v),r/e(E/F)~

3. The hereditary op-order Qe pr(x),0 18 E-pure.

Proof. — Since % (H,F) = #*(Aut,, (W), E) and g,u are H(F)-equiva-
lent and affine, they induce the H (F')-equivalent, affine embedding

j %R(MDE(W%E) = ‘%R(H/aF) — ‘%R(GaF)

However, H(F)-equivalent, affine embedding 8% (Auty, (W), E) — #%(G, F)
is unique. Since j and j' are H(F)-equivalent and affine, we obtain j = j;.
The remainder assertions are results from [3, II-Theorem 1.1]. O

PROPOSITION 6.8. — Let x € BE(H', F) such that [z] is a vertex.

1. The corresponding lattice function L in W with vy g () is constructed
from a uniform op,-chain. In particular, the hereditary og-order B in
B associated with L is principal.

2. Let B’ be the hereditary og -order in B’ associated with x. Then B is
the unique E'-pure hereditary og-order in B such that B’ = B’ NB.
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Proof. — By Proposition 6.6, the corresponding lattice function in W’ with
x is constructed from an op,,-chain with period 1. Since an op,,-chain with
period 1 is uniform, (1) follows from Proposition 6.7 and [3, II-Proposition 5.4].
The claim (2) follows from Proposition 6.7 and [27, Lemme 1.6]. O
We regard #%(H',F) as a subset in Z%(H, F) via vy, and B (H, F)
as a subset in B (G, F) via 1q/p.
PROPOSITION 6.9. — Let x € BF(H',F) such that [x] is a vertex. Let 2 be
the hereditary op-order in A associated with x € B (G, F) and let B be the
radical of A. We put h(F') = Lie(H) = B.
1. Letn € Z.

(a) BnP" = h(F)w,n/e(Ql\oF)-

(b) BB =0(F)em/et]or)+-

(¢) BNRLUED2N = §(F), 0 2e(at]or) -

(d) B ﬂm\_n/QH-l = b(F)m,n/Qe(QUoF)Jr'

2. Letn € Z>0

( ) BXxnum (A )_ ( )In/e(QlIOF

(b) B~ mUn-H( ) ( )r n/e(™A|op)+

(C) B* N UL n+1)/2] (Q[) H(F)w,n/2e(ﬂ\op)-

(d) B* NUM2TRA) = H(F)y o) +-
Proof. — By [1, Proposition 1.9.1], we have BN gy, = h(F) N gz, = by, for
reRand B*NG(F)y, = HF)NG(F)y, = H(F);, for 7 € R>g. On the

other hand, » € ¥ (G, F) is constructed from an op-chain by Proposition 6.8.
Then we can apply Proposition 6.5 and assertions follow. ]

LEMMA 6.10. — Let x € BF(H', F) such that [z] is a vertex. Let B be the
hereditary og-order in B with x € Y (H, F), and let Q be the radical of B.
1. Forr € R, we have Q1 = H(F)y 1 /e(8lop)e(E/F) = Par/e(Blon)-
2. Forr e Rzo, we have UI—T.| (%) = H(F)x,r/e(‘B|oE)e(E/F)-

3. Letr € Ryg. If H(F)yy # H(F)yr4, then n =re(Blog)e(E/F) is an
integer, and we have

(a) H(F)z,r =U"(B).
(b) H(F)zrq =U"TH(B).
(C) H(F)z,r/2+ = U\'”/QJ—H(%)'
Proof. — We show (1), and (2) follows from (1). Let (a, ) be the filtration in A

with z, and let (b, ,.) be the filtration in B with z. Since [x] € Z%(H', F) is a ver-
tex, by Proposition 6.8 (1) x € 2 (H, F) is constructed from an o p,-chain. Then
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by Proposition 6.3 and Proposition 6.4 we have Q"1 = bs.r/e(B)op)- Onthe other
hand, by Proposition 6.7 (2), we also have by, ;. /e(8j0) = B N Ay /e(Bop)e(E/F)-
Since Ar.r/e(Blog)e(E/F) = g(F)w,r/e(‘B|0E)e(E/F) by Proposition 6.3, we obtain
Q= §(F) N 9(F)a.r/e(nlom)e(n/p) = B(F)zr/e(wlope(s/F), Where the last
equality follows from [1, Proposition 1.9.1].

To show (3), let r € Rso and suppose H(F)g, # H(F)gp,+. If
re(Blog)e(E/F) ¢ Z, then (re(Blog)e(E/F), [re(Blog)e(E/F)]] is nonempty
and

H(F)m,r+ = U H(F)rn"’

r<r!

= U H(F)r je(®]og)e(E/F)
re(Blog)e(E/F)<r'<[re(Blog)e(E/F)]

_ ylreBlon)e(E/P)] (o5)

- H(F)wﬂ‘a

which is a contradiction. Therefore, we have n = re(Blog)e(E/F) € Z. We
put G’ = Autpg, (V). Then we can regard z as an element in % (G/, E),

and for any ' € R>( we have Ul (B) = G'(E) g, /e(Blog) by Proposition 6.4
(2). Therefore, we obtain H(F), ., = U™ eBloe)e(B/D(B) = G'(E) 4 pre(r/r)
and H(F)gry = G'(E)prep/r)+ for 7' € R. Then by Proposition 6.5 (2)-(a),
(b) and (d),
Un(%) :G/(E)I,TG(E/F) = H(F)ac,M
Un+1(%) G/(E)I,TE(E/F)Jr = H(F)$7T+
ULn/2J+1(%) :G/(E)I,TE(E/F)/2+ = H(F)w,r/2+7

which completes the proof of (3). O

7. Generic elements and generic characters of G

In this section, we discuss generic elements and generic characters, using
descriptions of tame twisted Levi subgroups in G, given in §5. Moreover, we
relate minimal elements to generic characters using standard representatives,
a notion used by Howe [16] in the GLy tame case.

7.1. Standard representatives. — In this section, we introduce and discuss
standard representatives. Certain results appear in [16]. Since we can not
find detailed proofs, we give a complete exposition. We fix a uniformizer wp of
F'. Let E be a finite, tamely ramified extension of F'. Then we can consider the
subgroup Cg of “standard representatives” in E*. We recall the construction
of CE
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LEMMA 7.1. — There exists a uniformizer wg of E and a root of unity z € F,
of order prime to p, such that whz = wp.

Proof. — Let w be a uniformizer of E. Let ¢ = pf be the number of elements in
the residue field of E. Let p4—1 denote the group of (g—1)-th roots of unity in E.
Then [25, Chapter 2 Proposition 5.7] shows that there exists an isomorphism
fiEX ~wlxpu, 1 xG', where G' = 14+pp is a multiplicatively denoted group.
Each element of G’ has an e-th root. Indeed, [25, Chapter 2 Proposition 5.7]
shows that 14p g is isomorphic to an additive group Z/p*Z xZg or to an additive
group ZpN. The image of wp by f is (e, 2, g), where (e, 2, g) € wh X pg—1 x G';
that is, wp = w®zg. Let r be in G’ such that r® = g. Then rw is a uniformizer
of F and wp = (rw)®z. So wg = rw has the required property. |

DEFINITION 7.2. — Let E/F be a finite, tamely ramified extension, and let
wg € E be as above. We denote by Cg the subgroup in E* that is generated
by wg and roots of unity in E with order prime to p.

PROPOSITION 7.3. — The group Cg is well defined, i.e., it is independent of
the choice of wg used to define it.

Proof. — Let wy and wy be two uniformizers of £ and z1, 22 be two roots of
unity of order prime to p such that w®z; = wr and wSze = wp. Let C' be the
group generated by w; and the root of unity of order prime to p. Let C? be the
group generated by wsy and the root of unity of order prime to p. By symmetry,
it is enough show that C' C C2. It is also enough to show that w; € Cy. The
equation w{z; = wr implies that w{ € Cs, and thus there exists a root of
unity z of order prime to p such that w§ = w§z. We have (ww; )¢ = 2. Let
0. be the order of z, which is an integer prime to p. We have (w;w, ') = 1.
The integer eo, is prime to p, indeed, e = e(E|F) is prime to p because E/F
is a tamely ramified extension and o, is prime to p. Consequently w;ws; lisa
root of unity of order prime to p. This implies that wy € Cs, as required. O

Then C'r depends only the choice of wp, which we already fixed. We recall
properties of Cg.

PROPOSITION 7.4. — Let E/F be a finite, tamely ramified extension.

1. Let c € EX. Then there exists a unique st(c) € Cg, called the standard
representative of ¢, such that sr(c) € c¢(1+pg).

2. For any ¢ € E*, the standard representative sr(c) is the unique element
in Cg such that ord (sr(c) — ¢) > ord(c).

3. Let E'/E be also a finite, tamely ramified extension. Then we have an
inclusion Cg C Cgr as groups.

4. Let s € Cg. Let 01,09 € Homp(E, F) such that o1(s) # oa(s). Then
we have ord (o1(s) — o2(s)) = ord(s).
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Proof. — We have E* ~ Cg x (1+pg),and (1) is a consequence. The element
sr(c) is the unique element in Cg such that ¢ = sr(c) x (1 +y), with y € pg.
Thus, sr(c) is the unique element in Cg such that ¢ — sr(c) € sr(c)pg. Thus,
(2) holds, remarking that sr(c) and ¢ have the same valuation. Recall that
the groupsC'rp and Cg/ are independent of the choices of uniformizers used to
define them. Let wg be a uniformizer of F and z a root of unity of order
prime to p in E such that wg(E‘F)z = wp. Because E'/F is tamely ramified,
there exists a uniformizer wg € E’ and a root of unity w of order prime to

p in E’ such that WE(,E/‘E)w = wg. Elevating to the power e(E|F), we have

w%(,EllE)e(E‘F)we(E‘F) = w%(E‘F). We thus get w]eg(,ElF)we(E‘F)z = wp. The
element wF!F) 2 is a root of unity of order prime to p. Consequently, Cp/ is
the group generated by wg: and the roots of unity of order prime to p in E'.
The equation wg/E/IE)w = wg shows that wg is inside C'g/. Trivially, the
roots of unity of order prime to p in F are inside the roots of unity of order
prime to p in E’. Consequently CF is inside Cg, as required for (3).

We now prove the claim (4) when the extension E/F is Galois. Let o €
Gal(E/F), and let wg be an element such that w%z = wp for z a root of
unity in E of order prime to p. Let o, be the order of z. It is enough to
show that z and wpg are mapped in Cg by o. The equality (o(2))°> = 1
shows that o(z) is a root of unity of order prime to p and thus inside Cg. The
equality o(wg)®0(z) = wr together with Proposition 7.3 show that we can use
o(wg) to define Cg, and thus o(wg) is inside Cg. The element o1 (s) is in Cg,
so sr(o1(s)) = o1(s). Consequently, vg(o1(s) — 02(s)) = vg(o1(s)); indeed,
assume vg(o1(s) — o2(8)) # ve(o1(s)), then vg(o1(s) — oa(s)) > o1(s), and so
o2(s) = sr(o1(s)) = o1(s) by the previous criterion (2), this is a contradiction.
This proves (4) for Galois extensions. For general E, since E/F is tamely
ramified, then E/F is separable, and we can take the Galois closure Eof E
in F. Then E/F is a finite Galois extension. Let &1,y € Homp(E, F) be
a extension of 01,09, respectively. By (3), s € Cg C Cp;. We also have
51(s) = 01(s) # 02(s) = F2(s). Therefore, by applying (4) for E/F we have

ord(s) = ord (G1(s) — d2(s)) = ord (o1(s) — 02(9)) ,

which is what we wanted. (|

By using standard representatives, we can judge whether or not some ele-
ment in F is minimal.

PROPOSITION 7.5. — Let E/F be a finite, tamely ramified extension, and let
¢ € E* such that E = F[c]. Then the following assertions are equivalent.

1. ¢ is minimal over F'.
2. E = Flsr(c)].
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3. Put ord(c) = —r. For all morphisms of F-algebras o # o' from E to F,
we have

ord(o(c) —o'(c)) = —r.
Proof. — We need a Lemma.

LEMMA 7.6. — Let E/F be a finite unramified extension. Let z € E be a root
of unity of order prime to p. Then, z generates E/F if and only if z + pg
generates the residual field extension kg /kp.

Proof. — If z generates E over F, then z generates op over or by [25, 7.12].
Thus, z generates the residual field extension kg /kr. Let us check the reverse
implication. Assume that z + pg generates kg /kpr. The field extension E/F is
unramified, so [kg : kp] = [E : F]. Let P, € F[X] be the minimal polynomial
of z and d its degree; clearly P, is in op[X]. It is enough to show that d =
[E : F]. We have d < [E : F]. The reduction mod pg of P, is of degree
d and annihilates z + pg, a generator of kg/kp, and thus [kg : kr] < d. So
kg 1 kp] <d < [E:F]. Sod=[FE: F], and this concludes the proof. O

We now prove Proposition 7.5. Let us prove that (1) implies (2). Assume
that ¢ is minimal over F. Let us remark that the definition of sr(c) implies
trivially that F[sr(c)] C E. Let E™ denote the maximal unramified extension
contained in E. To prove the opposite inclusion E C F[sr(c)], it is enough to
show that E™ C F[sr(c)] and E C E™[sr(c)]. Put v = vg(c), e = e(E|F).
The valuation of wy"c® is equal to 0, consequently by Proposition 7.1 (2)
we have vg(sr(wgp"c®) — wr"c®) > 0, and so sr(wgp'c®) + pp = wp'c® +
pe. We have sr(wrp"c®) = wgp'sr(c)®, and this is a root of unity of order
prime to p. The definition of being minimal implies that wgz"sr(c)® + pr
generates kg/kp. So wgr'sr(c)® generates E™ by Lemma 7.6. So E™ C
F[sr(c)]. We have vg(c) = vg(sr(c)), so ged(vg(sr(c)),e) = 1. Let a and b
be integers such that avg(sr(c)) + be = 1. Thus, vg(sr(c)®w%) = 1 and so
E"[sr(c)%wh] = E because a finite totally ramified extension is generated by
an arbitrary uniformizer. So E™[sr(c)] = E and (i) hold. We have thus shown
that E™ C F[sr(c)] and E C E™[sr(c)] and so (i) implies (4i).

Let us prove that (2) implies (1). Assume that F[sr(c)] = E. We start by
showing that e is prime to v. The field E"" is generated over F' by the roots of
unity of order prime to p contained in E. Let d = ged(v,e) and b= §. Let wg
be a uniformizer in E such that w%z = wr with z a root of unity of order prime
to p. The element sr(c) is in Cg and so sr(c) = wfw with w a root of unity of
order prime to p in E. Equalities sr(c)® = (w%)mwb = (wpz 1) 7o b
show that sr(c)” is contained in E™*. By hypothesis, the element s7(c) generates
FE over F and so generates E over E™". Consequently, the field E is generated by
an element whose b-th power is in E™. Therefore, the inequality [E : E™] < b
holds. The extension E™ is the maximal unramified extension contained in F,
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o [E: E™] = e. Thus, the inequality e < b < & holds. This implies d = 1 and
so v is prime to e. Let us prove that @wr"c® + pg generates the residue field
extension kg over kp. Because wp'c® +pp = wp"sr(c)® + pg, it is equivalent
to show that x + pp generates kg over kp, where x = w;”sr(c)e. The element
sr(c) generates F over F by hypothesis; that is, E = F[sr(c)]. So the inequality
[E : F[z]] < e holds; indeed, E is generated over Fz] by the element sr(c)
whose e-th power is in F[z]. Because z is a root of unity of order prime to
p, the field F[z] is a subset of E™, so [E : E™] < [E : F[z]]. Consequently,
the identity e = [E : E™] < [E : Flz]] < e holds. Because F[z] C E™, the
previous identity implies that F[z] = E™. Thus by 7.6 the element = + pg
generates kg over kp. So ¢ is minimal over F'.

Let us prove that (2) is equivalent to (3). Let o # ¢’ be two morphisms of
F-algebras from E to F. Put

Q 9

(¢) = o'(c)
(sr(e) = o'(sr(c))-
We have ord(A) > —r and ord(B) > —r. We have
ord(A — B) = ord (o’(c) a'(c) — (a(sr(c)) — o”(sr(c))))
=ord (o(c) — o(sr(c)) — (o’ 1%
(¢) = sr(o(c)) = (o'

=ord (0 c

> —r

because ord (o(c) — sr(a(c))) > —r and ord (0/(c) — sr(c’(c))) > —r, by defi-
nition of standard representatives. Let us prove (2) = (3). If (2) holds, then
using Proposition 7.1 we have o (sr(c)) # o' (sr(c)) and ord(B) = ord(c(sr(c))—
o'(sr(c))) = —r, because o(sr(c)) and o'(sr(c)) are both in C. So ord(A) >
—r,ord(B) = —r,ord(A — B) > —r; this implies ord(A) = —r. Let us prove
(3)= (2). We assume that (3) holds and we want to prove that sr(c) generates
E/F. Tt is enough to show that o(sr(c)) # o'(sr(c)) for any o,c’ as before.
By hypothesis ord(A) = —r; because of ord(B) > —r and ord(A — B) > —

we deduce ord(B) = —r, in particular o(sr(c)) # o'(sr(c)) as required. This
finishes the proof. O

LEMMA 7.7. — Let E/F be a finite, tamely ramified extension and let ¢, €
E* such that c='¢’ € 1+pg. Then c is minimal relative to E/F if and only if
¢ is minimal relative to E/F.

Proof. — Tt suffices to show that if ¢ is minimal relative to E/F, then ¢ is also
minimal relative to E/F. Suppose ¢ is minimal relative to E/F. In particular,
E is generated by ¢ over F. Then we have E = F|[sr(c)] by Proposition 7.5.
Since sr(c) € ¢(1+pg) = (1 +pg), we have sr(¢’) = sr(c) by Proposition (1).
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If E is also generated by ¢ over F, then we can apply Proposition 7.5 and ¢’
is minimal relative to £/F. Thus it is enough to show E = F[c'].

We put Homp(E,F) = {71,...,7(g.F)}- We have 7; # 7; for distinct
i,j € {1,...,[F : F|} as E/F is separable. Since E = Fl[sr(c)], if i # j we
have 7;(sr(c)) # 7;(sr(c)) and ord (;(sr(c¢’)) — 7;(sr(¢’))) = ord(¢’) by Proposi-
tion 7.1 (4). On the other hand, since ord(sr(¢’) — ¢) > ord(c’) by Proposition
7.1 we have

ord (7 (st(¢') — ¢')) = ord (sr(¢') — ¢) > ord(c').
For i # j, we obtain

ord(ri(c) = 7;(c))
= ord((n(sr(c’)) —7i(sr(c)) = (mi(sr() = ) + (75 (sr(c) — c’))),

and then
ord(;(¢) = 7;(¢')) = ord (7 (sr(c')) — 7j(sr(c’))) = ord(c') € R.
In particular, we have 7;(¢/) # 7;(c/). Since Homp(E,F) = {r1,...,7(m./},
the element ¢’ generates E over F. O
7.2. Concrete description of GE1 for G. — Let E'/E/F be a tamely ramified
field extension in A. We put
H - ReSE/FMD®FE(V)’ HI = ResE’/FMD@;:E/(V)'

Then (H', H,G) is a tame twisted Levi sequence by Corollary 5.5. And we also
have a natural isomorphism Lie(H') & Endpg,g/(V). For ¢ € Endpg. e (V),
we can define X* € Lie*(H') as

X:(Z) = TrE’/F o TrdEndD®FE/(V)/E/ (CZ),

for z € Lie(H') = Endpg, r(V), where cz is a product of ¢ and z as elements
in Endpg g/ (V). Since E'/F is separable, Trg/ p is surjective, and there exists
¢/ € E'such that Trg/ p(e’) # 0. Here, suppose ¢ # 0. Since the map (c, z)
Trdgna,g, , b (v)/E (cz) is a nondegenerate bilinear form on Endpg g/ (V), there

exists z € Endpg,. g/ (V) such that TrdEndD®FE,(V)/E/ (cz) = €'. In this case, we
have X*(z) # 0. Then, the map ¢ — X gives an isomorphism
Lie(Respr/p Aut g, g (V) = Lie"(Resgr p Aut pg o (V).
Since Trd 4/ |EndD®FE’(V) =Trp po TrdEndD®FE,(V)/E/, we also have
X (2) = Trda/p(cz).

For any h € H'(F') and z € Lie(H’), we have
X7 (hzh™") = Trda/p(chzh™") = Trda/p(h ™ chz) = Xj—1 . (2).
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Then the linear form X is invariant under H'(F')-conjugation if and only if ¢ =
h=tch for any h € H'(F) = Autpg g (V), that is, ¢ € Cent (Endpg, g/ (V)) =
E'. Therefore, X* belongs to (Lie*(H'))# (F).

Let c € E'. We denote by X - the image of X in (Lie*(H"))(F).

To describe XZ, 7(Ha) concretély, we use the notations in §5.

PROPOSITION 7.8. — Let ¢ € E™ and a = apr jo gy, o gy € (G, T F).
Then we have X z(Ha) = 0ir j/(c) — oy ju(c).

Proof. — Let z =Y,z ®F a; € Lie"(G) @p F 2 Lie (G X F’). Then we have

X:F(z) = ZTrdA/F(CZi) Rp a; = ZT‘I‘A(@pF/F(CZi Rp ai)
i -

7
=Trager/p ((C ©r 1)) z®F ai)
- Tr‘(EndD®F‘(®7‘,7j‘k Vivj,k))/p(mcvpz)’

where End g p (€D, ; 1, Vijik) = Min 52| (15| (Endpgp(VOLF)) 2= Mip.p)(F).
Then, to calculate Tr g 5, p(m, pHa) we consider the value m, g o Ha(v; k)
for some v; ;1 € Vi 1 \ {0}. By construction of H, and Proposition 5.4 (iii),
we obtain

Vit g ke - O g e (€) (4,4, k) = (", 5", k),
M © Ho(vijk) = § vir o g - (=0 g (c)) (64, k) = (0", 5", k")),
0 otherwise.

Then we have X7 (Ha) = Trygp,p(m. pHa) = 04,5710 (c) — i jo g (c). Since
¢ € E', we have oy j/ i/ (c) = oy j(c) and oy ji g (c) = oy j»(c), which com-
plete the proof. O

7.3. General elements of G. —

LEMMA 7.9. — Suppose U is a principal hereditary op-order in A with its
radical B and e = e(™A|or). Therefore, we have Trd s, p(P") = p%n/d for any
neZz.

Proof. — Since Trd 4/ is invariant by A*-conjugation, we may assume

Mmd/e(oD) e Mmd/e(oD)
A — . . .

Mmd/e(pD) T Mmd/e(oD)
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First, we show the lemma when A is split. In this case, we have

Myye (b)) *
%n = T . ]
* Muye (pp/eT)

where each block in * is contained in My /. (F). Then Try,r (B") C an/eW . To
obtain the converse inclusion, let b € p;n/ °l. Let a be an element in A with the
(1, 1)-entry b, and other entries 0. Then a € PB" and Try p(a) = b.

In the general case, we take a maximal unramified extension F/F in D. Then
A ®p F is split, and the subring Ap := A ®,, 0p in A ®p F is a hereditary
og-order with e(Aglog) = e(™A|op) = e. Let Pp be the radical of Ax. Then
PBe" = P" @op 0p and Trag,p/e(Pe") = p%n/d by the split case. Since
TrdA/F(A) = TrA®pE/E (A RF 1) = F', we have

Trda/p(B") Cpp/ TN F =pi/e,

where the last equality follows from the assumption E/F is unramified.

To obtain the converse inclusion, let b € p}n/ 1. Since E /F is unrami-
fied, we have Trg,p (pgl/e]) = pl[pn/e], and there exists b’ € pgl/e] such that
Trg p(b') = b. Let a be an element in A = M,,(D) with the (1,1)-entry ¥/,
and other entries 0. Then a € Cent4(E) = M,,(F), and

Trda/p(a) = Trg/p o Treent , () /E(a) = Trg/p(b') =b.
Therefore, it suffices to check a € ™. We have

Mmd/e (pgld/d )

&Bn: 9

Hox Myye (")

Then a € PB" if and only if b’ € P;Bnd/e]- However, V' € pgz/ﬂ c pgl/e]d <
plnd/el where [n/e]d > [nd/e] since nd/e < [n/e]d € Z. H

PROPOSITION 7.10. — Let ¢ € E'*. We put r = —ord(c) = ord(c™1).
1. X € Lie*(H')y,— for any x € B¥(H', F).
2. X* is H-generic of depth r if and only if ¢ is minimal relative to E'/E.

Proof. — We show (1). By [13, Lemma 2.3], it is enough to show X} €
Lie*(H');,—, for some x € ZF(H', F). Then, we may assume [z] is a vertex in
#%(H',F). By Proposition 6.6, the corresponding hereditary oz/-order B’ in
B’ :=Endpg,p (V) = M,,, (Dg) is maximal, where D/ is a central division
E’-algebra and ng € N. Therefore, we may also assume B’ = M, ., (ODE,) by
taking an isomorphism B’ = M,, ,(Dgs) of Dg-modules.
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We will describe b/ (F), 4+ = Lie*(H'), 4 concretely. Let Q' be the radical of
B’. By Proposition 6.10 (1), we have Lie(H') . s = i (F) s = Q'[5¢(¥ log)e(E'/F)]
for s € R. Here, we have re(B')e(E'/F) = ord(c ! )e(B'|og )e(E'/F) =
ve(c™Ve(®B|og) = vw/(c™!) € Z. Then, for any sufficiently small
e > 0, we have QT +2)(B lose(B'/P)] — (g )oms (™ e lop)e(E'/F)] —
(Q')v=» (€ )+L = =19, Therefore, we obtain b/ (F)g 4 = ¢ 19

By the definition of Lie*(H’),; —,, to show (1) it is enough to show that
XX (F)ery) C pr. Here, we have XF (b (F)zrq) = TrgpoTrdp g (c-
¢ Q') = TrgypoTrdp g /(Q’). Since [z] is a vertex, the hereditary order
B’ is principal, and we have Trdg//p/(Q') = ppr by Lemma 7.9. Moreover,
Trgp(pe) = pr since E'/F is tame. Therefore, we obtain X (h'(F)z,—rq) =
TrgpoTrdp g (Q") = Trg p(per) = pr and complete the proof of (1).

To show (2), first suppose X is H-generic of depth r.

We will show E' = E[c]. We fix an embedding o; : E — F. Then we
have Hompg(E',F) = {o;; | j € LI}. Since E/F is separable, to show
E' = El] it suffices to show o, ;(c) # 0y j(c) for any distinct j,j" € Is.
We fix k € I3 and we put o = a ),k € @(G,T;F). Then a €
®(H,T;F)\ ®(H',T;F). Since X is H-generic of depth r, we have —r =
ord (X;‘,F(Ha)) = ord (0 j(c) — 0, :(c)), where the last equality follows from
Proposition 7.8. In particular, we have ord (o, (c) —0;(c)) € R. Then
0i,i(c) —0; 5 (c) # 0, that is, 0; j(c) # 0, j+(c). Therefore, we obtain E’ = E|[c].
Moreover, we already know ord (o; j(c) — 05 ;/(c)) = —r. Then, by Proposition
7.5, the element ¢ in E’ is minimal.

Conversely, suppose ¢ is minimal relative to E'/E. In particular, we have
E' = Elc]. By Corollary 3.9, to show that X} is H-generic it suffices to check
X: satisfies GE1. Let a = Qi,5.k),(i 5" k") € ‘I)(H,T,F) \ (D(H/,T, F) Then
we have i = i’ and j # j/. We equip F with E-structure via o;. Then we
have Homg(E’, F) = {0, ; | j € I2}. Since c is minimal over E and E' = E[c],
we have ord (0 j(c) — 0 j:(c)) = —r by Proposition 7.5. Therefore, X}(H,) =
ord (o;;(¢) — 04, /(c)) = —r, which implies X} is H-generic of depth 7. O

7.4. General characters of G. — In this section, we discuss smooth characters
of G. Let x be a smooth character of G. Let 2 be a principal hereditary
op-order. The goal of this subsection is to prove the following proposition.

PROPOSITION T7.11. — Suppose x is trivial on U"TH(A) but not trivial on
Un() for some n € Z>o. Then there exists ¢ € F such that vp(c) =
—n/e(Alor) and

Xlutrr2it1y (L +y) =P o Trda/p(cy)

for y € pln/21+1,
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To prove Proposition 7.11, we need some preliminary. We put e = e(|or).
If Proposition 7.11 holds for some x,n and 2, then it also holds for any G-
conjugation of 2 and the same y,n as above. Therefore, we may assume

Mmd/e(0D> U Mmd/e(oD)
A — . . .

Mmd/e(pD) T Mmd/e(UD)

LEMMA 7.12. — Suppose x is trivial on Ue("+1)(9(). Then x is also trivial on
uenti(ar).

Proof. — Since x factors through Nrd 4, p, it is enough to show that
Neda/p (U (20)) = Nedoyyp (U (20)
We can deduce it from the following lemma. O

LEMMA 7.13. — We have Nrda p(1 +9") = 1+ ph/°l.

Proof. — First we show the lemma when A is split. In this case, we have
L+ My (1) *
14 M [n/e]
o +Muye ()
where each block in #x is equal to My, (p} n/e ]) or My (p;"/e]ﬂ) Then any

element ¢ in 1+ P are upper triangular modulo pT”/ el

[n/e]

, and dety/p(a) is 1
, whence det 4 /p (1 4+9P") C 1+ pr"/d To obtain the converse
inclusion, let 1+b € 1+ pl/°l. Let a be an element in A with the (1, 1)-entry
b, and other entries 0. Then 1 +a € 1 +*B" and det4/p(1+a) =1 +0b.
In the general case, we take a maximal unramified extension E/F in D. Then
A ®p E is split, and the subring Ap = A ®,, 0p in A ®p F is a hereditary
og-order with e(Ug|og) = e(Alor) = e. Let Pg be the radical of Ax. Then
=P" @op 0p and det g, g/p(1+PE) =1 —&-pg/ew by the split case. Since
Nrdy,p(A*) =detag, g/ (A®F 1)) = F*, we have

Nrdy/p(1+B") € (1+p/ ) nFX =14 p/cl,
where the last equality follows from the assumption E/F is unramified.

To obtain the converse inclusion, let 1+ b € 1+ pl/l. Since E/F is

unramified, we have Ng/p (1 +pfn/€1) 1 +pfn/€1 and there exists b’ € pfn/d
such that NE/F(l + ) =1+4b. Let a be an element in A = M,, (D) with the
(1,1)-entry b, and other entries 0. Then 1+ a € Cent4(E) = M,,(F), and

NI‘dA/F(l —|—a) = NE/FodetCentA(E)/E(l +a) = NE/F<1 +b/) =1 +b

modulo pp
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Therefore, it suffices to check a € B". We have
nd/e

Mmd/e (pE) / “)

P =

nd/e

Kk Mpye (pj[j /W)
Then a € P™ if and only if b’ € pgd/e]. However, b’ € pgl/d C pgl/e]d C
pln/el where [n/e]d > [nd/e] since nd/e < [n/e]d € Z. O

PROPOSITION 7.14. — Suppose n > 0. Furthermore, assume x is trivial on
U tH(QA) but not on U™ (A). Then there exists ¢ € F with vp(c) = —n such
that

X|uen(ay(1 +y) =1 o Trdy r(cy)
fory e B,

Proof. — We have U™ () /U +1(2() =2 pen /PBen+L: we can regard any smooth
character U™ ()/U+1(2A) as a smooth character of ¢ /P 1. For any
smooth character ¢ of " /P +1 there exists ¢y € P, unique up to modulo
Pt such that ¢(y) = ¢ o Trdy,p(coy) for any y € P, In particular,
there exists co € P~ such that x(1 +y) = 1) o Trd s p(coy) for any y € P".
Since x is not trivial on U®*(2A), we have ¢y ¢ L~°"*1. By the uniqueness
of ¢y, it suffices to show that cq + P~¢"*! contains some element ¢ in F with
vp(c) = —n.

Here, let g € R() and y € P~°". Since x is a character of G, we have
x(1+y) =x (g(l + y)g_l). However, we have g(1 +y)g~! = 1+ gyg~! and
gyg~—t € P since g € K(A). Then we obtain

x(91+y)g ") =x1+gyg™")
= o Trda,r(cogyg ™)
=1 oTrda,r(g ' cogy).

Since g~ 'cog € P, we have ¢p + P~ = g7 legg + P! by the unique-
ness of ¢g. We take t € F* such that vp(t) =n. Then we have

t60+m:t(60+mien+l) :tgflcog+t;pfen+l :gfl(tco)ng‘B

for g € R(A). If we put ¢ = tcg, then ¢/, g7 /g € A and ¢ +P = g~ c'g +P.
Since ¢g € P~ \ P, we have ¢ € ¢(Pe \ P~ ) = A\ B. Therefore,

we obtain ¢/ = g—1c/g for g € K(A), where for a € 2 we denote by @ the image
of a in 2/P. By the form of A, we have an isomorphism 2/P = M,,,4/(kp) 7
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as
Mna/e(kpD) by
A/P = > ..
Mna/e (kD) besa
e/d
= (b1, ..+, beja) € HMmd/e(kD)'
i=1
Here, let g € U(2A). Then g € A and we have ¢/ =g~ ! - ¢ -g. Since U(A) —
(A/P)* is surjective, ¢/ € Z(A/R) = Z(He/d M,na/e(kp)) = Ht/d1 kp. Let
(b1,--.,besa) be the image of ¢’ in ng kp.
We take g € () with vy(g) = —1. Then g—lc’g = (b2, ..., besa, 7(b1)),
where 7 € Gal(kp/kr) is a generator. Since ¢/ = g—1c/g, we have by = by =
= beyq = 7(b1). Since 7 is a generator of Gal(kp/kr), the element b; is
stabilized by Gal(kp/kr), that is, b1 € kp. Therefore, ¢ € kr C He/d

We take a lift a of by to op. Since ¢/ # 0, we have by # 0 and then a € o5.
Therefore, ¢ = t~la satisfies the desired condition. O

LEMMA 7.15. — Let ¢ € F* such that vp(c) = —n < 0. Then there exists a
smooth character 8 of A* such that

0‘ULCTL/2J+1(Q[)(1 -+ y) = ’L/) o TrdA/F(cy)
fory e B,

Proof. — Since vg(c) = —en, the 4-tuple [, en,0,c] is a simple stratum.
Then we can take an element 6 in (¢, 0,2), which is nonempty by Remark
2.13. Since 0 is simple, 0|cen 4 (F[e])* NH! (c,20) can be extended to a character of
Cent 4 (F[c])*. However, we have F[c] = F and then Cent(F[c]) = A. There-
fore, 6 can be extended to a character of A*. Since € is simple and ¢ € F' is
minimal over F', we have

0|Uten/2j+1(m)(1 + y) = wc(l + y) =Yo TrdA/F(cy)
for y € plen/2l 11, |
Let us start the proof of Proposition 7.11.

Proof. — First, if n = 0, then ¢ = 1 satisfies the condition. Then we may
assume n > 0.

If n ¢ eZ and Y is trivial on U"T(2A), then y is also trivial in U™(2A) by
Lemma 7.12, which is a contradiction. Then n € eZ. Let ig be the smallest inte-
ger satisfying [n/2] +1 < eig. Since n > 1, we have ig > 1. For ¢ = ig,...,n/e,
we construct ¢; € F and a character 6; of F'* such that eilULei/’zJJrl(Ql) = ., ,and

X (H;Lij Gj)fl is trivial on U®(2A), by downward induction.
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Let i = n/e. Since x is not trivial on U"(2A), then there exists ¢,/ € F'
such that vr(c,/.) = —n, and x is equal to 1, by Proposition 7.14. Then
we take a character 0,,/. of F'* as in Lemma 7.15 for ¢;, and x - 1971/6*1 is trivial
on U"(2A) = U (A).

Let 49 < ¢ < n/e and suppose we construct ¢; and §; for ¢ < j < n/e.

Since x - (H;Lij_H Qj)fl is trivial on U+ (20) by induction hypothesis, it is

also trivial on U®*+1(2() by Lemma 7.12. If x - (H?S_H 9]-)71 is also trivial on
U (), then we put ¢; = 0 and 6; = 1, whence ¢; and 6; satisfy the condition.
Otherwise, there exists ¢; € F' such that vp(e;) = —i and x - (H?iiﬂ Gj)_l
is equal to 1., on U (A) by Proposition 7.14. Then we take a character 6; of
F* as Lemma 7.15 for ¢;, and x - (H;’ij Hj)_l is trivial on U (A).
Therefore, x - (H?:/fo Qi)_l is trivial on U®°(2l). By Lemma 7.12, it is also
trivial on Ueo=D+1(A). Since 4 is the smallest integer satisfying [n/2] +
1 < eig, we have e(ip — 1) < |n/2] + 1, that is, e(ip — 1) + 1 < [n/2] +
1. Then U/2+1(91) ¢ Ueto—D+1(A), whence y - (H?:/fo Oi)_l is trivial on
Ul?/21+1(2(). This implies x is equal to H?:/fo 0; on U/2+1(). For i =
ig,...,n/e, we have |ei/2] +1 < |e(n/e)/2] +1 = |n/2] + 1. By construction
of 0;, the restriction of 6; to U-l"/2+1(2() c UL*/21+1 is equal to 1).,. Then
X is equal to H?:/fo e, = 1/J(En/e ey OO0 U-7/2141(2A). We put ¢ = Z;L:/fo ci.

i=1iQ
Since vp(c,/e) = —n and vp(c;) > —i > —n for i = ig,...,(n/e) — 1, we have
vp(c) = —n, which completes the proof. O

8. Some lemmas on maximal simple types

In this section, we show some lemmas which are used when we take the
“depth-zero” part of Sécherre’s datum or Yu’s datum.

LEMMA 8.1. — Let A, A be extensions of a mazimal simple type (J, ) to J=
J(X). Then there exists a character x of J(X)/J such that A’ = x ® A.

Proof. — Since A|; = A = A’|; is irreducible, we have Hom (A, A’) = C. The
group J acts on Homj(A, A’) = C as the character x of J by

g-f=N(g)ofollg™")=x(9)f

forge Jand f e Hom (A, A’). Since f is a J-homomorphism, X is trivial on
J. We take a nonzero element f in Hom (A, A’). Then for g € J we have

A(g)o f=fox(9)A(g) = fo(Aex(g))
and an J-isomorphism A’ = A ® x. ]
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If a maximal simple type (J, A) is associated with a simple stratum [, n, 0, 5],
we put J = J(3,2) as in Definition 2.18.

LEMMA 8.2. — Let (J =U(R),\) be a simple_type of depth zero, where 2 is
a mazimal hereditary op-order in A, and let (J,A) be a mazimal extension of

J
(J,\). We put p = Ind5A.

1. c—Ind? p is irreducible and supercuspidal.
2. p is irreducible.
3. p is trivial on U(A).

Proof. — Since (J,A) is a maximal extension of a simple type of depth zero,
C—Ind? A is irreducible and supercuspidal. However, by the transitivity of com-
pact induction, we also have c—Ind?A = c—Ind? c—Ind§~A = c—Ind? p, which
implies (1).

Since C—Ind? p is irreducible, p is also irreducible, that is, (2) holds.

To show (3), we consider the Mackey decomposition of Res‘; Ind:; A, We
have

i—1
ReS'} Ind{f A= @ Indimﬁj Resf]]'égj A= @ ",
venisi =

where [ = (J : J) and h € J such that the image of h in J)J = Zis 1.
Since KUY (A)h~1 = U (2), the representation "'\ is trivial on U(A) for
i=0,...,1 — 1. Therefore p is also trivial on U (). O

LEMMA 8.3. — Let [A,n,0,0] be a simple stratum with B mazimal. Let o0
be an irreducible cuspidal representation of U(B)/U'(B), and let (J°,5°) be

a mazimal extension of (U(B),0°) in K(B). We put p = C—Ind”;g%) 0. We
denote by & the representation 6° as a representation ofAj = Jojt (8,20) via
the isomorphism JO/U(B) = J/J'(B,2). Then C—Indé(’e’m) G is the repre-
sentation p regarded as a representation of J = J(B,2) via K(B)/U(B) =
J(8,2)/71(8, ).
Proof. — Since (U(B),0") is a simple type of BX of depth zero, p is trivial on
U'(B) by Lemma 8.2 (3). Then we can regard p as a J(3,2)-representation.
Since p = C—Ind%%) 59, the dimension of p is equal to (&(B) : J°)dim &°.
On the other hand, the dimension of C—Indﬁ & is equal to (J : J)dim&. Since
o is an extergsign of 6°, we have dirp &0~ = diAm o. Moreover, we also have
ﬁ(%)/f{g J/J and (R(B) : JOY = (J:J)as J=RK(B)J(B,A) = K(B)J and
A(B)NJ = J° Since p is irreducible by 8.2 (2), it is enough to show that
there exists a nonzero J-homomorphism p — c-Ind§ .
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First, since Jis compact modulo center in G and J° contains the center of G,
for any subgroups J' C J” between J and J° we have Indfﬁl = c—Indj;:/. By the
Frobenius reciprocity, Hom ; (Indi G &) # 0. Restricting these representations
to J°, we have Hom 10 (Indj ,6°) # 0. Using the Frobenius reciprocity, we
have Hom g(s3) (Ind g, Ind %) Y ) # 0. Since £(B) is compact modulo center,
every £(B)-representation of finite length with a central character is semisimple
and Hom g (Ind™ 0, nd? 5) # 0.

Here, since J!(8,2) is normal in J, and & is trivial on J!(8,2), the restric-
tion of IndI to JX(B,2) is also trivial. Then, if we extend Ind};g%) 5 =
ptoJ = R(B)J'(B,2) as trivial on J'(5,2A), there exists a nonzero J-
homomorphism p — Indﬁi . |

The following lemma guarantees the existence of extensions of S-extensions
for simple characters.

LEMMA 8.4. — Let [2,n,0,3] be a simple stratum of A with B maximal. Let
0 € €(B,0,2), and let k be a [-extension of the Heisenberg representation ng
of 0 to J(B,2).

1. There exists an extension i of k to J(3,2).

2. Let R’ be another extension of ng to J(B,21). Then there exists a char-

acter x of J(8,)/JY(3,2) such that &' = & ® .
Proof. — We fix g € R(B) with vy (g) = 1. Since £(B) C B* C Ig(k) and
A(B) normalizes J(3,2), we can take a J(8,2)-isomorphism f : 9% — k. The
group j(ﬂ, 20)/J (8, ) is a cyclic group generated by the image of g, and then
we can define & as
R(g'u) = f' o k(u)
forl € Z and u € J(B,2). It is enough to show # is a group homomorphism.
Let g1,90 € j(ﬁﬂl) Then there exist l1,lo € Z and uq,us € J(5,2) such that
gi = gliu; for i = 1,2. We have g1g2 = g2 (g7 2u; ¢ )uy with g=2u g2 €
J(5,20). Therefore, we obtain
(9192) = [T 0 k(g7 Pu1g"™) 0 K(ug)
= 1 o k(ur) o f o k(ug) = R(g1) 0 R(g2),
whence (1) holds.
Let &’ be another extension of ng to j(ﬁ, 2). Then we have Hom j1 (g g1 (4,

— ?V
FNS
N

Hom j1(g,91)(19,m9) = C. The group J(B 2) acts on Hom j1(g o (4, &’
Then as in the proof of Lemma 8.1, we obtain x, and (2) also holds.

The following proposition is one of the key points to construct a Yu datum
from a Sécherre datum.
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PROPOSITION 8.5. — Let (J, \) be a maximal simple type associated to a simple
stratum [2A,n,0,8]. Let § € €(5,0,20) be a subrepresentation in X\, and let ng
be the Heisenberg representation of 0. For any extension A of X to J and any
extension k' of ng to J, there ezists an irreducible R(B)-representation p such
that the following hold.

L. pluemy is trivial on U'(B) and cuspidal as a representation of
U(B)/UH(DB).
2. c—Indg(X;B) p s irreducible and supercuspidal.

(a2

3. Regarding p as a J-representation via the isomorphism £(B)/U*(B)

j/Jl, the representation K ® p is isomorphic to c—Ind'}A.

Proof. — Let A = k ® o be a decomposition as in Definition 2.14. We take
an extension & of k to J, which exists by Lemma 8.4 (1). Then there exists
a character x; of j/Jl(B,Ql) such that # = &’ ® x1 by Lemma 8.4. Let ¢ be
an extension of o to J. Then the J-representations A and #’ ® x; ® & are
extensions of X\. By Lemma 8.1, there exists a character x, of J such that

>R ®x1®6® xa. Since xg is trivial on J and J/J = Z, we can extend x
to J. Let J' be a subgroup in &(*B) corresponding to J via the isomorphism
RK(B)/U(B) = J/J. Then (J',5 ® x1x2) is a maximal extension of the depth
zero simple type (U(B),0). Therefore, we obtain a &(28)-representation p =
C-Ind‘f;‘,(%) (6@x1x2). Regarding p as a J-representation, p is equal to C—Ind§(5®
X1X2) by Lemma 8.3. Then we have

K@p=r® C‘Ind§(5 ® X1X2) = C-Indj:(f%’ ® 7 ®x1X2) = c—Ind§ A.
Therefore, p satisfies the desired conditions by Lemma 8.2. |

Conversely, the following proposition is used to construct Sécherre data from
Yu data.

PROPOSITION 8.6. — Let (z, (GY), (v;), (®;), p) be a Yu datum of G = GL,,, (D).
1. Then [z] is a vertex in BR(GO, F).
2. There exists a simple type (G°(F),,0) of depth zero and a mazimal
~ 0
extension (J,5) of (G°(F)s, o) such that p = Ind? (Fliel .

Proof. — In the beginning, G is a tame twisted Levi subgroup in G with
Z(G®)/Z(G) anisotropic. Then there exists a tamely ramified field extension
Eo/F in A = M,,(D) such that G(F) is the multiplicative group of Cent 4 (Ep).
Since Cent 4(Ep) is a central simple Ey-algebra, there exists mg, € Z~o and a
division Ep-algebra Dpg, such that Cent4(Ep) = My, (Dg,)-

By our assumption, 7 := C—Indgggg[ P is an irreducible and supercuspidal
representation of depth zero. Then there exists y € %% (G?, F) and an irre-
ducible G°(F),-representation ¢ such that [y] is a vertex and (G°(F),,0) is
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a [GY(F), m|go(r)-type. Since vertices in (G, F) are permuted transitively
by the action of G°(F), we may assume G°(F), D G°(F),.

We show that Indgoggy Re goggiﬂ p has a nonzero G°(F), o4-fixed part.
Since G°(F), N G*(F)y o0+ C GO( )z,04, the representation p is trivial on

O(F),y, G (F)a)
GO(F), N G°(F)y0+. Then IndGo(F) r(:Z:O(F)y o ReSGO(F)mGO(F)y,OJr p has a
nonzero G(F )y,0+-fixed part by the Frobenius reciprocity. However,
GO(F)y, G(F)a)
IndGo (1) 060 (7),.01 RESGo(1),me0 ()01 P
C Reso(D)”  IndSo(l) Resgiol i)™
o GO(F)y G (F)a)
by the Mackey decomposition. Therefore, IndGo (F). Res SGo(FY, ! p has a nonzero
GO(F),, (H_—ﬁxed part
Since IndGO y ’ Res ) 'p C ReSGo (F), € IndGo(F)[ ul Resgg (F), T by
G°(F), GO (F)pa
the Mackey decomposmon we may also assume o C IndGO( F)y Res SGo(F), ' p by

G°(F)(4)-conjugation if necessary by [14, Theorem 5.5(ii)]. By the Frobenius reci-

procity, ResGO( Fg o is a subrepresentation of ResGOE Fi[ ! p, which is trivial on

GY(F)4,04+. Therefore, o has a nonzero G (F), oG°(F), o+-fixed part. Since the
image of GY(F),o0 in G°F),/G°(F)yo0+ is a parabolic subgroup of
G°(F),/G°(F)y0+,and o is cuspidal when we regard o as a G*(F), /G (F)y,04-
representation, we have GO(F), 0cG°(F), 0+ = G°(F),, which implies [z] = [y],
that is, (1) holds.

To show (2), let (J,5) be the unique extension of (G°(F),,o) such that
™= c—IndLC,fv g.

0
We show the G°(F), o-fixed part in 7 is contained in Ind? (Pl

Mackey decomposition, we have

GO(F)a,0+ ~
@ IndGO(F) O+ngJReSGO(F) ey 95.
QEGO(F)Q;,(H,\G/J

0. By the

1%

™

_ GO(F)a,
We put 7(g) = IndGO(F) zim” Res, GO(F) s
GY(F)z 04-fixed part. Then HomGo(F)%Mngj(L 95) # 0 by the Frobenius reci-
procity. Here, since [z] is a vertex, G°(F), is a maximal compact open sub-
group. Therefore, we may assume G°(F), = GLyn, (0D, ) by G°(F)-conjuga-
tion if necessary. Then there exist k, k' € GO(F), and a diagonal matrix g’ such
that the (7, 7)-coefficient of ¢’ is wD with a1 > as > --- > a,,, and such that
g =kg'k'. Since GO(F)y 0+ is normal in G°(F), and G°(F), C J, the condition
Homgo(p), o no7(1,96) # 0 holds if and only if Hom(g’)’lGO(F)w,me(l’ g) # 0.

Therefore, o has a nonzero GY(F); 0+ ((5/)71(}0(F)3E’0Jr N J)-fixed part. If

95. Suppose 7(g) has a nonzero
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a; > a;41 for some i, the image of (9/)_1G0(F)l«70+ NJ in GO(F),/G(F). 04 is
a proper parabolic subgroup, which is a contradiction since o is cuspidal. Then
g € D, C G°(F) and g = kg'K' € GO(F)p,. Therefore, the G9 ,, -fixed

. . . . GO(F)a) ~
part in 7 is contained in eagEGO(F)z,oJr\GO(F)[I]/j 7(g9) = c-Ind 5 .

G° - Qs . . .
Then we have p C Ind F: (F)iz) &. Since these representations are irreducible,
O(F)a) ~
we obtain p = Ind? Fil 5. O

9. Factorization of tame simple characters

Let [2,n,0, 3] be a tame simple stratum of A. If n = 0, suppose § € o05.
By Proposition 4.7, there exists a defining sequence ([Ql,n,ri,ﬁi])izo’l ____ s of
[, n, 0, 8] such that

L F[Bi] 2 F[Bitl,
2. B; — Bi+1 is minimal over F[B;41],
3. va(Bi — Bit1) = ko(Bi, A) = —7ipa
fori=0,1,...,5s— 1.
We put E; = F[B;]. Let B; be the centralizer of E; in A. Let ¢; = 5; — Bi11
fori=0,...,s—1and let ¢c; = ;.

PROPOSITION 9.1. — Let 0 < t < —ko(B,). Let 0 € €(5,t,2A). Then for
i=0,1,...,s there exists a smooth character ¢; of E; such that we have 6 =
[1;_, 6", where the characters 68° of H***(3,2) are defined as in the following:

1. ei‘BiXﬂHt+l(B,Ql) = (;571 e} NrdBi/Ei) and
2. 0" g1 (g ) = Yo, where t; = max {t, | —va(ci)/2]}.

Proof. — We show this proposition by induction on the length s of the defining
sequence.

First, suppose that s = 0, that is, 3 is minimal over F. We have § = 6°.
Then it is enough to show that 6 satisfies (1) and (2). Since 6 is simple, 6| B; N
H'1(B,2A) factors through Nrdp, /g, Then there exists a character ¢g of Ej
such that 6 = ¢g o Nrdp,,p,, whence (1) holds. We have vy(co) = va(83) =
—n and ty = max{t, |—va(co)/2]} > [n/2]. Then we have H+1(5,2) C
H/2+1(3 91). Since 0 is simple, we have 0|y +1(58,2) = Yg = 1), whence
(2) also holds.

Next, suppose that s > 0, that is, [/ is not minimal over F. We put
t' = max{t,|—ko(8,2)/2]}. Since ko(8,2A) = wva(cy), we have t' =
max{t, | —va(co)/2]} = to. Since 6 is simple, there exists 0’ € €(5,t',2)
such that 9|H"+1(B,91) = 1., 0’. By induction hypothesis, for i = 1,..., s, there
exist a smooth character ¢; of E and a smooth character 6" of H ¥l (81,20) =
HY+1(3,20) such that 0" px g1 (5, = $ioNTd g, /i, and 7] v = Yoo
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where ¢, = max{t’, | —va(c;)/2]}. Here, we have r, < ... < rs < n, whence we
obtain —vy(co) < ... < —valcs—1) < —va(cs). Since t’ = max{t, [—va(co)/2]}
and —vg(co) < —vg(e;), we have ) = t;. We want to extend 6" to a charac-
ter 0 of H'TY(B,2) as el‘BijtH(/s,m) = ¢; o Nrdpg,/g,. Suppose we obtain

0" in such a way. Then 6 satisfies (1) by construction of 6%, and (2) since
Htr‘rl(ﬂ,i)l) = Hti+1(,872[) and HZ‘Ht,ﬁ»l(ﬂ)Ql) == 0”|Hti+1(/3)91) == ’ll)ci

We have B N H*L(3,2) N H'+1(5,2) = BX N H'*+1(3,2), whence re-
strictions of 8" and ¢; o Nrdp, /g, to B N H**1(3,2) N H'*1(3,2) are equal.
Let by, by € BX N H™(8,2) and k,, b, € H*1(8,2) with by}, = byh),. Then
by tho = hy(hy) ™' € BY NH™(B,2) N H' 1 (3,21) and ¢; o Nrdp, s, (b 'b2) =
0 (k) (h%)~1). Therefore, we also have

¢; o Nrdg, /g, (b1)0" (1)) = ¢; o Nrdp, /5, (b2)0" (h5).
Then 0 is well defined as a map from H'*1(3,2l) to C*.
We show v, (b7 1hb) = 1, (k) for b € B NH1(B,2) and h € HU (3, 21).
By definition of t.,, we have
e, (b7 hb) = Trd g p(c; (b hb — 1)).
Since ¢; € F; and b € B; = Cent 4(E;), we have
ci(b7'hb —1) = ;b (h — 1)b=b"te;(h — 1)b.
Therefore, we obtain
Ve, (b7 hb) = Trd g/ p (b~ c;(h — 1)b) = Trd 4/ p(c;(h — 1)) = 1, (h).

To show ' is a character, let hy, hy € H!T1(3,20). Then there exist by, by €
B N H'™(3,2) and h, by € H%+1(B,20) such that hy = bih} and hy = bohl.
Therefore, we have

0" (hihe) = 0" (by1hbahb)
= 0" ((b1b2)(by "R bahb)
= ((Zsl © NrdBL/EL)(bl)(qsi © NrdBL/El)(bz)wCz (b2_1h/1b2)¢cz (hl2)
= (¢i o Nrdp, /g, ) (b1)¢c, (h1) (¢ 0 Nrdp, s, ) (b2) e, (B))
= Gi(blha)ﬂi(th’Q) = Hi(hl)Hi(hg).

We put 0° = 0]];_,(#")~*. To complete the proof, it is enough to show that
6° satisfies (1) and (2).

To see (1), we show the restrictions of # and 6° (i = 1,...,s) to By N
H'1(B,2l) factor through Nrdp,,E,- Since ¢ is simple, 0|BOX AH(8,20) factors

through Nrdp,/g,. We already have 0|B,XmHt+1(ﬁ,91) = ¢; o Nrdp, /g,. Since

B C B/, we have QBOX AHL(B) = ¢io(Nrdp, /k, \Box ). However, the equation

Nrdg, e, | gy = NE,/B,9Nrdp, /g, holds. Then 91\35 i+ (g 20 factors through
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Nrdp, /g, Therefore, 90|Box AHEL(5,20) also factors through Nrdp, /g, , and there
exists a character ¢g of E such that 90|B(§<0Ht+1(ﬂ,2l) = /(;50 oNrdp,/g,-
By restricting 0° = 0 [[;_,(0%)~* to HT1(B,A) = H' T1(5,2), we have

a0 .2 = Ol o) [[O 1o o.)

i=1
— wcoe/ H(G/i)—l — wcoelel—l — wco.
i=1
Therefore, (2) also holds, and we complete the proof. |

10. Construction of a Yu datum from a Sécherre datum

Let [2,n,0, 3] be a tame simple stratum, (J(3,2),\) be a maximal simple

type with [2(,n,0, 5], and let (J()A),A) be a maximal extension of (J(5,2L), A).
We construct a Yu datum from the data of [2(,n,0, 5] and A.

We put P = P(A). Let ([, n,7i,6i])i_g, Ei, Bi and ¢; be as in §9. For
i =0,1,...,s we put G' = Resg,/pAutpgp (V) and r; = —ord(c;). If
Bs € F,weputd =35 If Bs ¢ F,weput d = s+ 1, G = G and rg = r,.
Then (G°,...,G%) is a tame twisted Levi sequence by Corollary 5.5. We also
put r—; =0. Fori = —1,0,1,...,d, we put s; =r; /2.

PROPOSITION 10.1. — We fiz a G*~1(F)-equivalent and affine embedding
v BE(GLF) — BE(GF)
fori=1,...,d and we put i; = 1;0---011. We also put iy = idgre o F)-
1. There exists v € BF(G°, F) such that [x] is a vertex and
(a) GO(F)) = K(Bo),
(b) G°(F), = By NURA) = U(By),
(¢) G(F)z0+ = By NU(A),
(d) g°(F), = BoN2A =By, and
() 9°(F)z.04 = BoN'B.

2. Fori=1,...,d, we have

(a) GY(F)ii(a)s:, = B NULvalei)+1/2)(9(),
(b) GU(F)ii(a)se 1t = B nULTvalei-n)/2l+1(9(),
(€) GUE)iy(w)es, = BF NUTvaleim) (),

(d) GUF)ii() w1+ = B NUvaleim)t(g)),

(€) ¢'(F)iya)si, = Bi npLvale) 2l
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) 6" (F)i,(2).8i_1 4 = Bi NPLvale-n/2iel,
(8) 8" (F)i(@)es, = BiNPv2ei-1) and

) 6 (F)iy@) oy = Bi NPvale-0tl,
3. Fori1=0,...,s, we have
(@) sit = BN UL—vm(Ci)/2J+1(91);

9 (F)iy(x)ee = Bi VP02 (A), and
y

)i
Z(F)Zi(w)»!‘ri' =B;N mivm(Ci)Jrl(Ql)'

Proof. — We find 2 € #F(G° F). Since B is a central simple Ey-algebra,
there exists a division Ey-algebra Dg, and a right Dg,-module Wy such that
B = Endp,, (Wo). Since By is a maximal hereditary og,-order in By, there ex-
ists an 0p,, -chain (L;)iez in Wy of period 1 such that 9B is the hereditary og,-
order associated with (L;);cz. Let x € BF (G, F) = %’E(MDEO (Wo), Eo) be
an element that corresponds to a lattice function constructed from (L£;);cz.
Then by Proposition 6.6 [z] is a vertex in £ (G, F). Therefore, by Proposi-
tion 6.4 (3) we have (1)-(a).

To show the remainder assertion, we show 2l is the hereditary op-order
in A associated with 74(z). Since [, n,0,0] is a stratum, 2 is £ = F[f]-
pure. Moreover, we have 21 N By = B by definition of By. Therefore, by
Proposition 6.8 (2) 2 is associated with Zq(x). Since vy (¢;) € Z>o and vy(c;) =
ord(c;)e(™A]op), the remaining assertions follow from Proposition 6.9. O

In the following, we regard ZF(G°, F),..., (G9! F) as subsets in
BE(G,F) via iy, ..., 1q4.
ProrosiTiON 10.2. —
1. Hl(ﬁ,Ql) = Ki,
2. J(8,2) = °K*,

3. J(B,2A) = K%
Proof. — We show (1). We have r; = —vg(c¢;—1) = —ord(c;—1)e(Alop) =

—e(AJop)r;—y for i = 1,...,s and n = —vy(cs) = —e(™A|op)rs. We have
GO(F)z0+ = B NUYA) by Proposition 10.1 (1)-(c). For i = 1,...,s we have
BXNULl/2+1(Q)) = BXnULvalei-1)/2+1(Q) = G*(F), s,_,+ by Proposition
10.1 (2)-(b). We also have BX N UL2+1(A) = G5(F), 5, 4. If d = s+ 1, by
comparing Lemma 2.20 (1) and Definition 3.12 (1) of K¢ we have H!(3,2) =
K¢, If d = s, we have H'(3,2) = KU/2+1(2(), and it suffices to show
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K> ulr/21+1(91). However, since s,_; < s, we have
ULn/2J+1(Q[) = GS(F)m,ss—&- C GS(F)-%,SS_1+ - K.

(2) is similarly shown as (1), using Proposition 10.1 (1)-(b), (2)-(a), Lemma
2.20 (2) and Definition 3.12 (2) instead of Proposition 10.1 (1)-(c), (2)-(b),
Lemma 2.20 (1) and Definition 3.12 (1), respectively. Since J(3,2l) = °K¢ and
R(Bo) = G°(F)[y by Proposition 10.1 (1)-(a), we obtain

T(8,%) = R(B)J (8, 2) = G°(F) K = K*,
whence (3) holds. O

Let 6 € €(53,0,2) be the unique character of H'(3,2) in A\. Then we
can take characters ¢; of E for i = 0,1,...,s and define characters §" as in
Proposition 9.1. We put ®; = ¢; o Nrdp, /p,. If d = s+ 1, we put &5 = 1.

PROPOSITION 10.3. — Fori =0,1,...,d—1, the character ®; is G**'-generic
relative to x of depth r;. If s = d, then ®4 is of depth ry.

Proof. — First we show that the restriction of ®; to G*(F),s,+ is equal to 1.,
fori=0,...,s. We have

B NHY(3,2A) = G(F)NK{
= G (F)o0+ G (Fasor G (Fasii+s
and G*(F),s,+ C B N H(3,2), as we have s; > s;_1 and then
G'(F)asit CG(Flas 1+ C GOUF)ro04GH (Fasgr -G (Fas, o+

To show G'(F)ys+ C HUTYHB,2A), where t; = max{0,|—va(c;)/2]} =
| —va(c;)/2], we consider two cases. If i < d, we have

HYH(B,90) = HY(8,2) nURTH(R)
= K{ NG(F)ysit
=GN (Fasir - GUF)asa ot
and G*(F)s,+ C HYFL(B,21) since
G (F)asit CGTHF)asiy C G (Fast - GUF)asa i+
Otherwise, that is, if i = s = d, we also have
H*F(3,%) = K{ N G(Fas,+ = G(F)asy+-
Therefore, G (F)gs,+ C (B} N H'(3,2)) N H' 1 (B,2A), and we obtain

=Ye;lc

F)Ls+
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In particular, ®; is trivial on

Uim(ciﬂl(m) N Gi(F)x,sw = G(F)x,ri-&- n Gi(F)x,Sﬁ = Gi(F)x,ri—&--
Note that all ¢; have negative valuation. Next, we show ®; is not trivial on
G'(F)g,x;- We have G*(F)yr, = U(B;)NU2 () = B;N (1 4+ Pl =
1+ (B; nP~v=(e)). Then

B () = (1 (B R) = 0 Ty (B =50
=1poTrda,r (B;NA) = o Trg,/r o Trdg, /5, (B:).

Since B; is a hereditary op,-order in B;, we have Trdp, /g, (%B;) = 0p,. More-
over, since F;/F is tamely ramified, Trg, /p(0p,) = or. Therefore, ®; is not
trivial on G*(F)y.r,, as ¥ is not trivial on op. In particular, we completed the
proof when i = s = d and we may assume i < d in the following.

Finally, let X7 € (Lie*(G")% (F) as §7.2. Since ¢; is minimal relative
to £;/Eiy1, the element X is G'*tl.generic of depth r; by Proposition 7.10.
Then, to complete the proof it suffices to show that ®; \Gi(p)zwri:rﬁ is realized by
X . The isomorphism G*(F)g r,xi+ = 8" (F)a,r,ir,+ is induced from 1+y — y.
Therefore, when we regard ¢ o X7 as a character of G*(F) g r,ur; 4, for 1 +y €
G'(F )y, we have

(VoX:)(1+y)=voX(y)=voTrda/r(cy) = e, (1+y) = ®i(1 +y).
O

Then we have a 4-tuple (z, (G%), (r;), (®;)). As in §3.4, we can define char-
acters ®; of Kff.

PROPOSITION 10.4. — Fori=0,1,...,s, we have ®; = §".
Proof. — Recall the definition of <i>z The character i’l is defined as
‘i>i|KimGi(F) (9) = ®i(9),
‘i’i|KimG(F)z,si+(1 +y) = ®i(1+ mi(y)).

Since (K{ NGH(F)) (K{ NG(F)4s,4) = K¢, it is enough to show that ®, is
equal to 0% on K¢ NG (F) and K¢ NG(F)y.s,+-

Wehave that K¢ NG (F) = BNH(3,2) and KNG (F) 5,4+ = HTH(B,2),
where t; = |—va(e;)/2].

If g € B N H'(3,2), then ®;(g) = ®;(9) = ¢; o Nrdp, /5,(9) = 0°(g).-

Suppose 1 +y € H'"*!(8,2). Then mi(y) € ¢'(Flas+ = BNP; "' and
1+m(y) € BX N HY+(B,20). Therefore, we have ®;(1+y) = ®;(1+mi(y)) =
0" (1 + mi(y)) = ¥ o Trda/p(cimi(y)).
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Here, we show if n € n’(F), then Trd 4, p(c;in) = 0. Since ¢; is in the center
of B, the linear automorphism z + ¢;z of A is also a Z(G*)(F)-automorphism.
Then ¢;g"(F') is a trivial Z(G")(F')-representation and ¢;n*(F) = n*(F) is a
Z(G*")(F)-representation that does not contain any trivial subquotient. There-
fore, we have ¢;g"(F) C g'(F) and ¢n'(F) C n'(F). On the other hand, Trd 4/ ¢
is a Z(G")(F)-homomorphism from g(F) to the trivial representation F. Since
n’(F) does not have any trivial quotient, Trd 4 / r(n’(F)) = 0. In particular,
Trda/p(cin) =0 as ¢;n € ¢’ (F) C n'(F).

Since m; @ g"(F) @ n*(F') — g¢'(F) is the projection, y — m;(y) € n'(F).
Therefore, we have Trd 4 p(ciy) = Trda,p (ci (y — mi(y))) +Trda/p (cimi(y)) =
Trda,p (cimi(y)) and

®;(1+y)=vo Trda,r(cimi(y)) = ¢ o Trda, plciy) = e, (1 +y) = 0°(1 +y).
O

PROPOSITION 10.5. — The representation kg @ -+ - ® Kkq s an extension of ng
to K% (cf. Definition 3.19 for the definition of k;).

Proof. — We put &' = kg ® - -+ ® kq. By [15, Lemma 3.27], /%\Ki contains ®;
fori=0,...,d. Ifd=s+1, then ®; = ;=1 and

d
e
=0

by Proposition 9.1 and Proposition 10.4. Then &’ contains 6 as a K i—represen—
tation. Since 7 is the unique irreducible J*(3,)-representation that contains
0, the J*(3,2)-representation &’ contains 7.

Then it suffices to show that the dimension of % is equal to the dimension
of 79. The dimension of 74 is (J*(3,2) : H'(3,2))*/2. On the other hand, for
i=0,...,d— 1 the dimension of x; is (J*+ : JI*1)1/2 (cf. Proposition 3.22),
1/2

S S

Héizﬂeize
0 1=0

1=

and the dimension of x4 is 1. Then the dimension of &’ is H?Zl(Ji 2 Jh)
and it suffices to show that (J1(5,2) : HY(B,2)) = H';:l(Ji : J4). Here,
HY(B,A) = K¢ = KOJV - J4 = GO(F), 0L -+ J9. Since GI(F),q,Jit! =
GH(F), s, fori=0,...,d— 1, we also have

GOF)pop - T

GOUF)p s GO(F) gy Jt - J4
O(F)I,O+G1(F)m,so<]2 g =
O(F)a 01 G (Faso G (F)as,

(F)aor NKT=UYRA)NJ(B,A) = JH(B,2).

G
G
G
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Since GO(F)z 04 N(J' - J4) = GO(F)yr, C JL (e.g., using [31, Lemma 13.2]),
we have (GO(F)z o JL---JE)n (It J%) =JL-- J¢, and
JHB2A)/H(B,A) = (GO(F)aor g -+ J) [ (GO(F)ao ) -+ TE)
o (Jl...Jd)/(Jl ...Ji)_
Then it is enough to show ((J'---J%): (JL---J{)) = H?zl(Ji : Ji). Let us
prove this by induction on d. If d = 1, this is trivial. Let us assume that this

. . d d (T gty gg]
is true for d — 1. It is now enough to show that [J¢: J{] = AT
[J1. L g

The following fact will be useful.

Fact: let G' C G be groups and let H be a normal subgroup of G. Let ¢ be
the injective morphism of group G'/(G' "H) — G/H. As G-set, G/HG' and
(G/H)/«(G'/(G' N H)) are isomorphic.

Because J}r e Jj'f is a normal subgroup of J'---.J% we can apply the previ-
ousfacttoG=J' ... J4 G =J' ... J¥1  H= Ji-~-Jﬁ. Using the fact that
HNG' =Ji--- Jiﬁl, we deduce that, as J! --- Je-sets, Jt--- J4/Jt ... Jd_lef
and (J*---J4TL - JE) Ju(JY T T J_‘i_l) are isomorphic. Let X be
this J1--- J%set. The set X is a fortiori a J%set. The group J? acts transi-
tively on X = J' -+ J?/J ... J971 ¢ and the stabiliser of (J*---J471J4) €
Jregd) gt Jd_lJ_‘f_ is Jt..- Jd_lJ_‘i NJ<. The group J*'--- Jd_lJ_‘f_ NnJ%is
equal to Jﬁ. Consequently,

[J'e gl Jg]

[Jd Jd] #(X) = [Jl...Jd—l:J}_...Ji_l]’
as required. Therefore, we obtain &'| j1(5.2) = 76- a
THEOREM 10.6. — Let (J,\) be _a mazimal simple type associated to a tame

simple stratum [A,n,0,]. Let ( A) be a mazimal extension of (J,\). Then
there ezists a Yu datum (z, (G){_y, (r;)dy, (®i)ey, p) such that

1. J(3,2) = K%, and

2. pa (2, (G7), (r), (), p) = c-Ind )™ A

Proof. — In the above argument, we can take a 4-tuple (1’, (GY), (r;), (@1))
from a Sécherre datum. Therefore, it is enough to show that we can take an irre-
ducible G°(F)-representation p such that the Yu datum (z, (G%), (r;), (®;), p)
satisfies the desired conditions.

Let 1 be the unique J*(3,2l)-subrepresentation in Al Then ke®--- @

kq is an extension of 1 to K¢ = j(ﬂ,%{) by Proposition 10.5. Therefore, there
exists an irreducible £(8)-representation p such that p is trivial on U'(2B8) but

not trivial on U(B), the representation c—Indg(fB) p is irreducible and super-

cuspidal, and c- IndJ(B R = PR Ky ® -+ ® kg by Proposition 8.5. Since we
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have equalities of groups B* = G°(F), R(B) = G°(F), U(B) = G°(F),
and U'(B) = G°(F ).+, then the 5-tuple (z, (G%), (r;), (®;),p) is a Yu datum
satisfying the condition in the theorem. |

11. Construction of a Sécherre datum from a Yu datum

Let (z, (G g, (r))y, (®:)% 0, p) be a Yu datum.
First, since G* are tame twisted Levi subgroups in G with Z(G")/Z(G)
anisotropic, there exist tamely ramified field extensions E;/F in A such that

= Resg, /r Autpg . g (V)

by Lemma 5.6. Since G C ... € G%, we can choose Fy 2 ... D E; = F. We
put B; = Cent 4 (F;).

Since c—InngEg[m] p is supercuspidal, [z] is a vertex in % (G, F) by Propo-
sition 8.6. Let By be the hereditary og,-order in By associated with . Then
the hereditary og-order 2 associated with x € 8 (G, F) is Ep-pure and prin-
cipal, and 20N By = By by Proposition 6.8. We also put P = B (A).

To obtain a simple stratum, we need an element 5 € Ey. We will take
by using information from characters (®;);. For ¢; € E; = Lie(Z(G?)), let
X} € Lie*(Z(G")) be as in §7.2. We put s = sup{i | ®; # 1}.

ProroOsSITION 11.1. — Suppose s > 0.

1. For i = 0,...,d, the hereditary og,-order in B; associated with x €
BE (G F) is equal to B; = B; N 2.

2. There exists ¢; € Lie(Z(G"))_y, such that ®;
by X: fori=0,...,d—1.

3. If s = d, then there also exists c¢s € Lie(Z(GQ))_y, such that
‘1>8|G(F)z,rs/2+:rs+ is realized by X .

4. Fori1=0,...,s, we have r; = —ord(¢;).

5. Fori=0,...,d — 1, the element ¢; is minimal relative to E;/F;11. In
particular, we have E; = E;y1[c;].

Proof. — We show (1). First, we have B, N By = AN B; N By = AN By = Bo.
Moreover, for g € E;* we also have
9Big~ ! =g(ANBi)g~' = gAg ' NgBig~' =ANB; =B,

as A is Fo-pure and Ey C B;. Therefore, (1) holds by Proposition 6.8 (2).
Next, we show (2), and (3) is similarly shown. Since ®; is trivial on
G'(F)yr;+ but not on G*(F),r,, we have G'(F),r, # G'(F)zr;+ in partic-
ular. Then n; = r;e(B;log,)e(E;/F) is a nonnegative integer, and we have
GY(F)gyr; = U"(B) and G*(F)yr,+ = U"T(B), by Lemma 6.10 (3). On the
other hand, a character ¢ o Trg, ,p of E; is with conductor pg, since E;/F
is tamely ramified. Therefore, we can apply Proposition 7.11 for 9B;,n and

s realized

Gi(F)w,ri/2+:ri+
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Yo Trpg, p as B; is principal by (1) and Proposition 6.8 (1). Thus there exists
¢; € F; such that

®;(1+y) = (oTrg,/p)oTrdp, /g, (ciy) =Y o (Trg,/poTrdp, /g, )(ciy)
=yoXZ(y)
for 14y € UM/2+Y(B,) = G(F), v, /24 Then (2) holds.
We have vg, (¢;) = —n;/e(B;|og,) = —r;e(F;/F) by Proposition 7.11, and
ord(¢;) = vg,(¢;)/e(E;/F) = —r,

whence (4) holds.
To show (5), let ¢; € E such that X is G**'-generic of depth r; and the

restriction of ®; to G*(F)yr,:r;+ is realized by X,. In particular, we have

(Yo Trg,/p) o Trdp, /g, (ciy) = ®i(1 +y) =¥ o X (y)
= (Yo Trg, p) o Trdg, /g, (cy)
for y € Q7, where Q; is the radical of B;. Then we have ¢;—¢] € Qi_""HﬂEi C
ci(Qi N E;) = cipp, and ¢;'c, € 1+ pg,. Thus (¢})"'e; € 1+ pp,. On the

other hand, ¢ is minimal relative to E;/E; ;1 by Proposition 7.10. Therefore,
by Lemma 7.7 ¢; is also minimal relative to E;/F; . O

Therefore, if s > 0, we can take ¢; for : = 0,1,...,s. We put 3; = Z
for i =0,1,...,s, 8= and n = —vg (). Since

vy (c;) = —e(A|op) ord(c;) = —e(Ulor)r; < —e(™A|op)r; = —e(Ajor) ord(c;)

zCJ

=va(c;)
for i,7 = 0,1,...,s with ¢ > j, we have n = —vy(5;) for any i = 0,1,...,s.
We also put r; = —vg(¢;—1) fori =1,...,s and ro = 0.
ProPOSITION 11.2. — Suppose s > 0.
1. E; = F|Bi] for i = 0,1,...,s. In particular, [2,n,0,8] is a simple
stratum.

2. ([, n,ri, Bi])iy is a defining sequence of (A, n,0, ).

Proof. — First, suppose 2 = A(Ey). We will show this proposition by down-
ward induction on .

If i = s, then 85 = ¢ is minimal over F'. Therefore, for any »' € {0,1,...,n—
1}, the stratum [, n, 7/, B4] is simple. The equation F; = F[f] trivially holds.
If s =0, then ([A,n rz,ﬂz]) _o Is a defining sequence of [2A,n,0, ], and this
proposition holds. If s > 0, we have r; = —vy(cs-1) < 7'UQ[(CS) We prove by
downward induction on ¢ that ([, n, 744, ﬁjﬂ»o])s _o is a defining sequence of
a simple stratum [2(, n,7;,, B;,]. For ig = s, the stratum [, n, rq, Bs] is simple,
and ([, n, 7y, 5i+s])?:o is a defining sequence of [, n, r, Bs].
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Let i9 € {0,1,...,s — 1} and suppose that E; = F[8;] and that
([, n, 7544, BJH])j;S is a defining sequence of a simple stratum [2L, n, r;, 8;] for
any integer ¢ with 49 < ¢ < s. The element ¢;, is minimal over E; 1. Since
Tio+1 = —Un(cy,), a 4-tuple [%ﬁio+17ri0+1’ Tio+1 — 1,Ci,) is a simple stratum,
where B, ., = AN Cent (g, (Biy+1). Moreover, c;; ¢ Eij11 = F[Bi41].
Therefore, by Proposition 4.4, we have F[5;,] = F[Biy+1,¢iy] = Eio+1[ci,) and
[, n, g +1, Biy | isapure stratum with ko (G;,, A) = —riy+1, where F[5; 11, ¢i] =
E;y+1]ci,] follows from our induction hypothesis. If ig > 0, we have r;, =
—vg(cig—1) < —vsa(ciy) = rig4+1 and [ n, 7, B;,] is a simple stratum. Since
([, 7 75 i0 415 Biio 1)
(2L, n, 75041, Big+1) by our induction hypothesis, ([, n, 744, Bj+i0]);;é° is also a
defining sequence of a simple stratum [, n, 7, Bi,]. If ip = 0, then [2(, n,0, 5]
is simple, and we can show ([, n,r;, Bi])fzo is also a defining sequence of a
simple stratum [2(, n, 0, 8] in the same way as above. Then the proposition for
A = 2A(Ey) case holds.

We will show the proposition in general case. Since 8; € E; C Ey for

is a defining sequence of a simple stratum

i=0,...,s, wecanregard §; as in A(Ep). Then (1) follows from the proposition
for A = A(Ey) case. Moreover, if we put n' = —vy(g,)(8), ro = 0 and 7; =
—vau(Ey)(ci1) fori = 1,... s, then ([A(Eo),n, 7], Bi]);_, is a defining sequence

of a simple type [A(Ep),n’,0, 5] by the proposition for A = A(Ey) case. Since
for ¢ € Ey we have vy(c) = e(Uop)e(Eo/F) ™ vy gy)(c); we also have

n=—va(f) = —e(Alor)e(Eo/F)  vaey) (8) = e(Uop)e(Eo/F)~'n’
and

ri = —va(cim1) = —e(Aop)e(Eo/F) ™ va(my) (ci1) = e(Alop)e(Eo/F) ™ r

fori=1,...,s. Since ([A(Eo),n,7},Bi]);_, is a defining sequence of a simple
type [ (Eo),n B], we have r, = —ko(Bi—1,2A(Ep)) for i = 1,...,s. We also
have ko(c,?d) = (Ql\oF) (Eo/F)~tko(c,2(Ep)) by Lemma 2.8, Whence

ri = e(Alop)e(Bo/F)~'ri = —e(Wlop)e(Eo/F) ™" ko(Bi-1, U(En))

= —ko(Bi-1,%)
for i = 1,...,s. Then by Proposition 4.5 strata [, n,r;, ;] are simple and
equivalent to [, n,r;, B;—1] for i = 1,...,s. Therefore, (2) holds. O

Then we have a simple stratum [A,n,0,5] with a defining sequence
(L n, i, Bi))i_g if s > 0. If s = —o0, we take a simple stratum [, 0,0, 5]
with 2 maximal and ¢y = By = 8 € o, and then we can define subgroups
H'(B,2) and J(B,2) in G for any case. Moreover, since B, is maximal, we
also can define J(8,2) = R(Bo)J (5, 2A).
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ProposiTiON 11.3. —
1. We have

(a) GO(F)p) = R(Bo),
(b) G°(F), = By NU(A) = U(Bo),
(¢) G'(F)a0+ = By NU(A),
(d) g°(F), = BoN2A =By, and
(e) g°(F)z0+ = Bo N'P.
2. Fori=1,...,d, we have

\_/\_/

(a) Gl(F)m s, = B N UL—valei- 1)+1)/2J(Q[)
(b) G'(F)ys, o+ = B NULTvalc)/2lH (),
(€) GHF)ar,, = B nU vl (),
(d) G (F)gp, 4 = B nUvalc-t (@),
(€) 6'(F)ays, , = Bi nPLTvaler/2],
() ' (F)as, o+ = By nPLrvale-n/2iL,
(8) o' (F)er,_, = BinP~2=1) and
(b) g'(F)op, o+ = By NP-oalemnth,
3. Fort=0,...,s, we have
(a) GZ(F)“ + = B nulvalen2tigy),
(b) G'(F)er, = Bf N U (e (),
(¢) GUF)pr,+ = B nUvledT1(9),
(d) ¢'(F)ar, = BNP2) and
(€) 6 (F)gpe,r = BNPToaled)

Proof. — Similar to the proof of Proposition 10.1.

PropoSITION 11.4. —
1. K¢ =H'(3,2).
2. °K4 = J(3,2).
3. K%=J(8,2).
Proof. — Similar to the proof of Proposition 10.2.

Next, we construct a simple character in € (5,0,%) from (®;);.
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LEMMA 11.5. — Suppose s > 0. Fori = 0,1,...,s, the following assertions
hold.

1. <i>i|Bime1(5’Ql) factors through Nrdp, /g, -

2. $i|Hti+l(B7Q[) = 1).,, where t; = |[—va(c;)/2].

3. HUFL(B ) = HE (B, ) is normalized by B N K(A).

4. For any g € B N K®) and h € HY(B,A) N IH (B, 2A), we have

®i(g~'hg) = ®i(h).

Proof. — We have BX N H(8,2) = G*(F) N K. By construction of ®; we
have (i>i|B;< NHI(B.2) = b, ci(F)nke = ®;. The map ®; is a character of Gi(F),
and then ®; factors through Nrdp, /g,, and (1) holds.

We also have H % +1(3,2A) = KN G(F),s,4. Since ®;
ized by X by Proposition 11.1 (2) or (3), we have

®;(1+y) =9 oTrg,/poTrdp, g, (ciy) =¥ o Trda p(ciy)

for y € B; NP1t = g(F),s,+. We recall that m; : g(F) = g'(F) & n'(F) —
g'(F) is the projection and

G (F)as; 4ory s 1S real-

A

@,(1+y)=®;(1+m(y) =1 oTrda,p(cimi(y))

for 1 +y € K!'NG(F)ys;+ = HYTL(B,A). However, we also can show
Trda/r(cimi(y)) = Trda,r(ciy) as in the proof of Proposition 10.4. In conclu-
sion, for 1+ 1y € H1(3,2) we obtain ®;(14y) = o Trda,r(ciy) = e, (y),
and (2) holds.

Let g € B N R(A). We check that g normalizes H'!(3,21). We consider
two cases. First, suppose i < d. Then we have H T (3,2A) = GHY(F) 6,4 -
GUF)ys41+- Thus it suffices to show g normalizes G?(F),, ,4 for j =
i+ 1,...,d. However, we have

9GI (F)as, 49 " =g (B U1 (@)) g
= (gB}g ") N (gU 1 (2A)g™H).
Since g € B} C Bj we have gBXg~' = BJ. Moreover, we also have
gUli-1t1(A)g=t = UL-1H(A) as g € K(A). Therefore, we obtain
9GI (Fps;+97" = B NUS T (A) = G'(F)as;+. Next, suppose i = d = s.

Then we have HT1(3,2) = GU(F)ys,+ = UttL(2A). Since g € K(A), we
obtain

GHH1(B,2)g71 = gUt+1(2)g~L = UL+ () = H=+1(3,90).

Therefore, we obtain (3).
Here, let g be as above and h € H*(3,2l). Since

HY(B,24) = (B "H'(8,2)) H"(5,%),
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we have h = bh/ for some b € B} N H'(3,A) and b/ € H'"T1(3,2). By the
above argument, we have b’ € H4H1(3,2) = gH%H1(B,2)g~ 1, and b’ is an
element in H'(3,A)NgH'(B,A)g~*. Then, h € HY(8,2A)NgH(3,A)g~ ! if and
only if b € HY(B,2) N gH(3,A)g~ L. Suppose h € HY(3,) NgH (B,2)g~ L.
Therefore, we obtain

®;(g7 hg) = ®; ((97'bg) (g1 g))
=®,(g7'bg)®i(g7 W g) = ®i(g "bg)tbe, (97 W g).

Here, since ®; is a character of G'(F) = B and g € B/, we have ®;(g~'bg) =
®,(b). Moreover, since ¢; is an element in F;, which is the center of B;, we also
have

Ve, (g7 h'g) = 1p o Trda p(cig™ h'g) = ¢ o Trda,r(g " cih'g)
=1 oTrda/p(c;h) = e, (W).

Therefore, we obtain ®;(g 1 hg) = ®;(b)., (b)) = ®;(bh') = &;(h), which
implies (4). O

PROPOSITION 11.6. — We have H?:o b, €(5,0,20).

Proof. — If s = —oo, then ®; = 1 and ®; = 1, and then Hg:() b, =1¢
€ (5,0,2(). Therefore, we assume s € Z. If d = s+ 1, then ®; = 1 and
®; =1, and we have H?:i b, = I-: ®; fori =0,...,s. Thus we show 0, :=
15— ﬁ:’j|Htj+1(ﬁ)m) € €(Bi, |ri/2],2) by downward induction on i =0,...,s.

First, suppose ¢ = s. Since 5 = ¢ is minimal over F', we need to check (1),
(2) and (3) in Definition 2.12. (2) is already shown as Lemma 11.5 (1). Since
—vg(cs) = —va(Bs) = n, we have Ht+1(3,2) = U/2+1(2), and (3) is also
shown as Lemma 11.5 (2). Let g € B N K(A) and h € H'=T1(3,2). Then
g 'hg € H'*1(3,2) by Lemma 11.5 (3), and ®;(¢g~'hg) = ®;(h) by Lemma
11.5 (4), which implies (1). Therefore, &, € € (fs, ts, ).

Next, suppose 0 < i < s. Since ko(Bi—1,%) = va(ci—1) = —r; > —n =
vy (Bi—1), the element $;_; is not minimal over F', and then we need to check
(1), (2) and (4) in Definition 2.12.

To show (1), let g € B ; N K(A) and h € H'~T1(3,2A). Then g 'hg €
H'—T1(3,2) by Lemma 11.5 (3). For j =i —1,...,s, we have g € B ; N
RA(A) C B NA(A). Therefore, by Lemma 11.5 (4) we have ®,(g 'hg) = ®,(h)
and Qi_l(g’lhg) = H;:i—l (I)j(gilhg) = Hj:i—l Qj(h) = gi—l(h)7 whence (1)
holds.

Forj=1i—1,...,s,the restrictionoféj to B} NH-1+1 (3 2A) factors through
NrdBJ'/E]" Since NrdBj/Ej |BL-X,1 = NEi—l/Ej ONrdBi,l/Ei,l y therestriction Of‘i’j
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to BX ,NH'-111(5,2) factors throughNrds. . /5, .. Thenthe character6;_; =

1—1 g i 1/ i—1

[l=i s b, |Bi><710Hti,1+l(ﬂ,m) also factors through Nrdp, /g, ,,and (2) holds.
We show (4). Weput r;_; = 0andr} = r; forj = i,...,s. Then thesequence

([Ql,n,rzifl)ﬂ,,ﬁ (i—1)+i’ ])Sii(;"l is a defining sequence of [, n,0,8;_1]. Since

—k‘o(ﬁz 1 )—rz,wehavemaX{Ln 1/2], [—ko(Bi—1,A)/2]} = |ri/2] = ti-1.
Then 6;_ 1 grtie (g = =0, 1 gt 1+1(g,20)- The character 6; is an element in

% (Bs, |ri/2], ) by induction hypothesis. On the other hand, ®; | ftio1+1 g 0) =
e,_, by Lemma 11.5 (2). Therefore, (4) is shown, and we complete the proof. [

i—17

We put 6 = H?:o ®,, and let 19 be the Heisenberg representation of 6.
PROPOSITION 11.7. — ko ® - -+ ® Kq s an extension of ny to K<,
Proof. — Similar to the proof of Proposition 10.5. ]

THEOREM 11.8. — Let (z,(G")L, (r:)%, ()%, p) be a Yu datum. Then
there exists a m(wz:z'mal,~ tame simple type (J,\) associated with [2,n,0, 3] and
a mazximal extension (J,A) of (J,A) such that

1. J:=J(B,A) =K, and
2. pa= c—Ind§A.

Proof. — We can construct a tame simple stratum [2A,n,0, 5] and a simple
character 6 € €(3,2) as above. We take a 8-extension k of 79 and an extension
% of  to J by Lemma 8.4 (1). On the other hand, let x; be the representation of
K® as in Section 3 for i = —1,0,...,d. By Proposition 11.7, the representation
R = ko ® -+ ® Kq is an extension of a S-extension °\ of 1y to K¢. Then by
Lemma 8.4 (2), there exists a character x of J/J'(8,2) such that &’ = & ® x.
The representation x_; is the extension of p to K¢, trivial on K¢ NG(F)g o+ =
JH(B,2A).

We construct “depth-zero part” o of a simple type from p. By Lemma 8.6,
there exists a depth-zero simple type (G°(F),,0°) of GO(F) and a maximal

extension (J?,5%) such that p = IndG )i 50 We put J = JOJ = JOTH(B,2L).
Since J1(B,A)NG°(F) = G°(F )1,0+7 we have JO/GO(F), 0y = J/J*(B,2A) and
we can extend 5° to J as &, which is trivial on J*(8,2). We put ¢ = ReSJ .
The representation o is an extension of ¢° to J, trivial on J'(3,2). Since
(GO( )z, oY) is a maximal simple type of depth zero, and y is a character of
J trivial on J* (8,21), the J(B,2A)/J'(B,A)-representation o @ X is cuspidal,
and then (J,0 ® x ® k) is a simple type. By construction of J and &, the
pair (J,5 ® Res:;:(x ® R)) is a maximal extension of (J,0 ® x ® k). We put
A=:5® Res?(x ®R).
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The representation £_ is the extension of p as _1 is trivialon K J! - - - J4 =
JY(B,20), that is, the representation k_; is p regarded as a representation of
K¢ =Jvia K°/K? = &(8)/U(B) K"l/(KSJrJ1 o JY = J/JYB,2). Then

we have k_1 = c—Indj:& by Lemma 8.3 and

c—Indj~A% (C—Ind§~5)®x®/%% K1 ®@Ko® -+ Q Kdg = pd,

which finishes the proof. (]

COROLLARY 11.9. — The set of essentially tame supercuspidal representations
of G is equal to the set of tame supercuspidal representations of G.

Proof. — Let 7 be an irreducible supercuspidal representation of G. Since
C—Ind?(d(\l,) p?(W) is irreducible for any Yu’s datum ¥, 7 is tame supercuspidal
if and only if 7 D p?(¥) for some ¥. However, by Theorems 10.6 and 11.8 it
holds if and only if 7 contains some compact induction of a maximal extension
(j ,A) of a tame, maximal simple type, which is equivalent to 7 is essentially
tame by 4.2. O

REMARK 11.10. — In thq con~dition of Theorems 10.6 or 11.8, suppose G =
GLN(F). Then we have J = J(\) = J(3,2) by Remark 2.19 (3). Therefore,

J = K4() and C-Ind?d(m A = A, which leads to Theorem 1.4.

12. Wild case

Let [2(,n, 0, 3] be a Bushnell-Kutzko simple stratum. For the purpose of the
paper, we assumed that F[3]/F is tamely ramified.

REMARK 12.1. — (cf. also [20])

1. If we remove the assumption that F[8]/F is tame in our fixed simple
stratum [2(,n, 0, 8], then the sequence of fields Ey,..., Fs attached to
a defining sequence can not be chosen decreasing for C, in general. It
always decreases for [e : F.

2. In a certain sense, we have explained that Bushnell-Kutzko and Sé-
cherre’s constructions are compatible with Yu’s construction as they es-
sentially are the same on their common domain of definition. Does there
exist a construction generalizing both of them in a single formalism?

3. If one tries to obtain generalization of these approaches, one has to
remove (among other things) the axiom of inclusions in the twisted Levi
sequence by (1) of this remark and by definition of 8 This implies that
one can not expect a factorable construction pg = ®x* as Yu’s one.
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