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CHARACTERIZATION OF THE TWO-DIMENSIONAL FIVEFOLD
TRANSLATIVE TILES

BY QI YANG & CHUANMING ZONG

ABSTRACT. — In 1885, Fedorov discovered that a convex domain can form a lattice
tiling of the Euclidean plane, if and only if it is a parallelogram or a centrally symmetric
hexagon. This paper proves the following results. Besides parallelograms and centrally
symmetric hexagons, there is no other convex domain that can form any two, three or
fourfold translative tiling in the Euclidean plane. In particular, it characterizes all two-
dimensional fivefold translative tiles, which are parallelograms, centrally symmetric
hexagons, two classes of octagons and one class of decagons.

RESUME (Caractérisation des pavages translatifs quintuples a deux dimensions). —
En 1885, Fedorov découvrait qu’un domaine convexe peut former un réseau-pavage
de la plane euclidienne si et seulement s’il est un parallélogramme ou un hexagone
symmétrique centralement. Cet article démontre les résultats suivants: outre les paral-
lélogrammes et les hexagones symmétriques centralement, il n’y aucun autre domaine
convexe qui peut former dans la plane eucldienne un pavage translatif double ou triple
ou quadruple. En particulier, il caractérise tous les pavages translatifs quintuples en
deux dimensions, qui sont parallélogrammes, hexagones symmétriques centralement,
deux classes d’octogones, et une classe de décagons.
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1. Introduction

In 1885, Fedorov [6] proved that a convex domain can form a lattice tiling in
the plane if and only if it is a parallelogram or a centrally symmetric hexagon; a
convez body can form a lattice tiling in the space if and only if it is a parallelo-
tope, a hexagonal prism, a rhombic dodecahedron, an elongated dodecahedron,
or a truncated octahedron. As a generalized inverse problem of Fedorov’s dis-
covery, in 1900 Hilbert [13] listed the following question in the second part of his
18th problem: Whether polyhedra also exist which do not appear as fundamen-
tal regions of groups of motions, by means of which nevertheless by a suitable
juxtaposition of congruent copies a complete filling up of all space is possible.
To verify Hilbert’s problem in the plane, in 1917 Bieberbach suggested to Rein-
hardt (see [19]) to determine all the two-dimensional convex tiles. However, to
complete the list turns out to be challenging and dramatic. Over the years,
the list has been successively extended by Reinhardt, Kershner, James, Rice,
Stein, Mann, McLoud-Mann and Von Derau (see [15, 27]); its completeness has
been mistakenly announced several times! In 2017, M. Rao [18] announced a
completeness proof based on computer checks.

Let K be a convex body with (relative) interior int(K') and (relative) bound-
ary 0(K), and let X be a discrete set, both in E™. We call K + X a translative
tiling of E™ and call K a translative tile, if K + X = E” and the translates
int(K)+x; are pairwise disjoint. In other words, if K+ X is both a packing and
a covering in E™. In particular, we call K 4+ A a lattice tiling of E™ and call K a
lattice tile, if A is an n-dimensional lattice. It is apparent that a translative tile
must be a convex polytope. Usually, a lattice tile is called a parallelohedron.

As one can predict, to determine the parallelohedra in higher dimensions is
complicated. According to Fedorov [6], there are exact five types of parallelo-
hedra in E3. Through the works of Delone [3], Stogrin [23] and Engel [5], we
know that there are exact 52 combinatorially different types of parallelohedra
in E*. A computer classification for the five-dimensional parallelohedra was
announced by Dutour Sikiri¢, Garber, Schiirmann and Waldmann [4] only in
2015.

Let A be an n-dimensional lattice. The Dirichlet—Voronoi cell of A is defined
by

C={x:x€eE", |x,0| <|x,Al},

where | X, Y| denotes the Euclidean distance between X and Y. Clearly, C'+ A
is a lattice tiling, and the Dirichlet—Voronoi cell C' is a parallelohedron. In
1908, Voronoi [22] made a conjecture that every parallelohedron is a linear
transformation image of the Dirichlet-Voronoi cell of a suitable lattice. In E2,
E? and E*, this conjecture was confirmed by Delone [3] in 1929. In higher
dimensions, it is still open.
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TWO-DIMENSIONAL FIVEFOLD TRANSLATIVE TILES 121

To characterize the translative tiles is another fascinating problem. At the
first glance, translative tilings should be more complicated than lattice tilings.
However, the dramatic story had a happy ending! It was shown by Minkowski
[17] in 1897 that every translative tile must be centrally symmetric. In 1954,
Venkov [21] proved that every translative tile must be a lattice tile (parallelohe-
dron) (see [1] for generalizations). Later, a new proof for this beautiful result
was independently discovered by McMullen [16].

Let X be a discrete multiset in E™ and let k be a positive integer. We call
K + X a k-fold translative tiling of E™ and call K a translative k-tile, if every
point x € E™ belongs to at least k translates of K in K + X, and every point
x € E™ belongs to at most k translates of int(K) in int(K) + X. In other
words, K + X is both a k-fold packing and a k-fold covering in E™ (see [7, 27]).
In particular, we call K + A a k-fold lattice tiling of E™ and call K a lattice
k-tile, if A is an n-dimensional lattice. Apparently, a translative k-tile must be
a convex polytope. In fact, similarly to Minkowski’s characterization, it was
shown by Gravin, Robins and Shiryaev [10] that a translative k-tile must be a
centrally symmetric polytope with centrally symmetric facets.

Multiple tilings were first investigated by Furtwéingler [8] in 1936 as a gen-
eralization of Minkowski’s conjecture on cube tilings. Let C' denote the n-
dimensional unit cube. Furtwéingler made a conjecture that every k-fold lattice
tiling C' + A has twin cubes. In other words, every multiple lattice tiling C + A
has two cubes sharing a whole facet. In the same paper, he proved the two and
three-dimensional cases. Unfortunately, when n > 4, this beautiful conjecture
was disproved by Hajés [12] in 1941. In 1979, Robinson [20] determined all
the integer pairs {n, k} for which Furtwingler’s conjecture is false. We refer
to Zong [25, 26] for detailed accounts on this fascinating problem and to pages
82-84 of Gruber and Lekkerkerker [11] for some generalizations.

Let P denote an n-dimensional centrally symmetric convex polytope, let
7(P) be the smallest integer k, such that P can form a k-fold translative tiling
in E™, and let 7*(P) be the smallest integer k, such that P can form a k-fold
lattice tiling in E™. For convenience, we define 7(P) = oo, if P cannot form
translative tiling of any multiplicity. Clearly, for every centrally symmetric
convex polytope, we have

7(P) < 7(P).

In 1994, Bolle [2] proved that every centrally symmetric lattice polygon is
a lattice multiple tile. However, little is known about the multiplicity. Let

A denote the two-dimensional integer lattice and let Ps denote the octagon

with vertices (%, %), (%, %), (%, —%), (%, —%), (—%, —%), (—%, —%), (—%, %) and
(f%, %), as shown in Figure 1. As a particular example of Bolle’s theorem, it
was discovered by Gravin, Robins and Shiryaev [10] that Ps + A is a sevenfold

lattice tiling of E2.
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122 QI YANG & CHUANMING ZONG

Vg Vi
A% V3
o
V6 P V3
A% Vy
Figure 1

In 2000, Kolountzakis [14] proved that, if D is a two-dimensional convex
domain, which is not a parallelogram, and D + X is a multiple tiling in E?2,
then X must be a finite union of translated two-dimensional lattices. In 2013,
a similar result in E? was discovered by Gravin, Kolountzakis, Robins and
Shiryaev [9].

In 2017, Yang and Zong [24] studied multiple lattice tilings by proving the
following results. Besides parallelograms and centrally symmetric hexagons,
there is no other convex domain that can form any two, three or fourfold lat-
tice tiling in the Fuclidean plane. However, there are particular octagons and
decagons that can form fivefold lattice tilings. Afterwards, Zong [29] character-
ized all the two-dimensional fivefold lattice tiles. A convex domain can form a
fivefold lattice tiling of the Fuclidean plane, if and only if it is a parallelogram,
a centrally symmetric hexagon, under a suitable affine linear transformation,

a centrally symmetric octagon with vertices vi = (—a, f%), ve = (1—q, f%),

vy = (1 +a,—%), vy = (1 - a,%), Vs = —Vi, Vg = —Vg, Vy = —V3 and
vg = —vy, where 0 < a < i, or with vertices vi = (8, -2), vo = (1 + 3,-2),
\173 =(1-5,0), va = (B,1), v5 = —v1, V¢ = —Va, V7 = —V3, V§ = —Vy, where
1 <B< %, or a centrally symmetric decagon with u;y = (0,1), ue = (1,1),
uz; = (3,4), w = (2,0), us = (1,—3), ug = —uy, uz = —uy, ug = —ug,
ug = —uy and uyg = —us as the middle points of its edges.

This paper proves the following theorems.

THEOREM 1.1. — Besides parallelograms and centrally symmetric convex hexa-
gons, there is no other convex domain that can form a two, three, or fourfold
translative tiling of the Euclidean plane.
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TWO-DIMENSIONAL FIVEFOLD TRANSLATIVE TILES 123

THEOREM 1.2. — A convex domain can form a fivefold translative tiling of
the Euclidean plane, if and only if it is a parallelogram, a centrally symmet-
ric hexagon, under a suitable affine linear transformation, a centrally sym-
metric octagon with vertices vi = (% — %‘,—2), Vo = (—% — %‘",—2), vy =

($-3,0), va=(§$-32,1), vs = —v1, v¢ = =V, v7 = —v3 and v§ = —vy,
where 0 < a < %, or with vertices vi = (2 — 3,-3), vo = (—f8,-3), vz =
(72, 71), Vy = (727 1), V5 = —Vi1, Vg = —Vg, V7 = —V3 and Vg = —Vy, where
0 < B <1, or a centrally symmetric decagon with u; = (0,1), us = (1,1),
us = (%7%)) uy = (%70)7 us = (17_%); Ug = —Uup, Uy = —uUg, Ug = —Uug,
ug = —uy and uyg = —us as the middle points of its edges.

REMARK 1.3. — Comparing this with Zong’s work [29], it is easy to show that

all fivefold translative tiles are fivefold lattice tiles.

2. Basic preparation

Let Ps,, denote a centrally symmetric convex 2m-gon centered at the origin,
let vi, va, ..., Vo, be the 2m vertices of P, enumerated clock-wise, and let
Gi1, Ga, ..., Go,, be the 2m edges, where G; is ended by v; and v;y;. For
convenience, we write

V = {Vl,Vg,...,ng}
and
I ={G1,Ga,...,Gam}.

Assume that P, + X is a 7(Py,)-fold translative tiling in E?, where X =
{x1,X2,X3,...} is a discrete multiset with x; = o. Now, let us observe the
local structures of P, + X at the vertices ve V + X.

Let XV denote the subset of X consisting of all points x;, such that

Vv E 8(P2m) + X;.
Since Py, + X is a multiple tiling, the set XV can be divided into disjoint
subsets X7, X3, ..., X}, such that the translates in P, + X7 can be re-

enumerated as Py, + X{, Py, + xé, ciry Poy + xg'j satisfying the following

conditions (as shown by Figure 2 in two cases):
1. v € O(Poy) —I-Xz holds for all i =1,2,...,s;.

2. Let /] denote the inner angle of Pay,, + x{ at v with two half-line edges
L}, and Lj ,, where L} |, x] — v and Lj , are in clock order. Then, the
inner angles join properly as

Lg,z = L?+171
holds for alli=1, 2, ..., s;, where ng+1,1 = L{,r
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J
PQm + Xit1

J
P2m + X1

i J
Li+1‘1 ZHr]

J
L,,;}Q

J
P, om + X;

Figure 2

For convenience, we call such a sequence Ps,, + x{, Py, + xé, R xgj
an adjacent wheel at v. In other words, if v belongs to the boundary of a tile,
then we follow this tile around, moving from tile to tile, until it closes up again.
It is easy to see that

S5 )

Z lz = 2'[1)]' =T

i=1
hold for positive integers w;. Then we define

t T
w(v) = ij = %ZZAz

j=1 j=11i=1

and
e(v)=8{x;: x; € X, veint(Py,) +x;}.

In other words, w(v) is the tiling multiplicity produced by the boundary, and
©(v) is the tiling multiplicity produced by the interior.

Clearly, if Py, + X is a 7(Pa,)-fold translative tiling of E2, then
(1) T(Pom) = ¢(v) + @w(v)

holds for all v e V + X.
Now we introduce some basic results which will be useful in this paper.

LEMMA 2.1. — Assume that Ps,, is a centrally symmetric convex 2m-gon cen-
tered at the origin and Poy, + X is a 7(Payy,)-fold translative tiling of the plane,
where m > 4. If ve V+ X is a vertex and G € T'+ X is an edge with v as one
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TWO-DIMENSIONAL FIVEFOLD TRANSLATIVE TILES 125

of its two ends, then there are at least [(m —3)/2] different translates Pap, +x;
satisfying both

v € 0(Pom) + x;
and

G \ {V} C int(PQm) =+ X;.

Proof. — Since adjacent wheels are circular, without loss of generality, let
P +%x1, Poyy +Xo, ..., Pop, +X5 be an adjacent wheel at v, such that G is the
first edge appearing in the wheel and let /; denote the inner angle of Ps,, + x;
at the vertex v.

Let n denote the smallest index, such that

(2) Zlizw'ﬂ'
=1

holds with some positive integer w. Then the angle sequence /1, Zs, ..., Z,
has no pair /; and Z; satisfying /; = Z;. Otherwise, one can make the index
n smaller. If Z; and Z;1 are two opposite angles of Ps,, appearing in the
angle sequence with 1 < 5 < j+k < n, it is easy to see that

k—1
E 4j+7; = UJ/ - T
=0

holds with a positive integer w’ and w > w’. Therefore, to estimate w we may
assume that the angle sequence /1, Zo, ..., Z, has no opposite angle pair
of Pgm.

Clearly, /; = =, if and only if v is a relative interior point of an edge of
Py, + x; (such as Z5 in Figure 3) and, therefore,

3) S Vi<
=1

On the other hand, if ¢ of the n angles are m and n — ¢ < m, then m —n + £
pairs of the opposite angles of P»,, do not appear in the angle sequence. Thus,
we have

(4) ili>€-7r+(m—1)-7r—(m—n+€)-7r=(n—1)~7r,

which together with (3) contradicts (2). Therefore, to avoid the contradiction,
we must have

n—4£f=m,

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



126 QI YANG & CHUANMING ZONG

P8+X4

Ps+ x5

Py +x
Figure 3

and each pair of the opposite angles of P, has a representative in the sequence
Z1, Lo, ..., L,. Consequently, we have

(5) Zlizwz(m—l)-w.

If v e d(Pom) + x4, G C Py, + x4, and G is not an edge of Py, + x;, then
by the convexity and symmetry of Pa,, it follows that G\ {v} C int(Pa,,) + x;.
Therefore, it follows by (5) that G \ {v} is covered by at least

m—1 o 3
2 ]2
of the s translates int(Ps,,) + x;. Lemma 2.1 is proved. ]

LEMMA 2.2. — Assume that Pay, is a centrally symmetric convex 2m-gon cen-
tered at the origin, Pa,, + X is a translative multiple tiling of the plane, and
v eV + X. Then we have
m—1 1
=Kk —— 0=,
w(v) =k 5 + 5
where K is a positive integer, and £ is the number of the edges in I’ + X, which
take v as an interior point.

Proof. — Assume that Ps,, +X1, Poy, +Xa, ..., Poy, + X4 is an adjacent wheel
at v and let Z; denote the inner angle of P, + x; at v. Of course, we have
Z; = m, if v is not a vertex of Py, + X;.
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TWO-DIMENSIONAL FIVEFOLD TRANSLATIVE TILES 127

Assume that /; < 7 and let n to be the smallest index, such that

(6) Z Zi = wT

holds with a positive integer w. We proceed to show that each pair of the
opposite angles of Py, has one and only one representative in £, Zo, ..., Zp,.

If, on the contrary, /; and Z;4 are two of these n angles, Z; < 7, which
are either identical or opposite. Then, it is easy to see that

k-1
(7) Z Lipi=w'r
i=0

holds with a positive integer w’. For convenience, we assume that Z;, Z;41, ...,
Zj+k—1 have neither a identical nor an opposite pair. Then, by repeating the
argument between (2) and (5) in the proof of Lemma 2.1, one can deduce that
each pair of the opposite angles of P, has one and only one representative in
Zj, Ljg1, - Ljtk—1. Consequently, one of these k angles is either identical
or opposite to Z1, which contradicts the minimum assumption on n and w.

Then, applying the argument between (2) and (5) to £y, Za, ..., Zn, it can
be deduced that

n
(8) Z Zi=(m—1)m+ i,
i=1
where /1 is the number of the 7 angles in /4, 2o, ..., Z,. In fact, it is n — m.
By repeating this process to Z,41, Znt2, ..., £Ls if necessary, it follows that
9) Zli =k'(m—1)m +{'x,

i=1
and, therefore,

1 ° m—1 1

where the first sum is over all adjacent wheels at v, k' and k are suitable
positive integers, and £’ and £ are suitable nonnegative integers. In fact, £ is
the number of the edges that take v as an interior point.

Lemma 2.2 is proved. O
LEMMA 2.3. — If m is an odd positive integer, Pay, is a centrally symmetric
convexr 2m-gon centered at the origin o, and Ui, Us, ..., Usy, are the middle

points of its edges enumerated clockwise, then we have
Z(fl)iui =o.
i=1

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



128 QI YANG & CHUANMING ZONG

Proof. — Since u; is the middle point of G;, we have
Vo = 2111 — Vi,

v3 = 2uz — vy,

Vm+1 = 2Wy, — Vi,

which implies

(11) —V1 =Vmp41 = —V1 — 22(71)1111
i=1
and, therefore,
Z(—l)iui =o.
i=1
The lemma is proved. |

The following lemma will be useful in the proofs of Lemma 3.5 and
Lemma 3.8.

LEMMA 2.4 (Bolle [2]). — A convez polygon is a k-fold lattice tile for a lattice A
and some positive integer k, if and only if the following conditions are satisfied:

1. It is centrally symmetric.

2. When it is centred at the origin, in the relative interior of each edge G
there is a point of %A.

3. If the midpoint of G is not in %A, then G is a lattice vector of A.

3. Proofs of the theorems
LEMMA 3.1. — Let Py, be a centrally symmetric convexr 2m-gon, then

T(PQm) Z {

m—1, if m is even,
m—2, if m is odd.
Proof. — Assume that Py, + X is a 7(Pay,)-fold translative tiling in the Eu-

clidean plane and assume that v € V 4+ X. Then it follows by Lemma 2.1
that

(12) o(v) > [mﬂ |

2
Let Po,, + x1, Popy, + X2, ..., Pay + X5 be an adjacent wheel at v and let /4,
Za, ..., Zs be the corresponding angle sequence. By (5) we have

(13) () > o ; /o> {m;ﬂ .
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Then, it follows by (1), (12) and (13) that

7(Pom) > {m_?’-‘ + {m_l-‘ :{m—l, if m is even,

2 2 m — 2, if m is odd.
Lemma 3.1 is proved. (|
LEMMA 3.2. — Let P4 be a centrally symmetric conver tetradecagon, then
7(P14) > 6.

Proof. — Assume that Piq + X is a 7(P14)-fold translative tiling in E? and
v € V+ X. By Lemma 2.1 and Lemma 2.2, we have

(14 UHEIE
and
(15) w(v):/ﬁ-3+€-%23,

where k is a positive integer and ¢ is a nonnegative integer.
Now, to show the lemma it is sufficient to deal with the following two cases.

Case 1. — w(v) >4 holds for a vertex v € V + X. Then, by (1) and (14) we
get

(16) T(P1y) = o(v) + w(v) > 6.

Case 2. — w(v) = 3 holds for every vertex v € V + X. First, let us observe
a simple fact. If w(v) =3 holds at v € V + X and Py + x1, Pig + X2, ...,
Pyy + x5 is an adjacent wheel at v, then it follows from (15) that s must be
seven and v is a common vertex of all these translates, as shown by Figure
4. Then, by Lemma 2.1, every vertex v; connecting with v by an edge is an
interior point of two of the seven translates in the wheel.

Then, we have

7)) w(vi) = w(v3) = w(v;) = @w(vi) = w(v5) = w(vg) = w(vy) = 3.

Therefore, for each vertex v}, there are two different points y; 1, y;2 € X, such
that

v; € O(Pia) +Yi s j=1,2
and
v € int(Pia) + yi 5, j=1, 2.
Ify; ; ¢ {y1,1,y1,2} holds for one of these points, and then we have
p(v) 23
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-

LT

Figure 4

and, therefore,

(18) 7(P1y) > o(v) + w(v) > 6.

Ify;; € {y1,1,¥y1,2} holds for all of these points, then we must have
{v1,v5,v5, Vi, Vi, v, va} C O(Pra) + y1.1-

It is known that (D 4 x) N (D + y) is centrally symmetric for all x and y
whenever D is centrally symmetric. Then, by Figure 4 it is easy to see that
(Pra +y1,1) N (Pia +x1) is a parallelogram with vertices vi, v, v} and vi +
(vi —v), and (P14 + y1,1) N (P1a + X7) is a parallelogram with vertices v7,
v, vi and v} + (vi — v). Consequently, by symmetry one can deduce that
Py + y1,1 is an hexagon with vertices vi, vi + (vi —v), vi, v+ (v — v}), v
and v} + (vi —v), which contradicts the assumption that P4 is a tetradecagon.

As a conclusion, for every centrally symmetric convex tetradecagon, we have

(19) 7(P14) > 6.
The lemma is proved. O
LEMMA 3.3. — Let P12 be a centrally symmetric convexr dodecagon, then we
have

T(P12) > 6.
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Proof. — First of all, it follows by Lemma 2.1 that

6—3
(20) UHIE= B
holds for all v € V 4+ X. On the other hand, by Lemma 2.2 we have
6—1 1
21 =k-—+L-=>3.
(21) w(v) =k oD
Thus, to show the lemma it is sufficient to deal with the following two cases.

Case 1. — w(v) > 4 holds for a vertex v € V + X. Then it follows by (1)
and (20) that

(22) 7(Pia) = 9(v) + B(v) > 6.
Case 2. — w(v) = 3 holds for a vertex v.e V + X. Assume that P2 + x1,
Pis + %o, ..., P12 + x, is an adjacent wheel at v. By (21) it can be deduced
that there is a G € I' + X, such that

v € int(G).

Let v/ and v* denote the two ends of G. By Lemma 2.1 and the convexity of
Py it follows that X has four different points y}, y5, yi and y3 satisfying

v ed(Pp)+y;, i=1, 2,
vied(Pi)+y;, i=1,2,
veint(Ppo)+y;, i=1, 2, and
v €int(Pro) +y;, i=1, 2.
Consequently, we have
e(v) = 4,
and, therefore,
(23) 7(P12) = p(v) + w(v) > T.
The conclusion of these two cases that
(24) 7(P12) > 6
holds for every centrally symmetric dodecagon. Lemma 3.3 is proved. g

LEMMA 3.4 (Yang and Zong [24]). — Let Pyg be a centrally symmetric decagon
centred at the origin, them we have

T (PIO) Z 5.
LEMMA 3.5. — Let Pig be a centrally symmetric decagon centred at the origin,
then we have

7(P1o) = 5,

where the equality holds, if and only if Pyg is a fivefold lattice tile.
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Proof. — Let vy, va, ..., vig denote the ten vertices of Py enumerated clock-
wise, let G; denote the edge with ends v; and v; 1 and let u; denote the middle
point of G;. Suppose that X is a discrete subset of E?, and Pjo+ X is a 7(Pjg)-
fold translative tiling of the plane. First of all, it follows from Lemma 2.1 that

5—3

(25) o(v) > [2} 1

holds for every v € V + X. On the other hand, by Lemma 2.2 we have
1
(26) ’(D(V):I{'2+€~§7

where k is a positive integer, and £ is the number of the edges that contain v
as a relative interior point.
Now we prove the lemma by dealing with two cases.

Case 1. — £ # 0 holds at a vertex v.€ V + X. In other words, there is an
edge G € I' + X, such that v € int(G). Clearly, by (26) we have w(v) > 3.
Suppose that vi and v} are the two ends of G. By Lemma 2.1, there are
two different points y; € XVi and y2 € X"z, such that
vV E (int(Plo) + Y1) N (int(Plo) + yQ) .

Then we have p(v) > 2. If @w(v) > 4, one can deduce that

(27) #(Pro) = $(v) + =(v) = 6.
If w(v) = 3, by (26) one can deduce that Pyp+ XV consists of seven translates
Pig + x1, Pig + X2, ..., Pig + X7, and there is another G’ € T' + X, which

contains v as an interior point. Suppose that G is an edge of Pig + xg, and G’
has two ends vi and vi. We deal with three subcases.

Subcase 1.1. — G'||G and G’ # G. Without loss of generality, we assume

that v is between vi and v5. Then, by Lemma 2.1 we have y; € XVi, such
that

vV E int(Plo) +yi, =12 5.

It is obvious that yi, y2 and ys5 are pairwise distinct. Thus, we have p(v) > 3
and, therefore,

(28) 7(P1o) = p(v) + w(v) > 6.

Subcase 1.2. — G’ = G. Then Pjy + XV can be divided into two adjacent
wheels, as shown by Figure 5.

Let Pig+xg and Pjo+x7 be the two translates that contain G as a common
edge. Without loss of generality, suppose that G = G¢ + x7 and v = v; + X7,
as shown in Figure 5. Let L be the straight line determined by vi and v3, let
G7 be the edge of Pjg + x; lying on L with ends v and v} and let G5 be the
edge of Pip + x; with ends v and vj.
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Ve V7

Vio

Figure 5

It is easy to see that w(v]) > 3 and ¢(v}) > 2, since v} is an interior point
of Gi. If w(v}) > 4, then we have 7(Py) > 6. If w(v]) = 3, the adjacent
wheel at v] can be divided into two adjacent wheels. Since vi = vg + x7,
by Lemma 2.1 and the structure of the adjacent wheel that consists of five
translates, we have three points y1, y2, y3 € XV, such that

(29) Vﬂ{ = Vg + Yi, v:‘l’z S int(Plo) + Y1,
(30) VT =V + yo, V:ot S int(Plo) + yo,
and

(31) Vvi=vi+ys VEint(Pyo)+ys.

Clearly, we also have v} € int(Pig) + x4. Since vi € int(Pig) + x4, we thus
have x4 ¢ {y1,¥2}, ¢(v3) > 3 and

(32) 7(Puo) = ¢(v3) + @(v3) > 5,

where the equality may hold only if w(vi) = 2. When w(vi) = 2, by
Lemma 2.1 and the structure of the adjacent wheel with five translates, there
is a point y, € XVs, such that

(33) vi=vs+ys, VEIint(Pyo)+ya.

Furthermore, by Lemma 2.1 we have a point y5 € XVi_ such that v € int(Pyo)+
vs5. By (31), (33) and convexity we have

VZ S (int(Pl()) + Y3) n (int(PlO) + y4) R
vs € {ys,ya}, p(v) > 3 and, thus,
(34) 7(Pro) = ¢(v) + w(v) > 6.
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Subcase 1.3. — G’ }f G. Suppose that G is an edge of Pig + xg with ends v
and v, which contains v as an interior point. Since G’ Jf G, there is a translate
Pio+x’ in XV that meets Pjo + xg at a non-singleton part of G. Let L be the
line determined by v and v3. Let G% be the edge of Pig + x’ lying on L with
ends vi and v, where v§ € int(GY).

First, since £ # 0 at v}, by (26) we have
(35) =(v]) > 3.

On the other hand, since G’ }f G, the local arrangement Pjy + XV cannot be
divided into smaller adjacent wheels. Then, two of the seven translates in Pyjg+
XV contain both v3 and v} as interior points. Furthermore, by Lemma 2.1,
there is a translate Pjg +y in Pig + X Vi that contains v] as an interior point
and, therefore, ¢(v}) > 3. Then, by (35) we get

(36) 7(Pro) = ¢(vi) + w(vi) = 6.
Case 2. — £ =0 holds for all vertices v.€ V + X. Then by (26) it is sufficient
to assume that w(v) can take only two values, 2 or 4.

Subcase 2.1. — w(v) = 4 holds at a vertert v.€ V + X. Then the local
arrangements Pjg+ XV can be divided into two adjacent wheels, each containing
five translates. Suppose that Pjg+x1, Pig+Xo, ..., Pjg+ X5 is such a wheel at
v and v = v + x1. Then, as shown in Figure 6, the wheel can be determined
by Pio + x;1 explicitly as follows:

V= Vst X2, Grpa+%x2=Gro1 + X1,

vV =vViyg t+ X3, Grys+x3=Gre3+ X,

V =vVii2 + X4, Grio+ x4 = Gryr+ X3,

V=Vit6+ X5, Grie+ X5 = Gig1 + Xy,

where V10+4+i = Vi and G10+i = Gl

Py + %o

Py + x5

Vig Vi

N E LN
-

Py +xp
Figure 6
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Without loss of generality, as shown by Figure 6, we take v = v; + xq,
vl = va +x; and v3 = vig + x;. By Lemma 2.1, for each v}, there is a point
y; € XVi, such that

Vv E int(Pl()) +yi.

In fact, by the previous analysis, we have y; = vi—v4. Therefore, by convexity
and symmetry,

vy € int(Prg) + y1.
Thus, the two points y; and ys are different. Then we have
e(v) = 2,
and
(37) T(Pro) = ¢(v) + @w(v) 2 6.

Subcase 2.2. — w(v) = 2 hold for all vertices v.€ V + X. Let Pig be a
centrally symmetric convex decagon centred at the origin with vertices vy, va,

.., V1o enumerated in anti-clock order. Let GG; denote the edge with ends v;
and v;41 and let u; denote the middle point of G;. Then, we define

a; = u; — Ug,
az; = uz —uy,
az = Uz — Ug,
a4 = U4 — Uy,

as = Uy — Ujg-
By Lemma 2.3 we have
(38) a; —ag +az3 —aq+as =o.

Assume that x; = o € X. Since w(v) = 2 holds for every vertex v e V + X,
by studying the structure of the adjacent wheel at v we have

Zziai eX, z €.

For convenience, we define

(39) A= {Z zia;: z € Z} )

Suppose that the adjacent wheel at v; is Pio +x;, i1 =1, 2, ..., 5. Let v}
be the common vertex of Pjg + x; and Py + X;41 other than vy, as shown in
Figure 7, where x¢ = x; and x; = o. By Lemma 2.1, we have y; € X"ﬂ such
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Py + x5

Figure 7

Py +x;

that vi € int(Pyo) + y;. In fact, it can be explicitly deduced by the adjacent
wheels at vy, v}, v3, vi, v} and v§ that

.
Y1 =V, — Vg =ag—as,

k
Y2 = Vg —Vig =a; —ag+ay,

*
(40) Y3 =V3—Ve=a; —az+as—as,
*
Y4 =Vy —Vy = —as+az—ay,
*
Y5 = Vs — Vg = —as —aj + as.

For example, if Pjo + y2 satisfying vig + y2 = v3, one can obtain Py + y2 by
moving Py successively to Pig+a;, Pig+a; —ag, and then to Pjg+a; —as+ay.

By (40) and symmetry it can be shown that y; # y;+1, where yg = y;. For
example, if y; = y2 (as shown in Figure 7), then by symmetry we will get that
(Pro+x2)N(Pro+y1) is a parallelogram and y; = v —vs3, which contradicts the
first equation of (40). Thus, any triple of {y1,¥y2,...,y5} cannot be identical
and, therefore, p(v) > 3. Consequently, we get

(41) 7(Pro) = ¢(v) + w(v) > 5,

where the equality may hold only if p(v) = 3.
When ¢(v) = 3, the five points y1, y2, ..., ¥5 have to satisfy one of the
following five groups of conditions:

(i) y1 =ys and y2 = y4;
(i) y1 = y3 and y2 = ys;
(iii) y1 = y4 and y2 = ys;
(iv) y1 = y4 and y3 = y5 and
(v) y2 =ys and y3 = ys.
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Case (i). — y1 =1ys and y2 =y4. Then, by (40) and (38) we get
az —az =a; —az +aq4 — as,
a; —az +a4 = —az +az —as,
a; —az+az—ayg+as=o,
2as; —2a4 + a5 = a1 + (ag — a4),
ay — 2a5 = 2a; — (a3 — aq),
a; —as = a; + (a3 —ay)
and, therefore,
ay = ay,
ax = —2a; +4(a3 — ay4),
a3 = —4a; + 6(az — ay),
aq = —4a; + 5(ag — ay),
a5 = —3a; + 3(ag — a4),

which means that A is a lattice with a basis {a;, ag —a4}. Furthermore, since
u; = %ai € %A, it follows by Lemma 2.4 that Pyo + A is, indeed, a multiple
lattice tiling. Thus, for this particular Pjy by (39) and Lemma 3.4 we have

(42) 7(P1o) > 7°(P1o) > 5,
where the equalities hold only if Pjg + X is a fivefold lattice tiling.
Case (ii). — y1 =y3 and y2 =ys5. Then, by (40) and (38) we have
az —az =a; —az + a4 — as,
a; —az +a4 = —a; +az —as,
a; —az +az—ag+as=o,
ai +as +as = —az + 2(az + a;),
3a; +4a; = 2(as + as),
a; —ay +2a5 = —az + (az + as)
and, therefore,
a; = 8az — 6(az + as),
ay = 6ag — 4(ag + as),
az = ag,
ay = —3a3 + 3(az + as),
a5 = —6a3 + 5(az + as),

which means that A is a lattice with a basis {a3, as 4+ as}. Furthermore, since

u; = %ai S %A, it follows by Lemma 2.4 that Pjo + A is, indeed, a multiple
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lattice tiling. Thus, for this particular Pig by (39) and Lemma 3.4 we have
(43) T(Plo) Z T*(Plo) Z 5,

where the equalities hold only if Pjg + X is a fivefold lattice tiling.
Case (iii). — y1 =y4 and y2 =ys5. Then, by (40) and (38) we get

as —ag = —az +ag — as,
a; —ag+ay4 = —a; +az — as,

a; —az +az —ayg t+as =o0,

2a2 — as —+ 2&5 = 7(31 — ag) + ay,
a9 + 2&5 = —3(&1 — ag),
az+as = —(a; —a) +ay

and, therefore,

a; = 4ay + 6(a; — ag),
as = 4ay + 5(a; — ag),
az = 3as + 3(a; — ag),
a4 = Ay,

a5 = —2a, —4(a; — ay),

which means that A is a lattice with a basis {a4, a; —as}. Furthermore, since
u; = %ai € %A, it follows by Lemma 2.4 that Pjg + A is, indeed, a multiple
lattice tiling. Thus, for this particular Pjg by (39) and Lemma 3.4 we have

(44) T(Plo) Z T*(Plo) Z 5,

where the equalities hold only if Pjg + X is a fivefold lattice tiling.
Case (iv). — y1 =y4 and y3 =ys. Then, by (40) and (38) we have

a; —az = —az +ag — as,

a3 —az+a4 —as = —a; +az —as,
a; —aztaz3—ast+as=o,
ag—a4+a5:a3—(a1+a5),
3a2—|—2a5 :a3—|—3(a1 —|—a5),

ag+a4:ag+(a1+as)
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and therefore
a; =4az — 5(a; + as),
as = 3asz — 3(a; +as),
az = ag,
a4 = —2a3 +4(a; + as),
a5 = —4az + 6(a; + as),

which means that A is a lattice with a basis {as, a; + as}. Furthermore, since
1

w; = 3a; € %A, it follows by Lemma 2.4 that Pjy + A is indeed a multiple
lattice tiling. Thus, for this particular Pjy by (39) and Lemma 3.4 we have
(45) T(P1o) > 7" (P1o) > 5,
where the equalities hold only if Pjg + X is a fivefold lattice tiling.
Case (v). — y2 =y4 and y3 =ys. Then, by (40) and (38) we have

a; —az+ay = —az +as — as,

a3 —az+a4 —as = —a; +az —as,

a; —az+taz3—ast+as=o,

2a; —ag = —2as,

3a; +az — 3a4 = 3(ay — a4) — as,

a; +az—2a, = (ag —ay) —as

and, therefore,

a; = 3a; + 3(az — ay),
as = 6as + 5(az — ay),
az = 8a; + 6(ay — ay),
ay = 6as + 4(ag — ay),

as = as,

which means that A is a lattice with a basis {a5, as —ay}. Furthermore, since
u; = %ai IS %A, it follows by Lemma 2.4 that Pjg + A is indeed a multiple
lattice tiling. Thus, for this particular Pig by (39) and Lemma 3.4, we have

(46) T(Plo) Z T*(Plo) Z 5,
where the equalities hold only if Pjg + X is a fivefold lattice tiling.

As a conclusion of these cases, Lemma 3.5 is proved. O
LEMMA 3.6 (Zong [28, 29]). — A centrally symmetric convex decagon can form

a fivefold lattice tiling in B2, if and only if, under a suitable affine linear
transformation, it takes u; = (0,1), ug = (1,1), ug = (%,%), uy = (%,O),
us = (1,—-3), ug = —uy, uy = —up, Ug = —ug, Uy = —uy and Uy = —Us as
the middle points of its edges.
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REMARK 3.7 (Zong [28, 29]). — Let W denote the quadrilateral with vertices

w1 = (7%71)7 W = (*%a%)a W3 = (7%a%) and wy = (7%7%) A centrally
symmetric convex decagon can take u; = (0,1), uy = (1,1), uz = (%7%),
uy = (%70)7 Us = (L*%)v ug = —up, U7 = —Ug, Ug = —Uuz, Ug = —uy and
u;p = —us; as the middle points of its edges, if and only if one of its vertices is
an interior point of W.

LEMMA 3.8. — For every centrally symmetric convex octagon Ps we have

T(Pg) Z 5,

where the equality holds, if and only if, under a suitable affine linear trans-
formation, it is one with vertices vi = (% — %’1,— ), Vo = (—% — %‘3‘,— ),
V3 = (%—%,0)7 V4 = (%—%71), Vs = —Vi, V¢ = —Va2, V7 = —V3 and
vg = —vy, where 0 < a < %, or with vertices vi = (2—8,-3), vo = (=5, -3),
vy = (=2,-1), va = (=2,1), vs = —Vv1, Vg = —Va, V7 = —V3 and Vg = —Vy,

where 0 < 5 < 1.

Proof. — Suppose that X is a discrete subset of E?, and Ps+ X is a 7(Ps)-fold
translative tiling of the plane. First of all, it follows from Lemma 2.1 that
(47) o(v) > [429’] —1

holds for all v € V 4+ X. On the other hand, by Lemma 2.2 we have

3 1
(48) w(v)—ﬁ-§+€-§,

where x is a positive integer and ¢ is a nonnegative integer. In fact, ¢ is the
number of the edges that take v as an interior point. Thus, to prove the lemma,
it is sufficient to deal with the following four cases:

Case 1. — w(v) > 5 holds for a vertex v e V + X. It follows by (1) and (47)
that

(49) 7(Pg) = ¢(v) + w(v) > 6.

Case 2. — w(v) = 4 holds for a vertex v.€ V + X. It follows by (48) that
£ # 0 and therefore v € int(G) holds for some G € T'+ X. Assume that v
and v} are the two ends of G. Applying Lemma 2.1 to {v}, G} and {v}, G},
respectively, one can deduce that

p(v) > 2
and, therefore,
(50) T(Pg) = ¢(v) + w(v) > 6.

Case 3. — w(v) = 3 holds for a vertex v.€ V 4+ X. Then (48) has and only
has two groups of solutions {x, ¢} = {1,3} or {2,0}.
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Subcase 3.1. — {k, ¢} = {1,3}. Then, there are three edges G}, G4 and G%
in I' + X satisfying

veint(G;), i=1,2, 3.
Next, we study the multiplicity by considering the relative positions of these
edges.

Subcase 3.1.1. — G} = G4 = G%. Assume that v} and v} are the two ends
of G%. Then XV has two identical points. By computing the angle sum of all
the adjacent wheels at v it can be deduced that

w(vy) > 4.

Then, by Case 1 and Case 2 we get

(51) 7(Ps) = @w(vi) + ¢(vi) = 6.
Subcase 3.1.2. — G4 = G4 and G} }f GY. Then there are two adjacent wheels
at v, one has five translates Pgs + x1, Ps + Xa, ..., Py + X5, and the other has

two translates Pg + x} and Pg + x5, as shown by Figure 8.

By re-enumeration we may assume that £y, £, /3 and Z4 are inner angles
of Ps and Z5 = 7, as shown by Figure 8. Guaranteed by linear transformation,
we assume that the two edges G; and G3 of Py are horizontal and vertical,
respectively. Suppose that G| = G; + x5. Let vi and v} be the two ends of

1, let L denote the straight line determined by vi and v3, let G% denote the

Py +x3

Vs Ve

V7
Vy

Vs

PK+x

Ps+xy ) Vi

Figure 8
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edge of Ps+ x4 lying on L with two ends v and v3, and let G} denote the edge
of Pg + x; lying on L with two ends v and v7j.

By Lemma 2.1, there is a point y; € XVi, such that v§ € int(Ps) + yi.
Clearly, by the convexity of Pg, both v} and v belong to int(FPs) + x}. Thus,
we have y; # x}. Meanwhile, since both v} and v} belong to int(Ps) + X2, we
have x5 # y; and, therefore,

p(v3) > 3.
Similarly, we have ¢(v}) > 3, p(v3) > 3 and ¢(v}) > 3. Then, by (48) we get
(52) T(Ps) = ¢(vi) + w(vi) = 5,
where the equality may hold only if
(53) w(vi) = w(vy) = w(v3) = w(vi) = 2.

By (48) it is easy to see that the local configuration of Ps+ XV is essentially
unique when w(v) = 2. In other words, it is determined by the one that v
is not its vertex. Consequently, the set X has four points y1, y2, y3 and y4
satisfying

(54) vi =vy+y1,v €int(Ps) +y1,
(55) vy = vy +y2,v € int(Ps) + ya,
(56) vi =v3+ys,v e int(Ps) +ys, and
(57) vy = Vg +y4,v € int(Fg) +ya.

Clearly, by the convexity of Py we have y1 # yo, y1 # y3 and y2 # y4. For
convenience, we write v; = (z;,y;). If yo = y3, then by (55) and (56) we have

(58) Y3 = yr.
If y1 = y4, then by (54) and (57) we get
(59) Ys = Ys.

However, it is obvious that (58) and (59) cannot hold simultaneously. There-
fore, we still get

and, therefore,

(60) 7(Ps) = p(v) + w(v) > 6.
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Ps+ys
B +ys3
vi v vi
V3 P
N k’ v
) P+ 1y,
Figure 9

Subcase 3.1.3. — G} # G4 and G} || G5. Let vi and v3 be the two ends of

t, and let vi and v} be the two ends of G,. Without loss of generality, we
suppose that v3 is between vi and v3, as shown by Figure 9. By Lemma 2.1,
X has three points y1, y2 and y3 satisfying both

v; € a(Pg) +yi, 1=1,2,3
and
veint(Ps)+y;, i=1, 2, 3.

By the convexity of Pg it is easy to see that these three points are pairwise
distinct. Then, we get

p(v) >3
and, therefore,
(61) r(By) = w(v) + 9(v) > 6.
Subcase 3.1.4. — G1 } G, Gy }f G5 and G}, }f GY. By studying the angle sum

at v it can be deduced that Ps + XV is an adjacent wheel of seven translates.
Suppose that x3 € XV and G} is an edge of Pg + x2. Since G, G, and G% are
mutually non-collinear, XV has two points x; and x3, such that v is a common
vertex of both Py +x7 and Py +x3, and Ps+ X5 joins both Ps+x; and Pg +x3
at non-singleton parts of G, respectively. Let v} and v} be the two ends of

1, let L denote the straight line determined by v} and v3, let G denote the
edge of Ps 4+ x; lying on L with ends v and v, and let G5 denote the edge of
Ps 4 x3 lying on L with ends v and v}, as shown in Figure 10.

By studying the corresponding angles of the adjacent wheel at v, it is easy
to see that Ps + XV has exact two translates which contain both v] and v as
interior points. On the other hand, by Lemma 2.1, Ps + X5 has at least one
more translate that contains vj as an interior point. Thus, we have

p(vi) = 3.
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Pg-‘rX»z

P+x Ps + x5

Figure 10

Similarly, we have p(v3) > 3, ¢(v3) > 3 and ¢(v}) > 3. Then, by (48) we get
(62) T(Ps) = ¢(vi) + w(vi) = 5,

where the equality may hold only if

(63) w(vi) = w(v3) = w(v3) = w(vy) =

By repeating the argument between (53) and (60), it can be deduced that
(64) () = ¢(v) + w(v) = 6.

Subcase 3.2. — {k, ¢} = {2,0} holds at every vertexv € V+X. Then Ps+ XV
is an adjacent wheel of eight translates Ps +x1, Ps +Xo, ..., Ps+Xg, as shown
in Figure 11. Let v} be the second vertex of Ps 4 x; connecting to v by an
edge. Since w(v) = 3, every v} is an interior point of exactly two of these
eight translates. Consequently, for every v, there are two different translates
Py +y; and Ps 4y} in Ps + XVi that both contain v as an interior point.

On the other hand, it can be easily deduced that there is only one point
x € X, such that both vi and v} belong to 0(FPs) + x and v € int(FPs) + x. It
is v — v + x;. Therefore, at least one of the two points ys and y} is different
from both y; and y}. Then, we get

and
(65) T(Ps) = o(v) + w(v) > 6.
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Ps + x5 Ps + xg
A
. vi
Pg + X9 V; 2 Pg + X3
vi vy
v
V3
Ps+x7 v
v P+ xg
Py +x; )
Figure 11

Case 4. — w(v) = 2 holds for a vertex v.€ V + X. It follows by (48) that
w(v) = 2 holds, if and only if Kk = 1 and ¢ = 1. In other words, Ps + XV is
an adjacent wheel of five translates. By re-enumeration we may assume that
/1, £o, Z3 and Z4 are inner angles of Py and Z5 = m, as shown by Figure 12.
Guaranteed by linear transformation, we assume that the edges G; and G5 of
Ps are horizontal and vertical, respectively.

Let G denote the edge of Ps + x5, such that v € int(GY) with two ends v}
and v3, let L denote the straight line determined by v} and v3, let G5 denote
the edge of Ps + x4 lying on L with ends v and vj, and let G} denote the edge
of Ps + x1 lying on L with ends v and v}. If w(v]) > 3 or w(v}) > 3, by
Case 1, Case 2 and Subcase 3.1 we have 7(Pg) > 6. Therefore, by considering
the adjacent wheels at vi, v}, vi and v} successively, 7(Pg) < 5 may happen
only if

(66) ®(v]) = @(v3) = @(v}) = w(v]) = 2

Since the configuration of Ps + XV is essentially unique if w(v) = 2, by
considering the wheel structures at v, vi, v5, v} and v}, there are four points
Y1, Y2, Y3 and y4 in X satisfying

(67) vl =vs+y1,vEint(F)+yi,
(68) vy = v7 +y2,v € int(Fg) +ya,
(69) vi =v3 +ys,veint(Ps) +ys, and
(70) Vi = Vs +y4,V € int(FR) +ya.
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Ps+y, Ps + x5

R<+X2

P8+X3

\ /v L
/ v v7
Py +yi !

\ .
\ P+x V3

Figure 12

A\ Vi

By the convexity of Pg it follows that y; # ya2, y1 # y3 and y2 # y4. For
convenience, we write v; = (2;,¥;). If y1 = y4, and then by (67) and (70) we
have

(71) Ya = Ys-
If yo = ys3, then by (68) and (69) we have
(72) ys = yr.

It is obvious that (71) and (72) cannot hold simultaneously. Therefore, we have

either y; # y4 or y2 # ys.
On the other hand, since w(v) = 2, the three inequalities y5 # y4, y2 # ¥3
and y; # y4 cannot hold simultaneously. Otherwise, it can be deduced that

p(v) =4
and, therefore,
(73) T(Ps) = p(v) + w(v) > 6.

Since y1 = y4 and y, = y3 are symmetric, with respect to v in Figure 12, it is
sufficient to deal with two subcases.

Subcase 4.1. — ys = y3. Let v| and v}, be the two vertices of Ps + x5 that
are adjacent to v, as shown in Figure 13. First, we have v| € int(Ps) + xs.
Second, by convexity it is easy to see that v} € int(Ps) + y4. Since y» = ys3,
we have y3 = y7. Then v] is an interior point of Py + y2 as well. Thus we get
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Figure 13
o(v}) > 3 and
(74) 7(Ps) = w(vi) + ¢(vi) = 5,
where the equality may hold only if
(75) w(vy) = 2.

By Lemma 2.1, there is a point y5 € X1, such that v € int(Pg) + ys.

Subcase 4.1.1. — v} is a vertex of Py +ys5. If v| is a vertex of Ps + y1, as
shown by Figure 13, then by symmetry one can deduce that v is a vertex of
Pg+y1. Similarly, it follows by (70) that v}, is a vertex of Ps+y4 as well. Then
some points near to v, belong to all int(Pg) +y1, int(Pgs) +y4 and int(Ps) +x;.
Thus, we have

(76) w(vh) > 3.

Let v denote the vertex vy + y1 of Ps + y1, as shown in Figure 13. By
Lemma 2.1, there is a point z € X Vs, such that v4, € int(Pg) + z. Then it can
be deduced that v4 € int(Pg) + x4 and, thus, z # x4. Since y3 = yr, it can be
shown that v ¢ Ps + y2 and, therefore, z # yo. In addition, we have

vy € (int(Pg) + x4) N (int(Pg) + y2) -
Thus, we have
p(vy) >3
and, consequently,
(77) 7(Ps) = ¢(vy) + w(vy) = 6.

If v} is not a vertex of Py 4+ yi, remembering the subcase assumption, then we
have y; # ys. In fact, in this case all y1, y3, y4 and y5 are pairwise distinct.
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Thus, we have

p(v) > 4
and
(78) 7(Ps) = ¢(v) + @w(v) > 6.
Subcase 4.1.2. — v} is an interior point of an edge of Ps+ys. It follows from

the convexity of P that v} is an interior point of both Ps +y4 and Ps + ys3.
Therefore, we have y5 ¢ {ys,y4}. If y5 # y1, then all y;, y3, y4 and y5 are
pairwise distinct. Thus, we have

p(v) >4
and
(79) 7(Ps) = ¢(v) + @w(v) > 6.
If ys = y1, then all yq, y3 and y4 are pairwise distinct and, therefore,
(80) T(Ps) = ¢(v) + w(v) = 5.

Now, we try to figure out the equality cases in (80).

Notice that v} is an interior point of Ps + x5, and Ps + y; has only two
edges G4 + y1 and G5 + y1, which contain interior points of Py + x5. Since
w(vi) = 2 (see (75)), by studying the structure of the adjacent wheel at v/,
one can deduce that v| must be an interior point of G5 + y;. Then we have

(81) Ys — Y4 = Y1 — Y3
and
(82) Y3 — Y2 = 2(ys — y3)-

Let vi and v{ be the two ends of G5 + yi. Suppose that v is on the left-
hand side of v}. By Lemma 2.1, there is a point yg € X5, such that v} €
int(Pg) + Ye-

It is obvious that v is an interior point of both Ps + x5 and Ps +y2. Thus,
we have yg ¢ {y2,%5}. If v is not lying on the boundary of Pg + y4, then we
have y4 # yg. Consequently, all ys, y4, Yy and x5 are pairwise distinct. Then
we have

p(vi) >4
and
(83) 7(Ps) = p(v1) + w(v]) > 6.

Thus, to save 7(Ps) = 5, the point v must belong to the boundary of Ps +ys4.
Furthermore, since the y-coordinate of v is equal to the y-coordinates of both
v} and vs + y4, the point v must be the vertex vz + y4 of Ps + ya.
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Let v denote the z-coordinate of v and let wy, we and ws denote the x-
coordinates of vs + y4, vi and vi, respectively. First, by computing the -
coordinate of v} in two ways we get

wy + (z7 — x6) + (26 — 5) + (5 — x4) = v+ (g — 5)
and, thus,
(84) wy =v— (x7 —x6) — (5 — T4).
On the other hand, since y, = y3, by computing the distance between v} and
v, in two ways we get
(x7 —xg) + (w6 — x5) + (x5 — 24) + v — wy = 2(xg — x5)
and, thus,
we =0+ (x7 — x6) — (x6 — x5) + (x5 — x4).
Since v} is the left vertex of G5 + y1, we get
(85) wy =wy + (5 —x4) = v+ (v7 — xg) — (Tg — x5) + 2(x5 — T4).
Then, vi = v + y4 implies w; = w3 and
(86) 2(z7 — x6) + 3(x5 — 24) = X6 — T5.
In conclusion, recalling (81) and (82), a centrally symmetric octagon Py with
(1 horizontal, G5 vertical and ys = y3 is a fivefold translative tile only if
Ys —Ya = Ya — Y3,
(87) Ys — Y2 = 2(ya — y3),
xg — x5 = 2(x7 — x6) + 3(x5 — T4).
Guaranteed by linear transformations, by choosing y4 — y3 = 1, zg — x5 = 2

and z5 — z4 = « and keeping the symmetry in mind, one can deduce that
the candidates are the octagons Dg(«) with vertices vi = (% - 570‘, 72), Vo =
(532 v = (5= 0 va = (§-11), % = v ve = v
v7 = —v3 and vg = —vy, where 0 < a < %

Let A(a) denote the lattice generated by u; = (2,0) and up = (1 + §,1).
By Lemma 2.4 it can be shown that Dg(a) + A(«) is, indeed, a fivefold tiling
of E2.

Subcase 4.2. — y3 = y4. First of all, we have ¢(v) > 3 and, therefore,
(88) 7(Ps) = ¢(v) + w(v) > 5.

Next, we try to figure out the equality cases in (88).
As shown by Figure 14, by (69) and (70) we get

(89) Y3 = Ys
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P\JrXr

Ps+xo
V/ 5+X

V3 v V4
Ps+y» v
K+xy
P+ x
Figure 14
and
(90) rg — T3 = 2(2111 - 1‘2).

By Lemma 2.1, there is y5 € XV1, such that v € int(Pg) + ys5. Since y3 = ys,
by convexity we have v} € int(Ps) + y3, and then y5 # y3. If both y5 # y;
and ys5 # yo hold simultaneously, then we have

e(v) = 4,
and, therefore,
(91) T(Pg) = ¢(v) + w(v) > 6.

Thus, the equality in (88) holds only if y5 =y or y5 = yo.
Suppose that y5 = y1. If v| is a vertex of P + y1, then we have

(92) Ys — Ya = Ya — Y3.

If v} is an interior point of an edge of Ps + y1, eliminated by Case 1, Case 2
and Subcase 3.1 at v/, it may be assumed that w(v}) = 2. Then, by studying
the structure of the adjacent wheel at v/, one can deduce that v{ must be an
interior point of G5 + y1. Since Gy + y1 is horizontal, we also obtain (92).
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In conclusion, recalling (89) and (90), a centrally symmetric octagon Py with
G4 horizontal, G5 vertical and y3 = y4 is a fivefold translative tile only if

Ys = Ys,
(93) Y5 — Y4 = Y4 — Y3,
rg — I3 — 2(1‘1 — 1‘2).

Guaranteed by linear transformation, by choosing y4 —y3 = 2, 1 —x2 = 2 and
x¢ = [ and keeping symmetry in mind, one can deduce that the candidates
are the octagons Dg(8) with vertices vi = (2 — 3,-3), vo = (—5,-3), v3 =
(—=2,-1), vy = (=2,1), v§ = —v1, Vg = —Va, V7 = —v3 and vg = —vy, where
0<p<l.

Let A(B) denote the lattice generated by u; = (2,0) and ug = (1 + §,2).
By Lemma 2.4, it can be proved that Dg(8) + A(S) is, indeed, a fivefold tiling
of E2.

Lemma 3.8 is proved. |

Proof of Theorem 1.1. — It has been shown by Gravin, Robins and Shiryaev
[10] that a convex body can form a multiple translative tiling in E™ only if
it is a centrally symmetric polytope with centrally symmetric facets. Then,
Theorem 1.1 follows from Lemma 3.1, Lemma 3.5 and Lemma 3.8. (|

Proof of Theorem 1.2. — Assume that Py, is a centrally symmetric 2m-gon
satisfying 7(Pa,) = 5. First, by Fedorov’s theorem and Lemma 3.1 we have
4 < m < 7. Second, by Lemma 3.3 and Lemma 3.2 we get m # 6 and 7,
respectively. When m = 5, the theorem follows by Lemma 3.5 and Lemma 3.6.
Finally, when m = 4, the theorem follows from Lemma 3.8. (]
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